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1. Introduction

The sharp Sobolev inequality on the standard round sphere S™, n > 2, reads as

2" -2
n

lull 72 < IVullZs + fJulz=,  Yue WH2(S™), (1.1)

where 2* := 2n/(n —2) and the norms are computed with the renormalized volume mea-

n

sure %S(Sn). This inequality goes back to the work of Aubin [15], who also characterized
non-constant extremizers (see also [68, Chapter 5]) having the following expression (de-
noting by d the distance induced by the metric):

= ‘ with a € R, b € (0,1), 2o € S™. (1.2)

n—2"

(1 —bcos(d(+,20)) 2

We will refer to them as spherical bubbles. A natural question is the one of stability:
(Q) Is a function satisfying almost equality in (1.1) close to a spherical bubble?

Up to a change of coordinates via the stereographic projection (see e.g. [79,43,45]), this
question is equivalent to the stability of the Euclidean Sobolev inequality

]l L2+ (mny < Eucl(n, 2)[|Vul|L2®n), Yu € WH2(R™), (1.3)

where WH2(R") = {u € L* (R"): |Vu| € L*(R™)} and Eucl(n,2) > 0 is the sharp
constant, computed by Aubin [16] and Talenti [97] (see (2.10) for its precise value).
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Extremizers, i.e. functions u for which equality occurs in (1.3), are also in this case
completely characterized:

a

u(.’lj) = n—2
(1+b|lz—20]2) =

, a€R, b>0, zg € R". (1.4)

We shall refer to these functions as Fuclidean bubbles (usually called Talenti or Aubin-
Talenti bubbles). The first quantitative stability result was obtained by Bianchi and
Egnell [25] who showed that

) Hv(u_w)HLZ(R")<Cn(Hvu”L2(]R")

inf — Eucl(n,2)! 5, Yu € WHEHR™), (1.5)
IVl 2 (rn) )

llwll L2 (R™)

for a dimensional constant C,, > 0 and the infimum taken among all w as in (1.4). This
stability is strong, in the sense that the L?-norm of the difference of gradients is the
biggest possible norm that can be controlled, and optimal, as the exponent 1/2 is sharp.
We mention that quantitative stability for the case of the p-Sobolev inequality in R™ has
also been obtained in sharp form (see [40,47,87,48]). The stability of (1.3) in qualitative
form, meaning that if the right-hand side of (1.5) is small then so is the left-hand side
(in a non-quantified sense), can be deduced via concentration compactness [80,81].

In this note, we address the analogous stability of (Q) for Sobolev inequalities on more
general Riemannian manifolds.

Let us consider a closed n-dimensional Riemannian manifold (M, g), n > 2, satisfying

Ricy > (n —1)g.
Under these assumptions the same Sobolev inequality (1.1) as in the sphere holds [72]:

2% —2
2
lul2r < ==

IVullze + llullzz,  Yue WH2(M), (1.6)

where the norms are with the renormalized volume measure. Proofs of this inequality
using different methods are also given in [19,21,50,68,20,44]. We can ask an analogous
stability:

(Q") Is a function satisfying almost equality in (1.6) close to a spherical bubble?

Almost equality here means that

lullZer = flullf 2 -2
IVull? n

O(u) :=

In the previous work [88], we proved that if |Q(u) — ¥| is small, then M is quali-
tatively close in the measure Gromov-Hausdorff sense to a spherical suspension, which
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roughly said is a possibly-singular generalization of the round sphere. In particular, when
sup Q(u) = n~=1(2* — 2), rigidity occurs, i.e. M is isometric to S™. These facts already
suggested an affirmative answer to (Q’) and in fact here we will confirm that this is
indeed the case. More precisely, for M as above, every a € R, b € [0,1) and z € M, set

a

Wabo(+) = —, 7
»2() (1 —bcos(d(-,20)) = (L.7)

with the convention that w, o, = a. Our main result is then the following (as before, all
the norms are with respect to the renormalized volume measure):

Theorem 1.1. For every € > 0 and n > 2 there exists § := d(e,n) > 0 such that the
following holds. Let (M, g) be an n-dimensional Riemannian manifold with Ricg > (n —
1)g and suppose there exists u € W12(M) non-constant satisfying

2% =2
n

Q(u) > é. (1.8)

Then, there exist a € R, b € [0,1) and z € M such that

V(v = wap,2)llLz + [[u— wap,

[ 2-

e (1.9)

Moreover, if wep, = a (i.e. b=0), then a € R can be chosen so that the reminder

R:=u—a
satisfies
IR [IR] 2 = VN +1cos(d(,p))ll 2 < Ca(e® +6)7, (1.10)

for some p € M and positive constants «, 5,C,, depending only on n.

The above theorem is the first stability result for the Sobolev inequality that covers a
wide class of Riemannian manifolds; indeed up to our best knowledge only very special
symmetric cases had been studied so far: see [24] for the hyperbolic space and [51] for
SY(1/Vd —2) x S"71(1).

Some comments on the above statement are in order.

i) The value of ¢ depends only on n and £ > 0, but not on the manifold M. Moreover,
up to scaling, an analogous statement holds assuming Ric, > K for some K > 0,
with ¢ depending also on K.

ii) Even if Theorem 1.1 is stated completely in the smooth-setting, its proof will require
the study of the Sobolev inequality also in singular spaces (see below the strategy
for more details).
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iii) The result (1.9) actually holds under a slightly weaker assumption than (1.8),
namely:

||UH%2*(VO19) 2 AHVUH%Z(Volg) + BHUH%?(V%)v (1.11)

with |A — 2*71—_2| +|B — 1] < (see Remark 8.2).

iv) The first part of Theorem 1.1 holds also restricting to the class of non constant
spherical bubbles, that is wq . with b # 0.

v) The second part of Theorem 1.1 should be read as follows: if the almost extremal
function w is close to a constant, then (up to changing the constant) the remainder
is close in L?-sense to a cosine of the distance. Thus, since

1+ £ cos(d) !
g cos(d) ~ —,
(14 ecos(d))“z

this means that u still retains, at a ‘second-order’ approximation, the shape of a
spherical bubble. This extra information essentially comes from the fact that the
linearization of the Sobolev inequality is the Poincaré inequality, which means that
plugging in (1.6) functions of the type 1 + ¢f and sending & — 0 gives the sharp
Poincaré inequality for f (see e.g. [88, Lemma 6.7]). Therefore if 1 + ¢f satisfies
almost equality in (1.6), then f almost satisfies equality in the sharp Poincaré in-
equality and thus should be close to a cosine of the distance (see [38]).

vi) When M is not the round sphere, the existence of an extremizer, that is a func-
tion which maximizes Q(u), is unknown in general. This question is contained in
[68, Question 4B, Pag. 120] as part of the so-called AB-program around Sobolev
inequalities on general Riemannian manifolds. In this direction, we mention the
Sobolev-alternative statement proved in [88, Theorem 6.8].

Nevertheless, thanks to the above theorem, we are able to say something about
the shape of functions for which this ratio is large, i.e. satisfying (1.8).

Remark 1.2. Note that above we deal only with p = 2. The reason is that the inequality
lully,- < AlIVulp, +llullf,, — Yue WHP(M), (1.12)
is false for any p > 2, A > 0 and any (M, g) closed manifold (see [68, Prop. 4.1]). W

As an application of Theorem 1.1, we prove a stability-type result for minimizing
Yamabe metrics. Recall that a solution to the Yamabe problem on a Riemannian man-
ifold (M, g) is a smooth positive function u such that the metric = g has constant
scalar curvature (see [99] and also the surveys [78,29]). After the works [98,15,92] it is
known that a solution exists on every closed Riemannian manifold and that can be found
as a minimizer of
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S —2*”_2|Vu\2 + ns(ff_l"l)u2d\/'olg

Y(M,g):= inf &)= inf nn-1) > , (1.13)
: : . /2
"EV‘;;Z(M) uevz;’g(M) ([ |u** dVoly)

where Scal, is the scalar curvature of g and Vol, is the (non-renormalized) volume
measure. Y (M, g) is a called Yamabe constant of (M, g) and it is a conformal invariant.
Note that in the case of S™, the minimizers of £(u) are precisely the spherical bubbles
in (1.2).

Corollary 1.3. For every n > 2 and ¢ > 0 there exists 6 := d(e,n) > 0 such that
the following holds. Let (M, g) be an n-dimensional Riemannian manifold with Ricy >
(n—1)g and u € WH2(M) non-zero such that

den(M,S") <6, |E(u) =Y (M, g)| <. (1.14)
Then, there exist a € R,b € (0,1) and zo € M satisfying

||u — wa7b7z||W1,z
[[ullw.2

—_ )
where W p, ., 05 as in (1.7).

Here dg g denotes the Gromov-Hausdorff distance. A similar stability for almost min-
imizers of £(-) has been recently proved in [45] in quantitative form and under no
assumptions on the metric. The novelty here is that we have a comparison with an
explicit class of functions, while in [45] no information is known about the shape of the
minimizers.

We discuss now a second stability result on non-compact Riemannian manifolds. Our
motivations come from the fact that, to prove Theorem 1.1, non-compact setting will
naturally arise in our investigation (see below the main strategy of proof).

Let us consider an n-dimensional Riemannian manifolds (M, g), n > 2, satisfying

Ric, >0,  AVR(M):= lim Vol(Br(x))

dim === > 0, (1.15)

for x € M. The latter condition is called Fuclidean volume growth property and AVR(M )
is the asymptotic volume ratio. Notice that the limit exists and is independent of z, by
the Bishop-Gromov inequality.

In [22], the following sharp Euclidean-type Sobolev inequality was derived under the
assumptions (1.15):

[ul| 2+ < AVR(M)™ % Eucl(n,2)||Vul 2,  Yue WH(M). (1.16)

Moreover, they proved that equality occurs in (1.16) for some non-zero function u €
W12(M), then M is isometric to R™ and w is in particular an Euclidean bubble. Actually
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in [22] this rigidity requires also u € C™(M) and u > 0, however these additional
assumptions can be removed after the results in [13] and [33] (see also Theorem 5.3).

The natural stability question is what happens if a function satisfies almost equality
in (1.16). Clearly, differently from (1.6), we cannot deduce anything about the geometry
of M. Indeed the inequality is sharp on every M as in (1.15), which means that we can
always find functions so that Ng%i is arbitrary close to AVR(M)~ = Eucl(n, 2). We can
prove however that a function for which almost equality occurs in (1.16) is close to a
Euclidean bubble. Set

a

fora e R,b >0,z € M.

n—279

(1+bd(-,2)%) ="

Va,b,z +=

Theorem 1.4. For every e > 0,V € (0,1) and n > 2, there exists § := §(e,n, V) > 0
such that the following holds. Let (M, g) be an n-dimensional Riemannian manifold as
in (1.15) with AVR(M) >V and assume there exists u € W2(M) non-zero satisfying

[[ul] L2~ _1
—=— > AVR(M)™ = Eucl(n,2) — 6.
Then, there exist a € R, b >0, and z € M so that

V(= vun)le _
[Vl L2

Notice that the stability is strong in the sense that we control the gradient norm as
in the Euclidean case (1.5).
A direct consequence of the above theorem is:

Corollary 1.5. Let (M, g) be an n-dimensional Riemannian manifold as in (1.15). Then

AVR(M)MEuc ™ (n,2) = i IV Vabelie

a€R, b>0, z€M ||Vg bz || 12+
Remark 1.6. Our main results in Theorem 1.1 and Theorem 1.4, even if stated on smooth
Riemannian manifolds, actually hold also in the context of weighted Riemannian mani-
folds and more generally in the singular setting of metric measure spaces with a synthetic
Ricci curvature lower bound. The generalized version of these statements can be found
in Theorem 8.1 and Theorem 8.4. M

Strategy of proof and non-smooth setting. We outline the argument for Theorem 1.1
(Theorem 1.4 is simpler and follows by the same strategy). The underlying idea is clas-
sical, that is to argue by contradiction and concentration compactness. However, the
novelty is that the space is not homogeneous and also not fixed, since we need to deal
with a whole class of Riemannian manifolds. Moreover, singular and non-compact limit
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spaces must also be considered. In particular, the whole analysis will be carried out in the
more general setting of RCD spaces, which are metric measure spaces with a synthetic
notion of Ricci curvature bounded below (see Section 2 for details and references).
Suppose that Theorem 1.1 is false. Then, there exist € > 0, a sequence {My}ren
of n-dimensional Riemannian manifolds with Rici; > n — 1 and non-constant functions
ug: My — R, |Jug|| 2= = 1, which satisfy (1.8) for some J; | 0, but so that for any k € N

inf |up — w2+ + |V (up —w)||p2 > e, (1.17)
where the inf runs among all spherical bubbles w = a(1 — bcos(dg(-, z))z% (di. being

the distance on My). Similarly to the classical concentration compactness [80,81] in R™,
we choose points yi € M} and constants o > 0 so that, defining

(Yie, pi i) 1= (M, opdi, Vol (M) "o Voly), g, = o™ uy, (1.18)
we have
. 1
/ |u0'k 2 d“k = 5,
BY* (yx)

(in the actual proof we choose a suitable constant close to 1). The spaces (Y, pk, px) are
in particular metric measure spaces which are rescalings of the original manifolds M.
Note that it can happen that o 1 oo, which corresponds to a concentrating behavior of
the sequence ug. In this case, the diameter of Yj goes to infinity and we are in a sense
performing a blow-up along M.

Thanks to Gromov’s precompactness theorem [64] it is possible to show that, up to a
subsequence, (Y, pk, ftk, Yr) converges in the pointed-measure-Gromov-Hausdorff sense
to a limit RCD space (Y,p, 1, y) (which might be non-smooth). Using a generalized
version of Lions’ concentration compactness for a sequence of RCD spaces (see Section 6),
we show that up to a further subsequence, u,, converges L? -strongly (on varying spaces,
see Definition 2.9 below) to some u € L2 (u). It also follows that u is extremal for a
‘limit Sobolev inequality’ on Y, that might be both as in (1.6) or of Euclidean-type as
in (1.16), depending if there is concentration or not along the original sequence uy. The
key point is proving:

Concentration = Y is a metric-cone and v is a Euclidean bubble

Non-concentration = Y is a spherical suspension and u is a spherical bubble

We will show these two facts by proving suitable rigidity theorems for the Sobolev in-
equalities on RCD spaces (see Section 5). The proof will be then completed by carefully
bringing back this information from u to the sequence wuy to find a contradiction with
(1.17). Tt is worth noticing that, in case of concentration, the scaled functions u,, tend
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to a Euclidean bubble but, to reach a contradiction, the original sequence uj; must be
close to the family of spherical bubbles. This turns out to be true because a concentrated
spherical bubble looks locally, around the point where it is concentrated, like a Euclidean
bubble (see Lemma 7.3).

We conclude this introduction by mentioning that generalized concentration com-
pactness techniques on varying spaces, in a similar spirit to the present work, have been
recently developed in [11,12] and applied to study the problem of existence of isoperi-
metric regions on non-compact Riemannian manifolds [10].

2. Preliminaries
2.1. Calculus on metric measure spaces

A metric measure space is a triple (X,d, m), where (X,d) is a complete and sepa-
rable metric space and m # 0 is a non-negative and boundedly finite Borel measure.
Two metric measure spaces are isomorphic, provided there exists a measure preserving
isometry between them. To avoid technicalities, we will always assume supp(m) = X.
We will denote by LIP(X) and LIPs(X) respectively the space of Lipschitz functions
and Lipschitz functions with bounded support in (X,d). We recall the notion of local
lipschitz constant of a Lipschitz function f € LIP(X):

lip f(z) := lim M

voed(my)

set to +oo if x is isolated. The Sobolev space on a metric measure space was introduced
in [39] and [93] (inspired by the notion of upper gradient [69,70]). Here we follow the
axiomatization of [5] (equivalent to that of [93,39]).

Let (X,d,m) be a metric measure space and define the Cheeger energy Ch: L%(m) —
[0, 0]

Ch(f) := inf{ lim

n—oo

/lip2fn dm: (f,) € L*(m) NLIP(X), f, — f in L2(m)}.

The Sobolev space is defined as W2(X) := {f € L?(m): Ch(f) < oo} and equipped
with the norm || f[[%12(x) = [[flI72(m) + Ch(f) turning it into a Banach space. We
recall also (see e.g. [5]) that for every f € W2?(X) there exists a minimal m-a.e. object
|V f] € L?(m) called minimal weak upper gradient so that

Ch(f) = / IV FP dm.

To lighten the notation, we will often write ||V f[| 12(m) in place of |||V f]|£2(m). We shall
often use the locality of minimal weak upper gradients:
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IVfl=1|Vgl, mae in{f=g},

for every f,g € WH2(X). For Q C X open we say that f € I/Vlif(Q), provided nf €
W12(X) for every n € LIP,s(X) with d(supp(n), X \ Q) > 0. By locality, the object

VI =V,  m-ae on{n=1}

is well defined as an L} ()-function and will be called again minimal weak upper
gradient. Tt can be easily checked that if f € W).*(X) with f,|Vf] € L?(m), then
f e wh2(X).

We shall need also the following semicontinuity result:

Ju € Wigl(X), fo > fmeae. [ € Wl(X),[Vf| € L3(m) 2.1)
lim,, |V fullz2(m) < o0 IV£llLz(m) < lim,, [V fullz2(m)

The Wllof regularity can be directly proved by appealing to the semicontinuity (see, e.g.,
[59, Prop 2.1.13]) in the space W12(X) and a cut-off argument. The fact that |V f| €
L?*(m) follows by noticing that, for any ball B C X, [, |[Vf[?dm < [, |V(nf)]?dm <
lim,, ||V fp £2(m), where n € LIP.(X)* with n = 1 on B, having used twice the locality
of the minimal weak upper gradient and again [59, Prop 2.1.13]. This proves (2.1) by
arbitrariness of B.

For Q2 C X open, we define the Sovolev space of functions vanishing at the boundary
Wy2(Q) € WH2(X) as the closure or LIP.(Q) with respect to the W2 norm.

A metric measure space is called infinitesimally Hilbertian [54] provided
IV(f+ 9P +IV(f =9 =2V +2[Vg],  meae, Vf,geWH(X),

or equivalently if W12 (X) is Hilbert. This allows defining a formal scalar product between
gradients of Sobolev functions by polarization

(VI Vg) =V + Vg = [V(f - g)* € L'(m),  VfgeW"(X), (2.2)

that is bilinear on its entries. By locality, it is possible to consider also a scalar product
for functions in I/Vlloc2 (Q).

We recall next the measure-valued Laplacian as in [54], in the case of X proper and
infinitesimally Hilbertian. We say that f € Wllof (©) has a measure-valued Laplacian on
Q, and we write f € D(A,Q), provided there exists a (signed) Radon measure p such
that

/gd,u = —/(Vf, Vg) dm, Vg € LIP.(Q).

Here signed Radon measure means difference of two positive Radon measures (see also
[37] for a related discussion). The unique measure p satisfying the above is denoted
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by Af and depends linearly on f. If Q@ = X we simply write f € D(A). Moreover, if
Af < m, we write Af := ddA—mf e Ll (9.

Next, we introduce the sets of finite perimeter following [3,84]. For E C X Borel and
A C X open, define

Per(E, A) := inf{ lim

n—oo

/ lip fodm: fn C LIPjoe(A), fu — Xp in L}OC(A)}.
A

If Per(F, X) < oo we say that F has finite perimeter. In this case, the map A — Per(E, A)
is the restriction to open sets of a non-negative finite Borel measure called the perimeter

measure of F (see [3] and also [84]). As a convention, when A = X we simply write
Per(E) instead of Per(F,X).

