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We study the dynamics of entanglement asymmetry in random unitary circuits (RUCs). Focusing on a
local U(1) charge, we consider symmetric initial states evolved by both local one-dimensional circuits and
geometrically nonlocal RUCs made of two-qudit gates. We compute the entanglement asymmetry of subsystems
of arbitrary size, analyzing the relaxation timescales. We show that the entanglement asymmetry of the whole
system approaches its stationary value in a time independent of the system size for both local and nonlocal
circuits. For subsystems, we find qualitative differences depending on their size. When the subsystem is
larger than half of the full system, the equilibration timescales are again independent of the system size for
both local and nonlocal circuits and the entanglement asymmetry grows monotonically in time. Conversely,
when the subsystems are smaller than half of the full system, we show that the entanglement asymmetry is
nonmonotonic in time and that it equilibrates in a time proportional to the quantum-information scrambling
time, providing a physical intuition. As a consequence, the subsystem-equilibration time depends on the locality
of interactions, scaling linearly and logarithmically in the system size, respectively, for local and nonlocal RUCs.
Our work confirms the entanglement asymmetry as a versatile and computable probe of symmetry in many-body
physics and yields a phenomenological overview of entanglement-asymmetry evolution in typical nonintegrable

dynamics.
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I. INTRODUCTION

In the context of many-body physics out of equilibrium
[1-6], increasing attention has been recently devoted to the
problem of characterizing how symmetries evolve in time
under a given unitary dynamics. A simple setting that has been
considered is that of a quantum quench [7], where an initial
state displaying a broken symmetry is evolved by a local
Hamiltonian preserving that symmetry [8]. The questions are
then if and how the symmetry is restored in local subsystems
and how the timescales involved depend on the initial states
and the dynamical features.

While technically challenging, this problem can be tackled
by studying the so-called entanglement asymmetry [8], which
has emerged as a very useful tool to probe the symmetry
of many-body quantum states. The entanglement asymmetry,
which coincides with quantities originally introduced in the
quantum-information literature [9—11] and algebraic quantum
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field theory [12-15], quantifies how far a state is from the
closest symmetric state. In addition to being experimentally
measurable [16], the usefulness of the entanglement asym-
metry relies on the possibility to compute it explicitly, either
analytically or numerically, in several prototypical situations
involving many particles. In turn, this has made it possible to
study interesting but elusive phenomena such as the Mpemba
effect [17], which takes place when the time needed for a state
to relax to its equilibrium properties becomes shorter the fur-
ther the state is from equilibrium. Among other things, studies
of entanglement asymmetry allowed us to explain the origin
of the Mpemba effect in the context of symmetry dynamics
[18-35].

Despite significant recent work both in [8,36—43] and out
of equilibrium [18-34,44,45], several aspects of entanglement
asymmetry remain to be explored. In particular, a natural
question pertains to the nonequilibrium situation where a
given symmetric initial state evolves under a typical (asym-
metric) dynamics. In this case, one can ask what are the
timescales needed for the entanglement asymmetry to reach
stationary values, and how these timescales are related to
underlying features such as locality of the interactions or
ergodicity properties. In some sense, this setting is opposite
to the one studied in the context of the Mpemba effect, where
the symmetry is broken in the initial state rather than by the
dynamics. This problem is the main focus of this work.

Published by the American Physical Society
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In order to be quantitative, we study this question in a
class of models known as random unitary circuits (RUCs)
[46,47]. RUCs consist of sets of elementary quantum systems
(qudits) evolved by discrete dynamics, where at each time step
pairs of qudits are updated by random two-body interactions
encoded in quantum gates [48]. The model is very versatile,
allowing one to choose the random ensemble for the gates or
the range of the interactions. Prominently, RUCs have been
argued to provide minimal tractable models for generic, i.e.,
nonintegrable, chaotic many-body dynamics. The usefulness
of the model is that the built-in randomness makes it possi-
ble to employ additional analytic and numerical tools from
statistical mechanics, simplifying the theoretical description
compared to realistic Hamiltonian models. In fact, in the past
few years RUCs have been used to deepen our understanding
of different aspects of many-body physics in nonintegrable
systems, ranging from entanglement dynamics [46,47,49-54]
to quantum-chaos indicators [55-63].

In this work, we focus on a local U(1) symmetry, which
can be thought of as a local magnetization, study the evolution
of the entanglement asymmetry in subsystems of arbitrary
size, considering both local RUCs and geometrically nonlocal
RUCs made of two-qudit gates [64—69]. These models have
been argued to capture, respectively, important features of typ-
ical dynamics of local Hamiltonians and maximally chaotic
nonlocal Hamiltonians, such as the Sachdev-Ye-Kitaev (SYK)
model [70-72]. At late times, the ensembles of random states
output by both local and nonlocal RUCs are known to ap-
proximate arbitrarily well Haar random ensembles of states
over the whole Hilbert space [73-78]. Therefore, the values of
the entanglement asymmetry reached at late times are known
from recent work computing the “entanglement asymmetry
Page curve” for random ensembles [8]. We will study how
these asymptotic equilibrium values are reached during the
dynamics.

Our main results could be summarized as follows. First, we
show that the entanglement asymmetry of the whole system
approaches its stationary value in a time independent of the
system size for both local and nonlocal circuits. For subsys-
tems, we find qualitative differences depending on their size.
When the subsystem is larger than half of the full system, the
equilibration timescales are again independent of the system
size for both local and nonlocal circuits, and the entanglement
asymmetry grows monotonically in time. Conversely, when
the subsystems are smaller than half of the full system, the
entanglement asymmetry is nonmonotonic in time. In this
case, we show that the scaling of the equilibration time coin-
cides with that of the quantum-information scrambling time,
and thus depends on the locality of interactions. Specifically,
we show that the equilibration timescales linearly and log-
arithmically in the system size, respectively, for local and
nonlocal RUCs. Our results are based on analytic, statistical
mechanical tools and supported by numerical computations.
Our work confirms the entanglement asymmetry as a versa-
tile, computable probe of symmetry in many-body physics,
and yields a phenomenological overview of entanglement-
asymmetry evolution in typical nonintegrable dynamics.

The rest of this paper is organized as follows. We begin
in Sec. II by introducing the RUCs models studied in this
work. The entanglement asymmetry is introduced in Sec. III,

where we review some of its main properties and approaches
for its computation. Sections IV and V contain our main re-
sults, computing entanglement asymmetry dynamics in local
and nonlocal RUCs, respectively. Finally, our conclusions are
reported in Sec. VI, while the most technical aspects of our
work are consigned to several appendices.

