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Abstract

This thesis investigates new directions in three-dimensional supersym-
metric (SUSY) Chern—Simons (CS) theories, with a focus on the rich
interplay between dualities, moduli spaces, and infrared (IR) physics.

In the first part, we develop a systematic algorithmic framework for
deriving the mirror duals of 3d A/ = 2 SQCD-CS theories with matter.
This approach not only streamlines the construction of mirror pairs
under 3d mirror symmetry but also yields non-trivial predictions for
the IR dynamics of the theories under study. We also analyze the
renormalization group (RG) flows resulting from mass deformations of
the newly found dualities and further explore the vast landscape of
N =2 SQCD-CS matter theories.

In the second part, we venture beyond supersymmetry and propose a
family of new bosonization dualities for non-supersymmetric 3d CS-
QCD theories with both bosonic and fermionic matter. We support
these conjectures with a broad range of explicit examples and indepen-
dent consistency checks.

The third part is devoted to the moduli space geometry of improved
bifundamentals, a distinguished class of 3d A/ = 2 theories that arise
naturally in the context of mirror symmetry with four supercharges.
We perform a detailed analysis of these moduli spaces using the Hilbert
series (HS) and the Superconformal Index (SCI) as primary computa-
tional tools.
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Chapter 1
Introduction

If it turned out that some physical system could not
be described by a quantum field theory, it would be
a sensation; if it turned out that the system did not
obey the rules of quantum mechanics and relativity, it
would be a cataclysm.

— Steven Weinberg, The Quantum Theory of Fields, Volume I 6]

Quantum Field Theory (QFT) is the most comprehensive framework developed to
understand fundamental physics, successfully unifying quantum mechanics with special
relativity and providing the mathematical foundation for the Standard Model. Nearly a
century after its first formulation |7-10], QFT continues to find applications across an
extraordinary range of physical phenomena, from nuclear and condensed matter physics
to cosmology. Yet despite these successes, generic interacting QFTs remain analytically
intractable beyond perturbation theory, and it is precisely in this non-perturbative regime
that the richest physics often lies.

The obstacles are well-known. Non-perturbative dynamics, such as confinement, chi-
ral symmetry breaking, and the structure of infrared (IR) fixed points, resist analytic
treatment in generic gauge theories. Scalar masses suffer from quadratic ultraviolet (UV)
divergences, rendering low scales unnaturally fine-tuned [11]. Determining whether a
symmetry is broken dynamically, counting vacua, or identifying phases requires tools
that generic QFTs simply do not provide.

Restricting to theories with extra spacetime symmetry, namely supersymmetry (SUSY)
[12-15], transforms this landscape dramatically. Beyond its phenomenological appeal,
SUSY provides an analytically controlled setting in which non-perturbative questions
become tractable, making it an ideal laboratory for understanding strongly coupled dy-
namics. The key advantages are the following. First, in a supersymmetric quantum
field theory, bosonic and fermionic loop contributions cancel in the UV, eliminating
quadratic divergences in scalar masses and leaving only a milder logarithmic sensitiv-
ity to high scales [16]. Second, SUSY combined with holomorphy leads to powerful
non-renormalization theorems: superpotential couplings are protected beyond specific
orders, and certain BPS-protected quantities are exactly computable [17H19]. Third,
SUSY allows the definition of the Witten index, a topological invariant that counts su-
persymmetric vacua and constrains the patterns of dynamical symmetry breaking [20-
22|. It is in this spirit that the present thesis is written.
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Three-dimensional supersymmetric theories. In this thesis we focus specifically
on QFTs in three spacetime dimensions. While lower-dimensional theories might seem
less directly relevant to phenomenology, three-dimensional supersymmetric gauge theo-
ries have proven to be an extraordinarily rich and tractable setting for exploring non-
perturbative physics, for several reasons [23-25].

To begin with, three-dimensional gauge theories possess a topological symmetry, also
called magnetic symmetry U(1),, which is exact at the quantum level for Abelian gauge
groups and has no four-dimensional analog. This symmetry is generated by the conserved
current J = xF', and its charged operators, the monopole operators, are disorder operators
that create units of magnetic flux around a point in spacetime [26-30|. These operators
play a central role throughout this thesis, both as generators of the moduli space of
supersymmetric vacua and as the key objects exchanged under duality.

Furthermore, three-dimensional gauge theories admit Chern—Simons (CS) interac-
tions [31]: topological terms for the gauge field that give the photon a mass, lift the
Coulomb branch, and modify the statistics of charged particles through flux attachment.
CS terms are constrained by quantization conditions and are generated at one loop when
massive fermions are integrated out [32-34], creating a rich interplay between matter con-
tent, CS levels, and the quantum structure of the moduli space. Theories with both CS
interactions and matter, called CS-matter theories, exhibit a landscape of IR dualities
that is significantly richer than their four-dimensional counterparts, and remains only
partially explored [24, [35].

Finally, and perhaps most importantly for this thesis, three-dimensional N' = 4
and N' = 2 gauge theories exhibit mirror symmetry: a duality that exchanges the
Coulomb branch and Higgs branch of the moduli space, swaps mass parameters with
Fayet-Iliopoulos terms, and maps perturbative degrees of freedom on one side to non-
perturbative monopole operators on the other [36-39|. Mirror symmetry has its origins
in string theory, where it can be derived through SL(2,7Z) transformations of Type IIB
brane configurations [40|, but its consequences for field theory are profound and far from
fully understood, especially once CS interactions are included and supersymmetry is re-
duced from N =4 to N = 2.

State of the art and open problems. For A/ = 4 theories, mirror symmetry is by
now well-established. For linear quivers with unitary gauge groups, the mirror dual can
be derived systematically via Hanany-Witten brane moves |40, 41], and this has been
extended to circular quivers, orthosymplectic quivers, and quivers involving orientifold
planes [37, 42-44]. A systematic algorithmic approach to N' = 4 mirror symmetry,
based on the SL(2,7Z) action on Abelian theories and a set of local duality moves—the
so-called dualization algorithm—was developed in recent years |45, 46| and provides a
powerful machine for generating mirror pairs.

However, extending this technology to N/ = 2 theories with Chern—Simons interactions
presents significant new challenges. Reducing from N' = 4 to N' = 2 by turning on
real mass deformations generates CS terms and breaks the symmetry between the two
branches, making the structure of the mirror dual much harder to control [23|. Prior to
the work underlying this thesis, the mirror duals of general N' = 2 SQCD-CS theories
with both fundamental and anti-fundamental matter were not known systematically:
results existed for special cases [47-55], but no algorithmic framework was available to
treat general CS levels and matter content in a unified way. The first paper underlying
this thesis [1] established the existence of planar Abelian mirror duals for a broad class
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of N' = 2 SQCD-CS theories, providing the foundation for the algorithmic treatment
developed subsequently in [2].

A related open problem concerns a distinguished class of N = 2 theories known as
improved bifundamentals. The families of these theories, denoted in this thesis by
FTy, FMy, FEy, FCy, FHy and their variants, arise naturally as building blocks
in mirror symmetry with four supercharges |56, 57|, playing a role analogous to that
of the T[SU(N)] theory in N' = 4 contexts. Despite their importance, a systematic
understanding of their moduli spaces was lacking: the geometry of the Coulomb and
Higgs branches, possible symmetry enhancements at the conformal fixed point, and the
operator content of these theories had not been worked out in detail.

Finally, a third open direction concerns the extension of duality ideas beyond su-
persymmetry. In recent years, bosonization dualities in 241 dimensions, relating CS
theories coupled to bosonic matter to CS theories coupled to fermionic matter, have at-
tracted enormous attention |29, 58-63|, connecting to condensed matter phenomena such
as the quantum Hall effect, composite fermions, and dualities of topological insulators |64,
65]. For QEDs-type Abelian theories, a rich web of such dualities is now established [61,
66-68|. For non-Abelian CS-QCD theories with both bosonic and fermionic matter si-
multaneously present, however, the structure of bosonization dualities was only partially
understood |66, 69-71], and explicit proposals with broad ranges of gauge groups, CS
levels, and flavor content were largely missing.

Summary of results. This thesis addresses all three open problems described above.
The work is based on five publications |1H5] and is organized as follows.

Chapter|[3 develops a systematic, algorithmic framework for deriving the mirror duals
of N' =2 SQCD-CS theories with matter. The starting point is the known N = 4 mirror
pair for SQCD with F' flavors. By turning on carefully chosen real mass deformations, one
generates CS terms and reduces supersymmetry to A/ = 2, obtaining a new class of mirror
pairs we call chiral-planar duals. The key technical advance is the identification of the
correct N = 2 analog of the SL(2,7Z) S-wall, together with a set of fusion and gluing rules
that allow the dualization algorithm to be extended to CS-matter theories. The resulting
algorithm is both systematic and predictive: it applies uniformly to theories with a specific
CS level, with both fundamental and antifundamental fields, and with arbitrary gauge
group ranks, while yielding non-trivial statements about the IR dynamics of theories
that would otherwise be inaccessible. We illustrate the algorithm through a broad set
of examples, including theories with unitary and special unitary gauge groups, as well
as non-constant rank quivers. Moreover, we further investigate the landscape of NV = 2
CS-SQCD by turning on mass deformations and following the corresponding flows, and
we propose new mirror duals for U(N); SQCD with F' fundamentals, for arbitrary values
of the parameters N, k, and F'.

Chapter [ ventures beyond supersymmetry and proposes a family of new bosonization
dualities for non-supersymmetric 3d CS-QCD theories with both bosonic and fermionic
matter simultaneously. The motivation comes partly from the SUSY results of the earlier
chapter: in many cases, non-supersymmetric dualities can be obtained by taking appro-
priate decoupling limits of supersymmetric ones. The proposals are supported by a broad
range of consistency checks, including matching of gauge-invariant operators, compati-
bility with mass deformations and RG flows, consistency with known Abelian dualities
in special limits, particle-vortex duality, and derivation of TQFT dualities from mass
deformations. We also make progress towards the purely fermionic case, which presents
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new challenges not present in the purely bosonic one.

Chapter[jis devoted to the moduli space geometry of improved bifundamentals. Using
the Hilbert series (HS) and the Superconformal Index (SCI) as primary computational
tools, we carry out a detailed analysis of the Higgs and Coulomb branches of the theories
FTy, FMy, FEy, FCy and FHy, at generic N. The Hilbert series allows us to read off
the generators and relations of the chiral ring, identify the geometry of the moduli space
as an algebraic variety, and detect unexpected symmetry enhancements. For the N = 2
cases we find a rich pattern of such enhancements, including an exceptional model F'E,
whose moduli space geometry is governed by an exceptional Lie algebra. These results
provide new data on the operator spectrum of these important theories and clarify their
role in the broader network of N' = 2 mirror symmetry.

Taken together, these three directions share a common theme: the use of duality as a
precision tool for extracting exact non-perturbative information about strongly coupled
quantum field theories. Mirror symmetry, moduli space geometry, and bosonization dual-
ities are all facets of the same underlying insight: apparently different QFTs can describe
identical physics in the IR, and the techniques developed in each part of this thesis rein-
force and inform the others. The remainder of the thesis begins with Chapter [2| which
reviews the theoretical background necessary to follow the subsequent developments, in-
cluding N/ = 2 SUSY in three dimensions, quiver gauge theories, the main IR dualities,
and the localization techniques used to compute partition functions exactly.
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Chapter 2

Basics of supersymmetry and quiver
gauge theories

In this chapter, we briefly review several topics in supersymmetry that will be used
frequently throughout the rest of the thesis. Since the main results of the PhD concern
QFTs in three spacetime dimensions, we mainly focus on 2+ 1-dimensional SQFTs.

The chapter is organized as follows. In section we review the basic building blocks
of 3d N' = 2 gauge theories: the field content, the possible lagrangian interactions, the
structure of the moduli space of vacua, and the role of monopole operators. Section
introduces the quiver diagram notation that will be used to compactly describe the gauge
theories studied in this thesis. In section 2.3l we review the infrared dualities that form the
backbone of our analysis: Seiberg duality in 4d, Aharony duality and its Chern—Simons
deformations (Giveon-Kutasov duality) in 3d, and mirror symmetry. Finally, section
presents the technique of supersymmetric localization, which provides the exact partition
functions used to test the dualities in the subsequent chapters.

2.1 Quick review of (24+1)D N = 2 theories

In this section we review the matter content and properties of 3d theories with four
supercharges, following mainly [23-25, 72|. This class of theories has the same num-
ber of supercharges as 4d A/ = 1. The reason we are not interested in 3d N = 1
theories is that A/ = 1 in 3d carries only two real supercharges, which is too few to
exploit holomorphy in the superpotential. The connection between supersymmetry and
holomorphic non-renormalization theorems requires a complex structure on superspace,
which in turn requires at least four real supercharges. Without this, we cannot control
the non-perturbative dynamics. Instead, similarly to the 4d case, theories with four su-
percharges possess holomorphic objects and non-renormalization theorems, which enable
us to compute some properties of these theories exactly.

The SUSY algebra of these theories follows simply from reducing d = 4 N = 1
supersymmetry down to three dimensions; for a review of the 4d algebra, see for example
Chaps. 2-3 of [73]:

{Qu, Qs} ={Q0,Qs} =0, {Qu,Qp} =20%5P, + 2ieasZ, (2.1)

where the 0% are chosen to be real and symmetric. The quantity Z is a real central term,
which in the dimensional reduction viewpoint corresponds to the momentum P; in the
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reduced direction. The spinors Q and ) are complex, and thus include twice the minimal
number of charges in three dimensions. The notation @ and @ is not strictly necessary
in 3d: the 3d Lorentz group SO(1,2) has only real spinor representations, so there is no
notion of chirality and @, and @, are related by complex conjugation rather than being
independent spinors. Equivalently, there is no v° matrix in 3d. We nonetheless keep this
notation to maintain consistency with the 4d formalism and to make the U(1)g charge
assignments manifest. If we define two complex spinor coordinates 6,0, a standard
choice for the supercharges is

Qo= gz~ (sl Qo= oo+ ()5 22)
where Einstein summation convention is understood. Also, v* for a = 0, 1,2 are the 3d
gamma matrices that satisfy the Clifford algebra {v%,+*} = 2n® in Minkowski signature
n® = diag(—, +, +).

The automorphism of this algebra is U(1)g, rotating the supercharges: under U(1)g,
the supercharges @, and @, transform with charges +1 and —1, respectively.

2.1.1 SUSY multiplets
Similarly to 4d, we have chiral superfields
X = (9,0, F) (2.3)

with ¢ a complex scalar, ¢ a complex fermion, and F" an auxiliary scalar field, satisfying
D, X = 0; we also have anti-chiral superfields

X = (0,0, F), (2.4)
satisfying D, X = 0, where a standard choice for the covariant derivatives D and D is
Da= o i87(1)asas D= — e — i0°(1")asl (25)
00 00«
which satisfy the algebra
{Da: Ds} = =2i(v")apOas  {Da; Dg} = {Da, Ds} =0, (2.6)

and the D commute with the @) in all combinations.
There are also vector superfields satisfying the reality condition V = V1, whose matter
content is

V = (0,A;, \,\, D) (2.7)

whose lowest component ¢ is a real scalar field, coming from the compactification of the
Ag component of the 4d gauge field, while A; is the 3d gauge field, A and A are the
2-component Majorana fermions (which may equivalently be written as a single Dirac
fermion A = X +4A) and D is the auxiliary scalar field. In addition, we can have real
superfields ¥ satisfying the following conditions

e DoDpY = e*’D,D3¥ = 0, (2.8)
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where €7 is the 2 x 2 antisymmetric tensor with £%! = +1, whose lowest component is a
real scalar field. Such superfields are called linear and have the matter content

= (OZajia)\ZvDE)v (29)

where oy, is a real scalar ﬁeldH Condition ([2.8) implies that the spin 1 field j; is actually
a conserved current:
0,7% =0, (2.10)

so that linear multiplets are the ones containing conserved currents.
All physical states satisfy a Bogomol'nyi-Prasad—Sommerfield (BPS) bound of the
form |74]
M >1Z|, (2.11)

where M is the mass (eigenvalue of P?), and Z is the central charge appearing in (2.1)
An important comment regarding Abelian gauge theories in 3d: the photon A; may
be dualized into a scalar v as

&q = %Eiijjk, (212)
g

where ¢ is the gauge coupling and F7* is the field strength of A; ﬂ The scalar y is called
dual photon |75, and is periodic v ~ v + 27 as a consequence of the quantization of the
magnetic flux. Now, we can define a current

Ji = €¢ijjk, (2-13)

which is identically conserved by the Bianchi identity and generates a “magnetic” global
symmetry U(1),, corresponding to shifts of 4. This symmetry is ezact only for Abelian
gauge groups. The current (2.13)) sits in the linear multiplet

5= _%saﬂ D.D;V, (2.14)

where V' is the vector multiplet containing A;. The SUSY version of this duality turns
the vector multiplet V' into a chiral multiplet, whose lowest component is given by

2
X =exp (L; + z"y) : (2.15)
9

where o is the lowest component scalar of V. As we will see, X parametrizes the Coulomb
branch of the moduli space. In the presence of charged matter fields it is not known how
to dualize the photon.

2.1.2 SUSY lagrangians

We have reviewed the basic ingredients that enter into a theory; now we need to combine
them and write down the theory Lagrangian. To do so, we employ the superspace formal-
ism |14} |17, 7678, which gives us a compact way to write a SUSY invariant Lagrangian.

'We use the subscript ¥ to distinguish the scalar component of the linear multiplet from the real
scalar o appearing in the vector multiplet V. In what follows we will often drop the subscript when the
context makes the distinction clear.

2With this normalization, Dirac flux quantization /. g2 F' € 277 implies the periodicity v ~ v + 27.
Other conventions, differing by the rescaling of 7, appear in the literature.
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For a generic gauge theory with gauge group GG, we can define chiral and anti-chiral field
strengths, similar to 4d:

1— — 1 _
W, = —ZDDe’VDaeV and W, = —ZDDe’VDaeV, (2.16)

where V' is the vector multiplet, containing a real scalar in the adjoint of the group G,
as well as two real fermion gauginos. The classical gauge kinetic terms, which include a
kinetic term for the scalar ¢, can be written as

1
Lyauge = e / d*0 Tr W2 + h.c. (2.17)

In 3d, the fermionic coordinate 6 has dimension —%, chiral superfields have dimension —i—%
and vector superfields have dimension 0, giving a dimension of —|—% for W,; since the gauge
coupling 1/g* carries mass dimension —1 in three dimensions, the Lagrangian term has
the correct dimension 3. In particular, the gauge coupling is a relevant parameter and 3d
gauge theories are asymptotically free. Also, the gauge field and real scalar are neutral
under the U(1)g symmetry, while the complex fermion has a charge we will normalize to
+1.

If we have matter multiplets ()¢ in representations R; of the gauge group, we also
have the matter term

Lonatter = Z/d%ﬂ@ QheV Qs+ (/ POW(Qy) + h.c.> (2.18)
!

where the superpotential VW is a holomorphic function of the matter fields Q)y. Since V'
includes a term o6 for the real adjoint scalar o, the Lagrangian includes a potential term
for the squarks of the form

> eQsl. (2.19)
!

Note that in , the label “Q);” denotes the lowest scalar field of the superfield Q)
(this will always be the case when we work with potential terms or vacuum expectation
values). If o acquires a vacuum expectation value (VEV) (o), this appears as a “real
mass” for the matter fields. This is an important point, and we will come back to it later.
Suppose that the gauge group contains an Abelian factor U(1), and call ¥ the vector
multiplet containing the corresponding gauge field A. Since the D-component D of V is
gauge-invariant, we can add another term called Fayet-Iliopoulos (FI) [79]

Lpr=ED = §/d29 0V, (2.20)
where the FI parameter £ is real.

We can also couple V to some background vector superfield V}, corresponding to some
U(1) global symmetry. We can then add the following term to the Lagrangian

Lpr = /d20d29‘vb2 = /d29 d*0 SV, (2.21)

which is the SUSY completion of a classical BF term [80]. ¥ and ¥, are the corresponding
linear multiplets defined as in ([2.14)).
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SCFT

Figure 2.1: Classical moduli space of a U (1) N = 2 gauge theory, parametrized by the
real scalar ¢ and complex mesons M ~ QQ.

Now, remember that in 3d we can define the dual photon as 0;y ~ Eijkfjk , SO it is
natural to interpret the FI parameter ¢ appearing in (2.20), as the lowest component of
the background vector superfield V; corresponding to the U(1); topological symmetry. In
3d the FI term is then interpreted as a BF term between the U(1) gauge symmetry,
and the U(1); topological symmetry.

Finally, we can add the SUSY completion of a Chern—Simons (CS) interaction |31,
81] to the Lagrangian, which takes the following form:

Los=k / d*0 >0 %V . (2.22)

A CS interaction also exists for non-Abelian gauge groups; see for example [82} 83]. For
clarity, let us also write the A = 2 CS term for gauge group U(N) at level (k,k + IN),
with £ and [ both integers:

21 _
ﬁCSZ%Tr(AAdA—?ZAAAAA—QDU+)\)\)
T

IN . . R .
+—(ANdA—2D6 + M))
4dr
where the “hatted” variables are the U(1) trace parts: flu = +TrA,, 6 = +Tro, A =
%Tr)\, D= %TID.

2.1.3 Moduli space of 3d SUSY gauge theories

Let us now turn to the possible vacua of a 3d SUSY gauge theory. These vacua must be
described by the VEVs of the scalars in the theory. To have a SUSY-preserving vacuum,
the energy must be zero, and in particular the scalar potential must vanish. Because
of condition (2.19), the choice (Qf) # 0 requires (o) = 0 and vice-versa. If we have
matter fields @)y and Qf with charges +1 and —1 under the U(1), then we can use the
gauge-invariant mesons M ~ QQ to parametrize the vacuum. Therefore, the complete
classical moduli space of vacua generally consists of distinct branches:

e A Coulomb branch C with (¢) # 0 and (M) =0

e A Higgs branch H with (¢) =0 and (M) # 0
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Similarly to 4d, we can have mized branches where both (M) # 0 and (o) # 0, and
condition is still satisfied. At the origin of the moduli space ({(¢) = (M) = 0), there
is a fixed point of the renormalization group (RG) flow where both SUSY and conformal
symmetry are preserved. The resulting interacting theory is called a superconformal field
theory (SCFT), as shown in figure 2.1} At such a fixed point, the symmetry algebra is
enhanced from the Poincaré superalgebra to the superconformal algebra osp(2|4), whose
bosonic part is SO(3,2) x U(1)g.

Quantum corrections modify the classical picture above. The Coulomb branch receives
both perturbative and non-perturbative corrections, and new degrees of freedom are
needed to describe the quantum moduli space. More precisely, the Coulomb branch is
classically a cylinder R x S parametrized by the complexified coordinate ® = 2wo +ig*~,
where the dual photon v € S' has period 27r. Quantum corrections, which depend on
the running gauge coupling g, deform the metric on the Coulomb branch and can change
its topology: in particular, one-loop effects generate a non-trivial metric on the Coulomb
branch, while monopole-instanton effects can generate a superpotential lifting it entirely
(see discussion below). Note that the Higgs branch is protected from quantum corrections
in theories with eight or more supercharges (N° > 4 in 3d) by a non-renormalization
theorem [84]: in those theories the gauge coupling cannot appear in the Higgs branch
metric because it transforms as a Coulomb branch background field. In NV = 2 theories
(four supercharges), this argument does not apply and the Higgs branch metric does
receive quantum corrections; however, the holomorphic data we will be interested in
throughout this thesis — the chiral ring and the complex structure of the moduli space
— are protected by holomorphy and the standard non-renormalization theorems for the
superpotential. The Higgs branch is also invariant under the topological symmetry U(1),,
which acts as shifts of the dual photon . As a consequence, the radius of the S* factor
of the Coulomb branch must vanish at the intersection with the Higgs branch.

The Coulomb branch of a 3d N = 4 theory is a hyper-Kéahler manifold of quaternionic
dimension r¢ (the rank of the gauge group), i.e. complex dimension 27, since each
Cartan direction supports three real scalars and the dual photon |19} 36, [85]; the Coulomb-
branch chiral ring is identified with its coordinate ring. In N" = 2 language, the coordinate
ring is generated by the monopole operators and the scalar o on the Coulomb branch,
subject to the chiral ring relations. This connection, between the algebraic structure of the
chiral ring and the geometry of the Coulomb branch, is the reason Hilbert series methods
(reviewed in section are such a powerful probe of the moduli space: counting chiral
operators with their quantum numbers is equivalent to computing the coordinate ring of
the branch as an algebraic variety. As observed in 86|, for large o one can systematically
parametrize the Coulomb branch by the VEV of the chiral superfield V = e®/ 9", Thus
the Coulomb branch splits into two regions and the quantum moduli space looks like the
intersection of three cones, as in figure 2.2l The o > 0 half of the Coulomb branch is
parametrized by a field V*, which semi-classically is given by V't ~ ¢®/9°. The other half
is parametrized by another variable V~, which semi-classically is given by V= ~ e~%/ 9
The topology of the Higgs branch is not changed by quantum corrections, so we can still
parametrize it with the mesons M.

For a 3d N = 2 gauge theory, non-perturbative monopole-instanton effects can gener-
ate an Affleck-Harvey-Witten (AHW) type superpotential [87]. The prototypical example
is pure SU(2) gauge theory: on the Coulomb branch, where SU(2) is broken to U(1), the
't Hooft—Polyakov monopole becomes a finite-action instanton, and it contributes

Winst ~ 6—@)/92 s (224)
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Figure 2.2: Quantum-corrected moduli space of a U(1) N' = 2 gauge theory,
parametrized by the complex fields V* and complex mesons M ~ QQ.

where ® = 270 + ig*y is the complexified coordinate of the unbroken U(1) (the Weyl
symmetry allows us to restrict to o > 0), and we recognize e~®/ 9 as the semi-classical
expression of the monopole operator. This runaway superpotential lifts the Coulomb
branch completely, and the pure theory has no stable vacuum. Note that the mechanism
crucially requires a non-Abelian gauge group: in pure N’ = 2 U(1) Maxwell theory there
are no finite-action monopole-instanton configurations and the photino is neutral, so no
superpotential can be generated and the Coulomb branch cylinder is exact (the theory is
free).

For a general semisimple gauge group G, as argued in [37], the superpotential at weak
coupling is generated by the fundamental monopoles associated with the simple roots «;

of the Lie algebra:
rank G

Winst = Z eiai'(b . (225)
=1

It is worth stressing that this is the result on R*. If the 3d theory arises from the
compactification of a 4d theory on R? x S!, there is one additional fundamental monopole-
instanton, the Kaluza—Klein (or “affine”) monopole, associated with the affine simple root.
For SU(2) this produces the two-term superpotential W ~ e=%® + net®?® (with n the
4d instanton factor), whose two critical points are precisely the two vacua of 4d N =1
SU(2) gauge theory generated by gaugino condensation.

In the presence of matter fields, the contribution of a monopole background to the
superpotential depends on the counting of fermionic zero modes: for a monopole-instanton
to contribute to the superpotential, i.e. to saturate the Grassmann integration [ d?6, it
must support exactly two fermionic zero modes. In a %—BPS monopole background two
such modes are always present, obtained by acting with the broken supercharges on the
bosonic solution; any additional zero mode forces the contribution to vanish, since the
corresponding Grassmann integrations cannot be saturated.

The zero modes are counted by the Callias index theorem [88|: in a background of
GNO charge m, the gauginos support 23 |a(m)| zero modes, while the fermion in
a chiral multiplet in representation R supports > _p[p(m)| zero modes. For the funda-
mental monopole of SU(2), for which }__,|a(m)| = 1, the gauginos provide exactly the
two required zero modes, so the AHW superpotential is generated in the pure gauge the-
ory. Adding Ny flavors, i.e. 2N chiral multiplets in the fundamental representation (each
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contributing one zero mode, since the two weights satisfy [p(m)| = 1), the same back-
ground supports 2 4+ 2Ny zero modes, and the direct contribution to the superpotential
vanishes for Ny > O.E]

2.1.4 Anomalies and Chern—Simons terms

Unlike in 4d, in three dimensions there are no local gauge anomalies. However, as observed
in |32} [34], gauge invariance in odd dimensions can require the introduction of a classical
CS term which breaks parity. As mentioned before, for a single U(1) gauge group this is

Los =k / d*0 d*0 2V (2.26)

If £ # 0, this term breaks parity. This is referred to as a “parity anomaly”. At the
quantum level, if we give mass to the fermions and integrate them out, the CS parameter
k receives an additional contribution, coming from a one-loop diagram with charged
fermions running in the loop:

1 .
k‘eff =k+ 5 ; q]% 81gn(Mf), (2.27)

where the sum runs over the fermions, gy are the charges of the fermions and M; is the
fermion mass. Gauge invariance restricts the CS terms as k.sr € Z.E] Then, the bare CS
coefficient £ must satisfy

1 2
kit g ; @} € L. (2.28)

In particular when ) f q]% is odd, k # 0 and parity is necessarily broken. A similar parity
anomaly may be defined for non-Abelian gauge theories [33] 34]. In this case, if we call
G the non-Abelian gauge group, the condition on the classical CS term k is

1
bt 5 Zf: ds(Ry) € Z, (2.29)

where the sum is over all fermions f in representations Ry of G and d3(Ry) is the cubic
index of R, normalized so that the N of SU(N) has d3(N) = 1. Again, when >, d3(Ry)
is odd, k # 0 and parity is necessarily broken. The parity anomaly gives a (weaker)
't Hooft anomaly matching condition [89] in 3d: whether or not the global symmetries,
when weakly gauged, suffer from a parity anomaly must match between the microscopic
theory and the IR theory it flows to.

It is also interesting to point out that the CS term gives the photon a mass, lifting
the Coulomb branch discussed earlier.

3Physically, these extra zero modes are “soaked up” by the matter fields. In such theories, portions
of the Coulomb branch can remain unlifted and become coordinates of the IR effective theory.

4The reason integrating out a massive fermion generates a half-integer shift is that the fermion path
integral requires a Pauli-Villars (PV) regularization, and the PV regulator field itself carries a CS term
at level £1/2. When the fermion is integrated out, this regularization-induced contribution survives and
shifts k by +1/2, yielding the half-integer quantization condition.
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2.1.5 Monopole operators

When describing the moduli space, we mentioned that the quantum corrected Coulomb
branch may be parametrized in the low-energy effective theory, by the chiral operator
X ~ ¥ where ® = 270 + ig?~. It is natural to ask whether we can also construct
local operators in the high-energy gauge theory that would flow to X. Note that the
insertion in the path integral of the operator exp(i7y(z)) creates one unit of magnetic flux
through the S? that surrounds the point x. This relates the operator X to a “monopole
operator”, which is defined as a disorder operator, obtained by removing the point x and
requiring that we sum over gauge field configurations that have one unit of magnetic flux
through the S? around the point z [26-28, 90|, |91]. The field o should have around x the

singular behavior
1

~_ 2.30
2|z —y| (2:30)

a(y)

This definition preserves half of the supersymmetry, so that it defines a chiral operator,
and it flows to the Coulomb branch coordinate X at low energies. More generically, for
a monopole with magnetic charge m, the singular behavior is

m

o(y) (2.31)

2w -yl
for y — x. The proportionality between ¢ and the magnetic charge is fixed by the BPS
equation D;o = B;, which descends from the requirement that the configuration preserves
half of supersymmetry; the numerical coefficient 1/2 then follows from the standard Dirac-
monopole solution B" = m/(2r?) with the conventional flux normalization [, F' = 2wm
[26, 92].

In a non-Abelian theory, the magnetic flux around x takes values in the Cartan subal-
gebra U(1)"¢ C G, where r¢ is the rank of the gauge group G, and is labeled by a weight
of the dual magnetic group G modulo Weyl transformations. For example, for the gauge
group U(NV,), the simplest monopole operator X+ breaks U(N.) — U(1) x U(N, — 1)
and carries one unit of flux in the U(1); its supersymmetric version also pushes one of
the eigenvalues of o to +00. In the effective theory, if we fix o; to be larger than all
other eigenvalues, this operator flows to X ~ exp(oy/g? + i7;). Similarly, there is an
operator X~ carrying (—1) units of flux in the U(1) that pushes one of the eigenvalues
of o0 to —oo, and which on the moduli space flows to X~ ~ exp(—oy,/g*> — iyn,). In
the special case of U(1) theories, these operators flow to the Coulomb branch coordi-
nates V1 ~ exp(+2n0/g* + iv) and V~ ~ exp(—27wc/g* — i7). Classically these obey
VTV~ = 1, but quantum mechanically this is modified. In particular, whenever there
are massless flavors, it is modified to V+V~ = 0F] Observe that the monopole operators
defined in this way only exist in the 3d theory, and are not well-defined at high energies in
the 4d theory on R? x S*. In that theory the o are compact and cannot be sent to infinity.
The 4d theory on S! does not have BPS 't Hooft line operators, and the chiral operators
X* only arise in the effective description at low energies. More generally, whenever there

5This is a non-trivial quantum result following from the structure of the quantum moduli space: the
presence of massless charged matter fields removes the classical identification of the two Coulomb branch
components, forcing them to meet only at the origin. Physically, the monopole and anti-monopole cannot
simultaneously exist as normalizable states in the Hilbert space when there are massless charged fields,
so their product vanishes in the chiral ring. The 3d N/ = 2 Coulomb-branch chiral ring is discussed in
detail in [23| [37, [93]; see also [86] for the closely related compactification analysis.
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is a compact region in the moduli space, there is no high-energy operator parameterizing
it.

Let us now comment on the charges of the monopole operators. For a theory with
connected gauge group G, the continuous topological symmetry is associated with the
Abelian factors of G (the conserved currents being xF' for each U(1) inside G); discrete
topological symmetries can also arise from 7 (G). As mentioned, the magnetic charge m
of the monopole is an element of the weight lattice I'gv of the dual magnetic group of
G, up to Weyl symmetry. The topological charge of the monopole operator J(m) is the
magnetic charge modulo elements of the coroot lattice of G. For example, if G = U(N),
the magnetic charge is

m = diag(my, ..., my) € Z" /S, (2.32)

the topological symmetry group is G; = U(1) and the topological charge is

J(m) =Tr(m) =Y m;€Z. (2.33)

If the theory has a CS term, the monopole operators carry also electric charges under
both global and gauge symmetries at the classical level. In general, the classical charges
of the monopole are given by

M) = kapMsg, (2.34)

where we defined M4 = {m;, m;, B;,0} all the magnetic charges allowed by supersymme-
try: m, for the Cartan subalgebra of the gauge symmetry, m; for the flavor symmetry,
B; for the topological symmetry and 0 for the R-symmetry. The k45 is the CS matrix, it
contains both the CS coefficients as well as the coefficients of the mixed CS interactions
between gauge and global symmetries. The formula is the statement that magnetic
charges, in the presence of CS interactions, lead to electric charges. The charges
receive quantum corrections of the form |27, 47]

QM) = 5 3 Qalil (). (2.35)
Ya

This formula arises from a one-loop computation in the monopole background: one must
evaluate the spectral asymmetry of the Dirac operator for each fermion ), subject to
the background o ~ m/2|x|. The absolute value of the effective mass counts the net
number of modes that shift sign as ¢ passes through zero, yielding a contribution to the
electric charge of the operator that is proportional to the charge of 1, and the spectral
flow [27, [88]. The sum runs over all fermionic fields 1, in matter chiral multiplets and
vector multiplets, of charge Q[1,] and a fermion “effective mass’ﬂ

mi (M) =" Qaltha] M . (2.36)

Note that the previous will give corrections to the gauge and global charges, as well as
the R-charge, of the monopole operator. Adding up the contributions, the total electric

6Remember from section that the potential contains an interaction V ~ |0 Q[¢)4]|. In a 1/2-
BPS monopole background the VEV of the real scalar ¢ is proportional to the magnetic charge as in
(2.31)), so that the effective real mass is proportional to the effective mass appearing here.
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charges of the monopole operators are
T(M) = kip(M)Mp, (2.37)
B
where kap is the effective CS level we already encountered in section ([2.1.4)):

k%ﬁ?(M) = kAB - %Z QAW}a]QB[wa] Sign (mZH(M>) . (238)
ta

An important quantity associated with a bare monopole operator is its trial R-
charge/conformal dimension, computed from the one-loop spectral asymmetry of the
fermions acquiring a mass in the monopole background [26] 94]. With chiral fields as-
signed R-charges r;, the general formula reads

AR = = 3 Jal)] + 5 (1) 3 1) (2.39)

a>0 i PiER;

where the first sum runs over positive roots «a of the gauge group (the gaugino con-
tribution, always non-positive) and the second sum runs over all chiral multiplets in
representations R; of the gauge group (the matter contribution). For N = 4 theories
the R-charges are fixed by the enhanced supersymmetry: the hypermultiplet chirals have
r =1, so their contribution reduces to 1 >, > 5, lpi(m)| with the sum running over the
hypermultiplets, while the adjoint chiral in the N’ = 4 vector multiplet has r = 1 and
drops out (the gaugino term is unchanged). In A = 2 theories the r; must instead be
determined dynamically (e.g. by Z-extremization) once mixing with global symmetries
is taken into account. Equation will play a key role in the analysis of the Coulomb
branch operators in the following chapters.

A final note: generically, and especially in theories with CS interactions, the monopoles
defined so far, which we shall refer to as bare monopole operators, are not gauge invariant
under the residual gauge group G,, (the monopole background has broken the gauge
group as G — G,,). These gauge-variant bare monopole operators may be dressed by a
polynomial in the residual matter fields to construct an operator that is invariant under
G.,. Concretely, consider a U(2), theory with a monopole background of GNO charge
(1,0), which breaks U(2) — U(1) x U(1). The residual gauge group is G,,, = U(1) x U(1),
and the bare monopole carries non-trivial charge under the first U(1) — equal to k from the
CS contribution plus a half-integer one-loop shift from the charged fermions.
Suppose for definiteness that the net charge under the first U(1) is +1. To dress it, one
multiplies by a residual matter field whose lowest mode in the monopole background car-
ries compensating charge —1 — the available dressing modes at a given magnetic charge
are precisely those zero modes of the Dirac operator in the monopole background with
the appropriate quantum numbers. The resulting dressed operator is then made fully
G-invariant by averaging over the action of the Weyl group Wg/We,, -

Charges of SUSY monopoles in quiver gauge theories

Now we briefly comment on how to compute the R-charge, the charges under global
symmetries and the representation under gauge symmetries of N' = 2 SUSY monopoles
in quiver gauge theories.

Consider first the case of a generic U(N ) rtin) gauge theory with ny fundamental
and n, anti-fundamental chiral fields:
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(k,k+IN)

i
Dl ®
Y

=
<[]

(2.40)

where X and Y are fugacities related to the S[U(A) x U(F)] global symmetry, and @ are
the gauge fugacities. The R-charge of a monopole operator with generic magnetic flux m

follows from (2.39):
Azml__[2|mz mj|+nf rf_l Z|mz|+na a_l Z|mz:| 241

i#j

where A parametrizes the mixing between the R-symmetry and the topological symmetry;
this is a free parameter at the level of the UV Lagrangian and, in the IR, is fixed by
Z-extremization. The quantities r;/, are the R-charges of the fundamentals and anti-
fundamentals. From , the gauge charge of the monopole, written as the polynomial
in the gauge fugacities Z; whose coefficients are the gauge weights of the bare monopole,
reads

Qgauge M) = Z (kZ +zZz> ml——z ng —ng) Zi |myl (2.42)

=1

As noticed in the previous section, one has also to take into account that the magnetic
flux m generically breaks the U(N) gauge symmetry. The unbroken gauge symmetry is
in general H,?Zl U(Mjy), with Zézl M), = N generated by a magnetic flux where the first
M; entries are equal, then the following M, are equal and so on. In this analogy the
parameters associated to the Cartans are the Z; 5y, for U(My), then Zys 1. w401, and
SO on.

In the present thesis, a crucial role is also played by quiver Abelian gauge theories
with mixed CS interactions and matter in bifundamental representation of pairs of gauge
groups. We are thus interested in the charges of monopoles in such quiver theories. We
will consider monopoles with non-vanishing magnetic fluxes for multiple gauge groups
and vanishing flux under global symmetries. In general, given an Abelian quiver theory
with the following data:

e 1, Abelian gauge nodes with gauge parameters u,;, i = 1,...,n,
e n; flavor nodes

e Global symmetry U(1)", not including topological symmetries (this may be the
Cartan of a larger non-Abelian symmetry). We denote as y,,a = 1,...,r the
corresponding parameters.

o CS levels k;, BF levels k;; and FI parameters A;.

e Bifundamental chirals «;;, which is in the antifundamental representation (charge
—1) under the i-th node and fundamental representation (charge +1) under the
7-th node
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e Antifundamentals Bm and fundamentals [3,;

We consider a monopole with gauge fluxes m = (my,...,my,). The charges of the
monopole under the gauge and global symmetries can be encoded in a polynomial of the
fugacities. We adopt here the additive conventions natural to the S; partition function
reviewed in section : Q = b+ b7!, with b the squashing parameter, and R-charges
enter through the imaginary shift (R — 1)’Q of the corresponding real mass parameters.
The polynomial reads:

_“(Dm mA( Rlaij) - >7Q—w+uj+ZQm[“”]y’”)

+ Z |mz ( Bza - 1) 2Q —Uu; + Z Qm[/éia}ym)
N " (2.43)
+Z|ml ( Bla_1)§+ul+ZQmﬁza m))
Bia
- g; kimgu; + ; Aim; — % ; Kij(miug + mju;)

where @, is the charge under a global symmetry U(1),, C U(1)" and R[a] is the R-
charge of (the lowest component of) the chiral multiplet «; the shift R[] — 1 accounts
for the fact that it is the fermion in the multiplet that acquires a mass in the monopole
background. The first line in corresponds to the contribution coming from the
bifundamentals, the second and third lines correspond to fundamentals and antifunda-
mentals, respectively, and the last line corresponds to the contributions from CS terms,
FI terms and BF terms. In these conventions the FI parameter \; also encodes, through
its imaginary part proportional to =¢, the mixing of the i-th topological symmetry with
the R-symmetry. The charges of the monopoles under the various symmetries are given
by the corresponding parameters’ coefficients, where the R-symmetry is instead the pure
number obtained, i.e. the one that does not multiply any parameter.

Chern—Simons fields coupled to fermions

Here and in the following subsections we recall some known results regarding non-supersymmetric
monopole operators, which will be vastly employed in Chapter[dl Consider a gauge theory
with /Ny massless fermions v, described by the Lagrangian

Z i) 1D 4, +5 AdA (2.44)

where A is a U(1) gauge field, and kg is the bare CS level, quantized as an integer. The
presence of fermions and the CS term implies an anomaly in the time-reversal symme-
try T [95, 96]. When quantizing the theory, a regulator for the fermion determinant
that explicitly breaks time-reversal invariance (e.g., Pauli-Villars regularization, see also
footnote |4)) introduces a phase exp (—%U(A)) in the partition function, where 7 is the
APS n-invariant [95]. For our purposes, this phase can be interpreted as a shift in the
bare CS level of U(1)4 by —=L, accompanied by the addition of a mixed gravitational
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CS term —N; C'S,, which avoids Dirac string singularities [96]. We denote this theory as
U(1)k,—n,/2, where the subscript & = kg — N;/2 represents the shifted CS level, which
can be a half-integer.

Introducing a real mass m for all fermions and integrating them out generates a CS
interaction. At low energies, the effective CS level becomes

kig = ko — % + %sign(m), (2.45)

which is always an integer. Additionally, a gravitational CS term is induced:
Ny CS,sign(m). (2.46)
Of particular interest is the case of vanishing bare level, kg = 0, i.e. & = —Ng/2.

When a positive mass (m > 0) is turned on for all fermions, the flow leads to a trivial
theory with a vanishing Lagrangian (k;g = 0 and no gravitational CS term). Conversely,
a negative mass (m < 0) results in:

N
—4—fAdA — 2N; CS,. (2.47)
7

Via the level-rank duality U(1)_n, <> U(Ny)i, this gapped phase admits an equivalent
description as a U(Ny); TQFT, up to gravitational counterterms |96} 97|. Time reversal
acts on a fermion as:

TP — i+ iAdA +2CS, (2.48)

In the present thesis a major role is played by quiver-like theories, where fermions can
be charged under multiple gauge groups. Consider then a U(1)® x U(1)® gauge theory
with a fermion 1 of charge +1 and —1 under the two gauge groups, bare CS levels kg,
and ko p and mixed CS level kg -

_ ko k Ko.q
L=ipD, b+ ~ada + ~22bdb + -2 qdb, (2.49)
47 AT AT
the regularization of the fermion determinant produces a —% shift for the gauge field a—b:
1 1 1 1
——(a — —b)=—— - — — 2.
o (a —b)d(a —b) 87Tada S bdb + 47Tadb (2.50)
resulting in the shifted levels:
1 1
ka = kO,a - 5 ) kb = k:O,b - 5 ) kab = kO,ab +1. (251)

Furthermore a mass deformation for the fermion produces an additional i% shift in the
CS levels kg, k, and a F1 shift in the mixed CS level k.. In the quiver notation used
throughout this thesis the theory (2.49)) and its mass deformations are denoted as followsﬂ:

L O, meo
®TAM—® ky e @ /c:[il @ - m < O (252)
kaq— !

where here and in the following a red arrow within the quiver will denote a fermion,
electrically charged under the nodes it connects. See also Section [2.2]for our quiver gauge
theory conventions.

"In the quiver notation used in this thesis we do not keep track of background gravitational CS levels
CS,.
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Quantum numbers of monopole operators

At the start of this section, we reviewed the definition of a monopole operator of unit
topological charge as the integral over field configurations with a Dirac singularity at a
point p € R3, such that a unit magnetic flux passes through any S? surrounding p. This
results in an operator O(z) with operator product expansion (OPE) with J#:

1 at
A7 |x|?

JH(x)0(0) O(0) + less singular terms. (2.53)

The quantum numbers of these monopole operators can be determined by analyzing
the fermionic zero modes in the radially quantized theory with flux along S? |26, 98].
The contribution from fermionic zero modes to the gauge charge of the monopole can be
encoded in an effective shift of % to the CS level for each charged fermion. Therefore in
a U(1)y theory with N; fermions the gauge charge of a monopole with GNO flux +1 is
k + %, which is equal to the bare CS level ky. Gauge invariant operators can then be
constructed by dressing this bare monopole with (derivatives of) fundamental charged
fields.

This analysis can be extended to theories with multiple gauge groups, as an example
consider the theory with two gauge nodes ([2.49):

OO, (2.54)

The fermion is charged under a — b and its zero mode contributes as a % shift to the CS
level of a — b, which is equivalent to a % shift for the CS levels k,, k;, and a —1 shift to
the mixed CS k. Consider a generic bare monopole 9t with fluxes n under U(1), and
m under U(1),, denoted as 9™™. Gauss’ law dictates that the monopole carries gauge

charges (n(kq, + 1) + mw, m(ky + 1) + n(kLQ_I)) under U(1), x U(1),. We write:

Q [mm™] =n@ [MHD] + mQ [MO)]

1 kg —1 kay — 1 1
= ka a 7k a

:<M%+é)+mgﬂgilm%y%;+ﬂg@§i§

Gauge-invariant states can be constructed by dressing with modes of ¢ (or ) in very
specific cases. Since ¢ has charges (+1,—1), a monopole dressed p times with ¢ and ¢
times with v has charge:

Q [fm(n’m)@bplzq} = (n(k’a + 1) + m—(kab —1) +p—q, m(ky, + 1) + n—(kab )

2 2 2 2 +q_p)

(2.56)
As an example, for k, = k, = % and kg, = —1 the monopoles M0 9,4) and M) 9,1)
are gauge invariantﬂ:

-1 Q [MH99,4] = (0,0),
@f@ 1 - Q %gﬁ(oﬁ-)@.lﬁ _ ( 70) (2.57)

8Here 0, denotes a generic set of derivatives.
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Throughout Chapter [4] of this thesis, we write dressed monopoles by combining the flux
assignment and the dressing in the following way:

i + <0
m

M +0)q) (2.58)

0+ +
m (2.59)

gm(0,+)¢

Statistical transmutation via flux Attachment

In the presence of a monopole background, the spin of fundamental fields in the ground
state undergoes a shift — a phenomenon known as statistical transmutation [99| (see also
[100-105]). This shift depends on the GNO charge (or flux) of the monopole, the intrinsic
spin of the particle, and its gauge charge.

In what follows, we summarize the effects of statistical transmutation for a particle
of spin s, and examine how this behavior is modified in the presence of multiple U(1)
gauge factors, particularly in the context of the quiver gauge theories discussed in the
main text.

1. Single gauge group

Consider a spin s field ¢ with charge ¢ under a U(1) gauge group. On the background of
a monopole with flux m the ground state of the field ¢ has the following spin channels:

qm
5 T

For example in the background of a monopole with flux m = 1 a fermion has a spin-0
and a spin-1 channel and a scalar has a spin—% channel.
2. Bifundamental matter

Consider a spin-s field ¢ with charge (+1, —1)q under a U(1) x U(1) gauge symmetry,
shown explicitly in Equation (2.60)):

O+ (2.60)

The dressed operator 9™™ ¢y will have the following spin channels:

[5m =n) = sl |Z(m—n) = s| + L., S(m —n) +.

which depends on the difference of the GNO fluxes of the two gauge groups. In particular
in the background of a monopole M) the bifundamental field ¢ “sees” a vanishing
effective flux, and its spin is not transmuted.
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3. Absence of transmutation from distant fluxes

Finally, we consider the quiver gauge theory shown in Equation (2.61)):

OSnO0R=0) (2.61)

where ¢; are bifundamental spin-s; fields. On the background of a monopole 910%™ the
field ¢; does not “see” the magnetic flux, and its spin remains s;. On the other hand the
field @9 “sees” an effective flux —m, and its spin channels are shifted accordingly:

1 : 51 (single channel, no transmutation)

m (00 2.62
Py +1,...,%+82 on ( )

Il _ o[l
2 20 D) 2

Generally, consider a field ¢ of spin-s and charges ¢; under some U(1); gauge groups,
with ¢ =1,..., M. Then in the background of a monopole with GNO fluxes m; the field
¢ has the same spin channels as a spin-s field with charge 1 in the background of an
“effective” GNO flux mes:

M
Mefs = Z q;im; (2.63)
=1

As an example we consider the following theory, which may be thought of as part of
one of the quiver theories considered in the main body of the thesis:

(2.64)

where red arrows correspond to fermions and blue arrows to bosons. We only reported
CS and mixed CS terms relevant for the computations that follow. We can consider the
monopole with GNO flux +1/— 1 under the gauge nodes in the central column. Its gauge
charges are:

0 -1
o+0 || [0 41
Moo= 140 (2.65)
0 1

therefore it can be made gauge invariant with the following dressing:

o oo
ALY ¥
+
XA L
o o o

m (2.66)



Each fermion involved in this dressing “sees” a GNO flux +1, therefore it has a spin-0
zero mode. Therefore we can dress this monopole to obtain a gauge invariant spin-
0 monopole operator. In the theories considered in the main thesis this is one of the
monopoles entering the Vy,onopote interaction. Similarly, we can consider the monopole
operators involved in the Vi,onopore interaction that have GNO flux in the “bosonic” part
of the quivers discussed in Section [£.3] There we find that the following monopole can
be dressed to be gauge invariant and a Lorentz scalar:

o =< O

— m j* (2.67)

o =< o

Notice in particular that the middle scalar involved (twice) in the dressing “sees” a GNO
flux 2, while the other two scalars “see” no flux, therefore all scalars have a spin-0 mode
in the background of the monopole and we obtain a spin-0 gauge invariant operator.
Similarly, one can show that all the monopoles involved in the interactions Vionopote
throughout this thesis can be dressed to obtain a gauge invariant operator which is a
Lorentz scalar.

2.1.6 Chiral ring and Hilbert series

In SUSY gauge theories with at least four supercharges, closely related to the moduli
space of supersymmetric vacua are the concepts of chiral operators and chiral ring [106,
107]. Local gauge invariant chiral operators O;(z) form a subset of observables in a 4d
N =1, or 3d N = 2, field theory which are protected from quantum corrections. These
are %—BPS operators that are annihilated by all the supercharges of negative R-charge:

Q.0i(x) =0, a=12. (2.68)

An important property of chiral operators is that their spacetime derivatives are Q-exact
and therefore vanish in expectation values, provided supersymmetry is unbroken:

0,01(x) = [Py, O1(2)] ~ {Qa, [Q5, Os(2)]} ~ 0 (2.69)

It follows that a product of chiral operators is free of short distance divergences and
that its expectation value factorizes into the product of constant one-point functions:

Chiral operators form a commutative ring, the chiral ring R, with product expansion

0;0; = ¢;; *Op + Q,(...)", (2.71)
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where the only spacetime dependence is in the Q-exact term. The latter term is unimpor-
tant when studying the moduli space M, since we are interested in expectation values,
i.e. we want to work at the level of Q-cohomology, so we can just drop off Q-exact terms.

The expectation values (O;) of gauge invariant chiral operators are holomorphic func-
tions on the moduli space of vacua M. It is generally assumed that the correspondence
between expectation values of chiral operators and holomorphic functions on M is one-
to-one, once relations are taken into account. This is not a theorem and can fail when
accidental operators arise in the IR that are not captured by the classical chiral ring; in
such cases the Hilbert series computations based on this assumption may miss additional
generators. We will rely on this correspondence throughout the rest of the thesis. Then,
the chiral ring R of the supersymmetric field theory is identified with the coordinate ring
of its moduli space of vacua M. In general, we want to write the chiral ring as a quotient
ring

R =ClO,,..., 0,0/, (2.72)

by determining the generators Oy, . .., O, of the polynomial ring and the defining relations
of the ideal 1.

A very useful tool, which exploits as much as possible the symmetries of the theory,
is the Hilbert series |[108-111|. It is a generating function that counts scalar gauge in-
variant chiral operators, graded by their charges under a Cartan subalgebra of the global
symmetry:

H(t,7) = Try (tR H@@> , (2.73)

where Q\Z are the generators of the Cartan subalgebra of flavor symmetry, and z; the
corresponding fugacities, while H denotes the vector space of gauge invariant scalar chiral
operators that parametrize the moduli space of SUSY vacua:

H={0:Q,0; =0, M,,0; =0} (2.74)

with M, being the Lorentz generators for rotations and boosts.

In practice, the Hilbert series is computed using the Molien- Weyl formula: one first
constructs the single-letter partition function f(¢,7,z) counting the elementary fields
weighted by their fugacities, where z are gauge fugacities. The multi-letter Hilbert series
for a freely generated spectrum is then PE[f] (see equation (2.76))). Gauge invariance is
then imposed by integrating over the gauge group G using the Weyl integration formula:

H(t7) = Z{ | el PRIS(,2), (2.75)

where dug is the Haar measure of G. For theories with relations among generators (i.e.
non-freely generated branches), the PE is replaced by the full gauge-invariant generating
function, and the plethystic logarithm is used to extract generators and relations as
described below.

Much useful information about the moduli space M may be extracted from the Hilbert
series. For instance, the complex dimension d of M is the order of the pole at t = 1 of
the unrefined Hilbert series H (¢, 1), and the coefficient of (1 — )~ is proportional to the
volume of the base of the cone M, a real (2d—1)-dimensional manifold. Most importantly,
the charges of the generators and relations can be extracted using plethystic techniques,
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if higher syzygies can be disentangled. The key tool is the plethystic exzponential (PE),
defined as [108, 112]

PE[f(t,5)] = exp (Z % f(t’“,fk)> | (2.76)

Physically, the PE is the multi-particle partition function for a bosonic system whose
single-particle spectrum is enumerated by f: it freely generates a symmetric (commu-
tative) algebra over the single-particle letters. If f = ¢ counts a single generator of
dimension n, then PE[t"] = ﬁ, which is indeed the Hilbert series of a freely generated
C[z] with degz = n. Its functional inverse, the plethystic logarithm (PL), is

PL[H(t,2)] = i @ log H(t*,7%) (2.77)
k=1

where u(k) is the Mdébius function. When applied to a Hilbert series, the plethystic
logarithm encodes the generators (positive terms) and relations (negative terms) of the
chiral ring: if the PL terminates at finite order in ¢, the moduli space is a complete
intersection; otherwise, higher syzygies must be disentangled.

As a simple illustration, consider the Higgs branch of N' =4 SQED with F' = 2 elec-
trons (the T'(SU(2)) theory of Gaiotto-Witten [113]): the branch is the orbifold C?/Z,,
realized as the hyperkihler quotient H?//U(1). The natural gauge-invariant operators are
the components of the meson matrix

M'; =4, i,j=1,2, (2.78)
where ¢* and ¢; carry U(1) charges +1 and —1 respectively. The F-term arising from the
adjoint chiral ® in the N' = 4 vector multiplet, W = ¢; ® ¢*, imposes the trace condition

trM = ¢'g; = 0, (2.79)
while the fact that M is built from a single pair of U(1)-charged fields forces rank M < 1,
equivalently det M = 0 (or M? = 0 once the trace vanishes). Introducing the three
independent components
A= MYy, B = M?, C =My =—-M?, (2.80)
the chiral ring is generated by {A, B, C'} subject to the single relation
det M = —AB-C? =0 <= AB+C? =0, (2.81)

which (up to the trivial redefinition C' — iC) is the standard defining equation AB = C?
of the A, singularity as a hypersurface in C*. The Hilbert series, with fugacity ¢ such
that each squark ¢, ¢ contributes ¢ and hence each meson t2, reads
1—t 1+t
H(t) = = =143 +5t" +7t° + ... 2.82
and its plethystic logarithm truncates,

PL[H|(t) = 3t* —t*, (2.83)

where the positive term 3t* counts the three generators {A, B, C'} and the negative term
—t* encodes the single relation . The truncation of the PL at finite order is the
usual hallmark of a complete intersection — here in fact a hypersurface in C? — confirming
the geometric identification My = C?/Z,. More generally, for F' flavors the Higgs branch
is the closure of the minimal nilpotent orbit of slz, of which the present case F' = 2 is
the smallest non-trivial example.
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2.2 Quiver gauge theories notation

A useful way to compactly write down supersymmetric Lagrangian theories is through
the use of quiver diagrams [114]. Commonly, this technique is used to describe gauge
theories with eight supercharges (N = 2 in 4d and N' = 4 in 3d), where each node in the
diagram represents a gauge group G with the corresponding vector multiplet V', while
each edge represents an hypermultiplet H in the bifundamental representation ({J, ) of
the nodes it is connecting, as in the following example:

H
@
where the I’ inside the square denotes a flavor symmetry. The idea of quiver gauge
theories is that supersymmetry is enough to constrain the full Lagrangian theory, once
we specify the matter content, and gauge as well as global symmetries. In the present

thesis we will focus mostly on 3d theories with four supercharges, so it is convenient to
rewrite the previous N = 4 quiver into an N’ = 2 notation:

==,
14% :Q@QQ

Here we wrote the N/ = 4 vector multiplet as V = (f/, ), where V is the N = 2 vector
multiplet and ® is the N' = 2 chiral superfield in the adjoint rep. of G (represented in the
quiver by an arrow exiting and re-entering in the same node), while the hypermultiplet
is decomposed as H = (Q,Q) where Q and Q are in the fundamental ((J) and anti-
fundamental (OJ) of the gauge group G. Also note that as we decrease the supersymmetry,
the quiver by itself is not enough anymore to fully constrain the theory, and we also need
to specify the interactions through the superpotential W = ®QQ, which in this case
derives from the theory enjoying N = 4 supersymmetry.

Let us now list some conventions that will be used throughout the rest of this thesis.

e A circle @ will denote a U(N) gauge group (with the corresponding N = 2 vector
superfield).

e A double circle will denote an SU(N) gauge group.
e A square will denote I’ fundamental flavors, corresponding to an SU(F') (or
U(F)) flavor symmetry. The distinction between SU(F') and U(F) will be clear

from context: in N' = 2 theories the extra U(1) axial symmetry is present and we
write U(F'), while for N' = 4 theories it is conventional to refer to SU(F).

e An oriented link will denote an N = 2 chiral superfield () in the

bifundamental representation (OJ,0) under SU(N;) x SU(Ny).
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e An (unoriented) loop will denote an N' = 2 chiral superfield ® in the adjoint
representation of the gauge group (U(N) in this case).

e A red subscript @(k - will denote a CS term for the gauge groupﬂ.
°1,K2

n
e An orange label above (or below) the gauge node @ will denote an FI parameter
n coupled to the vector superfield of the diagonal U(1) inside the U(N).
2k12
e A dark green label above a dashed edge @"*@ will denote the presence of
a mixed-CS interaction between the gauge fields of the two U(1) nodes, with no
matter fields. Self and mixed-CS interactions for a quiver composed of only U(1)
nodes are encoded in a symmetric matrix k., such that
ka .
—i4—b Ay N dAy + SUSY completion , (2.84)
T
where A, is the vector field of the a-th U(1) gauge group. Note that, since the off-
diagonal entries appear twice in the sum, the label 2k;5 on the edge is the physical
mixed CS level, i.e. the coefficient of ﬁAl A dAs once the two contributions are

collected.
@

b C

case) appearing in the superpotential W = abc.

e Each closed (oriented) loop will correspond to a term (cubic in this

e If we have a link ®—>—® and a superpotential term of the form W = I ),
it will mean that we are in the background of a 3-BPS monopole (which from now
on we denote as M), which has (+1) units of flux under the left node and (—1)
units of flux under the right nodﬂ. This monopole operator is gauge invariant
(it carries no net gauge charge in this balanced configuration), and adding it to
the superpotential gives a mass to the diagonal combination of the two topological
symmetries.

e A cross above an edge will denote a flipper: a single scalar field c,
b

gauge invariant under both U(N;) and U(N;), which enters in a superpotential
term coupled linearly to the gauge invariant built from a and b. We write this as
W = Flip[a b] = ctry,try,ab, where the two traces run over the color indices of the
two gauge groups.

e For the planar Abelian quivers, whenever not specified, we adopt the following
conventions for CS terms.

