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EXAMPLES OF dHYM CONNECTIONS
IN A VARIABLE BACKGROUND

ENRICO SCHLITZER AND JACOPO STOPPA

ABSTRACT. We study deformed Hermitian Yang-Mills (dHYM) con-
nections on ruled surfaces explicitly, using the momentum construc-
tion. As a main application we provide many new examples of dHYM
connections coupled to a variable background Kéhler metric. These
are solutions of the moment map partial differential equations given
by the Hamiltonian action of the extended gauge group, coupling
the dHYM equation to the scalar curvature of the background. The
large radius limit of these coupled equations is the Kahler-Yang-Mills
system of Alvarez—Cénsul, Garcia-Fernandez and Garcia-Prada, and
in this limit our solutions converge smoothly to those constructed
by Keller and Tgnnesen-Friedman. We also discuss other aspects of
our examples including conical singularities, realisation as B-branes,
the small radius limit and canonical representatives of complexified
Kahler classes.

1. BACKGROUND AND MAIN RESULTS

1.1. dHYM connections. Let L — X denote a holomorphic line bun-
dle over a compact n-dimensional Kéhler manifold, with a fixed back-
ground Kahler form w. A hermitian metric h on the fibres of L deter-
mines the two notions of Lagrangian phase and radius of the line bundle.
Namely, writing F(h) = v/—1F, F € AYY(X,R) for the curvature of
the Chern connection, one introduces the endomorphism of the tangent
bundle given by w™'F, with eigenvalues )\;. Then we have

@V T yTIN) = r(F)e/ )

W
i=1

where the Lagrangian phase and radius are defined (using the background
metric w) respectively as

n n

O,(F) = =Y arctan();), r,(F) = [ [(1+ )"

i=1 i=1
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2 ENRICO SCHLITZER AND JACOPO STOPPA

The deformed Hermitian Yang-Mills (dHYM) equation (introduced in
[17, 18] and surveyed in [4, 5]) is the condition of having constant La-
grangian phase,

0,(F) =6 mod 2r. (1.1)
The work of Conan Leung, Yau and Zaslow [17] shows that, at least under
suitable assumptions, the dHYM equation (1.1) is mapped to the special
Lagrangian equation under mirror symmetry. Therefore this equation
has attracted considerable interest in mathematical physics and complex
differential geometry (see e.g. the foundational works [3, 6, 15] and the
recent contributions [11, 12, 20, 21}).

In the present paper we study dHYM connections in the very special
case when X is a complex ruled surface. While this is a classical test bed
for equations in complex differential geometry, here we allow a rather
general setup, as we now discuss.

1.2. Variable background dHYM. Most importantly, we couple the
dHYM equation (1.1) to a variable background Kéhler metric w, through
the equations

{@w(F):é mod 27 (12)

s(w) —ary(F) = 8§ — ar,

where s(w), §, 7 denote the scalar curvature and its average, respectively
the average radius, and a € R is an arbitrary coupling constant. The
quantities §, 7 and 0 are fixed by cohomology, and in particular we have

5o | - For

n! Vol( X, w)
V=T _ 1 B n
‘ = nIVol(X, w)7 /X<“ FR))".

The equations (1.2) are obtained by combining the moment map pictures
for dHYM connections (due to Thomas and Collins-Yau, see [6, 22]) and
for constant scalar curvature Kéhler (cscK) metrics (due to Donaldson
and Fujiki, see [8, 10]) in a very natural way, through the action of the ex-
tended gauge group (a canonical extension of the group of unitary gauge
transformations by Hamiltonian symplectomorphisms): this is explained
in [19], building on the results of [1]. The coupling constant « is a scale
parameter for the relevant symplectic form on the space of integrable
connections. Thus, only the case when a > 0 corresponds to a genuine

Kéhler reduction (rather than just a symplectic reduction).
Let ¥ be a compact Riemann surface of genus h, with Kéhler metric

r =

and

gs, of constant scalar curvature 2sy, and let £ 2 ¥ denote a holomorphic
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line bundle of degree k € Z~q, with 27¢; (£) = [wx]. Since Vol () = 27k,
by the Gauss-Bonnet formula we have

1 /gw__ 1 / C2(1-h)
ETVol(®) STEE T V) AT T R

where py denotes the Ricci 2-form of gs.
We will construct solutions of the coupled equations (1.2) on ruled
surfaces of Hirzebruch type, obtained by the projectivization

X=P(LHO) =Y,

where O denotes the trivial holomorphic line bundle. (It is well known
that such X does not admit cscK metrics). Our solutions are obtained
by extending the classical momentum construction (also known as the
Calabi ansatz, see [14]) to the equations (1.2): see (2.2), (3.1) for our
ansatz.

Let £y =P (08 O) and Es, = P (L & 0) denote respectively the zero
section and the infinity section of the CP'-bundle X over ¥, with general
fibre C. We introduce the real parameters k1, ks and £’ > 0, and consider
the cohomology classes

lw] = 27[2E, + K'C,
[F] = 27T[2(]€1 — kz)Eo + (2/{31{32 + k/(k’l + kg)C], (13)

where we slightly abuse the notation and denote the Poincaré duals of
Ey and C respectively by [Ep] and [C]. Then [w] is a Ké&hler class and
[F'/(2m)] is integral, provided ki, ko, k' are integers and k' > 0, so it is
possible to find a holomorphic line bundle L — X such that —27¢y(L) =

Remark 1. The equation (1.1) is equivalent to

Im (e’ﬁé (w — \/—_1F)n> =0

and the latter condition is preserved when F' — —F and 0 — —é, which
should be interpreted geometrically as considering the dHYM equation
on L' instead of L. With our choice of parametrization, this implies
that the set of parameters corresponding to solutions of the system (1.2)
is invariant under k; — —k;, for « = 1,2. When ky, = 0, it follows
from (1.3) that, for any choice of Kéhler class, the unique solution of
the dHYM equation (1.1) is given by F' = kjw (note that uniqueness for
dHYM solutions is known in general by the results of [15]). In this case,
the Lagrangian radius is also constant r,(kiw) = (1 + k%)? and, since X
does not admit cscK metrics, the system (1.2) has no solution. In Section
2 it will be clear that also for k; = 0 the dHYM equation has a trivial
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solution; in this case, = 0 and we can solve also (1.2). In the following,
we will focus on the less trivial choices of parameters, assuming

k1<0, kg#o

It is also convenient to introduce the quantity

k
k+ k'

Theorem 2. Suppose the “stability condition”
(1 + (lﬁ + ]{?2)2) > .I‘(l + (l{?l — k2)2> (14)

€ (0,1).

holds. Then, there exist a unique Kdahler form w and curvature form F,
with cohomology classes given by (1.3), such that they are obtained by the
momentum construction (see (2.2), (3.1)) and solve the coupled equations
(1.2) on the ruled surface X, for the unique value of the coupling constant

VAR (1 — B+ K3)?
0 2(1+ (k1 — ko)?)K3

(—2 + Sg:L’) .

