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Abstract

In this Thesis, we will work at the interface between particle physics and
gravity.

At first we will discuss a broad class of possible extensions of General
Relativity, namely Metric-Affine Gravity. In general, this kind of theo-
ries predict the existence of a large number of new degrees of freedom,
which in general could be pathological. In fact, for general values of
the coupling in the Lagrangian, these new states could be tachyons or
ghosts. Our aim will be the construction of prototypical metric-affine
theories which are healthy and “simple”, in the sense that they contain
only a new propagating particle on top of the graviton.

The second issue that we will investigate is the cosmological constant
problem. We will see that computing the back-reaction of quantum
fields on the spacetime in a self-consistent way combined with the use
of a dimensionless cutoff results in a radically different prediction with
respect to the usual one: the spacetime tends to become flat in the limit
in which the cutoff goes to infinity.
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Chapter 1

Introduction

Among all the fundamentals interaction known to us, gravity is the one of which
we have the most direct and immediate experience: since the dawn of mankind we
have felt our own weight and seen apples falling from trees. Things that are heavy
move downwards. All pretty straightforward. Then Newton came and with him the
discovery that gravity was a bit more complicated and that its laws explained not
only the motion of bodies on the Earth, but also the motion of the Heavens (namely,
the motion of the planets). Then Einstein came, and things become even more
complicated both mathematically (with the prominent role played by differential
geometry and tensors) and conceptually (with mind-bending concepts such as black
holes and the possibility of an expanding universe). Although the list of successes
of General Relativity (GR) is fairly long, there are still some unresolved questions.
Some of these are directly related to observations, such as the nature of dark matter
and dark energy. Others are more conceptual and stem from the fact that in the end
we would like to reconcile GR with particle physics, i.e. with quantum field theory
(QFT). However, when one tries to perform this feat, several problems arise. Let us
just consider two of them and two possible solutions. The first problem is that, at
first glance, the usual Einstein-Hilbert Lagrangian is quite different from the Yang-
Mills one so familiar to particle physicists. This discrepancy can be ameliorated in
the framework on Metric-Affine Gravity (MAG): assuming that the affine connection
is a dynamical object the theory can be rewritten in a way that resembles much more
the theories of the other fundamental interactions. Then the question becomes to
determine which are the propagating degrees of freedom of the theory and which are
their properties. This will be one of the themes that we will explore in the following.
The second problem is that the blind application of the usual techniques of quantum
field theory in the computation of the vacuum energy of fields leads to the infamous
cosmological constant problem: the prediction of a large cosmological constant, in
spite of the tiny value that is actually measured by astronomers. A possible solution,
as we will see, consists in using a different type of cutoff for regularizing divergences
and in the strategic use of the equations of motion for going on-shell in a self-
consistent way. We will discover that this procedure can produce quite surprising
results. From a technical point of view, this Thesis is organized as follows:

e In Chapter 2 we will give an introduction to MAG theories. After properly
defining the various objects on interest, we will adopt an effective field theory



(EFT) perspective and address the question of the construction on the most
general Lagrangian containing terms up to mass-dimension four. Then we
will introduce the spin projector formalism, which will allow us to study the
propagation properties of the various degrees of freedom of the theory. This
Chapter is based on [1,2] and does not contain original material.

In Chapter 3 we will specialize to antisymmetric MAG theories (gravitational
theories with torsion, but with metric-compatible connection), and we will
address the problem of constructing what we call "simple” MAGs, namely
theories propagating only the graviton and one other healthy particle (i.e. a
particle that is not a tachyon nor a ghost). This Chapter is based on [3].

In Chapter 4 we will deal with the cosmological constant problem. Working in
a Fuclidean setting, we will study what happens when the back-reaction on the
spacetime of quantum fields coupled to gravity is computed in a self consistent
way, using a dimensionless cutoff to regularize the theory. The surprising
result is that when the cutoff is sent to infinity the spacetime becomes flat,
a conclusion at odds with the typical lore of quantum field theory in curved
spacetime. This Chapter is based on [4].

Finally, in Chapter 5 we will recapitulate the main results and point towards
some possible future directions.



Chapter 2

Introduction to Metric-Affine
theories of gravity

Einstein’s General Relativity is one of the most successful theories in the history
of physics, but it is unlikely to be the definitive theory of the gravitational inter-
action. In the literature several possible alternatives and extensions of GR have
been discussed, such as scalar-tensor theories [5], higher-derivatives theories [6] and
even non-local theories [7] or theories in which Lorentz invariance is broken [8]. In
this Chapter we are going to discuss one possible extension of GR, the so called
Metric-Affine Gravities. These theories retain the diffeomorphism invariance of GR,
but allow the spacetime to have torsion and nonmetricity (which will be defined
below). This is achieved by allowing the affine connection used to construct co-
variant derivatives to be an independent variable and not a function of the metric
as in usual GR. The rationale of using an independent connection is that there is
no known fundamental law of physics (as far as we know) enforcing the affine con-
nection to be the Levi-Civita (LC) one usually assumed in GR. We could ask then
why in usual GR the latter is assumed. The answers are two: the first one is that
the Levi-Civita connection is the simplest possible one and when building a new
model it makes sense to start from the easiest possibility and only later increasing
the complexity, the second reason is simply that the Levi-Civita connection works in
practice. Another practical reason why MAG theories have not been very popular
in the literature is that they are very hard to handle from a computational point of
view: already GR, which is based on a two-index tensor, is much more complicated
than Yang-Mills theory, and in MAG one has to deal all the time with a three-index
tensor.

Nevertheless, in our opinion, MAG theories are a very natural extension of GR
and deserve greater attention. (In passing let us also note that thanks to the devel-
opment of computer algebra software it is today much easier to perform tensorial
computations in such theories. In particular, we want to mention the free software
packages xAct, xTensor, xPert, xTras for Mathematica, which have been used by
us for the computations of the following Chapter). From a more philosophical point
of view, another reason to study MAG theories is that their form resembles the one
of the other fundamental interactions, bringing reaserchers to investigate several
possible “gauge theories of gravity” (see [9]) for further references), with a typi-



cal example being given by Poincaré gauge theories (PGTs), obtained gauging the
Poincaré group. Typically, based on the analogy with Yang-Mills theory, such theo-
ries have a Lagrangian quadratic in curvature and torsion. However, in this section
we will discuss the most general Lagrangian containing terms up to dimension-four
and compatible with the symmetries. This is needed in the search for renormalizable
models (it has been shown in [10] that in general PGTs are not closed under renor-
malization, see [11,12] for further studies of the renormalizability of MAGs) and
it is also the right context for the treatment of MAG as an Effective Field Theory
(EFT). An effective field theory is a field theory that is a good approximation of
reality below a certain energy scale A, above which the theory breaks down and has
to be replaced by a more fundamental one. Even though an EFT is not the ultimate
description of a system, the idea is that when the energy E of the processes under
consideration is much smaller than A the description given by the EFT is reliable
enough. In our particular case, we will assume that the cut-off at which possibly
the field theory description of gravity breaks down is given by the Planck mass mp
and our working hypotheses will be to consider processes well below this energy
scale. Having decided to work in a EFT framework, what we have to do now to
obtain a Lagrangian description of our system is to write all the possible operators
compatible with the assumed symmetries of the system. Of course, this would result
in an infinitely long Lagrangian that would be of no use, so what we have to do is to
order these operators according to some criterion and to limit ourselves to a subset
of them.

A standard way to classify operators in an EFT is according to the number of
derivatives of the fields. In the case of MAGs, as we shall see in the following, pro-
ceeding is such way is problematic, so we will instead order the operators according
to their canonical mass dimension. Hence, the dominant term is given by the cos-
mological constant. However, we will assume this term to be negligible, since we
are mainly interested in analysing our theories when linearized around flat space.
Now the leading terms are the dimension-two ones, then we have dimension-four
terms and so on and so forth, with terms of higher dimension becoming more and
more relevant the closer we get to the Planck scale. Focusing on the dimension-two
terms, if all the masses in the theory would be of the order of the Planck mass (this
could be considered the most natural scenario) then the only propagating particle
would in practice be the graviton and the EFT would be indistinguishable from GR.
However, even in this case, MAG is preferable to GR because it gives a dynamical
explanation for the fact that we do not observe torsion and nonmetricity in our
Universe. It could also happen that some of the massive states are lighter than
the Planck mass and so can exist as physical particle in a certain range of energies.
This could be a really interesting possibility. As we will see below, the affine con-
nection, being an object with 3 indeces, contains in principle a plethora of degrees
of freedom of several kinds (scalars, vectors, tensors) and this could give rise to a
rich and interesting phenomenology. Moreover, it could be possible to reframe some
modified theories of gravity as MAGs giving them a (maybe) stronger foundation
from a theoretical point of view. For example, a scalar-tensor theory could be seen
not as GR plus a random scalar, but as the manifestation of a propagating scalar
degree of freedom contained in the affine connection.



This seems all good, but several things could go wrong. Considering interactions
and loop-corrections it would be difficult to explain how a possible mass hierarchy
is maintained at the full quantum level without resorting to fine tuning. A second
problem is given by the fact that the affine connection will in general contain also
a spin-3 field, whose interactions are known to be highly problematic [13]. And
even assuming to fix the problem of the spin-3 field, it is very difficult to avoid
the propagation on particles that are ghosts and tachyons [2,14-24]. Actually the
construction of Lagrangians propagating only healthy particles is our very aim and
it will be the subject of the next Chapter. To determine which particles propagate
and their nature it is necessary to write the two-point function of the theory, also
called propagator. Since we are considering MAG as an EFT, we want to write
all the possible dimension-two and dimension-four operators compatible with diffeo-
morphism invariance and two problem arises. The first one is that the number of
such operators is huge. The second is that not all the operators are independent.
To determine the largest set of independent operator is a complicated task, but it
has been performed in [1], reference that we will follow in this Chapter to discuss
the generalities of MAG theories.

Before closing this introductory section let us observe one last thing. In ordi-
nary quantum field theory there is usually a one-to-one correspondence between the
number of fields in the Lagrangian and the number of propagating states. At the
kinematical level some Lorentz vectors and tensors carry several representation of
the three-dimensional rotation group, but only one of them is dynamical, the other
beings gauge modes. In the case of MAGs, there are known examples of ghost- and
tachyon-free theories containing more particles than fields. Again, this is due to the
fact that the affine connection is an object with 3-indeces. In the next Chapter we
will be particularly interested to what we call “simple MAGs”, namely MAG theo-
ries that behave as ordinary field theories: they propagate only a massless graviton
(either carried by the metric fluctuation or by a combination of metric fluctuation
and affine connection) and a healthy particle carried by the affine connection. The
plan of this Chapter is as follows. First, we will introduce the basic protagonists of
this and the next Chapter, and discuss the two different, although equivalent form in
which a MAG theory can be written. These are the so called Cartan form and Ein-
stein form. They describe the same physics, the former being more directly related
to geometry and the latter more directly related to particle physics and easier to use
for actual calculations. We will introduce a basic classification of MAGs depending
of the presence of torsion, curvature and nonmetricity. Next we will enumerate the
(parity-even) dimension-two and dimension-four operators relevant for the compu-
tation of the two-point function around flat spacetime. Then we will introduce the
spin-projector formalism and all the machinery required in practice to compute said
two-point function. We will close the Chapter with a concrete example of use of the
spin-projector formalism to study the spectrum of a MAG theory.

2.1 Affine connection, notations and conventions

Following [1], we use standard GR notation for the Levi-Civita connection and
standard Yang-Mills notation for the dynamically independent connection (since, as
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said above, MAG theories can be seen as a gravitational version of gauge theories)
as in the following table

coeflicients | covariant derivative | curvature
LC connection I/, V, R,
Independent connection AL D, Fu’s

The same symbol will be used for a given geometrical object in any frame, thus
for example A,”, are the connection coefficients in a coordinate frame and A,%, are
the connection coefficients in a frame (2.1)).

Since we will deal with terms involving tensors contracted in several different
ways it is useful to introduce some handy notation to make the expression more
intelligible. Given a tensor ¢u., we define

tr(12)Pc P = ¢, tlf(lzs)ﬁbb = o130 = ¢, | ete.
diviyd’e = Vo9, dive)dee = Vida'e , ete.
diV(23)¢C = Vavb¢abc , etc.
trdiviyg = divye¢®, , divtrag¢ = Vitrag¢® , etc.

Observe that div tr9)¢ = trdiv(s)¢, etc.

We will indicate as “Div” the divergence calculate with the independent dynami-
cal connection A. In this case some care is needed when raising and lowering indices,
because the covariant derivative of the metric may not be zero. Then one has to
make conventions, for example, Div(l)(bbc = D,(g*¢4".) or Div(l)gbbc = gD, o’

Let us consider an arbitrary bases {e,} in the tangent spaces and {e*} in the
cotangent spaces. In the following we will use “basis”, “frame” and “gauge” basically

as synonyms. Given a coordinate system z#, they are related to the coordinate bases
by

eq = 0,0, , e =0",dz" . (2.1)

The transformation matrices 0, and 6%, are called the frame field and coframe field
(a.k.a. soldering form). The components of the metric in a general (neither natural
nor orthonormal) frame are g,, and the components of a general linear connection
are A,%.. The relation with the components in the coordinate bases is given by

g = 0% 6°, gas | (2.2)
AV, = 0,FA 0%, + 60,10,6%, . (2.3)

Working with generic frames, the dynamical variables of gravity are the metric g, the
frame field § and (in a MAG) the connection A. Moreover, the theory is invariant
under local changes of frame, i.e. local GL(4) transformations [25-30]. We can now
introduce two important geometric quantities which are typical of MAG theories,
namely the nonmetricity tensor and the torsion tensor. The nonmetricity tensor )
is (minus) the covariant derivative of the metric and torsion is the exterior covariant
derivative of the frame field:

Qrab = —OzGab + Ara gob + Ar b Gac (2.4)
To = 0,0% — 0,0%, + A% 0% — A%, | (2.5)
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Among all the possible affine connections, given a metric gq, and a frame field 6°,,
there is only one for which we have both 7" = 0 and @ = 0. This is the so called
Levi-Civita connection. Its components are

1 1
Fabc = 5 (Eacb + Ecab - Ebac) - 5 (fabc + fcab - fbca) ) (26)
where
Ecab - (9(:)\ 8)\gab 5 (27)
Ft = (05 0,0 — 6.79,6,) 0 . (2.8)

Note that F and f are not tensors. This expression can seem quite unfamiliar,
but this is only due to the fact that we are working in a generic basis. Let us
now consider the two most commonly used kinds of bases. The first ones are the

coordinate bases, in which
0,1 = ol .

The functions f vanish (since [0,,0,] = 0) and in the formula for the LC connection
only the first term remains. In this gauge then it is evident that I'\#, are the familiar
Christoffel symbols. In this gauge torsion is a purely algebraic object:

T/J,pl/ = A,u,plf - AVP;L (29)

whereas nonmetricity always involves a derivative of g. The second kind of bases we
want to consider are orthonormal bases. In this case the components of the metric
are given by

Gab = Tab -
In this case £ = 0 and in the formula for the LC connection only the second term
remains. One recognizes the resulting formula as the “spin connection”. In this
gauge the nonmetricity is a purely algebraic object:

Qcab = Acab + Acba (210)

whereas torsion still involves a derivative of 6.
We can now define the curvature of the independent connection, whose compo-
nents in a coordinate basis are

Fpauy = 8pAO"ul/ - 80Apuu + A/JMAAO')\V - AUMAA,OAV (211)

Following standard Yang-Mills conventions, the last two indices can be viewed as a
single index for the Lie algebra of GL(4). The same convention will be used for the
curvature of the LC connection, which is the Riemann tensor:

Rpauu = aprauu - aO'FpMV + FpuAFO'AV - FUMAFpAV . (212)

An important role in determining the number of independent operators is played
by the Bianchi identities. For the independent dynamical connection, these are given
by

Flag"s) — DiaTp"s) — Tip Ty = 0, (2.13)
DioFs)’c + Ti"g Fyp)’c = 0. (2.14)

9



The Bianchi identities of the LC connections are the same, except that the torsion
terms are missing.

To reduce the number of fields we will work mostly in coordinate bases. This is
already a partial gauge choice since we have eliminated the freedom of choosing a
frame independently of the coordinate system and as a result some general features of
the theory could be hidden. The only remaining gauge symmetry is diffeomorphism
invariance.

2.2 The distortion

Let now be A,”, a generic connection in the tangent bundle. We remind the reader
that such an object is NOT a tensor. However, the difference between two different
connections is a tensor. Given a metric g,,,, we can always construct the associated
LC connection and it proves useful to decompose the connection as

Aapy = Tapy + dapy (2.15)

where I3, is the LC connection of g,, and ¢,s, is a tensor usually called “distor-
tion” [31]. In general, the distortion has no symmetry properties. Indices are raised
and lowered with g,,,. With some algebra, one finds that

Topy = Papy — Prpa »  Qapy = Papy + Pans - (2.16)

We can also invert these relations, to obtain the distortion as a function of torsion
and nonmetricity. We can write

Papy = Lapy + Kapy (2.17)

where
1
Lagy = 35 (Qapy + Qrpa — Qpar)

1
5 (Tab’v + T/D’av - Ta'yb’) . (2-18)

The tensor K., is called contortion and it is antisymmetric in the second and third
index (whereas T" is antisymmetric in the first and third). The tensor L,g,, that
does not seem to have a commonly accepted name (it has sometime been referred to
as disformation), is symmetric in the first and third index (whereas @) is symmetric
in the second and third index). We can also write the following relations

Topy = Kapy — Kypa Qapy = Lapy + Lars (2.19)

so L contains all the nonmetricity and K contains all the torsion. Another way of
saying this is that ' + K is torsion-free and I' + L is metric. If the reader feels
a bit confused by this proliferation of tensors we want to reassure her/him: in the
following we will express everything either in terms of ¢ or of 7" and Q.

Remembering that F),,”, is the curvature tensor of A,”,, and R,,”, the curvature
tensor of I',*,, we can relate this two objects via

/J'Vaﬁ - R,UJ/QB + v“¢yaﬁ - vy¢uaﬁ + ¢Ha7¢ypyﬂ - qbl/afy M’YB . (220)

Kapy
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In general, F' is only antisymmetric in the first two indices and so it is possible to
build three independent contractions: the Ricci-like tensors

F =Fy . FOY = g% Faus

that do not have symmetry properties in general, and the so called homothetic

curvature
(34) __ A
FW = FW A\ -

However, there is only one analog of the Ricci scalar for the connection A,%g,
namely the unique contraction F,,*”. Up to total derivatives, this can be written
as

Fu" = R+¢,"6," — Gu ™" . (2.21)

This can be reexpressed in terms of nonmetricity and torsion as

1 1
F,* = R+ ZTaﬁvTam + éTaﬁvTMﬁ — tray Tatray T

1 1 1 1
+1QamQam — §Qa,87QBM - Ztr(QS)Qatr(QS)Qa + §tr(12)QatY(23)Qa
—Qag,yTaﬁpy — tr(Qg)Qatl“(lg)Ta + tr(lg)Qatr(lg)Ta . (222)

2.3 Cartan form vs Einstein form

Any MAG can be described in two equivalent ways, depending on what connection
is used to write covariant derivatives.

e If the connection A,%s is used to write the covariant derivatives, the La-
grangian will be a combination of curvature tensors F,s,5, their covariant
derivatives, the tensors 7', () and their covariant derivatives D, Tz, D, Qs -
In this form, the theory is very similar to a Yang-Mills theory. This form is
called “the Cartan form” of MAG.

e If the LC connection I,%3 is used to write the covariant derivatives, the La-
grangian will be a combination of the Riemann tensor R,s,5; and its covariant
derivatives, the distortion ¢, and its covariant derivatives V,,¢q3,, (or equiv-
alently T, ) and their covariant derivatives). In this form, MAG looks like
ordinary metric gravity coupled to a peculiar matter field. This form is called
“the Einstein form” of MAG.

Remembering the relation between the independent connection and the distor-
tion tensor, any action for a MAG in Cartan form can be rewritten in Einstein
form:

Sc(g, A) = Sclg, I' + ¢) = Selg, ¢) - (2.23)

The transformation from Cartan to Einstein form is just a change of field variables.
The two forms of the theory are physically equivalent.
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It should by now be obvious that the same MAG can be written in several
different ways, depending on the choice between Cartan and Einstein form and also
depending on the choice of the frame. It is thus important to distinguish physical
statements that do not depend on the gauge (i.e. the choice of frame) or on the
choice of field variables, from statements that depend upon these choices and have
no physical content.

A great example of choice-dependent quantity is the number of derivatives of
the different terms, which in the EFT approach is often used to assess the relative
importance of different terms in the Lagrangian. In the Einstein form of MAG,
the independent fields are the metric g,, and the distortion ¢,*,. The torsion and
nonmetricity tensors are algebraic linear combinations of the distortion and can
themselves be taken as independent dynamical variables. Thus for example, a term
like T2 has no derivatives and counts as a mass term, while a term like (VT)? has
two derivatives and counts as an ordinary kinetic term. Things are different in the
Cartan form of MAG, where the nature of torsion and nonmetricity depends on the
choice of basis, i.e. on the gauge. In a general linear basis, they are the covariant
derivatives of the fundamental dynamical variables § and g. Thus terms like 7 or Q?
have two derivatives, while (VT)? or (VQ)? have four derivatives. Things change
if we use special frames. In coordinate frames, a term like 72 has no derivatives
and (DT)? has two derivatives but Q% has two derivatives and (DQ)? has four
derivatives. Conversely, in an orthonormal frame Q* has no derivatives and (DQ)?
has two derivatives but 72 has two derivatives and (DT)? has four derivatives. It is
important to remark that the theory is always the same, despite the different way
in which it can “dress”, so the physical propagating degrees of freedom must be the
same in all these different versions of the theory. It should therefore be evident that
the derivative expansion would require great care. Here we will restrict ourselves
to the classification of the terms in the Lagrangian according to their canonical
dimension.

2.4 Basic classification of MAGs

As it should be clear from the discussion above, a general MAG theory can be quite
complicated since it involves a large number of fields. Actually the situation is
even worse since, as we will see below, the possible terms in the Lagrangian are in
the order of the hundreds already at dimension-four. To work out in detail some
concrete examples it could then be convenient to reduce in some way this complexity
and there are two main ways to achieve this: introducing kinematical constraints on
the fields or imposing additional gauge invariances, on top of diffeomorphism. Let
us briefly discuss the latter possibility. The effect of adding gauge invariances is to
make some of the components of the fields unphysical and to reduce the number of
free parameters in the Lagrangian. Gauge symmetries can be symmetries of the full
non-linear Lagrangian or symmetries of the linearized Lagrangian only. In this case
they are called “accidental symmetries”.

Let us now turn our attention to kinematical constraints. The classification of
MAGs is based on the symmetries of the distortion tensor ¢: a MAG is symmetric
if Gupe is symmetric in a, ¢, antisymmetric if ¢ is antisymmetric in b, ¢, or
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general if ¢, has no symmetry property. [[| Then, we have the following:

e “Antisymmetric MAG”. In this case () = 0, so the connection is metric-
compatible.

e “Symmetric MAG”. In this case T' = 0, so this type of theory can be
equivalently characterized as being torsion-free.

e “General MAG”. In this case both 7" and () are generally nonzero.

It is possible to impose more restrictive kinematical constraints, for example
assuming that torsion or nonmetricity are of a special form. Two possibilities con-
sidered in the literature are T,5, = 1°¢,p,s (this example arises in supergravity)
or Qxw = brgu (as in Weyl’s theory). Another interesting case are the so-called
teleparallel theories, where one imposes Figy5 = 0. At the moment these are just
kinematical restrictions on the theory, without implications for the dynamics.

