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1 Introduction

The classification of superconformal field theories (SCFTs) and supersymmetric gauge theories
in various dimensions has been a major subject in the study of supersymmetry in the recent
decades. Given Nahm’s classification on superconformal algebras [1], the highest dimension
in which a nontrivial SCFT can exist is six. It is now well-known that the 6d (2,0) SCFTs
admit an ADE classification [2, 3], while the 6d (1,0) SCFTs admit an “atomic classification”
with certain generalized quiver structures [4]. See an excellent review [5]. More recently,
much progress has been made in the understanding of the compactification of 6d SCFTs to
lower dimensions. In particular, the compactification to 5d Kaluza-Klein (KK) theories is
mostly understood and results in a conjectural classification on 5d SCFTs by decoupling
5d hypermultiplets from the KK theories [6-10].

Besides the straightforward circle compactification, it was observed in [10] that when a
6d SCFT has a discrete global symmetry, one can do twisted circle compactification to a new
5d KK theory. This process brings in a large class of highly nontrivial 5d KK theories, many
of which have fascinating 5d Lagrangian descriptions [11]. There exist two possibilities for
the 6d discrete global symmetry: the first kind comes when the gauge algebra allows outer
automorphism, in which case the twisted circle compactification means to fold the 6d vector
multiplets; the second kind comes when the quiver structure has a discrete symmetry, in
which case one folds the 6d tensor multiplets. In the current work, we are interested in the
first kind of twisted circle compactification of 6d (1,0) SCFTs as it is classified by twisted
affine Lie algebras and related to the modularity of congruence subgroups I'1 (V). The second
kind of twisted circle compactification for 6d (2,0) SCFTs has been studied in [12].

The 6d (1,0) SCFTs can be geometrically engineered by F-theory compactified on non-
compact elliptic Calabi-Yau threefolds. More precisely, such Calabi-Yau geometry M is an
elliptic fibration over a non-compact base surface B in which all curves are simultaneously
shrinkable to zero volume. The dim H'!(B,Z) gives the dimension of the tensor branch, i.e.,
the rank of the 6d (1,0) SCFT. We are particularly interested in the rank one case, where

the non-compact base B is just Opi(—n) for n =1,2,3,...,8,12. The geometric engineering
suggests that when a 6d (1,0) SCFT is put on the 6d Nekrasov Omega background (Czh62 x T2

the partition function should be equal to the refined topological string partition function on
Calabi-Yau M. On the other hand, 6d (1,0) SCFTs contain the BPS strings or the so-called
self-dual strings with worldsheet theory as 2d (0,4) SCFTs. From the viewpoint of worldsheet,
the elliptic genera of the 2d theories should also be equal to the 6d partition function upon
suitable expansion by the number of strings. Along with the circle compactification to 5d
KK theory, these yield the well established relation chain

2d (0,4) SCFT __ 6d (1,0) SCFT _ ,5d KK __ rref. top.
E - ZR4><T2 - “RAxSt T Znon—compact elliptic CY3* (1'1)

In the case of twisted circle compactification, the non-compact elliptic Calabi-Yau
threefolds are generalized to non-compact genus-one fibered Calabi-Yau threefolds, with
additional rational sections or just N-sections. The genus-one fibered Calabi-Yau geometries
and their role in F-theory compactification have drawn lots of attention in recent years [13-22].



In our situation, the number of sections is naturally reflected by the type of twists:
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The geometric engineering of these special genus-one fibered Calabi-Yau threefolds produces
the twisted compactification of 6d (1,0) SCFTs. The BPS strings of the 6d SCFTs on the
torus 72 = S x St also get twisted along one S in the sixth direction such that the elliptic
genera now have fractional ¢*/V orders. Although both the 6d SCFTs and the 2d worldsheet
theories are in twisted circle compactification, one can still look from 6d and 2d to keep
the modularity manifest. Notably, the modularity is no longer the SL(2,Z) of ordinary
elliptic genera, but the congruence subgroups I'; (V) of SL(2,Z). In summary, we expect
the following twisted version of the relation chain (1.1) as

2d (0,4) SCFT

__ r»6d (1,0) SCFT _ 75d KK __ rref. top.
twisted = Z Z (13)

R4xS1xS1 twisted — “R*xS! = “non-compact genus-one fibered CY3"

E

We are interested in the twisted elliptic genera arising here. It should be noted that this
term actually has already been used in a different context for 2d N = (2,2) SCFTs such as
the twisted elliptic genus of K3 surface, see e.g. [23, 24]. The twist in our term comes from
the same twist as in twisted affine Lie algebras and is specifically for 2d N/ = (0,4) SCFTs,
thus should not be confused. For the second kind of twist, one can also study the associated
twisted elliptic genera, which for the 6d (2,0) cases have been studied in [12]. However, those
are not related to twisted affine Lie algebras, thus are not the concern of the current paper.

Some typical examples of twisted circle compactification include the Zsy twist of 6d (1,0)
pure su(3) SCFT which compactifies to the 5d su(3) gauge theory with Chern-Simons level 9,
and the Zs twist of 6d (1,0) pure s0(8) SCFT which compactifies to 5d su(4) gauge theory
with Chern-Simons level 8. The 5d KK theories are not necessarily gauge theories. For
example, the Zy twist of 6d (1,0) pure so(8) SCFT is known to be a 5d non-Lagrangian
theory. We will study the twisted elliptic genera for all these examples in this paper.

In the following, we summarize several approaches to the twisted elliptic genera.

o Localization of 2d (0,4) SCFTs. Elliptic genera of some special 2d theories can be
exactly computed by 2d localization, i.e., Jeffrey-Kirwan residue, analogous to the
ADHM construction in 0d [25, 26]. This approach can be generalized to some special
Zo twisted theories [27]. In general, this method when applicable is the most efficient
way to compute (twisted) elliptic genera to arbitrary number of strings. Two known
examples are the n = 3, su(3)(® theory and the n = 4, s0(2r + 8)(?) theories which we
will review in section 2.4.

e I'i(N) modular ansatz. The modular ansatz method exploits the modularity of elliptic
genera [28-32], inspired by the early work on compact elliptic Calabi-Yau threefolds [33].
In particular, the SL(2,Z) modular ansatz for the one-string elliptic genera of rank-one
6d (1,0) SCFTs has been extensively studied in [31]. On the other hand, the modular
ansatz of congruence subgroups I'g(IV) and I'; (N) has been investigated in [16, 20, 21]
for topological strings on genus-one fibered Calabi-Yau threefolds with /N-section.



Recently, the genus-one fibered Calabi-Yau threefolds associated with twisted affine Lie
algebras were discussed in [34]. We combine these results together to propose a suitable
I'1 (V) modular ansatz for the one-string twisted elliptic genera and successfully fix the
ansatz for almost all rank-one twisted theories. Interestingly, we find that for almost
all rank-one twisted theories, the modular group is enhanced from I'; (V) to I'o(N).

o Brane webs and topological vertex. Many 6d (1,0) SCFTs allow brane-web interpreta-
tions. When the brane-web construction exists, one can use the (refined) topological
vertex to compute the 6d partition function. This method can be cleverly extended
to some Zy twisted theories by including O5-planes [27, 35, 36]. For example, the 5d
su(3)g partition function can be computed by an extension of topological vertex called
O-vertex [35, 37].

o Twisting from Higgsing. It has been noticed that some 6d twisted theories can be
obtained by the Higgsing from 6d untwisted theories [38, 39]. This generalizes the
known Higgsing trees for 6d (1,0) SCFTs, see e.g. [31]. Most known examples of twisting
from Higgsing come from so(2r)(?) type of theories with n = 2,3, 4 [38, 39]. We will
systematically study the twisting from Higgsing phenomenon for all rank-one theories,
including the Higgsing from both untwisted theories and twisted ones. We will also
propose a simple algebraic method to determine the precise Higgsing conditions based
on representation decompositions.

o Twisted elliptic blowup equations and the recursion formula. This will be the main
computational method in the current paper. In a series of works [40-43], the elliptic
blowup equations have been established for the elliptic genera of all 6d (1,0) SCFTs,
which generalized Nakajima-Yoshioka’s blowup equations in 4d and 5d [44-49]. Now
we further generalize these very efficient and universal functional equations to all 6d
rank-one twisted theories, both unity and vanishing blowup equations. We focus on the
elliptic form, rather than the 5d form or geometric form of blowup equations, such that
the twisted elliptic genera can be directly computed. Some unity blowup equations for
some simple twisted theories have been studied in [50].

This paper is organized as follows. In section 2, we give an overview on some salient
features of 6d (1,0) SCFTs and their twisted circle compactification. We will define twisted
elliptic genera of the BPS strings and describe a fundamental quantity — the modular index.
In section 3, we generalize the elliptic blowup equations in previous works to the twisted
cases and derive a recursive formula to compute the twisted elliptic genera efficiently. In
section 4, we focus on twisted one-string elliptic genera and study their universal features.
In particular, we generalize the spectral flow symmetry of the one-string elliptic genera of
2d (0,4) theories discovered by Del Zotto and Lockhart [28, 31] to the twisted cases. In
section 5, we exploit the modularity of twisted elliptic genera, and propose the proper modular
ansatz with modular group I'1(N) with N = 2,3,4. In section 6, we discuss the Higgsing
relations among untwisted /twisted 6d (1,0) SCFTs. In section 7, we summarize our results
and point out some further directions.



Our conventions for simple Lie algebras and affine Lie algebras are the same with [43],
see appendix A therein. We often use su, so and sp for classical gauge algebras where sp(r)
is equivalent to C,.. We will also use A, B, C, D for more algebraic contexts. We frequently
use ¢ = €™ v = 2™+ and x = €™~ as multiplicative variables following [31], where
ex = (€1 £ €2)/2.

2 General theory

2.1 Review of rank one 6d (1,0) SCFTs

In this section, we briefly review some known results on the rank-one 6d (1,0) SCFTs
established in [4, 51, 52]. More extensive reviews can be found in e.g. [5, 31, 43].

The rank-one 6d (1,0) SCFTs on the tensor branch are the natural elliptic lift of 4d
N =2 and 5d N = 1 gauge theories with 8 supercharges. They are geometrically engineered
by compactifying F-theory on certain elliptic non-compact Calabi-Yau threefolds [53, 54].
To be precise, these Calabi-Yau threefolds can be realized as elliptic fibration over some
non-compact base surfaces O(—n) — P1. The self-intersection number —n of the base curve
P! can only take values from 1 to 8 and 12. This n is also called the tensor coefficient. The
Kodaira and Tate singularity type of the elliptic fibration gives the 6d gauge algebra G which
is supported on the (—n) base curve. The 6d global flavor symmetry F' on the other hand
is supported on a non-compact curve intersecting with the (—n)-curve. The 6d matters,
i.e., hypermultiplets in representation R sit at the intersection point between curves [55].
The (n, G, R) together are highly constrained by the Calabi-Yau condition. All possibilities
have been classified in [4, 51, 52]. For example, there exist in total six pure gauge theories
shortly denoted by ng as 34y(3), 4so(s), 9y, 655, 85, and 12g,. Together with a (7, E7, %56)
theory, these are the rank-one non-Higgsable clusters which serve as the “atoms” to be linked
together to build higher rank 6d (1,0) SCFTs such as conformal matter theories [56]. Notably,
the 4,,(3) theory can be extended to an infinite series of 6d (1,0) SCFTs with n = 4 which
are the so(r + 8) 4+ rV theories. The full list of rank-one 6d (1,0) SCFTs with (n,G, F, R)
can be found in e.g. ([31], tables 20, 21). We collect those whose gauge algebra allows an
outer automorphism i.e. type A, D and FEg in table 1, which will be our starting theories
to perform twisted circle compactification.

Interestingly, it was noticed in [43] that all rank-one 6d (1,0) SCFTs with tensor coefficient
n, gauge algebra G and N; number of matters in representation RZ»G satisfy the following

constraint
hY.
_ "G

2
5 .

S Vinare) = 122

12 5 (2.1)

c
7

Here Ind is the quadratic index of a representation. The identity shows that the combination
in the left hand side depends only on the self-intersection number —n of the base curve.
This value will be called the ¢ constant in the current paper. The physical meaning of —c
is the left-moving Casimir energy in the Ramond sector of one BPS string. It also has a
geometric meaning in elliptic non-compact Calabi-Yau threefolds and can be computed from
the intersection theory [16]. Later we will also propose an interesting generalization of the
¢ constant for the twisted theories.



G F (Ra, RF)

n
6 | Eg - —

5| Eg u(l)g 27_1 G c.c.

4 | s0(8) - —

4| s0(N>9) | sp(N—28); (N,2(IN - 8))

4 | Eg su(2)g x u(1)12 (27,2)_1 @ c.c.

3 | su(3) - -

3| s0(8) sp(1)f x sp(1)} x sp(1)5 (8,8, 58,,2)

3 | 50(10) sp(3)¢ x (su(1)g x u(1)4)° (10,6%) @ [(165)} @ c.c.]

3 | s0(12) sp(5)1 (12,10) @ (32,,1)

3| Eg su(3)g x u(1)1s (27,3)_1 ® c.c.

2 | su(l) su(2); —

2 | su(2) 50(7); x Ising (2,85 x 15)

2 | su(N >3) | su(2N); (N,2N) @ c.c.

2 | s0(8) sp(2)§ x sp(2)} x sp(2)f (81,4%) @ (84,4%) @ (8., 4°)

2 | s0(10 sp(4)9 x (su(2)s x u(1)g)® (10,8%) & [(16,2°); @ c.c]

2 | 50(12), sp(6)¢ x s0(2)s (12,12%) @ (32,,2%)

2 | s0(12) sp(6)§ x Ising® x Ising® (12,12%) @ (32,,1%) @ (32.,19)
2| Es su(4)g x u(1)ag (27,4)_1 @ c.c.

1 | sp(0) (Es)1 -

1| su(2) 50(20); (2,20)

1| su(3) su(12), (3,12); @ c.c.

1| su(4) su(12)¢ x su(2)} [(4,12]) @ c.c.] @ (6,2°)

1| su(N >5) | su(N+8)1 xu(L)onv-1)(v+s) | [(N,N+8)_nys® (A% 1)nys] S c.c.
1 | su(6). su(15); [(6,15) @ c.c.] @ (20,1)

1| s0(8) sp(3)f x sp(3)] x sp(3)§ (8,,6%) & (85, 6") & (8,6°)

1| s0(10 sp(5)¢ x (su(3)s x u(1)12)? (10,10%) @ [(164,3%); @ c.c.]
1| s0(12), sp(7)¢ x 50(3)% (12,14%) @ (325, 3%)

1| s0(12), sp(7)4x70x7¢ (12,14%) @ (325, 2%) @ (32, 1°)
1| Eg su(5)e x u(1)30 (27,5)_1 @ c.c.

Table 1. Gauge, flavor symmetries and matter contents of all rank-one 6d SCFTs [31] with gauge
algebra allowing an outer automorphism. The subscript in a flavor symmetry indicates the level kg of
the associated current algebra F'. Matters are presented as the gauge and flavor representations of the
half-hypermultiplets. The theories in gray have unpaired matter content upon Zsy twist.

The 6d (1,0) SCFTs contain tensionless strings which we call BPS strings resembling the
features of instantons in 5d N' =1 and 4d N = 2 gauge theories. Simple examples include
E-strings which are realized by M2-branes stretched between a Mb5-brane and a M9-brane in
the Horava-Witten picture of M-theory on S'/Zy. The worldsheet theories on k E-strings
can be realized as a series of 2d (0,4) O(k) quiver gauge theories [57]. The E-string theory
is the simplest 6d (1,0) SCFTs, which has no gauge symmetry but a Eg flavor symmetry.



It can be geometrically engineered by compactifying F-theory on local half-K3 Calabi-Yau
threefolds. The E-string theory can be extended to two infinite series of 6d (1,0) SCFTs
with n = 1 which are sp(N) + (2N + 8)F and su(N) + (N + 8)F + A2 theories. Another
simple example of BPS strings is the M-strings which are realized by M2-branes stretched
between two M5-branes [58]. In this case, the 6d supersymmetry is enhanced to (2,0) and
the worldsheet theories become (0,8). The worldsheet theories of k& M-strings can also be
realized as a series of 2d quiver gauge theories [58]. The M-string theory can be extended to
an infinite series of 6d (1,0) SCFTs with n = 2 which are su(N) + 2NF theories. In general,
the BPS strings in a 6d (1,0) SCFT have worldsheet theories as rather nontrivial 2d (0, 4)
SCFEFTs. Only in some special cases, these exist known 2d quiver gauge theory constructions.
These include the four infinite series of 6d (1,0) SCFTs with n = 1,2,4 mentioned earlier.

The 6d (1,0) SCFTs usually contain three types of supermultiplets: the tensor, vector
and hyper multiplets. As we are only interested in rank-one 6d (1,0) SCFTs in the current
work, there is always only one tensor multiplet with tensor coefficients n. For all rank-one
6d (1,0) SCFTs except E-string theory, there is a nontrivial gauge algebra G and the vector
multiplets are in the adjoint representation Adj of G. When there is nontrivial matter
content, the hypermultiplets are in the representation R of G. If we take into consideration
the flavor symmetry F, the matter representations are often denoted as (R®, RF) of the
half-hypermultiplets. The partition function of 6d (1,0) SCFTs contains three parts: the
classical part, the one-loop part and the elliptic genera of BPS strings. The first two parts
can be directly written down once the data (n,G, R) are known, while the elliptic genera
are much more nontrivial and difficult to compute.

One main task in the study of 6d SCFTs is to compute the elliptic genera of the 2d
(0,4) worldsheet theories of the BPS strings. In the past decade, a huge amount of effort has
been made and plenty of methods have been developed, see the summaries in e.g. [41, 43].
Nevertheless, there still remain quite some rank-one 6d SCFTs whose elliptic genera we
could not compute to the extent we would like. The existing major approaches include 2d
localization, modular bootstrap, elliptic blowup equations, topological vertex and brane webs
and so on. Each has their merits and limitations. For example, 2d localization is the most
efficient method for arbitrary number of strings yet only applicable to those cases with known
2d quiver gauge theory descriptions. Elliptic blowup equations imply recursion formulas for
elliptic genera or BPS invariants yet only applicable to the cases without half-hyper. All these
approaches have counterparts for twisted elliptic genera, which we will discuss in detail later.

The circle reduction of 6d (1,0) SCFTs produces the 5d N' = 1 gauge theories with the
same gauge group and matter content. For 6d (1,0) SCFTs with n > 3, by sending 7 — ioco,
i.e., ¢ — 0, the k string elliptic genera of 6d SCFTs exactly reduce to the k instanton Nekrasov
partition function of the 5d gauge theories. For the n = 1,2 cases, there are some subtitles for
the circle reduction such that the limit of elliptic genera and 5d Nekrasov partition function
can have some small differences, which we refer to the discussion in ([31], section 7). The
circle reduction should not be confused with the circle compactification where all KK modes
are kept. The circle compactification leads to 5d KK theories which are not necessarily gauge
theories, while circle reduction leads to 5d gauge theories as deformation of 5d SCFTs.
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Figure 1. Dynkin diagrams.

2.2 Twisted circle compactification

It was conjectured in [7] that all 5d SCFTs can be obtained by RG flows from 5d Kaluza-Klein
(KK) theories, while the KK theories can be obtained from the compactifications of 6d SCFTs.
When a 6d SCFT is compactified on a circle, one can turn on non-trivial discrete holonomies for
the gauge fields from the discrete global symmetries, which are realized in [10] as combinations
of the outer automorphisms of gauge algebras G and permutations of tensor multiplets. Such
a circle compactification is usually called the twisted circle compactification [10]. In this
paper, we are interested in the twisted circle compactification of rank-one 6d (1,0) SCFTs,
with a single tensor multiplet which is invariants under any kind of discrete global symmetries,
so the outer automorphism of the gauge algebra GG determines the possible types of twist. In
fact, such automorphisms have been classified in the study of twisted affine Lie algebras [59].
Denote Oout) ag the order 7oy outer automorphism. Then G = As,._1, D,, Eg admit order
two outer automorphisms while G = D4 admits an order-three outer automorphism which
act on the simple roots in patterns as described in figure 1.

Upon twisted circle compactification, the gauge algebra of affine Lie type G(!) in the
tensor branch effectively becomes the twisted affine Lie algebra G("eut), The vector multiplets
are in the representation described by the roots of the twisted affine algebra, which are
described by the representations of the finite dimensional subalgebra G obtained from outer
automorphism folding of G with KK charge 7. The Dynkin diagram of G is obtained by
simply removing the affine node of the Dynkin diagram of G("evt). Denote ng as the rank
of the automorphism of G, for G = As,._1, D,, Eg, the inner automorphism is trivial, such



G G Tout | NG R — R

AR |Gl 2 | 4 | Ad] — Adj @ Fy AL, @1 @ Fy
A 1| 2 | 2 [ Adj - Adj @ A2,

D B, | 2 | 2 |Adj — Adj,®F

ES | R 2 | 2 |Adj - Adjy®Fy),

DY | Gy| 3 | 3 |Adj — Adj,®F30Fys

Table 2. Data of twisted affine Lie algebras and the KK-momentum shifts of the adjoint representa-
tions.

that ng is equal to the rank of outer automorphism. The roots of G("¢) are

A= A™UA™, (2.2)
where
im k
A :{Tmezw¢o} (2.3)
ng
k o o
Are:{a—i-7'|kEZ,aeAS}U{a—i—kﬂkeZ,aeAl}, (2.4)
ng

where AS and Al are the sets of short roots and long roots of G. When G = Ay, there is
a nontrivial inner automorphism such that the whole rank of the automorphism is ng = 4,
the roots of Agi’ are

A=ATUA™, (2.5)
where
im k
A :{QﬂkeZk#O}, (2.6)
1 1 o 1 .
A = {2a + Z(Zk -k €Z,a € Al} U {a—l— ikﬂkz €Z,ac As}
U{a+krkeZac A}, (2.7)

where AS and Al are the sets of short roots and long roots of C,.. We summarize all
KK-momentum shifts of adjoint representations under twist in table 2.