II. THE MODELS

We consider a set of L qudits, i.e., d-level quantum sys-
tems, described by a local Hilbert space H; ~ ce, j=
1,...,L, with basis states |a),a=0,1,...,d — 1. We will
study quantum circuits with two different geometries, cor-
responding to local and nonlocal interactions. In the former
case, we will for simplicity restrict to one spatial dimension
and consider so-called brickwork circuits. They are defined
by alternating layers of gates U; ;4| acting on pairs of qudits
at positions (j, j + 1), with j even and odd, corresponding to
the unitary operator

U= ®U2j,2j+l ®U2j+1,2j+2- (D
j j

The geometrically nonlocal quantum circuits are defined
following Ref. [69]. At each time step of duration Af, we
choose with probability p two qudits, placed at random po-
sitions i and j, and apply to them a unitary two-qudit gate
U;,;. In order to further simplify the analysis, it is convenient
to take a continuous limit of this model. To do so, we choose
the probability p to scale with the time interval At as

p=LAAL, 2)

where A > 0. With this choice, expectation values of observ-
ables computed at time ¢ display a well defined limit for
At — 0 yielding a continuous dynamics. We stress that this
is just a technical simplification, but it does not qualitatively
alters our conclusions.

For both local and nonlocal geometries, we will con-
sider drawing the gates randomly out of the Haar random
distribution over the unitary group U(d?), identically and in-
dependently for each position in space and each time step.
This procedure defines an ensemble of RUCs, depending on
the circuit geometry. Using standard graphical notation, we
will represent the gates by boxes with two incoming and
outgoing legs. To each leg corresponds an index associated
with one of the local spaces on which the local operator acts
on. Accordingly, the two-qudit unitary gates U and U™ are
written as

o k l Ny k l
Uij = ):( J (U)i,j: x N E))

7 J 1 J

When the legs of different operators are joined together, the
corresponding indices are summed over. Lower legs corre-
spond to incoming indices and upper legs to outgoing indices.

In this work, we will be interested in taking ensemble aver-
ages, which we will denote by Eya,[. . .], where the subscript
will be omitted when it does not generate confusion.
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III. THE ENTANGLEMENT ASYMMETRY

We will be interested in a local U(1) symmetry, corre-
sponding to the charge operator

L d-1

Q=) > ala)lal;, )

j=1 a=0

which can be interpreted as a local magnetization (up to
an overall additive constant). Given a bipartition of the sys-
tem S = A U B, we denote by ps = Trg(|y) (¥|) the reduced
density matrix of the state |i). The quantity of interest in
this work is the entanglement asymmetry [8]. It is defined
by introducing the auxiliary reduced density matrix p4 o =
> g HgpaTlg, with T1, the projector on the eigenspace of
Q4 of charge g € Z, satisfying [pa,0, Q4] = 0. We can then
define the entanglement asymmetry in terms of the n-Rényi
entropy S,(p) = ﬁ InTr(po™") as

ASY = S,(pa.0) — Su(pa). ®)

The von Neumann asymmetry is obtained in the limit n — 1.
It is easy to show that the entanglement asymmetry satisfies
two essential properties [79]: it is non-negative AS/({”) >0
and ASX’) = 0 if and only if [pa, Q4] = 0; that is, when p4
respects the symmetry generated by Q4 (i.e., pa,0 = pa).

In fact, the entanglement asymmetry coincides with a
quantity introduced in the context of the resource theory of
quantum frameness [11], known as U (1)-asymmetry [9,10].
As a consequence, the entanglement asymmetry is in fact a
strong monotone with respect to operations that preserve the
symmetry. Namely, one can show that the U (1) asymmetry
(and thus the entanglement asymmetry) does not increase
under any operation (not necessarily unitary) that preserves
the symmetry.

It is also possible to provide bounds for the entanglement
asymmetry. In particular, using an inequality by Lindblad
[80], one can show

0< AS™(p) <In(L+1). (6)

Therefore, the entanglement asymmetry is always at most
logarithmically growing in the number of qudits.

As mentioned, recent work has focused on developing
approaches to compute the entanglement asymmetry in many-
body settings. A convenient way is to use the identity [8]

™ doy---da,
2,00)=Tr (p} o) = [ %

where we introduced the charged moments of py4

Zy(a) =Tr (l_[ pAeiaij-HQA)’ @®)

J=1

Zy(et), @)

where & = {oq, ..., o}, 0jjp1 = o —ojpg and o, q = .
In the following, we will replace the average E[In Tr(pj ()]
with In ]E[Tr(pX‘Q)] (similarly for p4). This approximation is
justified if the ensemble fluctuations are subleading in the
system size and, for random circuits, it is a standard work-
ing hypothesis for the computation of entanglement-related
quantities [49]. Further, the validity of this approximation for
the entanglement asymmetry was checked numerically for an

ensemble of Haar random states over the whole Hilbert space
[8,39].

This approach was used to compute the asymmetry Page
curve in Ref. [8] (see also [39,81,82]) in a system of qubits
(d = 2). For n = 2 and finite L, it reads

!
)L (2€A).>} ©)

1
)7 —
E[ASy] = —1n [22[A_L+1<1+ )

while, for positive integer n 2> 2 in the large L limit,

ey <L)2,

10)

E[as]~{
[asi”] {1/21n(eAnn1/<"—l>/2), €y > LJ2.

From this equation, the analytic continuation for the asymp-
totics of the von Neumann asymmetry (i.e., n — 1) yields
E[AS\"] = 1/2In(€s7 /2) 4 1/2 for £4 > L/2. Haar random
states are expected to capture the long time behavior of suffi-
ciently chaotic dynamics as the random unitary circuits that
we consider here. In fact, as we will see in the following
sections, Egs. (9) and (10) correspond to the limit # — oo of
the average entanglement asymmetry in these systems.

IV. ENTANGLEMENT ASYMMETRY DYNAMICS
IN LOCAL CIRCUITS

We begin by computing the entanglement asymmetry in the
brickwork circuit, initializing the system in the state

Vo) =10)®---®10) . QY

As discussed in Sec. III, we will focus on the Rényi-2 entan-
glement asymmetry. To this end, we set out to compute the
average charged moment

E[Zy(a, )] = E[Tr(pa(t)e™ @ pa(t)e 9], (12)

where pa(t) = Trg(|y;) (¥,|) and |y;) is the state evolved at
time 7.

Our approach follows the computations of the bipar-
tite entanglement entropy in RUCs [49,56,57]. The main

FIG. 1. Graphical representation of the charged moments (12)
and the folded picture. Each box represents the circuit U, which in
turn is made of smaller boxes, the two-qudit gates U. The rightmost
picture is obtained from that on the left by “folding” twice. After
folding the picture, each operator U ends up lying on top of the
corresponding gate U™ with inverted input and output qudits, namely
U = U*. The yellow and green boxes represent the insertion of the
operators e¥*21 between the two copies of p4(¢) in Eq. (12).
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idea of the method is to map the averaged charge moment
(12) into the partition function of a classical statistical-
mechanics model. We note, however, that the computation of
the charged moments is more complicated compared to that
of the purity, Tr(p3), because of the terms e*®21, which,
as we will show, appear as a nontrivial boundary condi-
tion for the statistical-mechanics model. Further, we recall
that an additional complication arises because the entangle-
ment asymmetry is obtained from the charged moments after
Fourier transform (7).