9For U(N) we will follow the standard notation U(N)k, k) = (SU(N)k, x U(1)Nk,)/Zn, see for
example section 2 of [97]. Also by convention U(N) = U(N)g k-

"Turning on a monopole in the lagrangian means that instanton effects modify the theory dynamics,
such that the topological symmetry under which the monopole is charged is broken in the low-energy
effective theory.
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— For any pair of nodes connected by a down-pointing arrow (\, / , +), the
mixed CS level is +1, while for upward-pointing arrows (\'\, / , %), it is —1.
— The CS level k; of each U(1); satisfies

1

J#i

where k;; denotes the mixed CS level between U(1); and U(1);. The sum runs
over all nodes in the quiver, including both gauge and flavor nodes.

2.3 IR dualities

Dualities are a ubiquitous topic in high energy physics, we can think for example about
the electromagnetic (EM) duality, which is based on the symmetry between electric and
magnetic charges in Maxwell’s equations [115]; or S-duality, which is the exact quan-
tum equivalence of two apparently (classically) different field theories, as appearing for
example in the strong-weak coupling duality of NV = 4 supersymmetric Yang-Mills in
four dimensions, under which theories with gauge couplings ¢ and 1/¢? are identified
[116-118|.

A class of dualities of particular interest is given by “Infrared (IR) dualities”. This
name refers to the equivalence of two theories at long distances, or low energies, although
they may look quite different in the ultraviolet (UV). In particular, it is found that if
both theories in the IR-dual pair are asymptotically free (AF), then their strong-coupling
scales Ay and Ay will vary inversely [119]:

ATHAZE ~ e, (2.86)

where b; and b, are specified constants, and p is an arbitrary matching scale. Interestingly,
we can have IR-dual pairs one of which is asymptotically free while the other is IR-free,
with different gauge groups and different degrees of freedom. For example, this is the
case for the Seiberg duality involving SU(N) with F flavors, such that N +2 < F <
% (the free-magnetic range below the conformal window, where the electric theory is
asymptotically free and the magnetic theory is IR-free). We shall analyze Seiberg duality
in detail in the next sub-section, as well as its 3d analog, Aharony duality, which will be
vastly employed in the main part of this thesis.

2.3.1 Seiberg duality

In his original paper [119-121], Seiberg conjectured the existence of a sort of electro-
magnetic duality involving 4d N' = 1 SQCD with gauge group SU(N) and F > N +
1 flavors and another N/ = 1 theory, known as the magnetic dual theory, denoted as
mSQCD. The duality is summarized in the following quiver notation
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UV » SQCD UV » mSQCD

W =0

W 0

CFT

Figure 2.3: What the RG flow looks like for SQCD and mSQCD in the conformal
window. In the IR, both theories reach the same fixed point.

q q
F F
NG
W=0 -
W= oqq

as well as through the following mapping of chiral operators

M) = try@Q,Q7 +—— @7,

B~Qi o Qiy <= b~aqi..qrn, (2.87)

BrQU...QW «— b~gt.. "N,
where try is the trace taken over the color indices, CD{ are the collection of gauge singlets
of the magnetic theory, which are mapped to the electric mesons M, while B and B are
the baryons of the electric theory and b and b are the baryons of the magnetic theory.
The other claim by Seiberg is that SQCD in the range %N < F < 3N not only is UV-
free, but flows to an interacting IR fixed point as well. The previous range is known as
conformal window and, as can be easily checked, is invariant under N — F' — N, which
means the magnetic dual theory enjoys the same conformal window. The duality claim
implies that, within this conformal window, the two theories flow to the same interacting
IR-fixed point, as shown in figure [2.3]

There are many non-trivial checks of this duality. From its definition, it follows that
mSQCD has the same global symmetry group as the electric theory, Gp = SU(F)p X
SU(F)r x U(1)gp x U(1)g and, using the mapping (2.87), we can infer the following
charges for the magnetic fields:

SUF), SUF)R UL UQ)g
G| F . Yy T
7o F %
P! F F 0 25K
A ° ° 0 1




where A are the gauginos of mSQCD. A very non-trivial check given by Seiberg is the
matching of 't Hooft anomalies across the two theories [119]. A summary of the anomalies
is given in the following table

Tr(SU(F)%) - N Tr(U(1)%) : —2 N2 -1
Te(SUFPUp) = 5 | T(UDRU(1)p) 0
Te(SU(F)’U(r):  —57 | Ti(U(MrU(1)E) : —2N?
Tr(U(1)3) 0 Tr(U(1)g): —N? -1

Mass terms can also be mapped across the duality, we can then use this mapping to check
the consistency of the duality under mass deformations. In particular, a mass for a flavor
on the SQCD side is mapped to a VEV to the magnetic side, which Higgses the gauge
group down to F'— N — 1. We then obtain the correct Seiberg dual of SU(N) with F'—1
flavors.

The Hilbert series for both theories can also be inspected and verified to be invariant
under Seiberg duality [122-124]. Another interesting check is given by the match of the
superconformal index (whose definition we will review in a subsequent section) of the two
theories [125[127].

2.3.2 Aharony duality

The next IR-duality we review is the 3d AN/ = 2 analog of Seiberg duality, conjectured by
Aharony [93]. There are different versions of the dualities for different gauge groups, we
will review the one holding for U(N) SQCD with F' > N flavors (the duality requires at
least N flavors for the magnetic theory to be well-defined). The duality in quiver notation
is the following

W=0 . .
W=>qq+t M+t

with the following chiral operator mapping:

M = tryQiQ7 +—— @, (2.88)
M- —— (2.89)
M- +—— T (2.90)

where 9* and 9t* are the monopole operators with unit Abelian fluxes (£1) under the
corresponding gauge group of the electric and magnetic theory, respectively. The flippers
¥ of M* appearing in the superpotential are gauge singlets and are charged under the
topological symmetry U(1);. To understand the role of t* it is useful to write down the
F-term equations, they read

gi=0, M =0 and M =0, (2.91)
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respectively for ®, ¢~ and t*. We see that the dual mesons ¢g, as well as the dual monopole
operators, are set to zero in the chiral ring of the theory. Physically, this means that the
dual Coulomb branch (parametrized by iﬁti) and the dual Higgs branch (parametrized by
qq) are decoupled at this level. Compared to the 4d theory, 3d SQCD enjoys two extra
U(1) global symmetries: the topological U(1); symmetry which we already mentioned,
and the axial U(1)4 symmetry, which is anomalous in 4d. The charges of the elementary
fields under the full global symmetry is summarized below

SU(F), SU(F)r U(L)a U(1)s U(1)g
Q . F 1 0 rQ
Q F . 1 0 rQ
q ° F —1 0 1—rg
q F . —1 0 1—7g
P F F 2 0 2rg
m+ . . F -1 —F(l—rg)+N+1
M- . ) F +1 —F(l—-rg)+N+1
t+ . ° —F -1 Fl—-rg)—N+1
t~ o ) —F +1 Fl—rg)—N+1

where we assigned an arbitrary R-charge r¢ to (the lowest component of) ). The charges
of the dual monopoles M* follow from the quantum correction applied to the mag-
netic theory, whose quarks carry axial charge —1 and R-charge 1 —rg; the charges of the
singlets t* are then fixed by requiring the superpotential terms tFIME to be neutral, and
indeed coincide with those of the electric monopoles 9%, consistently with the operator
map. This duality has received many checks as well: while we do not have the strong
check of 't Hooft anomaly matching (which is specific to even dimensions), it has been
verified at the level of the S? partition function [128| [129], as well as through the match-
ing of the superconformal index [94]. Similarly to 4d Seiberg duality, we can verify the
consistency of the duality by turning on complex masses for the flavors on the electric
side; this maps to VEVs on the magnetic side, which Higgs the gauge group and lead to
Aharony duality with a smaller number of flavors. As we discussed when we introduced
SUSY gauge theories, in 3d we also have the possibility of turning on real masses for
the N' = 2 chiral fields. This triggers an RG-flow to a fixed point where the number of
fundamental and anti-fundamental fields may differ, and a non-zero Chern—Simons term
is generated, compatible with charge quantization. Starting from Aharony duality, this
procedure allows us to deduce a whole class of 3d N' = 2 Seiberg-like dualities, see for
example [47-50, (130, [131]. Among these, the most important for the present thesis is the
Giveon-Kutasov duality |35, which we review in the next subsection.

2.3.3 Giveon-Kutasov duality

Starting from Aharony duality for U (V) with F' flavors and turning on equal real masses
for F—F" flavors (with I < F'), one integrates out the massive matter fields. As discussed
in section [2.1.4] integrating out a massive fermion shifts the Chern-Simons level. The
resulting duality, known as Giveon-Kutasov (GK) duality |35|, relates U(N), with F
flavors (with F' now denoting the number of remaining light flavors) to U(F + |k| — N)_
with F' flavors, as summarized in the following quiver notation
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W=2oqq

Compared to Aharony duality, the key difference is that the CS term gives a topological
mass to the photon, lifting the Coulomb branch entirely. The monopole operators 9+
acquire a non-zero gauge charge due to the CS interaction (cf. equation (2.34)) and are
no longer gauge invariant. As a result, the flippers t* and the superpotential terms
involving monopoles that appeared in the Aharony dual are absent. The chiral operator
map reduces to the meson identification M <> ®, and the duality can be checked by
matching partition functions on S} [129] and superconformal indices [132].

2.3.4 Mirror symmetry

Another strong-weak type of duality of 3d N' = 4 gauge theories that will play a crucial
role in the present thesis is mirror symmetry |36} 38,|133]. Mirror symmetry was originally
discovered in string theory as a symmetry relating pairs of Calabi-Yau manifolds [134-
136]. It was then proved that mirror symmetry in 2d is related to T-duality [137]. After
the proposal of 3d mirror symmetry, it has been checked that its compactification on S*
consistently reduces to 2d mirror symmetry [138] |139].

Let us now review mirror symmetry in three dimensions. SUSY gauge theories in
three dimensions with eight supercharges have a global SO(4) = SU(2)¢ x SU(2)y R-
symmetry. The content of the elementary multiplets of the 3d N' = 4 algebra and their
transformations under the R-symmetry is summarized in the following table

3d N =4 Field Content

Multiplet Field Type SU(2)u | SU(2)c
Vector A, Gauge boson 1 1
(Vector multiplet) | ¢; (i =1,2,3) Scalars 1 3

A Gauginos 2 2
Hyper q* (a=1,2) Scalars 2 1
(Hypermultiplet) Ve Hyperinos 1 2

The Higgs branch is a hyper-Kéhler manifold parametrized by the mesons, made out
of the lowest component scalars in the hypermultiplet, which transform in the adjoint of
SU(2)g and are invariant under SU(2)c. The Coulomb branch is also a hyper-Kéhler
manifold parametrized by the lowest component scalars in the vector multiplet, which
are in the adjoint of SU(2)¢ and are invariant under SU(2)y. A few non-renormalization
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theorems for N' = 4 theories have been proved to hold by promoting some of the coupling
constants to background superfields:

1. If we promote the gauge coupling constant to a superfield, the scalars in the resulting
superfield transform as (1 + 3,1) of SU(2)¢ x SU(2)y. Therefore, they can only
appear in the Coulomb branch. Hence, the Higgs branch is not renormalized by
quantum effects [84].

2. Mass terms are background vector superfields |84, [86] which transform as (3,1)
of SU(2)c x SU(2)p. As with the gauge couplings, they affect the metric on the
Coulomb branch but not the Higgs branch.

3. Fayet-Iliopoulos terms for U(1) factors of the gauge group transform as (1,3) of
SU(2)c x SU(2)y. Therefore, they can affect only the metric on the Higgs branch
but not the Coulomb branch.

Mirror symmetry is an IR duality which acts through the exchanging of:
1. SU(2)¢ and SU(2)q,

2. The Coulomb branch and the Higgs branch,

3. Mass terms and Fayet-Iliopoulos D terms.

Because the Coulomb branch gets quantum corrections while the Higgs branch does not,
the exchange of the two branches under the duality action means that quantum effects
in one theory arise classically in the dual and vice-versa.

Another interesting aspect is that manifest symmetries on one side of the duality
become hidden symmetries on the other side. To see this, observe that mass terms are
related to visible global symmetried’] while FI terms are not associated to any global
symmetry. Therefore, the exchange of mass terms with FI terms means that visible global
symmetries are exchanged with hidden ones. In particular, if the theory has r U(1) gauge
factors, we also have an FI term for each one of them which, as mentioned previously, can
be thought as a background vector superfield coupled to the corresponding topological
current xF. The resulting U(1)" global symmetry is the Cartan part of, a generally
non-Abelian, hidden global symmetry of rank r.

Mirror symmetry for SQED

It is argued in [36] that an N' = 4 linear quiver gauge theory with F' — 1 U(1) gauge
nodes, two boundary U(1) flavor nodes, and F hypermultiplets flows to the same IR
fixed point as N = 4 SQED with F electrons. Concretely, the i-th hypermultiplet Q; is
charged under the i-th and (7 + 1)-th nodes (numbering from 0 to F'), where nodes 0 and
F are flavor nodes. This duality is described by the following quiver in A/ = 2 notation

"' These mass terms can be regarded as VEVs ¢ of background vector superfields transforming in the
adjoint of the global symmetry. Because of N’ = 4 SUSY, the potential must contain a term proportional
to [¢, #]%, which to be minimized requires the background fields to take values in the Cartan subalgebra.
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q o Q2 Qr
- F > 1 —~> - R <= 1
q Ql QQ QF

W = ®qq

F' — 1 gauge nodes
W = Zf:l q)i(QiQi + Qz‘+1©i+1)

Monopole operators in the linear quiver are labeled by a vector of integers Jt(:m2:mr-1)
where n, € Z is the magnetic flux under the a-th U(1) gauge node. With this notation
the chiral operator mapping is:

; g 99700 1 1.1 0...0 ifj > i,
M ~q¢ <+— ; » (2.92)
A~ =
99700 -1 —-1.—1 =1 0.0 if j <,
M ——  Q1Q2...Qr, (2.93)
M- QlQQ R QF . (294)

Here the off-diagonal meson Mij , J > 1, maps to the monopole with one unit of flux
under the gauge nodes 4,7 + 1,...,j — 1 (the nodes sitting between the i-th and j-th
flavor in the linear quiver), and similarly for j < ¢ with negative fluxes. The diagonal
mesons M,", which are neutral under all the topological symmetries, are instead mapped
to linear combinations of the adjoint chirals ®, and of the singlets Q,Q., subject to
the F-term relations of the quiver superpotential. From the previous mapping we see
that mirror symmetry acts as a strong-weak type of duality, as it exchanges mesons or
polynomials in chiral fields (perturbative degrees of freedom) with monopole operators
(non-perturbative degrees of freedom). The global symmetry on both sides is Gp =
SU(F) x U(1); x U(1)g x U(1),; [} which is manifest on the SQED side and emergent
on the linear quiver side (here U(1), denotes the axial symmetry). In particular, the
SU(F) flavor symmetry on the quiver side arises as the non-Abelian IR enhancement
of the U(1)F~! topological symmetries present in the UV. This enhancement, from an
Abelian U(1)"! to the non-Abelian SU(F), is a dramatic infrared phenomenon with no
perturbative explanation, and is one of the most striking predictions of mirror symmetry.

The global symmetry charges of the elementary fields, consistent with the mapping
proposed above, are summarized in the table below.

SU(F)|U(1), |U(1)|U(1), SU(R)|U(L),|U(L)z| UQ),
o 1 1 0 0 P, 1 1] 2 0
g | O | -1 1 0 Qaz,..r| 1 : 0 0 (2.95)
g| O |- 1 0 Qo3| 1 i 0 0
mE 1 £ 0 | +1 Q1,0 1 : 0 [+1/—-1

12The actual global symmetry is SU(F) x SO(4)r x U(1) s, but since we will be interested in breaking
the A/ = 4 algebra into N = 2, we already picked an N = 2 algebra, such that SO(4)r — U(1)g xU(1)-,
with U(1)g being the R-symmetry of the chosen N = 2 algebra. See also Sec. 2.2 of [140]
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where ®,, a = 1,..., F—1, denotes any of the adjoint chirals of the linear quiver. Note in
particular that the axial charge 7[9M*] = F/2 of the SQED monopoles arises entirely from
the quantum correction , and precisely matches the charge F'- % of the products
Q1---Qp and Q1 - - - Qp on the mirror side.

There are many non-trivial checks for the presented IR duality. In addition to the
operator map and the match of global symmetries, there is the identity of partition
functions presented in [141], where mirror symmetry for Abelian QED is described as a
generalized Fourier transform. Moreover, the partition function on S* for AV > 2 theories
can be computed exactly [142], and can be verified to agree on both sides of the duality
[143]. Finally, the superconformal indices may also be computed and matched [132].

The string theory point of view

An interpretation of mirror symmetry has been given in terms of the SL(2,7Z) duality
group of Type IIB string theory in 10 dimensions [40|. The starting point is a supersym-
metric configuration in string theory that preserves 8 supercharges, the same as 3d N = 4.
The basic ingredients are Dirichlet threebranes (D3) whose world-volume spans the di-
rections 2%, 2!, 22 and 2%, Neveu-Schwarz fivebranes (NS5) whose world-volume spans
the directions z°, 2!, 2%, 23, 2* and z®, and Dirichlet fivebranes (D5) whose world-volume
spans the directions 2°, 2!, 22, 27, 2® and z°. In other words, the brane configuration is

summarized as
0123456789

D3 coo— — — 0 — — —
NSS5ooco00 0 0 — — — — (2.96)
D5 coo————0 o0 0

The field theory defined on the world-volume along the common directions z°, 2! and

x? is macroscopically a 2+ 1-dimensional N' = 4 SQFT. The particular low-energy field
theory may be identified through the following considerations:

1. If a threebrane has both ends on a NS fivebrane, the effective 241 dimensional the-
ory is that of a U(1) vector multiplet. More generally, given N parallel threebranes
suspended between the same two NS fivebranes, we get N U(1) vector multiplets;
the gauge symmetry is enhanced to a non Abelian U(N) gauge group via Chan-
Paton factors when the parallel threebranes become coincident.

2. The world-volume theory for a threebrane stretched between two D fivebranes is
that of a massless hypermultiplet. [’ parallel threebranes suspended between the
same two D fivebranes give F' massless hypermultiplets which, when their position
become coincident, give an enhanced U(F') global symmetry.

3. The last case is that of a threebrane which terminates on a D fivebrane at one
end and an NS fivebrane at the other end. Such a threebrane has no moduli since
supersymmetry prevents any “moving” of the brane ends along the D5 or the NS5.
There are no massless modes on the D3 world-volume, since these are projected out
at one end or the other. The infrared theory has a unique vacuum with a mass gap.

Now, an SL(2,Z) transformation by the matrix

S = ( _01 (1] ) (2.97)
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exchanges the two types of fivebranes, while leaving the D3 brane invariant. By combining
this with a rotation R, that maps 2’ to z/** and z/** to —a/ for j = 3,4,5 and leaves
the other coordinates invariant, we obtain a transformation which maps the class of
configurations we are considering to itself, while exchanging the two kinds of fivebranes.
The duality action represented by RS is what the authors of [40] identify as mirror
symmetry from the string theory point of view. To see how this works in practice, let
us use the string theory interpretation to derive mirror symmetry for 3d N' = 4 Abelian
QED. The brane setup corresponding to SQED with F' flavors is presented below.

D3
X & &

F D5

NS5, NS5,

Now we can apply the mirror RS transformation to the brane setup, which amounts
to the exchange of D5 with NS5 branes, which gives

D3 . D3
RS-duality ® ®
P & ®
_ D5, D5,
F D5
NS5, NS5, R e—

What is left to do is to identify the low energy theory described by the massless
degrees of freedom on the world-volume of the D3 brane. To be able to apply the low
energy field theory dictionary defined so far, we need a configuration where all the D3
branes are suspended between NS5. To obtain this configuration, we apply the Hanany-
Witten (HW) move [40], which amounts to exchange the position of a D5 with an NS5,
while also creating or destroying an D3 brane (as required by charge conservation). By
applying HW moves we are able to move the two D5 inside, between the NS5, as in the
following drawing:

D5, D5,
D3 oW ® ®
(%) R moves 03
D5, Db,
F§S5 F‘NrS5
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Now we can identify the low energy theory living on the D3 branes world-volume:
each segment of the D3 stretched between two adjacent NS5 is interpreted as an U(1)
vector multiplet, an NS5 with a D3 segment ending on both its sides is interpreted as a
bifundamental hypermultiplet charged under the corresponding U(1) gauge groups, while
a D5 with a D3 segment ending on both its sides is interpreted as a single flavor for the
corresponding gauge group. In the end we obtain the gauge theory presented below

D54 Dby
029 029
< > | ] [ c. 1
= [ = ) o ( J={1]
F—1 ga;ge nodes
) F NS5 .

which is exactly the mirror dual proposed in the previous section for SQED with F flavors.
The same discussion can easily be extended to find the mirror dual of N’ = 4 SQCD with
gauge group U(N) and F flavors, or of a generic N' = 4 linear quiver gauge theory [40].

From N = 4 mirror symmetry to N' = 2 Chern—Simons theories. The original
N = 4 mirror symmetry reviewed above is the conceptual starting point for the N’ = 2 CS
mirror symmetry that forms the main contribution of this thesis. The bridge between the
two is provided by real mass deformations: starting from an N = 4 mirror pair, one can
deform both sides by turning on real masses for some of the matter fields. As reviewed in
section 2.1.4] integrating out the resulting massive fermions generates half-integer shifts
in the CS levels. In this way, one obtains N/ = 2 theories with CS interactions, and the
N = 4 mirror map descends to a duality between the CS-deformed theories.

To make this concrete, consider the prototypical N' = 4 self-mirror theory: SQED
with F' = 2 electrons (the T'(SU(2)) theory of [113]), equivalently described by the quiver
[1]—U(1)—[1]. In N' = 2 language, it comprises a U(1) gauge node, two hypermultiplets
(Q1,Q1) and (Q3, Qs), an adjoint chiral ¢ (the extra scalar in the N’ = 4 vector multiplet),
and superpotential W = ®(Q,Q; + Qng)

We deform by a positive real mass for Q; and Qs, breaking N = 4 to N = 2. This also
implies an opposite (negative) real mass for the adjoint chiral <I>Ir_zl The mass deformation
must moreover be accompanied by a Fayet—Iliopoulos term £ = —m for the gauge U(1):
the massive fields generate a one-loop linear term in the effective D-term equation, and
only if the bare FI parameter is tuned against it does a vacuum survive at the origin of
the Coulomb branch, where Q1 and ()2 remain massless This is the Abelian instance,
F = 2, of the tuning n = ——7‘ derived in section | Integrating out Q; and Q- at
scales pu < |m| shifts the CS level as k — k + 81gn( ) Integrating out the adjoint ®
does not shift the CS level since it is neutral under the U(1). Starting from k£ = 0 and
sign(m) = +1, the electric theory becomes N' = 2 U(1); with two fundamentals @); and
(> and vanishing superpotential W = 0.

13This corresponds to a real mass for the flavor U (1) 4 symmetry with charges (Q; : 0, Q; : +1, ® : —1):
invariance of the superpotential W requires charge(®) = —charge(Q;) = —1, so the real mass m for Q;
simultaneously gives ® a real mass —m.
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On the mirror side [1] — U(1) — [1], the image of this deformation is dictated by
the mirror map: the axial mass maps to an axial mass of opposite sign, while the FI
term maps to a real mass for the mirror flavor symmetry. It is this second ingredient
that makes the deformation act asymmetrically on the mirror ﬂavors{iz]: the combined
deformation gives a negative real mass to the two A/ = 2 chirals ¢, ¢» and a positive real
mass to the adjoint ¢, while g1, ¢, remain massless. Integrating out the massive fields
yields N = 2 U(1)_; SQED with the two chiral fields ¢y, ¢2; the sign flip k = +1 — —1
reflects the action of mirror symmetry as a parity transformation on the CS level. The
resulting duality between U(1), with 2 fundamentals and U(1)_; with a fundamental and
an anti-fundamental constitutes the prototypical example of N' = 2 CS mirror symmetry
studied in this thesis, and is represented by the following quiver identity:

a 1
Ql?QQ @
1 }—> 2 >
1 _
W=0 k* 1
W =0

The action of mirror symmetry is also visible from the residual strong-weak mapping
of chiral gauge invariant operators: the monopole operator 9™ of the U(1); theory, which
is gauge invariant without any dressing since the electric charge induced by the CS term
cancels against the contribution of the fermion zero modes, cf. eq. , is mapped to
the single remaining meson ¢;¢» on the right side.

SL(2,7Z) action and the S-wall construction. The string theory interpretation of
mirror symmetry for Abelian theories can be formulated more systematically using the
SL(2,7Z) duality group of Type IIB string theory [40|. In the field theory language, this
translates into an SL(2,Z) action on the space of 3d Abelian theories [144], generated by
two elementary operations. The T-transformation adds a background CS term at level
1 for the gauge field, shifting & — k& + 1. The S-transformation is more subtle: acting
on a theory with dynamical gauge field A and background field B for the topological
symmetry U(1);, it exchanges the two by coupling them through a BF term and then
making the formerly background field dynamical:

1
S: L — L+ %e“””BMGVAP, then A <> B. (2.98)

This is the field-theory avatar of the exchange of D5 and NS5 branes. Iterating S and
T generates the full SL(2,Z) orbit of a given Abelian theory. The resulting algorithmic
procedure, sometimes called the S-wall construction [113], |145], provides a systematic
way to generate dual theories by acting with sequences of S and T transformations. This
framework underlies the dualization algorithm used in the original chapters of this thesis,
and we refer the reader to [40, [L13] for the details of the construction. Moreover, gauge
theories with gauge groups Sp(2N) and SO(N) can also be described in string theory
by introducing orientifold planes (Op-planes) and placing the D-branes on top of them
[146]. Mirror dual theories can be found for the resulting configurations as well |42} |133].

14The axial mass alone would give the same real mass to all four mirror chirals, and the flow would
land on the parity image of the electric theory rather than on a genuinely new dual frame.
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2.4 SUSY localization

As mentioned in the previous sections, a very non-trivial check of IR related dualities is
given by the matching of the corresponding partition functions. These are RG invari-
ant objects, and thus can be computed where the theory is perturbative (e.g. in the
UV for asymptotically free theories) and the resulting values will match also in the IR.
The problem is that computing exactly the partition function of a generic QFT is highly
non-trivial. Thankfully, in supersymmetry we know that a restricted set of protected
operators, the BPS operators, have charges that satisfy an algebra bound and are thus
protected against renormalization. We can then reduce the infinite-dimensional partition
function to a finite-dimensional BPS locus through a procedure analogous to equivariant
localization [147, 148]. The resulting technique, which goes under the name of supersym-
metric localization, has been successfully applied to many physical theories, for instance
to 4d N = 2 theories in the so called Q-background [149] and on S* [150]. We briefly re-
view here the localization argument. In the computations we review below, the relevant
supercharge is one of the scalar supercharges that survives on the curved background
(e.g. on S? or S? x S'), chosen so that it squares to a compact bosonic symmetry (a
combination of gauge transformations and R-symmetry rotations). The specific choice is
described in detail in [142, [151].
Suppose we have a fermionic symmetry Q of the action:

Q0S8=0 (2.99)

Since Q is fermionic, its square is either zero or a bosonic symmetry ép of the action. We
are interested in computing the path-integral Z = [De 5l We consider instead the
following path-integral

Z(t) = /ng e SRVl with 65V =0, (2.100)
which depends on the parameter ¢t and on some functional V. The dependence on ¢ is

aa_f T / Do QV e 12V = — / Do Q (Ve 5719V) . (2.101)

Under the assumption that the integration measure D¢ is invariant under the supersym-
metry transformation generated by Q, i.e. the fermionic symmetry is non-anomalous, the
integral of a total Q-variation vanishes:

o7z
5 =0 (2.102)
The argument still holds if we insert Q-invariant operators, Q@ O[¢] = 0. This argument
yields the important result that the partition function or VEV is not modified by the
deformation term QV. Now, at t = 0, Z(0) is the original path-integral we want to
compute. Suppose we are able to find some functional V' such that {Q, V'} is positive
semi-definite, i.e. the bosonic part satisfies (QV),,s > 0 along the integration contour
where the path-integral is defined. Then, in the limit ¢ — +oco all field configurations
with (QV)pes > 0 are infinitely suppressed. Therefore the path-integral localizes to the
bosonic zeros ¢g of QV', which are also the saddle points:

¢=co+1 2. (2.103)
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Field Space ¢

{Q,V}=0
/_\ —5—tQV

We can Taylor expand the action around ¢ :
S +tQV = S[po] + (QV) P[] + O(t~V/?) (2.104)

therefore only the on-shell action Sy and the quadratic expansion of QV around the fixed
point matters. By performing the Gaussian integration, we obtain the following one-loop
exact localization formula:

1

BPS locus {¢0} SDet/( V) fo)

The superdeterminant is the ratio of the bosonic and fermionic determinants. If {¢o}
is a bosonic moduli space, we remove the zeros of SDet and integrate over the bosonic
zero-modes. If {¢g} has fermion zero-modes, they have to be absorbed, either by operator
insertions or by expanding S in fermions.

If the space of fixed points {¢p} is finite-dimensional, we have then reduced the infinite
dimensional path-integral to an ordinary integral which we may be able to solve.

The most common choice for the functional V' is

V=Y (Qufy, (2.106)

fermions v

from which follows

(QV)hos = Y (Q)'QY >0 = localize to Q1) =0 (2.107)

fermions v

which are the BPS equations.

The computation of SDet is the most difficult step of this technique, but because of
supersymmetry huge cancellations are expected among the eigenvalues of SDet, so that
there are cases where this computation may be carried out.

For example, computation on the round sphere S* have been done in [142] 152, [153]
and on the squashed three-sphere S in [151] [154]. Instead computations on S? x St
a.k.a. the superconformal index, have been performed in [132} [155H157].

2.4.1 The Sg’ partition function

Let us review the results for the computation of the partition function on the squashed
three-sphere S3, since it will play a crucial role in the upcoming chapters, see [158| for a
review of localization on three-manifolds. There are many ways to deform a three-sphere
while preserving supersymmetry, see for example [151]. However, all these may be labeled
by a single complex parameter, the “squashing parameter” b, such that the partition
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function and supersymmetric observables depend on the background only through b.
The general metric we consider is:

ds® = f(x)*dx* + (3 cos® xdp® + (3 sin” xd§* . (2.108)
Here ¢; are constants and f is an arbitrary smooth positive function on [0, ], with the
only restriction that f(x = 0) = ¢ and f(x = ) = /2, to avoid conical singularities
along these circles. The squashing parameter b is defined as

b=/l1/ls. (2.109)

What we need to list now are the matter multiplet and vector multiplet contributions to
the one-loop determinant SDet.

Chiral multiplet We study the matter fields first, focusing on the case with a single
chiral multiplet ® = (¢, %, F') with R-charge r, coupled to an Abelian vector multiplet
V = (0, v, D). The first step is to determine the space of BPS configurations. It can
be shown that these correspond to constant values for ¢ and D, labeled by a Lie algebra
element &g:

A

o=—-D/H = % = constant, (2.110)

where ¢ = /{10y, and H = —i/f, with f being the smooth function appearing in the
general metric (2.108]). What we need now is the spectrum of the kinetic operators A,
and A for bosons and fermions. Then the ratio of determinants may be written as

mb+nb' + i+ (2 —r) (i@ )
Zh(6) = 2 =5 —1—7r)—06], 2.111
silo) =11 mb 4 nb=l —ig + Yr ) (2.111)

m,n

where we introduced
Q=b+b", (2.112)

and s, is the double-sine function, defined for general b as

(m+3)b+ (n+ )bt —iz
11

: 2.113
Yo (mA3)b+ (n+ )b +ix ( )

sp(7) =

The double-sine function satisfies several useful properties that appear throughout the
partition function computations in this thesis [159, [160]:

e Reflection formula: s,(x)s,(—z) = 1, which follows directly from the product
definition.

e Poles and zeros: s,(z) has poles at z = i[(m+ )b+ (n+ 2)b™'] and zeros at
x=—i[(m+3)b+ (n+ 3)b7'] for m,n > 0.

e Functional equations: s,(z F ib/2) = 2cosh(wbz)*! sy(x 4 ib/2), which allow
recursive evaluations.

Note that from the reflection formula follows a useful identity:
Z5,(6) 257 (=5) = 1. (2.114)

This is a consequence of the fact that a superpotential term W = X Y causes the chirals
X and Y to gain mass, and so they do not contribute to the low energy theory, and so
must not contribute to the partition function.
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Vector multiplet Suppose we have a non-Abelian gauge group GG, and consider a mode
of the vector multiplet corresponding to a root a. On the squashed sphere, since the roots
come in positive/negative pairs, we can write:

2o =TI Zidetoon =TT » (-5 +ate)) s (-3 - aew)) @2115)

acAd(G a>0

Using the functional equations of the double-sine function, this can be rewritten in the
perhaps more familiar form

7929 (60) = | [ 4sinh (wb a(6y)) sinh (b~ a(89)) (2.116)

1—loop
a>0
which vanishes at the fixed points of the Weyl group, as expected from the residual gauge
symmetry there.

Classical contribution The only part of the original action S that contributes at the
BPS locus is the Chern-Simons term. We find

305[60] =i Tl"CS(O'())2 (2117)

Background fields An important comment regarding mass deformations is in order.
As mentioned, real mass parameters and FI terms may be introduced by turning on BPS
configurations for background gauge fields coupled to global symmetries. Denoting as H
the flavor symmetry group, a real mass parameter is labeled by an element m of the Lie
algebra H. By decomposing the chiral multiplet into weights (p,w) of the representation
R of G x H in which they sit, the 1-loop determinant with the real mass turned on is:

IT Zii(p(60) + w(rin)) (2.118)

(pw)ER

Similarly, an FI term is a classical background U (1) gauge multiplet which couples to
the dynamical gauge field via a mixed CS term. Thus it modifies the classical contribution
via a term

Spr = 2miC N (50) (2.119)

The R-charge of a chiral appears in a complex combination with the real mass m, and
a shift of the R-symmetry is implemented as

m%m+§ﬂ (2.120)

Full partition function By collecting the above ingredients, we obtain the partition
function for the theory by integrating over BPS configurations labeled by 6y and by using
the Weyl integration formula:

Zeg (C) = gy / iy e s T (—% <Ao>) s (—%—a«m)

a>0

XH H 7" (p(60) + w(m))

(pw)€ER;
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where W is the Weyl group of the gauge group G and b is the Cartan subalgebra. Note
that the partition function depends on the sphere geometry only through the parameter

b=/l /0s.

2.4.2 F-theorem and F-maximization

An important application of localization is to define a 3d F'—theorem. This may be
defined in terms of the S* partition function (which is just the b = 1 specialization of the
S3 partition function computed in the previous section) as follows [161]

F = —log|Zss| (2.122)

The F'—theorem then states that
Fyv > Fig, (2.123)

where Fpy is the free energy of a UV CFT, which flows to low energies to another CFT
with free energy Fyr. This F-theorem was proven in |162], by relating the free energy to
the entanglement entropy of a disk in flat space, and then using the strong-subadditivity
of entanglement entropy.

To compute the S partition function, we need to pick a U(1)g symmetry. A general
R-symmetry is obtained by mixing the UV R-symmetry with any U(1) flavor symmetries
F; of the theory:

Ry = Ryy + » _t;F; (2.124)

So in general we are computing a parametrically dependent partition function Zgs(t;).
However, in the IR the R-symmetry is constrained by the superconformal algebra, in
particular the current of the superconformal R-symmetry sits in the same super-multiplet
as the traceless stress energy tensor of the IR CFT. Only for this unique R-symmetry
the computed free energy will agree with that of the conformally coupled IR CFT. It
was proven in [152] that the superconformal R-symmetry is the one that extremizes F,
namely:

0 0

8_tZF(tZ) = o log |Zss| =0 for the superconformal R-symmetry (2.125)
This happens because the derivatives of I’ are related to 1-point functions of local op-
erators on S®, which must vanish in a CFT. Moreover, one can show that the second
derivatives with respect to the ¢; are related to 2-point functions of the currents, which
must be positive by unitarity, and thus F' is actually maximized at the superconformal R-
charge. This procedure, known as F-mazimization, gives an algorithmic way to compute
the superconformal R-symmetry of a 3d N’ = 2 SCFT, provided there are no accidental
U(1) flavor symmetries in the IR. It is the 3d analogue of a-maximization in 4d N =1
theories [163]. Finally, note that the F-theorem is closely related to F-maximization: if we
deform the theory by adding a superpotential term which breaks some flavor symmetry,
then, provided no accidental symmetries emerge in the IR, this reduces the space of the
t;s, which means that F-maximization lands us on a smaller F' than in the UV theory.

2.4.3 S? x S! partition function

In this section we review another equally important RG invariant: the S? x S* partition
function [132} 155, [164]. The partition function on this space has the interpretation, for
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conformal theories, of a superconformal index, which counts local operators in the flat
space theory. We first review the basic ingredients entering in the partition function.

Localization on S? x S!

The metric of the space is now given by
ds* = dx* + df* + sin® § dp* (2.126)

with z ~ 2 + 7.
By writing down the N' = 2 Yang-Mills action on this background (see for example
[158]) we have:

1 ! . 1 .
Lyy =Tr ((5 *xE,+ D,o+ 5u3‘7) - §D2 —iM*(D,, + 5(5#3))\ + iM|o, )\]) . (2.127)

The BPS locus where this action vanishes is
*F,+ Do+ 30 =D =0, (2.128)

where xF), is the dual field-strength, o is the lowest component real scalar of the vector
multiplet, and D is the auxiliary scalar. These equations are solved by the following BPS

configurations:
A, = adz +m Ap;, 0:—?, (2.129)

where m is an element of the coweight lattice A.,, labeling the constant flux of F},,
through S%. Ap;, is the unit-flux Dirac monopole on 52, i.e. dAp; = $vol(5?), while «
lies in the Cartan subalgebra, so that [a, m] = 0.

Chiral multiplet Consider a single chiral multiplet with R-charge r, coupled to a U(1)
gauge field holonomy €™® and flux m. After significant cancellations between bosons and
fermions, the one-loop determinant reduces to

. i ml 41— — L 2rin —ia
zel = 11T a1y rin o), (2.130)
nizise It im| 4§ + 2(27min — ia)

where the first product is over S angular momenta 27in/7, n € Z. This can be performed
using [ [, (2min + 2) = e~#2(1 — ¢*). Then, after some regularization, we obtain

© 1 _ l-r/24|m|/24] 1
77 (z,m; q) = e~ mmiml/2(gl=r/2 =1y ml/2 H 1 — gt r/2Hml/24a
=0

1 — g/zHmij2+s, (2.131)

where we defined ¢ = e™7 and z = ¢®. By introducing the infinite g-pochammer symbol
as (2;q) = [1;2(1 — 2¢’), the previous formula can be rewritten as [145|:

1—T/2+|m|/22—1; q)

<qr/2+|m|/22; q) ’

Tyl g) = il gior/2;tyml/2 (4 (2.132)
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Gauge multiplet Similarly to the S} partition function, the vector multiplet contribu-
tion is the same of an R-charge 2 chiral in the adjoint representation of the gauge group
G, which can be written as

zwe = ] q—mm 12(1 — poglatmly (2.133)

1—loop ~—
acAd(G

Classical contribution and background fields Again, the only classical contribu-
tion comes from the Chern—Simons term. The naive computation seems to give
! Tres(A NdA) = L/ Tres(adr Amvol(S?)) = it Trog(am).
S52x St
(2.134)

However, as conjectured in [25], the correct contribution should contain an additional
phase:

Scs = —
47T §2x §1

e—9cs — e*iTrCS("'am“TmQ) (2.135)

We will consider mainly U(N) gauge theories at level k in this thesis, for which the
previous phase reads

e %es = [J(=1)fmiz (2.136)
If we have a flavor symmetry H, we can also turn on background gauge fields and put
them in fixed BPS configurations. These are labeled by a holonomy p € H along the
St and a flux n in the co-weight lattice Ay through the S2. This modifies the chiral
multiplet in the expected way:

i, p(m); @) = Zoi (2 12, p(m) + w(s); q) (2.137)

where w are the weights of the flavor representation. Moreover, a background field with
holonomy w and flux n coupled to the topological symmetry U(1); of a dynamical U(1)
gauge field, with holonomy z and flux m, leads to the insertion:

e SF = Z Ty ™ (2.138)

Full partition function Putting all the previous ingredients together, we find the full
S? x S1 partition function:

dz’b - —|a(m a(m
L (1, 5,w,m;.q) = |W|/ H Ses=Ser [T g7 1*mV2(1 = zoglot)
MEAcu e =1 a€Ad(G)

T TI Zui(z"ue, ptm) + w(s);q)

i (pw)ER;
(2.139)
where W is the Weyl group of G and T"¢ is the maximal torus of G.

The superconformal index

There is an alternative definition of the S? x S! partition function which makes manifest
its topological origin, called the superconformal indez [124,|165| |166]|. For superconformal
theories in D dimensions, it can be defined as a trace over the space of local operators of

o4



the theory, weighted by global symmetry charges such that it receives contributions only
from protected short multiplets.

Under continuous deformations, short multiplets can enter or leave the spectrum only
if they can combine to form long multiplets, which by construction do not contribute
to the index. Therefore the index is invariant under such continuous deformations. In
detail, consider a supercharge Q, and let F; be a complete basis of global symmetries
commuting with Q. Then we define

T(ps, f) = Tr(—1) e Poerifi (2.140)

where 6 = {Q, Q'}. The factor of (—1) signals that this is a Witten index [21]: states
which are not annihilated by § come in boson/fermion pairs, and cancel out of the trace,
so that it only receives contribution from states annihilated by ¢§: in particular it is
independent of 8. It is also independent of continuous deformations of the theory, and
thus may be deformed to a weakly coupled point, where it can be computed to give us
information about the strongly coupled CFT we started with.

Let us specialize to the case of 3d N' = 2 SCFTs. The supercharges have the following
global symmetry charges:

AR\ js|F,
a5 1[40
ol 4 1|10
Qi 5 [~1|—3|0
Q| 4|1 3 |0
DRI
al| 41|40
ofl—3l 1|40
all-4] 1|30

where A is the Hamiltonian on S?, R is the U(1)g charge, and j3 is the Cartan charge

of the SU(2) rotation group of S%. One computes
0={Q]. 1} =A-R—js (2.141)

From the table, we see that the charges ¢, F;, and A + j3 all commute with Q;, so the
appropriate index to compute here is

T(q; pra) = Tr(—1)F e PA—E=) g=B'(Atis) girala (2.142)

This trace will get contributions only from states with 6 = A — R — j3 = 0. This index
can be interpreted as the partition function on S? x S}, where 7 = 5+ /' is the coefficient
of A in (2.142)), with twisted boundary conditions for the fields:

D(z + 7) ~ e PARIs) =B/ (Atis) givala () (2.143)

However, the localization argument is more general, as it could be defined for non-
conformal theories as well. Since the two definitions must agree at the IR fixed point, we
can use localization to compute the partition function in the UV description, and thus
learn about the spectrum of local operators in the CFT.
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Extended supersymmetry It is interesting to study the index in the case of extended
SUSY as well. For 3d N = 4 supersymmetry, there is an SU(2)g x SU(2)¢ R-symmetry
group, and the index takes the general form

T(past, q) = Try, (—1) g -2 Bt helpRn—Fe I (2.144)

where F, are the flavor symmetries of the theory which commute with the N' = 4 algebra,
and Ry and Re are the Cartan generators of the two SU(2) R-symmetry factors. From
the N' = 2 point of view, ¢ is just an extra flavor fugacity. There are some useful limits
of this index, where it simplifies greatly and it allows us to probe interesting information
about the moduli spaces of these theories [167, |168|. Consider taking ¢,t~! — 0 while
holding = t ¢*/? finite. In this limit we are computing

Z(x) = Try,, (—1) 22 Fe (2.145)

where Hpy denotes the subspace of states for which A = Rpy. The reason this limit
computes the Hilbert series of the Higgs branch is the following: the condition A = Ry
is precisely the BPS condition for operators that can acquire a VEV on the Higgs branch
(since on the Higgs branch (SU(2)¢) = 0 but (SU(2)y) # 0). In this subspace, the
fermion number (—1)¥ does not contribute because the contributing operators are bosonic
chiral ring elements. The trace therefore reduces to a weighted count of holomorphic
functions on the Higgs branch, i.e. the Hilbert series. This limit is then denoted as
the “Higgs limit” of the index. Similarly the “Coulomb limit” may be computed, where
q,t — 0 while & = t~'¢'/? is held finite, yielding the Hilbert series of the Coulomb branch.
The two limits are exchanged under 3d mirror symmetry.
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Chapter 3

Chiral-Planar dualization for 3d
N =2 Chern—Simons-matter theories

The content of this chapter is essentially taken from |2| and [3].

While in the preceding chapter we briefly outlined the string-theoretic origins of 3d
mirror symmetry, in this chapter we investigate the phenomenon from a purely field-
theoretic perspective. The central object of study is a class of chiral-planar mirror
dualities: IR equivalences between N/ = 2 Chern—Simons-matter theories in three di-
mensions, where one side is a non-Abelian chiral quiver (containing both fundamental
and anti-fundamental chiral multiplets) and the other is an Abelian planar quiver — a
two-dimensional array of U(1) gauge nodes arranged on a triangular lattice, with char-
acteristic Chern—Simons interactions and a monopole superpotential.

3.1 A Planar Abelian Dual for CS-SQCD3; with Fun-
damental Matter

In this section, we explicitly derive the N' = 2 mirror of U(N)(_%N,_g) SQCD with F
fundamental chiral multiplets by starting from the N' = 4 mirror duality for the U(N)
SQCD with F' flavors.

Our main tool is the S partition function (see section for a review) which allows
us to follow the effect of the real mass deformations efficiently. We verify these results
by checking that the resulting vacuum satisfies the F- and D-term equations [24].

3.1.1 The N =4 Mirror Pair

We start from the mirror duality for the U(N) N =4 SQCD:

To study possible deformation breaking supersymmetry from N = 4 to N’ = 2 we
work in the so-called N' = 2* set-up [169] taking U(1)g = U(1)c.py as the R-symmetry
group, where U(1)c € SU(2)¢ and U(1)y € SU(2)y of the non-Abelian N' = 4 R-
symmetry SU(2)g x SU(2)¢. The commutant of U(1)g, which is U(1), = U(1)c—n, is a
global symmetry from the point of view of the N’ = 2 theory.

However, we have the freedom to redefine U(1)g up to Abelian flavor symmetries,
meaning that we can shift the R-charge by U(1), transformations. Using this freedom
we pick a convention in which we assign trial R-charge 1 and U(1), charge —1/2 to the
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1 2k V-1

N4 YT Y

=] =
{

F —2N +1

W =Wn=4 W =Wy

Figure 3.1: Mirror duality for N' = 4 SQCD with gauge group U(N) and F flavors.
Notice that the theories are depicted in the N' = 2 notation. Round nodes denote gauge
groups and square nodes denote flavor groups, while arrows denote chiral multiplets
charged under the nodes that they connect. Black labels denote fugacities associated to
flavor global symmetries while orange labels denote the FI of the corresponding gauge

group.

fundamental and anti-fundamental chiral fields while adjoint chiral fields have R-charge
0 and U(1), charge 1. The charges of the fields under the symmetries of the theories are
reported in the tables below where we adopt an N = 2 notation denoting by ®, @, Q
the adjoint and the fundamental /antifundamental chirals of the SQCD and on the mirror
side denoting respectively by @7, b ji1, b J+1,7, the adjoints and the bifundamental chirals
and the left and right flavors ¢, ¢ and p, p.

SU(F)|U(1),|U(1)r| U(1)
\SU(F)\U(l)T U(l)R\U(l)n P 1 1] 2 0 :
- _
o 1 | 1] o0 |o0 b D 1 Lo 0 3.1
= | 0 7041, 1741 2 (3.1)
Q —3 7 : -
. | ¢, 4q 1 ;| 0/l
Q U |- | 1 |0 7 3
PP 1 2 0 0

Notice that the R-charges and the U(1), charges in the mirror theory are obtained from

the definitions given before, taking into account that mirror symmetry swaps SU(2)¢ <>
SU((2) .

Global symmetries and Operator Map

The global symmetry of the U(N) SQCD with F flavors, depicted on the Lh.s. of (3.1), is
SU(F) x U(1), x U(1),|, where U(1), is the topological symmetry. On the other hand,
the manifest global symmetry of the mirror theory, depicted on the r.h.s. of , is
Hf:ll U(1)x,,,-x; x U(1)y x U(1), where the first term is the collection of topological
symmetries, while U(1), is a flavor symmetry. In the IR this global symmetry enhances,
in particular all the topological symmetries combine to give an enhanced SU(F') global
symmetry group. We therefore see that the IR global symmetries of the two theories

!The actual faithful global symmetry of the theories is PSU(F) x U(1),, x U(1),. We will not discuss
the features related to the discrete factors of the global symmetry group. Moreover, the U(1),, symmetry
enhances to SU(2) in the IR if F' = 2N. Indeed in the mirror theory for F' = 2N there is a manifest
SU(2) flavor symmetry instead of U(1). This will not have an effect in the computations that we will
perform and we refer to the topological symmetry of the SQCD as being generically U(1),.
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are in agreement and topological symmetries are mapped into flavor symmetries and
vice-versa, as expected in a mirror duality.

It is also instructive to see how the operators of the electric theory are mapped to
those of the mirror theory.

e The fundamental monopoles 9MM* of the SQCD are mapped into the long mesons
on the mirror quiver side.

e The electric mesons, in the traceless adjoint of SU(F'), are mapped to a collection
of monopole operators in the mirror theory. The latter is a traceless adjoint matrix
of SU(F') constructed with the F' — 1 traces of the adjoints and with monopoles
(9t--0+L0-) with flux 41 under one of the F' — 1 gauge nodes, (F — 2) monopoles
(9 ELEL0-) carrying GNO flux +1 under two adjacent gauge nodes, (F — 3)
monopoles (M-+ELEL) carrying GNO flux +1 under three adjacent gauge nodes,
and so on with the final two monopole operators carrying GNO flux +1 under all
F'— 1 gauge nodes.

3.1.2 Real Mass Deformation to the N/ = 2 Chiral-Planar Mirror
Pair

We now move on to the SUSY-breaking deformation. We perform a real mass de-
formation for the U(1), symmetry, meaning that we turn on a non-zero VEV for the
real scalar component of the background vector multiplet associated to the U(1), sym-
metry. The VEV induces a mass term for every chiral superfield proportional to its
charge under the symmetry. Recalling that U(1), is a flavor subgroup of the N' = 4
R-symmetry, the deformation performed has the effect of breaking the R-symmetry from
SU(2)exSU(2)y — U(1)g, indeed this means that supersymmetry is broken from N = 4
to N = 2.

As we shall discuss in depth, in the most generic vacua this deformation triggers a flow
to a TFT. However, we will try to suitably follow this deformation by moving on special
points of the Coulomb branch, so as to reach an interacting vacuum. Both the SQCD and
its mirror can have many possible interacting vacua that can be reached and the task of
understanding how these are mapped correctly among them is the problem we attempt
to solve in the following section. We will start by giving a qualitative description of the
deformation of both the SQCD and its mirror in the following subsection, discussing the
features of the resulting A/ = 2 mirror duality. In the following subsections we will show
how this duality can be derived from two perspectives: the S partition function and the
1-loop corrected EOM.

Let us first discuss the SQCD side, on the L.h.s. of Figure As already commented,
a real mass for the U(1), symmetry naively renders every chiral field massive, and no
massless fields are left in the deep IR. We then choose to move on the Coulomb branch
in such a way to reach an interacting vacuum where all the fundamental chiral fields @
remain massless while the adjoint ® and the F' anti-fundamental chiral fields ) acquire
a mass, positive and negative respectively, and are integrated out?] The procedure of
integrating out chiral fields produces CS interactions due to fermionic modes becoming

20ne can also consider different interacting vacua where a certain number of fundamental and anti-
fundamental fields remain massless. While this problem is tractable, we will tackle the case of SQCD
theories with more general matter content in a different, algorithmic way in Section
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massive. The resulting theory is the NV = 2 U(N)_§+N7_§ SQCD depicted on the l.h.s. of

Figure 3.2l We remind the reader that U(N)y 1y denotes a U(N) gauge group with CS
terms:

k
—i— [ tr(AANdA
Z47r/ { )

where A is the U(N) gauge field. FEach massive antifundamental multiplet, with nega-

tive mass, contributes as (—%, —%) to the CS level, and the massive adjoint chiral, with

positive mass, contributes as (/V,0). Notice in particular that we have [ = —1.

: /tr (A) Atr (dA) + SUSY completion (3.2)

— i
T

We now discuss the result of the deformation in the mirror theory, depicted on the
r.h.s. of Figure As already pointed out, many possible interacting vacua can be
reached with the U(1), real mass, each lying at different points of the Coulomb branch.
We claim that the vacuum dual to the chiral SQCD theory described above is a special
Coulomb branch point where each gauge node U(k) of the original N' = 4 mirror is
Higgsed to its maximal torus U(1)*. Also, some components of the chiral fields in the
original theory remain massless. The complete description of the theory is depicted as a
quiver on the r.h.s. of Figure
A few comments regarding the planar dual on the r.h.s. of Figure 3.2 are in order:

e There is a cubic superpotential term for every triangular loop. There is one term
with —1 (+1) coefficient for each clock-wise (anti-clock-wise) closed triangle. The
cubic terms in the superpotential are a remnant of the cubic N' = 4 superpotential
that are preserved by the deformation. We denote these superpotential terms in
short as Wyjanar- The diagonal/vertical chiral multiplets have R-charge 0/ + 2,
compatible with the superpotential.

® Wionopole are the monopole terms in the superpotential generated by the Polyakov
mechanism [75] due to the Higgsing of a U (k) gauge symmetry to U(1). The exact
collection of terms can be obtained with the following schematic rule. For each
vertical arrow, there is a linear superpotential for the monopole with GNO flux
—1 and +1 under the nodes connected by the arrow, from top to bottom. As a
consequence of these monopole superpotential terms, the topological symmetry is
broken to U(1)F~! which is expected to enhance in the infrared to SU(F), thus
matching the global symmetry on the electric side. The FI terms of the U(1) gauge
nodes are compatible with the monopole superpotential terms. With the choice
of trial R-symmetry described above, the a'* gauge node in the I*" column of the
planar quiver (a = 1,...,|GP|, and |G| is the rank of the corresponding gauge
node in the N’ = 4 quiver, or equivalently, the number of U(1) gauge nodes in the
I'" column of the N' = 2 quiver) has FI terms equal to X, _XI+§(604,1 —5a’|G(1)|).
In Figure we only reported the X;-dependent part of the Fls.

e CS interactions are present. Self and mixed-interactions can be encoded in a matrix

kq such that:

—i% A, N dAy, + SUSY completion (3.3)
7r

where A, is the vector field of the a-th U(1) gauge field. Indeed, by construction
kqp is symmetric. For the theory in Figure the rule is that each gauge node
has (self) CS interaction with level 1, denoted by the red labels in Figure [3.2]
Nodes connected by diagonal /vertical lines have a mixed-CS interaction with level
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W= Wplanar + Wrnonopoles

Figure 3.2: On the Lh.s. it is reported the N/ = 2 U(N)_%N’_E SQCD with F fun-
damental fields obtained from the real mass deformation of the ./\% = 4 SQCD. On the
r.h.s. it is reported the planar mirror-like dual of the SQCD. Note that every gauge node
has a CS level (red labels) 1 and there are mixed CS terms (green labels) for every pair
of nodes connected by a line, with level —1/ + 1 if the line is diagonal/vertical. FI terms
are indicated in orange. On the SQCD side we assign trial R-charge 1 to the fundamental
chirals and on the planar side the diagonal chiral fields have trial R-charge 0 and the
vertical ones 2. The diagonal chirals pointing from SE to NW connect N nodes, while
the diagonal chirals pointing from SW to NE connect F' — N nodes.
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—1/+1; in terms of the symmetric matrix, whose off-diagonal entries k,, = kp, are
each counted once in the sum over ordered pairs, this corresponds to kq, = :F%, SO
that the total mixed CS coupling for the pair is 1. Mixed CS levels are denoted
by the green labels along the corresponding line in Figure [3.2]

Superconformal Index, global symmetries and operator map

We now comment on the features of the duality described before, highlighting the tests
that this duality passes.

The first test that we performed consists in the matching of the numerical expansion
of the Superconformal Index. This guarantees that a number of properties are correctly
reproduced by the dual theory such as: the presence of conserved currents associated to
the correct global symmetry, the properties of the operators in the chiral ring and more.
We performed this test for N = 2, FF = 4,5,6 and N = 3, F = 6, the resulting indices
are reported in Table[3.I] Notice that in order to perform the matching it is important to
have the mirror theory parameterized as in Figure [3.2] In particular the mixing between
the R-symmetry and the topological symmetries is crucial for the enhancement of the
global symmetry to be seen from the Superconformal Index.

N F r Superconformal Index

[\)
W
_

5 88) z* + O(x*'/7)

5 5 1 1+nz+ (n? —25) 22 + Pz + (n* + 250) 2* + (n° —
5 1007) z° + O(a°)

5 6 L 1+ na%5 — 3622 4+ n2a2/5 + 1P218/5 4 558 2* +
5 7743724/5 + (9(x26/5)

5 6 1 1+77Z)36/7+772J]12/7 —361'2 +7]3I18/7+7]4I24/7+558I'4

PO — 225 43T 4 O(I36/7)

Table 3.1: Superconformal index of U(N )(_ PN, - SQCD with F fundamental chiral
multiplets with trial R-charge 1 —r. The indices match those of the corresponding mirror
Abelian quiver in Figure

We now proceed by describing the matching of the global symmetries and of the chiral
ring generators.

The global symmetry of the SQCD theory is, up to discrete factors, SU(F)xU(1),. On
the mirror side we can match the rank of the global symmetry as follows. In the absence
of the monopole superpotential there is a U(1) topological symmetry for each U(1) gauge
node. The monopole superpotential breaks the topological symmetries associated to
the nodes in a column of the quiver to a diagonal U(1). Therefore there is a U(1)F~*
unbroken topological symmetry associated to the F' — 1 columns of the planar quiver.
Furthermore there is a single U(1), flavor symmetry which is preserved by the planar
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superpotential. In total the rank of the global symmetry is F', matching the SQCD side.
The mirror-like duality implies that the U(1)¥ symmetry of the quiver theory is enhanced
to SU(F) x U(1).

The chiral ring of the planar theory is generated by the meson built out of F' diagonal
bifundamentals starting from the U(1), flavor node and ending at the other flavor node,
this operator has trial R-charge 0 and U(1), charge 1. There are many possible paths
which are all identified by the F-terms due to the planar superpotential Wijanar-

We expect this meson to be mapped to some monopole operator generating the SQCD
chiral ring, as observed from the Index. The bare monopole operators M*%-0 are gauge
variant but can be dressed to obtain gauge-invariant operators. We argue that the relevant
operators are dressed with the gaugino as follows. In a monopole background, i.e. when
we turn on GNO fluxes, the gauge group is effectively broken and the breaking pattern
depends on the magnetic flux. In the case of fundamental monopoles the breaking pattern
is UN) — U(1) x U(N — 1). Consequently, all gauge variant operators decompose into
representations of the residual group. The branching rules for irreducible representations
of UN) D U(N — 1) x U(1) are given below:

Oy = (Oy_1, 1)@ (1,1 = N)
Oy @Oy = (Oy_1 ®0Oy_1,0) @ (Oy_1, N) @ (Oy_1,—N) @ (1,0) (3.4)

where (Og) Ok denotes the (anti-) fundamental representation of U(K) and (-, -) denotes
the representation under the residual group U(N — 1) x U(1). We see, in particular, that
the gaugino of U(N) decomposes into the gaugino of U(N — 1), a singlet, a fundamental
operator and an anti-fundamental operator. In general, for a U(N) gauge theory with F'
fundamentals and generic CS levels (k, k +[N) the bare monopoles 900 transform in
a representation of U(N —1) with (N —1)-ality of F{(N —1) and with charge (—£ FkF)
of U(1) [47]. Dressing with N — 1 powers of the fundamental component of the gaugino
compensates these charges to:

Quay(ME00) = (N — 1) — (g +k+ z) . (3.5)

In the case studied in this section we have k = —g + N and [ = —1 and the monopole
M0 can be dressed N — 1 times with the gaugino components in the fundamental
representation of U(N — 1) to obtain a gauge invariant operatorﬂ We expect that this
operator is the generator of the chiral ring of U(N) SQCD with levels (—g + N, —%)
and I’ fundamentals, and is mapped on the planar side to the meson discussed above. To
support this claim, we compute the R-charge of this dressed monopole. The fundamental
monopole M T%0 has R-charge:
F

ROT00) = (1 — RQ)§ —(N—-1)=—(N-1), (3.6)
where Ry = 1 is the trial R-charge of the fundamental chirals. The factor —(N — 1) is
the contribution to the R-charge coming from the zero modes of the gaugini. Dressing
N — 1 times with the gaugino contributes an additional factor of N — 1 to the R-charge:

R(m+’0 ..... 0)\N—1) _ O7 (37)

31f instead k = £ — N and | = 1 the 9~%* monopole dressed N — 1 times with the gaugino is
gauge invariant.
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thus matching the gauge invariant meson of the planar theory.