2.5 Lagrangians

2.5.1 Overview

In this subsection we are going to start the discussion of Lagrangians for MAG theo-
ries. We will classify the possible invariants according to their mass dimension. The
assumption is, as usual in the EFT framework, that terms of lower mass dimension
are more relevant at low energies. Let us proceed schematically for the time being,
omitting all indeces. In the Cartan form of the theory the covariant field strengths
are the curvature F', of mass dimension two, and the torsion T and nonmetricity
@, both of mass dimension one. Thus the possible dimension-two terms in the La-
grangian are either linear in F' or quadratic in 7" and ) and their coefficients will
have dimension of mass squared. Moving to dimension-four terms, these are of the
forms F?, FF DT, F DQ, cubic in T and () with one derivative or quartic in 7'
and (). These terms have dimensionless coefficients. Let us call a the coeffcients of
dimension-two terms and ¢ the coeffients of dimension-fours terms. A superscript
will indicate the type of term they multiply. When indices will be reintroduced, the
different couplings will be identified also using a subscript number. The schematic
form of the Lagrangian is the following

Lo = d'F+d"TT +dT°TQ + a%?QQ
+c"TEPE 4+ TEDT + P°FDQ + "(DT)? + "9 DT DQ + 99 (DQ)?
+cITTETT + FTeFTQ + FO°FQQ
+TTTTDT + ...+ ?9R°QQDQ
+TTTTTT 4+ ..+ P99°00Q00Q (2.24)

LA three-index tensor that is simultaneously symmetric in one pair of indices and antisymmetric
in another is zero. Thus a MAG that is simultaneously symmetric and antisymmetric is not a MAG
- it does not have an independent connection.
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The action in Einstein form is obtained using V = D + ¢ and expressing T', )
and F' in terms of ¢. Schematically

F~R+Vo+0p, T~d, Q~o.

Then the Lagrangian in Einstein form is

Lp = mfR+m¢¢
+b"RR + bRV $ + b7 (V 9)?
+0 P R + b ppV ¢ + b2 pporgh (2.25)

where the dimension-two couplings are now called m and the dimensionless ones
are called b. This is the most general Lagrangian for the Einstein form of MAG,
involving terms of dimension two and four. This Lagrangian can be recast in a
different form expressing ¢ in terms of 7" and (). Note however that in this case
T and () have to be considered as independent variables, while in the Lagrangian
written in Cartan form they are understood as functions of A and g. To avoid
confusion, in Lz the coefficients will be called b%7, b7Q bTT ete. In the following
we will be mainly interested in the linearization of the theory around flat space, so
the terms we should care for are the ones quadratic in the fields, the others can be
considered interaction terms. As a final remark, while the dependence on the metric
is non-polynomial, the dependence on distortion is at most quartic.

2.5.2 Dimension-two terms

Let us start our analysis looking at dimension-two terms. In Cartan form, the
Lagrangian is

3 3 5
2 _ 1 ___F TT 3 yTT TQ 3 ;TQ QQ 3 rQQ
&=—5| F4+> al ™M+ alOMI?+ ) a?MP| . (2.26)

i=1 =1 =1

where ' = F,,» is the unique scalar that can be constructed from the curvature
and a’ = m%, where mp is the Planck mass. This will be called Palatini term. The
other scalars are

M
MR
Mg
M{e

v T v
i Tupv , Myt =T" T/U/P )
Qplepw/ ) MQQQ = quyQuup 5
tT(23) QM1 (23) Qs MfQ = tragQ"tr1 @y , M5QQ = tr23) Q" "tr12)Qy

TMﬂVQupV s MQTQ = tr(lg)T’utr(gg)Qu s M3TQ = tr(12)TMtI'(12)QM . (227)

MgT == tr(lz)T”tr(lg)TM y

We can recast the Lagrangian in Einstein form obtaining

11

2 _ _1 R 60 6

qbwpgb’“’p : Méw — gbwquww : Méﬁﬂﬁ - gbw,pgbp”“ : quﬁ - qgwquwp 7 M5¢¢ - ¢Wp¢ww ’
tragGuttan @ . ME? = tramdutrasyd” . Mg? = trosdutres et
tr(12)¢#tr(13)q§“ 5 Mﬁ? = tr(12)¢#tr(23)¢“ y Mf)ld) = tr(13)¢ﬂtr(23)¢u . (229)
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The first term is now the usual Einstein-Hilbert Lagrangian and the rest are mass
terms for ¢. The correspondence between the parameters m; and a; is

m? = a”, ‘M’ =2al7 + Qa?Q + alTQ, ‘M’ =all + 2a + a{Q,

m§¢ = —2al +a —alTQ, mf¢—a2 +a , abab: —2agT—i—2a§Q—a{Q,
g = a7 + @0+ a0, m = a8, m® = a7+ 4480 — 24,
mg’¢ = —a" + 2af§Q + a3 , m‘f{f = —2al" + 2a5 + 2a2TQ — agTQ, m11 = QQQQ a?Q.
(2.30)
Expressing ¢ in terms of T" and () we obtain
1 3 3 5
£? = —3 —mPR + Z miTTMl-TT + Z miTQMiTQ2 + Z m?QMiQQ . (2.31)
i=1 i=1 i=1
where T', () are now independent variables and
1 1
miT =aj’ — ZaF, my’ =a3’ — §aF, mi’ =al’ 4+ a"
1 1 1
m?Q = a?Q —aF, mgQ = CL?Q + —aF, m?Q = a?Q + —aF,
4 2 4
1
mf® = a2, m = a2 - Lor
mi®=al%+af, ml®=0al%4+4", ml9=0al9-d". (2.32)

These formulae can be specialized to antisymmetric and symmetric MAG, simply
setting ) = 0 and T = 0, respectively.

2.5.3 Dimension-four terms in Einstein form

The counting of independent terms is easier in the Einstein point of view, where the
variables are (g, ¢). In the following, scalar monomials in the fields which appear in
the Lagrangian will be called “invariants”. In the Einstein form of the theory, they
will be denoted

H*Y  where XY € {R,T,Q}

7

and 7 is an index labelling different monomials. We will present at first the results
for antisymmetric MAG, which is simplest, then for symmetric MAG and finally for
the general case.

Antisymmetric MAG & la Einstein

Let us start from the subclass of antisymmetric MAGs, taking g and T as basic
variables. The numbers of independent terms or each type is

RZ[(VT)2 [ RVT | RT? | T°VT | T* | Total
31 9 2 14 | 31 [33] 92
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Since our aim it to compute the two-point functions around flat space, only the
terms in the first three columns are relevant for us. Let see more closely what they
look like. There are three RR terms

HFE =R, R""° HER-R,R"™ HFF =R, (2.33)

nine (V7T)? terms

T =VeTPV T HIT = VeTPh°V  Tps,
HgT = V‘”tr(u)TBVatr(u)Tg ,
HZT = diV(l)TaﬁdiV(l)Tag > HgT = diV(l)TO‘ﬁdiV(l)Tlga y (234)
HgT = diV(Q)TaﬁdiV(Q)TaIB s H rr = div 1)Ta’8diV(2)Ta5 s

HIT = div(g)T“’HVQtr(lz)Tﬁ , HTT (trdiv(yT)*
and considering the independent contractions one has five RVT-type terms

H = RNV T35 , HFT = ROV, Tps
= RMdivyyTp, HRT RV tra9 Ty, HET = RtrdiviyT .
(2.35)

However, these invariants are not all independent. In fact contracting the first
(algebraic) Bianchi identity with V7' one obtains the relation

HFT = 21" (2.36)

while using the second Bianchi identity, contracted with 7', and integrating by parts
the following relations are obtained:

HfT — HFT
HFT = —oHFT (2.37)

The authors of [?] chose to of keep
{H;", H"} (2.38)

as independent invariants of type RVT. Thus, there are 3+ 9+ 2 = 14 independent
terms quadratic in the fields.

In the table the number of interaction terms is also given. This was computed
in [1] using the function AllContractions of the xTras package for Mathematica.
We report their findings. For the RTT terms, there are 18 different contractions,
but the first Bianchi identity, contracted with TT, gives 4 relations between these
terms, leading to 14. For T'T'VT, Al1lContractions gives 46 terms, but there are
15 total derivative terms of this type, so the number of independent ones is 31. E|

2The number of total derivative terms can be determined applying Al1Contractions to ¢7TT,
where ¢* is any vector (it can be thought of as the momentum).
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Symmetric MAG & la Einstein

For symmetric (torsionfree) theories, one can use g and ) as fundamental variables.
Then, the counting of dimension-four terms gives:

RZ[(VQ?[RVQ [ RQ?[ @°VQ | Q* | Total
3 | 16 1 22 | 59 |69 173

The quadratic invariants are the three R? terms already listed above, plus the fol-
lowing (VQ)? terms

VQQBWS a@ﬁ'yé P VQQBWS aQ’szS P
HQQ Vtr 12)QBV tr 12)@[3 s HQQ Vr 23)Q5V tl"(gg Qﬂ s
HQQ VetrgQ® Vatres Qs

HﬁQQ = div)Q@*’ div())Qas HP? le(2 Q" div(2Qap

HSQQ = diV(2)Qa’8 div(2)Qsa HgQ div(y) Q8 div(2)Qas (2.39)
HH? = divy)Q*PVatranQs ,  HE® = div)Q*Vatres Qs

Hy5* = le(2)Qa’Bvﬁtr(1g)Qa ) Hl% = d1V(2)Q°‘BV5tr(23)Qa ,

H{o = (trdiv()@)* HO = (trdivi@)? |

Hi% = trdiV(l)QtrdiV(g)Q ,
and the RV(Q terms

H? = RN ,Qps , Hy® = RV, tra9Qs , Hi® = RV stro5Qa
Hf Ro‘ﬁdlv yQaop »  Hj RQ — RS div 2)Qas
H?Q—Rtrdlv Q@ H = Rtrdivy@ .

(2.40)

Also in this case, not all these invariants are independent. Using the second
Bianchi identity contracted with @), and allowing integrations by parts, one obtains
the three relations

IO = HE9 - pEe
21— HI9,
2HI? — HIF? (2.41)

For example, one can solve for H RQ, H. RQ, H; @ and keep
{HFQ  HEC pghe  HEO (2.42)

as independent invariants. There are therefore 3+16+4 = 23 independent invariants
quadratic in the fields.

The numbers of cubic and quartic interaction terms can be determined as in
the previous subsection. AllContractions gives 23 terms of the type RQ(Q), and
the first Bianchi identity contracted with Q@ gives one relation between them,
bringing the number of independent terms of this type to 22. For QQV(Q terms,
AllContractions gives 95 terms, but 36 of them are total derivatives, so the number
of independent ones is 59.
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General MAG 3 la Einstein

In the general case the counting is simpler if one uses ¢ as a variable, rather than
T and (). Then one has

R* | (V¢)? | RV¢ | R¢* | ¢V | ¢* | Total
3 38 6 56 315 | 504 | 922

The list of the (V¢)? terms is []

HY® = V*6"'Vadsns Hy? = V" Vadss, HS? = V"' Vadsys
HE® = 96T s HE? = Vo9V obsgy

sz Vr 12)¢5V tr (12 ¢B s Hiz = Vo‘tr(lg)qﬁﬁvatr(lg)gzﬁg s sz Vatr QZ5 Vv tr(gg §bﬁ s
H = V%r 12)<;§5V tr(13 ng s HlO = Vatr(12)¢ﬁv tr 23)¢g > Hll = Vo‘tr ¢ﬁv tI'(23 Qﬁﬁ 5

H;éj = divy¢*?divydas H{Y = divy¢®?divaydsa

Hﬁb = diV(2)¢a5diV(2)¢aﬁ s Hiﬁ;ﬁ = diV(2)¢a6d1V(2)¢5a s

Hﬁ? = diV(3)¢a6diV(3)¢aﬂ s Hf;s = diV(g)Qba/BdiV(g)Qslga s

H{Y = diviy 6P diviy¢as Hig = div()¢*°divie) dga

Hig = diviy6*Pdivis)¢as H3Y = diviy¢*?divis) dpa

H2¢2¢ = diV(2)¢a5diV(3)¢aﬁ s H;? = diV(g)gbaﬁle 3)¢5a s

Hg)f = le(l ¢ BV tr (12 ¢ﬂ > H2¢5¢ = diV(1)¢a/Bv tr 13)§b5 y Héf’éﬁ = le 1)¢Q5V tr(gg ¢5 s

Hg’;’ = divy¢*Vatrands ,  Hey = divgyo®Vatrasyds ,  Hey = divy o™ Vatresés

HY = divy qb"‘ﬂVBtr 290a ,  HYY = dive ¢ Vatranda ,  Hiy = diviyd®Vstrosda

Hg? = (trdiv(l)gzﬁ)2 , H;ff = (trdiv(g)qb)Q , Hggﬁ = (trdlv gb)2 ,

HY = trdivy ¢ trdivig ¢ HYY = trdiviy ¢ trdivis) ¢ HSY = trdivig) ¢ trdivig ¢ .
(2.43)

Note that the contraction of indices in the terms HS - Hiy is different from the
order in the preceding six terms. This is necessary to make them independent. In
fact those nine terms can be rewritten as

Hi’f = —diV(12)¢atr(12)¢a ) Hébg? = —diV(12)¢atr(13)¢a ) ng? = —div(12)¢°‘tr(23)¢a )

HY = —div(13)0t1(12)00 HyY = —div(13)0*tr13)0a Hy = —div(13)0*tT(23) 00

HyY = —div(23)0“tT(12) 00 HyY = —div(23)0*tr(13)00 Hy = —div(23) 0"t (23) 00 -
(2.44)

The RV¢ terms are

Hf" = ROV 5,5, Hy” = RPVs¢a5 . Hy? = R¥V;6.4, |
HE? = Reby 4 HR¢ RYPV .t HE = RoBY 4
4 = a 1"(12)¢ﬁ ) I"13)¢,3 ) 6 — a Y(23)¢ﬁ )
HI? = RPAiviydag ,  Hy® = R*%diviydas ,  Hy? = Rdivgydas
H{Y = Rtrdivyyo Hﬁ¢ = Rtrdiv@)qﬁ , H{Y = Rtrdivigo .
(2.45)

3Note that up to terms of the form RV, div(1)¢**Vstr(12)¢a = div(s)¢*?Vatr12)ds ete.
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Again, it is possible to reduce the number of independent invariants using Bianchi
identities. The first Bianchi identity for V contracted with V¢ gives the relation

HY + HY —Hf =0, (2.46)

Contracting the second Bianchi identity with ¢ and using integrations by parts, one
finds:

H{" — H{® + H® = 0
Hy® + HY —HY = 0
HE + HE — gl = 0
2H —HfY = 0,
2HM —HI* = 0
0

2H — HIY = (2.47)

A linear combination of the first three is equivalent to (2.46]), so there are six inde-
pendent relations. Using these it is possible to eliminate six invariants, bringing the

number of RV ¢ terms from 12 to 6, as indicated in the table. For example, one can
solve for HlR‘b, Hf“qs, Hf¢, Hf¢, Héw, Héw and keep

{H7, B, Hy , Hy' , HY' , Hiy'} (2.48)

as independent invariants. There are therefore 3+38+6 = 47 independent invariants
quadratic in the fields.

In the following we will mostly use T" and @) as independent fields instead of ¢.
Then the kinetic terms for these fields would be given by the invariants listed in the
previous subsections and by the following VI'V(Q terms:

Q = VO‘TB’Y‘S VQQ/B,W; s HQTQ = Vatl"(lg)TB Vatr(m)Q/B ;
Hi 9 = VTP Vatres Qs
H;‘FQ = divi)T*? div(1)Qas H5TQ = div(e)T*" div(2)Qag
He® = divyT*? divyQus ,  Hi @ = diveyT dive)Qpa (2.49)
HST @ = divy TV, tr(lg)Qg . Hy @ = divi TV atres Qs
HLE 1= = div(e)Q*VatranTs HP = div(e)Q*’Vtran Ty |
H —trdw yI'trdiv @ ngQ = trdiv(y)T trdiv(9)@ .

There are 9 (VT)? terms, 16 (VQ)? terms and 13 VT'VQ terms for a total of 38
terms, that can be used interchangeably with the 38 (V¢)? terms listed above. A
basis for the quadratic terms is given by these 38 terms, plus the three R? terms,
plus

{HFT  HFT  gRQ gEe pghe  gEO (2.50)

for a total of 47 terms.
For the cubic interactions, AllContractions gives 65 terms of the type Rog,
but the first Bianchi identity, contracted with ¢¢, gives 9 relations between them,
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so that the number of independent ones is 56. ﬂ AllContractions also gives 483
terms of the form ¢p¢pV ¢, out of which 168 are total derivatives, so the number of
independent ones is 315. The numbers are obviously the same if one uses 7" and )
as variables.

2.5.4 Dimension-four terms in Cartan form

The counting of the possible terms in the Lagrangian in the Cartan form of the
theory is more difficult. The invariants that can appear in the Lagrangian in Cartan

form are denoted
L;.X’Y , where XY e {FT,Q},

to distinguish them from the H;*¥ of the Einstein form of the theory. We will begin
by listing all the possible terms.

FF terms:
FF vpo FF vpo FF vpo
7" = F'"Fpe , Ly" =FYPF,.,, L7 =F"7F,,,
LfF = FHVpGF,upua ) LgF FuypoFuayp ) LgF FﬂupaFyopV )
L7FF _ F(lS)uVFlEiS) ’ LgF _ F(lg)MVFzE}LS) :

LgF _ F(l4)/u/FlEi4) LfoF _ F(14)MVFV(;1L4) :

LEF _ F(lg)WF;Ezlj4) ’ LfQF _ F(lg)WFu(,lfl) :
Lff = F(34)WF$4) . LA = Y Fﬁ?’) : Lff — pBHw Fls,lfl) ’
L = F*. (2.51)

(DT)? terms:

LT = D*TP DTy LYT = D*TP D, Tps,

LgT Datr(lg)T’BD tr 12)T5 y

L:{T DlV(l)T BDIV( )Taﬁ s LgT = DiV(l)TaﬁDiV(l)Tga s (2.52)
LgT = DiV(Q)TaﬁDiV(Q)Ta/B s L = DiV(l)TQﬁDiV(g)Taﬁ s

LgT — DiV(z)TaﬁDatr(m)Tﬁ , LTT (tl”DlV( )T)2 .

(DQ)?* terms:

LY? = D@ DQQW : L$? = DQ? DoQqyps
LQQ D%tr 12)@ Datr2)Qs L?Q D*tr (23, Q° Dqotre3)Qs
LQQ Datr 12)@5 D tr 23 ng y

LQQ Div(1)Q~ ﬁDlV DQas L7QQ = Divp @ ’BDIV(z)Qaﬂ )
LQQ Dw@)QaﬁDw 9Qsa ,  L§? =Div)Q* Divig)Qus (2.53)
LQO = DIV(Q)QQB D tr(12 Qﬁ s LlQlQ = DIV(Q)Q of D tr(gg Qg y

LgQ = D1V(2 Q8 Dﬁtr(lg Qo L%z = Div )Q af Dgtro3)Qa
L92 = trDiv(@Q trDiv9) @ .

4The nine relations can be most easily counted in terms of R¢¢, but they are equivalent to the
4 relations already mentioned for the RT'T terms, one relation already mentioned for the RQQ
terms and four additional ones for the RT'Q) terms.
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DT DQ terms

L = DoTP° DaQ,B'y5 )

L;FQ = DT Datr2Qp

LTQ Datr(lg)Tﬁ Datr(23) Q,B )
L = I)lV(l)Tuﬁ DiV(l)Qaﬁ 5 L?’;Q = DIV(Q) ﬁ DlV Qaﬁ ’
LI% — Divy T DiviyQus . LI? = Divy T Diviey Qg - (2:54)
LgQ = Div(gT® BDatr(m)QB , LgQ = DiV(g)TaﬁDatr(Qza)QB )
2)

LlTOQ = Div(y Q**D,, tragyTp
L?QQ:trDW( T trDiv()@

FDT terms:

LfT = F“VpJDMTupU )
LfT = FHPop Tul/o )
LFT FHYPo ) THPV ,

L{T = FWm D trayT,

LI = FUY9 D, trq9)T,

Liy = PO Div T,

L = FU9m Divy T,

L{'}T = 3 DiV(Q)TM )

LiE = FBY9 Divy T,
FDQ terms:

L FquUD#QVpU )

LF Q=P DyQuue
LFQ F3)uv Wb 2)QV
ijQ FUm D, trogQ,
Lig? = FU9% D tr9Q,
LE@ — p0w D 0 O
(12)

L 93" = FtrDiV(l)Q ,

LgT - F'w/pJD,uTucrp ) L?T
L?T == FquO—DpT,uUZ/ ) LgT
L¥T = FUw D tron T,

L = FOY D tro T, LET
LﬂT = F(lg)’“’ DiV(l)Tyu )

Lif = FOY DivyT,, |

LI = FU9m Divy T,

LET = FBOm Diy T LiF =
LFQ — F¥P7DLQ ooy LgQ
L5Q — FMVPUDgQqu )

LFQ FWW D trq9Q, |

Ly® = FO9 D trp5Q,
Lng SYat 4)/WDytr(12)Qu )
LFQ F(34)M Dptr(23)Q1/ )
Lf7Q — 4w Div)Quw
Li)Q = p3)uw DiV(Q)QV,u s
LFQ = [ DiV(Q)QV,u ) LgQ

LS}‘? = FtrDiv(g)Q .

LrﬂQ = Div(9Q*’ Dgtrn T,
Liy® = trDiv(y)T trDivgQ .

