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Abstract
We obtain results that relate Donaldson-Futaki type invariants (that is, the numeri-
cal invariants used to define K -stability for general polarised manifolds) for a toric
polarised manifold and for a compactification of its mirror Landau-Ginzburg model,
nearby the large volume limit. In general, these have the form of expansions containing
terms which involve the base loci of certain linear systems determined by the Landau-
Ginzburg potential (as expected from known constructions of compactified mirrors),
and we give a condition under which these terms are subleading. As an application we
show that recently proposed notions of K -stability involving elements of the extended
Kähler moduli space, i.e. Z -stability for polarised varieties, appear naturally from
considerations of mirror symmetry (as a mirror to classical K -stability).

Mathematics Subject Classification Primary 14J33 · 32Q26; Secondary 32A27

1 Introduction andmain results

1.1 Motivation from K-stability andmirror symmetry

K -stability and mirror symmetry are both closely related to moduli theory: the former
gives, conjecturally, the correct stability condition for constructing Hausdorff moduli
spaces of polarised complex structures (thus involving at the same time complex and
Kählermoduli),while the latter predicts that the complex andKählermoduli of amirror
pair are intertwined. It seems natural to study the possible connections between the
two theories.

The present paper is motivated by the problem of studying the behaviour of K -
(semi)stability under mirror maps, in situations where (semi)stability is not automatic
(while compact Calabi-Yau manifolds are automatically K -stable, see [22]). The most
important example is given by Fano manifolds, which can be K -unstable, and whose
mirror is expected to be a suitable Landau-Ginzburg model (see for example [6] for a
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recent collection of contributions aimed at emphasising the links between K -stability
and Fano mirror symmetry). Here we work in the general toric case, not necessarily
Fano, where very strong mirror symmetry results are available. Note that even in the
Fano case it is important to allow general polarisations, since these should correspond
to the complex moduli of the mirror.

Ourmain results, Theorems 1.5, 1.7 and 1.15, give a precise relation between certain
Donaldson-Futaki type invariants (the numerical invariants used to define K -stability)
on the two sides of themirror correspondence, at least nearby the large volume limit. To
the author’s knowledge, these are the first results relating stability invariants for mirror
pairs (seeRemark 1.13). Some conjectural expectationswere proposed in [28], Section
1.7.1 and indeed our results provide partial confirmation for these (in particular, the
appearance of twisted stability on the Landau-Ginzburg side).

Theorems 1.5, 1.7 show an important present limitation, since on the Landau-
Ginzburg side, in general, we must replace the Kähler classes appearing in usual
K -stability with complex (1, 1)-classes which, moreover, do not a priori satisfy semi-
positivity conditions, and so the Donaldson-Futaki invariants on that side, although
well-defined, do not have an immediate link to the usual notions of K -stability applied
to the mirror. In our results, reality and semipositivity must be imposed as further
assumptions on the Kähler moduli (see Corollary 1.10).

Remark 1.1 In fact we will see that an even more natural result, Theorem 1.15, can be
obtained if we allow the “Kähler parameters" on the mirror to lie in the full extended
Kähler moduli space appearing in global versions of mirror symmetry (see our dis-
cussion in Sect. 1.3). This fits well with a recent proposal of generalised K -stability
notions, due to Dervan, known as Z-stability for polarised varieties, see Remark 1.16.
We believe that Theorem 1.15 is conceptually relevant in this context, as it shows
why Z -stability for polarised varieties appears naturally from considerations of mir-
ror symmetry (as a mirror to classical K -stability).

Let (X , L) be a polarised toric manifold of dimension n. As we recall in Sect. 2, it
admits a Hodge-theoretic mirror given by a toric Landau-Ginzburg (LG) model, that
is, roughly speaking, a non-constant morphism

WX (L) : T → C, T ∼= (C∗)n,

known as the LG potential, where T is dual to structure torus of X .
As in the previous paper [29], we are interested in understanding what conditions

must be satisfied by the LG potential WX (L) if it is mirror to a K -semistable pair
(X , L) (the present paper can be read independently of [29]).

Recall that K -semistability is defined by requiring that a numerical weight attached
to certain polarised one-parameter degenerations, known as the Donaldson-Futaki
invariant of test configurations, is nonnegative (see [32] for a general introduction).

If (X ,L) → P
1 is a regular compactified toric test configuration for (X , L), i.e.

the total space X is smooth, toric and the map is equivariant, with L ample (all this
can be assumed for testing K -semistability), we can apply Hodge-theoretic mirror
symmetry to the family (X ,L) (in the very general form appearing in the work [3] of
Coates, Corti, Iritani and Tseng, which also contains an extensive list of references to

123



Toric mirrors and test configurations… Page 3 of 45    51 

previous results due to several authors). As we recall in Sect. 2.3, this allows to write
the Donaldson-Futaki invariant DF(X ,L) intrinsically on the mirror LG model

WX (L) : T → C, T ∼= (C∗)n+1,

where T is dual to the structure torus of X .
This involves the Grothendieck residue pairing of two specific (classes of) mero-

morphic forms αX (L), βX (L) in the top cohomology of the twisted de Rham complex
(�•(T), dWX (L)∧), given explicitly in (2.3), (2.4), such that

DF(X ,L) = ResWX (L)(αX (L), βX (L)).

In the case of the trivial test configuration X ×P
1, with trivial action, the Donaldson-

Futaki invariant vanishes of course, and abusing notation slightly we write this
condition on the mirror as

ResWX (L)(αX (L), βX (L)) = 0.

Moreover, as we explain in Sect 2.3, it is always possible to regard WX (L) as a
deformation of the original LG potential WX (L), in a precise sense, and similarly
αX (L), βX (L) are deformations of αX (L), βX (L), so that K -semistability becomes
the condition that, for all such deformations, the Grothendieck residue remains semi-
positive,

ResWX (L)(αX (L), βX (L)) ≥ 0.

Example 1.2 A basic, well-known K -destabilising example is given by taking X to
be the degeneration to the normal cone of the exceptional divisor E ⊂ (X , L) :=
(Blp P

2,−K X ) (see [25], Example 5.27), X := BlE×{0} X × P
1, L := −KX . In this

case we have, in suitable torus coordinates,

WX (−K X ) = x + x ′ + xx ′ + 1

xx ′ ,

WX×P1(−K X×P1) = 1

z
+

(
x + x ′ + xx ′ + 1

xx ′

)
+ z,

WX (−KX ) = 1

z
+

(
x + x ′ + xx ′ + 1

xx ′

)
+ z(1 + xx ′),

ResWX (−KX )(αX (L), βX (L)) = DF(X ,L) < 0,

(see Example 2.4)), showing a deformation of WX (−K X )with negative Grothendieck
residue.

We would like to understand whether this semi-positivity condition can be translated
into an algebro-geometric notion of stability for the LG model WX (L) : (C∗)n → C,
or perhaps rather of a suitable compactification.
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1.2 Main results

Our results in the present paper are stated in terms of a notion of formal Donaldson-
Futaki invariant. Recall that with our assumptions the quantity DF(X ,L) can be
expressed through Atiyah-Bott localisation onX , with respect to theC∗-action under-
lying the test configuration, as

DF(X ,L) =
∑

Z

∫
Z

(c1(L) − hL)n
(

nc
n+1 (c1(L) − hL) + c1(KX ) − ∑n−nZ

i=0 wi (v) + 1
)

e(NX
Z (v))

, (1.1)

where Z are the fixed loci, c = c1(X)∪(c1(L))n−1

(c1(L))n , hL is the Hamiltonian for the S1-
action, with generator denoted by v, with respect to (a Chern representative of) c1(L),
KX is the canonical bundle, wi denote the weights of the C

∗-action on the normal
bundle NX

Z (v) and e(NX
Z (v)) is the equivariant Euler class (see in particular [18],

Section 5).

Definition 1.3 If η is a closed, complex (1, 1)-form onX , invariant under the S1-action
and with

∫
X ηn 
= 0 but without positivity assumptions (on its real and imaginary

parts), and hη satisfies ιvη = ∂̄hη for the generator v of the S1-action, then we define
the formal invariant DF(X , [η]) as the right hand side of (1.1), where c1(L), hL are
replaced by η, hη (and so c1(L) is replaced by [i∗Xη], where i : X ∼= X1 ⊂ X embeds
as the fibre X1).

Similarly, there is a notion of twisted Donaldson-Futaki invariant DF(X ,L,N ) for
test configurations of a triple (X , L, N ), where (X , L) is a polarised manifold and N
is an additional holomorphic line bundle on X , introduced in [7] (when N is positive,
this is the relevant notion for twisted constant scalar curvature Kähler metrics, with
twist lying in c1(N ), see e.g. [7, 30]). This satisfies the localisation formula

DF(X ,L,N )

=
∑

Z

∫
Z

(c1(L) − hL)n
(

ncN
n+1 (c1(L) − hL) + c1(KX ) − ∑n−nZ

i=0 wi (v) + 1 + c1(N ) − hN
)

e(NX
Z (v))

,

(1.2)

where hN is Hamiltonian with respect to c1(N ) and cN = (c1(X)−c1(N ))∪(c1(L))n−1

(c1(L))n .

Definition 1.4 We extend (1.2) formally to DF(X , [η], [ξ ]), using the right hand side
as a definition, where c1(L), c1(N ) are replaced by complex (1, 1)-forms η, ξ , with
complex Hamiltonians hη,hξ .

Given this, we can state our first main result, which concerns the large volume limit,
when L is replaced by kL := L⊗k for k � 1. It is conditional on a property of a
certain cohomology intersection pairing attached to the LG potential, known as the
stationary phase formula, which we spell out in Sect. 4.1.

123



Toric mirrors and test configurations… Page 5 of 45    51 

Theorem 1.5 Fix a regular toric test configuration (X ,L) for the polarised toric
manifold (X , L). There exists a compactification T of the torus T, endowed with a
logarithmic connection ∇WX (kL) determined by the mirror Landau-Ginzburg poten-
tial WX (kL), with the property that, if the stationary phase formula holds for
(T ,∇WX (kL)) for k � 1 (see condition † in Corollary 4.9), then one can construct
regular twisted toric test configurations for a compactification X∨ of the torus T,

(X∨,i , [ηi
k], [ξ i

k ]), i = 1, . . . , m,

for complex (1, 1)-classes [ηi
k], [ξ i

k ] (without semipositivity conditions), such that their
formal Donaldson-Futaki invariants are well-defined and satisfy

DF(X ,L) = ResWX (kL)(k
−nαX (kL), βX (kL))

=
m∑

i=1

DF(X∨,i , [ηi
k], [ξ i

k ]) + B(WX (kL)) + O(k−1),

where B(WX (kL)) is an explicit quantity determined by the (non-toric) base loci of
certain pencils defined by WX (kL) on an intermediate toric compactification T T,
with T ⊂ T T ⊂ T (see (4.9)).

The proof of Theorem 1.5 is completed in Sect. 4.3, after setting up the construction
in Sections 4.1, 4.2, using certain facts from the theory of logarithmic connections
(recalled in Sect. 3). It relies heavily on some aspects of toric Hodge-theoretic mirror
symmetry after Coates, Corti, Iritani and Tseng [3], and these are briefly recalled in
Sect. 2.

Remark 1.6 Theorem 1.5 requires some comments.

(i) The compactification X∨, the total spaces X∨,i , the “polarisations" [ηi
k] and

the twists [ξ i
k ] are determined by the LG potentials WX (L), WX (L) or, more

precisely, by the pair (T ,∇WX (kL)). However, X∨,m and the total spacesX∨,i ,
i = 1, . . . , m can be chosen independently of k. The construction of the total
spaces X∨,i from T is described in Sect. 4.2, and that of the (1, 1)-classes [ηi

k],
[ξ i

k ] in Sect. 4.3.
In particular, we will see that when the general fibre X := TP is a toric Fano
with reflexive fan polytope P , then X∨ can be chosen as a resolution of the toric
variety TP◦ given by the polar dual P◦, as usual in Fano toric mirror symmetry.

(i i) The appearance of the term B(WX (kL)) (described in (4.9)) is expected: it is
known that, at least in the case when X = TP is a Fano surface or threefold
with reflexive polytope P , a genuine compactified mirror can be obtained from
the polar dual TP◦ by resolving singularities and blowing up the base locus
of the pencil defined by WX (L) and the toric boundary (see e.g. [24]). In this
case, the contributionsDF(X∨,i , [ηi

k], [ξ i
k ]) are computedona toric resolutionof

TP◦ , whileB(WX (kL)) represents the contribution from the non-toric blowups
needed to resolve the relevant base loci.
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(i i i) As will be clear from the proof, since we are using the mirror map, the sub-
leading term O(k−1) is determined by the quantum cohomology of X (which
degenerates to usual intersection theory as k → ∞), in a complicated way. It
would be interesting to see if the subleading term can be understood as a suitable
deformation of the invariants DF(X∨,i , [ηi

k], [ξ i
k ]).

(iv) It is not hard to recognise that the quantity ResWX (kL)(k−nαX (kL), βX (kL)),
for k � 1, resembles a localised Donaldson-Futaki invariant, where, however,
the total space is the affine torus T, and the holomorphic vector field is given by
∇W(kL) (see Remark 4.22). The idea of Theorem 1.5 is to use a suitable residue
theorem in order to replace (C∗)n+1 with compactified test configurations. This
requires relating ResWX (kL)(k−nαX (kL), βX (kL)), which is defined by a “sta-
tionary phase formula" (see Sect. 2.2), to a global intersection number. This is
the role of the stationary phase formula appearing in Theorem 1.5.

(v) Understandingwhen the stationary phase formula holds is an important problem
studied in different contexts, see e.g. the discussion in [20], Section 2 (briefly
recalled in our Sect. 4.1), which relies on recent results of Huh [13].

(vi) The classic work of Donaldson [9] gives a complete description of toric test
configurations and their Donaldson-Futaki invariants using convex geometry
on the momentum polytope (see [16] for a recent extension of these results to
other stability invariants). However it seems that this description is not well
suited for the application of toric mirror theorems, see Sect. 2.

(vi i) The famous conjecture that K -polystability is equivalent to the existence of
constant scalar curvature Kähler metrics is known for toric surfaces [10] and
the toric uniform case is known in all dimensions [2].

