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Abstract

We discuss a model for phase transitions in which a double-well potential is singularly
perturbed by possibly several terms involving different, arbitrarily high orders of derivation.
We study by I"'-convergence the asymptotic behaviour as ¢ — 0 of the functionals

k
1
Folu) = / I:EW(M) +que”—l|v<%|§]dx, u e HA(Q),
2 =1

for fixed k > 1 integer, addressing also the case in which the coefficients ¢, ..., gx—1 are
negative and | - |, is any norm on the space of symmetric £-tensors for each £ € {1, ..., k}.
The negativity of the coefficients leads to the lack of a priori bounds on the functionals; such
issue is overcome by proving a nonlinear interpolation inequality. With this inequality at our
disposal, a compactness result is achieved by resorting to the recent paper [10]. A further
difficulty is the presence of general tensor norms which carry anisotropies, making standard
slicing arguments not suitable. We prove that the I'-limit is finite only on sharp interfaces
and that it equals an anisotropic perimeter, with a surface energy density described by a cell
formula.

Mathematics Subject Classification 49J45 - 26B30 - 74N15 - 74G65

1 Introduction

In the recent paper [10], it is studied a model for phase transitions in which a double-
well potential is perturbed by a singular term involving derivatives of high order. In a one-
dimensional setting, this model is described by the family of functionals defined for ¢ > 0
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as
1 2k—1 (k)2 p k
Elu 1) /I[8W(u)+s u®)| ]dt ifu e H (D), 0
+00 ifu e L2(I)\ H*(I),

where / is a bounded, open interval, W is a non-negative double-well potential, and k is a
fixed positive integer that can be assumed to be strictly larger than 2, the cases k = 1 and
k = 2 being already studied by Modica and Mortola in [21] (see also [20]) and Fonseca
and Mantegazza in [17], respectively. As customary for phase transition models, the study
of the functionals (1) is divided in two parts: first, compactness properties are investigated
as ¢ tends to 0, here it is proved that a family of functions having equi-bounded energy has a
sharp interface as a cluster point; then, the asymptotic analysis is performed, in this case, by
I'-convergence. Under some mild assumptions on the potential W, and, in particular, without
requiring any growth condition on W at infinity, it is proved that (see Theorem 4.1 below for
the precise statement) given {u,}. C H k) satisfying sup, E 81 (ug, I) < 400, there exists a
function u € BV (I; {—1, 1}) such that, upon extracting a subsequence, u, — u in measure
as ¢ — 0, having set the two wells of W at —1 and 1. Hence, the I"-limit as ¢ — 0 computed
with respect to the convergence in measure is finite only on BV (I; {—1, 1}) and it is proved
to be equal to m#(S(u) N 1), where S(u) denotes the set of the discontinuity points of # and
my is a strictly positive constant determined by the optimal-profile problem

+00
my = inf{/ [W(v) +® |2] dr v e HE (R), lim v(r) = j:l}. )
—00 t—+o0
Note that such result generalizes the one by Fonseca and Mantegazza for k = 2 to a wider
class of double-well potentials.

The precompactness of a family with equi-bounded energy {u.}. is obtained by adapting an
argument originally devised by Solci [26] for perturbations giving free-discontinuity func-
tionals, which relies on local interpolation inequalities on intervals that allow to estimate
the L%-norm of an intermediate derivative uff) ,€ ef{l, ...,k — 1}, in terms of the integral of
W (ug), which is related to the L2-normofu, — 1 orus+1 assuming that W is quadratic close
to the bottom of the wells, and the L2-norm of ugk). In this way, small transition intervals on
which u, ‘passes from a well to the other’ are detected, with the further condition that, at the
endpoints, all the intermediate derivatives are small. These observations lead to considering
the minimum problem

T
my(n, T) := inf[/T[W(v) + lv(k)|2] dt 1 v e HY(—T, T)),

(=T)+ 1| <, |o(T) = 1] <, [vOET)| < nforall € € {1,...k — 1}]

that, once optimized in n and T, yields (2). Since, in turn, (2) is proved to be strictly positive,
the equi-boundedness of the energy implies that the number of the aforementioned intervals
on which a transition occurs is equi-bounded as well, and this property, in broad terms, yields
compactness. Having proved that for every ¢ each transition interval increases the energy E g
by the fixed amount my, which is independent of ¢, the computation of the I"-limit follows
by standard arguments.

The general d-dimensional case deals with the functionals

1
/ [fW(u) +82k—1||v(k>u||§]dx ifu e HY(Q),

QL€
+oo ifu e L2(Q)\ H (),

Ec(u, Q) := 3)
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where € is a bounded, open subset of R? with Lipschitz boundary, W and k are as above,

and || - ||x is the operatorial norm of a symmetric k-tensor defined as
1Tl := [sup{T (&, ....&) : |§] = 1}I. (4)
——
k times

In [10], the study of functionals (3) is confined to the computation of the I'-limit, and it
is remarked that the compactness theorem holds true assuming suitable growth conditions
at infinity on W. The choice of the operatorial norm makes the asymptotic analysis of such
functionals a one-dimensional task since slicing arguments are well suited in this case. Indeed,
(4) and the slicing properties of Sobolev functions imply that

dkvsy

I , for £%-ae. x € Q, (®)]

IV©uol = [0

where £ is a unit vector, y € {z € R? : z.-£& =0}, and we set x = y +t€ and v5V (1) =
v(y+1&). Employing the blow-up argument of Fonseca and Miiller [ 18] together with (5) and
applying the I'-limit result previously obtained in dimension 1, it is proved that the I"-liminf
is estimated by

miP({u = 1}; Q), (6)

where P({u = 1}; Q) is the perimeter of the set {# = 1} in the domain €2, representing the
measure of the interface in higher dimension. Finally, the construction of arecovery sequence,
that by density can be confined to the case of a smooth interface d{u = 1} N QL =3dE N Q
for some E smooth, open set, is obtained by composing the signed distance function from
d E with an (almost) optimal-profile for the one-dimensional problem (2) suitably dilated at
scale ¢. In this way, the energy of such sequence can be computed by slicing in direction of
the normal field to d £ N €2 and, since for every ¢ each slice increases the energy by the fixed
amount my, (6) is proved to be the I'-limit.

In this paper, we study a more general family of functionals in which possibly several
singular perturbations, and accordingly several order of derivatives, are involved with no
restrictions on the tensor norms. We study the asymptotic behaviour, as the positive parameter
¢ tends to 0, of functionals defined as

k
1
W) + q@s”*wv(‘)uﬁ]dx ifu e HY(Q),
F.(u, Q) = /Q[e ; ¢
+00 ifu e L2() \ HY (),

@)

where  is a bounded, open subset of R? with C! boundary, W is a non-negative double-
well potential, k is a fixed positive integer larger than 1, the coefficients g1, ..., gx—1 are
real constants, possibly negative, gy = 1, and | - |, is a norm on the space of symmetric
£-tensors for every £ € {1, ..., k}. More specifically, we suppose that W : R — [0, +00) is
a continuous function satisfying the following assumptions:

(H1) W(s) =0ifandonlyifs € {—1, 1};
(H2) W(s) > min{(s + 1), (s — 1)?} for every s € R;
(H3) W(s) < W(t)+ 1 forevery ¢ € R and for every s € R with [s| < [t].

We remark that, with some minor adaptations in the computations, we could also assume
more in general that, for some positive constants «, S, the following conditions hold:

(H2’) W(s) > amin{(s + 1)2, (s — 1)?} for every s € R;
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(H3”) W(s) < BW(t) + B forevery t € R and for every s € R with |s| < |t],

having our main results still holding unchanged.

One of the difficulties in dealing with general tensor norms is the arising of possible
anisotropies, which make slicing techniques inadequate. For this reason, we rely on arguments
that are not based on a one-dimensional analysis. But the main issue of our study concerns
the presence of negative terms in the energy. To overcome this difficulty we combine the
approaches of Chermisi, Dal Maso, Fonseca, and Leoni in [11], and of Cicalese, Spadaro,
and Zeppieri in [12], in which, independently, it is treated the case k = 2: in particular, in the
first work, the analysis is performed also in higher dimension (with the operatorial norms),
while the latter gives a detailed description of the one dimensional case. Our first step is
proving a global interpolation inequality at scale ¢ that establishes bounds on the square
of the L? norm of Vu in terms of [, W (u) dx and the square of the L? norm of V®)y.
This inequality also determines lower bounds for the constants ¢, ..., gx—1 for which our
asymptotic analysis can be carried out.

Theorem 1.1 Let Q@ C R? be a bounded, open set with C' boundary, let k > 1 be an integer,
and assume that (H2) is satisfied. Then, for every £ € {1, ..., k — 1}, there exists a positive
constant q; independent of Q such that for every q < q there exists g9 = eo(q, Q) such

that it holds
o2 [ v Outar < [ [We+eHIvOulR] ax
Q Q

forevery e € (0, &) and u € HF (2). Moreover, for every £ € {1, ..., k — 1}, there exists a
positive constant q; independent of Q2 such that for every q < g there exists g = €9(q, 2)
such that it holds

qs”/ IV Oul? dx 5/[W(u)+82k|v<k>u|,%] dx
Q Q

for every e € (0, g0) and u € H*(Q). In particular, q; depends on g, | - |¢, and | - ;.

The above interpolation inequality is proved by, first, adapting the arguments in [12],
which yield the result in the case d = 1, and then by applying the slicing method as in
[11] to recover the general case. We remark that assumption (H2), despite not being fully
satisfactory in describing the model as it prescribes the growth rate at infinity of the double-
well potential, is needed to apply classical, global L?-interpolation estimates. Indeed, the
presence of negative terms in the energy seems to prevent the use of the local arguments
applied in [10], as it is not evident to us how to estimate the energy when far from the bottom
of the wells.

Having at disposal such interpolation estimate allows us to find a priori bounds on the
functionals (7), provided the coefficients ¢, ..., gx—1 are not too small, and this is the key
ingredient to get the main compactness result.

Theorem 1.2 Ler @ C R? be a bounded, open set with C' boundary, let {F,}, be defined
as in (7) with k > 1 an integer, let N := {£ € {1,....k — 1} : g¢ < 0}, and let {e,}, be a
positive sequence converging to 0. Assume that (H1) and (H2) are satisfied and that one of
the following conditions holds:

(i) N =0;
(ii) N # @ and qo > —q, for every £ € N for suitable positive constants {q, : £ € N}.
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If{uy}, C HY(Q) isa sequence such that

sup Fg, (uy, 2) < 400,
n

then there exist a subsequence {u,,j }j and a functionu € BV (2; {—1, 1}) such that Un; = U
in L3(Q) as j — 4o0. In particular, if N' £ @, letting gy, - Gy denote the same positive
constants appearing in Theorem 1.1 and given {cy : £ € N} such that ag > 0 forall £ € N
and ) yonr e = 1, it holds that gy = oayqy for all £ € N hence, {q, : £ € N} are
independent of <.

Clearly, if the coefficients g1, ..., gx—1 are non-negative, the compactness result in [10]
suggests there is no need to resort to Theorem 1.1 since, by the equivalence of the tensor
norms, compactness of the functionals { F }, can be inferred by compactness of the functionals
{E:}c defined in (3) through a direct comparison. For this reason, we also prove a compactness
result for functionals {E.}. (Proposition 4.4). The first step is enhancing the compactness
result for functionals (1) stated in [10] taking advantage of assumption (H2). Indeed, this
assumption implies that W has quadratic growth at infinity, and this condition, in turn, allows
to improve precompactness in measure into precompactness in L2. Then, we recover the
general d-dimensional case by resorting to a precompactness criterion in L! by slicing that
has been introduced in [2] (see Proposition 4.3 below), which in our case is sufficient to
obtain precompactness in LZ.

Afterwards, we compute the I'-limit of the family {F.}. with respect to the strong
convergence in L2(£2). In order to state our result, we introduce some notation. We set
Si-1:= (£ e R : |£| = 1}. For fixed v € S~ and T > 0, we let the symbol Q. denote
an open cube of side length T, centred at the origin, with two faces orthogonal to v,

T T
QY = {x €R!:frov] < . fx vl < foreveryi € (1, ..d - 1}}, )

where {vq, ..., vg—1, v} is an orthonormal basis of RY that we fix arbitrarily.
We fix a function u € H{;C(R) such that u(r) = —1ift < —1/8, u(®) = 1ift > 1/8,
|[u] <1, and

+00 k
0< / (W@ + Y laella® ] dr < +os,

-0 (=1
then, for fixed v € S?~! we define the function
' (x):=u(x-v) forallx e R?,

and for every ¢ > 0 we further define
7 (x) == ﬁ"(%) = ﬁ(%) for all x € RY.
We introduce a class of admissible functions on unit cubes as
AL = {v e HY(Q}) : v =1u! near 30} }, )
where by ‘near dQ;’, we mean ‘in Q] \ Qy forsomer € (0, 1)’.

Finally, for every v € SY~! we introduce the function

k
1
g(v) := inf {f [7W(v) + qus”ﬂv“)vﬁ]dx ved e e (0, 1)}, (10)
o7-¢ =1
and we state our last main result.
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Theorem 1.3 Let @ C R? be a bounded, open set with C' boundary, let {Fy}, be defined
as in (7) with k > 1 an integer, and let N' .= {£ € {1, ...,k — 1} : q¢ < O}. Assume that
(H1)-(H3) are satisfied and that one of the following conditions holds:

(i) N =0;
(ii) N # W and g > —q, for every £ € N with the same positive constants {q, : £ € N}
independent of 2 appearing in Theorem 1.2.

Then the family of functionals {F.} I"-converges, with respect to the strong convergence in
L%(), to the functional Fy given by

/ g dHTY ifu e BV(Q:{=1,1}), withu =2x4 — 1,
Fo(u, Q) := { Joxana
+00 ifueL?(Q)\ BV(Q: {—1, 1)},

where A is a set of finite perimeter in Q, 3% A is its reduced boundary, v4 is its inner unit
normal, and g is defined as in (10).