It is interesting to notice that by carefully analyzing the SQCD theory, it is possible
to find that there is also a monopole with high topological charge which is naturally
gauge invariant, without requiring any dressing. This monopole is 9™ that has
topological charge N and trial R-charge 0. On the other hand in the theories discussed
here, namely for kK = —F/2 4+ N and | = —1, we find that the dressed fundamental
monopole M0 OA\N=1ig in the chiral ring as well. While this is non-trivial to establish
from the SQCD point of view, the presence of this operator is manifest in the mirror
dual where it is mapped to the single mesonic operator with U(1), charge 1. Then the
monopole M TF is the N-th power of the fundamental monopole in the chiral ring.

The view from the S} partition function

We now show how to derive the chiral-planar mirror duality for the SQCD, depicted in
Figure , via an analysis of the S partition function following the strategies of |25,
128].

We start from the Sp partition functions of the two theories in Figure 3.1 The
partition function of the SQCD is:

F-1 ,|GD|
Z(U,X,T) 2N 3 j=1 / ( H dz (I 27”2“‘ Xra=Xy A(\G(I” ( ZQ—T))
I=1 a=1
F |G| jGU+D)| Q
/) T
L (N _ J{U+1)
H[H [T oy - g -4)]
I=1 - a=1 p=1
relSl . |GE=N)| Q
W _ T (N) _ W T, (F-N)).
g ( :l: (Za 77)) (g Sb( 2 2 :i:za > Y

(3.9)
where in the partition function of the mirror theory z!) denotes the fugacity of the I**
gauge node whose rank is |G!)|. We also use the short notation for the contribution of a
N = 4 vector multiplet:

1 HLV,B:I Sb(g —T+ZQ—ZB)
N N i
N Tlea b5 £ (20 — 23))

We remind the reader that a chiral field of R-charge r and charge +1 under an Abelian
flavor symmetry U(1), contributes to the partition function as sb(’Q (1—r)—x), and that
Q = b+ b~! is the squashing parameter.

Since the SQCD and its mirror are IR-dual the two partition functions must be equal:

Az ) = (3.10)

Z(X,n,7)=Z(n, X, 7). (3.11)

The two partition functions match as functions of the real mass parameters X ,7,mn. Here
X is the set of real mass associated to the SU(F') flavor symmetry of the SQCD and they
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thus satisfy Zle X; = 0. From the mirror point of view the X; masses parameterize the
F — 1 topological symmetries in a convenient way so that they reflect how the Cartan
subgroup of SU(F') maps across the duality. Also, 1 is the real mass associated to the
U(1) topological /flavor symmetry of the SQCD/mirrorif} Finally, 7 is the real mass of
the U(1) flavor subgroup of the N' = 4 R-symmetry.

At the level of the partition function, the real mass deformation can be implemented
as follows |25}, [128]: we perform the 7 — o0 limit combined with a suitable shift in gauge
fugacities. Let us start the analysis considering the SQCD. The gauge shift performed is:

ﬁ—>ﬁ+g (3.12)

accompanied by a shift of the FI parameter:

F
NN 5T (3.13)

Performing the limit 7 — +oo takes us to the non-trivial Coulomb branch vacuum
where the fundamental chiral fields remain massless. The limit is implemented using the
asymptotic behavior of the double sine function:

Jim sy €) ~ FFOTO (3.14)

In general, if x is a global parameter then the limit produces highly oscillating phases
as well as finite phases corresponding to background terms for global symmetries such
as BF couplings. If instead z is a gauge parameter, the limit produces CS interactions
and divergent FI parameters together with a highly oscillating phase. The redefinition
of n is chosen to cancel exactly every divergent FI parameter produced by the limit. In
the end, we obtain a highly oscillating phase !*(™ independent of the gauge fugacities
which therefore factorizes outside the integral:

Z(X,n,7) = e 7(X n), (3.15)
with
®(r,n) = —N?72 + 2NT (n - §N> : (3.16)
andPl
N
z@mqﬁiﬁﬁ/ﬂma !
a=1

[a<s Sb(§ + (1 — “5>) (3.18)

F
. N 2, i F_ 2
6271””7 Za UOL+7TZ(Z&:1 UQ) +7’”( 2 N) Za Ug H Sb (X] — ua) .

j=1

“Indeed, for F = 2N the parameter 1 becomes the real mass of the SU(2) enhanced topological
symmetry. This subtlety does not spoil any of the analysis done in this section

SQOur sign convention is as follows - a U(N) gauge node with FI parameter 7 and CS level (k1, k2)
contributes to the S; partition function as, with @ denoting the gauge fugacity:

TN uj =ik 3, uj 67%(27 uj)?, (3.17)
A mixed CS (BF) level k;; contributes to the S} partition function as: e~ ™%t If ky = ky = K, we

specify the CS level as (k).
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The phase will be crucial in determining the mirror dual theory. Indeed, as explained
in |25, 128] the vacua related by duality under the deformation must have the same
oscillating phase. In general, different shifts in the gauge fugacities (corresponding to
moving to different points on the Coulomb branch) give different oscillating phases so
there can be multiple vacua on the electric and magnetic sides and the match of the
phases is a necessary criterion to map vacua related by duality.

We now move to the analysis of the partition function of the mirror theory.

We study the limit partition function of the mirror theory Z (n, X, 7) for large 7 and
with n — —%7’ -+ . There is a large number of possible 24 shifts that can be performed,
each corresponding to different points on the Coulomb branch and each producing (pos-
sibly) a different highly oscillating phase times the partition function of an interacting
theory describing the vacuum. We look for a vacuum that reproduces the same oscillating
prefactor as the SQCD. Schematically this means that:

Z(X, ) =2, X, 1) TE% T Z(X n) =021, X) (3.19)

implying the equality of the partition function of the two AN = 2 theories living in the
vacua. We found that the correct shift for the 2 is such that:

R N

Zaz) _ Zé[+1) N Z&I) _ z(()IJrl) + g’ J<F_N

A ) Ly (D U ; ISF_N (3.20)
F—-1

As a result, each gauge node is fully Higgsed to a Cartan subgroup and the chiral
adjoint and bifundamentals decompose accordingly. Most of these fields are massive and
are integrated out, resulting in the N/ = 2 quiver gauge theory shown on the r.h.s. of

Figure [3.2]

Notice that when we performed the 7 limit, the shift of the gauge fugacities in (|3.20))
is not invariant under a Weyl transformation Sy associated to any gauge group U (k).
Therefore if we take a different shift by reshuffling the &£ gauge parameters associated to
a gauge symmetry we obtain the same result after the limit. Each of these k! possibilities
represent a different point of the Coulomb branch where the correct magnetic theory lives.
One should then sum over all these vacua, all reproducing the same highly oscillating
prefactor, effectively producing a k! factor that cancel that at the denominator in the
definition of the A(y) measure in (3.10).

By taking the real mass limit on the partition function on the mirror side we obtain
the partition function of the quiver:
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Z(?],X) 27r177( (2N— )IQJrZZ 1X /H H d 27rzza (XI+1 X7) 7,”‘_(2(1))
I=1 a=1
F-1 ,
¢ (1) (1)
[TITos (-5 ot = ) e
I=1 «

F-N-1 ; i0 e
II IISb ( 2 a Z&IH)) Sb (7 - Z((f) + zgff)) e Zatl (3.21)
| | | | () (I+1)

% (% - oz + Z(()cl—"_l)) Sp (ZQQ Z&I - Zg:i”) GZ 1 aI-Qlel

Sp (Zg (N)) Sp (? - Z}\f_N)> e

Where the products run over all the o such that the fugacities z in the corresponding
double sine functions are within the ranges described above. Notice that in the first line
are encoded the background terms, that are not included in the Figure [3.2]

The view from the semiclassical EOM

We now show that the flow from A = 4 to N’ = 2 mirror dualities described in Subsection
3.1.2] is consistent with the equation of motion of the N' = 4 theories. In particular, we
show that the vacua corresponding to the shifts in gauge fugacities satisfies the F-terms
and D-terms equations. Furthermore, we show that fluctuations around these vacua
reproduce the EOM of the resulting N/ = 2 theories. This proves to be an important
check of our proposal.

We start our analysis by first considering the N' = 4 U(N) SQCD with F flavors.
Recall that, as an N/ = 2 supersymmetric theory, it has F' (anti-)fundamental fields @
(Q) and an adjoint chiral multiplet ®. Additionally, we also turn on a real FI parameter
1. Upon diagonalizing the real scalar ¢ in the vector multiplet, the equations for the F-
and D-terms are as follows (note that each field represents a matrix)ﬂ [24]:

F N
@il =0, z@f =0 D mer=0
=1 a=1
(00 — i_%)Ql _0 (Xi—o —I)Qq: [, (b] _|_7—(I)f3:0
oo 58 a
;QZTQ%—Q?Q?T)—Q—“[— z\aa-xi—g\—yxi—oa—gw
1 N
+§Z<|oa—av+r|—|aw—oa+fl>]-
= (3.22)

Where the values of Q7,, Q2, @4 are the Vacuum Expectation Values (VEVs) of the (scalar
component of) chiral fields of the theory. o, is the VEV for the real scalar in the N' = 2

6N.B.: Latin letters 4, j = 1,..., F run over flavor indices, and Greek letters a, 3 =1,..., N run over
gauge indices. The sum over indices is never implied.
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vector multiplet, noting that in principle it is a matrix in the adjoint representation
of the U(N) gauge symmetry but we can always perform a gauge transformation such
that it is diagonal and we employ the single index notation for the diagonal compo-
nents 07 = §%0,. Lastly, the real parameters X;, 7,7 are the real masses associated to
the SU(F')/U(1),/U(1), global symmetries, i.e. VEVs of the real scalars in background
N = 2 vector multiplets of the global symmetries. Since X; parameterizes a SU(F)
symmetry they satisfy Zf;l X;=0.

The set of equations in (3.22)) represent the following: In the first line the F-term con-
straint imposed by the N/ = 4 superpotential W = Zle Zé\{ﬁ:l Q;@g@f : in the second
line the mass term for the chiral fields; in the third and last line the 1-loop corrected
D-term equation.

We now consider a mass deformation for the axial symmetry U(1),, which corresponds
to taking a positive large value of 7 in . While it would be interesting to study
the most general solution to the vacuum equations under this deformation, we do not
attempt to solve this problem here. Instead, we look for a vacuum where the fundamental
fields remain massless. In order to do so we consider a large 7 real mass, and set the real
masses X; to zero.

The effective mass of the field @7, is given by (o, — %), therefore we set o = 7. The

first line of equations in (3.22) then requires that Qf‘ = @3 = 0. Also, although the
condition o, = 7 is enough to solve the first equation in the first line, we also require
Q' to be zero, in order for these fields to not acquire any VEV and to therefore be light

degrees of freedom of the theory in the vacuum. The D-term equation therefore reads:

0= Eo =t (3.23)

BT =T '
Therefore, we are performing a real mass deformation for both the U(1), and U(1),
symmetries, keeping fixed the combination £U(1), + U(1),. This corresponds to the
deformation considered in the previous subsection.

Now to conclude, we would like to study the theory that lives in the vacuum solution
that we found. To do so, we study small fluctuations around the solution:

Qo = Qa

X; = X;

Oo =145 (3.24)
F o

n=—5T

Notice that the equations in the second line of impose that the Q and ® fields
do not fluctuate, as expected since they do not describe light degrees of freedom in the
chosen vacuum.

Expanding the equations in the light modes we get:

(604 - Xz)QZa =0

~
CS interactions
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Which can be interpreted as the EOM of a U(N) gauge theory with F' massless funda-
mental chirals and with CS level (—% + N, —%) by comparing with the generic formula:

F
i, 1 -
ZQ TQﬁ |: neff_l'keffo—oa +leffzo—'y 5;‘0_04 _XZ|:| (326)

=1

where the CS level is (k, k + [N).

We now turn to the mirror of the N' =4 U(N) SQCD theory in Figure 3.1} Studying
the vacuum of this theory using the equations of motion is a highly non-trivial task and is
not attempted here. The difficulty of this task lies clearly in the high number of equations
that must be analyzed. Another issue is that for the same problem, i.e. same values of
the real mass parameter in input, there can be multiple solutions and therefore multiple
possible vacua.

Instead, we employ mirror duality to know how the real mass parameters are mapped
across the duality so that we can fix correctly the problem we attempt to study. The
system of equations for the mirror theory areﬂ:

a a 1 a,a+1 a a+1 a,a+1
(0 — oyt =0, (=0l 4ol 4 nyple Y = 0
@7 =0+ Du=0; (=" +n+5a=0
) (F-N) . ors (3.27)
(0; )pi =0; (—o; + §>pi =0
(0@, d@) — 70@7 =0

All the o’s are taken to be diagonal after an appropriate gauge fixing. Also, we have the
set of F-terms equations, that we do not attempt to report here since they will not be
important for the following discussion. And lastly we have the D-terms equations that
are:

6i j a
(@@ @@, 4. (sum over b»*"’s and eventual ¢,p) = “ ple)

2 °
a+1

“ a a T a
Fi():X‘”l_Xa*kz:;(M)—0£+1)+§|—‘ ()+aé+1)+2\)+

S D_ @ T ) @ T (3.28)

a= a a—1 a

‘*’kz:;( ‘0' —0; +§|—|—|—0'k + o, +§|)+

T Z(m@ —o @ — 7= =0 4ol 1],

k=1

The solution that we are looking for has a non-zero positive value of 7, the value of 7 is
fixed to —%T and X, = 0. Notice that the value of the external parameters is fixed by
the analysis of the SQCD. We observe that there is a solution for the unknown variables

"The index between the round brackets labels the number of the gauge node. The latin indices are
used for gauge symmetries.
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o obtained by taking;

Uz(xa) - Uéﬁl =-T
U((Xa) _ J((la+1) — +%’ a< F—N
O_&a) - O_((la-‘rl) _ _57 a 2 F—N (329)
F—-1
agN) = ——T7
2

This corresponds to the vacuum considered in the previous section , where the VEVs
for o’s indicate the pattern of Higgsing. The light DOFs can be found by computing the
masses of the various fields from the expression , which gives the same answer as
the analysis of the S? partition function. One can also try to perform a perturbative
expansion of the equation of motion, as we did for the SQCD, to find that this analysis
reproduces correctly all the properties of the chiral-planar mirror duality of Figure [3.2]
such as the self and mixed-CS interactions. The planar superpotential are the F-term
relations surviving in the vacuum. On the other hand, the monopole superpotential can
not be inferred easily from the analysis of the EOM.

To summarize, we have shown that the vacua corresponding to the real mass flows
considered in the previous Section satisfy the EOM of the N' = 4 theory. This, combined
with the matching of the S} partition function and the Superconformal Index discussed
above provide a strong check of the chiral-planar mirror duality for A = 2 SQCD.

As a technical aside we would like to comment on the similarities and differences
between the analysis of the S§ partition function and the EOM. It can be checked that,
under a real mass deformation 7, the requirement that the S partition function factorizes
into a divergent phase and a finite integral is equivalent to solving the D-term equations
up to orders O(7%). This is due to the fact that large shifts in the gauge fugacities
appearing in the S? partition function correspond to moving on the Coulomb branch far
away from the origin. On the other hand, the S} partition function is not sensitive to
motion on the Higgs branch, therefore solving the other EOM provide an additional check
of the deformation considered above. When there are multiple vacua the analysis of the
EOM does not provide a general prescription to understand the mapping of vacua across
the duality. The divergent phase coming from the S} partition function is sensitive to
the matter that becomes massive at a given vacuum, and therefore can be leveraged to
constrain the mapping of vacua across the duality.

As an example, both the N’ = 4 SQCD and its mirror have a chiral-like and a planar-
like vacuum under the axial mass deformation. In [169], where the N' = 2* framework
was introduced, the axial mass deformation appeared to lead to chiral-chiral dualities. In
the previous Section we showed that the chiral-like vacuum of one theory can be mapped
to the planar-like vacuum of the mirror theory because the divergent prefactors in the
S3 partition function cancel between the two. Such a cancellation does not happen for
pairs of chiral-like vacua or planar-like vacua, showing that such a mapping of vacua is
not consistent. Therefore, our results represent an example where refined precision tools
such as the computation of the S? partition function can be leveraged to understand
qualitative properties of dualities between QFTs.
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3.1.3 A Planar Dual for SU(N); and U(N ) ken) SQCD

In this chapter, we primarily consider dualities involving U (N )k k—n) gauge theories (that
is, theories where the Abelian CS level £ is —1). One can obtain an SU(N); CS theory
by introducing a background BF term between the topological symmetry U(1)y and a
new U(1)p and then gauging the topological symmetry. This operation is referred to as
ungauging of the diagonal U(1) C U(N). In the notation used throughout this chapter,
this ungauging operation consists in

)\A)

</ k+ N¢) ~
dYeQ’”YBN ., X,=X,+B (3.30)
X

‘\A \ 1/ NEk+N2¢—¢F
\ ££+F + ))

F

wherein the double circle denotes a SU(N) gauge symmetry. In the U(N) SQCD the
flavor symmetry is SU(F') and thus Zle X, = 0 and ¢ is a possible background CS for

the flavor symmetry. In the SU(N) theory Zle X; = FB, where U(1)p is a baryonic
symmetry.

Conversely, starting from SQCD with gauge group SU(N) one can gauge the baryonic
symmetry U(1)p to obtain a unitary gauge group:

n A//

/d(BN)e—Qm'nBN k kk+l\ FE|+F22 \L))’ )Z'a:Xa—i—B
rlx

o (G164 Fé2)
anl

(3.31)

Where & and &, are possible background CS levels for the U(F') global symmetry of
the SQCD on the r.h.s. and —An% is a background FI term. Consistently, one can check
that by performing both transformations and , a theory is mapped back to
itself.

We may apply the ungauging operation to the chiral-planar mirror duality of
SQCD in Figure On the electric side we obtain the SU(N)_p/a4n SQCD. On the
mirror side, the topological symmetry corresponds to a flavor symmetry acting on the
bottom flavor node. Therefore, the operation described above corresponds to gauging the
flavor node itself. In order to correctly perform this gauging it is important to keep track
of possible background terms in the duality that are not provided in Figure [3.2] but can
be read from the partition function given in (3.21f). The resulting chiral-planar duality is
given in Figure [3.3| and was first presented in |1

8Notice that the new gauge node is a U(1); /2 With one chiral and thus it can be confined. This results
in a chiral that is not charged under any gauge symmetry and it is coupled to the theory as a flipper of a
gauge invariant monopole. This does not trigger a sequential confinement except for the case of N = 2,
see Subsubsection [3.1.3]
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1
2

W = Wplanar + Wmonopoles

Figure 3.3: The A = 2 planar mirror dual of SU(N)_gJFN SQCD with F' fundamental
chiral multiplets.

By gauging the baryonic symmetry in Figure using the strategy in , we revert
to the duality for U(N)@r—n) SQCD. At this stage, we may also introduce a CS term
at level Al for the baryonic symmetry prior to gauging, resulting in a U(N) @k k+n(ae-1))
gauge theory. The gauging/ungauging operations together with background CS terms
correspond to Witten’s SL(2,7Z) action [144] applied to the topological symmetry of
U(N). On the mirror side, this procedure introduces a new U(1)a, gauge node coupled
to the rest of the quiver by a BF term, the result is the duality in Figure [3.4]
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(L+n-Lraen)

W = Wplanar + Wmonopoles

Figure 3.4: The N = 2 planar mirror dual of U(N)(_§+N7_%+NM) SQCD with F
fundamental chiral multiplets.

For A/ = 0,£1 the quiver can be further simplified by explicitly integrating over
the additional gauge node. For A¢ = 0 the integration results in a delta function which
further fixes the gauge field of the node on its right, which becomes a flavor node and we
recover the original mirror for U(N)_p/24 n,—p/2. For Al = £1 the additional gauge node
is a U(1)+ sector, which is almost trivial and its path integral can be performed exactly
as [141}, [144]:

k12 .
O @ - @ e
o k2.

e (3.32)
In particular, for A¢ = 1 we obtain a planar Abelian dual for U(N ). Integrating out
the additional node as above shifts the CS level of the node on its right by —1. Then the
bottom-most node is a U(1)_1/ gauge node with one fundamental, which can be locally
dualized to a chiral field, resulting in the duality shown in Figure [3.5]

Consistency-check: S-Confinement of SU(2), with 2 flavors

In the previous section we proposed the planar mirror dual for SU(N )(7 PN SQCD with
[F, 0] chiral multiplets. For N = 2 and F' = 4 this theory is known to S-confine to a Wess-
Zumino model of 6 + 1 chiral fields, interacting through a cubic superpotential [23]|. As a
further consistency check of our proposed dualities, we will show that indeed our planar
dual theory confines to the expected Wess-Zumino model by applying local Aharony-like
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W = Wplanar + Wmonopoles

Figure 3.5: The N' = 2 planar mirror dual of U(N)_p/2+n—r/2+n) SQCD with F
fundamental chiral multiplets. In the quiver we omitted the mixing of the topological
symmetries with the R—symmetry, in particular the bottom-most gauge node has FI
parameter Xy — Xy — 9 The bottom chiral fundamental has trial R-charge —N + 1.

dualities [35, 93} 128]. More precisely we make use of the following s-confining dualities:
U(1)1 with one fundamental s-confines into a free chiral and U (1), with one flavor is dual

2

to the XYZ model. Furthermore we use the following dualities: U(1); with one flavor is

dual to U(1)_; with one flavor, modulo flippers and U(1) 1 with [1,2] flavors is dual to
w2

U(1)1 with [2,1] flavors, modulo flippers.
2
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7 chirals Y, B, ;

W =Y Pf(B)

W = Wtanar + amlo 3) 3.33)

Below we give the local dualization sequence where at each step we highlight in blue
the gauge node that we dualize.

In the first step we use the confining duality for U(1)» with one chiral, which confines
to a chiral field. Notice that because of background CS levels produced in the dualization
the CS level of the lower node is now % We also produce a singlet flipping a monopole.

—  (3.34)

W = Wy + L0 1) W= Wy + Bals )

In the second step we use Giveon-Kutasov duality of U(1); with a flavor for the left
node which removes the vertical chiral and modifies the superpotential.

W= unartic +

-0 0 0 W2312T9ﬁ(0_0)+
+ Bmfm(() e ) + Wevic + MT_Bay
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In the third step we use the confining duality for U(1), with a flavor to confine the
bottom node producing a singlet.

+Bi2, B3, Bi3, B14,Y

v (= mnl )

+ Blzim(+ ) + 323314)
(3.36)

In the fourth step we use a flipped version of the duality of U(1)_; /o with [1, 2] chirals,
on the left node. This removes the bifundamental chiral connecting the right and the
bottom nodes.

+ By, Bos, Bis, By, Boy, Y 3
c 12; D23, D13, D14, D24 N HKJ, B + Y
W =Y (=Bi13Bayy + B2 + By3Buy)

(3.37)

In the fifth and sixth steps we use the confining duality for U(1);/, with one chiral,
to confine the quiver to a collection of singlets interacting with a superpotential.

The fields B;; in the last step are mapped to the 6 baryons of electric theory, while
Y is the (single) gauge-invariant monopole of the electric theory.

3.2 A Chiral-Planar duality web

In this section we discuss an interesting web of chiral-planar dualities which originates
from the N'= 4 FT[U(N)] theory}

In Subsection starting from the mirror self-duality of the FT[U(N)] theory [171]
and performing a real mass deformation, we obtain an N = 2 duality relating a linear,
chiral quiver gauge theory to a planar Abelian theory.

The FT[U(N)] theory is also known to have another self-dual frame (modulo flips),
the so called flip-flip dual frame [171]. In Subsection we start from this flip-flip

9This theory only differs from the T[SU(N)] theory introduced in |170] by the presence of a singlet
field in the adjoint of the SU(N) symmetry flipping the Higgs branch moment map.
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duality and performing real mass deformations, we obtain two N = 2 dualities: a chiral-
chiral duality, relating two chiral quivers and a planar-planar duality, relating two planar
quivers.

Notice that starting from the flip-flip duality we do not expect to find a chiral-planar
duality, since this is a peculiarity of mirror dualities exchanging flavor and topological
symmetries. As shown in [171] the flip-flip duality is not a mirror duality but is more akin
to an Aharony duality, and indeed it is possible to prove it by iterative local applications
of Aharony duality.

We begin with a quick review of the FT[U(N)] theory. The FT[U(N)] theory is an
SCFT with global symmetry SU(N) g x SU(N)gy x U(1).['?l We denote this theory with
the compact notation:

X Y (3.38)

Y

Where X , Y are fugacities for the global symmetries and the label “—" is included for later
convenience, see Section 3.3 The FT[U(N)] theory has two operators in its spectrum A ¢
and Ay, which transform in the adjoint representation of SU(N)g and SU(N)y. The

FT[U(N)] SCFT admits a UV completion given by the following UV quiver theory:

01T 1

W =W (3.39)

[SE]

The UV global symmetry is SU(N)g X Hj\;l U(1)y;-v,,, x U(1),, which enhances to
SU(N)g x SU(N)y x U(1); in the IR. In this UV completion the operator A¢ coincides
with the traceless singlet matrix A ¢ := ay. The other operator Ay is instead constructed
by collecting the N (N —1) gauge invariant monopoles with magnetic fluxes +1 (—1) under
a sequence of gauge nodes and the N — 1 traces Tr(a;) . For example, for N = 4 we have:

Tr(a;) ONFO0 IMHH0 ottt

m—,0,0 T mO,—i—,O DﬁO,—i-,—O—
Ay = (az) . (3.40)
M0 MO0 Ti(az) OO+

m——" MO~ MO0 — Z?:l Tr(a;)

The FT[U(N)] admits a second UV completion, as shown in Figure 3.6l In each
completion only one of the two global SU(NN) symmetries is realized manifestly as the
flavor symmetry rotating the last bifundamental. The second SU(N) global symmetry
instead enhances from the N — 1 topological symmetries due to all the nodes being
balanced. The two UV completions are related by mirror duality, in this case a self-
duality.

The S} partition function of the first UV completion theory is defined recursively as

0Note that we work in an off-shell parametrization wherein the manifest symmetry is U(N) and not
SU(N), as in [57].
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2—2r 2—-2r
r N r [

W = Whr=4 W = Wh=4

Figure 3.6: The FT[U(N)| quiver gauge theory is self-mirror under the exchange of the
manifest and topological symmetries. We also indicate the assignment of trial R-charges
for the bifundamental and adjoint chiral fields. Notice that the bifundamental fields have
trial R-charge r» and adjoint chiral fields have trial R-charge 2 — 2r on both sides of the
duality. As a consequence, the two moment maps A ¢, Ay have both trial R-charge 2—2r.

follows:

N .
Zerper(X, Y, 1) 1= T ETN T s, (T - g(l )+ X — Xk)
7,k=1

H(]}V:—I dua e*QWiYNUDc ZQ T

/ oz - s 5 (1—7) = 5 =+ (e — X;)
(N —=1)! Ha<ﬁ Sb(? + (ua — uﬁ))

Zprwv-1),1 (4, {3@}52117 7).

(3.41)
with

Zrrwm) (X, Y, 7) = 2™ g, (T - g(l - 27")) : (3.42)

TEhe partition function of the second UV completion can be obtained by simply swapping
X &Y. o o
ZFT[U(N)],H(X» Y, 7') = ZFT[U(N)],I(Y, X, 7') ) (343)

Notice in the first UV completion the first slot FT[U(N)|(: ,-; 7) is for the manifest U(N),
the second slot for emergent U(N). On the other hand in the second UV completion the
second slot is for the manifest and the first one for the emergent U (V).

Since both the UV completions describe the same SCFT, their partition functions are
equal and we can define:

Zerwon (X, Y, 7) = Zeewoyn (Y, X, 7) i= Zerwoy (X, Y, 7) (3.44)

Furthermore, the partition function satisfies:

—

ZFT[U(N)](X7 37, 7') = ZFT[U(N)}(_Xa -Y, 7') (3-45)

as can be seen through a redefinition of the gauge fields.

For the rest of the chapter, we consider the FT[U(N)] theory with a U(N) g x U(N)
global symmetry instead (in practice, this corresponds to relaxing the constraints ), X;
>, Y; = 0 on the fugacities in the S} partition function).

=i

3.2.1 A Chiral-Planar mirror dual

Starting from the self-mirror pair relating the two UV completion of the FT[U(N)] SCFT
in Figure 3.6, we will now consider a real mass deformation to produce a new duality
relating a chiral quiver to a planar quiver which is depicted in Figure [3.7]
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[ Mirror =)
@ﬁ@ﬁ@:- AN = AN
W = Wh—4 W= Wn=4
Real mass 1
1
1
1
, , N = 2 Mirror
—1 —1
OO @ E
1 (0,2) (0,3)
W=0
1
1
1

W= Wplanar + Wmonopole
Figure 3.7: On the top row the mirror self-duality relates the two UV completions of

the FT[U(N)] theory. The real mass deformation yields a new N = 2 mirror duality
relating the two UV completions of the G[U(N)] theory depicted in the second row.
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As in the previous section, if on the electric side we implement the real mass de-
formation landing on a chiral non-Abelian quiver theory, on the mirror dual side, the
matching vacuum we flow to, requires to move to a point on the Coulomb branch where
all the gauge symmetries are broken to their maximal torus subgroup. The chiral and
the planar quivers on the bottom of Figure [3.7] are IR dual and can be regarded as two
UV completions of a new SCFT which we name G[U(N)] with U(1)V~! x SU(N) global

symmetry, which we denote in compact form as:

G[X,Y] = [N {1 (3.46)

— —

X Y

We stress that in our notation the first argument of the G| ;-] theories corresponds
to fugacities for an SU(N) global symmetry, while the second argument corresponds to
a U(1)N=1 global symmetry.

We now describe in detail this deformation beginning from the first UV completion
of the FT[U(N)], the electric theory, where the U(NV)x is manifest. We consider the real
mass deformation defined at the level of the fugacities by

Y, 5 Y, £ (2] - N — 1 J=1....N
{J_+J+2( ) AR 7 o 400 (3.47)

XX+ 3
In addition to this we also perform the following shifts in gauge fugacities:

w”%wﬂ—;N—1—@. (3.48)

Here i) are the fugacities of the J-th gauge group, starting from the left. Integrating
out the massive fields we obtain the following A/ = 2 quiver gauge theory:

@ -1 @( -1 @ . -1 . X"

1 0,2) (0,3) (0,N—1) (= N1 N1y

W=0 (3.49)

All the chirals in the theory have trial R-charge r which can, in principle, be fixed by
performing F-extremization to determine the superconformal R-charge. However, we will
not perform F-extremization in this work and keep r to be generic. Notice also that the
FI parameters depend on the value of r. This is the first UV completion of the G[U(N)]
theory with UV symmetry U(1)y ' x SU(N) .

The S} partition function in the 7 — +oo limit is given by:

lim Zerpoo (X, Y,7) = lim eFH" YD 7000 (X, Y) (3.50)

T—+00 T—+00

where Zgu(ny, /(X,Y) is the partition function of the first UV completion of the G[U(N)]
theory in (3.49)) and:

]{chiral()z"7 }_/'7 7_) _ H((i]ia‘iral()z’7 }_/'7 7_) + Hchiral (351)

res
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o 2 7y 2 T =
HchlralX Y T— —N3 2N2 —-N — Y, —4 Y, —iQ(N N2
(XY ) 4(3 TN+ SN ) 4 8;JJ ;J QN + N?)

2 4
+iQr (gN?’ +2N? + §N) ) (3.52)

and Hral is 3 finite term independent on the global parameters X and }7, that only

res

depends on the squashing parameter ().

We now consider the second UV completion of the FT[U(N)] theory, the mirror
theory. As in the case of the planar mirror of the chiral SQCD discussed in the previous
section, here in addition to the real mass to flow to the vacuum dual to the chiral
quiver we also need to perform the following shifts in gauge fugacity:

J+1
wl — w&‘]) +7 (a A ) (3.53)

and take the 7 — +oo limit. Here w(” is the a-th fugacity of the J-th gauge group,

starting from the left. The resulting N' = 2 planar quiver theory in Figure [3.8] is IR
dual to the chiral theory in Figure , and provides the second UV completion of the
G[U(N)] SCFT.

A few comments regarding the superpotential of the quiver in Figure 3.8 are in order:

e There is a cubic superpotential term for every closed triangle. This superpotential
originates from the cubic A/ = 4 interactions that are not broken by the real mass
deformation. We denote these superpotential terms as Wyjanar- The assignment of
trial R-charges is r for each diagonal chiral field and 2 — 2r for each vertical one.
Indeed this assignment of R-charges is compatible with the planar superpotential.
Notice also that the FI parameters depend on the value of r, encoding a mixing
between the topological and R-symmetries as described in Subsection |3.1.2]

e Due to adjoint Higgsing of the gauge nodes, there are monopole terms in the su-
perpotential [75|. There is a linear monopole superpotential for each monopole
with charges +1/ — 1 under the upper/lower gauge nodes connected by a vertical
line. We denote these linear monopole superpotential terms as Wionopole- 1These
are essential for the topological symmetry to correctly enhance to SU(N), as we
will comment later.

e In the planar theory there are self and mixed CS interactions. They are such that
each gauge node has CS level +1 and each pair of gauge nodes connected by a
diagonal /vertical line have a mixed CS interaction with level —1/ + 1. All these
interactions arise from the integrated fermionic modes that became massive upon
real mass deformation.

e There are shifts in the FIs associated to the mixing of the topological symmetry
of the various nodes and the R-symmetry. The FIs of the gauge nodes in the J-th
column from the right are:

1Qr 1Qr
FIS:XJ—XJ+1—%,XJ—XJ+1,...,XJ_XJ+1+% (3.54)
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W = Wplanar + Wmonopole

Figure 3.8: The N = 2 planar mirror dual of the G[U(N)] theory. CS levels are
indicated in red and the level of mixed CS interactions is indicated in green. On top of
each column we indicate in orange the FIs of all the gauge nodes of the column, up to
shifts that are discussed in the text.

from top to bottom, while the background FIs for the j-th flavor node associated

to Y; are:

Fls: XN+ZQTT(2]‘—N—1)+5»71§—5]~,N§ (3.55)
where j = 1 corresponds to the top flavor node in Figure[3.8land j = N corresponds
to the bottom node. In Figure [3.8 we suppressed these shifts and only report the

contribution to the FIs that depends on X;.

The S} partition function in the 7 — +oo limit is given by:

Jim, Zerwo(X, Y, 7) = lim eZ " YD 700000 0(X,Y) (3.56)

T—00

where ZG[U(N)M[(X' ,}7) is the partition function of the second UV completion of the
G[U(N)] theory in (3.8) and:

leanar()z” }7’ 7_) = Hgiljnar()zv }77 7_) + leanar (357)

res

Here HPI2"r j5 a constant phase independent of the global parameters X and }7, that
only depends on the squashing parameter (. Hgilj‘“ar is a divergent phase that is equal
to HSPiral and therefore it cancels against the chiral dual theory, providing a strong check
that the theories in Figure and are dual. We found also that HPlanar — fychiral

res res
therefore taking the limit 7 — +oo we find:

ZG[U(N)},I(Xa Y) = ZG[U(N)],H(X7 Y) (3.58)
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Global Symmetries and Operator Map

We now comment on the duality map between global symmetries and the chiral rings of
the two theories.

Let us start from the global symmetries. As already stated at the beginning of the
section, the G[U(N)] SCFT has a U(1)¥=! x SU(N) global symmetry. In the chiral
UV completion (3.49) , the two global symmetries are realized manifestly in the UV.
SU(N) is the flavor symmetry while U (1)V~! are the topological symmetries of the N —1
nodes. In the planar UV completion, in Figure , instead the U(1)V~! is realized
as the flavor symmetry that is unbroken by the planar superpotential and up to gauge
transformations. The SU(N) global symmetry is instead obtained from the enhancement
of the N — 1 topological symmetries. We recall that the presence of Whonopole has the
effect of breaking the U(1)* topological symmetries in a column with k gauge nodes down
to a diagonal U(1), such that effectively each column of gauge nodes contributes with a
single U(1) topological symmetry.

Let us now move to the operator map. The chiral ring of the planar G[U(N)] theory

in Figure [3.8is generated by the N — 1 vertical bifundamental fields connecting adjacent
vertical flavor nodes. These can be taken as the only independent chiral ring generators
up to F-term relations imposed by Wyjanar-
We expect these operators to be mapped to monopole operators in the chiral G[U(N)]
theory . This is the case, but the fundamental monopoles are gauge variant and
must be appropriately dressed by appropriate powers of fundamental chiral multiplets.
Focusing on a section of the chiral G[U(N)] quiver:

4\ ! (1 3! )
ory Q@ ok Pk (3.59)

we notice that the fundamental monopole of the U(k) node can be dressed with Q1
to ensure gauge invariance of the resulting operators. The N — 1 dressed fundamental
monopoles of the chiral G[U(N)] theory generate the chiral ring of the theory. We can
also calculate that they have the correct charges to be mapped to the N — 1 vertical
bifundamental chirals connecting adjacent vertical flavor nodes in the mirror, which can
be verified also via the superconformal index. Assume that each bifundamental in the
electric theory (@, P...) has trial R-charge r. Consequently, the vertical bifundamental
chirals connecting adjacent vertical flavor nodes in the mirror planar theory, that the
monopoles map to, have R-charge 2 — 2r. By using eq. , the dressed monopole of
the k—th gauge node in the chiral theory tr(Q* 190%-0=0.--0) has R-charge:

R(QM MO0y = — ( — 1) 4 %(k; —D(1—7r)+ %(k: + D)1 =r)—(k=1)+(k—1)r=

=1-r)+k(1—r)—(k—1)+(k—1)r=
=2—-2r
(3.60)
where the first factor comes from the mixing between the topological symmetry and the R-
symmetrylj while the second and third terms in are the bifundamental fermions
contributions, the —(k — 1) is the contribution from the gaugini, and (k — 1)r is the

1 The mixing can be extracted as the coefficient of § in the FI of the k-th node: Y — Y41+ § (r—1).
The contribution to the charge is then obtained by multiplying it by the topological charge.
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contribution from the dressing with Q*~'. So the N — 1 fundamental dressed monopoles
map to the N — 1 vertical bifundamental chirals connecting adjacent vertical flavor nodes
in the mirror. In the rest of the chapter we denote the gauge-invariant dressed monopoles
as My, and we omit the dressing fields.

3.2.2 Flip-Flip chiral-chiral and planar-planar dualities

The FT[U(N)] theory enjoys another UV completion known as the Flip-Flip dual [171].
The Flip-Flip dual quiver ffFT[U(N)] is obtained starting from the FT[U(N)] theory
with two extra sets of singlets which flip the operators Ax, Ay:

WffFT = Wpr + OXAX‘ + OyA? (3.61)

Since in the FT[U(N)] theory the meson matrix is already flipped by the singlet ay, this
further flip give mass to ay. As a result, the spectrum of the Flip-Flip theory is given by
the meson matrix, in the adjoint of SU(N)y, and by the flip matrix Oy, in the adjoint
representation of SU(N)y.

2—2r 2r
r (O ,,‘

W = Wh—4 W = Why=4 + OyA);

Figure 3.9: The flip-flip duality for the FT|U(N)| theory. On the electric side the

bifundamentals have U(1), charge % and trial R-charge r, while on the magnetic side the

bifundamentals have U(1), charge —% and trial R-charge 1 — r, as emphasized by the

2
labels in black.

The Flip-Flip duality is represented by the following equality of S} partition functions:

ZffFTU(N)] )?57 Hsb( 2r—1)+7+X; — Xk) <§(2r—1)+r+yj_yk)
7,k=1

ZFT[U(N)] (X, ?a —T)

r—1—r

(3.62)
As shown in [172] it is possible to prove the flip-flip duality by iterative applications of the
Aharony duality. The idea of the proof is the following. Starting from the left-most U(1)
node in the FT[U(N)] theory (whose adjoint chiral is just a singlet) we apply Aharony
duality [93] which leaves the rank invariant but gives mass to the adjoint chiral field of
the adjacent U(2), hence we can apply again the Aharony duality on it. This will remain
a U(2) node but the dualization will also give mass to the the adjoint chiral field of the
adjacent U(3) node. We continue applying iteratively the Aharony duality until we reach
the last U(/N — 1) node. Notice that since every U(k) node sees 2k flavors, ranks do
not change when we apply the Aharony duality. We then perform another sequence of
dualizations starting from the leftmost U(1) node and stopping at the second last node
U(N — 2). In the third sequence of dualization we start again from the U(1) node and
proceed along the tail stopping at the U(N — 3) node. We iterate this procedure for a
total of N — 1 times, applying Aharony duality N(/N — 1)/2 times. The singlet fields
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flipping the mesons and the monopoles appearing in the Aharony duality reconstruct the
singlet matrix Oy and give mass to the singlet matrix Ox.

We will now show that we can derive similar self-dualities (modulo flips) for the two
G[U(N)] UV completions. In analogy with the N/ = 4 case we denote these dualities
as flip-flip dualities. These dualities map chiral theories to chiral theories and planar
theories to planar theories, in contrast to the mirror-like dualities described in Section
[B.2] This is expected because the N' = 4 flip-flip does not exchange flavor and topological
symmetries, therefore in the N' = 2 case the SU(N) and U(1)N~! factors of the global
symmetries of G[U(N)] will not be exchanged.

Chiral-Chiral flip-flip duality

Starting from the flip-flip duality in Figure 3.9 we take the real mass deformation (3.47)
that takes the FT[U(N)] on the Lh.s. to the first UV completion of G[U(N)], the chiral
UV completion.

Contrary to the case discussed in the previous section, where we started from the two
UV completions related by mirror duality, now the same deformation can be taken on the
dual side in Figure [3.9) Indeed in this case we find that in the dual the correct vacuum
is again a chiral quiver, so we obtain the following new chiral-chiral duality relating the
first chiral UV completion of the G[U(N)] theory ([3.49):

—1 —1 -1
OO @O 5
1 (0,2) (0,3) (0,N—-1) (— D41 No1

’ 2

W =0 (3.63)

to its flip-flip chiral dual:

+1 +1 +1 N
OO ¢
1 {0,~2) (0,-3) (0,-N+1) (- 87,82

3

W =ty 00 GO0 (3.64)

Notice that in the flip-flip dual theory there is a superpotential containing flippers ¢;
for all the dressed monopoles 9312*""7"-’0 with negative GNO flux under a single gauge
node. In addition all the arrows and CS coupling signs are flipped and the FIs are
reshuffled. The bifundamental fields in the flip-flip theory have trial R-charge 1 —r. On
the flip-flip side there is also a background CS term at level —1 for each U(1) factor in
the U(1)Y ! symmetry group.

Under the duality map the dressed monopoles with negative charge under the topo-
logical symmetries of the electric theory map to the set of singlets ¢; in the flip-flip dual.

Also in this case, similarly as for the FT[U(N)] theory, the duality can be demon-
strated by iterative applications of local dualities. Now at each step we need to locally
apply the chiral Giveon-Kutasov duality for U(N);; with [N — 1, N + 1] flavors [35] 128,
173].
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Planar-Planar flip-flip duality

Let’s start again from the duality in Figure Now we take the real mass deformation
that takes the FT[U(N)] on the Lh.s. to the second UV completion of G[U(N)], the
planar UV completion. So we perform the real mass deformation:

X;—=>X;,+%3(2J—-N—-1 J=1,...,N
Ks = Xyt 5 ) R T = 400 (3.65)
Y =Y +IN
and we also perform the following shifts in gauge parameters:
1
w = w47 (a — J%) (3.66)

Also in this case we can implement the same deformation on the dual side and we
land on a pair of dual planar Abelian quivers given in Figure [3.10}

W= Wplanar + Wmonopole W= Wplanar + Wmonopole

Figure 3.10: Self-duality modulo flips displayed by the planar G[U(N)| theory. The
background CS terms for the flavor symmetry are different on the two sides of the duality,
furthermore on the r.h.s. there is a background CS term at level —N for the emergent
SU(N)y global symmetry. Flowing from the N' = 4 flip-flip this is generated from
integrating out the monopole flippers Oy in Figure[3.9] On the r.h.s. there are also shifts
in the FI terms, discussed in the main text, which are not reported in the figure.

Notice that in the flip-flip dual theory all the arrows are flipped and the FIs are
reshuffled. Furthermore, CS and mixed CS levels have opposite sign with respect to the
electric theory and the trial R-charge of the chirals is 1 — r. To avoid clutter here we
set r = 0, therefore the electric diagonal bifundamentals have trial R-charge 0 and the
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magnetic diagonal bifundamentals have trial R-charge 1. On the r.h.s. there is also a
background CS term at level —N for the emergent SU(N)y symmetry, as well as shifts
for the FIs. On the flip-flip side the FIs for the gauge node of the J-th column from the
right are:
FI. YJ - Yj_l + %, YJ - YJ_l, ey YJ - YJ_17 YJ - Yj_l - % (367)

from top to bottom. In Figure we only reported the Y-dependent part of the Fls.

The operator map is very simple: the vertical string of N — 1 singlets in the last
column of the electric theory maps to the NV — 1 mesons of the flip-flip theory constructed
along the shortest path connecting two adjacent U(1) flavor nodes.

Also in this case the duality can be demonstrated by iterative applications of local
Aharony-like dualities.

3.3 Towards an Algorithmic Approach: S§—walls, QFT
Building Blocks, and Basic Duality Moves

Starting from the N' =4 U(N) SQCD with F > 2N hypers we can also consider a more
general real mass deformation, w.r.t. the one discussed in the previous section, where we
partially break the SU(F) global symmetry to obtain an N’ = 2 U(N) SQCD with n;
fundamental and n, anti-fundamental chiral multiplets on the electric side:

N=4 U(N) N=2 UN) ¢y s

_ iR (3.68)
F hypermultiplets [ns,n,) chiral fields, F=ns+n,

Here we consider flows that preserve the maximum amount of chiral matter multiplets
F = nj 4 n,, while giving mass to the adjoint chiral field. Therefore, the number of
(anti-) fundamentals ny and n, satisfy F' = ny + n, but are otherwise unconstrained
and depend on the specific mass deformation that we consider. On the other hand, the
choice of CS levels is not arbitrary and is fixed by the parent N = 4 theory: each
massive (anti)fundamental multiplet contributes as (—3,—3) to the CS level and the
massive adjoint chiral contributes as (N,0). In the CS-level notation: (k,k + [N), this
corresponds to k = —% + N and [ = —1.

One can generalize to arbitrary values of [ by applying Witten’s SL(2,Z) action on
both sides of the duality as discussed in Subsection

We can also turn more general real masses and integrate out more chirals to access a
more general range of CS levels. Notice that this can also be achieved by first performing
the real mass deformation that preserves the maximum number of chirals, discussed here,
and then performing additional real masses for the resulting N/ = 2 theories. We address
this generalization in Section [3.5

One can then consider the same limit on the mirror side and try to identify the dual
vacuum. In general, this is a non-trivial exercise as there are multiple potential vacua
corresponding to possible ways of moving on the Coulomb branch of the A/ = 4 mirror
(which, in turn, match how we shift gauge fugacities in the S} partition function).

More generally, one can start on the electric side with a linear unitary N’ = 4 quiver
with gauge group [y, U(N;). We consider a real mass deformation, paired with a VEV
for the scalar in the N' = 2 vector multiplets, such that the adjoint chiral fields and only
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one of the N’ = 2 chiral multiplets in each matter hypermultiplet acquires a real mass.
Such a deformation preserves the maximum total amount of chiral fields. Integrating out
the massive field we obtain a chiral linear quiver:

Ni_1) ’(Nz+1

i~ fi Fit1-fit1
(Kic1, kica—Nia) (ki ki—Ni) (i1, kig1—Nig1) (369)

where f; < F; is the number of fundamental flavors for the i-th node, and F; — f; is the
number of antifundamental flavors. The CS levels of the i-th gauge node k; are fixed by

the parent theory'%} v v .
fy — i1t i TN (3.70)

One can also consider more general real mass flows such that in the resulting N' = 2
quiver some of the bifundamental chiral fields point to the left. As before, one can
implement the same limit in the mirror dual quiver theory to reach the dual vacuum.
This remains a non-trivial exercise.

Clearly, it is desirable to have a more systematic way to determine the planar mirror
dual of a generic flavored N' = 2 quiver without the need to resort to S; partition
functions. We do so by adapting the idea of the local dualization algorithm of [45, 46|
which we quickly review now.

3.3.1 Lightning Recap: The N = 4 Dualization Algorithm

The dualization algorithm for N' = 4 linear quiver theories provides a purely field-
theoretical proof of mirror duality assuming only basic Seiberg-like dualities.

It is well known that N = 4 linear quiver theories can be realized on Hanany-Witten
brane set-ups and inherit mirror dualities from the S-duality of Type IIB set-ups (see Sec.
for a brief discussion). The idea of the algorithm originates from the observation

12The specific mass deformation considered here leads to theories where the gauge nodes have CS
parameter [ = —1, where CS parameters (k, ) refer to the common convention used U(N)(k7k+lN). This
arises from givng (anti-)fundamentals a negative mass, thus leading to a positive mass for the N/ = 2
adjoints in the A/ = 4 SUSY multiplets. The other possible choice of deformation, arising by giving
positive mass to (anti-)fundamentals and negative mass to adjoints, is also a consistent one, and would
lead to N = 2 gauge theories with { = +1. Both conventions will be used in the following, and the one
used will be clear from the context.
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[170, 174, [175] that on linear or circular brane setups, S—duality can act locally on
each 5-brane creating an S—duality wall on its right and an S™!-duality wall on its left:
D5 =S8-NS5-8 ! and NS5 = S-D5-S~!. The dualization algorithm implements this
local action of S-duality in field theory.
In this subsection we briefly review the results presented in [45] 46| [176-179|, the reader
can look at them for a more comprehensive discussion.

Following [113], we identify the S-duality wall with the FT[U(N)] theory{"

+
Sy—gwall : Syoy[X, Y] = FT[X,-Y] = [N}-----

X (3.71)
St wall: Sy [X,Y]:=FT[X,Y]=[N}-----
X Y

As discussed in Section [3.2.1] the FT[U(N)] theory admits a Lagrangian UV comple-
tion Figure and is self-mirror under the exchange of emergent and manifest U(N)
symmetries.

The S-wall satisfies the fusion to identity encoded in a partition function identity
[176]:

/ AW Ay (W) 28 (X, W) 20 (W, Yi7) =5 Ip(7). (3.72)

Siia

interpretable as SS™! = 1, where the identity operator on the r.h.s. can be thought of as
the identity element, with:

el (7 0(X; = Yo 3.73
350~ s 2 11 579

and the N' = 4 measure is defined in (3.10).
This identity can pictorially be represented as follows:

EE e S K IR
X Y (3.74)

The adjoint chiral a couples to the moment map operators Ay and Ag of the left and
right walls as W = a(AL + Ag).
We then identify the QFT blocks associated to the different 5-brane configurations:

X

Z

&

| =
%LH

R G X | N| 2y

(3.75)

which are denoted the flavor block and the bifundamental block respectively.
We can now define the action of the S-duality wall on the basic QFT blocks:

13The FT[U(N)] theory differs from the T[U(N)] theory introduced in [113| for the presence of an
extra set of singlets flipping the Higgs branch moment map.
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1. The first basic move consists in the S-dualization of a bifundamental block into a
fundamental flavor block (the field-theoretic counterpart of S-D5-S7! = N.S5):

W =a(AL + Ar) + f(AL — Ap) [ w=o (3.76)

wherein we have explicitly reported the trial R-charge and the U(1), charge of
the various fields in the theory. On the r.h.s. the orange fugacities denote the
background FIs for the flavor nodes. This corresponds to the partition function
identity:

SN=4

N .
[ 207, 260 (%077 280 00,70 T ("2~ 5 0= =

N
— o 2min 5 (X -Y5) H
k=

(3.77)

2. The inverse basic move consists of the S-dualization of a fundamental block into a
bifundamental block (which is the field-theoretic counterpart of S-NS5-S~! = D5)

X Y X (3.78)
Notice that the gluing on the Lh.s. does not include the addition of U(N) adjoint

multiplets coupling linearly to the moment map of the S-walls. This inverse basic
move is encoded in the following partition function identity:

I (5 (X5 —m) glp(r) =

j=1
Lo e2min gy (Ua=Va)

- /dUdVH%,Zkl @0 U (G0, ) (3.79)
> - S al QT

Zs (X.Uin)Zg) (V.Yi7) alb_[l S (7 — 5= WUa- Vb)> .

We consider the case of N = 4 U(N) SQCD with 2N + F flavors to show how the
algorithm works in Figure M When decomposing the theory into QFT blocks, it is

4Here we use a short-cut, by treating 2N fundamental hypers as two sets of “frozen” bifundamentals.
We could have also proceeded as in [46] by chopping all the F'+ 2N flavors into fundamental blocks and
adding a (0, N) and an (V,0) bifundamental block.
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Figure 3.11: Applying the N = 4 dualization to the N'= 4 U(N) SQCD with F + 2N
fundamental hypermultiplets proceeds as follows - in the first line the quiver is chopped
into QFT blocks. In the second line each block is dualized using the basic moves. In the
last line we used the fusion to Identity property of the S-wall to obtain the known mirror
dual theory. Notice that the two tails of gauge nodes with increasing ranks are condensed
in the S-wall notation. By carefully performing each step, it is also possible to keep track
of all the parameters to find that we land precisely on the duality in Figure We have
also explicitly kept the integrals and integration measures to emphasize that gauging or
ungauging nodes must be performed with the appropriate measure.

important to keep in mind that each block effectively plays the role of a matrix element,
with two sets of indices corresponding to the two N-dimensional vectors of parameters
associated with the two U(N) global symmetries. In particular, note that flavor blocks
are accompanied by an identity wall, reflecting this matrix structure.

In this quick review, we have only discussed QFT blocks and Identity-walls with con-
stant rank N. We can, for example, have quivers with non-constant ranks which are
chopped into U(N) x U(M) asymmetric bifundamental blocks. The dualization of such
blocks requires the introduction of asymmetric Identity-walls. The algorithm in this case
includes an addition step, a sequence of Hanany-Witten duality moves to remove all the
asymmetric walls. For the analysis of these more general cases we refer the reader to [46].

In [57] the local dualization algorithm approach has been extended to a class of gen-
eralized N/ = 2 quiver theories that can be realized in set-ups involving NS, NS’, D5, D5’
branes preserving four supercharges. Unlike the A/ = 4 case where brane setups directly
inform the structure of the low-energy field theory, here the situation is reversed: the al-
gorithmic field theory approach yields an exact dual description, while the corresponding
brane configurations are difficult to interpret directly. This inversion of logic highlights
the power of the algorithmic method—mnot only does it provide precise duals, but it also
offers a new lens through which to understand and possibly reconstruct the brane setups
themselves. Motivated by this, our aim is now to develop a similar algorithm tailored to
chiral-planar A/ = 2 theories.

The algorithm will allow us to construct mirror duals of N/ = 2 SQCD theories with
both fundamentals and antifundamental chirals, as well as for chiral-planar quiver theories
as we will show in Section We provide a realization of the N’ = 2 S-wall operator in
Section [3.3.2] and construct the basic QFT building blocks and the corresponding duality
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moves in Section [3.3.3]

3.3.2 The chiral-planar S-wall, fusion to Identity and gluing

rules
In this section we propose, in analogy N' = 4 algorithm, to identify G[U(N)] as the
“chiral-planar S-wall” and prove its fusion to Identity properties.

More precisely we define:

L
<y
|
=]
.+
=]

S-wall: S[X,Y] =G|

Y (3.80)
S lwall: S7[X,Y] =G[X,Y] = [N o
X Y

Both theories admit (at least) two UV completions whose difference lies in the direction
of the arrows and the sign of FIs. For convenience the UV completions of both theories

are reported in Figures and
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Figure 3.12: The planar and chiral UV completions of the AN/ = 2 chiral-planar S-wall
coinciding with G [—)? : 17] are shown here. Mixed CS interactions have been suppressed
for brevity. Here, the trial R-charge r is set to 0. Therefore, in the chiral completion, on
top, each bifundamental has trial R-charge 0. In the planar completion the vertical /di-
agonal chirals have trial R-charge 2/0.

Notice that in the chiral UV completion of S the arrow direction is inverted w.r.t. S,
where it emanates from the manifest U(N), and the FI at each node are opposite: Y;,; —
Y;. In the planar UV completion of S the FI's associated to each string are X;,; — X;
rather than X; — X;,; asin S™.

In our notation the first argument of the Zgs+[- ;-] theories corresponds to fugacities for
an U(N) global symmetry, while the second argument corresponds to a U(1)¥~! global
symmetry.

We will now prove the fusion to identity properties of the N/ = 2 S-wall.
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1 (0,2) (0,3) (- B

Figure 3.13: The planar and chiral UV completions of the AV = 2 S~ !-wall coinciding
with G [)Z ; 37] are shown here. Mixed CS interactions have been suppressed for brevity.
Here, the trial R-charge r is set to 0 and the trial R-charges of the chiral fields can be
read as in the previous figure.
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Planar Fusion to Identity

Our starting point is the AN/ = 4 fusion to identity where we consider the UV
completion where we gauge the left and right Sy—4-wall by gauging their manifest U(N)
symmetries.

We consider the large mass deformation:

{XJHXJ'JFN%’ j=1,.... N (3.81)

Y=Y, + N5

which preserves both the (emergent) U(N)xy global symmetries. We also perform the
following shifts in gauge fugacities:

u) s ul) + 1020 -1-1), forT=1,....N (3.8

u) s ud + 120+ 12N -1), forI=N+1,...,2N —1 '
with 7 — 00, where ul" are the gauge fugacities for the /-th gauge node in the quiver
(starting from the left), while a = 1,...,|GY| with |G?)| being the rank of the I-th
gauge node.

This triggers a flow to the N' = 2 planar fusion to identity depicted in Figure [3.14]
On the Lh.s. we glue two S-walls in their planar Abelian UV completion by gauging a
diagonal U(1)" symmetry. On the r.h.s. we find an Identity-wall identifying the U(N)x
and U(N)y manifest symmetries.

(V]

=i

W= Wplanar + Wmonopole
Figure 3. 14 The planar fusion to identity observed upon gluing a § and S~ wall. Note

that the d, ;% 9 indicates the j* node of the middle column has a shifted FI term, counting
from below.

We encode the fusion to identity in the following partition function identity:

[1N] " A\ (V7 —_ v
/dZA ( >ZS(X,Z)ZS (V,7) = N‘A[N]( )g;‘Né (Xi — Vo) =5 121, (3.83)
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On the Lh.s. we integrate over the Abelian set of fugacities 7 entering the second slot of

Zs+[-;-]. The Planar Measure A" (Z) in (3.83)) is defined as a limit of the N' = 4
gluing measure A(N)(Z, 7) (3.10):

lim A (

T—r400

= Al (Z) x (divergent phase) . (3.84)
1

Z1—>Z1+g(2Z—N—

Notice the shift on the gauge variables is consistent with eq. (3.82)) for Z = qU=N). We

obtain: Nt
Al (Z) — A ] sb(— —Zi+ Z,H) (3.85)

=1
with

N—-1
HY(Z) = Q(Zl Zy) — —(22 +Z3) =Y ZH+ Z Zi 741 (3.86)
1=2

Note that the contribution from the vector multiplet of U(N) has disappeared, as ex-
pected from Higgsing the gauge group down to its maximal torus U(1)". The limit for
the U(N) adjoint gives rise to a string of vertical chiral multiplets connecting adjacent
U(1)" nodes and flowing upward. This string of vertical chiral fields couples to the ver-
tical chiral fields (lowing downward) connecting the U(1)™ nodes of the left and right
S-walls. As a result two strings of vertical bifundamental (flowing in opposite directions)
give mass to each other and we are left with a single string of vertical bifundamentals in
the middle flowing downward. This is obviously the planar version of the N' = 4 gluing
a(Ar + Ag) present in

The quadratic form H (Z ) encodes the CS levels and the BF couplings and FI shifts
for the middle column of U(1)" gauge nodes.

On the r.h.s. of the identity (3.83]), we identify the A’ = 2 Chiral Identity-wall:

N
<Ly

NWN( )U;:Nw( Y, (3.87)

identifying the U(N)x and U(N)y global symmetries. The Chiral Measure AV ()? )

is defined by starting again from the definition of the N' = 4 gluing measure A N)(X: ,T)

in (3.10), then shifting the flavor fugacities X as in (3.81)) and taking the limit 7 — —+oc.
We obtain (again after suppressing the diverging prefactor):

N
N 1
AW (X) — (M) . : (3.88)
I S =)
with
N N
HM(E) = —(N = 130 X2) +2 30 XX, =
i=1 1<J

(3.89)



which corresponds to a CS coupling at level (N, 0).
Observe that in the integrand on the Lh.s. of (3.83) appears the Planar Measure

ALY (2 ), while at the denominator of the r.h.s. of the same identity appears the Chiral

Measure A ()Z ) This is consistent with our claim that mirror symmetry sends the

N =2 chiral deformation of an N' = 4 theory into the N' = 2 planar deformation of its
N = 4 mirror dual and vice versa, and so the same happens for the basic moves.
Although we suppressed the divergent contributions to avoid clutter, we have checked
that the divergent pre-factors on Lh.s. and r.h.s. of the partition function identity cancel-
out.
We schematically depict this planar fusion to identity as:

_ i
X [
Where the vector in red indicates the CS levels for the middle column of U(1)" nodes
in (3.14)). Remember however that there also BF couplings and FI shifts given by the

planar measure ((3.86)).