If equality holds instead in (1.4), then there is a smooth solution on X \
B, with underlying metric w € CYY2(X)NC®(X \ Ey).

Theorem 2 is proved in Section 4.

1.3. Solutions with conical singularities. The main limitation of
Theorem 2 concerns the sign of the coupling constant: it is straightfor-
ward to check that in the situation of that result we always have a < 0,
since sy < 2 and x < 1. In order to gain more flexibility we allow the

background metric w to develop conical singularities along the divisors
Eo, Eoo Fix 0 < 60 S 1 and let

24 Bo(1+ )
oo = L0

Theorem 3. Suppose the “stability condition” (1.4) holds. Then, there
exist a unique Kahler form w and curvature form F, such that they are
obtained by the momentum construction (see (2.2), (3.1)), w has conical
singularities with cone angles 2m5y along Ey and 274 along E., the
corresponding cohomology classes (in the sense of currents) are given by
(1.3), and they solve the coupled equations (1.2), for the unique value of
the coupling constant

VAR A+ (1=K + k3?3 + o+ sea? — 3(1+2)f

> 1.
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Theorem 3 is proved in Section 5. Note that this gives a generalisation
of Theorem 2: when By = 1 we recover precisely the smooth solutions
provided by that result.

Corollary 4. For sufficiently small cone angle 275y and sufficiently large
k' > 0, the coupling constant « is positive.

1.4. Relation to twisted KE metrics. As usual, under a suitable
cohomological condition, the equation in (1.2) involving the scalar cur-
vature may be reduced to a condition involving the Ricci curvature. In
our case, this condition is given by

Q S—ar

2sin 7] 4 )

[Ric(w)] +

Then, the equation
s(w) —ary(F) =8 —ar
reduces to the twisted Kéahler-Einstein equation

Q@ 5—ar

Ric(w) + -F =

) 2sinf 4

We provide an explicit criterion for when this reduction occurs for the

class of examples provided by Theorem 3 (in which case Ric(w), F' and
w extend to closed currents on X).

w. (1.5)

Proposition 5. The condition s(w) — ar,(F) = § — af reduces to the
twisted Kdhler-Einstein equation (1.5) iff we have

(L4 ki 4+ k3)(x — 1) (sx2® — 3Bp(z + 1) + x + 3)
= 2k1]€2 (—350 + 82%3 — Iz(ﬁo + Sy — 1) + 3) . (16)
Morevoer, there are infinitely many admissible values of ki, ko, k' which

satisfy this equality for some By and for which the “stability condition”
(1.4) holds (so that the corresponding coupled equations are solvable).

This result is proved in Section 6. Writing the dHYM equation on the
surface X in Monge-Ampere form (as in [3]) we see that in the twisted
Kéhler-Einstein case the coupled equations (1.2) become

(— sin(0)F + Cos(é)w>2 = w?

: a __ s—oar
Ric(w) + ;25 F = = w,

and so they are closely related to the systems of coupled Monge-Ampere
equations studied by Hultgren and Wytt-Nystrom [13].
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1.5. Realisation as B-branes. Given the origin of the dHYM equa-
tion in mirror symmetry, it seems interesting to ask whether the special
dHYM connections appearing in Theorem 2, i.e. solutions of the coupled
equations (1.2), can in fact be realised as B-branes (i.e. for our purposes,
holomorphic submanifolds endowed with a dHYM connection) in some
ambient Calabi-Yau manifold (this is how the dHYM equation appears
in mathematical physics, see e.g. [5]). Thus we are asking for a Calabi-
Yau manifold M with a Ricci flat Kéhler metric w 2, and a holomorphic
embedding ¢: X < M, such that the Kihler form w constructed in The-
orem 1.2 is given by the restriction w = (*w;;. We show that this can
be achieved at least locally around X, relying on the classical results on
Feix [9] on the hyperkéhler extension of real analytic Kahler metrics.

Proposition 6. The Kdhler form w and curvature form F provided by
Theorem 2 are real analytic. Thus, w extends to a hyperkahler metric
defined on an open neighbourhood of the zero section in the holomor-
phic cotangent bundle T*X, and F extends to the curvature form of a
hyperholomorphic line bundle defined on the same open neighbourhood.

This result is proved in Section 4.

1.6. Large and small radius limits. In the mathematical physics lit-
erature (see e.g. [2], Chapter 1), the dHYM equation involves a “slope”
parameter o > 0 (related to the “string length” by o/ = [2), which ap-
pears simply as a scale parameter for the curvature form, F' +— o/F. The
corresponding coupled equations (1.2) are given by

s(w) —ary,(d'F) = § — ar. (1.7)

{@w(a’F) =60 mod 27
The expressions “large radius limit” (or “zero slope limit”) refer to the
behaviour of the dHYM equations and their solutions as o’ — 0. As
explained in [19], the large radius limit of our coupled equations is the
(rank 1 case of) the Kéhler-Yang-Mills system introduced by Alvarez-
Cénsul, Garcia-Fernandez and Garcia-Prada [1]. We can prove a much
stronger result, at the level of solutions, on the ruled surface X.

Theorem 7. For all sufficiently small o/, depending only on the fized
parameters ki, ke, k', (i.e. on the fized cohomology classes |w], [F]), the
coupled equations (1.7) are uniquely solvable on X with the momentum
construction. Moreover, as o — 0, the corresponding solutions wyr, Fu
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converge smoothly to a solution of the Kdhler-Yang-Mills system

AF =p
{s(w)—l—&Ai(F/\F):c (18)

for some (explicit) coupling constant .

The particular solutions of the Kéhler-Yang-Mills system obtained in
this limit are due to Keller and Tgnnesen-Friedman [16].

Similarly, the “small radius limit” (or “infinite slope limit”) concerns
the behaviour of the coupled equations (1.7) as o/ — oo.

Theorem 8. Fiz parameters ki, ka, k' (i.e. cohomology classes [w], [F])
such that the “stability condition”

(ky + k2)? > (kg — ky)?

holds. Then the coupled equations (1.7) are uniquely solvable on X with
the momentum construction, for all o' > 0. Moreover, as o/ — oo, the
corresponding solutions wy, F, converge smoothly to a solution of the
system

FAw=cF?
s(w) — @A F = co.

for some (explicit) coupling constant .

At least in the case when F' is Kéhler, this system couples the J-
equation Apw = ¢ for F' to a twisted cscK equation for w. In general,
these limiting equations belong to a class of coupled PDEs studied by
Datar and Pingali [7].