We collect all 6d (1,0) rank-one twisted theories with paired matter content in table 3.
Here by paired we mean that the twisted matter content is invariant upon KK-charge shift
by 1/7rout- For example, consider the n = 4, Eg + 2F theory upon Z, twist, twisted matter
content is Fo & Fy /o & 19 @ 11/ for Fy, which apparently is invariant under KK-charge shift
by 1/2. However, for n =5, Fg + F theory upon Zs twist, obviously one cannot make such
an arrangement for the twisted matter content, thus we say unpaired. For the cases with
unpaired matter content, we refer to the discussion in [60]. Those cases normally result in
5d KK theories with half-hypermultiplets.



wo e & F c

6 EéQ) Fy | — _ 5/4
4| DP |Gy | - B 5/9
4 | Dy |Brys| 2r(Vo @ 1y 5) sp(2r) 3/4
4| EY | R | Foo Fip®10® 1) sp(1) !

5140 o |- _ 5/16
3| DY | Bs | Vo@1y,®80® S sp(1) < sp(1) | 1/2
3/DPY |Gy |Foa Fi/30F 310D 1130 153 sp(1) 1/2
2| AP [ O | 2r 4 )o@ Fy gy 1,0 154) so(4r+2) | 3/16
2 Ag}_l Cr | 2r(Fo @ Fyy9) so(4r) 1/4
2 Df) By | 2(Vo® 112 ® So & S12) sp(2) xsp(2) | 1/4
2| DY | Go | 2(Fg @ Fyy3®Fyys®1o®1y3® 1ys) | sp(2) 4/9
5 DéQ) By | 4(Vo@1y0) ©Sp® S, sp(4) x sp(1) | 1/4
2 D((f) Bs | 6(Vo®1y/5) @ 580 @ 551 5p(6) 1/4
2| EP | B | 2B o Faalpel,) sp(2) 3/4
1 Ag) Cr | 6(Fg@Fy ) @1y, 1) 50(12) 1/16
1| DP | By |3(Vea 112 ®So @ S1/2) sp(3) xsp(3) | 0

1| DY | Gy | 3(Fo@Fy 5@ Fops®1o® 150 Lyy3) | sp(3) 7/18

Table 3. Gauge algebra, matter representation and effective flavor symmetry for all twisted 6d (1,0)
rank-one theories with paired matter contents. Here R = (RG7 R; ) and we only write down R for
short. The important value ¢ will be discussed later.

For 6d SCFTs with hypermultiplets in the representations of the flavor algebra F, the
representations have integer KK charges for a circle compactification without twist. For
twisted circle compactifications, the hypermultiplets are in the representations of the sub
flavor algebra E', with fractional KK charges. We refer to the Reference A of [50] for a
detailed discussion. The twisted matter representations for all twisted 6d (1,0) rank-one
theories with paired matter contents are summarized in table 3. For a twisted theory with
gauge group G and non-trivial matter representations, they always take the form

G

where n;” is either the rank of outer automorphism 74, or 1. We denote a representation

with zero KK charge R; o as R;, and [V; is the number of matters in the representation R;.
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2.3 Twisted prepotential and one-loop free energy

The prepotential, which is also the classical part of the genus zero free energy of the
corresponding topological strings, contains the tree-level and one-loop level contributions

sy = e . Fion, (29

The tree level contribution contains the information of tensor multiplet, which should not be
changed for the twisted circle compactification of rank-one theories. Under O(eut) action,
we expect that

t 1
Flree — ;2( — 10" (mg - mg) + O N (kpmp, 'mFi)> - %tguT
i
= Ifen(—nmc“;'mé—FZkﬁ_mﬁ‘_ mF> — itguT, (2.10)
2n - 2n

where the @(ut) acts on the bilinear form m - m by identifying the masses in the orbit of
O(rout) " such that it becomes the bilinear form of the algebra G / F. The OUout) acts on k r, by
multiplying it to kp = ank F;, which can be understood as follows. For the case without twist,
kr is the intersection number of the non-compact curve and the base curve [43]. When we do
the outer automorphism twist, the non-compact curves that along the obit of the action O(rout)
should be identified, which naturally changes the intersection number from kr, to kz = nSkr,.

As suggested in [50], the one-loop prepotential can be evaluated from the zeta regulariza-
tion of the summation over infinite roots or weights of the twisted affine algebra. For G(7out)

not of type Agi), we have ng = rout, and the one loop prepotential can be formally written as

] 1 1
Frlob=— =3 3 lame+hrP =53 > la-mg+hkr/ngl’
kEZ neA, ke€Z neA,

1 G 3
T2 Zn‘wé'mc"‘irl”/”z‘ +myl, (2.11)
keZ ’L,fi wéERLG

where RlG are the representations of the matter contents with KK charge zero. Using the
zeta regularization’

il:g(o):—;, ikz((—l): —%, ik2:§(—2) =0, (2.12)
k=1 k=1 k=1

the relevant parts in the one-loop prepotential become

1 1 . 1
—5 2 > lame kTP v =2 Y (amg)® o Y (ame)?, (2.13)
12 7 6 < 24
eZ aeh, aeAf acl,
1 3 1 3 1 )
_EZ Z |a-mG°+/€T/ng| N—g Z (amG) + 24nG7— Z (amG) , (2.14)
k€Z e A, acAT achy

'The formal definition of zeta function ((s) = Y ;- -5 for Re(s) > 1 can be extended to the whole
complex plane via analytic continuation.
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1
T2 2 lwg e methr/ng +my
REL irfi oy e G
1 N
~ g2 X (wermgtwpemp) =3 piere D) (wgrme)h (215)

keZ i wekt i b wgeRC

@7

Then the total one-loop prepotential becomes

i 1
Floow — —— 3" (a-mg)® + 522 > (weme+wg mp)’
acA+ k€Z i weRf
+op7 2 (e me) + Do lame)? =3 e Y (werme)
24 24ng 24n
aEA a€As ' ’ wGeREM
1 1
== 2 (amel+ 5> >0 > (wgmeg +wi-mp) + erme - my
a€AT keZ i weRf
(2.16)
Here we define the positive weights as
]%;r:{wéG]o%iG,wﬁe]o%f]wé-mé+wp~mp>0}, (2.17)
and the constant c as
hY,  ne—1 . N: \ e
G G G L G
== — Ind(R;") — Ind(R;"). 2.18
0= g MR = 3 35 () (2.18)
For the Ag%) cases, as described in (2.6), there are additional “shortest” roots taking the

KK-charge n + % and n + %. They contribute an additional term

_%x2><3>< (g (—1,i>+§<—1,i)>7 EAZ <0z2-t>2:_9167 3 <a2t>2 (2.19)

+
I acly

which contributes to ¢ by —% x 2Ind(F) = —4—18. Therefore, for Ag) theory with N KK
zero mode matter in the fundamental representation, the one-loop prepotential takes the
form of the last line in (2.16) with

r+1 1 1 N

1 1
I L S ANV BN C PRI S v 2.20
6 "Dttt — g (2.20)

C =

Here we have used that for G = C,,, b, =+ 1, Ind(F) = 1 and Ind(A?%) = 2(r — 1).
By explicit computation for all twisted theories, we observe the following interesting
identities of the ¢ constant. For all the cases with twist coefficients ng = 2, 3,4 in table 3,

no 1 A
c = { anl,; (nGFa Gc’_BT‘aCT‘a (221)
2(ng)? +%7 G:G27F4-

The physical meaning of the constant ¢ is (the negative of) the left-moving Casimir energy in
the twisted Ramond sector which will be discussed later. In geometry, ¢ can be absorbed
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by the base Kéhler parameter. A similar shift of the base Kéahler parameters has been
discussed in [16], which is closely related to the intersection number of the divisors in the
genus-one fibered Calabi-Yau threefolds. It is interesting to construct the geometry explicitly
and reproduce the identity (2.21).

In order to make connection to the blowup equation in section 3, we need the information
about the classical part of the genus one free energies .7:&1)?1) and ]:(Cllfo). As described in
section 2 of [43], these two functions only contain bilinear forms of the gauge and flavor
algebra and the part related to the tensor multiplet. The action of the automorphism twist
maps the bilinear forms to the bilinear forms of the folded algebras directly and leaves the

tensor part unchanged. We expect that

1 1 n—2
1
"T(CO?I) :_E Z a'mé‘f’ﬁz Z (wé-mé—i-wﬁ-mﬁ)—i—Tnteu, (2.22)
acA+ i welm%;F
1 1 n—2—"hl.
Flo =15 2 @ matg; 00 D (we me+wp-mp) + —— —ta - (2.23)
acA+ t weRS

Notice that the dual Coxeter number A} in (2.23) is the number for the original group G
or the twisted group G, according to the identity

I’Lé(r) = hé(m == hé (224)

This is easy to understand because the dual Coxeter number is the summation of all comarks
of the affine Dynkin diagrams and the comark of each node of twisted affine Lie algebra just
comes from the summation of the comarks of the nodes folded together.

2.4 Twisted elliptic genera of BPS strings

The Ramond-Ramond (R-R) elliptic genus of the BPS strings in 6d (1,0) SCFTs is defined
as the trace over the Hilbert space of the R-R sector of the 2d (0,4) worldsheet theory:

E(q,v,z,m) = TrRR(_l)FL—I—FReZm'THLeZwi%HRxJiUJI?’?—i-J? H 2mim K (2.25)

where m and K are the fugacities and the Cartan generators associated to the 2d global
symmetry, which is composed of 6d gauge and flavor symmetries. The J3,J 13% and J3} are
the usual Cartan generators of the little group so(4) = su(2)r, x su(2)g and the R-symmetry
group su(2); of the 6d (1,0) SCEFT. It is common to refer to the R-R elliptic genera as
just elliptic genera. One can also consider the trace over the Hilbert space of the Neveu-
Schwarz-Ramond (NS-R) sector of the 2d theory, in which case the above definition gives
the NS-R elliptic genera. This type of elliptic genera will also be used in later sections when
we discuss the spectral flow symmetry.

In the case of twisted circle compactification of 6d SCFTs, the 2d worldsheet theories also
get twisted circle compactified on one circle of the torus. We can formally define the twisted
elliptic genera by replacing the Hilbert space in (2.25) to the Hilbert space of the 2d states
appearing in the twisted circle compactification. The Hamiltonians Hj now have fractional
eigenvalues due to the twist. For the twist coefficient ng = 2, 3,4, the gap between energy
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eigenvalues becomes 1/ng. This brings in many new fascinating features for the twisted
elliptic genera. We find the primary feature of d-string twisted elliptic genera is

Ea(g,v,7,memp) = q (23 (v, 2, me,mp) + 0(g"/"9)). (2.26)

Here Zg;’d is the d-instanton Nekrasov partition function of the circle reduction, i.e., the 5d
low energy theory of the twisted 6d (1,0) SCFT. Such a 5d theory has gauge group G and
the 5d matter content taken from the KK-charge 0 part of the 6d twisted matter content.

When the 2d (0, 4) worldsheet theory has a known 2d quiver gauge theory construction,
the above definition can be explicitly computed by 2d localization, also known as Jeffrey-
Kirwan residue [25, 26]. However, this good situation happens very rarely. In most cases, it
is very hard or impossible to construct a 2d gauge theory for the worldsheet theory of BPS
strings. For the twisted cases, this is even hard and rare. In this section, we review the 2d
localization formulas for 6d so(2r + 8)() theories with n = 4 and pure su(3)® theory with
n = 3, which were first established in [27]. As far as we know, these are the only two types of
twisted theories, for which the twisted elliptic genera can be computed directly.

s0(2r + 8) theory with Zy twist. The instanton partition function of the so(2r + 8)®)
theory can be obtained from the Zs twist of 6d so(2r + 8) theory with 2r fundamental flavors.
In the 2d N = (0,4) quiver gauge theory description of the 6d so(2r + 8) theory, at k-strings,
the resulting theory is a sp(k) gauge theory coupled to the bulk so(2r + 8) gauge group
and the sp(2r) flavor group as follows

s0(2r + 8)

(2.27)

asym --{J sp(2r)
sp(k)

Here solid/dashed lines denote 2d hypermultiplets/Fermi multiplets respectively. Under
the Zy outer automorphism twist, the sp(k) gauge algebra and sp(2r) flavor algebra keep
invariant, so we only need to take care of the bulk gauge group so(2r + 8). In the 2d
description, the bulk gauge group serves as a flavor group and it couples with the gauge group
sp(k) in the fundamental representation. Under Zo twist, the fundamental representation
of so(2r 4+ 8) is split into the fundamental representation of so(2r + 7) with KK charge
zero and a trivial representation of so(2r + 7) with KK charge one half. The 6d partition
function turns out to be [27, 61]

oo
Z5% =" ¢ By, (2.28)
k=0

where Ej is the k-string elliptic genus

k
1 dUI 6d
B = e 7{ 1H:1 o Zrit-toop(141) (229

— 14 —



with the integrand to be

V1 (2e4) bk
Z =2 [ (2 2e, +2
k;,l—loop(uf) < N (61’2) o] 41 ( UI) h ( €4 U[)

ﬁ V1 (Fur £uy) ) (264 £ur £ uy)
191 (elj:ulztuj)ﬁl(egd:ujzl:uj)

' ( i [17 91 (Fur +my) )
75 U1 (ex £ ur) 04 (e4 £ ur) H:if’ U (ep £ur£a5))

(2.30)
I<J

where we define the variant theta functions ¥;(z) = 6;(z,7)/n(7),i =1,--- ,4. Here the 94 in
the last line comes from the trivial representation of so(2r + 7) with % KK charge.

su(3) theory with Zg twist. It was realized in [27] from brane webs that the Zo twisted
circle compactification of 6d pure su(3) can be obtained from Higgsing of 6d Go gauge theory
with one fundamental flavor. The 2d description of 6d G theory with one fundamental has
been constructed in [62], where the theory is written from the Gy subalgebra su(3). Note
the Gy algebra contains a subalgebra su(2) x su(2). Denote a, o’ the Coulomb parameters
for the su(2)’s, and m the mass for the fundamental flavor in the 6d G2 theory, we have
the following tuning of parameters for the Higgsing

L om—ep — (2.31)

a—a o — 5

>3

Apply the reparametrization (2.31), we have the k-string elliptic genus of 6d su(3) theory
with Z9 twist as

Z5 = Z a5 Ey, (2.32)

where Ej is the k-string elliptic genus

du
kl j{ H 27; k 1 loop( 1)7 (233)

with the integrand in the elliptic form to be

78 o (up) = T odur [z 91(urs) - Ty s 01 (2e4 — ugg)
o 11 208 Tl T Vi (es £ (ur = aq)) - Tl g V(a2 + ur)

y 0 (9 e+ ur) - i<y Walur +uy) - Va(ur +uy — 2¢4))
3 )
I, (05 (e — un)ofF ey £ ur) TI2, Daler —ur — 00)) - Tlyey Palers — ur — 1)
(2.34)
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where a; = —as = a. The residue sum can be labeled by su(2) colored Young diagrams,
then we have

u(s)) - 94 (25 — 2u(s))
Y%j kzl_[lsle_}[/ 1(E (s)) - V1(Eij(s) — 2¢e4))

97 (es + u(s))

::]m

& 1] (2.35)
i=15ev; 041 (e — u(s))0y ¥ (eq £ u(s)) - [T2o; Yaleq — u(s) — ay)
‘ Va(u(si) + u(s;)) - daulsi) + u(s;) — 2eq)
[ I ey
where
u(s)=a;—ex —(n—1)eg — (m —1)ea, s=(m,n) €Y, (2.36)
and
Eij(s) = — oy — Elhi(S) + €2 (’Uj(s) + 1), (2.37)

Here s; <s; means (i < j) or (i=j and m; <m;) or (i=j and m; =m; and n; <n;). The
h;(s) denotes the distance from s to the right end of the diagram Y; by moving right and the
vj(s) denotes the distance from s to the bottom of the diagram Y; by moving down.

2.5 Anomaly and modular index

Elliptic genera E of 2d (0,4) SCFTs in general are weight zero Jacobi forms of multi elliptic
variables on SL(2,Z). They are equipped with an important quantity — the modular index
IndE, as a quadratic form of the elliptic variables. Under modular transformation of the
torus, the elliptic genera transform as

1 2mi
Ed( _ - g e e mF) = exp (mIndE>E(T, €1, €2, M@, M) (2.38)
T T T T T
Equivalently, one can write as
1
Op, logE = —E(Ind E). (2.39)

Here FEs(7) is the weight-two Eisenstein series that measures the modular anomaly.

For 6d rank-one (1, 0) theories, the modular index of the elliptic genera can be derived from
the anomaly polynomials for the 2d (0,4) SCFTs on the worldsheet of the BPS strings [63-65].
To be precise, for a 6d (1,0) theory with tensor coefficient n, gauge group G and flavor group
F', the modular index of the d-string elliptic genus can be uniformly written as

2
IndEd(q,@,mg,mF)_—(“;@) (2~ n+hE)d+ B2 (nd? + (2~ n)d) -
2.40

N

+ —(—nmg -mg +kpmp-mpg) .

The modularity for twisted elliptic genera is more complicated. Though from the
viewpoint of twisted circle compactification, it is convenient to discuss the fractional KK-
charges, which brings in the fractional ¢*/"¢ orders in twisted elliptic genera, where ng = 2, 3, 4.
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From the geometric viewpoint, it is more suitable to scale ¢ to ¢"¢ such that we are still in
the integral bases of curves. After such scaling, it is natural to expect that the twisted elliptic
genera behave as weight zero Jacobi forms of some congruence subgroups of SL(2,7Z). We
propose that in general the congruence subgroup should be I'; (n¢g), though in many cases, we
notice that the twisted elliptic genera satisfy a bigger modular symmetry that is I'g(ng). These
are consistent with the geometric observation in [16] for multi-section Calabi-Yau threefolds.
We collect the definition of various congruence subgroups of SL(2,7) in appendix B.

The index quadratic form does not really depend on the modular groups. For O(out)
twisted compactification of rank-one SCFTs, the tensor multiplet is invariant under the twist,
the gauge and flavor algebras become their twisted versions due to the identification of the
masses in the same orbits of O("eut), This indicates that the modular index of twisted elliptic
genus can be directly deduced from its untwisted origin by identifying the masses of the
particles of the hyper and vector multiplets in the same orbits of @("evt), Thus we have the
following uniform formula for the index of d-string twisted elliptic genus:

2
Ind Eg(ey, €2, msy mps) = — (“?) (2t )i+ S (a4 (2 - w)d)
(2.41)
d
+ 5(—nmé cme A+ kpmpg-ompg).

One can see that only the second line changes from (2.40). It should be emphasized that
the dual Coxeter number h, here does not change upon the twist, as was explained in
the identity (2.24).

3 Twisted elliptic blowup equations

3.1 Elliptic blowup equations and their twists

For refined topological strings on a non-compact Calabi-Yau threefold X, the general form
of blowup equations was proposed in [66]:

A(El, Eg,mi)Z (61, €2, t; + WiBi)

= Z (—1)‘k|Z (61, €2 —€1,t; + (Cijkij + Bi/2)61 + WiBi) (3.1)
kcZba
X Z (61 — €9,€2,0; + (Cijk‘j + Bi/2)62 + 7TiBi) ,

as a generalization of the K-theoretic blowup equations for 5d gauge theories in [45]. Here
by is the Betti number which counts the number of compact divisors of X. The ¢; is
the Kéahler parameter which is the volume of the curve class in Ho(X;Z) and Cj; is the
intersection numbers of divisors and curves in X. The B; is the flux for the corresponding
Kaéhler parameter, where the value can be determined from the classical prepotential of the
topological strings on X [66]. The A(eq, €2, m;) is a function that can be fixed from the fluxes
B; and the classical prepotential, and it only depends on the mass parameters of the theory.

In a series of works [12, 40-43], elliptic blowup equations have been established for all 6d
(1,0) and (2,0) SCFTs. These functional equations serve as very efficient tools to solve the
elliptic genera of the BPS strings associated to 6d SCFTs. For example, for rank-one 6d (1,0)
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SCFTs with n > 3 and no half-hyper, there exist a universal recursive formula for the elliptic
genera with respect to the number of strings derived from unity elliptic blowup equations [43].
In this section, we generalize both the elliptic blowup equations and the recursive formulas
to the twisted cases. The partition functions of twisted circle compactification of 6d SCFTs
can be written in terms of twisted elliptic genera as

oo
Z (e1,e0,t;) = €7 Zo (e, ea, M, M) (1 + ) et Ey(er, €2, me, mﬁ)>7 (3.2)
d=1

where F¢5 is the classical prepotential F¢Is = .7:(%?0) + .7:(%?1) + f(cllfo) defined by (2.9), (2.22)
and (2.23). The derivation of twisted elliptic blowup equations from (3.1) to the elliptic
form is exactly parallel to the untwisted cases, by a “de-affinization procedure”, thus we
only present the results here. We refer readers interested in the derivation to section 2.4
of [41] and section 3.1 and appendix D of [43].

Consider a rank one 6d SCF'T with tensor branch coefficient n, gauge symmetry G, flavor
symmetry F, and half-hypermultiplets transforming in the representations (Rg, Rr). The
flavor symmetry induces a current algebra of level kr on the worldsheet of BPS strings. Upon
discrete twist, the twisted affine Lie algebra G™ has truncated part G as low energy 5d
gauge symmetry. In the meantime, matter representation becomes R and reduced flavor
symmetry becomes F. Let Ao be a coweight base of G that is invariant upon the twist.? If
(Mo, Ar) gives admissible elliptic blowup equation for the original 6d SCFT, and let A be
the reduction of Ar, then we propose the twisted elliptic genera E4(7,m s, mp, €1,2) satisfy
the following twisted elliptic blowup equations:

LxglP+d +d"=d+6

>y

A&E€DA (QV(G))

x 0, (ﬂT, Mg Mg+ kpApmp + (y - gH)\éW) (e1+e2) —nd'er — nd”fz)

X AYC;;'(T? me, Aé)A%ac(Ta me, )‘G>A§(Ta Mes Mg, )\G’ /\F)

X Eg (7, me + X, mp + a1, €1, €2 — €1)Egr (T, me + €A s, mp + €2A ., €1 — €2, €2)

= A(9) Ql[a](m', kpAp -mp +ny(er + €2))Eq(T,me, mp, €1, €2), d=0,1,2,... (3.3)

where

)=
A(d) = {(1) 5o 8’ (3.4)

The A(0) =1 case is called unity blowup equations, while the A(0) = 0 case vanishing. The
parameter y is determined in [43] as

n—2+4+hf kg n—2+hf kg
’y:i

1 + 5 ArAp) = —— =+ - (Ap - Ap), (3:5)

2For example for 50(27")(2), the Ao associated to the vector representation is invariant upon the twist, while
the one associated to the spinor representation is not.
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]

are defined in appendix A. It comes from the contribution of the prepotential of 6d twisted

which does not change upon twist. The Jacobi theta function Hz[a with characteristics a
theories. The subscript ¢ is 3 if n is even and 4 if n is odd. For twist coefficient ng = 2, 3, the
characteristic a of the theta function can be one of the following n numbers

1 °
2na = hy, — 3 ZNiInd(RiG) —2k, k=0,1,...,n—1. (3.6)

Recall N; are the number of hypers in Rl-é with KK-charge zero. This formula means that
only the KK-charge 0 part is relevant for the characteristic a, which is required for the 5d
limit of twisted elliptic blowup equations to be consistent with the 5d blowup equations
with matters [49]. For twist coefficient ng = 4, the low energy gauge group G =G,
which needs special care. When there is no KK-charge 0 matter, the C, allows another
possibility called the 8 = 7 theory, in which case the hé in (3.6) needs to be replaced as
hvé — 1. This is also consistent with the 5d blowup equations in [49]. The one-loop vector-

multiplet contribution A‘G;(T, me, Ag) is defined as equation (3.7) of [43], while the fractional
part A%aC(T, me, Ag) is defined similarly with the fractional KK-charge taken into account.
The one-loop hypermultiplet contribution AR;I(T, Mg, Mgy Aéy Ajp) is defined similar with
equation (3.8) of [43] with KK-charges taken into account. We collect the relevant formulas in
appendix A. We summarize all admissible unity twisted elliptic blowup equations in table 4.
We also collect some simple vanishing ones in table 5. It can be expected that there will be
more vanishing blowup equations for some theories. Besides, we will focus on the twisted
theories with paired matter content here. The blowup equations and twisted elliptic genera for
theories with unpaired matter content are more subtle, we leave the discussion in appendix D.