In order to relate K -(semi)stability more directly on the two sides of the mirror corre-
spondence, it is natural to ask when the termBk(WX (L)), determined by the base loci,
is actually subleading, i.e. we have Bk(WX (L)) = O(k−1). In the light of Remark
1.6 (i i), we might call this the Arezzo-Pacard limit, in which the Donaldson-Futaki
invariant of a test configuration for a blowup is dominated by that of the base (see e.g.
[31]). From this viewpoint, at least heuristically, we are asking what Kähler classes
on X , nearby the large volume limit, correspond to the Arezzo-Pacard limit on the
mirror, i.e. for (X∨,i , [ηi

k], [ξ i
k ]) and k � 1.

Theorem 1.7 In the setup of Theorem 1.5, letA be an ample line bundle onX . Suppose
that, in terms of the linear mirror isomorphism 	 at kA (see Sect. 2), for some r > 0,
we have

WX (kA) = r−1	kA(A) + O(k−1).

This is the case for example if X is Fano and A = −r KX is a positive multiple
of −KX , so by properties of 	 we have WX (k(−r KX )) = 	k(−r KX )(−KX ) =
r−1	k(−r KX )(−r KX ) (see (2.1)).

Then, we have Bk(WX (kA)) = O(k−1), so

DF(X ,A) =
m∑

i=1

DF(X∨,i , [ηi
k], [ξ i

k ]) + O(k−1).
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Theorem 1.7 is proved in Sect. 4.3.

Example 1.8 Let (X := Blp×{0} P1 × P
1,− 1

2 KX ) be the test configuration for
(X , L) = (P1,O(1)) given by the degeneration to the normal cone of a point.
We will show (see Examples 4.17, 4.25) that in this case the stationary phase for-
mula holds, one can take X∨ ∼= P

1, X∨,1 ∼= Blq1×{0},q2×{0} P1 × P
1 for q1 
= q2,

X∨,2 ∼= Blq×{0} P1 × P
1 endowed with suitable Kähler classes [η1k ], [η2k ] and twists

[ξ1k ], [ξ2k ], and we have

1

4
= DF(X ,−1

2
KX ) = DF(X∨,1, [η1k ], [ξ1k ]) + DF(X∨,2, [η2k ], [ξ2k ]) + O(k−1),

DF(X∨,1, [η1k ], [ξ1k ]) = O(k−1), DF(X∨,2, [η2k ], [ξ2k ]) = 1

4
+ O(k−1).

It is known that, for smooth curves, it is sufficient to test K -polystability on degener-
ation to the normal cone of a single point (see [25], Section 5.3). So in our example it
is sufficient to test on (X ,− 1

2 KX ), and this is self-mirror in the sense that X ∼= X∨,2

and DF(X ,− 1
2 KX ) = DF(X∨,2, [η2k ], [ξ2k ]) up to O(k−1).

Example 1.9 Consider (X := P(O ⊕ O(1)),− 1
3 KX ) regarded as a product test con-

figuration for P1. It is also known that for P1 it is sufficient to test K -polystability
on this product test configuration (e.g. by a very special case of the results of [35]).
We will show (see Examples 4.18, 4.26) that in this case the stationary phase formula
holds, one can take X∨ ∼= P

1, X∨,i ∼= Blq ′×{0},q ′′×{0} P1 × P
1 for i = 1, 2 (with

q ′ × {0}, q ′′ × {0} infinitely close), endowed with suitable Kähler classes [ηi
k] and

twists [ξ i
k ], and we have

0 = DF(X ,−1

2
KX ) = DF(X∨,1, [η1k ], [ξ1k ]) + DF(X∨,2, [η2k ], [ξ2k ]) + O(k−1),

DF(X∨,i , [ηi
k], [ξ i

k ]) = O(k−1), i = 1, 2.

Theorem 1.7 and Remark 1.6 (i) have the following obvious consequences.

Corollary 1.10 In the situation of Theorem 1.7, suppose the Kähler parameter A on X
is such that all the classes [ηi

k], [ξ i
k ] are real and semipositive for k � 1 and we have

DF(X ,A) < 0 (so (X , A := A|X ) is K -unstable). Then, (X∨, [ηi
k]|X∨ , [ξ i

k ]|X∨) is
twisted K -unstable for some i and sufficiently large k. In general, with the assumptions
of Theorem 1.7, DF(X ,A) < 0 implies that �DF(X∨,i , [ηi

k], [ξ i
k ]) < 0 for some i

and sufficiently large k, but [ηi
k], [ξ i

k ] are not necessarily real and semipositive.

Corollary 1.11 In the situation of Theorem 1.7, suppose that (X , A := A|X ) is K -
semistable. Then, for all (X ,A) with corresponding (T ,∇WX (kA)), we have

lim inf
k→∞ max

i
�DF(X∨,i , [ηi

k], [ξ i
k ]) ≥ 0.
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Naturally, analogous statements hold in the general case of Theorem 1.5, but they
involve the term Bk(WX (L)), that is, we have

min{{�DF(X∨,i , [ηi
k], [ξ i

k ])}i ,�Bk(WX (L))} < 0 for k � 1,

respectively

lim inf
k→∞ max{{�DF(X∨,i , [ηi

k], [ξ i
k ])}i ,�Bk(WX (L))} ≥ 0.

Example 1.12 Corollary 1.10 can be applied to the example of degeneration to the
normal coneX := BlE×{0} X ×P

1,L := −KX of the exceptional divisor E which K -
destabilises (X , L) = (Blp P

2,−KBlpP
2). In this case, X∨ is the crepant resolution of

the orbifold TP◦ given by a toric, singular intersection of two quadrics inP4. Assuming
the stationary phase formula, Theorem 1.7 provides a (non-positive)“destabilising"
twisted test configuration (X∨, [η], [ξ ]) for X∨,which is mirror to degeneration to the
normal cone of E , and this can be made more explicit if we work with the orbifold TP◦
itself, see Examples 4.19, 4.27. Note that it is known that both Blp P

2 and the orbifold
TP◦ are K -unstable with respect to all Kähler classes, since their automorphisms
groups are non-reductive. In our construction, however, there is a complex twist [ξ ]
and the “Kähler class" [η] is a priori only a complex (1, 1)-class; both are determined
by the LG potential WX (L).

Remark 1.13 An anticanonically polarised Fano (X ,−K X ) is K -polystable iff the
classical Futaki character on holomorphic vector fields, identified with the barycen-
ter b(P◦) of the momentum polytope P◦ (the polar dual of the fan polytope P) of
(X ,−K X ), vanishes (see [35]). Thus, in view of polar duality as a first approximation
to Fano toric mirror symmetry (see Remark 1.6, (i i)), it is natural to study the rela-
tion between the barycenters b(P◦), b(P). Simple examples show that the condition
b(P) = 0 does not imply b(P◦) = 0, except in the very special symmetric case when
P = −P .

Sano [27] (with motivations not coming frommirror symmetry) defines and studies
a “polar dual" eP ∈ P for a suitable multiple of the barycenter of P◦, and shows that
in low dimensions the vanishing of eP implies the condition b(P◦) = 0. However
this implication breaks down in higher dimensions. From our perspective, the cor-
rect approach to this problem is to regard it as a special case of that of relating the
Donaldson-Futaki invariants of X , X∨, when we start from a product test configu-
ration for (X ,−K X ) (i.e. one induced from a holomorphic vector field); our results
Theorems 1.5, 1.15 then yield a relation between the barycenter b(P◦) and certain
Donaldson-Futaki invariants computed on X∨.

1.3 Analogues involving the extended Kähler moduli space

As will be clear from the proof of Theorem 1.5, the need to allow a potentially large
set of test configurations (X∨,i , [ηi

k], [ξ i
k ]), i = 1, . . . , m on the compactified LG side
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arises because we insisted that the classes [ηi
k], [ξ i

k ] should be of degree (1, 1), thus
retaining some geometric interpretation as potential (complefixied) Kähler classes (or
complex twist classes) on the mirror.

It turns out that even more natural variants of Theorems 1.5, 1.7 can be obtained,
essentially with the same proofs, if we allow [ηi

k], [ξ i
k ] ∈ H1,1(X∨,i ,C) to be replaced

with cohomology classes Zk, Z̃k ∈ H∗(X∨,C) of arbitrary degrees.
While this replacement seems far from classical notions in K -stability (see Remark

1.16), it appears natural from the mirror symmetry perspective, where H∗(X∨,C)

plays the role of the extended Kähler moduli space of X∨ (this is a well-known
general feature of global mirror symmetry, and in the toric case it is explained and
studied in depth in [14]).

In order to state these variants, we first need to explain that, while we recalled the
(twisted) localisation formula (1.2) in general, in fact only the case of isolated fixed
points is required for Theorem 1.5, i.e. the case when the right hand side of (1.2) is a
sum over isolated fixed points Z(v) ⊂ X .

Definition 1.14 Suppose (X∨, v) is the total space of any regular, compactified toric
test configuration for the fibre X ∼= X∨

1 , and the zero set Z(v) contains only iso-
lated fixed points. Fix any pair of classes Z, Z̃ ∈ H∗(X∨,C) (i.e. extended Kähler
parameters). Then,

(i) by a classical result in equivariant geometry (see e.g. [1], Theorem 5.4), the fixed
choice of v induces a canonical identification of Z , Z̃ with functions defined on
the fixed points set Z(v), i.e. Z, Z̃ : Z(v) → C;

(ii) we define the Donaldson-Futaki invariant of (X∨, v,Z, Z̃), regarded as a test
configuration for the general fibre, i.e. for (X∨ := X∨

1 ,Z|X∨ , Z̃|X∨), as the right
hand side of (1.2) where, for each p ∈ Z(v), the Hamiltonian values hL(p),
hN (p) are replaced with Z(p) and Z̃(p) respectively, namely

DF(X∨, v,Z, Z̃) =
∑

p∈Z(v)

(−Z(p))n( − nc∨
n+1Z(p) − ∑n+1

i=0 wi (p) + 1 − Z̃(p)
)

e(Tp)(v)
,

while, denoting by X∨∞ the fibre at infinity, the constant c∨ is fixed so that

∑
p∈Z(v)∩X∨∞

(−Z(p))n
( − nc∨

n+1Z(p) − ∑n+1
i=0 wi (p) + 1 − Z̃(p)

)
e(Tp)(v)

= 0.

Theorem 1.15 Suppose the same assumptions of Theorem 1.5 hold. Then there exist
regular twisted toric test configurations for a compactification X∨ of the torus T,

(X∨,0,Z0
k , Z̃0

k ), (X∨,∞,Z∞
k , Z̃∞

k ),

where Z0
k , Z̃0

k ∈ H∗(X∨,0,C), Z∞
k , Z̃∞

k ∈ H∗(X∨,∞,C) denote extended Kähler
parameters, with fixed restrictions to X∨, such that their Donaldson-Futaki invariants
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in the sense of Definition 1.14 are well-defined and satisfy

DF(X ,L) = DF(X∨,0,Z0
k , Z̃0

k ) + DF(X∨,∞,Z∞
k , Z̃∞

k ) + B(WX (kL)) + O(k−1),

where B(WX (kL)) is the same contribution from non-toric base loci appearing in
Theorem 1.5. Moreover, the splitting into X∨,0, X∨,∞ is given naturally by the sta-
tionary phase formula, see Definition 4.21.

Similarly, under the additional assumptions of Theorem 1.7, we have

DF(X ,A) = DF(X∨,0,Z0
k , Z̃0

k ) + DF(X∨,∞,Z∞
k , Z̃∞

k ) + O(k−1). (1.3)

Theorem 1.15 is proved in Sect. 4.3.

Remark 1.16 Dervan [8] develops a notion of K -stability (known as Z-stability for
polarised varieties), in which, for any test configuration (X ,L) for a polarised variety
(X , L), an element of the extended Kähler moduli space Z ∈ H∗(X ,C) is used
to define the relevant Donaldson-Futaki invariant (in [8], Z is regarded as a central
charge, i.e. dually as a map H∗(X ,C) → C, via pairing with the Chern character of
the polarisationL). Although there are some technical differences (i.e. Dervan’s choice
of Z must satisfy some constraints), our Theorem 1.14 clearly shows why Z -stability
for polarised varieties appears naturally from considerations of mirror symmetry, as a
mirror to classical K -stability (see also [4] for closely related localisation formulae).

Example 1.17 The case of (X := Blp×{0} P1×P
1,− 1

2 KX ) discussed above also gives
an example of (1.3) in Theorem1.15,withX∨,0 ∼= Blq1×{0},q2×{0} P1×P

1 for q1 
= q2,
X∨,∞ ∼= Blq×{0} P1 × P

1, Z0
k = [η1k ], Z̃0

k = [ξ1k ], Z∞
k = [η2k ], Z̃∞

k = [ξ2k ].
Similarly, (X := P(O ⊕ O(1)),− 1

3 KX ) gives an example of (1.3) with X∨,0 ∼=
X∨,∞ ∼= Blq ′×{0},q ′′×{0} P1 × P

1.

2 Some background

2.1 Toric LGmodels

Let X be a projective toric manifold. According to the general results of [3], the mirror
to X is given by a Laurent polynomial of the form

W (x; y) =
m∑

i=1

yi Qλ(bi )xbi +
∑
k∈G

ykQλ(k)xk,

where b1, . . . , bm are generators of the rays of the fan of X in its fan lattice N , the
formal variable Q is known as the Novikov variable, λ(bi ), λ(k) ∈ H2(X ,Q) are
certain curve classes (see [3], Section 4.1), x ∈ Hom(N ,C∗) is a torus coordinate,
yi , yk are deformation parameters, and G ⊂ N is a suitable finite subset. Thus, fixing
all parameters except x , W (x; y) defines a regular function on the algebraic torus
Hom(N ,C∗), known as the Landau-Ginzburg (LG) potential.
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More globally, W must be regarded as a morphism W : Ŷ → C where Ŷ → M̂
is a degenerating family of affine toric varieties over the base M̂ = Spf C[[�+]] ×
Spf C[[y]] and �+ ⊂ H2(X ,Q) denotes the monoid of effective curve classes, so
C[[�+]] is the Novikov ring. There is a locusM ⊂ M̂ over which the family Ŷ → M̂
restricts to a trivial fibration by algebraic tori Y → M, and a choice of trivialisation
allows to write it as a Laurent polynomial depending on parameters, as above. A
polarisation L on X , or more generally a Kähler class [ωX ], defines a closed point of
the base Spf C[[�+]], and so specifies the exponents of the Novikov variable.