Freee Dy Toe
Freo D, T,

uvp

= F(34)MVD“tT(12)TV 5

FtrDiV(l)T .
(2.55)

_ vpo
= [mve Du@ap,u )

(2.56)

It is worth noting that whereas the 38 terms L'7, L99 L7 in ([2.52|2.53|2.54)) are in
one-to-one correspondence with the terms H'", H9? H'® in ([2.34]}2.39)|2.49)), there
are many more terms of type F'F', FDT, FD(@ than RR, RVT, RV(Q). This is due
to the fact that the curvature tensor F' has less symmetries than the Riemann tensor.
This also means that there will also be many more relations. We will now gradually
discover these relations and we will build a basis of invariants. The counting of cubic
and quartic interaction terms would be overly complicated. However ultimately they
will be in one-to-one correspondence with those of the Einstein formulation, that
have been counted in the previous sections.
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Antisymmetric MAG 4 la Cartan

Let us start listing all the quadratic invariants. In antisymmetric MAG F' is anti-
symmetric in both pairs of indices, hence there are fewer independent terms than in
general MAG. The choice done in [1] is to retain LI" with i = 1,3,4,7,8,16, while

LgF — _LfF7 L5FF — —LfF 7 L(;FF — LfF ’
L T
L =0=1L7=0. (2.57)

All the terms LT are kept. They are the same as the invariants of type (VT')?, ex-
cept for the replacement of V by D. We keep also LT withi = 1,3,4,5,8,9,13,14, 17, 21,
while

FT __ FT FT __ FT FT __ FT
LQ - _Ll ) L6 - _L4 ) L7 - _L5 ’
FT __ FT FT __ FT FT __ FT FT __ FT
LlO - _LS ’ Lll - _L9 ’ L15 - _L13 ’ L16 - _L14 )
FT _ FT FTI _ vFT _ 7FT __
LIS - _L17 ) L12 - L19 - L20 - . (258)

So far there are 25 quadratic terms, compared to the 14 quadratic terms in the
Einstein form of antisymmetric MAG. However, as anticipated, now there are several
additional relations. Multiplying by F', one obtains, up to interaction term
of the form FTT,

LT - LT - LT = —LEF 4 LEF
2L+ LT = —L{T 4+ 2L,
L' -2 = —LfF oLl (2.59)

and multiplying (2.14) by T (and using integrations by parts) gives, again up to
terms of the form FTT,

LiT 2.7 = o0,

—LyT+ Ly - L =0,
2L+ LET = 0. (2.60)

Furthermore, multiplying (2.13)) by VT gives, up to terms cubic in T,

Li7 = 1/2Lg" = Lg"

LgT . LﬂT — L?T . LgT ’
Lg"— LT = LT+ LT+ LgT
20" — LT = —L{"+2L]",
LT — 7T+ LT = LT+ LT+ LT
2L — LFT = [IT 2117 . (2.61)

In total it is possible to obtain 12 relations, of which 11 are linearly independent.
Hence it is possible to eliminate 22 out the 36 invariants listed in (2.51}|2.52|[2.55)),

and we remain with 14 independent quadratic invariants, exactly as in the counting
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in the Einstein form. There are different possible ways of solving these relations, let
see two of them. The first is to retain all the nine LT7 terms, plus

(L™, L7, Lig} and {Li, Ly}, (2.62)

which is in one-to-one correspondence with and . Thus, the elements
of this basis are in one-to-one correspondence with the elements of the basis in
the Einstein form, from which they are obtained just by replacing R — F and
V — D. Since the curvature has a geometrical meaning, when we use the inde-
pendent connection A, it might be desirable to keep all terms that contain F', and

instead remove others. A possible basis is obtained using the six Lf¥ invariants
{L77, Ly, Li" LYF, L{T Li}, plus

{Li", L' Ly, Lg'y and {Li", Lg", Lyt Lig (2.63)

Symmetric MAG a la Cartan

In symmetric (torsionfree) MAG, the curvature tensor is only antisymmetric in the
first pair of indices, but the first Bianchi identity (2.13)) leads to six independent
relations

Lir =205t =
L7 —2Lf" =
Lg“F o LfF + LgF _
Ly +2Lif =
L;’F - Lé:’F + LﬂF _

I SR (2.64)

This reduces the number of independent curvature squared terms to 10. Keeping
the invariants LI with i = 1,2,3,7,8,9,10,11,12,16 and solving for the others:

LF = 2L IS I = 1jark”
LEF = 1j2L4" LEF = 2187 — L) |
rr = —pfr L pir L =i v i (2.65)

Multiplying (2.13) by D@ one obtains, up to interaction terms, the relations
F F F

Lig — Ly + Ly =

L®—Li°+Li? = 0,

Li® —Li®+ L = 0,

LI+ L4k = o, (2.66)

0,

and multiplying (2.14]) by @ one obtains, again up to interaction terms, the relations

L;® =Ly’ = Ly = 0,
Ly = Liy’ — Ly’ = 0,
LE9- LR+ LE? — o,
LY — LI+ LE2 = 0 (2.67)
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In this case the Bianchi identities are not enough to uncover all the relations and
another method is needed. It is possible to use in the F'F' terms; this will
give among other things RR terms, RVT and RV(. Then one looks for linear
combinations of the F'F' terms such that these terms involving R in the r.h.s. cancel
out. In this way, up to cubic and quartic terms, it is possible to relate F'F’ terms to
(DT)? terms etc. From the F'F terms one obtains

L
2(L{F — LEF) = 3LY° —2L9° — 3LY° — 2199 + 4137
AL - LET) = L - LY

ALET — LAy = 4L99 + 199 —4L° + 4129 — 4139 —8LEY
+ALPP + 8LY? — ALY’ — LYP — 4LY° + 4197

ALFF - LEF) = —L99 42199 —2[9@ 4 9190 4 [9@ _ 9199
LEFporbFyopfr — [QQ4 99199 or9Q ope 199 (268)

Operating in a similar way on the F'D(@) terms one obtains

2L{° = LP° - LY,
L9+ 159 = —L199 4+ 1%9,
2Ly° + Ly9) = L[99 —2L99 — LY9 — 2129 +4L9°
2(L5° — LE9) = LP9 —209° - 1§ + 2139,

2ALg? - 179 = —-LI°+ LY,
LeP+ L = —L§9+ 152
ALEL — LEQ) = 2199 4 L[99 4 oL¥@ _o[9Q 4 opR@ _ 9@
ALY - L59) = —LP°+ LYY
L+ LI = —18%+ L2
F F
2(L12Q - L13Q) = LfQ - 2L5QQ + 2L?1Q - 2L?3Q - L%Q + 2L?6Q )
F
2L14Q = L5QQ - L?GQ )
F
2L15Q - Lz?Q - L%Q )
F F
LlGQ + L17Q = LgQ - L?OQ ;
F F
2(L18Q - ngQ) = _L%Q + L%Q )
LfSQ + LgOQ _ L?Q . L%Q
2La? — LE8) = 2099 — 2199 — 2097 + 199 + 219
oLER = L¥° - L92 (2.69)

We need one additional relation involving both F'F' and FDQ:

LI + LEF — LF9 4 LFQ) = 199 4 2199 — 199 4199 4 [99 4 o199 _ [99
(2.70)

These 24 relations are all linearly independent, but they are not independent when
one takes them together with the 8 relations (2.66}2.67)) coming from the Bianchi
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identities. In fact the system of all 32 relations has rank 27. This means that one has
50-27=23 independent invariants, in agreement with the counting in section [2.5.3|

One can choose as an independent set the relations (2.68 2.70)), plus the first
three relations in (2.67). Again, there are many ways of solving these relations, but

we shall consider here only two. The first is to retain all the 16 L9? terms, plus
(LFF ) LFF D LEFY and {L12, Lig, Las, Ly}, (2.71)

which is in one-to-one correspondence with the sum of (2.33)) and (2.42)).

As in the antisymmetric case, one can also keep in the basis the ten LF invari-
ants
FF FF FF FF FF FF FF FF FF [FF
{Ll ’ L2 ’ LS ’ L? ) LS ) L9 ) LIO ) Lll ’ L12 7L16
plus
F F F F F F F F
{L?Q ) L?OQ 5 L%Q ) L%Qa L%Q} and {L10Q> LnQ ) L12Q ’ L14Q7 L16Q ’ L17Qa LlsQa L23Q}’
(2.72)

General MAG 4 la Cartan

We have listed in (2.51}2.52)|2.53/12.542.55}2.56) 16 terms of type F'F', 38 terms of
type D(T/Q)?* and 45 terms of type FD(T/Q). We thus have 99 quadratic terms,
compared to the 47 ones of the Einstein form of the theory. The next step if to look
for linear relations between these terms. As in the previous sections, these relations
hold up to terms cubic and quartic in F', T, Q.

Multiplying the first Bianchi identity by F' we get

LiF —2Lg" = 2L{" + LIT,
LEF —2oLtt = 2T + LET

LyF —LfF + LfF = —L§"+ L{T - L§T,
LTI 4 I = L4 LT T
LEF - LEF + LEF = —Lig + LT + LY
L +ortf = —ortl + LiF (2.73)

while multiplying it by DT we get
2L + LI = LT —2L]" |

Lyt +Ly"+ Lg" = Lym — LT - L7,
2Ly — LT = —L§T + 201"
LgT—LgT—f‘L{;T — _L§T+LgT+LgT 7
Ly =L+ Ly = LT —Lg",
oL + LA = LiT —2Li" (2.74)

and multiplying it by D@ we get

FQ FQ FQ
Lig® — Lig* + Loy

Li? - L%+ 179,
SN S s
ey e e
L9 i@+ rre

(2.75)



Multiplying the second Bianchi identity by T" we get

LiT —2L1f 0
Lyt —2Lf" = 0
LT =L + L7 = 0
LT -+ iy = o,
0

0

FT FT FT
L9 _Ln +L21 =

2Li — LA : (2.76)
and multiplying it by ) we get
L% Lig+ L = 0,
L% = LiP + Ly’ = 0,
L;? =Ly’ — Ly’ = 0,
LY —pfe —fe — o. (2.77)

In total these are 26 relations, of which 25 are independent. E One can obtain an
independent set by eliminating for example the fifth relation in (2.76).

As in the case of symmetric MAG, the Bianchi identities do not exhaust the
set of linear relations between the invariants. The additional ones can be obtained
by the same method that was used for symmetric MAGs, namely using and
eliminating terms of the form R?, RVT and RV(Q from the right hand side. This
gives many additional relations. Considering also these, we have altogether a system
of 70 relations of which 52 are independent. Since the initial number of invariants
is 99, we remain with 47 independent invariants, in agreement with the counting in
the Einstein form of the theory.

In [1] two possible bases were considered. The first consists of all the 38 LT7T
L99 and LT? terms, plus

(L, L7 LY and (L, L3} and {Ly, L, Lag’, Lo},
(2.78)

which is the sum of (2.62)) and (2.71)), and thus is in one-to-one correspondence with
the sum of (2.33]) and ([2.50)).

Again,it is also possible to choose as a basis all the 16 L¥F invariants in (2.51])
plus

(@, T, T, 1y
(199,199, 1%, 1%, 19}

(119, 119,119, 119}

(LT LET LT LA L L LT LT LT

The remaining invariants can be expressed as linear combination of these.

STwice the first of (2.73]), minus the second minus the fourth, minus the second of (2.76)), minus
twice the third plus the fifth, is identically zero.
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The bases given for antisymmetric and symmetric MAGs can be obtained from
these by dropping the terms that contain () and T respectively. In the case of the
first basis this is enough. In the case of the second basis, one has to further eliminate
certain terms of type F'F', FDT or FDQ.

2.5.5 Redundant couplings

We have seen how it is possible, using integration by parts and Bianchi identities
(or other relations), to reduce the number of independent invariants that appear in
the quadratic part of the Lagrangian. When dealing with a quantum field theory it
is also possible to reduce the number of independent terms using field redefinitions.
Given a field ¢, a general local field redefinition is a transformation

¢ =p+F(p), (2.80)

where F' depends on ¢ and its derivatives. A crucial point is that field redefinitions
do not affect the S-matrix. To the concept of field redefinition are linked the notions
of “essential” and “inessential couplings”. If for a coupling ¢ we have that

a8 0S
% - / ) (2.81)
( is said to be “inessential” or “redundant” and it does not enter in the expression
of quantum field theoretic observables. A coupling that does not have this property
is called “essential”.

Let us make the discussion more clear with a concrete example. Given a scalar
field, its kinetic term will be given by £Z(d¢)?, where Z is the so-called wave
function renormalization. It turns out that Z is a redundant coupling. Even though
quantum corrections generally change the value of Z, with the redefinition F' =
(vV/Z — 1) we can always set Z = 1. For example, in the Wilsonian renormalization
group, an infinitesimal field redefinition is always performed after an infinitesimal
renormalization group transformation.

When dealing with an EF'T there is a criterion to establish what types of trans-
formations F(¢) are admissible [32]. The transformation must involve powers of
the field and its derivatives, since it is local. The simplest transformation is of the
form dp = agp, where « is a dimensionless coefficient. The coefficients of all the
other terms will have negative mass dimension and therefore have to be written as
dimensionless numbers times inverse powers of the cutoff A. For example, a possible
transformation is given by d¢ = (8/A%)0%*p. Applying this transformation to the
mass term m?p? we get a contribution 6Z = B(m/A)? to the kinetic term. This
change is negligible if the mass is very light compared to the cutoff. Terms with
higher derivatives will appear with in front higher powers on the inverse cutoff and
so they will be even more suppressed. In the same way, terms with higher power of
¢ are suppressed. If the theory is renormalizable, one can take A — oo, then the
only allowed transformation is linear in ¢ and the only redundant coupling is Z.

Let us now specialize this discussion to MAG theories. The couplings ¢; (in the
Cartan form) or b; (in the Einstein form) multiply the kinetic terms and are akin
to wave function renormalizations, while the couplings a; (in the Cartan form) or
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m; (in the Einstein form) are mass terms. The analogy with the scalar case would
suggest that ¢; and b; are redundant, but things are more complicated because of
the indices.

This discussion is easier when working with the Einstein form of the theory. We
have two fields, the metric g,, and the distortion ¢,s,, on which we can perform
transformations. Let us start with the metric and consider redefinitions of the type

09w = G + (B1/A*) Ry + (B2/N*) Ry, - (2.82)

The redefinition with parameter a does not change the number of derivatives of the
terms it acts on. We are just rescaling the metric and one can use this transformation
to fix the cosmological constant. The redefinitions with parameters 3 increase the
number of derivatives by two. When applied to the Einstein-Hilbert term, they
change the coefficients b5, b2E by an amount of order 3(mp/A)%. Since mp and A
are of the same order, this is an allowed transformation and b%%, bl are redundant
ﬂ Let us now consider redefinitions of the distortion. We need just to consider
redefinitions that are linear in the distortion and either ultralocal (i.e. do not contain
derivatives) or contain two derivatives. The former map mass terms to mass terms
and kinetic terms to kinetic terms; the latter map mass terms to kinetic terms. More
complicated redefinitions will only affect the interaction terms. The linear ultralocal
redefinitions of ¢ are

0Qasy = Q1Qapy T Q20870 + A30rap + WUPars + AP0 + X6Ppay
+9as (Oé7tr(12)¢v + agtr(z) o) + a9tr(23)¢”>
+gay (108712 05 + 11T (1305 + 1287 (23)85)
+95y (Q13tT(12) Pa + Qatr(13)P0 + 15tr23)0a) - (2.83)

To appreciate the power of field redefinitions it is better to focus on an example:
scale-invariant MAG. In this case we cannot have dimension-two terms in the La-

grangian. The 38 x 15 matrix ‘;b(;j has rank 15, hence it is possible to use the 15

parameters «a; to fix 15 among the bqu. This means that only 23 among the bf¢ are
essential.

Other redefinitions have to be considered in the general case when all the masses
are of the order of the Planck mass. In this case the only propagating state is
the graviton and it turns out the the only essential coupling is mf. This is due
to the fact that there is a large number of possible field redefinitions. First, there
are 6 redefinitions of the form d¢ ~ (8/A*)VR (where in the r.h.s. R stands
for the Riemann tensor and two indices are contracted) that can be used to fix
the parameters bf%. In fact, applied to a mass term, they produce terms of the
form Bm/A?RV ¢, that are unsuppressed since we are assuming that m ~ A? (the
parameters m; have dimension of mass squared). Then there are 60 transformations
of the form d¢ = (8/A?)VV¢ (where in the r.h.s. two indices are contracted) that
can be used to fix all the 38 parameters bf’¢, since when they are applied to mass
terms produce terms of the form 8m/A*(V¢)?. Finally, the transformations

can be used to fix all the 11 mass terms of ¢.

In the perturbative quantization of GR such redefinitions allow to cancel the one-loop diver-
gences [33].
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If some of the masses are much lower than the cutoff, some of these transforma-
tions will be suppressed, and there will remain some essential parameters. This will
have to be discussed on a case by case basis.

2.6 Flat space propagators

2.6.1 Linearized action

As said in the introduction to this Chapter, our aim is to determine which states
propagate when the theory is linearized around flat space and their properties. So
we now consider the linearization of the action around Minkowski space

Guv = Nuv Apﬂl/ =0 ) Qspuy =0. (284)

The terms in the Lagrangian that contribute at quadratic order in the fluctuation
fields are those that are quadratic in F', T" and @), including also covariant derivatives
of T"and . In the Cartan form, these are

_ 1 F TT 3 sTT TQ 1 sTQ QQ 3 rQQ
L’c——§[—a F+Zai M; —|—Zai M; —|—Zai M; (2.85)

+Z CzFFLzFF—'—ZClFTlLIFT_’_ZCFQLZEQ"‘ZC?TL?;_}_ZC'TQLTQ—FZCQQLQQ] 7

where the first line contains all the dimension-two terms and the second contains
the dimension-four terms. We do not specify the ranges of the sums, because they
depend upon the choice of basis. In the Einstein form, the terms contributing to
the two-point function are

1 R TT 3 yTT TQ 3 /TQ QQ 3 rQQ

+Z bRRHRR_'_Z bRTHRT+Z bRQH-RQ+Z bTTH.TT+Z bTQHTQ+Z bQQHQQ] .

The metric fluctuation field is h,, = g, — M. Since the VEV of A (and ¢) is
zero, we will not use a different symbol for its fluctuation and identify it with A.
By Poincaré invariance, the quadratic Lagrangian in the Cartan form of the theory,
takes the form

1 d*q
@ = M )(AA) Tpa v (AR po v n(hh) po
S o / (277')4 <A g O(C) v ATpO’ + 2AM O(C) Auv hpo + h* O(C) u hpg) ,

(2.87)

where, after Fourier transforming, O is constructed only with the metric 7,, and
with momentum ¢*. Similarly, in the Einstein form of the theory one obtains

1 d4q v Tpo v h
5(2) = _/ ((é)\ﬂ Ogg;))kmf) qupa + 2(,25)\“ OE%))

po wv y(hh)  po
2 (271')4 hpo +h O(E) pv hp”) :

Ay
(2.88)
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From ({2.15)) one finds that
A)\;w = ¢)\w/ + J)\ul/pahpa ) (289)

where

l
J)\uupa = 5 (q>\6£53 + qy6§5; - QH(sgég) :

Then we obtain the following relations between the linearized operators in the Cartan
and Einstein formulations:

(p9) Tpo (AA) Tpo
O(E) Ay - O(C’) Apy )
(¢h) po (Ah)  po (AA) Taf
O( E) )‘:V - O(C) )\/Lll)/ + O ) Auv ‘]7'046 )
hh T hh o Ah o AA) Taf
O . = o). +2JWS VO 4 T O T Trag™ . (2.90)

2.6.2 Spin Projectors

In this subsection, following the presentation in [2], we are going to introduce the
spin projector formalism, which is useful to analyse the spectrum of operators acting
on multi-index fields in flat space. This formalism allows to decompose the fields in
their irreducible representations under the three-dimensional rotation group. This
can sound complicated, but it is something the reader is probably actually familiar
with. The simplest example of use of the spin-projectors is in fact the decomposition
of a four-vector in its longitudinal and transverse components. Mathematically, a
four vector ¢* with ¢* # 0 breaks SO(1,d—1) to SO(d—1). In physical applications
q® has the meaning of a four-momentum. Given ¢*, we can decompose every other
vector in parts longitudinal and transverse to it, by using the projectors

i = ¢"/ || L = 4.4, T, =00 —Lb. (2.91)

Starting from these two basic projectors, that allow to extract the 1~ and 0" com-
ponents of a four-vector, it is possible to build more complicated projectors that
extract the irreducible components under the rotation groups of tensors with more
indices. A general spin-projector will be denoted as P;;(J”) and it has two sets of
hidden indices: one for the representation J? and one for the representation .J ]P when
there are multiple representations with same spin and parity. The multi-indices A,
B... consist of either three or two indices, depending whether the carrier field of the
representation is ¢ or h. The spin projectors satisfy the orthonormality relation

Py(JP) A Pu(I9)Pc = 615 6po 61 Pa(J7) e, (2.92)

and the completeness relation

> Pi(J7)=1. (2.93)

JPi

In the case of two-index tensors one starts dividing the symmetric ones and antisym-
metric ones. These two subspaces of tensors can then be decomposed into irreducible
representations of the rotation group (i.e. in its longitudinal and transverse part in
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each index). The necessary spin projectors [34-36] are probably familiar to the
reader, but we report them anyway. For symmetric rank-2 tensors they are

1
P, (27) W = TYTY) — ——T,, 1,

) A (2.94)

P (17) " = 21717, (2.95)

P, (0%, 55) W™ = ﬁTuyTﬂa, (2.96)
P, (0%, ww) ,,”” = L,L", (2.97)
P, (0%, sw) "7 = \/%TWL’”, (2.98)
P (0%, ws) "7 = ;LWT”", (2.99)

Vd—1

such that

P, (27) 0™ + P (17) w” + P (07, 58) ? + P, (0%, ww) " = 61767) . (2.100)

Diagonal terms of projectors between symmetric rank-2 tensors and vectors

.

Py (17) W = Wq(”T”)’ (2.101)
Py, (07, 50) " = Lq—pTw, (2.102)
Vd 114
]
Poy (07, w0) wf = %le,, (2.103)
For antisymmetric rank-2 tensors
P (1) = TUTY, (2.104)
Py (17) W = 210710, (2.105)
such that
Py (1%) 0 + Pu (17) ™ = 01207 (2.106)

Diagonal terms of projectors between antisymmetric rank-2 tensors and symmetric
rank-2 tensors are

Py (1%) W™ = 2101, (2.107)
Pos (14) W™ = 21710 (2.108)

Diagonal terms of projectors between antisymmetric rank-2 tensors and vectors

- V2
Po (17) " = mq[HTf} : (2.109)
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S a
TT [ 2F, 0 [1F
TL| 1. |1
LL| of | -

Table 2.1: SO(3) spin content of projection operators for a two-index tensor in d = 4
(s=symmetric, a=antisymmetric).

The representations of O(3) are labelled by spin and parity, and they are listed in
Table 2.1}

Here the subscript distinguishes different instances of the same representation.
These representations arise as perturbations of the tetrad. If one works only with
the metric, the antisymmetric parts can be dropped.

In the case of three-index tensors, as one could expect, the algebra is quite more
complicated and the complete procedure for the construction of spin-projectors for
three-index tensors was carried out only recently in [2,37]

Let us now show the step of this procedure. Let us consider three-index tensors
as representations of GL(d). In order to discuss their symmetry properties, we will
focus on the second pair of indices, hence when we say that .4, is (anti)symmetric,
without further specification, we mean t., = Fteap-

The space V of three-index tensors is a vector space of dimension d3. This space
admits two invariants subspaces: the subspace V() of symmetric tensors and the
subspace V(@ of antisymmetric tensors. The dimensions of these two subspaces are
d*(d+1)/2 and d*(d — 1) /2 respectively. As first ingredients in our constructions of
the spin projectors we need the projectors onto these subspaces, namely

s 1 a 1
MO = ot (ool +olag) . e = 05t (s —olsr) . 210
Inside these two subspaces we can identify two other invariant subspaces: the sub-
space V) of totally symmetric tensors, of dimension d(d + 1)(d + 2)/6, and the
subspace V) of totally antisymmetric tensors, of dimension d(d — 1)(d —2)/6. We
can now define the projectors

1
My = o (5§5;5;‘ + 026105 + 610865 + 610507 + 620157 + dcods] ) ,

cab
(2.111)
1
1ieldes G (555;5;‘ — 5457 6¢ + 61 5%6; — 6156 + 5¢6 58 — 5e645] ) (2.112)

which extract the totally symmetric and totally antisymmetric components of any
given tensor. The complement of V) in V) and of V) in V(@ are also invari-
ant subspaces and wil be denoted as V") and V(" respectively. Here “hs” and
“ha” stand for “hook-symmetric” and “hook-antisymmetric”. These tensors are
(anti)symmetric but have zero totally (anti)symmetric part. Note that V(") and
V() have the same dimension. Of course, we can also define the projectors onto
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such subspaces, which read

hs)de 3) de s)de 1 e e e
[0 = M — 1™ = = (262058] — 00551 — 31058 ) +(a & b) .

cab
(2.113)
1
s = )l e = (a5t — ofaze] - 625i0f) — (a o @11)

With all these preliminaries, given a three-index tensor we can decompose it in its
G L(d)-irreducible components as

top = 1105) - ¢19) ylha) 4 ylia) (2.115)
where
0 L bt oo+ toae -t ¢
cab T 6 ( cab + cba + beca + bac + abc + acb) 5
(2.116)
s 1
tﬁZb) = 6 <2tcab + 2tcba - tacb - 2fabc - tbca - tbac) )
(2.117)
a 1
tgzlb) = 6 <2tcab - 2tcba + tacb - 2fabc - tbca + tbac) y
(2.118)
a 1
) = 5 (teas = b+ thea = trac + tave = tact) - (2.119)

It is now possible to decompose V' into irreps of SO(d — 1). The first step is to
rewrite the identity in a rather fancy way:

846¢] = (T2 + LAY(TE + LT + L)) (2.120)
With some algebra it is possible to see that the combinations

TTT: TTL+TLT+LTT, TLL+LTL+LLT, LLL (2.121)

(all with fixed indices) are projectors. The next step is to consider the simultaneous
eigenspaces with eigenvalue 1 of these and of the GL(d) projectors introduced above.
The dimensions of these spaces are reported in Table The last column and the
last row give the total dimension of the 41 eigenspaces of the projectors in the
corresponding rows and columns.