2.2. RCD-spaces

In this note, we shall work with spaces that encode Ricci lower bounds in a synthetic
sense as introduced first and independently in [82] and [95,96]. For K € R, N € [1, c0),
the Curvature Dimension condition CD(K, N) for a metric measure space is a weak
notion of Ricci curvature bounded below by K and dimension bounded above by N.
We will actually consider here the subclass of spaces satisfying the so-called Riemannian
Curvature Dimension condition. The RCD-condition has been defined first in the infinite
dimensional setting [6] and later in [54] in finite dimension. We also recall [18,7,4,9,46,35]
for key contributions on this theory and for the study of the equivalence of different
definitions and approaches. We refer to [2] for more details and references.

Definition 2.1. A metric measure space (X,d, m) satisfies the RCD(K, N) condition for
some K € R, N € (1,00), if it is infinitesimally Hilbertian and satisfies the CD(X, N)
condition.

To keep the exposition shorter will not recall the definition of the CD(K, N) condition
and instead focus on recalling the key properties of RCD spaces used in this note.

We start recalling that RCD(K, N) spaces satisfy the Bishop-Gromov inequality [95,
96):

m(Br(x)) < m(Br(x)))7 for any 0 <r < R < my/ % and x € X, (2.3)

UK,N(R) vK,N(T

where K is the positive part of K and v n(r) is the volume of a ball of radius r in the
(K, N)-model space, see [95,96] for the precise definition. We only recall the particular
case vg n(r) = wyr. In particular RCD(K, N) spaces are uniformly locally doubling
and, since they support a weak local Poincaré inequality [91], by the work [39] we have:

|V f] =lip f, m-a.e., V f € Lip,4(X). (2.4)
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Since RCD(K, N) spaces are geodesic and uniformly locally doubling, they admit a
reverse doubling inequality. We omit the standard argument (see e.g. [63, Prop. 3.3]).

Lemma 2.2. Let (X,d,m) be an RCD(K, N) space for some N € (1,00), K € R. Then
there exists v = y(N) > 0 and Rgx- n > 0 (with Ry n = +00) such that for every ball
Br(xz) € X with R < Rg— n, it holds

< (_)7, Vre (0,R/2). (2.5)

We recall also the following version of the coarea formula from [84, Proposition 4.2
adapted to RCD-setting after [57].

Theorem 2.3 (Coarea formula). Let (X,d,m) be an RCD(K, N) space, N < 400,  C X
open and f € LIP;,.(Q?). Then given any Borel function g : X — [0,00), it holds that

¢
/ g|Vf|dm://gdPer({f>r},-)d7‘, Vs,t €10,00), s<t, {f >s}cCcC.
{s<f<t} s

(2.6)

Proof. Fix s,t as in (2.6) and U CC 2 open and containing {f > s}. We can suppose
that s > 0. Let ) € LIP,(Q) withn = 1in U, 0 <7 < 1 and set f := nf € LIP.(X). Then
by [84, Remark 4.3] and the results in [57] about the identification of total variation and
minimal weak upper gradient, (2.6) holds for s, ¢, any g and with f in place of f. To pass
to f simply use the locality of the weak upper gradient and note that by construction
{(f>ry={f>r}foreveryr>s. O

We also report a regularity result from [73].

Theorem 2.4. Let (X,d, m) be an RCD(K, N) space for some K € R, N € (1,00) and let
u € D(A) with Au = gu for some g € L=(m), ||g]lpeem) < M. Then for every zo € X
and every R > 0 it holds

1IVulll L (Bneey) < CUK, N, B, M) f fuldm.
Bar(xo)

In particular u € LIP,.(X).

We say that an RCD(0, V) space (X, d, m) has Euclidean volume growth, if

AVR(X) = lim ™BAE)

2.
R—o0 (.UNRN >07 ( 7)
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for one (and thus, any) x € X. In this setting, a sharp isoperimetric inequality was
proved in [22] (previous versions in the smooth-setting already appeared in [28,1,49,74]).
A slightly weaker inequality holds also in the MCP setting ([34]).

Theorem 2.5. Let (X,d, m) be an RCD(0, N) space with N € (1,00), AVR(X) > 0. Then

N—-1

Per(E) > N(AVR(X)wn)"m(E)"~ ,  VE c X Borel, m(E) < +00. (2.8)

Here wy := 7201 (N/2 4 1), where I'(-) is the Gamma-function. We shall need
also the rigidity of (2.8) in the RCD-setting. This has been proved in [13] under the

noncollapsed assumption, which was recently removed (with a different argument) in

Theorem 2.6. Let (X,d, m) be an RCD(0, N) space with N € (1,00), AVR(X) > 0. Equal-
ity holds in (2.8) for some E C X Borel with m(E) < +oo if and only if X is a
N-Euclidean metric measure cone and E is (up to m-negligible sets) a metric ball centered
at one of the tips of X.

Theorem 2.6 is stated in [33] with the extra assumption that E is bounded, however
this assumption can be dropped thanks to the recent [14].

Recall that for N € [1,00), the N-Euclidean cone over a metric measure space
(Z,mz,dy) is defined to be the space Z x [0,00)/(Z x {0}) endowed with the follow-
ing distance and measure

d((t, 2), (s,2")) := /12 + 52 — 2st cos(dz(z, 2') A7),

m:=tVldt ® my.
The point Z x {0} is called tip of the cone.
2.8. Sobolev inequalities

We next report the main Sobolev inequalities of this note starting in the compact
setting. On an RCD(NN — 1, N) space (X, d, m) for some N € (2,00) with m(X) = 1, we
recall the following Sobolev inequality ([90,36])

2% —2
||“H%2*(m) < THV“H%Z(m) + ||u||%2(m)v Vu € W1’2(X)7 (2.9)

where 2* = 2N/(N —2).

Moving to the non-compact setting, we start recalling a classical one-dimensional
inequality by Bliss [27] (see also [17,97,40]). To state it we introduce some notations. For
all N € (2,00), we define oy_1 := Nwy and recall the sharp Euclidean Sobolev constant
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4

Eucl(N,2) = (N(N_—W)

(2.10)

Lemma 2.7 (Bliss inequality). Let u: [0,00) — R be locally absolutely continuous, N €
(2,00) and define 2* := 2N/(N — 2). Then

%) N 0 1
(JN_l/\uF*(t)tN*ldt)Q gEucl(N,z)(aN_l/|u'|2(t)tN*1dt)2, (2.11)
0 0

whenever one side is finite. Moreover, equality holds if and only if u is of the type:

2—N

Vap(r) i=a(l +br?) 2, a€R,b>0. (2.12)

We recall the sharp Sobolev Euclidean-type inequality [88] (first appeared in [22] for
manifolds).

Theorem 2.8. Let (X,d, m) be an RCD(0, N) space, N € (2,00), with Euclidean volume
growth. Then, for every u € Wh2(X) with m({|u| > t}) < 400 for all t > 0, it holds

loc
_1
||uHL2*(m) < Eucl(N, 2)AVR(X) ™ ¥ [[Vu|| £2 (m)- (2.13)
Moreover, (2.13) is sharp.

Proof. Combine [88, Theorem 1.13] and Lemma B.1. O

For convenience in the rest of this note, we adopt the following notation.
Convention: We say that an RCD(K, N) space (X,d, m), with N € (2,00), supports a
Sobolev inequality with constants A > 0, B > 0, if, setting 2* := 2N/(N — 2),

ull 2y < AlIVUlZ () + Bllullia), — Yue WH(X). (S)
(m)

Inequality (S), if true, actually holds for all u € W,L?(X) satisfying m({|u| > t}) < 400
for all t > 0 (recall Lemma B.1).

2.4. Convergence and stability under pmGH-convergence

We start recalling the notion of pointed-measure Gromov Hausdorff convergence
(pmGH convergence for short) following [58]. This presentation is not standard (see
e.g. [32,64]), but it is equivalent in the case of a sequence of uniformly locally doubling
metric measure spaces ([58]).

Set N := N U {o0} and consider a sequence of pointed metric measure spaces
Xy, dp, my,, ), with z, € X,,. We say that X,, pmGH-converge to X, if there ex-
ist isometric embeddings ¢, : X,, — (Z,d), n € N, into a common metric space (Z,d)
such that
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(tn)gMy, = (Loo)gMoo in duality with Cps(Z) and iy (25) = too(2oo) in Z.

In the case of a sequence of uniformly locally doubling spaces (as in the case of
RCD(K, N)-spaces for fixed K € R, N < 0o0) we can also take (Z,d) to be proper.

It will be also convenient to adopt the so-called extrinsic approach and identify X,
with their isomorphic copies in (Z,d). This allows writing m, — my, in duality with
Chs(Z). A choice of space (Z,d) together with isomorphic copies of the spaces X,, will be
often called a realization of the convergence.

For the scope of this note, it is important to recall the notion of convergence of
functions along pmGH-convergence [71,58,8] and their properties. We fix in what follows
a pmGH-convergent sequence of pointed metric measure spaces as discussed above.

Definition 2.9. Let p € (1, 00) and fix a realization of the convergence in (Z,d). We say:

i) fn € LP(m,) converges LP-weak to foo € LP(M), provided sup, e || fnll£r(m,) < 00
and f,m, — fooMy in Cps(Z);

ii) f, € LP(m,,) converges LP-strong to fo € LP(my), provided it converges LP-weak
and limy, || fullzem,) < [focllzrma);

iii) fn, € WH3(X,,) converges Wh2-weak to fo, € W12(X) provided it converges L2-weak
and sup,,en |V full22(m,) < 00;

iv) fn € WH2(X,,) converges Wh2-strong to foo € WH2(X) provided it converges L>-
strong and ||anHL2(mn) — vaOO”LQ(mm);

V) fn € LP(m,) converges LY -strong to fo € LP(my), provided nf, converges LP-
strong to nfs for every n € Cys(Z).

Recall from [71,58,8] the linearity of convergence: if f,, g, converge LP-strong to
foo» oo, Tespectively, then

fn + gn converges LP-strong to foo + goo- (2.14)

We point out the following simple fact: for any p € (1, 00) it holds
fn LP-weak converges to foo = Il foollL2(mey < Hm || fnll22(m,,)- (2.15)
n—oo

Indeed, if the above liminf above is 400, then there is nothing to prove. So let us assume it
to be finite and also to be a limit, hence f,, is L?-bounded. Then there exists an L?-weak
convergent subsequence (see [58]) to some h € L*(my) and in particular ||h f2m_) <
lim,, || f#|lz2(m,,)- By uniqueness of limits we have h = f.,, which shows (2.15).

After the works in [95,96,82,52,6,58] and thanks to Gromov’s precompactness theorem
[64] we have the following precompactness result.

Theorem 2.10. Let (X,,d,,m,,2,) be a sequence of pointed RCD(K,, N,) spaces,
n € N, with m,(Bi(z,)) € [v™',v], forv>1 and K, - K € R,N,, - N € [1,00).
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Then, there exists a subsequence (Xp,,dn,,Mn,, Tn,) pmGH-converging to a pointed
RCD(K, N) space (Xoo, doos Moo Too) -

We report from [58] the Mosco-convergence of the Cheeger energies for pmGH-
converging RCD-spaces: if f,, is L?>-weak convergent to f., then

Ch(fe) < lim Ch(fy). (2.16)
n—oo
Moreover, for any f., € L?(my), there exists f, € L?(m,,) converging L2-strong to fuo
and

lim Ch(f,) < Ch(fx)-

n—oo

In particular, the above is a limit.
3. Pdlya-Szeg6 inequality
3.1. Non-compact case

In this part we extend to the non-compact case the Pélya-Szegd inequality of
Euclidean-type obtained in [88].

We need first to recall basic notations and facts about monotone decreasing rearrange-
ments for functions in a m.m.s. (X,d, m) (for more details we refer to [86]). Let  C X
be an open set (possibly unbounded) and u : @ — [0, +00) be a Borel function such that
m({u > t}) < oo for any ¢ > 0. We define p : [0, +00) — [0, 00), the distribution function
of w as p(t) := m({u > t}). For v and u as above, let us consider the generalized inverse
u# of

# ess sup u if s =0,
(s) :=
inf{t: u(t) <s} ifs>0.

Note that u” is non-increasing. In this note, we will perform rearrangements into the
Euclidean model space Iy = ([0,00),|.],mn), equipped with the standard Euclidean

distance and weighted measure my := oy_1tV"1L!, for N € (1,00). For any open
set Q C X we set Q* := [0,7] with my([0,7]) = m(Q) (e rV = wy'm(Q)), with
the convention Q* = [0,00) if m(2) = +o00. The Euclidean monotone rearrangement

uwy 1 @ — RT is then defined by
uy (z) := v (my ([0, 2])) = u¥ (wyaz?), Vr e Q.

Note that u% is always a non-increasing function, since so is u*. To lighten the notation,
we shall often drop the subscript and just write u*. We collect basic facts about rear-
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rangements, that can be proved by standard arguments as in the Euclidean case (see,
e.g. [76]):

u<v=u* <o, (3.1)
(p(u))" = p(u"), Ve : [0,00) — [0, 00) non-decreasing. (3.2)
[ullom) = U lomy), Vo€ LP(Q). (3-3)

Lemma 3.1. Let (X,d, m) be a metric measure space and N € (1,00). Let (up): X — RT
be an non-decreasing sequence of Borel functions. Denote u = sup,, u, and suppose
that m({u > t}) < +oo for every t > 0. Then, u’ : Iy — RT (which exists by the
assumptions) is a monotone non-decreasing sequence and lim, v = u* a.e. in [0, 00).
Proof. The fact that (u}) is monotone non-decreasing follows by the order preserving
property of the rearrangement (3.1). Set g := sup,, u}, = lim,, v}, pointwise on [0, 00). In
particular {u) >t} 1 {g >t} and {u,, >t} T {u >t} for any ¢ > 0. Therefore

my({g >1t}) = 1i7rlnmN({u7*1 >t}) = lirrlnm({un >t}) =m{u > t}) = my({u” > t}).

So g,u* : [0,00) — [0,+00] are equimeasurable and non-increasing (indeed ¢ is the
supremum of non-increasing functions), therefore they coincide a.e. (see e.g. the proof
[76, Prop. 1.1.4]). O

We will need the following approximation result to pass from the bounded to the
unbounded case in the Euclidean Polya-Szeg6 inequality. It will be needed also in other
parts of this note.

Lemma 3.2. Let (X,d, m) be a metric measure space and u € W*(X) such that m({|u| >
t}) < +oo for allt > 0 and |Vu| € L?(m). Then there exists a sequence u,, € WH2(X) of
functions with bounded support, such that u, — u m-a.e. and |V (u, —u)| — 0 in L*(m).

Moreover if u > 0 (resp. u € LP(m), p € [1,00)) we can take (u,) non-decreasing

(resp. so that u, — w in LP(m)).

Proof. We first deal with the case u > 0 and u € L*(m) with m(supp(u)) < +o0. Fix
2 € X and consider the sequence (1,,) C LIP(X) given by n,(.) := (2 — @)‘*‘ A 1. Note
that (n,) is non-decreasing with LIP(n,) < n~!, 5, = 1in B, (z) and supp(n,) C Ban ().
Take u, = un, € WH?(X) with bounded support. Clearly u, 1 u pointwise and if
u € LP(m) also u,, — u in LP(m) by dominated convergence. Moreover, by locality

/|V(u —uny,)|?dm < 2 / |Vul? + |V(n,u))*dm,

By (z)

and by the Leibniz rule
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_ 1
IV ()l 22 (5, 2oy < 207 [l oo (mym(supp(u) 2 + (|00 [Vl | 255 )

< 20 |ul| oo (mym(supp(u)) 2 + ||V £2(Be (a)) — O

This proves that |Vu — V(u,n,)| — 0 in L?(m).
If u > 0, take uy := ((u — 1/k)") Ak, k € N, which is a non-decreasing sequence of
functions. Clearly

/\V(u—uk)|2dm§ / Vul?dm = 0,
{0<u<1/k}

by dominated convergence. Moreover, since u, € L% (m) and m(supp(ug)) < +oo, the
conclusion in this case follows from the previous one and a diagonal argument (multiply-
ing by the functions 7, ). Monotonicity of the sequence is preserved because 1, f < nzg
m-a.e. for every n > n and assuming 0 < f < g m-a.e. The pointwise m-a.e. convergence
is also kept, since it remains true on every ball, recalling that 7, = 1 in B, (z).

Finally for a general u we approximate first u™ and then u~ by functions u,, and v,
respectively as we did in the above steps. Clearly if v € LP(m) then w, — v, — u in
L?(m). Moreover by construction we have that u, —v, = X {u>0}Un —X{u<0} Vn- Therefore
IV(u— (un, — vp))| = |[V(ut —up)| + |[V(u™ = v,)| = 0 in L?(m). This concludes the
proof also in this case. O

We can now prove the Pdlya-Szegé inequality in the non compact case.

Proposition 3.3. Let (X,d,m) be an RCD(0,N) space for some N € (1,00) with
AVR(X) > 0. Let u € W,2*(X) be non-negative and such that m({u > t}) < oo for
any t > 0. Then,

/|vu\2dmz AVR(X)Q/N/|Vu*|2dmN, (3.4)
0

meaning that, if the left hand side is finite, then u* € I/Vlif(IN) and (3.4) holds.

Proof. First, if |[Vul[p2(m) = 00, there is nothing to prove. So, suppose |Vu| € L*(m).
By Lemma 3.2 there exists a non-decreasing sequence u,, € W12(X) of functions with
bounded support, such u, — u m-a.e. and ||[Vu,|z2(m) — |Vul|r2(m). Applying the
Pélya-Szegd inequality for bounded domains in [88, Theorem 3.6], we have u}, € W12(Iy)
and

/|Vun|2dm2 AVR(X)Q/N/\VuZPdmN.

Moreover by Lemma 3.1 the sequence u;, is non-increasing and sup,, u;, = u* pointwise.
The proof is now concluded since we have that u* € Wﬁ)f (Iy) and lim,, [ |Vui|[>dmy >
[ |Vu*|? dmy by semicontinuity (recall (2.1)). O
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3.2. Rigidity

In this section, we prove the rigidity in the Pélya-Szegé inequality of Proposition 3.3.
The idea is that if equality in (3.4) is attained, the superlevel sets are isoperimetric sets,
so Theorem 2.6 implies that the space is a cone. This line of thoughts follows classical
arguments that date back to the work of [89] in Euclidean contexts and [23] for manifolds
with Ricci curvature lower bounds.

Moreover, under additional regularity, the function can also be proven to be radial. A
similar rigidity result was proved in [86] in the compact case for a different Pélya-Szegé
inequality.

Theorem 3.4 (Rigidity of the Fuclidean Pdélya-Szegd inequality). Let (X ,d,m) be an
RCD(0,N) space for some N € (1,00) with AVR(X) > 0. Suppose equality holds in
(3.4) (with both sides finite) for u € LIP,.(X) non-negative satisfying u(z) — 0 as
d(z,z) — o0, for z € X and with (u*)" # 0 a.e. in {u* > 0}. Then, X is isomorphic to
an N-FEuclidean metric measure cone.

Moreover, if |Vu| # 0 m-a.e. on {u > 0}, then u is radial, i.e.

u(z) =u"o AVR(X)~ d(z, 20)
for a suitable tip o of X.

Proof. We divide the proof into different steps.