In the special case g1 = ... = gx—1 = 0, this result improves the corresponding one in [10]
as it deals with arbitrary norms on the spaces of tensors, upon assuming stronger hypotheses
on the double-well potential.

In order to compute the I"-limit, we follow the strategy presented in [11]. The lower bound
is proved by using the blow-up argument and relying on a method due to De Giorgi that allows
to vary boundary conditions on converging sequences (Lemma 5.2). The construction of a
recovery sequence is confined to the case of polyhedra, which are seen to be dense in energy
for the limit Fp, being the surface energy density g upper semicontinuous (Proposition 2.4).
As stated below in Remark 2.5, the density (10) can be described by the following asymptotic
formula

k
¢(v) = lim inf[/ EW(u) + qus”—‘W(‘f)u@]dx ‘ve A;]
oy

e—0
=1

1
lim —— i f[
] |

k
[W(v) + unv%&] dx v e 2\';},
T =1
where ~
ri={ve H*(0Y) : v =" near 0%}

and the last equality follows by setting 7 := é and a change of variables.
The formula appearing in (10) should be compared with the one in [11]. In that work such
density is a constant because of the absence of anisotropies, and it is given by

I
inf { /QI:EW(U) — qe||Vol? + 83||V2v||2]dx ‘ve s e, 1)],

with 0 = (=1, 3)?, and
A:={ve HE.(RY): v=—1nearx -e; = —%, v=1lnearx-e; = %
v(x 4+ ¢;) =v(x) forall x € }Rd,i efl,..,d— l}},
where {eq, ..., ¢4} is the canonical basis of R? and by ‘near x - e = :I:%’ it is meant ‘in a

neighborhood of the set {x € RY:x-eq = :l:%}’.
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In light of this observation, we expect that our density g could be characterized as

k
1 -
inf{/ [fW(v) +3 qee”—wv“)vﬁ]dx ve A e e, 1)},
oy-€ =1

with
A :={v € Hllfm(Rd) cv=—lnearx -v = 5 v=1lnearx - -v = %,
v(x +v;) =v(x) forall x € ]Rd,i efl,..,d— 1}},
where {vy, ..., vy—1, v} is the orthonormal basis that we fixed in the definitions (8) and (9).

To prove this fact, we would need to impose boundary conditions resorting to Lemma 5.2. In
turn, to do this we would need to improve Theorem 1.1, even just in the case of the operatorial
norms, to the case €2 be an open cube. In [11], this result is obtained by slicing, which is well
suited because, roughly speaking, the operatorial norm of a 1-tensor, the gradient, coincides
with its euclidean norm as a vector of R?. Because of the higher order of derivatives that our
interpolation estimates involve, such argument seems to be difficult to adapt. As an additional
consequence of the lack of interpolation estimates on cubes, the proofs of Lemma 5.2 (and its
statement) and of the lower bound (Proposition 5.1) present several differences with respect to
their counterparts in [11]. In particular, we will need to apply our interpolation inequalities on
a C! subset of the cube Q] that coincides with this cube inside the strip {x € R :|x-v| < %}
which is close to the interface on which most of the energy is stored.

We remark that, in the case k = 2, such asymptotic analysis has already been performed for
more general functionals that are bounded from above and from below by positive multiples
of the functionals (7), allowing, for instance, the dependence of the energy densities on the
variable x. In particular, in [6], Bafa, Barroso, Chermisi, and Matias studied the case g; = 1;
while, in the recent paper [15], Donnarumma has addressed the problem of deterministic
and stochastic homogenization of such functionals. As a consequence of their results, the
validity of Theorem 1.3 for generic norms follows. For a treating of phase transitions models
encoding homogenization phenomena we also refer to [4] and [5].

In the final section, we further discuss the cell problem in (10) in the one-dimensional case,
and we also address the case in which all the norms |- |, appearing in (7) are ‘compatible with
slicing’; that is, satisfying an estimate like (5), and all the coefficients g,, £ € {1, ...,k — 1}
are non-negative. In both cases, the function g in (10) is constant, and its value is determined
by the one-dimensional optimal-profile problem

+00 k
e )2 . k : _
m = mf{/ [W(u) + qelu®] ]dt Lue Hi ), lim u(t) = il].

-0 =1

By a cut-off argument, we are also able to prove, without requiring (H3), that the above
infimum actually is a minimum, determining the existence of optime-profiles for a wide
class of phase-transitions problems on the real line.

We conclude this introductory section by noting that in recent years there has also been
a growing interest in non-local counterparts of the models for phase transitions described
above. Starting from the foundational work of Savin and Valdinoci [24], several works on the
subject have been published. We mention here the works [14, 22, 23] and the recent paper
by Solci [25], in which a non-local counterpart of the results of [10] is proved. It would be
interesting to extend our analysis to that context.
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Near the completion of our work, we learnt that, independently, Brazke, Gétzmann, and
Kniipfer performed the same asymptotic analysis in the one-dimensional case without requir-
ing (H3) and with the further assumption thatg; = ... = gx—> = 0; thatis, taking into account
a possibly negative singular perturbation described by the only derivative of order k — 1 (see
[9]) using an argument different from ours for the liminf inequality.

2 Notation and preliminaries

In this section we collect the main notation and some preliminary results using [3] as main
reference.

Notation. In what follows, we let Q2 be a bounded, open subset of RY with Lipschitz or
C! boundary, for d > 1. We let |£] and [¢] denote the lower and upper integer part of a
real number ¢, respectively. We let {eq, ..., e} denote the canonical basis of R? and I, the
identity matrix in R?*?, Given any x € R, we let |x| denote its euclidean norm. We let £¢
denote the Lebesgue measure on R? and H?~! denote the (d — 1)-dimensional Hausdorff
measure on R?. Given a Borel measure ;1 on R? and a Borel subset B of R?, we let L B
denote the restriction of i to B, that is, the measure defined by L. B(A) := w(A N B). For
every positive integer £, we let || - ||, denote the operatorial norm of a symmetric £-tensor on
R? defined by (4), while a generic norm will be denoted by | - . Given v € S?~!, we let
the symbol v denote the hyperplane {x € R? : x - v = 0}, and given T > 0 we let 07(2)
denote the open cube of side length T, centred at z, and with two faces orthogonal to v,

0%(z) == R?: |(z — T e- 1< Ly iefl,...d—1
(@) =qx¢€ 1z x)-v|<2,|(z )c)~v,|<2 oreveryi € {1, ..., s

where {vy, ..., vg_1, v} is a fixed orthonormal basis of R?. Given r > 0, let B, (z) denote
the d-dimensional open ball of centre z and radius . We adopt the convention that, both for
cubes and balls, when omitted, the centre is in the origin in accordance with (8).

Functions of bounded variation. Given u € L!(), the variation of u in §2 is defined as

Vi Q) = sup[/ wdivpdx 1 ¢ € CHRY), |g| < 1].
Q

We say that « has bounded variation, and we write u € BV (L2), if V (u; ) < 4o00. For such
a function u, the singular set S(u) is defined as the complement in €2 of the set of Lebesgue
points; i.e.,

._ . N : 1 _

S(u) ==\ {x €23 e RY suchthat lim s o O 3y = 0}.
The distributional derivative of u in €2 is the sum of three mutually singular vector measures,
Du = pu~+pd +uf, where u¢ is absolutely continuous with respect to £4, ul, the jump part,
is a (d — 1)-dimensional measure concentrated on S(u) with density given by (u™ —u")v,,
where u—, u™ are the bilateral traces of u on S(«) defined in accordance with the unit vector
field v,, while ¢ is the so-called Cantor part.

Sets of finite perimeter. Given an £9-measurable set A C €, the perimeter of A in Q is
defined as

P(A: Q) = sup{/ divpdx : ¢ € CH(Q RY), Jg| < 1}.
A

We say that A has finite perimeter in Q2 if P(A; ) < 4o00. Since 2 is assumed to be bounded,
the set A has finite perimeter in 2 if and only if its characterstic function y 4 is a function
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of bounded variation in 2; i.e., x4 € BV (£2). Therefore, for such a set A, the distributional
derivative of x4 on 2 is a vector measure i4. Denoting by | 4| the total variation of this
measure, the reduced boundary of A is defined as

9*A = {x e R? : there exists v (x) ;= lim M,
r=0 [ual(Br(x))
and the unit vector v4 (x) stands for the inner unit normal (in the sense of measure theory) to
A at the point x.
We summarize the main properties we need about sets of finite perimeter in the following
statements.

with |va (x)| = 1},

Theorem 2.1 If A is a set of finite perimeter in Q@ C R?, the distributional derivative of x
in Qis

pa =vaHTIL AN Q),
and P(A; Q) = |ual(RY) = H1(8*ANK). Moreover; setting H, :={y € RY : y-v > 0},
for every point x € 3*A N Q, it holds that

. 1 d
Xd = XHy,, in L;,.(RY) asr — 0,

HI @A N 0 ()
—

P 1 asr — 0.

We remark that a function u € BV (L2; {—1, 1}) is of the form u = 2x4 — 1 for a certain A
set of finite perimeter in €. In particular, it holds that S(x) = 8* A N up to H¢~ ! -negligible
sets and the distributional derivative of u in Q is the measure 2v4H4~1 L (3*A N Q).

We shall also recall a well-known result of approximation of sets of finite perimeter via
polyhedral sets, see [1, Lemma 3.6] and [7, Lemma 3.1].

Theorem 2.2 Let A be a set of finite perimeter in @ C R?, d > 2. There exists a sequence
{An}nen of polyhedral sets satisfying

(i) xa, = xain LY(Q) asn — oo,
(ii) P(A,; Q) — P(A; Q) asn — 400,
(iii) HY~1(3*A, N 3Q) =0 foreveryn € N.

Moreover, for every non-negative continous function g on S*=', there holds

lim g, )dH T (x) = /

n—>+00 Jaia no Ao ga()dH! ™ (x). (11)
Slicing. Given an open set Q2 C R, £Ee S9! and ye %_J_, we define the slice 57 as
Q5 i={teR:y+1£ € Q)

and we define Q¢ the orthogonal projection of €2 on & as

Qf = {yeet: Q5 £0).

For every function u : 2 — R and forevery y € Qf, we define the function ufY : Q&Y — R
by
U (1) = u(y +1).
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Using Theorem 11.45 in [19] one can see that given a function u € H*($2), forevery £ € S7~!
and for H¢ '-a.e. y € £, it holds that

dtusy
VOuUly +18)(&, . 8) = “X (1) for £'-ae. 1 € Q57 and forall € € {1, ..., k — 1}.
S—— dte
£ times

We also mention [3, Remark 3.104] that yields a characterization of functions of bounded
variation with values in {—1, 1} in terms of their slices.

Theorem 2.3 A function u € L'(Q; {—1, 1}) belongs to BV (2; {—1, 1}) if and only if for
every j € {1, ..., d} the one-dimensional slices of the function u given by u®/>> have bounded
variation in the open set Q%Y for H '-a.e. y € ej*, and

/ #SW ) N QYY) dHT () < +o0.
Qi

I'-convergence. We briefly recall the definition of I'-convergence in L?(£2). For a general
introduction to the topic we refer the reader to [8, 13]. Given functionals G, : Lz(Q) —
[—o00, 400] for & > 0 and Gg : L2(Q) — [—00, +00], we say that G is the I'-limit of the
family {G.}¢, and we write Go = I'-lim._,¢ G, if, for every vanishing sequence {¢,}, the
following conditions hold:

(i) Forevery u € L%(2) and {uy}, such that u, — u in L2(2) as n — 400, it holds that

liminf G, (u,) > Go(u);
n—+00

(i) Forevery u € L2(2) there exists {uy}n such that u,, — u in L*(Q) asn — 400 and

lim sup G, (un) < Go(u).

n—-+4o0o
It is also convenient to recall the following definitions:
I'-liminf G¢(u) := inf{liminf G, (u,) : {e,}, vanishing, u, — u in Lz(Q)};
e—0 n—+00
I'-lim sup G¢ (1) := inf{lim sup G, (u,) : {€,}, vanishing, u, — u in LZ(Q)}. (12)
e—0 n—-+o00

Both functionals above are lower semicontinuous with respect to the strong convergence in
L3(), they coincide if and only if I'-lim,_,o G exists, and in this case the I"-limit coincides
with their common value.

We conclude this section proving a characterization of the density introduced in (10). In
view of the asymptotic analysis, the following proposition makes irrelevant the choice of the
orthonormal basis {vy, ..., vg—1, v} fixed in the definitions (8) and (9). In the following we
let SO (d) denote the group of d x d orthogonal matrices with determinant equal to 1.

Proposition 2.4 For every v € SY~! and for every R € SO(d) such that Rv = v it holds

k

1

2(v) = inf { [fW(v) n quewlw(%@] dx:voRe A, ¢ € (0, 1)} (13)
R(QDLE p

k

1

— inf {/ [fW(v) +3 qw”—‘w(@u@] dx:voR € A, e € (0, 1),
R(ODH"-E =1

R’ € SO(d) with R'v = v}. (14)
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Moreover, g is upper semicontinuous.