The next step is to decompose these subspaces in irreducible representations of
SO(d — 1). At this point there is one non-trivial step, namely observing that the
hs- and ha-projections of %LTT and TTL+TLT — %LTT are themselves projec-
tors. Using this result and isolating the “trace” and the “tracefree” part of each
representation one can obtain the irreducible representations of SO(d — 1). For the
case of d = 4, the SO(3) irreducible representations are listed in Table , together
with the spin and parity carried by them. The subscripts refer to the number in the
labelling of the projectors.
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ts hs ha ta dim
TTT d(d2—1) d(d—1)(d—2) | d(d—1)(d—2) | (d—3)(d—2)(d—1) (d— 1)}
6 3 3 6
TTL+TLT 4+ LTT | U (d—1)% | (d—1)2 2D 3(d —1)?
LLT+ LTL+TLL d—1 d—1 d—1 0 3(d—1)
LLL 1 0 0 0 1
. d(d+1)(d+2) d(d?-1) d(d?-1) d(d—1)(d—2)
dim 5 3 3 5 d3

Table 2.2: Dimensions of projected spaces in d dimensions.

ts hs ha ta

TTT 375,17 | 27,15 [ 25,15 | 0

TTL+TLT + LTT | 27,07 - - 13
SLTT - 25,05 | 13, | -
TTL+TLT — {LTT - 17 25,05 | -
TLL+LTL+ LLT 1; 15 1g -
LLL 0 - - -

Table 2.3: SO(3) spin content of projection operators for ¢ in d = 4. (ts/ta=totally
(anti)symmetric; hs/ha=hook (anti)symmetric

Let us make the reader notice that each representation of the group SO(3) may
appear more than once in the decomposition of A.,. To distinguish these copies
we will use the label 7. For example the representation 2~ occurs twice, and so we
will call these two instances 2] and 2;. To make things even more confusing, the
same representation may occur also in the decomposition of the two-tensor hy,. We
use the same label for all these representations. As an example let us consider the
representation 2%, that occurs a grand total of four times: the representations 2
with i = 1,2, 3 come from A.,, whereas 2] comes from hg.

Let us now stress that there are two types of spin projectors. To each represen-
tation JJ is associated a properly called spin projector, denoted Py;(J”). Then, for
each pair of representations with the same spin-parity, labelled by ¢, j, there is a
so-called intertwining operator P;;(J7). For the sake of simplicity we will refer to
all the projectors and intertwiners as the “spin-projectors”.

To end this subsection let us remind the reader that these spin projectors are suit-
able to decompose tensors that either have no symmetry property or are (anti)symmetric
in the last two indices. If one wants to consider tensors that are (anti)symmetric in
the first and third index, it is better to work with a different set of spin projectors
PZ»’j(JP), such that whenever the representation ¢ or j is carried by a three-index
tensor, the first two indices are permuted. For example

P1/1(2+)Cabd€f — P11(2+)a0bedf , P1/4(2+)cabef — P14(2+>acbef etc . (2122)

With the same reasoning it is possible to obtain the suitable spin projectors for
tensors that are (anti)symmetric in the first two indices.
We can now go back to the quadratic action and rewrite it in a more useful form
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using the orthogonality and completeness properties of the spin projectors:

593 [ < dq42<b () P(P) ), (2123)

where ® = (A, h) in Cartan form and ¢ = (¢, k) in Einstein form, the dot implies
contraction of all indices as appropriate and a;;(.J P) are matrices of coefficients. For

example, the A — A part of (2.87) is

5/@ > ay(J7) AN PG (IP a7 Ao
JPij

with the sums running over all the representations listed in the preceding table.
When both representations .JJ7 and JJ are carried by A, the matrix elements
aij(J7) can be obtained in the following way:

aij(ﬂ’) — d(Jp)‘PZj<JP)CabdefOAAcab
(2.124)
—1 € mn
- d(JP)P’“'(JP)Cabdef Ot tmn Pie(J7) ™ cap (2.125)

for any fixed k, and where d(JP) is the dimension of the representation J”. The
second equality follows from ([2.92]), and it proves that it suffices to know the projec-
tions operators Pj;, for any ﬁxed k: in order to obtain all coefficients matrices. This
was also observed in [38], where Pj; for a fixed k ( chosen for convenience to give
the simplest projector) were referred to as “semi-projectors”. In a similar way, if
the representation JJ is carried by A and J]?D is carried by h, we can write

aij(‘]P) - d(Jp)Pij<JP)decab Oilaflb)de
(2.126)
1 ca e mn
= d(JrP> Pkl(Jp) bdef thfmn ij(cﬂ)) cab (2127)

where we have chosen k that is carried by A. These matrices a;;(J*) will be called
“coefficient matrices”.

2.6.3 (Gauge invariance

An important next step in our discussion is understanding in which way gauge
invariances manifest in the spin projectors formalism. To this aim, let us introduce
sources for our fields:

Ja = (Tca") . (2.128)
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The linearized action with source term can be written

S<2>:/ddq [%ZM—Q)-%(JP)BJ'(JP)-¢(Q)+J(—Q)-<I>(q) ;o (2129)

JPij
which gives the field equations

> ay(JP) Py(JT) @ =T . (2.130)

JPij

We can invert these equations and obtain ® as a function of J. Plugging this result
into S we obtain a quadratic form in J: the saturated propagator II. Now it is
the moment in which gauge invariances come into play: they correspond to possible
null eigenvectors of the matrix a;; in a given spin-parity sector. To understand the
reason for this let us suppose that, for a given J”, the n x n matrix a;; has rank m,
hence it admits (n — m) null vectors,

YaVV =0, ij=1l..n r=1..n-m, (2.131)
J

Then it is immediate to see that (2.129) is invariant under the transformation

0= VP, ve, (2.132)
k,r

where £ are arbitrary functions of the coordinates, provided that the sources obey
the constraints

SViOP - g=0,  ¥jirP, (2.133)

In principle this analysis has to be repeated in each spin sector to determine all the
gauge symmetries and source constraints. In practice this cumbersome procedure
will not be necessary. In fact gauge symmetries can be divided in two categories:
the symmetries that are already present in the original action and the so-called
“accidental” symmetries that are only present in the linearized action. The latter are
broken by interactions and therefore cannot be maintained in the quantum theory. In
the following we will consider only theories that do not have accidental symmetries.
Having decided to not consider accidental symmetries, the only infinitesimal gauge
invariance is the diffeomorphisms invarianceﬂ that at the linearized level implies the
invariance under the transformations

0Acap = —qpqc€a Ohay = i(q(lﬁb + Qbfa) . (2.134)

Schematically we can write this as 0® = D¢. Now we observe that, being D¢ a null
eigenvector of the linearized kinetic term, we must have

> ay(J7) Py(J7)DE=0 . (2.135)
JPij

"This is true since we work with coordinate bases. With other bases, there would be additional
gauge invariances.
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An explicit computation shows that P;(J”)D¢ is only nonzero for J7 = 17 and
j =4,56,70r J° = 0" and j = 4,6. Then one finds that both a(17) and a(0T)
have a null eigenvector. This lowers the ranks of these matrices, with a(17) having
rank 6 and a(0") having rank 5. Since also the source term has to be invariant
under this symmetry we have one so-called source constraint:

2iq%C e + ¢°¢°Tpea = 0 . (2.136)

Gauge fixing is simply obtained taking the inverse of any m xm submatrix of a;; with
nonzero determinant. In this way it is possible to write the propagator sandwiched
between physical sources [39]. Let us call by, (k,¢ = 1,...m), this submatrix. The
resulting saturated propagator II is

1 _
== J;e bl (J) T Pra(J7) - T (2.137)

Let us remind that in our notation b;,' denotes the matrix element of b1 in the
representations &, ¢, which need not agree with the element of the matrix b=! in the
k-th row and ¢-th column (unless @ is non-degenerate, in which case b = a). Now let
us observe that since b;;(¢) is a Hermitian matrix and its momentum dependence is
polynomial, the poles at non-vanishing values of ¢? can only come from detb(.J”).
Let us assume that for each given J¥ there are s propagating particles, with s < m.
Then we have

dethb = C(¢* +mi)---(¢* + m?) , (2.138)

where (C,m?,...,m?) are constants. For a physically sensible spectrum these con-
stants must be real and we will further assume that the masses m2, n =1, ..., s, are
non-vanishing and distinct (possibly, one of the masses could be zero). The deter-
minant detb has a simple zero for ¢*> = —m?2, so exactly one eigenvalue of b must
have a zero there. This implies an important result: the residue matrix

lim (¢*+m2)b~! (2.139)

q*——m}

has exactly one non-vanishing eigenvalue. This will be important when discussing
the condition for ghost-freedom.

However, before discussing this condition and the one for tachyon-freedom we
need to address one final issue. In is important to note that the spin projectors in
(2.137) contain powers of 1/¢* that do not contribute to the physical propagators.
These are spurious poles at zero momentum, that we will call kinematical singular-
ities. These spurious poles cancel out in the full saturated propagator. These poles
arise from the product of constants, or 1/(¢*> + m?), with the longitudinal parts of
the spin projection operators. In the latter case, a partial fraction decomposition
gives rise to terms in which the spin projection operators are evaluated on the mass
shell, plus terms with powers of 1/¢%. For example:

U1 emd) 1w
q2 + m2 q2 + m2 q2

, (2.140)
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and similarly for expressions of the form 1/((¢*)"(¢* + m?)). The first term on the
r.h.s. has the same pole at ¢> = —m?, but in its coefficient the momentum squared
is now evaluated at the pole. The second term gives another spurious pole at zero.
In the end all the spurious poles cancel out and the final result is a combination
of the spin projectors evaluated on the mass shell or constants sandwiched between
sources that obey source constraints.

2.6.4 Conditions for tachyon- and ghost-freedom

Having discussed the problem of kinematical singularities, we can turn to the con-
ditions for the absence of ghosts and tachyons. Let us start with the obvious one,
the tachyon-freedom condition, namely

Tachyon-free = m2>0, n=1,...5. (2.141)

The condition for ghost-freedom is trickier than it seems. To start, let us consider
the case of a scalar field: in this case the coefficient matrix a is just

a=—q¢ —m*, (2.142)

and must have m? > 0 in order not to have a tachyon. The corresponding saturated
propagator, obtained by solving the classical equation of motion for the source and
inserting back in the linearized action, is

1 dq 1
N==- | —J(—q¢9)——=J(q) . 2.143
5 | G )0 (2.143)
When the source is a more complicated tensor, there could be —1 factor depending
on the the way the indices are contracted. For example, in

1 d4q e 1 v oT
I = §/WJ M(—(J)mpaﬁvw Moo r I (@) (2.144)

whenever one of the indices of the projector P is associated to a longitudinal projec-
tor, the corresponding metric gives —1. The reason for this is that in the rest frame
where the four-momentum takes the form ¢* = (m, 0,0, 0) the longitudinal projector
is equal to 1 only in the time-time (0,0) component, while the transverse projector
is equal to 1 only in the spatial (¢,7) components. Hence there is an overall —1
factor whenever the projector P contains an odd number of longitudinal projectors.

Let us now express this fact in a more formal way. To start, let us diagonalize
the matrix b~! using a unitary matrix U: Ub~'U'T = D, with D;; = \;d;;. Now the
saturated propagator reads

1
H:_?gzﬁwm%yrﬂfj. (2.145)
b 7Z7J7

where we have suppressed the J* labels to simplify the notation. Now it is possible
to define

J =UyP;- T, (2.146)
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and thanks to the orthonormality property of the spin projectors, one obtains [17]

1 ~ ~
H:—§ZAkj-Pkk-j. (2.147)

JP.k

We know that only one eigenvalue has nonzero residue at a given pole. The condition
for ghost-freedom is that the residue of II at a given pole must be positive. Since
on-shell

= —5a05b0 5 1= 1,2,3 5 (2148)

2=—m?2

Ty , = 0ailbj Ly

¢?=—m

we can write the ghost-free condition as

s

) —1( 7PY(_1ynn(k)+1
Ghost-free = Res Z b (JO)(=1) O] >0, VI Pn, (2.149)

2= _m
a n =1

where ny, (k) is the number of L factors in Py.(J7)

To conclude this section, let us note that in any J7 sector involving the matrix
b~! with rank greater than one, there will be mixing of sources that survive the
source constraints. All the kinematical singularities must cancel and the result for
the saturated propagator in such J” sectors can be written in the standard form
of the spin J” propagators, with a suitable combination of these sources. This
phenomenon will be clearly shown in the next Chapter. For convenience, we present
in the Appendix A the standard propagators of fields of spin 07,07,1%,17,2%, 2~
and 37.

2.7 Example of MAG with dimension-two terms
only

Let us now see a practical application of all this machinery in the case of MAGs.
In this section we are going to analyze a famous example of MAG theory, namely
Weitzenbock theory, also known as antysymmetric teleparallel theory. In this theory
F =0 and Q =0, and the action is quadratic in torsion

1
5= 2 /d4x 9] [a1 " T T + a3 T T + a3 119y Tutrg TV . (2.150)

The condition F' = 0 implies

ALy = (AN 0,A%, (2.151)

8In a convention where 7,;, = diag(+ — ——), the signs in (2.148)) are reversed, and the grading
is given by the number nr (k) of T factors in Py (J%). This number, mod 2 , is the same in
any J” sector, hence the ghost-free condition becomes Res _tr [—b=!(J7)(—1)"] > 0, in any J”

2_ 2
g?=—my
sector, where tr is the ordinary trace.
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When we linearize the theory around flat spacetime this conditon becomes A,”, =
0Ny, where AP, = 62+ N°,. The condition @) = 0 implies that A,,, +A,., = 0,h,
. Combining these results we have

1
Apor = §8ﬂhp,, + 0, , (2.152)
whit €2 being the antisymmetric part of A\. The action now reads
S _ _1 d4q - (QG,{T + agT) 2h h/“l/ + (QG{T + agT - agT) h'w/h/A
~ 2/ @) g 1w 4 QDI

ﬁ huyh_ﬁ 2h2_ 2 T TT 2QMVQ
Ty Ul 4 (20,7 —ay" )q pw

+(2a] " = 3a3" — a3 ) qup ¥, — 2a{ " +a3" + a?)qnczx@"”hﬁl :

The action can be rewritten in a form such as (2.123)):

1 dq a2 PO h pSh Q@))
S = = Q(—=a) h(— . ij i ij i .
2;/ ey -0 1= (gt )+ (346

d4q
+/ (2m)* {o(=q) - h(q) +7(—=q) - Qq)} (2.153)
where
2qTT TT
a(27) = Wﬁ (2.154a)
a(17) = (201" —a3") ¢*, (2.154b)
B oI 4 _9
a(l”) = %(f (_2 1) , (2.154c)
(alT + 2alT) 1 0
o0 =" o) (2.154d)
with
T = 2407 4 T a7 2159

The order of the rows and columns in the 1~ sector is (€2, ). The matrices a (17) and
a (07) have rank 1, as expected since the theory is invariant under diffeomorphisms.
To fix the gauge we just have to remove the second row and column. A linearized
diffeomorphism transformation reads

huu — huu + 8u£u + al/fu ) (2156&)
1 1
Q,uz/ — Q;w - 5(9#511 + 581,5” ) (2156b)

Note that the transformation of €2 is just a consequence of the transformation laws of
A and h and formula (2.152]) The source constraint due to diffeomorphism invariance
is

—2¢"0,, + ¢, = 0. (2.157)
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The saturated propagator is

1 d*q 4 al” 2
nm=—-- Lot — 3 H 2.158
2 / (2m)4 {(2@{T +alT)q? [a# ? 2aTT + aIT + 3al™ (0“) ( )
S A (S Xi (R AR
e T R e A o7 G Gl S R

+

To make this propagator more clear it is convenient to perform the redefinitions
&uy =0w + CO’Z N (2159&)

i N ) .
T = —q—2 (QuXv — QuXpu) + Tuw with ¢"x, = ¢"7, =0, (2.159b)

Tuning the parameter C' , the saturated propagator can be rewritten as

1 dq 4 1 2
Im= — oot — = (ot 2.160
2/ () Lza%a%qz <““ "3 ) (2100)
1 o 2(2aTT 4+ oIT _ JIT
+ F o7 — (201 2 3) 4XMX“

=N ™" Rl e+l g
Now it is immediate to recognize the usual graviton in the first term, while the
second term correspond to a massless spin 1T state and the last to a dipole ghost
with spin 17.

The latter is pathological and in order to eliminate it, we have to impose

aj’ =0. (2.161)

With this constraint, we remain with linearized GR with in addition a spin 17
particle. Imposing 2477 — al™ > 0 the propagator of the latter assumes the proper
form . Let us note that this theory is equipped with two gauge invariances.
One is, of course, diffeomorphism invariance. The second one is the invariance under

Q;,LV — Quu + aqu - ayXu . (2162)

This gauge invariance is the reason why the additional degree of freedom is massless.
The propagation of this state can be eliminated imposing

201" —alT =0, (2.163)

With this assumption €2 is a pure degree of freedom and completely disappears from
the action. What we remain with is just the antisymmetric teleparallel equivalent
of the Hilbert action.

In this example we have seen how, starting from a given Lagrangian, we can
determine the particle spectrum of the theory. In the next Chapter we will perform
the inverse operation, namely we will decide which particle we want to propagate and
we will use the spin projectors formalism to perform a retro-engineering operation
and obtain the relations that the parameters in the Lagrangian have to satisfy to
propagate this coveted particle (together with the graviton).
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Chapter 3

Some simple MAGs with
propagating torsion

In this Chapter we want to focus on antisymmetric MAGs, so theories which are
metric-compatible, but with a non-vanishing torsion. We want to construct the-
ories which propagate the standard massless graviton and a healthy particle with
assigned spin and parity when linearized around flat spacetime. The basis of in-
variant we use to build the Lagrangian is the one listed in the previous Chapter.
Let us stress that we include terms of the form (VT)?, that were not considered in
the previous literature. Moreover, since we are interested in building theories which
propagate healthy particles we will not consider terms of the form R?, since they are
notoriously cause of ghosts (even though the question is not yet settled [4()*45]).E]
To simplify the search we will impose additional kinematical constraints on torsion,
and assume that it is either totally antisymmetric or hook-antisymmetric (i.e. its
totally antisymetric part vanishes). As we have discussed in the previous Chapter
these are invariant subspaces under the action of the group GL(4). The correspond-
ing degrees of freedom can be read from Table 2.3 We shall return later to the
general antisymmetric MAG. We will further assume that all the non-propagating
degrees of freedom have non-vanishing masses, so that we can avoid the problems
due to accidental gauge symmetries. The only gauge symmetry that we assume is
diffeomorphism invariance, that enforces

CL(]__)” = CL(l_)'h‘ =0 s a(0+)i6 = a(0+)6i =0. (3].)

One can fix the gauge redundancy by simply suppressing these rows and columns.
We report in Appendix B the explicit formulae for the coefficient matrices and in
Appendix C the map for going from Einstein form to Cartan form.

3.1 Totally antisymmetric case

The totally antisymmetric part of torsion consists of the states 15 and 0~. In the
Lagrangian we impose total antisymmetry of torsion as a kinematical constraint.

LActually it was showed in [46] that allowing the propagation of some torsional degrees of
freedom it is possible to avoid ghosts and tachyons also in presence of these terms.
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In this case MiT = —M[T, MIT = HIT = HIT = HIT = 0, HIT becomes
proportional to HIT, and HIT, HIT HIT become proportional to Hf 7. Thus we
can set

nIT =0 T =T =T =T =0 32)

without loss of generality, and keep only M7 HIT HIT asindependent invariants.
The only parts of the coefficient matrices to be considered are:

b(27) = a(2")u = %1 (=%, (3.3)
b(1T) = a(1M)s = 4 (b{T + %bZT> (—¢*) —4m]T | (3.4)
b(li) = a(1*)77 =0 y (3 5)
b(0") = a(07) 55 = —% (—¢%) , (3.6)
b(07) = a(07) = 4bT T (—¢?) — 4mTT . (3.7)

The matrices 2+, 1~ and 0 are exactly as in pure GR, and the remaining two are
the potentially propagating new degrees of freedom. Since there is only one state
for each spin/parity, the analysis is particularly simple.

If we want only 17 to propagate, we have to set to zero the coefficient of ¢* in
b(0~), which implies bIT = 0. This leaves us with

4
b(1h) = 3 (=b1"¢* —3m{") . (3.8)

Since the spin projector P(17) is of the form TT L, we have an additonal minus sign.
We can now state the conditions for the 1T state to have a healthy propagation:

it <0, mit<o. (3.9)

Similarly, if we want only 0~ to propagate, we have to impose bl7 = —3b7. In
this case there is no additional minus sign since the spin projector P(0~) is of the
form TTT. Hence the conditions for a healthy propagation of 0~ are immediately
obvious from the form of b(0™):

bi'>0, mitT>0. (3.10)

As a last remark, if we allow both degrees of freedom to propagate, it is impossible
to prevent one of them from being a ghost or tachyon.

Checking the result: axial vector torsion

These conditions become more clear if one identifies the 13 and 0~ degrees of freedom
as the transverse and longitudinal components of an axial vector v*, dual to the
torsion tensor [47]:

Togy = Nasrit’ | (3.11)
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where 1,46 1s the totally antisymmetric tensor. In such a case the Lagrangian can
be rewritten as

L= (3b{" + b} ")V ,0, V" — b1V 0, V0" + 3m] Tu,0" (3.12)

Settillg
b =0 b = ——1 m = ——1m2 (3 13)
1 ) 4 2 ) 1 6 ) .

the Lagrangian becomes the Proca Lagrangian that correctly describes a
massive spin-1 state, whereas for m¥? = 0 it becomes the Maxwell Lagrangian that
correctly describes a massless spin-one state. This confirms the signs of . Note
that in the massless case we have b(0~) = 0, which is a symptom of the abelian
gauge invariance of the theory. This is a genuine gauge symmetry of the full action,
not an accidental one.

On the other hand, in order to have only the 0~ propagating, we eliminate the
first term in Equation by setting bI7 = —3bTT and integrate by parts twice,
so that the Lagrangian becomes

Lr =3 (b (V,0")? +mi vt . (3.14)
If we decompose v in its transverse and longitudinal parts
vy =0, + Vb, (3.15)

the transverse part is seen not to propagate, whereas for the longitudinal one we
remain with

Ly =3vo®! o -miT)y . (3.16)

Defining scalars 11 and 15 through

1 1
Wy = mlTT(blTTm —mIT, iy = ,{TblTTDz/; , (3.17)
the Lagrangian can be rewritten as
T mlTT TT "
Ly = —3m1 @Z)lljlﬁl + SbT’_T¢2(b1 a—m3 )77/)2 , (318)
1

that indicates the presence of two propagating scalars. However, the massless scalar
is a pure gauge degree of freedom, because the Lagrangian is invariant under
the shift 1 — 1 + & with O = 0 and only 1 is affected by the shift. Thus there is
only one massive scalar, and are the correct conditions for it not to be a ghost
or tachyon. See [48] for a recent discussion of the appearance of in higher
derivative gravity.
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3.2 Hook-antisymmetric case

We can now turn to the hook-antisymmetric case. Since in this case the totally
antisymmetric part of 1" vanishes, we have to impose

Tabc — Tacb + Tbac. (319)

This identifies some operators in the Lagrangian with others as

1 1
MIT = 5 o gIT = 5HlTT, HIT=H{T - HIT HJ"=2HT. (3.20)

As a consequence, we can set
myl =b T =0T =0T =0, (3.21)
without loss of generality and the Lagrangian simplifies to

1 1 1 1 1
S =~ MIT — ST — T HTT - T T~ T

1 1 1 1 1
—5br H " — Syt HY T — Syt Hy T — Sby T HET — b HT L (3.22)
We choose the nondegenerate b-matrices as

b(2+) = a(2+){3,4},{3,4} ) b(l’) = a(r){&ﬁ},{:’),ﬁ} ) b(0+> = @(0+){3,5},{3,5} .