Step 1. We establish an improved version of (3.4) for a function u as in the statement. Fix
such u. By Theorem 2.8 we know that u € L?" (m). For every n € N set v,, := (u—1/n)*t
and notice that they are supported in the open set €, := {u > 1/(2n)}, which is
bounded. Therefore v,, € LIP.(X). In particular by the Lipschitz-to-Lipschitz property
of the rearrangement in the compact case (see [88, Prop. 3.4]) we have v}, € LIP.([0, R,,))
for suitable R,, > 0. From (3.2) we also have v} = (u* — 1/n)", which is non-increasing
and (v}) # 0 a.e. in {v} > 0}. In particular u* € LIP;,.(0, 00).

Define the functions @, ¥y, t, : [0,supv,) — [0, +00) as

on(t) = / Von2dm, () = / Vonldm,  pin(t) = m({vn > 1)
{vn >t} {vn >t}

and analogously ¢, 1, u : [0,supu) — [0, +00] replacing everywhere v, with u. Note that,
thanks to the locality of the gradient, ¢(t) = ¢n(t — 1/n) for all ¢ € (1/n,00) and the
same holds for ¥ and . We claim that

a) Wy is absolutely continuous with

Per({v} > t})
[(03)'1((v3) (1))

—ul (t) = a.e. t € (0,supvy,). (3.5)
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If moreover |Vu| # 0 m-a.e. in {u > 0} then also

() = / Von| " 'dPer({vn > 1)) ane. £ € (0, supwn); (3.6)

b) ©n, ¥y are absolutely continuous with

o ()= — / V| dPer({vn > 1), W, (£) = —Per({vn > 1}), for ae. £ € (0,supuv,.).
(3.7)

Claim (3.5) in a) follows from [86, Lemma 3.10-3.11], since p,(t) = my({vi > t})
and Per({v: > t}) is concentrated on the point (v})~!(¢). Claim b) is instead just a
direct verification using the coarea formula (see (2.6)), since v, € LIP.(X). Under the
assumption |Vu| # 0 m-a.e. in {u > 0}, by the Holder inequality (using (3.6)) we have

—en(t) = =, () (—pn ()7, (3.8)

at a.e. t € (0,supw,,) which is a differentiability point for p,,, ¥y, @,. If instead we only
know that (u*)" # 0 a.e. in {u* > 0}, we can still deduce (3.8) applying first Holder
inequality and then differentiating (see the argument in [86, Prop. 3.12]). Integrating
the above inequality, recalling that Per({v} > t}) = N wﬁ ,L&n(t)%, we get for every
r,s € [0,supvy,] with s < 7:

T

/ Vo, [2dm > / (W)Q/WUZMPM({UZ Sdt (3.9)

{s<v,<r} s
Hence, the isoperimetric inequality (2.8) gives directly
/ |V, [2dm > AVR(X)¥/N / [Vor|2dmy, V0<s<r<supuv,, (3.10)
{s<v,<r} {s<vz<r}

having also used coarea formula for the function v} since it is LIP(]0, R,]) as recalled
before.

Since v, = (u—1/n)" and v} = (u* —1/n)*, from the locality of the gradient we can
rewrite (3.10) (after a change of variable) as

|Vul?dm > AVR(X)?/N / |Vu*|? dmy, (3.11)

{s+1/n<u<r+1/n} {s+1/n<u*<r+1/n}

for every s < r with s, € (0,supu — 1/n]. Taking the limit as n — 400 we obtain
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/ |Vu|?dm > AVR(X)?/N / Vu**dmy, V0O<s<r<supu. (3.12)

{s<us<r} {s<ur<r}

Step 2. We pass to the proof that X is a cone. We claim that if equality occurs in (3.10)
for some n € N and some r, s € [0,supv,] with r < s, then

i) Per({v, > t}) = N(wyAVR(X)) ¥ i, (t) "~ , for ace. t € (s, 7).
ii) If |Vu| # 0 m-a.e. in {u > 0}, then |Vuv,| is constant Per({v, > t})-a.e. for a.e.
te(s,r).

Claim i) follows directly from the way we deduced (3.10) from (3.9) using the isoperimet-
ric inequality (2.8). Claim ii) instead follows by the equality case in the Holder inequality
(3.8).

We now suppose, as in the hypotheses, that u attains equality in (3.4), which means
that equality holds in (3.12) with (s,r) = (0,supu). We claim that equality must hold
in (3.12) also for all s < r with s,7 € (0,supu). Suppose it fails for some s < r. Then,
calling L(s', ") and R(s',r’) respectively the left and right hand sides of (3.12), we have

L(0,supu) = L(0,s)+L(s,r)+ L(r,supu) > R(0, s)+R(s,r)+ R(r,supu) > R(0, supu),

which contradicts the equality for (0,supu). This proves the claim. Thus, equality holds
in (3.11) for every s < r, with s,7 € (0,supu — 1/n] which is equivalent to equality in
(3.10) for every s < r with r, s € [0, sup v,]. Therefore i) holds and, provided |Vu| # 0 at
m-a.e. point in {u > 0}, also ii) holds for every s < r with r, s € [0,supv,] and n € N.
Putting these together and by arbitrariness of n, implies that

Per({u > t}) = N(AVR(X)wn)Nm(u(t)) ¥,  ae. te (0,sup(u)), (3.13)
and, if |[Vu| # 0 m-a.e. in {u > 0}, we get
[Vu| = ¢ Per({u > t})-a.e. for some constant ¢; > 0 (3.14)

for a.e. t € (0,supu). Therefore, there exists ¢ with u(t) > 0 so that equality occurs
in (3.13), and recalling the rigidity in Theorem 2.6, we get that X is isomorphic to an
N-Euclidean metric measure cone.

Step 3. Here we prove the functional rigidity of u, i.e. we prove that u is radial under
the additional assumption: |Vu| # 0 m-a.e. on {u > 0}.

We first claim that (3.13) actually holds for every ¢t € (0,supu). Let ¢t € (0,supu)
and consider a sequence t,, | t for which (3.13) holds in every ¢,. Then, by lower-
semicontinuity of the perimeter (see, e.g., [84, Proposition 3.6]) and continuity of u, we
get

N—-1

N(AVR(X)wn )N p(t) 7.

Per({u > t}) < lim Per({u > t,}) (3.13)

n—oo
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Being the converse inequality always true (from (2.8)), the claim follows. Since {u > t}
are bounded (recall that u tends to zero at infinity), we can apply the rigidity Theorem 2.6
to deduce that for every ¢ € (0,supu) there exists a radius R; > 0 and z; € X a tip
for X (recall that X is a cone from Step 2) so that m({u > t}ABg,(x;)) = 0, where A
denotes the symmetric difference. However {u > ¢} is open. Thus

{u >t} = Bp, (x). (3.15)

We stress that the notation x; is chosen because the cone structure may depend a priori
on the isoperimetric superlevel set {u > t}. From here, the rest of the proof is devoted
to show that z; is in fact independent of ¢ and wu is radial. To do so we will follow the
lines of the argument used in [86, Theorem 5.1], for the compact case.

Using (3.14) and (3.5) (recall that p(t) = pn(t — 1/n)) we get

N

Ny {(AVR(X)wn ) ¥ p(t) 71 = / (V| tdPer({u > t}) = —p/(t) =

for a.e. t € (0,supu). In particular,
|Vu| = AVR(X)%|(u*)’((u*)_1(t))| Per({u > t})-a.e. and a.e. t € (0,supu). (3.16)

Let M := ||u|| o (m) € [0, +00). From the hypotheses u* is non-negative, strictly decreas-
ing and locally absolutely continuous (in fact locally Lipschitz) in {u* > 0} = [0, A) for
some A € (0,+0o0] (in fact A = m({u > 0})). Hence it admits a strictly decreasing con-
tinuous inverse (u*)~! : (0, M] — [0, A), locally absolutely continuous in (0, M). Since
(u*)"Y(M) = 0, we can extend it by zero in [M, 00) and call H : (0,00) — [0, A) this ex-
tension. In particular H € ACj,.(0,00). Observe that H might blow up at zero. Note also
that, since u* is locally Lipschitz in (0, A), it preserves £!-null sets. Hence pre-images of
L1-null subsets of (0, M) via H = (u*)~! are also £!-null. Therefore for a.e. t € (0, A)
the function u* is differentiable at (u*)~'(¢), the function H is differentiable at ¢ and

() ()T ) H' (1) = (u*((u") (1)) = 1. (3.17)

To conclude the proof, we need to show that f := AVR(X)"~¥H ou : {u > 0} — [0, 0)
satisfies

f() =d(zo, ), (3.18)

for some point z¢ € {u > 0}. Observe that f is continuous. We start proving that:

f € LIPjpc({u > 0}) and |V f] =1 m-a.e. in {u > 0}. (3.19)
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To show this we will use the chain rule in Lemma B.3 with u, Q := {u > 0}, ¢ :== H and
I := (0,00). To check the hypotheses we observe that by continuity u(Q') CC (0, c0) for
all Q" CcC Q. Moreover by (3.16) and (3.17) we have that for a.e. ¢ € (0, M) it holds

H (w)[|Va] = [H'(8)]| (") (")~ (9)|AVR(X) ¥ = AVR(X) ¥, Per({u > t})-a.e.

Therefore by coarea (recall (2.6)) and the fact that m({|Vu| = 0} N Q) = 0, we easily
deduce that |H'(u)||Vu| = AVR(X)~ m-a.e. in Q. In particular [H'(u)||Vu| € L} .(m)

and we can apply Lemma B.3 to deduce that f € Wlif({u > 0}) with |V f] = 1, m-a.e.

in {u > 0}. Moreover from the local Sobolev-to-Lipschitz property (see [62, Prop. 1.10])
we deduce that f € LIP;,.({u > 0}) and

[f(x) = f(y)l <d(z,y), Va,y e {u>0}, withd(z,y) <d(z,{u=0}).  (3.20)
This proves (3.19). Next, we claim that
{f <t} =B(z), Vte(0,4), (3.21)

with z; € {u > 0}. We already know by (3.15) and since H is strictly decreasing, that
for every t € (0, A) the set {f < t} is a ball B,,(z;) for some r; > 0 and z; tip of X.
In particular m({f < t}) = wnO(r,)N and Per({f < t}) = (wnb)> NO(r,)N !, where
6 := AVR(X). Moreover by coarea formula (2.6) applied to —f and using (3.19)

w8l = V) =w({f <) =m((f <)) = [ [Vfldm= [Per((f <o}

{s<f<t}
Therefore the function (r;)" is absolutely continuous with

%(n)N = (wnO) 'Per({f < t}) = N(rt)N_l, a.e. t € (0,A),

from which follows that r; = a + ¢, for all ¢ € (0, A), for some constant a > 0. We claim
that a = 0. Indeed by continuity and Bishop-Gromov inequality we have

aNwnAVR(X) < m(NisoBatt(wr)) = m(Mi=o{f < t}) =m({f =0}) =m({u = M}) =0,

where in the last equality we used that |Vu| # 0 m-a.e. in {u > 0}. This proves (3.21).
It remains to prove that x; = x for all t € (0, A). This would show (3.18) and conclude
the proof. We argue by contradiction and suppose that z; # x; for some t < t < A. Set
0 := d(x¢, zz) > 0. Recall that z; is a tip of X, hence there is a ray emanating from
it and containing Z:, i.e. an isometry v : [0,00) — X with 79 = z; and 75 = z;.
Consider the points z := v, € dB(zy) = {f =t} and y := 75,7 € IBi(xp) = {f = t}.
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Since V5.7 € Bi(z;) and v is an isometry, § + ¢ < t. Therefore applying (3.20), since
d(y,{u =0}) > d(y,0B(z:)) = d(x,y), we finally find a contradiction:

t—t=f(z) = fly) <d(z,y) =t—(t+4). O
From Step 1 of the above proof, we deduce the following that has its own interest.
Proposition 3.5 (Improved Pdlya-Szegd inequality). Let (X,d,m) be an RCD(0, N) space

with N € (1,00) and AVR(X) > 0. Then for every u € LIP;,.(X), non-negative, u(x) — 0
as d(z,z) = +oo for some z € X, and with (u*)' # 0 -a.e. in {u* > 0}, it holds

o [ Per({u
/ |Vu|dm>/(N1§(>)

{s<u<r} s

/|VuN|dPer({uN>t}) Y0<s<r<supu.

(3.22)

Remark 3.6. Even if we shall not need it, we observe that Proposition 3.3, Proposition 3.5
and Theorem 3.4 hold replacing p = 2 with any p € (1, 00), the proof is the same.

We point out that the improved rearrangement inequality (3.22) appeared also in [13,
Eq. (3.46)] for non-collapsed spaces and for functions defined on open sets (with finite
volume) and with zero-Dirichlet boundary conditions. W

Remark 3.7 (On the necessity of (u*) # 0 and |Vu| # 0). We point out that, the
hypothesis (u*)’ # 0 in Theorem 3.4 is necessary to prove that u is radial. This is well-
known, see e.g. [31, Example 4.6] for an easy counterexample (in R™) of a Lipschitz
function saturating the Pdlya-Szegd inequality with (u*)’ = 0 occurring on a set of
positive measure.

In Theorem 3.4 we also assumed |Vu| # 0 at m-a.e. point of {u > 0}. This was needed
to carry out key computations by differentiating the distribution functions (see, e.g.,
(3.6) above), as also done in [86]. It is not clear to us at the moment if this assumption
can be removed. H

4. Regularity of extremal functions

We discuss here the general regularity properties of extremal functions for the Sobolev
inequalities (S) considered in this note.

Theorem 4.1 (Regularity of extremal functions). Fix N € (2,00) and set 2* := 2N/(N —
2). Let (X,d,m) be an RCD(K, N) space, for some K € R,N € (2,00) supporting a
Sobolev inequality (S) with constant A > 0,B > 0. Suppose that equality occurs in (S)
for some u € Wllof(X) satisfying ||ull L2# () = 1. Then u € D(A) and

—AAu = (Ju|* ~%u — Bu). (4.1)
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Moreover if w € L*°(m), then u € LIP,.(X), |u| > 0 on X and if B =0 then |Vu| # 0
m-a.e.

For the proof, we need two additional results.

Proposition 4.2 (Hopf strong mazimum principle). Let (X,d, m) be an RCD(K, N) space
for K e Ry N < 0. Let 2 C X be open and connected and v € D(A,Q)NC () satisfying
Au —cum > 0 for some constant ¢ > 0 and u(zg) = supgu > 0, with xo € Q. Then u is
constant.

Proof. We first prove the following weaker maximum principle:
let U C X be open and bounded, and suppose that v € D(A,U) N C(U) satisfies
Av — cvm > ém with § > 0, and m := maxg v > 0, then

max v < supv. (4.2)
U U

Let v and U be as above. Set C := {x € U : v(x) = m}. If CNOU # () we are done,
hence we can assume that C' C U. Since C' is closed () # 0C C C C U. Let 2, € 9C. By
continuity there exists r small enough so that B,(zy) C U and v > —§/(2¢) in B, (zp).
Then Av > com 4 dm > §/2m in B,(xp) and in particular v is subharmonic. Then from
the strong maximum principle for subharmonic functions [61] (see also [26]) (recall that
balls in X are connected) we deduce that v = m in B, (z9), which contradicts the fact
that zo € 0C C U.

We now go back to the proof. The argument is essentially the same in [61], only that
we will use the above weak maximum principle instead of the weak maximum principle
for subharmonic functions.

Define the set C' := {u = u(zo)} C Q. If C = Q we are done. Otherwise there exists
x € Q\ C such that exists a unique y € C satisfying r := d(z,y) = d(z,C) < d(z, Q)
(see [61]). Define the function h(z) := e~ 44@®:2)* — ¢=47* "with A > 1 to be chosen. Let
r’ < r/2 be such that B, (y) C Q. To finish the proof it is sufficient to show that

u(y) =ul(y) +eh(y) < sup u+eh, Ve>0, (4.3)
9B,/ (y)

indeed the conclusion then follows arguing exactly as at the end of [61].
By Laplacian comparison [54] (with computations similar to [61]) we can show

that, provided A is chosen large enough depending on r and c, A| 5 (y)h >
r/2
2ce‘Ad(”")2m| . Therefore
B../2(y)
_ > pe—Ad(@,)? > pp—4Ar? )
(Ah Chm)|3r/2(y) = ce m|Br/2(y) = ce m‘Br/2(y)

In particular for every € > 0
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4Ar?

(A(u+eh) — c(u+ch)m) Zece T m

1B, (y)
from which (4.3) follows from (4.2) with v := u + eh, U := B,/(y), noticing that
supp () v > u(y) + eh(y) = u(zo) =2 0. O

Proposition 4.3. Let (X,d,m) be an RCD(K, N) space for some K € R, N < +o0.
Consider Q C X open and u € D(A,Q) with Au € L} (). Then

Au=0 m-a.e. in {|Vu| = 0}. (4.4)

Proof. We adapt an argument present in [83] in the Euclidean setting.

It is enough to consider Q = X and Au € L?(m) with u € W12(X), the general case
follows multiplying by Lipschitz cut-off functions with bounded Laplacian (see [85]).
We have |[Vu| € W12(X) (see e.g. [42, Lemma 3.5]) and in particular for every & > 0,

ot € WH3(X) with

|Vul €
VA [ELAALL, I v/ ] IR —
(|Vu| +e | u|(|Vu| +¢)2

(see [55] for the notion of gradient of a Sobolev function). Fix ¢ € LIP(X) with supp(¢) C
Q. Then integrating by parts

|Vl / |Vu| /
Ay———dm = — Vo, Vu d VIVu|, V —d .
/<p u|Vu|+s m (Ve, >|V |+ ¢ m < Vaul, Vu) ([Vu| + ¢)? m

Since ’ 0 |Vl <1, sending € — 07 and applying dominated convergence we obtain

[Vul|+¢)?

/ pAudm = —/(V@,V@ dmz/Augpdm.

{IVul#0}

From the arbitrariness of ¢ the conclusion follows. O

Remark 4.4. Even if not needed here, we observe that Proposition 4.3 actually holds in
the more general setting of RCD(K, 00) spaces (with the same proof). W

We can now prove the regularity result for Sobolev extremals.

Proof of Theorem 4.1. The fact that v € D(A) and that (4.1) holds follows from a
straight-forward computation exploiting the fact that u is a minimizer of

—

IVOlI7 2y + B/AIVIZ 2y

IIUH

_1
2 ) A’
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where the infimum is among all v € W,L?(X) such that m({|v| > t}) < +oo for every
t > 0 and taking variations of the form u +ev, v € LIP.(X) as ¢ — 0. See e.g. [88, Prop.
8.3] for the details in the compact case.

We pass to the second part, assuming that  is in L>°(m). From (4.1) we have that
Au € L>(m), therefore Theorem 2.4 shows that u € LIP,.(X).

From now on we will identify « with its continuous representative. We need to show
that |u| > 0 in X. Suppose this is not the case, i.e. |u|(xg) = 0 for some xy € X. Note
that |u| also satisfies the hypotheses of the theorem, hence —Alu| = [u|A~(Ju|?" ~2 - B).
Consider the function v := —|u| < 0. Then, since u € L*(m),

Av—Cv = |u|(A" ul* 2= A"'B+C) >0,

provided we choose the constant C' > 0 big enough. In particular, v satisfies the assump-
tion of the maximum principle of Proposition 4.2 with v(xg) = 0 = maxv. Hence v =0
in X, which is a contradiction because w is assumed non-zero. Finally, if B = 0, since u
never vanishes, we have that also Au never vanishes, hence |Vu| # 0 m-a.e. thanks to
(4.4). O

5. Rigidity of extremal functions in the Sobolev inequality
5.1. Compact case

We study here the equality case for the Sobolev inequality as in (2.9).
As a technical tool we will need the following result that is a standard application of
the Moser iteration scheme (see e.g. [67, Theorem 4.4]). This is known to be still valid

in our setting, relying only on the Sobolev inequality (see also the discussion after [56,
Theorem 5.7]).