Note that the extra term
∑

k∈G ykQλ(k)xk in the expression forW (x; y) is necessary
in the general case when X is not a weak Fano manifold, and is required so that the
parametrisation of W (x; y) by Kähler classes of X along a locus is effective. When
X is weak Fano, on the other hand, one can choose G = ∅.

The Hodge-theoretic information attached to the LG mirror family is given by the
logarithmic twisted de Rham complex

(
�•̂
Y/M̂, zd + dW∧

)
.

TheGauss-Manin systemGM(W ) is the top cohomologyof this complex. It is naturally
endowed with extra structure, in particular theGauss-Manin connection ∇GM (see [3],
Section 4.4) and the higher residue pairing

P : GM(W ) × GM(W ) → C[z][[�+]][[y]].
(discussed in [3], Section 6). The latter is especially important for our purposes and
will be recalled in Sect. 2.2.

The main results of [3] (namely [3], Theorems 4.28 and 6.11, summarised in [3],
Theorem1.1) proveHodge-theoretic mirror symmetry for the big quantum cohomology
in this case, part of which we recall briefly as follows:

(i) theGauss-Manin system is a freemodule overC[z][[�+]][[y]]of rankdim H∗(X ,C);
(i i) there are a mirror map τ = τ(y) ∈ H∗(X ,C)⊗C[[�+]][[y]] and aC[z][[�+]][[y]]-

linear mirror isomorphism

	 : GM(W )
∼=−−→ H∗(X ,C) ⊗ C[z][[�+]][[y]]

such that	 intertwines the Gauss-Manin connection∇GM with the pullback τ ∗∇D

of the quantum connection ∇D by τ (see [3] Section 3.2 for the latter).
In the z → 0 limit, choosing the generator	−1(1) for the GM(W (L))|z=0 induces
an algebra structure on GM(W (L))|z=0 and a linear mirror isomorphism

Jac(W (L)) ∼= (H∗(X ,C), ∗[c1(L)])

with the quantum cohomology ring, where we write ∗[c1(L)] for the quantum prod-
uct evaluated at the quantum parameter Q, such that

Qd = exp

(
−2π

∫
d

c1(L)

)
, d ∈ �+.
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In the large volume limit L �→ kL for k � 1, the linear mirror isomorphism
satisfies

	kL(W (kL)) = c1(−K X ) + O(k−1). (2.1)

(i i i) The linearmirror isomorphism	 intertwines the higher residue pairing onGM(W )

with the Poincaré pairing on H∗(X ,C) ⊗ C[z][[�+]][[y]], that is we have

P(�1,�2) =
(
	(�1)

∣∣
z �→−z,	(�2)

)
.

Note that (i) includes a convergence property for the mirror map τ which we will
recall in a moment. We can summarise (i), (i i), (i i i) roughly by saying that, for a
fixed trivialisation of the torus fibration Y → M, a choice of Kähler class [ωX ] fixes
the exponents of the Novikov variable in W (x; y), but not the coefficients y. Then,
as shown in [3], Section 7, the formal power series mirror map τ is convergent at
least after rescaling [ωX ] by a sufficiently large factor (this will be enough for our
purposes), and it fixes the deformation parameters y so that, for the corresponding LG
potential W (x; y) = W (ωX ), the linear mirror isomorphism

	ωX : GM(W (ωX ))
∼=−−→ H∗(X ,C) ⊗ C[[z]]

intertwines the Gauss-Manin and quantum connections, and preserves the higher
residue pairing:

PW (ωX )(�1,�2) =
(
	ωX (�1)

∣∣
z �→−z,	ωX (�2)

)
.

2.2 Higher residue pairing

It will be useful to know a little more concerning the higher residue pairing used in
[3]. This is defined through a formal stationary phase expansion. Let us briefly review
the construction.

We start with a holomorphic function f on Cn with a non-degenerate critical point
p. Fix a stable manifold �(p) for the Morse function �( f (t)) and perform the usual
stationary phase expansion as z → 0 for the integral

∫
�(p)

e f (t)/zg(t)dt1 · · · dtn

where �(z) < 0 and g(t) is holomorphic. We write the result of the stationary phase
expansion in the form

e f (p)/z(−2π z)n/2 Asym p

(
e f (t)/zg(t)dt

)
.
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This is always possible and defines the formal power series Asym p

(
e f (t)/zg(t)dt

)
,

which takes the form

1√
det( fi j (p))

(
g(p) + a1z + a2z2 + · · ·

)
.

Assume, for simplicity, that the LG potential WX (L) has non-degenerate isolated
critical points. One shows that the formal power series Asymp

(
eW(L)/z�

)
vanishes if

eW(L)/z� is exact in the complex (�•, zd + dW(L)∧), so the map Asym p descends
to cohomology

Asym p : eW(L)/z GM(W(L)) → C[[z]].
Then, one defines the higher residue pairing PW(L) : GM(W(L)) × GM(W(L)) →
C[[z]] as

PW(L)(�1,�2) =
∑

p

Asym p

(
eW(L)/z�1

)
Asym p

(
eW(L)/z�2

)
,

where the sum is over the critical points and we set

Asym p

(
eW(L)/z�1

) = Asym p

(
eW(L)/z�1

) ∣∣
z �→−z .

By construction, there is a formal power series expansion

PW(L)(�1,�2) =
∑
k≥0

K (k)

W(L)
(�1,�2)z

k,

such that K (0)
W(L)

(�1,�2) is the classical Grothendieck residue pairing (see e.g. [11],
Chapter 5, Section 1),

K (0)
W(L)

(�1,�2) = ResW(L)(�1,�2),

while K (k)

W(L)
(�1,�2) are also called higher residue pairings.

Remark 2.1 IfW(L)does not have isolated, non-degenerate critical points, the strategy
of [3] is to pass to a suitable perturbation, by turning on certain equivariant parameters.

2.3 Test configurations, DF invariant and residue pairing

Let (X ,L) → P
1 denote a compactified toric test configuration for a polarised toric

manifold (X , L), with smooth total space X (see e.g. [18], Section 4.1). It is known
that K -semistability can be checked using such test configurations (see [18], Remark
4.1).

Since X is a smooth projective toric variety, according to our discussion above,
it admits a LG mirror family, which we denote by W : ŶX → C, with respect to a
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degenerating torus fibration ŶX → M̂X . Choosing a trivialisation of the torus fibra-
tion YX → MX we can writeW as a Laurent polynomial depending on parameters,

W(x; y) =
m′∑

i=1

yi Qλ(b′
i )xb′

i +
∑

k′∈GX

yk′ Qλ(k′)xk
′
,

where b′
1, . . . , b′

m′ are generators of the rays of the fan of X in its fan lattice NX , Q is
the Novikov variable, λ(b′

i ), λ(k′) ∈ H2(X ,Q) are curve classes, x ∈ Hom(NX ,C∗)
is a torus coordinate, yi , yk′ are deformation parameters, and GX ⊂ NX is a suitable
finite subset.

We know that, at least for testing K -semistability, it is not restrictive to assume that
X (which is smooth) also admits a toric morphism X → X × P

1: this can be seen
by replacing X by a roof resolving the toric birational morphism X × P

1 ��� X (see
e.g. [8], Section 2.1.1). Thus, we have a natural inclusion H2(X ,Q) ⊂ H2(X ,Q), a
canonical splitting NX ∼= N × Z, and the fan of X is obtained a a refinement of the
fan of X × P

1, compatible with the toric morphism X → X × P
1.

This means that we can regard W(x; y) naturally as a deformation of W (x, y),

W(x; y) = W (x; y) + W ′(x; y),

where (abusing notation slightly) we still write x for the element of Hom(N ,C∗)
which is obtained by restriction to N × {0} ⊂ N × Z ∼= NX .

Example 2.2 Suppose (X ,Lr ) is given by the degeneration to the normal cone of a
point in (P1,O(1)), with parameter r ∈ (0, 1). The total space X is Fano, given by
the del Pezzo Blp×{0} P1 × P

1, and the polarisation Lr := O(1, 1) − r E is a multiple
of −KX iff r = 1

2 . Then, the mirror LG family is given by

W(Lr ) = x + e−2π

x
+ e−2π

x ′ + x ′(1 + e2πr x),

where x + e−2π

x is the LG potential of (P1,O(1)), and x + e−2π

x + x ′ + e−2π

x ′ is the
LG potential of the trivial test configuration (P1 × P

1,O(1, 1)). Since we will work
in the large volume limit, it is also useful to note

W(kLr ) = x + e−2πk

x
+ e−2πk

x ′ + x ′(1 + e2πrk x).

Example 2.3 Suppose X is isomorphic to the Hirzebruch surface P(O ⊕ O(1)) ∼=
Blp P

2 endowed with the polarisation Lr = H − r E for r ∈ (0, 1). Then (X ,Lr ) →
P
1 is a compactified toric product test configuration for P1 (i.e. it is induced by a

holomorphic vector field on the fibre P
1). The total space is del Pezzo and Lr is a

multiple of the anticanonical iff r = 1
3 in which case Lr = − 1

3 KX . A LG potential is
given by

W(kLr ) = e−2πk

xx ′ + x + x ′ + e2πkr xx ′.
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Note that this is not presented as an iterated blowup of P1 × P
1 (for that we would

need to pass to a blowup of X ).

Example 2.4 Let X = Blp P
2 and (X , L) = (X ,−K X ). With respect to suitable torus

coordinates, the LG potential is given by

WX (−K X ) = x + x ′ + 1

xx ′ + xx ′.

Consider a compactified toric test configuration (X ,L) for (X , L) such that X is
given by the degeneration to the normal cone of the exceptional divisor E , namely
X = BlE×{0} X × P

1. Then X is a toric Fano threefold of rank 4, the variety 4-11 in
the classification. A standard presentation ofX is given by the face fan of the reflexive
polytope 82 in the Kreuzer-Skarke list [17],

P = conv({(1, 0, 0) , (0, 1, 0) , (0, −1, 0) , (−1, 0, 0) , (0, 0, 1) , (1, 1, 0) , (1, 0, −1)}).

A corresponding LG potential for c1(X ), with respect to the variables of this lattice,
is given by

WX (−KX ) = XY + X + Y + Z + X

Z
+ 1

Y
+ 1

X

= 1

Y
+

(
X

Z
+ Z + X + 1

X

)
+ Y + Y X .

Thus, after the change of variables x = X
Z , x ′ = Z , z = Y , we have

WX (−KX ) = 1

z
+

(
x + x ′ + xx ′ + 1

xx ′

)
+ z(1 + xx ′),

giving the required presentation of WX (−KX ) as a deformation of WX (−K X ) or
more precisely of

WX×P1(−K X×P1) = 1

z
+

(
x + x ′ + xx ′ + 1

xx ′

)
+ z.

Returning to the general case, let us now consider the Donaldson-Futaki invariant
of (X ,L). Recall that, following Odaka [23] and Wang [34] (see also [18] for the
general Kähler case), we can write this as a Poincaré pairing

DF(X ,L) =
∫
X

(c1(L))n ∪
(

nc

n + 1
c1(L) + c1(KX /P1)

)

=
(

(c1(L))n,
nc

n + 1
c1(L) + c1(KX /P1)

)
, (2.2)
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where

c = c1(X) ∪ cn−1
1 (L)

cn
1(L)

.

Let us set

α̃X (L) = 	−1
L

(
(c1(L))n) ∈ Hn(�•, zd + dWX (L)∧),

αX (L) = 	−1
L

(
(c1(L))n) ∣∣

z=0 ∈ Hn(�•, dWX (L)∧), (2.3)

and similarly

β̃X (L) = 	−1
L

(
nc

n + 1
c1(L) + c1(KX /P1)

)
∈ Hn(�•, zd + dWX (L)∧),

βX (L) = 	−1
L

(
nc

n + 1
c1(L) + c1(KX /P1)

) ∣∣
z=0 ∈ Hn(�•, dWX (L)∧). (2.4)

Lemma 2.5 ([29], Section 2) We have

DF(X ,L) = PWX (L)

(
α̃X (L), β̃X (L)

)
= K (0)

WX (L)
(αX (L), βX (L))

= ResW(L)(αX (L), βX (L)).

Proof Applying the Hodge-theoretic mirror theorem discussed in Sect. 2.3 toX shows
that we have in particular

DF(X ,L) =
(

(c1(L))n,
nc

n + 1
c1(L) + c1(KX /P1)

)

= PW(L)

(
α̃X (L), β̃X (L)

)
∈ C[[z]],

using the linear mirror isomorphism 	L : GM(W(L))
∼=−−→ H∗(X ,C) ⊗ C[[z]] and

higher residue pairing with respect to the LG potential WX (L) corresponding to L.
On the other hand, DF(X ,L) does not depend on the formal variable z, and so must

equal the specialisation of the higher residue pairing appearing on the right hand side
at z = 0. By our discussion in Sect. 2.2, this is indeed well defined and equal to the
classical Grothendieck residue pairing, defined on the top cohomology of the complex
(�•, dW(L)∧), so we have

DF(X ,L) = K (0)
WX (L)

(αX (L), βX (L)) = ResW(L)(αX (L), βX (L)). (2.5)

��
Remark 2.6 The reference [5] shows that the usual Atiyah-Bott localisation formula
for the classical Futaki character can also be expressed in terms of certainGrothendieck
residue pairings on X (not on the mirror!).
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From the viewpoint of algebro-geometric stability, it would be desirable to express the

quantities PWX (L)

(
α̃X (L), β̃X (L)

)
, K (0)

WX (L)
(αX (L), βX (L)) as global intersection

pairings on Hom(NX ,C∗) or on a suitable compactification. In fact this problem has
been studied in different contexts, a priori not related to stability. We will discuss one
approach in the next Section.

2.4 Localisation for the DF invariant

Let (X∨, [η], [ξ ]) denote any regular compactified toric test configuration for X∨ :=
X∨
1 , allowing a twist [ξ ] (as in the Introduction). The Atiyah-Bott localisation formula

for the Donaldson-Futaki invariant is discussed by Legendre [18] (the exposition there
generalises immediately to allow a twist). In the case of isolated fixed points, it is given
by

DF(X∨, [η], [ξ ])

=
∑

p∈Z(v)

(
nc∨

η,ξ

n + 1

(−hη(p))n+1

e(Tp)(v)
− (

∑n+1
i=0 wi (p) + hξ (p))(−h(p))n

e(Tp)(v)
+ (−hη(p))n

e(Tp)(v)

)

=
∑

p∈Z(v)

(−hη(p))n
( − nc∨

η,ξ

n+1 hη(p) − ∑n+1
i=0 wi (p) + 1 − hξ (p)

)
e(Tp)(v)

, (2.6)

where

c∨
η,ξ := (c1(X∨) − ξ |X∨) ∪ (η|X∨)n−1

(η|X∨)n
,

hη, hξ denote the Hamiltonians for the infinitesimal generator v of the structure C∗-
action with respect to η, ξ , and the sum is over zeroes Z(v) = Z(vi ) lying in the
central fibre X∨

0 .