The starting point for the mapping is to introduce the folded
picture [83,84], which is a way to represent diagrammatically
quantities involving products of operators U and U'. The
basic idea can be explained by considering the diagrammatic
expression for the charged moment in Fig. 1. Each box rep-
resents the circuit, denoted by U, which in turn is made of
smaller boxes, the two-qudit gates U. We can imagine “fold-
ing” the picture, so that, after folding, each operator U ends up
lying on top of the corresponding gate U™ with inverted input
and output qudits, namely U" = U* [here, (-)T denotes the

J

A

Wi,j = ]EHaar [VVm] =

d4
mz

transposition, while (-)* denotes complex conjugation]. This
leads to a representation where the evolution is dictated by the
folded gates U @ U* @ U ® U™, acting on identical copies of
the original space (called replicas).

The advantage of the folded picture lies in the fact that
the building blocks U @ U* @ U ® U* can be averaged in-
dependently from one another. Furthermore, depending on
the probability distribution chosen, the disorder-averaged
gates E[U ® U* ® U ® U*] might display a relatively simple
structure. We introduce the following graphical notation for
the folded gate

w- 0 - ,

which acts on End(C4* @ C4"), namely the thick legs are
now d*-dimensional. For Haar-random quantum circuits, the
average of W can be computed exactly [56], yielding

13)

w(r,s) [IPI°XI"T"], (14)

s,re{+,—}

where w(+, +) = w(—, =) =1 and w(+, —) = w(—, +) = —1/d?, and where we denoted the averaged gate by a white

rectangle. Further, we defined the states

Note that these states are not orthogonal, as

It\ry=d.

as)

(16)

a7

In this folded picture, the average charged moment (12) corresponds to the probability amplitude in the folded circuit of

Fig. 1,

E[Zy(at, 1)] = (—45a| W' [90)®*,

(18)

between the initial state |1/0)®* and the boundary state |—+;«) that implements the contractions between the replicas of the

original circuit as shown in Fig. 1. In this expression,

W = ® Whjojt ® Whjsi,2),
j J

19)

where W; ; is the Haar random average (14) of a folded gate. The boundary state |—+; ) is of the form

=) =@ 1;); QM)

jeA

with

d—1 d—1
;) = (Z ¢ |ay, |a>4> ® (Z e |a), |a>3),
a=0 a=0

(20)

jeB

2y

which includes the insertion of the operators e+ between the copies of p4 in Eq. (12). When o = 0, [1;") is equal to the state
introduced in Eq. (16), |1, ) = |/7), and Eq. (18) gives the purity of py4.

Following Refs. [49,56,57,60], it is easy to show using the folded circuit picture that the average charged moment (18)
is equivalent to a statistical partition function as depicted in Fig. 2(a). As discussed in detail in Appendix A, one associates a
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FIG. 2. Pictorial representation of the partition function (23) associated with the averaged second charged moment (a) and of the transfer
matrix 7_(«, ) in Eq. (31) (b). The boxes represent the averaged folded unitary gates in Eq. (14). To each of them, labeled by the pair of
indices (x, T), we associate a classical spin configuration s(x, t) € {=£}. The red, green and blue dashed triangles represent the triangular
weights Wy, 7).5(6.72),5(13,23)» With which the partition function is built. The +, — and 0 symbols indicate the boundary conditions and stand for
the contraction of the states |[I*), |I;') and |0)®*, respectively, with the corresponding leg of the gate.

classical spin to each averaged gate. Computing the charged moments is then equivalent to summing over all spin configurations,
with the corresponding numerical weight. The latter is determined by the product of all local “triangular weights” W, , ,, with
s; = &, cf. Fig. 2(a). They can be easily computed and read

S1 = 82,
S1 ;é $2.

Explicitly, as we show in detail in Appendix A, we have the formula for ¢ even and L even,

851,&37

‘/Vsl,sz,sg = (22)

_d_
d>+1°

L/2—1 t/2 L/2-2t/2—1
]E[ZZ(Ola t)] = Z ngl) """ o1),(s(1,1),...,s(L/2,1)) 1_[ 1—[Wv(x,Zr—l),X(x+1,21:—1),.?()6,2:) l_[ l_[ WY(X,ZT).S(X+1,21’),S(X+1,2‘L’+1)
s(x,t)e{£} x=1 =1 x=1 =1
t/2—1

X l_[ Wac1,20=1),5(1,20),5(1, 20+ D W@ /2,20 = 1),5(L/2—1,27),5(L/2,2c+1) | » (23)

=1

where s(x, 7) € {£} is the classical spin configuration associated with the averaged gate at the position (x, t) in the folded
circuit as indicated in Fig. 2(a). The terms in brackets in the first line of Eq. (23) are the weights of the red and blue plaquettes,
respectively, depicted in Fig. 2(a). The second line in Eq. (23) is the weight of the green plaquettes. The indices o1, . .., o1 € {£}
fix the boundary state |—+; «) on the top part of the folded circuit and, therefore, they are determined by the specific bipartition
A U B chosen. The coefficient B&) (LD, s(L/21) is the weight of such boundary state,

L/2
()
BO'ZX—I ,02x,8(x,1)? 24)
x=1

and

d? sin® (da) 1 (sin*(da)
8S(x’1)’+d4—] (1 T sin“(a)) + 53()‘71)»7414—] ( - l)’

(o)

02x—1,02¢,5(x,1) 7

d sin® ()

Osx,1),+»

The explicit calculation of these weights is explained in
Appendix A.

2 d 2 d
8s(x,1),+tﬁ(d3 — S a)) + 55()(,1),,(1411_1 (sm de) _ 1)7

sin* (@) O02x—1, 02y = —,

(25)

S @) 0241 F O2x,

O2x—1, O2x = .

The partition function in Eq. (23) is difficult to evaluate

as the number of configurations grows exponentially with the
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size L of the system and the time 7. The presence of nontrivial
boundary terms, makes it also challenging to directly gener-
alize the computation of the partition function corresponding
to the purity [49,56,57]. In what follows, we will therefore
take another route to obtain the time evolution of the average
charged moment E[Z,(«, t)].

A. Global entanglement asymmetry

We first consider as subsystem A the total system, that is
S = A and ¢4 = L. In that case, the calculation of the average
charged moment

E[Zx(cr, )] = Tr(1y) (el €€ 1Y) (Yl e 2)  (26)

is largely simplified. In the folded circuit picture previously
introduced, it boils down to computing

E[Zx(a, )] = (=5 0| W' |10)®*, 27

where [—;a) = [L)® - @ |L).

Let us take a vertical strip of ¢ averaged folded gates, as the
one represented in Fig. 2(b). The gate on the top is overlapped
with the boundary state |1, /, ) and the one on the bottom with
the initial state |00). By applying the Haar random average
formula (14) of a folded gate, we find that this strip of gates
corresponds to the operator

T ()= Y

ri,sk€fE}

x (I, 1%, ... 1], (28)

T (o, )12l 0 12 L )

81,825+, 81—1

where

Tl 0 = 30 U wtrs)

r.se{x)
t—2

x []‘[uwr‘k)w(m,skﬂ)}
k=1

X Py s), (29)

and w(r, s) are the coefficients introduced in Eq. (14). The
term (I |/ "y2 comes from the contraction of the top gate with
the boundary state |, 1, ), while the contraction of the bottom
gate with the state |00) gives (I°|0)> = 1. The rest of the
factors in Eq. (29) arise from the contraction of the contiguous
gates using Eq. (14).