Proof We first prove (14). Fix v € S? ! and let ¢ € (0, 1), R € SO(d) satisfying Rv = v,
and v o R € A}. We claim that for every n € (0, ), there exists a function w,, € A‘,’] such
that

k k
. 1 20—1,9(0),, |2 1 2—1,9(0), 2
hmsup/ —W(wy) + E qen [V wyly | dx < W)+ E qee [V*0[y | dx.
n—0 Qlf|:77 =1 :| R(Q\]})|:8 =1 ]
15)

For the sake of exposition, we set 7 := 1/¢ and V(x) := v(%x) for all x € R(Q”T). For
S > T, we introduce

Z(T,8) :={z=T@vi + ..+ 2a-1va-1) : 2+ R(Q}) C 0%, (21, ..., za—1) € Z'7'},
where {v1, ..., vg—1, v} is the orthonormal basis that we arbitrarily fixed in the definitions (8)

and (9), and
ET.8):= |J (z+R@Q}).

z€Z(T,S)
Then, we define the function

U(x —z) ifx € z+ R(Q}) forsome z € Z(T, ),
u"(x) otherwise in Qf,

ws(x) := {

and we note that w € H k(Qg) with wg = u" close to 0 QY. Recalling the notation (7), we
have

Fi(ws, Q%)  Fi(ws, E(T, S)) + Fi(ws, Q5 \ E(T, S))

Sd—l Sd—l
B Fi(Ws, z+ R(Q})) Fi(ws, Q5 \ E(T, S))
- ( Z gd—1 ) + gd—1
2€Z(T.S)
Fi(W, R(Q}) | H7 ' (@"(Q5\ E(T, 5))
=#Z(T, S) —7 > co-
S S
having set co == [T[W@) + Yb_; qel@® ] dr and letting 7V denote the orthogonal
projection on the hyperplane v,
‘We observe that
#2(T, S)
m ———7F =1,
S—+o0 (§/T)d~1
and
HT T (QY\E(T, ) = 87 —#2(T, )T,
therefore,
Fi(ws, QY Fi1(v, R(Q”
Jim sup 1( ds_le) - 1( d—(lQT));
§—+o0 S r
that is
1 o O~ 2 1 L ©)~2
limsupif Wwgs)+ Y qelVPuwgls|dx < —— W@+ Y qelVP0)5 [dx. (16)
o> 4o SO Q;[ ; l} Td—1 R(Q”T)[ ; e]
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Finally, we set

~ /1
n = wy(x) == Wi <fx) forallx € Q.
AN

1
S’
so that w, € A). By applying the change of variables y := nx on the left-hand side and
y := ex on the right-hand side, (16) can be written as

k k
. 1 _ 1 _
hmsup/ U[fW(w,])+ E qen®t llv(l)wn‘?] dy S/ ) |:7W(v) +§ :%82/& 1|V(8)v|%] dy,
n—0 JOyH1 =1 ROD*™# =1

which is (15). By the arbitrariness of ¢, R, and v, inequality (15) and a diagonal argument
yield (14).

As for the proof of (13), consider Ry, Ry € SO(d) satistying Rjv = Rov = v and
vo Ry € AJ. With a similar argument to the one employed above, we may prove that for
every 1 € (0, &), there exists a function w;, such that w;, o R, € .AZ and

k
) 1 2—1 (), 2
hmsup/ |:7W(w,,)+ qen % wnlﬁ]dx
n—0 JRy QDN l;

k
1 _
5/ [7W(v)+§ qeet 1|v<f)u|§]dx,
Ri(QD*E =1

which, by the arbitrariness of the rotations R, R, and of the function v, proves (13).
Finally, we prove that g is upper semicontinuous. Let v € S¢~! and {v,}, € S?~! such
that v, — v. We aim to show that

lim sup g(v,;) < g(v).

n—-+o0o

Fixn > Oandlete € (0, 1) and v € A} such that

k
1
g(v)+nz/ [gW(v)+§ qge”—lw(f)v@] dx. A7)
Q1 =1

. ond
For each n € N we can find R, = (R,’{]). € SO(d) such that R,v = v, and R, — 1.
i,j=
Consider the cube R, (Q}) and, for each n, a rotation S,, € SO(d) such that
Spvn = vy and Rn(QI])) = Sn(Qll)n)

Define v, (x) := v(RnTx) forevery x € R, (QY) = S,,(Q'l)") and note that v, o S, € A". By
(14) and a change of variables

k
1 _
g(vy) < / ) [EW<vn<x)>+Zqzs” 1|V“>vn<x>|%]dx
Su(Q") =

k
1 -
= f [ W) + Y e 19O v 0] dx
Rn(Q})

&
(=1

k
= /QU EW(U(}C)) + Znghl |V(l)v,,(Rnx)|%] dx. (18)
1

=1
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We show that, for each ¢ € {1, ...k} and £9-ae. x € Q}, we have VDv, (R,x) —
V®y(x) in the space of £-tensors as n — +o00. By the equivalence of the norms, to prove
this it is sufficient to show that for £%-a.e. x € 0} it holds

lim VOu,(R.x) (e, ... e1,) = VOu(x) (e, ..., ei,) forevery (i1, ..., i¢) € {1, ..., d}".

n—+00

19
Let us fix (i1, ..., i¢) € {1, ..., d}*. For £L%-a.e. x € Q! we have
lim V©u,(R,x)(e; - ty, o)
HJTOO Ot e G n—ir—sl—loo 0x;,...0x;, "
Xd: Xd: i1,j iv,j 8t
= lim Rivit | givie 9V
nﬁﬂ)ojl:l je=1 0xj,...0x,
d d '
v
= Sivir iy iy —————(x)
le::l Mzzl B 0xj,...0x},
atv o
= W(X) = VW) (e, .o €iy),
iy .- 0Xj,

and this equality proves (19). .
To conclude, we first observe that, since R, — [, we may assume that |R;[J | < 2 for all
i,jef{l,..,d} and n € N so that

oty . .
VO v, (Rux)|p < CmaX{|ﬁ(Rnx)| L iy ip) € {1, ...,d}‘f}
Xiy -0,
d da o 3ty
5 Ly, . .
- Cmax{} D Y R R e (0] 1 Gt ie) € {1,‘..,d}‘3}
=1 je=1 s
BZU . . Vi (l)
< Cmax{]- @] 5 1 enie) € 1 d) ) < VOV, (20)
0x;,...0x;,

where C is a positive constant (that may very from line to line) which only depends on d and
£ as it arises by the equivalence of the tensor norms. Finally, combining (19) with (20), we
apply the Dominated Convergence Theorem in (18), so that by (17) we obtain

k
1
limsup g(v,) < lim / [fW(v(x))+§ qgg%_lw(@vn(Rnx)'%]dx
n——+00o Q‘l} & =

n—-+00

k
= /QVEW(v(x))+quez‘f*l|v“>u(x)|§] dx < g(v) + 1.
! =1

The arbitrariness of 1 concludes the proof. O

Remark 2.5 With the previous proof, we also showed that
| k
gv) = lin}) inf [/ [gW(v) + E qgezé_llv(z)v@] dx:ve Ag]
£— v
2 =1

This observation will be useful in the last section in order to study the density g in the
one-dimensional case.
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3 Interpolation

This section is devoted to the proof of Theorem 1.1. Furthermore, we obtain a useful result
(Corollary 3.7) that we will use in the proof of Theorem 1.2. Throughout this section, we keep
track of the dependence of the constants on the involved parameters with the only exceptions
of d, the dimension of the ambient Euclidean space, and k, the highest order of derivation.

We start by mentioning a classical interpolation estimate on intervals (see Theorem 7.41
in [19]). For simplicity of notation, for every interval I we let |/| denote its length.

Theorem 3.1 Let I C R be a bounded, open interval and let k be a positive integer. Then
there exists a positive constant ¢ independent of 1 such that

/|u<k*1>|2dt 5c|1|*2<k*‘)/u2dt+c/|u(k>|2dt
1 I 1

for everyu € H*(I).

We adapt the argument of Lemma 3.1 in [12] to bound the square of the L?-norm of the
derivative of order k — 1 by means of the integral of the double-well potential and the square
of the L?-norm of the derivative of order k. Then, we deduce the same kind of estimate for
any derivate of intermediate order £ € {1, ..., k — 1}.

Lemma3.2 Let I C R be a bounded, open interval, let k > 1 be an integer, and assume that
(H2) is satisfied. Then there exists a positive constant q_, independent of I such that

q/m(k*”(mzdt < |1|*2<’“*”/W(u)dt+|1|2/|u<k’|2dr
1 1 1

foreveryq < q;_,andu H*(I).

Proof Tt is sufficient to prove the statement for / = (0, 1), the general case being obtained
by translating and rescaling. We set
1
7= f w0 dt,
0

and by the Fundamental Theorem of Calculus we infer that
1
u* D) — 7 5/ u®de  forallz € (0, 1). 1)
0

AS a Consequence
1 1
/ u*D2ar < 2/ [u® 12 dr +27%;
0 0

therefore, the proof is complete if we prove that
1
Z=c [ [+ uOr]a 22)
0

for some C > 0. If 72 < 4f01 |u(k)|2 dt, then (22) is immediately satisfied. Otherwise, by
Jensen’s inequality, we have that |z| > 2 fo‘ |u®| dt, which together with (21), yields

1z

u*=D @) > o >0 forallr € @, (23)
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Consider the intervals (%, jkil), j € {0, ...,k — 1}. We observe that there exists j* €

{0, ...,k — 1} such that u # O on (jk—*, j*,:rl ). To see this, assume by contradiction that u
vanishes on each of these intervals; then, u has at least k zeros on /. By Lagrange’s Theorem,
this implies that u’ vanishes at k — 1 points of 7, and then, iterating this argument, we obtain

that u*—1 vanishes at a point of I, contradicting (23). We suppose © > 0 in (%, 7/'*;-1 ), the
case u < 0 being analogous. Applying Theorem 3.1 to the function # — 1 on the interval
(% ’k—“) and resorting to (H2), we obtain

; D12 dr < Ck2(k—1)f* = 12dr +C/,-* R ar
k k k
JE+1 J¥+1
< ck2k=D) ﬁ ! W(u)a’t—i—c/j* RO
k k

therefore, taking into account (23),

j*k+l
2% < 4k / D2 dt
J

k

< 4ck*! / W (u) dt + 4ck / lu®|? dt,
£ £
which, by the positivity of W, proves (22) and concludes the proof. O

Corollary 3.3 Let I C R be a bounded, open interval, let k > 1 be an integer, and assume
that (H2) is satisfied. Then, for every £ € {1, ...,k — 1}, there exists a positive constant q,
independent of I such that

q/|u<‘f)|2dr < |1|—2"/W(u)dr+|1|2<’<—‘>/|u<’<>|2dz
1 1 1

forevery g < q, andu € H*(I).
Proof The thesis follows by applying iteratively Lemma 3.2. O

Now we adapt the interpolation inequality at scale ¢, in view of its application to functionals

().
Proposition 3.4 Let I C R be a bounded, open interval, let k > 1 be an integer, and assume

that (H2) is satisfied. Then, for every £ € {1, ...,k — 1}, there exists a positive constant q;/
independent of I such that, for every ¢ € (0, |1]/2), it holds

q5”/|u“>|2dz < /[W(u)+82k|u(k)|2]dt
i i
forevery g < g andu € H*(D).

Proof We set v(t) := u(et) fort € %1 so that

82’@*1/|u<‘5>|2dt:f1 @2 ar.
U H
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Then, we set ng := LZ—'J and we subdivide the rescaled interval %1 in n, pairwise disjoint,
open intervals I, j € {1, ..., n.} each of length % Then we apply Corollary 3.3 on each

subinterval 7/ with ¢ < g} and we obtain

ne
g2-1 / wOPdr = Z/ 1w ®2 dr
I 1/
j_
U

1 : .
S [ wwar+ R0 [ bR a)
q g X

j=1

Y 3)\26k=0 (k)2
5{2 /lIW(v)dt+(2) /i1|v | dz}

20 2(k—¢
< max{2%¢, (3/2)2*=9} /[W(M) +82k—1|u(k)|2] dr.
q I &

IA

IA

where the second inequality follows by the fact |I£j | € (%, %) ife € (0, 1]/2).
We multiply the above inequality by ¢ to obtain that

asz‘f/|u<‘>|2dz 5/[W(u)+82k|u(k)|2]dt
I I
forevery ¢ < g; and & € (0, |I|/2), where we set

4, .
max{22¢, (3/2)2k-0}’

therefore, the proof is complete. O

"._
qy ‘=

The following immediate corollary proves Theorem 1.1 in dimension 1.

Corollary 3.5 Let Q C R be the union of finitely many bounded, open, disjoint intervals, let
k > 1 be an integer, and assume that (H2) is satisfied. Then, denoting by |1,| the length of the
shortest connected component of Q, for every £ € {1, ..., k — 1} and for every ¢ € (0, |1,]/2)

it holds
qg”/ u® P dr 5/[W(u)+£2k|u(k)|2]dt
Q Q

foreveryq < g andu H*(Q).
Proof The proof follows by an immediate application of Proposition 3.4. O

Finally, we prove the main result of this section by using the argument presented in the
proof of Theorem 1.2 in [11]. Below, we will make use of notation about slicing that has
been introduced in Section 2.