To solve blowup equations, four methods have been presented in section 4 of [43], which
are recursion formula and Weyl orbit expansion for elliptic blowup equations, and refined
BPS expansion and €1, €5 expansion for general local Calabi-Yau threefolds. All four methods
apply to the current twisted cases as well. In section 3.3, we will explicitly present the
recursion formula for twisted elliptic genera, which is the most efficient approach but only
works for n > 3 theories. We also use the Weyl orbit expansion to solve the twisted elliptic
genera of many n = 1,2 theories. Both methods utilize the unity part of (3.3). The vanishing
part of (3.3) is less useful in solving twisted elliptic genera, but still gives some interesting
vanishing theta identities which will be discussed in section 3.4.

Blowup equations can even shed new light on the structure of 6d (1,0) SCFTs itself. As
mentioned earlier, it was found in [43] that for the modularity of elliptic blowup equations
for 6d (1,0) SCFTs to hold, the following constraint on tensor coefficient n, gauge algebra
G and matter representations R need to be satisfied:

7

Simply speaking, this constraint comes from the consistency requirement when converting the
blowup equations of refined topological strings on non-compact Calabi-Yau threefolds to the
elliptic form. For twisted elliptic blowup equations, we find there exists similar constraints
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n

6| EY | Ry |- 1 0

1| DY G |- 1 2 0

4| DP), | Boys | sp(2r) 220 | r+2 | (0...01)
1| E® | By | sp(1) 2 5 (1)
3149 | |- 1 1 0

3| DY | By |sp(l)xsp(l) |4 5/2 (1),(1)

3| DY |Gy | sp(1) 2 5/2 (1)

2| 4D | | so(ar+2) 220+l | p 1 Ll (0...01)
2| AP 1 C | so(4r) 92r r (0...01)
2| D | By |sp(2) xsp2) |16 3 (01),(01)
2| DY | Gy | sp(2) 4 3 (01)

2| D | By |sp(4) xsp(l) |32 4 | (0001), (1)
2 | E® | B | sp(2) 4 6 (01)
14 | | s0(12) 64 2 (0...01)
1] AP | ¢y |s0(12) xsp(1) | 128 | 5/2 |(0...01),(1)
1| D® | By |sp(3)xsp(3) |64 7/2 | (001),(001)
1| D | Gy |sp(3) 8 7/2 (001)

Table 4. The parameters y, Az of unity twisted elliptic blowup equations for rank one models. The
# is the number of unity equations with a fixed characteristic a.

n| G G | F 4 y Af

4| DP, | Boys | sp(2r) 22 | r+2 | (0...01)
3| D | By | sp(1)xsp(l) |2 3 (1),(0)

2| AP | c | so(4r) 1 1 (0...0)

2| D | By |sp(2) xsp(2) | 4 4 (01),(00)
2| D | By |sp(4)xsp(1) |16 | 5 | (0001), (0)
2| D¥ | Bs | sp(6) 64 | 6 (000001)
1| D® | By |sp(3)xsp(3) |8 5 | (001),(000)

Table 5. The parameters y, Ay of vanishing twisted elliptic blowup equations for rank-one models.
The # is the number of vanishing equations with fixed characteristics a.

depending on the type of twists. For Zy twist with ng = 2, we find?

hé, n s0(2r)2),
F - *I d(vl%m) Z 120 G (RG) = { i 2) (38)
5 :

3The n = 1,5u(2) + 10F theory is not included.
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Here N; is the number of hypers Rié with KK-charge 0, with a twist coefficient nZG We
checked (3.8) is true for all n = 4,50(2N)® theories,* n = 1,2,3,4,G = 50(8)® theories,
n = 2,G = 50(10),50(12) theories, n = 2,G = su(2N) theories® and n = 1,G = su(4)
theories. For Zs twist, we have

hY. 1

G frac G
= — —I — —I —+ = .

& T 18 d(Vi)5%) nd(R™) = 18 + 3 (3.9)
Here N is the number of hypers R? with twist coefficient 3. We checked (3.9) is true for
n=12234G= 50(8)(3) theories. For n® = 4, we find
n 1

N :
fracy G =
Ind(V; 14 ) —24Ind(R ) —. (3.10)

h\/
G frac
6 o nd(Vyye’) = 8 16

24 48

Here N is the number of fundamental hypers R = F of G = sp(r). We checked (3.10) is
true for n = 1,2,3, G = s5u(3)® theories and n = 2, G = su(2r + 1) theories.® Notice that
these interesting constraints exactly give the ¢ constants discussed in (2.21). In summary,
denote s as all fractional KK charges, we have for all paired theories,

N n 1
— G _ Zg ~1,5)Ind (Vo) - 3 e outInd(RG) { na fcﬂ (3.11)
i 2(nc:)2

Here ng = 1,2,3,4. The two possibilities here perhaps are related to the different types
of multi-section Calabi-Yau geometries.

3.2 Modularity

The modularity of all elliptic blowup equations for rank-one 6d SCFTs has been proved
in the section 3.2 of [43]. The modularity of twisted elliptic blowup equations actually
inherits from its untwisted origin, that is the index of each part is directly reduced from
its untwisted origin. For example, as we have mentioned, the modular index of twisted
elliptic genera can be reduced from the modular index of untwisted ones. Therefore, we will
be brief and only show one example here. Consider the pure s0(8)®) theory with n = 4.
From the general formula (3.3), we have the following unity twisted elliptic blowup equations
for the twisted elliptic genera:

3 (=)0l (47, —dmov + (2 = 2/|0Y|]*) (&1 + €2) — Ad'e; — 4d"es)
a2, +d+d’=d
T g
X A%(T,m,on)AVl/369 2 (r,m, V)
X Eg(1,m+e1a”, €1, e — €)Ean (1, m + e20”, 1 — €2, €2)

= 9z[))a](47',2(61 + €))Eq(T,m, €1, €2), d=0,1,2,... (3.12)

Here the characteristic a = 0,+%, . Note the B field of the base (—4)-curve is even, which

was already observed in ([50], section 6.1).

“Since G = s0(2N — 1), we have 28=3 _ 2 _ 2N=8 » 9 = 3,

5q; 5 _ N+l _ 2N—2 _ 2Nx1 _ 1
Since G = 5p(N), we have =4 51 i U
5Since G = sp(NV), we have % — 2]\2%2 — 4—18 — % = 1%
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We now show how to prove the modularity of twisted elliptic blowup equations (3.12).
Denote dy = %HaVHa. The classical part contributes to the index quadratic form as

Indg = 2(—a" -mg, + (1/2 — do)(e1 + €2) — d'e; — d"e3)?. (3.13)

The A factor an] (47,2(e1 + €2)) contributes index with Indy = (1 + €2)?. The following
identities for the coroot lattice of Go are useful when computing the index from vector
multiplets contribution: VoV € Qéz,

Y. (m-B)a”-p)=4dm-a, (3.14)
BEAL(G2)
S (mB)(a¥ - B)® =10dom - oV =5(a” - aV)(m - aY), (3.15)
BEAL(G2)
S (m- B B)? = L??(m vy 4 g(m ‘m)(a” - a¥). (3.16)
BEAL(G2)

Then by the definition in appendix B, we find the G5 vector multiplet A‘G/2 (1,m,a") con-
tributes to index as

5 10dy — 4
Ind‘G/2 =-3 ((av . mG2)2 + do(mg, - mGz)) — 7(; (€1 + €2)a” -mg, 517)
g )
- 30 (5do — 2) (€1 + €162 + €3).

To compute the index contribution from the fractional vector multiplets, we still need the
following useful formulas for G2 orbit Oy C 7: VaV € QéQ,

Z (m-w)(a”  -w) =2m-a, (3.18)
weO1 6
Z (m-w)(a¥ - w)? =2dym - " = (a" - a')(m-a"), (3.19)
weO1 6
Z (m-w)?(a" - w)* = g(m ~a¥)? + %(m -m)(a” - aY). (3.20)
weD1 6

Then by the definition in appendix B, we find the KK charge 1/3 and 2/3 parts

71387 . .
AP (7,m, ) contribute to index as

nd (2 = 3 (@Y me,)? + doma, - m6,)) — 22 e+ e)a¥ e,
— do(dgl)(e% + €169 + 6%) 20
From (2.41) we know the d-string twisted elliptic genus has index
Indg(d, ma,, €1, €2) = —d(e1 + €2)* + (2d* — d)erea — 2dmg, - MG, . (3.22)

All together, we checked that given d = dy + d’ + d”, the modularity of twisted elliptic
blowup equation (3.12) holds, i.e.,

Indy + Ind‘Gf2 + Ind‘7,1/3@72/3 + Indg(d',mg, + 10, €1, €2 — €1)

+ Indg(d”, mg, + eaa €] — €, €2)
= Indy —|—IndE(d,mG2,61,€2). (3.23)
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3.3 Recursion formula for twisted elliptic genera

In general, for n > 3 and paired matter content, there exist a sufficient number of unity
blowup equations which together give a recursion formula for the elliptic genera with respect
to the string number d. For the untwisted situation, this has been discussed extensively in
section 4.1 of [43]. For the current twisted situation, the recursion formula is very similar.
We omit the derivation and only state the results here. It should be noted that for n = 1,2,
although there is no explicit recursion formula, the elliptic genera still can be solved for many
theories, see section 4.2 of [43]. For simplicity, in this subsection, we first discuss the four
pure gauge twisted theories, then move to the theories with matters.

For the pure gauge twisted theories G = su(3)(?), 50(8)?), 50(8)®), éZ), let us use the
following shorthand notation for the classical term in blowup equations:

0 dondr g = O (07, —nmay + (n = 2)(e1 + €2) — n((do + di)er + (do + da)ea)) ,  (3.24)

where m,v = m - " and m is the gauge fugacity for G. Furthermore, we define

[a1] [a1] [a1]
91;,{10,d,0} 6)z‘,{lo,o,d} ‘91',{10,0,0}

_ [az] [a2] [az]
Dg=det | 0; 6 10y 9000y %if000) | (3.25)

[as] [as] as]
01000y Yifo0ar %if000)
as well as

[a1] [a1] [a1]
, 91',{10,(:1,0} ei,{lo,o,d} 91,{1d0,d1,d2}

{dodrazy = det | 000 i ov i 00ay O fdodrany | - (3.26)
9[a3 e[as} a3
i{0,4,0) Yi{0,0,dy Yi{do,dr,d2}

Note that Dy = D?Ov 0,0} does not depend on . Then the recursion formula of d-string
twisted elliptic genera Eg(m, €1, €2) read

do+d1+do=d y DO‘J i )
E; = E (—1)le | Zido,d d2} 2}14‘(/;(771,ozv)AgaLC(rrL,ozv)
| Da (3.27)
d0:§||av\|2,d1,2<d :

X ]Edl (m + Elava €1,€2 — 61)Ed2(m + 62&\/7 €1 — €2, 62)‘

Specializing to d = 1, we obtain the following elegant formula for the twisted one-string
elliptic genera of all four pure gauge twisted theories:
Dozv 4 k
{1,0,0} n n N
E, = v
! Z D1 Hl(ma)ﬁl(ma — 6172)91(ma — 26+) Bl;[A 91 (m[g) ’YH Q[k}

el ea, 01 (my)
a-f=1 a-y=1

(3.28)

Recall Ay denotes the set of short roots, while k denotes all fractional KK-charges of F
appearing in the twist of adjoint representation. For example, for 50(8)(3), k takes values
1/3,2/3.

For twisted theories with paired matters, we just need to add the hypermultiplet contri-
bution to the above formulas. The classical term in (3.24) is replaced as

01 (n7, —nm Sy + kpm) + (y — ndo) (e1 + €2) — nd'er — ndey), (3.29)
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with a fixed unity A = Ap. Then Dy and D?(;O di do} ATC defined the same with the pure

gauge cases (3.25), (3.26). The universal recursion formula for twisted d-string elliptic genera

Eq(me, mp, €1, €2) read
do+di1+da=d y Da(;/ b N i

Bo= ) (OISR AT ng, oY) AP (mg, V) A (mg, mip, 0, )

do=151la¥ |12, d1,2<d

X IEdl (mé’ + 610[\/’ mﬁ‘ + €1>\7 €1,€2 — 61)

x Eg,(me + e, My + €2, €1 — €2, €2). (3.30)

Specializing to d = 1, we obtain the following universal formula for the twisted one-string
elliptic genera:

\%

= 4
{1,0,0} 7
E =
1 anAV D1 01(mg)01(ma — €1,2)01(mq — 2¢4)
1
% (3.31)
X H _n ﬁ _n H 9% ](mw+mf+€+)
BeA 01(mg) veA, G[Ik] (my)  wer n
o-f=1 an=1 aw=1/2

Here k' are the KK-charges of the twisted matter content, and the w are the weights of G
and my are the flavor fugacities. We use this formula to compute the twisted one-string
elliptic genera of lots of 6d twisted theories. In most cases, our results are new.

Though by the recursion formula, one can compute the elliptic genera to arbitrary
number of strings, we are particular interested in the reduced twisted one-string elliptic
genera defined by

01(7’, 61)91(7‘, 62)
n(r)?

The prefactor here comes from the well-known center of motion contribution in C

Ed(r,ey) =

El(T, 61,62). (332)

2

e1,e0) S€€

e.g. [28, 31]. The simplicity of E!*? lies in that it only depends on e, but not on e_. Since
there is no room for confusion, in the following we often omit the term “reduced”, and
just say twisted one-string elliptic genera. The reduced twisted one-string elliptic genera
exhibit many fascinating properties such as I'; (V) modularity and spectral flow symmetry,
which will be discussed later.

3.4 Vanishing equations and vanishing theta identities

The vanishing elliptic blowup equations, although less constraining for elliptic genera than
the unity ones, are still rather non-trivial functional equations. In particular, the leading
degree of vanishing elliptic blowup equations does not involve contribution from elliptic
genera, but only the classical and one-loop parts. Therefore, the leading degree equations
usually give some interesting vanishing theta identities depending on the root and weight
lattices of the 6d gauge algebras G, see many examples in [41, 43]. In the twisted cases,
we find many similar identities depending on the root and weight lattices of the truncated
algebras G. In this subsection, we will explicitly show some leading degree identities for
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the vanishing twisted elliptic blowup equations given in table 5. We have checked these
identities to sufficient high orders in the ¢ expansions.

Let us first study the s0(8)® cases, where G = s0(7) and the vanishing Aso(7) can take
value in the dominant orbit O ¢ of vector representation 7. For pure s0(8)(?) theory with
n = 4, we derive the following leading degree vanishing theta identity:

[a] w-a=1
05 (47, 41maw) II 6i(rma) ' =0. (3.33)

aEA(Bg)

> (-

weO1 6 0a(7, M)

Here a = £1/8,£3/8. It is easy to check for each w € O;¢, the summand has index
%mfu — %m%} — %m%ﬂ = —m2, which is invariant for the whole Weyl orbit. We checked this
identity to high g orders. For n = 3, we have one vector hypermultiplet with mass m, and
two spinor hypermultiplets with mass mgs. Note Yw € O and v’ € 8, w - w' = £1/2.
Thus the spinor hypermultiplets do not contribute to the leading degree vanishing theta

identity. We then have

[a] _ wa=1
Z (_1)‘11)‘04 (37—7 377;’11) +y)01(7—) My +y) H 01(7_7 ma)fl —0. (334)
weO1 6 4(7—7 mw) ac€A(Bs3)

Here y = my 4+ ey and a = 0,%1/3. It is easy to check for each w, the summand has

2
index 3 (mw - %y) + $(mw +y)? — 3m% — 3m2 = —m2, + 2y? which is invariant for the

whole Weyl orbit. We also checked this identity for general y to high ¢ orders. In fact, for
6d (1,0) s50(8)? theories with n = 1,2, 3,4, we find the following unified formula for the
leading degree vanishing theta identities:

3 (_1)w61[a](n7', —nmy, + Y y) TTZ0 01(7, may + 35) 0

weO1 6

04 (7—7 mw)

Recall i+ = 3 for even n and i = 4 for odd n.

Consider the s0(2r + 8) theories with n = 4, where G = s0(2r 4 7) and the vanishing
AB,, 5 can take value in the dominant orbit O 5(,43) of the vector representation. In these
cases, the vector hypermultiplets can contribute to the leading degree of vanishing blowup
equations. To be precise, we find the following leading degree vanishing theta identity
for general r:

la] . ) w-a=1 2r
S (et BT A E YY) T ) T O m ) = 0. (3.36)

O4(T, M .
w601,2(7+3) 4( ) w) OLGA(BT‘_FE;) j=1

Here a = £1/8,£3/8 and y; = my, + ;. We checked this identity for various r up to high
q orders. More so type examples with Zs twist include the 50(10)(2) theory with n = 2, for
which we find the following leading degree vanishing theta identities:

3 (—1)l®! ‘9?}(277 —2my + 3 i) [Ty 017, s + 4i) wﬁl

04 (7—7 mw)

weO1.8
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Here a = +1/4. Besides, for s0(12)) theories with n = 2, we find the following leading
degree vanishing theta identities:

w 9[ ](2T —2my, + Zyz) H? 01 (T) My + yz) vt -
S (-l TN 1 [T 6:(z.ma)' =0. (3.38)
weO1,10 4 w a€A(Bs5)

We checked all these identities for general y; up to high ¢ orders.

Now consider the su(2r)® theories with n = 2 where G = sp(r). First, for su(2)®
theory, the leading vanishing identity is trivial. For su(4)®) theory, the leading degree
vanishing identity is for Cs:

> -y

weO1 4

[a] . w-a=1
0527 Z20) T (g <, (39)

Oa(T, ) N(cw)

where a = £1/4 and O; 4 is the dominant Weyl orbit in 5. We checked this identity to
high g orders. For arbitrary r, it is easy to find the leading degree vanishing theta identities
for C; can be uniformly written as

w-a=1 w-f=1
S 0P —2m,) T 0i(rma) ™t T 0a(r,ma)~t = 0. (3.40)
weO 2, acA(Cr) BEA2

Again a = £1/4 and the O o, is the dominant Weyl orbit in the A" representation of C,.
Note each w € Oy o, intersect with all weights of A% by r(r — 1)/2 number of 1, r(r — 1)/2
number of —1, while the rest intersection numbers are zero. We have checked identity (3.40)
for r = 2,3,4,5 to high ¢ orders.

4 Structure of twisted elliptic genera

We use the twisted elliptic blowup equations and the recursion formula (3.28) introduced
in the last section to compute the twisted one-string elliptic genera of all twisted 6d (1,0)
SCFTs. These data enable us to study some universal features of the twisted elliptic genera.
Many of these features are the generalization of those of the ordinary (0,4) elliptic genera
observed by del Zotto and Lockhart in [28, 31]. According to the universal formula (2.26)
and (3.32), the reduced twisted one-string R-R elliptic genera have the following form

1_ d
El(q>v7'x’mé7mﬁ‘) =gqs C(le (U,:E,mé,mﬁ,)‘FO(ql/nG)), (4]‘)
where Z7¢ is the reduced one-instanton partition function of the 5d circle reduction theory.

4.1 Spectral flow symmetry

Spectral flow is a characteristic feature of 2d A" = (2,2) SCFTs, see e.g. ([67], chapter 5.4).
The different sectors of 2d SCFTs are interpolated by a spectral flow parameter . When
nel+ %, the spectral flow interpolates the NS sector with half-integer modes and the R
sector with integer modes. For chiral primary |h,q) of (2,2) SCFT, the conformal weight
h and charge ¢ transform under spectral flow with general 7 as

772 o

hy=h—mnq+ gc’, I =q= 37 (4.2)

— 26 —



Here the ¢’ is the central charge of the 2d SCFT. We are interested in the n = % case. Using

h = q/2, the spectral flow induces transformation
/ /

q c c
1 N 4.3
‘2,q>NS 51 6>R (4.3)

Note the weight % indicates the ground state of the R sector. This phenomenon suggests an

interesting transformation between NS-R elliptic genera and R-R elliptic genera.

Similar phenomena appear in 2d (0,4) SCFTs as well [28, 31]. Let us focus on the 2d
(0,4) SCFTs of one BPS string in 6d (1,0) SCFTs, possibly with twisted compactification.
In general, the spectral flow from R-R sector to NS-R sector for the same 6d (1,0) theory
possibly with a twist is induced by the following transformation:

. 1/4\ n—hg& . 1/2
R q R q
Bl (00) = 2(-) ER(a L), (14)

v
On the other hand, from the viewpoint of (0,4) NLSM, the NS-R elliptic genera are obtained
by imposing anti-periodicity on the 2d chiral fermions. This suggests the following elegant
phenomenon for the twisted one-string elliptic genera: the spectral flow transformation
shifts the KK charges of all hypermultiplets by half. To be precise, we find that for twisted
one-string elliptic genera of different sectors:

Exs“ (2.0) = Eg 5" (q,0) (4.5)
Note this is even true for the untwisted cases, which explains the NS-R elliptic genera in [31]
have simple low energy behaviors as 5d pure gauge theories. With this understanding, we
know that the NS-R elliptic genera have similar expansion as (4.1), as long as both the ¢
and Z7? are derived from the twisted matter content with all KK-charges shifted by half.
When the twisted matter content is invariant under KK-charge shift by half,” the above two
properties induce a nontrivial symmetry for the R-R elliptic genus itself, i.e.,

g1/ g\ n—hy,
IE1 (Qa ’U> = < - ) El(Q) U). (46)

(%

We have checked this symmetry for all admissible twisted theories. The prefactor on the
right hand side does not involve any information on the twist. This means that the spectral
flow symmetry is preserved upon twisted compactification.

4.2 The pure gauge cases

We first discuss the four pure gauge cases su(3)®, s0(8)®), s0(8)®) and Ef()-2). Denote 6 and

f as the weight generating the adjoint and fundamental representation respectively. We find
that for 6d (1,0) pure gauge G twisted theories with twist coefficient N = 2, 3,4, the
reduced twisted one-string elliptic genera have the following universal expansion

o0 o0
(n) 1_. hY—1 ; L ; Z
Ef" =qi e < > Xigt™ +a¥ (1+0%) Y xGpy o™ + O(Q”)>~ (4.7)

"For pure gauge theories, this is automatically satisfied.
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For the N = 2 cases, we further find that the ¢! term in the above expansion is Xg}f + X§ +
2 + O(v?). We also find the following interesting spectral flow symmetry:

1/2 1/2 n—3
(n) q q (n)
E{ (q, — ) = (— ) ES" (¢q,v), (4.8)

as a special case of (4.6). This resembles the spectral flow symmetry for the reduced one-string
elliptic genera associated to untwisted 6d (1,0) SCFTs studied in [28].

4.2.1 su(3)®@

The 6d (1,0) pure su(3) SCET enjoys a series of fascinating 2d quiver constructions for the
worldsheet theories of the BPS strings such that the elliptic genera are exactly computable
to arbitrary number of strings [62]. The Zo twisted circle compactification gives the 5d su(3)
gauge theory with Chern-Simons level 9 [6]. The blowup equations for this twisted theory
have been studied before in ([50], section 3.2.3), which are consistent with our universal
elliptic form. As we have reviewed, this twisted theory can be Higgsed from 6d (1,0) G2 + F
theory [27], thus the twisted elliptic genera are also exactly computable to arbitrary number
of strings. Here we provide a new observation that is the spectral flow symmetry of its
twisted one-string elliptic genus.