Now the folded circuit that gives the charged moment (27)
can be constructed by concatenating L/2 identical copies of

J

At) =

(d*> = 1)d*(@d* 4+ 1)"2TQt + DQRd* [ (1,1 —t;5t +2;—=d*) +t + 1)

this strip. When joining them, we have to take into account
that the elements of the basis {|I"", 1", ..., I""")}, r; = &,
are not orthogonal, as we saw in Eq. (27). Thus, according to
Eq. (28), the contractions between the free legs of two strips
yield the Gram matrix,

G = (117, TP T ) (30)
Therefore, if we define the 2~' x 2'~! transfer matrix
T_(a, t) for each strip, with entries

FLF2 el
t(aﬂt)xl,sz,...,s:_l - Z
P1:DP2y s Pi—1 €{E}
X T (e PP Gt (31)

S15825000581—1 P1:DP2y--s Pt—
then the contraction of the transfer matrices when joining two
strips follows the standard matrix multiplication rules, as we
would normally do by working using an orthonormal basis. If
we take periodic boundary conditions, we can then compute
the average charged moment (27) for the full system, of size
L qudits, in terms of the transfer matrix (31) as

E[Z(a, t)] = Tr(T_(a, 1)*?). (32)

In the case o = 0, Tr (7_(0, £)~/?) = 1, as it should be since
it corresponds to the purity of the full system, which is in the
pure state |;).

Therefore, we only have to find the spectrum of eigen-
values of the transfer matrix 7_(«, t) to obtain the charged
moments through Eq. (32). Computing explicitly the spectrum
of 7_(«,t) for several specific time steps, t =1,2,...,6,
one can check that all its eigenvalues A j(«, t) are |Aj(a, 1)] <
1 and Xj(a,t) =0 when o =0, 7, j =2, ..., 271 except
one, Ai(«,t), for which |[A(a,1)| <1 and A(a,t) =1 at
o = 0, 7. This means that, for large system sizes L, the con-
tribution of the eigenvalues A;(a, 1), j =2,..., 2!=1 o the
trace in (32) vanishes and we can approximate it as

E[Z (o, 1)] & - 1@)/2, (33)

Expanding the eigenvalue A;(c,t) around o =0 up to

order O(a?) fort =1,2,...,6, we were able to guess the
following expression for it at any time step ¢:

M, 1) =1—A@)a® + 0™, (34)

where

(35)

3r¢+ DI +2)

and , Fj is the hypergeometric function. The same expression
is obtained for the expansion of A|(x,?) around o = . We
report in Appendix B 1 more details on the calculation of the
expansion (34).

From the charged moment E[Z;(«, )], we can obtain

the time evolution of E[Tr (pg(t)*)], where po(t) = >,

(

I, 1Y) (Y| T1, is the symmetrization of [v;) (|, by plug-
ging the result in Eq. (33) into the Fourier transform (7).
In this case, using the expansion (34), we can evaluate the
integral by performing a saddle point approximation around
a = 0, . Since the behavior of the charged moments in the
neighborhood of both points is identical, we can consider the
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FIG. 3. Time evolution of the average Rényi-2 entanglement asymmetry in a periodic local random circuit for the full system, of size L
(a), and for a subsystem of length £, (b). In (a), the symbols are the exact value computed using Eq. (32) and the solid curves correspond to
the analytic prediction in Eq. (37). In (b), the symbols have been computed with Eq. (38) and the solid curves represent Eq. (40). In both plots,
the dashed lines are the large time value predicted by Eq. (10) and we take d = 2 as local dimension of the Hilbert space.

saddle point approximation only at « = 0 and multiply the
result by 2,

© dOt 2 2
T t 2 ~ 2 == —LA(t)a /2 — . 36
H(po(t)?) /_w e —or 09

The entanglement entropy of the full system vanishes and,
therefore, the global Rényi-2 entanglement asymmetry is
given in this case by AS® = —InTr(pj). Applying (36), we
find that it evolves in time for large systems as

ln(L )+—1 @ (37)

E[AS® ()] ~

In the large time limit, A(t — oo) = 2 for d = 2 and Eq. (37)
tends to the expected stationary value E[ASP(t — 00)] ~
1/21In(Lm), as we discussed in Eq. (10). We check this result
in Fig. 3(a). The solid lines correspond to Eq. (37) for several
values of L. We obtain a good agreement with the exact result
calculated with Eq. (32).

B. Subsystem entanglement asymmetry

We can repeat a similar approach for the case in which the
circuit is divided into two regions A and B. The main differ-
ence is that we have now two types of transfer matrices. For
the qudits belonging to subsystem A, the top boundary state
in the folded circuit is |I,") while, for the qudits in subsystem
B, the top boundary state is instead |/ ™). If the subsystem A is
an interval of £, contiguous qudits, then the charged moment
(18) is obtained by concatenating £4/2 copies of the strip in
Fig. 2(b) of ¢ averaged folded gates contracted with |1, 1),
which corresponds to the transfer matrix 7_ (e, t), and joining
them with another set of (L — £4)/2 concatenated copies of
the same strip but contracted instead with the state [IT1T),
which yields another transfer matrix 7, (¢z). If we assume
periodic boundary conditions, then

E[Zx(cr, )] = Tr (T_ (e, )2 T () 72). (38)

The construction of the transfer matrix 7,.(¢) of a vertical
strip of ¢ folded averaged gates, as the one in Fig. 2(b) but

contracted with the state |IT/T), follows the same reasoning
as for 7_(a, t). Therefore, T;.(¢) is a 2'~! x 2/~! matrix with

entries
Fi,r, ..., ri—1 __
ﬁ(t)sl,sz,m,s;,l - z :
P1,P2, - Pr—1€{E}
P1:P2s-s Pr—1 (3715725005111
x T (t)sl 82yeeesSt—1 Gl’l Pz ----- pi-1’ (39)

where T, (t) is equal to Eq. (29) but replacing the overlap
(I 117)? by (IT|I")2.

For subsystems of size £4 > L/2 and large L, we ex-
pect that the average Rényi entanglement asymmetry tends
to a nonzero value in the limit 1 — oo, which is given by
Eqg. (10) in the case of qubits (d = 2). In Fig. 3(b), we plot the
time evolution of E[AS(Z)(t)] calculated numerically using
Eq. (38), for different subsystem and system lengths. The
average entanglement asymmetry exhibits the same behavior
as in the case £4 = L, studied in the previous subsection: it
monotonically grows in time and eventually saturates to the
expected asymptotic value (dashed lines). The solid curves in
the plot correspond to the analytic expression (37) for the time
evolution in the full system but replacing L by the length of
the subsystem £4. We find an excellent agreement. Therefore,
we can conclude that
A(t)

ln—
2

ly>L/2, and L > 1, (40)

E[ASY] ~ —ln(E )+ 5

where A(¢) is the same as in Eq. (35). This final expression
for the asymmetry enables us to estimate the time required
to reach its stationary value, 1/21In(;w€4). The correction to
the large-time limit is governed by the function A(¢), which
is independent of both the system size L and the subsystem
size £4. Consequently, the saturation time remains constant,
independent of L or £4.