Theorems 7 and 8 are proved in Section 7.

1.7. Complexified Kahler classes. Complexified Kahler classes are
expressions of the form [w + /—1B], where w is a Kihler form and
|[B] € H*(M,R)/H?(M,Z) is known as the B-field. They play an im-
portant role in mirror symmetry (see e.g. [23| Section 2). Let M be a
compact Kéhler manifold with no holomorphic 2-forms. Collins and Yau
([6] Section 8) consider a dHYM equation on M of the form

O,(F+ B) =0 mod 2,
where v/ —1F" is the unknown curvature form of a Hermitian holomorphic
line bundle L — M and B is a fixed representative of a (lift of a) B-field.
Arguing from mirror symmetry, they propose that the existence of a

solution F' should be related, conjecturally, to the a suitable notion of
stability of the object L with respect to the complexified Kahler class

[w+ v/—1B].
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In the special case when L is the trivial bundle O,;, the equation
becomes

Ou(B + v/ —100u) = 6 mod 2,

so we are effectively trying to find a canonical representative of the B-
field [B] with respect to a background Kahler form w; the existence of
such a representative should be related to the stability of the object Oy,
with respect to [w + v/—1B].

Our coupled equations

{@w(B) =0 mod 2

s(w) — ary(B) = § — ar,

(1.9)

with [B] a (lift of a) class in H*(M,R)/H?*(M,Z), can then be thought
of as trying to prescribe a canonical representative of the complexified
Kihler class [w + +/—1B]. Note that in the Calabi-Yau case, at zero
coupling @ = 0 and in the large radius limit, these equations for the
complex form w + /—1B reduce to the conditions

A,B=0
Ric(w) =0,
which are standard in the physics literature (see e.g. [2] Section 1.1).

As an example we shall discuss the existence of such a canonical rep-
resentative for the complexified Kéahler class

[w+V—1B] = 21(2Ey + (K + v—1K")C)

on our ruled surfaces X, where the Kahler condition is equivalent to
k" > 0. The key observation is that this can be expressed in the form

[w] = 27[2Ey + K'C),
[B] = 2m[2(k1 — ko) Eo + (2kks + K (k1 + k2)C]
with the special choices
%
ky = ko = m,
provided we have k” < 0. Thus we may apply Theorem 2 (and, more
generally, Theorem 3 in the case of conical singularities) to show that

the coupled equations (1.9) are solvable, uniquely under the momentum
construction, iff the “stability condition”

L
k+ K

k
k4K

(1+(k1+k2)2)=1+< ) > z(14 (b — ky)?) =
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holds. But, clearly, this is automatically satisfied. By Remark 1, the
same argument works for the case k" > 0.

Corollary 9. The complexified Kahler class
lw+ V—1B] =27(2E, + (K + V—-1k")C),

where k' > 0, k" # 0, admits a canonical representative. This also
holds allowing conical singularities; the corresponding coupling constant
s given by

o 24/ (k + k)2 + (K")2 (k*(—68) + sx +4) + (7 — 980)kk’ — 3(Bo — 1)(K')?)
- ]{‘(/{‘//)2 )

Note that a canonical representative with vanishing B-field B = 0
would correspond to a cscK metric, which does not exist. The coupling
constant a diverges as k” — 0. It seems interesting that a nontrivial
B-field can stabilise the unstable ruled surface X.

Plan of the paper. In Section 2 we set up the momentum construc-
tion on our ruled surfaces. Section 3 solves the dHYM equation on our
ruled surfaces explicitly using the momentum construction, under the
necessary “stability condition” (1.4). This result is applied in Section
4 in order to solve the coupled equations (1.2). All of this is extended
to allow conical singularities in Section 5; the main advantage is that in
this case there exist solutions with positive coupling constants. Finally
Section 7 contains our results on the large and small radius limits.

Acknowledgements. We are grateful to Claudio Arezzo, Zak Dyrefelt,
Annamaria Ortu and Carlo Scarpa for some discussions related to the
material presented here. We also thank an anonymous Referee for helpful
corrections and suggestions.

2. MOMENTUM CONSTRUCTION
Let X =P (L ® O) — ¥ be a ruled surface as in the Introduction. Let
Ey=P0®0), B =P(L&0)

denote respectively the zero section and the infinity section of the CP'-
bundle X over X, with general fibre C'. We have the straightforward
intersection formulae:

Ey-Ey=—-FEs-Ex=k C-C=0, C-Ey=C-Ex=1(2.1)

We will follow the standard momentum construction (sometimes called
the Calabi ansatz, see e.g. [14]) for metrics on the complement of the zero
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section Xg = L\ Ey, which extend across the zero and infinity sections
of X under suitable conditions.
Thus we consider metrics of the form

_ p*;"z + V1001 (s), (2.2)

where x is a real parameter satisfying 0 < x < 1, while f is a strictly
convex function, such that f’' : Xy — (—1,1). The real coordinate s is the
log-norm of the Hermitian metric h(z) on £ for which —0.0, log(h) =
F(h) = —/—=1ws. Considering a trivialization U C L with adapted
bundle coordinates (z,w), s is given by

s = log| (z,w) [; = log |w|* +log h(z),
and it follows that

VIT0,Duf(s) = V=17 (5) 20 1

and

VTT0.8.4(5) = —F (9w + V() 210

If we choose U such that dlog h(zg) = 0 in (29, wp), at this point all
the mixed derivatives vanish and so we find

1_:Bf/() E‘f’\/_fﬂ()

dw N dw
W]

moreover we also have, globally,
2 _ 2 1—xf'(s)

1" (s)ws A V—1dw A dw.

Since f(s) is strictly convex, we may consider its Legendre transform
u(7), a function of the variable 7 = f’(s), and define the momentum

profile

which must satisfy the condition
o(r) >0, —-1l<71<I, (2.3)

required for w to be positive. Moreover the momentum construction
shows that in order to extend w across w = 0 and w = oo, ¢(7) must
satisfy the boundary conditions

lim, 0(r) =0, lim () = 71 2
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The space H*(X,R) is generated by the Poincaré duals of Fy and C.
Following [16], we define the 2-form
x? 1—af(s) dw A dw
_ P | s—)
= e (Y
A direct computation shows that 3 is a closed (1, 1)-form, traceless with
respect to w, and {w, 8} is a basis for the space H*(X,R). We consider
now a real (1,1) cohomology class and its representative

FO :clw—l—@ﬁ. (25)

In order to identify v/—1F, with the curvature form of a connection
on some line bundle over X, [Fy/(27)] must be an integral class. For
[Fo] = a[Ep] + b[C], using the identities (2.1), we have

c Ey c

Since Ey = (f")7(—1), we get

/ L (1+x)/wz:27rk(1+:c)