3 Cohomology intersection form

In the context of logarithmic connections on a smooth projective variety, under certain
assumptions, the cohomology intersection form provides a global version of the sta-
tionary phase expansion for higher residue pairings. Here we summarise a few basic
facts which we need for our applications.

Matsumoto [21] studies this intersection form in the classical case of generic hyper-
plane arrangements in projective space (however he does not discuss the stationary
phase formula). We will follow a recent reference, including the stationary phase for-
mula, due to Matsubara-Heo [20]. We also point out the work of Sabbah [26], and the
L2 approach developed by Li and Wen [19].

As in [20], Section 2.1, we consider a smooth projective variety Y of dimension
n, endowed with a simple normal crossing divisor D = ∑N

j D j . Let E → Y denote
a holomorphic vector bundle endowed with a meromorphic integrable connection ∇

123



   51 Page 18 of 45 J. Stoppa

with logarithmic poles along D (see e.g. [12], Chapter 5, Section 5.2 for the general
theory). Writing E+ := E , E− := E∨ and �

p
log := �

p
Y (log D) for the sheaf of

logarithmic p-forms, we set

�
p
+ := �

p
log ⊗ E+, �

p
− := �

p
log ⊗ E−,

and so obtain complexes

(
�•+,∇+ := ∇)

,
(
�•−,∇− := ∇∨)

,

with hypercohomologies

Hp
± := H

p (
Y ; (

�•±,∇±
))

.

Under a certain generic condition on ∇, the cohomology intersection form is defined
as a bilinear pairing

〈−,−〉ch : Hn− ⊗CHn+ → C.

Namely, introduce the conditions

(!)+ : Spec(Resi (∇)) ∩ Z≤0 = ∅, (!)− : Spec(Resi (∇)) ∩ Z≥0 = ∅,

(see Remark 3.2 for motivation), where Resi (∇) is the endomorphism given by the
residue of ∇ along Di , with eigenvalues Spec(Resi (∇)) ⊂ C.

Lemma 3.1 (see e.g. [20], Section 2.1). The condition (!)± implies that for all p there
is a canonical isomorphism

reg± : Hp
±

∼=−→ Hp
±(−D) := H

p (
Y ; (

�•±(−D); ∇±
))

,

where we use the fact that ∇± also induces a connection on E±( j D) with logarithmic
poles along D for all j ∈ Z.

Remark 3.2 This is a complex-analytic analogue of the fact, used in the classical ref-
erence [21], that for complements of hyperplane arrangements in projective space,
at least under the stronger condition that both (!)+ and (!)− hold, there is a natural
isomorphism

Hk
c (Y ,∇)

∼=−−→ Hk(Y ,∇),

using twisted deRhamcohomology groups defined using compactly supported smooth
forms and arbitrary smooth forms, respectively.

The necessity of one of the conditions (!)± can be checked e.g. by regarding d − dz
z

as a meromorphic connection∇ on the trivial line bundle on Y = P
1, with logarithmic

poles at D = 0 + ∞, with z denoting a standard coordinate on C
∗. The spaces H0+,

H0+(−D) are not isomorphic, as witnessed by the flat section given by the polynomial
z.
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Remark 3.3 In fact if both (!)+ and (!)− hold then we must have Hp
± = 0, p 
= n.

By the usual Dolbeault argument, the canonical morphisms of complexes

(
�•±( j D),∇±

) → (
E•±( j D),∇± + ∂̄

)
,

the latter involving the sheaves of smooth forms E p,q
± := �

p
± ⊗OY E0,q

Y , are quasi-
isomorphisms. This means in particular that we can choose smooth n-forms ω− on
Y \ D and ω+ on Y representing given classes [ω−] ∈ Hn−, respectively [ω+] ∈
Hn+(−D), under the Dolbeault isomorphism. So we have a well defined pairing

〈−,−〉+ : Hn− ⊗CHn+(−D) → C, 〈[ω−], [ω+]〉+ :=
(

1

2π i

)n ∫
Y

ω− ∧ ω+

(where we are also taking the trace of the endomorphism part).
We can summarise our discussion as follows.

Proposition 3.4 (see e.g. [20], Section 2.1) Suppose that the condition (!)+ holds.
Then there is a well defined cohomology intersection form

〈−,−〉ch : Hn− ⊗CHn+ → C

given by

〈[ω−], [ω+]〉+ := (2π i)n〈[ω−], reg+[ω+]〉+

(as we noted, replacing [ω+] by reg+[ω+] is analogous to choosing a compactly
supported representative). In particular, we obtain a cohomology intersection form

〈−,−〉ch : H0(Y ,�n−) ⊗C H0(Y ,�n+) → C

by using the natural maps H0(Y ,�n±) → Hn±. Similar statements hold when the
condition (!)+ is replaced with (!)−.

3.1 Residue theorem

In the classical case of generic hyperplane arrangements in projective space, Mat-
sumoto [21], Theorem 2.1, proves a residue theorem for the cohomology intersection
form, that is, a formula computing 〈[ω−], [ω+]〉ch in terms of contributions from strata
of the hyperplane arrangement.

A general version is proved in [20]. Assume the generic condition (!)+ for definite-
ness (this could be replaced with (!)−). Fix logarithmic n-forms ω± ∈ H0(Y ,�n±).
For a fixed ordered multi-index Pn of length n (i.e. an ordered partition with n com-
ponents), write

D(Pn) := ∩i DPn(i)
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for the corresponding 0-dimensional stratum of the boundary divisor D. There is a
natural notion of restriction ResPn (ω), i.e. factoring out the simple poles in the given
order. Namely, decomposing ω = dxi

xi
∧ ω′ + ω′′ near Di = {xi = 0}, we set

Resi (ω) := ω′|Di

and extend this operation by

ResPn (ω) := ResPn(n) ◦ · · · ◦ ResPn(1)(ω).

The residue of the connection ResPn (∇) is defined in the same way (the ordering
induced by Pn is irrelevant in this case, by integrability).

Remark 3.5 We note that the (potentially confusing) notation ResPn (ω) for the restric-
tion of a meromorphic form, respectively ResPn (∇) for the residue of a meromorphic
connections is chosen to agree with [20], Section 2.1; this is justified by the similar-
ity between the two operations (since ResPn (ω) may be regarded as a form-valued
residue).

Define

〈ResPn (ω+)
∣∣ResPn (∇)−1

∣∣ResPn (ω−)〉
:=

∑
z∈D(Pn)

〈ResPn (∇)−1
z ResPn (ω+),ResPn (ω−)z〉,

where the right hand side uses the duality between Ez , E∨
z . Then we have

Theorem 3.6 (Residue theorem, [20] Theorem 2.2) Suppose that the condition (!)+
holds. Then we have

〈ω−, ω+〉ch = (−2π i)n
∑

Pn :D(Pn) 
=∅
〈ResPn (ω+)

∣∣ResPn (∇)−1
∣∣ResPn (ω−)〉.

3.2 Stationary phase formula

Suppose that the connection ∇ has rank 1, i.e. E → Y is a line bundle, and that
the complement U := Y \ D is affine. There is corresponding 1-parameter family of
deformed connections ∇z such that its restriction to U is given by ∇z = zd + α∧
for a fixed connection form α. We continue to assume the generic condition (!)+ for
definiteness (this could be replaced with (!)−)
Definition 3.7 (see e.g. [20], Section 2.2). We say that the stationary phase formula
holds for (Y ,∇) if the condition (!)+ holds and there is a Laurent series expansion for
the cohomology intersection pairing with respect to the deformed connections,

〈ω−, ω+〉ch,∇z = (2π i z)n
∑
k≥0

K (k)(ω−, ω+)zk, z → 0,
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such that K (0)(ω−, ω+) is the Grothendieck residue pairing of the n-forms ω−, ω+
on U .

Lemma 3.8 ([20], Corollary 1.4) If the stationary phase formula holds for (Y ,∇),
then in fact we must have

〈ω−, ω+〉ch,∇z = (2π i)n K (0)(ω−, ω+),

that is, all higher residues must vanish. In particular, by specialising at z = 1, we
obtain, for the original cohomology intersection pairing,

〈ω−, ω+〉ch = (2π i)n K (0)(ω−, ω+).

Proof The result follows at once by applying Theorem 3.6 to the deformed connec-
tions ∇z (rather than the undeformed ∇), since this implies that 〈ω−, ω+〉ch,∇z is
homogeneous of degree n with respect to z. ��

Thus, if we are only interested in a Grothendieck residue K (0)(ω−, ω+) (which is
the case for our expression (2.5) for the Donaldson-Futaki invariant), we could hope
that, after a suitable extension to logarithmic forms, a stationary phase formula holds,
allowing the application of the residue theorem 3.6. This is the course we will follow
in the next Sections.

The stationary phase formula for logarithmic connections is proved in [20], The-
orem 1.1, under some structure conditions on the connection form α (spelled out in
[20], Section 2.2; in particular, the line bundle E → Y should be trivial). We note that
this is closely related to work of Huh [13].

Rather than recalling thesemore general structure conditions, herewewill only state
a sufficient condition, of a topological nature, under which they hold automatically;
according to [20], Remark 2.6 (5), this follows from results of Huh [13].

Thus, as in [20], Section 2.2, we consider a logarithmic connection ∇ = d + F∧
on U = Y \ D, where

F =
m∑

i=1

αi log fi ,

and the fi are regular functions on U . Suppose that

(M) the critical locus Crit(F) is discrete and the sum of Milnor numbers

m p := dimCOU ,p/(∂x1 F, . . . , ∂xn F)

satisfies ∑
p∈Crit(F)

m p = (−1)nχ(U ).

Lemma 3.9 (see [20], Theorem 2.5, Remark 2.6 (5), and Corollary 2.7) Under the
condition (M), the stationary phase formula holds in the sense of Definition 3.7, so
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that for ω∓ ∈ H0(U ,�n
U ) we have

(
1

2π i

)n

〈ω−, ω+〉ch = K (0)(ω−, ω+).

Thus, by the classical expression for the residue pairing K (0) (see e.g. [11], Chapter
5, Section 1), we have

(
1

2π i

)n

〈ω−, ω+〉ch =
(

1

2π i

)n ∑
p∈Crit(F)

∫
�p

ω+
dx

ω−
dx

∂x1 F · · · ∂xn F
dx,

where (x1, . . . , xn) denote local coordinates in a neighbourhood of a critical point p,
we set dx = dx1 ∧ · · · ∧ dxn, and the integration cycle is given by �p = {|∂xi F | =
ε, i = 1, . . . , n} for sufficiently small ε > 0, oriented so that d arg |∂x1 F | ∧ · · · ∧
d arg |∂xn F | > 0.

4 Application of 〈−,−〉ch to toric LGmodels

4.1 DF invariants and 〈−,−〉ch on themirror

Let W := WX (L) denote a Laurent polynomial on the affine torus T := (C∗)n+1

which is mirror to the polarised toric manifold (X ,L) (in a fixed trivialisation of the
mirror family ŶX → M̂X on the generic locus).

We introduce auxiliary logarithmic connections on T \ V (W) given by

∇W = d + d logW∧, ∇z
W := zd + d logW ∧ .

In the light of our discussion in the previous Sections, our aimwill be to obtain a global
expression for the Donaldson-Futaki invariant as a cohomology intersection number,

DF(X ,L) =
(

1

2π i z

)n+1

〈ω̃−, ω̃+〉ch,∇z
W ,

where [ω̃±] ∈ Hn+1± are now chosen as classes of logarithmic (n +1)-forms extending
the classes

W−nα̃X (L), W−1β̃X (L)

and we set α̃X (L) := α̃X (L)|z �→−z .
Several conditions are required for this. Firstly, it will be convenient to allow the

prospective logarithmic formW−nα̃X (L) to be replaced byW−1
n,ε α̃X (L), where

Wn,ε :=
n∏

i=1

W(i)
ε ,
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and each W(i)
ε is a generic analytic perturbation of W parametrised by ε in the unit

disc. Accordingly, we will work on T := T \ (V (W) ∪ V (Wn,ε)). This will simplify
the choice of a suitable compactification T . This compactification should satisfy some
key properties.

Definition 4.1 Let us introduce conditions for a compactification T of T given by:

(i) T is smooth, it induces a compactification of the structure torus T, and the
complement T \ T is a simple normal crossings divisor D ⊂ T;

(i i) the rank 1 holomorphic integrable connection∇z
W extends to a meromorphic flat

connection on the trivial line bundle over T with logarithmic poles along D;
(i i i) the classes of holomorphic n + 1-forms W−1

n,ε α̃X (L),W−1β̃X (L) extend to

classes of logarithmic n + 1-forms [ω̃±] ∈ Hn+1± on T . We will write ω± :=
ω̃±|z=0 for their specialisation;

(iv) the stationary phase formula holds for the corresponding cohomology intersec-
tion form 〈−,−〉ch,∇z

W , computed on T with respect to ∇z
W , in the sense of

Definition 3.7.

Lemma 4.2 Suppose T is a compactification of T satisfying the conditions of Defini-
tion 4.1. Then, we have

DF(X ,L)=
(

1

2π i z

)n+1

〈ω̃−, ω̃+〉ch,∇z
W +O(ε)=

(
1

2π i

)n+1

〈ω−, ω+〉ch + O(ε).

Proof Let us set dx = ∏n+1
i=1 dxi , dx

x = ∏n+1
i=1

dxi
xi
. By the conditions of Definition

4.1, we may apply Lemma 3.8, so we have

(
1

2π i z

)n+1

〈ω̃−, ω̃+〉ch,∇z
W =

(
1

2π i

)n+1

〈ω−, ω+〉ch

= ReslogW (ω−, ω+)

=
(

1

2π i

)n+1 ∑
p∈Crit(logW)

∫
�p

ω+
dx

ω−
dx

∂x1(logW) · · · ∂xn+1(logW)
dx .