Proof of Theorem 1.1 1t suffices to prove the part of the statement concerning the operatorial
norms, since the other case follows by the equivalence of the norms. We follow the proof
of Theorem 1.2 in [11]. For r > 0, & € S9-1 and y € Qf we define Qf’y as the finite
union of the connected components of the slice 26+ having length larger than . Then we
set Q(E,r):={y+1EecRY:yeQf e Qf’y} and we observe that (Q (&, r))$Y = ny
Applying Corollary 3.5 we obtain
76 [ e ORdr < [ w4t O R ar
b

Q)
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forallg < ¢/ and & < r/2. We integrate the above inequality on & L to get

as”/ (YOG, ... )1 dx s/[W(uHsZkuV“"uni]dx
QE,r) Q
and setting A(&,r) := Q\ Q(&, r) we obtain

2782@/ |(v<@>u)(s,...,s>|2dx—5e”f 1V ©ullf dx < f [+ vl ]ax
Q A Q

Averaging this inequality on S9! yields

e”i/Sd f (VOUNE, .. )P dx d 1 ()

0d—1

S I W L
0q—1 Jsi-1 Jae,r

< / [W(u) + 82k||V(k)u||k] dx
Q

where we set 07— := HI (S
By a simple compactness argument, there exists a positive constant 7 (£) such that

1
— ITE, ... PP dHTIE) = T(OIT I}
Od—1 Jsd-1

for every symmetric {-tensor T. Therefore, by Fubini’s Theorem,

/ f ((VOUE, )P dx dH ) = 7(0) / IVOuZdx.  4)
oq—1 Jgi-1

Again by Fubini’s Theorem, we have
1
f / IVOu|? dx dr=" &) = / IVOuIZH (D (x, r)) dx,
0d—1 Jsd-1 JA(E,r) Od—1JQ

where D(x,r) :={£ € Si-1.x e A(&,r)}; hence, to conclude the proof, we have to select
r small enough so that HA=1(D(x, r)) is small uniformly in x. Given x € d€2, we let Cgr(x)
denote the cylinder having height 2R and radius R with axis parallel to the normal v(x) to
02 at x.

Letg < t(Z)qL,, and fix g such that 5 < q < qL, Fix n = n(g) > 0 such that

q < q(r(ﬁ) —n); (25)

since € has C! boundary, there exists R such that, for every x € 9€2, it holds Cr(x) N 92
is the graph of a C! function with respect to the base of the cylinder, and moreover,

HN(5 €871 1§ € Taa(y), y € CR(N) N INY) < nog-1.
Employing the same argument presented in the proof of Theorem 1.2 in [11], it holds that,
D(x.r) S {§ €571 1§ € Taa(y), y € Cr(x) N9}

up to choosing r < R/2; as a consequence, Hd_l(D(x, r)) <nforallx € aQifr < R/2,
and then

[ [ vOudararie <o [ 190ukdx, 6)
0d—1 Jsi-1 Jaen
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forallr < R/2.
Gathering (24) and (26), we obtain that

aww)—mﬁféuvmuﬁdxsAIWW)+¥WVWuﬁ}u @7)

forall < g and e < R/2, where R = R(1, Q).
Recalling (25), by (27) we get

qszzf ||v“>u||§dx5/[W(u)+sz’<||v<k)u||§]dx.
Q Q

The above inequality is valid for all ¢ < t(£)g, and ¢ < R(n, Q)/2. Then, the thesis holds
with ¢} := t(£)q; and &y := R(n, ©)/2, which in turn, since i depends on ¢, only depends
on g and Q. O

Remark 3.6 We are not able to prove the interpolation inequality on an open cube. The same
slicing arguments employed in [11] cannot be applied in our case because of the high order of
the derivatives that we want to estimate. This complicates our arguments in view of the proof
of Theorem 1.3 since, in what follows, it will be important to apply Theorem 1.1 on a class of
C! sets {Qp : p € (p1, p2)} for some py, p2 > 0 for which the threshold &g = p(g, 2,) can
be chosen independently of p € (p1, p2). Inspecting the proof of Theorem 1.1, this amounts
to prove that for each properly fixed ¢, given > 0 such that

g <q(x)—n),
there exists R > 0 such that, for every p € (p1, p2) and for every x € 92, it holds that
Cr(x) N 082, is the graph of a C! function (28)

and
HITN{E €S 1 E € Ty, (), y € Cr(x) N3N, < pHHESTH. (29

We claim that the above conditions are satisfied if we consider €2 a bounded, open set with
Cc? boundary, and
Q, = {x € Q:dist(x, 0Q) < p}

for p € (p*, p* + R*), where p* > 0 is fixed and R* = R*(p*) > 0. In particular, we fix
p* small enough so that {x € Q : dist(x, 32) = p} is a (d — 1)-manifold of class C! and
there exists a C! projection from €2 » onto 9€2 for every p < 2p*.

Let ' = n'(n, d) be such that

H (fg e s gl < v')) = I (30)

Since 32 is of class C', for every x € dS2 there exist R > 0 and a C' function ¢ defined on
the base of Cg(x) such that

Cr(x) N3 = Cpr(x) N graph ¢.

By a rotation argument, we can further assume that Ve (x) = 0, and upon taking a smaller
R, that

IVllLocray <1

Moreover, since d€2 is compact, we can select R as above independent of x € 9€2.
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Since 9€2,+ is of class C ! and compact, using the same argument, we find a possibly
smaller R with the property that for all x € 9€2,+ N € there exists a C ! function @+ defined
on the base of Cg(x) such that

CR(X) N an* = CR()C) N graph Pp* with ||V(pp* ||LOO(CR()C)) < 1)/,

Finally, we assume without loss of generality that R < p*.
Now, let x € 922, N Q2 and 0 < r < R/4 and note that

{y € Cr—r(x) : dist(y, graph ¢,«) =r} = Cr_y(x) N OQp+ 4.

Then, letting x, € 0,y denote the unique point such that [x — x,| = r, we have that
Cr—2r(x;) C Cr—y(x), which implies

{y € Cr—2r(x,) : dist(y, graph @p+) =71} = Cr—2r(xr) N IQLp+14r.
We also note that there exists a C! function @p*r such that
{y € Cr—or(x) : dist(y, graph ¢,«) =r} = Cr_ar(x;) N graph @+,

and
IV Lo (Cronr o)) = IV @px L0 (Cpnr () = NIV @px Lo (Cr(x))-

Recalling that there exists a C! projection from » onto 9€2 for every p € (p*, p* + R/4),
the above observations prove that for every p € (po*, p* + R/4) and for every x € 92, it
holds that

Cr—2/(x) N0, = Cr_2r(x) Ngraph ¢,,

where ¢, isa C ! function such that
Vo llLoo(Cron 0 < IV@pxllLo(Cpnr )y < 1
As r ranges in (0, R/4), in particular we obtain
Crp2(x) N 92, = Cgy2(x) N graph ¢, 31)

and
IV@llLoe(Crpney) < IV@prllLoocrppen <1 (32)

At this point, we conclude that our claim is proved with R* = R/4. Indeed, (28) follows
by (31), and we are left with proving that (32) implies (29). To see this, note that for fixed
p € (p*, p* 4+ R/4) and x € 3R, (32) implies that

£ es!™! & e Thg, (). y € Crp(x) N Q)
c {6 €877 1 1aal = IV (1, o yum) - 1, o Ba-D]s ¥ € Crpa(x) 109, )
c{ses gl <n');
therefore, by (30) we conclude that
HT (g € ST E € Tag, (v). y € Crpa(x) N3} < nHTHST.
Being the above estimates uniform in p and x, (29) is satisfied.

The following corollary will come into play in the forthcoming sections.
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Corollary 3.7 Let Q C R? be a bounded, open set with C' boundary, let k > 1 be an integer,
and let N = {£ € {1, ...,k — 1} : g¢ < 0}. Assume that N' # @ and that (H2) is satisfied.
There exist positive constants {q, : £ € N} independent of Q such that if g > —q, for every
L € N there exist positive constants g = eo({qe : € € N}, Q) and § = §({q¢ : £ € N})
such that it holds

k k
1 20—1, (0, 2 / 1 20—1, (), 2
fWu+E £ V¥©u ]dxzé [fWu+E £ vy ]dx
/QI:E (u) - qe | |z ole (u) — | |z

for every ¢ € (0,80) and u € H¥(Q). In particular, letting gy, ..., q;_, denote the same
positive constants appearing in Theorem 1.1 and given {oy : £ € N} such that ay > 0 for
allt € Nand ), n g = 1, it holds that g, = aeqy forall € € N.

Proof By Theorem 1.1, for every £ € {1, ...,k — 1} there exists a positive constant g;
independent of € such that for every ¢ > —g; there exists &9 = go(g, ) such that it holds

1
/[fW(u)+82k_1|V(k)u|%]dx+q/ 2Oy dx > 0 (33)
Qlé Q

forevery € € (0, &p) and u € H*(Q).

Let NV :={¢ e {l,..,k—1}:q¢ <0} and consider {oy : £ € N} such that ey > O for all

L eNand) . ap = 1. Suppose that g; > —a¢q; for every £ € N and let § be a positive
real number smaller than 1 such that

1 go—$§

ap 1 —36

> —q; (34)

for all £ € NV. Note that

W(u) _ _
( + qee® IV Ouly + ape® 1 VOu),

W(u) L -8

£ 1-96

oy

= (1 -8 (x
W(u)
£

eV Oul, + eV Oul)

(0= + eV Oul + eV Ou).

We integrate the above equality and, taking into account (34), we apply (33) withg = i =8

1-5
to obtain
/[ W (u)
oy
Q

w
> 5/ [Wﬂ + 21 v Oy, +(xe€2k_1|V(k)u|k] dx (35)
Q &

+ eV Ou)y + ape® ! IV(k)ulk] dx

forevery £ € N, € < eo(qe, ).
Clearly, for £ ¢ N the coefficient gy is strictly positive; hence it holds

/qe82‘*1|v“>u|§dx > 5/ qee* v Oul? dx (36)
Q Q

since § < 1. Therefore, summing over £ € {1, ..., k — 1} and gathering (35) and (36), upon
considering a smaller &y depending on {g, : £ € N'} and 2, we get

k k
w w
/[ () _i_zngze—llv(aul%] dx 25/[ () +Z£2z—1|v(5)u|%] dx,
Q & Q 3
=1 =1
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for every ¢ < &g, completing the proof. O

Remark 3.8 The above statement clearly holds (for every ¢) if A/ = ¢ with § := min{g, :
£ e {1, ..., k}}, which is strictly positive.

4 Compactness

In this section we prove Theorem 1.2. First, we summarize in a single statement the main
results contained in [10].

Theorem 4.1 Let {Eg}g be defined as in (1) on a bounded, open interval I C R, let {¢,}, be
a positive sequence converging to 0, and assume that W : R — [0, +00) is a continuous
function such that the following conditions are satisfied:

(I;Il) W(s) =0ifand only if s € {—1, 1};
(H2) W(s) > aw min{(s + 1)2, (s — 1)2,,3W}f0r every s € R and for some awy, Bw
positive.

If {up}y C HY(D) is a sequence such that sup,, Eg" (uy, I) < +o00, then there exist a sub-
sequence {uy;}; and a function u € BV (I;{—1,1}) such that u,; — u in measure as
Jj — +o00. Moreover; the family of functionals { Egl}g I"-converges with respect to the con-
vergence in measure to the functional E(l) given by

m#Sw)NI) ifue BV(I;{-1,1}),

| —
Eog(u,I) := Yoo ifue L>(I)\ BV(I; {—1,1)}),

(37)

where my is given by (2).

By strengthening the assumptions on W, we improve the result concerning compactness
stated above.

Corollary 4.2 Let {Esl}g be defined as in (1) on a bounded, open set I C R, let {&,},, be a
positive sequence converging to 0, and assume that (H1) and (H2) are satisfied. If {u,}, C
HY(D)isa sequence such that sup,, E;" (upn, I) < 400, then there exist a subsequence {u,,j }j
and a function u € BV (I; {—1, 1}) such that Un; = uin L3(I) as j — +oo. Moreover,

the family of functionals {Egl }e T-converges with respect to the convergence in L*>(I) to the
functional Eé defined in (37).

Proof Tt suffices to prove the statement in the case that I be an interval. Let {u,}, C H k)
be a sequence such that sup,, £ gn (upn, I) < +o00. Since (H2) implies (ﬁ2), we apply Theorem
4.1 to deduce that, up to subsequences, u, — u in measure for some u € BV (I; {—1, 1}).
Let A C I be measurable, by (H2) we have

/ |un|2dt=/ |un|2dt+/ |un)? dt §£1(A)+2/[W(u,,)+1]dt,
A AN{lun|<1} AN{lup|>1} A

and since sup,, Esl,, (uy, I) < 400, it holds that f, W(u,)dt — 0 asn — 4o00. Hence,
the sequence {|u,|?}, is equi-integrable, which, together with its convergence in measure,
implies u, — w in L>(1).

As for the I'-limit, the lower bound follows again by Theorem 4.1, while a recovery
sequence for the L2(I)-convergence is obtained exactly as in Proposition 5.3 in [10]. O
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At this point, we prove an analogous compactness result for functionals (3), replacing
I with @ ¢ RY, d > 1. This is possible by applying a compactness criterion by slicing
that appears in [2]. We introduce some notation specific for its statement: here, 2 denotes a
2-dimensional rectangle which is the product of the bounded, open intervals /, J, and a point
x € Qis denoted by (y, z), with y € I,z € J. Given a function u defined on €2, for every
y € I we let u” denote the function u” (z) := u(y, z) for every z € J, and for every z € J
we let u* denote the function u*(y) := u(y, z) for every y € I. We say that two sequences
{un}y and {v,}, are d-close if [uy — vull1(q) < 9.

Proposition 4.3 Assume that a sequence {u,}, C LY(Q) is equi-integrable, and that for
every 8 > 0 there exist sequences {v,}, and {w,}, 8-close to {u,}, and such that {v;)}, is
precompact in L' (J) for a.e. y € I, and {w?},, is precompact in L'(I) for a.e. z € J. Then
{n}n is precompact in L' ().

We employ this result exactly as in [17]. For the convenience of the reader, we sketch the
proof, and for simplicity, we consider only the case d = 2 when needed.

Proposition 4.4 Let {E.}. be defined as in (3), let {e,}, be a positive sequence converging
to 0, and assume that (H1) and (H2) are satisfied. If {u,}, C H kQ)isa sequence such
that sup, E¢ (u,, 2) < +00, then there exist a subsequence {u,,j}j and a function u €
BV (2 (=1, 1}) such that, up; — u in L*(Q) as j — +oc.