For su(3)®, the low energy gauge algebra is G = su(2). Let us denote the reduced
twisted one-string elliptic genus as

oo oo
Ei=q 5 q"gn (0. mau) = a8 > byg'v ™3, 4nez (4.9)
i=n =0
We calculate g, up to n = 4 from the unity twisted elliptic blowup equations with character-
istics @ = 0, £1/3. The results are in perfect agreement with the computations in [27, 35, 50].
For example, when turning off the su(2) fugacity, we have

v(v? + 1) 20(v? +1) (V8 + 20% + 202 4 1)
=y 2 91 =" 32> g1 = 2 D) ) (4.10)
(v2—1) 1 (v2—1) 2 v(v?2—1)
2(v0 + 20% + 202 +1) (40° + 901 + 902 + 4)
gs = D) 5 ’ g1 = 5 3 (411)
4 v(v?2—1) v(v?2—1)
With the su(2) fugacity, we find
oo
g():szﬁéUQn:1}+3v3+51)5+71)7—|—..., (4.12)
n=0
oo
g1 =v(l+v%) ) Xihngt™ =20+ (2+ 4% + (4+6)0° + (6 +8)v" +...,  (413)
=0
" oo
91 = v 1+ +0h) Z Xfév% =o'+ 143+ 1+3+5)0°+..., (4.14)
n=0
- A
~1 2 4., .6 2 -1
gs =v '(1+20" + 20" +v )Y Xt =207 (2 x 24 4o+ (4.15)

n=0
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g\v |0 1 2 3 4 5 6 7 8
0 (0 0 0 0O 0 0 0 0 0 O 0 0
/410 0 02 00 0 6 0 0 0 10 0 O O 14 ©
1/2 00040009 0 0 0 1 0 0 0 21
3/4/0 2 0008 0 0 0 18 0 0O 0 3 0 0 O
110 040001700 03 0 0 0 65 0 O
5/4(0 00 8 00 03 0 0 0 66 0 0 0 110 O
3/2 00010 O 051 0 0 0 106 0 0O 0O 170
7/410 6 0 0 030 0 0 0 8 0O 0 0 174 0 0 O
21009000510 0 011470 0 029 0 0
9/4/0 0 0180 0 0 8 0O O 0 236 0 0 0 468 0
5/2 00030 0 0147 0 0 0 370 0 0 0 708
11/4/0 10 0 0 066 0 0 0 236 0 O O 576 0 0 O
3 /001500 01050 0 0370 0 0 0 8%6 0 0

Table 6. The coefficient matrix b;; for the E; of 6d pure su(3)® theory.

The gg result shows that the leading ¢ order of the twisted one-string elliptic genus gives the
one su(2) instanton Hilbert series [68], which is expected since the circle reduction of the 6d
su(3)® theory should be a pure su(2) theory with 6 angle 0. We also have the following
table 6 for the coefficients b;;. The manifest symmetry of the coefficient matrix suggests the
following spectral flow symmetry of the twisted one-string elliptic genus

Esiu(B)(Q) (q’ q1/2/7)) _ Esiu(B)(Q) (q’ U). (4.16)
This resembles the spectral flow symmetry of the one-string elliptic genus of untwisted
6d su(3) theory observed in [28]. It is actually easy to prove this identity from the exact
formula of E; in (2.35).

Interestingly, we notice that the twisted elliptic blowup equations for su(3)(?) allow another
solution for the twisted one-string elliptic genera if we set the characteristic a = 1/2,+1/6.
We call this as the sp(1), case, as the low energy limit gives the one-instanton partition
function of 5d N' = 1 pure sp(1), theory. In this case, combining together the twisted
elliptic blowup equations and modular ansatz which will be discussed later, we solve the
twisted one-string elliptic genus with the sp(1) fugacity turned off. Let us denote the reduced
twisted one-string elliptic genus as

o0 o0
Ef(q,0) =q % > q"gr (v, msu(Q)) — ¢ ® S v, dne. (4.17)
=0 =0
We calculate g7 up to n = 4. For example,
202 4o 602
T T _ T
Py T ey T e (4.18)
. 1207 o 2008+ 110" + 1) '
9% (2 —1)% 9 02 (2 —1)2
With the gauge su(2) fugacity, we find
o0
g5 =0? Z Xil;(i}v% =202 + 4t + 605 + ... (4.19)
n=0
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qg\v |0 1 2 3 4 5 6 7 8
0 (000 O 00 0 0 0 0 0 O

/4000 0 040 0 0 8 0 0 0 12 0 0 O
/2|0 00 0006 0 0 012 0 0 0 18 0 O
3/4{0 00 0 000 12 0 0 0 24 0 0 0 3 O
1 0004000 280 0 0 52 0 0 0 78
5/4 400080 0 0480 0 0 8 0 0 O
3/2/0 06 0 0012 0 0 0 74 0 0 0 136 0 O
7/4/0 00120 0 0 24 0 0 O 124 0 0 0 224 O
2 00 02800 0 52 0 0 0 220 0 0 0 388
9/4/0 80 0 0480 0O 0 8 0 0 0 348 0 0 O
5/2/0 0120 0 07 0 0 0136 0 0 0 520 0 O
11/4/0 0 0 24 0 0 0124 0 0 O 224 0 O O 804 O
3 00 05200 0 200 0 0 38 0 0 0 1272

Table 7. The coefficient matrix b;; for the ET of 6d pure su(3)(®) theory.

This shows the leading ¢ order of twisted elliptic genus ET is indeed the 5d one sp(1),
instanton partition function. We also have the table 7 for the coefficients bz; The manifest
symmetry of the coefficient matrix shows that the solution ET also satisfies the spectral
flow symmetry (4.16). We regard this as further evidence that this serves as a good elliptic
completion of 5d one sp(1), instanton partition function. However, to push forward to
two-strings, we meet some inconsistency when solving the blowup equations. It is not clear
to us whether there would exist a Zy twist of the two-string elliptic genus of 6d (1,0) pure
su(3) theory that has low energy limit as 5d two sp(1), instantons.

4.2.2 so(8)3

The Zs twisted circle compactification of 6d (1,0) so(8) SCFT gives a non-Lagrangian 5d
KK theory. The twisted elliptic genera can be exactly computed to an arbitrary number
of strings by 2d localization [27]. The unity blowup equations for this twisted theory have
been studied before in ([50], section 6.1), which are consistent with our elliptic form. Using
our universal E; formula (3.28), we calculate the twisted one-string elliptic genus for this
50(8)(2) theory and find it in complete agreement with the 2d localization results. Let us
denote the reduced twisted one-string elliptic genus of s0(8)?) as

oo oo
E, = q_T72 Z q" gn (v, Mgo(7)) = q_% Z bijqiv 2n € Z. (4.20)
n=0 i,j=0
When turning off the so(7) fugacities, we obtain

~ vt (08 4 1305 4 280 + 1302 + 1)

- , 4.21
g0 (1 _ ’02)8 ( )
7ot (02 +1)° (v} + 602 + 1
g1 = vt (v? 4+ 1) (v;—v—l— )7 (4.22)
2 (1—2?)
20% (2508 + 18908 + 300v* 4 18902 + 25
(1—2?)
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g\v| 1 2 3 4 5 6 7 8 9 10 11
0 0 0 0 0 0 0 0
1/2] 0 0 0 0 7 0 112 0 798 0 3696
1 0 0 0 0 0 50 0 778 0 5424 0
3/2 0 0 0 1 0 238 0 3206 0 20860
2 0 -7 0 -1 0 7 0 1101 0 14225 0
5/2 0 -50 0 -7 0 50 0 4242 0 49756
3 0 —112 0 —238 0 -30 0 238 0 15802 0
7/2 0 —778 0 —1101 0 —238 0 1101 0 52900
4 0 —798 0 —3206 0 —4242 0 —1101 0 4221 0
9/2 0 —-5424 O —14225 0 —15802 0 —4221 0 15690
) 0 —-3696 0 —2080 O —49756 0 —52900 0 —15690 O

Table 8. The coefficient matrix b;; for the E; of 6d pure s0(8)? theory.

With the so(7) gauge fugacities, we have
oo
go = v* Z Xf:g(?)vz" = vt 4+ 2105 + 1680° + 825010 + 300302 + . ... (4.24)
n=0

This is exactly the one so(7) instanton Hilbert series [68], thus agrees with the expectation
that the circle reduction of the twisted theory should be a 5d pure so(7) gauge theory.
Besides, we have

9

1
2

[o.¢]
= v (14+0?) AP = 7ot + (105 + 7)0® + (798 + 105)0° + (3696 + 798)v'0 + ...
n=0

and g = (27 + 21 + 2)v* 4+ .... We also have the table 8 for the Fourier coefficients bij.
The representations Xf;em are colored in orange. The manifest anti-symmetric coefficient

matrix implies the following spectral flow symmetry

4.2.3 s50(8)®)

The Zs twisted circle compactification of 6d (1,0) so(8) SCEFT gives the 5d su(4) gauge
theory with Chern-Simons level 8 [6]. The circle reduction on the other hand gives a 5d pure
G gauge theory. The worldsheet theories of the BPS strings for 6d so(8)®) theory do not
have 2d quiver descriptions, thus the computation of elliptic genera is quite nontrivial. The
blowup equations for this twisted theory have been studied before in ([50], section 6.1), which
are consistent with our elliptic form. There are in total four unity blowup equations and no
vanishing one. Let us denote the reduced twisted one-string elliptic genus as

o0 [e.e]
E, = q_lls Z q"gn(v,ma,) = q_% Z bijqiv_2i+j, 3n € Z. (4.26)
n=0 i,j=0
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g\v | 1 3 5 7
0 0 0 0 0 0 0 0 0 0
1/3] 0 0 0 0 7 0 0 71 0 0 350 0
2/31 0 0 0 0 0 35 0 0 301 0 0 1372
1 0 0 0 0 0 141 0 0 1127 0 0
4/31 0 =7 0 0 0 0 0 497 0 0 3648 O
5/31 0 0 -35 0 0 0 0 0 1582 0 0 10836
2 0 0 —141 0 0 0 0 0 4650 O 0
7/3| 0 =71 0 0 —497 0 0 0 0 0 12838 O
8/31 0 0 =301 0 0 —1582 0 0 0 0 0 33621
3 0 0 -—1127 O 0 —4650 0 0 0 0 0
10/3| 0 =350 O 0 —3648 0 0 —12838 0 0 0 0
11/3| 0 0 —-1372 0 0 —10836 O 0 —-33621 O 0 0

Table 9. The coefficient matrix b;; for the E; of 6d pure s0(8)® theory.

From our universal E; formula (3.28), we calculate g, up to n = 4. For example, turning
off the Gy fugacities, we have

v + 807 + 8v° + 03

=03+ 140° + 770" +2730% + ...,

g0 = (1—’02)6
(0?4 1) (Tt + 2202 +7
g1 =~ 2+ 1) (v +6 v ):7v3+71v5+35007+..., (4.27)
’ (1-v?)
0% (V2 + 1) (5v* 4+ 8v* 4+ 5
g: = v (v +(1)( '”2): UH0) _g50% 1 3010° 4 137207 4 ...
—v

Keeping the Gy gauge fugacities, we find the following exact formulas by the infinite sum-
mations of G5 characters

o0
e
90 :1;32)(”921)2” 91 = 1+v foﬂlev
— . G G ¢
_ 20+ 20t Int7
9z = Z(X2f2+m9 + X5ino + Xeg WS 4 Z X2f+n0 Xfing)V™ 7+ Z X2f+n9“ AR
n=0

The go formula shows that the circle reduction of 6d s0(8)®) theory is indeed a 5d pure
Go theory. We also have the table 9 for the coefficients b5, 7,5 = 0,1,2,..., where the
coefficients ng in g in colored orange. From the obvious anti-symmetry coefficient matrix,

we find the following spectral flow symmetry

(3) _ (3)
® (4,02 )v) = —¢"20 2B (g, 0). (4.28)

E{
4.2.4 E{

The Zo twisted circle compactification of 6d (1,0) Eg SCFT gives a non-Lagrangian 5d KK
theory, while the circle reduction gives a 5d pure Fj gauge theory. This twisted theory has
six unity blowup equations and no vanishing one. The twisted elliptic genera of this theory
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g\v| 3 4 5 6 7 8 9 10 11 12 13

0 0 0 0 0 0 0 0 0
1/2| 0 0 0 0 0 0 26 0 1079 0 18954

1 0 0 0 0 0 0 0 378 0 13910 0
3/2| 0 0 0 0 0 0 0 0 4056 0 134342

2 0 0 0 0 0 -1 0 0 0 35362 0
5/2 0 0 0 1 0 -26 0 0 0 264576

3 0 —26 0 0 0 26 0 -3 0 0 0
7/2 0 —378 0 0 0 378 0 —4004 O 0

4 0 —1079 0 —4056 0 0 0 4004 0 —34283 0
5/2 0 —13910 0 —35362 0 0 0 34283 0 —250666

) 0 —18954 0 —134342 0 —264576 O 0 0 250666 0

Table 10. The coefficient matrix b;; for the E; of 6d pure EéQ) theory.

have not been computed before. We use the universal E; formula (3.28) to compute the
twisted one-string elliptic genus. Denote the reduced twisted elliptic genus as

oo o0
Ei=q 1Y ¢"ga(v,mp) = ¢ 2 Y bygdv 2, 2nel. (4.29)
n=0 i,j=0
Turning off the Fy fugacities, we obtain

V8 (010 + 3601 + 341012 + 1208010 + 182008 + 1208v° + 341v* + 36v% + 1)

go = (1 —02)16 ’
1308 (02 4 1)% (2012 + 47010 + 27408 + 50605 + 2740 + 4702 + 2)
1 = 5
95 (1—02)' (4.30)
2 8
g1= (1”2)16 (189v'% + 39310'* + 242330"* + 647610 + 883320° + 6476100
— v
+24233v* + 39310% + 189).
When keeping the Fy fugacities, we have
oo
go =8> xav® = 0® 4+ 52010 + 10530v'2 + 123760 + .. .. (4.31)
n=0

This is exactly the one F instanton Hilbert series [68], thus agrees with the expectation that
the circle dimension reduction should be a 5d pure F; gauge theory. Besides, we find

o0
g1 = v3(1 +v? i 0? = 260° + (1053 + 26)v'0 + (17901 + 1053)v'2 + ... (4.32
no+f
n=0

1
2

and g1 = (324 + 52+ 2)v8 +.... We also have the table 10 for the coefficients b;;. From the
anti-symmetric coefficient matrix, we observe the following spectral flow symmetry

o) B
Er° (q,¢"%/v) = —¢**0 S E® (q,0). (4.33)
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4.3 Universal features with matters

In this section, we discuss the universal features of the reduced twisted one-string elliptic
genera for twisted 6d theories with matters. Most of our observations are the twisted
generalization of those in [31]. These include the spectral flow symmetry and the precise
spectrum of the twisted R-R vacuum, NS-R vacuum and possibly the excited states with
fractional KK-charges above the NS-R vacuum. For all reduced twisted one-string elliptic
genera we solved from blowup equations, we analyze these features in the (g, v) expansion:

o0
Ei(q,v) = q6 Z Cijq Wl = q6 Z bijqivﬁ”j, Ni,j € Z, (4.34)
t,5=0 1,j=0
where N is twist coefficient. All coefficients ¢;; should be integers as they represent the states
in the 2d worldsheet theories, in particular form representations of G and F when turning on
the fugacities. The b;; coefficients are slightly shifted from the ¢;; coefficients. As we have seen
in the pure gauge cases, the b;; coefficients are very useful to show explicitly the spectral flow
symmetry. Therefore, we will show the b;; coefficient matrix for all examples in the following.

4.3.1 n=4,s0(2r +8)®

The Zy twist of 6d (1,0) so(2r 4+ 8)+2rV theory has low energy gauge algebra G = so(2r + 7)
and twisted matter content 2rVy. The circle reduction gives a 5d N =1 so(2r + 7) + 2rF
theory whose 5d Nekrasov partition function is exactly computable by localization. On the
other hand, the circle reduction of the NS-R sector gives a 5d N' =1 pure so(2r + 7) theory.
For all n = 4,s0(2r + 8)(2) theories with > 0, we use the recursion formula (3.31) to compute
the one-string elliptic genera and find complete agreement with the 2d localization formulas.
Let us study the following expansion for the reduced twisted one-string elliptic genera

(2) o0 . . > . . .
EPC (g 0) = ¢ Y g’ = ¢ Y bijglo ¥, (4.35)
i,j=0 4,j=0

We observe the following patterns for the Fourier coefficients c¢;;:

e co; =0 for j <2r+4. This is consistent with the fact that the reduced one-instanton
partition function of 5d s0(2r + 7) + 2rF theory has v expansion starting from v? 4,

The v expansion coefficients are colored orange in the tables 11, 12 and 13.

® C3i, 9 9y = Xff@(%”) and caypn,—3-2, = 0. This shows that the leading ¢ order of

the NS-R twisted elliptic genera indeed gives the 5d one so(2r 4 7) instanton Hilbert
series [68]. The coefficients are colored red in the tables 11, 12 and 13.

© Csip _1_op = —Xjfgzzg”) chp(Zr)' These are the first excited states with integer modes

and a half KK-charge above the NS-R vacuum. The coefficients are colored blue in the
tables 11, 12 and 13.

* Coim-2-2n0 =X} J(jf;?) + X;"f(;ti)) o- These are the first excited states with half-integer

modes and a half KK-charge above the NS-R vacuum. The coefficients are colored cyan
in the tables 11, 12 and 13.
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g\v| 1 2 3 4 5 6 7 8 9 10

0] O 0 0 0 0

1/2] 0 0 0 0 0 4 —54 324 —1596 5940
110 0 0 0 0 0 36 —506 3132 —15568
3/2| 1 0 0 0 -1 —4 0 348  —3498 19368
210 9 —4 0 4 —4 —36 0 2208 —21438
5/2| 36  —36 92 —36 0 36 -38 =312 =36 13624
310 240 =324 642 —348 0 312 —136 —1884 —240
7/2|1495 —924 2776 —3132 4236  —2208 0 1884 —738 —10492
410 2805 —5940 15744 —-19368 23838 —13624 224 10492 —2400
9/214004 —10296 35240 —59004 106468 —118080 124392 —69372 1596 50004

Table 11. The coefficient matrix b;; for the E; of 6d s0(10)(?) theory with n = 4.

g\v| 1 2 3 4 ) 6 7 8 9 10
0 0 0 0 0 0 0 0

1/2| 0 0 0 0 0 0 0 48 —759 6328
1 0 0 0 0 0 0 0 0 528 —8748
3/2] 1 0 0 0 -1 0 0 —48 0 6792
2 0 11 -8 0 8 —11 0 42 —528 0
5/2| 55 —88 158 —88 0 88 —158 88 704 —6792
3 0 440 —968 1606 —1144 0 1144  —1606 440 8308
7/2] 1144 —3432 8630 —12584 14501 —9152 0 9152 —14501 6256
4 0 7579 —26312 65230 —101152 115434 —76192 0 76192 —111369
9/2|13650 —57200 180372 —378136 640565 —814352 800642 —493416 0 493416

Table 12. The coefficient matrix b;; for the E; of 6d s0(12)(?) theory with n = 4.

* Coyn,—1-2n = —chp(%). These are the second excited states with half-integer modes and
KK-charge 1 above the NS-R vacuum.

¢« 5, = XZO(%H) + X‘;'}(QT”) + X;’}(%) + 2. These are the second excited states with
3

integer modes and KK-charge 1 above the NS-R vacuum. The coefficients are colored
purple in the tables 11, 12 and 13.

n =4, 50(10)®. From the recursion formula (3.31), we compute the twisted one-string
elliptic genus to ¢ order 4 and find complete agreement with the 2d quiver formula. In
particular, we obtain the coefficients b;; in table 11. We checked that the coefficients satisfy
all universal behaviors summarized earlier with r = 1.

n =4,50(12)®. From the recursion formula (3.31), we compute the twisted one-string
elliptic genus to ¢ order 4. We obtain the following Fourier coefficients b;; in the (g,v)
expansion in table 12. We checked that the coefficients satisfy all universal behaviors
summarized earlier with r = 2.

n =4,50(14)®. From the recursion formula (3.31), we compute the twisted one-string
elliptic genus to ¢ order 4. We obtain the following coefficients b;; in the (g, v) expansion
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g\v| 1 2 3 4 5) 6 7 8 9 10

0] O 0 0 0 0 0 0 0 0

1/21 0 0 0 0 0 0 0 0 0 o972
110 0 0 0 0 0 0 0 0 0
3/2| 1 0 0 0 -1 0 0 0 0 —572
210 13 —12 0 12 -13 0 0 0 429
5/2| 78 —156 248 —156 0 156 —248 156 —78 0

31 0 728  —2028 3354 —2612 0 2612 3354 2028 —728
7/2|2275 —8580 21476 —33956 38456 —25376 0 25376 —38456 33956
4 | 0 17290 —76440 200824 —340028 396643 —271984 0 271984 —396643

Table 13. The coefficient matrix b;; for the E; of 6d so(14)®) theory with n = 4.

in table 13. We checked that the coeflicients satisfy all universal behaviors summarized

earlier with » = 3.

4.3.2 n=2,s5u(2r)®

The Zsy twist of 6d (1,0) su(2r) + 4rF theory has low energy gauge algebra G= sp(r) and
twisted matter content 2r(Fo + F; /) which is invariant under the KK-charge shift by 1/2.
The circle reduction gives a 5d N = 1 sp(r) + 2rF theory whose 5d Nekrasov partition
function is exactly computable by localization. However, the twisted elliptic genera, albeit
the simple look, do not to our knowledge have a 2d quiver gauge theory description. We
utilize the blowup equations to compute the twisted one-string elliptic genera. For arbitrary
r > 1, the twisted elliptic blowup equations can have two possibilities for the characteristics
a = £1/4. From the unity twisted elliptic blowup equations, we solve the one-string twisted
elliptic genera for r = 1,2,3,4. We find the reduced twisted one-string elliptic genus has
the following spectral flow symmetry

@ rl &)
E} " (q, *f) = —(ﬁ) B (g v). (4.36)
We also find the following compact formula for the twisted one-string elliptic genus when
turning off all gauge and flavor fugacities:
|2 au(r2e)
T,€4) = — .
n(5)* % (Oa(7,e4)0(7,€4))%

EN® (4.37)

It is easy to prove the spectral flow symmetry from this expression. In the following, we
explicitly show the results for r = 1,2, 3.

n=2, 5u(2)(2). From the unity twisted elliptic blowup equations, we calculate the twisted
one-string elliptic genus to ¢ order 5. We can also use the 2d localization to compute the
twisted elliptic genus in this case as the Zg twist for the gauge algebra su(2) is trivial. We
only need to fold the four fundamentals. For one-string, we have

[T;-1 01(a+ ex —m)baa+ ey +my)

E, —
! n261(2a)01(2a + 2¢4.)