It follows from the continuity of the Grothendieck residue that

lim
ε→0

(
1

2π i z

)n+1

〈ω̃−, ω̃+〉ch,∇z
W =

(
1

2π i

)n+1 ∑
p∈Crit(W)

∫
�p

αX
dx

βX
dx

∂x1(W) · · · ∂xn+1(W)
dx

=
(

1

2π i

)n+1 ∑
p∈Crit(W)

∫
�p

αX
(dx/x)

βX
(dx/x)

x1∂x1(W) · · · xn+1∂xn+1(W)

dx

x

= ResW (αX (L), βX (L))

= DF(X ,L)

by (2.5). ��
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In Proposition 4.7, we will construct a compactification T satisfying conditions (i),
(i i), (i i i) of Definition 4.1, at least nearby the large volume limit, to order O(k−1).
As a preliminary step we construct an intermediate toric compactification satisfying
suitable properties.

Lemma 4.3 There exists a (non-unique) smooth toric compactificationT T of the struc-
ture torus T, such that W extends to a section of a line bundle, and ∇z

W extends to

a meromorphic flat connection on the trivial line bundle over T T, with logarithmic
poles along V (W) and the toric boundary DT, possibly away from DT ∩ V (W) (if
this intersection is non-reduced).

Proof Recall we have a presentation

W(L)(x; y) =
m′∑

i=1

yi Qλ(b′
i )xb′

i +
∑

k′∈GX

yk′ Qλ(k′)xk
′
,

introduced in Sect. 2.3. Note that we can write

∇z
W = zd + d logW∧ = zd +

n+1∑
i=1

W−1xi∂xiW
dxi

xi
∧ .

Choose an intermediate compactification T ′
T
of T given by a smooth toric compacti-

fication of T, with toric boundary D′
T
, satisfying the property:

(T ) all the monomials xb′
i , i = 1, . . . , m′ and xk

′
, k′ ∈ GX on T appearing in the LG

potential W extend to sections of a holomorphic toric line bundle E → T ′
T
.

By themomentum construction of toric varieties, the condition (T ) can be achieved by
choosing a Delzant momentum polytope containing the exponents {b′

i }, i = 1, . . . , m′
and {k′}, k′ ∈ GX .

Moreover, given a choice of T ′
T
satisfying (T ), by (repeatedly) blowing up torus

fixed points, we can pass to an intermediate smooth toric compactification T T, with
toric boundary DT, satisfying the following condition:

(T ′) the divisor V (W) ⊂ T T (which is well-defined by (T )) does not contain torus
fixed points of T T.

By (T ) and (T ′), this choice of T T satisfies the properties:

(1) by the toric condition, the 1-forms on T given by d log(xi ), i = 1, . . . , n + 1
extend to meromorphic forms on T T with a simple pole along DT;

(2) the connection 1-form
∑n+1

i=1 xi∂xi logW dxi
xi

extends to a meromorphic 1-form on

the trivial bundle over T T, with logarithmic poles along DT and V (W), possibly
away from DT ∩ V (W) (if this intersection is non-reduced).

This completes the proof of our claims. ��
Given its importance for us, we illustrate the construction of T T in some examples.
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Example 4.4 Let (X , kLr ) be degeneration to the normal cone of a point in P
1. The

convex envelope of the exponents of the monomials

{
x,

e−2πk

x
, x ′, e−2πk

x ′ , e2πkr xx ′
}

is not Delzant (it is the momentum polygon of an orbifold). However, it is contained in
the Delzant polygon given by the convex envelope of the exponents of the monomials

{
x,

e−2πk

x
, x ′, e−2πk

x ′ , e2πkr xx ′, 1

xx ′

}
.

This is the momentum polygon of the toric del Pezzo S6, the blowup of P2 at the torus
fixed points, with respect to −KS6 , thus the monomials of W(kLr ) correspond to
anticanonical sections on S6.With a suitable choice of coordinates for the anticanonical
embedding S6 ⊂ P[x0 : · · · : x6], we have

W(kLr ) = x1 + e−2πk x4 + e−2πk x6 + x3 + e2πrk x2.

By standard results in toric geometry, the toric boundary is the union of the smooth
rational curves Ci = P[xi , xi+1], using a cyclic index i = 1, . . . , 6, and so the torus
fixed points are pi := Ci ∩ Ci+1. We find that in this case the torus fixed point p4
is contained in the anticanonical divisor V (W(kLr )), and so an admissible choice of
intermediate smooth toric compactification is given by T T := Blp4 S6.

Example 4.5 Let (X ,Lr ) be the product test configuration given by (P(O ⊕O(1)) ∼=
Blp P

2, H − r E). As in the previous example, the convex envelope of the monomials

{
e−2πk

xx ′ , x, x ′, e2πkr xx ′
}

is not Delzant, but is contained in the momentum polygon of (S6,−KS6), and in the
same homogeneous coordinates we have

W(kLr ) = e−2πk x5 + x1 + x3 + e2πkr x2.

The torus fixed points p3, p5 are contained in the locus V (W(kLr )), and an admissible
choice of intermediate smooth toric compactification is given by T T := Blp3,p5 S6.

Example 4.6 Let (X ,−KX ) be the toric test configuration for X = Blp P
2 given by

the degeneration to the normal cone of E , X = BlE×{0} X × P
1. Then X is Fano,

given by the face fan of the reflexive polytope
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P ′ = conv({(0, 0,−1), (1, 0, 0), (0, 1, 0), (1, 1, 0), (−1,−1, 0), (0, 0, 1), (1, 1, 1)}).

The polar dual of P ′ is given by

(P ′)◦ = conv(l),

l = {(2,−1,−1), (2,−1, 1), (−1, 2, 1), (−1, 2,−1),

(0,−1, 1), (−1, 0, 1), (−1, 0, 0), (0,−1, 0), (1,−1,−1), (−1, 1,−1)}.

In order to find a choice of T T we proceed slightly differently from the previous
examples. By the general theory for three-dimensional reflexive polytopes (see [24]),
we know that the LG potentialWX (−KX ) corresponds to an anticanonical section on
the Gorenstein toric Fano T(P ′)◦ . Moreover, T(P ′)◦ admits a (non-unique) crepant res-
olution induced by a maximal triangulation T̃(P ′)◦ , and there is a natural anticanonical
pencil on T̃(P ′)◦ generated by WX (−KX ) and the toric boundary. Thus, in this case,
we can take

T T := T̃(P ′)◦ .

Note that using, for example, the GL(3,Z)-equivalence P ∼ P ′ with the polytope P
in the Kreuzer-Skarke list, one can check that T(P ′)◦ is the Gorenstein canonical Fano
threefold with degree 10 and Picard index 1 given by the reflexive polytope P◦ with
index 4185.

Proposition 4.7 Replace L by a multiple kL, k � 1. Then there exists a compactifi-
cation T of the structure torus T satisfying the conditions (i), (i i), (i i i) of Definition
4.1, up to terms of order O(k−1). Moreover, there is a canonical embedding of the set
of torus fixed points D[0]

T
⊂ T T into the zero-dimensional stratum D[0].

Proof We start by recalling some facts concerning the Gauss-Manin connection ∇GM

acting on GM(W) = Hn+1
(
�•̂
Y/M̂, zd + dW∧

)
. Following [15], Section 4, we

regard the Gauss-Manin connection as a map

∇GM : GM(W) → 1

z
GM(W) ⊗OM̂X

�1
M̂X

⊕ GM(W)
dz

z2
.

Since X is toric, it can be presented as a GIT quotient

X = Xξ := (C∗)m//ξ K

for a torus K ∼= (C∗)k ,withLie algebra k, contained in themaximal torus K ↪→ (C∗)m .
Here, writing D̃1, . . . , D̃m ⊂ Hom(K ,C∗) for the components of the latter embed-
ding, we denote by ξ ∈ k∨

R
a “Kähler" or “stability" parameter ξ ∈ ∑m

i=1 R≥0D̃i .

Choose a splitting of the dual sequence 1 → Ť → (C∗)m → Ǩ → 1, as well as coor-
dinates x = (x1, . . . , xn+1) on Ť ∼= (C∗)n+1 and q = (q1, . . . , qk) on Ǩ ∼= (C∗)k .
Write ∂a = qa∂qa , and let �0 denote the standard relative volume form of the family
ŶX → M̂X ,
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�0 = dx1
x1

∧ · · · ∧ dxn+1

xn+1
.

Then, the Gauss-Manin connection acts by

∇GM(
f �0

) =
k∑

a=1

((
∂a f + ∂aW

z
f

)
�0

)
dqa

qa
+

((
z∂z f − W

z
f − n

2
f

)
�0

)
dz

z
.

(4.1)

Moreover, according to [15], Section 5, over the open torus Ǩ ⊂ M̂X , GM(W) is
generated by �0 as a module over the ringOǨ [z]〈z∂1, . . . , z∂k〉, where ∂a acts by the
Gauss-Manin connection ∇GM

∂a
.

We can now turn to achieving properties (i), (i i), (i i i) of Definition 4.1. The
compactification T will be given by a suitable non-toric blowup of the intermediate
toric compactificationT T constructed in Lemma4.3.We adopt the notation introduced
in the proof of that Lemma.

Recall that the connection 1-form
∑n+1

i=1 xi∂xi logW dxi
xi

extends to a meromorphic

1-form on the trivial bundle over T T, with logarithmic poles along DT and V (W),
possibly away from DT ∩ V (W) (if this intersection is non-reduced).

Moreover, by the toric condition, we know that �0 extends to a meromorphic form
on T T with simple poles along DT.

Now we observe that, over Ǩ ⊂ M̂X , the n + 1-form β̃X (L) can be expressed
as a linear combination of ∇GM

∂a
(�0), a = 1, . . . , k. By (4.1) and the property (T ),

each n + 1-form ∇GM
∂a

(�0) extends to a meromorphic form on T , with values in E ,
with simple poles along DT and V (W), possibly away from D ∩ V (W) (if this is
non-reduced). Therefore, W−1β̃X (L) extends to a logarithmic n + 1-forms on T T,
with simple poles alongDT and V (W), away from the base locus of the linear system
defined by β̃X (L) and W .

However, this argument needs to be refined in order to show that W−1
n,εαX (L)

extends to a logarithmic n +1-form on T T, with simple poles alongDT and V (Wn,ε),
away from the base locus of the linear system defined by the divisors (αX (L)) and
(Wn,ε), at least after replacing L by kL for k � 1, and working modulo terms of
order O(k−1).

In order to show this, we consider the module GM(W(kL))|z=0 given by the top
cohomology of the complex (�•, dW(kL)∧).

As recalled in Sect. 2.1, choosing the generator 	−1
kL(1) for the GM(W(kL))|z=0

induces an algebra structure on GM(kW(L))|z=0 and an isomorphism Jac(W(kL)) ∼=
(H∗(X ,C), ∗[c1(kL)]) with the quantum cohomology ring, where we write ∗[c1(kL)]
for the quantum product evaluated at the quantum parameter Q, such that

Qd = exp

(
−2πk

∫
d

c1(L)

)
, d ∈ �+.
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Then, we have

k−n	−1
kL

(
(c1(kL))n) ∣∣

z=0 = k−n	−1
kL(c1(kL)) ∗[c1(kL)] · · · ∗[c1(kL)] 	−1

kL(c1(kL))∗[c1(kL)]

=
(

k−1	−1
kL(c1(kL))

)n
(1 + O(k−1)),

since themirrormap intertwines the quantumproductwith the product on Jac(W(kL)),
and the quantum product approaches the cup product in the large volume limit. Now

the same argument used forW−1β̃X (L) shows thatW−1
n,ε

(
	−1

kL(c1(kL))
)n

admits the

required logarithmic extension.
Given these extensions, we can construct a simple normal crossing compactification

T as an iterated blowup of T T alongDT∩V (W) (if this is non-reduced), and resolving
the singularities of the divisors (W(L)), (Wn,ε), (αX (L)), (β̃X (L)) as well as the base
loci Bs(β̃X (L),W), Bs(αX (L),Wn,ε).

We write its simple normal crossing boundary D as the union of (the proper trans-
form of) the toric part DT and the non-toric part D \DT. Note that, by property (T ′),
there is a canonical embedding of the set of torus fixed points D[0]

T
of T T into the

zero-dimensional stratum D[0].
This completes the proof of the Proposition. ��

Definition 4.8 LetW−1
n,ε=k−1 α̃X (kL),W−1β̃X (kL) denote the classes of holomorphic

n + 1-forms corresponding to the multiple kL for k � 1, where the deformation
parameter ε is specialised to ε = k−1. We denote by [ω̃(k)

± ] the classes of logarithmic
extensions ofW−1

n,ε=k−1 α̃X (kL),W−1β̃X (kL) to T provided by Proposition 4.7, and

by [ω(k)
± ] their specialisation to z = 0.

Corollary 4.9 Suppose that

† for k � 1, the compactifications (T k,∇Wk ) corresponding to Wk := W(kL)

constructed in Proposition 4.7 satisfy the stationary phase formula, i.e. condition
(iv) of Definition 4.1. Note that, according to Lemma 3.9, a sufficient condition is
that Crit(Wk) is discrete and we have

∑
p∈Crit(Wk )

m p = (−1)n+1χ(T k \ Dk). (4.2)

Then the logarithmic extensions [ω̃(k)
± ], [ω(k)

± ] of Definition 4.8 satisfy

DF(X ,L) = k−n DF(X , kL) =
(

1

2π i z

)n+1

〈k−nω̃
(k)
− , ω̃

(k)
+ 〉ch,∇z

W + O(k−1)

=
(

1

2π i

)n+1

〈k−nω
(k)
− , ω

(k)
+ 〉ch + O(k−1).
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As a consequence, the residue formula

DF(X ,L) = (−1)n+1
∑

Pn+1:Dk (Pn+1) 
=∅
〈ResPn+1(ω

(k)
+ )

∣∣ResPn+1(∇Wk )
−1

∣∣

ResPn+1(k
−nω

(k)
− )〉 + O(k−1), (4.3)

holds, where the right hand side is computed onT k , as a sum over the zero-dimensional
strata of the boundary Dk , and ∇Wk , ω

(k)
∓ are determined by the Kähler parameter

kL.