Proof For simplicity, in the first part of the proof we suppose d = 2 and that Q be the
rectangle [ x J, otherwise, it suffices to cover a general 2 by essentially disjoint rectangles
in order to reduce the proof to our simpler case. Using the notation previously introduced,
we recall that {3}, ¢ H¥(J) for a.e. y € I, and, analogously, that {u%}, C HK(I) for a.e.
z € J. In particular, it holds

d*u}) oku, dkufq' aku,,
W(Z) = W(X)’ Ay = ayk (x)

for a.e. x = (y, z) € 2 and for all n. As a consequence, by the definition of the operatorial

d*ul | 1dkut
norm, we have ||V®u, ||, > max”— , 1 }, and then
dzk 11 dy*
Eolun. Q) > / ENa Dydy,  Eelun. Q) = / E). 1) dz. (38)
I J

Arguing as in the proof of Corollary 4.2, we find that that {u,}, and {lun|?*}, are equi-
intergable sequences; therefore, we fix § > 0 and we find 8" € (0, ) such that

£XA) <8I = sup/(|un|+1)dx <. (39)
neNJA

Letting S denote sup,, E;, (i, 2), for every n € N we set

(o) e | @ i Epn, ) < S/,
1 otherwise.

We also put ¥, := {y € I : u;, — vj, is not identically 0} and we observe that

!

! ) ;
£ = £y e 1Bl ) > S5 < /I E'ul. Jydy <&,

@ Springer



Singular perturbations models in phase transitions. .. Page 23 0f48 243

where the last inequality follows by (38). This inequality, combined with (39), implies that
s = vl < [ ual+ D r <5
YoxJ

that is, {«, }, and {v,}, are §-close. Moreover, by construction and by (H1), we have that for
every y € I the sequence {vj }, is such that sup, E sl,, (vy,J) < §/8. Hence, by Corollary
4.2, this sequence is precompact in L2(J), and thus in L1 (J).

A similar argument allows to find a sequence {w, }, that is §-close to {u,}, and such that,
fora.e.z € J,thesequence {w;} }, is precompact in LY(I). Therefore, by applying Proposition
4.3 we deduce that {u,}, is precompact in L' (). Finally, since {|u, |}, is equi-integrable,
we deduce the precompactness in L>(2).

To conclude, we prove, without further assumptions on d and €2, that if the subsequence
{unj }j converges to u in L%(Q) as j — +oo,thenu € BV (R2; {—1, 1}). To see this, using the
notation introduced in Section 2, we prove that for every m € {1, ..., d}, the one-dimensional
slice u®Y has bounded variation on the open set Q¢ for H?~!-a.e. y € Q¢ and

/ #(S@) N QY)Y dH T (y) < +o0.
Qem
Arguing as previously done for (38), we have that

Ec(un;, Q) = /Q ELy?, Qm?)dHIT (y).

Moreover, upon extracting a further subsequence that we do not relabel, it holds that uf,’}’ R

uém¥ in L2(QemY) for H l-a.e. y € Q¢n. Hence, by Fatou’s lemma and Corollary 4.2
applied with / = Q®Y and u = u®"Y, we get

+00 > § > liminf E, (uy,, ) > / liminf £} (uy”, Q) dH* ™ (y)
’ Q

=400 em j—>+00
> /Q Ey Y, QmYydH ™1 (y).
As a consequence, Eé (uem-¥, Qem-Y) is finite for H91-a.e. y € Q¢ which implies that
4o0> 8> /Q EJuémY, Qem Yy dHI™(y)
> my fQ #(S@ ) N Q) dHIT ().

Then, since my > 0, for such y it holds that u®»Y € BV (Q¢Y; {—1,1}), hence, the
conclusion follows applying Theorem 2.3. O

Finally, the proof our main result is an immediate consequence.

Proof of Theorem 1.2 Let S denote sup,, Fy, (u,, 2). If N' = ), by the equivalence of the
norms there exists ¢ > 0 such that F, (u,, Q2) > cEg, (u,, ) for every n so that

S/c > sup Eg, (uy, 2)
n
and the conclusion follows by Proposition 4.4.
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If NV # @, again by the equivalence of the norms and by Corollary 3.7, upon restricting to
large n, it holds
S/(S/ > sup Ee, (upn, 2)
n

for some 8’ > 0; therefore, the conclusion follows by Proposition 4.4. O

5 Lower bound

In this section we prove the liminf inequality of Theorem 1.3. In particular, we prove the
following result.

Proposition 5.1 Ler @ C R? be a bounded, open set with C' boundary and let N := {{ €
{1, ...,k — 1} : g¢ < 0}. Assume that (H1)-(H3) are satisfied and that one of the following
conditions holds:

(i) N =0;
(ii) N # W and q¢ > —q, for every £ € N with the same positive constants {q, : £ € N}
independent of 2 appearing in Theorem 1.2.

Then for every {e, }, positive sequence converging to 0 and {u,}, C HY(Q) such thatu, — u
in L*(Q) it holds
Fo(u) <liminf F; (u,).
n—-+00

In the following, C denotes a generic positive constant that may change from line to line,
but which is independent of the relevant parameters. We recall that « is a function in H{;C ®)
such thatu(t) = —1ift < —1/8andu(t) = 1ift > 1/8, [u| < 1, and

+00
0 </ [W(u)+2|qz||u“>| Jar < +oc. (40)

Moreover, for every ¢ > 0 we have set u} (x) = u( V) for all x € RY. We observe that,
thanks to (40), the definition of u}, and Fubini’s Theorem, for every open set V C 2 there
exists a constant C > 0 such that for every v € S ! and ¢ > 0 we have that

+00
Fe(ig, V) < C/ / W(u)+2|q[||u<f>| Jdtdn?=' ()
V(V)

=1

< c/ (W@ + Z lgell@®Pdr <, (41)

=1

where 7 denotes the orthogonal projection onto v and where we have also used that
()" (1) = ﬁ(é) foreverye > 0,y € v+, andt € R.
We further set
up(x) == sgn(x - v), (42)

where sgn denotes the sign function and remark that, for every K C R? compact, {uy}e
converges to uf) in L?(K) as ¢ — 0.

We start by proving a lemma which allows to modify boundary conditions on a converging
sequence at the cost of an asymptotically negligible amount of energy.
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For every x € R?, v € S?7!, we introduce Q"(x) an open subset of QV(x) having C?
boundary and such that

0'N{yeR Iy v <h=0"0)NniyeR!:|y-v < i)

We suppose that all the above sets are congruent, namely, that they are obtained starting by
Q¢ (0) by atranslation and a rotatiqll. Also for the rounded cube Q" (x) we use the convention
that when x = 0 we simply write Q.

Lemma5.2 Let {,}, be a positive sequence converging to 0, v € S~1, and let {v,}, C
Hk(Q”) be a sequence converging to u(‘j in LZ(Q"). Assume that (H1)-(H3) are satisfied
and that one of the two conditions (i) and (ii) of Proposition 5.1 holds. Then there exists a
sequence {wy}, C Hk(Q") such that

(i) wy — u asn — +oo L2(0"),
(ii) the support of w, — u, is compactly contained in Q foreveryn e N,
(iii) it holds
liminf F, (wp, Q ) < llmmf Fe, (vy, Q ).
n—-+o0 n—4o00
Proof For the sake of exposition, we only consider the case v = ey, the others being analo-
gous. For s1mp1101ty of notation, throughout the rest of the proof we set u, := u;?, and we

set O := 0% (0). It is not restrictive to assume that
lvn = #nll 25, > O forevery n € N

as, if v, = u, for infinitely many n € N, it enough to set w, := u, to conclude. An analogous
argument shows that we may also assume that

liminf Fy, (vy, Q) liIE Fe, (vy, Q) <C < +o0. 43)
o0

n—+o00

By Corollary 3.7, (41), and (43) there exists a constant § > 0, independent of n and Q , such
that

/[W(v") Z 2NV O, 2] dx < Fs,,(vn,Q)gc, (44)
0

W (@,) . L
/;I:T + ;8% 1|V(5)un|%:| dx < gan(un, 0) <C, (45)

forn e N large enough depending on {g¢ : g¢ < 0} and Q Additionally, as both v, and u,
converge to “0 in LZ(Q) as n — +o00, we have that

/~ [vn _En|2 dx <C (46)
o

for every n € N.

Since the set Q is C2, there exists pg > 0 such that for every0 < p < po there is a unique
c! projection from the nelghbourhood {x € Q dlst(x 8Q) < p} onto BQ In particular,
forevery 0 < p < pg the sets {x € Q dist(x, 8Q) = p} are (d — 1)-dimensional manifolds
in R¥ of class C!.

LetO < p < pp/2and 0 < 0 < pp/2, and let {8;11 be the smallest integer larger than
or equal to ¢, !, so that

e o e 47)
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for &, < 1. In light of the observations above, the set of class C! given by

{x € 0 :dist(x,30) < p + 0}

can be subdivided in [¢, 11 open subsets with C! boundary defined as

ijp'—{xeéz('

&n &n

‘We observe that

e c .
L) = Fen '

From (44)-(46) we deduce that
len '

k
Z /‘ W(Un) 282£71|V(£)vn|%]dx
n
g =1

n,o,p

_ k - 12
w —
+/ [ (un) _’_Zggg_llv(g)ﬁnll%] dx—l—/ [V — Unl dx
Li &n Li 12(D)

n,o,p =1 n,0,p ||Un ”n”

for every n large enough. Hence, by (47) we find i* = i*(n, 0, p) € {1, ...,

(/L,-* [W(Un) Z 21170, ]

n,0,p

W _ T—
Cf [ T P [
Li* &n Li*

ho,p =1 h0,0 v, — M”HLZ(Q)

In particular, for every £ € {I, ..., k} we have

20—1 2
en NV ©Qunlelape ) = Cen,
en NV Ounlela e ) = Con,
1 1 _
— Wv,)dx + — Wu,)dx < Ce,y,
nJL, , én JLi, ,

— 2 — 12
/ [vp — uy|”dx < Cepllv, — ”n”Lz(Q)-
Ll

n,o,p

‘We now introduce the sets

Ano,p i={x € 0 : dist(x,90) < p + (i* ~o )
Byo,p :={x € é : dist( ,

sk O
ren 17
and cut-off functions ¢, , € C ?O(é; [0, 1]) such that

¢n,a,p(x) =0 ifx e An,o’,p7
¢n,(r,p(x) =1 ifxe Bn,o—,/h

NV©Obnoplell ooz < Cloen)™"  forevery £ {1, ...
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71_|+,0} fori € (1, ...,

k).

<C,

e ')

(48)

(49)

8;11} such that

dx) < Cs,.

(50)

(D

(52)

(53)

(54)
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For x € é we define

Wi (x) = Wy (X) 1= Pn,0,p () (X) + (1 = Py 0, p (X))t (%), (55)

and we observe that w,, € H*(Q) and that w,, — i, is compactly supported in 0. Also note
that, since both {v, }, and {un}n Converge to ”0 in L2(Q) for every choice of o and p the
sequence {wy}, converges in L? (Q) to u ¢ as well.

By (54) and (55), we have

Fe, (n. Q) = Fo,(Wn. Bug.p) + Fe, (W, Ly 5 ) + Fe, (ln. Ang.p)

k
W (wy) _
< Fe,(Vn, Buo.p) +/, [7” + ) lgeley’ 1|v“>wn|§]dx
Li* &

n,0,p n =1

_ k
W (u,) _ _
+/ [ , 4 lgeley 1|v<f>u,,|§]dx = I} 4+ 1241, (56)
A (=1

n,o.p n

We now study the asymptotic behaviour of these three quantities.
We claim that

limsup I, = limsup F¢, (4, Buo,p) < lim Fg (vp, é) 67

n—-+00 n—+o00 n—+00
for every fixed o, p small enough. This inequality follows from an application of Remark
3.6 with Q = é, p* = p,and 0 < R*(p). The choice of these parameters is allowed by our
construction since we will conclude our proof by letting n — 400, 0 — 0, and p — 0, in
this order.
To prove (57), we set

é, ={x € é : dist(x, 8@) < 1},

for © € (p, p + o). Then, by Remark 3.6, for every ¢ € {1,....,k — 1} we find g9 =
e0(qe, Q, p, o) > 0 such that

&n

1
fN [—W(vn) + qw%lw“)vnﬁ] dx >0
[

holds for every n sufficiently large so that ¢, < go and for every T € (p, p + o). Arguing
as in the proof of Corollary 3.7, we deduce that there exists a possibly smaller &9 = o({ge :
qe <0}, Q, p, o) such that

/[ W(vn)+qus” VO, F]dx = 0 (58)

T (=1

for every n sufﬁciently large so that &, < &g and for every T € (p, p + o). We now apply
S8 witht=p+1i Q \ By,0,p, and obtain that

Fe, (Wn, Q) = Fe, (Wn, O\ Buo.p) + Fe, (Vs Buoo.p) = Fe, (Vns Buoop)s

which implies (57).
We now study the term I,f. From Fubini’s Theorem, the definition of u,, a change of
variable, and (40) it follows that

+o0
I3 < CH ™ (A, 105 / W@y + 3l 1d) = C(p +0),
- =1
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so that
limsup I3 < C(p + o). (59)

n—-+o0o

‘We now show that / nz is asymptotically negligible. We begin by studying the term involving
the double well potential. We remark that the continuity of W and (H3) imply there exists
C > 0 such that

W) =W +C (60)

forevery s = (1 — )t 4+ 019 with 6 € [0, 1) and |fg| < 1. Indeed, if |[f| < 1, then |s| < 1, so
that W(s) < sup,¢_;,1; W(7) , while if instead |¢| > 1 thens < (1 —0)|t] +0to| < [¢], s0
that (60) follows from (H3). Thus, recalling that |u, | < 1, from (60), (52), (49), and (47) we
deduce that

1 d
— W (wy,) dx < 7(/ W (v,) dx + CLY(LE ap))
e i*

n o,p n n,o,p

<C¢ +

< C(e, +0). (61)

&nlen

We now investigate the remaining terms in / ,% We note that for every ¢ € {1, ..., k} and
multi-index « of order || = € we have

o _ _B—
w, =y (/3) (aﬂq;n,a,,,a“ Bop + 0P (1 = $p50)0% ﬂun)

B=<a

_ o _ _
= ¢n,a,paavn =+ (1 — ¢n’a,p)8aun —+ Z ( >(aﬁ¢n,a,p 9 ﬁ(Un — Mn))

0<f=<a

so that, by (54), we deduce that for every £ € {1, ..., k} the following inequality holds

VOuw,} < C(IVOu I + V0712

—1
+(en) v~ TP + Y (@) 2DV (@, — ) 2).
j=1

Combining this inequality with (50), (51), (53), and (47) we obtain

8%Z71”|V(Z)wn|2“i2(1‘i* ) = Cen +C072Z8;1/ v — 1, |* dx
n,0,0 i*
n,o,p
—1 2] 1
+CZ T VY (v — )l IILz(L,* )
j=1
-1

B 1
< Cen+Co >l —Tall7 5, +C (D SR )

Finally, this last inequality, together with (61), yields

k k -1
I; < Con+Co+C(Y 07w —talfa 5+ C(Y D Gw =) (62)
=1 =1 j=1
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Since {v, — u,}, converges to 0 in Lz(é) asn — 400, by (56), (57), (59), and (62) we infer
that
lim sup lim sup lim sup F;, (wy, é) < lim F;, (vp, Q).
p—0 00 n—>+oo n—>+00

Recalling that for every fixed o and p the sequence {w,}, = {wi "}, converges to ug in
L2(Q) and is such that the support of w, — u, is compactly contained in O foralln € N,
we let o and p vary in two positive vanishing sequences and use a diagonalization argument
to conclude the proof. O

We are now ready to prove the liminf inequality. The proof is based on the blow-up
argument of Fonseca and Miiller [18].