X i
= <1+x>/2“222”k<1+x>'

For the general fibre C', let w denote the bundle adapted coordinate along
the fibre and define r = |w|, such that s = 2logr and d/ds = 5d/dr.
Using the boundary conditions (2.4), we have

dw A dw
/w = [ e nd
c c\{o} |w|

+o00 27rd .
:/—00/0 %f(s)dr/\dé

= o (shjglo £(s) — lim f’(s))

S——0Q
=A4r

2
x
— 4 .
/05 T2
Using (2.6), we obtain

F 2 1 —
0l (2¢, =22 c)) By + Tker + —key ) C.
2 1— 22 T 1—2z

and

and similarly
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If we introduce the new parametrisation

k i 1—x2
= — ¢ = c
k k/? 1 17 2

for real ki, ko and k' > 0, then a direct calculation shows that the
cohomology classes of [w| and [Fy| are given by our previous formulae

[w] = 27 [2Ey + K'C],
[Fg] = 271'[2(/{71 — /{ZQ)E(] + (2k’k‘2 + k/(kl + k‘g)C]

o, (2.7)

In particular we see that the choices k' € Z~o and k; € Z for i = 1,2
correspond to integral classes.

3. dHYM ON RULED SURFACES

In this Section we will solve the dHYM equation (1.1) on X explicitly,
with respect to a fixed Kahler metric w obtained by the momentum
construction (2.2). Given a class [F] satisfying the integrality conditions
(2.7), we may fix a holomorphic line bundle L — X with first Chern
class =27 [¢1(L)] = [F].

Recall that the parameter 0 is a topological constant determined by
the condition

/ (w—V—1F)* ¢ R.geV .
X
Lemma 10. We have

VL= K+ k) + (2ky)?

Proof. Since [ is traceless with respect to w, we only need to compute
the quantities [, w?, [, 6% We have

/w —2/f" xf’( ))wz/\dw/\dw

|wl?
_47r/w2/ d f/ (f (28)) )dr
B 1672k
o

and similarly

/ 5 _16m?k ot
X

r (1 —a?%)?



dHYM CONNECTIONS IN A VARIABLE BACKGROUND 13

Using (2.7), we find

2
/ (w—V=IF)" = 162 k (1= 2+ k2 — 2v/—=Thy)
X

from which the claim follows immediately. 0

In order to solve the dHYM equation in the class [Fy] we extend the
momentum construction by making the ansatz

F=F,=Fy++/—100¢(s). (3.1)

It will be convenient to introduce the function v(7) given by the image
of ¢’(s) under the Legendre transform diffeomorphism relative to f(s).

Lemma 11. The form +/—190g(s) extends smoothly to an exact form
on X iff v(7) extends smoothly to the interval [—1,1] and vanishes at the
boundary points.

Proof. The component of v/—190¢(s) in the fibre direction is
VoI (s) AT

So v/—100g(s) extends smoothly to X iff v(7) extends smoothly to
[—1,1]. In order to derive the appropriate boundary behaviour so that
this extension is still exact, we compute

00g = —21k ( lim g'(s))

E §—r—o00
and
/ 0dg = 21 <lim g'(s)— lim g’(s)) :
o 5500 s—5—00
Using (2.6), the only conditions we need to impose are
Tl_igcll v(T) =0. (3.2)

l

Our next result shows how to reduce the dHYM equation to an ODE.
It is convenient to introduce the new variable

t=1/z—71
as well as the auxiliary function
kg 1— .CL’Q

H(t) = kit +—
*) 1+t 2

—v(t). (3.3)
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Proposition 12. Under the momentum construction (2.2), (3.1), the
dHYM equation is equivalent to the ODE

H'(t) = tsinf + H(t)cosd
H(t)sind — tcosf’

together with the boundary conditions
1 1 1-—
i () e () (50)
x x x
1-— 1-— 1
H( x):kl( m)+k2< +x). (3.5)
x x x

Proof. At a point (zp,wp) such that dlog h(zp) = 0, we have

w—1F, =
$2
7 + \/—19’> ws+

((1—\/_k1) —zf \/—_
(f” (1 Tk 4V Tk jf) - mgff) T

and we obtain the global identity
1
St (V7 (= V=IR)") V-

o —af k
_Sme(f“—;f +<g’——2

(3.4)

dw/\dw

Cwr
kl +k / " L " —k "
- uf g +kif" —kof

(,UE:

x?
1—af

xf!
(3.6)

zf')?

This expression becomes much simpler under the Legendre transform
diffeomorphism in terms of the variable 7 = f'(s), for which dr/ds =
¢(7), and the additional affine change of variable t = 1/z — 7. Setting

hey 1 —
H(t) =kt + 2 2 — (1),

t a?
the dHYM equation is equivalent to

2¢ <cosé(H+tH’)+siné(t—HH')) =0

and, since ¢ > 0, also to

2 tsinf + H cos
Hsinf —tcosf

2

(1—xf)
—l—cosé( vf <k f”—( & —g"—klf”> + 1 (g'— %11_ - ;+/€1f

)
)
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A direct computation shows that the boundary conditions (3.2) for g(s),
rephrased in term of H(s), become the constraints (3.5). O

Corollary 13. The ODE (3.4) is solvable with the boundary conditions
(3.5) iff the “stability condition”

(L+ (k1 + k2)®) > 2 (14 (k1 — ko)?)

holds.
Proof. Setting tv = H, equation (3.4) becomes
£(v)
tv' = -2 , 3.7
e0) &0

with £(v) = v?sinf — 2vcosf — sinf. Solving (3.7) by separation of
variables, we get

C
f(’l}) = t_27
which has two solutions given by
Ha(t) = teotf + \/<cot2 0+ 1) (2 + O, (3.8)

with ¢’ = C'sinf. We need to impose the appropriate boundary condi-
tions (3.5). The first condition at 1/z+ 1 holds iff we choose the solution
H_ in (3.8) and set

O — —2]{}2 (1 —+ (kl —+ k2)2 — LCZ — (kl - ]{72)2 .’112)
xQ\/(l — K2+ k)% + (2k)

In this case, at 1/x — 1 we have

H. (1;@) _ 23;11:1 (—k2 (1 +2)+ (1+k2) (1 +2))

-1 - (k)l + k2)2 +x+ (/{71 — k2)233
+
2k1x

R () AR (BE) i (1 (k4 K2)?) > (14 (B — o))
(o)DM e (1 g (4 k)) < @ (14 (= ko)),
so the second condition in (3.5) holds iff we have

(L+ (k1 +k2)®) > 2 (14 (k1 — ko)?) .
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Remark 14. Jacob and Yau [15] showed that the solvability of the
dHYM equation on compact Kéhler surfaces is equivalent to a certain
numerical “stability condition”. Considering the closed, real (1, 1)-form

Q:cotéw—F,

the relevant condition is [©2] > 0. In our setting, when we regard
H?(X,R) as R? with the basis provided by the Poincaré duals of Ej
and C' and coordinates (ay,as), the Kéhler cone is identified with the
subset {a; > 0,a2 > 0}. A computation shows that the [] is positive
precisely when the condition (1.4) is satisfied.