Proof The first identity DF(X ,L) = k−n DF(X , kL) follows at once from (2.2). The
identities involving the cohomology intersection form follow from Lemma 4.2 after
replacing L with kL and setting ε = k−1. Finally, the residue formula follows at once
from Theorem 3.6. ��
Example 4.10 In the case of the degeneration to the normal cone (X , kLr ) in P

1

considered above, V (W(kLr )) ⊂ T T is a smooth curve of genus 1 and so
{W(kLr ) = 0} ⊂ T is given by the complement of 5 points in a a genus 1 curve
(the intersections V (W(kLr )) ∩ DT), thus we have χ({W(kLr ) = 0}) = −5 and
χ(T T \ D) = χ(T \ {W(kLr ) = 0}) = 5. On the other hand one can check directly
that, for r sufficiently close to 1

2 (i.e. for Lr sufficiently close to − 1
2 KX ) and for all

k � 1, the LG potential W(kLr ) has 5 isolated critical points, not contained in the
locus {W(kLr ) = 0} (see e.g. [29], Section 5.2). So in this example the condition (M)

is satisfied and the stationary phase formula holds.

Example 4.11 When (X ,Lr ) is the product test configuration given by (P(O ⊕
O(1)) ∼= Blp P

2, H − r E), the locus V (W(kLr )) ⊂ T T = Blp3,p5 S6 is a smooth
curve of genus 1 and so {W(kLr ) = 0} ⊂ T is given by the complement of 4 points
in a a genus 1 curve (the intersections V (W(kLr )) ∩ DT). So in this case we have
χ({W(kLr ) = 0}) = −4, χ(T T \ D) = χ(T \ {W(kLr ) = 0}) = 4. One can also
compute directly that for all r ∈ (0, 1) and for all k � 1, the LG potential W(kLr )

has 4 isolated critical points, not contained in the locus {W(kLr ) = 0} (see e.g. [29],
Example 3.1). Thus the condition (M) is satisfied and the stationary phase formula
holds.

Example 4.12 It is natural to ask if condition (M) also holds for WX (−kKX ), for
k � 1, when X = BlE×{0}(Blp P

2 × P
1), with respect to the compactification for T

obtained from T T = T̃(P ′)◦ . However in this case a direct computation seems out of
reach.

4.2 Residue theorem and localisation formulae

Our aim in the present Section is to show that that the right hand side of the residue
formula (4.3) can be interpreted naturally in terms of suitableDonaldson-Futaki invari-
ants for a compactification X∨ of the torus T ∼= (C∗)n . This requires several steps.
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Proposition 4.13 There exists a finite set of toric fibrations πi : Y∨,i → P
1, for

i = 1, . . . , m, such that

(i) Y∨,i is smooth, and the central fibre Y∨,i
0 is a union of smooth irreducible

divisors;
(i i) the general fibre of each πi is a fixed compactification X∨ of the structure torus

T;
(i i i) Y∨,i can be endowed with a (non-unique) toric vector field vi , with isolated

fixed points, which is compatible with πi in the sense that, after rescaling, vi

generates a C
∗-action covering the standard C

∗-action on C ⊂ P
1.

(iv) Let Z(vi ) denote the set of fixed points of vi contained in the central fibre Y∨,i
0 ,

and let Z D(vi ) ⊂ Z(vi ) be the set of such fixed points which are contained in
an irreducible divisor D ⊂ X∨,i

0 . Then we can choose vi as above so that for

all D ⊂ X∨,i
0 we have

2|Z(vi )| ≤ h1,1(Y∨,i ) + dim D⊥ + n + 1 + Z D(vi ), (4.4)

where D⊥ ⊂ H1,1(Y∨,i ) denotes the space of (1, 1)-classes restricting to zero
on D.

(v) It is possible to choose a toric compactification T T of T as in Lemma 4.3, with
toric boundary DT and torus fixed points D[0]

T
⊂ DT (i.e. the zero-dimensional

stratum), so that each set of fixed points Z(vi ) ⊂ Y∨,i
0 contains a distinguished

subset Z̃(vi ) ⊂ Z(vi ), which has a natural inclusion Z̃(vi ) ⊂ D[0]
T

, inducing a
partition

D[0]
T

= ∪m
i=1 Z̃(vi ). (4.5)

Remark 4.14 The condition (4.4) will be used for the construction of the complex
(1, 1)-classes [ηi

k], [ξ i
k ] appearing in Theorem 1.5. The point is having some condition

that controls (twice) the number of fixed points in terms of the Kähler rank, the
dimension and the boundary, in order to show the surjectivity of an evaluation map
for the two complex Hamiltonians corresponding to [ηi

k] and twists [ξ i
k ], which can

be satisfied after “breaking up" T T in sufficiently many, sufficiently simple pieces.

Proof Let T T be a toric compactification of T constructed in Lemma 4.3, with toric
boundaryDT and torus fixed pointsD[0]

T
⊂ DT. Recall that T T was constructed from

the datum of a a toric mirror LG potentialW mirror to a regular toric test configuration
X for X . As we explained in Sect. 2.3, we may assume without loss of generality
that there is a toric morphism X → X × P

1, corresponding to a decomposition
NX ∼= N × Z. Thus, from the proof of Lemma 4.3, we see that there is an induced
toric morphism T T → P

1, and we denote a fixed smooth fibre by X∨.

Remark 4.15 Note that when X = TP is a toric Fano with reflexive polytope P , by
the proof of Lemma 4.3, we can choose T T so that X∨ is the polar dual TP◦ .

Recall T T is not unique. Given a choice of T T, wemay replace it with a new smooth
compactification, satisfying the properties of Lemma 4.3, obtained by a refinement of
the toric fan of the original T T. Choosing the refinement to be trivial on NR × {0} ⊂
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NX does not change the general fibre X∨. Thus we can fix a choice of T T with
the property that its fan can be decomposed into subfans, such that each fan in the

decomposition corresponds to a smooth quasi-projective toric variety T i,o
T

mapping
to C, for i = 1, . . . , m, which can be compactified canonically in the standard way,

by gluing with the trivial family at infinity, to a projective toric variety T i
T
with a

map T i
T

→ P
1, with general fibre X∨ and central fibre given by the union of smooth

irreducible divisors. Moreover, we may choose this decomposition so that the sets of
maximal cones are disjoint.

By refining our decomposition of the toric fan of T T (so, in particular, increasing
m), we can ensure that the inequality (4.4) holds for all irreducible divisors D ⊂ Y∨,i

0 .

A generic rational choice of a toric vector field vi on T i
T
is compatible with the

map T i
T

→ P
1, in the sense that after rescaling it generates a C∗-action covering the

standard C
∗-action on C ⊂ P

1, and has isolated fixed points on T i
T
. Moreover, by

construction, the set of fixed points Z(vi ) of vi in the central fibre T i
T,0 contains a

distinguished subset Z̃(vi ) ⊂ Z(vi ) which corresponds to a set of torus fixed points
on T T, i.e. we have Z̃(vi ) ⊂ D[0]

T
with Z̃(vi ) ∩ Z̃(v j ) = ∅ for i 
= j , yielding a

partition (4.5).
��

The following special case follows immediately.

Corollary 4.16 In the setup of Proposition 4.13, if we do not require the condition (4.4),
then we can choose m = 2, and we denote the fibrations obtained as the canonical
compactifications of T T|P1\{∞} → C, T T|P1\{0} → C (in the coordinates Proposition
4.13) by π0 : Y∨,0 → P

1, respectively π∞ : Y∨,∞ → P
1.

We illustrate the construction of the fibrations πi : Y∨,i → P
1 in some examples.

Example 4.17 Recall that, for the degeneration to the normal cone of a point in X = P
1,

we have T T = Blp4 S6. Up to the action of GL(2,Z), the fan of T T is spanned by the
vectors

w1 = (1, 0), w2 = (1, 1), w3 = (0, 1),

w4 = (−1, 1), w5 = (−1, 0), w6 = (−1,−1), w7 = (0,−1),

with corresponding maximal cones Ki spanned by wi , wi+1 for a cyclic index i .
An admissible decomposition of the set of cones is given by {K1, K2, K3, K4} ∪
{K5, K6, K7}. The fibration Y∨,1 for X∨ ∼= P

1 corresponding to {K1, K2, K3, K4}
is isomorphic to Blq1×{0},q2×{0} P1 × P

1. It has central fibre Y∨,1
0 given by a tree of

3 smooth rational curves, containing 4 torus fixed points. Let D1 be any irreducible
component of Y∨,1

0 . Let v1 be a generic toric vector field on Y∨,1. Then we have
h1,1(Y∨,1) + dim D⊥

1 + n + 1 ≥ 7 > 6 = 8 − 2 = 2|Z(v1)| − |Z D1(v1)|. Similarly,
Y∨,2, corresponding to {K5, K6, K7}, is isomorphic to Blq×{0} P1×P

1 and has central
fibre given by the transverse intersection of 2 smooth rational curves, containing 3
torus fixed points, so for a generic toric vector field v2 on Y∨,1 we have h1,1(Y∨,2) +
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dim D⊥
2 + n + 1 ≥ 6 > 6− 2 = 2|Z(v2)| − |Z D2(v2)| for any irreducible component

D2 of Y∨,2
0 .

Example 4.18 Recall that, for the product test configuration X ∼= P(O ⊕ O(1)), we
have T T = Blp3,p5 S6. Up to the action of GL(2,Z), the fan of T T is spanned by the
vectors

w1 = (1, 0), w2 = (1, 1), w3 = (1, 2), w4 = (0, 1),

w5 = (−1, 0), w6 = (−2,−1), w7 = (−1,−1), w8 = (0,−1),

with corresponding maximal cones Ki spanned by wi , wi+1 for a cyclic index i .
An admissible decomposition of the set of cones is given by {K1, K2, K3, K4} ∪
{K5, K6, K7, K8}. The corresponding Y∨,i for X∨ ∼= P

1, for i = 1, 2, are isomorphic
to Blq ′×{0},q ′′×{0} P1×P

1 where q ′×{0}, q ′′×{0} are infinitely close. The central fibre
Y∨,i
0 is given by a tree of 3 smooth rational curves, containing 4 torus fixed points,

so for a generic toric vector field vi we have h1,1(Y∨,i ) + dim D⊥
i + n + 1 ≥ 8 >

8 − 2 = 2|Z(vi )| − |Z Di (vi )| for any irreducible component Di ⊂ Y∨,i
0 .

Example 4.19 We showed that, when (X ,−KX ) is the Fano toric test configuration for
X = Blp P

2 given by the degeneration to the normal cone of E ,X = BlE×{0} X ×P
1,

then an admissible choice of intermediate toric compactification for T is given by
T T = T̃(P ′)◦ , a crepant resolution of the Gorenstein canonical Fano threefold T(P ′)◦
corresponding to some maximal triangulation.

Note that (P ′)◦ ∩ {z = 0} is the reflexive polygon

P◦ = conv(�), �◦ := {(2,−1), (−1, 2), (−1, 0), (0,−1)}

polar dual to
P = conv({(1, 0), (0, 1), (1, 1), (−1,−1)}),

and so in our construction above each Y∨,i gives a toric fibration with generic fibre
X∨ = T̃P◦ , the crepant resolution of the orbifold TP◦ given by amaximal triangulation
of P◦, which is (after resolving the base locus of WX (−K X )) the mirror of X = TP .
One can check that TP◦ is the singular intersection of two quadrics in P4,

TP◦ = {x1x3 = x0x4, x2x4 = x20 } ⊂ P[x0 : x1 : x2 : x3 : x4],

and its resolution is X∨ ∼= Blq ′
2,q

′
3

S6 = Blq ′
2,q

′
3
Blq1,q2,q3 P

2, where q ′
2, q ′

3 are points
lying on the exceptional divisors over q2, q3.

On the other hand, because of the large number of cones appearing in the fan of
T T = T̃(P ′)◦ , it is difficult to describe explicitly a collection Y∨,i , for i = 1, . . . , m,
such that (4.4) holds for all Y∨,i .

Let as assume for a moment that we can work with the Gorenstein canonical com-
pactification T(P ′)◦ rather than its crepant resolution.

We note that there is a presentation

(P ′)◦ = conv(�̃◦ × {z = −1} ∪ �◦ × {z = 0} ∪ �◦ × {z = 1}),
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where �̃◦ := {(2,−1), (−1, 2), (1,−1), (−1, 1)}. Then, at least formally, we can
choose our fibrations for the orbifold X∨ as Y∨,i = TQi , where

Q1 := conv((0, 0,−1) ∪ �◦ × {z = 0} ∪ �◦ × {z = 1} \ {(2,−1, 1), (0,−1, 1)}),
Q2 := conv((0, 0,−1) ∪ �◦ × {z = 0} ∪ �◦ × {z = 1} \ {(−1, 2, 1), (−1, 0, 1)}),
Q3 := conv((0, 0, 1) ∪ �̃◦ × {z = −1} ∪ �◦ × {z = 0} \ {(2,−1,−1), (1,−1,−1)}),
Q4 := conv((0, 0, 1) ∪ �̃◦ × {z = −1} ∪ �◦ × {z = 0} \ {(−1, 2,−1), (−1, 1,−1)}).

Indeed, in each case, we can compute that the Picard rank of Y∨,i is 3 and the number
of torus fixed points on the central fibre is 5, from which (4.4) follows. Note that there
is a reflection symmetry along the plane x = y yielding isomorphisms Y∨,1 ∼= Y∨,2,
Y∨,3 ∼= Y∨,4.

Lemma 4.20 Let Wk := W(kL), with corresponding linear mirror isomorphism

	kL||z=0 : Jac(Wk)
∼=−−→ (H∗(X ,C), ∗[c1(kL)])

(see property (i i) of Sect. 2.1). Define

[θk] = k−1	−1
kL(c1(kL))|z=0, [ψk] = 	−1

kL(c1(KX /P1))|z=0 + [Wk] ∈ Jac(W(kL)).

(4.6)
Suppose that the stationary phase formula (condition † in Corollary 4.9) holds for
(T k,∇Wk ). Then, for any choice of fibrations Y∨,i , i = 1, . . . , m as in Proposition

4.13, we have, in terms of the classes [ω(k)
± ] of Definition 4.8,

DF(X ,L) = (−1)n+1
m∑

i=1

∑
D(Pn+1)=p∈Z̃(vi )

[W−1
k θk]n

(
nc

n + 1
[W−1

k θk] − 1 + [W−1
k ψk]

) ∣∣
p

〈Res(∇W(kL))
∣∣

p�0|p,�0|p〉
(
1 + O(k−1)

)

+ (−1)n+1
∑

D(Pn+1)∈D\D[0]
T

〈ResPn+1(ω
(k)
+ )

∣∣ResPn+1(∇W(kL))
−1

∣∣

ResPn+1(k
−nω

(k)
− )〉 + O(k−1), (4.7)

where evaluation for classes in Hn∓ is defined in terms of restrictions along toric strata
(i.e. in terms of intersections D(Pn+1)), as explained in the discussion of the global
residue theorem, Section 3.1. Note that the subsets Z̃(vi ) ⊂ Z(vi ) ⊂ Y∨,i

0 appear in
the decomposition.