(3.23)
Then, the nondegenerate coefficient matrix for
b2 )=(—mIT — ST +0fT)? Mgt - it —mEe?) (3.24)
b(27)=—(m{" +0{"¢%), (3.25)
1
b(1T)=—mIT — 6(61)1” +oi T+ 262, (3.26)

T T (61T 4+ ]T)g? — s 2mIT 4 (BT 1 BT

b(17)=
(1) (_1[zmgT F@IT 4 BT —L@m T mdT) - LT BT b b 6T

2v/2
(3.27)

RT RT
o [—3@mAT 4 3mET) — LT 4 3657 + 0T 4 30T B
b(0)= BET L6bRT 3 2 2 '
—i 4 2
(3.28)

Also in this case our desire is to propagate another state on top of the graviton. The
determinants of the coefficient matrices for 2F and 0" contain terms
of order ¢° coming from their off-diagonal parts. This indicates that the mixing
of torsion and graviton fluctuation would lead to the propagation of an additional
degree of freedom. For our aims we can therefore simplify the analysis by setting
bET = bET = 0. In this way the graviton is completely decoupled from torsion at
quadratic level.
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Propagating graviton and massive 2"

To prevent the propagation of 2= we set b77 = 0, and to prevent the propagation
of 17 we set bIT = —pI7 /2. In order for the torsional 27 state to be a propagating
massive degree of freedom, we must then have mI? # 0 and bi7 # 0, which we
assume in the following. Then, we must remove the terms of order ¢* and ¢? from
the determinant of b(17) and the term of order ¢* in the (1, 1)-entry of b(0). These
conditions admit the solution

iT = T 5 | (0FT)7 + 26 THET 43 (027))

ey
bTT 9 (pTT 2+3 pIT)?
by’ = (T27 by = — (i) TT(g). (3.29)
2b; 60,
With this parametrization the coefficient matrix is reduced to
1
b2") =< (=by ¢ —2mi"). (3.30)

2

Now recalling that the spin projector P(2%)s3 is of type T'TL, the propagator has
an additional minus sign, so that the ghost- and tachyon-free conditions are

it <0, miT<o0. (3.31)

As a check, we can now insert and the other conditions on the coefficients in
the saturated propagator and use the explicit form of the spin projectors. In
principle the resulting expression could contain terms up to ¢~ (with two powers
coming from the kinetic coefficients and six from the spin projectors) but all terms
with 8, 6 and 4 inverse powers of ¢ duly cancel, and we remain with

II= ngav + Hmassive + (rest) ) (332)
where
2 d¢ 1 4 1 " N
Hgraw = 5/ (27)4 ot (_Q)? (Ps(Z )quA - §Ps<0 7SS>MVP)\ " (q)
2 d¢ 1 1 .
= 3 / WU“ (= Q)? (mpma - 5%%) " (q) , (3.33)
is the standard saturated graviton propagator,
1 dq 1
Hmassive = 3 J“V —qg)———P 2+, 2 Z,pan s 3.34
2/(2%)4 ( q>q2_|_m2 (27, m%), po(q) ( )

is the standard saturated propagator of a massive spin-two particle and the rest
is an expression that does not contain any pole in ¢g. In , the mass of the
canonically normalized field is m? = 2mT7T /bIT | the source for the massive spin-two
is related to the source of torsion by

1
yCES R (3.35)
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and
1
PR ) = T(m) 0T ) = ST TP, (3.30)
with

T (m?) = N + q“q” (3.37)

is the usual transverse-traceless projector, put on shell.

Propagating graviton and massive 2~

It has already been discussed in [1] how to choose the coefficients of a completely
general MAG in such a way that only the graviton and a massive 2~ propagate.
Here we show how to arrive at such a model in the restricted context of a hook-
antisymmetric MAG.

The conditions that remove all unwanted propagation are solved by

pr_ —24(077)" + 165]THT — 3 (4T)”

TT
" 17Ty e
2 2
bg:T _ —8 (blTT) + 4b1TTbgT B (bBTT) bTT _ bTT 2bTT bTT bTT
4b’{‘T ) )

(3.38)
With these parameters, the coefficient matrix for the 27 state becomes simply
b(27) = b1 —mIT, (3.39)

and, since the projector P(27) is of type TT'T, the ghost- and tachyon-free conditions
are

>0, b7 >0 (3.40)

This agrees with the result of [1]. Proceeding as in the previous section we can
recast the saturated propagator in the form (3.32)), where now

e = 5 [ o P (0) PO o (0) . (341
massive 9 (27T)4 q2+m2 ) AUVT PO ) .

where m? = mIT /bI'T and P(27,m?) is the 2 projector put on shell and

1

JHve —

e (3.42)
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Propagating graviton and massive 17

In order for the 2+ and 2~ components not to propagate we must have b7 = pIT = 0,
and then for 17 to propagate we must have b27 = 0. The remaining conditions
coming from the 1~ and 0" sectors imply for the other parameters:

mIT 2 2 (bSTT)2
myT =~ P A (T)? TR 3 (05T)Y] L eET = 0T = T
(3.43)
Then the kinetic coefficient is
1
b(1%) = = (=bi"¢* — 3m{"). (3.44)

3

Taking into account that P(17) contains a single longitudinal projector, the ghost-
and tachyon-free conditions are
mit <0, b7 <0. (3.45)

The saturated propagator is again of the form (3.32)), where now

Hoas :1/ L () PO 1020077 (0 (3.46)
massive 2 (27_(_)4 q2 +m2 ) Hvpo ) .

where the mass of the canonically normalized field is m? = 3m]7 /bI7 and its source
(an antisymmetric two-tensor) is related to the torsion source by

1
T = e V() (3.47)
- 1

and the projector is

sle o qg]
m?2 ’

P(1T,mA)™ ,y = TV, (m*) T 5y (m?) = 6,07, + 2 (3.48)

Propagating graviton and massive 1~

In order to stop the propagation of 27, 27, 1% and 0™, the coefficients must satisfy
the first four of the following conditions:

b =0T =0;" =0, by =-by", by =0. (3.49)
In order to have only one propagating 1~, we must set to zero the coefficient of ¢*
in det[b(17)], and this implies the last condition. There are two 1~ representations
in the three-index tensor and their coefficient matrix is now

pary = (T e e ) (3.50)
_\/Li (mgTT + bgTqu) % (_2m1TT . m:];T . bSTqu) ) :
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This matrix has eigenvectors: (—1/v/2,1)T with eigenvalue —m?7, and (v/2,1)7
with eigenvalue

(=3b57¢* —2m{" —3mi") . (3.51)

N | —

It is the latter combination of states that propagates. Since the projectors P(17 )33
and P(17)gs have zero and two longitudinal indices, respectively, there are no addi-
tional signs and the conditions for ghost- and tachyon-freedom are

bIT >0, 2miT +3mlT >0. 3.52
3 1 3

The saturated propagator for the massive state is

Minassi _1/ e ) P (3.53)
massive - 2 (27T)4 q q2 + m2 /ll/ q b .

where the mass of the canonically normalized field is m? = (2mI7 + 3miT) /3017
and its source (a vector) is related to the torsion source by

1
JH = T, . 3.54
W o
Propagating graviton and massive 0"
Let us finally focus on the 07 state. By taking
BIT — BIT — I T _ T (3.55)

all modes except for 0 become non-dynamical. Then, its kinetic coefficient is
1
a(0 )33 = —5(31{5%2 +2miT +3miT). (3.56)

The projector P(0")s3 has one longitudinal index, so there is an additional minus
sign. Thus the conditions for ghost- and tachyon-freedom are

bg' <0, 2miT +3mi’ <0. (3.57)

The saturated propagator of the massive scalar is

1 dq 1
Mhassive = = | —— J(—q¢)——— )

where m? = (2m{” + 3mI7) /3b{" and the source is

1
V=3 ami)

VM (3.59)
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Checking the result: vector torsion

Let us consider the special case of vector torsion:

Tovp = VpGup — VpGpw - (3.60)

Note that in this case the totally antisymmetric part is zero, so vector torsion is
automatically hook-antisymmetric. If we impose this condition as a kinematical
constraint, and also enforce the restrictions (§3.21)) on the coefficients, the Lagrangian
becomes

9
2

9 3
S = —=b3TV 0, Vi — §b§T (V,0)? — 2 (2m{" +3mi") vt (3.61)
We can then distinguish the two subcases when v is transverse or longitudinal.

Imposing V,v* = 0, v has spin/parity 1~ corresponding to the transverse mode.
Then, imposing the conditions (3.49) so that only 1~ propagates, the linearized
Lagrangian becomes

w | Drr o 3 T T
Ly =v,n —§b3 ¢ -5 (2mi" +3mg") | v, . (3.62)

So this confirms the ghost- and tachyon-free conditions (3.52)). Imposing that v, =
V., with ¢ a 07 field (a true scalar) and imposing the conditions on the coefficients

for the propagation of 0T only, the linearized Lagrangian becomes
9 9
L = _555%5% +5 (2m{" +3mi") yoy . (3.63)

This has the same form as (3.16) and, treating it in the same way, we find that the
only propagating degree of freedom has linearized Lagrangian

32mIT 4+ 3mIT
=3 1 T 8 by (BbET g2 + 2mTT + 3mIT)ehy . (3.64)
9

This confirms the conditions ([3.57)).

Zx

3.3 From hook-antisymmetric M AGs to hook-symmetric
MAGs

In [49] the same procedure that we have followed for constructing simple hook-
antisymmetric MAGs has been used to obtain simple hook-symmetric MAGs. We
will now show that it is possible to obtain these simple hook-symmetric models
starting from our hook-antisymmetric ones using a simple trick. Since the spaces
of hook-symmetric and hook-antisymmetric tensors have the same dimension, it
is possible to construct an isomorphism between the two. In particular, given a
hook-symmetric (in the last two indeces) tensor Q¢ is possible to build a hook-
antisymmetric (in the first and third indeces) tensor via the very simple relation:

Tabc — Qabc . cha ) (365)
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Note that hook-symmetric tensors and hook-antisymmetric ones have the same
spin-parity content. Inserting (3.65) in (3.22) and using the fact that for a hook-

symmetric tensor

1

Mg° —%M{‘?Q, MP? = Mg, Mg = —2 Mo, (3.66)
HyC —%H?Q, HPP = 4HP?, HPP = —2HY¢ (3.67)
HY® = -0+ %HE?Q, 0 = _%ng, H3° = —2H3°  (3.68)
Hy? —2H7°, HE? =4Hp?, HEP = iHﬁQ (3.69)

Hy —%HﬁQ, HIC = —%Hf‘Q, HC = —%H?Q .
(3.71)

we arrive at the most general hook-symmetric Lagrangian
o 1 ocoyee 1 o0qy00  lioopoe 1ieqpee  1copce
E le 1 2m3 3 51 1 53 113 5’6 6
—%b?QHQQ - %b%QHl%Q - %bﬁQHﬁQ - %beHfT - %b?QH:fT . (3.72)
with the new couplings b2€ related to the old couplings b”7 via

miT = —ém?Q (3.73a)
miT = _gmgQ (3.73h)
b7 = %b?Q (3.73¢)
biT = %bg?Q (3.73d)
I gbg%? + éb?Q (3.73¢)
It —gng + ngQ (3.73f)
biT = %b%Q (3.73g)
= gb?f (3.73h)
bET = ;be (3.731)
bE" = gbg“? (3.73j)

Using these transformation laws it is possible to translate the constraints on the
couplings b™7 in constraints on the couplings b9%¢. For example, let us consider the
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case of the propagating spin-2~ particle. The conditions (3.38) become, after some
trivial algebra,

~72 (b?‘?)2 + 1662999 — <b?0Q>2

g n ) g
16 (b?Q>
2 2
72 (809) + 12679087 — (43°) ) .
bQQ _ bQQ _ _bQQ _ _bQQ bQQ _ _ =
3 12()?@ 9 6 2 7 1 ) 14 4
(3.75)

These are in agreement with the results of [49]. The conditions (3.40) becomes
m? >0, 99>, (3.76)

also in agreement with [49]. Similarly, it is possible to recover the other models
proposed in [49] applying the above mapping between the couplings of the hook-
symmetric and hook-antisymmetric theories.

3.4 General antisymmetric MAGs

In order to simplify the discussion, in the preceding sections we have assumed that
torsion is either totally antisymmetric or hook-antisymmetric. These kinematical
restrictions have the effect of reducing the number of independent terms in the La-
grangian, so the identification of viable models with the desired properties becomes
algebraically simpler. One may ask whether simple MAGs with a single healthy
propagating degree of freedom, in addition to the graviton, exist also in the context
of general antisymmetric MAGs. A priori the answer is not obvious, because we are
now working in a larger space of theories (where in principle more solutions could
exist) but we also have more equations, because there are more degrees of freedom
whose propagation we want to inhibit. It turns out that the first effect prevails, and
there are several more solutions than in the kinematically restricted cases. These
solutions have different b- and m-coefficients and correspondingly different masses.
The reader can derive these models by imposing conditions on the general kinetic
coefficients given in Appendix [B] and following the general procedure outlined in
the previous sections. We will not try to systematically list all these cases.

3.5 Discussion
The most famous antisymmetric MAGs are PGTs, which have a Lagrangian quadratic

in curvature and torsion. There are only few of them without ghosts and tachyons
and without accidental symmetries [15,16]. We have seen that when we allow general
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dimension-four terms in the Lagrangian, the number of solutions increases consid-
erably. In this Chapter we have only considered “simple” MAGs, in the sense that
only one degree of freedom propagates in addition to the graviton, and we found
that there are solutions for every possible choice of the additional degree of free-
dom. The cases we have considered are such that all the non-propagating degrees
of freedom have mass terms and therefore must vanish on shell. One could also
consider cases when these masses go to zero, but then one would have to make sure
that the gauge invariances arising in this way extend to the nonlinear theory. One
can generalize our construction to cases with two, three or possibly more healthy
propagating degrees of freedom, and a full classification seems daunting. An analy-
sis similar to the one of this Chapter as been performed for symmetric MAGs, i.e.
theories without torsion but with nonmetric connection [49] and we have shown how
it is possible to recover these results using an isomorphism between hook-symmetric
and hook-antisymmetric tensors.

One interesting phenomenon that can present itself is that the good propagation
of one degree of freedom implies some pathology for another. The simplest example
of this is the theory of a vector field. Normally we choose the Lagrangian of a
vector field to be of Proca form, because we require that only spin-1 propagates,
but suppose we want also spin-0 to propagate. We can achieve this by adding to the
Lagrangian a term of the form V,A*. But it is well known that such a theory has
pathologies. In fact we saw in section that the mass has necessarily a wrong sign
either for 1~ or for 0. One can trace this problem to the fact the 1~ is transverse
and 07 is longitudinal. We have seen that the phenomenon occurs also for vector
torsion and for axial vector torsion, for a similar reason. In fact, we can say that in
general such problems will arise when a given parameter affects the propagation of
degrees of freedom with different numbers of longitudinal and transverse indices.

We have presented our examples of simple MAGs in the Einstein form, i.e. treat-
ing torsion as an independent field and writing the Lagrangian in terms of the Rie-
mannian curvature and covariant derivative. In this form MAG looks like a metric
theory of gravity coupled to a peculiar form of matter. The alternative Cartan form
of MAG, where the Lagrangian is written in terms of the curvature and covariant
derivative constructed from the independent connection, offers an equivalent de-
scription that may be preferable from some points of view. While the models we
have presented look somewhat trivial in the Einstein form, in the sense that they
are “just” GR coupled to some scalar, vector or tensor matter, this “simplicity” of
the models is much less obvious in the Cartan form, where Yang-Mills-like terms are
present in addition to the Palatini one. In view of possible applications of MAG to
the dark matter (or dark energy) problems it is amusing to observe that the equiv-
alence between the two formulations of MAG suggests that the dichotomy between
modifying gravity and adding dark matter may be more a semantic issue than a real
physical one.
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Chapter 4

On shell all matter-s in the
cosmological constant problem

4.1 Introduction

The cosmological constant problem is probably one of the most important open
issues in theoretical physics. A common way of presenting this problem proceeds
along the following lines (see e.g. [50]). Let us consider a quantum field in Minkowski
space. Because of Lorentz invariance, the vacuum expectation value (VEV) of its
the Energy-Momentum (EM) tensor should have the formE]

<T,uy>vac = _<p>vac Guv (41)

Naively, one can think of the field as an infinite collection of oscillators, hence the
vacuum energy density is the sum of the vacuum energies of all the oscillators. In
flat space, putting a cutoff C' on the spatial momenta, E] one gets

¢ PBqg 1
<p>vac = / 9 5 V q2 + m?
0

(27)?

11 (9 55—
= 47T(27r)3§ i dgq°~/q*> +m

N P
- (41)2 C(C2+m2)3/2—%mQCVm2+C2—%m4log <O+ ik +C>
7r m
4

= (4;)2 [C4+m2C2 — %m‘llog <%) —i—%} +0(1/C?) . (4.2)

This expression has quartic, quadratic and logarithmic divergences. The same con-
clusion can be reached in a more formal way by calculating the Euclidean effective
action. Since a curved manifold looks like flat spacetime at short distances, the di-
vergences of a quantum field in curved spacetime are the same as in flat spacetime.

Here we work in signature — + +4, but the rest of the Chapter is based on Euclidean calcu-
lations.
2We reserve the symbol A for the cosmological constant.
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Because of this reason, is usually assumed that the flat space calculation gives the
correct Energy-Momentum tensor to be used in the semiclassical Einstein equations

1
R,, — §Rg“” +Agu =81G(T,,) . (4.3)

This results in a diverging curvature. It seems that the first person to come up with
this argument was Pauli (unpublished, see [51]). He assumed what we would likely
consider a very small cutoff C' of the order of the mass of the electron, and discovered
that the universe should not extend further than the Moon. Nowadays the problem
has become even worse [52], since we know that quantum field theory is valid way
beyond the scale of the electron. This appears to be the greatest discrepancy ever
discovered between theory and observations.

A simple way out is to assume that a “bare” cosmological term cancels most or
all of the vacuum energy, but in this way we are just trading a problem with another
since we should now uncover a mechanism able to explain a terrific amount of fine
tuning. E|

While intuitive, the computation by Pauli has been criticized as being too naive
by several authors [53-56][] An important critic raised firstly by Akhmedov [53], and
then by Ossola and Sirlin [54], was that the momentum cutoff breaks the Lorentz
invariance that was assumed in (4.1). This can be seen as follows. The energy-
momentum tensor is an integral over the Lorentz invariant phase space

v 1 d3q v
(T )vac = (%)3/%((])61 q (4.4)

where w(q) = \/m? + ¢? of which |) is the 00 component. Assuming only rota-
tional invariance, we can choose coordinates such that ¢°¢° = w(q)?, ¢°¢° = 0 and

q'q’ = £¢*0", and since (T7),,. = pd*” we find

B 1 d*q q_2
W = Gy | 20y’

1 2 2\3/2 1 /2 p)
_ (47T)2 O(C —Sm ) _ ngC /m2 n 2 + §m4 log (C —+ ?7;7/ + C >
1 [C* mC?* 1 2C Tm?

that is not equal to —(p),qac.

By considering alternative regularization methods that preserve Lorentz invari-
ance, these authors concluded that the vacuum energy of free quantum fields cannot
diverge more than quadratically. This is significant, but not enough to solve the

3 Another possible solution is offered by unimodular gravity, in which the total volume of space-
time is not dynamical. Having fixed the total volume, it is natural to further fix the whole volume
form by a gauge choice. This solves the issue of the cosmological constant, but it is hard to imagine
how to test unimodular vs. ordinary gravity. In the following we will assume that the total volume
is dynamical and focus on the calculation of the vacuum energy.

4see also [57]
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problem, and in any case interacting fields could still give rise to a quartic diver-
gence.

Pauli went further by noticing that there can be cancellations between the con-
tributions of bosons and fermions. What matters for the real world is not the
contribution of a single field but rather the sum of all the contributions of all fields.
Thus for the energy density one would consider

(Phe = S0 g [0z Lundog (2 4+ 28] + 001/ (a6

where s,, is the spin of the n-th particle species, m,, its mass and g, = 2s, + 1 is
the multiplicity factor due to spin (in this way we must count separately different
flavors, colors etc.). Similarly for the pressure one has

Ny s L[t omic? 1 2C\ Ty, )
(Phoe = -1 gty | 5 = 25 4 Smttog (20) - 2 o1/ 4

n

n

Splitting log i—i = log % — log %, where p is an arbitrary scale, we see that in
order to avoid divergences in (p),q. in the limit C' — oo, one would have to demand

> (=1)ng, = 0, (4.8)
> (=1)*nguml = 0, (4.9)

> (=1)*rgumy = 0, (4.10)

n

These conditions strongly restrict the particle spectrum. It has been observed in [58]
that finiteness of the energy-momentum tensor is equivalent to Lorentz invariance.
Indeed, Lorentz invariance means that (p)yac = —(p)vae. Comparing (4.6)) and (4.7)),

we see that this implies the three Pauli sum rules (4.8),(4.9),(4.10). But then the
energy density and pressure are finite and equal to:

1 . my
<:0>vac = _<p>vac = m Z(_l)Q "gnmi 10g (F) . (411)

Note that, because of (4.10)), this expression is independent of p. Conversely, finite-
ness of (p),q. implies that the first three conditions, polynomial in the masses, must
be satisfied, and then the remaining terms satisfy the condition for Lorentz invari-
ance.

An interesting twist has been added to this line of thought very recently in the pa-
per [59]. The authors randomly generate mass spectra and measure (p),,. for a fixed
cutoff C'. The resulting distribution is Gaussian, centered at zero. In a separate run,
the mass spectra are restricted so as to satisfy the condition of Lorentz invariance.
In this case the distribution is again Gaussian, centered at zero, but much narrower.
The standard deviation of the distribution can be taken as an estimate for the typical
value of (p)yqc. In the Lorentz invariant case, it is found that it changes logarithmi-
cally with the cutoff. Thus one finds that, if the particle spectrum was a random
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variable, but constrained by the condition of Lorentz invariance, the probability of
finding a vacuum energy that is much greater than log C'/u is exponentially small.
Xk %

A new way of addressing the problem has been recently proposed by Becker and
Reuter. Coming back to the usual procedure of computing the Energy-Momentum
tensor in flat background and then to insert it in the Einstein equations, they have
argued that this way of preceeding is inconsistent because one uses the EM tensor
computed in one metric as the source of another metric: the metric has a nontrivial
effect on the expectation value of the EM tensor that cannot be ignored and changes
the result drastically. What they argue is that one has to calculate the EM tensor
self-consistently, in the metric that solves the semiclassical Einstein equations
in the presence of that EM tensor [60,61]. This is, in general, a very hard task.
Since the problem of the cosmological constant concerns only the overall scale of
the universe, as a first step, one can consider a one-parameter family of geometries
characterized by a single scale. Becker and Reuter have considered a maximally
symmetric background, where the only free parameter of the metric is the radius, or
equivalently the scalar curvature R. The concrete calculation (that we shall review
in Section is done for a quantum scalar field in Euclidean space, i.e. on a
sphere. Since the spectrum of the kinetic operator is discrete, it is natural to put a
cutoff N on the principal quantum number when computing the Effective Action.
For fixed N, one can then compute the curvature self-consistently and surprisingly it
decreases like 1/N2. This result has been extended also to the noncompact, negative
curvature case [62].

