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Orthogonality catastrophe beyond bosonization from post-selection
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We show that the dynamics induced by post-selected measurements can serve as a controlled route to access
physical processes beyond the boundaries of Luttinger liquid physics. We consider a one-dimensional fermionic
wire whose dynamics results from a sequence of weak measurements of the fermionic density at a given site,
interspersed with unitary hopping dynamics. This realizes a non-Hermitian variant of the celebrated instance of
a local scatterer in a fermionic system and its ensuing orthogonality catastrophe. We observe a distinct crossover
in the system’s time evolution as a function of the fermion density. In the high-density regime, reminiscent of the
Hermitian case, a bosonized version of the model properly describes the dynamics while, as we delve into the
low-density regime, the validity of bosonization breaks down, giving rise to irreversible behavior. Notably, this
crossover from reversible to irreversible dynamics is nonperturbative in the measurement rate and can manifest
itself even with relatively shallow measurement rates, provided that the system’s density remains below the
crossover threshold. Our results render a conceptually transparent model for exploring nonperturbative effects
beyond bosonization, which could be used as a stepping stone to explore novel routes for the control of nonlinear

dynamics in low-dimensional quantum systems.

DOI: 10.1103/PhysRevResearch.6.1.042022

Introduction. The Tomonaga-Luttinger liquid (TLL) stands
as the universal, low-energy description for interacting
one-dimensional (1D) quantum systems, renowned for its
mathematical elegance and success in equilibrium scenarios
[1,2]. Its technical cornerstone, known as bosonization, allows
to transform virtually any interacting system involving 1D
fermions, bosons, or spins into a massless free theory of col-
lective bosonic excitations. Extending its applicability beyond
equilibrium, especially in nonequilibrium settings, has been a
topic of exploration in both isolated [3—11] and open systems
[12-16], as well as in the realm of non-Hermitian systems
[17-24] and measurement-induced dynamics [25-29].

While the TLL framework proves remarkably robust
even far from equilibrium in certain phenomenological cases
[9,14,30-33], it lacks a formal renormalization group argu-
ment to guarantee its validity given the potential excitation of
higher-energy degrees of freedom. The exploration of dynam-
ics beyond TLL at equilibrium has seen significant attention in
recent decades [34], yet understanding its validity in nonequi-
librium conditions remains largely uncharted territory. This is
partly due to the inherent technical challenges posed by the
problem itself [35-37] and the absence of iconic models to
guide such inquiries.

Nonetheless, delving into this line of inquiry holds both
fundamental and practical significance. It serves as a potential
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testing ground for theories encompassing universal dynamics
beyond traditional thermodynamics, while also offering the
prospect of discovering effective models capable of simpli-
fying the numerical resolution of highly correlated quantum
dynamics.

In this Letter, we embark on an initial exploration in this
direction by proposing a model of nonunitary dynamics where
nonperturbative effects beyond bosonization manifest in a
controlled fashion, and where at the same time the mecha-
nisms for the breakdown of bosonization can be traced back
to a transparent physical picture. The latter feature is highly
nontrivial, since there are only a few cases [34,36] in which
the breakdown is physically well understood. We implement a
non-Hermitian version of the orthogonality catastrophe (OC)
using post-selected continuous measurements of the local
fermionic density at a given site. The OC [1,2,38,39] is a
paradigmatic phenomenon in solid-state physics, with count-
less applications ranging from the physics of x-rays [39,40]
to the Kondo effect [41-43], quantum dots [44,45], and ultra-
cold atoms [46—48]. The OC describes the strong sensitivity
of gapless fermionic systems to local perturbations: a single
scattering center introduced in a metal generates a new ground
state which is orthogonal to the unperturbed one [38], due
to the excitation of a diverging number of particle-hole pairs
with vanishing energy. The dynamical signature of the OC
is an algebraic decay in time of the return amplitude after
turning on of the local potential. This characteristic decay
has been proven by nonperturbative means [49,50], but it is
also predicted by a simple bosonized description [40]—an
early example of a successful nonequilibrium application of
bosonization.