Proof Recall that the classes of logarithmic forms [ω(k)
± ] are given explicitly by

[ω(k)
− ] := W−1

n,k−1(kL)	−1
kL

(
(c1(kL))n) ∣∣

z=0,
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[ω(k)
+ ] := W−1(kL)	−1

kL

(
n(k−1c)

n + 1
c1(kL) + c1(KX /P1)

) ∣∣
z=0.

As in the proof of Proposition 4.7 we note that

k−n	−1
kL

(
(c1(kL))n) ∣∣

z=0 = k−n	−1
kL(c1(kL)) ∗[c1(kL)] · · · ∗[c1(kL)] 	−1

kL(c1(kL))∗[c1(kL)]

=
(

k−1	−1
kL(c1(kL))

)n
(1 + O(k−1)).

The result now follows at once from (4.3), by labelling the contributions to the residue
formula according to (4.5). ��

4.3 Completion of the proofs of Theorems 1.5, 1.7 and 1.15

In the present Section we will complete the proofs of Theorems 1.5, 1.7 and 1.15.

Definition 4.21 For each i = 1, . . . , m, we let (X∨,i , vi , η
i , ξ i ) denote a regular toric

compactified test configuration for (X∨, ηi |X∨ , ξ i |X∨) obtained by endowing the total
space of the fibration π i : Y∨,i → P

1 with any vector field vi as in Proposition 4.13,
(i i i) and with (1, 1)-classes [ηi ], [ξ i ]. This is formal in the sense that [ηi ], [ξ i ] are
complex and are not required to satisfy positivity conditions.

When the construction of Proposition 4.13 is performed with respect to the LG
potentialW(kL) for k � 1,we allow the classes (ηi , ξ i ) to depend on k and sometimes
write (ηi

k, ξ
i
k) to emphasise this dependence.

Similarly, in the situation of Corollary 4.16, when we do not require the condition
(4.4), then we denote by (X∨,0, v0,Z0

k , Z̃0
k ), (X∨,∞, v∞,Z∞

k , Z̃∞
k ) the regular toric

compactified test configurations for (X∨,Z0
k |X∨,0

1
, Z̃0

k |X∨,0
1

), (X∨,Z0
k |X∨,0

1
, Z̃∞

k |X∨,∞
1

),

in the sense of Definition 1.14, obtained by endowing the total space of the fibrations
π0 : Y∨,0 → P

1, π∞ : Y∨,0 → P
1 with any vector field vi as in Propo-

sition 4.13, (i i i) and with extended Kähler parameters Z0
k , Z̃0

k ∈ H∗(X∨,0,C),
Z∞

k , Z̃∞
k ∈ H∗(X∨,∞,C).

Proof of Theorem 1.5 Suppose (X∨, v, η, ξ) := (X∨,i , vi , η
i
k, ξ

i
k) is one of the test

configurations ofDefinition4.21.Weclaim that it is possible to choose theholomorphic
vector field vi (as in (i i i) of Proposition 4.13) and the (1, 1)-classes [ηi

k], [ξ i
k ] such

that, in the large volume limit (i.e. up to O(k−1)), the contribution

(−1)n+1
∑

D(Pn+1)=p∈Z̃(vi )

[W−1
k θk ]n

(
nc

n + 1
[W−1

k θk ] − 1 + [W−1
k ψk ]

)
〈Res(∇W(kL))�0, �0〉

∣∣
p

(4.8)
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appearing in (4.7) can be identified naturally with the Atiyah-Bott equivariant locali-
sation formula (2.6) for DF(X∨,i , vi , [ηi

k], [ξ i
k ]), namely

DF(X∨,i , [ηi
k ], [ξ i

k ]) =
∑

p∈Z(vi )

(−hη(p))n
( − nc∨

η,ξ

n+1 hη(p) − ∑n+1
i=0 wi (p) + 1 − hξ (p)

)
e(Tp)(v)

.

We emphasise that determining the (generic) vector field vi is also part of the problem.
Theorem 1.5 follows immediately from this claim, by defining the base loci con-

tributions as

B(Wk) := (−1)n+1
∑

D(Pn+1)∈D\D[0]
T

〈ResPn+1 (ω
(k)
+ )

∣∣ResPn+1 (∇W(kL))
−1

∣∣ResPn+1 (ω
(k)
− )〉. (4.9)

Remark 4.22 Applying the same large volume limit expansion appearing in the proof
of Lemma 4.20 to the Grothendieck residue expression (2.5), when the critical points
of W(kL) are non-degenerate, we find immediately

DF(X ,L) =
∑

p∈Crit(W(kL))

(θk)
n( nc

n+1θk − Wk + ψk)∏n+1
i=1 x2i det∇2Wk

∣∣
p + O(k−1).

The leading term clearly resembles an ill-defined localisedDonaldson-Futaki invariant
on the noncompact manifoldT, with respect to the vector field∇Wk . Our construction
aims precisely at turning this into a sum of well-defined formal Donaldson-Futaki
invariants for compactified mirrors.

Let us write

θ̃ := W−1
k θk, ψ̃ := W−1

k ψk,

f n+1(p) := |Pn+1 : D(Pn+1) = p ∈ DT|〈Res(∇W(kL))
∣∣

p�0|p,�0|p〉

where θk , ψk are defined in (4.6) (note that we omit k in the notation for simplicity,
but all the quantities we consider in the following depend on k). Then the contribution
(4.8) can be written as

∑
p∈Z̃(vi )

(
− f θ̃

)n
(

nc

n + 1

(
− f θ̃

)
+ f

(
1 − ψ̃

)) ∣∣
p.

If p is a zero of a holomorphic vector field v, we set

d(v)|p = (det(∇v))
1

n+1 |p, t(v)|p = tr(∇v)|p − 1.
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These quantities are well defined for all v ∈ t := Lie(T), not necessarily generating
a C∗-action, and agree with the corresponding expressions involving the equivariant
Euler class and sum of weights in the case of C∗-actions.

Let us introduce the functions Hi : Z(vi ) → C, Ki : Z(vi ) → C, such that

Hi |Z̃(vi )
:= d(vi ) f θ̃ , Hi |Z(vi )\Z̃(vi )

:= 0,

Ki |Z̃(vi )
:= −t(vi ) − d(vi ) f

(
1 − ψ̃

)
, Ki |Z(vi )\Z̃(vi )

:= 0.

Then, we may write the contribution (4.8) in the form

∑
p∈Z̃(vi )

(
−d(vi ) f θ̃

)n (
nc

n+1

(
−d(vi ) f θ̃

)
− t(vi ) +

(
t(vi ) + d(vi ) f

(
1 − ψ̃

)))
(d(vi ))n+1

∣∣
p

=
∑

p∈Z(vi )

(−Hi )
n
(
− nc

n+1 Hi − t(vi ) − Ki

)
(d(vi ))n+1

∣∣
p.

Thus our claim follows if we can realise Hi , Ki as the values of complexified
Hamiltonians hηi , hξ i for vi , i.e. determining both a vector field vi as above and
complex (1, 1)-forms ηi , ξ i such that

ιvi η
i = ∂̄hηi , hηi (p) = Hi (p) + O(k−1),

ιvi ξ
i = ∂̄hξ i , hξ i (p) = Ki (p) + O(k−1), for all p ∈ Z(vi ). (4.10)

Recall that the values hηi (p),hξ i (p) only depend on the cohomology class [ηi ], [ξ i ],
up to an overall constant. Thus, we can consider the corresponding problem in coho-
mology, so the set of values of hηi (p),hξ i (p) as [ηi ], [ξ i ] vary in H1,1(X∨,i ,C)⊕2 is a
complex linear subspace of (C|Z(vi )|)⊕2 of dimension 2h1,1(X∨,i ). Note that, since by
construction X∨,i is smooth, toric and projective, the existence of such Hamiltonians
is automatic.

Weobserve that, by the definitionof ψ̃ andour constructionof the test configurations
X∨,i through Proposition 4.13, ψ̃ induces a rational function on X∨,i for which there
exists an irreducible component Di ⊂ X∨,i

0 such that

ψ̃ |Di = 1 + O(k−1),

and so we have

Ki |Z̃(vi )∩Di
= −t(vi ) + O(k−1) = − tr(∇vi ) + 1 + O(k−1).

For p ∈ Di , the quantity tr(∇vi )|p equals the value at p of a Hamiltonian on Di with
respect to the class −c1(K Di ) = −c1(O(Di )|Di ) (see e.g. [33], Section 3.2), up to an
overall constant. Thus, twists [ξ i ] of the form c1(O(Di ))+[ξ̃ i ] for [ξ̃ i ] ∈ D⊥

i , achieve
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the correct values along Di , and letting [ηi ], [ξ̃ i ] vary in H1,1(X∨,i ,C), respectively
D⊥

i , yields a subspace of

Vi := C
|Z(vi )| ⊕ C

|Z(vi )|−|Z Di (vi )|

of dimensionh1,1(X∨,i )+dim D⊥
i (recall that |Z Di (vi )|denotes the number of isolated

fixed points contained in Di , as in Proposition 4.13).
Now we also let the holomorphic vector field vi vary in the generic locus in t of

the maximal torus. As vi , [ηi ], [ξ̃ i ] vary, the target complex vector space Vi remains
fixed, and the values of vi , hηi (p), hξ i (p) yield a complex subspace L ⊂ t × Vi of
dimension h1,1(X∨,i ) + dim D⊥

i + n + 1. At the same time, the values of Hi , Ki as
vi varies in the generic locus give an analytic subvariety M ⊂ t × Vi of dimension
n + 1. By (4.4), possibly after a small linear perturbation of L of order O(k−1), there
exist a vector field vi and classes [ηi ], [ξ i ] lying in the intersection L ∩ M 
= ∅ and
so satisfying our condition (4.10).

This particular vi might not generate a C
∗-action, but it can be approximated by

C
∗-actions, and this approximation only introduces an error term of order O(k−1).
The requirement

∫
X∨(ηi )n 
= 0 might not be satisfied for this particular class [ηi ],

but if that happens we can perturb it to [ηi + k−1ϕ] where [ϕ] is a (1, 1)-class onX∨,i

such that
∫

X∨(ηi )n−1 ∧ ϕ 
= 0.
Finally, the equality

c = c∨
ηi ,ξ i

can be achieved by scaling [ηi ], [ξ i ] suitably (so that (4.10) remains solvable).
The upshot is that we have an identity

∑
p∈Z(vi )

(−Hi )
n
(
− nc

n+1 Hi − t(vi ) − Ki

)
(d(vi ))n+1

∣∣
p

=
∑

p∈Z(vi )

(−hηi (p))n
( − nc∨

ηi ,ξ i

n+1 hηi (p) − ∑n+1
j=0 w j (p) + 1 − hξ i (p)

)
e(Tp)(v)

+ O(k−1),

as required. This completes the proof of our claim and so of Theorem 1.5. ��
Example 4.23 Suppose (X ,Lr ) is given by the degeneration to the normal cone of a
point in P

1. We know that in this case T T = Blp4 S6, and the torus fixed points on
the central fibre of the test configurations X∨,1 ∼= Blq1×{0},q2×{0} P1 × P

1, X∨,2 ∼=
Blq×{0} P1×P

1 are given by {p2, p3, p′
4, p′′

4} (with p′
4, p′′

4 mapping to p4), respectively
{p1, p5, p6}. In Example 4.25 below we will compute the quantities θ̃ , ψ̃ , f in the
case when (X ,Lr ) ∼= (X ,− 1

2 KX ) has parameter r = 1
2 . Using that computation, we

find that the required values at the torus fixed points are achieved if

H1(p)= 1

2
d(v1)|p, p ∈ {p2, p3, p′

4, p′′
4 }, H2(p)= 1

2
d(v2)|p, p∈{p1, p5, p6},
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K1(p) = t(v1)
∣∣

p, p ∈ {p3, p′
4}, K1(p) = (t(v1) + d(v1))

∣∣
p, p ∈ {p2, p′′

4 },
K2(p) = t(v2)

∣∣
p, p ∈ {p1, p6}, K2(p) = (t(v2) + d(v2))

∣∣
p, p = p5.

Let us show how these prescribed values can be achieved forX∨,1 (i.e. solving for v1,
[ηX∨,1] and [ξX∨,1]). A completely analogous computation holds for X∨,2.

A vector field v1 onX∨,1 is induced by v̂1 on P1×P
1. In suitable affine coordinates

(z, w) on P1 × P
1, under the natural identifications, we have

v̂1 = az
∂

∂z
+ bw

∂

∂w
,

and so, passing to the blowup with local coordinates (z, ξ) or (η,w), we find

v1 = (a + b)z
∂

∂z
+ bξ

∂

∂ξ
, respectively v1 = aη

∂

∂η
+ (a + b)w

∂

∂w
.

Using this, we can compute

t(v1)|p2 = 2a + b − 1, t(v1)|p′
4

= a + 2b − 1,

t(v1)|p3 = −2a − b − 1, t(v1)|p′′
4

= −a − 2b − 1

d(v1)|p2 = a(a + b), d(v1)|p′
4

= (a + b)b,

d(v1)|p3 = a(a + b), d(v1)|p′′
4

= (a + b)b.

Choosing a = b = 1
3 , our prescribed values on X∨,1 become

H1(p) = 2

9
, p ∈ {p2, p3, p′

4, p′′
4 },

K1(p) = 0, p ∈ {p2, p′
4}, K1(p) = −2, p ∈ {p3, p′′

4}.

These can be satisfied by choosing

η1 = π∗ p∗
1ω

(1)
P1

, ξ1 = π∗ p∗
2ω

(2)
P1

,

where ω
(i)
P1

are suitable multiples of the Fubini-Study form, π denotes the blow-down

map to P1 × P
1 and pi : P1 × P

1 → P
1 are the projections.