+ (a = —a), (4.38)
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qw[0 1 2 3 4 5 6 7
0o

1/2 0 -6 16 -24 32 —40 48
1 6 0 —22 52 —84 112 —140
3/2 ~16 22 0 —58 144 —234 320
2 24 —52 58 0 —152 368 —606
5/2 —32 84 —144 152 0 —352 864
3 40 —112 234 —368 352 0 —796
7/2 —48 140 —320 606 —864 796 0

Table 14. The coefficient matrix b;; for the E; of 6d su(2)) theory with n = 2.

We checked this agrees with our results solved from blowup equations to high ¢ orders. We
also obtain the coefficients b;; in table 14. The spectral flow symmetry manifests as expected.
We also checked the spectral flow symmetry with all gauge and flavor parameters turned
on. Notice the leading orders of both R-R and NS-R elliptic genera give the one-instanton
partition function of 5d su(2) 4+ 2F. With gauge and flavor fugacities turned on, we have
the following exact formula for the v expansion:

> 2 n a 2 n
e M e A (4.9
n=0

Here the truncated flavor symmetry so(4) ~ su(2), x su(2)p.

n=2, 5u(4)(2). From the unity twisted elliptic blowup equations, we compute the twisted
one-string elliptic genus to ¢ order 5. We obtain the coefficients b;; in table 15. The obvious
anti-symmetric coefficient matrix shows the self-duality under spectral flow as expected.
The leading orders of both R-R and NS-R elliptic genera should give the one-instanton
partition function of 5d sp(2) + 4F. From ADHM construction, we obtain the following

exact formula for the v expansion:

o0
5p(2)+4F _ 50(8) . sp(2), 242 50(8) sp(2) | 342
ZPEHE = ST (GO (BN FD ). (4.40)
n=0
where s0(8) is the pertubative 5d flavor symmetry. The Fourier coefficients completely agree
with the orange numbers in table 15.

n=2, 5u(6)(2). From the unity twisted elliptic blowup equations, we calculate the twisted
one-string elliptic genus to ¢ order 5. We obtain the coefficients b;; in table 16. The obvious
anti-symmetric coefficient matrix shows the self-duality under spectral flow. The leading
orders of both R-R and NS-R elliptic genera give the one-instanton partition function of 5d
sp(3)+6F. From ADHM construction, we find the following exact formula for the v expansion:

o0

3)+6F 12 3 12 3

pr( )+6F _ Z (X?( )Xipe( )ylt2n _ XscO( )Xf}p-&(-n)61)2+2n)' (4.41)
n=0

where s0(12) is the pertubative 5d flavor symmetry. We checked that these coefficients
completely agree with the orange numbers in table 16.
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g\v| 1 2 3 4 5 6 7 8

0

1/2 0 —96 384 —-960 1920 —-3360 5376

1 96 0 —752 2848 7008 13920 —24272
3/2 —384 752 0 —4464 16256 —39296 77440

2 960 —2848 4464 0 —22152 78048 —185552
5/2 —1920 7008 —16256 22152 0 —96320 330112
3 3360 —13920 39296 —78048 96320 0 —378096
7/2 —5376 24272 —77440 185552 —330112 378096 0

Table 15. The coefficient matrix b;; for the E; of 6d su(4)(?) theory with n = 2.

Qwl 2 3 4 5 6 7 8

0ol o

1/2 0 —800 4352  —14560 37888  —84000
1 800 0  —11104 55424 —177184 449024
3/2 —4352 11104 0 —109760 512512 —1574720
2 14560 —55424 109760 0  —862848 3819200
5/2 —37888 177184 —512512 862848 0  —5727648
3 84000 —449024 1574720 —3819200 5727648 0

Table 16. The coefficient matrix b;; for the E; of 6d su(6)(®) theory with n = 2.

4.3.3 n = 2,5u(2r + 1)(2)

The Zy twist of 6d (1,0) su(2r+1)+2(2r+1)F theory has low energy gauge algebra G = sp(r)
and twisted matter content (27 +1)(Fo+F5) which is invariant under the KK-charge shift by
1/2. The circle reduction gives 5d N' =1 sp(r) + (2r + 1)F gauge theories whose 5d Nekrasov
partition function is exactly computable by localization. The twisted circle compactification
gives 56d N =1 s0(2r 4+ 3) + (2r + 1)V KK theories [69]. To our knowledge, there is no 2d
quiver gauge theory description in the current situation. Therefore, it is important to use
blowup equations to solve the twisted elliptic genera and study their properties. Indeed, we
successfully solve the twisted one-string elliptic genera for r = 1,2, 3,4 to high g orders. We
find the reduced twisted one-string elliptic genus has the following spectral flow symmetry

1/4 2r—1
g (q, ﬁ) = —(q> Y (g, 0). (4.42)

v v

We also manage to find the following compact formula for the twisted one-string elliptic
genus for arbitrary r:

2r+1)2
B

(3045 en) gl 6+>>2T. (4.43)

) = T E0,(5) \ 0 (r2e0)0a(7)

We checked this formula for » = 1,2, 3,4 against the twisted elliptic genera solved from
blowup equations and found perfect agreement. It is easy to prove the spectral flow symmetry
from this expression.

It is interesting to remark that the twisted elliptic blowup equations also allow nice
solutions for the twisted matter content (2r + 1)(Fy/4 +F3/4). This choice of the KK-charges
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q\v 1 2 3 4

0] 0 0 0 0 0
1/4 0 8 0 -16 0 24 0 -32
/210 -8 0 36 0 =72 0 108 0
3/4 0 =36 O 80 0 —144 0 216

110 16 0 -8 0 224 0 —-416 O
5/4 0 72 0 —-224 0 472 0 —812
3/2| 0 =24 0 144 0 —472 0 1092 0
7/4 0 —-108 0 416 0 -—1092 0 2168

210 32 0 =216 0 812 0 -2168 O

Table 17. The coefficient matrix b;; for the E; of 6d su(3)(®) theory with n = 2.

of the hypermultiplets F has its merit in that they coincide with those of the F in the twist of
vector multiplet, i.e. Adjy+ Fyi/4 + F3/4 + Af /2 This brings in some simplification that the
B field of the tensor parameter becomes integral. In fact, there are two possibilities for such
B field — even and odd, corresponding to two non-equivalent circle reductions to 5d A/ =1
pure sp(r)o or sp(r), theory. We leave the discussion for these situations in appendix C.

n = 2,5u(3). The Z, twisted circle compactification of 6d (1,0) su(3) + 6F theory
gives a 5d rank-3 KK theory which has gauge theory description as 5d sp(2) + 3A2 or 5d
50(5) 4+ 3V theory [69]. From the unity twisted elliptic blowup equations, we compute the
twisted one-string elliptic genus to ¢ order 5. The coefficients b;; are listed in table 17. The
obvious anti-symmetric coefficient matrix shows the self-duality under spectral flow. For
the low energy limit, the 5d one-instanton partition function of su(2) + 3F theory can be
computed by localization as

Zf“mHBF _ Z (X?(fv‘)xiue(?)vuzn _ ng(ﬁ) 5fbil(_i)€,l)2+2n)_ (4.44)
n=0

where s0(6) is the pertubative 5d flavor symmetry. It is easy to check that the v expansion
coefficients are consistent with the orange numbers in table 17.

n = 2,5u(5). The Z, twisted circle compactification of 6d (1,0) su(5) + 10F theory
gives a 5d rank-4 KK theory which has gauge theory description as 5d s0(7) + 5V theory [69].
From the unity twisted elliptic blowup equations, we compute the twisted one-string elliptic
genus to g order 5. The coefficients b;; are listed in table 18. The obvious anti-symmetric
coefficient matrix shows the self-duality under spectral flow. The 5d one-instanton partition
function of sp(2) 4+ 5F theory can be computed by localization as

o0
Zip(2)+5F _ Z (Xgo(u)xipe@)vum Xsco(lz) jfﬁ)@v“%). (4.45)

n=0

where $0(10) is the pertubative 5d flavor symmetry. It is easy to check that the v expansion
coefficients are consistent with the orange numbers in table 18.
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q\v 1 2 3 4

0 0 0 0 0 0
1/4 0 64 0 —176 0 384 0 —720
1/21 0 -—o64 0 400 0 —1280 0 2976 0
3/4 0 —400 0 1344 0 —3376 0 7040

1 0 176 0 —1344 0 5312 0 —14528 0
5/4 0 1280 0 —5312 0 15488 0 —36192
3/2] 0 =384 0 3376 0 —15488 0 48976 0
7/4 0 —-2976 O 14528 0 —48976 0 128768

2 0 720 0 —7040 O 36192 0 —128768 0

Table 18. The coefficient matrix b;; for the E; of 6d su(5)(?) theory with n = 2.

q\v| 4 ) 6 7 8 9 10 11 12

0 0 0 0

1/2| 0 0 0 2 27 —108 2509 —21654 124956
1 0 0 0 3 o4 —512 —1736 43680 —363866
3/2 -2 -3 0 86 874 —7436  —19680 552578
2 27 —54 —86 0 1437 10756 —88505 —178544
5/2 108 512 —874  —1437 0 16930 113530 —895387
3 —2509 1736 7436  —10756 —16930 0 154075 1072946
7/2 21654 —43680 19680 88505 —113530 —154075 0 1117564
4 —124956 363866 —552578 178544 895387 —1072946 —1117564 0

Table 19. The coefficient matrix b;; for the E; of 6d Eé2) theory with n = 4.

4.3.4 Other examples

n=4, Eéz). The Zgy twist of 6d (1,0) Eg+ 2F theory has low energy gauge algebra G=F
and twisted matter content 269 + 26/, which is invariant under the KK-charge shift by
1/2. The twisted partition function has not been computed before. From the recursion
formula (3.31), we compute the twisted one-string elliptic genus to ¢ order 5. We summarize
the coefficients b;; in table 19. Notice the obvious anti-symmetric coefficient matrix, this shows
that the twisted theory has self-dual spectral flow symmetry, albeit the nontrivial matter
content. The leading ¢ order of E; should give the one-instanton Nekrasov partition function
of 5d Fy + F theory, whose exact v expansion formula can be found in ([31], equation (H.36)).
For example, when turning off all fugacities,

7

Fy+F( \ _ v 12 11 10 9 8 7
77 (v) = (0= 1)10(p 3 1)16 (v° + 100" — 490" + 266v” — 549v° 4 1068v
— 11100° + 1068v° — 5490 + 266v° — 490 + 10v + 1) (4.46)
=07 + 40¥ — 7807 + 754010 — 443301 + 210600 + ...
We have checked they are in complete agreement. The v expansion coefficients of 5d le 1FF

are colored in orange in table 19.

n = 3,50(8)®. The Z, twist of 6d (1,0) s0(8) + V + S + C theory has low energy
gauge algebra G = 50(7) and twisted matter content 7y + 8y + 8; /2. From the recursion
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g\v| 1 2 3 4 ) 6 7 8 9

0 0 0 0

1/2] 0 0 0 0 40 —272 1152 —3696 9936
1 2 0 -2 —4 0 324 —2168 8868 —27860
3/2| -8 16 0 —16 -32 0 1936 —12416 49464
2 42 —108 142 0 —112 —216 —42 10392 —64496
5/2| —112 432  —848 848 0 —576  —1088 —432 48448
3| 336 —1428 3606 —5528 4814 —-132 —2646 —4864 —3606
7/2| =720 3712 —10976 21744 —29312 23056 —1152 —10640 —19024
4 | 1650 —8964 29700 —68096 115992 —140732 103936 —8868 —39006
9/2|—3080 18800 —68256 176608 —349888 534816 —603264 424864 —49464

Table 20. The coefficient matrix b;; for the E; of 6d s0(8) theory with n = 3.

formula (3.31), we computed the twisted one-string elliptic genus to ¢ order 5. We obtain
the Fourier coefficients b;; in the (g,v) expansion in table 20.

We find the leading ¢ order of the R-R sector, i.e., the orange coefficients gives the
one-instanton Nekrasov partition function of 5d so(7) + V + S theory, while the leading
q order of the NS-R sector, i.e., the red coefficients gives the one of 5d so(7) + S theory.
For 5d so(7) + S theory, the ADHM description has been studied in [62]. For example, the
reduced one-instanton partition function is given by

4 sinh(4ey — 2u;) sinh(m + (u; — ey))

Zso(7)+S ; _ . 4.47
! (s, m) ; [ 1) sinh(uij) sinh(2e4 — u;;) sinh(2e4 — u; — uy) (447)

Here u; satisfying u; + ug + ug + ug = 0 are the fugacities of su(4) embedded in so(7).
From this formula, we find

20t (V8 — 205 + 8vt — 603 + 8v? — 20 + 1)

(v —1)6(v+1)8 (4.48)

7+S 7
ZTU( )+ (U, Mgo(7)s Map(1) Z Xn9 X 1 2n+4 XZ(JG(+)5U2n+5' (4'49)

This perfectly agrees with the leading ¢ order of the NS-R twisted elliptic genus. For
50(7) + V + S theory, we can compare with the reduced one-instanton partition function
of 5d s0(7) + V + 48 theory given in (H.15) of [31]. After decoupling three S, we find the
resulting 5d partition function is

p(1) p2nta 50(7)

7)+V+S
ZTO( ) (U Mso(7)5 mvvms Z X 1) X (1)s + Xno+v+s?

2n+6

(4.50)
s50(7) _ sp(1) 50(7) sp(1)Y | 2n+5
- (Xn0+v><(1)s + Xnots ?1)1, )U .
This perfectly agrees with the leading ¢ order of the R-R twisted elliptic genus that is when
turning off all gauge and flavor fugacities:

(4.51)

4(9,2
v — v
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g\v|2 3 4 5 6 7 8 9 10 11
0|0
/310 -1 16 —-70 224 —563 1232 —2412 4368 —7413
2/3|1 -2 —10 104 —420 1260 —3070 6566 —12680 22722
1 {0 10 =16 —60 528 —2016 5824 —13812 29120 —55488
4/3 10 —14 67 —90 —288 2270 —8344 23198 —54112 112056
5/3 |0 14 —112 358 —416 —1192 8720 —30820 83216 —190402
2 (0 0 140 —630 1598 —1668 —4412 30566 —104388 275170
7/310 0 —128 840 —2912 6288 —6032 —15004 99296 —329752
8/3(0 0 77 —870 4032 —11676 22508 —20150 —47592 303454
3 (0 0 0 770 —4528 16611 —42096 74444 —62896 —142378
10/3|0 0 0 =572 4438 —19694 60998 —140026 230718 —185756
11/3/0 0 0 273 —3680 20356 —74720 205436 —435408 677190

Table 21. The coefficient matrix b;; for the E; of 6d su(8)(®) theory with n = 3.

g\v| 1 2 3 4 5 6 7 8

0 0

1/2| 5 4 —12 —68 —152 3460  —18980 68796

1| —32 50 100 —110 —780 —1340 31516 —169674
3/2| 140 —524 426 1004 —620 —6840 —6896 212152
2 | —448 2413 —5060 2332 8440 —3452  —46800 —35810
5/2| 1218 —8232 25172 —38908 12255 54640 —14240 —279572
3 |—2880 22724 —86492 195414 —245816 50690 315700 —61000
7/2| 6204 —54888 242564 —681100 1265024 —1377048 206878 1592400

Table 22. The coefficient matrix b;; for the E; of 6d s0(8)) theory with n = 2.

= 3,50(8)(®). The Z3 twist of 6d (1,0) s0(8) + V 4+ S 4 C theory has low energy
gauge algebra G = G and twisted matter content 7o + 713 + T9/3. From the recursion
formula (3.28), we compute the twisted one-string elliptic genus to g order 11/3. In particular,
we obtain the coefficients b;; in table 21. We observe the leading ¢ order of R-R elliptic genus
gives the one-instanton partition function of 5d Gy + F theory [31]:

G2+F Z ng Xﬁp 2n+3 Z Xf+ngv2n+4- (452)

G2

Besides, the leading order of NS-R elliptic genus colored red has coefficients x, 7 as the one

G instanton Hilbert series. The subleading order of NS-R elliptic genus colored blue has

coeflicients — X?jnexiﬁgl), which are the excited states over NS-R vacuum with KK-charge 1/3.

The subsubleading order of NS-R elliptic genus colored cyan has coefficients (XJCC:2 + X?ggl)) ng ,

which are the excited states over NS-R vacuum with KK-charge 2/3.

n = 2,50(8)). The Zy twist of 6d (1,0) s0(8) 4+ 2(V 4+ S + C) theory has low energy
gauge algebra G = s0(7) and twisted matter content 2(7o + 89 + 81/2). From the unity
twisted elliptic blowup equations, we compute the twisted one-string elliptic genus E; to ¢”
order. In particular, we obtain the following coefficients b;; in table 22.
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Our results are consistent with the 5d limits in both R-R and NS-R sectors. The leading
q order of the NS-R sector gives the 5d s0(7) + 2S theory whose 5d partition function can
be computed by localization [62] or by 5d blowup equations [49]. We use the localization
formula in [62] to compute the 5d one-instanton partition function as

(428 _ vt (5ut — 1203 + 220% — 120 + 5)
: -

= 50t — 320° 4+ 1400° — 44807 +.... (4.53
(v—1*v+1)8 v vt v v ( )

One can see the coefficients are in agreement with the red numbers in table 22. One can
also turn on the gauge and flavor fugacities, in which cases the Z; formula as v expansion
can be found in ([31], equation (H.27)). The leading g order of the R-R sector should give
the 5d s0(7) + 2V + 2S theory whose partition function to our knowledge has not been
computed before. Luckily we can compare with the reduced one-instanton partition function
of 5d s0(7) + 2V + 6S theory given in ([43], equation (E.2)). After decoupling four S, we
find the resulting 5d partition function is

50(7)+2V+2S sp(2) s0(7) 4+Z so(?) sp(2) sp( ) y2n+4

‘ot X(10) ~ X(100) X(01),
() _sp(2) _sp(2) (7) p(2) (@)Y . 2n
*<Xﬁno>x(1o> X{o1). T X(on1)X(01), X(10). )”2 -

7) . s5p(2) 7) p(2) 7). sp(2)\ . 2n+6
+ (Xigfsz(og) + Xﬁfmx(u()))X( (> + xigig)xﬁoﬁ) )” i

(7) ,5p(2) (7) , 50(2) n o(7) ) 2n
- (Xignl) ?10)5 + ?;n2)XE10)v) v 4 X(znz)v2 o

(4.54)

We checked that this completely agrees with leading ¢ order of the R-R elliptic genus up
to an overall minus sign:

Zsa(7)+2v+2s(v) _ v? (v 4 1203 4 7802 + 120 + 1)

2 3 4 5
1 CESIE =v° +4v° + 18v" — 300v° + ...

n = 2,50(8)®). The Z3 twist of 6d (1,0) s0(8) + 2(V + S + C) theory has low energy
gauge algebra G = G and twisted matter content 2(7o + 713 + 7y/3). From the unity
twisted elliptic blowup equations, we compute the twisted one-string elliptic genera £ to the

order ¢'6/3

. We summarize the coefficients b;; in table 23. The leading ¢ order of the R-R
elliptic genus should give the 5d partition function of Gy + 2F theory. We compute the 5d

one-instanton partition function of Gy + 2F theory from the localization formula in [62] as

O _ ~ v® (50 — 280° + 670" — 88v® + 6Tv® — 280 + 5) .

T (4.55)

We checked that the Fourier coefficients here are in agreement with the orange numbers in
table 23. The leading order of NS-R elliptic genus colored red has coefficients XTGL.; as expected,
since the circle reduction of the NS-R sector should be a 5d pure Gy theory. We find the
subleading order of NS-R elliptic genus colored blue has coefficients —y 7 +ngxﬁ'1](())), which
represent the first excited states with KK-charge 1/3 above the NS-R vacuum. Interestingly,
we notice the diagonal elements in table 23 are always zero, but we could not find an

explanation for it.