Lemma 5.1. Let (X,d,m) be a compact RCD(K,N) space, N < 400, and v € D(A)
satisfying for some g € L™/?(m)

Au = gum.
Then u € L1(m) for every q < +oc0.

We can now state and prove the main result of this section. Note that the fact that
X is spherical suspension already follows from [88, Theorem 1.9]. Here, we are mainly
interested in the explicit expression of extremal functions.

Theorem 5.2. Let (X,d, m) be an RCD(N — 1, N) space, m(X) =1, N € (2,00) and set
2* =2N/(N —2). Let u € WH2(X) be non-constant with ||ul| 2- = 1 satisfying

2% — 2
[ullZ2x ey = N IVullZ2my + 1l F2 -
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Then, X is isomorphic to a spherical suspension and, for some a € R;b € (0,1) and
zp € X:

2—N

u=a(l—>bcosd(-,2)) 2 .

Proof. The argument is inspired by the computations in [44, Section 2.1].
First, we need to deduce some regularity on the extremal function u. From Theo-
rem 4.1 we know that v € D(A) and that

2% -2

Au=u— |u)* ~u. (5.1)

Since u? ~2 € LN/?(m), by Lemma 5.1 below we deduce that u € L7(m) for all ¢ < +oc.
In particular Au € Li(m) for all ¢ < 4oo. Therefore by [75, Corollary 6] we have
u € LIP(X) and so u € L (m) (alternatively we could have showed u € L>°(m) applying
[90, Lemma 4.1] and then deduced the Lipschitzianity from Theorem 4.1). Then we can
apply the second part of Theorem 4.1 to deduce that either © > 0 or u < 0 in X. Note
also that Au € W%(X).

Without loss of generality, we can assume that v > 0. Set v := un-z. By the chain
rule for the Laplacian (see e.g. [59, Prop. 5.2.3]) v € D(A) with

—2

Av = u~N-2 (

-2 2N -2 2 1,2 oo
indeed |Vu|? € W12(X) by [55, Prop. 3.1.3]. Noting that |Vv|? = ﬁ|VU|2u’2uN;f2,
an easy computation using (5.1) shows

N N
vAY = —3(1)2 -1)+ 3\VU\2. (5.2)

Since v is bounded above and away from zero, by the chain rule for the Laplacian we also
have that v'=% € D(A) with Av!=" € L>(m). We can then multiply (5.2) by Av!=#
and integrate

N N
—E/Avl_szdm:/Aul_N (UAU— E|Vv|2) dm.

We now proceed to integrate by parts. To do this note that vAv € W12(X) and
|Vu|2 € D(A) (see [55, Prop. 3.1.3]). Moreover by the Leibniz rule for the divergence
div(VvAv) = (Vv, VAv) 4 (Av)? € L*(m) by the Leibniz rule (see [55,60] for the notion
of divergence and e.g. [62, Prop. 3.2] for a version of the Leibniz rule that applies here).
Hence

N
N(1-N) / [Vo|?v! N dm = 5 /Avl_N|Vv|2 - / (Vo' =N VoAv + vVAv)dm
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= —% !N A V]2

+/vl_N(Av)2 + N(Vv, VAv)o' Ndm.

Combining the above with the dimensional Bochner inequality ([46,66]) and with v > 0,
we get

1 Av)?
§A|Vv|2 —(VAv, Vo)ym = %m+ (N —1)|Vo|[*m.

Integrating and using that [ dA|Vv|? = 0 gives

/(Av)Qdm: —/<vm,vu> :/%dm—i—(N—l)/Wdem’

from which [(Av)?dm = N [|Vo[*dm. In particular [9%dm = N [ |V3]?, where © :=
(v — [wdm). Then by [77] we deduce that X is a spherical suspension and

9(x) = ccosd(x, z9) = —ccosd(x, Zp), Vo € X,

for some constant ¢ > 0 and zp, Zp € X tips of the spherical suspension with d(z, Zy) = =.
2
Recalling that v = u?=~ concludes the proof. 0O

5.2. Non-compact case

Here we investigate the equality case in the Euclidean-type Sobolev inequality (2.13).

Theorem 5.3. Let (X,d, m) be an RCD(0, N) space with N € (2,00), AVR(X) > 0 and set
2* = 2N/(N — 2). Suppose that for some non-zero u € Wb*(X) with m({|u| > t}) < oo
for all t > 0, it holds

[l L2+ () = Eucl(N, 2)AVR(X) ™ N [[Vul| L2 (m) (5-3)

(both being finite). Then, X is isomorphic to a N-Fuclidean metric measure cone and

w=a(l+bd2(-,2)) "7, (5.4)
for some a € R,;b > 0 and zg one of the tips of X.

Proof. We will apply Theorem 3.4. First we need to prove the required regularity of w.

Notice that we can equivalently suppose that |[ul| 2+ () = 1, by scaling invariance.
Moreover also |u| satisfies the equality in (5.3). By assumptions, it is possible to per-
form a Euclidean rearrangement |u|* of |u|. By the Pdlya-Szegd inequality and the
one-dimensional Bliss inequality we get
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[wll £2* (m) = Eucl(N, 2)AVR(X) ™ ¥ [[Vul[ L2 (m)

(3.4) . 211 -
> Eud(N,2)[[V]u[*z2(my) = [u"[z27 (my)-

1,2
oc

Note that we can apply (2.11) since by Proposition 3.3, u* € W, 7(In) and thus u is
locally absolutely continuous in (0,00) (see e.g. [88, Section 2.2]). By (3.3) we see that
the inequalities in the above are all equalities, and therefore equality holds in the Bliss
inequality. Therefore |u|*(t) = a(1 + bt2)¥ for some a € R,b > 0. In particular, since
l|ul| Lo = ||u*|| L= < oo by equimeasurability, we have u € W,*(X) N L (m) and we can
invoke Theorem 4.1 (with B = 0) to deduce u € Lip,;,.(X) N D(A), m({|Vu| = 0}) =0,

u >0 or u <0, and (assuming v > 0):
2 -% 2" -1
Eucl®(N,2)AVR(X) ¥ Au = —u .

Recalling Theorem 2.4, since u € L*°(m), we get that |Vu| € L*°(m). By the Sobolev-
to-Lipschitz property (see [53,6]), u has a Lipschitz representative, still denoted by u in
what follows. It remains to show that u(x) — 0 as d(z,2) — oo, for z € X. Suppose,
by contradiction, that there is a sequence (z,) C X satisfying d(z,,2) — 0o as n 1 oo
and with the property that w(z,) > ¢ > 0 for all n € N. Since u € LIP(X), denoting
L := Lip(f), we see that for any x € B./or,(7,) we have u(x) > u(x,) — Ld(z, 2,) > ¢/2
and therefore

u> dm > (¢/2)* m(Be2r)(xn)) > wne® AVR(X)(c/(2L))N > 0.

Besary(zn)

However this contradicts v € L?" (m).

We deduced all the regularity required to invoke Theorem 3.4, so we know that X
is an N-Euclidean metric measure cone with tip zp and w is radial, i.e. u(z) = u* o
AVR(X)~d(x, ). The conclusion follows since u*(t) = |u|*(t) = a(1 + bt2)*=" for some
aceR,b>0. O

6. Compactness of extremizing sequences

A classical result using concentration compactness is that a sequence extremizing
functions for the Sobolev inequality in R™, up to a rescaling, dilation and translation,
converges up to a subsequence to an extremal function. In this part, we generalize this
method to an extremizing sequence of functions defined on a sequence of RCD(0, N)
spaces (Theorem 6.2).

6.1. Density upper bound

We first address a technical density bound that will be needed in the proof of The-
orem 6.2 to get pre-compactness in the pmGH-topology. This part is needed only for
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collapsed RCD-spaces: a reader interested in the case of smooth manifolds can skip this
subsection.

Lemma 6.1 (Density bound from reverse Sobolev). For every N € (2,00), K € R, there
are constants An x € (0,1), rg- n > 0 (with ro y = 4+00), Cn,x > 0 such that the
following holds. Let (X,d, m) be an RCD(K, N) space and u € Wlif( YN L?" (m), non-
constant satisfying

el gy = AV 32y (6.1)

for some A > 0. Assume also that for somen € (0, An,x), p € (0,7~ N A )‘J\gkdiam(X))
and x € X it holds

||U||2L2*(Bp(m)) > (- 77)|‘U||2L2*(m)-
Then

m(B,(2)) _ COnx
N S AN

(6.2)

Proof. We fix a constant A = Ay x € (0,1) sufficiently small and to be chosen later.
We also fix a constant rx- n > 0, with ro y = 400 and with rg- 5 small and to be
chosen later in the case K < 0 (rgx- y will be chosen after Ay g). Assume p < rg-
and 7 < Ay, x are as in the hypotheses.

Observe that Byy-1,(z) € X. Up to choosing rx- y small enough (when K < 0) we
can assume that 4\ ~1p < Tx- N, where i~ n > 0 is the one given by Lemma B.2. Set
r:=4X"1p > 4p and note that B,.(x) C X.

Fix a cut-off function ¢ € LIP.(B, /5(x)) such that ¢ = 1 in B, /4(z), 0 < ¢ < 1 and
Lip(¢) < 10/r. Then from (B.2), since 7 < Fx— n, we have

CNJ{T 1OC’N,K
[ull L2* (B, (2)) < llupll L2 (m) < WHVUHL?(m) + WHUHH(BT(M)
Cn.x 10Cn i

WHVUHH m) T W(H“Hmwp(z)) + ||UHL2(BT(95)\BP(m)))

ONKT Gy + 22
m(B,(z))/N m(B, (x))/N

< Lm(B, (@)Y + AV m(B, (x)) V)

Substituting (6.1), applying (2.5) (up to choosing 7x- y small enough so that r <
Rg - n), using that 1 — X\ <1 —n and simplifying ||ul| 12+ (), We reach

N C r “
(L= X < T 100 (/47 + X172,
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where v > 0 is a constant depending only on N. Choosing A small enough with respect
to N and K gives

m(B,(z))
rN

m(Br(2)) _ COnx

e < =R (6.3)

Recalling that r = 4\~1p proves (6.2). O
6.2. Concentration compactness for Sobolev extremals

In the following theorem we show that a sequence of extremizing functions defined
on a sequence of RCD(0, N) spaces, after a suitable rescaling of both the function and
the space, admits a subsequence converging to a limit extremal function on some limit
RCD(0, N) space. The idea is similar to the classical Lions’ concentration-compactness
principle ([80,81]). The first step is a characterization of the failure of compactness
in the critical Sobolev embedding by specific concentration and splitting of the mass
phenomena (see Appendix A.2). The second step is observing that the extra information
that the sequence is extremizing for the Sobolev inequality will prevent these pathological
phenomena and ensure compactness. A crucial point will be to exploit the strict concavity
property of the Sobolev inequality, and in particular of the function ¢ — t2/2" to deduce
that splitting the mass is not convenient in an extremizing sequence.

Theorem 6.2. For every N € (2,00), exists ny € (0,1/2) such that the following holds.
Let (Yo, pn, tin,Yn) be a sequence of pointed RCD(0, N) spaces supporting a Sobolev
inequality (S) with A, — A > 0 and B, — B € [0,00) and also satisfying either
sup,, tin(B1(yn)) < +oo or diam(Y;,) > ny'.

Suppose there exist non-constant functions u, € WH2(Y,,) with lunllL2* () =1 and

sup / || dppn, = / un]® dp =1 -, (6.4)
YyEY,
B1(y) B1(yn)

lanlBae () = AalVunl3a gy + BallanlBag, - (6.5)

(bn
for A, — A, and some n € (0,mn). Then, up to a subsequence, it holds:
i) Y, pmGH-converges to a pointed RCD(0, N)-space (Y, p, pt,y) supporting a Sobolev

inequality as in (S) with constants A, B;
ii) w, converges L*" -strong to some u € Wlif(Y) with |Vu| € L?(u) and

/|Vun|2dun—>/\Vu\2d,u7 asn T oo.

If B > 0, then the convergence is also W'2-strong.
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iii) It holds
||U||iz*(#) = A||VUHi2(H) + BHUHZL?(#)-

Proof. We subdivide the proof into different steps.

STEP 1. We take ny := /\OéN A %, with Ao,y as in Lemma 6.1. In light of Theorem 2.10,
to extract a subsequence converging pmGH it is sufficient to check that p,(B1(y,)) €
(v=1,v) for some v > 1. If diam(Y,) > ny' > 8)\(1}\[, thanks to the assumptions (6.4)

and (6.5), we can apply Lemma 6.1 to obtain

fin pon (B (yn)) < T 2= = e <+

oo,

otherwise sup,, p,, (B1(y1)) < +0o0 is directly true by the assumptions. On the other hand,
since by assumption the spaces Y,, satisfy a Sobolev inequality with constants A, By,
plugging in functions ¢,, € LIP(Y},) such that ¢, =1 in By (y,) with suppy, C Ba(y,),
0 < ¢, <1 and Lip(p,) < 1, we get

Nn(Bl(yn))Q/Q* < (An + Bn)ﬂn(BQ(yn)) < 2N(An + Bn)/‘n(Bl(yn))v

where we used the Bishop-Gromov inequality. Since lim,, (A, + B,) = A+ B > 0 we also
obtain lim , yt,, (B1(yn)) > 0. Therefore up to a not relabeled subsequence, the spaces Y,
pmGH converge to a pointed RCD(0, N) space (Y, p, 4, y). Moreover, the stability of the
Sobolev inequalities [88, Lemma 4.1] ensures that Y supports a Sobolev inequality as in
(S) with constants A, B. This settles point i).

STEP 2. From now on we assume to have fixed a realization of the convergence in a
proper metric space (Z,d) (as in Section 2.4). Let vy, := |un|* pn € P(Z). Moreover
we will denote by B,.(z), z € Z, and by BJ*(y), y € Y, respectively the balls in (Z,d)
and in (Y, pn), recalling that we are identifying (Y, p,) as a subset of (Z,d). From
Lemma A.6 we have that, up to a subsequence, (exactly) one of cases i), ii), iii) in the
statement of Lemma A.6 holds. We claim i) (i.e. compactness) occurs. First, notice that
vanishing as in case ii) cannot occur:

i sup v (Br(y) > Tm v (Baya) E 11—, YR>1,

n—oo ern

Thus, it remains to exclude the dichotomy case iii). Suppose by contradiction that iii)

of Lemma A.6 holds for some A € (0,1) (with A > lim,, sup, v, (Bg(2)) for all R >

1.2

0), sequences R, 1 o0, (2,) C Z and measures v}, 2 with supp(v}) C Bg, (2,) and

supp(v2) C Z \ Bior, (z). We claim first that supp(v;) C Bsg, (y,) and supp(v2) C
Z\ Byg, (yn). Indeed A > lim,, v, (B1(y»)) = 1 — n and

lim v, (B, (24)) > lim v} (B, (2,)) = im v} (Z) = A > 1 -,

n n
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Since vy, (B1(yn)) = 1 —n and n < 1/2, this implies that for n large enough Bg, (z5,) N
Bi(yn) # 0, which implies the claim, provided R,, > 1.

Let ¢, be a Lipschitz cut-off so that 0 < ¢, < 1,0, =1 on Bip (yn), supp(¢n) C
Bir (yn) and Lip(¢,) < R, for every n € N. Since

1> |oa +11=wa)l?,  inZ (6.6)
we can estimate by triangular inequality, the Leibniz rule and Young inequality

1Vunl320) = Nonl Vanll2 g, + 11— @) Va3,
> |V (un@n) 132y + 1V Wn (1= @) |32,

L ) ; (6.7)
=214+ 07 ) lunlVenlllzz,) — 26 Vunllzz(,)

for every § > 0 and every n. Setting O,, := Bjp (yn) \ B5g, (yn), We have by the Hélder
inequality

Hun|v90nH|%2(un < Rn_QHUnH%z*(on)ﬂn(On)Q/N < 16”2/N||un”%2*(on)»

having used that 1, (0n) < pn(Big, (Yn)) < (4Rn)N pn(Bi(yn)) < (4Rn)Nwv, by the
Bishop-Gromov inequality. Notice that we also have

— _ 1/2*
lim [Jug 2 0,) < im (1=, (Z) —va(Z)] =0,

li
n—oo n—oo

from which we get lim,, Hun\chn|||%2(M) = 0. Therefore, recalling that HVU"HQLQ(M) is
uniformly bounded by (6.5), choosing appropriately d,, — 0, we get

R, (6,) — 0. (6.8)
Combining (6.7) with (6.8), recalling that lim,, A, = lim, A,, we get

6.5

L= n@o AnHv(un‘Pn)Hi%Mn) + An||V (un (1 - ‘Pn))”%’é‘(#n) + Bn”“ﬂ”%?(#n)

Q-
> T [unnll} () + lun(l = @) 320 )

o+ Ba (22 — lngnlag,) = lin(l = @n) g, )

(‘;i) o (V}L(Z))Z/T

n—oo

2/2*

+ (v(2))

> N4 (1= N >
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having used the strict concavity of ¢ — /2" and the fact that \ € (0,1). This gives a
contradiction, hence dichotomy in iii) cannot happen.

STEP 3. In the previous step, we proved that case i) in Lemma A.6 occurs, i.e. there exists
(2n) C Z such that for every € > 0 there exists R := R(e) so that fB"(zn) [un|?” gy, >
1 —¢ for all n € N. As soon as € < 1/2, we have B}(z,) N B} (yn) # 0 and

[un|? dpn > 1—¢ Vn € N. (6.9)

BSR+1(y7l)

Moreover y, — y in Z, hence the sequence of probabilities |un|2 n is tight (Z is proper)
and, along a not relabeled subsequence, converges in duality with C,(Z) to some v €
Z(Y). Additionally, up to a further subsequence we have that u,, is L?" -weak convergent
to some u € L (u) ([8]) with sup,, || Vtn||£2(,,) < oo and also that |Vu,|? du, — w in
duality with Cps(Z) for some bounded Borel measure w. Applying Lemma A.3, up to a
further subsequence, we also deduce that u, converges L?, -strong to some u € L2 (1),
together with the facts u € Wllof (Y) and |Vu| € L?(p). Note that if B > 0 then actually
u € WH(Y), by (6.5) and the lower semicontinuity of the L?-norm (2.15).

We are in position to invoke Lemma A.7 to infer the existence of countably many
points {z;}je; C Y and positive weights (v;), (w;) C R*, so that v = |u|?’ Bt e g Vila,
and w > |Vul|?p + > je Wibz;, with Aw; > V?/Q* and in particular 3, v 2/2
Moreover up to passing to a subsequence we can, and will, from now on assume that the

< Q.

limits lim,, ||Vun||2L2(#n) and lim,, By, ||u\|%2(# ) exist. Finally, by the lower semicontinuity
of the L2-norm (see (2.15)) we have B||uHL2(L) < lim, B, Hu||L2(# )» Where B|\u||2Lz(“)
is taken to be zero when B = 0 and ||u||L2 (n) = tToo. Also lim, ||Vun||2L2(M) > w(Z).