Remark 15. Suppose equality holds instead in our “stability condition”
(1.4),

(L+ (k1 + k2)®) =2 (14 (k1 — ko)?) .

A direct computation then shows that the quantity t?> + C” vanishes at
the endpoint t = 1/x — 1. By our explicit formula (3.8) we see that the
function H_(t) is smooth on the interval (1/z — 1,1/x + 1] and extends
to a C'? function on its closure. Thus, for fixed background w, we
obtain a corresponding solution to the dHYM equation which is smooth
on X\ E, and extends to a form with C'/2 coefficients on X. This should
be compared with a result of Takahashi [20] which holds for a general
compact Kahler surface X, and states that under suitable assumptions,
when the class [)] above is only semipositive, then there exists a solution
to the dHYM equation which is smooth on the complement of finitely
many holomorphic curves of negative self-intersection and which extends
to a closed current on X.

4. COUPLED EQUATIONS

In the previous Section we solved the dHYM equation in suitable in-
tegral classes, determining explicitly the Legendre transform of the cur-
vature form F' in terms of the Kahler metric w. More precisely, let us
assume that the “stability condition”

(1 + (k’l + k2)2) > (1 + (]{31 — k2)2)

holds, and let us denote by F' = F(w) the unique curvature form con-
structed in the previous Section.

In this Section we will complete the proof of Theorem 2 by solving the
second equation in (1.2). We also establish the real analyticity of our
solutions, Proposition 6.
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Recall we are concerned with the equation

s(w) —aRe (e‘ﬁé (- \/2__1F) ) =S5 —ar, (4.1)

w

where the constants § and 7 can be computed as

§ = 2zsy + 2, f:\/(l—k%+k§)2+4kf.

Lemma 16. In terms of the variable t = 1/x — 7 and the function H(t)
appearing in (3.4), we have

Re (r (v~ ﬁFf)

= cosf (1 - w> — sinf (H’(t) + @) .

Proof. As in the proof of Proposition 12, at a point (zg,wp) such that
dlog h(zo) = 0, we have the global identities

1 _J=Té 2 dw N dw
§Re (e V=10 (w—V—-1F,) )/\/—1W/\wg:

~ 1—xf ko 1—2% K 1— 22
cose(f”—m‘”f +(g’——2 — ——1+k1f’> (g”+k1f”—k2f”—(1 - ))

x1l—af T g;f’)2
) 1—5L‘f’ " 1_562 " " " / k21_x2 kl /
and ; p p
1—af w A dw
2 _ " —
w”=2f - vV wl? wy.

In terms of the variable ¢ and the auxiliary function H(t) we have

1—af ky 1—2* kK 1—a?
(f// Ixf +(g/__2 x _zl_i_klf/) (g”—i—/ﬁf”—kgf" Z >)

x1l—af (1_1,]0/)2
L, HOH)
t )
respectively
1_37]” 1" 1—1‘2 " " " / k2 1—%2 kl /
( - (k2f —(1—93f’)2_g _klf)+f (9‘;1_xf,_;+k1f))

from which our claim follows immediately. 0
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Lemma 17. Equation (4.1) becomes the ODE for the momentum profile
o(t) given by
2 1 0 t
(%2 - o)) + 20555 - 2
St S \/<cot2 0+ 1) (t2+C")

B A\/<cot2é—|—1> (t2+C") = 35— ar,

tsin 6
with the boundary conditions

lim ¢(t) =0, lim ¢'(t) = Fl1.
t—141

t—141
xT

Proof. By a standard computation, the scalar curvature of w can be
expressed in terms of the variable 7 as

o) = 2svx @ (%(7)1;9”)”’

Cl—azr 1-—271

with ¢(7) satisfying (2.4). After the affine change of variable t = 1/z —7,
our claim follows directly from Lemma 16 and the explicit formula (3.8)

for H(t). O
Setting ¥ (t) = 2t¢(t), we obtain the ODE
0 a -
") = (202 — gt ai |t \/ cot2f+1) (12 + C"
Vi) ( sin? 6 sin 6 < > ( )

.« 12
- 3A) R
sin” 0 \/(Cot2 0+ 1) (12 + C")

with the boundary conditions

lm ¢(t) =0, Lm ¢/(t) = F2 (i + 1) : (4.3)

t—1+1 t—141
xT xT

+ 282 (42)

and the positivity condition

1 1
P(t) >0, ——-1<t<—+1 (4.4)
T T

By integrating twice, we get the general solution of (4.2) with integration
constants dy, d;

t) =sst®+ | =
V() =s +<3Sin29 6

+ do + dit, (4.5)

é A a . R 3
o ) o i (it 1) (4 )’
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which satisfies (4.3) if and only if we set
(=2 + ss7) (=3 — 3k3 — 2kiky — 3k2 + 3 (1 + (k1 — k2)?) 2?)

d = — 9
" 3(1+ (ky — ko)) 23
g (=21 + K2+ &) + (14 (k1 — ko)?) snz) (=1 + 2?)
e 4]{51]{521'2 7
VA + (1 - k3 + k3)°
a= (=2 + sxx).

2 (1+ (k1 — k»)?) K3
In order to check the positivity condition (4.4), we observe that

dv 3 (O, s

Moreover, setting t_ =1/ — 1 and t, = 1/x + 1, we get
w//(t_> _ ¢//(t+)

3 (14 (b + k2)?) " + (1+ (k — k2)2)2x2 (z+ s%)
— (14 (ks + k2)2)2 + (1+ (kb — k2)2)2x2
since sy + = < 3. Thus ¢” is a convex function defined on the interval
[t_,t.], such that " (t_) > 9" (), and this, toghether with (4.3), implies

the positivity condition (4.4).
Finally let us note that if equality holds in our “stability condition”,
(L+ (k1 + k2)®) =2 (14 (k1 — ko)?)

then the quantity t?+ C” vanishes at the endpoint ¢t = 1/z — 1 and by our
explicit formulae (3.8), (4.5) we obtain a solution w, F' which is smooth
on X \ E, and such that F' extends to a form with C''/? coefficients on
X, while w extends with C"/2 coefficients. This completes the proof of
Theorem 2.

=4

>0, (4.7)

Remark 18. As we will be interested in the small and large limits of
the coupled equations, we point out that (4.6) and (4.7) hold uniformly
as the scaling parameter o/ — 0 and, provided the “stability condition”

(kl + k2)2 > l’(kl — k2>2
is satisfied, also for o/ — oo.