(3.90)

The Chiral Fusion to Identity

Starting again from the N = 4 fusion to identity where we glue the left and
right Syr—4-wall by gauging their manifest U(N) symmetries, we perform a large mass
deformations that breaks the U (V) xy global symmetries to their Cartan. This is encoded
in the following shift in fugacities:

ah —aql) — 171, forI=1,...,2N —1
X; > X;+%(2j—-N), forj=1,....N (3.91)
Y; = Y;+Z(2j— N), forj=1,...,N

With this limit we flow to the N/ = 2 operator identity which admits the following
Lagrangian UV completion:

D@+ @ @D =

(0,2) (-1,N-1) (0,2) (3.92)

The associated partition function identity reads:

/ 120 (7) 25(2.8)25-(2.7) = M%()H” v)=g Il (3.93)

where we integrate over the first slot of Zg corresponding to the non-Abelian symmetry.
On the 1.h.s. we have the chiral integration measure AW (Z ) defined in|3.88|which carries
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the factor HV(Z) contributing a CS coupling at level (N, 0). The left and right S-walls
also carry a background (now becoming dynamical) CS level (—(N + 1)/2,(N — 1)/2)
so the overall CS level of the middle U(N) node is (—1, N — 1) in the Lagrangian UV
completion (3.92). On the r.h.s. of the identity we identify the "= 2 Planar Identity-
wall:

- L Trsix v
sy =0 () ]1 (X —Yi), (3.94)

identifying the two sets of U(1)" global symmetries of the left and right S-walls.
Although we suppressed the divergent contributions to avoid clutter, we checked that

the divergent pre-factors on L.h.s. and r.h.s. of the partition function identity cancel out.
We schematically depict this chiral fusion to identity as:

X Y (3.95)

3.3.3 Basic Dualities moves

The two dualities schematically depicted in (3.90) and can be interpreted as the
field theory equivalent of the multiplication between two operators S and S™! giving an
identity as a result. This statement is analogous to that for the Sy/—4 theory. To extend
further the idea that the S-wall theory is an operator we need to define on which object
it acts and how. The objects will be N' = 2 QFT blocks, that are simple WZ models that
can be glued together to form generic N' = 2 theories. As we will show in a moment,
it is possible to define an action of the S-wall theory on QFT-blocks. We refer to these
identities as basic duality mowves.

To derive the NV = 2 duality moves we start from the A/ = 4 basic moves which we
repeat below for convenience in their Lagrangian form:

1|7
z I 1—1
O O S O e O O

<L
=i
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W= Wplanar + Wmonopole

Figure 3.15: A chiral bifundamental on the r.h.s. is S-dualized into planar flavor sand-
wiched between two S-walls. As usual, on the planar side the FIs in orange are those of
all the nodes in the corresponding column below. The term 4, ; indicates that there is a
shift valid only for the 1-st node in the middle column, counting from below.

Chiral Bifundamental S-dualization
Our starting point is the A/ = 4 basic move in the first line of (3.96). We perform the
real mass deformations specified by the following shifts of fugacities, on both sides:
(X - X+ N3
Y Y +(N+1)2

Sullh 5 a4 220 - 1-1), for/=1,....N (3.97)
ug)—>ug)+§(2oz+l—2]\f—1)7 for/=N+1,...,2N -1

N
(T T

where X and Y are fugacities of the two U(N) global symmetries (which are preserved by
the deformations), @) are gauge fugacities for the I-th gauge node in the quiver (where
we start to count from the left), and 7 is the fugacity for the flavor. The flow generated
by these deformations yields the duality in Figure [3.15] We interpret this duality as a
basic move relating a chiral bifundamental to a planar flavor sandwiched between two
S-walls.
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We define the left-pointing chiral bifundamental block with trial R-charge r as:

RN 1
Zt[)Ji\g,]left(vavn;T) =
(- X,
Y (3.98)

whose S} partition function is given by:

—

N (R, V7)) = 25 Xa(on=N(=iQ) 2mi 3, ¥+ N(1-)iQ)

N .

Jk=1

Then on the r.h.s. of Figure|3.15|we identify the chiral bifundamental bloc ngleft()z Y. 1),
and the duality in Figure [3.15| corresponds to the following identity between partition
functions:

Zl[a]i\ff,]left()a?»m 1) :/dZA[lN] <Z> e~ 5 (P —2mZ1+ 23 +iQIN—-1)n—Z1-2 7L, Zj])

Zs(X, Z)sy (g + 7y — n) Zs- (Y, 7). (3.100)

On the r.h.s. the two S-walls are glued as in the case of the planar fusion to identity in
except for the CS level of the bottom node being 1 instead of 1/2 and different FI
terms.

We write the move depicted in Figure [3.15|in compact form as:

(3.101)

Where in the figure above we specify the shift of the CS levels of the N U(1) nodes in
the middle column by a red column vector.
Similarly, we can define a right-pointing bifundamental block, whose S} partition
function is given by:
N 2 N > o
Zl[oif,}right<X7 Y,nr) = Zlgif,}left(_X7 =Y, —n;7). (3.102)

Also, an equivalent definition is:

N 2 o N S
Zl[)if,]right(Xa Y, 1) = Zlgif,]left(ya X, —nr). (3.103)

15Recall that in this Section we assign trial R-charge 0 to the diagonal bifundamentals of the S-wall
theory, which in turn fixed the trial R-charge of the bifundamental on the r.h.s. of Figure [3.15] to 1.
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1 (0,2) (0,2) 1

Figure 3.16: A planar bifundamental on the r.h.s. is S-dualized into a flavor sandwiched
between two S-walls. As usual, on the planar side the background Fls in orange are those
of all the nodes in the column below.

whose basic move in short notation is:

(3.104)

Where in this notation it is meant that the fundamental chiral is connected to the topmost
node of the cental column of gauge nodes, instead of the bottom one as in Figure [3.15]
The corresponding partition function identity is:

Zl[oji\gright (X" }_}7 3 1) = / dZA[lN] (Z) 67%(772727]ZN+ZIQV+iQ[7(2N71)n+Zl+2 Z;V:Q ZjD

Zs(X,Z)sy (g — 7y + 77> Zs— (Y, Z) (3.105)

Planar Bifundamental S-dualization

Starting again from the first A/ = 4 basic move in (3.96)), we perform the real mass
deformation specified by the following shift of fugacities:

X; = X;+ (2 —N)3
Y; Yy + 525~ N+ 1)
@ —ah -], forI=1,...,2N —1

N+1
n—n— 5T,

(3.106)

The flow generated by these mass deformations break the emergent U(N)xy symme-
tries and yields the duality depicted in Figure We define the left-pointing planar
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bifundamental block with trial R-charge r as:

YT (R Vo) o
Zbif, (X,Yﬂl,?") E

left

(3.107)

In the second line we introduced a short notation wherein we suppressed the specific
shift in the background FI of each single node, leaving only the common 1 dependence
manifest. Also the background mixed-CS interaction in green is meant to be present
for each bifundamental linking two U(1) symmetries while the background CS levels are
given as a column in red. The contribution to the S partition function is given below:
(2 ) e B SN XS 2005 S Y )
2T Y, XJ(T71)(N+272J)§6727H'2J YJ(rfl)(NfQJ)ge2m’(YN%fX1§)

(3.108)
On the r.h.s. of Figure we recognize the left-pointing chiral bifundamental block@

1N — =
Zl[)if, l]eft(X’ Y’ m; 1)
The S} partition function identity corresponding to the duality in Figure is:

2 (X, F 1) = [ aZal (Z) e ia0nSi a2 )

N .
Zs(Z, X) [ ] s (g + 27— 77) Zs-(Z,Y). (3.109)

j=1

On the r.h.s. the two S-walls are glued as in the case of the chiral fusion to identity in
(3.92)). There is only a slight modification for the CS level of the middle U(N) node to

16Recall that in this Section we assign trial R-charge 0 to the bifundamentals of the S-wall theory,
which in turn fixed the trial R-charge of the bifundamental on the r.h.s. of Figure @ to 1.
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which the flavor is attached, which has now CS level (—1/2, (2N — 1)/2) and a shifted
FL
We can write the move in Figure |3.16|in compact form as:

(3.110)

Similarly, we can define a right-pointing planar bifundamental block, whose S} parti-
tion function is given by:

1N — = 1N — —
Zhi b (XY 51 = Zigp L (VX =i 7) (3.111)
and whose basic move in short notation is:
—

(3.112)

Notice that in short form the right-pointing planar bifundamental has opposite slope.
The corresponding partition function identity is:

2 R, Fp1) = [aZa0 (7) gt sio et e o)

N .
Zs(Z, X)[[ s (? —Zj+ 77) Zs—(Z,Y). (3.113)
j=1

Chiral fundamental S-dualization

We now discuss the inverse basic moves. A possible way to obtain them is by “multiplying”
an S and S~!-wall respectively on the right and left sides of the basic moves in Figures
and and using the appropriate fusion to identity properties.
However, we will follow a different route which is to start back from the inverse N' = 4
basic move in the second line of and perform a suitable mass deformation.

Let us start from the basic move for a chiral fundamental. Starting from (3.96]) we
take the real mass deformation

XJ‘7Y}_>XJ"Y}
u! = u) + 2020 -1), forI=1,...,N
u) s uld +1(2a+T-2N-2), forI=N+1,...,2N

n—n+3

(3.114)
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where again ul™ represents the set of parameters for the m-th gauge node in the quiver
(starting from the left), X;,Y; are the parameters for the global U(N) symmetries (un-
broken by the deformation) and 7 is the FI parameter. The resulting basic move is shown

in Figure [3.17]

W= Wplanar + Wmonopole

Figure 3.17: The planar mirror dual of the chiral anti-fundamental flavor block is shown
here. Mixed CS interactions have been suppressed for brevity. Notice that w.r.t. the
fusion to identity property in Figure [3.14], although being very similar, in the basic move
the planar quiver has an extra column of height N in the middle. As usual, on the planar
side we give the FI parameter of all the nodes in a column on top of it. The term 4,
implies a shift in the FI of the i-th gauge node in the column, counting from below.

On the L.h.s. we identify the chiral Flavor Block consisting of a single chiral in the
anti-fundamental of U(N), equipped with a chiral identity wall. Together with this block
we can also define an analogous fundamental chiral flavor block. The two blocks can be
defined graphically as:

N\/
|
vz

Zimorsuna(Ki1) 1= % I eIy Zms P S E
53 53 (3.115)
The contribution to the S} partition function is given belowﬂ:
i e una (X 1) = € F N7+ i (X —205)] Hsb )5 I (3.116)

1"The CS contact term indicated for the global U(N) symmetry in the S partition function has been
calculated by including the contribution from the identity wall as well.
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Z[N] (X ,’7) _ e“r [Nn +Z] 1 ( f2nX

flavor,antif

::]2

sp(—n+ X;) g I (3.117)
7j=1

We emphasize the CS level for the U(N) ¢ symmetry in (3.115) refers to the contribution
coming from the single chiral that has been integrated out. The overall background CS
level for this symmetry has to take into account also the shift (=N, 0) encoded in the
identity wall, as previously mentioned so that the total CS level for the chiral block is
(~N = 1-1).

In the duality in Figure we recognize a chiral flavor block on the l.h.s. and the
corresponding S3 partition function identity is:

— — - - o N - - o
D s sina Xom) = [ 42 QW 25(%.2) 20y g2V, =0:0) Ze- (F.0). (3119

Where on the r.h.s. we recognize a planar bifundamental sandwiched between two S-walls.
In short notation the duality in Figure [3.17] can be depicted as:

(-%.-% X (j
%

There is also a variant of this move, corresponding to the S-dualization of a chiral
anti-fundamental.

(3.119)

(3.120)

Which corresponds to the S} partition function identity:
Z{[ijz:gor ant1f(X7 T]) = /dZ dW Z ( Z) Zk[}i:l]eft(z_)a Wv = 0) ZS_ (}77 W) . (3121)

Planar fundamental S-dualization

Starting again from the N = 4 basic move in the second line of (3.96)), we perform the
mass deformation defined by the following deformation breaking the U(N) x y symmetries:

X; = X; — (2N —2j + 1)
Y; =Y, — (2N = 2j + 1)3
i) — @D 4 (2N —I+1), forl=1,...,2N
n—=n

T
2

(3.122)

This limit yields the duality in Figure|3.18, On the l.h.s. we identify the anti-fundamental
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1 (0,2) -3 N-1 i.N-D (0,2) 1

Figure 3.18: The planar mirror dual of the chiral anti-fundamental flavor block is shown
here.

Planar flavor block for which we introduce the compact notation:

M

e N
Zf[llavor,antif(X7 77) = Hi:l ) (Xl — Y;)

(3.123)

Notice that all the arrows point downward. Similarly we define the planar fundamental
block as:

Z[lN] ()’(' )=
flavor,fund 1) -

(3.124)

Notice that for the fundamental planar block the chiral is attached to the bottom of
the string of chirals belonging to the Identity-wall. The contribution to the S} partition
function is given below:

[17]
flavor,fund

[1¥]

X‘; :e%(n2—2nX1+X12) sp(n— X1) eI 3.125
7 N Xy
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2 (Kim) = B2 5 (xS T (3.126)

flavor,antif

The duality in Figure corresponds to the S; partition function identity:

[17]
flavor,antif

(X:n) = / dZ AW Zs|Z; X) Z{ihu (Z; W5 —n;0) Zs-[W; Y] (3.127)

We represent the previous move in compact form as:

(715.24\12—1> (71572;\;2—1> (3'128)

There is also a variant of this move that is the S-dual of a planar fundamental block.

(3.129)
Which corresponds to the following identity between partition functions:

[17]
flavor,fund

(X;n) = / dZ AW Zs|Z; X] Z) 0 (Z; W5 —n:0) Zs- W5 Y], (3.130)

3.4 The Chiral-Planar dualization Algorithm at work

In this section we use the algorithm introduced in the previous section to produce new
examples of the chiral-planar N' = 2 mirror dualities.

Along the lines of [46], we define the steps of the algorithmic dualization of a non-
Abelian chiral NV = 2 quiver to be the following:

e Step 1: The quiver is chopped into its basic QFT blocks that can be either bifun-
damentals or (anti-)fundamental chiral fields. This step is performed by freezing
the gauge interactions that will be reintroduced later.

e Step 2: Each QFT block is dualized via the basic duality moves described in

Section [3.3.3] These identities, or basic moves are summarized for reference in
Table B.21

e Step 3: The dualized blocks are glued back together by turning back on the gauge
interactions frozen at the first step. The pairs S!S fuse to Identity-walls as de-
scribed in Section [3.3.2]
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QFT block S-dualization S p.f. identity

Fig. 3.15)
eq. (3.100)

Eq. (3.105)

Fig. 3.17,
v eq.(3.118)
(’%F%)

Eq. (3.121))

Table 3.2: Summary of the basic moves that are relevant to run the algorithm. In the
first column are given the basic QFT blocks, in the second column their S-duals. In
the last column we give the reference to the S§ partition function identity and to the
extended quiver form. We avoided to give all the CS-interactions and FI terms, we only
provided those that are dynamical either in the starting chiral theory or in the resulting
planar theory. Notice that in order to keep track of all the details more information are
needed, see Section for a complete discussion.

Each of these steps will be illustrated in more detail in the following sections with explicit
examples.

We will use the algorithm to dualize chiral N = 2 quivers into Abelian-planar quiv-
ers. Although the same algorithm can be applied in reverse — starting from a planar
Abelian quiver to obtain its chiral dual — we do not discuss this case in the present work.

The current version of the algorithm has some limitations that we list below.

e We can dualize chiral quivers with fixed CS levels. A U(N) node with F' chirals
will have CS level (k,k + IN) with k = —£ + N and | = —1. Moreover, each
pair of gauge nodes connected by a bifundamental chiral will be also coupled via a
mixed-CS interaction.

e We can dualize only chiral quivers with constant ranks U(N). To algorithmically

108



dualize quivers with non-constant ranks we would need to introduce asymmetric
blocks and the chiral-planar version of the Hanany-Witten duality moves derived
in [46].

e We also limit ourselves to cases where each gauge node sees [nf,n,] chirals, where
F=n f + Ng With

[N+ Fy, N + F]
[nf,na] = [2N+ Fl, FQ] Fl,FQ 2 0 (3131)
[F1, 2N + F]

The algorithm can be further extended to overcome the current limitations, but we
leave this for future work.

Despite these limitations, we can extend the algorithm’s reach by applying the strate-
gies outlined in Sections [3.1] and [3.2] as we will demonstrate in Section [3.4.1]

Additionally, starting from the dualities generated by the algorithm, one can overcome
the limitations by performing suitable massive deformations; we leave a detailed study of
this direction for future work.

It is important to emphasize that, even within its current scope, the algorithm already
produces a rich variety of examples that capture essential features of the new type of
mirror duality proposed in this chapter. These will be discussed in detail in the following
sections.

3.4.1 Chern—Simons SQCD with fundamental and anti-fundamental
Matter

As a first example of the application of the algorithm, we consider the case of SQCD with
[ns,n,| flavors, where F' = ny + n, satisfying the constraint in eq. (3.131]). The second
and third cases are analogous, therefore we explicitly present only the first and second

case in eq. (3.131])).

U(N) CS-SQCD with [F}; + N, I, + N] Chiral Multiplets

We start from the first case in (3.131)), therefore we consider U(N)(f FitRy  FiERy
) 2
SQCD with [Fy + N, Fy + N]| chiral multiplets, depicted in short as:

2

< 2 ’ 2 N)

(3.132)

To apply our algorithm we begin by chopping the theory into chiral QFT blocks using
the basic ingredients defined in Section [3.3] We do so by considering F chiral funda-
mental blocks, F; chiral anti-fundamental blocks and two chiral bifundamental blocks, in
complete analogy with the A" = 4 SQCD case done in Figure [3.11], where the two bifunda-
mentals account effectively for 2N flavors. The QFT block decomposition is schematically
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depicted below.
IV AV

(3-3) F-5 F-5

(3.133)
In this schematic picture the act of multiplication between two consecutive blocks is un-
derstood. The measure of integration between two blocks is given by a U(N) vector field
AW which is precisely the measure defined in ([3.88)). To avoid cluttering we suppressed
the labeling of global symmetry parameters.

First, we check that gluing back the QFT blocks we recover the U<N)(—@,—@—N)
SQCD. The gluing procedure consists in identifying and gauging two U(N) global sym-
metries, one coming from each of the two blocks glued together. This means that there
must be a total of (#QFT blocks — 1) integrations to account for the gluing. Taking into
account the presence of F| + F; Identity-walls coming from flavor blocks, each freezing an
integration, we are left with a single dynamical, i.e. non-frozen, U(N) gauge symmetry.

We recall that each QFT block, Identity-wall and measure of integration comes to-
gether with CS interactions. In the schematic figure we give explicitly only those coming
from the QFT-blocks and leave the remaining implicit. The resulting CS level upon gaug-
ing and implementing the Identity-walls can be computed as follows. Each factor of Al
contributes as (IV,0) to the CS level. Each flavor block consists of a (anti-)fundamental
chiral field, with a CS level —%, —%), and an identity, contributing as (— N, 0), for a total
contribution of (—N — % —%) Lastly, a bifundamental chiral contributes with a CS level

of (=%, —%). Therefore the total CS level is:

N N N S
A-5—5) TERAB)EN -5 )+ (B + B+ DIV,0) = (555, 555 - N)
bifundamental blocks ﬂavor‘glocks chiral measure

(3.134)
which matches the CS level of the SQCD theory we are considering.

Now we dualize each QFT block in the decomposition in (3.133]) by exploiting the
basic moves derived in Section [3.3 and summarized in Table [3.2] we obtain:

(3.135)
Now we can use the chiral fusion to identity [3.92] to remove pairs of S-walls glued through
their U(N) symmetry. Schematically this operation can be represented as:

- @ (3.136)
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[F} + N, Fy + N] chiral multiplets. The superpotential terms and (mixed) Chern—Simons
interactions are as described in Section

This allows us to remove all but the first and last S-walls. The resulting generalized
quiver in short notation is:

(3.137)

The generalized quiver in (3.137)) can finally be written in the explicit Lagrangian form
by using the planar UV completion of the S-walls and the definition of the planar bifun-
damental and fundamental blocks. The result is depicted in Figure [3.19|

Let us comment some of the details of the duality in Figure [3.19

The global symmetry of the SQCD theory is, in general, S[U(Fy+ N) x U(Fy+ N)| x
U(1), where the first factor is the flavor symmetry while the second one is the topological
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symmetrylﬂ In the mirror dual the U(1) symmetry is the only flavor symmetry, taking
into account gauge transformations and superpotential constraints.

The Winonopole sSuperpotential contains a term that is linear in the monopole with
—1/41 magnetic flux under two nodes connected by a vertical line, which reduce to a
single U(1) the topological symmetry of each column. So the UV topological symmetry
is U(1)F+F2+2N=1 which enhances in the IR to S[U(F; + N) x U(F, + N)], so that the
global symmetry of the mirror quiver matches that of the SQCD.

In the SQCD the chiral ring is generated by mesonic operators constructed from the
fundamentals (); and antifundamentals Qj that form a bifundamental representation of
SU(Fy + N) x SU(Fy + N). These are mapped to monopole operators that are gauge
invariant in the planar theory. For example the meson () F1+NQF2+N is mapped to the
monopole with flux +1 under the topmost gauge node of the Abelian dual. The other
mesons are mapped to monopoles with two strings of +1 fluxes starting at the topmost
node and propagating along the two upper diagonals of the planar quiver. There are
(F1 + N)(F, + N) such monopoles which reproduce the bifundamental representation of
the enhanced SU(F, + N) x SU(F, + N) global symmetry.

Notice that in this case, the planar dual never exhibits a mesonic chiral ring generator.
This predicts that, for all values of F; and F,, there are no dressed gauge-invariant
monopoles in the SQCD theory that would parametrize a non-compact moduli space.

U(N) CS-SQCD with [F} + 2N, F;| Chiral Multiplets

We now consider the second case in (3.131]) (which is analogous to the third one), the
U(N)( FitFy  RitFy ) SQCD with [F} + 2N, Fy] chiral multiplets:

F1+F:
(=52 =52 -N)

(3.138)

We decompose this theory into fundamental blocks according to the rules described in
the previous section:

-

¥-5 ¥F-DH

. IV AN

(3-3) -5 -5

(3.139)
where the diagonal gauging of adjacent U(N) fugacities is understood. The difference
w.r.t. (3.133)) is that the last bifundamental is right-pointing, so that it contributes as N
extra fundamentals instead of anti-fundamentals. We dualize each block using the basic

18For special cases, namely F; = F» = 0 the topological symmetry enhances to SU(2). This can also
be understood by considering the Aharony-like dual for the theory [49], which is an Abelian gauge theory,
and then taking the mirror dual to that theory [169]. We will comment on this feature later in Section
@ and study other chiral theories exhibiting enhancement of the topological symmetry.
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moves in Table 3.2

(3.140)
The dualized QFT blocks can be glued back reintroducing gauge interactions with
AW measure, we also implement Identity-walls and obtain:

I Fa

(3.141)

This quiver can be written explicitly in Lagrangian form using the definitions of the
planar blocks, the result is depicted in Figure [3.20]

The features of this duality are very similar w.r.t. the duality in Figure [3.19] so that
the map between global symmetries and chiral ring generators works similarly as that
explained at the end of Section [3.4.1"]

However, in this case there can be an extra chiral ring generator which is a mesonic
operator from the point of view of the planar dual. It is possible to deduce that such
operator exists only if F5 < N. This operator maps to a gauge invariant (dressed)
monopole operator with positive magnetic charge of the SQCD. It is possible to verify,
for example through a Superconformal Index expansion, that in the SQCD this operator
exists for the same range of F5.

To summarize, the duals of the SQCD theories considered in this Section can be
schematically depicted as:

(3.142)

19Tn this case there can not be any enhancement of the topological symmetry for special values of F
and Fy differently from the case of the SQCD with [Fy + N, Fy + N| flavors.
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5 W= Wplanar + Wmonopole

Figure 3.20: The N = 2 planar mirror dual of U(N)( PPy PRy ) SQCD with

2 ’ 2

[F} + 2N, F3] chiral multiplets. The superpotential terms and (mixed) Chern—Simons
interactions are as described in Section [3.1}
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(3.143)

(3.144)

Notice that for high enough number of fundamentals and antifundamentals an SQCD
theory can admit multiple mirror duals among the ones presented above. As an exam-
ple, U(N) SQCD with ny > 2N fundamentals and n, > N antifundamentals admits
two inequivalent Abelian planar duals, schematically and . It would be
interesting to understand whether these two duals, in the range of n; and n, mentioned
above, can be connected by performing local Aharony-like dualities, but we leave this to
future work.

It is possible to derive planar Abelian duals for SQCD theories with SU(N) gauge
group or with U(N) gauge group and CS levels (k, k+(N) for any [ by applying Witten’s
SL(2,7Z) action [144] on both sides of the dualities described above. This was described
in detail for the case of SQCD with only fundamental chirals in Section [3.1.3] the gen-
eralization to SQCD with both fundamentals and antifundamentals is analogous and we
do not carry it out explicitly.

3.4.2 Topological symmetry enhancement in chiral quivers
A “local” balancing condition

We now move to an example of a quiver theory to show an interesting pattern of topo-
logical symmetry enhancement.
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We consider the following quiver:

(3.145)

Notice that, as emphasized before, the CS levels for each gauge group are not arbitrary
and are fixed by the amount of matter fields that each node sees following (3.70). The
quiver presented here serves as a specific example, but it is straightforward to modify
many of its properties. For instance, the directions of the bifundamental arrows can be
flipped, and the flavor content can be generalized by considering different numbers of
fundamentals and anti-fundamentals. However, for the sake of concreteness, we focus on
this particular choice in the current discussion.

The mirror theory can be obtained by applying the algorithmic procedure described
above, resulting in the following planar quiver. Here we only report the compact notation
for the mirror quiver for ease of readability:

Fi+1 Fr+1

(3.146)

116



Therefore the planar quiver has the following structure:

[]
[ 1

N Fo
F
In

F3

AN

[1] (3.147)

If we slightly modify the starting quiver in (3.145) — for instance, by reversing
the direction of a bifundamental arrow or swapping a fundamental flavor with an anti-
fundamental — the resulting quiver in changes accordingly. For example changing
the arrow of a bifundamental changes a fundamental flavor attached to the top node of
a column, with an anti-fundamental attached to the bottom node of the same column.
Or also, changing a flavor from fundamental to anti-fundamental changes the slope of a
planar bifundamental.

It is interesting to consider the special case where each gauge group has exactly 2NV

chiral (anti-)fundamentals, that is the case of Fy = Fy = F5 = 0. In this case the mirror
planar quiver does not have sequences of planar bifundamentals, and all the flavor nodes
are attached to the central column. The result is depicted in the first line of Figure |3.21]
This leads to the flavor symmetry of the planar mirror theory to increase, in this case
from U(1)*/U(1) to SU(3) x U(1).
Changing the orientation of the arrow produces different dualities with possibly different
enhancements of the global symmetry. Some other possibilities are depicted in Figure
[3.21] This, as far as we know, is a non-trivial prediction regarding the enhancement of
topological symmetries in N' = 2 quiver theories.

This suggests a rule to predict the enhancement of global symmetries. Whenever a
U(N) gauge node sees exactly [N, N] flavors the topological symmetry enhances to at
least SU(2). When in a quiver more than one gauge node satisfies this condition then
the enhancement is bigger. For example in Figure [3.21] it is shown a collection of linear
quivers with n = 3 nodes of rank N, with N bifundamental chirals pointing to the
right and Ny pointing to the left, with Nz + Ny, = n + 1. Then the chiral-planar mirror
duality predicts that the U(1)" topological symmetry enhances to S[U(Ng) x U(Ny)].
The limiting case with n = 1 corresponds to SQCD with U(V)(,—n) gauge group and
[N, N] flavors, where the topological symmetry enhances from U(1) to SU(2). This is a
special case of the dualities already discussed in Subsubsection It is important to
notice that the enhancement occurs for any quiver with the same values of Nz and Ny,
regardless of the ordering of the bifundamentals since the planar mirror dual is invariant
under this choice. This fact implies a duality among all the quivers with the same value
of N;, and Ng, one such example is provided in Figure [3.21]
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Figure 3.21: Chiral-Planar mirror dualities for a quiver with three gauge nodes. The
planar dual of each chiral quiver makes the enhancement of the topological symmetry
manifest. In general, the topological symmetry enhances to S[U(Ny) x U(Ng)|, where
Ny, and Ng are the numbers of left- and right-pointing bifundamentals, respectively. This
enhancement occurs independently of whether bifundamentals with the same orientation
are consecutive. Furthermore, examining the last two dualities, we observe that all the-
ories with the same values of N; and Ng are dual to each other.
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A “non-local” balancing condition

In Section , we started from the A = 4 mirror pair of the U(N) SQCD and considered
the real mass deformation leading to the A/ = 2 mirror duality relating the chiral U(N)
SQCD to its planar quiver dual pair, depicted in Figure [3.2]

It is interesting to consider the alternative situation where instead we take the chiral
limit of the quiver on the dual side, which results in a planar limit for the SQCD. This
can indeed be studied using the same strategies outlined in Section however, here we

will instead use the algorithm to generate the example. We begin with the chiral limit of
the mirror of SQCD, namely:

(3.148)

We decompose this theory into fundamental blocks according to the rules described in
the previous section, dualize each of them and then glue-back the result implementing
the Identity-walls. These steps are depicted in the following figure:

vz
oz
|=

211
272

vz

)

I AN V] ALV] AN AN [N ] 1v Al =
( ) 5-%) Y-8 (- )

¥, ) ¥ ) 34

(3.149)
Notice that the quiver considered in ([3.148) actually does not follow the rule prescribed

at the beginning of the section since it contains two tails built with asymmetric U (V) x
U(M) bifundamentals. However we can bypass the problem of dualizing asymmetric
bifundamental blocks by noticing that the two tails can be thought simply as a S and
S~ lwalls. These walls do not need to be dualized and in the last step they fuse to
Identity-walls with two other walls coming from the dualization of the flavor blocks.
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The resulting quiver can be then written explicitly in Lagrangian form, providing the
planar mirror description for the original linear quiver gauge theory (3.148|), as shown in

Figure [3.22]

XN XFPHN+1

XN-1: XF4N42

XN-2:XF{N+3

X2, XpyoN—1

X1, XpyaN

W = Whianar + Winonopole W = Whianar + Winonopole

Figure 3.22: On the top, the mirror dual of the planar limit of the N' = 4 SQCD,
reported from [3.148] On the bottom, the planar limit of the N' = 4 SQCD. We have
suppressed the FI parameters and all the background terms for brevity. The FI terms
for the gauge nodes are n + %((F —1)01,4 — dna). On the r.hus. it is depicted the same
theory but after recognizing the manifest flavor symmetry S[U(F) x U(2)"] and writing
it explicitly.

Interestingly, in the planar dual, the flavor symmetry is not the naive U (1) 2V /U(1),
but is instead enhanced to S[U(F) x U(2)"], as shown in fig. [3.22| This reveals an
intriguing pattern of topological symmetry enhancement. The appearance of the U(F)
factor can be understood using the rule proposed in the previous section: the central
part of the quiver consists of a sequence of U(N) nodes, each with [N, N| flavors and
bifundamentals oriented in the same direction. However, the emergence of the multiple
U(2) factors is a new feature specific to this duality. Notably, this latter enhancement
involves topological symmetries associated with non-adjacent nodes — that is, it is non-
local — in contrast to the local structure underlying the U(F") enhancement. Nonetheless,
both enhancements are manifest in the planar dual.
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3.5 The Landscape of N = 2 CS-SQCD and its Planar
Mirror Duals

In the following sections we describe the planar Abelian dual of the U(N), SQCD with
F fundamental flavors for any choice of parameters (N, k, F'). Toward the end we also
present examples for the SQCD with both fundamental and anti-fundamental chirals.

3.5.1 The Taxonomy of N' = 2 CS-SQCD with Fundamental
Matter

Three-dimensional N = 2 U(N) SQCD theories with F' fundamental chiral multiplets
can be organized in a two-dimensional parameter space spanned by (k, F). Each point
in this plane corresponds to a distinct theory. In this chapter, we focus on SQCD with
fundamentals, with CS level £ < 0. The case k > 0 is analogous.

The results given here can be extended, in principle, to the most general case of
SQCD with both fundamental and antifundamental fields by building on the results of
the previous sections. The techniques needed for this generalization are analogous to the
ones developed here, but the taxonomy is more involved, and we defer this analysis to
future work.
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Figure 3.23: Phase diagram of U(N); SQCD with F' fundamental fields in the (F, k)-
plane for fixed N. The diagram is partitioned into various zones, within which the planar
Abelian duals take qualitatively distinct forms.

In Figure [3.23] close to the origin, we identify the supersymmetry breaking region
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defined by:
SUSY : 2|kl <2N — F and F < N. (3.150)

On the boundary of this region, namely for F = N A 2|k| < N and F' < N A 2|k| =
2N — F, the theory is trivial in the IR, with the exception of the cusp in ' = N and
2|k| = N, where the theory reduces to a single free chiral. Indeed, for F' = 0, the red line
in Figure 3.23] the SQCD reduces to a U(N), TQFT.

Outside the supersymmetry breaking region and for F' # 0 the theory is interacting.
As discussed in [128], the space of N'= 2 SQCD theories can be organized in three broad
regimes distinguished by the relative magnitude of F, kK and N. These three regions
are distinguished by a qualitatively different Aharony-like dual’®] and are denoted as
minimally, marginally, and maximally chiral regions:

minimally chiral: F' < |2k|, N = L+lk|-N
marginally chiral: F =[2k|, N=L 4|k[-N=F-N (3.151)
maximally chiral: F' > |2k|, N=F-N

where N is the rank of the Aharony-like dual theory. We point out that marginally chiral
theories are characterized by the presence of a single gauge invariant monopole operator
parameterizing a non-compact C moduli space of vacua. In general, for different values of
(k, F') the theory does not possess any chiral gauge invariant operator. For the purpose
of this thesis we further divide these regions depending on the qualitative form the planar
Abelian dual, as we will discuss in the rest of the section.

A special role in the diagram in Figure is played by the line 2|k| = F — 2N, that
is highlighted in orange. The SQCD on this line can be derived starting from the A" = 4
U(N) SQCD with F' flavors and performing a SUSY breaking deformation that preserves
the SU(F") flavor symmetryﬂ. This is exactly the deformation and planar Abelian mirror
studied in Section 3.1l

Starting from this proposal, we can explore the entire (k, F') plane by performing
suitable real mass deformations, thereby arriving at a fully general construction of the
planar Abelian dual of U(N); SQCD with F' flavors. This analysis naturally partitions
the parameter space into five distinct regions, shown in Figure [3.23] in which the planar
dual exhibits qualitatively different features.

For clarity, we adopt a slightly different presentation strategy. We first introduce the
planar Abelian dual of U(N)y SQCD with F' > 2N fundamental fields, corresponding to
the green line in Figure We then take this theory, rather than the N' = 4 descendant,
as the starting point to explore the full (k, F') plane via real mass deformations. In Section
3.7, we explain how the U(N)y proposal itself can be obtained through a sequence of
deformations starting from the N' = 4 parent theory.

We emphasize that all dualities presented in this work follow from a systematic anal-
ysis of real mass deformations that break supersymmetry from N = 4 to N’ = 2. These
flows are studied in detail using, for instance, the S} partition function to provide exact

20While the original example of a 3d A/ = 2 duality for U(N) SQCD was presented in |93|, general-
izations to U(N)y theories with chiral matter content were subsequently developed by various authors.
We refer to [180] for a comprehensive overview and an extensive list of references.

21To be more precise, the N' = 4 SUSY breaking deformations results in an N = 2 UN)N—r/2,—F/2
SQCD theory with F' fundamental chiral multiplets. By performing an SL(2,7Z) transformation |144],
implemented via gauging and ungauging the topological symmetry, one can shift the U(1) Chern—Simons
level so that it matches that of the SU(N) factor, as described in detail in Section
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mathematical identities between the partition functions of the two dual theories. As an
additional non-trivial check, we can verify the dualities, for example, by matching the
numerical expansion of the superconformal index for small values of (N, k, F).

Motion in the (k, F)— Plane

A convenient way to explore the (k, F') parameter space is via real mass deformations
of the matter fields. This will be the main tool employed throughout the rest of this
chapter. Here we briefly summarize how such deformations allow one to navigate this
plane, while a more detailed discussion is deferred to Section

For each fundamental chiral multiplet, there are four basic possibilities:

1. Non-Higgsing Mass Flows: Assigning a positive or negative real mass +m re-
moves one chiral field from the spectrum and shifts the CS level by :I:%. On the
(k, F')—plane these correspond to diagonal moves toward the left:

—m
e SQCD (3.152)

+m

which can be stated more succinctly:
+m
(N,F, k) — (N, F — 1,k:|:%).

2. Higgsing Mass Flows: Assigning a positive or negative real mass +my removes
one chiral field from the spectrum, shifts the CS level by j:% and Higgses the gauge
group to U(N —1). These correspond to the following movement across two different
(k, F)-planed?}

(N,F k) =8 (N —1,F — 1,k + ).

We can interpret this operation as a movement to the right on the (k, F')-plane. As
an example, starting from the pseudo-self-dual point F' = 2N, k = 0, the deforma-
tion —mp produces a theory with F’ > 2N’ which sits on the N' = 4-descendant
line to the right of the pseudo-self-dual point F' = 2N’. The deformation +myg
reduces a theory sitting on the NV = 4-descendant line to a theory which lies in

22Notice that the mass deformations with Higgsing +mpy are only available in certain regions of the
(F, k)-plane; refer to Section [3.6| for more details.
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Zone 1:

U(N) SQCD U(N — 1) SQCD
—2k —2k

+mpy

—m (3.153)

Therefore, with a slight abuse of notation, we depict the possible deformations in the
(k, F)-plane: schematically as:

—m —mpy
e SQCD (3.154)
VAN
+m +mpg

Taken together, these deformations allow us to probe the (k, F')—plane completely,
starting from a given theorylﬂ. We emphasize that the Higgsing mass deformations +my
also reduce the gauge rank by one; consequently, when including such deformations, one
must begin from an SQCD theory with gauge group U(N +1). By systematically mapping
these mass flows to the planar mirror description, we construct the planar Abelian dual
of every N =2 U(N); SQCD theory with fundamental matter.

In this section, we probe the (k, F')-plane using only +m deformations, thereby avoid-
ing Higgsing. Starting from the green line in Figure [3.23] which lies along the k-axis,
these deformations allow us to explore the entire plane.

To access the region corresponding to U(N) with F' > 2N flavors, we instead employ
massive deformations accompanied by Higgsing. In this case, we begin from the N/ = 4
descendant line (the orange line in Figure .

The strategy employed to follow these deformations in the planar Abelian dual consists
of studying the large mass asymptotic behavior of the S; partition function, following
the strategies of [25, [128] (see also Section [3.1.2)).

3.5.2 A Planar Abelian Dual of U(N); SQCD with F [

Having organized N’ = 2 U(N); SQCD theories in the (k, F)-plane, we now turn to the
construction of their planar Abelian duals. Our starting point is the case with vanishing

23A further consequence is that generic Aharony-like dualities for SQCD with only fundamentals can
be derived assuming the pseudo-self-duality:

U(N)o with 2NO < U(N)o with 2NO (3.155)

for any V.
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CS level, £k = 0, for which the dual description takes a particularly symmetric form.
We then show how real mass deformations, corresponding to motion in the (k, F')—plane,
map naturally to Higgsing and mass flows in the planar quiver, generating duals for
arbitrary k£ and F. In this way, the planar Abelian dual provides a unifying framework
that interpolates continuously between the N' = 4-descendant line and more general
N =2 CS-SQCD theories.

A Planar Abelian Dual of U(N)y SQCD with F > 2N [

In this section, we describe an Abelian theory that is infrared dual to N' = 2 U(N),
SQCD with F > 2N fundamental chiral multiplets. Notice that the number of chiral
fields F' must be even due to the quantization of the effective Chern—Simons level. As
mentioned above, the validity of this duality is supported by the fact that it can be
derived starting from the mirror dual of N/ = 4 SQCD, followed by an appropriate
supersymmetry-breaking real mass deformation and subsequent real mass deformations.

The Abelian dual exhibits close similarities to the duals discussed in Section 3.1l In
particular, in Section [3.8 we show that a sequence of real mass deformations, combined
with local Aharony dualities applied to the constructions of Section [3.1] reproduces the
duality presented below.

The dual of U(N)y SQCD with F > 2N fundamental chiral multiplets is shown in
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(3.156)
Before discussing the main features of the duality, we present in detail the Abelian
dual theory in (3.156|). For clarity, we organize its defining data as follows.

Gauge structure and Chern—Simons couplings. The gauge group is U(1)V*F=N),
with chiral multiplets whose charges are encoded in the quiver. Each U(1) factor carries
a CS level, indicated by the red labels on the nodes, together with mixed CS interactions
represented by green labels on the links. The rules described in Section allow one to
reconstruct all CS interactions directly from the quiver.

Superpotential. The superpotential consists of two types of interactions:

® Wolanar: it contains a cubic (quartic) term for each triangular (square) face of the
quiver, with sign —1 (+1) if the arrows run clockwise (anticlockwise) around the
face.
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® Winonopole: €ach vertical column of k£ gauge nodes contributes with & — 1 superpo-
tential terms that are linear for the monopole with —1/ + 1 GNO fluxes for the
top/bottom nodes connected by a vertical arrow. For the central column, where
vertical arrows are absent, we have an analogous superpotential, that is linear for
the monopole with —1/ + 1 GNO fluxes under the first/second gauge node of the
column, also for the second/third nodes and so on.

Trial R-symmetry. On the SQCD side, we assign trial R-charge r to the fundamental
fields. On the quiver side, the chiral multiplets have R-charges:

\\,/:r , teor , \’\,/:1—7" , +:2—2T, (3.157)

which are compatible with the planar superpotential. The mixing parameter r is to be
fixed, in principle, via extremization [152]. Here, we do not perform the extremization
and keep r generic instead.

Global symmetries. The Abelian theory has a U(1)f UV global symmetry. One
factor, denoted U(1),, is a flavor symmetry compatible with Wjanar and is not gauged.
Without loss of generality, we assign charge —1 under U(1), to the bottom-most chiral,
with all other fields neutral. This symmetry corresponds to the bottom flavor node of
the quiver.

In addition, the theory possesses a U(1)~! topological symmetry that is preserved
by Winonopole- Effectively, each column of nodes carries one such symmetry. We encode
the mapping in the FIs for the nodes in the i-th column which are, from top to bottom:

ei=1,... . 5L {Xin—Xi—%r Xinn— X, ..., Xi1 — Xi, X — X+ 41}

;. F. _ W _ — — w
02—2.{X§+1 X%—FQ(T 1), X§+1 Xg,...,Xg_H X§7X§+1 X§—|—27’}
e i=5+1..  F-1{Xjn - Xi+50—1), Xin—Xi, oo, Xip = X5, Xi —

Xi—%(r- 1)}

where X;,; — X; parametrizes the corresponding Cartan of SU(F') and the coefficient
of w = %, which can be thought of as the real mass associated with the R-symmetry,
parametrizes the mixing between the topological and the R-symmetry. One of the X;
is redundant, but we keep this overcomplete parametrization for later convenience. One
can check that the FIs are compatible with the monopole superpotential described above.

In the IR, the topological symmetry enhances to SU(F')x, with parameters X; satis-
fying Zfil X; = 0. This enhancement can be seen, for instance, via the superconformal

index and is also predicted by the duality as we explain in a moment.

Map of symmetries. Across the duality, flavor and topological symmetries are ex-
changed, as expected in mirror-like dualities. The SQCD side has an SU(F)x flavor
symmetry under which the matter fields transform in the anti-fundamental representa-
tion. Its Cartan subgroup, parameterized by real masses X; with ) . X; = 0, maps to
linear combinations of the U(1)*~! topological symmetries of the Abelian theory, which
enhance in the IR to SU(F)x.

More precisely, the topological U(1) symmetry associated with the i-th column maps
to the anti-diagonal combination of U(1)y, and U(1)x

i+1°
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The topological symmetry U(1), of SQCD is mapped to a combination of U(1),,
U(1)x,, and the R-symmetry in the Abelian theory. This map can be expressed at the
level of real mass parameters as

F/2

A=n— ZX+ (3r — 1w, (3.158)

as shown in (3.156f). Replacing real masses by the corresponding generators yields the
mapping of the U(1), symmetry.

Background terms. Finally, the Abelian dual includes background CS terms, conve-
niently encoded in the S} partition function as exp(%¢(mag)), with

F
9 P

pmae) — Z (X2 = 20(1=3r)X,) — Y (X2 +20(1—1)X)) | +OW?). (3.159)
i=1 F

j=5+1

The quadratic terms encode CS couplings for the global symmetries U(1)x,, while the
linear terms correspond to mixed CS couplings between U(1)y, and the R-symmetry.
These contributions are essential for matching the duality in the presence of background
fields and for correctly implementing real mass deformations.

Compact Quiver Notation. All the data required to fully specify the planar Abelian
theory are encoded in the quiver diagram. Therefore we’ll find it useful for the rest of the
chapter to adopt a compact notation to describe the duality in . This notation is
summarized in the following table:

The compact notation used for Abelian planar quivers, together with their contribu-
tions to the partition function, is summarized in Table (3.160).

Quiver notation Field theory
U e U(1) N = 2 vector multiplet
U(1) Flavor node

U U bifundamental chiral with R-charge r
\ v ’./U/ and mixed CS level 41
U bifundamental chiral with R-charge 2r
E and mixed CS level +1

U U bifundamental chiral with R-charge 1 — r
\ v 7./0/. and mixed CS level —1

U E bifundamental chiral with R-charge 2 — 2r
v

(3.160)

and mixed CS level —1

U --—-® Mixed CS term at level —2

For this shorthand to be effective, we distinguish between diagonal and vertical chi-
rals, as well as their orientation (upward or downward). We remark that this graphical
distinction encodes differences in trial R-charges and mixed CS couplings.
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Within this compact notation, the duality in (3.156]) can be expressed more succinctly

' ,

U(N) with F 0 +— )Eﬁ 3
A »

W O

N QN/: ’ y‘(\ (3.161)

We reiterate that the CS level of each node can be reconstructed from mixed CS levels
through the relation:

ki = —%ka (3.162)
J#
where k; is the level of the U(1); gauge node, and the sum runs over all the nodes of the
quiver, including gauge and flavor nodes. Furthermore, we avoid giving FI parameters
explicitly to avoid clutter in the figures.
Here, and for the rest of the chapter, we also include a diagram, on the bottom left,
where we highlight in orange the regions in the (k, F') plane where the duality is valid.
These correspond to the various regions in Figure |3.23]

Duality in Zone 1 (F > 2N + 2|k|)

Starting from the duality between U(N)o SQCD with F' > 2N fundamental chiral mul-
tiplets and its planar Abelian dual in (3.156f), we now introduce negative real mass de-
formations and study the corresponding RG flows in both descriptions.
On the “electric” side, this deformation drives the theory to U(N) 1 SQCD with
2

F — 1 fundamental chiral multiplets. The analysis of the RG trajectory in the planar
Abelian dual is more subtle. We propose that the corresponding deformation is imple-
mented by Higgsing all the chiral fields along the bottom-left diagonal, as well as those
connecting to the bottom flavor node. This Higgsing identifies all gauge nodes along
the bottom-left diagonal, and the planar superpotential correspondingly reduces to mass
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terms. Graphically the deformation is the following:

\k\ (3.163)

£ nodes

r.h.s. of (3.161) X1—+00

Higgsed: =
Superpotential mass:

Here, the chiral fields shown in blue are those that acquire Higgs VEVs, consequently
the fields in orange obtain complex masses from the planar superpotential as illustrated

below:
Integrate out @%
—

@ 1>< ,
qs3 ngs

) a
(D @ O
(1) ! q q
W D Wolanar WD S22 Gigia W D Whianar
(3.164)

Integrating out the massive fields yields the planar Abelian dual for U(NN)_;,, SQCD
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with ' — 1 fundamentals:

U(N)

2
gflnodes

% + 1 nodes

| %\ (3.165)

The resulting dual quiver closely resembles the Abelian dual before the mass defor-
mation. The only differences are the number of columns and the position of the “column
of squares”. In this case, the column of squares is displaced from the center of the quiver,
as indicated by the sizes of the various quiver segments.

Further negative mass deformations are mapped analogously, leading to the following
duality for SQCD with F' > 2N + 2|k| and k < 0 (Zone 1 of Figure [3.23):

U(N), with F O +—
£ — |k| nodes

(F > 2|k| + 2N)

—2k

2N

e | %\ (3.166)

The three parameters (N, F, k) are mapped to the sizes of the two edges of the quiver
and to the position of the column of squares within it. The (mixed) CS interactions and
the superpotential terms follow the same rule as in Section m (see the discussion below

(3-156) ).
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This duality exhibits features very similar to those of (3.156)). In particular, the
Abelian planar theory contains a superpotential with a cubic (quartic) term for each tri-
angular (square) face of the quiver. In addition, there is a linear monopole superpotential
for each monopole operator with —1/ + 1 GNO flux under the top/bottom gauge nodes
connected by a vertical arrow, as well as for adjacent vertical gauge nodes not connected
by arrows in the column of squares.

Overall, the theory possesses a single unbroken topological symmetry for each vertical
column of chiral multiplets, giving a total U(1)*~! symmetry, which enhances in the
IR to SU(F). Moreover, there is a single U(1) flavor symmetry that maps to the U(1)
topological symmetry of the SQCDPY

We can systematically follow the first g — N negative mass deformations in this way.
The limiting case corresponds to theories obtained from supersymmetry-breaking real

mass deformations of the ' = 4 dual pairs, shown in (3.167)).
\%i N nodes

F — N nodes

(3.167)

This proposal coincides with Figure of Section 3.1} as can be shown through a
sequence of local dualizations following the procedure described in detail in Appendix B
of [2]. In short, starting from the quiver in , one performs Aharony duality on all
the gauge nodes in each column, from left to right, stopping at the (N — 1)-th column,
then repeats the process up to the (N — 2)-th column, and so on. After performing this
sequence N — 1 times, the resulting quiver matches the planar Abelian dual of SQCD on

24More precisely, a combination of the flavor U(1), some of the topological U(1) factors, and the U(1)z
R-symmetry maps to the topological symmetry of the SQCD. We omit the precise combination here for
brevity, but it can be determined by carefully tracking the RG flow on the S; partition function.
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the V' = 4-descendant line shown in (3.168)).

2N

(3.168)

Duality in Zone 2 (2|k| > |F —2N| A F > 2|k| )

We can further probe the region 2|k| > |F—2N| A F > 2|k| (Zone 2 of Figure[3.23)) by
introducing additional negative real masses in the electric theory and studying the corre-
sponding mirror RG flow trajectory. The associated deformation on the planar Abelian
dual is similar to that described at the beginning of Section [3.5.2] with the difference that
they now affect fields along the bottom-right diagonal instead of the bottom-left one. A
more detailed analysis of this deformation is presented in Section [3.7.1} for now, we focus
on describing the resulting theory.
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The resulting duality for SQCD with 2N + 2|k| > F > 2|k| is shown in (3.169).

F — N nodes

UN)with F O

2k| > |F—2N| A F > 2Jk|

—2k

2N

(3.169)

Turning on exactly N negative real masses results in a planar Abelian dual for

marginally chiral SQCD (|3.170)).

FNno/de;\%<

-3
_2k R L
2N B ;‘X
N v ¢ ‘7/

In this case, we observe that the planar Abelian quiver contains a long gauge-invariant
mesonic operator (highlighted in maroon) in the chiral ring that parametrizes a non-
compact moduli space. Consistently, the dual SQCD features a gauge-invariant monopole
operator parametrizing a C moduli space of vacua.

Notice that Zone 2 includes, on its boundary, the case of U(N) n SQCD with N

(3.170)

2
flavors, which corresponds to the cusp of the supersymmetry-breaking region. The planar
dual of this theory cannot be obtained as a simple limiting case of the dualities in (3.169))
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and . Indeed, in this limit, certain parameters controlling the size of the quiver

degenerate, indicating that the planar dual takes a qualitatively different form.
Nevertheless, the dual description can be accessed by following real mass deformations

in the Abelian theory. For instance, starting from the dual of U(N) N1 with N +1

212
fundamental chiral multiplets and integrating out one field, we are led to the duality
shown in (3.171)).

N nodes N nodes

s
7

I

L1 with N +10 U(N) y with NO (3.171)
2 2

UN) n~
2

By applying a sequence of Aharony dualities on the gauge nodes of the Abelian quiver,
one finds that the theory confines to a single free chiral multiplet. This reproduces the
expected infrared duality

UN) v with NO — free chiral, (3.172)
2

where the free chiral is identified with the gauge-invariant monopole operator of the

SQCD theory.

Duality in Zone 1 (2N —2|k| > F > N)

Starting from a theory in Zone 2, we can consider further positive mass deformations to
probe the regime 2N — 2|k| > F > N (Zone 1 of Figure. For the mirror theory,
this deformation is analogous to that described at the beginning of Section [3.5.2] which
has simply the effect of shortening the quiver by “removing” the top-right diagonal of the
quiver. As in the previous section, we refer to Section for more details.

135



The corresponding duality for SQCD is shown in (3.173)).

F — N nodes

N nodes

U(N)y with FF O —

(2N —2/k| > F > N)

—2k

2N

(3.173)
The dual quiver obtained is similar to those considered in (3.169). In Section [3.8 we
demonstrate that, through a sequence of local dualizations, the planar Abelian dual of
theories in Zone 1 admits an alternative representation, reported in (3-230), which more
closely resembles the planar Abelian dual of Zone 1 in (3.166). Indeed, theories in Zone
1 and Zone 1 are expected to be related by Aharony duality, and the sequence of local
dualizations explicitly relates the planar Abelian duals of the two zones, consistent with
this expectation.

This duality also closely parallels that of (3.156). The superpotential contains both
mesonic and monopole terms, following the rules outlined below (3.156). As a result,
the theory has a single U(1) flavor symmetry, while each column of vertical chiral fields
contributes one U(1) topological symmetry due to the monopole superpotential. This
yields a total U(1)F~! symmetry, which enhances in the IR to SU(F). These symmetries
map naturally to the U(1) x SU(F') topological and flavor symmetries of the original
SQCD.

On the boundary between Zone 1 and the SUSY-breaking region, corresponding to
F = N and 2|k| < 2N — F, the theory is expected to become trivial. This behavior
cannot be directly inferred from , since reaching this point would require setting
one of the quiver size parameters to zero, leading to a degenerate description.

Nevertheless, this limit can be accessed by considering theories that flow to this bound-
ary via a single real mass deformation. For example, one may start from theories along
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the vertical line with F' = N + 1 and 2|k| < 2N — F, and follow the deformation. In this
way, one finds that the planar Abelian dual reduces to a quiver that fully confines to a
U(1); theory, which is an almost-trivial theory.

In contrast, the boundary between Zone 1 and Zone 2 can be straightforwardly ob-
tained by setting 2|k| = 2N — F' in either or (3.173), which is a well-defined
operation at the level of the quiver.

Similarly, theories along the horizontal line & = 0, with N < F < 2N, can be
obtained by directly setting £ = 0 in . The special case kK = 0 and F' = 2N is
instead described by . This point is not captured by a naive limit of , as
expected, since it cannot be reached via positive real mass deformations starting from
theories in Zone 2.

Duality in Zone 3 (2|k| > F' > N)

We can also probe the region 2|k| > F' > N (Zone 3 of Figure [3.23). This is achieved by
starting from the dualities on the boundary between Zone 2 and Zone 3 in and
performing more negative mass deformations. The effect of the first deformation on the
planar quiver in is to simply give a negative real mass to the left flavor chiral.
The following real masses have instead the effect of “integrating out columns”, meaning
that a positive/negative real mass is acquired by all the chirals represented as diagonal
lines connecting two columns of vertical chirals. In this way, we are left simply by column
of vertical chirals of height N that are “connected” only through mixed CS interactions
between gauge nodes in the same relative position inside the nearest columns. This effect
occurs consecutively on each column, starting from the leftmost one and proceeding to
the right, as shown in (3.174]).

@@ . - ﬁzy

Negative mass:
Positive mass:

(3.174)
This description is indeed valid so long as we do not cross the boundary between Zone
3 and Zone 4.
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We thus obtain the following duality (3.175)):

N nodes

FNI?;\)\(

U(N), with F O —

(2lk] > F > N)

—2k

N 2N ‘ (3.175)

Let us comment on the monopole superpotential in the quiver theories above. There
is a monopole superpotential term for each pair of consecutive nodes in a column with
GNO flux —1/+ 1 under the top/bottom nodes. In the “bulk” of the quiver, where there
are diagonal arrows on both sides of the column, these monopoles are gauge-invariant
BPS operators and, hence, enter the superpotential as described below . When
the gauge nodes are missing diagonal chirals on at least one side then the monopole
superpotential follows these two new rules.

e In the column that separates the “bulk” of the quiver and the region with BF

interactions, as shown in (3.176f), these monopoles are dressed with a vertical chiral
field ¢ as following;:

(o —10)
wam\V 10/ (3.176)

The FIs of the nodes in this type of column are, from top to bottom:
w w
Fls: X1—§, X)—rw, ..., X5 — 1w, X1+§(1—37‘) (3.177)

where X is a Cartan of the SU(F) flavor symmetry and the coefficient in front of
w encodes the mixing between the topological and the R-symmetry. We remind the
reader that we assign trial R-charge r to the fundamental fields of the SQCD. One
can check that the FIs above are compatible with the monopole superpotential.
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e In the columns with BF interactions on both sides, as shown in (3.178)), the monopoles
are dressed with two vertical chiral fields ¢; and ¢,:

0-10

010

# o)
WosMm P10 (3.178)
&

The FIs of the nodes in this type of column are, from top to bottom:
w

w
FlIs: —(2r —1
s 2(7‘ ), 0, ,0, 5

(1—2r) (3.179)

One can check that the FIs above are compatible with the monopole superpotential.

e We further notice that in a column with no diagonal chirals on both sides, the single
unbroken topological symmetry can be reabsorbed by a gauge transformation due
to the presence of non-zero CS-levels. Therefore, only the columns in the “bulk”
of the quiver and at the edge of the “bulk” contribute to the Cartan of the global
symmetry, thus matching the rank of the global symmetry predicted by the dual
SQCD.

The same discussion also applies to the planar Abelian quivers in Zone 4 discussed
below.

Duality in Zone 4 (2N —2|k| < F < N)

We can continue to perform negative real mass deformations for the SQCD to probe the
region 2N — 2|k| < F < N (Zone 4 of Figure [3.23). Starting from the planar quiver
in Zone 3 describing F' = N, in , the effect of the deformation is now mapped to
the chiral fields in the top-right diagonal of the quiver. Qualitatively, the effect of the
deformation is the same as the one that we performed to cross the boundary between
Zone 1 and Zone 2, but now mapped to the top-right diagonal instead of the bottom-left.
By performing multiple such deformations, we can fully explore the entirety of Zone 4.
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The resulting dualities are shown in (3.180)).

U(N), with FF O —

(N >F >2N —2[k|) . o ;.

N nodes 3 y??(

—2k

2N

o

N 2N ‘
(3.180)

On the boundary between Zone 4 and the SUSY-breaking region, namely for 2|k| =
2N — F with F' < N, the planar quiver takes a qualitatively different form and cannot
be obtained as a well-defined zero-size limit of .

This duality also describes the line separating Zone 3 and Zone 4, that is, for F' = N
and 2|k| > N.

However, using the fact that the theory at F' = |2k| = N reduces to a single free
chiral multiplet, one can immediately infer the behavior along this boundary. Indeed,
a negative real mass deformation of U(N)_y/2 SQCD with N flavors maps, in the dual
description, to a mass term for the free chiral. Integrating out this field yields a trivial
theory, implying that the boundary theory is trivial.

Dualities for U(N); Super—Yang—Mills Theory

Starting from Zone 4, we can add more negative massive deformations to integrate out
all matter and finally reach the case of F' = 0. In such a situation, the SQCD reduces
to a U(N), TQFT. We can follow this sequence of deformations in the planar Abelian
theory describing Zone 4, in , all the way down to F' = 0. The resulting duality
that we obtain is:
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|k] — N — 1 nodes ST

N =2 UN) C -

3 L
1 . A
N =0 UN)x+nk) o |
N nodes l
2 ol e e
2N @ .
F
N 2N (3.181)

Interestingly, the resulting planar dual is not manifestly topological, as it still contains
massless charged chiral fields. The duality, therefore, implies that the planar Abelian
quiver shown in is in fact a gapped theory, flowing in the infrared to a U(N)
Chern—Simons theory with levels (k + N, k).

Here we consider two limiting cases corresponding to k = —N — 1 and k = —N. In
these cases the planar Abelian dual does not involve any chiral field and is manifestly a
TQFT. In the first case we find the following duality’}

N =2 U(N)-n-1 u
‘ > N dotted L — U(l)N+1
1i m. : e
ines :
N =0 U(N)-1,-n-1
(3.182)
In the case k = — N the planar dual does not involve any gauge nodes and is trivially

gapped in the IR. In both cases the planar Abelian dual reproduces the generalized
level-rank duality discussed in |97, (181, [182] for U(N)y ,—n with k& = —1,0.

It would be interesting to study this duality further, in particular its possible con-
nection with level-rank duality in the cases with |k| > N+1. We defer this to future work.

To summarize, we find a planar Abelian dual for every SQCD theory with gauge group
U(N), CS level k, and F' fundamental fields. All these dualities can be obtained from the
duality by introducing large real mass deformations for some of the fundamental
fields. In the following sections, we analyze these real mass deformations in detail, both
on the SQCD side and on the mirror side.

25Here and in the rest of the chapter we do not keep track of background gravitational CS terms.
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3.5.3 An Example: The Zoology of U(3);, SQCD with F'[J

Having established the framework for mapping real mass deformations across mirror
duals, we now present a set of illustrative examples for U(3), SQCD with F' flavors.
These examples highlight how the planar Abelian dual realizes qualitatively different
structures across the various regions of the (k, F') parameter space.