— 43 —



g\v |2 3 4 5 6 7 8 9 10
0 |0
/311 0 =57 336 —1159 3072 —6881 13728 —25119
2/3(0 17 0 —455 2488 —8349 21760 —48293 95728
1 10 —-28 170 0 —2802 14400 —46814 119808 —262906
4/3 10 14 —-336 1157 0 —14386 70388 —222392 559616
5/3(0 0 373 —2488 6466 0 —64869 303888 —935643
2 |0 0 —256 3240 —14400 31001 0 —263943 1191224
7/310 0 77 —=3072 20251 —70388 132353 0 —987985
8/310 0 0 2254 —-21760 103822 —303888 515468 0
3 (0 0 0 —1144 18935 —119808 462279 —1191224 1861127
10/3/0 0 0 273 —13728 115465 —559616 1850023 —4316352

Table 23. The coefficient matrix b;; for the E; of 6d s0(8)® theory with n = 2.

n = 2,50(10)®. The Z; twist of 6d (1,0) s0(10) 4+ 4V + 2S theory has low energy gauge
algebra G = 50(9) and twisted matter content 4V + Sg + Sy /5. From the unity twisted
elliptic blowup equations, we compute the twisted one-string elliptic genus E; to ¢ order.
In particular, we obtain the Fourier coefficients b;; in the (g,v) expansion in table 24. The
leading ¢ order of the NS-R sector should give the 5d s0(9) + S theory. To our knowledge, 5d
50(9)+S theory does not have an ADHM construction. Luckily, the exact v expansion formula
of the one-instanton partition function of 5d s0(9) + 2V + S theory has been found in ([31],
equation (H.29)). By decoupling the two V, we obtain the following exact v expansion formula

o
s50(9)+S 50(9)_ sp(1) 2n+6 s50(7) _ sp(1l) 2n+T7 s50(7)  2n+8
Zy =D Xno Xy, V0 = Xonon X (D), 0T+ Xm0 (4.56)

n=0
This is in complete agreement with our leading ¢ order of the NS-R elliptic genus whose
coefficients are colored red in table 24. Utilizing the Weyl dimension formula, we further find

the following rational expression of v with all gauge and flavor fugacities turned off:

09 (3v® — 2007 + 580° — 1160° + 134v* — 1160° + 58v% — 20v + 3)
- (v—1)8(v+1)12 '

On the other hand, the leading g order of the R-R sector should give the 5d s0(9)+4V+S theory.
The exact v expansion formula of the one-instanton partition function of 5d s0(9) + 4V + 3S
theory has been found in ([43], equation (E.6)). By decoupling two S, we find the resulting 5d
partition function is in agreement with the leading ¢ order of the one-string R-R elliptic genus:

7°0F8 () (4.57)

Z5°(9)+4V+S(v) B _v2 (v® + 1207 + 6615 + 26805 + 954v* + 26803 + 66v2 + 12v + 1)
1 - )
(v+1)12

up to an overall sign. The Fourier coefficients are colored orange in table 24.

n=2, Eéz). The Zs twist of 6d (1,0) Eg+4F theory has low energy gauge algebra G = Fj
and twisted matter content 2(26¢ + 26, 5) which is invariant under the KK-charge shift by
1/2. From the unity twisted elliptic blowup equations, we compute the twisted one-string
elliptic genera E; to the ¢® order. We summarize the coefficients b;j in the (¢, v) expansion
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g\v| 1 2 3 4 5 6 7 8

0 0 0 0
1/2] 3 8 —10 —24 —12 —264 66 31448
1] =32 30 112 —82 —96 —184  —5H344 4314
3/2| 192 —600 150 1352 —500 —1344  —472 —42496

2 | —864 4346 —7664 1260 11520 —6583 —1056 16448
5/2| 3135 —20664 57492  —72752 2499 96792 —60738 —11760
3 |—9856 78646 —286704 586292 —616336 27138 701296 —625918
7/2|27456 —252120 1101390 —2917296 4860776 —4412640 15894 4855392

Table 24. The coefficient matrix b;; for the E; of 6d s0(10)(?) theory with n = 2.

q\v 5 6 7 8 9 10 11
0
1/2 0 —160 —848 11354 —8144 —491872
1 160 0 —4490 —18476 263092  —322556
3/2 848 4490 0 —94702 —273520 4456372
2 —11354 18476 94702 0 —1598277 —3093340
5/2 8144 —263092 273520 1598277 0 —21992316
3 491872 322556 —4456372 3093340 21992316 0

Table 25. The coefficient matrix b;; for the E; of 6d EéQ) theory with n = 2.

in table 25. From the obvious anti-symmetric coefficient matrix, we recognize that the E;
is anti self-dual upon the spectral flow. Besides, the leading ¢ order of [E; should give the
one-instanton Nekrasov partition function of 5d Fjy + 2F theory, which as v expansion can
be found in ([31], equation (H.34)). We have checked they are in complete agreement. The
v expansion coefficients in 5d are colored in orange in table 25.

n = 1,5u(3). The Z, twist of 6d (1,0) su(3) + 12F theory has twisted matter content
6F( @ 6F/» which is invariant under KK-charge shift by 1 /2. The circle reduction should
give a 5d su(2) + 6F theory. The twisted circle compactification gives a highly nontrivial 5d
KK theory with several 5d gauge theory descriptions which are 5d su(3)4 + 6F, G2 + 6F and
sp(2) +2A2 +4F theories [7]. To our knowledge, there is no 2d quiver gauge theory description
for the twisted elliptic genera in this case. From the unity twisted elliptic blowup equations,
we compute its twisted one-string elliptic genus E; to the order ¢*. We obtain the coefficients
b;; in table 26. The symmetry coefficient matrix indicates the self-dual spectral flow symmetry
as expected. The 5d one-instanton partition function of s1(2) +6F theory can be computed as
ZCHSF _ i (X022t 2n _ 02 ) 2120 (4.58)
n=0
where s0(12) is the pertubative 5d flavor symmetry and S and C' are the spinor and conjugate
spinor representations which both have dimension 32. One can see these coefficients are in
total agreement with the orange numbers in table 26.

n = 1,50(8)(. The Zy twist of 6d (1,0) s0(8) + 3(V + S + C) theory has low energy
gauge algebra G = s0(7) and twisted matter content 3(Vo + So + S1/2). From the unity
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g\v| 1 2 3 4

0 0 0 0
1/4] 0 64 0 —128 0 192 0
1/2 0 480 0 —-960 0 1440
3/4] 0 —-128 0 960 0 —-1920 O

1 0 -960 0 4160 0 —8128
5/4 0 192 0 -1920 O 8192 0
3/2 0 1440 0 —8128 0 27040

Table 26. The coefficient matrix b;; for the E; of 6d su(3)?) theory with n = 1.

g\v| 1 2 3 4 5 6
0 14
1/2| —112 128 896 896 —5376  —29568

1 504 —2212 224 10768 12152 —66528
3/2| —1680 11648 —24416 —16000 98672 130048

2 | 4620 —41496 148526 —198688 —212310 751104
5/2|—11088 118272 —557088 1380736 —1323168 —1918080

3 | 24024 —290136 1629600 —5386024 10423952 —7603608

Table 27. The coefficient matrix b;; for the E; of 6d s0(8) theory with n = 1.

twisted elliptic blowup equations, we compute its twisted one-string elliptic genus E; to the
order ¢°. We summarize the Fourier coefficients b;; in table 27.

The leading ¢ order of the NS-R sector should give the 5d s0(7) + 3S theory whose 5d
partition function can be computed by localization [62] or 5d blowup equations [49]. We use
the localization formula in [62] to compute the 5d one-instanton partition function as

Z30(D+38 It 11905 4 50405 — 168007 4 462005 — (4.59)
(v41)8

One can see these coefficients are in agreement with the red numbers in table 27. The

leading ¢ order of the R-R elliptic genus should give the on-instanton partition function of 5d

50(7) + 3V + 3S theory whose v expansion coefficients are colored orange. We are not aware

that any other method can compute the partition function of 5d s0(7) + 3V + 3S theory.

n = 1,50(8)3). The Z3 twist of 6d (1,0) s0(8) + 3(V + S + C) theory has low energy
gauge algebra G = G5 and twisted matter content 370+ 7, /3 + Tg/3). The circle reduction
gives the bd G2+ 3F theory. From the unity twisted elliptic blowup equations, we compute its

16/3  We summarize the Fourier coefficients

twisted one-string elliptic genus [E; to the order ¢
bij in (g,v) expansion in table 28. The leading ¢ order of the R-R elliptic genus should give
the 5d partition function of Go + 3F theory. We compute the 5d one-instanton partition

function of Gy + 3F theory from the localization formula in [62] as
7G2+3F —02 4+ 7010 4 1407 — 11908 + 27407 — 35000 + 27405 — 1190 + 1403 + 702 — 1
' (1—v%)°
= —1+ v + 140 — 98v* + 3580° — 9730° + 221207 — 44520° + 81960° — . ..
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aw[2 3 4 5 6 7 8 9
01

1/3/0 28 176 —1448 5488 —15148 34720  —70224
2/3| 0 —42 308 1498 —12712 48230 —133028 304682
10 14 —784 2472 10304 —85456 319712 —874888
4/30 0 770 —7630 16226 59970 —480164 1763734
5/3[0 0 —384 9793 —54080 91168 306432 —2363200
2 10 0 77 —8246 79058 —316218 452881 1409772
7/3/0 0 0 4802 —79856 497280 —1603616 2035490
8/3/0 0 0 —1716 62083 —557458 2643312 —7287124
310 0 0 273 —38304 498064 —3169600 12400754

Table 28. The coefficient matrix b;; for the E; of 6d s0(8)® theory with n = 1.

One can see these Fourier coefficients are in agreement with the orange numbers in table 28
up to the first gauge singlet 1. On the other hand, the leading q order of the NS-R elliptic
genus gives the 5d one G5 instanton Hilbert series, as shown from the red numbers which
are the XSGQ characters. The subleading ¢ order of the NS-R elliptic genus has coefficients
_X?inexf';(()?()))) colored in blue in table 28. These are the first excited states with KK charge
1/3 above the NS-R vacuum.

5 Modular bootstrap of the twisted elliptic genera

In this section, we utilize the modularity of elliptic genera to obtain some all order results
beyond the ¢ expansion. This compensates the results of twisted elliptic genera for n = 1,2
twisted theories where from elliptic blowup equations we can only solve E; as g expansion
but cannot have a compact formula. The modular bootstrap approach views the elliptic
genera as Jacobi forms on certain modular groups, and utilizes the finite generation property
of modular forms and Jacobi forms to obtain a compact modular expression of elliptic genera
which works for all ¢ orders.

5.1 The modular ansatz for twisted elliptic genera

For a 6d (1,0) SCFT with gauge group G and tensor coefficient n, the modular ansatz for its
reduced one-string elliptic genus was proposed by Del Zotto and Lockhart in [31] as

N(r,e4)

El (Ta €+) = :
7712(11—2)—4—%246“71 ¢7271 (7.’ 26+)hé71

(5.1)

Here all gauge and flavor fugacities are turned off, and only e, serves as the elliptic parameter
of the Jacobi form. The 4,1 comes from the special phenomenon of n = 1 theories, where the
leading g order of elliptic genus is always trivial, and the 5d theory information only emerges
from the subleading q order. Utilizing several other constraints, mostly from the universal
features of the leading order of R-R and NS-R elliptic genera, [31] successfully determined
the modular ansatz for most rank-one theories. The modular ansatz for several remaining
theories was determined in [43] with the help of elliptic blowup equations.
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We would like to find a generalization of (5.1) for the reduced twisted one-string elliptic
genera. An inspiration comes from the recent study on the modularity of topological strings
on N-section Calabi-Yau threefolds [16, 20, 21]. The modular ansatz for the topological string
partition function on such geometries was first proposed in [16]. Combining (5.1) and the
results in [16] together, we propose the following modular ansatz for the reduced one-string
elliptic genus for twisted 6d (1,0) theories with twist coefficient N = 2,3, 4:

N(T7 €+)
Bai(r,e4) = 12(n—2) 44246 T \s hg=17 (5:2)
n w1 AN (F )50 —2,1(T,2¢4) ¢
with
s = N (c—n_2—5 ) (5.3)
T N1 2 wt) ‘

Recall the ¢ is the ¢ constant of twisted theories defined in (2.21) that depends only on the
tensor coefficient n and twist coefficient N. The Agy are some I'g(IN) cusp forms defined in
appendix B. The numerator N (7, ey ) is of weight 6(n — 2) + 2Ns + 12,1 — 2hVGo and index
A(hg —1) +n — h¢. The N(7,€;) usually has fractional ¢*/N orders thus it is convenient to
scale ¢/ to q. Then we expect N(NT,e,) to be a T'1(N) weak Jacobi form with positive
integer index. By the finite generation property of weak Jacobi forms [70]:, we have

N(Nt,ep) € My (N)[p—21(NT,€1),¢01(NT,€4)]. (5.4)

Here M,(N) denotes the ring of modular forms on I'i(N). The ¢_21(7,2) and ¢o (T, 2)
are the well-known Eichler-Zagier generators for weak Jacobi forms whose expressions are
collected in appendix B. The s here measure the difference between the twisted ¢ constant
and the untwisted one and is related to a geometric quantity rg = Ns which is always
integral [16]. Interestingly, we find that except for the n = 1,50(8)(® twisted theory, the
modular ansatz of all twisted one-string elliptic genera encountered in the current paper
satisfy a bigger congruence subgroup that is I'o(N). We collect the definition and modular
generators for I'o(N) and I';(N) in appendix B.

Some more explanation for the N = 4 cases are needed. We notice that for some
theories with twist coefficients 4, it is possible that besides the I';(4) elements from Ag,
there can be extra I'1(2) elements. In such case, the Ag(7)° in (5.2) need to be extended
to Ag(7)* A4(7)*. This suggests that the associated Calabi-Yau geometries contain both
4-section and 2-section components.

We collect in table 29 the relevant data for the modular ansatz for all rank-one twisted
theories. The # means the number of independent parameters to be fixed in the numerator
N. The n = 2,50(12)(2) theory is marked with * because we do not have enough data to fix
the modular ansatz, as it involves half-hyper. Except for this theory, we successfully fix its
modular ansatz for all other theories in table 29 and check the ansatz against the results
from twisted elliptic blowup equations to high ¢ orders.

5.2 Computational results

We pick some interesting theories to explicitly show the modular ansatz results. The results
for other theories in table 29 can be shared to interested readers upon request.
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n| G G N c s weight | index #
6| EP | F 2 | 5/4 —3/2 0 26 | 196
5| BP | Ry 2 | 3/2 0 0 25 | 182
2 | 3/4 | —3/2 —6 25 | 144
4| D |Gy 3 5/9 | —2/3 0 10 | 44
4| D? | By 2 | 3/4 | -1/2 0 14 | 64
4| p? | B, 2 | 3/4 ~1/2 —4 20 | 100
4| D¥® | Bs 2 | 3/4 ~1/2 8 26 | 144
4| D¥® | B 2 | 3/4 ~1/2 —12 32 | 196
4| D, |B.is 2 | 3/4 | -1/2 —4r | 144 6r
1| B | R 2 | 1 0 —6 24 | 132
3049 | o 4] 5/16 | -1/4 0 4 15
3| D | By 2 | 1/2 0 —4 13 | 42
3| D |Gy 3] 1/2 0 —2 9 30
21 AP | oy 2 | 1/4 1/2 —2 4 6
2| AP | 4| 3/16 1/4 —2 3 6
Cro—om | 4 | 3/8 1/2 0 3 10
2| A9 | ¢, 2 | 1/4 1/2 —4 6 9
21 AP | c, 4| 3/16 1/4 —4 5 10
Copmoe | 4| 1/2 | (1/2,1/2) | 0 5 21
2| A% | ¢y 2 | 1/4 1/2 —6 8 12
2| AP | c, 2 | 1/4 1/2 —2r | 2r 42
2| 4D |, 4] 3/16 1/4 —or | 2r+1
Or,G:O/ﬂ' 4 % + % (%a T;Ql) 0 2r+1
2| D | Bs 2 | 1/4 1/2 -8 12 | 2
2| ¥ | Gy 3| 4/9 2/3 —4 8 19
2 | ¥ | B, 2 | 1/4 1/2 —12 18 | 49
2 | ¥ | Bs 2 | 1/4 1/2 —16 24 | 81*
2 | EP | Ry 2 | 3/4 3/2 ~12 22 | 81
1] AP | ¢ 2| 0 -1 0 0 1
149 | o 4| 1/16 | (=5/4,2) | 0 2 6
1| DP | Bs 2| 0 -1 -8 11| 20
1| D |Gy 3 7/18| -—1/6 -3 7 15

Table 29. Data of I'; (N) modular ansatz for the twisted one-string elliptic genera of twisted 6d (1,0)
rank-one theories. For N = 4, the (s1,s2) means that the denominator contains Ag(%)**A4(F)%* and
only one s means the (s,0).
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n = 3,5u(3)@. For 6d pure su(3)? theory studied in section 4.2.1, let us first discuss
the sp(1)op case. From the general formula (5.2), we have the following modular ansatz for
its reduced twisted one-string elliptic genus
1
Ag(T/4)IN(T,¢€
E1(7—7 6+> = 8( 8/ ) ( +) : (55)

N(T)¥¢—21(7,2¢4)
Here N (1,€ey) is of weight 0 and index 4. Interestingly, we notice that in this case the
Ag(T/4)i has taken care of all the I'g(4) elements such that N'(7,e,) contains no ¢'/4+"/2
orders, i.e., N'(27,€e.) is a T'g(2) Jacobi form. Using the generators Fy(7)?), E4(27) and

$—21(27,€4), ¢00,1(27,€4) given in appendix B, there are 9 parameters to fix the ansatz of
0,1,2

N (27,¢e4+). We find the ansatz can be determined by the known Fourier coefficients of ¢
of N(21,e4) as

N(@2rer) = —10;68 ((= 4B +18E4(B)? — 9ED) oLy + 2B (2(ES)? - 9E1) ¢ 560
— 6((ESY)? — 3Ex) 6208 — 2B 6267 — 6. (5.6)

We then check the modular ansatz results to ¢® order. Here ¢_o, ¢ are the short notation
of ¢_21(27,€4),00.1(27,€4). On the other hand, if we regard N (47,¢e;) as a I'g(4) Jacobi
form, there will be 15 coefficients to fix N (47, €4 ) using E§2) and E§4) given in appendix B
as modular generators. For the sp(1), case, the modular ansatz takes the same form as (5.5)
and the NV (7, ey) is still of weight 0 and index 4. Amusingly, we find in this case the N (27, e4)
is again a I'g(2) Jacobi form which we determine to be

1 2
N7 e) = =12 ((2(BS) = 8E1)6%5 + 28576260 — 65) (5.7)

This numerator is still fixed by the known Fourier coefficients of ¢*1'? and then checked to
¢® order against the twisted elliptic blowup equations.

n =4,50(8)®. For 6d pure s0(8)? theory, from the general formula (5.2), we have the
following modular ansatz for its reduced twisted one-string elliptic genus

Ay(7/2)3N (7, 1)
n(1)20p_o1 (7, 2e4)%

Here N (7, ey ) is of weight 0 and index 14. Based on the relation between twists and modularity,
the N (27, ¢, ) should be a T'g(2) Jacobi form. Again using the generators Fo (7)), E4(27)
and ¢_21(27,€1), ¢0,1(27, €4 ), we find there are 64 coefficients to fix N (27,€e4). They can
be fixed from the known Fourier coefficients up to ¢”. We have

Ei(7,eq) = (5.8)

1 2
N(2T’ 6+) - 160489808068608 ((2(E§2))2 - 3E4)¢%2 + 2E§ )¢—2¢0 - Qb?)) ((64(E§2))12
— 672E4(E)10 + 3024 E2(ES?)® — 9072E3(EP)S + 17982 B4 (ES?))*

— 1506655 (ESY)? + 5103E5)¢'% + 657 (64(ES”) ™ — 800E4(E5Y)®
+ 3456 B3 (BSY)® — 5616 B3 (BSY)* + 2268 B4 (B )? — 1053B5) ¢t o
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—18(64(ES?)10 — 720, (EP)® + 2544E§( EN6 — 2340 E3(EY)*

— 1836 EX(EP)? + 513E) 6% 02 + 2B (1696(EY)® — 18000E,(ESY)S

+ 64368 E2(E)* — 77760 E3 (ES)? 4+ 1701E8) 62 568 — 9(80(ELY)®

— 1648 E4(ES?)6 + 8316 E2(EP)* — 12276 B3 (ESY)? — 945E1) 8, 48
+108ES? (8(EP)S — 12E4(E)* + 332E2(EP)2 — 597E2) 67 400
+12(128(ES?)S — 690, (ES) + 846 E2(ESY)? + 675E3) ¢ 568

+36 B2 (8(EP)* + 8E4(ES?)2 — 63E2) 0 007 + 135(2(ES)* — 6 B4 (EP)?
+ 7E2) ¢ o8 + 2P (52(EP)2 — 123E4) 67 50 + 6(8(ESY)? — 19E,)¢% 5
+ 18EY) ¢_agb! + 7¢02). (5.9)

We then check the modular ansatz results to ¢'° against the 2d localization formula and
find perfect agreement.

n =4,50(8)®). For 6d pure 50(8)®) theory, from the general formula (5.2), we have the
following modular ansatz for its reduced twisted one-string elliptic genus

Ag(7/3 %./\/ T, €
Ei(r,eq) = 77(:)(20/¢_)2’1(7i 261))3. (5.10)

Here N (7, €4 ) is of weight 0 and index 10. The NV (37, €1 ) should be a T'y(3) Jacobi form. Using
the generators Fo(7)®), F4(37), Eg(37) and ¢_o1(37,¢4), ¢0.1(37,€4) given in appendix B,
we find there are 67 coefficients to fix N (37,e4). We find they can be fixed from the
data up to ¢” up to the vanishing relation (B.9), which involve in total 44 independent
parameters. We obtain

N(3T,e4) = (2268(ES)? — 14661 E4(ES)T + 20880 Eg(ELY)®

m(
— 25560 E4Eg (ES)* + 22176 E2(ESY)? — 7488 B, E2ESY + 2560E3) 61,
+12(39(ES)? — 252E4(E§ N7 4 300E(ESS — 548, Eg(ES)*— 96 E2(E(Y)?
+ 964 E2ESY — 128E3)6° 500 + 27(39(ESY)® — 252, (ESY)S + 344 E4(EY)
— 336E,Eg(EY)? + 256 E2(ES))? + 64E,E2) ¢ 502 + 24E5Y (18(E(Y)0
— 1TE{(ES) + 9386(BES))? + 234 B, BgESY) — 416E2) 7 408 — 126(6(ES))°
— 39E,(ES + 48 E6(EY)? — 28B4, EgESY) — 16 E2) 65 40k — 15126, Eed® 500
+42E) (3(BY)? — 18, ESY + 20Eg) ¢ 006 + 12(ESY By — Eg)? 407

+2TE162 005 — 4B ¢ 207 — 305°). (5.11)

Here ¢_2, ¢p are short for ¢_o1(37,€4),¢0.1(37,e4). We then check the modular ansatz
results to ¢'® against the twisted elliptic genera solved from the recursion formula.
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n==a6, Eéz). For 6d pure Eé-2) theory, the general formula (5.2) gives the following modular
ansatz for its reduced twisted one-string elliptic genus

Ay(7/2)2N (7, 1)
n(T)¢_91(7,2e4)%

Here N (7,€4) is of weight 0 and index 26. The N (27,¢;4) should be a T'y(2) Jacobi form.
Using the generators Ey(7)(?), E4(27) and $—21(27,€4),¢00.1(27,€4), we find there are 196
coefficients to fix AN(27, ¢, ). Indeed we find they can be fixed from the data up to ¢'3. We
then check the modular ansatz results against the twisted elliptic genera solved from the

Ei(r,eq) =

(5.12)

recursion formula to ¢**. The explicit formula for A'(27,€.) is too long to show here.

E-string. The elliptic genera of E-strings have been studied in [57, 71-74]. For a 6d
theory with trivial gauge group in the tensor branch, there is no discrete symmetry from the
automorphism of the gauge algebra. However, one can still consider discrete symmetries of
the flavor algebra. A typical example is the E-string theory, where the flavor symmetry is the
exceptional group Ejg, for which we may find a rich class of discrete subgroups. The twisted
circle compactification with such a discrete symmetry shall lead to a theory whose partition
function is the same as the partition function of E-strings on a circle with a special choice of
the Wilson line parameters. At first glance, it looks like these theories are boring, but as have
been studied in [16, 20], their geometries, which are genus-one fibrations with N-sections,
have very rich structures. Thus it is worthy to have a study on them. For example, let us do
a Zo twist to E-string theory formally. The twisted one-string elliptic genus is just

1 (2,3),(3,2) 4 8 )
Ei(r, €4, m;) = 3 11 H (5.13)
(r,5)=(1,4),(4,1) i=1 j=5

Turning off the flavor parameters, the reduced twisted one-string elliptic genus is independent
from e and has the following nice modular ansatz as a special case of our general formula (5.2):

0304 _ 16A4(3)

Ei(r,e4) =
TR 78

(5.14)

It is easy to prove this identity. This has been also studied in the setting of Calabi-Yau
threefolds with 2-sections in [16].

n= 2,5u(2)(2). This case is similar to the E-string theory, where the Zy twist is only
performed on the flavor parameters. From the general formula (5.2), we find the following
modular ansatz

N(T €r)
() ~404(3)2 21 (7, 264)

Here N(7,€4) is of weight —2 and index 4. In the case, the N (27,¢ey) is a T'g(2) Jacobi
form. We fix it to be

2
864

Ei(7,e4) = (5.15)

N@rep) = 2 (B 65 — g0) (2(BP)?6%, — 3Eugy + 2B 606 2 — 63) . (5.16)
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Recall ¢_9 and ¢g are short for ¢_o1(27,€1), ¢0,1(27,€4). We have checked this modular
ansatz against the localization formula (4.38) to O(¢?°). In fact, we find an even simpler
form for the numerator:

N(2rey) = 26 a(e)h(ePh(2er),  hrz) = B2 (5.17)
04(27)
Here we notice that
EP) ¢y — gy = —12h(es)?, (5.18)
2(E))26% ) — 3E46% + 255 dod_s — 6F = —144h(2¢5.). (5.19)

In summary, we find the following compact formula for the twisted one-string elliptic genus:

O(7)03(7)n(7)04(T,2¢4) _ 21
O (7, €4)205(T,€4)? n(

& 04(7,2€4)

B (r
Ei(r,e4) = 5)2 027, €4)203(T,€4)?