In this study, we consider a model where a local imag-
inary scattering potential is abruptly introduced into a
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noninteracting 1D fermionic system. While nonequilibrium
versions of the OC problem have been explored in previ-
ous literature [51-54], our approach is distinct. We employ
post-selection of measurements, which plays a pivotal role
in our ability to control the extent to which the dynamics
deviate from an effective bosonized description. Our primary
focus is on the return amplitude L£(t) = (¥ (0)|y (¢)), which
serves as a global indicator of how closely the full state aligns
with the description provided by bosonization. Our findings
reveal a distinct algebraic decay in L£(t), consistent with the
Hermitian scenario. However, in the non-Hermitian setting,
we observe an additional exponential decay not anticipated
by bosonization. Unlike conventional occurrences of deco-
herence in OC [51-53], this exponential decay signifies a
reversible/irreversible dynamical crossover directly associ-
ated with the breakdown of bosonization. This feature stands
as a unique hallmark of our post-selected implementation of
the OC. The presence of a decay rate, indicative of irreversible
dynamics, strongly depends on the initial density of fermions:
it is significant only in the low-density regime, where devi-
ations from bosonization are notable, but tapers to zero as
the background fermion density increases. This perspective
is corroborated by our examination of the system’s kinetic
energy, which grows linearly over time. This growth hints
at the existence of energy absorption processes that naturally
drive deviations from the bosonization description whenever
fermionic densities are low.

We interpret the breakdown of bosonization at low den-
sities as a consequence of the presence of quasibound states
in the single-particle spectrum of the non-Hermitian Hamilto-
nian that governs the dynamics. These states occur far from
the Fermi surface, and exert their influence through the imag-
inary part of their eigenvalues. They exist because of the
curvature of the fermionic dispersion, and so they disappear as
the dispersion is linearized when bosonizing the Hamiltonian.

Model. We consider a 1D system of noninteracting, spin-
less fermions c; that can hop on the lattice sites of a

chain according to the Hamiltonian H = —J Z?;é (cj 16t

clejn) =Y, gchcq. The chain has L sites with periodic
boundary conditions (pbc) and unit lattice spacing a = 1. We
also use units such that 2 = 1. The momentum modes are ¢, =
L2y e7 ¢, corresponding to energies g, = —2J cos q.
We assume that the system is initialized in its ground state
|F'S) (at a certain filling Ny, namely density 7i = Ny/L), and
then evolves according to the nonlinear Schrodinger equation

. d Y

i W O) = [K+i5 @ Olno @) |, )
where y is a constant that can be of either sign, ny = C;oc o
is the number operator at the site jy, and where we have
introduced the non-Hermitian Hamiltonian

K=H-— i%no. )

The above Hamiltonian [15,55-57] describes scattering
off a localized potential (i.e., an impurity) that has an
imaginary strength. It can be seen as the simplest non-
Hermitian generalization of the OC problem. Equation (1)

can be solved as |Y (1)) = [ ())/ (¥ ()| (t))'/?, where

[ (1)) = e K [4/(0)), so that the dynamics is simply the nor-
malized version of the nonunitary evolution generated by K.

There are several scenarios that lead to the dynamics (1),
and all of them have in common some form of post-selection.
We briefly present here a few of the simplest strategies,
leaving a more detailed discussion to the Supplemental
Material [58].

The most conceptually straightforward scenario is that of
continuous monitoring [59,60]: the system undergoes a series
of weak measurements of the density at site j, at a rate y,
interspersed with Hamiltonian evolution, with a set of mea-
surement operators that includes

M(St) = Ne= '™, 3)

along with other operators that we do not need to specify
here (A is a suitable normalization constant that plays no
role). Such dynamics would yield stochastic state trajectories,
conditioned on the random measurement outcomes, and (1)
is obtained by selecting only those trajectories in which the
outcome is always the one corresponding to the action of (3).
This procedure is known as the no-click limit [25,61-63].
Physically, the measurement operator (3) for y > 0 may be
taken to represent a measurement that has found no particles
at jo, since it favors states with ny = 0. Vice versa, y <0
represents a measurement that finds one particle at jj.