Proof of Proposition 5.1 Let us fix a positive sequence {&,}, converging to 0 as n — —+o0.
Without loss of generality, we may assume that

liminf F,, (u,, Q) = lim F;, (u,, Q) < C < +o0. (63)
n—+o0o n——+00

In light of Theorem 1.2, this implies that u € BV (2; {—1, 1}) sothatu =2xg — 1 for E a
set of finite perimeter in Q and S(u) N Q = 0*E N Q, where we recall that 3* E denotes the
reduced boundary of E.

For every n € N, we consider the measure u, defined by

Un(B) := Fg, (u,, B) forevery B Borel subset of €2.

Note that by Corollary 3.7 and (63), upon assuming n large enough, the sequence { f;, :=
W;Z") + Z[ qee* 1V ®y, |2}, is equibounded in L' (). Therefore, letting |M| denote
the total Varlatlon of a measure M, we have sup,, |u,|(2) < C, so that, up to passing to a
not relabelled subsequence, we may assume that {11, },, and {|u, |}, converge weakly* to two
finite Radon measures © and A, respectively. We now show that > 0. To this aim, we use
the Besicovitch Derivation Theorem (see [16, Theorem 1.153]) to write for |u|-a.e. x €

du . w(Br(x)

— ()= lim ————,

dlpl r—0% || (B (x))
where dpu/d| | is the Radon-Nikodym derivative of v with respect to its total variation |u|.
Let us fix a point x such that the previous equality holds. Since the set {r € (0, 400) :
A(dB,(x)) > 0} is at most countable, we may choose a sequence of positive real numbers
{rm}m, Vanishing as m — 400, such that

1
| | 0= lim, lim 1 Bry ) i, "
For every m € N fixed, by Corollary 3.7 the integral in the right-hand side of the previous
equality is non-negative for n € N large enough, hence, we conclude that d/d || is non-
negative |u|-a.e. and then p > 0.

By the Radon-Nikodym Theorem we write u = fHY"' L (*E N Q) + o, for f a
non-negative function and for o a non-negative measure which is singular with respect to
HITTL(0*E N Q).

We now show that the function f can be estimated from below in terms of the function g
defined by (10). To see this, for every x € R”, v € S?~! we consider é"(x) an open subset
of QV(x) having C 2 boundary and such that

0’ N{yeR :y v =0"0)Nn{yeR :|y-v < i) (64)
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For every x € 9*E N Q we consider v = vg(x) the inner unit normal to 9*E N Q at x. By
(64), using Theorem 2.1 one can show that for H? L ae. x € 9*E N Q we have

. HIN(QY () NYTE)
lim P
r—0

=1, (65)

where we used the notation é;’ x)={yeR':y/re @”(x)}.By the Besicovitch Derivation
Theorem, for H? !-a.e. x € 3*E N Q we have
r(0F(x)

foo = lim oG- [(0'(x) N 0*E)’ (66)

Additionally, given x € 3*E N € such that (66) holds, since {u,}, weakly*-converges to i,
it follows from (65) and a diagonal argument that there exists a vanishing sequence {r,},,
with g, < ry, such that
(0 ()

fx) = nl}g_loo T (67)
Upon translating the point x, it is not restrictive to assume that x = 0 € 3* E N ©; moreover,
for the sake of notation and simplicity of exposition, we only discuss the case and vg (x) = ey,
the other cases being analogous.

We write Q in place of Qed (0) and Q,, in place of Q,n (0). Then, we set v, (y) := u, (r,y)
forevery y € Q and, by Theorem 2.1, we have that {v, }, converges in LZ(Q) to the function
”0 defined by (42). We further set 7, := ¢, /r, and use the change of variables y = x/r, to
obtain

~ ~ k
1n(D0)  Foy(itn, On) I )

nen) _ T W o) ~[71)[/(1),1)qLZqu,f‘ 1|v<@>un|§]dy. (68)
'n 'n QoFtn (=1

Since {vn}, satisfies all the hypotheses of Lemma 5.2, we can apply such Lemma to obtain
a sequence {w,}, C Hk(Q) which satisfies (i)-(iii) of said Lemma.
Noting that t, — 0 as n — +o00, by (67), (68) and (iii) of Lemma 5.2, it follows

f@zgﬂg/[ W(wn>+2qer” 1V Ou, ] dy. (69)

=1

Now we observe that, by (ii) of Lemma 5.2, putting
w, =% on Q(0)\ O

for all n € N, we have {w, }, C .Aij Moreover, since [u% (y)| = 1if y € {z : |z - eq| > %},
it follows that [ (y)| = 1if y € {z : |z - ea| > E}.
Therefore, by (64), we have

1
0) >hm1nf/ [ W (wn) + 21y Oy, | ]d ,
f Qed(O) . n ZQZ ¢lay

n—+00
i=1

and by the definition of g in (10), we conclude
f0) > gleq).

Since the above argument holds for H?~'-a.e. x € 8*E N and every v = vg(x), we obtain

f(x) = g(e(x)). (70)
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Finally, by the inequality lim inf,, w, (2) > ©(2) we infer that

lim Fo, (@) = lim () = p() = f

FO AR x) +0(Q)
n—>+00 *ENS

and, recalling that o (€2) > 0 and exploiting (70), this last inequality leads to

n

lim  Fy, (i, Q) > / FEdH () = f g ())dH (x),
—>+00 I*ENQ I*ENQ

concluding the proof. O

Remark 5.3 We note that, thanks to (69), as a by-product of the above proof we have also
showed that

g dHYTY ifu e BV(Q{—1,1)), withu =2x4 — 1,

I lim inf Fo(u, Q) > /awm g(va) u (2 { D u XA
e=0 +o00 ifueL2(Q)\ BV(Q{—1,1}),

where

k
1 _
g(v) :=inf [/Q [EW(U) + E qwzz_llv(@vlﬁ] dx:ve A, e, 1)]
=1

for every v € S?~! and we have set
j: = {v e HY(0") v = u, near 8@”}.

Such observation will be useful in order to prove that the I"-limit is strictly positive.

6 Upper bound

In this section we conclude the proof of Theorem 1.3 by proving the limsup inequality. As in
Section 5, C denotes a generic positive constant that may change from line to line, but which
is independent of the relevant parameters. We now state the main result of the section.

Proposition 6.1 Let Q@ C R? be a bounded, open set with C' boundary. Let {€,}, be a
positive sequence converging to 0 and let u € BV (2; {—1, +1}). Assume that (H1)-(H3)
are satisfied. Then there exists a sequence {u,}, C HK(Q) converging to u in L%(Q) as
n — +o00 and such that

limsup Fy, (u,) < Fo(u).

n—-+00

Proof We subdivide the proof in three parts.
Step 1. First, we consider the case where €2 has Lipschitz boundary (and not necessarily
CHandu = 2xa — 1, where

A={xeQ:(x—xp) - -v>0}
for some xo € € and v € S9! such that

vo(x) L v forevery x € 92 with |(x — xp) - v| small enough, (71)
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recalling that v (x) is the inner unit normal to €2 at x. For the sake of exposition, we assume
xo = 0 and v = ¢y, the other cases being analogous, so that for every x € Q2 we have
u(x) = ug' (x), where by definition ug’ (x) = sgn(x - e4), and

Fo(u) = g(ea)H" ' (2N {xa = 0)).
Forevery n > 0, there exist0 < g9 < landv € A?‘é such thatv = ﬁgg in a neighborhood
of 907, and
k
1 -
/ Lo W)+ el IV i dx < gea + . (72)
o =1

By Proposition 2.4, upon rotating Q‘fd leaving e, fixed, we may assume that Qe 0=
—5 —)d We then extend v to a function in H10C (RY) which is periodic in the first d — 1

Varlables that is, such that
v(x) = v(x +e), (73)

foralli € {1,...,d —1}. We alsoset Q,, :={x € Q: |xg| < 2%”0} for every n € N.
We claim that a recovery sequence for u is given by the sequence of functions {u,} C

H*(Q) defined by

i L) e
To prove the claim, we first show that

lun —ull 2 — Oasn — +oo. (75)

To this aim, we set Q' := {x’ e R?~!: (x', 0) € Q} and observe that by (71), it holds

smszn=sz’x[ En 8”]

280 2e0

for n sufficiently large.
Using the change of variables (x', x;) — (x/,

en
2e Sox Soxd
/|u,,|2dx // |v( )|d dx’
N / 7‘2—" &n &n
2
/ | —_— xd)| dx'dx,.
Q En

We observe that, since v € Hf (R?), the function f: RY~! — R defined by

! 8,1

xd) by Fubini’s Theorem and (74) we have

1
: 2 d-1
fy) = / Iv(y,xa)I"dxq  forevery y € R

-2
is integrable on ©’ and that, by definition of v, it is periodic. We may then apply the Riemann-
Lebesgue Lemma to the function f to obtain

1
ex 2

lim // O—xd)}zdxddx/:// / |v(y/,xd)|2dxddy/dx/
n——+00 / ’ (_%’%)d—l _%

= LN @) 172 ) (76)
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which implies
2 En 2
[ P ax < ol g, an

From this inequality, (74), and the fact that u takes values only in {1}, we deduce that
litn = ullZaigy <2 [ lualdx +229(Q) < €2 229 (Q),
e Q €0

which tends to 0 as n — +o0. This inequality proves (75).
We now show that {u,}, is a recovery sequence for u. To this aim, we first note that for
every x € Q\ €2, we have

un(x) = u(x) € {=1,1} and V©u,(x) =0 forevery £ € {1, ..., k},
while, if x € ,,, we have
14
V(Z)un(x) = (8—0) V(z)v(go—x) for every ¢ € {1, ..., k}.
En &n

Then, we use (H1), (74), Fubini’s Theorem, and a change of variable to obtain

Fg,,(un)—f [8 W(un)+que” NV Ou, |]
Q,-¢n

25 £x EOX, EoX E0X
// "= o, °"))+Zwez‘f|v“) (=, Od)|e]d dx’
/ 5:1 € &n &n

n

7 1 4 /
=/ / [—W(U(mx ’xd))JFZqzeS‘f‘lIV“’v(%—x,xtz)lj]dxddx’ %)
’ _% 0] En = &n

for every n € N. Since v satisfies (72), the function #: R¢~1 — R defined for y € R?~!
by

ho = [ [ W, xd))+2qzs” VO, k) |dxa
72

is integrable and, by (73), is also periodic. Therefore, we may apply once again the Riemann-
Lebesgue Lemma to obtain

1 k

irl gox’ gox’
lim f / [*W<U( 0% ,xd))+ZQeS(Z)K_IW(Z)U(Lx,xd)ﬁ]dxddx’
n—+00 Jor 7% &0 &n — &n

k
I
zz:d—l(sz’)/ [%W(U)-i- > qeeg VO ui |ax
e =1

Combining this equality with (78) and (72), we conclude that

Jim eyt = 2470 [ [won + Z ges3! ™ VO )dx < Fotw) + 247 @),
Since n was arbitrary, a diagonal argument allows to prove the thesis in this special case.
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Step 2. We now assume that u = 2y4 — 1, with A = P N Q and P polyhedral. This
means that 9P = Ulﬂi] H; U F, where the sets (H,-)f‘i | are pairwise disjoint and relatively
open convex polyhedra of dimension d — 1, while F is the union of a finite number of
convex polyhedra of dimension d — 2. In particular, there exists vy, ..., vy € S9-1 and
X1y .oy Xy € R9 such that

Hi € (x eRT: (x —xp) - v; = 0},
and each v; is the inner unit normal to d P on H;. For simplicity, we may also assume that
dQ N P is the union of a finite number of C! manifolds of dimension d — 2.