On the other hand, for subsystems of size £4 < L/2 and L
large, the average Rényi entanglement asymmetry goes to zero
when ¢ — oo according to Eq. (10), implying that the sym-
metry is locally restored in the stationary state. In Fig. 4(a),
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FIG. 4. (a) Time evolution of the average Rényi-2 entanglement asymmetry of different subsystems of length £, = L/5 in a periodic local
random circuit made of L qubits (d = 2). The symbols have been calculated using the transfer matrix (38) and the dashed lines are a guide for
the eyes. (b) Average Rényi-2 entanglement asymmetry as a function of the subsystem size £, at several time steps ¢ in a periodic local random
circuit of L = 20 qubits (d = 2). The lines join the values obtained for E[ASf)] employing Eq. (38).

we plot the time evolution of ]E[ASIE‘Z)(t)] in a subsystem
of length £4 = L/5 for various L, computed numerically ap-
plying Eq. (38). We can see in that plot that the average
entanglement asymmetry, which is initially zero, first grows,
reaches a maximum, and then decreases, going back to zero
at long times. In panel (b) of Fig. 4, we show ]E[ASI(AZ)(I)] as
a function of ¢4 at different time steps, in a system of L = 20
qubits. In these two plots, we observe that, unlike in the case
£y > L/2, the timescale of the relaxation of E[ASIS‘Z)(I )] to the
stationary value depends on £4.

Let us first briefly discuss the short time regime in which
the entanglement asymmetry increases. As we argue in Ap-
pendix B 2, in that time interval, the average charged moment
for £4 large enough can be approximated similarly to subsys-
tems of length £4 > L/2 by

E[Zy(a, 1)] A glaln i@n)/2 1)
E[Z(0, 1)]

where Ai(a,t) is the eigenvalue of T_(«,t) in Eq. (34).
Therefore, we can apply the same saddle point approximation
that we considered when ¢4 = L to obtain E[ASf)(t)] from
Eq. (41), finding that the Rényi-2 entanglement asymmetry
behaves at short times as in the case £4 > L/2, i.e., Eq. (40).
This approximation ceases to be valid when the entanglement
asymmetry approaches the peak and starts to decrease.

At times ¢ > £4, when the entanglement asymmetry goes
back to zero, we can instead approximate it as

E[Z(0, )]

@] A
E[ASY ()] ~ In Bz /201

(42)
In Appendix B2, we provide a justification of this expres-
sion as well as several numerical checks of it. Therefore,
the decay of IE[AS/(E)(I)] to zero when t — 00 is determined
by the asymptotic behavior of E[Z,(«,?)] at « = 0 and 7 /2
in that limit. The exact time evolution of the average purity
E[Z,(0,1)] for subsystems of size {4 < L/2 and any local
dimension d is reported in Appendix B 2. From it, we obtain
that the average purity saturates when t — oo to d % and it

tends to this value exponentially fast,

672tv(d)

Jrt

where v(d) = In((1 +d?)/(2d)). Since the average en-
tanglement asymmetry vanishes when ¢ — oo, we know
that E[Z;(r/2,¢)] must also tend to d —t in that limit.
Unfortunately, we have not been able to determine how it ex-
actly relaxes to such value. In Appendix B 2, we numerically
show that it converges much faster than the average purity (43)
and, consequently, the asymptotic behavior at large times of
]E[ASf) ()] is determined by the latter. Therefore,

E[Z>(0,1)] ~d ™% + ¢4 (43)

® o~ 210(d)+Es In(d)
E[AS, (t)] ~ bp————. 44
[AS,7(1)] ~ £a Neai (44)
This result finally allows us to analyze the time it takes
before the asymmetry reaches its stationary value (when £4 <
L/2). Using Eq. (44) and neglecting nonleading terms, the
condition IE[AS/?)(I)] < ¢ is satisfied at a time ¢} scaling as

. taln@d)

L ) (45)

That is, the equilibration time scales linearly in the subsystem
size £4. We will comment on this result at the end of the next
section, when discussing the connection to the scrambling
time.

V. ENTANGLEMENT ASYMMETRY DYNAMICS
IN NON-LOCAL RANDOM CIRCUITS

After having investigated the evolution of the asymmetry
in local RUCs, in this section we explore the role played
by the locality of the interactions, focusing our attention on
the nonlocal RUC introduced in Sec. II. Also in this case,
we can compute the asymmetry passing through the average
charged moments in Eq. (12), whose dynamics can be studied
by exploiting the techniques of Ref. [69].
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Let ps(t) = |¥;) (] be the density matrix of the total sys-
tem § at time . To compute E[Z;(«, )], we take an approach
very similar to the folded circuit picture for the local case
in Sec. V. By applying the Choi-Jamiolkowski mapping, we
can transform the operator pg(t) ® ps(t), acting in the double
Hilbert space Hs ® Hs, into the state in H§*,

lps() @ ps(1)) = (Is @ ps(1) ® Ls ® ps()) |+),  (46)

where |+) =|IT)® . ®|IT) and |IT) is the state in
Eq. (15). This mapping allows us to write the n = 2 charged
moment (8) of p4(¢) as the overlap

E(Zy (e, 1)] = (—+; a|E[ps(t) ® ps(@)]). 47)

with the boundary state |—+;c«) defined in Eq. (20). Fol-
lowing Ref. [69], the time evolution of E[|ps(t) ® ps(?)))] is
governed by the Lindbladian equation

d
EE[lps(t) ® ps())] = —LE[|ps(t) ® ps)],  (48)
|

21 [L(L—1 La(ly — 1
(_£)|_+;a)=_m[¥|_+;a)+ A[(12A_1 )
(L — 24)¢
+ ddz——AlA( —d* + f(@) |—+;a)
alla—1) RV RN
—2(d2_1)( d*fa)” + 1) |—+;a) +d

where we have introduced the notation |—-+;a)®%) for de-
noting the states

la—k la

=+ = QI || & ),
j=1

J=la—k+1

L
< | Q) Ut k=0.....ts (53)
j=ls+1

In other words, the state |—+;a)(k’€f‘) differs from
|—+;a) %) = |—4;a) in Eq. (20) because, in the former,
k sites in the subsystem A have o = 0. Therefore, to find
a closed set of differential equations, it is convenient
to introduce the following generalization of the charged
moments

E[ZE (@, 1)] = ©D(—;alElps(r) @ ps)].  (54)

When k = £4, the dependence on « in Eq. (53) disappears and
]E[ZZ(ZA’ZA)((X, t)] reduces to the average purity. Using Eq. (52)

Oba—1) L-1DL—-t4—1)

where L is the super operator

21
L=7=7 2 =W, (49)
1< j<k<L

with W, the averaged folded unitary gate (14) and A the
scaling parameter introduced in Eq. (2). Thus, combining
Egs. (48) and (47), the time evolution of the average charged

moment E[Z,(«, ¢)] is given by the differential equation
dE[Z(a, 1)]

dt
As in the case of the brickwork circuit, we take as initial
state the configuration in Eq. (11). Therefore, at time r = 0,
we have E[Z;(«, 0)] = 1. This is the initial condition when

solving the differential equation above.
Using the following identities

AU e = dP*f(@)8x,  JIFIE) = dby,
A =d?8,,  JUEI0)®* =64, (51)

= (=t al(=L)E[lps) ® ps(®))].  (50)

with f(a) = cos?(«), we find that the action of the Lindbla-
dian £ on | — +; &) reads

(=d +df (@)*) |[=+; )"

> |—+; o)

(L —£x)s

i (—d2f<a>+1>|—+;a><2-“+”] (52)

(

as a starting point, we can derive a system of coupled differ-

ential equations for the generalized moments ]E[Zz(k‘[f‘)(ot, 1]
of the form

dE[Z5 (a,1)]

2
i i’ k+j,la+j
yr — Z Mo(lk+],5A+j)E[Zz( J:€a ])(O[,t)].