Therefore

1= hIIl /|Un| dﬂn Z hm A HVU'VLHLZ(MTL)+ hm B HU’TLHLQ(H )

> Aw(Z) + Bllull72(,

> A/|Vu|2du+21/2/2 + Bl
jeJ

2

—~
~

« 2/2" .
S )
jeJ

> (/ Jul* du+ZVj)2/2* =u(Y)** =1,

jeJ

having used, in the last inequality, the concavity of the function ¢>/2". In particular, all
the inequalities must be equalities and, since t2/2" is strictly concave, we infer that every
term in the sum [ |u?" dp + 3 jeJ ]/ ?" must vanish except one. By the assumption
(6.4) and |u|* m,, — v in Cy(Z), we have v; < 1 — 1 for every j € J. Hence v; = 0
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and ||ul[ 2+ (,) = 1. This means that u,, converges L? -strong to u. Moreover, retracing
the equalities in the above we have that lim, [ |Vu,|[*du, = [|Vu?>dp and, when
B >0, lim,, [ |un|?dpy, = [|ul? du. This proves point ii). Finally, equality in the fourth
inequality is precisely part iii) of the statement. The proof is now concluded. O

7. Radial functions: technical results

In this section, we prove results about convergence and approximation of radial func-
tions.

The first one (Lemma 7.2 below) says that, given a sequence of RCD spaces converging
in the pmGH-sense, a radial function on the limit space is the limit of the same radial
functions along the sequence.

We will need the following simple fact. We omit the proof, which is an easy consequence
of Cavalieri’s formula and Bishop-Gromov inequality. In this section, we denote d(.) :=
d(z,.) the distance function from a point z.

Lemma 7.1. Let (X,d, m) be an RCD(0, N) space for some N € (2,00). Then for every
a>N,zeXandr >0 it holds

/ d2()"%dm < MCN,JN_“. (7.1)

rN
Br(z)¢

Lemma 7.2. Let (Yo, pn, tin, 2n) be a sequence of RCD(K, N) spaces, for some K €
R, N € (2,00), that is pmGH-converging to (Y, p, u,20). Let p € (1,00) and f € C(R)
satisfying |f ()P < C|t|~%, for some o > 0. Suppose also that

lim s —aqu, =0, 7.2
Rl sup / podp (7.2)
BR(Zn)C

where p,. (+) := pn(-, 2n). Then, fop. converges LP-strong to f o p,,. In particular, for

=
any Uy, € LP(uy) that converges LP-strong to f o p,,, it holds

[tn — f o pzllLo(u,) — 0. (7.3)

Proof. We only need to prove that f o p, converges LP-strong to f o p,,, then (7.3)
follows from the linearity of the LP-convergence (2.14).

The assumptions on f imply that f is uniformly continuous and we denote by w :
[0,00) — [0, 00) a global modulus of continuity for f. Observe that f is also bounded. In
the sequel, we fix (Z,d) a realization of the convergence and recall that d

YoxY,  Pn
We can estimate

/ fodey — fods, Pdun
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= / |fod., — fod., [Pdu, + 2P / |fIPodz + [fIP od., dun

BR(Zn) Z\BR(ZW,)
< pin (Br(zn))w(d(20, 2n))P + 2PC / d(z0, )" + d(zn, )" *dpn
BR(Z.,I)C
< pn(Br(zn))w(d(20, 2n))P + 2PC - 2% sup / d(zn, )~ *dpin,
BR(ZH)C

where in the last step we assume that n is big enough so that d(z,, z0) < R/2, which
ensures d~1(29,-) < 2d7(2,,-) in Bgr(2,)¢. Since sup,, pun(Br(20)) < +oo for every
R > 0, by the pmGH-convergence, we can send first n 1 co and then R 1 oo to obtain
|fod. — fod., [lLr(u,) — 0. Fix ¢ € Cys(Z) and R > 0 so that supp(y) C Br(z), then

‘/sofodz()du/sofodzndun <

< ¢lle / Fodu — fodu ldum + ‘/@fodzodun /sofodzodu‘

suppy

< ellcttn(Br(ao)) 77 0y = F o deylzmgun +| [0 0 dudiin = [ o8 0dupdn]

Sending n 1 oo we obtain that fod, du, — fod,,u in duality with Cps(Z). It remains to
prove that || fop., ||r(u,) = [|fopzllLe (). Since || fod., — fod., (| r(u,) — 0, it is enough
to show that |1 0 dy | r(uny = 1 © pea 2o Cleatly [1£ 0 ol ooy = 1 © daollzouy <
lim,, ||fod,[lzr(u,), hence we only need to show || fod.,|lze () > limy, || fod.y |l Lr(u,)- We
can assume n is big enough so that d(zg, z,,) < 1. For every R > 4 fix a cut-off function
©r € Cps(Z), 0 < pr < 1, such that pr = 1 in Bgr(z9) and with support in Bag(z0).
Then

[len(sProd) =P odlamn s [ 1P odstpn <2220 [ dtdi,
n
Br(z0)°© Bry2(zn)°
where we have used that Br(20)° C Brj2(z)¢ and d;' < 2d! in Bg/s(2,)¢. This shows

that

<ep—0, as Rt oo,

\ [ entarod.y) = 1117 o duyap

where e is independent of n. Therefore

~entm [ |f7oduydin < [ orlf7od, )= [ n(fPod ) [ 17 peydn

Sending R to infinity, we conclude the proof. O
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The second result of this section is a technical fact that will play a key role in the proof
of our main theorem. It states that a Euclidean bubble which is strongly concentrated
around a point is close to a spherical bubble.

Lemma 7.3. For every N € (2,00), there are constants Cn,a = a(N) > 0 such that the
following holds. Given o > 1, set 2* = 2N/(N — 2) and

N-2 N-—2

g 2 o 2
feu(t) =TT N3 fsphere(t) = ~N "35> te [O,Tr].
(1+0%2) 2 (1+202(1 — cos(t)) ?

Let (X,d,m) be RCD(N — 1,N), z € X, d.(.) :=d(z,.) and v := oV m(B,-1(2)). Then

||(feu - fsphere)(dz>||L2*(m) + ||v(feu - fSphere>(dz>||L2(m) < CNU_a(ﬁ+ 1)-

Proof. We fix n € (0,1) to be chosen later. Denote B := B (z). In what follows Cy > 0
is a constant depending only on N, its value may vary from line to line without notice
and without being relabeled. By Bishop-Gromov and the assumptions, we get

m(B) < v(no)~ V. (7.4)

We divide the proof into two steps, one for the L2 -norm and one for the L2-norm of the
gradient.
STEP 1. We start estimating

[(feu — fsphere)(dZ)”L?*(m) < (feu — fSPhere)(dZ)”L?*(B)
+ HfSphere(dZ)”L?*(BC) + [ feu(d2) | p2* (Be) =+ I+ 11+ 1IL

We analyze each term separately. We start with I. Recall that
12(1 — cos(t)) — t?| < ct?, 1 —cos(t) <ct?,  Vt>0,

for some numerical constant ¢ > 0. Using ||z|P — |y|P| < Cplz — y|(|z[P~! + |y[P~1) with
p= (N —2)/2 and the above estimates we have for all ¢ € [0, (yo)~!) the following:

|feu - fsphere | (t)

N=2_q N=2_q
< Cno|2(1 = cos(t)) — 2] (|2 + 20(1 — cos(t))| 2 +|i+ot? T )
(1 +ot?) = (2 +20(1- cos(t)))¥
L (g7l 4 (n20)" )51 B
SC'NU(W)4 (0 02_(17\]/ ) SCN777N0¥72~

This and (7.4) directly implies that
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0 = / fow — Fnere 2 (d2) dm < Cryoy=N & +1)g=22"

BL(ZW/)
no

39

We pass to I1. Note that |fophere(t)]?, | feu(t)

2" < Cyo N2V having used that 1 —
cos(t) > ct? in [0, 7] for some numerical constant ¢ > 0. Hence applying Lemma 7.1 and
using (7.4)

102" + I < Cyvo~N(on)N < vCxn™.

STEP 2. From the chain rule for the gradient and the fact that [Vd(z,.)| = 1 m-a.e., we
have

IV (feu = fophere)(d2)ll 22 (m) < [1(few = Sophere) (d2) | 2(5)

=+ ||fslphere(dZ)HL2(Bc) + ||felu(d2)||L2(Bc) = II + II/ + III/

We start with I/,. Reasoning similarly to Step 1, we can estimate for all ¢ € [0, (no)™!)

vz

1 o(1l — cos —sin 14 542 z
|fe/u - fs/phere‘(t) = (N_ 2)0_‘75(0 +2 (1 (t))) (t)(U +ot )

(1 +ot?) % (2 +20(1 — cos(t))) 5
< Ono™MP2t|2(1 — cos(t)) — 2| ((% +20(1 — cos(t))) *

N_1

N
2

+ (% + ot?) %_1) + Cno N sin(t) — zf|(l + ot?)

g
1 1 . v_ 1 1
< Ono™42H0 (= + 0—772) 27l OB (=

pel )
< CNU%_2’I’]_N_3.

N
N1

Therefore, again using (7.4) we deduce (IT,)? < Cvn~3N=65=%. As above we can directly
estimate

| foul | fighere? < Cno™ NH2272N 0 e [0, ),

(7.4)

having used |sin(t)| < et and 1 — cos(t) > ct? in [0, 7]. Hence by Lemma 7.1 and using

(IT,)* + (1IT,)% < Cyvo N2 (on)N =2 < wCynN 2.

Combining all cases and taking 7 := ¢~” with # > 0 small enough depending on N we
conclude, using also that /2y t/2 <o 4 2/v. O
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8. Proof of the main results
8.1. Stability in the compact case

In this part, we prove the main qualitative stability result of this note. Note that this
proves our main Theorem 1.1. We will also provide a proof of Corollary 1.3 at the end.
Given N > 2 the family of spherical bubbles in a metric space (X, d) is denoted by

2—N

Mephere(X) := {a(l —bcosd(x,20)) > :a€R,be (0,1),20 € X}U{u=a:aecR}.

Theorem 8.1. For every e > 0 and N € (2,00) there exists 0 := d(e, N) > 0 such that
the following holds. Let (X,d,m) be an RCD(N — 1, N) space for some N € (2,00) with
m(X) =1, set 2* = 2N/(N —2) and suppose that there exists u € W2(X) non-constant
satisfying

Full2e ) — Il 27— 2

> J. (8.1)
Then there exists w € Msphere(X) such that
V(u— + ||u— *
19 = )l + 10 = vl _ )

||U||L2*(m)

Moreover if w = a € R, then a € R can be chosen so that the reminder

R:=u—a
satisfies for some x € X
IR |[R]z = VN +Lcos(d(-,2)) |22 < On (™ +6)°, (8.3)

for some positive constants «, 8,Cn depending only on N.

Proof. By scaling invariance, it is not restrictive to assume [|u|| 2+ () = 1. We only need
to prove the first part, as the second follows from Proposition 8.3 below.

We argue by contradiction and suppose that there exist ¢ > 0, a sequence of
RCD(N — 1, N) spaces (X,,dn,m,) and non-constant functions u,, € Wh2(X,,) with
lunllL2* (m,,) = 1 so that

el Zer ) = Al Vunllz2gm,) + lunlZe . (8.4)

with A, — % and satisfying
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werdlE IV (= @)l + n =l > VREN.(85)

Let us fix n < (ny A %), where 7y is as in Theorem 6.2. For every n there exist y,, € X,,
and t, < diam(X,,) such that

1—-n= / lun)? dm, = sup / [un|? dm,,, VYn € N. (8.6)
yeXy,
Biy, (yn) B, (y)

This follows directly by Bishop Gromov inequality and the properness of the space.
Define now o,, := t,;! and consider the sequence (Yy,, pn, fin,¥n) = Xo, ,do,, Mo, s Yn),
where d,, = o,d,, m,, = o¥m, and u,, = o, Q*Un € Wt2(Y,). In particular, by
scaling, it holds that

1—n= / o, |? dpn = sup / g, |? dm,,, (8.7)
YyEY,
Bi(yn) Bi1(y)
and also
L= o 125y = AnlI Vit 220, + 752t By (3.8)

for all n € N. Moreover, Y,, supports a Sobolev inequality with constants A, = (2* —
2)/N, B,, = 0,,2. Since t,, < diam(X,,) < 7, up to a subsequence we have that lim,, o,, =
o € [77!,+o0] and, consequently, that B, — o~2 € [0,72]. Thanks to [88, Theorem
1.10] and up to passing to a subsequence, we can assume that diam(X,) > 7/2 and in
particular that diam(Y,,) > o, 7/2. Moreover i, (B1(yn)) < pn(Yys) = o¥. Hence, up to
a subsequence and no matter the value of o, the hypotheses of Theorem 6.2 are satisfied.
Applying Theorem 6.2 we get that, up to a further subsequence, Y,, pmGH-converge to
a pointed metric measure space (Y, p, 1, y) and that u,, converges L? -strong to some
u € WH2(Y) satisfying

Il = 25 Il + 02l
(where it is intended that 0'_2”’(1,”%2(#) =0if o = co and u ¢ L?*(p)). We distinguish
now two cases, depending on the value of o.

CASE 1: ¢ < oo. In this case, B,, — B := ¢~2 > 0 and Y,, are compact of uniformly
bounded diameter. Therefore, Y,, mGH-converges to Y and u,, converges also W1:2-
strong to u € WH2(Y) (recall 74) in Theorem 6.2 when B > 0). Define (X, doo, Mo ) :=
(Y,p/o, /oY) so that X, is a RCD(N — 1, N) space with mo(Xs) = 1. By iii) in
Theorem 6.2 the function v := o™/ u € WH2(X,) satisfies

2% —2
0117 2+ (o) = T||Vv||2L2(moo) + [0l (-
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Here, we distinguish two situations: v is constant, or not. If v is constant, then v = 1

—N/2 _o-N/2

andu=o0 . By linearity of convergence (2.14), u,,, converges W12-strong

and L2 -strong to zero so, by scaling, we reach

—-N/2") —NJ2*

0= Tim [V (o, =02 ) B,y + g, =0 Bar

= T [V (un = 00/ ) By + ltn = (00/0) ™ B -

This yields a contradiction with (8.5).
If v is not constant, by Theorem 5.2, there exist a € R,b € (0,1), 29 € X so that
a
v(z) = 7 Vo € Xoo-
(1 — beos(doo (z, zo))) 2

—-N

Denoting f(t) :=a(1 — bcos(t))2T for t € [0, 7], it is clear that u = f o p(, z9)), where
f(s) :==o=N/?" f(6'5), s € R. Take now a sequence z, — zg GH-converging and invoke
Lemma 7.2 (here (7.2) is trivially satisfied by equi-boundedness of the diameters) to get
that f odg, (-, 2,) converges L? -strong to u and

lim [lug,, = fodo, (- 20)l L2 (m,,) = 0- (8.9)

We want to scale back this information to the original sequence u,. Simple estimates
and triangular inequalities give

T T || .—N/2*

nl_?gollun —fo dn('7 zn)”L?* (mp) = nh—{go ||O'n / (un —fo dn('a Zn)) ||L2* (Mo,,)

< lim ”uffn 7O—iN/z*fOdn('aZTL)”L"’*(\HCr )
n—oo n

+ |0_—N/2 —O';N/Q

1f 0 dn(- 2n)ll L2 (m,,,)
< lim e, — fo dtfn('azn))”Lz*(ma )+ Cto lim |‘7_1 - 0'771‘ (8#9) 0,

n—oo n n—oo
using that f is bounded and that o, is away from zero. We pass now to the gradient
norm. From the chain rule of weak gradients and the fact that |Vp(-, z9)| = 1 p-a.e.,
we have |Vu| = |f'| o p(-, 20) p-a.e. and similarly |V(f o ds, (-, 22))| = |f'| 0 do, (-, 2n) at
Mg, -a.e. point. In particular again by Lemma 7.2 we have that |f’| odg, (-, 2,) converges
L?-strong to |Vu/|. This means that the convergence of fod,. (-, 20) to u is W12-strong.
Moreover, as we said above, also u,, W'2-strong converges to u. This together with
Lemma A.5 and (2.2) gives

lim |V (s, = F 0 d, (1 20)) |22, = O (8.10)

n—oo

Arguing as above for the 2*-norm we can scale back the above information to obtain
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Tim |V (up = f 0 dn(-,20)) | 22(m,) = 0.

We omit the computation since it is analogous. Since f o dy (-, 2n) € Maphere(Xs), We
again reached a contradiction with (8.5).

CASE 2: 0 = co. Here B, — B := 0 and we know that (Y, p, i, y) supports a Sobolev
inequality (S) with constants A = (2* — 2)/N, B = 0. In particular, AVR(Y") > 0 thanks
to [88, Theorem 4.6] and vA > Eucl(N,2)AVR(Y)~'/N by sharpness in (2.13). The
sequence u,, (that we recall is L? -strong converging to some u € L? (u)) is so that
IVuo, l[22(m,,,) = [Vullr2(), hence

Eucl(N, 2)AVR(Y) YN[V 2y > [Jull 12+ ) = VAV L2,

Therefore v/A = Eucl(N,2)AVR(Y)~'/" (recall that u is non-zero) and in particular
AVR(Y') depends only on N. Recalling the rigidity in Theorem 5.3 we get that Y is
isomorphic to an N-Euclidean metric measure cone with tip zp and u is radial of the
following form

a
u(y) = e yey,

(1+bp%(y,20)) *

for some a € R,b > 0.
Pick now a sequence z, € Y,, with z, — 29 in Z. Note that, since z,, — 29 and 2 is a
tip of Y, by pmGH convergence we have
limo)m, (By/,, (2)) = limm,, (B1(z,)) = u(Bi(20)) = AVR(Y )wn.

Hence up to a subsequence, since AVR(Y') depends only on N, for every n it holds

m,, (B1(zn)) = mn(Bﬂil(zn))afy < Cy. (8.11)
Denote
a
) =—2 >0
=
Note that |f|?",|f'|> < Ct+=2N*2 and for every R > 1,
(7.1) (8.11)
do, (-, 2n) 2N 2dm,, < Cym,, (Bi(z,))RVT2 < CyRVT2 (8.12)
BR(ZV,L)C

Hence assumption (7.2) in Lemma 7.2 is satisfied for Y;, and both f’, f and we can apply
the result twice to get that fod,, (:,z,) converges L? -strong to u, that
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. (7.3)
nlgr;c [uo, — fodan('vzn)HLz*(mgn) =0, (813)

and that |f’] o d,, (-, 2n) converges L2-strong to |Vu| = |f’| o p(-, 20). By Lemma A.5

and the convergence of the gradient norms, we immediately get from the parallelogram
identity

lim /|V(ugn — Fody, ()2 dm,, =0, (8.14)
Scaling all back to X,, we can rewrite the above convergences as

lim ||Un —fano dn('v Zn)HLZ*(mn) + ||V(un —fno dn('a Zn>)||L2* (mp) — 0,

n—oo

where

CLb2—4N (\/Z;O'n) N2—2
N-—2 "

(1+ (Vbon)2t2) "

fni=

Using (8.11) we deduce
M (B /g, y-1 (20)) (Vbon)V < Cy (Vv 1N,

This is obvious if b > 1, while for b < 1 it follows by the Bishop-Gromov inequality.
Having this density bound, we can now apply Lemma 7.3 to get

i [un = gn 0 dn (s 2n)l| 22 (m,,) + [V (Un = gn 0 dn(:, 20)) L2 (m,) = 0,

n—oo

where

ab* 7 (Vbo,) T
n = — -

(1+ (Vbo,)? — (Vbo,)? COS(t))NT

Multiplying and dividing by 1 + (v/bo,)? shows that g, o dy, (-, z,) € Mphere(X,,) and
gives a contradiction with (8.5). Having examined all the possible cases, the proof is now
concluded. 0O

Remark 8.2. Tt is evident from the proof that (8.2) holds true assuming only that

||U\|iz*(m) 2 A||VU||2L2(m) + BHUH%Z(m)a

with |A — 2*]\72| + |B — 1] < 4, which is a weaker assumption than (8.1). Indeed, the
starting point of the argument is the reverse Sobolev inequality (8.4) (for u,) and adding
here a sequence B, — 1 in front of ||unH2L2(mn) does not influence the subsequent
steps. W
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Proposition 8.3. Let (X,d, m) be an RCD(N — 1, N) space, N > 2, with m(X) =1 and
set 2* = 2N/(N —2). Let u € WH2(X) be non-constant and set

2* =2 |ullZer ) = Il ey
N |

0=

VUJHLQ(m
Then setting g :=u — [ u we have for some xz € X

1909l — VA +Teos(d(s2) | ) < O ((IVll g lull 7 ()7 +0)°, (8:15)
for some positive constants a, B depending only on N.