We begin with the planar Abelian dual of U(3)y SQCD with F' = 8, as described by
the general proposal in . In standard quiver notation, the duality takes the form

1
Xg5+ 5t
1
Xgq+ Tt Z T N\&ret -
—1
DERENE!
X5 T 1 b | Xgr
U3) with 8 O  +— D (1)t (1

1 -1 (1 1 -
1 1 -1
. -1 -1 1
1 Xg r—1,
1 A-1 (1 -
1
1
6 —1 -2
e X5q + T2
1
-1
X3 + 'T
1
-

W = Wplanar + WmOTLOPOl@S (3183)

where we use the shorthand X;; := X; — X, to parametrize the FI terms of the gauge
nodes in the planar theory. In the planar theory, there are 14 mesonic superpotential
terms, one associated with each face of the quiver, and a total of 8 monopole terms.
These correspond to k — 1 terms for each vertical column of gauge nodes of height k, as
described below . The CS levels are equal to 1 for all nodes except those in the
central column, as indicated by the red labels in the figure. The BF couplings follow the
rules described below ([3.156]).

Starting from this duality, we can turn on a negative real mass for one flavor in the
SQCD, flowing to U(3)_1» with 7 flavors. This theory lies on the ' = 4-descendant
line of Figure [3.23 The resulting duality for U(3)_;/2 SQCD with 7 fundamental chiral
multiplets is shown in ([3.184)).
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W = Wplanar + Wmonopoles

(3.184)

The resulting theory is shown in (3.167)). To recast it in the same form as (3.168]), we
perform a sequence of Aharony dualities on the U(1) gauge nodes, as shown in (3.185|).

First pass Second pass
— —

(3.185)

In a first pass, we apply Aharony duality to all nodes in the first vertical column, and

then to those in the second column. In a second pass, we apply Aharony duality only

to the left-most gauge node. After this sequence of dualizations, we recover the general
proposal in (3.168)).

For completeness, we also present the dual of U(3)_1/, with 9 flavors, providing an

example of a duality for SQCD in Zone 1. From this point onward, we will present
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examples using the compact quiver notation summarized in (3.160)).

U®3)

(3.186)

To provide further examples, we now return to the case of U(3)_1/» with 7 flavors and
study all theories that can be reached via positive or negative real mass deformations.
The resulting dualities are shown in Figures[3.24], [3.25] and [3.26], and exhaustively catalog
the theories generated by +m real mass deformations.
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Figure 3.24: The planar mirror dual of U(3)_1/2 SQCD with 7 fundamental chiral multiplets is an N = 4 descendant theory. Starting
from this UV theory, we study the RG flow trajectories induced by +m real mass deformations. In this figure, we display the first three
levels of this deformation sequence. Specifically, we begin with an electric theory containing 7 fundamental chirals and follow the flow to
theories with 4 fundamental chirals. We also highlight the location of these theories on the (k, F')—plane in the top-right corner.



—2k

Figure 3.25: We continue analyzing the RG flow illustrated in Figure . Starting
from U(3); with 4 fundamental multiplets, we study a single mass deformation down to 3
fundamental multiplets. Note that the dual of U(3)_;,2 with 3 flavors is a trivial TQFT,
while that of U(3)_3/, with 3 flavors is a free chiral. We highlight the location of these
theories in the (k, F')—plane in the bottom-left corner.
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Figure 3.26: We continue the analysis of RG flow trajectories induced by +m deformations, extending those considered in Figure
We focus on the RG flow trajectories of U(3)_5/2 and U(3)_3/2 SQCD with 3 fundamental chirals and follow these flows until all matter is
integrated out. Notice that since the dual of U(3)_3/, with 3 fundamentals is a single free chiral, when we perform a mass deformation, we

flow to a trivial theory. The theory with the (x) label is a gapped theory; in fact, the dual theory is simply a BF coupling. We highlight
the location of these theories in the (k, F')—plane in the bottom-left corner.



For completeness, we also present two additional examples. As a representative of
Zone 3, we display the planar Abelian dual of U(3)_3 with 4 fundamental chiral multi-
plets:

U(3)_3 with 4 O —>

(3.187)

As a representative of the dualities along the vertical line F' = 0, we present the planar
Abelian dual of N =2 U(3)_5 SYM.

[ ] u
UB)-s +— N o o
it

(3.188)

3.5.4 An N =4 Surprise

From the analysis carried out in this chapter, we uncover that U(NN)n/2—sn/2) SQCD
with NV fundamental chirals exhibits an accidental enhancement to N' = 4 supersymmetry.
The argument proceeds through a chain of dualities generated by gauging U(1) global
symmetries, which we now describe.
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We begin with U(N)_n/2 SQCD with F' = N flavors, which we argued is dual to a
single free chiral multiplet, as in . In this dual frame, the SU(F') global symmetry
is unfaithful, as no operator transforms under it; more precisely, it only appears through
a background Chern—Simons interaction. The only faithful global symmetry is therefore
the U(1) topological symmetry, which acts on the free chiral.

We can then gauge this symmetry, taking into account the background Chern—Simons
couplings on both sides of the duality. This leads to

SU(N)_ns2 with N O +—  U(1)1/2 with one charge —1 chiral. (3.189)

On the left-hand side, there is no background Chern—Simons term, so gauging the topo-
logical symmetry effectively ungauges the overall U(1) factor.

Starting from this duality, we next gauge the baryonic symmetry on the left-hand
side, including an appropriate Chern-Simons level, thereby obtaining a U(N ) n/2,—3n5/2)
theory. On the right-hand side, this corresponds to gauging the topological symmetry.
Performing this operation carefully yields

U(1) x U(1) with one chiral of charge (—1,0)

U(N)(—N/Z,—SN/Z) with N O <+— and k — (1/2 —1
-1 -1
(3.190)
We can integrate out the U(1)_; topological sector on the right-hand side, which shifts
the effective Chern—Simons level of the remaining U(1) gauge field. This leads to

U(N)(=n/2,—3ny2) With N O <—  U(1)3/, with one charge —1 chiral. (3.191)

This duality is consistent with a limiting case of Aharony-like dualities (see [180]),
and for NV =1 it reduces to a trivial identity between theories related by time-reversal.

It was observed in [183] that the theory on the right-hand side exhibits an enhancement
to N = 4 supersymmetry, with trivial Higgs and Coulomb branches. By virtue of the
duality (3.191)), the theory U(N)_ny2,—3n/2) with N fundamental chirals must therefore
also exhibit A = 4 supersymmetry. This enhancement can be further confirmed, for
instance, by analyzing the superconformal index using the methods of [184-186].

3.6 Mass Deformations in CS-SQCD with Funda-
mental Fields

In this section, we study mass deformations in N' = 2 U(N) SQCD with CS levels (k, k +
(N) and F fundamental chiral fields. We introduce a large real mass deformation for one
of the fundamentals, implemented through a real mass associated with a U(1) subgroup
in the Cartan of the SU(F) flavor symmetry. Our goal is to describe the four mass
deformations in ((3.154]): positive and negative real masses for one of the fundamentals
and positive and negative real masses where the gauge group is also Higgsed from U (V)
to U(N —1).

We parameterize the real masses associated to the Cartan of SU(F)as X;, i =1,..., F
subject to the following constraint:

> Xi=0 (3.192)



In the presence of these real mass deformations as well as an FI term 7, the equations of
motion are [24]:

(0o — X;)Q!, =0, a=1,....,N,i=1,...,F (3.193)
F S N 1 F
ZQ;*Q?:QLj koot LY oyt o Y loa—Xil|,  af=1...N
i=1 v=1 i=1
(3.194)

where @, are the quark VEVs, and we use gauge freedom to rotate the VEVs for the
scalar o in the N/ = 2 vector multiplet to a diagonal matrix.

Mass Flows without Higgsing: We first turn on a real mass deformation parametrized
by the shift:
X1 = XiF(F—-1)m,
X, —> X, +m, 2<i<F, (3.195)
n—=n+ (&£ (k+IN))m.

for large m. Since the quarks transform in the antifundamental representation of the
SU(F) flavor group, these shifts correspond to a positive mass (upper sign) and a negative
mass (lower sign) for the first quark, respectively. We consider a vacuum wherein the
gauge group is not Higgsed and the last F'—1 quarks remain massless in the limit m — oo.
This is achieved by giving a large VEV to the real scalars o in the NV = 2 vector multiplet:

o — +tdiag(m,m,...,m) + o. (3.196)

The effective mass for the quarks Q?, with i > 2, given by (0, — X;) vanish at leading
order in m, while the effective mass for the first quark Q! is:

my = +mF + O(m?) (3.197)

rendering this quark massive in the m — oo limit and, hence, can be integrate it out.
Up to O(m°) terms, the equations of motion reduce to the equations of motion
for U(N) with (F — 1) fundamentals and CS levels k & 1,k £ 1 + ¢N. The real mass
deformations , together with the choice of vacuum (|3.196)), produce the following
RG flows:

U(N)k%’kféwg with F — 10
_N
U(N)gprne with F O (3.198)
+j9///
U(N) with F — 10

k3 k4 S+ NE
b

In the rest of this thesis, we will compactly denote these RG flows as “+m” and “—m”,
respectively.
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Mass Flows with Higgsing: We now consider real mass deformations that simulta-
neously give mass to one quark and Higgs the gauge group to U(N —1). We consider the
following shifts of real mass parameters for large my:

X1 —>X1:F(F— 1)mH,
X; = X, £=my, 2<i<F (3.199)
n—=n+ (5 £ (k+IN—LF))my.

and we combine it with a large VEV for the real scalars o:

—(F -1 0
o— =+ ( ) my+o (3.200)
0 Inv_1xnv—1

which Higgses the gauge group to U(N — 1) x U(1). The fundamentals @Q°, with o > 2
and ¢ > 2 remain massless and form F' — 1 fundamentals for the U(N — 1) factor, while
the component Q1 is massless as well and carries a charge +1 under the U(1) factor. The
other quarks are massive and are integrated out. The D-terms for the U(N — 1) sector
are satisfied up to O(m%) order and reduce to the equations for U(N — 1) with F' — 1
fundamentals. The D-term for the U(1) gauge factor, namely with a = g =1,
read:

F

N F
1 1
+0> oy U(—F + N)mp + 52 o1 = Xi & (= F)ma| + 5 lon — X
1=2

=1

= <%F(F_1)_%Fi(—k—fNJrEF—k:(F—1)+€(N—F))> my + O(mf)

— (%F(F —2)F k;F) my + O(mf))

(3.201)
This can be solved by giving a non-zero VEV to @} such tha@:
1
QL = % <§F(F —2)F kF) >0 (3.202)
T

Positivity of this expression determines the range of validity for the two possible
deformations:

mg: F>2k+1),
n = 2k +1) (3.203)
—myg: F>2(-k+1).

With a slight abuse of notation, we can depict the movement in the parameter space
induced by the Higgsing deformations as illustrated in Figure [3.27 Indeed, since the

rank N changes, the deformation actually moves across two planes with different fixed
N.

26When g — 1 F k = 0 the D-terms are satisfied with vanishing VEV for the chirals and Q1 remains
a massless d.o.f. charged under the U(1) factor of the gauge group. This is the case when the SQCD
obtained after the mass deformation is marginally chiral.
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Negative mpy

Positive my

-2k

Figure 3.27: RG-flow trajectories induced by real mass deformations accompanied with
Higgsing in the (F, k)-plane.

When the deformation is allowed, the U(1) factor is fully Higgsed, and the resulting
theory is U(N —1) SQCD with F' —1 fundamentals and CS levels (k+1, k+1+0(N—1)).
Together with the previous non-Higgsing deformations, we obtain four distinct flows from
U(N) SQCD with F' fundamentals to theories with /' — 1 fundamentals:

U(N)k__ - N With =10 U(N — 1)k_%7k_%+(N_l)e with F —10
kk+N€ with F' [ (3204)
UN) 1,1 with FF —10 N —1) with FF —10

kt35.k+5+NE k+ k+s L (N=1)e

3.6.1 Mapping Mass Flows across Aharony-like Dualities

We remind the reader that SQCD with U(N) gauge group and CS levels k,k + (N
and F' fundamentals is mapped by Aharony-like duality to U (/N ) SQCD with CS levels
—k, —k-+(N and F antifundamentals [93, [128] (see also 35, 173, 180] for a comprehensive
review).

For simplicity, we focus on the case ¢ = 0, corresponding to vanishing CS level for the
diagonal U(1) group. The general case with ¢ # 0 can be obtained by applying Witten’s
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SL(2,7) action on both sides of the duality [144].

The dual rank N depends on the relative values of F' and k, dividing the parameter
space into three regimes — minimally chiral, marginally chiral, and maximally chiral —
characterized as follows:

minimally chiral: F' < |2k|, N = L+lk|-N
marginally chiral: F = |2k|, N=L4{k|-N=F-N (3.205)
maximally chiral: F' > |2k|, N=F—-N

In the marginally chiral case there is also an additional gauge singlet in the magnetic

theory that flips a monopole:
F
5 =Ikl

Wrr%ag
where the upper (lower) sign correspond to k£ > 0 (k < 0).

= TNF (3.206)

One can flow between different Aharony-like dualities by consistently turning on real
masses on both sides of the duality. We outline the mapping of mass deformations +m
and +mpy across Aharony-like duality.

In the mazimally chiral case, all four deformations in are available, as can be
checked from Figure [3.27 Aharony duality maps positive real masses to negative real
masses. Consistency with the value of N implies that mass deformations are mapped as
follows:

+m —my

—m Aharony +mp (3 207)
> .

+myg maximally chiral —-m

—mpg —l—m

where +£m and +mp denote mass deformations with or without Higgsing for U(N) SQCD
with only antifundamentals, analogous to the deformations discussed above for SQCD
with only fundamentals.

In the minimally and marginally chiral cases, only three of the four deformations
are available. The two non-Higgsing deformations, +m and —m, are always accessible,
whereas only one of the two Higgsing deformations (£my) is allowed, depending on the
sign of the Chern—Simons level k. For concreteness, we set k& < 0, where the electric
theory admits the mpy deformation. The Aharony dual theory has CS level —k > 0 and
one can check that the deformation —mjp is available. The mapping of mass deformations
is given by:

+m —mg
Aharony ~
k<0: —m > ¢ +m (3.208)
marginally or minimally chiral _
+mpg —m
similarly for k£ > 0:
+m —-m
Aharony —
k>0: —m —my (3.209)
marginally or minimally chiral
—mpy +m
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3.7 Mapping Mass Flows to the Planar Mirror Duals

In this section, we analyze how real-mass deformations of N/ = 2 SQCD are realized
on their planar Abelian duals. We do this by comparing the equations of motion on
the electric and mirror sides in the large-mass limit. We then focus on a representative
example to elaborate on some features of our proposal.

3.7.1 Deformations of the N/ = 4-descendant SQCD

As a starting point, we consider the planar Abelian dual of U(N),_ r SQCD with F

fundamental fields, shown in Figure (see Section [3.5.2)). We remind the reader that
this theory corresponds to the ' = 4-descendant line in Figure [3.23]

These theories lie in the maximally chiral regime, where all four deformations +m
and +my are available. Across the duality, a real mass for a quark in SQCD maps to an
FI term for the gauge nodes contained in a single column of the planar Abelian quiver,
while the FI parameter of the SQCD maps to a real mass for one of the two flavor nodes
of the Abelian theory.

Consequently, giving a real mass to the i-th quark corresponds to turning on a large
FI parameter for one (or two) adjacent columns of the Abelian quiver. Although dif-
ferent choices of 7 are equivalent at the level of the IR-SCFT—Dbeing related by Weyl
transformations of the SU(F') flavor symmetry—this symmetry is not manifest in the
planar quiver representation. As a result, the UV analysis of the deformation depends
on the specific choice of 7, even though the corresponding IR deformations describe the
same flow.

For concreteness, we adopt the following conventions for the four possible deforma-

tiong27}

+m, +my : large mass for the last quark Q¥ < Xp — —o0 (3.210)
—myg, —m : large mass for the first quark Q! <+ X; — 400 '

Where the limits indicate that for the deformations +m, +mpg, we have to correspondingly
take, at the level of the S} partition function, a large FI limit for the rightmost node in the
quiver, while the deformations —m, —myg correspond to a large FI limit for the leftmost
node.

2TNotice that in (3.195)) and (3.199) all four deformations were assigned to the first quark Q'. Here, for
the positive-mass deformations, we use the Weyl-equivalent choice acting on the last quark Q¥ which
is convenient because the corresponding large-FI limit then acts on the rightmost column of the planar
quiver.
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Figure 3.28: Deformations of the planar Abelian quiver dual to U(N )(N E SQCD
T2

with F' fundamentals. Chiral fields highlighted in pink acquire a large positive mass,
fields highlighted in green acquire a large negative mass, and fields highlighted in blue
acquire a VEV| thereby Higgsing the nodes that they connect to a diagonal U(1). After
the Higgsing the fields in orange acquire a complex superpotential mass. The quivers
resulting after integrating out the massive fields and performing the Higgsing are shown

in Figure [3.29)

We propose the following vacua for the four mass deformations:

+m: In this deformation, the chiral fields along the top-right diagonal and the chiral
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field attached to the topmost gauge node acquire non-zero VEVs. These fields are
highlighted in blue in the bottom-left panel of Figure The Higgsing iden-
tifies all gauge nodes along the top-right diagonal with the adjacent flavor node.
Consequently, the planar superpotential reduces to a set of mass terms, allowing
one to integrate out the 2(N — 1) chiral fields highlighted in orange in Figure [3.2§]
following the same procedure outlined in (3.164)).

In this deformation, the real scalars in the vector multiplets associated with the
gauge groups along the bottom-left diagonal acquire large VEVs:

(it ohom olgem) oc (N~ 1)Fm, (N = 2)Fm,....Fm)  (3.211)

where o?""™ is the real scalar of the gauge group associated to the bottom-most

node in the i-th column. As a consequence, the chiral multiplets connecting these
nodes acquire large positive real masses. The chirals connecting these nodes to the
rest of the quiver acquire a large real mass as well, which is positive for the vertical
arrows and negative for diagonal arrows. These fields are highlighted in pink and
green, respectively, in the top-left panel of Figure [3.28] Moreover, the chiral field
attached to the bottom flavor node is Higgsed.

Integrating out the massive fields yields the quiver shown below:

with FF—1 O

(3.212)
This intermediate quiver contains a tail of U(1) gauge nodes that interact with the
rest of the quiver only through mixed CS couplings. Such a tail can be systemat-
ically contracted by sequentially integrating out the last node, which corresponds
to an almost trivial U(1); Chern—Simons theory.

We remind the reader that pure U(1)4; Yang-Mills theory is almost trivial and its
path integral can be performed exactly [141} |144]:

: B (3.213)
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In the context of Equation [3.212] the contraction of the tail of U(1) gauge nodes
proceeds as follows:

;1'2@}2'2 ,;{@37@]
:;]2@}22 ,;{@l

(3.214)

The resulting duality is then represented schematically as:

UN)y e with F-10 {(/( ZE

— N nodes

(3.215)

+mpy: In this deformation, the real scalars in the vector multiplets of the gauge groups in
the right-bottom-most diagonal acquire non-zero VEVs:

(gbettom ghottom | %Mo) oc —((F =N —1)Fm, (F—N—=2)Fm,...,m). (3.216)

As a consequence, the chiral multiplets connecting these nodes acquire large positive
real masses. The chirals connecting these nodes to the rest of the quiver acquire
a large real mass as well, which is positive for the vertical arrows and negative for
diagonal arrows. These fields are highlighted in pink and green, respectively, on the
bottom-right panel of Figure [3.28 Furthermore, the chiral field connected to the
bottom flavor node is Higgsed. Integrating out the massive fields and contracting
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the resulting tail, analogous to the +m case, results in the following duality:

U(N—I)N_g+% with F — 1 O . 7((/& ?

b

F' — N nodes

(3.217)

—my: In this deformation, the chiral fields in the top-left diagonal and the chiral field
connected to the top-most gauge node acquire a VEV. These fields are highlighted in
blue in the top-right panel of Figure[3.28 As a result, all the gauge nodes in the top-
right diagonal are identified with the flavor node. The planar superpotential reduces
to mass terms which we use to integrate out 2(N — 1) chiral fields, analogously to

B164).

We summarize these mass flows in Figure [3.29

The proposal of these deformation arises by comparing the large mass asymptotic
behavior of the S; partition functions of the SQCD and of its planar dual, using the
strategies of |25, [12§] .

One may notice also that, after performing either a +m or a —mpy deformation, the
resulting quiver retains the same rectangular structure as the original planar Abelian
dual. In fact, the resulting theory is precisely the planar Abelian dual of the SQCD
model obtained after the corresponding mass deformation on the electric side. These two
deformations therefore provide a nontrivial self-consistency check of the duality originally
proposed in |1}, 2].

In contrast, the deformations -m and +my yield quivers with a modified geometry,
leading to different planar structures. Successive applications of these deformations re-
quire a separate analysis, which we undertake in the next section, where we construct
and study the planar Abelian duals of SQCD theories obtained through multiple -m or
+mg mass deformations.

3.7.2 Exploring Zone 1 via Multiple +my Mass Deformations

In the previous section, we discussed the mapping of a single positive mass deformation
accompanied with Higgsing on the planar Abelian dual of SQCD on the N = 4-descendant
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Figure 3.29: Deformations of the planar quivers dual to the SQCD mass deformations
in . The grey shading highlights which parts of the quiver are modified by each
mass deformation and makes explicit how the overall quiver geometry changes relative to
the initial configuration.
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line. This resulted in a duality for SQCD theories with F' fundamentals and k = N — g +1
CS level, which lie in Zone 1 in the k/F plane (see Figure [3.23), just below the N = 4
descendant (the orange line in Figure [3.23).

To explore theories in Zone 1 more systematically, we must map the effect of adding
multiple positive masses accompanied with Higgsing (+my) on the planar theory.

We perform the +mpy deformation associated with the F-th quark, which is imple-
mented by the real mass deformations in . We then proceed with a second +mpy
deformation, which we find to result in the following.

UN),_r,, with F O PN ﬁ ¢>

F — N nodes

N nodes

Higgsed:
Superpotential mass:
Negative mass:

Positive mass: (3.218)
The corresponding deformation on the magnetic side is the following;:

e The vertical bifundamental chiral connected to the bottom-most flavor node ac-
quires a VEV, Higgsing the gauge node under which it is charged.

e The scalars in the vector multiplets of the gauge node in the bottom-right diagonal
acquire a VEV:

(ohettom ghottom . gbetem™) oc —((F — N — 1)Fm,(F — N —2)m,...,m) (3.219)

This is a proposal that can be checked on the S} partition function. Similar to the first
mass deformation +my considered in Section [3.7.1] the gauge groups in the bottom-
right diagonal become a tail of CS theories that only interact via mixed CS levels after
integrating out the massive fields. This tail can be sequentially contracted as in ,
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resulting in the following duality:

2

N nodes

(3.220)

Further positive mass deformations accompanied by Higgsing are mapped in an anal-
ogous manner. In this case, the real scalars associated with the gauge nodes along the
bottom-right diagonal acquire non-zero vacuum expectation values, which in turn gen-
erate large masses for the fields charged under them. Simultaneously, the vertical chiral
multiplet attached to the bottom flavor node develops a Higgs VEV. Performing this se-
quence of deformations yields the planar Abelian dual quiver corresponding to a generic

SQCD theory in Zone 1:

N nodes

U(N)p with F O +—

1N

£ — |k| nodes BF interactions

(3.221)

The quiver on the r.h.s. of can be systematically simplified by applying local
Aharony-like dualities, similar to the analysis of Appendix B of |2|. Specifically, we
apply Aharony duality to all the gauge nodes in a vertical column, proceeding column
by column, from left to right and halting at the (£ — |k[)-th column. The gauge nodes
within this column that lie outside the rectangle of dimensions N x (F' — N) confine. We

then repeat the process, restarting from the left and stopping one column earlier each
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time, until only the leftmost gauge node is dualized. At every iteration, the nodes of the
final dualized column that fall outside the N x (F' — N) rectangle again confine.

After performing this complete sequence of local dualizations, we obtain the duality
describing SQCD theories with F' > 2N + 2|k|, namely those lying in Zone 1 of Figure
[3.23t

U(N), with F O <—

(F > 2|k|+2N)

L — |k| + 1 nodes

N nodes \_ >k<\
(3.222)

The resulting quiver coincides with the dual obtained in Section [3.5.2] Consequently,
the duality proposed in Section for U(NN)p SQCD can be viewed as a descendant of
the duality for SQCD on the N = 4 line originally discussed in |1, [2].

3.7.3 Exploring Zones T, 2,3 and 4 via Multiple —m Mass Defor-
mations

In Section [3.5.2] we briefly summarized the effect of negative mass deformations on the
U(N)o SQCD theory with F' fundamental fields and studied the corresponding RG flow
in the electric and mirror descriptions. We now provide a more systematic justification of
these claims. All these deformations are studied from the point of view of the S} partition
function.

Zone 2: The resulting duality for a generic SQCD theory in Zone 2 is shown in (3.169)).
At each step, the —m mass deformation is implemented by giving vacuum expectation
values to the real scalars in the vector multiplets associated with the gauge nodes along
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the bottom-left diagonal:

<0]10°“°m, ag‘)ttom, . ’U]E)t_tﬁ;r_l) X ((% — |k| = 1)Fm,; (% — k| =2)Fm,;...; Fm) )
2
(3.223)
In addition, the vertical chiral multiplet connected to the bottom flavor node acquires a
Higgs VEV.

Starting from the N' = 4 descendant line, this mapping remains valid for the first N
successive negative real mass deformations. This sequence of deformations allows us to
fully explore the parameter regions corresponding to Zone 2 in the k/F-plane.

Zone 1: The resulting duality for a generic SQCD theory in Zone 1 is shown in (13.173]).

This region of parameter space can be accessed through a sequence of negative real
mass deformations starting from Zone 2. Similarly to Section[3.7.1] the +m deformations
shrink the quiver along the SW-NE directions.

Zone 3: The resulting dualities for a generic SQCD theory in Zone 3 are shown in
(3-175)).

Starting from Zone 2, we perform further —m deformations, each corresponding to
a VEV to the real scalars in the (\k\ — %)—th column—namely, the leftmost column still
connected to the rest of the quiver by diagonal chiral fields:

o =0’ Vi, j 3.224
k-5 k-5 / (3.224)
o — o' x Fm 3.225
k=% k=g (3.225)

The vertical chirals in the (|k| — g)—th column remain massless, whereas the diagonal
chirals connecting this column to the next one become massive. In particular, the diag-
onals oriented toward the right acquire positive masses, while those pointing left acquire
negative masses, as shown in (3.174). This mapping remains valid as long as the quiver
contains columns of diagonal chiral fields, which corresponds to the condition FF > N

(3.175).

Zone 4: In Zone 4, corresponding to F' < N (|3.180)), the negative mass deformation —m
instead corresponds to giving a VEV to the vertical chiral at the top of the F* column
from the right, together with VEVs for the real scalars in the top-right diagonal:

(O-iopv s 70?31) X ((F - 1)Fm7 (F - 2>Fm’ e ’Fm) (3226)

where ¢! is the real scalar associated to the top node of the i-th column from the right.

3.8 Relating Planar Abelian Duals to Aharony Duals

The N =2 U(N) SQCD theory enjoys an Aharony-like duality for arbitrary parameters
(N,k,F) (see [180] and references therein). In this section, we focus on the case with
only fundamental matter fields, whose dual description involves only anti-fundamental
fields. As noted above, the structure of these dualities changes qualitatively as one moves

in the (k, F') plane at fixed N (see Figure [3.156]).
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A natural question is how the planar Abelian dualities proposed in Section relate
to Aharony duality. Here, we argue that, assuming the validity of the planar Abelian
dualities together with certain special instances of Aharony-like duality, specifically those
involving Abelian gauge groups in both the electric and magnetic phases, one can derive
the general Aharony-like dualities for U(N); SQCD with F' fundamental chiral fields.
Consequently, Aharony duality for SQCD with fundamentals can be interpreted
as a consequence of mirror symmetry.

Concretely, we consider SQCD in Zone 1 with N < F < 2N fundamentals and Chern—
Simons level k, satisfying 2|k| < 2N — F', corresponding to a maximally chiral regime
[128]. Aharony duality for SQCD theories sitting in the other Zones can be derived from
the Zone 1/Zone 1 duality via real mass deformations, therefore we do not lose generality
by focusing on this case. The Aharony-dual theory is U(F — N) SQCD with F' anti-
fundamentals and Chern—Simons level —k, which lies in (the anti-fundamental analogue
of) Zone 1:

UN)g with F<2NO <+— U(F—N)_, with FF>2(F—-N)UO (3.227)

The topological symmetry of the magnetic theory, U(1),,,, is mapped to a linear com-
bination of the R-symmetry and minus the topological symmetry of the electric theory,
U(1),. Denoting by @,,,, R and @, the corresponding generators, we have

Qup = kR —Q,. (3.228)
The representations of the fields under the SU(F') x U(1), x U(1)g symmetries are:

UWN) U(F = N)|SUF) U U(1),
O O r 0 (3.229)
0 1—-r 0

Q

q

O

Here, () denotes the fundamental chiral fields of the electric theory, and ¢ denotes the
anti-fundamental chiral fields of the magnetic theory. No additional gauge-singlet fields
are involved in this duality. The only operators charged under U(1), are the monopole
operators in the respective phases.

The corresponding identity between partition functions is encoded in the duality rela-
tion ([3.227]), which also encodes shifts for background CS terms for the global symmetries
involved in the duality.

The planar Abelian dual of the electric theory was presented in Section [3.5.2] while
the planar Abelian dual of the magnetic theory can be obtained by applying parity and
charge conjugation to the dualities discussed in this thesis. Taken together, this produces
four UV Lagrangians that are dual to each other: the two SQCD theories related by
Aharony duality, and their respective planar Abelian duals. The relations among these
theories are summarized schematically in Figure [3.30]

In the remainder of this section, we describe the precise sequence of local dualizations
that connects the two planar Abelian quivers shown in Figure [3.30
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U(N) with F O +—

via Aharony
Duality

U(F — N)_j with F O <—

F .
L — k| nodes

Figure 3.30: Schematic depiction of the duality web between a theory in Zone 1 and
its Aharony dual in Zone 1. The horizontal arrows represent the planar Abelian dualities
presented in this thesis. The rightmost vertical arrow corresponds to a sequence of local
dualizations discussed in the present chapter. The diagram is commutative, therefore
Aharony duality can be thought of as a consequence of mirror symmetry.

Electric Theory. We begin by massaging the planar Abelian dual of the electric theory
(3.173)), which has gauge group U(N), Chern—Simons level k, FI parameter 7, and trial
R-charge . We report the planar Abelian dual of this theory on the left of Figure [3.31]
We perform a sequence of dualizations analogous to the planar flip—flip duality discussed
in [2].

The dualization proceeds column by column, starting from the rightmost column and
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stopping at the column immediately to the right of the bottom flavor node. The result
of this first dualization pass is shown in the central quiver of Figure |3.31]

After completing this first dualization pass, a column of square nodes appears at
position £ — |k|. Additionally, the flavor node shifts one column to the right, and the
bottom-right diagonal of the quiver shortens by one node.

We then perform subsequent dualization passes in a similar manner, starting from
the right and ending at the column immediately to the right of the bottom flavor node.
Each pass further shortens the bottom-right diagonal by one node and requires one fewer
dualization. The result of the second pass is shown on the right of Figure [3.31]

After iterating this procedure, we arrive at the quiver depicted on the left of Fig-
ure [3.32] which takes the form of a rectangular lattice of size N x (F — N). Finally,
we perform a flip—flip duality [2] on the rightmost triangular subquiver, resulting in the
quiver shown on the right of Figure [3.32
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N — £ 4 k| - 2 nodes

N — L 4 k| nodes

Figure 3.31: The planar Abelian dual for U(N); SQCD with F fundamentals in Zone 1 and the result of local dualizations. Here we
show the original planar dual presented in (3.173) on the left. In the center and on the right, we show the quivers obtained after one and
two dualization passes as discussed in the main text.



F — N nodes F — N nodes

Last Pass

—

F
5 — |k| nodes

F
5 - |k| nodes

F — N nodes F — N nodes

Figure 3.32: Continued from Figure The final iterations of the dualization sequence for the Zone 1 mirror of U (N)y with F
fundamental fields.



This represents our final expression for the electric theory and provides an alternative
presentation of the planar Abelian dual in Zone 1. We remind the reader that we use the
shorthand X;; := X; — X, to parametrize the FI terms of the gauge nodes in the quiver
diagram.

U(N) with F O +—

(N < F < 2[k| + 2N)

—2k

(3.230)

Magnetic Theory. The planar Abelian dual of SQCD with only anti-fundamental
fields can be obtained by applying parity (P) and charge conjugation (C') to both sides of
the dualities presented in this thesis. In particular, we start from the duality for SQCD
in Zone 1 (3.166]), with gauge group U(Np), Chern-Simons level k, FI parameter 1 — kw,
and trial R-charge 1 — r. This corresponds to the theory appearing on the right-hand
side of the Aharony-like duality (3.227)), up to background terms.

Applying the combined C'P transformation on the left-hand side produces SQCD with
gauge group U(Np), F anti-fundamental fields, Chern—Simons level —k, and FI parameter
kw —n. On the quiver side, the C'P action reverses the direction of all arrows and flips
the sign of all Chern—Simons and mixed Chern—Simons terms, including background
contributiond®]

28FT terms can be interpreted as mixed Chern-Simons couplings between gauge and topological sym-
metries and are therefore odd under P.
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The resulting duality is the following:

XF—1,F

kw—n

£ s
L — |kl nodes

UF —N)_p with F O <—

g + |k| nodes

(3.231)
We remind the reader that we use the shorthand X;; := X; — X to parametrize the FI
terms of the gauge nodes in the quiver diagram. The Chern—Simons levels, mixed Chern—
Simons couplings, and trial R-charges can be determined following the rules outlined in
Section [3.5.2
We now perform a sequence of local dualizations on the quiver on the right-hand side
to show that it is equivalent to the right-hand side of . While these manipulations
can be performed for general values of N, F', and k, it is pedagogical to present them
through a concrete example. We consider U (2)% SQCD with 9 anti-fundamental fields:

U(2): with 90 & (3.232)

We begin by performing the “flip—flip” dualization sequence 2] on the triangular sub-
quivers at the ends of the quiver. In the example above, this corresponds to dualizing
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the leftmost and rightmost gauge nodes, yielding the following quiver:

RHS. of (232) — (3.233)

Next, we dualize the column of nodes corresponding to the column of squares in the
bulk of the quiver, located at position % — |k|. We then proceed to dualize the column
immediately to its left and continue dualizing columns from right to left until reaching the
column attached to the flavor node, thereby completing the first pass. In our example,
this corresponds to dualizing column 4, followed by column 3. The resulting quiver is:

RHS. of 3233) — (3.234)

We then repeat the procedure, starting from the column at position % —|k|+1, which
is now a column of squares. We dualize columns from right to left until we reach the
opposite column of squares, completing the second pass. This process is iterated until
the rightmost flavor node is reached.

In our example, two additional passes are required:

R.H.S. of (3.234] — —

(3.235)
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In general, the resulting quiver takes the form:

ES

L+ k| nodes

L — |k| nodes

F — N nodes

\{\ (3.236)

The final step consists of modifying the two chiral fields connected to the flavor nodes.
This manipulation is implemented via a sequence of Witten SL(2,Z) actions [144] on the
U(1), symmetry of the quiver, which together combine into a trivial action. To make this
operation nontrivial, we use the fact that the quiver has a single U(1) flavor symmetry,
which can be associated either with the left or the right flavor node; the two choices are
gauge-equivalent.

Concretely, we perform a T-1ST~! transformation on the left lavor node and a 7.S~1T
transformation on the right flavor node. Although these combine into a trivial SL(2;7Z)
action, the intermediate steps induce a non-trivial reorganization of the theory, which
remains IR dual to the original quiver. The T transformation shifts the Chern—Simons
level by +1, while the S transformation gauges the symmetry, introducing a new U(1)
topological symmetry]

After these transformations, both nodes are confined to a chiral field, corresponding
to a monopole operator of the associated gauge node.

The resulting quiver is shown in Equation We remind the reader that we use
the shorthand X;; := X; — X, to parametrize the FI terms of the gauge nodes in the
quiver diagram.

29At the level of the S} partition function, the 7' and S transformations act as
T: Z(u)— e_””zZ(u),
, (3.237)
St Z(p) = /du e 2N (),

where p and A\ are the fugacities associated with the original and new U(1) symmetries, respectively.
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g+|k\nodes . .
kw—n - a
UF —N)_, with F O <— /4(
2 e . . . E

5 - |k| nodes
(3.238)

Notice that the planar quiver obtained this way is equivalent to the planar Abelian
dual of Zone 1 in (3:230), up to a horizontal reflection and a permutation of the X;
fugacities.

This concludes the argument that Aharony duality for U(N); SQCD with F' funda-
mental chiral fields follows from the planar Abelian dualities discussed in Section [3.5]
together with their massive RG flows and the assumption of Aharony duality for Abelian
gauge theories. We expect that a similar argument extends to more general U(N )y theo-
ries with both fundamental and anti-fundamental matter, although we leave this extension
for future work.

F — N nodes

3.9 Scope and outlook

Scope. This chapter developed a systematic field-theoretic framework for constructing
planar Abelian mirror duals of 3d N' = 2 CS-SQCD theories, starting from known N = 4
mirror pairs and applying real mass deformations. The key technical contributions were:
the identification of the correct N' = 2 S-wall and its fusion rules; the extension of the
dualization algorithm of [45, 46| to theories with Chern—Simons interactions; a complete
treatment of the (NN, k, F') landscape of N' = 2 CS-SQCD with fundamental matter,
including all mass deformation flows across zones; and a proof that generic Aharony-like
dualities are implied by the planar Abelian duals together with basic Abelian duality
moves. The algorithmic analysis was deliberately restricted to the CS levels determined
by the NV = 4 parent, i.e. £ = —1, where the connection to the N' = 4 algorithm is
most direct and partition-function checks are most transparent; the landscape analysis of
Section [3.5] was instead carried out for ¢ = 0, with other values of ¢ reachable via Witten’s
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SL(2,Z) action as described in Section [3.1.3]

Outlook. Several directions remain open. The generalization to arbitrary CS levels
has been initiated in [3], but a complete classification of planar Abelian duals for theories
with both fundamental and anti-fundamental matter at generic (NN, k, F') is still ongoing.
Extending the algorithm to orthosymplectic quivers, quivers involving orientifold planes,
and circular or non-simply-laced topologies would bring the A/ = 2 technology to parity
with the N' = 4 case [177, [178|. Regarding this direction, an extensive investigation of
mirror symmetry for symplectic CS-SQCD has been carried out in [187]. It would also
be important to clarify the precise interface between the planar Abelian duals and level—
rank duality, which controls the endpoint theories in mass deformation flows. Finally,
the connection to the non-supersymmetric bosonization dualities of Chapter [4] deserves
a more systematic treatment: the SUSY dualities should reduce to those of the next
chapter under specific mass deformations, but making this precise at the level of operators,
partition functions, and spin-TQFT factors remains an open problem.
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Chapter 4

Planar Abelian duals of
Chern—Simons QCD

The content of this chapter is essentially taken from [4].

Over the past fifteen years, the study of IR bosonization dualities in three-dimensional
CS gauge theories has become a vibrant and rapidly developing area of theoretical physics.
These developments have extended the framework of supersymmetric dualities deep into
the more challenging and intricate domain of non-supersymmetric QFTs |29, [58| 60, 61,
6466, [188-191].

A particularly fruitful idea has been to derive non-supersymmetric dualities as mass
deformations of known supersymmetric ones |62, 63],69,(192-195]. Thus, non-supersymmetric
3d Chern-Simons dualities have become a central tenet within contemporary research on
QFTs, with broad implications across particle physics, condensed matter physics, and
mathematics.

In this chapter, we explore the new class of dualities between non-Abelian theories such
as SU(N) CS-QCDj3 with bosonic and fermionic matter, and Abelian theories featuring
multiple U(1) gauge groups, proposed in the paper [4]. A hallmark of the Abelian duals
is that gauge and matter content are encoded in a quiver diagramﬂ. In this description,
scalar fields are depicted as blue arrows among nodes, while fermionic fields are shown in
red. Additionally, these quivers are planar, meaning that the diagram can be embedded
in the plane such that each face corresponds to an interaction term in the action. The
concept of planar quivers originates in the study of the AdS;/CFT, correspondence with
minimal supersymmetry [196-201]; here, we generalize this to the non-supersymmetric
context.

The dualities we propose bear a strong resemblance to the N/ = 2 mirror dualities
developed in [3] Eland reviewed in Chapter [3, which themselves arise from suitably chosen
mass deformations of N' = 4 mirror pairs |36, 40]. As an illustrative example, Figure
presents the dual description of SU(3)_y QCDj3 with eight fundamental scalar fields.

L As previously done in this thesis, we use a circle for unitary groups and a double circle for special
unitary groups.

2We actually expect that our dualities arise from supersymmetry breaking mass deformations of the
N = 2 dualities of |3], but an in-depth study of the RG flow from the N' = 2 to the non-supersymmetric
dualities goes beyond the scope of this thesis.
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The corresponding planar quiver incorporates additional CS couplings and potential
terms not shown in the figure. Section [4.2] presents the general proposal for the planar
Abelian dual of SU(N)aon_n,—r QCD with N, bosonic flavors and expands on these
featured]

The duality displays characteristic features of mirror dualities. The width of the quiver
scales with the number of QCD flavors N,. More precisely, the number of vertical columns
of gauge nodes is equal to Ny — 1, and there is one additional gauge node at the bottom
left of the quiver. On the other hand, the maximum height of these columns is the number
of colors N. On the planar side, the UV global symmetry is U(1)"s: each vertical column
contributes one topological U(1) symmetry (a single diagonal combination survives the
interaction terms, which we write down in the main text and include monopole potentials)
and the bottom-left node contributes the remaining factor. This symmetry enhances in
the IR to U(Ns).

We further generalize these dualities to theories with both bosonic and fermionic
matter, proposing a duality between SU(N) CS-QCD with N; scalars and Ny fermionsﬁ
as detailed in Section . Figure displays the dual for SU(2)_ 5 QCD3 with five

scalars and three fermions.

(4.2)

A simple rule governs the quiver structure: adding a bosonic flavor on the QCD
side corresponds to inserting a fermionic column in the quiver (red), while adding a
fermionic flavor adds a bosonic column (blue). In this way, our dualities can be viewed as
generalizations of bosonization dualities [202-204], now extended to non-Abelian theories
with richer matter content.

Although we focus extensively on SU(N) gauge theories here, we also demonstrate
that these dualities can be extended to U () gauge theories easily by gauging the baryonic
symmetry and its image under the duality. By setting N = 1, one recovers the bosoniza-
tion dualities of [205], which relate U(1) gauge theories with F' bosons (fermions) to a

3Throughout this chapter, we focus on the regime N, > 2N and k > 0.
4The CS level is 2N — N, — % — k. In this work, we consider Ny > 2N, Ny > 0, and k£ > 0.
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linear U(1)F~! quiver with fermionic (bosonic) matter.

In addition, as mentioned before, we observe that our dualities may arise as mass
deformations of the N' = 2 supersymmetric dualities developed in [1H3]|, which we deeply
reviewed in Chapter [3] The diagrams used here have the same topology as those in the
supersymmetric case, with the distinction that each edge now corresponds to a single
boson or fermion. Along the RG flow, precisely one field per edge acquires a mass,
breaking supersymmetry. Although a detailed study of this flow is beyond the scope
of this thesis, the existence of such a flow could provide further checks supporting the
dualities proposed here.

Driven by this analogy one can think of our dualities as non-Abelian mirror symmetry
in the absence of supersymmetry.

4.1 Linear Abelian Duals of CS-QEDj3; with Bosons

and Fermions

In this section we propose a duality for QED3 with bosonic and fermionic matter and
a Chern—Simons interaction, which is a mild generalization of two bosonization dualities
of [205} |206]. This duality relates the U(1)_n,-n,/2-x QED theory with N, scalars and
Ny fermions to an Abelian linear quiver theory with Ny + Ny + k — 1 U(1) nodes. This
duality is the N = 1 case of the general duality for U(N) or SU(N) QCD with bosons
and fermions discussed in this chapter. We discuss the Abelian case as a warm up.

The relevant matter content is complex fermions, usually denoted as v, complex
scalars, denoted as ¢ and real scalars denoted as o.

The simplest instances of the duality are the well known bosonization and fermion-
ization dualities, which can be schematically written down as follows:

+ 1y “ 1¢ (4.3)

Ul + 1¢ & 1y (4.4)

It is convenient to write the dualities (4.3)), (4.4) in a quiver notation in view of the
generalization discussed below:

) s
Okatt )

V=|¢*

bosonization:

V= lo*

fermionization:

— + (4.6)

We propose a generalization for the case of QED with Ny fermions ¢, Ny complex

scalars ¢ and CS level — N, — % — k with k£ > 0, shown in Figure This proposal is a
refinement of the dualities already considered in [62, 205]. The dual is a U(1)NeTNr+r=1
gauge theory with Ny complex scalars and Ny complex fermions charged under two U(1)
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Figure 4.1: The proposed dual for QED3 with N scalars, N; fermions and CS level
—Ng — % — k with £ > 0. Round nodes denote U(1) gauge groups, square node denote
flavor groups. Red and blue arrows denote fermions and scalars, respectively, charged
under the nodes that they connect. Red labels denote CS levels and green labels denote
mixed CS levels.

gauge groups with opposite charge. Furthermore for every U(1) gauge group with at least
two charged fermions there is a real scalar o; that interacts with the two fermions via the
Yukawa coupling.

The off-diagonal mesons of the QED theory are mapped to monopole operators in the
quiver theory. In particular, consider these spin-0 and spin-1 mesons 1/_12-1#]' with ¢ < j.
The corresponding operator is a monopole with GNO flux 41 under all the gauge groups
from the i-th to the (j — 1)-th gauge group. As reviewed in Section , this monopole
is not gauge invariant and has gauge charges:

i a1 i j—1
) [gmm,.-.,ow-, + ,0~~->] =(0,...,—1,41,0...,0,%1,—1,0,...) (4.7)

and can be made gauge invariant by dressing with the scalar ¢;_; connecting the (i — 1)-
th and the i-th node and the complex conjugate scalar ¢}. Therefore we have the mapping:

TR o0+ 0 —+ =0 ) | L<i<i<N, (48
where the two arrows denote the dressing with the corresponding scalars and the left-
pointing arrow indicates that the dressing is performed with the complex conjugate scalar.
Each boson in the monopole background “sees” a GNO flux +1 and therefore has spin—%,
resulting in a spin-0 and a spin-1 operator. Similarly, the mesons ¢y, and ;p, are
mapped to:
i+Np  j-1+Ng

ol o zm(o 0=— ... +—0 ) 1<i<j<N, (49)

Sm(0...0—>—+...+—<—0...) (410

Vi NS

which are operators with spin-0 and spin—%, respectively.
For generic k the monopole operators in the QED transform in non-trivial representa-
tions of the flavor symmetry S(U(Ns) x U(Ny)). These monopole operators are expected
to map to monopole operators of the dual theory. We will not discuss in detail the

mapping of such operators. When k£ = 0 the QED theory has some monopole operators
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which are neutral under the flavor symmetry S(U (V) x U(Ny)). These are obtained by
dressing the bare monopole 9", which has gauge charge —N,, with N, (derivatives of)
the scalars . The scalars are antisymmetrized in flavor indices, resulting in an operator
that is charged under the topological symmetry but is neutral under S(U(Ny) x U(Ny)).

On the mirror side, only for k = 0, the quiver has long mesonic operators connecting
the two flavor nodes, built out of (derivatives of) all the fields. The long mesons are
mapped to the monopoles described above:

N

m+ 5.90{1'1 s 8.g0iNS} <~ a*¢1 e a*¢Nf8*¢l e a*QXJNS (411)

where 0, and 0, indicate generic sets of derivatives. On the lLh.s. Lorentz indices
are contracted to obtain a non-vanishing operator. It would be interesting to precisely
understand the mapping between the J, derivatives on the right and the J, derivatives on
the left, but we will not attempt to do so here. While the spin of these operators depend
on the sets of derivatives d, and 0., respectively, the integrality of the spin is given by
% mod 1 on both sides.

For particular values of the three parameters Ny, Ny and k, which are all non-negative,
our proposal reproduces known dualities. For £ = 0 and a single matter species we
recover the Abelian dualities for fermionic or bosonic QED discussed in [205]:

-2

@% E} ¢ @;z 9 /1\2¢ {II

g o (4.12)
V=30 gl
C N, D) (D)
e [+ O] (4.13)
V= (2511 90i|2> V=S (Wi — ity)

In particular, for k = 0 and Ny + N, = 1 we reproduce the original bosonization
dualities , . For k = 0 and Ny + Ny = 2 the duality reduces to dualities
between QED theories. For Ny = Ny = 1 we recover a duality analyzed in |[66] for U(1)_s
with one scalar and one fermion. For Ny = 2, Ny = 0 or N, = 2, Ny = 0 we recover
dualities between scalar and fermionic QED. In the bosonic QED in (4.13)) one can turn
on a negative mass for all the scalars that preserves the SU(Ny) global symmetry. The
scalars condense, Higgsing the gauge group and the theory reduces to a CPY=~! NLSM.
On the dual side the fermions take negative mass, resulting in a (U(1))™=~! gauge theory.
We conjecture that the Ny—1 dual photons together with the N,—1 real scalars o; combine
into a Ny — 1 complex dimensional NLSM, reproducing the dual side.

Let us discuss some features of the duality [£.1] The symmetry of the QED theory is,
up to discrete factors, U(1)y, X S(U(Ns) x U(Ny)). On the quiver side for k£ > 0 there
are Ny + N, topological symmetries, while for £ = 0 there are Ny + Ny — 1 topological
symmetries and a U(1) flavor symmetry rotating the fields. In both cases the rank of
the global symmetry matches between the two theories. The duality implies that the
U(1)Ns+Ns global symmetry of the quiver theory exhibits non-Abelian enhancement in
the IR, matching the global symmetry of the QED theory.
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Mass deformations for the matter fields of the QED theory are mapped to masses of
the quiver theory, schematically:
) _
|g_z5| > ¢¢2 r.h.s. (4.14)
Y —[¢

One can check that turning on masses for the fermions and positive masses for the scalars
one recovers the same duality with different values of k, Ny and N,. This provides
a non-trivial consistency check of our proposal. Turning on a negative mass for a scalar
Higgses the QED theory. In the dual side one of the fermions is integrated out with a
positive mass, triggering a sequential confinement that results in a theory of free fields,
matching the electric theory.

L.h.s.

4.2 Planar Abelian Duals of Bosonic CS-QCDs;

In this section, we construct a quiver gauge theory dual to non-Abelian QCDj3 with fun-
damental matter. Our proposal builds upon results presented in [1-3], and reviewed in
Section [3] that established a duality between N' = 2 supersymmetric non-Abelian lin-
ear CS quiver gauge theories and planar Abelian quiver gauge theories with mixed CS
interactions. Motivated by these supersymmetric dualities, we conjecture an analogous
correspondence in the non-supersymmetric case: non-Abelian CS QCD3 with funda-
mental fermionic and bosonic matter should be dual to a planar Abelian quiver theory
containing both bosons and fermions. This expectation follows from the observation that
our proposed non-supersymmetric dualities should emerge as mass deformations of their
supersymmetric counterparts.

4.2.1 General Proposal

We propose the planar Abelian dual for SU(N) QCD3 with N critical scalars at Chern—
Simons level 2N —N;—k (k > 0) shown in Figure[4.2] This duality maps flavor symmetries
to topological symmetries and many baryonic and mesonic operators of one theory are
mapped to gauge invariant disorder operators (monopoles) of its mirror dual. In this
section, we discuss some simple examples explicitly to justify our proposal. The proposed
duality is believed to hold in the following range of parameters:

N,>2N, k>0,

We note that, in the absence of supersymmetry, the existence of the electric fixed point
itself is not guaranteed throughout this range of parameters: when the number of flavors
is large compared to the Chern—Simons level, the IR fate of CS-matter theories may
involve symmetry breaking rather than a conformal phase [207]. Our proposal should
be understood with this caveat in mind: whenever the electric theory does not flow to a
CFT, we expect the duality to hold at the level of the IR phase (e.g. as a matching of
the symmetry-breaking pattern or of the resulting TQFT). In the planar quiver shown
in Figure [1.2] the parameter k counts the number of “empty” columns — columns that
are connected to the rest of the quiver solely through horizontal BF couplings.

We now comment on the potential ¥V shown in Figure for the planar mirror theory:
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V= unartic

V= VPlanar + Vmonopole + VGNY

Figure 4.2: The proposed dual for SU(N) QCD3 with Ny scalars at Chern—Simons level
2N — Ny — k is shown here. Single/double circles (squares) correspond to U/SU gauge
(flavor) symmetries. We describe scalar (fermion) bifundamental fields in blue (red).
Chern—Simons levels of gauge nodes are indicated in maroon, while mixed CS couplings
between gauge nodes are indicated in green. Dotted lines indicate the absence of any
bifundamental matter fields and only the presence of BF interactions. BF couplings be-
tween adjacent gauge nodes connected by a fermionic field are —1, BF couplings between
gauge nodes connected by a bosonic field are 0, while BF couplings between adjacent
gauge nodes connected by dotted lines alone are —2. We also indicate the fugacities of
the topological symmetries of each column in orange. The orientation of arrows indicates
the representation of the field under the symmetry group, i.e.: an arrow pointing out of
(into) a node transforms in the (anti-)fundamental representation of the symmetry group.

® Vpianar contains a cubic Yukawa interaction (¢;1;1 + c.c.) for every closed planar
triangle. There is a term with a coefficient of +1 (-1) for each triangle closed
clockwise (anticlockwise )}

® Vionopole Captures the monopole terms in the potential. For each vertical bosonic
bifundamental field, there is a monopole potential with GNO flux +1 and —1 under

the nodes connected by the arrow, from top to bottom (DDTC)Jrc.c.). As explained
in Section these monopoles can be dressed to obtain a gauge invariant spin-0
operator. This breaks the topological symmetry of the gauge nodes in a column of
the quiver to a single, diagonal combination. We label the unbroken U(1) symmetry
with the orange label at the top (or bottom) of the corresponding column. The label
encodes the mapping of the U(1) group to a subgroup U(1) C U(N;) of the electric
flavor symmetry, as explained below.

e Vsny captures additional cubic interactions between a real scalar field associated
with the o' gauge node in the I'*® column, and the fermions charged under this
gauge group (an arrow pointing out of (into) a node has charge +1 (-1) under the

5Since the theory is not supersymmetric, the couplings run along the RG flow and only the relative
signs of these terms are meaningful; the values +1 should be understood as a convenient normalization
of the UV Lagrangian.

181



gauge symmetry). For example, consider a gauge theory represented by the quiver
diagram in (4.15)).

Y1 /1 ) T\
1 1
P4 s

et 015

Vany for this theory has the form:

Vany = o1(atha — 1 — Yarhs) + 02(Pahs — athe — Psths). (4.16)

Each gauge node except for the bottom-most gauge node has a GNY potential
accompanying the Yukawa interactions.

By contrast, if we consider the following gauge theory (the dashed line indicates
the absence of any fermionic bifundamental field, and the two nodes may share a
bosonic bifundamental field or only mixed CS interactions):

(4.17)
we expect the identification of o; and oy so the resulting Vgyy has the form:
Vany = 0 (s — P1thy — hsihs). (4.18)

In the quiver theory in Figure there are N(Ny — N) real scalars o.

In the QCD3 theory, the quartic scalar potential is unartiﬂ

N N,
Viuartic = Z Z [@al@aJSOW@BI + (SOM@aI)(SOﬂJ@ﬂJ)} (4.19)
a,p=11,J=1

which preserves the full U(N;) global symmetry.

In the planar mirror theory the presence of the interactions Vi,onopote a0d Vpignar are
essential to match the rank of the global symmetry on the electric side. This implicitly
assumes that the dressed monopole operators entering V,onopoie are relevant (or at least
dangerously irrelevant) along the RG flow: without supersymmetry their scaling dimen-
sions are not protected, so this is a genuine dynamical assumption of our proposal. In
the presence of these terms, the UV symmetry of the quiver theory is U (1)N

top, Where each
U(1) factor corresponds to the topological symmetries of a column of the quiver, broken

6N.B.: Latin indices i,7 = 1,..., N, run over flavor indices, and Greek indices o, 3 = 1,..., N run
over gauge indices.
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to a diagonal combination by Vmonopoleﬂ We further claim that the symmetry enhances
in the IR to:
U — SU(N,) x U(1) (4.20)

top

reproducing the SU(Ny) x U(1) flavor and baryonic symmetries of the electric theory
respectively. This is most transparent in our choice of parametrization of the fugacities
of the topological symmetries of each column in Figure Explicitly, denoting by
Qx, the generator of the U(1)x, factor of the maximal torus [[*, U(1)x, C U(N,), the
diagonal combination of the topological symmetries in the i-th column, associated to
Xit1 — X;, is mapped to the U(1) subgroup generated by Qx, , — Qx,. Similarly, the
topological symmetry of the bottom left node, associated to Zivzl X, is mapped to the
U(1) subgroup generated by Zfil Qx,. Therefore the fugacities denoted with orange
labels in encode the explicit embedding of U(1 )iﬁp in the enhanced U(Nj;) global
symmetry group.
Moreover, the faithful symmetry of the QCD theory is [66], 208|:

U(Ns)

7o ZS (4.21)

where Z$ is charge conjugation, acting as complex conjugation on the scalars for N > jﬂ
Zy is generated by the following element of the maximal torus of U(Ny):

21

27
(eW,...,eW) cU(1)x, x - xU(1l)xy, (4.23)

All the gauge invariant dressed monopoles in the dual quiver transform trivially under
this element, and are therefore compatible with being components of representations of
the enhanced —‘“‘). On the planar side, we expect charge conjugation Z$ to act as a
reflection of the qulver diagram combined with charge conjugation on all the Abelian
gauge and matter fields, although we do not track this identification in detail.

The fact that there are no mesonic U(1) symmetries in the planar theory is a non-
trivial statement and can be checked as follows by looking at the planar quiver:

#mesonic U(1)s = #lines — #gauge nodes — #triangles =

={3N(Ns — N) —2Ny+3} —{N(Ny— N)+1} — {2N(N; — N) — 2(N; — 1)}

=0 (4.24)

where we assume that there is a mesonic U(1) rotating each boson/fermion in the mirror,
and a cubic potential term associated to each triangle appearing in the quiverﬂ

"There are Ny —1 columns which contribute Ny—1 U(1) factors, and the additional U (1) factor is given
by the topological symmetry of the bottom- most gauge node. The topological symmetries associated to
the columns within the “empty” region of the quiver can be reabsorbed by a gauge transformation and
do not contribute to the global symmetry.

8For N = 2, as SU(2) =2 USp(2), the global symmetry of the electric SU(2) QCDj3 theory is:

USp(2Ns) .

7 (4.22)

which is broken by Vyuartic to ( x Z5 166].
9Note that this btralghtforward computation holds when the parameter £ = 0. For k > 0, matching
the U(1) symmetries becomes more subtle. Nonetheless, the matching can be verified in this case as well.
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The presence of the Gross-Neveu-Yukawa potential Vg ny also plays an important role
in the duality and can be motivated as follows. On adding a negative mass deformation
for the N, scalars in the electric theory, the gauge group is completely Higgsed and the
IR phase of the theory is a sigma model with the target manifold identified as the coset
space [209, 210]:

SU(N;)

SU(Ns — N) x SU(N)
which has 2NN, — 2N? + 1 real dimensions. Upon mapping the same deformation in the
mirror theory, we expect to flow to N(Ns — N) + 1 copies of U(1),, whose dual photons
parameterize (S')VWNs=N)+1 in the deep IR. This can be achieved by giving a negative
mass to all the fermions and a positive mass to all the scalars in the quiver. The dual
photons are expected to combine with the N(Ny— N) real scalars o, resulting in a NLSM
with real dimension 2N (N; — N) + 1, consistent with the QCD theory.

In the rest of this section, we will make these ideas more precise by considering some
explicit examples. Through these examples, we illustrate the effects of increasing the
Chern—Simons level k£ and the rank of the gauge symmetries on the respective planar
duals.

(4.25)

4.2.2 Example: SU(2)_; QCDj3; with N; =5 scalars

Let us begin with the example of SU(2)_; with 5 scalars and its planar dual description.
Since this is our first example, we are deliberately detailed to illustrate our proposal. We
propose the duality shown in Figure 4.3|

Henceforth, we refer to the SU(2)_; QCD3 with 5 scalars as the “electric” theory and
the planar theory as its “mirror”. We are mainly concerned with the mapping of the
following gauge-invariant operators in the electric theory:

1. 25 mesons of the form ¢;¢; transforming in the adjoint representation of the flavor
symmetry group U(5). Hence, with respect to the maximal torus [[_, U(1)x, C
U(5), they are charged under Qx, —Qx,. The off-diagonal mesons (those with i # j)
are then mapped to monopole operators of the dual quiver theory. The proposed
mapping for the mesonic operators is shown in Table [{.1] The diagonal mesons
|0;|? are neutral under the U(1)x, and are mapped to non-monopole operators of
the dual theory. The four traceless diagonal mesons are mapped to the real scalars
o and the traceful diagonal meson is mapped to a combination of 1;1); mesonic
operators in the quiver.

2. 25 —5 =20 conserved currents associated to the global symmetry enhancement
U(1)> = U(5). These are spin-1 operators charged under Qx, — Qx, with i # j
and are expected to be mapped to monopole operators, as illustrated below.