Letus fix 0 < o < 1 and let H{, ..., H,, relatively open subsets of Hj, ..., Hy with
(d — 2)-dimensional boundary of class C 1 such that

{x € HiNQ:dist(x, QU F) > 3} € H/ € H! € H;.
Fix0<n< % and define for each i € {1, ..., M}
Qi :={x+1vy:xeH, te(=nnk

We can choose 1 so small that the sets 1, ..., Q) are pairwise disjoint. Since each €;,
satisfies (71), by the previous step, we obtain sequences {u!}, C H k(Q;) such that

ul = win L2(Q)),

ul,(x) = u(x) forevery x € {x € Q; : dist(x, H;) > ;7} (79)
0
and ‘
limsup F, (u'y, @) < (g(wi) +n) RN (@ N Hy), (80)
n—oo

where for every x € 2; it holds

i Six .
. V() i [ — ) v < 2
i . &n — 2el’
u,(x) = EnO

u(x) if [(x —x;) - vi| > 2

and, for eachi € {1, ..., M}, v' and 86 are such that

k
1 i\20—
/ AW + Y a1 Ou |dx < g+,
0, -&p =1

In order to present the candidate recovery sequence, we let (V,).~0 be a radial smooth
convolution kernel, with suppW¥, C B.(0) and f W, dx = 1 forevery ¢ > 0. We extend u to
the whole R¥ by setting u := 2xp — 1 and introduce smooth functions 7, defined for every
n € Nby

Uy = ux W,

where * denotes the operation of convolution. Observe that these functions satisfy the fol-
lowing conditions

i, (x) = u(x) forevery x € {x € Q : dist(x, dP) > g,}, (81)
~ ~ C
il pooay < 1 and [[VO@, el Lo ey < o forevery Le {1, k). (82)

Fort € (0, 1) we set

Uy :={x e Q:dist(x, FU@ORNIP)) <t}
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and choose cut-off functions ¢, € C2° (R4: [0, 1]) such that

¢Po(x) =1 ifx € Uy,
$o(x) =0 if x € RY\ U, (83)
VO o lell ooy < Co™t forevery £ € {1, ..., k}.

We claim that the sequence of functions {u,}, C H k() defined by

(= ¢o)ul, + ¢, in Q; for i € {1,..M},
B A inQ :=Q\U" Q

is a recovery sequence for u.

The fact that {u,}, C H k (R2) follows from the same argument used in [11, Theorem 1.3,
Substep 2B]. Also, (79) and the fact that &, — u in L2() imply that u,, — u in L%(Q) as
n — +00.

We now study the asymptotic behaviour of the energy of {u,}. First, we show that
F, (un, ') is negligible. To this aim, for every n € N we set

. En En
Ry = {er:dlstx,BP < max &y, —, .., } 84
n ( ) {en 26 2884} (84)

We observe that ' N R,, C U, for n large enough and that H-1 (3P NU,) < Co.Hence,
by the definition of €', (81), and (82), we have

k
| _ ~
Folin @) = [ [ LW @)+ Yl W OTRldx < o 89
QNR, - €n —
We now study the energetic contribution of the remaining terms. We fix i € {1, ..., M}

and compute

an (un, 2;) = Fs,, (uip Qi \ Uyo) + Fe,, (Un, 2; N (U \ Uy)) + Fs,, (ﬁn, QiNUy)

k
. 1 _
< Fo, (. 24 \ Uso) +/ [ W) + Y laele2 ™ IV Ouy ] dx
QiN(U20\Us) €n =1

k
(N Lo~
+/ [—W(u,,)+Z|qg|e,%‘Z 1|v“>u”|§] dx
QiNUs En =1

=K, + K + K.
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We separately investigate the three terms IC,IL, IC%, and IC,%, starting from IC,i. Recalling that
gr = 1, we observe that

k 1

1
K}l:/ [ W) + 27 VO ] dx + (> aeed =19 Ou | dx
Qi\Uzs Qi\Ux ~y—;

1 _ .
5/ [ Wul) + k=1 v®yi 2 ]dx—i—/ [Zngﬁe—]w(@)um%]dx
Qi -En iy
/ quezz 1|V(Z)u;|%] dx
ot

ﬁUQa =1
k 1
< Fo, (), Q) + [>" lgele2 = IV Oul 7] dx. (86)
QiNUs =1

By the periodicity of u!, with respect to the variables tangential to H;, we may argue as in
Step 1, using Fubini’s Theorem and the Riemann-Lebesgue Lemma to deduce that

k—1 k—1
lim [ |CM|82[ 1|V(6)ul | ] x < CO'/ [ |V(e)vi|2] dx < Co.
n—>+00 Jo. N, KZ; Q‘l’f ; ¢
Hence, it follows from (86) and (80) that
limsup K, < (g(vi) + MH* ™" (H; N Qi) + Co. (87)

n——+00

We now investigate the term IC,% We begin observing that for every ¢ € {1, ..., k} and
multi-index « of order || = ¢, we have

Oy =y (g) (871 = d0)0" P, + 0795 0" i, )

B=a
. N o L ,
= (1= ¢o)0%ul, + ¢ 0°Tn + Y <ﬁ>(aﬂ¢g 0P (i, — uy)),
0<B<«
which by (83) implies

VOun? = c(IVOul } + VO, 2

-1
+ G—ZKmn . u;‘l|2 + 20—2(l—j)|v(j)(ﬁn _ uln)|§) (88)
j=1

Since by (H3) we have that '
W (up) < W(uy,) +C, (39)
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it follows from (84), (88), and (89) that

5 1 1
K2<cC [ W) + —
QiNU20\Us)NR,,

n Z qele2t! (IV(Z)MZI% " ZUﬁz(Z*j)W(j)“m%)] dx

=1 j=1

+C/ [Zlqm” l(IV“M + 0 ul, — iy |
Qi

N(U2s \U(r)mRn =1

—1
+ Y02V, 2) | dx

j=1
Arguing as in (76) and (78), we obtain that

-1
1 . . o
lim [ W)+ —+ ) lgeledt 1(\V(z)u’ 2+ o 20wy Iz-)]dx
n—+00 JQ; iN(Uz6 \Us )Ry én " &n KX;I it ; "
< CHYN(H; N Uyg) < Co. (90)

Then, we observe that using (77), with u, replaced by u’,, v replaced by v, and Q replaced
by Q;, together with (82), we have

[Zmls” HIVOl} + 0~ ity — |2+Zo 2A=D9Di, 2)] dx
(=1 j=1

- 2(13 7

(Z(”Z )£ (@ N U \ Uo) N Ry

=1

‘/;2 NWU26\Uo )Ry

o~

k 20—1
&
+cy ( o 172y * o £4(2 N Wao \ Uo) N Ry))

o~
—_

- 2(2 J) 2@

(i(HZ T />))“+CZ( g7 r)- ODn

As
k-1 2(5 » ko g L
n n
ZZ o2U—=j) +Z<ﬂ+ﬁ) —> 0 forn — +o0,
t=1j=1 =1
combining (90) with (91), we obtain that
lim sup K,zl < Co. 92)
n—+o00

To conclude, we use (82) to estimate the remaining term IC,% as

K 5/ [ W<u,1>+2|qe|eZZ VO[] dx
o x| (x—x;)-v; | <en} - En =1

IA

C
—LY({x e Uy 1 |(x —x;) - vi] < &) < CH ' Uy NH;) < Co. (93)
£

n
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Finally, gathering (85), (87),(92), (93), and summing over i € {1, ..., M} we obtain that

M
lim sup Fy, (up, Q) < Y limsup F, (u,, @) + lim sup F, (i, )
n—+00 i—1 n—+00 n—+00
m

=Y (g +MH(Qi N Hy) + Co < Fy(u) + C(n + o).
i=1
Since n > 0 and 0 > 0 were arbitrary, a diagonal arguments allows to conclude.
Step 3. Finally, we deal with the general case u = 24 — 1, for A C Q a set of relatively

finite perimeter in 2. By Theorem 2.2, we can find a sequence of polyhedral sets {A,}, such
that x4, — xa in LY. By the previous step, setting u, :=2x4, — 1,

I'-lim sup Fg(u,) < Fo(u,) forevery n € N,

e—0

where we recall that the I'-limsup is the functional defined by (12). By the lower semiconti-
nuity of the I'-limsup we then infer

I-limsup Fe(u) < liminf I'-limsup F;(u,) < liminf Fo(u,).
£—0 n—00 £—0 n—>00

Since g is upper semicontinous on S¢~! (see Proposition 2.4 above), by [13, Remark 9.11,
Theorem 9.15] there exists a sequence {g,, }, of Lipschitz continuous functions such that
8 = gm+1 = gm < maxgi-1 g and

g(v) = inf g, (v) forevery v e S9!
meN

Using again Theorem 2.2 and (11), we obtain for every m € N that

n—+00

lim / gm (v, ()dHI ™! (x) :/ Zmn(Wa())dH " (x)
F*ANQ *ANQ
so that by monotonicity

lim inf Fo(u,) = lim inf / g(a, (x)dH ™ (x)
n—oo n— 9*A,NQ

e}

< lim gm(Va, ())dH (x)

=00 Ja*A,NQ

/ gm(Wa()dH ! (x).
3*ANQ
Finally, by Monotone Convergence we obtain that

liminf Fy(u,) < lim g (WadH (x)
oo m=0 JorAnQ

< / ga()dH!™ (x) = Fow),
F*ANQ
which concludes the proof. O

We conclude this section proving that the surface energy density g is strictly positive. This
observation makes the I"-limit non trivial.

@ Springer



Singular perturbations models in phase transitions. .. Page390f48 243

Proposition 6.2 Let g be the function defined in (10) with k > 1 an integer and let N :=
(¢ e{l,...k—1}: g < 0}. Assume that (H1)-(H3) are satisfied, and, if N # @, further
assume that q¢ > —q, for all £ € N, where {q, : £ € N'} denote the same positive constants
appearing in Corollary 3.7. Then infga—1 g > 0.

Proof Similarly to Section 5, we introduce é" an open set with C2 boundary contained in
Q" such that

O'NiyeR: |y v|<j}=0"N{yeR:|y-v[ <4}

and, letting {vy, ..., v4—1, v} denote an orthonormal basis describing Q", with the additional
property that

d—1 d—1
O'N(YyeR :ly-wl<gl=0"n[lyeR |y vl <y} =R". (94

i=1 i=1

Recalling the notation in Remark 5.3, we note that the function g : SY~! — R given by

k
1 _
g(v) = inf | /N [SW@ + Y ae v OuE]ax v e Ao € 0,1}

o =1

satisfies g(v) > g(v) for every v € S?~!. We combine this observation with Remark 5.3 and
Proposition 6.1 to infer that

g dHT! ifu e BV(Qi (=1, 1)), withu =2y, — 1,
F-limingg(u,Q)z A*Aﬂgg(VA) u (€ { D, withu =2x4
£—>

+00 ifueL2(Q)\ BV (S {—1,1}),

/ g dHIY ifue BV(Q:{—1,1}), withu =24 — 1,
> I*ANQ

+00 ifueL?(Q)\ BV(Q;{—1,1})
> I'-lim sup Fg (u, 2),

e—0

which, in turn, implies that g(v) = g(v) for every v € S¢~!. For this reason, we equivalently
prove that infge—1 g > 0. B
Fix v € S~1, and let {eq}n, va € A, . n € N such that

k
_ 1 20-1
~um [ 1 19 P
Arguing as in Remark 2.5, it is not restrictive to suppose &, — 0 and moreover, we may

further assume that for all n € Nitholds ¢, < e0({g¢ : £ € N}, é"), the constant appearing
in Corollary 3.7.
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Clearly, the set R” defined in (94) is contained in 0V then, we apply Corollary 3.7 with
Q = QV and, by the equivalence of the norms, we obtain that

k k
1 ) 1 _
/N [S—W(vn)+zqge% 1|v“>v,,|§] dx > 3[~ [E—W(vn)—i-Zs,z,e 1|v<5>vn|§]dx
ovLen ovLen

=1 (=1

En

k
1
> a/ [—W(u,,) + Ze%*lw(‘)un&]dx
RY =1

1
> / [ W)+ 219,17 dx
RU

&n

for every n € N and some 8’ > 0 which is independent of 0. Applying Fubini’s Theorem,
(5), and a change of variable, we obtain

1 _
f [;W(Un)-i-&gk VO, | dx
RY n

1
101 ,
> / / [ W) + e ) O Rarard = )
Rvnwt J—LLén

1
Zen _
= / A / W) + 1y O P de )
Ny b

1 1
2e,  2e, ))-

1
I Tew
Z 5q-y inf { /;[W(w)Jrlw(k)lz]dt, we H((-

T 2Zen

1
w(t) = sgn(t) if |t| > M for some M € (o, —)}
2e,

where we set w,Y (1) := v, (g,¢) and in the last inequality we used that v, € ]:n for all
n € N. As (H1) and (H2) are satisfied, we are in position to apply Propositions 4.1 and 4.2
in [10], deducing that

!/

1 8
z(v) > lim_‘i_régé//v[—W(v,,) +a§k*1||v<’<>u,,||§]dx > k> 0,

n— " d—1

my being as in (2), which concludes the proof. O

7 Analysis of the cell problem in dimension 1

In this final section we analyze the surface energy density g defined in (10) when d = 1.
In this instance, such density clearly is a constant that we prove being determined by an
optimal-profile problem on the real line. It is not restrictive to assume that | - |, coincides with
the absolute value for every ¢ € {1, ..., k} as any norm on R is a multiple of the euclidean
one.
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By Remark 2.5 and by a change of variable, we find that

T k
¢ = inf inf / W) + Y qev®@)?|dr: ve HY(-T, T)),
T>% { 7T|: ; ]
v(t) = sgn(t) if || > M for some M € (0, T)}
T k
— lim inf{/ [W(v)—l—qulv“)lz]dt: ve HY (=T, T)),

T—>+o0 =T =1
v(r) = sgn(t) if |t| > M for some M € (0, T)},

hence, for T > 1/2, we set

T k
m(T) ::inf{/T[W(u)+Zqz|u“>|2] dx, v e HY (=T, T)),
- =1

v(t) =sgn(t) if |[t| > M for some M € (0, T)},

in such a way that
g= lim m(T),

T—4o00

and we put

+00 k
m = inf{/ (W + Y aqlu®Pdr - ue B ®), lim u)=+1]. ©95)
=1

—0o0

The main result of this section is that, under the by now usual, suitable assumptions on
the coefficients ¢y, ..., gk—1, the equality g = m holds. In order to prove this, we state the
one-dimensional version of Corollary 3.7 at scale ¢ = 1.