(5.20)

n = 2,5u(3)®. From the general formula (5.2), we have the following modular ansatz
for its reduced twisted one-string elliptic genus

N(1,ey) .
()4 As(7/4)T6_01(7, 2¢4)

Ei(r,e4) = (5.21)

Here N (7, ¢, ) is of weight —2 and index 3. We find that unlike the pure su(3)?) case, now
the NV (7, €;) does contain quarter ¢ orders. Therefore, there is no longer simplification to
I'(2), i.e., the N(47,€e1) should be a genuine I'g(4) Jacobi form. Using the I'g(4) modular
generators Ey (7)), E§4) (1) and ¢p_o1(47,€4), P0,1(47, €4) given in appendix B, we find there
are 6 parameters to fix the modular ansatz. By the known coefficients of NV(47,€4) up to
¢%, we determine it to be

N(4r,eq) = ¢ (( ) 4 3E2 Nep_o — 4¢ho) (( — 3E Ne_o+ 2¢0). (5.22)

288

Here ¢_5 and ¢q are short for ¢p_o1(47,€4), ¢po1(47, €4). We then check the modular ansatz
against the results from blowup equations to ¢'6. In fact, we observe an even simpler form
for the numerator:

94(27’, Z)

N@r,e,) = —4¢_o1(41, e )27, e4)?h(T,er),  h(r1,2) = b2 (5.23)

Here we notice that
(B — 3B\ ¢_o + 200 = 24h(27,€,)2, (5.24)
(B 4+ 3E)p_y — 4¢g = —48h(7,¢y). (5.25)

In summary, we find the following compact formula for the twisted one-string elliptic genus:

04(3,¢1) (em, €4)0a(r, e+>)? (5.26)

4n(3)?
Ei(r,e4) = ?%)294(%) 01(7,2€4)04(T)
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n = 2,5u(5)®. From the general formula (5.2), we have the following modular ansatz
for its reduced twisted one-string elliptic genus

N(T7 EJr)
N(r) 1 As(r/4)5 d-2. (7, 2¢4.)?
Here N (7,¢€4) is of weight —4 and index 5. We find the N (47, 1) should be a I'g(4) Jacobi

form. Using the T'g(4) modular generators Es (7)), E§4) (1) and ¢_o1(47,€4), ¢0,1(47,€4),
we find there are 10 parameters to fix the modular ansatz. By the known coefficients of

Ei(r,eq) = (5.27)

N(4r,ey) up to ¢*, we determine it to be

b
1728

D _3EM)gos +200)°.  (5.28)

N(dr,ep) = 625 ((ESY + 3ESY)p_s — 4gbo) ((ES
Here ¢_5 and ¢q are short for ¢_o1(47,€4), ¢o,1(47,€4). We then check the modular ansatz

against the results from blowup equations to ¢'2.

n= 1,5u(3)(2). The twisted one-string elliptic genus has been solved from blowup equa-
tions in early sections and the Fourier coefficients have been shown in table 26. From the
general formula (5.2), we have the following modular ansatz

AL (/N (s
P/ )6 1(r,265)

Here N (7, €4 ) is of weight 0 and index 2. Note there are both Ag and A4 which indicates that
both T'y(4) and T'x(2) play a role. The N (47,¢4) is a genuine T'g(4) Jacobi form. Using the
I'o(4) modular generators Fy (7)), E§4) (1) and ¢p_21(47, €4), Po,1(4T, €4 ) given in appendix B,
we find there are 6 parameters to fix for the modular ansatz of N (47, e1). Indeed, they are

Ei(r,e4) = (5.29)

fixed by the known ¢%? coefficients. We have
4
N(dr ey) = 5By 6 (B — 33" )bz + 200). (5.30)

Here ¢_5 and ¢q are short for ¢_o1(47,€4), ¢po1(47, €4). We then check the modular ansatz
against the twisted elliptic genera solved from blowup equations to ¢'% order.

n = 1,50(8)®). In the end we show one example of Zs twist which is the only case we
encounter in the current work that the modular group must be I'y (IV) instead of I'g(/N). This
is the 50(8)(3) theory with n = 1. The general formula (5.2) gives the following modular
ansatz for its reduced twisted one-string elliptic genus

Ng(7/3)5N (7,1
n(T)8¢_2.1(7,2¢4)3"

Ei(r,eq) = (5.31)

Here N (1,€ey) is of weight —3 and index 7. Due to the odd weight, the N (37, e4) must be
a T'1(3) Jacobi form instead of a T'g(3) one. Using the generators Eo (7)), Ey(37), Eéa) (1),
Eéb) (1) and ¢_21(37, €4), ¢0,1(37, €4) given in appendix B, we find there are 26 coefficients
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to fix N(37,e;). Indeed they can be fixed from the data up to ¢> up to the vanishing
relations (B.12). We have

N 6
(87.€4) =~ Te5604

+6(17(EP)PES — 342(ESVPEY + 45 B,E8 BN + 16(E)3) 63 500
- 27(21(E§3>) B — 72BN ED + 11E,E8) 02,62 + 36 ESY) (19 EL
+69E)p_o0d — 18(11ELY + 189E )¢0) (5.32)

(Eé?’) (19(E(3))3E(a) 4 450( (3))3E(b) 45E4E(3)E(a) _ 64(E(‘1))3)¢4£2

We then checked it to ¢'' order against the twisted elliptic blowup equations and found
perfect agreement.

5.3 Full modular ansatz with gauge fugacities

It is also interesting to consider the full modular ansatz with gauge fugacities. For untwisted
6d (1,0) SCFTs, this has been studied in [30] for pure su(3) and so(8) theories, see also [32, 75].
The denominator of the modular ansatz of reduced one-string elliptic genus involves the block

T 61(ma£26y). (5.33)
a€AT(G)

This is natural as all the poles of elliptic genera are associated to the 5d states related to
the long roots of G. Analogously for twisted theories, given the understanding on 5d circle
reduction theory, it is reasonable to expect the denominator of the modular ansatz for twisted
one-string elliptic genera involves the block

T 61(ma£26y), (5.34)
aEA?‘(é)

where Al+ is the long positive roots of G. More precisely, we propose the following full
modular ansatz for the reduced one-string twisted elliptic genera:

N(T7 €+, M, mF)
120242801 Ny (£) Ha€A+ = 1/2(ma £ 2e1)’

Ei(7, €4, mg,mp) = (5.35)
where the s is defined the same as in (5.3). The ¢_y1/5(7,2) := $—21(7,2)"/? is a Jacobi
form with weight —1 and index 1/2. The weight and index of N (7, €4, mg, my) should be
coordinated with the weight 0 and index (2.41) of the Ei(7, ey, mg, mp). In general, for
twist coefficient N, the N (N7, e, ,mz, mg) should be a I't (V) Jacobi form of multi elliptic
variables. In principle, one can fix the numerator by the M,(N) modular generators, the
¢—21(NT,€4), ¢0,1(NT, €4 ) generators, the generators of G Weyl invariant weak Jacobi forms
and the generators of F Weyl invariant weak Jacobi forms all together.

We give a simple example here, which is the pure 5u(3)(2) theory with n = 3. The
low energy algebra is G = sp(1). We have the following anstaz for the reduced one-string
elliptic genus with sp(1) fugacity m as

El (T’ €+, m) =

(5.36)
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Here N (7, €4, m) has weight 0 and index 4 for €4 and index 1 for m. We find the NV (47, ey, m)
is a I'g(4) Jacobi form with two elliptic variables. Using the I'g(4) modular generators
E2<T>(2),E§4)(T) and ¢_21(47,€4),00,1(47,€4) and ¢_o1(47,m), po.1(47,m) given in ap-
pendix B, we find there are 35 parameters to fix for the modular ansatz of N (47, ey, m).
Indeed, they are fixed by the known coefficients up to ¢°. We have

_ 1 @) (4) (2)\4 (@) (213
N (47, eq,m) _m((5E2 —9E)p 5 + 400 ) (BS)* + 636 ES7 (BSY)
— 3834(ESN2(EP)? 4 8316(EY )P ESP — 6399(EM )t , — 16((ESY)3

—117ESY(EP)? + 567(E§4))2 @ _ 675(EM)3) 03 0 + 96((E§ )2
+30E5V ESY — 63(ESY)2) 0 507 — 256(E5” — 3E5) -0 + 25603 ).

Here ¢_9, ¢ are short for ¢_o 1(47,m), ¢o 1(47,m), while ¢_o, ¢ are short for ¢_o1(47,€4)
and ¢g 1(47, e4). We then check the modular ansatz against the twisted elliptic genera from
2d localization formula to ¢'° order. Note in N (47, ¢, ,m) the m and e, dependence naturally
factorizes. This is expected as there is no mey term in its index quadratic form.

6 Twisting from Higgsing

Many twisted 6d (1,0) SCFTs can be Higgsed from untwisted 6d (1,0) SCFTs [38, 39]. Most
previously known examples are recognized from brane webs. In particular, many examples
of twisting from Higgsing of so type with n = 2,3,4 were discussed in [38]. In this section,
we systematically study all possible twisting from Higgsing among rank-one theories and
propose a simple method to obtain the precise Higgsing condition that does not rely on brane
webs, but only on Lie algebra representations and their decompositions.

A primary condition to establish a Higgsing is that the two theories must have the same
tensor coefficients n. Suppose we want to establish a Higgsing from an untwisted theory
with gauge group G to a twisted theory G with low energy gauge group G. Our trick
is to perform the decomposition

G — G X Hies. (6.1)

Here the residue group H,es is either su(2) or so(2) for Zy twist, or su(3) for Zs twist. The
Higgsing to twisted theory can be achieved by discretizing Hieg, i.€., to take its continuous
fugacities as some fractions of 7. In the meantime, some mass parameters of the hyper-
mulitplets of the untwisted theory must be taken as some delicate linear combinations of e
and 7 to produce the correct one-loop partition function of the twisted theory. We find all
previously known examples of twisting from Higgsing fall into this paradigm. For example,
the Zy twisted pure su(3) can be obtained from Higgsing of G2 + F theory. Here we show
this from a purely algebraic viewpoint. Consider the decomposition Go — su(2) x su(2),
we have the following representation decompositions

14— (2,4) + (3,1) + (1,3), 7 —(1,3)+(2,2). (6.2)
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The Higgsing process can be realized by simply discretizing the second su(2), which we have
presented in (2.31). To check the one-loop part, it is only necessary to study the function
flex,ma,mp,q) inside the vector multiplet partition function

f(6+,mG,mF,Q)
PE J A . (6.3)
((qi/2 - )@ -4 —q))

Under analytic continuations, we have

_ GZ m G2

( UX14 T €7 X7 ) Higgsing
A A - — _ A —

~ v (X31 +xa (@t g g 3/4)) +vg~ /2 (le(q1/4_|_q 1/4)> :
A A A

=—v (Xs1 +X21q1/4+><21q3/4).

Here we have dropped those gauge singlets by ~. This computation shows that the Higgsing
indeed gives the required one-loop part of the twisted su(3)) theory.

A known infinite series of twisting from Higgsing is from s0(2k +9) 4 (2k + 1)V to the Zo
twist of 50(2k+8)+2kV with k = 0, 1,2, .... This type of Higgsing has been discussed from the
viewpoint of brane webs in section 5 of [38]. Since the low energy gauge algebra of so(2k +8)(2)
is 50(2k + 7), we can consider the decomposition so(2k +9) — s0(2k + 7) x s0(2). Let us just
regard the s0(2) as u(1). It is useful to remark the following representation decompositions

Adj — (Adj+1)o + Vo, V — Vg + 14s. (6.4)
To be precise, we find the Higgsing condition is

T . T
m; — myj, mj+k—>mj+§, 1=12 ...k, MV — €+ — - (6.5)

My(1) — 2

Here we have used the orthogonal bases of so(2n + 1) algebras such that the character of
vector represention is xyv =1+ > 1 Qiﬂ. During the decomposition my1) = 2log(Qk+4)-
For the one-loop function, we have

(2k+9) (2k+9) ol
50 50 .
( —UXagq; | tXv > eml)

=1 Higgsing
k
2k+7 2k+7) , — — 2k+7 2k+7 :
~ = (g T VT (T2 4 ¢17) +0g AGEET G A 4 g2 S e,
=1
k
— v (Xi((i%k—i-?) + X$(2k+7)q1/2) + X$(2k+7)(1 + q1/2) Zemi‘ (6.6)
=1

This shows that the above Higgsing indeed produces the correct one-loop part of the so(2k +
8)(2) twisted theory. It is also easy to check the elliptic genera obtained from the above
Higgsing is precisely the same with expression from 2d localization.

The Higgsing trees for Zs twisted so theories with n = 2, 3,4 have been mostly studied
in [38] using brane webs. We find more examples by our algebraic procedure, and collect the
n = 4 Higgsing tree in figure 2, n = 3 Higgsing tree in figure 3 and n = 2 Higgsing tree in
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’50(8 +m) + mV‘

50(13) + 5V

Figure 2. Higgsing tree for untwisted/twisted 6d (1,0) SCFTs on with n = 4.

50(12) +5V + 18

l
EBr+ 5F}\L (11) +4V + 18

E6+3F 0(10) +3V+S\ (Ee + 3F)/Zs| |(50(10) + 3V + S) /Zs|
\
J +2V+s
] +V+s+c\ |(50(8)+V +5+C)/Zs| |(s0(8)+V+S+C)/Zs]

5u(3)/Zs|

Figure 3. Higgsing tree for untwisted/twisted 6d (1,0) SCFTs on with n = 3.

figure 4. For Zo twisted so theories with n = 1, it is not easy to find the brane webs. We
use our new method to propose the n = 1 Higgsing tree in figure 5.

Our method can also be used to rule out some potential Higgsing. For example, we
notice that the n = 2, su(N) theory cannot be Higgsed to n = 2, su(N — 1) twisted
theory. The reason is that the Adj and A? of su(NN) always have the same KK charge 0
under representation decompositions, thus can not produce the required one-loop function
of the su(N — 1) twisted theory.

The Higgsing of elliptic blowup equations for 6d (1,0) SCFTs have been discussed in
section 3.3 of [43]. For the twisted cases, the Higgsing is just similar. The Higgsing conditions
can be taken directly in the elliptic genera as well as the (twisted) elliptic blowup equations,
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’50(13) +7V + %S‘

[50(12) + 6V + S 50(12) + 6V + 1S+ 1C|  |(s0(12) + 6V + }S + 3C) /7]

s0(11) +5V +8S

50(10) + 4V + 28| [(Eg + 4F)/Zy| |(50(10) + 4V + 28) /Z,|

[Fy + 3F||50(9) + 3V + 28

[50(8) + 2V + 2S + 2C| [(s0(8) + 2V + 28 + 2C)/Zs| [(s0(8) + 2V + 28 + 2C) /Zs]

su(N) + 2NF|  |s0(7) + V + 48] [(su(N) + 2NF)/Z|
i \
|su(4) +8F| [Gs T AF \’(511(4) + 8F)/Zs|
}
su(3) + 6F |(su(3) + 6F)/Z,]
su(2) 4 4F |(su(2) + 4F) /Z,|

Figure 4. Higgsing tree for untwisted/twisted 6d (1,0) SCFTs with n = 2.

50(12) + TV + 38 | [50(12) + TV + S + C |

|Er+IF|_ |s0(11) +6V + 38

l

Es + 5F| [50(10) + 5V + 38 [ [(Es + 5F)/Zs]  [(s0(10) + 5V + 38)/Zs |

[Fy + 4F|| 50(9) + 4V + 38

[50(8) + 3V +3S +3C| |(s0(8) + 3V + 38 + 3C)/Z,| [(s0(8) + 3V + 38 + 3C)/Zs|

[50(7) +2V +68S |
(su(3) + 12F) /Z, |

Figure 5. Higgsing tree for untwisted/twisted 6d (1,0) SCFTs on with n = 1.
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at least for the unity ones. It is easy to check that the characteristic a and value y of elliptic
blowup equations are consistent with the Higgsing.

In the following, we pick some interesting examples of twisting from Higgsing to show
our algebraic approach and give the precise Higgsing conditions.

6.1 Higgsing from untwisted to twisted theories
6.1.1 E; — E®

A series of interesting examples of twisting from Higgising is the E; — E(()-Q) type for
n=26,5,4,3,2,1. Let us start with the simplest case n = 6, i.e., Higgsing £7 + F — Eé2). The
flavor algebra of E7+F theory is 50(2)12. To write down the precise Higgsing condition, we first
decompose E7 — Fyxsu(2). It is useful to remark the following representation decompositions

133 — (1,3) + (26,3) + (52,1), 56 — (1,4) + (26, 2). (6.7)
We find the Higgsing can be taken by discretizing the su(2) into Zs:
T T

9’ Mgo(2) —> €+ — - (68)

Mgy(2) — 4

It is easy to see that upon this condition the elliptic genera index of E7 + F from (2.40)
Ea(€1, €2, MB7, Mao(z)) = —14de2 + er69(3d* — 2d) + d (—=3(m, m) g, + 6mZyp))  (6.9)
indeed goes to the index of twisted elliptic genera of Eé ) theory from (2.41)
Ea(e1, e2,mp,) = —8de + e1e2(3d* — 2d) + d(—3(m, m)r,). (6.10)

To check the one-loop function, we have

E7 mg E7
(_UX133 te 0(2)X56> Higgsing

~—u (X5F§ B 1+ q—1/2)> + vg /4 (X i(qM +q 1/4)) , (6.11)

—v (xEs + x54a"?)
Here we have droped those gauge singlets.

For n = 4, we can Higgs F;+2F — (E+2F)/Zs. The Higgsing condition is precisely (6.8)
combined with m; o(2) = Map(1) + 7 /4. For the one-loop function, we have

( UX133+emsn<2)X te 50(2)X ) Higgsing
~ =V <X52 + x5 i(q 124114 1/2)) + (vg~ V4 4 €M gt/ (Xgé(q1/4 + q—1/4)) . (6.12)
= v (53 + xz80"/%) + €m0 (351 +a'%))

The same applies to all Higgsing

8 _
Er+ T“F — (B + (6 —)F)/Z,  n=06,4,2. (6.13)
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For odd n, the Higgsing is a bit unorthodox as the twisted theory has unpaired matter
content. Under the above procedure, the %56 with zero mass should produce a 26 with
a quarter KK-charge and zero mass.

As a final remark, some 6d Eéz) theories can also be Higgsed from conformal matter
theories. For example, it was found in [39] that the n = 2, Eéz) theory can be obtained from
a special Higgsing of the minimal (E7, F7) conformal matter theory, while the n = 5, Eéz)
theory can be obtained from a special Higgsing of extended (E7, E7) theory.

6.1.2 Eg — s50(8)®

One more interesting example of twisting from Higgsing is for the Zs twisted theories. In [39],
it was found that the n = 4,50(8)(3) theory can be obtained from a special Higgsing of the
minimal (Eg, Eg) conformal matter theory, while the n = 2,50(8)®) theory can be obtained
from a special Higgsing of non-minimal (Eg, F)2 conformal matter theory. We notice that in
general, the rank-one s0(8)®) theory can be Higgsed from the rank-one Fg theory with the
same tensor coefficient n. Let us first consider the n = 4 case, i.e. Higgsing Fs + 2F to pure
50(8)(3). To write down the precise Higgsing condition, it is useful to consider decomposition
Es — su(3) x Ga. Remark that

78 — (8,1) + (8,7) + (1,14), 27 — (6,1) + (3,7). (6.14)

We then observe that the Higgsing to twisting can be achieved by discretizing the su(3)
into Z3 by the following condition

(3

su(3) T T
m17273 % 0’ :l:i’

3 M1 = €ty €4 — 3 (6.15)
It is easy to see that upon this condition the elliptic genera index of Eg + 2F from (2.40)
Eq(er, €2, mpg, mi2) = —14de + e162(3d* — 2d) +d (—3(m, m)es + 6m§0(2)) (6.16)

indeed goes to the index of twisted elliptic genera of 50(8)®) theory from (2.41)
Ei(e1, e2,ma,) = —8de’ + e1e2(3d” — 2d) + d(—3(m, m)g, ). (6.17)

For the one-loop function, we have

(—oxas + (@™ +emngg) |

iggsing
~ — (X1GZ + x$2(2 +2¢*1/3 + qﬂ/g)) + (vq*1/3 +v) (X$2(q1/3 +1+ qil/g)) . (6.18)
= —v (x§ + X2 (¢ + %) .

This shows that the Higgsing indeed produces the correct one-loop function of pure 50(8)(3)
theory.

For n = 3, we can Higgs Fg + 3F — (s0(8) + V 4+ S 4 C)/Zs3. The Higgsing condition is
precisely (6.15) combined with mg = mgy(1) + 7/3. For the one-loop part, we have

_ Fg mi mao ms Fg
(—oxag + (e e e gy ) |
~ =0 (X5 + T2 205+ ) 4 (0g 7P w4 e ) (¢ 14 g NG

= —v (X1G42 4 X$2(q1/3 + q2/3)) + emsp(l)X$2(1 + q1/3 + q2/3).
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The same applies to all Higgsing to twisting
Es+ (6 —n)F — (s0(8) + (4 —n)(V+S+C))/Zs, n=4,3,2,1. (6.19)
6.1.3 s0(7) — su(4)®

Consider the n = 2 Higgsing from s0(7) +V 448 to the Za twist of su(4) 4 8F. This twisting
from Higgsing has been found in [38] from brane webs. Here we adopt a purely algebraic
approach. Let us consider the decomposition s0(7) — sp(2) x s0(2). Regarding the s0(2)
as u(1). We have the following representation decompositions

21 - 19+ 52+ 5_9+ 10g, 7— 12+ 1_2+ 5, 8 ~>4,+4,. (620)
We find the Higgsing to twisting can be achieved by discretizing the u(1) by the following
condition
T T T .
My(1) — 7k my — €4 — 3 mig — M4+ 1 1=1,2,3,4. (6.21)

For the one-loop part, we have

4
( oo gm0 g D) 3 emi,s)
=1

4
~ v (Xsipo(z) + X;P(Q)qil/Z) + vq71/2X55n(2) + (q71/4 + q1/4)Xs4p(2) Zq1/4emi,47
i=1

Higgsing

— (Xﬁlp()(Q) + X?,p<2)q1/2> + ( sp(2) 1/2> Z emia
Thus we successfully reach the one-loop function of the Zg twist of n = 2, su(4) + 8F theory.