It is also possible to simulate (1) with a dissipative dy-
namics governed by a Lindblad master equation, if the jump
operator J [59,64] is such that the non-Hermitian part of
the dissipative dynamics H = H — %j T J reproduces (2) [65]
and if the dynamics can be confined to a suitable subspace
by a post-selection of experimental runs [18,66,67]. A sim-
ple example is provided by a localized single particle loss
J = y'2c;, [15,68-70]. For each time ¢ of the dynamics,
the total number of particles is measured and only the runs
in which no fermions have been lost are kept. The observables
measured within this set of runs correspond to the state |/ (¢)),
and must be divided by its squared norm, which is simply
the probability of not losing particles in the time 7. This form
of post-selection can be extended to any dissipative dynamics
for which there is a way to recognize the effect of dissipative
events, the so-called jumps [64]. For instance, this procedure
is possible for localized single particle gain J = ygl/ 2c;0 [71],
which corresponds to y = —y, < 0, while it is not viable for
localized dephasing J = y'/?no [51,72]. It should be possible
to implement the procedure above in near-term experiments
(e.g., see [67,73]) for localized losses [74—78]. The two strate-
gies outlined above (measurement and dissipation based) are
closely related, but while the first requires monitoring a local
observable at each instant of time, the second only requires
global measurements at the end of the dynamics.

A different dissipative strategy employs an immobile im-
purity particle that induces a localized two-body loss [79-84]
in the system, i.e., J = yl/ 2d ¢ j»» Where d annihilates the im-
purity. Then, the effective Hamiltonian H=H- iy/2nod'd
can be switched from H to K by simply injecting the impu-
rity, d'd = 1. Finally, in analogy with the Hermitian scenario
[47,85], one only needs to measure observables of the impu-
rity to reconstruct the dynamics (1). This strategy does not
require post-selection of the experimental runs.
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FIG. 1. Absolute value of the return amplitude as a function of
the rescaled time for L = 1000, J = 0.5, y = 0.3, and increasing
density. The plot shows the absence of particle-hole symmetry as the
low-density curves (in shades of red) decay faster than those at the
conjugate densities 1 — 7 (shades of blue) because of an additional
exponential envelope caused by the post-selected measurements. In-
set: filling dependence of the two fitting parameters 8 (OC exponent,
red dots) and I" (exponential decay rate, blue stars), along with the
bosonization prediction for B (black line). The uncertainty on the
fitted parameters is smaller than the size of the marker points.

Numerical evidences. We have computed the time evolu-
tion of the system using the algorithm described in Ref. [86]:
we evolve the matrix of the single-particle wavefunctions
Uji = ¢p,(j )];::]1”'_'_'_’.}2’ with the single-particle versions of H
and M, and we keep the state normalized at each step.

We focus here on two main observables: the return ampli-
tude and the total energy. The return amplitude is defined as
L) = (Y (0)|¥(@)) = (FS|y(t)), which is variously known
as fidelity, Loschmidt echo, or impurity Green’s function. As
stated in the introduction, a power-law decay of the return
amplitude is the hallmark of the OC [1,2,39].

The typical behavior of the return amplitude is shown in
Fig. 1. Our numerical computations show that after an initial
transient, | £(z)| displays two qualitatively different behaviors,
and that we can go from one to the other by tuning the density.
Above half filling, the return amplitude is well described by
a power law, while below it acquires an exponential decay.
Notice that the lack of symmetry with respect to half-filling is
to be expected, as the dynamics (1) explicitly breaks particle-
hole symmetry: loosely speaking, the exchange ¢; <> (—1)/ c;
leaves the Hamiltonian invariant while changing the sign of y
[58]. As a consequence, we will show only data for y > 0, as
those for y < O (for the case of post-selection for ny = 1) can
be obtained from the correspondence ii(y < 0)=1—n(y > 0).

We fit |L(¢)| assuming that after the transient it has the
form |L£(t)] = At~Pe~T". The combined algebraic and expo-
nential decay reflects the two processes that we expect to
occur: the former is the OC behavior, while we interpret the
latter as a sign of irreversible dynamics caused by the mea-
surement process. This shape of |£(¢)| is valid for 0.1 <7 <
0.9 and y < J: outside this range of parameters, the return
amplitude has a more complicated behavior.
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FIG. 2. Energy absorption as a function of the rescaled time for
L =1000, J =0.5, y = 0.3, and various densities. A monotonic
behavior as a function of the density can be observed in the rate of
energy absorption after a transient, which decreases upon increasing
the density, as emphasized by the arrow on the right of the figure.
Inset: density dependence of the energy absorption rate computed
from a linear fit, at various values of y. The rate decays exponentially
with 71.