We can now prove Proposition 6. We first claim that the Kahler form w
constructed above is real analytic. Recall w is obtained by the momentum
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construction (2.2),
w = p;ug +V/—190f(s),

for a suitable convex function f: R — R, where we have s = log |w|? +
log h(z) with respect to bundle adapted holomorphic coordinates (z,w).
The hyperbolic metric wy, is real analytic, so we can choose a local holo-
morphic coordinate z such that its coefficients are real analytic. On the
other hand the real function h(z) satisfies —/—10.0, log h(z) = ws, with
the same choice of local coordinate, and so it is also real analytic. So our
claim follows if we can show that the function f: R — R is real analytic.
But f is related to the momentum profile ¢ by the ODE

f"(s) = o(7) = o(f'(s)),
and the momentum profile ¢(7) or our solution is clearly a real analytic
function of the variable 7 € (—1,1) by (4.5). Thus f(s) is real analytic
and our claim on w follows. In order to see that the curvature form
F' is also real analytic, recall that it is given by our ansatz (3.1), F' =
Fy ++/—100g(s), and that the dHYM equation satisfied by F can be
expressed in terms of g(s) as the vanishing of the right hand side of the
expression (3.6). Thus, the real analitycity of g(s) follows from that of

f(s).

5. CONICAL SINGULARITIES

In the present Section we prove Theorem 3. This extends our existence
result Theorem 2 to allow a Kahler form w with conical singularities. Our
main motivation for this extension is describing examples of solutions to
the coupled equations (1.2) with positive coupling constant a > 0.

We consider again Kéahler forms w given by the momentum construc-
tion (2.2),

*w _
w="LY2 0 T108f(s),
x
with momentum profile ¢(7) > 0 defined on the interval (—1,1).

Lemma 19. The Kdhler form w extends to a form with conical singular-
ities on X, with cone angle 275y along Ey, respectively 270 along Es,
iff the momentum profile satisfies the boundary conditions
. o . / . : / _
A, ¢(r) =0, lim, ¢'(r) = fo, iy ¢'(7) = ~fc.
Proof. For any open neighborhood U C X, in term of the bundle adapted
coordinates (z,w), EyNU = {w = 0}. We assume that, near r = |w| = 0,
f" has the form
f"(s) = cor® + A(r)
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with ¢y # 0 and A(r) = o(r?*). Then we have

1—zxf Ohoh
Wez = xf WE,zE + v _1f”— =
z h?

Wz = —J—_llf"(s)gfz = O(r2Po=1),
w

o),

G = VI f'(5)0h = O(r21),
w
Wy = / — 17202 (1 + A(r)/rwo) ,

hence the metric w given by the momentum construction has a conical
singularity along Ej of angle 27f3. Since d/ds = £d/dr, f"(s) = ¢(7)
and f"”(s) = ¢(7)¢'(7), this implies

i, 9lr) =0
and
lim ¢'(7) = fo.
T——1
To proof for F, is the same up to a change of variable. O

As in the previous Section, it is convenient to consider the reparametri-
sation

_ k
k4K
for k' > 0. Similarly, we introduce the (1, 1)-forms

T

2

B x 1—xf’(s)w - ,,de/\dw
5_(1—@”(8))2( x == V-1 |w]? )

1 — 22
kQﬁ?

T2

F:k1w+

as well as the ansatz, extending the momentum construction
F, = F ++/—100q(s).

We also denote by v(7) the image of ¢(s) under the Legendre transform
diffeomorphism relative to f(s). The proof of the following result is
almost identical to the smooth case and we leave it to the reader.

Lemma 20. A Kahler form w with conical singularities as above is a
closed (1,1)-current on X, with cohomology class

lw] = 27[2E, + K'C).
Similarly, F is a closed (1,1)-current on X with cohomology class
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Moreover, \/—100¢(s) extends to a closed (1,1)-current on X, which has
vanishing cohomology class iff v(T) satisfies the boundary conditions
iy ) =0

We are now in a position to complete the proof of Theorem 3. Let
us first note that, precisely as in the proof of Theorem 2, under the
momentum construction the dHYM equation for w and F' becomes the
ODE (3.4), together with the boundary conditions (3.5). By Lemma 20,
the cone angles do not play a role in this reduction. It follows that the
second of our coupled equations (1.2) also reduces to the same ODE (4.2)
for a single function ¢(t) > 0 of the variable

t=1/x—71

appearing in the proof of Theorem 2. By Lemma 19, the boundary
conditions corresponding to general cone angles 3y, B are

1 1
li t) =0, li "t) = =2 —+1 li ")=2B | =—1).
Jim (6 =0, lim v/0) = <250 (3 +1) . tim /(0 =20, (1 1)
However, as (4.2) is second order ODE, this problem is overdetermined. If
we consider the general solution (4.5) and impose the boundary condition
1
lim ¢'(t) = =20 <— + 1)
t—L41 z
corresponding to a cone angle 273, along Fy, we find that the integration

constant d; can be expressed in terms of 5y and the coupling constant «
as

(x 4+ 1)(2ky(z(=260 + ss(z — 1)+ 1) + 1)

d, =
! 2]{31.172
el DVR 28R — 1) + (R 4+ 1)°) (5.1)
2]€1$C2
Similarly, imposing the condition
lim ¢(t) =0
t—L41

and using our expression for d; gives the relation
k3 (23(k1 — ko)? 4+ (k1 + ko) + 23 + 1)
39:3\/(—/%% + k2 + 1) + 4k2

d0:4CY

(2 + 1)2 ki — 202 (k3 — 1) + (k3 + 1)*(2(~680 + 5522 — 1) +2) +2)

3:53\/(—/%% + k24 1) + 4k2
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Further, imposing the condition
lim ¢(t) =0
1

t—1—
x

and using our expressions for dy, d; determines the coupling constant
uniquely as

\/(—k%+k§+1)2+4k§ (sx22 — 3Bo(z + 1)+ z + 3) Y

‘- k2 (ky — ka)® + 1) - 62

We can now compute directly that a solution v (t) corresponding to a
cone angle 275, along Fj satisfies

t—>11 T -1+ T

which yields a cone angle 273, along E.,, with
24 Bo(1 +2)
Poo = —1+z
In order to prove the positivity of ¥(t), we consider again (4.6), with the
coupling constant « given by (5.2). When
3(14+2) 6y —3>x(1+ spz),

ey
dt4

we construct solutions for v < 0 and hence > 0. Moreover

Pt — ' (t)

B ) o= 3) (L (hy ko)) — 22 (14 (k1 — k2)?)” (s22? + )
(1+ (b 4 k2)?) 2 — (1+ (b — ko)?)” 2

and we can use essentially the same argument given in the proof of Theo-

rem 2. When a > 0, an explicit analysis of the momentum profile is more

complicated and the positivity of 1(t) is best checked with the assistance

of a numerical software package (see Figure 1). This completes the proof
of Theorem 3.