4.2 Quantum fields on Euclidean De Sitter space

In this section we review the general logic of the calculation of [60], following the
treatment in [63]. We assume that we are in a semiclassical regime where the metric
g, can be treated as a classical field with the (Euclidean) Einstein-Hilbert action
(and cosmological term)

Su(g) d'r\/g[2A — R] , (4.12)

167G
interacting with a quantum field ¢ with action S,,(¢;¢g). The backreaction of the
quantum field is encoded in the one loop effective action (EA). Even though the
reader could be familiar with this object, we will present here its derivation, in
particular to underline the role played by the functional measure. For the time being
we will consider the case of a free scalar field and refer to the induced gravitational
effective action as I'[g], even though later we will use the symbol I" to indicate the
total effective action, comprising also the classical Einstein-Hilbert term and the
classical action of matter. After this premise, we can start our computation from
the very definition of T'[g]:

e Tl = /D(¢,g)e_5m(¢’g) ) (4.13)
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The measure we are assuming is the Fujikawa one [64-66], given by

D(¢,g) = [ [1detgyum (@) ido(z) /. . (4.14)

T

where p is an arbitrary scale introduced to make the measure dimensionless. It is
assumed that the path integral has been regularized restricting it to only a finite
number of spacetime points, and to each point x it is attached an integration variable
d(x). Let A = —V?+ F be the kinetic operator of the scalar field and let us assume
that we know the eigenfucntions x,, ,, and the (possibly degenerate) eigenvalues A,
of this operator, i.e. we have solved the eigenvalue problem

AXn,m<x> = )‘an,m(x) . (4.15)

Being A a self-adjoint operator, the Y, form a complete orthogonal basis for the
functions defined on the Euclidean spacetime manifold M, that we assume compact
and without boundary. We will further assume that these functions have been
orthonormalized with respect to the inner product of L?(M), so that

i [0 3G (@ () = G (4.10)

2 % 5(1: - y)
u ;xn,m(x)xn,m(y) i

To compute the functional integral, the first step is to introduce the new integration
variable

(4.17)

p(r) = g1 (z)¢(z) (4.18)

which transforms as a scalar density. In this way the transformed measure becomes
metric independent:

/Hg‘l*(x)dﬂx)e_“d%\/ww B /HdSD(@G_“d‘lWM ) (4.19)

where
A = gi(x)Agi(x) (4.20)
The eigenfunctions of this new operator are simply given by
G () = 93 (@) Xnm () (4.21)
while the eigenvalues are the same as the ones of A:
Al m () = Ao () - (4.22)
The functions ¢, (x) satisfy the completeness and orthonormality conditions
[ 4 G)oal@) = Busbin (4.23)
WY o (@) (y) = Sz —y) . (4.24)
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We can now easily compute the functional integral. The first step is to expand the
field ¢(z) in the basis of the (,m(x):

P(2) = BumCum(z) . (4.25)
Next we change variables from the ¢(z) to f5,,,. The Jacobian is
dp(z)
Tunle) = G5 =G, (4.26)

Being the ¢, ,(x) orthonormal this matrix is orthogonal with unit determinant (up
to irrelevant u factors). Hence, we have just to compute the trivial Gaussian integrals

>\’IL
11 / dBpme” 2 Zmim S (4.27)

n,m

Hence

e Tl = (H ﬁ) . (4.28)
In the end
| )1 A
[[g] = B mzmlog (E) = iTrlog (E) . (4.29)

The total effective action will be the sum of this one loop contribution with the
classical action of the scalar and the Einstein-Hilbert action, hence:

L(g,¢) = Su(g) + Sm(g, o) + %Tr log(A/p?) (4.30)

Variation of the EA with respect to the metric yields the semiclassical Einstein
equationsﬂ

1
R, — §ng, + Ag = 87G(T,,) (4.31)

where the Lh.s. comes from the classical Einstein-Hilbert action (with a bare cosmo-
logical term) and the r.h.s is the VEV of the EM tensor of the quantum field. The
derivation of the effective action for spinors, vector fields and metric fluctuations
proceed along similar lines, see for example [61].

For our purposes it will be enough to study the EA on a Euclidean De Sitter
space, i.e. a sphere S*. Then, the only metric degree of freedom is the radius ¢, or

50bviously, the variation of the effective action with respect to the scalar field gives the equation
of motion of the latter. Since we are considering a free field, this equation is simply the Klein-
Gordon equation, possibly with a non-minimal coupling term. The solution of this equation is
trivially ¢ = 0.
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equivalently the (constant) scalar curvature R = 12/¢%. The equations (4.31]) reduce
to the single trace equation

—R+ A =87G(TY) . (4.32)

We can also obtain this equation directly by deriving the EA with respect to R. For
example, at classical level, recalling that the volume of the four-sphere is

38472
V= i (4.33)
the Einstein-Hilbert action for a spherical metric can be written
487N 24w
Su(R) = — — —= 4.34
and deriving with respect to R we obtain the classical equation
R =4A . (4.35)

Aside from eliminating all gravitational degrees of freedom, except for the overall
scale, the advantage of working on a sphere is that the spectrum of Laplacians is
well-known and therefore it is possible to calculate the EA without resorting to heat
kernel asymptotics.

The operation Tr in the definition of the EA is a functional trace that has
to be regulated. We regulate the sum by putting an upper bound N on the principal
quantum number £:

1 i
éTrN log(A/p?) = 5 ng log(Ae/p?) (4.36)
=1

We can compare this procedure to the more standard one of cutting off the sum at
some cutoff C' with dimension of mass, such that

N < C? (4.37)

At this stage there is no significant difference between the two procedures, because
the dimensionless and the dimensionful cutoffs are simply related by

C? = \y . (4.38)

In fact, the divergences for N — oo match those for C' — oo. However, we shall see
in the following that when we demand that the background metric satisfies Einstein’s
equations, the two procedures lead to very different conclusions.

In the next sections we specify the calculation to fields with different spins: we
consider scalar fields, fermions, vector fields and the graviton.
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4.3 Scalar field

For a scalar field, the eigenvalues and their multiplicities are

R 1
where E' is the squared mass plus possibly a nonminimal term proportional to R,
and ¢ =0,1.... In the massless, minimally coupled case, the EA is
487N 24m 1 R 1
r = —— + —f5(N)1 —Ts(N 4.4
V() = Gy — 2 5o (5 ) +5Ts(V0) L (40)

where
N
fs(V) :ng: i]\7(]\74—4)(]\72—|—4N—i—7) (4.41)
p—y 12

is the total number of scalar modes included in the trace and

Ts(N,z) =Y melog (((L+3)+2) , (4.42)

{=1

is the quantum trace for a sphere of radius R = 1242 and z = 12E/R. The functions
fs and Tg diverge quartically for N — oo, In the following we shall also need the
function

OTs(N,z) 1
Ss(N,z) = ——— = —_ 4.43
s, 2) 0z lemgﬂ(é—i—?))—i-z (443)
that only diverges quadratically.
The equation of motion for the metric is [f

247 1
- 4N) = —f5(N 4.44
o (T T AA) = o5fs(V) (4.44)

whose solution is a sphere of curvature

R= Gfs(N) <_HE\/1+ 3 )

gy A (L A (O00VrA 88T 1 )
G \N2 NP NG G | Nt

where in the expansion we have selected the solution with the upper sign, because
the other gives negative curvature. This is Becker and Reuter’s main result. We
see that, opposite to standard lore, the curvature of spacetime decreases in units of
VA/G, when more quantum modes are included in the calculation.

6This is just the trace of 1'
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In the massive case, the EA for the metric becomes

487N 247w 1 R 1 12m?
r = —— — — + —f4(N)1 —Tg | N ) 4.4

The quantum trace is independent of ¢, so the scalar potential does not receive any
quantum corrections. Since the sum is finite, we can take the derivative under the
sum, so that the equation of motion for the metric can be written in the form

247 1 12m? 12m?
——(—R+4A) = — [fs(N) — Ss (N . 4.47
S an) = o ) - s (v, 2] (1.47)
This equation cannot be solved analytically, but one can make an ansatz
Ky, K3 K,
R:m—i-m-i-m—i-... (4.48)

and determine the coefficients K, iteratively. Expanding for small masses (and
assuming A > 0)

Ky, = 484/ % +12m? + O(m?) (4.49)

Kz = —1924/ % — 48m* 4+ O(m*) (4.50)

P T
4 - \/a G

A few comments on orders of magnitude are in order: in these calculations it
seems natural to choose A of order one in Planck units. Then the coeflicient K5 is of
the order of the square Planck mass. If we were to choose A = 0, there would still be
a N~2 suppression with a much smaller coefficient K5, of the order of the square of
the scalar mass. If A = 0 and the scalar field is also massless, the solution with the
upper sign in is identically zero. The one with the lower sign has Ky = 0 and
K3 =0, and R decreases like N~*, with a coefficient K, that is again of order one in
Planck units, but negative, so not compatible with the assumed positive curvature.
This problem is specific to the scalar field and we shall return to it later when we
discuss other matter fields.

) +128m* + ... (4.51)

4.4 Fermion

We consider now the case of a massless Dirac field minimally coupled to gravity.
The effective action of the system is

Cn(g,9) = Su(g) + Sm(g,¢¥) — Try log(D/ ) (4.52)

where D is the Dirac operator. Its eigenvalues and multiplicities are given by [67]

A;:i,/%(um, mg:4(623), (=0,1,2... (4.53)
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The trace sum is over the eigenvalues with £ < N. We follow the standard method
of evaluating Try log(D/pu) = Trlog(D?/pu?) [68].
On a spherical background, the effective action (4.52)) becomes

48rA 247w 1
r =—— " — —fp(N)1 2 N 4.54
N(R) = =5y — g~ pip(N)log B/u” + C(N), (4.54)
where

al 1

fp(N)=2) my = SN+ DNV +2)(N +3)(N +4) (4.55)
=0

1

= 5(N4+10]\75"+35J\f2+50N+24) (4.56)

is the total number of modes with ¢ < N (the factor two is due to the existence of
eigenvalues with both signs). The coefficient of the N* term is four times that of fg,
reflecting that a Dirac spinor has four degrees of freedom. Furthermore, extremizing
the action with respect to R, amounts to solving

24m 1
—R+4A) = ——fp. 4.57
The solutions of this equation are
241 GAfD
R=——|14+4/1- 4.58
GfD 3T ( )

In order for the solution to be real we must have % < 1. If A > 0, this only
happens for a finite range of values of N. For negative A the solutions exist for all
N, and the one with the upper sign goes like

B m|A] 1 1
R=24/ "5 15 +0 (ﬁ> (4.59)

Remarkably, this is the same solution that we found for the scalar, aside from a
factor 2.

Let us now generalize to the case of a fermion with mass mp. In this case the
effective action reads

487tA 247 1 R 1
'y =— — == — =fp(N)1 — -Tp(N 4.
v =~ gt os (55 ) < 5To(Vezn) . (460
where from (4.42)) we have introduced the function
N
Tp(N,z2) :2Zmnlog((2+n)2+z) (4.61)
n=0
with the parameter z = zp
12m?
Zp = RD (4.62)
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The equation of motion is analogous to (4.47) and is given by:

24 1
G}; (—R+4A) = R (—fp + 2pSp(N, 2p)) , (4.63)

with the function Sp defined from (4.43)), namely

0T p(N, zp) a 1
Sp(N,z) = — "1~ =2 E -— 4.64
p(N,2) 0z — e (24024 zp (4.64)
We can search solutions with the form
K, K3 K,
R:m—i-m‘i‘m—l-... (465)

Inserting into the equation of motion and asking for the divergences N®, N° and N*
to cancel, we get the equation

K.
K3 — 24Kym3, + 5767GA + 288m7, log (1 + 15 2 ) =0 (4.66)
mp

for K5, and similar ones for K3 and K4, which can be solved in the limit mp — 0.
Assuming A < 0 we obtain

K, = 24 _TWA +12m2 + O(m3) (4.67)
—mA 9 3
K5 = —1204/ == — 60mi, + O(m3) (4.68)

—mA s 127 T Gm?
Ky = —480\/ —— + 72— +12m% | — + 34/ ==~ +log | ——2=
! a "eT mD[ 6 "\ TGA T <2\F—WGA)] + A6
As in the case of the scalar, if we choose A = 0 the mass of the fermion gives the
dimension to the coefficient Ky. However, if the fermion is massless, K, = 0 and
the first nonzero coefficient is Ky, that this time is positive. Thus the choice A =0

is possible for purely fermionic massless matter, but not for massless scalars. E| We
shall return to this point later.

4.5 Maxwell field

Now we want to consider an abelian gauge field A,. To fix the gauge we have
to include in the matter action a gauge fixing term for the gauge boson and the
associated ghost contribution. The Euclidean gauge fixed action is

1 1
Su = /d4x\/§ [ZLFWFW - %(Vufl“)2 +V,cVie]| (4.70)

"One has to take the limit mp — 0 before the limit A — 0.

65



where « is a gauge parameter. Commuting derivatives, the bosonic part of this
action is

1 1 1
3 /d4x\/§Au {—Wg“” + <1 — —) VHVY + ZRg‘“’] A, . (4.71)
a
The standard way to get rid of the nonminimal terms V#V" in the operator is to

choose the Feynman gauge o = 1. We can avoid fixing the gauge parameter by
decomposing A" in its transverse and longitudinal components

At =a" + VHo (4.72)
with
V' =0. (4.73)
In this way the action becomes
S = / d*z\/g Eau (—W - %) at + é¢(—v2)2¢ + vucwc] : (4.74)

The decomposition (4.72)) is a change of variables that has a Jacobian J = det'(—V?/u?),
where the prime means that the zero mode has to be left out.
The effective action for the system is therefore given by

FN(g,a,qb, 5, C) = SEH(Q) + Sm(gva7¢: 57 C)
1 o R\ 1 1 oo 1
+ ETraN log ((—V + E) E) + §T1"¢N log ((—V ) E)
2 1 1 / 2 1
— Treen log | (=V )E — §TrJN log | (=V )E . (4.75)

Importantly, the contributions of the longitudinal photon and of the ghosts cancel
exactly. For the transverse field the eigenvalues and multiplicities are

00+3)—1

\, —
¢ 12

R, my— %w +3)(2043) . (4.76)

The Jacobian is a scalar determinant, so its calculation is based on the eigenvalues
and multiplicities given previously.
The effective action can then be expressed as

B 487N\ 24w
~ GR?> GR

1 R 1 1
+ éfM log — + —Ta(N, —1) — éTS(N’ O) . (477)

r
N 1202 ' 2

Here the total number of physical degrees of freedom is
1
fiy =f, — fg = 6N(N3 +8N? + 17N +4) , (4.78)

with f, and fg the total number of modes of the transverse vector and the Jacobian,
respectively. The function T, is defined similarly to (4.42), but with the eigenvalues
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(4.76). We observe that the coefficients of the N* and N3 terms are exactly twice
those of a scalar, reflecting the fact that a Maxwell field has two degrees of freedom.
Extremizing the effective action with respect to R yields

241 1
= —(R—4A) + —f), . 4.79

G AT (4.79)
This is exactly the same equation of the scalar case, except for the replacement of
fs by f);. Again we have to choose the solution with the positive sign, and assume
A > 0, leading to

3rA (1 4 —232v37A 967\ 1
R =~ 16\/?(m—m>+< Ve +G>m+... (4.80)

We emphasize that the result is fully independent of the gauge parameter . This is
due to the fact that the background Maxwell field A, = 0 is a solution of the equa-
tions of motion. Moreover, we observe that the coefficient K is positive, analogously
to the case of Dirac fields.

0

4.6 Graviton

Next we consider the case of metric fluctuations. Also in this case we need to include
a gauge fixing term and the corresponding ghost action. Furthermore, we choose to
use the exponential parametrization of the metric

Juv = gup(eh)pu ) (4'81)

where h in the exponent is a mixed tensor h*, such that h,, = g,,h", is symmetric.
For the graviton field we use the York decomposition

hyw =l + V& + V& + V, V0 — }Lg,w?2a + igwjh , (4.82)
where hg,/T is transverse and traceless, the vector ¢ is transverse and all covariant
derivatives are calculated with the background metric. It is very convenient to
choose the “unimodular” gauge h = 0, that removes one of the three gauge degrees
of freedom. The remaining invariance under volume-preserving diffeomorphisms can
be fixed by the condition F), = 0, where

1N\ _, R
F, = (55 - vuﬁvy) V,ht, = (v2 + Z) £ (4.83)

As discussed in [69] (Section 5.4.6), this leads to a very simple form for the (off-shell)
effective action

1 1
I'(g) = S(g) + §T1" log (Ag)/u®) — ETr log (Aqy/p?) (4.84)
where

A® = V24 R (4.85)

1
6
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acts on h,, and

A = _v? - i}? (4.86)
acts on §,.
The spectra of these operators are
A2 _ Wﬂ#z% R g(e FA)(0—1)(2+3) (4.87)
with £ =2,3... and
YR %R ;o omi = %W +3)(20 + 3) (4.88)

with ¢ =2,3...
Altogether, the effective action can be expressed in terms of the T-functions and
the number of degrees of freedom

C487A 24 1 1 1

_ AT L@ g TN —1)— 2T (N —
I'y R GR+2(f ') log 12H2+2T (N,—1) 2T (N,—6) ,
(4.89)
where
N
FA(N) =) m®(n) = iN(N — 1)(N +4)(N +5) (4.90)
- 12
al 1
fON)=> " mV(n) = TNV (N +3)(N +4) (4.91)
n=2

and similar definitions for the T-functions in . Since the arguments of these
functions are constant, they do not affect the equations of motion and we do not
need to give them in detailed form.

The total f-function is

1
fo =3 — £ = 6(N4 — 8N® — N? — 68N)

and we observe that, like in the Maxwell case, the first two terms in the large-N
expansion of the function f; are twice the ones of a free scalar, in accordance with
the count of degrees of freedom. Thus in pure gravity, assuming A > 0

R — 24,/@ L4y (o88verA Mdm) 1, (4.92)
G \N2 N3 N G ) Nt

Let us comment on the differences between this treatment and the one in [61],
where the linear split of the metric was used

G = Guv + Py (4.93)
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With this split, all the components of the metric in the York decomposition are
sensitive to the cosmological constant term. In particular, the transverse traceless
component is governed by the operatorﬁ

-V + §R —2A . (4.94)
The cosmological term has the same effect as a mass and appears in the effective
action through the functions T(N, —24A/R). This greatly complicates the analysis,
because it introduces a new dependence of the effective action on curvature. What
is more, if A > 0, as one would naively expect, the cosmological term has the same
effect as a negative squared mass, with the result that the poles of the function
T(N,—24A/R) appear at positive rather than negative R. There are two ways of
avoiding this problem. One is to choose A < 0, in which case the poles occur for
negative R, as in the case of a normal massive field. Another way, that we have
followed, is to use the exponential parametrization of the metric (see also [70,71] for
a discussion on the parametrization), in which case the cosmological constant only
affects the propagation of the trace mode h, and only off shell. This effect we have
eliminated by the gauge choice h = 0. We note that if we put a gauge parameter o in
the gauge fixing term [ F,F*, the result turns out to be independent of « [69]. This
is because the sphere is “almost on shell”, in the sense that its metric satisfies nine
out of ten Einstein’s equations. Only the overall scale factor is in general off shell.
On the other hand, if we were to repeat this calculation using the linear splitting
of the metric and another gauge, the result would depend on the gauge parameters,
which is to be expected insofar as our background is not fully on shell.

Having analyzed separately all the contributions from the different quantum
fields, we will consider them together, in order to understand their interplay and
study physically realistic systems.

4.7 All together

When there is a graviton, Ng scalars with mass mg, Np Dirac fields with mass mp
and Nj; massless gauge fields, the effective action reads

T — 487 A _ 247r+
NTGR?  GR
1 R
+ S (Ea(V) + Nsfs(N) = Npfp(N) + Ny (V) log (W)
1
+ 5 (NsTs(N, 25) = NpTp(N, 2p)) (4.95)

where zg = 12m%/R, zp = 12m?% /R and we omit constants.
We simplify the discussion by assuming that at fundamental level all fields are
massless, which could be the case if all masses are generated dynamically or by a

8Note that this operator coincides with A on shell.
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Higgs mechanism. Then, all the T-terms in the effective action can be ignored and
the equation of motion for R is very simple

24w 1
OR (=R +4A) = ﬁfTOT(N) (4.96)
with
1
= —AN4 A 'N3 4+ A”N2 ~A"N — 8N 4.97
= Ty 12 *3 D (4.97)
where

A = Ng—4Np+ 2Ny +2

A = —Ng+5Np—2Ny —2
A" = 23Ng — 140Np + 34Ny — 2
A" = TNg—50Np + 2Ny, — 34 (4.98)

In particular note that A is the number of bosonic minus fermionic degrees of free-
dom. The solution for the Ricci scalar is given by

24n GAfror(N)
+ - 7 14+ \/1 ZTOTVIY)
i GfTOT<N) ( + 3

Kf Ky Kjf
= 5t oW 5. (4.99)

Let us now comment on the possible cases. In previous sections we have always
assumed that A is positive, for bosonic fields, or negative, for fermionic ones. Now
that both types of fields are present we do not make a priori any such assumption.
Then we find in general for the coefficients

KF = +48
: Jevmva
Kf = i192,/7TAA‘/_

A 48A — AA" 2887
+
Kf = i24,/ \/_ I o (4.100)

Reality of the solution requires that the product AA be positive. Thus, if bosons
dominate we must choose A > 0 and then in order to have positive curvature we
have to pick the solution R™. If fermions dominate we must choose A < 0 and the
solution R~. This is in agreement with previous assumptions. In any case, one can
achieve positive curvature, independently of the sign of the cosmological constant
in the action.
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4.8 Questions about the measure

In the paper [72], the authors also make use of a dimensionless cutoff N, but in a
more traditional field-theoretic context. In order to understand the differences, let
us first briefly describe their approach in the case of a scalar field.

The first difference is the functional measure. Whereas in our approach the func-
tional integration measure for the scalar field has been assumed to be the Fujikawa
measure [64—66]

[ dg(z)(detg(z)) "/ (4.101)
as carefully discussed in [60,61], they use the measure [73]

[Ldg(x)(detg(x)) (g% (x))"/? (4.102)
with the result that the effective action (4.30) is replaced by

2

In our approach the measure must involve an arbitrary dimensionful factor p, that
also appears in the trace log formula, whereas in [72] the measure and the operator
appearing in the trace log are automatically dimensionless, with the result that
no external scale p is needed. The question of determining which is the correct
functional measure in presence of gravity seems to be still an open quesion and
we refer to [75,76] for a discussion about the physical implications of the choice of
measure, particularly in relation to diffeomorphism invariance.

Regardless of those considerations, if we compare the two formulas for the effec-
tive action we find that

R

I"(g.0) =T(g.0) - %log (WA) fs(NV) (4.104)

and we observe that the second term exactly removes the third term in the r.h.s.
of . Thus, for a massless scalar field, the equation of motion does not receive
any correction at one loop: the solution is R = 4A independently of N.

This result holds for any massless field. For a spinor v, a Maxwell field A,
(including the ghosts ¢ and ¢) and a graviton h,, (including ghosts C* and C,) the
measures we implicitly used are the Fujikawa measures (all in four dimensions)

I1, (dA#(x)(detg(x))l/S) (dé(:v)(detg(x))l/4) (dc(x)(detg(m))l/4)

L, (dib(x)(detg(a)) "/ *dip(x) (detg(x))'/*)

L, (g (x)dC* (x)(detg(x))*/*dC, (z) (detg(x))/*) (4.105)
]

whereas the measures advocated in [72] are H

H( () <x>d< )g™ (detg(a)) /)
I, (did ) () (et (x)*")
I, (dgy (2)dC* (2)dC, ()™ (detg(x)) ) (4.106)

9Equivalent results would be obtained by using the measure IT,d¢(z)(detg(z))"/® [74].
10Gince reference [72] does not treat vector fields, for this case we use here the measure given
in [77].

(g9, 0) = Su(g) + Sm(g,¢) + 1Tlr log (1—R2A> : (4.103)
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As in the case of the scalar, the effect of the additional powers of the determinant
is to make the kinetic operator appearing in the Trlog’s dimensionless and hence
to remove from the effective action the terms containing the function f, so that the
equations of motion do not get any quantum correction.

On the other hand, for massive fields (with the bare cosmological constant play-
ing the role of mass term for the gravitational field) the effective action I"” receives
contributions proportional to log N*m*/R? and (N? + log N*)m?/R, that can be
interpreted as quantum corrections of A/G and 1/G. (This is in sharp contrast to
our measure, with which there are no terms proportional just to 1/R or 1/R? in the
one loop contribution.) In the presence of scalars, fermions, and the graviton, the
effective cosmological constant and Newton constant are given by

A, Ap  Ngmi Npm? 372
ety 2B SMs 0 N2y DD o0 N2 PR Ge N2 (4.107)
Geff GB 8 47 ™
1 1 m>2 m?
= — — Ng—2(N?+2logN?) + Np—L2(N? —log N?) (4.108
Gors an 5247T( +2log N7) + D12ﬂ_( og N°) )
A
- 2—£(N2+810g]\f2).