The typical density dependence of the two parameters B
(the OC exponent) and I' (the decay rate) for a chain of L =
1000 sites is shown in the inset of Fig. 1. The two parameters
behave very differently: while B is essentially particle-hole
symmetric, ' decreases monotonically (and exponentially)
with the filling. We show in [58] that the behavior of the OC
exponent B can be predicted with bosonization, which yields
By(i1) = y?/[2mvg (71)]?. This expression depends on the fill-
ing only through the Fermi velocity vy = 2J sin(s#), which
is particle-hole symmetric, in accord with the numerics [87].
However, the power-law behavior is all that bosonization pre-
dicts. Namely, the existence of a nonvanishing I lies beyond
bosonization. A numerical fit indicates (cf. [58]) that for small
y the decay rate behaves as InT" = a(y) — bi/y”, where a(y)
is approximately linear in y, b > 0, and y ~ 1.4. This result
suggests that I is nonperturbative in the measurement rate y .

A second observable that we consider is the kinetic en-
ergy absorbed as a function of time, E(¢) = (¥ (¢)| H | (1)),
whose evolution is shown in Fig. 2 for a fixed y at various
fillings. This quantity shows a steep transient, after which it
begins to grow linearly in time. The interesting behavior is
the dependence of the slope of the linear growth (namely,
the energy absorption rate) on the filling. The inset in Fig. 2
shows that the rate decreases exponentially with the fermion
density. In the case of our model, bosonization would predict
that the energy should saturate as a function of time, as in
the Hermitian case. This predicted behavior depends on the
excitation of only low-energy modes, which are those cap-
tured by the TLL Hamiltonian. The absorption of energy in
the non-Hermitian scenario signals the broken time-reversal
symmetry—or irreversibility—of the dynamics of the mea-
sured system. Indeed, the state will eventually converge to
the many-body eigenstate of K with the smallest imaginary
part of the eigenvalue, although this happens at very late times
[15,72], much larger than L/vp.
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FIG. 3. Occupation of the momentum states in the Brillouin zone
for a system of L = 1000 sites at the time 2Jt = L/2, with 2J =1
and the measurement rate fixed at y /2J = 0.3. The plot reveals the
extra depletion around the modes ¢* ~ =+ arcsin y /4J, which cannot
be accounted for by bosonization, and it shows how the depletion is
deeper for smaller initial filling. The inset reports the imaginary part
of the single-particle eigenvalues of the non-Hermitian Hamiltonian
(2), displaying that the depleted modes correspond to a peak of the
single-particle decay rates.

We would like to point out that the value of the measure-
ment rate y does not play an important role in our results,
as in all the plots that we are showing it is smaller than the
bandwidth 4J. In this parameter regime, a larger y determines
a quantitative change of the various effects, while the quali-
tative picture remains unchanged [88]. In the Hermitian OC
scenario, the smallness of the impurity potential ensures the
applicability of bosonization, but the power-law behavior is
nonperturbative [1,2,49,50]. Our calculations show that for
the non-Hermitian version of the OC, bosonization is not
applicable—yielding qualitatively wrong predictions—even
in such perturbative regime.

Physical mechanism. As observed in the numerics, the
predictions of bosonization are violated if the density is low
enough. We stress that our TLL predictions involve no approx-
imations beyond the linearization of the dispersion relation,
since we bosonize the model in such a way [1,2,89] that
a quadratic Hamiltonian is obtained, to which no nonlinear
terms need to be added within the usual theory of TLL. The
validity of the linearization of the spectrum around the Fermi
points typically relies only on the smallness of the impu-
rity potential and gives reliable results in the Hermitian case
[1,2,40]. So, what goes wrong in the bosonization procedure?
The answer can be found by computing the single-particle
spectrum of the Hamiltonian K. As shown in the inset of Fig. 3
(for more details, see [58]), we find that the imaginary part
of the eigenvalues (i.e., the decay rates of the eigenstates)
is mostly flat near the middle of the band (momentum close
to m/2), while it has two peaks near the band edges. This
contrasts with the bosonized Hamiltonian, which predicts the
same decay rate for all states [90]. Therefore, bosonization is
capable of describing the physics around the Fermi surface
as long as the latter lies near the middle of the band (and