6. TWISTED KAHLER-EINSTEIN EQUATION

This Section is devoted to the proof of Proposition 5, which states
explicitly when the equation in (1.2) involving the scalar curvature of w
reduces to a twisted Kahler-Einstein equation. For a general complex
surface, we should require that

[Ric(w)] + 2siné[F] =7

and we will make this condition explicit in our current setting.

[wl, (6.1)

>0
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FIGURE 1. The momentum profile ¢(¢) of the solution
when ky = —k; =1, h =0 and = = 1/6.

Lemma 21. For any Kahler form w on X given by the momentum con-
struction, with cone angle 273y along Ey, respectively 2mf0., along F,
the cohomology class of Ric(w) is given by

&=

Proof. We recall that
Ric(w) = —v/—1001og det w
— 2 1
= —v/—100logdet | —= [ = — f ) f'ws
jw]* \z

./ T6Bl0g det (G - f’) "w2> ,

hence, by a straightforward calculation, we get

} = (Bo + Boo) [Eo) + (2(1 — h) — kB) [C].

—v/—10,0:1og det <(§ — f/) ”wg> = (];p—lllll + py — (1—11—xf’)f”) ws,

and

1 / " _ — Li x " f_m —
—V/=10,,0 log det ((E — f) f wz) = \/_1|w|2 P (—(1 ) f/,) dwAdw.

Using the identities f”(s)/f"(s) = ¢'(7), f"(s) = ¢(7) and the bound-

ary conditions required for the momentum profile and its derivative, we
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compute

/EO Ric(w) = (¢'<—1> PN jiﬁ—_”l) [tz n iz
2

and
) dw Adw d x 1"
Ric(w) = V- < - —)
Jorto = [ VS (T
2m f///
" — = )dr Adb
[ (- ) e
=27 BO + ﬁoo) ’
so our claim follows directly from (2.6). O

For the following computations, it is convenient to introduce the quan-
tity

3+z+sgr?—3(1+2)5 4 1—h
=4—-06 3—(1— 2 .
. Bo + k( Bo) + [

I =

Using Lemma 20 and Lemma 21, we can then rephrase the general con-
dition (6.1) as the system of equations

(6.2)

1+ (k1+k
{ (2]611]622) I'=2 + 4k1+k/ - (BO + 500) )

Lltha) D (B 1 ) = 2(1— h) 2 — 9B, — &

2k1 ko k+k’

Notice that the two equations in (6.2) actually coincide when

2k + K
k4K

—2(1—h) +2k5m+k’:(2k+k’)(ﬁwﬁoo—l—zl_h),

k4K

or, equivalently,
2k + k) = (2k + K') o + k' Bso- (6.3)

Recall however that in order to have solutions to our equations in the
momentum construction the cone angle 273, is not arbitrary but must
satisfy
=2+ fo(1 + )

(—1+a)

ﬂoo:
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in which case (6.3) holds automatically. Then the general condition (6.1)
corresponds to

14 (ky + ky)? 1—h
2T =944 -2
ik T 2ot )
1—h _k
_2<2k+k,+2g(ﬁo—1)—1>. (6.4)

In order to show that this coincides with the condition (1.6) spelled out
in Proposition 5, we rewrite the latter as

(—1+2) (14 (ks + ko)) T — dhiky (1 + 55 — @ (=1 + s+ 26)) = 0,

which implies

1+ (ki + ky)? 1
LIS L VAN (R 1 —z (-1 2
erks T e e (e +26)
x 14+
=2 2
(82$+ 501_$+_1+$)

:2(32x+2%(ﬁg—1)—1)

I—h _k
ool 9t s —1) 1),
(k;+k:’+ o (Bo—1) )

Reading these identities backwards shows that the two conditions (1.6),
(6.4) are indeed equivalent.

It remains to establish the second claim of Proposition 5, namely that
the condition (6.4) actually holds for infinitely many solutions of the
system (1.2). It is convenient to rewrite (6.4) in the form

F(ky, ky) = H(k, K, h, Bo), (6.5)
with
1+ (k4 ko)?
Fki, k)= ———"—
and
2 1—-~h
, e — — —_— —_—
H(kﬂk7h7/30)_r<2k+k/+]- /60 600)

2 +2(f— 1) — 1
2050 + 35 (1= Bo) +4 65

We assume that ks < 0, so the stability condition (1.4) is automatically
satisfied, and the system (1.2) is solvable. We observe that, under this
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assumption, the Lh.s. of (6.5) satisfies
F(/{Zl, ]{52) > 2.

On the other hand H(k, k', h,3), as a function of the single variable g,
has a vertical asymptote at

4 2(1—h)k
— _ §k + k/ + 3(k+k’)

k' + 2k

and it is easy to check that 0 < 3 < 1, for k' > M (k,h) > 0. Moreover,
at =1 we have

k+k +2(h—-1)

0< H(k,K h1)= <2,

k+k +h—1
and
2(6+ 2) (—1 + 2“"”)
d Al (6+% /
qgH (k1) = st - LIVASY)

(Figure 2 shows the graph of H () for k = k' = 1 and h = 6). This

20 |

H(B=1)~171 f------ R e
-20 | :

0 0.5 1

FIGURE 2. H(k,k', h,B) for k =k =1 and h = 6.

implies that
F(k‘l, k‘g) - (2, OO) C im H|56(071),
which completes the proof of Proposition 5.

Remark 22. A direct computation using (5.1), shows that the condition
(1.6) holds precisely when the coefficient of the linear term d; in (¢)
vanishes, i.e. a solution w is twisted Kéhler-Einstein precisely when the
linear term is missing from the momentum profile.
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7. LARGE AND SMALL RADIUS LIMITS

Let us first prove Theorem 7. As we already observed, the “slope
parameter” o’ appears in the coupled equations (1.7) simply as a scale
factor for the curvature form F. In other words, a pair w, F' solves (1.7)
iff the pair w,'F solves (1.2): the cohomology parameters are simply
rescaled (k1,ks) — (a'ki,a’ks). Thus, according to Theorem 2, there
exists a (unique) solution of (1.7) given by the momentum construction
iff the “stability condition”

1+ (o) (k1 + k2)® > o (1 + (o) (k1 — k2)?)

holds. Since x < 1 by construction, this inequality holds for all suffi-
ciently small o/, depending only on ki, ks and k’. Let us write wy/, Fly
for the corresponding family of solutions.