3. (‘;’) = 10 baryons constructed by anti-symmetrizing the color indices with the

help of the Levi-Civita tensor eaggof“gpf . Together, these transform in the 2-index
antisymmetric representation of the flavor symmetry group SU(5) and are charged
under Qx; + Qx;, with i # j. The proposed mapping for the baryonic operators is
shown in Table 4.2

The off-diagonal mesons, off-diagonal currents and the baryons are charged under the
maximal torus [[_, U(1)x, C U(5), therefore they should be mapped to monopole op-
erators in the dual quiver theory. In what follows, we propose a mapping for these
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—@2,182,105

can(h ) L )

Figure 4.3: The dual for SU(2)_; QCD3 with 5 scalars is shown here. All labeling
conventions follow those of Figure . The superscript (subscript) for the real scalar o
indicates its column (position in the column), e.g.: 013 corresponds to the 1°* gauge node
in the 3™ column.

operators, starting from the off-diagonal mesons and the baryons. Thus, the task at
hand is to determine gauge invariant monopole operators that are Lorentz scalars and
are charged under Qx, F Qx;, which are mapped to the topological symmetries of the
quiver theory as described above. We make this statement precise in the next paragraphs
by considering some examples. The techniques needed to compute the gauge charges of
monopole operators, the dressing needed to construct gauge invariant monopoles and the
spin of the resulting operator are reviewed in Section [2.1.5]

“Mesonic” Monopole Operators We study monopole operators with the right quan-
tum numbers to be mapped to the mesons of the electric theory here. As an example,
we consider the following monopole operator:

| -0
sm< 000 0> (4.26)
This operator has charge +1 under the topological symmetries of the first two gauge

nodes; hence, it is charged under Q)x, — (Jx,, and transforms as a component of the
adjoint representation of SU(5). We can calculate the gauge charge of this operator:

2 -1 ~13-1 12 -1
"5 ; = . (4.27)
0-100 00-10 0-1-10
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Clearly, it is not gauge invariant and must be dressed appropriately. We choose the
minimal dressing H:

+ 2=—
, 4.28
< g% O) (4.28)
hence, we see that the operator:
( -0 )
m 0 000 ’71’72@172 (429)

is gauge invariant. We denote this operator by combining the GNO flux assignment and
the dressing in the following way:

Fobo >
+_+=0
93?( 0 0 00 ’71’)/20_51’2 = (O\KO\(O O) . (430)

As each of the three fermionic fields is quantized in a background of total magnetic
flux 1, their spin statistics changes to that of spin-0 bosonﬂ. We conclude that the
dressed monopole operator has Lorentz spin 0, and is the right operator to be mapped
to p3¢1.

We can readily identify the off-diagonal mesonic operators and summarize their dual
descriptions—including necessary dressings—in Table [1.]] The mapping of diagonal
mesonic operators |p;|? is less straightforward because these operators are neutral un-
der the maximal torus of U(5), visible in the quiver UV Lagrangian. We expect that
these operators are mapped to suitable linear combinations of mesonic operators of the
quiver, compatible with the mass deformations discussed in Section We defer the
study of the mapping of diagonal mesonic operators to future work.

Table 4.1: Dressed monopole operators of the planar mirror (Figure 4.3) and their
putative mapping to mesonic operators of the electric theory. The remaining mesonic
operators can be constructed by charge conjugation.

GNO Flux Gauge Charge Spin “Electric” Meson
+=0 0 24— 0 5
(350 0 o) (5% 8 o) 0 P21
+*+—40 +*2§<-<— 0 ©3P1
0070 0 0"="— 0

Continued on next page

10By this, we mean that we use the minimal number of fields to dress the bare monopole and construct a
gauge-invariant operator. A non-minimal dressing—i.e., using additional fields—would yield an operator
with a higher scaling dimension. In this work, we focus exclusively on mapping the operators with the
lowest scaling dimensions.

"Tn principle, they also have a spin-1 channel. Unless otherwise stated we dress the monopoles with
the zero modes of the fermion fields, resulting in a spin-0 operator |26].
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Table 4.1 — continued from previous page

GNO Flux Gauge Charge Spin “Electric” Meson
(3"3"6*{_\()) (Jﬁﬂiﬂzﬁ_) 0 4P
(“5&6_&6:_{_) (—(i)_ﬂtﬁj—Q_:_F) 0 P51
(8—}—(')—#{8 0> <6+%§: 0) 0 P32
(8+6L*$’<_‘0 ) (6%"3*?_) 0 P1Pa
(87\?;’05;1) <6+g"f§;+) 0 P52
<8 8+J6”t0> <8 o kL 0 P43
<8 8+—[i)_i—|—> (0 6+Ei+> 0 P5P3
(8 8 834—) <8 8 :32> 0 ©5P4

Let us comment on a particular feature of the monopole operators in the quiver
theories considered in this chapter, which is a consequence of the presence of the monopole
interaction Vp,onopote. When looking for a candidate for the dual of an electric meson, say
p4P3, we may also consider the monopole:

00 0
(0 03‘++ ) ' (4.31)

Indeed, this is a spin-0 gauge invariant operator with the right charges to be mapped
to p4P3, similarly to the monopole listed in Table[d.1] This is possible due to the presence
of the monopole potential Vy,onopote: €ven though these two monopoles have different GNO
flux assignments they have the same charges under the linear combination of topological
symmetries preserved by Vp,onopote- We expect these two monopoles to mix, therefore the
electric meson 4¢3 will be mapped to some linear combination of the two:

0 0.0 0 0>+ . 2
a<0 ng) +6<0 . o\o) e, (af+lBP=1).  (432)

This phenomenon is ubiquitous in the quiver theories studied in this chapter and the
amount of monopoles that can mix between each other increases as N increases due to
the higher number of monopole interactions in Vonopote- In Table and in the rest
of this chapter we only report one dressed monopole that has the correct charges to be
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mapped to a given operator in the QCD theoryE|. It is understood that, in most cases,
there are other monopole operators with the same global charges but different GNO flux
assignment and dressing, and the mapping will involve a suitable linear combination of
these operators. It would be interesting to analyze this mixing systematically, for example
by extending the techniques of |26} (98, [211] in the presence of monopole interactions, but
we leave this to future work.

Conserved Currents We now examine how the U(5) flavor symmetry currents - in-
cluding the baryonic U(1) subgroup - map between the electric and dual theories. These
spin-1 conserved currents take the form:

i = 1 (90" o — 0" @) (4.33)
where 7,k = 1,...,5, transforming in the adjoint representation of U(5). Note that
under charge conjugation: (J5,)* = Ji;.
The off-diagonal currents map to dressed spin-1 monopole operators in the dual theory.
For example, J4, corresponds to:

Jypo e M (4.34)

where we dress with the spin-1 mode of one fermion and the spin-0 mode of the other
fermion, resulting in a spin-1 operator. Under charge conjugation, this maps to Ji,:

JL o om (4.35)

where, again, we dress with a spin-0 and a spin-1 mode.

The other off-diagonal spin 1 currents map in a similar way. In particular, the (off-
diagonal) current J;‘k is mapped to the same bare monopole as the meson ¢;p;, the
difference being that the former is dressed such that it has spin-1 while the latter has
spin-0.

The five diagonal currents ij map to the topological U(1) currents of the dual theory.
Denoting by Aff’k) the gauge field of the U(1) node in the j-th column at position & (from

the top) in quiver (4.3)), and by A&O) the gauge field of the bottom-left node, the fugacity
parametrization of Figure [4.3] dictates:

Lo L
Jf+l,j+l - JJM] — %EM pauA;()j) , J=1... 4, Jfl + ‘]52 — %EM paVAgO) (436)

with the gauge field combinations:

12Notice that also on the QCD side there are in general many operators with the same spin and global
charges. For example any operator can be multiplied by a spin-0 flavor singlet or it can be acted on by
contracted derivatives.
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A/(}J j=1

Aw = J AR AR =2 (4.37)
" ABD 4 4BD g .
AV j=4

That is, A,(]) is the sum of the gauge fields of the j-th column, whose diagonal topo-
logical symmetry survives Vyonopote and carries fugacity X1 — X, while the bottom-left
node carries fugacity X; + X5. These five combinations are linearly independent, so
the mapping reproduces the mapping of the maximal torus of the U(5) global
symmetry across the duality. Note that the individual currents Jj’-‘j are recovered only
through combinations with half-integer coefficients, consistently with the Zs quotient in
the faithful global symmetry.

“Baryonic” Monopole Operators We follow the same line of reasoning as before to
study monopole operators with the right quantum numbers to be mapped to the baryons
of the electric theory here. As an example, we consider the following bare monopole
operator:

wl 000 s

This operator has charge +1 under the topological symmetries of the bottom two gauge
nodes; hence, it is charged under Qx, + Q)x,, and therefore can be identified with a
component of the two-index antisymmetric representation of SU(5). We can calculate
the gauge charge of this operator:

000 —-10 0 —-10 0
+ = : (4.39)
1-100 -13-10 0 2-10

Clearly, it is not gauge invariant and must be dressed appropriately. We again choose
the minimal dressing that cancels the gauge charges of the bare monopole:

- 00
(0\%— 0)’ (4.40)

Therefore the dressed monopole operator:
( S ) o 0.0 0
m Y22 = <+\+<_0 O) ; (4.41)
is a gauge invariant Lorentz scalar and has the correct charges to be mapped to @309

(color indices have been suppressed). Similarly, we can identify the 10 baryonic operators,
reported with the appropriate dressing in Table
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Table 4.2: Dressed monopole operators of the planar mirror (Figure 4.3) and their
putative mapping to baryonic operators of the electric theory (color indices have been
suppressed). The remaining anti-baryonic operators can be constructed by charge conju-
gation.

GNO Flux Gauge Charge Spin “Electric” Baryon
<JOF<—8 8 O) <9r<—9 8 O) 0 P21
<2X24—8 O) 092 0) 0 P
(BB90) | (099) 0 P11
(3&2&2& +) (6&1&1& +> 0 P5P1
(080 | (Tl | o
(00) | (ph) | 0 | e
<i*—9r&2x +) (3‘"_2&;& +) 0 P52
(1) | @iy |0
Crr) | ST |0

We reiterate that we only consider dressed minimal flux operators in the mapping.

4.2.3 Example: SU(2)_, QCD; with N, =5 scalars

We now consider the example of SU(2)_ with 5 scalars. Notice that it has a lower Chern—
Simons level than that of the theory considered in Section [4.2.2} this minor difference
will greatly alter the operator map. We propose the duality shown in Figure [4.4]

As before, we are mainly concerned with determining the monopole operators that
are dual to the 20 off-diagonal mesons and 10 baryons. We do not show the explicit
calculation and state the results in Tables and [4.4] respectively.
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Figure 4.4: The dual for SU(2)_, QCD3 with 5 scalars is shown here. All labeling
conventions follow those of Figure

Table 4.3: Dressed monopole operators of the planar mirror (Figure 4.4) and their
putative mapping to mesonic operators of the electric theory. The remaining mesonic

operators can be constructed by charge conjugation.

GNO Flux Meson GNO Flux Meson
+40 0 0 5 +.+50 0 5
(OY\O 0 0 O) P2$1 (OKOQO 0 0) ©3¥1
+otot+ +¢ = oo+ +< >
(070 0%0) | @@ | (G000 054) | oo
05>+40 0 > O>+_+ + 3
(0 %0 9 0) P32 (0 b OYtO) P42
0>+ 4 4+ 05 5o 0 0>+ +4 01?3
0 00 0+ 000 070

0 0>+ +< 5 0000 >
(0 00 0++> P53 (0 00 03‘+> P5ie

Table 4.4: Dressed monopole operators of the planar mirror (Figure 4.4) and their
putative mapping to baryonic operators of the electric theory (color indices have been
suppressed). The remaining anti-baryonic operators can be constructed by charge conju-

gation.
GNO Flux Baryon GNO Flux Baryon
0000 0,0 00
<++0 00 0) w2 (+“++o 0 0) 73
0,0,0 O 0.0,0 O
( U059 ++0) papr (P“ 00 O +> P51
Continued on next page
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Table 4.4 — continued from previous page

GNO Flux Baryon GNO Flux Baryon
(U880 | e | (R0 L) | e
N N = AR
(F 10 By) | o | (1) | e

4.2.4 Example: SU(3)_; QCD;3 with N; = 7 scalars

We consider the case of SU(3)_; with 7 scalars and its planar dual as our final example
of this section. We propose the duality shown in Figure [4.5]

Xo— X1 X3—Xo X4—X3 X5 — Xy

P

V= unartic

[
PN

5— X4 X6

V = Vpilanar t VMonopole +VenNYy

Figure 4.5: The dual for SU(3)_; QCD3 with 7 scalars is shown here. All labeling con-
ventions follow those of Figure [£.2] Mixed BF couplings between gauge nodes connected
by vertical scalar fields have been suppressed for brevity.

We are concerned with the mapping of 42 off-diagonal mesonic operators (identified
by being charged under Qx,—Qx;) and (;) = 35 baryonic operators (identified by being
charged under Qx, + Qx, + Qx,), all of which are Lorentz scalars. Since the reasoning
we follow is the same as before, we leave the complete operator map to the reader and
only provide the GNO fluxes of the bare monopoles as a representative example of the
general trends of construction and identification of these operators.

We report the monopoles mapped to mesons of the electric theory in Equation (4.42]).
Note that we only specify the off-diagonal elements of the meson matrix in Equation
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(4.42) and the remaining monopoles can be constructed by charge conjugation).

+000 +4+00 + 4+ 40 + 4+ + +
0000 0000 0000 0000
Mk»{mt 00000 o OOOOO,an 00000 o 00 0007
+ 4+ + + ++ 4+ + 04+00 0+ +0
000 + 000+ 0000 0000
ot 00000’im 000()+,mt ooooo’mt 000007
0+ + + 0+ + + 0+ + + 00+0
0000 000 + 000 + 0000
op\ 00000/ (L 00000/ g0\ 0000+ 00000/
00+ + 00+ + 00+ + 000 +
0000 000 + 000 + 0000
o OO(JOO,mt 000 oo,mt 00()0+’gm 00000
000 + 000 + 0000 0000
000 + 000 + 000 + 000 +
o oooooymt m“)0+,m'00000,m 0000+’
0000
0000
g\ 0000+ }

(4.42)

In order for these monopoles to be gauge invariant they need to be appropriately dressed
as explained in Section [2.1.5] The fermions used to dress the monopoles, in the chosen
monopole background, have a spin-0 mode. Using this mode we dress the monopoles
to obtain spin-0 operators that therefore have the correct spin to map to mesons of the

QCDs.
We report the monopoles mapped to baryons of the electric theory in Equation (4.43)).

193



Note that monopoles mapped to anti-baryons can be constructed by charge conjugation.

B<—>{9ﬁ

m

m

These monopoles are not gauge invariant and hence they should be dressed. The
dressing can be done analogously as in Table (or [£.4). The resulting operators have

0000
0000
+0000

0000
0000

+++00

+000
+4+00
+ 4400

+000
+000
++++0

0000
++40
+++40

0000
0000
+ 4+ +

+000
++00
+++++

+4+00
+++0
+4++++

+4+00
++++
+ 4+ 4+

Y

)

0000 0000 +000
0000 +000 +000
o\ 000/ g\ 44000/ g\ + 4000/
0000 +000 0000
+000 +000 ++00
g\ 00/ g\ +++00) U+ + 400/
++00 0000 0000
++00 0000 +000
o\ H00) gkt 0] gp 4 0]
0000 +000 ++00
++00 ++00 ++00
ot FH 0 gL 0] gL 40
+000 ++00 +++0
++40 +++0 +++0
o\ 0 gl 0] g\ 0]
0000 +000 0000
+000 +000 ++00
b A g ) g
++00 0000 +000
++00 +++0 +++0
I AN e A AN o e P A s
+++0 0000 +000
++40 ++++ +
R AR P A AP AR s
+++0 ++++
++ 4+ + ++ 4+
o\t gy +++++}

Lorentz spin 0, matching that of the baryons.
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4.2.5 Mapping Gauge Invariant Operators: The General Pat-
tern

Before we conclude, we briefly comment on the general trend of mapping gauge invariant
operators between the dual theories. We remind the reader that the proposed duality ex-
changes flavor and topological symmetries; hence, mesons, conserved currents and baryons
of the electric theory will be mapped to suitably dressed disorder operators (monopoles)
of the mirror theory. We ask the reader to keep Figure in mind for the rest of the
discussion. We also take this opportunity to remind the reader that a specific choice of
fugacities of the topological symmetry parametrizes each column.

Mesons and Conserved Currents

Mesons and conserved currents are Lorentz scalars and vectors, respectively, that trans-
form in the adjoint representation of the flavor symmetry group SU(Ny). We now specify
the general pattern of mapping these operators to monopoles of the mirror theory (Figure
. We focus on the mapping of the %NS(NS —1) “off-diagonal” mesons ¢;p; with J < 1.
The case J > I can be obtained by taking the Hermitian conjugate of these operators,
which map to monopoles with negative GNO fluxes.

A generic minimal flux mesonic operator cannot be charged under the topological
symmetry of the first U(1) gauge node in the last row of the quiver diagram. This is due
to the parameterization of topological fugacities and representation-theoretic constraints.
Modulo a subtlety arising from the presence of a monopole interaction in the dual quiver—
already discussed in Section [4.2.1}—we propose that off-diagonal mesonic operators are
mapped to monopoles carrying GNO flux under the gauge nodes in the top row and/or
along the rightmost diagonal of the quiver.

To describe this mapping systematically, we find it convenient to organize the mesons
wrpy into three distinct classes, based on the values of the flavor indices I and J:

e First, we consider the case where both I and J are less than Ny, — N.
e Next, we study the regime where J < Ny — N < [.
e Finally, we address the case in which both I and .J are greater than or equal to

Ns — N.

wrps, where J < I < N, — N: The simplest case is that of the meson ¢, 1p; with
(1 <1< Ng— N —1). In the mirror theory, this is mapped to a monopole with +1 GNO
flux under the top node of the I** column:

0 ...[+]...000...0

Cr191 < 0
I

+]

(4.44)
0 GNO Flux
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Thereafter, +1 charges must propagate contiguously from left to right. A meson of
the form ¢ri11497 (A #0) is dual to a monopole with the following charge assignment:

Ns— N k

PI+1+API « - (4.45)

A

0 GNO Flux

prpy, where J < Ny— N < [: In this case, the dual monopole has a contiguous string
of +1 GNO fluxes starting from the J* column and ending on the (I+k—1)" column. In
particular, each of the k£ nodes inside the region of the quiver connected by BF coupling
has GNO flux +1. The first case of this type is the meson ¢n,_n119p;, which is mapped
to a monopole of the form:

PN~ N+1PI e
0 GNO Flux

Once a charge has been assigned to a column, no additional charges can be assigned to
the same column in lower rows. The propagation of fluxes for lower rows follows a strict
“staircase” pattern, i.e.: charges in the lower rows can only be assigned to the rightmost
column. Thus, a generic mesonic monopole mapped to ¢, _ny+1+507 (1 < J < N) will
have the following flux assignment:

PN~ N+1+JPI Ans (4.47)

0 GNO Flux

orpy, where N, — N < J < I: Mesons corresponding to values of I > N, — N + 1
will instead have their +1 flux assigned to the rightmost column of the lower rows, and
subsequent charge assignment will follow the usual staircase assignment. Thus, the meson
oreg (Ns— N+ 1< J < I < Nj) will be mapped to a monopole of the form:
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0O...000 ... 0

0 GNO Flux

Generically, all the monopoles considered above will have spin-0 and spin-1 channels
after they have been dressed - the spin-0 operators correspond to the off-diagonal elements
of the meson matrix, while the spin-1 operators correspond to conserved currents in
the original electric theory. We remind the reader that the diagonal elements |¢;|? are
mapped to mass deformations (refer Section for a more detailed discussion on mass
deformations) in the dual theory, while the diagonal currents map to topological U(1)
currents (refer Section for an example of the dressing) in the mirror.

Baryons

Baryons are Lorentz scalars that transform in the rank-/N, antisymmetric representation
of the flavor symmetry group SU(Ns). We describe how these operators map to minimal
flux operators in the planar mirror theory. We focus on the mapping of (J]VV) baryons to
monopoles in the dual theory. Anti-baryons can be obtained by taking the Hermitian
conjugate of these operators, which would map to monopoles with negative GNO fluxes.

(H?Sl ©0;)¢N+1, where 0 < I < Ny +k — N —1: A generic minimal flux baryonic
monopole operator must carry charge +1 under the topological symmetry of the first
U(1) gauge node in the last row of the quiver diagram]

Accordingly, the baryon vazl ©j = @1 ...¢n is dual to the minimal flux configuration:

N 0 GNO Flux
[[ei < (4.49)

j=1 E

Thereafter, the charge assignment must propagate contiguously from left to right in

a row. A baryon of the form HjV;ll ©j N+ = @1...on—19n+1 is dual to the flux

configuration:
0 GNO Flux
N—1
< H 80j> PN+I AR (4.50)
ey + + .+
%/—/

13The topological symmetry associated to this node is parametrized by EkN:1 X, whereas all other
nodes have topological symmetries parametrized by X; — X; 1. Thus, the group theoretic properties of
a monopole acquiring charge +1 under this specific node follow from representation theory.

197



As before, care must be taken if there is a BF-coupled region (of length k), and each of the
k nodes inside the region of the quiver connected only by BF couplings must have GNO
flux 4+1. For instance, the baryon ¢ ... pn_1¢pn,—n+1 is dual to the flux configuration:

0 GNO Flux

J=1

Ns — N +1 k

I goj)(HffV:J\l,_JH ¢vr), where 1 < J < N — 1: The flux assignment in higher
rows follows a “staircase” pattern. For instance, the baryon (va *12 gpj) ONPNL1 =

O1... 0N 20NPN+1 18 dual to the flux configuration:

0 GNO Flux
N-2
(II@%)¢N¢N+1 - - (4.52)

j=1

Ns—N+1 k N

Thus, the baryon (HkN:_f] gok) ( ,]f:]édw gpk) = Q1. . ON_JPN_Ji2---PNy1 is dual

to the flux configuration:

(I)( 10 ) -

k=N—-J+2

0 0 GNO Flux

Ne—N+1 k N

(4.53)

Mapping a generic baryon: Unlike mesons, baryons allow column reuse: a single
column may host fluxes in multiple rows, provided the staircase rule is respected. Thus,
a generic baryonic monopole will have the following flux assignment:
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N—J-1 J
( H @m) < H <PN+bll) PN+I <
m=1

=1

(4.54)
We note that £ > 0 does not change the counting of the mesonic and baryonic
operators.

4.3 Planar Abelian Duals of CS-QCD3; with Bosons
and Fermions

In this section, we generalize the proposal of the previous section to non-Abelian theories
with fundamental scalars and fermions. We anticipate that adding a fermionic flavor in
the electric theory corresponds to “bosonizing” a column in the planar theory. We provide
several examples of this here.

4.3.1 General Proposal

We propose the following planar, Abelian dual for SU(N) QCD; with NN, scalars and Ny

fermions at Chern—Simons level 2N — N, — % — k in Figure . The proposed duality
is believed to hold in the following range of parameterg ™}

N,>2N, N;>0, k>0 (4.55)

This proposal should be seen as a generalization of the one considered for scalar QCD3 ob-
tained by replacing Ny scalars with N fermions and replacing the corresponding fermionic
columns in the planar mirror with purely bosonic columns.

We briefly comment on the potential V shown in Figure [4.6] In addition to quartic
scalar interactions (Equation , mixed scalar-fermion interactions are also generated
radiatively in the electric QCDj3 theory and are captured by the electric potential Vyyqartic

N N, Ny

unartic = Z Z Z [QOQI@CMJSOBJ@[H + (gpal@af)(gﬁ&]@ﬂ]) + gpal@ﬁl’lzaAwﬁA
a,f=11,J=1 A=1

+ (0™ Par) @ pa)]

On the other hand, in addition to the usual Yukawa interactions, the monopole poten-
tial, and the GNY potential, an extra contribution is captured by Vpigner in the mirror

(4.56)

4n the present chapter we just focus on the case where N, > 2N, in [4] we also consider examples
with 2N — 2 < Ny < 2N
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V= unurti(:

V= VPlanar + Vmonopole + VGNY

Figure 4.6: The proposed dual for SU(N) QCD3 with N; scalars and Ny fermions at

Chern—Simons level 2N — Ny — % — k is shown here. As before, single/double circles
(squares) correspond to U/SU gauge (flavor) symmetries, scalar (fermion) bifundamental
fields are indicated in blue (red), Chern—Simons levels of gauge nodes are indicated in
maroon, while mixed BF couplings between gauge nodes are indicated in green. Dotted
lines indicate the absence of any bifundamental matter fields and only the presence of BF
interactions. Note that the Chern—Simons level of each gauge node is equal to minus half
the sum of all BF couplings with the surrounding nodes. We also indicate the fugacities
of the topological symmetries of each column in orange.

theory. Vpianar contains a cubic scalar interaction (¢;¢;¢x+c.c.) for every closed planar
triangle. There is a term with a coefficient of +1 (—1) for each triangle closed clockwise
(anticlockwise). Vionopole ivolves every monopole with GNO fluxes +1/ — 1 under two
nodes connected by a vertical scalar, analogous to the case discussed in Section and
are dressed as explained in Section . As before, we claim Vionopote a0d Vpjgnar are
essential to match the rank of the global symmetry on the electric side. In the presence

of these terms, the UV symmetry of the quiver theory is U(1)y; x U (1)Nf where each

top»

U(1) factor corresponds to the topological symmetry of the Ny + Ny — 1 columns of the
quiver, and the additional U(1) factor is the topological symmetry of the bottom-most
gauge node. We also claim the symmetry enhances in the IR:

U1 — U(N,) x U(Ny) (4.57)

top

which is mapped precisely to the flavor symmetries of the electric theory. Furthermore,
we expect the faithful symmetry to be [66]:

U(Ns) x U(Ny)

. x 7S (4.58)

where Zy is the center of SU(N) and Z$ is a charge conjugation symmetry.
In the rest of this section, we make these ideas more precise by considering some
examples.

A Note on Higher Spin Baryons and Dual Monopoles We take a moment to com-
ment on higher spin baryonic operators and their dual flux configurations here. Consider
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a generic baryon of the electric theory:

(1) (x2)"? -+ (xp)'™" (4.59)

where each y; is either a boson or fermion, and the powers satisfy 25:1 =N This
baryon maps to the following monopole operator in the mirror theory:

ol
+ o+ + o+
+ + o+ o+
T+ 0 0
B E 00
<
(4.60)

Here, j, denotes the number of + in column k (excluding the base corner + which is
always present). The jj are related to the baryonic charges iy via:

( -

J1 =1-1u

Jo =2—1 — i

'. N .

Jin =N-—=> ik (4.61)

: N+L .
JN+1 =N — Zk:l 3%

. F—1 .
Jr1 =N = ik

some jr may be negative—for instance, if i; > 1, then j; < 0. In such cases, negative
fluxes (denoted by “—” symbols) must appear in the corresponding column. The fluxes
within each column should be distributed across rows in a way that ensures the resulting
monopole is minimally dressed. We will see some explicit examples of this now.

Finally, we note that the number of spin-J baryons that can be built without deriva-
tives in SU(NN) QCDg3 with Ny scalars and Ny fermions is (Nfg?]‘]_l) X (N]X‘;J), constructed
by (anti-)symmetrizing the (bosonic) fermionic fields, where the first factor is the dimen-
sion of the 2J-index symmetric representation of SU(Ny). Consider in particular the
spin-.J baryons:

¢{i1wi2 s wiQJ}SO[ji Pz - Pin-2] (462)

where the flavor indices of scalars j,, are antisymmetrized and the flavor indices of fermions
1, are symmetrized. The fermions are contracted to give a spin-J operator. This operator
transforms in the 2./-index symmetric representation of SU(Ny) and in the (N —2J)-index
antisymmetric representation of SU(Ny). The operator in the highest weight:

(V1)* o102 N2 (4.63)

I5N.B.: If multiple copies of the same scalar appear, derivatives must be inserted; otherwise, the
antisymmetric contraction vanishes.
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is mapped to the following monopole on the mirror side:

N (4.64)

4.3.2 Example: SU(S)% QCD; with N; = 6 scalars and Ny =1
fermion

Let us begin with the example of SU (3)_% with 6 scalars and 1 fermion, and its planar
dual description. We propose the duality shown in Figure [4.7]

X2—X1 X3 —X2

6| X
<
1Y
V = Vyuartic

V =Vplanar T VMonopole +VenNy

Figure 4.7: The dual for SU (3)7% QCDg with 6 scalars and 1 fermion is shown here.
All labeling conventions are the same as Figure 1.6, and BF couplings between nodes
connected by a vertical scalar field have been suppressed for brevity.

We are mainly concerned with mapping the following gauge invariant operators of the
electric theory:

1. There are 48 mesonic operators of which:
(a) 35 spin-0 mesons of the form ¢;@;, identified by X; — X (including their charge
conjugates).

(b) 12 spin-2 mesons of the form 1, identified by X; —Y; (including their charge
conjugates).

(¢) 1 meson with a spin-0 and spin-1 channel ).
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As already discussed in the previous cases the mapping of diagonal mesons, which
are neutral under the maximal torus of the global symmetry, is less straightforward,
and we leave it to future work. The mapping of these off-diagonal mesons is given
in Table 4.5

2. There are many baryonic operators:

(a) (g) = 20 spin-0 baryons of the form y;p;¢y, identified by X; + X, + Xj.

(b) 6 baryons with a spin-1 channel of the form ¥)¢;, identified by 2Y; + X;. Since
there is a single fermion flavor, the antisymmetrization of the color indices
forces the two fermions to be symmetrized in their spinor indices, so there is

no spin-0 channel.
(c) (g) = 15 spin-§ baryons of the form ¥ ¢;p;, identified by V; + X; + Xj.

(d) 1 baryon with spin—% channels, identified by 3Y7, constructed by symmetrizing
1 in the flavor and spinor indices.

The mapping of baryons is given in Table [4.6]

Table 4.5: Dressed monopole operators of the planar mirror (Figure and their
putative mapping to mesonic operators of the electric theory. The remaining mesonic

operators can be constructed by charge conjugation.

GNO Flux Meson GNO Flux Meson
+=<0 0 0 % +_+=0 0 7
( Y000 0 ) Y21 ( Y00 0 0 > vapn

00O0O0O0 000O0O0
+*J6*J6+8 0 VP (JFXJOF*JOF 0 ) 1P

0O 00 0O 0O 0 0 00
+b ot 5 +Fot 5

< Y()YO O>— > P5¥1 < *0*0 Ot ) VeP1

00 0 070 0 0 0 0+
0%+=0 0 5 O+_+~0 5
( 070 0 0 ) P32 ( 00 0 0 > 2

000O0O 0 0O 00 O0O0
O+ _+ += 3 O+ _+ += 5
( 0*0 0*0 ) P4¥2 ( OYO 05— ) P5P2

00000 00 0 00
O—+_+ += 7 0 0»+=0 >
( 070 0>+ > Y62 ( 0000 ) Vg3

0O 0 0 0++ 00 0O0O0
0 0+ += 3 0 04 —+—< ~
( 0 0 0*0 ) P41P3 < 0 0 0+ > P593

00000 000 070

Continued on next page

203




Table 4.5 — continued from previous page

GNO Flux Meson GNO Flux Meson
0 0+ 4= 3 00 0~<— _
( 00 00t ) P6s ( 00 050 ) Vo
00 0 00+ 0000 0
0000 . 0000 .
( 00 0-t ) P51 ( 00 0ot ) P64
000 0¥ 000 0+
00 O<—r _ 0000 .
( 0 0 0+—*) Vs < 000 0. ) P65
000 00 000 0t
00 O<—p _
( 00 0<— ) Vs
00 0 0<—

Table 4.6: Dressed monopole operators of the planar mirror (Figure and their
putative mapping to baryonic operators of the electric theory (all indices have been
suppressed). The remaining anti-baryonic operators can be constructed by charge conju-
gation.

GNO Flux Baryon GNO Flux Baryon
0000 00 00
( 0000 ) pLP2es ( 0.0 0 0 > L1290
+=<0 0 0 0 + +=0 0 0
0.0 0 O 00 00
(*++o 0 0 ) P13y ( 0.0 0 0 ) P12
+ +=0 0 0 + + +=0 0
0.0 0 0 0. 040 O
<*++0 0 0 ) P (*+*++0 0 ) P14y
+ + ++0 0 + + +=<0 0
+=<0 0 0 +~<0,0 O
< +40 0 0 ) pes ( Fo4<0 0 Prpay
+ + +=<0 0 + + +=<0 0
+ +<0 0 00 0 0
( + =0 0 > Papat ( 0.0 040 ) PP
+ + +=<0 0 ++ 4 =0
0.0 0 0 +=<0 0 0
(x++0 0.0 ) 193905 ( 140 0,0 ) 2035
+ + + +=0 + + + +=0
04040 0 +=<04.0 0
(*+*++0*0 ) P15y ( 40,40 ) P25y
+ 4+ + =0 + 4+ + =0
+ +=<0 0 0,040 O
( + 0, 0 > P3pst (*+*+ 140 ) 1105
+ 4+ + =0 + 4+ + +~0
Continued on next page
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Table 4.6 — continued from previous page

GNO Flux Baryon GNO Flux Baryon
++04 0 0 + 4+=0 0
( T 40 ) PO ( + + <0 ) PPAPS
+ + + +=0 + + + =0
+ + +~0 0000
( 4+ 4+ 4=0 > Pap5Y ( 0x 0 0Oy 0y ) $1¥2¥6
+ 4+ + +=0 4+ o+
00 00 P19306 (Jr*@ 00 ) P21p306
++40 04 0 ++40 0y 0
( + F +*+*+> Haihig i
0,040 0 W | (T =00 y
+ =04 0 ) P17 ( + =040 ) P3¥6
(++**+ HE i gt
++404 0 0 0. 04 0 0
( 404 0y ) P26y (* T o ) P14
+ 4+ £+ 0+ + 4+ + ++
+<0 0 0 ++404 0 0
( +~=0 0 ) P23t ( +*+ 0y ) P2P4¥6
+ 40 0 0 + + + + 0+
+ +=0 0 + 4+ +=0
( + o 0 ) ravie ( + b 0 ) Pagsy
+ 4+ 4+ ++ + 4+ 4+ ++
04040 0 ++404 0 0
<>K+>k+ Py > P195¢6 ( NS N ) P20506
+ 4+ 4+ + + + 4+ 4+ + +
+ +=0 0 + 4+ +=0
( Ty +>k+ ) P3¥5%6 < H +>k+ ) VY506
+ 4+ 4+ + + + 4+ 4+ + +
+ + + = + + ++0
( + o4+ 4+ 4+ ) P1¥P59P6 ( L4200 ) 3
-+ + + + +<0 0 0
0. 04 0 0 2 ++0,0 0 2
(*+*++0 0 ) Ve ( 500 0 ) Vs
+ 4+=<0 0 0 + 4=0 0 0
+ +=0 0 2 + 4+ +=0 2
( + 40 0 ) Vs ( + =0 0 ) a2
+ 4+=<0 0 0 + 4+ +<0 0
+ 4+ +=0 2 + 4+ +=0 2
( + =00 > Vs ( + =04 0y ) Ve
+ 4+ +7+=0 + 4+ £+

4.3.3 Example: SU(2)_s; with N, =5 scalars and Ny =1 fermion

We now consider the example of SU (2)_3 with 5 scalars and 1 fermion. Notice that this
theory has k = 1. We propose the duality shown in Figure [4.§
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LY

V= unartic

V= VPlanaT + VMonopole + VGNY

Figure 4.8: The dual for SU(2)_ 5 QCD3 with 5 scalars and 1 fermion is shown here.
All labeling conventions are the same as Figure [4.6, and BF couplings between nodes
connected by a vertical scalar field have been suppressed for brevity.

We are mainly concerned with the mapping of (g) = 10 spin-0 mesons, 5 spin—%
mesons, and (g) = 10 spin-0 baryons, 5 spin—% baryons and 1 baryon with spin-1 channel.
Since the details of the dressings are identical to the discussions preceding this section,
we leave the complete operator map to the reader and provide the GNO fluxes of the
bare monopoles as a representative example of the general trends of identifying these
operators.

The mapping of the off-diagonal spin-0 mesons is provided in Equation (the
remaining mesons can be identified by charge conjugation):

(+0000> (++000) (+++++) (+++++
1\/I|Spin_oﬁ{§m00000075m00000079310000007931oooooJr

(0+000) (0++++) (0++++ ) (00+++)
9ﬁ()(]()00079ﬁOOO()0()7§m()0000—i—,EmOOOOOO,
(00+++ ) (00000 )
gmoo000+’Emooooo+}.
(4.65)
A generic spin-0 mesonic monopole operator will be dressed as followﬂ:
0>+~0 0 0 0 00+ +-4~
(O O\OOOO) (OOOOOXO)
m , M (4.66)

The mapping of the off-diagonal spin-3 mesons is provided in Equation (the
remaining mesons can be identified by charge conjugation):

16We indicate the presence of only BF couplings in the second example by keeping a dotted line explicit
between the two nodes.
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M| 1 <>

spin-35 )

(+++00 ) (o++00 ) (00+00 ) (ooo++ )
{93?000000,93?000000,9)?000000,93?000000
(000++ )
im00000+}_
A generic spin-% meson will be dressed as follows:
(0 0++~0 0 ) (0 0 0++---+§)
EmOOOOOO,SmOOOOOO

The mapping of the spin-0 baryons is provided in Equation [4.69] (the remaining an-
tibaryons can be identified by charge conjugation):

(00000) (00000) (00000) (00000)
B|Spm_0<+{zm+00000,m**oooo,m+++++0 I

(4.67)

(4.68)

)

+0000> (+0000) (++000) (+++++ )
+40000) golb+ 4+ 40) gt st t0) plr+t+++

o |
(+0000 ) (++000 )
g\t T+ +++) g\t +++++ }
(4.69)
A generic spin-0 baryon will be dressed as follows:
(++0000 ) (00000 )
g\t #7000 0] golt 4+ o0 (4.70)

The mapping of the spin—% baryons is provided in Equation m (the remaining an-
tibaryons can be identified by charge conjugation):

(ooooo) (+oooo) (++000> (+++oo)
{m+++000,zm+++000,§m+++000,5m+++++0
(+++00 )
g\ T T+ }

B| 1 <>

spin-3

(4.71)
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A generic spin—% baryon will be dressed as follows:

(++0 000 ) (++++o 0 )

Finally, the baryon 1)? obtained by symmetrizing the flavor and spin indices is mapped

to the dressed monopole:
(+ + 440 0 )
o\t + +<0 0 O

(4.73)

4.4 Planar Abelian Duals of Unitary CS-QCDj; with
Bosons and Fermions

We have so far focused on constructing duals of SU(N) QCDj3 with mixed matter content.
These results, however, extend naturally to the case of unitary QCDj3; by gauging the
baryonic symmetry. From the discussion in Section .2, we know that the baryonic
symmetry of the SU(N) QCD3 maps to the topological symmetry of the bottom-left gauge
node of the planar Abelian quiver (Figure. Gauging of this topological symmetry with
zero CS level introduces a U(1)q sector with no charged matter whose path integral results
in a delta-function, which effectively ungauges the U(1) bottom-left gauge symmetry.
While we did not keep track of background CS levels when presenting the duality in
Figure[4.2] we expect the duality to involve a non-zero CS level for the baryonic symmetry.
In analogy with the SUSY result of |1, 2|, we expect a background CS at level —2 for
the baryonic symmetry on the QCD side of Therefore we propose that the dual
description for U(NN) QCD3 with Ny critical scalars and Ny fermions, where the theory is
defined at Chern—Simons level (2N — N, — % —k,—N,— % —k)|""|is the planar Abelian
quiver depicted in Figure 4.9,

A particularly interesting special case arises when & = 0, shown in Figure In
this setting, the planar mirror theory contains a gauge-invariant mesonic operator built
from bifundamental fields that connect the two U(1) flavor nodes. This meson must
map to a monopole operator in the electric U(/N) QCDj3 theory that is neutral under the
S(U(Ns) x U(Ny)) global symmetry. Consider the bare monopole 9t with GNO fluxes
(+,0,...,0) in the U(N)2N .7 ~; QCDjy that transforms as the highest weight

’ 2

S 2 S
of the (IVy — 2N)-index symmetric conjugate representation of SU(N) and has charge N

under the diagonal U(1). This monopole can be made gauge invariant by dressing with N

I"We adopt the standard notation:

SU(N) x U(L)N(kten)
AN ’

UN) k, kven) =
which corresponds to the Chern—Simons action

ik il
[ aanaa - = / tr(A) A tr(dA).
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V= unarti(:

V= VPlanar + Vmonopole + VGNY

Figure 4.9: The dual of U(/N) QCD3 with NN, scalars and Ny fermions at Chern-Simons
level (2N — K, —K), where for clarity we define K = N, + % + k, is shown here. All
labeling conventions are the same as Figure .

modes of the scalars ¢, where two sets of N scalars are antisymmetrized in gauge indices
and the other Ny —2N are symmetrized in gauge indices. By further symmetrizing all the
scalars in SU(Ny) indices we obtain operators that are neutral under S(U(N,) x U(Ny))
and have charge —1 under the topological symmetry, which are mapped to the long
mesons described above. Therefore, we have the mapping;:

Ngs—2N N N
-\ Ve 7\ Ve . ~
+q g 2 Ny—2N © Ne—2N+1, Ny—2N+2 Ny—N _Ny—N+1 N,—N+2 N
MT Daipy Oupy - Doy o1 @y R A . PN
> long mesons

(4.74)
where lower indices are SU(N) gauge indices and upper indices are SU(Nj) flavor indices,
which are completely antisymmetrized. The modes with gauge index 1 “see” the GNO
flux and have half-integer spin, while the other modes have spin-0. Then the spin of this
operator mod 1 is given by (N, — 2N + 2) mod 1. This matches the integrality of the
spin of the long mesons, because each meson contains an even (odd) number of fermions
if Ny is even (odd).

Prior to gauging the baryonic U(1) symmetry, one can also introduce a Chern—Simons
term for it at level A, following the discussion in [144]. This leads to a U(N) gauge theory
with CS level (2N — Ny — 3 — &, A;N —N,— % —k). In the mirror dual, this corresponds
to the addition of a new U(1)a, gauge node, coupled to the rest of the quiver via BF
interactions.
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X
V= unartic

V= VPlana’r + Vmonopolc + VGNY

Figure 4.10: The dual of U(N) QCD3 with N scalars and Ny fermions at Chern-Simons
level (2N — K, —K), with K = N, + %, is shown here. All labeling conventions follow
those of Figure [4.6]

4.5 Mass Deformations and RG Flow Across Duali-
ties

In this section, we focus on studying the mapping of mass deformations across dualities,
which serves as an important consistency check for our proposed dualities. We consider
mass deformations for the fundamental fields in the QCD theory and propose a corre-
sponding deformation in the Abelian dual that is partly inspired by the structure of the
SUSY dualities reviewed in Chapter [3| and is a natural generalization of the Abelian case.

We also investigate the topological phases obtained by giving mass to all the charged
fields in the QCD3 theory and provide a consistent mapping of these deformations for
some values of N, k and the number of charged fields.

4.5.1 Mass for a Single Field

A simple deformation that can be studied in the QCDj3 theory on the Lh.s. of Figure
[4.6] consists of giving a mass to a boson or to a fermion that can be either positive or
negative. One could think of it as a linear potential term for a mesonic operator of the
form |p|? or ). In principle, knowing the map of these operators across the duality
gives the knowledge of the deformation that is turned on in the dual theory. However,
as we partially comment in Subsection m, the map for these operators is not trivia]@.
Partially inspired by the SUSY ancestor of the duality, for which the deformations are
analyzed in Section [3.5] we consider examples to discuss massive deformations of the
duality We stress that, since the map of the singlet operators |¢;|? and v;1); is not
derived independently, the checks of this section should be understood as consistency
checks of the endpoints of the RG flows: the deformation on the mirror side is proposed,

18We recall that the reason behind the difficulty of this map is that these operators are not charged
under the Cartan subgroup of the global symmetry. Indeed, in the dual theory, there are a large number
of operators, carrying the correct spin, that are not charged under the global symmetry, and in principle
any linear combination of them is a valid candidate as the target of the map.
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and the non-trivial statement is that the two theories obtained at the end of the flow are
again dual according to our general proposal.

An Electric Scalar with Positive Mass

Concretely, consider SU(2) at CS level 4 — F' with F' scalars and its planar mirror dual
(top row of Figure . Suppose we turn on a positive mass term m?|ps|? in the electric
QCD; theory for one of the scalar fields (¢3). We claim that this deformation maps to
real mass terms for the fermions in one of the columns of the dual theory as:

Tn2|903|2 A m(&ll/}l - 77[)21#2 + 1537,03) , m >0 (4.75)

where v; and 13 are the horizontal fermions in the second column and ), is the diagonal
fermion in the second column. Which column of fermions acquires a mass is dictated
by the position of the massive flavor in the fugacity parametrization of Figure 1.2} the
deformation must preserve the topological symmetries dual to the Cartan generators of
the unbroken U(F — 1) x U(1) flavor symmetry. Upon integrating out the massive scalar
field, the electric theory flows to SU(2) QCD4 with F' — 1 scalars at CS level 4 — F. On
the mirror side, we integrate out the fermions in the second column, leaving behind only
BF couplings between the horizontal gauge nodes, as shown in the bottom row of Figure
[£.11] The resulting duality is exactly the one we propose for SU(N) with F — 1 scalars
at CS level 2N — k — (F — 1), where N = 2 and k = 1 in this case. Notice that this is a
natural generalization of the Abelian case in Figure where giving a positive mass to
a boson on the QED side corresponds to giving a positive mass to a fermion in the quiver
side. The choice of signs for the fermionic masses in (4.75)) reproduces the BF couplings
expected from the general proposal [4.2]

Immediate generalizations to electric gauge groups with higher rank follow from this
observation. We reiterate that integrating out an electric scalar with a positive mass
results in the integration of a column of fermions in the bulk of its planar mirror, leaving
behind only horizontal BF couplings between gauge nodes.

One can immediately realize that the number of columns composed of fermions in the
bulk of the dual quiver is Ny, — 2NN, where N, is the number of scalars. Therefore we can
use this mechanism — which trades a bulk fermionic column for an empty, BF-coupled
column — to integrate out at most Ny — 2N bosons out of N, and it cannot by itself
produce a dual for QCD3 with Ny < 2N, which indeed is beyond the range of validity
of the duality 4.6] Positive masses for additional scalars are instead expected to map to
masses for the fermions in the outer (triangular) columns of the quiver: integrating these
out removes entire columns of gauge nodes, rather than leaving empty ones, and produces
quivers outside the general template of Figure We encounter an explicit instance of
this second mechanism in Subsection [1.5.2] A systematic study of these further massive
deformations is a quite non-trivial exercise and we leave it for a future work.

One could also consider a negative mass for an electric scalar, which would condense
and Higgs the gauge group SU (N )an—n,— — SU(N —=1)a(n—1)—(N,—1)—k', Where & = k—1.
We stress that the map of the deformation in (4.75)) works only for m > 0. It would be
interesting to see how this may be seen in the planar mirror theory, but it is beyond the
scope of this chapter.
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4-F

V= unartic

V = Vpilanar + VMonopole +VenNy

4-F

V= unartic

Xl

X4

V = Vpilanar + VMonopole +VenNy

Figure 4.11: Schematic depiction of the duality (bottom row) resulting from the RG
flow induced by integrating out a single scalar field in SU(2),_r QCDj3 with F scalar
fields and the corresponding fermionic column in its planar dual (top row). Notice that
CS and BF interactions have been generated according to the sign of the corresponding
fermion masses. The resulting duality is exactly what we propose for SU(2) with F' — 1
scalars at CS level 4 — F.

An Electric Fermion with Positive Mass

Concretely, consider SU(3) at CS level 6 — N, — % with N scalars and N, fermions,
and its planar mirror dual (top row of Figure . Suppose we turn on a positive mass
term for a fermionic field m@ENf Yn,. We claim this deformation maps to a negative mass
term for the horizontal bosonic fields in a column of the mirror theory:

mn, oy, o —m2 (05 + 05 2+ 1697 . (4.76)

Upon integrating out the massive fermion, the electric theory flows to SU(3) QCDjs
with Ny scalars and Ny — 1 fermions at CS level 6 — Ny — % + % On the mirror side,
the deformation causes the horizontal scalars to take a negative mass and thus a VEV,
Higgsing pairs of U(1) gauge groups connected by a horizontal scalar to the diagonal
U(1). This effectively identifies the two columns of U(1) gauge groups to the left and
right of the column of scalars. Furthermore, some of the cubic interactions for the scalars
turn into effective masses, which allow one to integrate out the 2 diagonal scalars and 2
of the vertical scalars. The resulting quiver is shown in the bottom row of Figure .12}
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The resulting duality coincides with our proposed dual for SU(N) with Ny scalars and
Ny — 1 fermions at CS level 2N — N, — (Ny—1)

, where N = 3 in this case.

2

V= unartic

V= vPlanar + VMonopole + VGNY

V= unartic

V= VPlanar + VMonopole + VGNY

Figure 4.12: Schematic depiction of the duality (bottom row) resulting from the RG
flow induced by integrating out a single fermion with a positive mass in SU (3)6_N Ny

QCD3 with N; scalar fields and Ny fermionic fields and the corresponding bosonic column

in its planar dual (top row). The resulting duality is exactly what we propose for SU(3)
with Ny scalars and Ny — 1 fermions at CS level 6 — N, — % + %

Immediate generalizations to electric gauge groups with higher rank follow from this
observation. We reiterate that integrating out an electric fermion with a positive mass
results in Higgsing the horizontal bosons in a column in the bulk of its planar mirror,
thereby shortening the quiver. One can check that CS and BF coupling of the resulting
theory agree with our proposal (Figure , providing a consistency check of our results.
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An Electric Fermion with Negative Mass

Concretely, consider SU(3) at CS level 6 — N, — % with N scalars and Ny fermions,
and its planar mirror dual (top row of Figure . Suppose we turn on a negative mass
term for a fermionic field szNfz/sz. We claim this deformation maps to a positive mass
term for the bosonic fields in a column of the mirror theory:

—mn oy, e m2(|o5 1P 10512+ [+ 6% 12+ 16512 (4.77)

Upon integrating out the massive fermion, the electric theory flows to SU(3) QCDs
with N; scalars and Ny —1 fermions at CS level 6 — Ny — % — % On the mirror side, the
same deformation leads to the integration of a column of bosons, leaving behind only BF
couplings between horizontal gauge nodes, as shown in the bottom row of Figure [£.13

The resulting duality is exactly what we propose for SU(N) with N; scalars and Ny — 1

fermions at CS level 2N — Ny, — % — k, where N = 3 and k =1 in this case.

Immediate generalizations to electric gauge groups with higher rank follow from this
observation. We reiterate that integrating out an electric fermion with a negative mass
results in the integration of a column of bosons in the bulk of its planar mirror, leaving
behind only BF couplings between horizontal gauge nodes.

We conclude by mentioning that in the duality [.0], each fermion in the QCDj corre-
sponds to a column of bosons in the dual theory. Therefore, the results summarized in
Figure and can be used to study the effect on the dual theory of a mass for any

number of fermions in the QCD3.

4.5.2 A consistency check via particle-vortex

Consider SU(2) at CS level 0 with 4 scalars and its planar mirror dual (top row of Figure
[£.14). Suppose we turn on a positive mass term m?|p;|? in the electric QCD; theory
for the scalar field ¢;. Note that here Ny, = 2N, so the mirror quiver has no fermionic
columns in the bulk: the deformation is mapped to masses for the fermions of an outer
(triangular) column, whose integration removes a full column of gauge nodes, as discussed
at the end of Subsection This results in the duality shown in the middle row of
Figure [4.14], which lies outside the general template of Figure [4.6]

We can further deform the resulting QCD3 by giving a mass also to the @3 scalar
field, resulting in a SU(2), QCD3 with only two scalars. We claim that this deformation
corresponds to giving mass to the remaining fermions, leading to the duality in the last
row of Figure [4.14] Notice that in this last step we actually remain with one scalar and
two U(1) gauge nodes, the diagonal combination decouples as a U(1); which is an almost
trivial theory.

At this point the U(1), theory with one scalar can be also dualized using particle-
vortex [212H215], resulting in a O(2) Wilson-Fisher scalar. This in turn is also related, via
bosonization, to a U(1) 1 theory with a fundamental fermion (4.3). The duality between
SU(2)o with two scalars and U (1) 1 with one fermion, is consistent with a duality proposed
in [66).
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We can generalize this result further to SU(NN)y with N scalars by starting from
SU(N)o with 2N scalars and integrating out N of them, and find that SU(N )y with N
scalars is also dual to an O(2) Wilson-Fisher scalar.

4.5.3 TQFT Dualities from Mass Deformations

Instead of considering mass deformations for a single boson or fermion, we can consider a
mass deformation for all of them. In particular we could consider a positive mass for all
the scalars and a homogeneous mass for the fermions in the QCDj3, which always leads
to a TQFT, and track the effect in the dual theory that should flow to a dual TQFT to
match the IR phase. A general analysis shows that the resulting TQFT duality obtained
is quite complicated. Throughout this subsection, TQFT matchings are understood up
to invertible (SPT) phases, which we do not track systematically. A possible strategy is
to consider gapped phases of the N’ = 2 theories involved in the ancestor duality [2]. In
particular one can study the flow from the ancestor N’ = 2 duality to a TQFT duality
which we believe is equivalent to the TQFT duality we would reach starting from our
proposed dual pair. We look at two special cases, consisting of the SQCD theories whose
Abelian planar dual contains one or zero “bulk” columns.

We start by discussing the TQFT duality obtained starting from the duality for
SU(N)_; with Ny = 2N scalars and zero fermions 4.2 Turning on positive masses
for all the scalars results in SU(N)_; CS theory. The planar Abelian dual theory has a
single empty bulk column, see Figure .

As explained above we can consider a chiral-planar SUSY duality (as introduced in
Chapter [3) where the electric theory flows to the same SU(N)_; TQFT. There the mass
deformation can be followed on the planar Abelian side (see in particular Section [3.5.2)),
resulting in a U(1)? CS theory with CS matrix:

K:(N ’N>; (4.78)
~N N+1

This is the TQFT duality reported in quiver notation in Figure We expect that
this is the same TQFT duality one would obtain by deforming the non-SUSY duality for
SU(N)_; with Ny = 2N scalars and zero fermions. In the remainder of this Section we
show that this duality can be proved via known TQFT dualities, providing a check for
the flows discussed above.

The 1-form symmetry group of the Abelian CS theory associated to K is Zg\l,), as
can be deduced from the Smith normal form of K [216], matching the SU(N)_; on the
electric side. The duality between the Abelian CS theory associated to K and SU(N)_4
can be proved by first applying level /rank duality (red arrow in , and then relating
the resulting Abelian theories (double arrow in [4.15). The last step requires us to find
two 2 x 2 matrices Q and P with integer coefficients, as described in |216|, satisfying the
condition

QK;'Q-K'=P, (4.79)

where K;' = diag(1, +) and K! are the inverse Chern-Simons matrices of the two dual

9The analysis discussed in this Section extends naturally to other QCD theories whose Abelian dual
has a single “bulk” column.
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theories, respectively. The following matrices satisfy these requirements:

—11 0 —2
Q=(10>, Pz(_20), (4.80)

where the diagonal elements of P are even, as required for spin preservation. The ma-
trix Q is the (left-)invertible matrix specifying the bijective mapping of the 2|det(K)]
independent Wilson lines, from the dual side to the electric side, i.e., @, = Qda, where
ar, and @ are the charge vectors of the Wilson line on the electric and dual side, respec-
tively. Notice that the sequence of dualities depicted in requires an additional SPT
U(N —1); on the Lh.s.. It would be interesting to keep track of the invertible backgrounds
generated by the deformation of the quiver theory considered here in order to determine
the precise SPT factors involved in the duality for SU(N)_; with 2N scalars, but we
leave this analysis to future work.

Similarly one can consider the case of SU(N )y QCD with Ny = 2N scalars. By giving
positive masses to all the scalars the theory flows to SU(N)y YM. The analysis of the
flow to the TQFT from the corresponding SUSY theory, together with its planar Abelian
dual, predicts that the dual flows to U(1);, which is an almost trivial TQFT matching
the electric side.
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4.6 Scope and outlook

Scope. This chapter proposed and tested planar Abelian duals for a family of non-
supersymmetric 3d CS-QCD theories with bosonic and fermionic matter simultaneously,
for both SU(N) and U(N) gauge groups. The analysis focused on the well-controlled
regime N, > 2N, where the quiver structure of the Abelian dual is most transparent.
In this range, extensive checks were performed: matching of gauge-invariant operators
across the duality, consistency with mass deformations and RG flows, derivation of known
pure-TQFT limits, and reduction to established Abelian bosonization dualities in special
cases. The dualities proposed here are expected to arise as non-supersymmetric limits of
the A/ = 2 mirror pairs of Chapter [, though establishing this connection precisely lies
beyond the scope of the present chapter.

Outlook. Three directions are most immediate. First, a systematic treatment of the
small-flavor regime Ny < 2N is needed (examples with 2N — 2 < Ny < 2N are presented
in [4], but a systematic study is lacking): this range exhibits qualitatively new features
that cannot be read off directly from the well-controlled quiver construction. Second,
the SUSY origin of these dualities should be made precise by tracking SUSY-breaking
real mass deformations of the N' = 2 mirror pairs of Chapter [3 at the level of operators,
partition functions, and the spin-TQFT factors generated along the flow. Third, an
algorithmic formulation analogous to the chiral-planar algorithm of Chapter [3] would
allow a systematic derivation of planar Abelian bosonization duals for arbitrary non-
Abelian CS-QCD theories, moving beyond the case-by-case analysis of this chapter.
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V= unartic

V= vPlanar + V]Wonopole + VGNY

V= unartic

V= VPlanar + VMonopole + VGNY

Figure 4.13: Schematic depiction of the duality (bottom row) resulting from the RG flow
induced by integrating out a single fermion with negative mass in SU (B)G_N ~n~; QCDgs
with N, scalar fields and Ny fermionic fields and the corresponding bosonic column in its
planar dual (top row). The resulting duality is exactly what we propose for SU(3) with

Ny scalars and Ny — 1 fermions at CS level 6 — Ny — % - %
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0

V = Vquartic

3

V= vquav‘tic

VYV =Vpianar * YVaNY

\L mass

2 < V=Vwr

0

V = Vquartic 1

Figure 4.14: Schematic depiction of the duality conjectured for SU(2), with 2 scalars.
We omit writing topological fugacities for brevity. As per our conventions, fermionic
(bosonic) fields are shown in red (blue), and (mixed) Chern—Simons interactions in ma-
roon (green).

Figure 4.15: Duality between SU(N)_; x U(N — 1); CS theory and the Abelian CS
theory associated to the CS matrix (4.78]). (Mixed) Chern—Simons interactions are indi-
cated in (green) red. The red arrow indicates level /rank duality for SU(N)_y, while the
double arrow indicates a duality between Abelian TQFTs described in the main body.
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Chapter 5

Hilbert series and SCI of the
improved bifundamentals

The content of this chapter is essentially taken from [5].

In this chapter we take a detour and we investigate a novel class of SCF'Ts with four
supercharges, termed Improved Bifundamentals 56, |171}, 217, [218]. Among them, the
FEy series exists in both 4d and 3d, while the FMy, FHy, FCy, and F'Ty families
are purely three-dimensional. These Improved Bifundamentals exhibit intriguing star-
triangle dualities [56] and serve as fundamental building blocks for constructing quivers
relevant to various generalizations of 3d mirror symmetry [45], 46, 57|, the compactification
of 6d E-strings on Riemann surfaces [217], and Hanany-Witten brane setups with four
supercharges [57].

In the following sections we aim to elucidate the structure of the moduli space of
vacua for the Improved Bifundamentals. Our analysis reveals that the moduli spaces
are irreducible algebraic varieties, exhibiting a single branch rather than the multiple
intersecting branches typically found in SCFT moduli spaces. Specifically, for FTl,
FCy, and FHy, the moduli space consists of a single branch generated by operators in
rank-2 representations of the IR non-Abelian global symmetry. In contrast, for FMy
and F'Ey, in addition to this main branch, we identify supplementary simple branches
associated with vacuum expectation values of the B;; operators, which are singlets under
the non-Abelian global symmetry.

To explore the moduli space of vacua, we employ the Plethystic Programme [108,
112] (see also section EI In this context, the HS enumerates holomorphic functions
on the moduli space, which are in one-to-one correspondence with chiral ring operators.
Consequently, the HS also encodes the relations among these operators, which can be
either classical or quantum in nature. In three dimensions, the presence of local monopole
operators |26], 27| complicates the computation of the Hilbert Series, generally requiring
a summation over monopole sectors. While this problem has been solved for 3d N = 4
gauge theories [85] [226], it remains largely open for 3d N/ = 2 theories (see [168|, 224]).

To compute the HS, including contributions from monopole operators and quantum
relations, we begin by evaluating the Superconformal Index (see section [2.4.3|for a review).

!The plethystic program has notably been applied to study the moduli space of supersymmetric QCD
[219] and instanton moduli spaces 220} 221]. Its versatility has also led to various applications in both
4d [222] and 3d [168], 223225 supersymmetric gauge theories.
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The HS can then be extracted from the SCI as follows: the moduli space is an algebraic
variety that is polynomially generated by elements of the chiral ring. These elements are
%—BPS, gauge-invariant operators that belong to short multiplets of the superconformal
algebra and are, therefore, captured by the index. By expanding and carefully analyzing
these contributions, we claim that, for the class of theories considered in the present
thesis, we are able to reconstruct the full Hilbert Series of the moduli space order by
order. In what follows, we demonstrate several applications of this approach.