JJj'==2

(55)

We report the explicit expression of the coefficients M%) in
Appendix C.

While solving this system of differential equations analyt-
ically is challenging, it provides a framework for numerically
calculating the average entanglement asymmetry. Recalling
Eq. (7), we can use the system of differential equations for
]E[Z;k‘e")((x, t)] to write down another system of differential
equations for their Fourier coefficients,

T

E[Zz(k’[A)(q, t)] — / ;i_:eiaq]E[Zz(klA)(a,l)],

-7
g=-2L,... 2L, (56)

taking advantage of the fact that o enters in the coeffi-
cients M%) of Eq. (55) as polynomials of the function
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FIG. 5. Panel (a) shows the average entanglement asymmetry IE[AS;Z)(Z)] as a function of time for two different subsystem sizes, £4 = 15
and ¢4 = 45, in a nonlocal RUC of total size L = 60 qubits (d = 2) and A = 1. The inset is a zoom of IE[AS/(‘Z)(t)] for £, = 45 in the small
time regime, the black dashed line is the early time linear behavior for ]E[AS/?)(t )] predicted in Eq. (60). Panel (b) shows IE[AS/SZ) ()] as a
function of the subsystem size for different time steps in a nonlocal RUC of L = 60 qubits and A = 1. The black dashed line is the prediction

in Eq. (9) for the limit# — oo.

f(a) = cos?(ar). We obtain a system of coupled differential
equations of the form

dE[ 2} =k zn(q: 3] Z Z M;Jltnj,m+j’)

Joj/=—2m=—4

x E[Z8 0D g+ mn]. (57
We report the explicit result for the coefficients M;’f;,{’e”j K
in Appendix C. We remark here that the advantageous aspect
of the system of differential equations for E[Zék’z’*)(q, )] is
that we avoid the integration over «, but the price to pay is
solving a further set of 2L coupled differential equations. Note
that, since the moments Zék’[/*)(a, t) are even functions in «,
their Fourier coefficients Zék’e")(q, t) vanish for ¢ odd. For
the initial state (11), all the generalized charged moments are
E[Z{"*(@,0)] = 1 and, therefore, E[Z{“) (¢, 0)] = 8o,
By solving this system with these initial conditions and
taking the solution for k =¢=0 and k=44 ¢ =0, we
obtain E[Z5*)(0, )] = E[Tr(p3 »)] and E[Z5*(0,1)] =
E[Tr(p3)], respectively. By plugging them into Eq. (5), we
find the average entanglement asymmetry. We plot the latter

J

a1 (B[Tro} o))

in Fig. 5: Panel (a) shows its evolution as a function of time ¢
for two subsystem sizes, while panel (b) illustrates its depen-
dence on the subsystem size at various time steps in a total
system of L = 60 qubits. We can see that it presents the same
qualitative behavior as in the brickwork circuit, cf. Figs. 3
and 4. For subsystems of length ¢4 > L/2, the asymmetry
monotonically grows in time, tending in the large time limit to
the value predicted in Eq. (10) (dashed line). When ¢4 < L/2,
the entanglement asymmetry initially grows until it reaches
a maximum, then it monotonically decreases, going back to
zero when L is large, as expected from Eq. (10). Therefore,
in this case, the asymmetry is, on average, restored in the
subsystem A. In panel (b) of Fig. 5, we note that the timescale
of the equilibration of E[ASf)(I)] to the stationary value
is independent of the subsystem length if ¢4 > L/2, but it
increases with £,4 in the case £4 < L/2, as it also occurs in the
brickwork circuit. We will later determine this dependence.

At time ¢ = 0, we can obtain the value of the time deriva-
tive of E[Z(q, 1)] by using the fact that the initial time
condition, Zék’e") (q,0) =840, is very simple. Indeed, by
plugging this initial condition in the system of differential
equations for E[Zék’m (g, 1)], we find for the case of interest
qg=k=0,

_ Ma(d(114y — 16L +5) + 24d(L — L) + 16(La — L))

and for the purity, which corresponds to k = €4, g = 0,

dln (E[Tr,oﬁ])

_2(d = 1)PMA(L — L)
dt — ’

(@ +1)(L-1)

(39)

8(d2+ 1)L —1) (58)

(

Putting together these two results, we find that the Rényi-2
entanglement asymmetry behaves at early times as

AdLy(5d(Ly — 1) — 804 + 8L)

2
ST DL 1) t+ O(~).

(60)

E[ASP ()] =
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FIG. 6. (a) Comparison between the time evolution of the entanglement asymmetry in a nonlocal random unitary circuit obtained from the
set of differential equations (57) (symbols) and the ansatz in Eq. (62) (solid curves), fitted to the numerical data corresponding to the largest
value of L considered for each ratio €4 /L. (b) Averaged entanglement asymmetry in a nonlocal random unitary circuit as a function of time
for different subsystems of length £, < L/2, calculated by solving numerically the differential equations (57). In both panels, the dimension

of the local Hilbert space is d = 2 and we take A = 1.

We verify Eq. (60) in the inset of Fig. 5(a), where the solid line
represents the exact value of ]E[ASQZ)] as a function of time
obtained by solving numerically the differential equation (57)
and the black-dashed line represents the prediction in Eq. (60).
In the large L limit, the result in Eq. (60) reduces to

drl,
—t’
d’+1
i.e., it is a finite number that linearly increases with the sub-
system size £4.

Beyond the early time regime, it is hard to solve analyti-
cally the system of differential equations for E[Tr(piy )], but
we can still solve them numerically and try to fit the depen-
dence on time. By doing it for several system and subsystem
sizes, we conjecture that, for £4 > L/2, the time dependence
of the entanglement asymmetry at late times is well described
by the formula

E[ASTL 0] ~E[ASP( — 00)]

a(EA/L)e*C](eA/L)t
14+ b(KA/L)e_"Z(ZA/LW

where the fitting parameters a, ¢, c2, and b depend on the
ratio between the subsystem and the system sizes. The large
time limit E[ASXZ)(t — 00)] corresponds to the averaged
entanglement asymmetry of Haar random states in Eq. (9).
Figure 6(a) shows the agreement between our ansatz (62) and
the numerical solution of the differential equations (57) for
different ratios £4/L. We clearly observe that, as the system
size L and time ¢ increase, the numerical data for a given £, /L
collapse, corroborating the validity of our prediction.