The attached function H,./(t) = H_(t) appearing in (3.4) is also ob-
tained from (3.8) simply by rescaling (ki, k2) — (o’k1,’ks), and so it
can be computed explicitly as

HO/ (t) = tcot éa/ - \/<C0t2 éo/ + 1) (t2 + C&/),
VT (1= (a')%k} + (o/)?k3 — 2v/—1a'ky)
V= @R+ @202 + 2o ph)?

Y

—(a')?k? + ()%k2 + 1
20/]{:1 ’

cot éa/ = —

1 1
D AoV ke ke - ’ 1
Co = 4e) hky (mz (k1 —a'k2)? +1)  (a'ky + o'ko)? + 1> Y

By elementary computations using these explicit formulae, recalling that
we also have k; < 0, we find

Hy(t) = </€1t + % (—1 + %)) o + (o)’ R(,t) (7.2)

for some function R(a/,t), smooth up to o/ = 0.

As a first consequence, we can show that the sequence of Kahler forms
Wy converges smoothly to a Kahler form w as o/ — 0. It will be enough
to show the smooth convergence of the momentum profiles ¢,/ (t). Ac-
cording to Lemma 17 and the subsequent explicit formulae for the cou-
pling constant « and average radius 7, the profile ¢,/ (t) is obtained by
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integrating twice the identity

2oy = (cosd (1= FOTE) i (10 + 1))

t ot t
+§— af, (7.3)

where all quantities are understood as evaluated at (o'kp,a’ks), and in
particular

o= VAU + (1= (@) + (@)2R3)°
= 2 (1 + (a/kl . Oélk’g)Q) (O/)2/{,‘%

b (L (@02 + ()R + AR, (74)

(=2 + spx)

By the latter explicit formulae and (7.2), the quantity

aGwé(L—gﬁ§ﬂﬁ)—gnéQT@+f%Q>_f)

has a smooth limit as o/ — 0, so the same holds for the right hand side of
(7.3) and for the momentum profile ¢(t) = ¢, (t). The positivity of ¢ (t)
and its limit for o/ — 0 follows from Remark 18. We can now show that
the curvature forms F, also converge smoothly as o’ — 0. By construc-
tion we have F,, = F o + V—100(a') " gu (), where Fy = ciwar + c2Bar
and the potential g, (s) corresponds to the solution for the parameters
(oky,d’'ks) (i.e. for the cohomology class o/ [Fy]). By the smooth con-
vergence of the Kahler forms w,/, which we just established, it will be
enough to show that the potentials (') !¢ (s) converge smoothly. In
fact they converge smoothly to the zero potential. Indeed by (3.3) and
(7.2) we have

(@) g (5) = () ()
Nn—1 / /k2 1- 1'2
= (a') (aklt—i—a?
= o'R(d,t)

_H¢@)

xr2

where R(c/,t) is smooth in a neighbourhood of o = 0. It follows that
we have, smoothly as o/ — 0,

Foy — Iy = ciw + a3,

which is indeed a solution of the HYM equation A, F = pu.
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Finally, this allows to write down the equation satisfied by the limit
Kahler form w. Recall w, solves the equation

. — V/=1d'F,)°
6_\/?190/ <wa/ 2 - O/) ) = § - O[a/ff‘al.

W

S(wa) — o Re (

Expanding around o = 0 we find
Re (e_‘/jléa’ (War — \/—_1a’FO/)2>
= w2 — (For N For — 21war A Fo + 20w7%) (o) + O(a')
for certain cohomological constants 27, zo. Similarly,
= (T 0
For =14+ 0(d).

Thus, taking the smooth limit as o/ — 0, and using our result that the
limit curvature form satisfies A, F' = u, we see that w satisfies

s(w)+arN2(FAF)=c
where
-2+ sxx
k2

and c is a cohomological constant. This completes the proof of Theorem
7.

a =

The proof of Theorem 8 is quite similar. Our assumption
(k1 + k2)* > (ks — ko)
implies that, for any o/ > 0, the “stability condition”
1+ ('K + a'ky)? > 2(1 + (K — ky))?

holds. Thus, by Theorem 2, the coupled equations (1.7) are uniquely
solvable with the momentum construction. We denote the correspond-
ing solutions by w,, Fy as before. By (7.1), as o/ — oo, we have an
expansion

\/(k% - k’%)2 (kle (CEQUQ{ICQ)Q - (klka)Q) + t2> + k%t - kgt
Ho/ (t) = le 0%

+S((a)71,1) (7.5)

/
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where S(y,t) is a smooth function near y = 0. By this expansion and
(7.4), the quantity

a <cosé (1 —~ w) —sinf <H’(t) + @) - r)

has a smooth limit as o/ — o0, so the same holds for the right hand
side of (7.3) and for the momentum profile ¢(t) = ¢ (t). Since we
are assuming (k; + k2)? > z(ky — ko)?, ¢ (t) and its limit satisfy the
positivity condition, by Remark 18. Thus the sequence of Kéhler forms
wq converges smoothly to a Kéhler form w as o/ — oo.

Considering now the curvature forms F, = Fj o ++/—199(a’) "1 gus (5)
as before, we find

(o) gar(5) = (o) war(7)

kol — 22
_ n—1 "ot 12 . Ho/ "
@) (bt + 22
ko1 — 22
- klt + ?2 x;c - (O/)_lHOé’ (t)v

where by (7.5) we have the smooth convergence, as o/ — oo,

ki — k3
2k,

(o) Ho(t) = K+(1),

where

Ki(t)=t+\/2+C,

A 1 1
=4k k —
¢ e (OCQ(k?l — k)2 (k1 + k2)2)

and the sign + is that of the quantity k% — k2. Thus, by the convergence
of the Kahler forms w,/, the curvature forms F, also have a smooth limit
F as o — .

Finally we may write down the equations satisfied by the limit Kéahler
form w and curvature form F. By our previous results we have expan-
sions, as o — 00,

Tm (e—ﬁéaf (Wor — \/—10/Fa,)2) = (Z\wa A For — Z5F2) o/ + O(1),

Re <e’ﬁéa’ (War — \/—1o/Fa/)2) = F2(d)? +0(1),



32 ENRICO SCHLITZER AND JACOPO STOPPA

for some cohomological constants 77, Zs. Similarly,
k? — k2 -2 1
Oy = ki — k3| ( +32x)+0 7
2(ky — ko)2ks ()2 ()3
For = |k — K3|(a)? + O(d).

Thus, passing to the limit as &/ — oo in the equations (1.7), we find that
w, F' satisfy the equations

FAw=c F?
s(w)—ozooi—j = 0y

for a unique a,, and cohomological constants c¢;, co. Using the first
equation, the second can also be written in the twisted cscK form as

s(w) — AN F = ¢y

for some unique &. This completes the proof of Theorem 8.
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