In general, obtaining the complete Hilbert Series as a direct limit of the Superconfor-
mal Index is not always feasible. For 3d N/ = 4 theories, it was proposed in [167] that
there exist two distinct limits of the SCI which precisely reproduce the Higgs and Coulomb
branches of the moduli space (see also last paragraph of section . However, even for
theories with 8 supercharges it is difficult to unambiguously extract mixed-branch opera-
tors from the index, see [227]. Moreover, as pointed out in [22§], for class S theories, the
Hilbert series for the Higgs branch of the resulting 4d N' = 2 theory agrees with the index
prediction only for 6d N' = (2,0) theories compactified on genus zero Riemann surfaces.
For 3d N = 2 theories, it was shown in [168]| that, whenever the theory possesses global
U(1) symmetries, a similar analysis to that of A/ = 4 theories can be performed. In
particular, one can attempt to compute the Hilbert Series for individual branches of the
moduli space by taking specific limits of the index. However, it has also been observed
that, in general, due to accidental cancellations between fermionic and bosonic contribu-
tions, the index may fail to reproduce the Hilbert Series of the full moduli space. For
the class of theories studied in this chapter, we provide extensive order-by-order evidence
that such accidental cancellations do not occur. As a result, we are able to reproduce the
Hilbert Series either for the full moduli space or for its main branch.

Summary of the main results

For the FTy theory of [171], which is the only series whose moduli spaces are complete
intersectiond?, we produce a simple formula for the unrefined HS for any N, analogous to
the formula for the Higgs branch of T'(SU(N)) [223]:

~ L5 Yoot
y unr J]= —
HSpr,(t) = PE X[1,0,...01]su(ny, b T X[1,0,.01] s, — th - (1 — t)2N2-N-1
j=2

Note that the full moduli space of T'(SU(N)) is a union of multiple branches, whereas
the moduli space of F'Ty, obtained by flipping the adjoint of T(SU(N)) generating the
Higgs or Coulomb branch, possesses a single branch.

For the other improved bifundamentals we are not able to write the fully unrefined
HS in closed form at generic N; instead, for N < 3, we compute the HS expressed in the
so-called Euler form (in a single fugacity):

ho + hit + - - + hgt?
(1 _ t)dimM

HS(t; M) = (5.1)

The improved bifundamentals at N = 1 are simple free theoriesE]7 rendering the com-
putation of the HS trivial. For N = 2, thanks to non generic symmetry enhancements,
we manage to write the fully unrefined HS as sums over characters.

2For background on Hilbert functions and h-vectors of Gorenstein algebras and complete intersections,
see [229-232].
3Tn this thesis, we consider a version of the FMy and FEy theories without the Bi; singlet, which
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We observe that since the number of chiral ring generators grows quadratically with
N, the dimension of the moduli space and the degree of the numerator also exhibit
quadratic growth with N. This fact allows us to extrapolate these quantities for generic
N based on the N = 1,2, 3 results. Let us write the unrefined HS for N = 1,2, 3 in the
following table:

N=1 N=2 N=3
1+t A+t +t+12)
FT, 1 _— a2
" (1=t (1—t)4
Fo 1 1+3t+12 1+ 8t + 262 + 39¢% + 26t* + 8> + ¢°
R (1=t (1—1)7
1 (1+t)(1+ 4t +t2) (1+8)3(1 + 3t +¢2)(1 + 8t + 22t2 + 8% + 14)
FHy
(1—1)2 (1—tH (1—1)%
, 1 (1+t)(1+ 5t +¢3) (1+6)2(1 + 14t + 72t2 + 1333 4 72t* + 1445 + ¢5)
FMy .
(-1 (1—1)F -
FE 1 (T4+6)(1+9t+ 1922 + 983 + 1) (1+¢)%(1 + 26t + 288> + 1716t> + 5970t* + 12545¢° + 1607145 + - - - 4 ¢12)
N

1—0r (1—1) (1—1)%

The extrapolation at generic NV yields the following results for the complex dimension

of the moduli space, the number of generators and the degree of the numerator of the
HS:

Ref. Theory dim g Generators Numerator degree d Global symmetry (N > 3)
FTy 2N?-N -1 2N% -2 N(N -1)/2 S(U(N) x U(N))

(5.8) FCx 2N% —1 3N?2 -2 N(N -1) S(UN)x U(N)) x U(1)
(5.9) FHy 3N? -1 5N? — N —2 3N(N —1)/2 SU(N) x USp(2N) x U(1)?
(5.6) FMy 2N? 4N? -2 N2 -1 S(U(N) x U(N)) x U(1)?
(5.7) FENx 4N? 8N2 —2N —2 2N+ 1)(N -1) USp(2N) x USp(2N) x U(1)?

The RG flows relating the five families, together with the data just summarized, are
collected in Figure [5.1]

Further symmetry enhancements at N = 2

The improved bifundamentals at N = 2 exhibit an IR symmetry larger than the generic-
N IR global symmetry, as discussed for F'Ey in [233]. One way to argue for this enhanced
symmetry is through the exceptional 3d dualities of |234) 235]. In Section we derive
simple formulae for the fully unrefined Hilbert series at N = 2 as a sum over characters
of representations of the enhanced global symmetry group, generalizing the Hilbert series
for F'T, theory found in |236].

On top of the F'E5 and F M, we consider the FEQ and FM o theories, which we define
as the F'E, and F'M, where the singlet By ; has been flipped. This makes the dimension
of the moduli space larger by one unit. It turns out that the moduli space of the 5 theories

FE Es, FM 9, F'Hy, FCy and F'T; are complex cones over irreducible Hermitian symmetric
spaced] [237, [238].

is appropriate for studying the isolated F My and F Ey theories. This implies that FM; and FE; are
equivalent to 2 and 4 free chiral superfields, instead of cubic Wess-Zumino models with 3 and 5 chiral
superfields.

4We are grateful to Richard Eager for useful correspondence about this point.
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FEyN USp@2N) x USp(2N) xU(1

dimpag = 4N?  Gens: SN2 —2N —2 Deg: (2N + 1)(

/\

FMy s FHy SU(N) x USp(2N) xU(1)?
dimy = 2N?  Gens: 4N? —2 Deg: N2 -1 dimpy; =3N%2 -1 Gens: 5N2 — N —2 Deg: 3N(N —1)/2
FCy S(U
dimpg =2N2 —1  Gens: 3N?2 —2  Deg: N(N

|

FTy SU(N)xU(N))

dimpy =2N2 — N —1  Gens: 2N?2 —2 Deg: N(N —1)/2

Figure 5.1: Diagram with the relations among the different theories. The arrows denote
RG flows: those out of F'Cy are triggered by real mass deformations, while those out of
FEy combine a Coulomb-branch vacuum expectation value with a real mass deformation.
Each block shows the global symmetry (for N > 3), the complex dimension of the moduli
space, the number of generators and the degree of the numerator of the HS in the Euler
form.

A Hermitian symmetric space (HSS) of compact type is a compact complex manifold
B = H/K, where H is a compact simple Lie group and K a closed subgroup of maximal
rank whose center contains a U(1) (equivalently, the centraliser of a U(1) C H), such
that B carries an H-invariant Hermitian metric and each point is a fixed point of a global
involutive isometry. The central U(1) C K endows the tangent space with a complex
structure, making B a Ké&hler manifold. These spaces were classified by Cartan [239-241]
into four infinite families and two exceptional cases:

SU(p+q) SO(2n)  USp(2n) SO(p+2) FEs E;
SUp)xU(q)  Ul) "~  Un) = SO(p)xU1) SO(10)xU(1)" Eg >(<5(£§1)'

What makes these spaces especially natural as moduli spaces is their representation-
theoretic rigidity: the coordinate ring of the affine cone M = C[H/K] decomposes as a
multiplicity-free sum of irreducible H-representations,

M) = ) Vi, 5.3

where V) denotes the irreducible H-representation of highest weight kA, and R = V)
is the minimal one appearing in the decomposition of functions on B. This is precisely
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the structure captured by a Hilbert series of the form HS(¢) = > 32 xv;, t", which is
what we observe for the five theories listed above. The generators of the chiral ring are
identified with the elements of R, and the relations they satisfy cut out C[H /K] inside the
free ring Sym®(R), whose graded pieces Sym”(R) contain Vj, together with additional
representations that are precisely removed by the relations (Cartan multiplication). For
the five theories at hand, the relevant spaces and their generator representations areﬂ

Ref.  Theory B=H/K R
B86) FT, SU4)/SUQR)xU2)) 6
(5.115) FCy SU(5)/S(U(2)xU(3)) 10 (5.4)

FH, SO(10)/U(5) 16
FM, SU(6)/S(U(2)xU(4)) 15
FE, FEg/(SO(10)xU(1)) 27

EISIE
= | —
| | &~
=1 &2

5
—_
Ne}

=

Let us summarize the results in diagram 5.2 where the symmetric space is denoted in
orange, the HS in blue and dim , stands for the complex dimension of the conical moduli
space.

5.1 Short review of the Improved Bifundamental the-
ories

The Improved Bifundamentals are a class of superconformal field theories (SCFTs) with
4 supercharges, introduced in |56} 171, 217, 218|, which present quiver UV lagrangian
descriptions. They share interesting properties like symmetry enhancement in the IR,
(self-)duality of the UV completions under 3d A/ = 2 mirror symmetry |23, 36] and a rich
spectrum of protected operators. In the following sections, we present the theories in the
chronological order they were discovered.

5.1.1 The FTy theory

We begin by considering the FTy = FT[SU(N)] theory [171], i.e. the flipped version of
the T[SU(N)] theory, which arises from the study of S-duality and Dirichlet boundary
conditions in 4d N = 4 SYM [113]. We remind the reader that the theory has the
following Lagrangian UV completion:

5Three of the five spaces carry a well-established magic-square signature: curved (7 systems on
the cones over Gr(2,4), SO(10)/U(5), and Eg/(SO(10) x U(1)) exhibit hidden affine s0(8), ¢, and
¢7 symmetry respectively, where the last case is precisely the pure spinor sector of the superstring
|238]. This fits the general pattern of Landsberg-Manivel [242] projective geometries associated to the
Freudenthal-Tits magic square [243H246] arising as moduli spaces of supersymmetric gauge theories
[237]. The remaining spaces Gr(2,5) and Gr(2,6) belong to the same family of rank-two cominuscule
Hermitian symmetric spaces and complete the Grassmannian chain Gr(2,4) C Gr(2,5) € Gr(2,6) and
the branching SU(5) C SO(10).
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k=0 k=0 =0 '

15 gen, 15 eqs, dima = 9 16 gen, 10 eqgs, dimpg = 11 14 gen, 15 eqs, dimpg = 8
S A - /
e B

‘ SU(5)
FC; M= C{su; 2)x U (:J,))}
o0
D X0k 0t
k=0
10 gen, 5 eqs, dimpyg = 7
N\ Y,
( N\
/ (4)
FTy M= CM e .(Q)J
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Figure 5.2: Hasse diagram of the N = 2 theories. Orange labels indicate the associated
moduli space as a coset, and blue expressions give the corresponding Hilbert series. Ar-
rows denote RG-flow/specialization between theories.

a2 anN-—1 an R=Ro+70

by by byo O byt (D 0T
@ ) ¢ ) ¢ ) ¢ X| N bi, by /2
N-1 a; 2—-71

N—
W = a2b1l~31 —|— Z bZ(CLZ —|— CLZ‘+1)Z;Z' + Z th[bzgz]
=2 =1 (55)
In this diagram, a circular node with label k represents a U (k) gauge group, the square
blue node represents a global SU(N) symmetry, an outgoing (ingoing) arrow represents
an (anti-)fundamental field, and the crosses on the links between the nodes represent
flipping fields, i.e., gauge singlets that couple linearly to the gauge-invariant products
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bib;. The field b; (b;) transforms in the bifundamental representation J& 0 (O® O resp. )
under U(i) x U(i + 1) (where O (O) denotes the (anti-)fundamental representation),
while a; transforms in the adjoint representation of the corresponding U (i) gauge node.
The global symmetries of the theory include an SU(N) flavor symmetry, N — 1 U(1)
topological symmetries (one for each gauge node), as well as a U(1), global symmetry
and a U(1)g R-symmetry. In the table on the right side in we list the R charges
R of the UV fields, given by a sum of the trial R charge Ry and mixing with the U(1),
symmetry, where (), denotes the field charge under the symmetry while 7 parametrises
the mixing of U(1), with the R-symmetry (the associated fugacity is denoted 1 below).

A notable feature of the theory is that at the IR fixed point, the global symmetry is
enhanced to:

SU(N) x SU(N) x U(1), x U(1)g.

This enhancement is related to the self-mirror [36] property of the N' = 4 theory, first
studied in [113], which implies that both the Coulomb and Higgs branches exhibit an
SU(N) global symmetry.

Moreover, at the strongly coupled IR fixed point, the matter content consists of two
fields, A and Ag, in the adjoint representation of each of the SU(N) global symmetries,
respectively. The first operator is the UV traceless matrix ay = Ay, in the adjoint repre-
sentation of the manifest SU(N), while the second operator is constructed by collecting
the N(N —1) gauge-invariant monopoles with Goddard-Nuyts-Olive (GNO) [247| charges
MO 9+F0- . along with their conjugates with negative GNO charges, and N — 1
gauge-singlet operators o; of R-charge 2 — 7, given by linear combinations of the traces
Tr(a;),i=1,...,N — 1, and of the flipping fields, which fill the Cartan directions.

For example, for N = 4, we have:

0 §m+00 i [amaY o+t

m—DO 0 mO—i—O gﬁﬂ—H—
A= g0 g0 g oo +2_ oD,

M MmO MmO~ 0
where D; are the traceless diagonal generators of SU(4).

5.1.2 The FMy theory

Next we turn to the first “improved” bifundamental discovered, the FMy = FM[SU(N)]
theory [217]. The theory has the following Lagrangian UV completion:
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aN-1 an R=Ry+7Q; +AQa

by—2 A by_1 O -
@:z: % OS] s /2
dq % \Ul %dQNUQ dN% XN ! dn a; 2—T
1 ; 1 : 1 1 Vi, U5 2 — 7i_]\2]+27' - A
d;, d; A+ %T
N-1 N-1 N-1
W= [v]b dir + T;b; dﬁl} +asbib + > by(ay + az1)b; + Y Flip[bbi]
j=1 7j=2 =1
N ~
+ (0 OO ) ) " Flip|didy]
=1
(5.6)

where the blue node denotes an SU(N) flavor symmetry, while the N red nodes de-
note U(1) flavor symmetries. This theory, similarly to the FTy theory, possesses a self-
mirror property, which exchanges the manifest SU(N) flavor symmetry with the emergent
SU(N) one. The full global symmetry of the theory at the IR fixed point is:

S(U(N) x U(N)) x U(1), x U(1)a x U(1)g.

The operator spectrum (chiral ring generators) at the IR fixed point consists of two
fields, A; and Ag, which transform under the representations Adj ® 1 and 1 ® Adj of
the SU(N) x SU(N) global symmetries, respectively. Additionally, there are two fields,
IT and II, in the representations 0 ® O and O ® [J, and a collection of singlets, denoted
by B, m, with R-charges given by:

R(B, ;) = 2n—2A + (m — n)T.

In particular, the singlets B; ,, correspond to the flippers of dN—m+1d~N—m+1 for m =
1,2,..., N, while the singlets B, ,, correspond to the gauge singlets vy_,, a]\l,jfn UN—m,
for n = 2,3,..., N (reducing to vy_,,On_s, for n = 2), whose R-charges match the
formula above.

This theory is often referred to as an “improved” or “generalized” bifundamental be-
cause, compared to the usual bifundamentals of SU(N) x SU(N), it includes two bi-
fundamental fields in the spectrum and an additional U(1) global symmetry. The usual
bifundamentals, on the other hand, only have the global symmetry S(U(N) x U(N)) x
U(1)4 x U(1)g. The improved bifundamental becomes particularly relevant when study-
ing mirror symmetry for N' = 2 theories, such as U(N) adjoint SQCD with flavors and
vanishing superpotential [57]. We mention that the singlet By ;, flipping dndy, should be
flipped from the theory because its scaling dimension would violate the unitarity bound,
signalling that it decouples as a free field along the RG flow (as we checked explicitly for
N =2, and we claim holds for N > 2 as well). Thus, in the theories that we study below,
we will always remove this singlet, and write the correct superpotential by dropping the
term Flip[chZN] = BleNva. This is true in the isolated theory, but may not be true
when the theory is part of a larger quiver, where the scaling dimension of B; ; should be
computed through F—maximization.
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5.1.3 The FEy theory

The next theory we consider is the F'Ey theory, also called FE[USp(2N)] in the litera-
ture. This theory was originally constructed as a 4d N' =1 class S theory, resulting from
the compactification of the 6d (1,0) rank N E-string SCFT on a torus with flux turned
on [218|. If we further compactify the resulting A" = 1 theory on S!, we obtain the FEy
theory in 3d, which has the following Lagrangian UV completion:

a2 R =Ry +71Q: + AQAa
b1 by by
C Co e X —X—] bi /2
d ¢ j2d:<v2 a; 2—T
Ci C Ch v; 2_A— #7—
N-1 N-1 dz A + iENT
W =0lay+»_ bHai+ai1) + Y [vibidisy + Flip[b?]]
=2 i=1
N
+ ) Flip[d] 4 (901000 4 90100 .. 4 9000
=1
(5.7)

where C}, denotes an USp(2k) symmetry.

Compared to its 4d version, the 3d theory has additional linear monopole terms in
the superpotential which necessarily arise after the 3d compactification 234} |248|. The
UV global symmetry is given by:

USp(2N) x USp(2)N x U(1)a x U(1), x U(1)g,
which is enhanced in the IR to:
USp(2N) x USp(2N) x U(1)* x U(1)g.

This enhancement can be understood through a self-duality, which acts by exchanging
the manifest USp(2N) symmetry with the emergent one. It is worth noting that the
F My theory can be reached from F'Ey by combining Coulomb branch operators that
break USp(2N) to U(N), along with real mass deformations, as described in [176].

In the IR spectrum of the theory, we observe two fields, A;, and Ag, which transform
under the antisymmetric traceless representation of each USp(2N) global symmetry. Ad-
ditionally, there is a field I in the representation 2N ® 2N under USp(2N) x USp(2N)
(where bold numbers label the representation of the corresponding dimension), along
with a collection of singlets B, ,,, with R-charges given by:

R(B,m) =2n—2A 4+ (m —n)T.

In particular, the singlets By ,,, correspond to the flippers of d3,_, .., for m =1,2,... N,
while the singlets B, correspond to the dressed gauge singlets vy _, ap 2 Un_m, for
n=2,3,...,N (reducing to v%_,, for n = 2), whose R-charges match the formula above.
Again, as for the F'M theory, the flipper B, ; should be flipped since its scaling dimension
is below the unitarity bound (as we checked through F'—maximization for N = 2). Since
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the FEy is really a 4d A = 1 theory, we are able to perform 4d a—maximization as well,
on the corresponding 4d theory FE3¢, and we find that R(Bj ;) < 2/3 with the equality
holding only for V =1 (in this case the theory is a Wess-Zumino model). Moreover, we
find that the R-charges of the other singlets B, ,, decrease with N, so they eventually
hit the 4d unitarity bound (A = 2R > 1) and should be flipped to obtain a consistent
theory. For the rest of the chapter, whenever we consider the F'Ey and F' My theories,
we will consider the version of these theories with the singlet B, ; flipped, and with the
correct superpotential where the term Flip[d3] = By d% (resp. Flip[dydy] = Byidndy
for the F'My theory) has been dropped.

5.1.4 The FCjy theory

Another interesting theory we consider is the F'Cy theory, which arises from a specific
real mass deformation of the F'My theory [56]. This deformation gives mass to half of
the bifundamentals present in the saw of the F'My theory. A possible UV completion of
this theory is given below:

Qs aN-1 an R=Ry+7Q- + AQA
by by by_2 by -
X)X - X)X V| /2
d UN-1
1 / N}l /d2 \UQ le/ \ /dN a; 2—71
1 1 1 1 v - oA
d; A+ 5Ny
N-1 N-1
W= wibjdjsr + agbiby + Y bja; + ajp)b Z Flip[b;b;]
j=1 j=2
+ (9)?+00"' L ognoHo 4L )
(5.8)

Note that, as a result of the deformation, the superpotential contains only (N — 1)
cubic terms from the closed triangles and (N — 1) monopole terms. In total, we have
integrated out 3N — 1 chiral fields (the 9;, the d and the N flippers of d; d; ;) while losing
3N —2 superpotential terms (the N —1 cubic terms v]b dj+1, the N—1 negatlvely charged
monopole terms and the N terms Flip[d;d;]), resulting in one less global U(1) symmetry
compared to the F'My theory.

The FCy theory also exhibits interesting duality properties derived from the self-
duality of FF'My. A consequence of these dualities is the claim that the global symmetry
is enhanced in the IR to SU(N) x SU(N) x U(1)a x U(1); x U(1)g. In the IR spectrum,
we still have two fields, A;, and Ag, in the representations Adj ® 1 and 1 ® Adj of
the SU(N) x SU(N) global symmetries, but a single bifundamental field, II, in the
representation (0 ® O, and no additional non-Abelian singlets.

5.1.5 The FHy theory

Finally, the last theory we wish to study is the F'Hy theory, which can be derived
starting from the F'Ey theory and then performing a combination of Coulomb branch
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vacuum expectation value, breaking the gauge USp to U, and real mass deformations,
in such a way that one of the two global USp(2N) is broken to U(N), while the other

is preserved |56]. A possible Lagrangian UV completion, where the global symmetry is
SU2)N x U(N) x U(1),; x U(1)g, is as follows:

aN-1 an R=Ry+7Q; +AQa
bN 2 bN 1 m ~
@::zz % RSN wa /2
d/ \fl /; \2}2 dN/ \Nl/d ai 27
. _ i=N+2__
oy o o v; 2 - =T A
d;
N-1 — _
W= ub d]+1+a2b1b1+2b a; + aj1)b; + Y Flip[biby]
Jj=1 j=2 =

+ (zmioo'“ LOOEO )

(5.9)

An interesting observation is that from the self-duality of the F'Ey theory arises a

duality for the F'Hy theory exchanging the manifest U(N) global symmetry with the

emergent USp(2N). As a consequence, we are able to write a dual frame where the UV
symmetry is U(1)Y x USp(2N) x U(1), x U(1)g, which looks as follows:

an—
as ! an R=Ry+71Qr +AQA

by by  bn_2 (] by
@%@ Koo w >
AN AN

. i—N+2
1 1 1 1 vi 2= oA

N-1 N-1 N-1
W = Z Ujbjdj+1 + agb% + Z b?(aj -+ a/jJrl) + Z th[bf]
j=1 j=2 =1

+ (ORI 4 00 )

(5.10)

As a consequence of this duality, the global symmetry of the theory must enhance in

the IR to U(N) x USp(2N) x U(1); x U(1)g, where U(1)a C U(N). In the IR spectrum

we now have a field Ay, in the adjoint representation of SU(N) C U(N), a field Ag in

the antisymmetric traceless representation of USp(2N) and a bifundamental II in the
representation 2N ® O of USp(2N) x U(N), and no additional non-Abelian singlets.
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5.2 Moduli spaces of improved bifundamentals at generic
N

In this section, we study the properties of the Hilbert series for our theories of interest
at generic N. Even though the HS are extracted from the superconformal indices, in
this section we only discuss the HS; a detailed analysis of the structure of the indices is
performed for the N = 2 theories in Section [5.3]

We examine the case of N = 2 separately, in Section [5.3 highlighting the enhanced
symmetry in the IR that this special case enjoys.

The last two theories, FMy and F Ey, on top of the rank-2 generators (adjoints/an-
tisymmetric and bifundamentals), also have generators which are singlets under the non-
Abelian global symmetries. These singlets generate simple branches in the moduli space
of vacua. In this section we disregard such branches, and focus on the rank-2 generators,
which generate an algebraic variety which we call main branch.

5.2.1 FTy

Let us start from the simplest set of theories, namely F'Ty.

a9 aN—1 an
by by bn_2 bn-1 ) b;, b; /2
@ X X - X X~ N ’
Qg 2—171
. N-1 . N-1 [ —
W = agbiby + Y bi(ai +aia)bi + Y Flip[bib]
=2 =1 (5.11)
For FTy, the refined Hilbert series is given by
N
HSrry = PEX(agj 1)t + X(Lagi)t — ) t'] (5.12)

=2

where X(adj,,1) and X(1,q4j;) represent the characters of the adjoint representations of
SU(N)p and SU(N)g, respectively. The function PE denotes the Plethystic Exponential.

The unrefined Hilbert series. Setting all flavor fugacities to unity, the refined Hilbert

series ([5.12)) collapses to

N-1 j

11> ¢
j=1 h=0
%SFTN(t) = (1 _ t) ON2_N_—1 °

The numerator is palindromic, which confirms that the moduli space is a Calabi-Yau
cone of complex dimension 2N? — N — 1.

(5.13)

Generators and relations from the plethystic logarithm. The main structural
result of this subsection is obtained by taking the Plethystic Logarithm (PL) of the refined

series ((5.12)):

N
PL[HSFTN] = X(adjL,l)t + X(l,ade)t - th‘ (514)

Jj=2
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This expression admits a transparent reading: the moduli space is generated by the
2(N? — 1) components of two adjoint-valued matrices Ay and Ag, transforming in the
adjoint of SU(N), and SU(N)g respectively, subject to the N — 1 relations

k k _
L - ) T Ay ey 9 .
trp A¥ = trp Ak k=2...,N (5.15)

where try, (trg) denotes the trace over SU(N)y (SU(N)g) indices. The fact that
terminates confirms that no higher syzygies appear: the moduli space is therefore a
complete intersection of degree N!. Analogous results were obtained in [223] for the
Higgs branch of the N' = 4 T[SU(N)] theory.

The h-sequence and a recursive pattern. Expanding the numerator of ([5.13)) as

N—1 j N(N-1)/2
>+ = hit?, (5.16)
j=1 h=0 i=0

one reads off the h-sequence h = (hg, hq, ..., hq) of the moduli space, with d = N(N —
1)/2. The first few entries are

h=(1,N-1LN+1)(N-2), tNN*=7), ...). (5.17)

1
6

Remark (First-difference recursion). We observe that the first-difference sequence of the
first half of h,

h = (ho, by — ho, ho — by, ..., hjaj2) — hja2)—1)
= (1, N=2, iN(N =3), :{(N =1)(N*=2N —6), ...) ,
(5.18)
coincides, for k < N, with the h-sequence of FT[SU(N — 1)]. This is in fact an ezact
consequence of the factorization [N]ly = [N — 1]} (1 +t+---+ tN_l), which implies
hi(N) — hg—1(N) = hpg(N — 1) — hp—n(N — 1): the identity holds exactly for k < N
and fails for k > N (the first violation inside the first half of the sequence occurs at
k=N=5).

Mahonian numbers. The coefficients h; of the numerator admit a classical combi-

natorial interpretation. Since Hj\;l i:o th = [N]!;, where the g-factorial is defined
by
n—1
), = [[C+a+d+-+d), (5.19)
k=1
one has Ji
1 2
L= !
i = [N]! . (5.20)

The h; are the Mahonian numbers, first studied by MacMahon [249]; they count permu-
tations of N elements by major index (equivalently, by number of inversions).
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Counting BPS operators. The coefficient of ¢ in the unrefined Hilbert series ([5.13])
equals the number of independent gauge-invariant operators of U(1), charge n. For low
N one finds the closed-form expressions

N=1: 6np, (5.21)
N=2: L(n+1)(n+2)>*n+3), (5.22)
N =3: soegmes (n+1)(n+2)(n+3)(n+4)(n+5)(n+6)(n+7)

x (n+8)(n+9)(n+10)(2n + 11)(n(n + 11) + 52), (5.23)

The N =1 case reflects the fact that F'T} is trivial, with a zero-dimensional moduli space
consisting of a single point. The jump in complexity from N = 2 to N = 3 is notable:
while N = 2 gives a fully factorized quartic, N = 3 already involves an irreducible
quadratic factor n(n+ 11) + 52, signalling that the Hilbert polynomial ceases to split into
linear factors for N > 3.

5.2.2 FCy

We now move to a theory which actually contains a bifundamental in the spectrum.

as an-1 an
by by by—_2 by O bi, b; 7/2
@ XX N a; 2—7
dy v dy \v2 d S l :
1 2 N—-1 N v; 2_1—]\2f+27__A
1 1 1 1 d; ANy
N-1 ~ N-1 ~ N-1 ~
W = Z Ujbjdj+1 + agblbl + Z bj (aj + CLj_|_1)bj + Z Fllp[bzbl]
j=1 j=2 =1

+ (9ﬁ+00"' 49Ot )
(5.24)
Bigraded structure of the unrefined HS. Unrefining the non-Abelian fugacities

but retaining the two Abelian gradings ¢, (associated to the adjoints) and ¢, (associated
to the bifundamental), the Hilbert series of F'Cy takes the form

Num(ta,td)
(1 _ td)N2 (1 _ ta) 2N2-N-1"

N(N=1)
Num(t,, tq) = Z aijtit].
i.j=0

HSrey (ta ta) =

(5.25)
The two exponents in the denominator reflect the structure of the moduli space on the
two “pure” branches:

e Bifundamental branch (t, = 0). The subring generated by II is freely generated, so

1

HSrcoy (0,ta) = A=)V

Qo,; = 5]‘70 . (526)
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o Adjoint branch (t; = 0). The subring generated by (A, Ag) reproduces the full
chiral ring of F'Tl,

HN—l J th
7=1 h=0 "a

HSFC’N(ta,O) = HSFTN(ta) = (1 —¢ )2N2—N—1’

(5.27)

from which one reads off a; o = % 9;[N]ly|,_,.

Degree of the numerator. Explicit SCI computations yield d[2] = 2 and d[3] = 6 for
the total degree of Num(t,,t4). Together with d[1] = 0 and the expectation that d[N] is
quadratic in IV, these values fix

dN] = N(N —1) (5.28)

for generic N.

Constraints from diagonal and boundary specialisations. The numerator satis-
fies three useful identities, which we have verified explicitly for N = 2,3 and expect to
hold for all N. On the diagonal t, = t; = ¢, one finds

N2—-N
Num(t,t) = 3 a;t"7 = 1=V 3" eth o=cyvong. (5.29)
i, k=0

On the two boundary specialisations,
Num(1,tq) = N!'(1—t)VP=D Num(t,,1) = (1 —t,)V&Y, (5.30)

which translate into the following row and column sum rules for the coefficient matrix

{ai;}:
zi:am' = (-1) N! (N(Nj_ 1)> : zj:ai,j = (-1 (N(NZ._ 1)> : (5.31)

Palindromic symmetry of columns. The coefficient matrix exhibits a column-wise
palindromic symmetry,

Qjk = Qk—j4N(N—-1)/2,k ajkx = 0 fOI‘]C>j—|—N<N—1)/2 or ]>]€+N(N—l)/2,

(5.32)
which lifts to the functional identity
Num(ty, tg) = tNV=V/2Num(1/t,, tatq) - (5.33)
Explicit coefficient matrices. For low N the coefficient matrices are
100
N:1:<1>, N=2:|1-41], (5.34)
001
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100 00 00
2-90 1 0 00
2-1845-14 0 0 0
N=3:|1-945-9445 —9 1. (5.35)
0 0 0 —1445—182
00 0 1 0 —92
00 0 0 0 01

Inspection of the upper-left corner for general N reveals the pattern

| 0 00 0 -
N-1 _N? 00 -
{aip} = | s(N=2)(N+1)  —N*(N-1) , (5.36)

2

INN?—7) (N —-2)(N+1) -

exhibiting two notable regularities:

e The second column equals —N? times the first column, with the central entry of the
palindrome omitted; that is, a;; = —N? iLi_l, where & is the Mahonian sequence of
the first column truncated in this way. The closed forms displayed above reproduce
—N?2h;_; and are therefore valid only above the truncation: already at N = 3 the
entry as; equals —9, not the —NTQ(N — 2)(N + 1) = —18 that the untruncated
expression would give.

e The second row reads (N — 1, —N?2,0,...,0, 1, 0,...,0), where the isolated 1 sits
in position N. This entry corresponds precisely to the syzygy .t that appears in
the plethystic logarithm below.

The fully unrefined Hilbert series. Setting ¢, = t; = ¢ in (5.25)) and using (5.29)),
one obtains

N2-N Ch e
_ Zuk=0
HSFCN (t’ t) - (1 . t) 2N2_-1 (537)
with numerators for low N given by
N=1: 1,
N=2: 1+3t+¢t*, (5.38)
N =3: 1+8t+ 261>+ 39> + 26¢* + 8t + 1°.
Expanding to the first few orders,
9 3N? -1 9 9
HSpeoy(t,t) = 1+ (3N*—2)t+ 5 —(N*4+ 1)t 4. (5.39)
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Generators and relations. The leading terms in the plethystic logarithm of the re-
fined Hilbert series read

PLIHSrcy] (tasta) = Xnmta + (Xadi1) + X(1adip) Ztk (5.40)

= X(NN) tald + tatév + XN ta tg + -+,

where x g denotes the SU(N)y x SU(N)g character of the representation R. From ({5.40))
we read off the following chiral-ring data.
Generators (3N? — 2 in total):

e the bifundamental II at order tg4,

e the two adjoints Ay, Ar at order t,.

Relations:
ApIl = 1T Ag, (N2 relations at order tatd) ,

trpAY = trRAI;%, (at order t* k=2, ..., N) )

Unlike the case of F'Tl, the plethystic logarithm of HSr¢, is not a finite sum: higher-
order syzygies (such as those at orders t,t}" and t)t,, appearing with positive coefficients
in (5.40)) persist indefinitely. The moduli space of F'Cy is therefore not a complete

intersection. The set of generators and the leading relations obtained here agree with the
results of [56].

(5.41)

5.2.3 FHy
aN-1 an
by_2 by-1 bi, b; T/2
@::z: % ) v . ,
df \11 / U2 dN/ \N 1/1alN v, 2_i—]\2f+27__A
(@] C4 4 d; iENT

N-1 N-1 N-1
W = Z Ujbjdj+1 + agbli)l + Z bj (aj + 6Lj+1)l~7j + Z Fllp[blgz]
j=1 j=2 i=1

+ (mioom ) )

(5.42)
Unrefining the SU(N), x USp(2N)g fugacities and just keeping the pair (t,,t4) of
U(1),xU(1)a fugacities that keep track, respectively, of the adjoint-like and bifundamental-
like generators, the Hilbert series of F'Hy takes the form

SN(N-1) o
> aistit]

HS i (tasty) = b=0 . (5.43
Fity (ta;ta) (1_td)2N2—%N(N—1)(1_tg)dim[SU(N)]+dim{asym[USp(2N)]}—(N—l) (5.43)

The numerator is a polynomial of bidegree (2N (N — 1), 3N(N — 1)) whose coefficients
a; ; we now analyze.
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The two complete-intersection slices

Setting t, = 0 isolates the bifundamental sector. The resulting series is a complete
intersection generated by 2N? operators [1%4 (with a,b a USp(2N) index and A, B an
SU(N) index), subject to the $N(N — 1) quadratic relations Q,, II*411*# = 0:

SN(N-1)

Mo (Oty) = im0 Goali (=t ()Y
FHN Y, Td (1 — £g)2V* 3N (V-1 (=t (1 —gpev—tn-n -
In particular ag; = (N(N 1)/2>

Dually, setting t; = 0 isolates the “adjoint” sector. It is again a complete intersection,
with 3N? — N — 2 generators — the SU(N) adjoint Ay, and the traceless antisymmetric
of the emergent USp(2N), Ar — subject to the N — 1 trace relations trpA] = trgAp,
7=2,...,N:

N i N-1
[0 -t) IS Yt

HSFHN(taao) = (1 - ta)3N27N72 - (1 _ ta)3N2 ON—1 " (545)
Explicit results for small N
For N =1, 2,3, the matrices of numerator coefficients (@i,j) in (5.43) are
N=1: (1),
11 0 0
1 —
N=2: 700 ,
00 7 -1
00 —1-1
1 3 3 1 0 0 0 0 0 0
2 -12—-42 =20 0 0 0 0 0 0
2 —-30 105 205 9 -3 0 0 0 0 (5-46)
1 —15 153 —547 —318 54 0 0 0 0
N_s3 0 0 0 —=2021191 7 =39 3 0 O
B 0 0 -3 59 =75 —1191 202 0O O O
0 0 0 0 —H4 318 547 —153 15 —1
00 0 0 3 -9 —205 —105 30 —2
00 0 0 0 0 20 42 12 -2
0 0 0 0 0 0 -1 -3 -3-1

All numerators are anti-palindromic. On the diagonal t, = t4; = t the numerator factorises
as Num(t,t) = (1 —¢)2NWV=-D3" ¢ t* with the reduced numerators Y, cxt® given in
factored form by

1: 1,
2. (14+1)(1+4t+17), (5.47)
31 (14 1)%(1 43t +13)(1 + 8t + 22% + 8% + 1),

N
N
N
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Structure of the coefficient matrix

The a;; fill a (2N(N —1) 4+ 1) x (3N(N — 1) + 1) matrix. Its upper-left corner has the
closed form

1 IN(N = 1) (N(N;l)/Q) (N(N;l)/Z)
N -1 IN(N? —6N +1)
{a;;} = | s3(N =2)(N +1) . (5.48)
NV =)

Sum rules

We have identified four sum rules obeyed by the numerator. The specialisations t, = 1,
tgy=1,and t, =t; =t give

Num(1,t) = NI (1 — ¢)2NV=D), (5.49)
Num(, 1) = 2VW=D/2 (1 — )z NN-1), (5.50)
3N(N-1)
Num(t,t) = ( Z Ck tk>(1 — t)%N(N_l)7 Ck = C3N(N-1)—k- (5.51)
k=0

Finally, along every k-diagonal of {a; ;} (with £ = 0 the main diagonal and & > 0, k < 0
denoting the diagonals above, resp. below), the coefficients sum to zero.

Generators and relations

The moduli space has 5N? — N — 2 generators and $N(N — 1) 4+ 2N? 4+ 1 quadratic
relations, coming from

Qab HG’AHb’B = 0, HAR = AL H, tl"LAg = tI'RAI%.
Accordingly, the low-order expansion of the Hilbert series reads
HSprry (1) = 14+ (BN? = N —2) ¢ + [(5N2—2N—1) N (%N(N—1)+2N2+1)}t2+- .. (5.52)

The diagonal-specialized numerator coefficients ¢, defined in (5.51)) (i.e. those appearing
in Num(t, ) = (3, cxt?)(1 — £)2V™ =D not the coefficients of the HS expansion above)
take the closed forms, for N > 1,

co =1, ¢t =2N?— N —1, ¢ =2N*—2N3 —3N?2 4+ N — 1.

The fully refined plethystic logarithm is

N

PLHS ruy] (ta, ta) = X028 ta + (X(adj, 1) + X(1asymp) ) ta — th

= (5.53)

~ X(asymp.) td = X(0.28) tatd + X(symp.1) tats + -+
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where xp is the character of the representation R under SU(N). x USp(2N)g. Read-
ing off order by order, one recognises: at order t4 the bifundamental II*4; at order
t, the SU(N) adjoint (A)%; together with the traceless antisymmetric A2 of USp(2N).
These fields satisfy

Qo T4ATIYE = 0 (AN(N — 1) relations at order ¢J),
trp Ay = trpAp (at order t¥, k=2, ... ,N), (5.54)
“P(AL)p =TI"" A} (2N? relations at order t,ty).
The chiral-ring generators and relations identified above agree with those of [56]. Asin

the previous cases, the moduli space is not a complete intersection: the relations in ((5.54)
are not independent, but obey higher-order syzygies.

5.2.4 FMy
aN—1 an
bn_2 by bi, b 7/2
@::z: < 1 I
P A o
N\ ¥, 1y Ur
! 1 1 i d;, d; A+ =Ny
N-1 o ~ N-1 _ N-1 ~
W = [ujbjde + ajbjdjﬂ] tagbiby + > bj(a; +ags)b; + Y Fliplbb
Jj=1 j=2 i=1

N
U O ) 1S Flipldd)
i=1
(5.55)
The Hilbert series of the branch of FMy generated by the bifundamentals II, IT and
the adjoints Ay, Ag, after unrefining the SU(N ), x SU(N)r X U(1)paryonic fugacities and
keeping the pair (t,,tq) of U(1), x U(1)a fugacities, takes the form

1) N2-1

Z Z awtatd

HS puy (tas ta) = (1— 75d)N2+1 (1 _ ta)2N2 N-1"°

(5.56)

The two limiting sectors

The sector at t, = 0 is generated by the 2N? bifundamental components of II and I,
subject to the 2(V 2 — 1) quadratic relations setting to zero the traceless parts of ITII and

TI1T: N1 ‘
S P ag;t]
(1 — ty) M+

This branch is not Calabi-Yau: already for N = 2,3 the numerator fails to be palin-
dromic.

HS pary (0, 1) = (5.57)
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Dually, the sector at t; = 0 is generated by the 2N? — 2 components of the adjoints

Ar and Ap and satisfies
ST a0t
(1 — ¢ )2N>-N-1 "

where the a;( are Mahonian numbers (as for F'T). This branch is of Calabi-Yau type.

HSpar (ta, 0) = (5.58)

Explicit results for small N

For N = 1,2, 3, the numerator coefficients a; ; of (5.56|) are

N=1: (1),
13 00
N=2: 1-5-51],
00 31

1 8 20 10 1 0 0
2 -2 —86 —140 —16 2 0
2-20 23 360 272 —-38 1 0 O
N =3: 1-10 66 —170 —574 —170 66 —101
0 0 1 =38 272 360 23 —202
00 0 2 —16 —140 —86 -2 2
00 0 0 1 10 20 8 1

0 0
0 0 (5.59)

In every case the numerator is palindromic, a;; = an(nv—1)—i, N2—1—;, and exhibits trian-
gular regions of zeros in the bottom-left and top-right corners.

Sum rules

Setting the variables equal or to unity, the numerator factorises:

N(N-1)
Num(t,t) = (1= )"V (@4 )V > it (5.60)
=0
Num(1,t) = N!(1 — t)NWV=D (1 4 1)N-1, (5.61)
Num(t,1) = Cy (t — 1)VV-D, (5.62)

where Cy = > ;o,j and the auxiliary coefficients b; are themselves palindromic.

Fully unrefined Hilbert series

Setting t, = ty = t, the fully unrefined Hilbert series reads

N2_1 .
)
ijo cjt

HSpuy (1,1) = 2 e (5.63)

so that the denominator has degree 2N? and the numerator degree N>—1. For N = 1,2, 3,
N=1: 1,

N=2: (1+t)(1+5t+1t%), (5.64)

N=3: (14+8)*(1+ 14t + 726> + 133¢> + 72t + 14> +1°).
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Generators and relations

The structure of the chiral ring is most transparent from the plethystic logarithm of (5.56]):

PLHS pay] (ta, ta) = (X(D,i) + X(E,D)) tq + (X(adJL 1) T X adJR) Z ty

(5.65)
2
— (Xadi,, 1) + X(1adin)) td — (X@m) + X@.0)) tata

+ Otatq (ta +ta)),

where g is the character of the representation R under SU(N), x SU(N)g. Read-
ing (5.65)) off order by order, the generators of the main branch of the moduli space
are:

e the two bifundamentals IT and II (2N? components at order #,);

e the two adjoints A, and Ag, transforming in the adjoint of SU(N), and SU(N)g
respectively (2N? — 2 components at order t,).

These satisfy the relations
I — Ltr (M), = 0 = I — Ltr () I,
trp Ay = trrAp,
AT =11 Ag,
A, = Agll,

where try, (trg) denotes the trace over the SU(N). (SU(N)g) indices, while I, and I are
the SU(N), and SU(N)g invariants needed to project onto the adjoint. The chiral-ring
generators and relations identified above agree with the proposal of [217].

2N? — 2 relations at order tj),
at order t*, k = 2,...,N),

) . (5.66)
N~ relations at order tatd),

(
(
(
(

N? relations at order tatd),

5.2.5 FFEy
by
b; 2
@) v/
a; 2—T
d v A
! ! v; 2—A—7’_]\2[+2T
4 &
d;
N-1 N-1
W =biay + > 0}(a; + aip1) + _ [vibidipr + Flip[b?]]
i—2 i—1

+ Z Flip| d2 5))1100 0 4 0100 4 L 4 moo--.m)

(5.67)
For the branch of the moduli space of F'Ey generated by the bifundamental IT and
by the two traceless antisymmetric fields Ay, Ag, unrefining the USp(2N ) x USp(2N)g

fugacities to the pair (¢,,t4), the Hilbert series takes the form
2N(N-1 2N+1)(N—1 j
Zz‘:o( : Z§:o S aijtaty

HSrEy (o ta) = (1— td)2N2+N+1 (1— ta)4N273N71 :

(5.68)
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The two limiting sectors

The sector at t, = 0 is generated by the 4N? components of the bifundamental I1%4,
subject to the 2N (2N — 1) —2 quadratic relations given by the vanishing of the Q-traceless
parts of

Qo T4ATI%E and Qup I@ATIB,

where a,b and A, B are USp(2N), and USp(2N ) g indices, respectively. Its Hilbert series
1s
Sito a0ty 14 (2N2— N — 1)ty +---

HSFEN<O7 td) = (1 _ td)2N2+N+1 - (1 _ td)2N2+N+1 ) (5‘69)

At least for N < 4 the numerator is palindromic, so this branch is of Calabi-Yau type.

Dually, the sector at t; = 0 is generated by the two traceless antisymmetrics Ay and
Apg, subject to the N — 1 trace relations trLAi = trRAI]é for j = 2,..., N. The Hilbert
series reads

11— t))
(1 — t,)4N?—2N-2 (5.70)
=1+ (4N? —2N —2)t, + N(8N® —8N? —AN +3) ) +---.

HS ey (te,0) =

The order-t, term counts the generators Ay, Ar; the order—tf term counts their symmetric
product minus the single quadratic relation A7 = A3.

Explicit results for small NV

The numerator coefficients a; ; of filla (2N(N—=1)+1) x (2N +1)(N—1)+1)
matrix, which we find to be palindromic under a; ; = aan(n-1)—i, 2N+1)(N-1)—j- For N =3
the matrix is completely fixed by expanding the Hilbert series up to total degree 13 in
(ta,tq), which determines all entries with ¢ + j < 13, the remaining ones following from
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the palindromic symmetry a; ; = a12—; 14—;. For N = 1,2, 3 the coefficients are
N=1: (1),

15 5 1 00
1-11-29 =9 0 0
N =2: 0 0 36 3 0 0f,
0 0 -9 -29-111
00 1 5 51

1 14 77 204 280 204 7 14 1 0 0 0
2 =8 =307 —-1602 —3360 —3294 —1541 —328 —26 0 0
2 —-44 59 3654 14589 21648 13705 3614 325 0 0 0
1 —22 459 —1520 —26473 —70030 —67060 —24490 —2720 14 1 0

0

0 0 —10 —2080 16723 112070 183050 104326 17747 —160 —26
—24 796 967 —82390 —267988 —261506 —78952 —2062 556  —22
3 =30 —2531 23868 202392 358324 202392 23868 —2531 —30

w = O O O o O
o O O O O o o O
O O O O O o o o

0 0

0 0

0 0 1 —22 556  —2062 —78952 —261506 —267988 —82390 967 796 —24

0 0 0 0 —26 =160 17747 104326 183050 112070 16723 —2080 —10 0 O
0 0 0 0 1 14 —2720 —24490 —-67060 —70030 —26473 —1520 459 —22 1
0 0 0 0 0 0 325 3614 13705 21648 14589 3654 59 —442
0 0 0 0 0 0 —26 —328 —1h41 —3294 —-3360 —1602 —307 —8 2
0 0 0 0 0 0 1 14 77 204 280 204 77T 14 1

(5.71)

Sum rules

As for F'My, the numerator factorises on the diagonal and on the two single-variable
specialisations. Writing Num(t,,tq) = >, i a; jtit] for the numerator of (5.68)), we find

2N(N 1)

Num(t, t) = (1 — )2 NV=D (1 4 1)V Z bt? (5.72)
Num(1,t) = N1(1 —¢)2NOV=D (1 4 )N=1 (5.73)
Num(t,1) = Cy (1 — t)2VO=D, (5.74)

where Cy = > ; @o,; and the auxiliary coefficients b; are themselves palindromic; €7 = 1,
Cy, = 12, C3 = 872. Equivalently, in terms of column and row sums of the coefficient
matrix,

N-1
_[ON(N -1\ (N -1 J(2N(N —1)
S = ey () (Y, > 0= O () (7).
(5.75)
We have verified (5.72)—(5.75)) for N = 2, 3; the N' = 2 case reproduces (5.201)) and (5.202) m
Note that 2N(N — 1) > 0 for N > 2 1mphes > @y = Num(1,1) = 0. The b; in
are precisely the coefficients ¢; of ( strlpped of their (1 + ¢)V~! factor. As hnear

conditions on the a; j, (5.73) fixes each of the (2N +1)(N —1)+1 column sums and (5.74)
each of the 2N(N — 1) + 1 row sums, while the divisibility in (5.72]) imposes a further
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2N (N —1) conditions on the anti-diagonal sums; for N = 3 this is 15+ 13412 constraints,
all of which (5.71)) satisfies.

Fully unrefined Hilbert series

Setting t, = ty = t, the fully unrefined Hilbert series reads
(N=1)(2N+1) ;
- c;t’
HS ey (t,t) = 250 .
(1 —¢)4N

describing a complex cone of dimension 4N? whose numerator has degree (2N +1)(N —1).
For N =1,2,3,

(5.76)

N=1: 1,
N=2: (1+¢t)(1+9t+ 19+ 9t> + %), -
N =3: (1+1¢)*(1+26t+ 288>+ 1716t° + 5970t* + 12545¢° + 16071¢° (5.77)

+ 12545t" 4 5970t + 1716¢" + 288¢'0 + 26t + ¢'2).
Equation (5.77) provides a stringent consistency check on the matrix (5.71]). Setting

t, = tq = t collapses the 13 x 15 array onto the 27 anti-diagonal sums » . +jen @ij, and

the result must be divisible by (1—#)2Y(V=1) = (1—¢)!2, because the denominator of
carries (2N?+N+1)+(4N?—3N —1) = 48 powers while the cone has dimension 4N? = 36.
We have checked that the division is exact, with vanishing remainder, and that the
quotient is the palindromic degree-14 polynomial displayed above. Neither the vanishing
of the 12 remainder coefficients nor the 7 independent palindromicity constraints on the
quotient involves any residual freedom in , so together they furnish 19 nontrivial
tests of the entries.

Generators and relations

The structure of the chiral ring is most transparent from the plethystic logarithm of ([5.68)):
N

PL[HSFEN] (tm td) = (X(asymL,l) + X(l,asymR)) ta + X(2N,2N) tqg — Z tf
, h=2 (5.78)

- (X(asymL,l) + X(l,asymR)) td — X(2N,2N) tata

+ X(2N,2N) tg’ + (further terms of total degree > 3),

where xp is the character of the representation R under USp(2N), x USp(2N)g. Read-
ing (5.78)) off order by order, the generators of the (main branch of the) moduli space

are:
e the bifundamental I1%4, in the (2N, 2N) of USp(2N) x USp(2N ) (at order t,);

e the two traceless antisymmetrics A, and Ag, in the antisymmetric of USp(2N) .,
and USp(2N)g respectively (at order t,).

These generators satisfy the relations

[Qab H“’AHb’B] =0= [QAB H“’Aﬂb’B]Q_traceless, (4]\72 — 2N — 2 relations at order tf),
trLA}j:trRAﬁ, (at order tF, kz?,...,N),

Qe ASTISA = Qs AABTC

Q-traceless

, (4N 2 relations at order tatd).
(5.79)
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The plethystic logarithm does not terminate: the cubic term +x 2n 2 t3 is positive, and
is the first syzygy among the 4N? — 2N — 2 quadratic relations of order t?, obtained by
contracting them back with II. We have verified its multiplicity, 4N? = 16, 36, unrefined
for N = 2,3.

The chiral-ring generators agree with those of [218], and their quantum relations agree
with the proposal of [56]. Since the number of relations greatly exceeds the codimension,
and since the syzygies do not stop at cubic order, the moduli space is manifestly not a
complete intersection.

5.3 Moduli spaces of N = 2 improved bifundamen-
tals: symmetry enhancements

As already mentioned, the case N = 2 is special and deserves a separate section. For
these theories, the IR fixed point enjoys, as we will show, a further global symmetry
enhancement. We are able to find relatively simple formulae for the Hilbert series in
terms of characters of the larger global symmetry.

5.3.1 Index resummation for N = 2

We observe that, for the five theories of this section with a single Abelian global symmetry
in the IR (FTy, FCy, FHy, FMy and FE,), the index may be rewritten as an infinite
series over even powers of the fugacity x as follows:

I(x,t) = il(”)(t) " = TOt) + W ()2 + O(2*) (5.80)

where t is a second fugacity defined as t = ) 2277, with ¢ being the fugacity for the single
Abelian U(1), global symmetry present in the IR and 7 the corresponding mixing with
the R—charge, to be determined through F-maximization.

Some comments are in order.

The leading coefficient: Hilbert series of the moduli space. At zeroth order in
x, the trace defining the index collapses onto operators saturating A = Rjg with j5 = 0,
i.e. chiral-ring generators. Their generating function is, by definition, the Hilbert series
of the moduli space M of vacua of the theory:

TO(t) = HSm(t) = > dim[C[M]], t*, (5.81)

where C[M]. denotes the space of chiral-ring elements of U(1), charge k.

The first subleading coefficient: currents dressed by the chiral ring. The net
content of the subleading coefficient Z(!)(t), present at order #2, may be written schemat-
ically as

I(l)(t) = _Xadj(t) I(O)(t) + AKoszul(t)a (582)
where X,qj(t) is the character of the fermionic component of the flavor-current multi-

plet in the adjoint of the enhanced global symmetry. The two terms admit the following
interpretation:
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e The first term is the naive “current x chiral ring” tower, built by multiplying the
flavor-current fermion with arbitrary chiral-ring generators as if the latter were free
polynomial variables.

e The Koszul correction Agygu(t) removes the over-counting produced by the chiral-
ring relations [108, 250|: if the generators satisfy relations (e.g. the Pliicker relations
for a Grassmannian), then products of the current fermion with those relations must
be subtracted, and so on through the syzygies of the chiral ring. In the five theories
we study, at order 22 only the leading Koszul correction contributes; higher syzygies
of the cominuscule (i.e. HSS) BGG complex are pushed to O(z*) and beyond

In practice we see that for our theories we may write this coefficient as

IO(t) = =Y it (5.83)

k=0

where the coefficients C’,(Cl) are specified by the following table:

Theory O]gl) = [Xadj (t) : I(O) (t)]k - [AKoszul(t)]k

FT, XLk gy — XILE—2,1] 5000

FC, X150 505y — X[1,6—2,1,0]5(5) (5.84)
fj\ffz X[0,1,0,0,k]s0(10) — X[0,0,1,0,k—2]0(10)

Q/WQ X[1,£,0,0,1] 506y — XI[1,k—2,1,0,0] ()

FE, X[%,0,0,0,0,1]e — X[k—2,1,0,0,0,0]e4

Higher-order structure and plethystic organization. Iterating the analysis, Z(") (¢)
collects all BPS operators of A + j3 = Rigr + n, organized into symmetric products of
“single-letter” contributions. A more compact way to phrase this is that admits a
plethystic exponential representation

1

k>1

(5.85)

with fo(t) the generating function of single-letter chiral-ring generators (so that PE[fy] =

T reproduces the moduli-space Hilbert series) and f;(¢) encoding currents and recom-
bination data.

5.3.2 Il

This theory has a UV description as U(1) with (2,,2;) flavors and a superpotential
W = Flipg:q;]:

6Explicit BGG resolutions and closed-form Hilbert series for the coordinate rings of Hermitian sym-
metric spaces were constructed in [251].
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as

g, O
— X 2 a.q /2

W = a3 qG + Flip[qq] (5.56)

Duality chain and IR symmetry enhancement

Applying Aharony duality |93] to maps it onto a U(1) gauge theory with (2q,25)
flavors and superpotential W = Flip[M*]. By eq. (5.7) of [235], the latter is in turn
dual to SU(2) with four fundamental flavors and W = 0. It follows that the IR global
symmetry of the Abelian theory in is SU(4) x U(1), as was already established by
a different route in [236].

Refined and unrefined Hilbert series

The refined Hilbert series was proposed in [236] in the compact form
HSr1,(t) = PE| X010, ¢ — tQ] = Z X[0k,0] ey £ t=a*", (5.87)
k=0

with y g the character of the SU(4) representation R specified by its Dynkin labels. The

representation [0, k, 0] has dimension (’“;2) (k;“3) /3= (k+1)(k+2)2k+3)/12.

Setting all SU(4) fugacities to unity, the unrefined series resums to

141
HSpr,(t) = PE[6t — ¢*] = 105 (5.88)
and the plethystic logarithm follows immediately:

Generators, relations and geometry

From the moduli space is seen to be a complete intersection. Its six generators,
appearing at order t, are the four flippers of the mesons together with the two monopoles;
they transform in the 6 = [0,1,0] of SU(4). The single quadratic relation at order ¢
projects out the singlet in the symmetric square of the 6, and can be written as

tr A7 = tr A3,

where A p are the two adjoints of FT5. Because only SU(4) representations of even
quadrality appear, the faithful IR symmetry is in fact SO(6) x U(1) |236].

Geometrically, the moduli space is the complex cone over an irreducible Hermitian
symmetric space of compact type B = H/K with H = SU(4) and K = S(U(2) x U(2)),
i.e. the complex Grassmannian Gr(2,4).
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Decomposition under the generic-N symmetry

Under the generic-NV global symmetry SU(2) x SU(2) x U(1),, the fundamental and the
antisymmetric of SU(4) branch as

[1,0,0]s0(4) = [1; Lsu@)xsu), (5.90)
[0,1,0lstay = ([2;0] + [0; 2])SU(2)XSU(2). (5.91)

In particular the Hilbert series (5.87)) can be rewritten as

4
6

HSFr, (t) =PE [(X[Q;O}su(z)mu(z) + X[0;2]su(2)x$u(2)) t— tQ] : (5-92)

The general branching rule for the chiral-ring representations is

o0 lk/2]
[07 ka O]su(4) = Z [2k17 2k2]su(2)><su(2) Z 5161—}—!4:27 k—2s (593)
k’l,kzzo s=0

which, substituted into ((5.87)), yieldsﬂ

HSFT2 (t> = Z X[2k1§2k2]su(2)><su(2) tk1+k2+2m- (594)
k1,k2,m=0

We have checked this expression against the superconformal index of (5.96) up to order
10

x.

Superconformal R-charge and index

Z-extremization [129, 152| fixes the superconformal R-charge of the two adjoints to high
precision,
7 =1.339192... (5.95)

"Using (5.93) in (5.87) and noting that, for any ki, ks € N,

oo |k/2]

oo oo

k k 1+ +2:

DD Okithake2stt = D Ok kg ks th =Y thRTES
s=0

k=0 s=0 k,s=0
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For the index computation we rounded this value to 7 = 134/100, obtaining

Trr, = 14 60 2%%/°0 4 20002 £33/2° 4 50003 2°°°0 — 16 22 + 105 250/
o 64¢ 1'133/50 . ¢—2 :E67/25 + 196’;/}5 JZ33/10 o 1601/}2 :L‘83/25 + 2077/)_1 :L‘167/50
+ 336’¢6 $99/25 _ 320¢3 $199/50 + 88 $4 + 540¢7 $231/50 _ 560’17/)4 $116/25
+ 156w .23233/50 - 16#’_2 33117/25 =+ 825@08 ZU132/25 o 896@[15 2753/10 =+ 192w2 .T133/25
_ 64w71 33'267/50 + 1210w9 33297/50 _ 1344w6 $149/25 4 164¢3 33299/50 4 64 $6
+ 62/}73 I301/50 4 1716w10 SC33/5 - 19201/}7 5(7331/50 4 401/}4 :C166/25
+ 4481/1 1’333/50 4 201/}72 x167/25 4 2366'¢11 SL’363/50 o 2640w8 56182/25
o 212¢5 ZE73/10 4 992¢2 ZEIS?’/% . 2767,/)_1 12367/50 4 31851/}12 ZE198/25
. 352O¢9 $397/50 . 624¢6 ZL‘199/25 + 1664¢3 $399/50 — 785 IS
+ 4200?/)13 £429/50 _ 4576¢10 2435 _ 1228¢7 Z431/50 243%)4 216/25
_ 824’17D 1‘433/50 + 256¢_2 IB217/25 + 5440,¢}14 23231/25 - 5824¢11 33463/50
_ 2056¢8 1’232/25 4 3264¢5 1'93/10 o 320¢2 3:233/25 4 288@@71 1,467/50
+ 69361/)15 1'99/10 o 7280¢12 x248/25 o 3140w9 5['497/50 + 4128¢6 513'249/25
+ 5049 219950 — 107221 + O(z™).

(5.96)
Here 1) is the fugacity for the global U(1),, introduced to track the 7-dependence.

Reading the index

The index admits a clean physical decomposition. The chiral-ring operators con-
tribute as X[o.x.0/s0, 2F2=7) while marginal operators and the fermionic components of
conserved currents sit at even powers of x and are independent of .

The —16 2% term is the hallmark of the symmetry enhancement to su(4) @ u(1). Its

origin is the following. The spin—% components of the conserved currents supply

(¢:)s(@)r,  (§")s(¢;)r (8 components), (a;)s(@’)r (16 components),

with 7,7 = 1,2 and a; the gauge singlet flipping the trace Tr(gq¢) in the superpoten-
tial. The monopole sectors with GNO flux 1 add 9*(a;)r (8 further gauge-invariant
fermionic components) at order z2. Sixteen of these current components recombine with
the sixteen scalars of the superpotential terms, leaving the sixteen fermionic components
that assemble into the adjoint of SO(6) together with the U(1) current — precisely the
spin—%, A= %, R = 1 components of the flavor current |184], which are the only ones
that contribute to the index.