These formulae assume that all the particles of the same type have the same mass.
If not, the main contribution to each term comes from the heaviest particles of each
type.

In the normal QFT logic, the N-dependence, which gives rise to infinitites when
N — oo, has to be compensated by the N-dependence of the bare parameters Apg
and Gp. Then, Ay and Gesp can be interpreted as renormalized couplings, and
they must be independent of N.

If the masses of the particles are negligible with respect to the bare Planck mass,
ie. miG < 1 and m%4G < 1, the dominant contribution is the gravitational one,
and it gives

log N
Aeff ~ 12ABW (4109)
2
_ 4.11
Geys e (4.110)

One cannot choose Ap such that Gy and A.¢; are both positive.

4.9 Quantum scalar field on C'P?

There are two main assumptions in the computations above: that the space is
maximally symmetric, namely a sphere, and that all the fields are free. Of course
one could ask what would happen in different situations. Let us now look at what
happens when dropping one of the assumption. In this section we shall see what
are the implications of dealing with a spacetime which is not maximally symmetric.
Since it seems to be a sound principle to increase the difficulty one step at a time,
we focus now on a spacetime that while less symmetric than a sphere still has quite
a lot of symmetry compared to the most general solution of Einstein equations:
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CP?. This spacetime is a solution of (Euclidean) Einstein field equations with a
cosmological constant A. The metric of this spacetime is [78]

Guv = % ((ZW - %) (4.111)
where
z, = 0,,2", T, =Cy,a", 2*=J,a"z", (4.112)
and
0 1 0 O
Cl= _01 8 8 (1) (4.113)
0 0 -1 0

For the classical solution the parameter a and the cosmological constant A are related
via

A= — 4.114
2a2 ( )
and
6

We now follow the same recipe as in Section [4.3| and write the gravitational part of
the effective action according to (4.46|) as

36mA 16w 1 R 1
r = ——+ =f5(N)1 — =Tg(N 4.11
MR = S — G gt log (i) 5 Ts(N) . (410
Since for C'P? we have [79]
R 3
)\g: E€(€+2)+E 5 my = (g—l—l) (4.117)
in this case
1
f5(N) = Z<1+N)2(2+N)2 (4.118)
and
N
Ts(N,z) = nglog(€(€+2) + z2) (4.119)
1=0
with (assuming minimal coupling) z = %. The equation of motion is obtained
deriving with respect to R and reads
167 9 1 6m? 6m>
— “A) =— [fs(N) — — N, — . 4.12
GR3(R+2) 2R[S(> RSS(’R)l (4.120)
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Again we can search for a solution of the form

Ky, Ks K,

+... (4.121)

Assuming A > 0 and expanding for small masses we have for the leading term

Ky = 244/ % + 12m* 4+ O(m?) (4.122)

Of course one could proceed in an iterative way and determine more coefficients.
What is interesting is that even though C'P? is not a maximally symmetric space-
time, the behavior of the system is the essentially the same.

4.10 Interacting scalar field on Euclidean De Sit-
ter space

Let us now comment briefly on what happens in the case of an interacting scalar
field on the sphere, situation that has been studied in [63]@. The effective action
takes the form
—V2+m? + 30> + £R
22 i ) . (4.123)
I

I'n(R,¢) = Su(R) + Sm(¢, R) + %TrN log (

where we are assuming a A¢? interaction and also that the scalar is non-minimally
coupled to gravity. The quantum corrections are of the form

1 R 1 12m? + 6¢?
—1 f(N —Tg|( N, ——— + 12 4.124
108 (s ) £+ T (M 20O aae) g

A peculiarity of this system is that the function Tg can become complex. From the
effective action one can then obtain the equation of motion for the metric taking the
derivative with respect to R. Of interest is also the Hessian H, needed to study the
stability of the possible configurations. It is simply given by the second derivatives
of 'y, thanks to the O(5) invariance of the problem. Depending on the shape of the
potential, the scalar field can have a vanishing VEV or a non-vanishing VEV. In the
first case the system is in its symmetric phase, in the second in its broken phase.
The latter is particularly complicated and we will not consider it in the following.

4.10.1 Symmetric phase

The equation of motion for the field ¢ always admits the solution ¢ = 0. In this case
the equation of motion of the metric is the same as in the case of the free massive
field that we analyzed in the beginning of this Chapter. However, this solution could
be unstable. To establish the stability of the solution it is necessary to consider the

" Also the authors of [72] have considered the case of an interacting scalar field on the sphere,
but using the functional measure (4.102). See [80].
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Hessian, evaluated at the solution. Actually what one has to consider is the density["?]
of the Hessian. Using everywhere the ansatz , the result is that the solution
is stable if m? > 0. What appears to be really surprising is that the effective mass,
defined as the sum of the actual mass term and the minimal coupling term (when
going on shell the two cannot be disentangled),

1 0’y

~2

Mo = g (4.125)
‘/4 a¢ d):O,R:R*

and the effective coupling constant
1 9Ty
eff = 7 A (4126)

‘/4 agb (z):O,R:R*

are both finite and there is no need to renormalize them. Let us see how this works
more in detail. The ¢¢ component of the Hessian is

1 AR 3\2¢? 0Sg
Hyp = Vi |m? 4+ ER + —\° — . 4.127
$9 4[m+£ oA+ oSSt e 82] ( )
In the symmetric phase this can be simplified to
AR 12m?
Hyp = Vi Im* +ER Ss (N 12¢ ). 4.128
b 4[m+§ +647r25<’ R + f)} ( )
The density of Hessian defines the effective mass mZ;;. On shell R ~ £z, that
implies 2 ~ yN? (with y = %, neglecting the sub-sub-leading ¢ term). Then one
obtains the finite result
A K 12m?
72 =m? {1 2t log | s N7HE . 4.12
Mepp =™ { 500 |12z T8\ iz )| TON) (4.129)

Going on shell plays a crucial role in this derivation. To appreciate this fact, let us
show what would have happened proceeding in the usual quantum field theoretical
way. Now both ¢ and R have to be considered externally fixed and we are interested
in the dependence of the Hessian on the cutoff N. Taking the large N expansion of
the Hessian in the symmetric phase gives

Hyg 9 AR |1 5, 2 2(6m?* + (6¢ — 1)R) )
74~m +£R+647T2 EN +§N_ 5 log N'| + finite terms .
(4.130)

Defining the quantum-corrected mass and nonminimal coupling as
1 0°T
2 _ N
=_- "X 4.131
Meyy Vi 0¢? ( )
¢=0,R=0

2In the following V4 is the volume of spacetime.
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1 Ty
=N 4.132
Eefs V, 9RO ( )
¢=0,R=0
then one has

mi; = m? (N?) (4.133)
A1 2 1

off = N2 4N —4(e—-= O(N" 4.134

Gr = €4 g [V SN e (6 g)| rovr . s

so there are divergences that need to be renormalized. Inserting R ~ 3% into
only one divergence survives, namely the logarithmic divergence that renormahzes
the mass. This result, however, is wrong. This is due to the fact that the finite

terms are not actually finite on shell! In fact, these terms are given by

m2+£R m2+£€R
6m? + (6¢ — 1)R 54 4/9 — 48™F5%2 5— /9 —48™F522
o + (6~ )R) | (54 s [PV

3R 0 2 2
(4.135)

finite terms =

where 1)y are polygamma functions. These polygamma functions contain some hid-
den divergences since 1y(z) ~ log(x) for z — oo and this fact combined with setting
R = % results in the cancellation of the logarithmically divergent term in (4.130)).
In the end one obtains

1 0°T A 12m?

~2 N 2 2 -1
R = Ky +12m~1 N )
Mgy V952 m+3847r2{ 2+ 12m og(K2 )]—FO( )

$=0,R=R,
(4.136)

This quantity is finite, but still different from (4.129). The reason of this mismatch
is that contains also an infinite number of terms with inverse powers of N
that also contain R. The terms with odd powers of 1/N are of the form 1/(N?*+1 RF)
and go to zero when N — oo, but the terms with even powers of 1/N are of the form
1/(N? RF) and their sum gives a finite contribution. In the end the right results
is given by . A similar reasoning can be applied to the effective coupling
constant A.s¢. In fact, going back to the definition of A.s¢, we have

1 9Ty 9\ 12(m? + ¢R)
ff = | = A8 (N, ) 4.137
A T R T ( R ) (4.137)

The derivative of S is
N

N
S,(N, Z) 8S Z Z

=

4.138
€—|—3 )+ 2)? ( )

which grows logarithmically with N (remember that m, is cubic in £). Let us now
expand S’ for large NV and fixed R, as usual in QFT. Off shell the usual logarithmic
divergence is found:

2

1672

Aeff = A+ log[N] 4+ O(N?) . (4.139)
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This agrees with the result one would obtain using a dimensionful cutoff. Let us
now put under the microscope the supposedly O(N?) terms. They are given by

322 5+ 4/9 — 487 5— /9 — AgmEER

(4.140)

5972 | V0 2 vo 2
VB (6m? + (66 — 1)) . 5+ /9 — 48T HER u 5— /9 — A8
1672\/—16m2R + (3 — 166) 2 | 2 ' 2

If the gravitational field is on shell, i.e. holds, the arguments of the polygamma
functions become of order N and, for large N, 1y ~ log N, ¢y ~ 1/N. Notice that
the coefficient of ¢ is of order 1/ VR, so those terms give finite contributions,
whereas the 1y terms cancel the explicit log N in (4.139)). In this way we find a
finite renormalized A.f f:

32 12m?
)\eff = )\‘f‘ 3271‘2 {1+10g( K2 >:| s (4141)

Even though the divergences cancel, the finite part is wrong. This is because the
terms with inverse powers of IV also contain inverse powers of R that, on shell, make
them finite. The correct result can be obtained most straightforwardly by using
directly the on shell expansion

17 1 1
S'(N,yN*) ~ = | —— +log ( 1+ = O(1/N 4.142
)~ g | o (141)] + o) (1.142)
in (L.137):
3)\2 K2 12m2+K2
- log [ LT 22) ] 414
Arp =AY o {12m2+K2+0g( e )} (4.143)

4.11 Discussion

The treatment of the cosmological constant we described in Sections differs
from the standard one in two main ways: the most evident one is that the ultraviolet
cutoff is the dimensionless number N, rather than the usual C' with dimensions of
mass. This could be just a minor difference, because one can always convert N to C,
as in . It becomes more significant when combined with the second difference,
which is the use of the semiclassical Einstein equation before taking the limit
N — o0. This is equivalent to using in the semiclassical Einstein equations the EM
tensor regulated with the N-cutoff, rather than a renormalized EM tensor. This im-
plies a different physical interpretation of the cutoff. One normally does not think of
the ultraviolet regulator as having physical meaning: it is merely an artificial math-
ematical device used in intermediate steps of the calculations, ultimately leading to
renormalized quantities. It is only the latter that are given physical meaning, and in
particular it is the renormalized EM tensor that is used in the semiclassical Einstein
equations . Our use of the N-regulated EM tensor looks weird, if not outright
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wrong, from this point of view. As already emphasized in [60], in the approach we
follow here the cutoff must be regarded as having a physical meaning: it is related
to the total number of degrees of freedom in the universe. The systems with finite N
are described in [60] as “gravity-coupled approximants”, systems that are physically
realizable and can give a good description of the real universe.

It is interesting to notice that a similar idea, albeit in a classical setting, was
already put forth several years ago in [81] (and also reviewed in [82] and more recently
revisited in [83]). The focus of this paper was the calculation of the self-energy of
a massive particle coupled to General Relativity. The usual way of proceeding is to
consider a point particle of mass mg to be the limit ¢ — 0 of a shell of radius e.

In such a situation the energy of the gravitational field of the particle is mg — ?—E‘%
Sending the cutoff to zero and solving the equation of motion generates a singular
solution with infinite self-energy. This is analogous to the standard way of computing
the cosmological constant. The idea of ADM was to use the general relativistic
equation of motion at finite € [81]. The result is that the energy F of the system is
equal to the dressed mass m of the particle, E = m, and the latter is given in terms

of the bare mass and the cutoff byl

2
m=lim — %0 (4.144)
=014+ /1 + Do

8me

Taking the limit ¢ — 0, the energy goes as /¢, hence an uncharged particle with
finite “bare” mass has zero physical gravitational mass and the solution it generates
is flat space. In Becker and Reuter’s calculation, the “bare” cosmological constant
is the analog of the bare mass. Also in this case the equation of motion has to be
solved for finite cutoff NV and only then can the cutoff be removed, leaving flat space,
irrespective of the bare cosmological constant. The fact that the ADM calculation
is purely classical, whereas the Becker-Reuter one is quantum, does not detract
very much from the analogy: in both cases the essential point is the use of the
gravitational equation of motion before removing the regulating parameter. It is
interesting to note that a similar analogy holds in presence of interactions, too. In
the same paper, ADM also considered the case of charged particles. As they noted,
already in Newtonian physics there is the possibility that the electrostatic self-energy
of a point particle ﬁ and its gravitational self-energy —’;‘—j could combine in a way
that gives a finite result. Then they actually solved Einstein equations at finite
cutoff € for a point charge and obtained that the energy of the system is again given

by E = m, where now
2
—e+¢@+<fﬂ + 2 (4.145)
8T 8T

When the cutoff is sent to 0, we are left with a finite energy equal to 2|e|. Again, if
one expands the energy in e and mg before letting ¢ — 0, the result is the problematic
expression

m = lim 167
e—0

m?  e?

= - 4 — 4.146
= o 2e + 4e ( )

3We are setting G = 1.
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and there is no compensation since now mg and e have to be considered as inde-
pendent parameters. Similarly, as we mentioned above, in [63] it was shown that
solving Einstein equations at finite /N in the case of a self-interacting scalar fields
leads to finite quantum corrections to the mass and the coupling constant of the
scalar. It is left for the future to investigate possible generalizations to other inter-
acting theories. These results seem to suggest a relation with the idea that gravity
may be a universal regulator [84-86].

It is noteworthy that the quantum corrections do not contain any term of the
same form as the ones that are present in the classical Einstein-Hilbert action, so that
there is no renormalization of the cosmological and Newton constant. The quantum
corrections are nonlocal and can be interpreted as the terms that generate the trace
anomaly in the field equations. Another consequence is that the quantum-corrected
field equations are very different from the classical ones: actually the quantum effects
are so strong that one can have a positive curvature even if the “bare” cosmological
constant is negative. This fact could have interesting applications, that we shall not
enter into.

Another possible area of interest is the interplay between the dimensionless cut-
off N and the notion on entropy of a Lorentzian spacetime, as already remarked
by Becker and Reuter. Indeed, the sphere is the Euclidean analog of De Sitter
spacetime, which possess a classical entropy given by

o
GA

For our purposes it is actually better to reexpress this quantity as a function of the
Hubble length ¢ as

S (4.147)

T
S=_0 4.148

’ (1145)

Notice that ¢ is the Lorentzian analog of the radius of a sphere. Let us consider
the case of a single minimally coupled massless free scalar field, then from (4.45)
we can obtain the square of the radius of curvature ¢ = 12 and insert this into the

R
expression for the entropy obtaining that
s=Tp LT N (4.149)
G 4\ GA '

Remembering that the total number of scalar degrees of freedom is fg(N) ~ N*,
we can see that the entropy scales as the square root of the total number of degrees
of freedom. In their original paper, Becker and Reuter also considered another
possibility for the Energy-Momentum tensor obtaining the suggestive result

5= ifs(N) (4.150)

so in this case the entropy exactly counts (up to a numerical factor) the total number
of degrees of freedom. Moreover, it could be that the number of degrees of freedom
in the universe is actually finite, and this would result in a large although finite value
of £ and hence in a small, but non zero, value for the effective cosmological constant
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defined via Acsp = 4 (that, in the case under examination goes like gy ~ 3z )-
This could maybe be put in relation with the results obtained in [87,88]. In fact, in
these papers the authors assumed that that the number of degrees of freedom in the
universe is finite and that this number is proportional to the entropy of De Sitter
spacetime, obtaining as a result that the cosmological constant has to be small. Let
us review their arguments.

The starting point is the circle amplitude Zg1, related to the vacuum energy
density via

Zgi — %Vq | (4.151)

where V, is the volume of spacetime. At the same time, in the worldline formalism
and after having performed a Wick rotation, we have

< dr 2
g1 = —e "7 4.152
o= [ g, (1152)
with
dgd'p s
Z(T) :/#6_2 =Tre 2 (4.153)

Introducing two arbitrary scales A in position space and € in momentum space it is
possible to decompose the two integrals in a sum of integrals over finite cells with
side A in coordinates direction and ¢ in the direction of momenta. The elementary
cell of phase space is then assumed to be the fundamental minimal area of phase
space, hence the identification

Xe = 2 . (4.154)

Spacetime and momentum space are then regulated assuming that their sizes are
given by

L = Ny (4.155)

M = Npe, (4.156)

with N, and N, finite integers. Assuming one degree of freedom for each minimal
area cell in phase space, the total number of degrees of freedom is given by

N = (N,N,)* . (4.157)

Note also that the volume of spacetime is V,, ~ L*. After some simple calculation,
one finds that

N
< h— . 4.158
pShy (4.158)
Assuming that the spacetime is a De Sitter spacetime of size L, its entropy is given
by

L 2
Sgrav ~ <L_P> s (4159)
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with Lp the Planck length. The authors then assumed that S;,q, = N. This results
in the following bound for the vacuum energy density:

h

(4.160)

This bound can be translated (considering the Einstein-Hilbert action on shell) in
a bound on the cosmological constant:

1
A< L?D—N , (4.161)
which is in agreement with the result obtained by Becker and Reuter, being NV the
total number of degrees of freedom. Qualitatively this is also in agreement with the
result we obtained in this Chapter, even though we actually get that, in the case of
a single scalar field,

1
Aejp ~ —F——= (4.162)
fs(N)

is inversely proportional to the square root of the total number of degrees of freedom.

An another interesting point of view is advanced in [89] (see also [90,91]), where
again the assumption (in a certain sense) that the number of degrees of freedom
in the universe is finite leads to the eventual exclusion of a positive cosmological
constant. The argument goes as follows: let us assume a quantum corpuscolar
view in which classical field configurations are limits of quantum states with large
occupation numbers. Let ¢ > Lp be the characteristic curvature radius of a classical
gravitational field, then this field is to be considered as a coherent state of gravitons
with mean wavelength ¢ and the occupation number is

62

N = i (4.163)

In the case of De Sitter, this can also be written as

2 4
_mp  mp

=z = A (4.164)
and it is the expectation value of the number operator N in the multi-particle
state |N) that in the mean-field limit reproduces De Sitter spacetime. |N) is a
distribution over coherent states of different frequency k, and it is assumed that the
dominant k is established by H. The idea is to show that, if at ¢ = t; the mean-field
description of the state |N) is well reproduced by classical GR, after a certain time
the classical evolution will not be valid anymore. In practice, this means that the
expectation number of the number operator N is not given anymore by (4
Let us assume that the initial coherent state |N) is made up only of grav1tons Wlth
frequency kK = H. These gravitons can scatter, producing particles that are not in
the coherent state anymore. For example, two gravitons could interact and produce
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a new pair of particles that are not in the coherent state. Schematically, the matrix
element for this process will be given by

(N —2,1,1]a'a’aa |N) |* ~ a®?N? ~ 1, (4.165)

where o ~ 5—22 ~ N~1is the graviton-graviton coupling. Since the characteristic

P
momentum transfer in the process is H, the rate at which new particles outside the
coherent state are created is

' = Ho®?N?*=H (4.166)
Given this result, we can conclude that
N~ —H (4.167)

After each Hubble time the state will be a little less coherent and the GR description
less trustworthy, up to a point in which the deviation becomes order one and talking
about classical De Sitter space does not make sense anymore. Since

_sm A

H? = , (4.168)

3 m%
as long as one has a positive A it is impossible to have an eternal De Sitter spacetime
and after a time

5
mp

Atma:p ~ W

(4.169)
the Hubble patch will evolve into a state that cannot be described anymore by
classical GR. It is worth to stress again that this results follow from the assumption
that the number N of gravitons in the coherent state is finite. An eternal classical
De Sitter is possible only if A — 0, limit in which N — oo.

It is intriguing that the results quoted above, obtained in Lorentzian setting in
two completely unrelated ways, qualitatively agree with our finding of an inverse
relation between the number of degrees of freedom in the universe and the cosmo-
logical constant. This suggests that it could be of interest to repeat our computation
in the case of Lorentzian De Sitter spacetime. This is a possible line in which the
work exposed in this Thesis could be extended, another one being the investigation
of the use of the N-cutoff in presence of interacting fields.

82



Chapter 5

Conclusion

The problem of reconciling gravity and quantum field theory will probably be one
of the greatest intellectual endeavors of this century.

Reframing gravity in the context of metric-affine theories allows to draw paral-
lelisms with the theories describing the other fundamental interactions and gives us
a well-founded way to construct theories that go beyond GR. This could result in
a plethora of possible phenomenological applications since in general MAG theories
contain a great number of degrees of freedom and predict the existence of several
new particles, hence several modified theories of gravity assuming the existence of
new scalars or vectors can be seen as specific examples of MAG theories. A scalar
degree of freedom contained in the distortion tensor could be the origin of the accel-
erated expansion of the universe, or the constituent of dark matter, just to name two
possibilities. Even though in this Thesis we have not directly considered the possible
phenomenological applications, our work can be seen as a first step in this direction
since we have constructed examples of healthy theories not containing ghost and
tachyons that could be good prototypes for more phenomenological works.

Another open question is the one regarding the relation between the cosmological
constant and the vacuum energy of quantum fields. The usual lore is that quantum
field theory predicts an enormous cosmological constant at odds with observations.
We have seen that using a dimensionless cutoff and computing the back-reaction of
quantum fields in a self-consistent way the result is radically different: the spacetime
tends to become flat when the cutoff is removed. Moreover, if one considers an
interacting scalar coupled to gravity and follows the same logic the effective mass
and selfcoupling of the field are both finite and do not need renormalization, at
odds with the usual results of QFT. It would be interesting to see if similar results
also hold for other interacting theories. Moreover, a possible criticism is that our
computation has been performed for a Euclidean background, while the universe
is actually Lorentzian. It is left for the future to study what happens when this
procedure is used to treat the back-reaction of quantum fields on Lorentzian De
Sitter spacetime.
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Appendix A

Standard propagators for various
fields

In this Appendix we are going to report the derivation and the final form of the
standard propagators for fields of various spin and parity, following the discussion
in [1]. Let us stress that states with same spin but different parities are different
geometric objects. The standard way of describing a spin-s object, with integer s,
is using a totally symmetric rank-s tensor. Such a state has parity (—1)*, so for
spin 0 and 2 it has even parity while for spin 1 and 3 it has odd parity. In order
to describe the other states one needs: a totally antisymmetric 3-tensor for 07, an
antisymmetric 2-tensor for 17, a 3-tensor that is hook-(anti)symmetric in two indices
for 2.