For ¢4 < L/2, we could not find an ansatz that properly fits
the numerical data. In Fig. 6(b), we analyze the time evolution
of IE[ASf)(t)] for different subsystems of length ¢4 < L/2.
For a given value of L, we observe that the peak grows and
slightly moves to later times as ¢4 increases. When we fix
the ratio £4 /L and we increase L, the peak also grows but its
position remains untouched. As in Fig. 5(b), it is also evident

Jim E[ASP )] = (61)

(62)

in this plot that the timescale of the relaxation of E[ASAZ)(I)]
to zero depends on the subsystem size. We also represent the
particular case £4 = L/2. The average asymmetry shows here
anonmonotonic behavior in time but it saturates instead to In 2
in the long time limit and large L, in agreement with Eq. (9).

We are now in a position to discuss the time it takes before
the asymmetry reaches its stationary value. We define the
relaxation time #; such that

IE[ASP(t — 00)] - E[ASP(0)]] < e, (63)

for all t > . Using the ansatz (62) and our numerical results,
we have studied the scaling of ¢ with the system size, for dif-
ferent values of €. An example of our results for the nonlocal
circuits is reported in Fig. 7.

For subsystem sizes £4 > L/2 and different values of ¢,
we find that the relaxation time can be fitted to a function
t¥ = b+ c/L, which shows that ¢} tends to a constant as L
increases. Conversely, for £4 < L/2, our numerical results
show very clearly a logarithmic dependence, ¢} ~ In(L), cf.
Fig. 7(b). The fact that # has a different scaling depending on
the subsystem size was also found in the case of local circuits.
Below, we give a physical explanation.

First, it is useful to recall that we can explain the fact that
the asymmetry asymptotically vanishes for £4 < L/2 based
on the decoupling inequality [8]. It states that for a random
state |1), the reduced density matrix over a region A of size
£ 4 satisfies [85]

E[ pA — S0

where || - ||; stands for the L; norm, while ¢ is the length
of the region B, the complement of A. The physical intuition
behind this inequality comes from the notion of information
scrambling. For a random state, the quantum information is
completely delocalized over all the degrees of freedom, and
the above inequality states that the amount of information we
can obtain by only looking at a region of size €4 < L/2 is

2
} <2470, (64)
1
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FIG. 7. Relaxation time ¢} for the average Rényi-2 entanglement asymmetry as a function of the total system size for subsystems of size
s =3L/4,4L/5 (a) and €4 = L/5, L/4 (panel (b)) in the nonlocal random unitary circuit with d = 2. In (a), (b), we take ¢ = 0.1 (0.01), see
Eq. (63). When ¢4 > L/2, t tends to a constant value in the thermodynamic limit L — oo while, for £4 < L/2, it grows logarithmically with
L. In (a), the dashed curves are the prediction of the ansatz (62), using the coefficients a, b, c|, ¢, determined from the fit of the numerical
values of the asymmetry for different L. In (b), the solid curve represents the function b1n L + c fitted to the numerical values obtained for ¢ in
the interval L € [75, 140]. In (c), we plot ¢} as a function of ¢4 for two different values of L = 80, 120 and ¢ = 0.01, showing the logarithmic
dependence also in the subsystem size. The solid lines are the function b1n £, + c fitted to the numerical points.

exponentially small in the system size. This is because the
maximally mixed state 1/2% contains no information on |1/).
The fact that the asymmetry vanishes then follows from the
fact that 1/2% is a symmetric state.

In quantum dynamics, the time it takes for localized in-
formation to spread over all the degrees of freedom is known
as the scrambling time [86,87]. It can be detected by study-
ing out-of-time ordered correlators (OTOCs) [88-92] and its
scaling is known to depend on the locality of interactions.
For local circuits, the scrambling time scales linearly in the
system size [56,57], as the spreading velocity of correlations is
bounded owing to the local circuit connectivity. Conversely, in
nonlocal circuits it has been shown to grow logarithmically in
the number of degrees of freedom [64,66—-68,85,93]. Since at
the scrambling time the decoupling inequality holds, one can
argue that the asymmetry should reach its stationary value, for
€4 < L/2, at the scrambling time. This argument then predicts
correctly the scaling of the asymmetry for both local and
nonlocal circuits that we derived via analytic computations.

Conversely, for £4 > L/2, the reduced density matrix re-
tains some information on the state |i). Since the dynamics
is not symmetric, the asymmetry of |¢), and thus of p,, is
nonzero. Similarly to how the computation of its asymptotic
value is nontrivial [8], we believe it is not completely obvious,
a priori, that the timescale ¢} should be independent of the
system size for £4 > L/2 in the large L limit. However, one
can justify this result at least in the case ¢4 = L. Indeed,
we know that the average value of the asymmetry for Haar
random states is the same as that of random product states
[8]. Therefore, large asymmetry does not require spreading of
entanglement, but it is rather because of the fact that different
charge sectors are explored in a sufficiently uniform way. This
is consistent with our result that the asymmetry saturates in a
time independent of the system size for large L.

VI. OUTLOOK

We have investigated the dynamics of subsystem entangle-
ment asymmetry in both local and nonlocal unitary circuits,

revealing qualitatively distinct behaviors based on subsystem
sizes. For subsystems larger than half the total system size,
the equilibration times are system-size independent, and the
entanglement asymmetry exhibits a monotonic increase over
time. In contrast, when subsystems are smaller than half of the
full system, the entanglement asymmetry displays nonmono-
tonic behavior and equilibrates on a timescale proportional to
the quantum-information scrambling time. Our work confirms
the entanglement asymmetry as a versatile and computable
probe of symmetry in many-body physics. Moreover, our
results offer a comprehensive phenomenological framework
for understanding the evolution of entanglement asymmetry
in typical nonintegrable dynamics.

Our study opens several promising avenues for future re-
search. One particularly intriguing extension would be to
explore quantum-circuit models involving non-Abelian sym-
metries. While the dynamics of Haar-random states with
non-Abelian charges were recently analyzed in Ref. [39], it
remains an open question how these more complex symmetry
structures influence the time evolution of entanglement asym-
metry in nonintegrable circuits. The interplay between the
richer symmetry group structure and the symmetry-breaking
dynamics could reveal novel equilibration mechanisms and
distinctive temporal behaviors. A second natural direction in-
volves investigating the impact of different types of random
unitary dynamics. Specifically, random Gaussian dynamics
[94-100] offer an intriguing playground where the role of
integrability versus chaos can be systematically explored.
Understanding how integrable structures influence the time
evolution of entanglement asymmetry would help clarify the
generality of our current results and provide insights into
the universality classes of entanglement dynamics. Finally,
another compelling direction for future research would be
to extend the entanglement asymmetry framework to random
unitary circuits with measurements [101-103]. The inclusion
of measurements introduces additional layers of complexity
in the symmetry-breaking dynamics, as measurement-induced
phase transitions and nonunitary effects could significantly
alter the time evolution and equilibration properties of
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entanglement asymmetry. Investigating how the competition
between unitary evolution and projective measurements in-
fluences entanglement asymmetry would provide a more
comprehensive overview of symmetry dynamics in many-
body physics. We leave these intriguing and challenging
questions for future exploration.
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APPENDIX A: DERIVATION OF THE AVERAGE
CHARGED MOMENT AS A CLASSICAL
STATISTICAL PARTITION FUNCTION