One also reads off 1-BPS operators of schematic form [current] x [chiral] at orders
2" TRC=7) with n, k € Ny, as well as further i—BPS operators (outside the chiral ring) at
orders z2**(2-7) with n > 1. As an example, the fermionic term —¢~22%7/% arises as
follows. Recombination at order z57/%° between (¢;G7)s and (a;)r, driven by the cubic su-
perpotential, annihilates those contributions in the index; squaring this relation (with due
care for statistics and product-representation decomposition) tracks the residual pieces
at order x57/?°. Concretely, the 16 scalar terms

(al)F(aQ)F [(173)}’ (GQ)I%“ [(173”7 (%qq)g‘ [(171> + (373)]7
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are subject to the F-term relation

oW

Fa; Tr(qq) = 0.

Since a; flips only the trace of the meson, this relation removes precisely the (1,1)
component of ¢’, so the scalar contributions reduce from 3 + 3 + (1 +9) = 16 to
34349 =15 independent terms. These recombine with the 16 fermionic terms

(al)F(Qiij)S [(27 2)} ) (a2)F<Qiq~j)5 [(27 2) + (27 4)] )

the representations referring to SU(2)r, x SU(2)g. The net imbalance is therefore a single
surviving fermionic mode, which is what appears in the index.

Index resummation

First, we can rewrite the index, defining t = ¥2%3/%, as follows:
Trr,(x,t) = TO(t) + 22U () + 2 7P (t) + 252G (1) + O(2®) (5.97)
where the functions Z*)(¢) can be resummed as
1+1¢
7O(t) = = HSrr,(t 5.98
16
70 = — 10 5.99
) =~ (5.90)
1 — 24¢ — 2t + 72% — 15¢*
() = — 5.100
(1) T (5.100)
70)(t) = —16 + 224¢% — 128> — 176t* + 641 (5.101)
B £2(1 —t)4 '

In terms of the SU(4) representations, the functions Z(*)(¢) can be written as an exact
sum over irreducible representations x(4, .. as follows:

7O =Y xpwot® (5.102)
k=0
TOM) = =3 (X — X-2) t* (5.103)
k=0
() = —@ + 3 @ (5.104)
k=—1

+ oo

703) (1) = ~ X[10,1] N X[0,00] X[1£1,1] n Z (J,(:’)tk (5.105)
k=0

When evaluating the sum for ZW(¢) at k = 0 and k = 1, we formally encounter characters
with negative Dynkin labels, namely x[1,—2 1] and x[1,-1,1)- According to the Weyl character
formula, these are resolved via Weyl reflections outside the fundamental chamber. If a
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weight lies on the boundary of a Weyl chamber, its character vanishes (xp,—11 = 0).
If it can be reflected back into the fundamental chamber by a single Weyl reflection, it
acquires a minus sign, yielding xp,—21 = —X[,0,00 = —1.

The coefficients C’,?) and C’,gg) are finite combinations of characters encoding the
higher-order syzygies between the chiral ring and the conserved current multiplets. Defin-
ing the discrete difference operators:

Ar(k) = X[k1 — X[Lk-2,1] (5.106)
A:’,(/f) = X[0,k+2,0] — 3X[0,k+1,0] + 3X[0,k,0] — X[0,k—1,0] (5~107)

the exact character combinations are explicitly given by:
O = 4A;(k 4+ 1) — 641 (k) — 14A5(k) — 2x(0.00 (5.108)

CP = 4A (k) + 1281 (k — 1) — 2641 (k — 2) + 82 (k — 3) (5.109)

The 75 theory

It is interesting to see what happens when we flip one of the two adjoints in the IR
spectrum. We obtain the N = 4 theory Ty = T'(SU(2)) |[113]. The first few orders in the
expansion of the resulting index read:
T, =1 + 30a33/50 4 5y2533/%5 | 30)=167/50 | 7yB5:99/50 _ 702 4 y)466/25 _ gy133/50
5 28T/ 1903310 428325 4= 15167/50 4 1306,:99/25 _ f4)35:199/50 | 7,4
7320150 4 15T 3U/50 g4, 116/25 _ opy,:233/50 (5.110)
— 42V UB O (:v5)
where again we turned on the fugacity 1 for the single U(1) global symmetry, in order
to keep track of the charges of short multiplets appearing in the index. As the index
suggests, it presents two identical branches, a Higgs branch and a Coulomb branch,

which are orthogonal to each other and are exchanged by mirror symmetry. The Hilbert
series for each of the two branches reads |223]:

HSEP = HSEP = PE[(X(2),,0,)7" — 27, (5.111)
with a = 7 for one branch and a = 2 — 7 for the other. The unrefined series gives
HS%;M" — PE[?)[L‘“ o an] =1 + 3141 + 51.2(1 + 7ZL‘3Q 4. : (5112)

Let us note that both the Coulomb branch and the Higgs branch Hilbert series can
be obtained starting from the index ([5.110)) and then performing the following limits:

HSE =T T, (v — ay, v — y7%) = 14 302" 4+ 5y2a™20 4 7yia™0
3,.67/50 5.67/25 7:201/50

v TR T

HSEE =l T, (z = 2y, ¥ = Yy7) =1+

(5.113)
In this case we are able to reconstruct just a single branch of the full moduli space but,
as we will see below, in some special cases we are able to build the HS for the full moduli
space out of this procedure.
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Exact Hilbert series as a limit of the index

We are able to find the Hilbert series by taking an appropriate limit of the index, as
noted for 3d /' = 4 in [167] and for N’ = 2 in [168]. This limit does not give the full
Hilbert series, but just its localization either on the Higgs or the Coulomb branch. But if
we consider theories with a single branch, like the F'Ty theory, we are able to obtain the
HS for the full moduli space. Consider the F'T5 index (5.96)), and take the shifts x — xy
and 1 — 1 y™ 2. Finally, taking the limit y — 0, yields the HS for the full moduli space:

hf%IFTQ (zy, y772) — 14+ 6wx33/50 + 20¢2$33/25 + 50¢3$99/50 + 105¢4x66/25 +0 (x151/50)
Y—

WS, (027 (5.114)

5.3.3 F(Y

We now consider the F'Cy, which has the following Abelian theory as a possible UV
completion:

W = vibidy + azbiby + MM + Flip[byby] (5.115)

We can rewrite the F'Cy theory as U(1) with (3,,2; + 1;) flavors and W = I* +
Flip[q;G;] as follows:

W = Wtriangle + M+

W =

. +
thangles + m (5116)

where the first step can be reached by observing that the flipper of byb, together with
the adjoint ay of SU(2), can be seen as a bifundamental of SU(2) x SU(2), from which
the second equality follows. In this way we see that the UV global symmetry is actually
SU(3) x SU(2) x U(1)2.
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Duality chain and IR symmetry enhancement

Combining egs. (5.2) and (5.5) of |235|, one finds that U(1) with (3,,2; + 1;) flavors and
W =Mt is dual to SU(2)1 /2 with 3g 4+ 2p fundamentals and W = th[Ql ;], under the

mapping
{ad, ap, M} «— {FIQF], QQ, PP}.

Moving the six flippers to the left-hand side, the F'Cy theory is dual to SU(2),/, with
3¢ + 2p fundamentals and YW = 0. Consequently, the IR global symmetry of the Abelian
gauge theory is su(5) @ u(1).

Generators, relations and geometry

The chiral-ring generators
{miv d27 dlglv dlvlu ay, a2}7

with a; the flipper of byb, transform in the 10 of SU (5). In FCy language, they decom-
pose into two su(2) adjoints and one bifundamental:

Ap = {9, divy, ar}, Ap = {az}, (5.117)
1T = {dy, dibr}. (5.118)
The fact that these operators lie in a single irreducible representation forces A + 7 = 2,

as can also be checked through Z-extremization.
The ten generators satisfy five quadratic relations of two types,

trp A7 =trpAp  (one relation), A I =11Agr (four relations). (5.119)
Geometrically, the moduli space is the complex cone over the Grassmanman Gr(2 5),
realized as the Hermitian symmetric space of compact type SU(5)/ S’( ) of
rank 2.

Refined and unrefined Hilbert series

From the superconformal index we extrapolate the compact form

- anr 1+ 3t 412
HSFe,(t) = Z X[0,£,0,0] () k= W , (5.120)

which we have verified against the SCI expansion (with t = 22) up to the first 12 terms.
The representation [0, &, 0, 0],5) has dimension (k§4) (H?’) /4, which grows as k% so the
moduli space has dimension 7. It cannot be a complete intersection: accordingly, the

plethystic logarithm of (5.120)) is an infinite series,

PL{HSre,] (1) = X[0,1,0,0t — X[0,0,0,1] t + X[1,0,0,0] ¢ — X[0,0,1,0] tt
+ X[1,0,0,1] > — (X[o,l,o,l] + X[o,l,o,o}) 0

+ (X[l,o,l,o} + X[1,0,02 + X[o,o,o,l]) t7
— 2705 +640¢° — 1524 + O(t'),

(5.121)
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where from order t® onwards we display only the total dimension of the contributing
representations.

A clean pattern emerges: representations enter with a plus sign at odd powers of ¢t and
with a minus sign at even powers, the latter being conjugate representations of the form
X. From the leading terms one recognises the ten baryons B;, sitting in the two-index
antisymmetric of SU(5) at order ¢, subject to the five quadratic relations

1112131415 —
¢ Biyi,Biyi, = 0

1112

at order t2.

Branching to the generic-N symmetry

Under su(5) — su(4) one has

k
[0,,0,01suiz) = > _[k =, 1o, 0] suay. (5.122)
h=0
Using A+ 7 =2 and t = 22, eq. (5.120) may be rewritten as
HSFc, = Z X[m,k,0] s (4 gmAThETT), (5.123)
m,k=0

Unrefining the su(4) fugacities and setting t; = 22, t, = 2277, the series resums to the
closed formf

(5.124)

= 14ty — Aoty + tat2 + t2t2
mak a a abd d
HSrey(tata) = D dimlm, k, Ol 177 = 0t (0t
m,k=0

Writing the numerator of as N(ta,ta) = D254 @ik tJt¥ the matrix of coefficients
is
100
{ajp}=11-411, (5.125)
001
and satisfies the sum rules
N(t,t) =14+t -4+ +t* = (1+3t +t*)(1 — )%,
N(1,t) =2(1 —t)? (5.126)
N(t, 1) = (1 —1t)%

The general branching rule for su(4) — su(2)? reads

o m/2]
[,k Olaugay = D Y [2kn +m — 2h; 2y +m — 2h]su(2)xsu2)
k1,k2=0 h=0

5.127
Lk/2] ( )

X (9(m 2h) Z5k1+kz k—s + Om QhZ Oky 4o, k— 2s>,

8If the unrefined Hilbert series is written as HS(t4,tq), switching off one of the two fugacities yields

1 [T ,(1—th)
HS(0,t4) = ETALE HS(tq,0) = OEZI)W
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with §(z) =1 for x > 0 and #(z) = 0 otherwise. Using this, the Hilbert series can finally
be expressed in SU(2) x SU(2) x U(1)a x U(1), representations as

HS ey (ta, ta) = PE[ (X0 + X02)) ta + Xy ta — to — X tata + -] - (5.128)

Superconformal R-charge and index

Z-extremization gives
T=2-A=1312... (5.129)

hinting that a combination of the two U(1) symmetries is spurious. For the index com-
putation we rounded this value to 7 = 131/100. The first few orders of the refined index
read

Irc, = 1+$69/100X[0,1,0,0}5u<5)+9069/50X[0,2,0,0}5u<5>—902 (X[l,o,o,l]su(5>+1)+O(90101/50), (5.130)

where the baryon contributions appear at orders 2**, k = 1,2,3,..., and the conserved
currents of su(5) @ u(1) enter at order z2.
Turning on the fugacity ¢ for U(1), to track the A = 2 — 7 dependence, the unrefined
index expands as
w14 100 209100 | 5032 69/50 _ 502 | 1753 4207/100 _ 5,2 1181/50
— 1750 2299/100 1 490454 209/ 4 150p1 £ 331/100 _ 752 1169/50
S 11760° 29%/20 4 5yy=3 2393/100 | 950 14 _ 19953 4407/100
+ 25200° 220750 1 1010¢) 2109190 — 45500% 211925 4 495047 483/100
_ 2501/]—1 :L,531/100 + 2600¢2 1'269/50 _ 9450,¢5 1,109/20 + 9075w8 x138/25
— 775 25 4+ 52251 £07/100 _ 1785000 2:307/50 4 157304) £:21/100 (5.131)
_ ,1/175 x131/20 + 245,1'072 $331/50 - 640w 1'669/100 T 8890w4 £C169/25
— 3135007 2083/100 1 96026110 2910 4 15¢)~4 2 181/25
+ 300¢_1 731/100 + 1925@2 2369/50 4 13300w5 2149/20
— 519750 2188/%5 - 414051 £75/100 _ 17043 £793/100
— 2450 2% + 0(1,801/100).

Chiral-ring residue

As a consistency check that ([5.120)) fully captures the chiral ring, we subtract it from ([5.131));

what remains is
1;982 — 1 — 2522 — 5y g 131/50 _ 175 £269/100 4 q5=1 ;:331/100 _ G752 169/50
- Bep3 293/100 | 950 14 19254 407/100 | 1010 24697100 _ 455004 £119/25
_ 250¢—1 2231/100 26001/12 1269/50 _ 945077/}5 £109/20 _ 7ms 6
+ 522513 2607/100 _ 17850¢)° 2307/50 _ P 2131720 9450)~2 331/50
— 6404 909/100 1 8804 7169/25 _ 3135047 £653/100 | 154 ;181/25
300071 273100 4 199542 :369/50 1 1330006% £149/20 _ 519758 1188/25

o 1701?73 x793/100 — 2450 338 4 0(1'801/100).
(5.132)

255



The surviving terms fall into three physical classes: 1/-independent contributions from
conserved currents and marginal operators -BPS operators of schematic form [current] x
[chiral] at orders 227 tRR=7). and further ——BPS operators outside the chiral ring, signalled
by negative powers of 1.

Index resummation

First, we can rewrite the index, defining t = ¥2%9/1% to absorb all the fractional powers.
The series organizes exactly into even powers of x as follows:

wer(x,t) = ZO(t) + 22IW () + 2' TP (1) + O(x 5.133
#Cy (21)
where the functions Z*)(t) can be resummed into closed rational forms:
14 3t + 2
25(1+1)
—5 + 45t 4+ 85t% — 165t* — 85t* + 30t° — 5t°
7O = 2F 20 i (5.136)
t2(1 —1¢)8

In terms of the global SU(5) symmetry, the functions Z()(¢) can be written as an
exact sum over irreducible representations (denoted by their Dynkin labels X(q,.¢.q5.01])-
The chiral ring is generated by symmetric insertions xiox,0,0;, while the current multiplet
transforms in the adjoint representation 24 (xp,0,0,17). The exact character combinations
encoding the syzygies can be written as:

ZXOkOO]t (5.137)
k=0
Z X[Lk01] — X[Lh—2,1,0]) 7 = — ZC,E”t’“ (5.138)
k=0 k=0
@) gy X[1,000 | X[2,00,0] . (2) ,k
IO = =25 + =+ > ot (5.139)
k=0

The formula for Z((¢) incorporates the U(1), singlet constraint through the Weyl
character formula. When k& = 1, the subtracted representation is x[,-1,1,0,, which lies
on the boundary of a Weyl chamber and vanishes identically, leaving 175. When k£ = 0,
we encounter x(1,—21,0. Reflecting this weight across the second simple root s, maps it
exactly to the trivial representation [0, 0,0, 0] with a minus sign. Therefore:

Cél) = X{004] — (—X[0000) = 24 + 1 = 25 (5.140)

which reproduces the exact dimension of the conserved current multiplet.
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In the unrefined limit, the dimensions of the combinations C’,gk) follow exact polyno-
mials in k derived from the rational generating functions:

dim CV = %(m 1) (k4 2)(k + 3)(k + 4)(2k + 5) (5.141)
dim C\? = g(k +2)(k + 3)(50 + 47k + 5k — k°) (5.142)

The negative leading coefficient in dim C,gQ) (—%k‘5) confirms that this tower consists
entirely of higher-order syzygies removing redundant degrees of freedom.

5.3.4 FH>

Consider the following UV completion of FH, with manifest SU(2) x USp(2)? global
symmetry

W = v1bidy + a2b11~31 + M+ M+ th[blgl] (5.143)

UV symmetry and self-dual frames

The UV completion makes manifest an su(2)® @ u(1)? global symmetry, which
enhances in the IR to s0(10) @ u(1). Part of the enhancement is already visible in the
UV: an extra su(2) factor appears once one realises that the SU(2) adjoint as, together
with the flipper of byby, can be reorganized into an SU(2) x SU(2) bifundamental, as
shown below:

W= VVtriangle + m:l:

— +
W = Wtrlangles + m (5144)
It follows that the true UV symmetry is su(4) & su(2)? @ u(1). In analogy with the
observation of [233| for FE, = FE[USp(4)], we expect F'Hj to admit 19 further self-dual
frames, since
W (s0(10))]

2= W eu() @ su@?)]
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where the numerator and denominator are the orders of the Weyl groups of the IR and
UV global symmetries, respectively.

Mirror UV completion

As anticipated in Section [5.1.5] F'Hy admits another UV completion with gauge group
SU(2), descending from the mirror self-duality of F'E,. For completeness we record the
mirror quiver:

as

m bl 7'/2

by
(> a] . ..
d/ y /dz v 2-I—A

1 1

W = U1b1d2 + a2b12 + m + Fllp[blz]

(5.145)
This mirror duality was discussed, up to flippers, in [235].
Superconformal R-charge and index
Z-extremization fixes
=132, A=0.674, (5.146)

so that A+ 7 = 2, confirming that one combination of the two U(1) fugacities is spurious
and the theory carries a single effective U(1) in the IR. Rounding to 7 = 133/100 for the
numerical computation, the refined index reads

_ 67/100 2 ,.67/50
IFH2 - 1 + X[0,0,0,0,l]so(lg) w z / + X[0’070’072]so(10) w Z /

(5.147)
- (X[O,170,070}50<10> + 1) I2 + X[0,0,0,0ﬁ}so(lo) ¢3 $201/100 + O($133/50) :

Unrefining the s0(10) fugacities, the index expands up to order z° as

TE =1+ 169 £07/100 4 1962 467/50 _ 46 42 4 6723 201/100
— 1072 £133/50 5600 2267/190 1 97794 67/25 _ 357642 5167/50
1 950490° 257/20 4 16953 399100 1 943 44— 1608043 £101/100
1 283144)5 £ 201/50 1 19(4h=2 £233/50 1 86dq) 1467/100 _ 57490 5117/
+ 755040)7 2169/100 _ 864¢)~1 £233/100 4 3060442 £267/50 — 173712¢)° 2:107/20
+ 1840419 2134/25 — 1444p73 2599100 — 11086 2 + O(25°1/1%0).

(5.148)
The contributions proportional to /¥ 2** come from the fields in the [0,0,0,0, k] of s0(10),
k =1,2,3,.... The —462? piece is the conserved-current signature of the symmetry

enhancement

SU(4) x SU((2)* x U(1) — Spin(10) x U(1), dim = 45 + 1 = 46.
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Refined and unrefined Hilbert series

From the index one extrapolates the compact form of the full refined Hilbert series,
HSFa, () = Z X[0,0,0,0,K] s0(10) t*, t=a". (5.149)
k=0

The unrefined series resums to a rational function,

e 1+ 5t + 562 + 3
HSFHQ(t) = (1 _ t)ll

— 14 16t + 126¢> + 6723 + 2772t* + 9504¢° + 283145
+ 75504t7 + 184041t° + O(t9) (5.150)

o0

1 .. —
=D g Do |detV@gk D[

n=4 1<4,5,k,l<n

where V' (1, 7, k, 1) is the 4 x 4 Vandermonde matrix.

Generators, relations and geometry

The Euler form of identifies the moduli space as a cone of complex dimension 11
(the exponent of the denominator). It is the affine cone over the ten-dimensional orthog-
onal Grassmannian OG(5,10); (see e.g. [252]), whose base is the Hermitian symmetric
space of compact type SO(10)/U(5), of rank 2.

The same conclusion follows from the large-k asymptotics of : the representa-
tions [0,0, 0, 0, k]so(10) have dimension (*1%) (*17) /21 ~ k', giving a moduli-space dimen-
sion 10 +1 = 11.

The structure of the chiral ring is encoded in the plethystic logarithm,
PL[HSFHQ] (t) = X[0,0707071}30(10) t - X[lvovovozo]so(lo) t2 + X[0707070,1]So(10) tS

- X[07170,070}30<10> t4 + X[lvovovorl]so(lo) t5 + O(tﬁ)
Reading off (5.151)): there are 16 chiral generators, in the spinorial of SO(10) (at order
t), subject to 10 quadratic relations in the fundamental of SO(10) (at order ¢?). Since

the series does not terminate, the relations are not independent and the moduli space is
not a complete intersection. This is also consistent with the simple count

(5.151)

#relations = 10 # 5 = codim,

forbidding a complete-intersection structure.

Branching to the generic-N symmetry
To connect with the generic-IV analysis, we break so0(10) along the chain
50(10) Bu(l)a — so(®)du(l), du(l)a — usp(4) ®su(2)du(l), ®u(l)a. (5.152)
Under the chain ((5.152)), the spinor of s0(10) decomposes as
[0,0,0,0, 1]50(10) at = [1,0; 1]usp(4)><su(2) zt (5.153)
+ (10, 3; Ousp(ayesutz) + 10,05 2Duspiayesucz) 2277
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matching the chiral-ring content of F'Hy at generic N: the bifundamental II € [1,0; 1] at
order 22, together with the traceless antisymmetric Ap € [0, 1;0] and the su(2) adjoint
Ap € [0,0;2] at order z>~7. More generally,

o

[07 07 07 Oa k]so(lO) xkA = Z [07 07 kl? k2]so(8) xklAJer(QiT) 5k1+k2,k- (5154)
k1,k2=0

Substituting (5.154) into (5.149)) and unrefining the s0(8) fugacities yields a resummed

two-variable Hilbert series in the Abelian fugacities t, = 2>~ 7 and t; = 2°:

L+t +tg— Ttatg + Tt2t7 —t3t3 —t2t3 —t3t3
(1 —1t,)7 (1 —tg)" '

Z dlm[O, O, kl, kQ]so(B) tfltfg =
k1,ke=0

(5.155)

Structure of the two-variable numerator

The numerator N(t,,t;) = ijk ajtith of (5.155)) is anti-palindromic, a;r = —az_j 3,
giving the symmetric, block-diagonal coefficient matrix

1 0 O
-7 0 0

7T -1
-1 -1

1
1
{ajr} = 0 0 (5.156)
00
Two immediate consequences are » ik @k = 0 and the symmetry ¢, <> ¢4 of the Hilbert
series — the latter reflecting the triality of so(8). Setting t, = t; = t, the numerator
factorises as

—t0 =20 Tt =T 20+ 1= (1 —t)* (1 + 5t + 5t° + ), (5.157)

which recovers the unrefined Hilbert series (5.150). Both single-variable specialisations
yield the same result,
N(1,t) = N(t,1) = 2(1 — t)*. (5.158)

Index resummation

First let us write t = 1 25719 then the unrefined index may be written in the form:
T, (w, 1) = TO(t) + 2TV (1) + ' T (¢) + O(a°) (5.159)

where the functions I%*)(¢) can be resummed into closed rational forms:

L5t 57 1

I(O)<t> = (1 — t)ll = H'SFHZ (5160)
46 + 100t + 46t2
TW(t) = — 1o (5.161)
t8 — 10t7 + 45t — 136t° — 701¢* — 166¢3 + 4932 + 100t — 1
TO(¢) = 0t" +45 36 (172 e 66t3 + 493t% 4+ 100 0 (5.162)
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In terms of the global SO(10) symmetry, the functions I*)(¢) can be written as an
exact sum over irreducible representations (denoted by their Dynkin labels X(41,02,03,04,05])-
In this theory, the chiral ring 1(°)(¢) is generated by the spinor representation 16 (X10,0,0,01]),
while the current multiplet transforms in the adjoint 45 (X[o,l,o,o,o])- The exact character
combinations are:

TO(t) = Z X[0,0,0,0] t* (5.163)
k=0
zW(t) = - Z (X10,1,0.0,6] = X[0,0,1.0.5—2]) th=— Z C,il) t (5.164)
k=0 k=0
T () = X“ 0.00.0) Z c® (5.165)

The formula for Z)(t) incorporates the U(1), singlet constraint through the Weyl char-
acter formula. When & = 1, the subtracted representation is x(o,0,1,0,—1), whose p-shifted
weight [0,0,1,0,—1] + p = [1,1,2,1,0] has a vanishing fifth Dynkin label. Since this
places it on the wall of the fundamental Weyl Chamber associated with the simple root
as, the character vanishes identically, leaving C’ = X[0,1,0,0,1] of dimension 560. When
k = 0, we encounter X[o0,1,0—2- The shifted weight [0,0,1,0,—-2] + p = [1,1,2,1, —1]
has a negative fifth label. A single reflection s5 across the fifth simple root maps it to
[1,1,1,1,1] = p, the weight of the trivial representation, with a minus sign. Therefore:

P A A

C’él) = X10,1,00.0 — (—X[.0000) = 45+ 1 = 46 (5.166)

which reproduces the exact dimension of the conserved current multiplet of the SO(10)
theory.

5.3.5 FM,
Consider the F'M, theory, having the following possible lagrangian UV completion:

a2
bl, bl ) bl, b1 T/2
2 . 9 _
dladl% \ //dg,dz v, 71 2—5—A
U1, U1 A
1 1 d;, d —|——T

W = v1bydy + Brbydy + agbiby + 9 + 9N~ + Flip[byby] + Flip[dyd] (5.167)

Duality chain and IR symmetry enhancement

Naively, the generic- N analysis would predict an IR symmetry S(U(2),xU(2)g)xU(1)a X
U(1), for this theory. However, by eq. (5.3) of [235], a suitably flipped version of F' M, is
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dual to SU(2) with 4, + 2, fundamentals and W = Flip[pp|, with the R-charges of ¢ and
p fixed to 1 — 7/2 and A — 1+ 7/2, respectively. The resulting R-charge assignments for
the gauge-invariant bilinears are

Rlqq] = 2—7, R[Flpp]] = 4—2A—, Rlpg| = A, RM| =2—2A+7. (5.168)

Consequently, the IR global symmetry of the Abelian theory is su(4) @ su(2) @& u(1)?,
rather than the generic-/V expectation above.

Chiral-ring generators

The 16 chiral-ring generators (the 8 mesons together with the 8 flippers of mesons)
decompose under SU(4) x SU(2) as

(6,1)2—r & (4,2)a ® (1,1)a2a—7 & (1,1)2-224+, (5.169)

with the subscripts denoting the U(1)a x U(1), charges. In FM, language, the IR
spectrum contains two SU(2), x SU(2)x bifundamentals IT and II, two adjoints Ay and
Apr of SU(2), and SU(2)g respectively, and the two singlets B;, (the flipper of dlczl)
and By = 1.

Superconformal R-charges and index

Z-extremization locates the minimum of the S3 partition function at
A = 0.969, T =1.277. (5.170)

For the numerical computation we adopt the rational values A = 82/100 and 7 =
131/100, and turn on the fugacities ¢, xa for the two U(1)’s. The unrefined index
then expands as

T (z) = 1+ 61, 269/100 8ya ZA/50 4 waKQ 221/20
+ 20¢3 209/50 140X A, £151/100 30X2A 2425 XA%D 1 ,,167/100
+61/12 ~2 ,87/50 _ 90 42 4 50¢3 207/100 ¢2X 4,.21/10
o 8X 1/} 1 213/100 + 120XA'¢ .TH/5 + 135XA¢T 233/100 + zow 2 243/100
+ SOX I123/50 o wT JZ131/50 9877Z) :L’269/100 4 X—4 68/25 + 1051/}4 69/25
+ 6¢3 —4 279/100 136XA [E141/50 + 28OXA¢73— I289/100
. 45XA¢ 259/20 4 378X2 ¢2 2£151/50 _ 164, X—Z 61/20
+ 5002\ A2 2™/ 4 253203363 A1, + 13X R0
+ 175XA 232/% 109 1,:331/100 ngwa 2 .167/50 _ 285¢3 2 169/50
+ 196¢£ 269/20 4 201/}33@4 287/25 512y A, 2351/100 560XA¢$ 2 179/50
o 454X2A $91/25 - ngw;l SL’367/100 + 84OX2A¢§ 515371/100 - 64wfxg2 $187/50
4 13377/100 (1/1 X—ﬁ o 144X3A¢_1) 4 105¢5 —2 381/100
+ 1‘96/25 (G@D?—X;(j + 896X?A¢ ) + 16¢7’X_1 387/100

+ 700X4A/¢T 1'397/100 + 166 1)4 + 0(1'401/10()).
(5.171)
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The —20 22 conserved-current contribution witnesses the symmetry enhancement
SU(2) x U(1)* — SU(4) x SU(2) x U(1)?, dim=15+3+1+1=20.

Reorganizing the refined index into SU(4) x SU(2) characters,

nA+k(2—1 1(4—2A—7)+m(2—2A+T
ZFMQ(:E) = -1+ Z X[n7k70;n}su<4>xw(2> T +h(2 )+ Z xT (4-2 )+m(2-2A+7)
n,k=0 1,m=0
N I(4—2A—7)+k(2—7 (5.172)
+ Z X[O?k‘70;0]su(4)><su(2) T ( )+ ( )
k=1

2
- (X[lzovl;o]su(4)><su(2) + X[0,0,052] 51, (4) s (2) + 2) Tt

with xg the character of the representation R under SU(4) x SU(2).

Hilbert series and branch structure

From ([5.172)) one extrapolates the all-order Hilbert series of the full moduli space:

oo oo
_ § A+k(2— § (4—2A—7)4+m(2—2A+
HSFMQ - X[nvk’o;n]su(ll)xsu@) xn ( T) + Z ( T) m( T)

n7k:0 l,m:O
E 1(4—2A—7)+k(2—7)
+ X[07k70§0]su(4)><su(2) z (5173)
k,1=0
(o9}
§ k(2 T) § 1(4—2A—71)
- X[O k,0; 0]5u(4)><su(2 $
k=0 =0

The moduli space is therefore the union of three branches:
e a main branch, generated by {Ay, Ag, 11, f[};
e a second branch, generated by {Bj 2, B21};
e a third branch, generated by {Ar, Ag, Ba1}.

The first two branches intersect only at the origin; the third has nontrivial intersection
with both. Specifically, the third branch is isomorphic to C times the moduli space of
F'T;. The unrefined Hilbert series of the second and third branches read, respectively,

1 142277
(1 — 24-28-7)(1 — g2 2047 (1 — x4=28-7) (1 — 22-7)5’

(5.174)

while the resummed intersection contributions — the last two terms of (5.173)) — give

142277 1
——(1 ) and R (5.175)
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The main branch

Setting t, = 2277, ty = x®, the unrefined Hilbert series of the main branch is

143ty +to(1 = Btg — 5t +t3) + t23(3 + ta)

Smain ta,t — 5.176
H FMQ( d) (1 . ta)5 (1 . td)5 ( )
Writing the numerator as N(ta,ts) = Y, a;rtJt], the coefficient matrix is
13 00
{a=1-5-51]. (5.177)
00 31

and obeys the sum rules
N(t,t) = (t —1)*(1+ 6t + 6> + t°),

N(1,t) =2(t — 1)2(t + 1), (5.178)
N(t, 1) =4(t — 1)

The last two specialisations translate into the row/column sum rules
2 2 (2
Z _ k § ( o= 4(—

with the convention (31) = (g) =0.

Generators and relations of the main branch

The plethystic logarithm of the main-branch Hilbert series in (5.173|) reads

PL 4—2T1

[e.e]
E : nA+k(2—1 o 2—1 A
X[n:kzo;n]su(4)><8u(2) Zz ( )] - X[O,I,0,0] Z + X[LO’O;I] Z -z

n,k=0 Y A (5.180)
— X[0,0,1;1] T TR — X0,1,0;,0]

¥ Xinoom @ + Qa4

Packaging the adjoints Ay, Ag into a two-index antisymmetric @, of SU(4) (singlet under
SU(2)), and the bifundamentals IT, IT into ¥, 4 in the (0, 2) of SU(4) x SU(2) (a,b SU(4)
indices, A an SU(2) index), one reads off @, at order 22~7 and ¥,.4 at order z2. They
satisfy the relations

€bldd B4 =0, (1 relation at order x4_27),
ePU, V5 =0, (6 relations at order z2), (5.181)
P W, 4 =0, (8 relations at order x2’T+A).

Since (5.180)) does not terminate, these relations are not independent: the main branch
is not a complete intersection.
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A flipped theory: ﬁ]\72
Consider the theory obtained from F'M; by flipping the singlet By, = v101; we denote it
FM,. F-maximization returns

A=2—7~0.7374, (5.182)

and we claim that the IR global symmetry enhances to U(6). As a check, fixing A =
37/50, the first orders of the refined index read

T, =1+15 x 25770 L 105 (2 37/%5 4 73 89/50 (354 1) 22

—+ 490 XS l’111/50 — 384 X x137/50 + 1764I X4 $74/25 + O(xl‘r’l/‘r’o), (5183)

where x is the fugacity for the single U(1) of the IR, and the bold numbers denote SU(6)
characters. The conserved currents contributing with a minus sign at order z? fill the
adjoint of SU(6) x U(1).

The moduli space of FM o consists of two branches with trivial intersection:

e a copy of C, freely generated by the remaining singlet B; o (contributing at order
4-3A
i 0);

e a main branch generated by the 15 of SU(6) (order z), subject to 15 quadratic

relations.

The Hilbert series of the main branch takes the compact form

anr 14 6t 4 662 + ¢3

which is exactly the Hilbert series of the complex cone over the Grassmannian Gr(2, 6) [253],
realized geometrically as the Hermitian symmetric space of compact type SU(6)/S (U (4) %

U(Q%)ﬁreﬁning with respect to the SU(6) fugacities, the index expands up to z® as
i, (s x) = 14 15x 237750 1105y 2 23775 4 73 89750 _ 36 42
+ 4903 2111/50 _ 384y 137/50 4 176414 57V
21y L 2103/50 0100y 2 287/25 4\ 489/ 5292)(5 37/10
+ 55821 — 8064y 221/%0 1 13860y #1125 36y 2 #1113/
+ 3690 227/50 — 24696 * 2124/% 4 32670y x259/50
— 384y p203/50 4 79 2 267/50 | 145962 137/25
— 64512x° 2”710 — 71y 2?0 4 70785 " 214/ (5.185)
— 3536 2% + 42651 2311/%° — 1496885 2161/%
+ 135y 2 2103/25 4 143143y° 2333/50 _ 12216y 337/50
+ 103236y 21 74/25 4 36y 4 170/ 4\ 712 4 178/25
_ 316800)(7 359/50 2562~ 1 ,,363/50 4 273273)(10 37/5
— 245762 2187/% 4 217476x° £77/10 — 72y 73 2389/50
— 622908x° '9%/% + 3465 2% + O(21°1/).
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Index resummation for F)M 5

First let us write t = y 2%7/%°, then the unrefined index may be written in the form:
Tpm (w,t) = TO) + 2?20 (1) + 2T () + O(2°) (5.186)
where the functions I%*)(¢) can be resummed into closed rational forms:

1+ 6t+6t2+1t3

TO(t) = Ty = HS F, (5.187)
3+ 8t + 3t?
W (t) = —12% (5.188)
1 — 8t + 49t + 33413 — 116t* — 602t° + 13t° — 8t7 + ¢8
7O Rl A ks - (5.189)

In terms of the global SU(6) symmetry, the functions Z*) (t) can be written as an exact
sum over irreducible representations (denoted by their Dynkin labels y[al, a2, a3, a4, a5]).
In this theory, the chiral ring Z(”)(¢) is generated by the representation 15 (X10,1,0,0,0])
while the current multiplet transforms in the adjoint 35 (x[1,0,0,0,17). The exact character
combinations are:

O(t) = Z X[0.0,0,0/t" (5.190)
k=0
A0 Z X[1k0,0,1] — X[1k—2,1,00]) 1" = — Z C,gl)tk (5.191)
k=0
@) 4 _ X[0,0,0,00 | X[20,0,0,0] . (2) Lk
IO = =g + =+ ) O (5.192)

The formula for I(l)(t) incorporates the U(1), singlet constraint through the Weyl
character formula.

For SU(6), p = [1,1,1,1,1]. The Weyl character formula gives y, = 0 whenever A+ p
lies on a wall of the Weyl chamber, i.e., when any Dynkin label of A is —1 (since then A+p
has a zero label, placing it on a wall and the character vanishes after antisymmetrization).

When k = 1: the subtracted term is X[, —1,1,0,0. The second Dynkin label is —1, so
(A4 p)2 = 0, placing it on the wall of the Weyl chamber associated with simple root as.
The character vanishes identically, leaving

of dimension 384.

When k& = 0: the subtracted term is x1,-2,1,0,0. The shifted weight is [1, —2,1,0,0] +
p = [2,—1,2,1,1], which has a negative second label. A single reflection s, across the
second simple root maps

s2(2,-1,2,1,1]) = [2,-1,2, 1, 1] + (—1) - (—ap) = [1,1,1,1, 1] = p,
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the Weyl vector, which is the shifted weight of the trivial representation x(o,0,0,0,0;- Since sy
introduces a sign of —1, the Weyl formula gives x[1,-2,1,0,00 = —X[0,0,0,000 = —1. Therefore:

Cél) = X[1,0,0,0,1] — (—X[o,o,o,o,o}) =35+ 1 = 36,

consistent with the dimension of the conserved current multiplet of the SU(6) theory
together with a singlet.

5.3.6 [F'Ey

Consider now the F'E5 theory, having the following UV completion:

az
bl m b1 7'/2
Cz a; 2—71
dy U1 /d2 v 2-I-A
2
Cy 1 di A+

W = v1byds + b2as + Flip[b?] + Flip[d2] + M (5.193)

Mirror self-duality and IR symmetry enhancement

The F'E5 theory enjoys a self-duality under mirror symmetry, which exchanges the man-
ifest C5 global symmetry with an emergent C5 one. The naive IR global symmetry is
therefore USp(4)? x U(1), x U(1)a. As we shall see, at the strongly-coupled fixed point
the symmetry actually enhances to

Spin(10) x U(1), x U(1)a,

i.e. an extra U(1) Cartan emerges along the RG flow — a phenomenon already observed
for the corresponding 4d N' = 1 theory in [233], and a general feature of the N = 2
theories considered here.

Chiral-ring generators

The IR spectrum contains a bifundamental IT in the (4,4) of USp(4), x USp(4)g, two
traceless antisymmetric fields Ay, Ag of USp(4), and USp(4)g, and two singlets:

B » (flipping d12), By, = 1)12.

Superconformal R-charges and index

Z-extremization gives
T=1215..., A=0.874... (5.194)
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For the numerical index we adopt the rational values A = 85/100 and 7 = 12/10, and turn
on fugacities ¥, xa for the two U(1) symmetries. Unrefining the non-Abelian USp(4)
fugacities yields
T, = 1+ 100, 2975 + 16xa 21720 4+ 9 x 22 21V/10 4 22y 2%/
+ 542 25 4 144y athr 732 4 126x2 21710 + 10y2x 52 21910
— 472 — 16y a0 2P 4 g2y g 11/
+ 227 (21002 — ¢7?) + T20xat? 2% + 1050x A0, 27
672 2V 4 x5t et/ 4 Baydy a2 22710 — 450y, 214/
— 720 27/ = 2100307 210 + 2 (1002xR" + x3')
— 46X 2 2P0 — 16y 5 22 1 660y 21%/5 + 2640y at? 21/
+ 2303 RO + 4950x 3 02) + 5280x A e, 570 + 27720 21T/
+ 272 (2100x 57 — X27U; ') — 234097 2% — 5600x Aty 27
+ 28710 (xR0 — 5430xA) — 1440x K07t @'/ + Byt 2P
— w0 (32002X° + Xa"07 ) + 160, T
+ 2 (17827 + 1033) + O(*/%).

(5.195)

The —47 22 conserved-current contribution signals the enhancement
USp(4) x USp(2)* x U(1)*> — Spin(10) x U(1)?,  dim =45+ 1+ 1 =47.
Reading the index directly, one identifies Ay, A as X[1,0,0,0,0]40(10) 2277 Il as X[0,0,0,0,1]0(10) 2,

and the two singlets By 1, B2 as 72277 and 2272247 respectively.

Hilbert series and branch structure

From the index one extrapolates the all-order Hilbert series

(o) o0
o § k(2—7)+IA E kE(2—7)+m(4—2A—T1
HSFEQ - X[k7070707”80(10) T ( ) + X[k10701070]30(10) € ( ) ( )

k=0 k,m=0
+ Z gmUm2ATT R8T Z X[%,0,0,0,050(10) e (5-196)
n,m=0 k=0

[e9)
o § xm(4—2A—7—).
m=0

The moduli space therefore consists of three branches:

e a main branch, generated by {Ap, Ag,I1};
e a second branch, generated by {Ar, Agr, Ba1};

e a third branch, generated by {Bj 2, Ba1}.

The first two branches meet along the subvariety cut out by {A, Ag}; the second and

third branches meet along the locus cut out by {Bs,}. Defining t, = 2277, t3 = 22, t. =

272877 t, = 2?7227 the unrefined Hilbert series of the second and third branches are
1+, 1

2) _ (3) —
[ Ty S A (SR T B

(5.197)
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so the third branch is simply C?, while the second is C times the polynomial ring generated
by {Ar, Ag} modulo the single relation trpA? = trpAZ.
The main branch
For the main branch, generated by {A., Ag, 1}, the unrefined Hilbert series takes the
closed form -

Zj,k ajktaty

(1= t)° (1 — )

HSER (tas ta) = (5.198)

with numerator coefficient matrix
15 5 1 00
1-11-29 =9 0 0
{ajxs}=10 0 36 36 0 0f. (5.199)
00 -9 —-29-111
00 1 5 5 1

The matrix is palindromic, a;; = as—; 5_%, and satisfies Zj,k a;r = 0. The diagonal
specialization t, = t; = t factorises as

N(t,t)=(1—0)" (1 +1¢)(1+ 9t +19¢% + 9t° + ), (5.200)
while the two single-variable specialisations give
N(1,t) =2(1 —t)*(1 + 1), N(t,1) =12(1—t)% (5.201)

These translate into the row and column sum rules

Zaj,k = 2(—1)* K:) - (k f 1)] gajﬁk = 12(—1) (j) (5.202)

Generators and relations of the main branch

The structure of the chiral ring on the main branch is encoded in the plethystic logarithm

of (5.199):
PL[HSEE (ta,ta) = X[1,0,0,0,0]40(10) ta T X[0,0,0,0,1],0¢10) td — t2
= X[0,0,0,1,0]40(10) tatd = X[1,0,0,0,0]40(10) t] (5.203)
+ Otata (ta + ta)).

At order t, one reads off {Ay, Ar}, jointly transforming in the vector of s0(10); at order
tq the bifundamental II, in the spinor. These generators satisfy the quadratic relations

QupQeq AJ°AY = QupQop AR AR, (1 relation at order ¢7),
Qe Asz A= Qpc A ng ¢, (16 relations at order tatd),

[Qab 1241 bB] =0= [QAB H“AH"B] (10 relations at order tdz),
(5.204)

with a,b,... and A, B, ... denoting USp(4); and USp(4) g indices respectively. Since

does not terminate, the relations are not independent and the main branch is not a com-

plete intersection.

Q-traceless Q-traceless’
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An exceptional model: ﬁg

Something interesting happens when we flip the singlet By; = v}, we call the resulting

theory FE,. Now the theory enjoys an SU(2) x SU(6) x U(1) UV global symmetry,
with two fields in the (2,6) and (1,15) of the global symmetries, having the same U(1)
charge, together with the field B;, in the singlet rep (1,1). This can also be verified
performing Z-extremization, which gives A = 0.834 and 7 = 2 — A = 1.166. We claim
that this theory flows to an IR fixed point with enhanced symmetry Fg x U(1), which
can be checked for example looking at the index. The index for this flipped theory reads
(computed with the rational values 7 = 11/10, A = 9/10):

213/10 , 13/5
Tig, = 1427y + 5 +351 2" — (784 1)z +

+ 3003X3x27/10 +0 (x29/10)

(5.205)
where we turned on a fugacity x for the single U(1) global symmetry. The bold numbers
are characters of the Eg global symmetry. We observe, for example, at order 22 the adjoint
rep 78 of Eg given by the conserved currents. We also observe the contributions from 1/2-
BPS operators X[k7070,070,0]E6xm for £ > 1. The moduli space of the theory is composed
by two branches with trivial intersection: we have a branch C freely generated by B;
(appearing at order 2734 in the index), and a main branch generated by 27 generators
satisfying 27 quadratic relations. This main branch can be geometrically represented as
an irreducible Hermitian symmetric space of compact type Eg/(SO(10) x U(1)), which
is of rank 2. We also write down the HS for the main branch, which can be extrapolated
from the index. It reads:

XG

HS g, (t = z?) = Z X[%,0,0,0,0,0] tr
k=0

unr 17+ 10t 4 28t% 4 28¢% + 10t + 1
B (1—t)

(5.206)

This is exactly the HS of the cone over the complex Cayley space, studied for example in
[185].
Up to order z'°, the unrefined index (with respect to the global Eg symmetry) reads:

270



Iﬁ (x X) _ 1+27X$9/10+X 3 13/10+351X2 9/5 _ 70,2 +x 6 13/5+3003X3 27/10
— 1728 2?10 4+ 19305\ 285 — 18954\ 2x19/% + 22310 4 292344

+ 378y 222'/% 4+ 100386 ° Y% — 140608327/ + 49842\ *9/10 4 122,26/
— 729y 32310 4 44944245227/ — 799227 228/5 + 449658 22>/ — 668345
— 7317x 2% + 1706562 2510 + 351 %0 + (1P — 3729024 °) 2'¥/2
+ 2835508\ 257/10 — 835434 2%/ + 421201 2™/10 4 5895396 52>%/°
+ 11490y 32™/10 — 14916616 x°2%7/° + 729 ~°21%/2 4 14009463 *
+2%/5 (718 — 5964867x?) + 2%/° + 10465132° + 18559580y "%/ 1of
— 2754y 225 — 52700544 T30 — 73714242/ 4 57741255\ %1 7/?
— 1379y 52%3/5 — 309760623 257/1° + 8544987210 + 53965548 '0z°
+ (x 7 — 1062126y ) 2°/10 — 168018786 z*%/® — 12873y *z%/10
+ 206545352x°217/% 4+ 756 0 x19/? — 120114594\ 2 */% 4+ 702y T 27/10
+ 45121482 2% + 146477916 2%/1° — 944909820 + O ('0'/17)

5.207)

Index resummation for ]/*:EQ

First let us write t = x 2%/'°, then the unrefined index may be written in the form:
unr — 7(0) 27(1) 47(2) 6
Tig, (v.) = T(t) + 2”0 (1) + 2" I (1) + O(a") (5.208)

where the functions I%*)(¢) can be resummed into closed rational forms:

5+ 10t* 4 28t3 + 2812 + 10t + 1

7O () = (O = HS 55, (1) (5.209)
—79t% — 306t° + 63t* + 644¢> + 63t> — 306t — 79
W (t) = 1-DE (5.210)
1
() = m( — 2710 — 275147 — 1269¢° + 9477t + 886t° — 8847t

+ 281" + 2107¢ + 15362 — 18t + 1) (5.211)

In terms of the global Eg symmetry, the functions I%*)(¢) can be written as an exact sum
over irreducible representations (denoted by their Dynkin labels x[al, a2, a3, a4, a5, a6]).
In this theory, the chiral ring 1(®)(¢) is generated by the representation 27 (X[1,0,0,0,0,0])5
while the current multiplet transforms in the adjoint 78 (X[0,0,0,0,0,1). The exact character
combinations are:
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TO(t) = Z X1£,0,0,0,0,0/" (5.212)

k=0
ZW(t) = - Z(X[k,o,o,o,o,n — Xh—2,1,0000)t" = — ZC,El)t’“ (5.213)
k=0 k=0
X[0,0,0,0,0,0 2
IOx) = % +3 o (5.214)

k=0

The formula for Z((¢) incorporates the U(1), singlet constraint through the Weyl
character formula. When k < 2, the subtracted representation x[x—2,1,0,0,0,0 has a negative
or vanishing first Dynkin label, and its fate is determined by the Weyl alternation formula
applied to Fj.

When k& = 1: the subtracted term is x_1,1,0,0,0,0- The shifted weight is [-1,1,0,0,0, 0]+
p=10,2,1,1,1,1], whose first Dynkin label vanishes, placing it on the wall of the Weyl
chamber associated with the simple root . The character vanishes identically, leaving

oY = X[1,0,0,0,0,1] (5.215)

of dimension 1728.

When k = 0: the subtracted term is x[-21,0,0,0,0- The shifted weight is [-2, 1,0, 0,0, 0]+
p=1[-1,2,1,1,1,1], which has a negative first label. A single reflection s; across the first
simple root acts by

[-1,2,1,1,1,1] 2% [1,1,1,1,1,1] = p, (5.216)
the Weyl vector, which is the shifted weight of the trivial representation x(o,,0,0,0,0]- Since
s1 introduces a sign of —1, the Weyl formula gives x[-21,0000 = —X[0,00000 = —1.
Therefore:

1
C'(() ) = X[0,0,0,0,0,1] — (—X[O,o,o,o,o,o]) =78+1=179 (5.217)

which reproduces the exact coefficient 79 appearing in the numerator of ZM(¢) at order
t°, consistent with the dimension of the conserved current multiplet of the Ejg theory
together with a singlet.

5.4 Scope and outlook

Scope. This chapter investigated the moduli space geometry of the five families of
improved bifundamentals — FTy, FMy, FEy, FCy, and FFHy — using the supercon-
formal index and Hilbert series as primary tools. For each family, the Hilbert series was
extracted from the SCI, the generators and relations of the chiral ring were identified,
and the branch structure of the moduli space was characterized. A closed-form unrefined
Hilbert series was obtained for F'Ty at all N; for the remaining theories, Euler-form
Hilbert series were computed through N = 3 and extrapolated to generic N. For the spe-
cial case N = 2, the IR symmetry enhancement was characterized explicitly for all five
theories: their moduli spaces were identified as complex cones over irreducible Hermitian
symmetric spaces, and fully unrefined Hilbert series were derived as sums over characters
of the enhanced global symmetry group.
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Outlook. Several directions remain open. On the algebraic side, it would be valuable
to derive closed-form or recursive formulae for the Hilbert-series numerators at generic
N, connecting the growth patterns observed at low N to the representation theory of
the IR global symmetry. The computation should be extended to asymmetric improved
bifundamentals and to the asymmetric S-walls that arise in the chiral-planar algorithm of
Chapter , where these theories appear as elementary building blocks [46, |56]. Whether
the Calabi—Yau properties observed at N = 2 persist at higher /N is a natural target for
future investigation. More broadly, the emerging connections between chiral-ring rela-
tions, Hilbert series, and Hermitian symmetric spaces suggest a wider geometric picture
that may extend to 2d N = (0, 2) compactifications and sigma-model target spaces [237,
238.

273



Chapter 6

Conclusion

The guiding thread of this thesis has been the interplay between three-dimensional mirror
symmetry and Chern—Simons-matter theories, explored across three different amounts of
supersymmetry: theories with four supercharges, theories with no supersymmetry at all,
and a distinguished class of N' = 2 SCFTs, the improved bifundamentals, which are
themselves natural building blocks of mirror symmetry with four supercharges. In each
case, the same underlying philosophy was at work: dualities, when suitably organized, are
not merely curiosities but precision tools that give access to non-perturbative information
about strongly coupled quantum field theories. In this final chapter we summarize what
has been achieved, we point out the limitations of the present analysis, and we indicate
the directions that we consider most promising for future work.

Mirror symmetry with four supercharges

We started in Chapter [3] where we reviewed how the mirror dual of a generic N' = 4
linear quiver gauge theory can be derived purely within field theory, without any recourse
to string theory, thanks to the A/ = 4 dualization algorithm of |45, 46|. The algorithm
works by chopping the quiver into elementary QFT blocks, dualizing each block via the
S-wall, and gluing the results back together using a small set of basic duality moves. We
then extended this procedure to theories with four supercharges |1}, 2|, identifying the
correct N = 2 analog of the S-wall, its fusion-to-identity property, and the associated
gluing rules.

The resulting chiral-planar dualization algorithm applies to all 3d N = 2 theories
that descend from N = 4 ones through a real mass deformation that explicitly breaks
part of the R-symmetry. Integrating out the massive fields generates Chern—Simons
interactions whose levels are completely fixed by the amount of surviving massless matter:
for instance, for U(N) SQCD with F' fundamental chiral multiplets, the CS levels in our
conventions are (—4+N, —£). In its present form the algorithm covers U(N) and SU(N)
CS-SQCD with [nf, n,| fundamental and anti-fundamental chirals in the three families

[nf,ng = [N+F1, N+ F], 2N+ Fy, F, [F1, 2N+ Fy|,  F,F,>0, (6.1)

as well as several examples of linear quiver gauge theories, either with constant-rank
gauge nodes or involving the N' = 2 S-wall as an ingredient. On the other side of the
duality one always finds an Abelian planar quiver: a two-dimensional array of U(1) gauge
nodes arranged on a triangular lattice, with characteristic mixed CS interactions and a
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monopole superpotential whose faces are in one-to-one correspondence with the super-
potential terms. Every step of the derivation was tracked at the level of the S} partition
function, so that the map of real masses, FI parameters, and R-charges across the duality
is under complete control. An important spin-off of this analysis was the observation
that certain chiral quivers exhibit an enhancement of the topological symmetry, invisible
in the electric description but manifest in the planar dual.

We then used the intuition gained from the algorithm to explore the full landscape of
N =2U(N); SQCD with F fundamental chirals [3]. Starting from the N' = 4-descendant
theory and following real mass deformations for the fundamental fields, we mapped the
flows to the planar Abelian side and obtained a taxonomy of the (N, k, F') plane in terms
of zones, each with its own proposal for a planar Abelian mirror dual. This program led
to a number of non-trivial consistency checks and predictions: the planar duals correctly
reproduce the known Aharony-like and Giveon-Kutasov-like dualities |35, 93, |180], and
in fact we argued that generic Aharony-like dualities for U(N), SQCD are implied by
the planar Abelian duals together with a handful of basic Abelian duality moves. As
a by-product, we uncovered an accidental enhancement to A/ = 4 supersymmetry for
U(N)(=n/2,—3n/2) SQCD with N fundamental chirals, a statement that would have been
very hard to guess from the electric description alone.

Several aspects of this picture remain incomplete. The algorithmic analysis is cur-
rently restricted to the CS levels inherited from the N = 4 parent, and a generalization
involving the asymmetric S-wall, needed to dualize quivers with non-constant ranks in
a fully algorithmic fashion, is still lacking. Future work should also aim at including
in the landscape analysis theories with both fundamental and anti-fundamental chirals
at generic (N, k, F'), which we expect to require only a modest extension of the tech-
niques developed here, as well as theories with symplectic and orthogonal gauge groups;
a first extensive investigation of mirror symmetry for symplectic CS-SQCD has recently
appeared in [187], and the N/ = 4 technology for orthosymplectic and circular quivers
[177, [178] provides a natural blueprint. Finally, the precise interface between the planar
Abelian duals and level-rank duality, which controls the endpoints of the mass deforma-
tion flows, deserves to be clarified. Taken together, these developments would bring us
closer to a complete understanding of the role of mirror symmetry for theories with four
supercharges, which is still far from being achieved.

Beyond supersymmetry

With the new intuition gained from the mirror-like dualities of Chapter [3] in Chapter
we turned to the much less charted territory of dualities for theories with no supersym-
metry at all [4]. Here the toolbox is very limited: without supersymmetry there are no
protected quantities, no non-renormalization theorems, and, most importantly, no local-
ization techniques that would allow us to compute exact quantities to be matched across
the duality. Nevertheless, guided by the expectation that non-supersymmetric dualities
should arise as supersymmetry-breaking mass deformations of supersymmetric ones [62,
63, 69, 192|, we conjectured the form that planar Abelian dualities should take in this
setting.

Concretely, we proposed that SU(N); and U(N); CS-QCD3 with N, fundamental
scalars and Ny fundamental fermions are dual, in the regime Ny > 2N, to planar Abelian
quivers with both bosonic and fermionic matter, where the quiver topology is the same as
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in the supersymmetric case but each edge now carries a single boson or fermion. The shape
of these dualities was argued for through a set of independent consistency checks: the
matching of the lowest-dimension gauge-invariant operators (monopoles with minimal flux
on the Abelian side mapped to mesons and baryons on the non-Abelian side), the pattern
of symmetry enhancement that the Abelian quiver must exhibit to reproduce the manifest
U(Ns) x U(Ny) symmetry of the electric theory, the consistency of mass deformations
and of the resulting RG flows, and the reduction to results already established in the
literature in special limits, namely the Abelian bosonization web [61], 66-68|, particle-
vortex duality, and the level-rank dualities of pure CS theories [97] reached at the end of
the mass flows. In all the cases we studied these checks were passed.

We regard these results as a solid conjecture rather than a derivation. New tools
are needed to increase the plausibility of our proposals, and three directions seem most
immediate. First, the small-flavor regime N, < 2N exhibits qualitatively new features
and calls for a systematic treatment, possibly in connection with the symmetry-breaking
scenarios of |207]. Second, the supersymmetric origin of the dualities should be made
precise by tracking the SUSY-breaking real mass deformations of the A/ = 2 mirror pairs
at the level of operators, partition functions and the spin-TQFT factors generated along
the flow. Third, an algorithmic formulation analogous to the chiral-planar algorithm of
Chapter [3| would replace the present case-by-case analysis with a systematic derivation
of planar Abelian bosonization duals for arbitrary non-Abelian CS-QCD theories.

Moduli spaces of improved bifundamentals

Finally, in Chapter 5| we focused on a class of 3d /' = 2 SCFTs with remarkable properties,
the improved bifundamentals FTy, FMy, FEy, FCy and FHy [56, 171, 217, [218].
These theories have appeared in the recent literature in connection with 3d and 4d mirror-
like dualities and with the compactification of 6d theories on Riemann surfaces, they
satisfy star-triangle relations, and they behave nicely under mirror symmetry: FTx, FEy
and F'My are self-mirror, while F'Hy and F'Cy are mapped into each other. Despite their
interesting properties, a systematic study of their moduli spaces of vacua was missing [5].

We investigated this question in detail using the superconformal index and the Hilbert
series as our main tools, within the framework of the plethystic program [108, [112].
Extracting the Hilbert series from the index is a delicate operation for A = 2 theories,
since accidental cancellations between bosonic and fermionic contributions can obscure
the chiral ring [168] 224]; for the class of theories at hand we provided extensive order-
by-order evidence that such cancellations do not occur, so that the Hilbert series of the
full moduli space, or of its main branch, can be reliably reconstructed. This gave us
access to the generators of the chiral ring, the relations among them, and the pattern of
symmetry enhancement along the RG flow. We found that the moduli spaces of F'Ty,
FCy and FHy consist of a single irreducible branch generated by operators in rank-
2 representations of the IR global symmetry, while FFMy and FEy possess additional
simple branches associated with the singlets B;;. For FTy, whose moduli space is a
complete intersection, we obtained a closed-form unrefined Hilbert series valid for all
N; for the other families we computed the Hilbert series in Euler form up to N = 3
and extrapolated the dimension of the moduli space and the degree of the numerator to
generic N.

The lowest non-trivial rank, N = 2, displayed a particularly elegant pattern of symme-
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try enhancements, generalizing the observations of [233], 236|. The moduli spaces of F'T5,
FC5, FH,, FM 5 and }/W\EQ turned out to be complex cones over irreducible Hermitian
symmetric spaces [237-241|, namely Grassmannians, the pure spinor space SO(10)/U(5),
and the complex Cayley plane FEg/(SO(10) x U(1)), some of which had already appeared
in the physics literature in a different guise [185|. In each case the unrefined Hilbert series
could be written as an exact sum over characters of the enhanced global symmetry group,
in agreement with the exceptional dualities of [234, |235].

Natural continuations of this work include deriving closed-form or recursive expres-
sions for the Hilbert series numerators at generic N, extending the analysis to the asym-
metric improved bifundamentals and asymmetric S-walls that enter the chiral-planar
algorithm, and understanding whether the Calabi—Yau property observed at N = 2 per-
sists at higher rank. More broadly, the connection between chiral ring relations, Hilbert
series and Hermitian symmetric spaces suggests a geometric picture that may extend to
2d N = (0,2) compactifications and sigma-model target spaces [237] 238].

Closing remarks

The three parts of this thesis are complementary facets of a single program. The chiral-
planar algorithm shows that mirror symmetry with four supercharges is a generative
principle rather than a collection of isolated examples; the non-supersymmetric planar
dualities show that the same structures survive, at least conjecturally, once supersymme-
try is broken; and the study of the improved bifundamentals shows that the elementary
blocks entering these constructions have moduli spaces of unexpected geometric richness.
All in all, we have obtained a considerably better understanding of the relation between
mirror symmetry and Chern—Simons-matter theories, which was the whole reason we em-
barked on this journey. Much remains to be understood, and we hope that the tools and
results collected here will prove useful for the next steps.
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