Proof. We can clearly assume that [« = 1. Moreover we can assume that ||Vu||p2(m) <
eN|[ull 2% (m) for some small constant ey > 0, otherwise the statement is trivial. Analo-
gously we can assume that ¢ is small with respect to V. By the Sobolev and the Poincaré
inequalities, provided e is small enough, we have |lul|;2+ < 2. Set g := u — [u. Then
by [88, Lemma 6.7] and the Poincaré inequality we have, provided ¢ and ey are small
enough,

[ IVg|?dm

‘N_ [ g?dm

] < O (IIVullgagmy +6) < Cnc ({1l gl 72 ))° +6):

for some « > 0 depending only on N. Now (8.15) follows directly from the quantitative
Obata theorem in [38] (there, written for Lipschitz functions but by density in W12, the
statement directly extends to Sobolev functions recalling (2.4)). O

We conclude this part with the proof of the stability result for the Yamabe minimizers
in the smooth setting.

Proof of Corollary 1.3. Take as in the hypotheses (M, g) so that Ric, > n — 1 and
dom (M,S™) < 4. Let u € WH2(M) non-zero satisfying |€(u) — Y (M, g)| < 4. Set v the
renormalized volume measure. Since Scal, > n(n—1), we have by the Sobolev inequality
(1.6) that

2z _2||Vu||L2(y + ||UHL2(1/) < g(u) < (Y(Mvg) + 6)

1<
~ n(n—1)Voly(M)?/" = n(n — 1)Vol,(M)2/™’

Tl

where the norms are computed using the renormalized volume measure. Recall also that
by [41] we have that Vol,(M) > (1 — &’)Vol(S™), where ¢/ = €'(4,n) goes to zero as
d — 0. This in particular gives that Y (M, g) > ¢(n) > 0 if § is chosen small enough
(depending on n). Therefore, combining the above with the inequality (see [16])

Y (M,g) <Y (S™) = n(n — 1)Vol(S™)?/™
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gives

2" -2
n

IVullZ,) + lullfzq,

3 < (1 +de(n)™H(1 =)/,
el

The conclusion now follows applying Theorem 1.1 (in the stronger version given by
(1.11)). o

8.2. Stability in the non-compact case

We now prove the qualitative stability result for the sharp Euclidean-type Sobolev
inequality. Note that this proves also Theorem 1.4. Given N > 2, the family of Euclidean
bubbles in a metric space (X,d) is denoted by

2—N

Meu(X) := {a(1 +bd*(2,20)) 2 :a€R,b>0,z € X}

Theorem 8.4. For every e > 0,V € (0,1) and N € (2,00), there exists 0 := §(e, N, V) >
0 such that the following holds. Let (X,d,m) be an RCD(0,N) space with AVR(X) €
(V, V1) and, setting 2* = 2N/(N — 2), assume there exists u € Wlif(X) N L? (m) non

constant with m(|u| > t) < oo for every t > 0 satisfying

||U||L2*(m)

_ 1
ol AVR(X)™~ Eucl(N, 2) — 6.

Then, there exists v € Mey(X) so that

IV (s = V)l z2(m)
[Vl r2(m)

Proof. We can clearly assume that [|u|| 2+ () = 1. Moreover by approximation it is also
sufficient to prove the statement for u € W12(X) (see Lemma 3.2).

We proceed by contradiction and suppose that there exist € > 0, a sequence
(X, dn,my,) of RCD(0, N) spaces with AVR(X,,) € (V,V~1) and a sequence u, €
W'2(X,,) N L? (m,,) of non-constant functions satisfying

[unlles (m,) 2 (An = 1/0)[[Vtn |12 (m,,) (8.16)
where A,, := AVR(X,,)~ ~ Eucl(N, 2), and

IV (tn, = )| L2(m,0)
veMa(Xn)  [VUnlz2(m,)

>e  VneN. (8.17)

For every n € (0,1), let y, € X,, and ¢,, > 0 so that (arguing as for (8.6))
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1—n= / lun|?” dm, = sup / [un|?” dm,,, n € N.
yEXn
By, (yn) B, (y)

Define now o, := t;! and (Yy,, pn, ftnsYn) = (Xo, ,do, s My, ,Yn), where d,, = 0,d,,
m,, = oNm, and u,, = o, u, € WH2(Y,,). In particular, by scaling, for every
n € N we have

n

1 —n= / i 2 i and g 22 ey > (An — 1/0)[[ Vit 2.

Bl(yn)

By the assumption, we have the uniform bounds 2V~ Eucl(N, 2) < A,, < 2V~ Eucl(N,
2). Thus, up to subsequences, we can clearly suppose that A,, — A, for some A > 0 finite.
We can now invoke Theorem 6.2 (the assumptions are satisfied as diam(Y;,) = +00) with
1 := nn/2 and get that up to a subsequence (Y, pn, fin, yn) pmGH-converges to some
RCD(0, N) space (Y, p,p,y) supporting a Sobolev inequality (S) with constant A >
0, B = 0. Moreover we have L? -strong convergence of u,, to a function u € I/Vllof (Y)
attaining equality in this said Sobolev inequality and || Ve, [|L2(m,, ) = [[VullL2(y)- From
[88, Theorem 4.6] we have AVR(Y') = (Eucl(N,2)/A)Y and in particular u satisfies the

assumptions of Theorem 5.3, which gives that Y is isomorphic to a N-Euclidean metric

measure cone with tip zg and

a
u(y) = — yevy,
(1+bp2(y, 20)) =

for suitable a € R, b > 0.

Take any z, — zg. Then up to subsequence we can assume that m, (Bi(z,)) <
CNAVR(Y) hold for every n. Writing f(t) := a(1 + bt2)°2" for every t € R, recall-
ing |f]27,|f|> < Ct=2N*2 and arguing as for (8.12), we see that all the hypotheses
of Lemma 7.2 are fulfilled both for f o p(-,z9) and for f’ o p(-,29). We therefore ap-
ply Lemma 7.2 twice to get that f od,, (-,2,) converges L? -strong to u and that
|f'| ©ds, (-, 2n) converges L?-strong to |Vu|. We can thus combine Lemma A.5 with
the convergence of the gradient norms to deduce, from the parallelogram identity, that

lim HV(UUH — fod,, (- Zn)) ||L2(m0n) =0. (8.18)

n—oo

Scaling back, (8.18) becomes

lim |V (u, — (0% ) 0 (00dn (- 20))) |22 (m,) = O-

n—oo

This means that the sequence v, 1= aos’? (14 bo2d,(, zn)Q)g € Mey(X,,), satisfies

e v n — Un
i 1900 = vl _
n—o0 ||vunHL2(mn)
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having used that ||Vun| r2(m,) > CNAVR(X,)YNjuy, || 2+ > Cn VYN, This is a contra-
diction with (8.17) and concludes the proof. O

From the above stability, the next corollary directly follows (proving also Corol-
lary 1.5).

Corollary 8.5. Let (X,d, m) be an RCD(0, N) space with N € (2,00), AVR(X) > 0. Then

v
AVR(X)VEuc"'(N,2) = inf e,
veMa(X) [|V]] 12 (m)
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Appendix A. Concentration compactness: non-compact case

Here we extend the concentration compactness tools for a sequence of converging
RCD spaces (developed in [88] in compact setting) to the non-compact case. The main
difference is that here mass can also escape to infinity and so we need an additional result
(see Lemma A.6). Some additional technical convergence results will be also needed and
proved in Section A.1.

A.1. Technical convergence lemmas

Throughout this part we fix a sequence (X,,, d,,, m,, 2,,) of pointed RCD(K, N) spaces,

n € N U {oo}, for some K € R, N € (1,00) with X, pmGH Xoo. We also fix a proper

metric space (Z, d) realizing the convergence via extrinsic approach [58] (see Section 2.4).
We start with a version of the Brezis-Lieb Lemma [30].

Lemma A.1 (Brezis-Lieb type Lemma). Let q,q' € (1,00) and suppose that u, € L%(m,,)
satisfy sup,, || unl| £a(m,) < +00 and that u, converges in L7 -strong to some uos € L9 N
Li(my,). Then, for any sequence v, € Li(m,) such that v, — us, strongly both in LY
and L9, it holds

lim /|un|qdmn—/|un—vn|qdmn:/|uoo\qdmoo. (A1)
n—oo

Proof. The proof is the same as in [88, Prop. 6.2]. Even if the argument there is done
assuming finite reference measure, it is used only at the end when applying the Holder
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inequality. In that step here is enough to multiply by an arbitrary ¢ € Cps(Z) and argue
in the same way. (Note also that the assumptions ¢ € [2,00) and ¢’ € (1,q), even if
present in the statement of [88, Prop. 6.2] are actually not used in its proof). O

We shall need an alternative version of the semicontinuity result (2.16) to deal with
locally Sobolev functions; we include a proof since we could not find it in the literature.

Lemma A.2. Let p € (1,00) and suppose (f,) C Wlif(Xn) is LP-strong converging to
foo- Then

IV fooll 2o () < 1im ”anHL?(m,,)v (A.2)

(meaning that, if the right hand side is finite, then fo, € VVllocz( oo) and (A.2) holds).
Proof. Since |f,| = |foo| LP-strongly (see [8, a) in Prop. 3.3]) and |V f,,| = |V|fyn|| m-a.e.
for every f,, without loss of generality we can suppose f,, foo nonnegative. If the liminf
in (A.2) is infinite, there is nothing to prove. So, let us assume that it is finite. For every
k € N, we consider p* € LIP([0,00) with Lip(¢*) < 1, ©*¥(0) = 0, converging point-wise
to the identity as k 1 oo and such that {p*(f,)}, is L2-bounded. For instance we can
take ¥ (t) := (t — 1/k)* Ak, indeed

||80k(fn)||i2(mn) < km,({fn > 1/k}) < k2+p||fn||Lp(mn

for every n € N. Again by [8, a) in Prop. 3.3], we have ©*(f,) is LP-strong convergent
to ©*(fso). Moreover is also L2-bounded, thus it is also L2-weak convergent to ¢*(fs).
Then, by (2.16) we have p*(fs) € WH2(X) and

||V(80k(foo))||2L2(mw) < lim ||V(<Pk(fn))||2L2(mn) < lim ||an||%2(mn) < 00,
n—oo n—oo

having used the fact that ¢* is 1-Lipschitz. By arbitrariness of & > 0 and since " (f) —
foo pointwise, we see by semicontinuity (2.1) that (A.2) follows. O

The following lemma allows extracting Lfoc—converging subsequences from W12-
boundedness.
Lemma A.3. Let p > 2 and suppose u,, € Wlif( n) converges LP-weak to uoo € LP (M)
and sup,, ||Vun||2(m,) < co. Then, up to a subsequence u, converges L}
Uoo € V[/lif( o) With |V | € L2(my).

Toc-Strong to

Proof. We first prove the L? = convergence. Consider ¢ € Lip,,(Z) (recall that (Z,d)
is a space realizing the convergence). Since sup,, m,(Br(z,)) < 400, for every R > 0,
by Hélder inequality we have sup,, |[¢un|/z2(m,) < +00. Analogously using the Leibniz
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rule, pu,, € W'*(X,,) with sup, |V(pun)|r2(m,) < oo. Thus there exists a subse-
quence (ng) (see [58, Theorem 6.3]) such that ¢u,, converges L2-strong to some v,
which must be equal to pus, by uniqueness of weak limits. Hence the whole sequence
©u, is L?-strongly convergent to ¢u.. The fact that u., € I/Vlloc2 (Xoo) follows by the
Mosco convergence of the Cheeger energies (see (2.16)), indeed for every ¢ € LIPs(Z),
Ch(pus) < lim, Ch(pu,) < oo. It remains to prove that |Vus| € L?(my). Fix a
ball B C Z and take ¢ € Lip,,(Z) equal to 1 on B. Using [8, Lemma 5.8], we have
fB [Vtoo|? dmee = fB V(puce )| dmse < lim,, fB [V (pun) [ dm, < sup, [Vunllr2(m,) <
0o. Where in the first and last step we used the locality of the gradient. By the arbi-
trariness of B this implies |Vuo| € L2(my). O

Lemma A.4. Let p > 2 and uso € W22 (Xoo) N LP(Moo) with |Vue| € L2(mso). Then,

loc

there exists a sequence u, € W*(X,,) N LP(m,,) that converges LP and L}, -strong to

Uso and so that |Vu,| converges L?-strong to |Vus|.

Proof. By Lemma 3.2 there exists a sequence u, € W12(X,) N LP(my) such that
Up — Uso in LP(my) and |Vu,| — |Vus| in L2(my,). From [88, Lemma 6.4] (there
written for compact spaces, but the same proof works in the present setting) there exists
a sequence u¥ € W12(X,,) that converges L? and W'2-strong to u,,. By [8, Theorem 5.7]

this implies that |Vuf| converges L?-strong to |V (nxu,)|. The conclusion then follows

2

7.c-strong convergence follows from Lemma A.3. O

via diagonal argument. Finally the L

We prove a convergence result for pairings (the case p = 2 follows from [8, Theorem
5.4]).

Lemma A.5. Let p € [2,00) and un,v, € LP(m,) N W *(X,) be converging LP-

loc

strong to Uso, Voo respectively. Suppose that us, € VVI:LE(XOO), that ||Vl r2(m,) —

Vucoll£2(m.) < +00 and lim,, IVUnll£2(m,) < +00. Then vy € Wi)’f(Xoo), |[Vus| €
L?*(my) and

lim <Vun, an> dm,, = / <Vuoo, Vvoo> dmge.

n—oo

Proof. The fact that vs, € W22 (Xo) with [Vus| € L2(my) follows from Lemma A.2.

loc
In particular by Cauchy-Schwarz (Viuso, Vvss) € L'(mu). Let ¢ > 0 and notice that
Up + tv, converges LP-strong to s + tvso by (2.14). Applying again Lemma A.2 we
have s + tvse € W1’2(XOO) and

loc

/2t<Vuoo,Vvoo> + [ Voo |2 + 12| Vs |? dmy, = / |V (oo + t050)]? dmog

(A.2)
< lim [ [V(u + to,)]? dm,

n—roo

<2t lim [ (Vu,, Vo, )dm, +2m/|an|2dmn+/|Vuoo|2dmoo.

n—oo
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Simplifying [ |Vues|*dme, dividing by ¢ and sending ¢ | 0 we obtain [ (Vuiee, Vs )dmag
<lim, [ <Vun, an> dm,,. Arguing analogously for ¢t < 0, we conclude. 0O

A.2. Concentration compactness principles

Here we briefly extend two concentration compactness principles from [80,81] (see also
[94]) for general sequences of probabilities on metric measure spaces.

The first deal with an arbitrary sequence of probability measures on varying ambient
space. Compare also with the version [12, Lemma 2.1].

Lemma A.6. Let (Z,d) be a complete and separable metric spaces and let v,, € P(Z), for
n € N. Then, up to a subsequence, one of the following holds:

i) COMPACTNESS. There exists (z,) C Z such that for all € > 0, there exists R > 0
satisfying

Un(Br(2zn)) > 1 —¢, Vn € N.
ii) VANISHING.

lim supv,(Bgr(z)) =0, VR > 0.

n—oo z€7

iii) DicHOTOMY. There exists A € (0,1) with A > lim,, sup, ¢y, vy (Br(2)), for all R > 0,

so that: there exists R, 1 00, (2,) C Z and there are v}, v2 two non-negative Borel

measures satisfying
0<v,+12 <y,
supp(v,) C Br,(2,), supp(v7) C Z\ Bior, (2n),
lim A=) (Z)|+|(1—A) —v2(Z)| =0.

n—oo

The above can be obtained arguing exactly as in [94, Lemma I in Section 4.3] and
therefore its proof is omitted. We briefly comment on the difference in case iii) with re-
spect to [94]: our formulation of case iii) using a sequence R,, follows from the one used in
[94] (where R is fixed depending on a parameter € > 0) with a diagonal argument (this is
observed also in the proof of [94, Theorem 4.9]); the condition A > lim,, sup, ¢, v, (Br(2))
(not present in [94]) instead can be directly checked to hold by the way A is chosen in
the proof.

The second principle is a concentration compactness result for the Sobolev embedding
stating that concentration may occur only at countably-many points. With respect to
[88, Lemma 6.6], here we extend the principle to deal with varying pmGH-convergent
RCD spaces (hence, the difference arises when considering noncompact limit spaces).
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Lemma A.7. Let (X,,,dp, My, 2p), n € N U{oo}, be pointed RCD(K, N) spaces, K € R,
N € (1,00) with X, pmGH Xoo and assume that X,, supports a Sobolev inequality (S)
with uniformly bounded constants A,, > 0, B,, > 0.

Suppose further that u, € W?*(X,) N L* (m,) with sup,, V| 2(m,) < oo is L7 -
strong converging to us, € L (Moo) and suppose that |Vu,|*m, — w, |u,|*> m, — v
in duality with Cys(Z) and Cy(Z), respectively (where (Z,d) is a fized realization of the
convergence,).

Then, o € W52 (Xoo) with |Vue| € L (M) and:

i) there exists a countable set of indices J, points (x;);c; C Xoo and weights (v)jes C
R* so that

V= |too|? Moo + Z Vjlz,;
jeJ

ii) there exists (w;)jes C R satisfying 1/]2-/2* < (limy, A,)w; and such that

W > Ve [*my + ijéwj.
jeJ

/2 < 0.