Example 4.24 Suppose X ∼= P(O ⊕ O(1)) is a product test configuration for P1. We
know that in this case T T = Blp3,p5 S6, and the torus fixed points on the central fibres
of the test configurations X∨,i ∼= Blq ′×{0},q ′′×{0} P1 × P

1, for i = 1, 2, are given by
{p2, p′

3, p′′
3 , p4} (with p′

3, p′′
3 mapping to p3), respectively {p1, p′

5, p′′
5 , p6} (with p′

5,
p′′
5 mapping to p5). In Example 4.26 below we will compute the quantities θ̃ , ψ̃ , f in

the case when (X ,Lr ) ∼= (X ,− 1
3 KX ) has parameter r = 1

3 . Using that computation,
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we find that the required values at the torus fixed points are achieved if

H1(p)= 1

3
d(v1)|p, p ∈ {p2, p′

3, p′′
3 , p4}, H2(p)= 1

3
d(v2)|p, p∈ {p1, p′

5, p′′
5 , p6},

K1(p) = t(v1)
∣∣

p, p ∈ {p2, p′
3}, K1(p) = (t(v1) + d(v1))

∣∣
p, p ∈ {p′′

3 , p4},
K2(p) = t(v2)

∣∣
p, p ∈ {p′

5, p6}, K2(p) = (t(v2) + d(v2))
∣∣

p, p = {p1, p′′
5}.

Let us work on X∨,1. On the blowup, with local coordinates (z, ξ) or (z, η), we find

v1 = (a + b)z
∂

∂z
+ bξ

∂

∂ξ
, respectively v1 = (a + 2b)z

∂

∂z
+ bη

∂

∂η
,

from which

t(v1)|p2 = a + 2b − 1, t(v1)|p′
3

= a + 3b − 1,

t(v1)|p4 = −a − b − 1, t(v1)|p′′
3

= −a − 3b − 1

d(v1)|p2 = (a + b)b, d(v1)|p′
3

= (a + 2b)b,

d(v1)|p4 = ab, d(v1)|p′′
3

= (a + 2b)b.

Choosing a = 1, b = 0, our prescribed values on X∨,1 become

H1(p) = 0, p ∈ {p2, p′
3, p′′

3 , p4},
K1(p) = 0, p ∈ {p2, p′

3}, K1(p) = −2, p ∈ {p′′
3 , p4}.

These can be satisfied with the same choices η1 = π∗ p∗
1ω

(1)
P1

, ξ1 = π∗ p∗
2ω

(2)
P1

as in
our previous example.

Proof of Theorem 1.7 Suppose A is an ample line bundle on X , such that

	kA(A)|z=0 = rW(kA) + O(k−1)

for some r > 0. This happens e.g. if X is Fano andA = −r KX with r > 0, in which
case we have by (2.1)

	k(−r KX )(c1(−r KX )) = r	k(−r KX )(c1(−KX )) = rW(kA) + O(k−1).

Given this, we may perform our construction with respect to the polarisation L = A.
Then, by definition, we have

[θk] = k−1	−1
kA(kc1(A))|z=0 = 	−1

kA(c1(A))|z=0 = rW(kA) + O(k−1).

Thus, each term appearing in our expression (4.9) for the base locus contribution
B(Wk),

〈ResPn+1(ω
(k)
+ )

∣∣ResPn+1(∇W(kL))
−1

∣∣ResPn+1(ω
(k)
− )〉, D(Pn+1) ∈ D \ DT
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is proportional to the quantity

ResPn+1(ω
(k)
+ ) = ResPn+1

(
(Wk)

−n[θk]n�0

(
1 + O(k−1)

))

= rn
(
1 + O(k−1)

)
ResPn+1

(
�0

(
1 + O(k−1)

))
= O(k−1),

as required. ��
Example 4.25 Consider the degeneration to the normal cone (X , kLr ) ∼= (X ,− k

2 KX )

of a point in P1 with parameter r = 1
2 . We have

Wk = W(kLr ) = x + e−2πk

x
+ e−2πk

x ′ + x ′ + eπk xx ′,

The mirror map does not involve quantum corrections, giving

θk = 1

2
Wk, ψk = x + e−2πk

x
+ eπk xx ′

(see [29], Example 2.9). As we saw, Wk , θk and ψk extend to explicit anticanonical
pencils on the toric del Pezzo S6 ⊂ P[x0 : · · · : x6] given by the toric boundary
S6 ∩ {x0 = 0} together with the anticanonical sections

Wk = x1 + e−2πk x4 + e−2πk x6 + x3 + eπk x2, θk = 1

2
Wk,

ψk = x1 + e−2πk x4 + eπk x2

(we use the same notation for the sections and the corresponding pencils).
The toric boundary of S6 is given by Ci = P[xi , xi+1] (with i = 1, . . . , 6 cyclic)

and so the torus fixed points are given by pi := Ci ∩ Ci+1. Thus, the only torus fixed
point of S6 contained in the base locus of Wk is p4 = C4 ∩ C5. There are torus fixed
points p′

4 := Tp4C4, p′′
4 := Tp4C5 of T T → S6 mapping to p4. The values of θ̃ ,

ψ̃ at p′
4, p′′

4 can be computed by taking the limit along [x4 : 1] ∈ C4 as x4 → 0,
respectively [1 : x6] ∈ C5 as x6 → 0. We compute

θ̃ |p ≡ 1

2
, ψ̃ |pi = 1, pi = p1, p3, p′

4, p6, ψ̃ |pi = 0, pi = p2, p′′
4 , p5,

θ̃

(
nc

n + 1
θ̃ − 1 + ψ̃

)
|p = 1

2

(
−1

2
+ ψ̃

)
|p.

Note that the divisors along which ψ̃ ≡ 1 are given by the proper transforms of C1
and C4, which are contained in X∨,1, X∨,2 respectively.

It remains to compute the other factors appearing in the residue theorem. For this,
near a fixed point pi−1 = Ci−1 ∩ Ci for i 
= 5, we can cover a neighbourhood of a
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boundary component Ci ⊂ S with local holomorphic coordinate patches

(
z(i) := x0

xi
, w(i) = xi+1

xi

)
,

such that Ci is cut out by z(i) = 0. For instance, near p1 ∈ C2, in coordinates
(z(2), w(2)), we have

�0 = d log x ∧ d log x ′ = d log
x1
x0

∧ d log
x3
x0

= d log
1

w(2)
∧ d log

w(2)

z(2)
= −d log z(2) ∧ d logw(2),

where we used the toric relation x1x3 = x0x2. Similarly,

Wk = x1
x0

+ e−2πk x4
x0

+ e−2πk x6
x0

+ x3
x0

+ eπk x2
x0

= 1

w(2)
+ e−2πkw(2) + e−2πk z(2)

w(2)
+ w(2)

z(2)
+ eπk 1

z(2)
,

using the relations x1x4 = x20 , x3x6 = x20 , from which we compute

∂z(2) logWk = −w(2)e3πk − e2πkw2
(2) + z2(2)

z(2)

(
w(2)e3πk + e2πk

(
w2

(2) + z(2)

)
+ z

(
w2

(2) + z(2)

)) .

It follows that we have �0|p1 = −1, Res(∇Wk )
∣∣

p1
= −1.

Similar computations show that in fact we have �0|pi = −1, Res(∇Wk )
∣∣

pi
= −1

at all torus fixed points (including p′
4, p′′

4 ).
According to (4.7), we have

DF
(
X ,−1

2
KX

) =
∑

p

1

2

(
−1

2
+ ψ̃

)
|p+B(Wk)+O(k−1) = 1

4
+B(Wk)+O(k−1).

On the other hand, by the intersection-theoretic formula,

DF
(
X ,−1

2
KX

) = 1

2
DF

(
X ,−KX

)

= 1

2

(
1

2
(−KX )2 + (KX − OP1(−2)).(−KX )

)

= 1

2

(
7

2
− 7 + 4

)
= 1

4
.

This shows that we must have B(Wk) = O(k−1), as required by Theorem 1.7.
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Example 4.26 Consider the product test configuration (X , kLr ) ∼= (P(O ⊕ O(1)),
− k

3 KX ) with parameter r = 1
3 . We have

Wk = W(kLr ) = e−2πk

xx ′ + x + x ′ + e
2
3πk xx ′.

The mirror map does not involve quantum corrections, giving

θk = 1

3
Wk, ψk = x + x ′.

We know that Wk , θk and ψk extend to explicit anticanonical pencils on the toric
del Pezzo S6 ⊂ P[x0 : · · · : x6] given by the toric boundary S6 ∩ {x0 = 0} together
with the anticanonical sections

Wk = e−2πk x5 + x1 + x3 + e
2
3πk x2, θk = 1

3
Wk, ψk = x1 + x3.

The only torus fixed points of S6 contained in the base locus ofWk are p3 = C3 ∩ C4
and p5 = C5 ∩ C6. There are torus fixed points p′

3 := Tp3C3, p′′
3 := Tp3C4 of

T T = Blp3,p5 S6 → S6 mapping to p3. The values of θ̃ , ψ̃ at p′
3, p′′

3 can be computed
by taking the limit along [x3 : 1] ∈ C3 as x3 → 0, respectively [1 : x5] ∈ C4 as
x5 → 0. Similarly, there are torus fixed points p′

5 := Tp5C5, p′′
5 := Tp5C6 of T T

mapping to p5, and the values of θ̃ , ψ̃ at p′
5, p′′

5 can be computed by taking the limit
along [x5 : 1] ∈ C5 as x5 → 0, respectively [x1 : 1] ∈ C6 as x1 → 0.

We compute

θ̃ |p ≡ 1

3
, ψ̃ |pi = 1, pi = p2, p′

3, p′′
5 , p6, ψ̃ |pi = 0, pi = p1, p′′

3 , p4, p′
5,

θ̃

(
nc

n + 1
θ̃ − 1 + ψ̃

)
|p = 1

3

(
1

2

( 13 c1(P1)).(c1(P1))

( 13 c1(P1))2

1

3
− 1 + ψ̃

)
|p = 1

3

(
−1

2
+ ψ̃

)
|p .

The divisors along which ψ̃ ≡ 1 are the proper transforms of C3, C6, contained in
the central fibres of X∨,1, X∨,2 respectively.

Computing in local coordinates as in the previous example we also find �0|pi =
−1, Res(∇Wk )

∣∣
pi

= −1 at all torus fixed points (including p′
3, p′′

3 , p′
5, p′′

5 ).
According to (4.7), we have

DF
(
X ,−1

3
KX

) =
∑

p

1

3

(
−1

2
+ ψ̃

)
|p + B(Wk) + O(k−1) = B(Wk) + O(k−1).

On the other hand, since X is a product, we know that DF
(
X ,− 1

3 KX
) = 0. This

shows that we must have B(Wk) = O(k−1), as required by Theorem 1.7.

Example 4.27 Following Example 4.19 for X = Blp P
2, we have singular total spaces

of test configurations X∨,i , i = 1, . . . , 4, for the orbifold TP◦ “mirror" to X (i.e. the
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toric, singular intersection of two quadrics in P4), interchanged by a natural symmetry
ofWX (−kKX ) (compatible with all our constructions),X∨,1 ∼= X∨,2,X∨,3 ∼= X∨,4.
Assuming that the stationary phase formula holds for WX (−kKX ) on T T = T̃(P ′)◦ ,
Theorem 1.7 provides smooth twisted formal test configurations (X̃∨,i , [ηi

k], [ξ i
k ]) (i.e.

without positivity conditions on [ηi
k], [ξ i

k ]) such that

DF(X ,−KX ) =
m∑

i=1

DF(X̃∨,i , [ηi
k], [ξ i

k ]) + O(k−1).

By choosing (X̃∨,i , [ηi
k], [ξ i

k ]) appropriately and taking some limits in H1,1(X̃∨,i ),
we expect that this equality also induces the identity

0 > DF(X ,−KX ) = 2(DF(X∨,1, [η̂1k ], [ξ̂1k ]) + DF(X∨,3, [η̂3k ], [ξ̂3k ])) + O(k−1),

where DF(X∨, j , [η̂ j
k ], [ξ̂ j

k ]), j = 1, 2 are defined by the usual intersection-theoretic

formula on the normal varieties X∨, j . In particular, at least one of (X∨, j , [η̂ j
k ], [ξ̂ j

k ])
“destabilises" the orbifold TP◦ .

Proof of Theorem 1.15 We proceed as in the proofs of Theorems 1.5 and 1.7,
by replacing the test configurations (X∨,i , vi , η

i
k, ξ

i
k) with (X∨,0, v0,Z0

k , Z̃0
k ),

(X∨,∞, v∞,Z∞
k , Z̃∞

k ) as in Definition 4.21, but where now v0, v∞ are fixed (gener-
ically) as in Proposition 4.13 (i i i), while only (Z0

k , Z̃0
k ), (Z∞

k , Z̃∞
k ) are to be

determined. Similarly to the proof of Theorem 1.5, we introduce functions H0, H∞ :
Z(vi ) → C, K0, K∞ : Z(vi ) → C, now for fixed v0, v∞, such that

H0|Z̃(v0)
:= d(v0) f θ̃ , H0|Z(v0)\Z̃(v0)

:= 0,

K0|Z̃(v0)
:= −t(v0) − d(v0) f

(
1 − ψ̃

)
, K0|Z(v0)\Z̃(v0)

:= 0,

respectively

H∞|Z̃(v∞) := d(v∞) f θ̃ , H∞|Z(v∞)\Z̃(v0)
:= 0,

K∞|Z̃(v∞) := −t(v∞) − d(v∞) f
(
1 − ψ̃

)
, K∞|Z(v∞)\Z̃(v∞) := 0,

and we observe that the analogue of (4.10), namely

Z0
k (p) = H0(p), Z̃0

k (p) = K0(p), for all p ∈ Z(v0),

Z∞
k (p) = H∞(p), Z̃∞

k (p) = K∞(p), for all p ∈ Z(v0),

can always be solved for functions Z0, Z̃0 : Z(v0) → C, Z∞, Z̃∞ : Z(v∞) →
C, which are then identified canonically with Z0

k , Z̃0
k ∈ H∗(X∨,0,C), Z∞

k , Z̃∞
k ∈

H∗(X∨,∞,C), given the fixed choices of v0, v∞ (see e.g. [1], Theorem 5.4). The rest
of the arguments in the proofs of Theorems 1.5, 1.7 apply without changes. ��
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