Corollary 7.1 Let I C R be an open interval of length 1, let k > 1 be an integer, and let
N ={e{l,..k—1}: q¢ < 0}. Assume that (H2) is satisfied, and, if N' # @, further
assume that q; > —q, for all £ € N, where, letting {q, : £ € N} denote the same positive
constants appearing in Corollary 3.3 and given {cg : £ € N} such that ay > 0 forall ¢ € N
and Y, nro0 = 1, it holds that q\, = ayqy for all £ € N. Then, there exists a positive
constant § = 8({q¢ : £ € N}) such that

k k
W+ Y adu®@P]ar =5 [[wao+ Y 1wF]a
! =1 ! =1
for every u € H*(I).

Proof The proof is obtained by following the same line of the one of Corollary 3.7, with
Corollary 3.3 used for every ¢ € {1, ..., k — 1} in place of Theorem 1.1. O

Proposition 7.2 Let k > 1 be an integer, assume that q¢ > —q, for all £ € N, with N

and {% : € € NY}as in Corollary 7.1, and assume that (H1) and (H2) are satisfied. Then
m = limr_ 400 m(T).
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Proof Clearly, m(T) > m for every T; hence, lim7_ 4o m(T) > m.
To prove the converse, letu € HlﬁC(R) be suchthatlim;_, +~ u(t) = £1and fj;o[W(u)—i-
S qelu©@Pldt < 400, and let T, > 0 be such that [[u(t)| — 1] < 1/2if [t| > T,.
Consider a function ¢ € C*°(R; [0, 1]) that is supported in (—oo, 1/2) and such that
¢(t) = 1forevery t < 0. Forevery n € N we set

v (1) == ¢t —n)u(t) + 1 — ¢ —n),

and we observe that v, coincides with # on (—o0, n) and it is constantly equal to 1 on
(n+1/2,400). As a consequence

o0 k el k
| [wem+ S an@e]ar= [ [wao+ Y ac® ] ar
0 =1 - =1
+/"+é[w<v ey U e
- n EZIQK n .

We estimate the energy of the function v, on the interval (n — 1/2,n + 1/2); that is, we
estimate

n-‘r% k
/ C[won + Y qvr]ar. (96)
n—z =1

First, we observe that min{u(z), 1} < v,(t) < max{u(t),1} forallt € Randn € N;
therefore, since u(t) — 1 ast — —+oo, for every ¢ > 0 there exists 7. > 0 such that
lva(t) — 1| < e forall t > T, and n € N. Hence, the continuity of W and (H1) imply that

n+4

2
lim W(,)dt =0. Cn)
n—+00 n—%
As for the derivatives of v,,, we observe that for all £ € {1, ..., k — 1}, there exists a positive

constant C depending on k, ¢, and the function ¢ such that

€
pOOP < {luw — 1P+ 3 WP} forallr e R,
j=I

therefore,

g )2 SN 2 - )2
| [ ar]al<ad [ [cfu- 12+ X wOp)]ar
=2 =1 (=1"""2 j=1

1

n+s k
<ack [ W+ YO P]ar,
"2 =1

where qo := max{|q1|, ..., |gk—1/, 1}, and the last inequality follows by (H2) assuming that
n—1>T,.
By Corollary 7.1, there exists a positive § such that

n+%

n+% k k
/ | [W(u)+2qe|u“>|2]drzsf Cweo + Y P ar

—3 =1 "2 =1
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for every n; therefore

e ck [+
90

[ I amor)a <55 [

n—3 =1 n—z

which tends to 0 as n — +o0.
Gathering (97) and (98), we obtain that (96) vanishes as n — +o0o. With a similar
reasoning, we obtain functions {w,}, C Hl'fm (R) which coincide with u# on (—n, n), which

k
W+ Y qlu®Pldr,  ©8)
=1

L —

are equal to the sign function outside (—n — %, n-+ %), and such that

400 k n+% k
/ [Wwa) + 3 qelwi?)?] ar =/ W+ Y qeu @] ar + oun.
=1 T3 (=1

—00

Since each function w,, is admissible for the minimum problem m(n + 1), letting n — +o00
the conclusion follows by the arbitrariness of u. O

Finally, we prove the existence of an optimal-profile. We omit some minor details in the
proof as the arguments involved are similar to those that appear in the proofs of Proposition
4.1,4.21in [10] and Lemma 2.5 in [17].

Proposition 7.3 Let k > 1 be an integer, assume that q; > —q, for all £ € N, with N and
{E% : £ € N} as in Corollary 7.1, and assume that (H1) and (H2) are satisfied. Then, the
infimum (95) is a minimum.

Proof Consider {u,}, a minimizing sequence and, by translation invariance, assume that
u, (0) = 0 for every n € N. Applying Corollary 7.1 on each interval (j, j + 1), j € Z and
summing over j, we have

400 k +00 k
/ (W) + Y aelu P de = 8/ (W + Y P Par— ©99)
- =1 —%© =1
for all n € N, and then
+o00 k
sup/ [W(un) +y |u5f>|2] dt < 4o0. (100)
noJ=o0 (=1

We apply the Fundamental Theorem of Calculus and Holder’s inequality to obtain

t
lun ()] < / lul, ()| ds < «ﬂlluzlle(R) forall 7 € R,
0

which, combined with (100), implies that for every 7 > 0 there exists a positive constant
C(T) such that
sup llunll gr(—7,71y) < C(T).
n

Therefore, there exists u € Hllf)c (R) such that, up to subsequences, {u ,(f)}n converges locally
uniformly on compact subsets of R to u® forall ¢ € {0, ..., k — 1}, with the convention that
v©® =y, and uflk)—\u(k) weakly in L?(R). Note that, in particular, u(0) = 0.

As for the lower semicontinuity of the energy, we first note that, as a consequence of Corollary
7.1, we have

=T k +00 k
f (W) + Y qelu 12| de +f (W + Y aelu®Plar =0 aon
- =1 r

e =1
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foralln € Nand T € N. Then, we observe that Rellich’s Theorem implies that u,(,e) — u®
in L2((=T, T)) as n — +oo for every £ € {1,...,k — 1} and T > 0, which in turn yields

T k-1

T k-1
; 02 _ 02
ngTw[T[qu|un ']d’_/,r[z‘”'” 2] ar (102)
=1 =1
for every T > 0; moreover, by Fatou’s lemma and the lower semicontinuity of the L%-norm,

we have
400 400
liminf/ [W(u,,)+|u5[‘)|2] dr z/

n—+oo J_ o —00

[W(u) + |u<k>|2] dr. (103)

Combining (101), (102), and (103), and recalling that g = 1, we obtain

T

+o0 k
. 2 ..
m :hmmf/—oo [W(un)—i— E q[|u§l€)| ]dz ZL@E@S/;

n—-+oo
=1

k
(W) + Y aeludP | ar

r =1

k
> /T [Wa + Y qeu®P]ar 104y
-7

=1

forall T € N.
Recall that {u, }, is a minimizing sequence, hence, by (99) and Fatou’s Lemma, we infer

+00 k +0o0 k
m = liminf/ [W(u,,) n Zq[|u£ll)|2] dt > 3/ [W(u) +y |u<z>|z] dr;
n=>+00 J_oo =1 - =1

therefore, we can pass to the limitas 7 — +o00 in (104) by Dominated Convergence Theorem

to obtain
+00 k
m > / [W(u)—i—qulu(mz] dt.

-0 (=1

If lim; 100 u(t) = %1, the proof is completed; while, if lim;_, 1 u(t) = F1, a mini-
mizer is u(—t). For this reason, in order to conclude, we prove that both lim;_, _~, u(#) and
lim;—, o0 u(t) exist, and that {lim;_, _ oo u(t), lim;— 1o u(t)} = {—1, 1}.

As a first step we prove the existence of the limit at +o00, the other case being analogous.
To see this, it is useful to observe that u’ € H! (R), which implies

lim u'(t) = 0. (105)
t—+o0
If lim;—, oo u(t) exists, it equals —1 or 1, otherwise fj;o W(u)dt = +oo which is a

contradiction. We are left with considering the case there exist real numbers a, b, witha < b,
and two increasing sequences {x,},, {y»}» such that

lim x, =+o0, Ilim y,=+oc0, lim u(x,)=a, lim u(y,) =>.
n—+4o00 n—+4o00 n—+o00 n—+400
Without loss of generality, we can suppose

b—a b—a
Xp < Yn, u(xp) §a+T, u(yn) Zb_T foralln e N;

moreover, by the continuity of u#, we can also assume that both —1 and 1 are not contained
in the interval (a, b).
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If there exists {n} ; such that |x,; — yn;| < 2 forevery j € N, then, by Lagrange’s Theorem,
there exists z, ; € (x,,j, Vn j) such that

W (2n,)| > M > %(b—a),

hence, limsup,_, o, [u'(t)] > 3(b — a)/8, which contradicts (105). Otherwise, we may
assume that |x, — y,| > 2 for every n € N. We set

N b—a
Xy i=max{t € (xn, yu) 1 u(t) <a+ T}

and
—d

Yo i=min{t € (X, yn) 1 u(t) = b — }.

If |X, — Y| < 1 forinfinitely many n € N, the conclusion follows by Lagrange’s Theorem as
before, otherwise, it holds that |X, — y,,| > 1foralln > N, with some N, € N large enough.
Recalling that the interval (a, b) does not contain the points —1, 1, the above observation
and (H1) imply

+o00 _
/ W) dt > Z/ W(u)dt > Zmin{vv(z):te(a+b4“,b— 7 )} = 400,

—0oQ
n>N, n>N,

which is a contradiction, and concludes the proof of the existence of the limits at infinity. We
finally prove that they are different.

By contradiction suppose lim;_, + o, # () = —1.By Lemma 3.2 in [10] and by the convergence
U, — uin H{gc (R), we find points {z;}; and a subsequence of indices {n;}; such that

tj = 400, un () = =1, u(t)) >0 asj— +oo, forall €€ {l,...k—1).
(106)
Then we have

/_+oo[w(un,)+zclzlu<0 ] _/l [W(un1)+2q/é|”([)|]

=1 =1

+00

J =1

[
> / [W<un,>+Zqz|u“>|]dr+m it (1)), e u0 1)),

(=1

where we set

1 k
7 (U, -y Ug—_1) :=inf{/0 [W(v) + quh}(wlz] dt - vO©0) = 0forall £ € {0, ...k — 1},
=1

vO (1) =ug forall € € {0, ..., k — 1}},
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with the convention that v@ = v. Since i (ug, ..., ux—1) — 0 as (ug, ..., uxg—1) — 0, by
(106) we infer that

+00 k
m = lirninf/ [W(u,,_,.) + Zqzlufﬁ)lz] dt

j—+00 J_
J o0 =1

lj k
> 1jim+igof/ (W) + 3 qelulf) P+ m = it 1), oS0 )
- —0 =1 "

tj k
. 02
zlj;glilg[ [W(unj)+2qz|unj| ]dt+m,

© =1

which implies

lj k
liminf/ [W(un./) + Zqﬂu}fj)ﬁ] dt <0.

— +00 —_
J=t 00 =1

But, by Corollary (7.1) and Fatou’s Lemma, it holds that

tj k tj k
1;&‘{2/, [W(un,)+2qe|u,,j| ]dt Zéljgnilg/oo[w(u,l,)%-;lunjl ]dt

o (=1

k

+00
=5 [ [wao+ Y wOR]ar=o
(=1

—0o0

therefore, we deduce that that u is identically equal to —1. This contradicts u(0) = 0, which
concludes the proof. O

Remark 7.4 Restoring the general dimension d, we may deal with the case of special norms on
tensors that are ‘compatible with slicing’ upon supposing the non-negativity of the coefficients
q1, ---, qk—1. More precisely, we suppose that for every ¢ € {1, ..., k} the norm | - |, satisfies

|T|e > |T(E,..., &) for every & € Sdﬁl, (107)

and we assume that go > 0 for every £ € {1, ...,k — 1}. Also in this instance, the density
energy g defined in (10) is the constant m given by (95).

The argument is similar to the one in the proof of Proposition 6.2. For fixed v € S~! and
n > 0, let v and ¢ be such that

k
1
g) +1 z/ [EW(u)+que”—1|v<’%|§] dx.
oy =1
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Applying Fubini’s Theorem, (107), and the slicing properties of Sobolev functions, we obtain

k
1
gtz [ [T+ Y ae v OuE] s
oy

(=1

A%

/Wl/ W(vw(t))_|_2q[82z > ))(l)(mz] di dH(y)

(=1
1 1

1nf{/_2 [W(v)—i—qulv(z)l ]dx ver(( 28,2—8)),

2e

I\/

1
v(t) = sgn(t) if |t] > M for some M € (0, —)}

2e
1
:m(ﬂ)

where the second inequality also follows by the assumption gy > Oforevery £ € {1, ..., k—1}.
By the arbitrariness of 1 and ¢, the previous chain of inequalities implies g > m. The converse
inequality is obtained using as a test function for g(v) the function v(x) := u( V), with u
an (almost) optimal one-dimensional profile for m(1/(2¢)).
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