In particular, we have Zj IJJ2
Proof. We subdivide the proof into two steps.
STEP 1. Suppose first that u,, = 0. Then, the conclusion follows arguing as in Step 1
of [88, Lemma 6.6] taking here ¢ a Lipschitz and boundedly supported (instead of only
Lipschitz) cut-off and using the assumed ngoc—strong convergence.
STEP 2. For general u.,, the idea is to apply the above to ‘us, — u,’ and then use a
Brezis-Lieb lemma to recover the information for u.. Take @, a recovery sequence given
by Lemma A.4 for u... Thus, for every ¢ € Lip,,(Z)T, we have u, is L?-strong to
Qlso and L? -bounded and ¢, is L? and L? -strong convergent to ou.. Therefore
Lemma A.1 ensures

lim /\<p|2*|un
n— o0
2

Now define v,, := u, — @, and notice that all the assumptions ensure that v, is Lj, -
strong and L? -weak convergent to zero. From the bounds |v,[*" < 22" (Jun|>” + |@,)?")
and |V, |? < 2(|Vu,|?+|Vi,|?) by tightness we can extract a not relabeled subsequence
where |v,|? m,, converge in duality with Cy,(Z) to 7 and |Vv,|?m,, converge in duality
with Chs(Z) to a finite Borel measure w. Then from Step 1, i), ii) hold true for (v,,), for
suitable weights (v;), (w;) C R* and points (z;) C Xoo. Then passing to the limit in
(A.3)

o dm,, — / |<P|2* ‘un - an|2* dm,, = /l‘P‘Q* |U'o<>|2* dme. (AB)

Un



F. Nobili, 1.Y. Violo / Advances in Mathematics 440 (2024) 109521 53

/gpz*dy — /aprdﬁ = /@2*|u00\2* dm, Vi € Lipy,(Z)™".

This in turn implies v = |uoo|2*moO 4+ = |u<>o|2*moO +Zj vy, that is point i). We pass
to prove ii) and therefore we need to show separately that

w({z;}) = o({z;}) 2w, Vjed,

w > |Vuoo|2moo.

The first can be verified arguing exactly as in Step 2 of [88, Lemma 6.6] replacing the
usage of [8, Theorem 5.7] with Lemma A.4 above. For the second, we fix ¢ € Cps(Z),
¢ > 0, and X € LIPys(Z) be such that X = 1 in supp(yp). It is easy to check that Xu,
is Wh2-weak converging to Xuc (recall that u, — us in L? ). Then, [8, Lemma 5.8]
ensures that

/ oAVt |? Ao = / |V (Xt |? dinog

< lim W|V(Xun)|2dmn = lim <p|vun|2 dm,,

n—oo n—oo

By arbitrariness of ¢, we showed ii) and the proof is now concluded. O
Appendix B. Technical results

In this appendix, we collect basic results about Sobolev inequalities and a version of
the chain rule for the weak upper gradient.

Lemma B.1. Let (X,d,m) be an RCD(K, N) space, N € (2,00), K € R, satisfying for
A>0

1wl 2* (m) < AVl L2(m)s Vu € LIP.(X), (B.1)

where 2% 1= 2. Then (B.1) holds also for all u € Wlif(X) satisfying m({Ju| > t}) <
400 for allt > 0.

Proof. It is enough to prove (B.1) for non-negative functions. First note that (B.1)
holds for every u € WH%(X), by density in energy of Lipschitz functions [5] and by
the lower semicontinuity of the L2 -norm with respect to L2-convergence. For a general
w > 0 as in the hypotheses, if [ |Vu|?dm = +o0 there is nothing to prove, otherwise take
up = ((u—1/n)")An € WH3(X) (since uy, |Vu,| € L*(m)) and then send n — +o0). O

Lemma B.2 (Local Sobolev embedding). Let (X,d,m) be an RCD(K, N) space for some
K eR,N € (2,00) and set 2* := 2N /(N —2). Then exists - y > 0 (with 7o,y = +00)
such that for every Br(x) € X, R < Tg— n it holds
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Cn iR 1,2
||u||L2*(m) < WHVUHLz(m)’ Yu € WO (BR/Q(Z‘)) (B2)
Proof. It is enough to prove the statement for u € LIP.(Bg/2(x)). Thanks to the uni-
formly locally doubling property of (X,d, m) and the validity of a local (1, 1)-Poincaré
inequality ([91]), from the results in [65] the following Sobolev-Poincaré inequality holds

1 1
( ][ 1 = Fouwl dm) ™ < C(N, K, Ro)R( ][ VfFdm), V[ eLIP(X),
Br(z) Bar ()
(B.3)
for every R < Ry and where fp,(y) := fBR fdm (see also [26]). Moreover if K > 0,
the constant C(N, K, Ry) can be taken 1ndependent of Ry.
Hence applying (B.3) to u € LIP.(Br/2(x)) we can write

1 : :
< Oxahm g (O 19uR) i) [
Bar(x) Br/2()
1 B 1-1/2* . L
< Cpeltm(Ba@) N ([ 1wal) 4 SR ()

m(Br(@)
Bag(x) Brya2(x)

where we have used that supp(u) C Bg/2(x). Thanks to the reverse doubling inequality
(recall (2.5)), assuming R < Ry - n, we can absorb the rightmost term inside the left-
hand side of the above to obtain (B.2) as desired. O

A technical result needed in this note is a chain rule for the composition with an
absolutely continuous function ¢, which we could not find in the literature (see [55] or
[59] for the classical one with ¢ Lipschitz).

Lemma B.3 (Chain rule for composition with AC-functions). Let (X,d, m) be a proper
metric measure space and uw € LIP,.(Q) with Q@ C X open. Let ¢ € ACioc(I) with I
open interval such that u(§Y) CC I for every ' CC Q. Suppose also that |¢'(u)||Vu| €
LlQOC(Q)

Then @(u) € W,22(Q) and |V (u)| = ¢ (u)]|[Vu| m-a.e.

Proof. Up to subtracting a constant, we can assume that 0 € I and ¢(0) = 0. Then
with a cut-off argument we can reduce to the case when u € LIP.(X) and ¢ € AC(R)
with compact support and ¢(0) = 0. We argue by approximation and define functions
¢n € LIP(R) by
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on(t) == /—n V' (s) Ands.
0

Clearly ¢,, — ¢ pointwise in R. By the usual chain rule for Lipschitz composition we
have that ¢, (u) € WH2(X) with [V, (u)| = |}, (w)]|Vu| < ¢ (u)||Vu|, m-a.e., where we
have used that |¢/,| < |¢'| a.e. In particular the sequence |V, (u)| is bounded in L?(m).
Moreover ¢, (u) — (u) pointwise and from the lower semicontinuity of the minimal
weak upper gradient (see, e.g., [59, Prop. 2.1.13]) we deduce that ¢(u) € WH%(X) and

IVo(u)] < [¢'(W)l[Vul,  m-ae. (B.4)

The equality in (B.4) then follows with a standard argument (see e.g. [59, Theorem
2.1.28). O

References

[1] V. Agostiniani, M. Fogagnolo, L. Mazzieri, Sharp geometric inequalities for closed hypersurfaces in
manifolds with nonnegative Ricci curvature, Invent. Math. 222 (2020) 1033-1101.

[2] L. Ambrosio, Calculus, heat flow and curvature-dimension bounds in metric measure spaces, in:
Proceedings of the International Congress of Mathematicians—Rio de Janeiro 2018. vol. I. Plenary
Lectures, World Sci. Publ., Hackensack, NJ, 2018, pp. 301-340.

[3] L. Ambrosio, S. Di Marino, Equivalent definitions of BV space and of total variation on metric
measure spaces, J. Funct. Anal. 266 (2014) 4150-4188.

[4] L. Ambrosio, N. Gigli, A. Mondino, T. Rajala, Riemannian Ricci curvature lower bounds in metric
measure spaces with o-finite measure, Trans. Am. Math. Soc. 367 (2012) 4661-4701.

[5] L. Ambrosio, N. Gigli, G. Savaré, Density of Lipschitz functions and equivalence of weak gradients
in metric measure spaces, Rev. Mat. Iberoam. 29 (2013) 969-996.

[6] L. Ambrosio, N. Gigli, G. Savaré, Metric measure spaces with Riemannian Ricci curvature bounded
from below, Duke Math. J. 163 (2014) 1405-1490.

[7] L. Ambrosio, N. Gigli, G. Savaré, Bakry-Emery curvature-dimension condition and Riemannian
Ricci curvature bounds, Ann. Probab. 43 (2015) 339-404.

[8] L. Ambrosio, S. Honda, New stability results for sequences of metric measure spaces with uniform
Ricci bounds from below, in: Measure Theory in Non-smooth Spaces, in: Partial Differ. Equ. Meas.
Theory, De Gruyter Open, Warsaw, 2017, pp. 1-51.

[9] L. Ambrosio, A. Mondino, G. Savaré, On the Bakry-Emery condition, the gradient estimates and
the Local-to-Global property of RCD*(K, N) metric measure spaces, J. Geom. Anal. 26 (2014)
1-33.

[10] G. Antonelli, E. Brué, M. Fogagnolo, M. Pozzetta, On the existence of isoperimetric regions in
manifolds with nonnegative Ricci curvature and Euclidean volume growth, Calc. Var. Partial Differ.
Equ. 61 (2022) 77, 40 pp.

[11] G. Antonelli, M. Fogagnolo, M. Pozzetta, The isoperimetric problem on Riemannian manifolds
via Gromov-Hausdorff asymptotic analysis, Commun. Contemp. Math. (2022), https://doi.org/10.
1142/S0219199722500687.

[12] G. Antonelli, S. Nardulli, M. Pozzetta, The isoperimetric problem via direct method in noncompact
metric measure spaces with lower Ricci bounds, ESAIM Control Optim. Calc. Var. 28 (2022) 57,
32 pp.

[13] G. Antonelli, E. Pasqualetto, M. Pozzetta, D. Semola, Asymptotic isoperimetry on non collapsed
spaces with lower Ricci bounds, Math. Ann. (2023), https://doi.org/10.1007/s00208-023-02674-y.

[14] G. Antonelli, E. Pasqualetto, M. Pozzetta, I.Y. Violo, Topological regularity of isoperimetric sets
in PI spaces having a deformation property, Proc. R. Soc. Edinb. Sect. A Math. (2023), https://
doi.org/10.1017/prm.2023.105, published online; arXiv:2303.01280.

[15] T. Aubin, Equations différentielles non linéaires et probléme de Yamabe concernant la courbure
scalaire, J. Math. Pures Appl. (9) 55 (1976) 269-296.


http://refhub.elsevier.com/S0001-8708(24)00036-7/bib67F0C68C744151F35EA5933DF398940Bs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib67F0C68C744151F35EA5933DF398940Bs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibFBF462ECE0E070C8C2B70A21135C68DEs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibFBF462ECE0E070C8C2B70A21135C68DEs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibFBF462ECE0E070C8C2B70A21135C68DEs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib8D3E7F244B38079B5FDA63E669609AA4s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib8D3E7F244B38079B5FDA63E669609AA4s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibDE85AA1A514E847EC6A32ED27E074C36s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibDE85AA1A514E847EC6A32ED27E074C36s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibF923CB19F66A85D8FC21008307CC4C51s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibF923CB19F66A85D8FC21008307CC4C51s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib163B0B937436490571BAEE2C5C152286s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib163B0B937436490571BAEE2C5C152286s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib6FAEC25C2167061DA6E9977854F62A4Bs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib6FAEC25C2167061DA6E9977854F62A4Bs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibC4A0857F7957D0BD61A6A07B10523B75s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibC4A0857F7957D0BD61A6A07B10523B75s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibC4A0857F7957D0BD61A6A07B10523B75s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib33E47DF8D51DB3D1B5F733600FD177C8s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib33E47DF8D51DB3D1B5F733600FD177C8s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib33E47DF8D51DB3D1B5F733600FD177C8s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibAA15C2CC006BEF08C40CE8CF47893986s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibAA15C2CC006BEF08C40CE8CF47893986s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibAA15C2CC006BEF08C40CE8CF47893986s1
https://doi.org/10.1142/S0219199722500687
https://doi.org/10.1142/S0219199722500687
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib550E858B1FB4DAC6DA25D8F687E6F045s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib550E858B1FB4DAC6DA25D8F687E6F045s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib550E858B1FB4DAC6DA25D8F687E6F045s1
https://doi.org/10.1007/s00208-023-02674-y
https://doi.org/10.1017/prm.2023.105
https://doi.org/10.1017/prm.2023.105
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib39AD3F05E56438D9128C34EC541BF548s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib39AD3F05E56438D9128C34EC541BF548s1

56 F. Nobili, 1.Y. Violo / Advances in Mathematics 440 (2024) 109521

[16] T. Aubin, Problémes isopérimétriques et espaces de Sobolev, J. Differ. Geom. 11 (1976) 573-598.

[17] T. Aubin, Nonlinear Analysis on Manifolds. Monge-Ampére Equations, Grundlehren der Mathe-
matischen Wissenschaften (Fundamental Principles of Mathematical Sciences), vol. 252, Springer-
Verlag, New York, 1982.

[18] K. Bacher, K.-T. Sturm, Localization and tensorization properties of the curvature-dimension con-
dition for metric measure spaces, J. Funct. Anal. 259 (2010) 28-56.

[19] D. Bakry, L’hypercontractivité et son utilisation en théorie des semigroupes, in: Lectures on Prob-
ability Theory, Saint-Flour, 1992, in: Lecture Notes in Math., vol. 1581, Springer, Berlin, 1994,
pp. 1-114.

[20] D. Bakry, I. Gentil, M. Ledoux, Analysis and Geometry of Markov Diffusion Operators, Grundlehren
der Mathematischen Wissenschaften (Fundamental Principles of Mathematical Sciences), vol. 348,
Springer, Cham, 2014.

[21] D. Bakry, M. Ledoux, Sobolev inequalities and Myers’s diameter theorem for an abstract Markov
generator, Duke Math. J. 85 (1996) 253-270.

[22] Z.M. Balogh, A. Kristdly, Sharp isoperimetric and Sobolev inequalities in spaces with nonnegative
Ricci curvature, Math. Ann. 385 (2023) 1747-1773.

[23] P. Bérard, D. Meyer, Inégalités isopérimétriques et applications, Ann. Sci. Ecole Norm. Sup. (4) 15
(1982) 513-541.

[24] M. Bhakta, D. Ganguly, D. Karmakar, S. Mazumdar, Sharp quantitative stability of Poincare-
Sobolev inequality in the hyperbolic space and applications to fast diffusion flows, arXiv:2207.11024,
2022.

[25] G. Bianchi, H. Egnell, A note on the Sobolev inequality, J. Funct. Anal. 100 (1991) 18-24.

[26] A. Bjorn, J. Bjorn, Nonlinear Potential Theory on Metric Spaces, EMS Tracts in Mathematics,
vol. 17, European Mathematical Society (EMS), Ziirich, 2011.

[27] G.A. Bliss, An integral inequality, J. Lond. Math. Soc. 5 (1930) 40-46.

[28] S. Brendle, Sobolev inequalities in manifolds with nonnegative curvature, Commun. Pure Appl.
Math. (2021).

[29] S. Brendle, F.C. Marques, Recent progress on the Yamabe problem, in: Surveys in Geometric
Analysis and Relativity, in: Adv. Lect. Math. (ALM), vol. 20, Int. Press, Somerville, MA, 2011,
pp. 29-47.

[30] H. Brézis, E. Lieb, A relation between pointwise convergence of functions and convergence of func-
tionals, Proc. Am. Math. Soc. 88 (1983) 486-490.

[31] J.E. Brothers, W.P. Ziemer, Minimal rearrangements of Sobolev functions, J. Reine Angew. Math.
384 (1988) 153-179.

[32] D. Burago, Y. Burago, S. Ivanov, A Course in Metric Geometry, Graduate Studies in Mathematics,
vol. 33, American Mathematical Society, Providence, RI, 2001.

[33] F. Cavalletti, D. Manini, Rigidities of isoperimetric inequality under nonnegative Ricci curvature,
arXiv:2207.03423, 2022.

[34] F. Cavalletti, D. Manini, Isoperimetric inequality in noncompact MCP spaces, Proc. Am. Math.
Soc. 150 (2022) 3537-3548.

[35] F. Cavalletti, E. Milman, The globalization theorem for the curvature-dimension condition, Invent.
Math. 226 (2021) 1-137.

[36] F. Cavalletti, A. Mondino, Sharp geometric and functional inequalities in metric measure spaces
with lower Ricci curvature bounds, Geom. Topol. 21 (2017) 603-645.

[37] F. Cavalletti, A. Mondino, New formulas for the Laplacian of distance functions and applications,
Anal. PDE 13 (2020) 2091-2147.

[38] F. Cavalletti, A. Mondino, D. Semola, Quantitative Obata’s theorem, Anal. PDE 16 (2023)
1389-1431.

[39] J. Cheeger, Differentiability of Lipschitz functions on metric measure spaces, Geom. Funct. Anal. 9
(1999) 428-517.

[40] A. Cianchi, N. Fusco, F. Maggi, A. Pratelli, The sharp Sobolev inequality in quantitative form, J.
Eur. Math. Soc. 11 (2009) 1105-1139.

[41] T.H. Colding, Large manifolds with positive Ricci curvature, Invent. Math. 124 (1996) 193-214.

[42] C. Debin, N. Gigli, E. Pasqualetto, Quasi-continuous vector fields on RCD spaces, Potential Anal.
54 (2021) 183-211.

[43] J. Dolbeault, M.J. Esteban, Improved interpolation inequalities and stability, Adv. Nonlinear Stud.
20 (2020) 277-291.

[44] L. Dupaigne, I. Gentil, S. Zugmeyer, Sobolev’s inequality under a curvature-dimension condition,
Ann. Fac. Sci. Toulouse Math. (6) 32 (2023) 125-144.


http://refhub.elsevier.com/S0001-8708(24)00036-7/bibC96B47C4590DE65AD87FA864ACC78BC9s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib069967EB4E209E6D3B30ECB214E0CF82s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib069967EB4E209E6D3B30ECB214E0CF82s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib069967EB4E209E6D3B30ECB214E0CF82s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib910296E6F649221679C18476094FB36As1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib910296E6F649221679C18476094FB36As1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibEBF9DD9B1A7BA7A51D237A92E72B45EDs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibEBF9DD9B1A7BA7A51D237A92E72B45EDs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibEBF9DD9B1A7BA7A51D237A92E72B45EDs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibB44F2A9FC6207B72B5D57730711942A6s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibB44F2A9FC6207B72B5D57730711942A6s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibB44F2A9FC6207B72B5D57730711942A6s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibDD86739E0B23011C878D8F0A42DB84F8s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibDD86739E0B23011C878D8F0A42DB84F8s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibEDD4B66427ED71AB4F73612BD8D7EDADs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibEDD4B66427ED71AB4F73612BD8D7EDADs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib6BC731BAFBB4900F42A8F8728C106A35s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib6BC731BAFBB4900F42A8F8728C106A35s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib44DFEC3D2DF6D1C7294B22F5C0B904CAs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib44DFEC3D2DF6D1C7294B22F5C0B904CAs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib44DFEC3D2DF6D1C7294B22F5C0B904CAs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib3C644F2FD6ED279C524306DF22CC2617s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib31DD8B1AFB754D80EE11141DC5351983s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib31DD8B1AFB754D80EE11141DC5351983s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibD17AE302C630CC6E49F7D77038CAB912s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib59C34E431050FCDB628B972127B454CBs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib59C34E431050FCDB628B972127B454CBs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib869BEADC54E9115E075BC92AEBC2C56Fs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib869BEADC54E9115E075BC92AEBC2C56Fs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib869BEADC54E9115E075BC92AEBC2C56Fs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib44850026D6262DB5C660EC04FDAEE004s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib44850026D6262DB5C660EC04FDAEE004s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib2A08CE5150970119A4DB395097CAE535s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib2A08CE5150970119A4DB395097CAE535s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib178C87AB838B2991A59A378279905C58s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib178C87AB838B2991A59A378279905C58s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibB01F8C2C8FEC1418905AD3735B491F42s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibB01F8C2C8FEC1418905AD3735B491F42s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib48CA51B83E5894508E20E3772FBDDEF0s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib48CA51B83E5894508E20E3772FBDDEF0s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib9916F2294A1759E545F6B16AB1DA8538s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib9916F2294A1759E545F6B16AB1DA8538s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib48F28240E8C299774FBFE0706573A88Ds1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib48F28240E8C299774FBFE0706573A88Ds1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibC88A1C77C0F11CFC8DE1FD9CB526701As1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibC88A1C77C0F11CFC8DE1FD9CB526701As1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib9ABB8CB07D8C14A0BBC2A51CBD716FFCs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib9ABB8CB07D8C14A0BBC2A51CBD716FFCs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib7E878003452234E113B21B5CE05BEAB7s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib7E878003452234E113B21B5CE05BEAB7s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibE3149760EFF7FC34B99AB0C5878EF579s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibE3149760EFF7FC34B99AB0C5878EF579s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib4A66DBE7B520AC6214412CCF30DF4346s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib1B054CF48FAA45F0F8A9C8376C573055s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib1B054CF48FAA45F0F8A9C8376C573055s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib6AFE7145005FFFDC3F53DDEC052E5FF3s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib6AFE7145005FFFDC3F53DDEC052E5FF3s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib349053E1309120A9DEB03EBD2D2936A8s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib349053E1309120A9DEB03EBD2D2936A8s1

F. Nobili, 1.Y. Violo / Advances in Mathematics 440 (2024) 109521 57

[45] M. Engelstein, R. Neumayer, L. Spolaor, Quantitative stability for minimizing Yamabe metrics,
Trans. Amer. Math. Soc. Ser. B 9 (2022) 395-414.