this explains why it predicts the OC behavior correctly), but
it cannot account for the nontrivial dynamics that occurs at
the edges of the band. Indeed, this picture is confirmed by the
time evolution of the occupation number of the momentum
modes, shown in Fig. 3; while the discontinuity of the Fermi
surface remains intact, the decay peaks cause an extra deple-
tion deep inside the Fermi sea. Moreover, it can be observed
that the depletion of these modes is more pronounced for
smaller densities, in agreement with the increasing deviation
of the dynamics from the predictions of bosonization in that
regime. The breakdown of bosonization that we are proposing
is unusual, since it does not come from properties of the band
dispersion (such as the curvature at the Fermi surface [34]),
but rather it comes from the properties of the imaginary part
of the spectrum—the eigenstates’ lifetimes.

The existence of this faster-decaying mode has been al-
ready noticed in Ref. [56], in which they appear as the ones
most strongly scattered by the imaginary potential. The mo-
menta at which the peaks occur are +¢* and £(7 — g*),
where ¢g* is determined approximately [56] from the require-
ment that the group velocity of the fermions is equal to the
strength of the imaginary potential, 2/ sin g* = y /2. This ob-
servation implies that these special modes are a consequence
of the curvature of the band dispersion. Indeed, if we start
with a perfectly linear fermion dispersion, these modes dis-
appear, and we find again that the various observables are in
excellent agreement with the results from bosonization. Thus,
the breakdown of bosonization at low densities is a curvature
effect, albeit different from the usual beyond-TLL physics
[34], since the latter involves only the curvature near the Fermi
surface, whereas here we observe effects coming from the
curvature at the band edges.

The observed decay properties within the Fermi surface
explain why the system absorbs energy: the conservation of
the number of particles implies that the fermions depleted
from the low-momentum (and low-energy) special modes
must populate higher-momentum states. The behavior of the
return amplitude bears a similarity with the Hermitian OC in
the presence of a bound state, where a nonanalytic dependence
of L(¢t) on the density is found [91]—indeed, the special
modes are quasibound states [92]. A direct generalization [58]
of the Hermitian OC results from Ref. [50] to the present
model allows us to have an analytical understanding on how
the density influences the unrenormalized return amplitude
L(t) = (FS|Y(t)) = (FS|e " |FS). This calculation clearly
shows how the imaginary potential causes £(t) to acquire
an exponential decay that depends on the properties of all
occupied states and is therefore nonuniversal and density de-
pendent. We infer again that any bosonized version of the
model that focuses on the states around the Fermi surface only
can not possibly capture this nonuniversal decay.

Conclusions. From a fundamental point of view, our re-
search unveils a mechanism for departures from bosonization
that is distinct from more traditional explanations, rooted in
the effects of band curvature of the dispersion relation [34]. In
this regard, our findings illustrate transparently the profound
difference between unitary and dissipative systems when it
comes to the breakdown of low-energy collective descriptions.

Upon initial examination [58], the Lindblad dynamics gov-
erned by localized noise dephasing, albeit featuring the same
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non-Hermitian Hamiltonian as this work, does not exhibit the
same characteristic signatures of the measurement-induced
dynamics that we found. This observation implies that quan-
tum jumps may obscure the mechanism we have elucidated
above. Unraveling these features and developing a simpli-
fied model for controlled breakdown of bosonization within
Lindblad dynamics would represent a natural extension of our
research.

Recently, measurement-induced phase transitions in low-
dimensional fermionic systems have been captured using an
effective bosonized description [26]. Our findings could serve
as a promising starting point for extending this analysis to
interacting fermions or quantum spin chains undergoing mon-
itored dynamics. At variance with [26], one could wonder
whether the universality classes of such dynamical transitions
may change when the Tomonaga-Luttinger liquid description

becomes inapplicable and processes similar to those presented
here come into play. Among all the possible ramifications of
our work, this appears to us as one of the most promising.
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