A.1 Spin/parity 0"

Given the Lagrangian

1 1
L= —5 L, PO"  — §m2¢2 +Jo, (A.1)
the Fourier transformed field equation is
(@ +m*)o=1J. (A.2)
Therefore the saturated propagator is
1 dq 1
MN==- [ — J(—q)———=J(q) . A3
5 | ke /00 (A3)

A.2 Spin/parity 0~

A degree of freedom 07 is contained in a totally antisymmetric rank three tensor.
Let us consider the following Lagrangian

1 1
L = = Hupo B =SB0, B 4+ I B,
H;wpo = 4a[uBupo}7 (A4>
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where B is totally antisymmetric. The Fourier transform of the Lagrangian is

L = _%Burm [(92 + m2) P (O_) +m” Py (1+)} WpamBaﬂv + "By, , (A5)

and the Fourier transformed field equation is
[(#+m*) P(07) +m?Pys (11)] - B=J . (A.6)

The 17 component vanishes on shell in absence of sources. The saturated propagator
is

n=; [ (;% J(~q)- L]ﬁp ) +-5Pu ()| J@) . (A7)

Substituting the expressions for P (07) and Ps3 (17) gives

1 dq ., P07, m?),,,**
_/ i ) 2 ;sz
(2m) > +m

> Jana) (A3)

where

- 2 af — af [ £8 §7] q[“q[aélééz}]
P(07,m?),,"" = P (07) ™" P 0,00 +3————"] . (A9)

m2

Let us now consider the massless case. The saturated propagator is then given by

1 dq 1
II== —q)-— P(07) - Al
and the source constraint is
Py (1%)-J=0. (A.11)

Using this constraint, the saturated propagator is

m= g/ T Y (A12)
2 (277')4 q2 M PY

In the massless case the projector P(17)s3 is absent,because the Lagrangian is in-
variant under the gauge transformation

Bqu - BMVP + a[uQVp] ) (A.13)

where ,, = —,, and 0,92"” = 0. This makes the 1* components gauge degrees of
freedom.
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A.3 Spin/parity 1~
Given the Proca Lagrangian

1 1
L= Fu " = SmPAAN £ JUA, (A.14)

the Fourier transformed field equation is
(@ +m)T +m’L] - A=J . (A.15)
Using the expressions for T" and L the saturated propagator can be written as

1/ d4q J P(1_7m2),u1/

2 (2m)4 "(=9) q? + m?

J"(q) , (A.16)

where

P (1_,m2) w =T

2

= (o + 2%) . (A.17)

q2——m?2

Let us now consider the massless case. The saturated propagator is given by

1 d*q 1
Hzﬁfw,](—q)-?T-J(q), (A.18)

and the source constraint is

q-J=0. (A.19)
Using this constraint for we get
1 d*q 1
I =</ —J(—q¢)=5nuJ"(q). A.20
5 | G )z o) (A.20)

The source constraint in the massless case is related to invariance under the gauge
transformation A, — A, + 0,¢.

A.4 Spin/parity 1"

Since a degree of freedom 17 is contained in an antisymmetric rank-2 tensor B
let us consider the following Lagrangian

2

1 1
L= —gHu, " — §szWBW + J*B,, ,
Huup = ga[pByp] . <A21)

Using the spin projectors of Chapter 2, the Fourier transform of the Lagrangian is

L = —%B“” [(¢* +m?) P (1) +m* Py (17)] 1" Bpo + J" By, (A.22)
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the Fourier transformed field equation is
(@ +m*)P, (17) + m?P, (17)] - B=J. (A.23)

The 17 component vanishes on shell in absence of sources. Using the expressions
for P, (17) and P, (17) the saturated propagator can be written as

1 d*q P (17, m?) ,,°°
= — | — J"(— d 2 J A.24
2 / (27T)4 ( ) q2+m2 P (q) ) ( )
where
(5[[)6] qa}
+ 2 o +\ po _ | slpso] [14v]
P(17,m?) " = P(17),,° P (5[M5V1 + 2—m2 : (A.25)

In the massless case, P,(17) drops out and the 1~ components become pure gauge.
This is due to the fact that the Lagrangian is invariant under the transformation

Bpg — Bpg + 8[p£U] . (A.26)

In this case the propagator becomes

1 d*q 1
== [ ——J(—q)- =P, (17)-J A.27
5 [ G0 SR () Tl (A27)
and the source constraint is
P,(17)-J=0. (A.28)
The saturated propagator is
1 d*q 1
n=—-|——J"(—q)—= ve JP7(q) . A.29
5 [ o ) s I7) (A.29)

A generic 2nd rank antisymmetric tensor in four dimension has 6 independent com-
ponents. Since £ can be transverse or longitudinal, we can remove 2+ 3 components
and so there is only one physical degrees of freedom [92].

A.5 Spin/parity 2

The massive Fierz-Pauli Lagrangian with a source is

1 1 1
L= —§h’“’DhW + §hDh + (0,h")0,h — (0,h")0°h,,, + §m2(hwh‘“’ —h?) + T Ry
(A.30)
Using the spin projectors of Chapter 2, the Fourier transform of the Lagrangian is
1
L= (¢ +m)h [P(27) = 2P(07, 5)] " Py

1
g [Ps(r) — VBP,(0F, sw) — VBP0, ws)| B + T I
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the resulting Fourier transformed field equation is

(*+m2) (P(27) =2P(0% 55)) +m® (P(17) = VB(P,(0F, sw)+ P(0%, ws)) ) | - b = =7 .
(A.31)

Using the expressions for the spin projection operators, the saturated propagator is

2) (2m)* ¢ +m? P mpes ‘
where
P(2+;m2)ul/pa = Ps(2+)uup0 s m? (A33)
1
= PP m) — SPO ) P, m )

where we used definition (A.17]). Let us now consider the massless case, the saturated
propagator is given by

and the sources constraints are
P(17)-J=0, PS(O+,ww) -J =0, Ps(0+, sw)-J=0. (A.35)

These constraints are equivalent to ¢*J,,(¢) = 0. Using this constraint for the
saturated propagator, we get

1 [ dq 1 1
II = —= W(—q)= vo — Flluv!lpo e . A.
3 [ e s (s = g ) (@) (A30)

Note that the absence of P;(17) and P;(0", ww) is connected to the invariance under
diffeomorphism

h;w — h/W + c‘%@,) . (A.37)

Note also that the ratio between coefficients of Ps(2%) and Ps(0", ss) is —2 : this
particular choice is the only one that ensures locality of the Lagrangian. This means
that we cannot have a local theory where only P;(2") appears. To show this, one
can consider the following equation of motion (EOM)

¢ {Ps(27) + c1 Ps(07,88) + ¢ Ps(17) + 3 P (01, ww) } - h = —J . (A.38)

Invariance under diffeomorphism implies ¢ = ¢3 = 0. Then, expanding the remain-
ing spin projectors,

c1—1 cp—1
q2 h/w + ( ! 3 ) (WVQQ - ququ) h — unAth/ - QVQ)\hiJ\, - ( - 3 )nuu quahpU
2) quqy
+(C1;- ) qug 9GP = —Ju . (A.39)
q
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To have a local EOM we need to kill the term with inverse power of ¢2, hence we
need ¢; = —2.

The presence of P,(07, ss) does not imply that in such a theory there are prop-
agating states with spin 0%.
Starting from a generic symmetric tensor we have 10 independent components, then
diffeomorphism invariance reduces them to 1 + 5, where the 1 is coming from 0%
and 5 from 2% .
Residual gauge consists on transverse 9,&,)

; 2
Ps(2+)/wp Q(pga) = Q(ugu) - gTuVQp§p7

2

P(07, 55),"" A€oy = 3 €

and it can remove 1+ 3 components. So only 2 degrees of freedom survive and they
correspond to the two polarizations of 2% spin states.
Changing the mass term

Let us insert a parameter b inside the mass term: %mQ(hwh‘“’ — bh?). Now the
Fourier transform of the Lagrangian is

£ = g e e h - (@ T ) nepon s b

1
+5mh- [Ps(r) 4 (1= b) (0%, ww) — bV3(Py(0%, sw) + P,(07,ws))| -h+J h.
The saturated propagator is

1 [ d 1 1 1
=g [ S a0 | Pt — PO )| ()
2) G e S+ () v

where

4¢* +2(3b — 1)m? ¢* + (6b + 1)m*
m4

P(0t,m*) = P(0%,ss)+3 ( ) P(0", ww)

—\/§ (2(]2 + (3()— 1) mz) [P(O*,sw) + P<O+,w5):| )

m2

We see that in general the theory propagates also a scalar ghost. Sending b — 1, in
the second term its mass diverges and the ghost decouples.

A.6 Spin/parity 2~

We see from Table that a degree of freedom 27 is contained either in a hook anti-
symmetric or a hook-symmetric 3rd rank tensor. However, such tensor contains more
than just the 27, so we have to impose some constraints to avoid the propagation of
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the other degrees of freedom. For the massless case we impose gauge invariances to
eliminate the undesired degrees of freedom. This requirement and locality uniquely
determine the action. Then, to get the massive case we add a mass term to the
massless case and we impose the following requirement:

P(27,m?) = P;,(27) (A.41)

q2*>7m2
for the symmetric case, and the same with P(27 )y in the antisymmetric case. By
construction, the massless case is achieved by setting to zero the mass parameter.
Using a hook-antisymmetric tensor

We deal with the massless case first. Form Table the general Lagrangian com-
patible with hook-antisymmetry is

1
£ = —§B . q2 [PQQ (2_) —I— C1 P33 (1_) —|— Co P22(1+) + C3 P33(2+) —f- Cy P33<0+)

+cs P66(]-_) + cg (Pgﬁ(]__) -+ Pﬁg(l_))} -B + J-B.

Then we require the following invariances

Bupa — Bupa + 281/9,00 - ame/ - aO'QI/p — (= 07 (A42)
Bupcr — Bz/pa + aawz/p - apl/}wr = C3=0C4 = 07 <A43)
Bzzpo' — Bz/po' + 81,@,50 — 8,,(90510 — C5 = Cg = O, <A44)

where 2 is antisymmetric and transverse, 1) is symmetric and transverse, £ is trans-
verse. These transformations are constructed starting from the properties of the
field they are designed to remove. We can expand the remaining spin projectors to
obtain

o demmer Lpn e O D g0 pae L g e
a8+ 285+ Mg O i
—(e1 — Dquq, B" , B — @;—;unqupqoB“”’\B””A + J" B, - (A.45)
Only for ¢; = —1 there is locality. Therefore, the Fouries transform of the massless
Lagrangian is
L = —%B- ¢ [Pn(27)—P;(17)] B+ J-B. (A.46)

Now let us consider the massive case. We add to the massless case a generic mass
term

L = —%B~q2{P22 (27)— Py (17)}-B+J-B (A.47)

_m?QB A Pa2 (27) 4+ a1 Pss (17) + a2 Po(17) + a3 Ps3(27) + a4 Ps3(07) + a5 Pes(17)
+a6 (Pgﬁ(l_) + P63(1_))} - B.
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Then, the saturated propagator is

1 d* 1 _ 2em? (1 1 1
= / L) | Pol2)+2 (—P33 (29) + Py (0+)+—P22<1+))
as ay Qo

2) (2m)* q* +m? m?
2 2 2 2
qg +m q-—arm _ _ _ _
Pyo(17) —as Pys(1 Pag(17)+ Pas(1 ]-J .
+a5 (qz—a1m2)+a§m2( 2 66(17) —asPs3(17)+ag (Pag(17)+ Pes( ))) (q)

At this point we define the term inside the square bracket as Pp,(27,m?) and we
require

Pra(27,m?) = Pyy(27) (A.48)

Ro—m?’
obtaining
CL1:—]_, agzl, 6L3:]_, CL4:—2, CL5:0, a6:—\/§. (A49)

Therefore, the Fouries transform of the massive Lagrangian for spin 27 is

L = —%B- (*+m?) [P (27) = P3(17)]-B+J-B (A.50)

—%sz P (1) + Py (21) = 2P (07) = V2 (Pys (1) + Pis (1)) - B,

and the saturated propagator is

1 d*q 1 _
M3 [ Gk Io0) s P2 o) - ) (A5)
where
Pa(2"m%) = Pu(2)| | = Pu(2)+ ¢ ;m (P22 (1) + Py (2%) — %ng (0+))
(¢> +m?)? (¢> +m?) _ _
+ TP%(l ) — “am? (Pss(17) + Ps3(17)) -

(A.52)

The presence of Ps3(17) does not imply that in this theory there are propagating
states with spin 17. A generic (ha) 3rd rank tensor has 20 independent components,
and the previous invariances reduce them to 8, of which 3 come from 1~ and 5 from
27 . The residual gauge invariance consists on transverse

Py (27 )apy" (20,2p0 — @00
P22(2_)04,3'yyp0 (qJ¢Vp Qp¢ua
P22(27)a5'yyp0 <QVQp£o %/Qogp

= QQaQﬁ'y - Q,BQ’ya - qWQaﬁ 5
qW¢aﬁ - QB¢QW )
10456y — GatyEs — 4" Tapplyy

)
)
)
)
)
)

Ps3(17)apy™ (20,2p0 — @00 vo) = 0,
P33(1_)04,3'yyp0 (q0¢yp Qp¢ya =0 )
P33(17)015’7Vpg <QVQP£U QZ/QJgp = q2 Ta[ﬂg'y] )

and it removes 1 + 1 + 1 + 3 components. So only 2 degrees of freedom survive,
corresponding to the two polarizations of 27 spin states.
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Using a hook-symmetric tensor

The procedure is the same for the case in which the 2~ state is contained in a hook-
symmetric tensor. Starting with the massless case, we write a general combination
of hook-symmetric projectors:

1
£ = —§B . q2 {Pll (27) + C1 P22 (17) + Co P11<1+) + C3 P22<2+) + Cy P22(0+> + Cs P55 (17)

+cg (P25 (17) +P52 (1—))} -B+J-B.
Then we require the following invariances
Bypa — BVpo’ + 26V¢00' - 8p¢au - aU¢Vp = (3 =0 = 07 (A53)
Bye — By + 05,4+ 0,80, = =0, (A.54)
Bupo — Bupa + auapga + ayaagp — =0c=0, (A55)
where 2 is antisymmetric and transverse, 1) is symmetric and transverse, £ is trans-
verse. As before, note that these transformations are constructed starting from the

symmetry properties of the field and are designed to eliminate the undesired degrees
of freedom. Expanding the remaining spin projectors we get

1-— 1 1 1-—
[ — - C1 C]2ByaaBV'8,3 B §q2Bup0'Bypa + quBVpUBpVJ . TCIQZBQOH/BVBﬁ (A.56)
l—c v 1 vpo l—c @ v 2 vo
+ 6 1q2BaauBﬁﬂ + gq,quBupr e 1q,utu'u aB Bﬁ - ngtuupaBp
1—c 1—c 2 1
+ IQMQVB“Vpoaa - IQMQUBPHVBpaa + gququpuonyg - §Q,uq1/Bp'u0'ijp

1 o v 1 (6% v 1 v, 1 4
+(1 - Cl) <§%LQVBM aBﬁ,B - EQMQVB auBﬁ,B - §QMQVBM pBﬁ,Bp + ngbeu Bﬁﬂp)
1 UV Rpo 1 2N po 1 Ay po
+(c1 +1) —6—q2qﬂqupan By + 3—q2ququpqoB By — 6—q2ququpqoB B

T B,py .

Only for ¢; = —1 there is locality.
Therefore, the Fourier trasform of the massless Lagrangian for spin 27 is

L = —%B- ¢ [Pn(27)—Pn(17)] B+ J-B. (A.57)

Now we come to the massive case. We add to the massless Lagrangian a generic
mass term

L= B @[Pu(2)-Pa(1)] B (A.58)

2
—m?B AP (27) 4+ a1 Py (17) 4 as Pri(1%) + a3 Pos(27) + ¢4 Pao(07) + a5 Pss (17)
+a6(P25(1_)+P52 (1_))}B+JB

We calculate the saturated propagator and we define Pys(27, m?)

e O R WS R R )
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Then we require

Ps(27,m?) = Piy(27) , (A.60)

2——m?2
obtaining
CL1:—]., a2:1, CL3:1, a4:—2, CL5:0, CL(,‘:—\/§. <A61)

Therefore, the Fourier transform of the massive Lagrangian for spin 27 is

L = —%B- (" +m?) [P (27)—Pn(17)] - B+J-B (A.62)

—%m2B . |:P11 (1+) + P22 (2+) - 2P22 (0+) - \/§P25 (1_) - \/§P52 (1_)} ) B’

and the saturated propagator is

1 d*q 1 _ g
=3 [ Gk ) o P ) (o). (A.63)
where
_ _ . ¢+ m? 1
Phs<2 ,mz) = P11(2 ) P = P11<2 ) + 2 (Pﬂ (1+) + Py (2+> — §P22 (O+)>
(¢° +m?)? o (@ +m?) _ _
+ 5 Pss(17) — Tt (Pas(17) + Po(17)) .

(A.64)

A.7 Spin/parity 3

Singh and Hagen [93] have obtained a quadratic Lagrangian that describes a single
massive spin-3 field. It can be expressed in different ways by using different set of
auxiliary fields, but on-shell they are all equivalent. Let us consider the formulation
that requires the minimal number of auxiliary field, namely a single real scalar field,
which in four dimensional spacetime is given by

3

2
1

+¢(—0 + 4m?) ¢ + m®"d, ¢ — §m2(@Wp¢)Wp —30, ")+ J-D+j-¢, (A.65)

L = —% [(—(I)‘“’pmq)w,p +39*0®, + 6 (9,2"") (0,P,) — 3 (0,2"") (7P ) — (@LCID“)?

where @, = ®(,,,) and ¢, = ®,,,n"?. The first line describes the massless spin 3
field.

We can first solve for ¢ through its EOM and back substitute the result into the
action. This produces the term —1m?(9,®")(—0+4m?)~*(9,®"). Substituting this
back into the action, Fourier transforming and expressing the result in terms of the
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spin projection operators gives [94]

1 d*q 2 2 - 2
S = _§/W<Q). [(q +mAHPB) +m?Py(21) — 4(¢® +m*H) Py (17) — VEm? Py (17)
—V5m2Py(17) — (2q +2m° — m> Py (0)
1, 2 m*q® q? 9 m2qg?
- (éq HTee +4m2)) Puaf07) =3 ((E )5 +4m2)) Pu(07)
-3 ((% +m?) — m) P41(0+)] Dt <1>) . (A.66)

This gives the saturated propagator

i(QQ +m?) Py (17)

d4q 1 _ 1
_ /(_J [—P(S )—i-ﬁPll(T_) + 5mA

2m)4 q? + m?
1

1
— P17 )y — —— Py (1~ D2 4L 7m2¢® + 16m*) Py (0"
Tl (10— = Pa(17) + 5 (@) + Tm’e’ + 16m*) Pu(07)
+ 10 (9(¢*)* 4 39m>q* + 16m*) P (0%)
1
10 (¢° +3m*) (3¢ + 8m?) (Pra(07) + Py (01)) ] J . (A.67)

Substituting the expressions for the spin projection operators gives (see, for example,
[95])

dlq P(37,m?)
m- | i e (A.68)

where

P(37,m?) WPy e = P(37)P g (A.69)

q2——m?2

3
= P(17,m?), P(1~,m?),"P(1",m?)," — gP(l_,mQ)WP(l_,mQ))‘TP(l_,mz)p" :

where we used definition (A.17)).

The Lagrangian for the massless spin 3 field is obtained by setting m = 0 and
¢ = 0 in . Then, Fourier transformed action in terms of spin projection
operators is

+%P44(0+)1 D+ @) . (A.70)

The spin-3 gauge invariance implies the following source constraints:

Pu(2Y)-J=0, Pyu(l)-J=0, Pu(17)-J =0, [Pu(07)=3Pu(0")] -J=
(A71)
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Using a gauge in which P;;(07)-® = 0 and Py;(07)-® = 0, the saturated propagator
is

diq 1 _ 1 _ i
H:/W?J. [_P<3 7Q)+ZP11(1 ,q) + 2P (0 7Q)} -J (A.72)

Substituting the expressions for the spin projectors and assuming that the source
constraints are equivalent to the condition ¢*J,,, — trace = 0, one obtains

d4q 1 v 3 .
I = / (271')4 ? J" p(_Q) [ = NuxMvrTpo + Zn/uzn)n-npv] J)\ (Q) . (A73)

This is in agreement with the formula (4.12) in [96]. The assumption on the source
condition follows directly from the spin-3 symmetry of the action given by 0®,,, =
0(u&vp), Where ,,, is traceless.
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Appendix B

Coeflicients matrices

We list here the coefficient matrices appearing in the decomposition of the most
general Lagrangian for antisymmetric MAG in the Einstein form of the theory.

1 1
a(2¥)33 = 3 (%) (2677 + 03T + 017 + 7)) - 3 (2miT +miT) (B.1)
-3
2
a(2t)3s = 437& (bBT + 2657 + bET) (B.2)
+ 12 o0 1 4, .nr &R
a(2")aa = 1 (—¢%) - 19 (407" + by (B.3)
_ 1 1
a(27 )2 = 5(—q2)(2b1TT +by) - 5(2m1TT +my ") (B.4)
1 1
a(17)22 = S(=¢*)(6b{" + 305 + [T — b5 +4bf" +2677) — (T — omi” (B.5)
1
a(1)3 = ?)\—@(—qQ)(—2b4TT + 2027 4 4pTT — pIT) (B.6)
4
a(1)33 = g(—q2)(3blTT — 303 T 4 oI T — pIT 4 pIT — bITy —4mIT o 4mlT (B.7)
1 1
a(17)ss = (=¢")(br " + 503" +037) —mp’ = gmyt —my" (B.8)
1 1
a(17)36 = —=(—¢*) (2037 + I Ty — —miT B.9
(17 )36 2\@(Q)(3 8)\/53 (B.9)
a(1*)37 =0 (B.lO)
1 1
a(17)66 = 5(=a")(2b1" + by +b37 +b17 +2b5" +b' +bg') = S(2miT A my’ +mg)
(B.11)
a(17)gr =0 (B.12)
a(l_)77 =0 (B.13)
1 1
a(07)33 = 5(—q?)(zblTTJr b+ 3T 4 bt T 4 pI T 4 3pd T — 5(Qm{T +miT +3miT)
(B.14)
P 3
a(0)35 = 413@@{” + 28T 4 pBT _ 3pBT 4 GpET) (B.15)
a(0)36 =0 (B.16)
12
a(0%)55 = —g" (0™ + b5"" + 305™) — o (—¢”) (B.17)
a(0T)s56 =0 (B.18)
a(0T)gs =0 08 (B.19)
a(07) =4(=¢*)(b] " =03 ") +4(=m{ " +my ") (B.20)



Appendix C

Coefficients mapping

We give here the transformation between the Lagrangian coefficients in the Cartan
basis and in the Einstein basis.

1

all = 1 (m$ +4miT) (C.1)
1

all = 3 (m%; + 2mgT) (C.2)

il = —mb 4+ miT (C.3)

1 1 1 1
T = opftit y pItE 4 opltit ZbgT — T — 5b4TT — it — 5bSTT + ibgT (C.4)
3 1

ey’ = —by" = Dbyt — Ab 4 by 4 2b5 205 + b7 by — by (C.5)
1

P = 5 (2057 + 865 — pIT — 4bfT - 2bf T — 4b{T — 4bET — 2b%T + 2687 (C.6)
1

P = 5 (—2087 — 8bEE 4 I 4 AbET 4 BT + 28T + 208 — 26{T) (C.7)
1

cEF = 5 (4657 4 8pER — pIT — 4pfT — 8pET — 2617 — 21T + 2657 (C.8)

EF — pRE (C.9)
1

T = 5 (=166 — b5 — 16657 + 365 + 8bET + 8bg T + 202 T 4 4bfT — 4b{T)

(C.10)

1

T = 5 (b5 + 863 T + 2037 4 2687 (C.11)

1

ey = 2by" + by — Sbg™ — 25T — b — by — bg” (C.12)
1

Tl = 5 (457 + 16657 — pFT — 8pET — 8bET — 2617 — 4bET 4 4b]T) (C.13)
1

T = T (4bf 7 4 B — BT 4 4b]T + 267 T) (C.14)
1

¢ = 5 (—4b[ — 305 — 8bg™ + b+ 4bgTT + 265 +4bg T + 2077 + 2657 — 2657

(C.15)
3t = b3+ abg — 28T 4+ b3 b T (C.16)
AT = 4bfF 4 2bFF + abfR — b — {4+ bIT — 2T — bIT — T b T (C.17)
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