[46] M. Erbar, K. Kuwada, K.-T. Sturm, On the equivalence of the entropic curvature-dimension con-
dition and Bochner’s inequality on metric measure spaces, Invent. Math. 201 (2014) 1-79.

[47] A. Figalli, R. Neumayer, Gradient stability for the Sobolev inequality: the case p > 2, J. Eur. Math.
Soc. 21 (2019) 319-354.

[48] A. Figalli, Y.R.-Y. Zhang, Sharp gradient stability for the Sobolev inequality, Duke Math. J. 171
(2022) 2407-2459.

[49] M. Fogagnolo, L. Mazzieri, Minimising hulls, p-capacity and isoperimetric inequality on complete
Riemannian manifolds, J. Funct. Anal. 283 (2022) 109638.

[50] E. Fontenas, Sur les constantes de Sobolev des variétés riemanniennes compactes et les fonctions
extrémales des spheres, Bull. Sci. Math. 121 (1997) 71-96.

[561] R.L. Frank, Degenerate stability of some Sobolev inequalities, Ann. Inst. Henri Poincaré, Anal. Non
Linéaire 39 (2022) 1459-1484.

[62] N. Gigli, On the heat flow on metric measure spaces: existence, uniqueness and stability, Calc. Var.
Partial Differ. Equ. 39 (2010) 101-120.

[63] N. Gigli, An overview of the proof of the splitting theorem in spaces with non-negative Ricci
curvature, Anal. Geom. Metric Spaces 2 (2014) 169-213.

[54] N. Gigli, On the differential structure of metric measure spaces and applications, Mem. Am. Math.
Soc. 236 (2015), vi+91 pp.

[55] N. Gigli, Nonsmooth differential geometry—an approach tailored for spaces with Ricci curvature
bounded from below, Mem. Am. Math. Soc. 251 (2018), v+161 pp.

[66] N. Gigli, On the regularity of harmonic maps from RCD(K, N) to CAT(0) spaces and related results,
arXiv:2204.04317, 2022.

[67] N. Gigli, B. Han, Independence on p of weak upper gradients on RCD spaces, J. Funct. Anal. 271
(2014).

[58] N. Gigli, A. Mondino, G. Savaré, Convergence of pointed non-compact metric measure spaces and
stability of Ricci curvature bounds and heat flows, Proc. Lond. Math. Soc. 3 (111) (2015) 1071-1129.

[59] N. Gigli, E. Pasqualetto, Lectures on Nonsmooth Differential Geometry, SISSA Springer Series,
vol. 2, 2020.

[60] N. Gigli, E. Pasqualetto, Behaviour of the reference measure on RCD spaces under charts, Commun.
Anal. Geom. 29 (2021) 1391-1414.

[61] N. Gigli, C. Rigoni, A note about the strong maximum principle on RCD spaces, Can. Math. Bull.
62 (2019) 259-266.

[62] N. Gigli, I.Y. Violo, Monotonicity formulas for harmonic functions in RCD(0, NV) spaces, J. Geom.
Anal. 33 (2023) 100, 89 pp.

[63] A. Grigor'yan, J. Hu, K.-S. Lau, Heat kernels on metric spaces with doubling measure, in: Fractal
Geometry and Stochastics IV, in: Progr. Probab., vol. 61, Birkhduser Verlag, Basel, 2009, pp. 3—44.

[64] M. Gromov, Metric Structures for Riemannian and Non-Riemannian Spaces, English ed., Modern
Birkhauser Classics, Birkhauser Boston Inc., Boston, MA, 2007, based on the 1981 French original,
with appendices by M. Katz, P. Pansu and S. Semmes, translated from the French by Sean Michael
Bates.

[65] P. Hajtasz, P. Koskela, Sobolev met Poincaré, Mem. Am. Math. Soc. 145 (2000), x+101 pp.

[66] B.-X. Han, Ricci tensor on RCD*(K, N) spaces, J. Geom. Anal. 28 (2018) 1295-1314.

[67] Q. Han, F. Lin, Elliptic Partial Differential Equations, second ed., Courant Lecture Notes in Math-
ematics, vol. 1, Courant Institute of Mathematical Sciences/xAmerican Mathematical Society, New
York/Providence, RI, 2011.

[68] E. Hebey, Nonlinear Analysis on Manifolds: Sobolev Spaces and Inequalities, Courant Lecture Notes
in Mathematics, vol. 5, New York University, Courant Institute of Mathematical Sciences/American
Mathematical Society, New York/Providence, RI, 1999.

[69] J. Heinonen, P. Koskela, From local to global in quasiconformal structures, Proc. Natl. Acad. Sci.
USA 93 (1996) 554-556.

[70] J. Heinonen, P. Koskela, Quasiconformal maps in metric spaces with controlled geometry, Acta
Math. 181 (1998) 1-61.

[71] S. Honda, Ricci curvature and LP-convergence, J. Reine Angew. Math. 705 (2015) 85-154.

[72] S. Ilias, Constantes explicites pour les inégalités de Sobolev sur les variétés riemanniennes compactes,
Ann. Inst. Fourier (Grenoble) 33 (1983) 151-165.

[73] R. Jiang, Cheeger-harmonic functions in metric measure spaces revisited, J. Funct. Anal. 266 (2014)
1373-1394.


http://refhub.elsevier.com/S0001-8708(24)00036-7/bib8028A339A0F2505118B85749A9225BECs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib8028A339A0F2505118B85749A9225BECs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibE640FE83915C8E5689063C65543AE098s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibE640FE83915C8E5689063C65543AE098s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib3B8D280975D2822AFF45EB55867DB431s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib3B8D280975D2822AFF45EB55867DB431s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibB06545E38CFC49F4805BAB36A6DC2310s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibB06545E38CFC49F4805BAB36A6DC2310s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib2C48DE8B91B666D4D11AE9466174F6E1s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib2C48DE8B91B666D4D11AE9466174F6E1s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib885ADA6E22D4B6260B3FB9D551DD4BBCs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib885ADA6E22D4B6260B3FB9D551DD4BBCs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib12B73178D3C95BFE5C3C1E7DE7837272s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib12B73178D3C95BFE5C3C1E7DE7837272s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibF13FC26E80493BF4F7D207A89EA2D490s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibF13FC26E80493BF4F7D207A89EA2D490s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib65480B5429875DD4C6E82A6FF0B562F6s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib65480B5429875DD4C6E82A6FF0B562F6s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibCD5CFABB8B01AF29E3CA566F6DC39E51s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibCD5CFABB8B01AF29E3CA566F6DC39E51s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibFB6C6EEA2283E59F05FF04A5CDD27375s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibFB6C6EEA2283E59F05FF04A5CDD27375s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibF1D56B374193057F4B6C8164EA8CF078s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibF1D56B374193057F4B6C8164EA8CF078s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib476C13762D7FD1D84D0DD30607A53A76s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib476C13762D7FD1D84D0DD30607A53A76s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib42EDA3017225BD993D51C6937CBFCC43s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib42EDA3017225BD993D51C6937CBFCC43s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibCDDF58E664661447ABF92869DEAAD028s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibCDDF58E664661447ABF92869DEAAD028s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibC3458C95C5B8862AB5439320785776BBs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibC3458C95C5B8862AB5439320785776BBs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib5520DB9A1CF11C0991F4DC13C7E84C35s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib5520DB9A1CF11C0991F4DC13C7E84C35s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib8211DA72FA615D9ECE9E59CEF4624F7Es1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib8211DA72FA615D9ECE9E59CEF4624F7Es1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib6A571B934065361332FC233A04B3F0EAs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib6A571B934065361332FC233A04B3F0EAs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibFF4C695125F43C89772AAE903B1C27C2s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibFF4C695125F43C89772AAE903B1C27C2s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibFF4C695125F43C89772AAE903B1C27C2s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibFF4C695125F43C89772AAE903B1C27C2s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib65814A26354F601388ADDA760047024Bs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib9E8A8F58BFEFCBDCB312FEF592C6317Cs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibA83776C2FDAEA41726CBE0E723598DF7s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibA83776C2FDAEA41726CBE0E723598DF7s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibA83776C2FDAEA41726CBE0E723598DF7s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib44070C393A7AEF1D061084D4EADF7052s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib44070C393A7AEF1D061084D4EADF7052s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib44070C393A7AEF1D061084D4EADF7052s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibDA5DBE50B535C734E184F366B38D58C1s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibDA5DBE50B535C734E184F366B38D58C1s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib61C4730B974CD3019B150DBAEE050DB4s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib61C4730B974CD3019B150DBAEE050DB4s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib8C13D416DA001B2584179091C3D0F52As1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib1903388BD0BE0C2B5712B61E2A6B63ABs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib1903388BD0BE0C2B5712B61E2A6B63ABs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibC2346B7C498FAFA905B94FAFCAE07383s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibC2346B7C498FAFA905B94FAFCAE07383s1

58 F. Nobili, 1.Y. Violo / Advances in Mathematics 440 (2024) 109521

[74] F. Johne, Sobolev inequalities on manifolds with nonnegative Bakry-Emery Ricci curvature, arXiv
preprint, arXiv:2103.08496, 2021.

[75] M. Kell, A note on Lipschitz continuity of solutions of Poisson equations in metric measure spaces,
arXiv:1307.2224, 2013.

[76] S. Kesavan, Symmetrization & Applications, Series in Analysis, vol. 3, World Scientific Publishing
Co. Pte. Ltd., Hackensack, NJ, 2006.

[77] C. Ketterer, Obata’s rigidity theorem for metric measure spaces, Anal. Geom. Metric Spaces 3
(2015) 278-295.

[78] J.M. Lee, T.H. Parker, The Yamabe problem, Bull. Am. Math. Soc. (N.S.) 17 (1987) 37-91.

[79] E.H. Lieb, Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities, Ann. Math.
(2) 118 (1983) 349-374.

[80] P.-L. Lions, The concentration-compactness principle in the calculus of variations. The locally com-
pact case. I, Ann. Inst. Henri Poincaré, Anal. Non Linéaire 1 (1984) 109-145.

[81] P.-L. Lions, The concentration-compactness principle in the calculus of variations. The limit case.
I, Rev. Mat. Iberoam. 1 (1985) 145-201.

[82] J. Lott, C. Villani, Ricci curvature for metric-measure spaces via optimal transport, Ann. Math.
(2) 169 (2009) 903-991.

[83] H. Lou, On singular sets of local solutions to p-Laplace equations, Chin. Ann. Math., Ser. B 29
(2008) 521-530.

[84] M. Miranda, Functions of bounded variation on “good” metric spaces, J. Math. Pures Appl. 82
(2003) 975-1004.

[85] A. Mondino, A. Naber, Structure theory of metric measure spaces with lower Ricci curvature bounds,
J. Eur. Math. Soc. 21 (2019) 1809-1854.

[86] A. Mondino, D. Semola, Polya-Szego inequality and Dirichlet p-spectral gap for non-smooth spaces
with Ricci curvature bounded below, J. Math. Pures Appl. 9 (137) (2020) 238-274.

[87] R. Neumayer, A note on strong-form stability for the Sobolev inequality, Calc. Var. Partial Differ.
Equ. 59 (2020) 25, 8 pp.

[88] F. Nobili, I.Y. Violo, Rigidity and almost rigidity of Sobolev inequalities on compact spaces with
lower Ricci curvature bounds, Calc. Var. Partial Differ. Equ. 61 (2022) 180.

[89] G. Pélya, G. Szegd, Isoperimetric Inequalities in Mathematical Physics (AM-27), Princeton Univer-
sity Press, 1951.

[90] A. Profeta, The sharp Sobolev inequality on metric measure spaces with lower Ricci curvature
bounds, Potential Anal. 43 (2015) 513-529.

[91] T. Rajala, Local Poincaré inequalities from stable curvature conditions on metric spaces, Calc. Var.
Partial Differ. Equ. 44 (2012) 477-494.

[92] R. Schoen, Conformal deformation of a Riemannian metric to constant scalar curvature, J. Differ.
Geom. 20 (1984) 479-495.

[93] N. Shanmugalingam, Newtonian spaces: an extension of Sobolev spaces to metric measure spaces,
Rev. Mat. Iberoam. 16 (2000) 243-279.

[94] M. Struwe, Variational Methods, fourth ed., Ergebnisse der Mathematik und ihrer Grenzgebiete.
3. Folge. A Series of Modern Surveys in Mathematics (Results in Mathematics and Related Areas.
3rd Series. A Series of Modern Surveys in Mathematics), vol. 34, Springer-Verlag, Berlin, 2008,
Applications to nonlinear partial differential equations and Hamiltonian systems.

[95] K.-T. Sturm, On the geometry of metric measure spaces. I, Acta Math. 196 (2006) 65-131.

[96] K.-T. Sturm, On the geometry of metric measure spaces. II, Acta Math. 196 (2006) 133-177.

[97] G. Talenti, Best constant in Sobolev inequality, Ann. Mat. Pura Appl. (4) 110 (1976) 353-372.

[98] N.S. Trudinger, Remarks concerning the conformal deformation of Riemannian structures on com-
pact manifolds, Ann. Sc. Norm. Super. Pisa, Cl. Sci. (3) 22 (1968) 265-274.

[99] H. Yamabe, On a deformation of Riemannian structures on compact manifolds, Osaka Math. J. 12
(1960) 21-37.


http://refhub.elsevier.com/S0001-8708(24)00036-7/bibB12C847CC7A1C4149188544A99DF82B4s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibB12C847CC7A1C4149188544A99DF82B4s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib0AE9E930F7E428BFB6D5744B8BF92461s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib0AE9E930F7E428BFB6D5744B8BF92461s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib6E6BC4E49DD477EBC98EF4046C067B5Fs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib6E6BC4E49DD477EBC98EF4046C067B5Fs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibB6F3214707EED2AE1735179DD1747211s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibB6F3214707EED2AE1735179DD1747211s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibA4BB63F06AE7A1BAE1634811678C6162s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib38002CE06D12468654E1D15C90549F7Bs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib38002CE06D12468654E1D15C90549F7Bs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibB7AA615948A8A556A95DDC6279D3BF0Es1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibB7AA615948A8A556A95DDC6279D3BF0Es1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib71862D5C8C57DBD8891B52C2737C4278s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib71862D5C8C57DBD8891B52C2737C4278s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib6607D92C07D05146DC5AD030A0B8538Bs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib6607D92C07D05146DC5AD030A0B8538Bs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibA80962F9C5A55AE83B0E7319B2FD96AFs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibA80962F9C5A55AE83B0E7319B2FD96AFs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib52C8C937266532D0772E943E5EBB41ADs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib52C8C937266532D0772E943E5EBB41ADs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibA3C3BDFC50A9BB24B9762C06B3D405B4s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibA3C3BDFC50A9BB24B9762C06B3D405B4s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibF46751DA13096FE499DE75B7C297656Cs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibF46751DA13096FE499DE75B7C297656Cs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibA03C42BBACF282E0B7BF9EBC6DDE7A23s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibA03C42BBACF282E0B7BF9EBC6DDE7A23s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib40ED79E896A9202B2C95BE967EFB021Fs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib40ED79E896A9202B2C95BE967EFB021Fs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib8C4CFBEAADA08D5148CF901F1E061B97s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib8C4CFBEAADA08D5148CF901F1E061B97s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibA8DED7460307B1AAB64C28DCDA516C77s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibA8DED7460307B1AAB64C28DCDA516C77s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib6F5812408812C57F885019B7B8951E6Cs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib6F5812408812C57F885019B7B8951E6Cs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib270C2F1A0B58231C43859FDE18E0C77Fs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib270C2F1A0B58231C43859FDE18E0C77Fs1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibEA209CABA427CC71D09AAF8A9FB9910As1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibEA209CABA427CC71D09AAF8A9FB9910As1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib32E681E99BE040E05ADD24214AB2B261s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib32E681E99BE040E05ADD24214AB2B261s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib32E681E99BE040E05ADD24214AB2B261s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib32E681E99BE040E05ADD24214AB2B261s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib47315BA452B33E8540371C6BACC13282s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibF62F8B6235DA7EF0780506BA35AD7A45s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bibB9AACAF30A409C52245D8A17BF5DF089s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib443ADF8FFB74B15798D7D62CA347C1A4s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib443ADF8FFB74B15798D7D62CA347C1A4s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib7FC672E6EEDB15993EE573AE336E4AF6s1
http://refhub.elsevier.com/S0001-8708(24)00036-7/bib7FC672E6EEDB15993EE573AE336E4AF6s1

	Stability of Sobolev inequalities on Riemannian manifolds with Ricci curvature lower bounds
	1 Introduction
	2 Preliminaries
	2.1 Calculus on metric measure spaces
	2.2 RCD-spaces
	2.3 Sobolev inequalities
	2.4 Convergence and stability under pmGH-convergence

	3 Pólya-Szegő inequality
	3.1 Non-compact case
	3.2 Rigidity

	4 Regularity of extremal functions
	5 Rigidity of extremal functions in the Sobolev inequality
	5.1 Compact case
	5.2 Non-compact case

	6 Compactness of extremizing sequences
	6.1 Density upper bound
	6.2 Concentration compactness for Sobolev extremals

	7 Radial functions: technical results
	8 Proof of the main results
	8.1 Stability in the compact case
	8.2 Stability in the non-compact case

	Acknowledgments
	Appendix A Concentration compactness: non-compact case
	A.1 Technical convergence lemmas
	A.2 Concentration compactness principles

	Appendix B Technical results
	References