6.2 Higgsing from twisted to twisted theories

Let us consider a chain of Higgsing n = 2, su(N)® — su(N — 1)), From (2.41), we can
easily write down the modular indices of the su(N) theories. For both N = 2r + 1 and
N = 2r cases, we have

Ed(el, €2, Mgp(r) s m5p(N)) = —Ndﬁa_ + d2€162 + d( m m sp(r) T Zml N) (6.22)

Consider the Higgsing from su(2r + 1)) — su(2r)). The low energy gauge group sp(r)
remains the same upon the Higgsing. However, the number of fundamentals gets reduced.
We propose the Higgsing condition to be

Mors1 — €4 + =, my—mi, i=1,2,...,2" (6.23)

4
Obviously, this Higgsing condition gives the correct modular index in (6.22). For the one-loop
function, we have

2r+1
( —v (XRG +x@ @+ N + W) g1+ ¢ Y 6"”)
=1

Higgsing

2r
— (Xigpélz) 4 XAér) 1/2) 4 X;p(r)(l 4 q1/2) Zemi'

This gives exactly the one-loop function of su(2r)®) twisted theory.
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Now consider the Higgsing from su(2r)?) — su(2r — 1)(?). The low energy gauge group
reduces from C). to C,_1. Let us consider the natural decomposition C, — C,_1 x su(2). It
is useful to remark the following representation decompositions

Adj — (Adj,1) + (F,2) +(1,8), F— (F,1)+(1,2), A®— (A%1)+(F,2)+(1,1).
We find the Higgsing can be taken by discretizing the su(2) into Zs:

-
Mgy(2) —

= m2r—>e+—£, mi —my, i=1,2,...,2r — 1. (6.24)

Obviously, this Higgsing condition also gives the correct modular index in (6.22). For the
one-loop function, we have

2r
( =0 (R A ) @) Y em)
i=1

~ (Xi’fff}_l) + X?(T—l)(qfl/z; +2q /4 4 B4 + Xjfér—l)ql/Q) i X;f(?“)(l + qM/2)ug 1/

Higgsing

2r—1

g4V S e
=1
. ) ) . 2r—1
= —o (XX HETT @+ ) V) BT+ g D e
=1

This gives exactly the one-loop function of su(2r — 1)(2) twisted theory.

7 Summary and outlook

In this paper we studied the 2d (0,4) SCFTs of BPS strings associated with the twisted
circle compactification of all 6d rank-one (1,0) SCFTs. The twisted elliptic genera of such 2d
theories exhibit many extraordinary properties, which above all are classified by twisted affine
Lie algebras. We established the functional equations of the twisted elliptic genera, called
twisted elliptic blowup equations, which are the generalization of elliptic blowup equations
developed in recent years. This powerful tool enables us to calculate twisted elliptic genera for
most rank-one theories from twisted compactification. Although we focused on the one-string
case, the recursion formula from twisted elliptic blowup equation allows us to compute the
twisted elliptic genera of arbitrary number of strings. We also investigated the modular
ansatz of the twisted one-string elliptic genera and found there is naturally a I'y (V) modular
structure, where N = 2, 3,4 is just the twist coeflicients of the twisted affine Lie algebras.
This is directly connected to the underlying N-section Calabi-Yau geometries, which are
some genus-one fibered Calabi-Yau threefolds, whose blowup equations after converting to
gauge theory language are just the twisted elliptic blowup equations. Our blowup equations
can also solve the refined BPS invariants of these Calabi-Yau geometries.

We further studied the generalization of spectral flow symmetry proposed in [28, 31]
to the twisted case. We found the spectral flow between R-R and NS-R elliptic genera of
one BPS string nicely fits into the twisted situation where the KK charges are naturally
shifted by half. In many cases such as the four pure gauge cases, this implies an extra
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symmetry of the twisted elliptic genera. For theories with 2d localization formulas such as all
n=4,s0(2r + 8)(2) theories, such spectral flow symmetry can be derived explicitly.

In [28], Del Zotto and Lockhart conjectured a surprising relation between the one-string
elliptic genera of 6d (1,0) pure gauge G SCFTs and the Schur indices of 4d N = 2 Hg
SCFTs for G = su(3),s0(8), Fu, Eg75. Though still mysterious, this relation has also been
shown to exist to some extent for multi-string cases [41]. It is intriguing to consider whether
the twisted elliptic genera of the four pure gauge cases discussed in the current work, i.e.,
5u(3)?),50(8)?), 50(8)®), EéQ) are related to the Schur indices of some 4d SCFTs, possibly
with defects. This relies on certain decompositions of the twisted elliptic genera as infinite
copies of certain simpler functions, similar with those in [28]. Besides, by SCFT/VOA
correspondence, the Schur indices of Hg SCFTs are equivalent to the vacuum characters of
VOA (G)—hé/G—l- Thus we suspect in the twisted case, the VOA (G(”))_hcv;/ﬁ_l will also play
a role. Notably, the VOA (su(3)®)_s /2 has been recently discussed in [76].

One more fascinating structure of the one-string elliptic genera of 6d (1,0) SCFTs
with tensor coefficient n and gauge group G (possibly with matter content) is an elegant
decomposition found in [31] involving the characters of affine Lie algebra GM at negative
level —n, see the equations (1.6) and (1.7) there and some recent results in [77]. Presumably,
the twisted elliptic genera we investigated in the current paper should have an analogous
decomposition involving the characters of twisted affine Lie algebras at negative levels. We
hope to address this issue in the future.

In this paper, we have limited ourselves to the twisted compactification by folding vector
multiplets in gauge algebra GG, which is closely related to twisted affine Lie algebras. As
mentioned earlier, it is well-known that there exists another type of twist, that is folding
tensor multiplets. This can happen when a higher-rank 6d SCFT exhibits some discrete
symmetry in its quiver structure. This type of twisted compactification also gives many
interesting 5d KK theories. It should be interesting to study as well the twisted elliptic genera
in this setting. In particular, for 6d (2,0) SCFTs, this kind of twisted elliptic genera has
been studied in [12]. Besides, one can even consider the twisted elliptic genera associated to
the twisted circle compactification of 6d little string theories which has drawn some interests
recently [78-80]. We expect many methods developed in the current work can be extended
to the twisted elliptic genera of little string theories.

We can also study 6d SCFTs with defects. There are two types of defects with codimension
two and codimension four, which play important roles in the study of the elliptic quantum
Seiberg-Witten curves [61, 81, 82]. See [83-85] for other approaches to the elliptic quantum
Hamiltonians. The blowup equations for Wilson loops/surfaces and codimension four defect
partition functions have been proposed in [86] for generic 5d/6d theories on R* x S and
R* x T2. Tt is also interesting to extend the (elliptic) blowup equation to theories with
codimension two defects, and study the modular expressions of the (twisted) elliptic genera.
See [87, 88] for the blowup equation for codimension two defects in 4d. The solution of
the defect partition functions would help to bootstrap new elliptic quantum Seiberg-Witten
curves that are corresponding to 6d gauge theories with and without twist.
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A Useful formulas

We collect some definition formulas used in the twisted elliptic blowup equations (3.3).
These are the twisted generalizations of those that appeared in [43]. When computing
the contribution of G vector multiplet with KK-charge zero to twisted elliptic blowup
equations, we have

Av(T mG, H 9V g mG’ﬂ A¢ ) (A'l)
BeAL
where for L € Z,
o n n
Oy (z, L) := ’
Vs s m,l;[>0 01(z + smey + sney) m,l;[>0 01(z + s(m + D1 + s(n + L))
m+n<|L|-1 mn<|L|-2
(A.2)

with s the sign of L. The contributions of vector multiplets with fractional KK-charges
can be defined analogously. For G representation R with non-zero fractional KK-charge
k=1/2,1/3,2/3,1/4,3/4, we have

Ale(rmgAg) = [] 088 - me, 8- As), (A.3)
BER
where éyﬂ is defined by adding characteristic k for all 6; (7, z) functions as 9%’9] (1,2) in (A.2).

The Jacobi theta functions with characteristics a are defined as

g[a (1,2) __ZZ k+a (k+1/2+a) /2Qk+1/2+a (A.4)
ke

g[a] (, 2 Z q (k+1/2+a)? /2Qk+1/2+a (A.5)
kez

9[a (7, 2) Z g+ /2Qk+a (A.6)
keZ

04 (r,2) = Y (—1)Ftaglrer 2k, (A7)
keZ
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where @, = €™, It is important to write every component as genuine Jacobi forms, where
the following easy formulas are useful:

PE(<Q2+1) g2 ): g 2n(r) (A8)

Qz 1_q 94(7‘,Z> ’

1 1 2 _1 2 _ 1 2
PE((Q”)quS) T - 6770(7) r T : 1877[517) » (A9)
Q=) 1-a W =2 g 20 (7 —2)

1 3 _ 1 ) _ 1 2
ru((0:+ ) A0 = TR
Q=) 1 R e R

The three formulas are used for the twist coefficient N = 2, 3,4 respectively. For example, for
N = 2 theories, we can simply define éyf] by replacing all #; function to 64 in (A.2).

The contribution of hypermultiplets of twisted 6d (1,0) theory to the twisted elliptic
blowup equations is defined similarly. We have

e -
AE(T,mé,mﬁ,)\é,)\ﬁ): H HBJ](wé-mG"—l—wf,-mﬁ,wé-)\é—i—wﬁ-/\ﬁ). (A.ll)
weERT

Here RT is half of the total weight space of the twisted matter representations. The
k" is the KK-charge of each component in the twisted matter content. The k' can be
0,1/2,1/3,2/3,1/4,3/4. For unity blowup equations, the half weight space can be taken as

R ={wg € Ry, wip € Rpp|wp - Ap = +1/2}, (A12)
and for vanishing blowup equations as
BT ={ws € Rg,wp € Rip|wey - Ay +wp - Ay > 0}, (A.13)

The GV[I_’;/] functions are defined as

ke [+] 1/2 1
05](2311) _ H 07" (z + s(m+1/2)e1 + s(n+1/2)e2) CLeliz aw
m,n>0 n 2
m+n<|L|-3/2

B Modular forms and Jacobi forms

The ring of SL(2, Z) holomorphic modular forms of even weights is generated by the Eisenstein
series F4(7) and Eg(7). The SL(2,Z) weak Jacobi forms of even weights are generated by
Ey(7), Eg(7) and the Eichler-Zagier generators [70]:

O2(1,€)%  O3(1,€)%  O4(7,€)?
012 T 0a()? " 0a(r)?

and  ¢o1(T,€) =4

¢p—2.1(7,€) = — 7 (B.1)

These two weak Jacobi forms have index 1 and weight —2 and 0 respectively. They are
frequently used in the modular bootstrap of SL(2,Z). We will also use ¢_;1/5(7,¢€) =
¢_2.1(7,€)'/? for some occasions.
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The principal congruence subgroup of level N in SL(2,7Z) is defined by
I'(N) = {(“ 3) €SL(2,Z)ja=d=1 (mod N), b=c=0 (mod N)} . (B.2)
The Hecke congruence subgroup of level N is defined by
To(N) = {(“ 3) €SL2,Z)|c=0 (mod N)} . (B.3)
Another useful congruence subgroup of level N is defined by
T'1(N) = {(“ 2) eSL(2,Z)a=d=1 (mod N), ¢=0 (mod N)} . (B4)

Clearly I'(N) € I'1(IN) C I'g(N). Therefore, there are less modular forms of I'g(N) than
those of I'; (V). Define weight-two modular forms of level N by

EM(r) = —ﬁa log (n’g](;i)) . (B.5)

Then the ring M,(N) of even-weight modular forms for I'g(N), N € {2,3,4} is finitely
generated by

M. (2) = (E)(r), Ea(27)), (B.6)
M, (3) = (ES)(7), Eo(37), Eo(37)), (B.7)
M. (4) = (B (1), ESV(r), Ea(47), Eg(47)). (B.8)

The subscripts are the weights of the modular forms. Note for NV = 3,4, the generators are
not algebraically independent. For example, for N = 3, it is easy to find

0=EP (1)* — 6EP) (1)2E4(37) — 3E4(37)2 + 8ESY) (1) Eg(37). (B.9)

The rings of modular forms for I'1 (V) usually have more generators. In the case of N = 2,
the two rings are isomorphic. Luckily, for almost all numerators of the modular ansatz in the
current work, we only need to use the I'g(IN) generators. Only in the case of n = 1,50(8)®),
we utilize I'1(3). The ring of I';(3) has four generators: Eég) (1), E4(37) and two odd ones
of weight 3 which are

n(37)°

EY) (1) = = q+3¢° +9¢° +13¢* + 24¢° + 2745 + ...,
’ n(r)? (B.10)
E{(r) = BEy(r)? —18EY) (r) = 1 + 54¢® + T2¢° + ... .
where
Ei(r)=0u,(1) = Y ¢ s =14 6¢+6¢° +6¢" + ... (B.11)
n1,n2 €L

One can also find some algebraic relations like Egg) = E? and
0= B (1)? — 4B (r)? + 3E4(37)ES) (r) — T2ES” (1) EY (1),

(B.12)
= 2B (1)? + BV (1)® — 3E4(37) EY) (r) — 648EY" ().

For N = 4, the two generators EéQ)(T), E§4) (1) are sufficient for our purpose.
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For N > 1, we define the weight-2N cusp forms of I'; (V) by

_ 1N N
Aoy (1) = q&z,l(NT, 7 =q +O(qg"). (B.13)

For N =2,3,4, Aon(7) are also cusp forms of I'g(N), they take the form from eta functions
or the modular generators as

T 16
Ar) = T80 - (B ), (B.14)
Ag(r) = ”T(]i’:));g =5 4% o (1) 5BV By — 28 ) (B.15)
T 8 T 16
Ag(r) = n(2 ;(Zgﬁ ) (B.16)

= s (18T(E)* — 144(EyY)* - 33E] — Eo(1545” —144E5"))

These Asy cusp forms are used in the modular ansatz for the twisted elliptic genera.

C More on su(2r + 1)@ theories

In section 4.3.3 we have discussed the Zy twist of 6d (1,0) su(2r 4+ 1) + 2(2r + 1)F theories
where we choose the twisted matter content as (2r+1)(Fo+F;/3). Here we choose a different
assignment of the KK-charges of the twisted matter content as (2r + 1)(Fy/4 + F3/4). We
notice this choice results in some quite interesting twisted elliptic genera, thus we record our
results here. This choice also makes the tensor parameter has integral B field. With this
matter content, the circle reduction gives 5d N' = 1 pure sp(r) gauge theories. Interestingly,
we find there exist two possible solutions for the twisted elliptic blowup equations by choosing
different characteristics a. The two solutions have circle reduction as 5d pure sp(r)o and
sp(r), theories respectively. Since the matter content is still invariant under the KK-charge
shift by 1/2, we can expect some spectral flow symmetry. Most interestingly, we find the two
twisted elliptic genera are dual to each other under spectral flow transformation! Besides,
both twisted elliptic genera allow perfect modular ansatz. We have fixed the modular ansatz
for both elliptic genera for r = 1,2,3 against the results from blowup equations and find
perfect agreements. We summarize the relevant data of the modular ansatz in table 29. In
the following we show some detailed results for r = 1, 2.

n = 2,5u(3)®. With twisted matter content 3(F1/4+F3),), we find there are two possible
low energy gauge groups sp(1)g or sp(1),. For each case, we solve the twisted one-string
elliptic genus from twisted unity elliptic blowup equations to ¢* order, and collect the Fourier
coefficients in (g, v) expansion in tables 30 and 31. For § = 0 in table 30, we recognize that the
circle reduction of the twisted R-R sector colored orange gives exactly the one sp(1) instanton
Hilbert series, while the circle reduction of the twisted NS-R sector colored red gives exactly
the one sp(1), instanton Hilbert series. For §# = 7 in table 31, it is exactly the opposite. It is
interesting to see that the two elliptic genera are dual to each other under spectral flow!
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q\v 1 2 3 4 5
00 0 0 0 0 0 0
1/4/0 0 2 0 =12 0 6 0 —24 0
/210 -6 0 18 0 —24 0 54 0 —48
3/4/2 0 —-12 0 38 0 —88 0 108 0
110 4 0 -4 0 113 0 -176 0 327
5/4/0 0 36 0 —100 0O 250 0O =516 O
3/2/0-18 0 72 0 —-282 0 626 0 —1002
7/4/4 0 —-36 0 218 0 —580 O 1254 0
210 8 0 —-132 0 431 0 -—-1300 O 2669
9/4/0 0 72 0 -—264 0 1114 0 —2588 0

Table 30. The coefficients b;; for the E; of 6d su(3)?) + 3(F1/4 + F3/4) theory with 6 = 0.

q\v 1 2 3 4 5
00 O 0 0 0 0 0 0
/4|1 0 -6 0 4 0 —18 0 8 0
/210 2 0 —-12 0 36 0 -3 0 72
3/4/0 0 18 0 —-44 0 72 0 -132 0
110-12 0 3 0 -—-100 O 218 0 —264
5/4/3 0 —24 0 113 0 =282 0 431 0
3/2| 0 6 0 -8 0 250 0 =580 O 1114
7/4/0 0 54 0 -176 O 626 0 —-1300 O
2|10-24 0 108 0 -516 0 1254 0 —2588
9/4/5 0 —-48 0 327 0 —1002 O 2669 0

Table 31. The coefficients b;; for the E; of 6d su(3)® + 3(F, 4 + F3/4) theory with 6 = .

q\v 2 3 4 5 6

00 0 0 0 0 0 0

140 0 4 0 —40 0 24 0 —200 0

1210 =10 0 60 0 —110 0 536 0 —450
3/404 0 —40 0 224 0 =920 0 1280 0

10 11 0 -28 0 1112 0 —2440 0 7536
5/ 0 0 220 0 —960 0 3528 0  —10928 0

3/2/ 0 =100 0 596 0 —3932 0 12656 0  —27432
7/4/20 0 —240 0 3328 0 —11648 0 35348 0

20 45 0 —2160 0 802 0 —37680 0 105345
9/4/ 0 0 1060 0 —5120 0 33104 O —100168 O

Table 32. The coefficients b;; for the E; of 6d su(5) + 5(F; /4 + F3/4) theory with 6 = 0.

n = 2,s5u(5)?. With twisted matter content 5(F1/4+F3/4), we find there are two possible
low energy gauge groups sp(2)g or sp(2),. For each case, we solve the twisted one-string
elliptic genus from twisted unity elliptic blowup equations to ¢* order, and collect the Fourier
coefficients in (¢, v) expansion in tables 32 and 33. For # = 0 in table 32, we recognize that
the circle reduction of the twisted R-R sector colored orange gives exactly the one sp(2)
instanton Hilbert series, while the circle reduction of the twisted NS-R sector colored red
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q\v 2 3 4 5 6
0j0 O 0 0 0 0 0 0
1/4f 1 0 -10 O 11 0 —100 0 45 0
1/21 0 4 0 —40 0 220 0 —240 0 1060
3/4 0 0 60 0 —280 0 596 0 —2160 0
110 —-40 0 224 0 —-960 0 3328 0 —5120
5/4/ 10 0 -110 0O 1112 0 —3932 0 8602 0
3/2| 0 24 0 -920 O 3528 0 —11648 0 33104
7/4 0 0 536 0 —2440 0 12656 0 —37680 0
210 =200 0 1280 O —10928 0 35348 0 —100168
9/4{35 0 —450 0 7536 0 —27432 0 105345 0

Table 33. The coefficients b;; for the E; of 6d su(5)) + 5(F1/4 + F3/4) theory with 6 = 7.

gives exactly the one sp(2), instanton Hilbert series. For §# = 7 in table 33, the situation
is exactly the opposite. Again we observe that the two elliptic genera are dual to each

other under spectral flow.

D Cases with unpaired matter content

We have focused on the twisted compactification of 6d (1,0) SCFTs with paired matter
content in the main context. The unpaired cases are trickier and have been discussed in [60]
including the Calabi-Yau geometries and 5d low energy limits. The twist in this situation
always involves zero mass of some hypermulitplet, thus there should exist no unity elliptic
blowup equation or recursion formula for the twisted elliptic genera. However, we notice that
sometimes it is possible to pretend the hyper has a free mass for blowup equations and then
turn the mass off after solving the twisted elliptic genera. We find that for some twisted
theories, this procedure allows consistent solutions of twisted elliptic genera. Remarkably,
the solutions have perfect modular ansatz, spectral flow symmetry and required behavior in
the (q,v) expansion. It is intriguing to consider whether the solutions are indeed physical.
We give one example in the following.

Consider the Zs twist of Eg + F theory with n = 5. It was determined in [60] that the
5d low energy limit should be a pure Fj theory. In other words, the twisted matter context
should be R = 1y + 261/5. Let us pretend the fundamental hyper 26, /5 of G = Fy has a
free mass m. This mass can have a shift in blowup equations such that there exist unity
twisted elliptic blowup equations. Then from the recursion formula (3.31), we compute the
twisted one-string elliptic genus to ¢ order 5. Let us denote

o0
Ei(q,v) = q’% Z bijq' v, (D.1)
i,j=0
We obtain the coefficients b;; in table 34. We recognize the leading order of R-R elliptic
genus colored orange gives exactly the one-instanton partition function of 5d pure Fj theory,
while the leading order of NS-R elliptic genus colored red gives exactly the one-instanton
partition function of 5d Fy + F theory.
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g\v| 5 6 7 8 9 10 11 12 13

0 0 0 0 0 0 0

1/21 0 0 0 0 26 —-52 1079 —-2106 18954
1 0 0 0 0 -2 381 —1300 15209 —41910
3/2| 0 0 0 0 -3 —46 4235 —18670 164753
2 0 0 0 0 -2 —-73 —610 38768 —201290
5/2| 1 -2 1 0 -1 8 —1100 —6134 308968
3 4 23 -50 22 2 4 078 —12778 —50036
7/2| =78 154 307  —766 441 —112 —167 10866 —122955
4 | 754 =2197 2610 3113 —8788 6143 —2582 —4314 131968
9/2|—4433 17214 —33127 31736 25627 —82494 68509 —36674 —65257

Table 34. The coefficient matrix b;; for the E; of 6d E((f) theory with matter 1o + 26, /5.

q\v| 2 3 4 ) 6 7 8 9 10 11

0] 0 0 0 0 0

1/21 0 0 0 0 0 -2 23 154 —=2197 17214
1] 0 0 0 0 0 1 -50 307 2610 —33127
3/2| 1 0 0 0 0 0 22 —-766 3113 31736
210 26 -2 -3 -2 -1 2 441  —8788 25627
5/2| 52 =52 381 —46 —73 8 4 —112 6143 —82494
31 0 1079 —1300 4235 —610 —1100 578 —167 —2582 68509
7/2]11053 —2106 15209 —18670 38768 —6134 —12778 10866 —4314 —36674
4| 0 18954 —41910 164753 —201290 308968 —50036 —122955 131968 —65257

Table 35. The coefficient matrix b;; for the E; of 6d EéQ) theory with matter 269 + 1 /5.

Interestingly, we find that even for twisted matter content R= 260 + 14 9, elliptic blowup
equations still allow perfectly reasonable solution as long as we pretend the hyper has free
mass. From the recursion formula (3.31), we also compute the twisted one-string elliptic
genus of this case to ¢ order 5. Let us denote

oo
Ei(q,v) = qfll’z Z bijqiv*%“. (D.2)
4,j=0

We obtain the coefficients b;; in table 35. We recognize the leading order of R-R elliptic
genus colored orange gives the one-instanton partition function of 5d Fy + F theory, while the
leading order of NS-R elliptic genus colored red gives the one-instanton partition function of
5d pure Fy theory. In fact, we find the twisted elliptic genera of the two cases are exactly
spectral dual to each other. We also compute the twisted elliptic genera for both matter
contents with the mass parameter turned on to g order 5 and find the spectral flow relation
still holds perfectly. Moreover, we determine the modular ansatz for both cases and find
complete consistency with the results from the recursion formula (3.28). We have summarized
the relevant data of the two modular ansatz in table 29.
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