In this Appendix, we discuss in detail how to express
the average charged moment E[Z;(«, t)] in Eq. (23) as the
partition function of a classical statistical model. To this end,
it is convenient to take the formula (14) for the Haar average
of a folded gate and rewrite it in the form

Wij= Y IP)ITY, (A)
se{t}
where
|P%) = Z w(r,s)|I'T") . (A2)

re{x}

Therefore, according to Eq. (Al), we can assign to each
folded gate a classical spin s € {£}. The strategy now is first
performing all the contractions between the average folded
gates and eventually summing over all the possible classical
configurations s € {£} of each gate. To perform the contrac-
tions, we can arrange the gates in groups of three forming
a plaquette, like those connected by the red, blue and green
dashed lines in Fig. 2(a). We can then contract the gates in a
plaquette independently from the rest. According to Eq. (A1),
the contraction of the gates in each plaquette boils down to
overlapping the states (/°'| and (/*?| associated with the lower
legs of the two contiguous upper gates with the state |P*3)
corresponding to the upper legs of the lower gate. This overlap
gives the statistical weight W, , , of the plaquette,

S1 = 82,

S1 #SQ.

Js

S1752| DS 1,832

”sl,sz,s_s = (I"I?|P7) = { d
d>+1°

(A3)

The other ingredient in Eq. (23) is the boundary weight
ngl),...,q),(s(l,1),...,s(1,L/2))' It comes from the contraction of the
boundary states |[/*) and |I,") with the top row of averaged
gates in the folded circuit. In particular, if both upper legs of

the gate are contracted with the state |I,), we have

sin*(da) )

 d4sin*(a)
Ls 1 sin*(da) |
Tdt -1\ sin(a) ’

while, if one leg is contracted with the state |I) and the other
with |I,7), we find

@ 12
B @ o« I ] })x _— 83 1
—, =S ( ot | ) -+ /4 1

(A4)

BY (=B, = ({;I"|P")

1 - sin’(da)
d*—1 d sin’(a)

=8s,+

d sin?(do)
+ 85’_ﬁ<m - 1). (AS)

In the case in which both legs are contracted with the state
|[I7), we have

BY, = (ITIMPY) =6, 4.

(A6)
The product of the contractions Bff‘(),/ , of all the gates
in the top row of the folded circuit gives the weight
Bgl)wm)’(3(1,1),“&@/2’1)) of the boundary state |—+; &) in the
partition function, see Eq. (24). On the other hand, the con-
traction of the bottom row of gates with the folded initial state
[0)®4 is (I°]0)®* = 1.

Finally, to obtain the average charged moment, we sim-
ply have to multiply the weights W, , 5, of all the possible
plaquettes that we can construct in the circuit and the weight

Ef{rl),....,q),(s(l,1),,,.,5@/%,)) of the bopndary, and sum over all the
possible classical spin configuration s € {£} associated with
each folded gate, as we do in Eq. (23).

APPENDIX B: DETAILS ON THE ASYMMETRY
DYNAMICS IN LOCAL RANDOM CIRCUITS

In this Appendix, we analyze more carefully the dynamics
of the entanglement asymmetry in local random unitary cir-
cuits and we justify some of the expressions in the main text.

1. Expansion of A, («, ?) around o = 0

Let us first show how we arrived at the formula (35) for
the expansion of the eigenvalue A;(«, t) of the transfer matrix
T_(c,t) at any time step t. The dimension of this matrix
grows exponentially with time as 2'~'. Therefore, obtaining
an analytic expression for its spectrum is in principle only
possible for the first few values of ¢ by directly diagonalizing
T_(a,t). Nevertheless, from the explicit form of the coeffi-
cient A(¢) in the expansion (34) for the first values of ¢, we
were able to deduce a formula that gives it at any time.
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FIG. 8. (a) Average charged moments for a subsystem of size {4 = 6 in a periodic local random circuit of L = 20 qubits (d = 2) for
different time steps. The lines are the exact value calculated using Eq. (38). (b) According to Eq. (7), the entanglement asymmetry is given by
the area under the curve E[Z;(«, t)]/E[Z,(0, t)]. We can decompose this area into the filled rectangle [—, 7] x [0, E[Z,( /2, 1)]/E[Z,(0, 1)]]
and the stripped area delimited by the rectangle and the curve E[Z;(«, 1)]/E[Z,(0, ¢)], as we do in Eq. (B9). As time passes, the height
of the rectangle increases and the stripped area squeezes for subsystems of length £4 < L/2 and L > 1. In particular, when t — oo,
E[Z(7/2,D]/E[Z,(0, 1)] — 1.

If we expand in Taylor series the transfer matrix 7_ (e, ) until O(a?) and we diagonalize it, then we find that the coefficient
A(t) in the expansion (34) of A;(«, t) is

2d*(—1 +d?)
Af=1)=———~ Bl
( ) A1 dE) (B1)

2d*(=3 +2d* + d*)
At =2) = , B2
( ) EEE (B2)
2d%(—10 + 5d* + 4d* + d°)
At =3) = , B3
( ) 3(1 +d?)> ®3)
2d8(—35 + 14d? + 14d* + 6d° + d®

A =4y = 2435+ 1ad +14d" 647 +d) (B4)

3(1 + d?)’

2d'0(—126 + 42d?* + 48d* + 27d° + 8d® + d'°

A =5y = 24126+ 924" +48d° +27d +8d°+d ) (B5)

3(1 + d?)°

2d'2(—462 + 132d? + 165d* + 110d°® + 4448 + 10d'° + d'2

A= 6) = ( + + + + + + ). (B6)

3(1 +dHt

Therefore, for a generic time step 7, A(¢) is of the form
2t

Alt)= ————P(d), B7
(t) B (d) (B7)

where P;(d) is a polynomial in d of degree 2¢t. From the previous explicit expressions of A(¢), we observe that the polynomial

follows a specific pattern, which we can reconstruct. The 0(d®) term of P,(d) is the binomial number —(2';1), while the rest of

the coefficients of the terms O(d*) are elements of the Catalan triangle 2 (*7)). withk = 1, ..., t. Therefore,
2d* 2t — 1 2k (2t —1
A) = ———5—| — —_— da* |. B8
®) 3(1+d2)2’—1|: ( t >+;t+k(t—k) :| (B8)
[
Computing explicitly the sum above, we get Eq. (35). (7) of the charged moment Z,(«, ¢). To understand its time

evolution in subsystems of length €4 < L/2, it is illustrative
to plot E[Z;(«, 1)]/IE[Z,(0, ¢)] as a function of « at different
time steps, as we do in Fig. 8(a). At short times, this quotient

We have seen in the main text that the Rényi-2 entangle- is very small except around the peaks at « = 0 and 7. As time
ment asymmetry can be obtained as the Fourier transform passes, E[Z;(«, t)]/E[Z,(0, t)] increases for all « # 0, 7 and,

2. Subsystems of size {4 < L/2
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in the limit + — oo, it tends to 1. Interpreting Eq. (7) geo-
metrically, the average entanglement asymmetry is given by
the area under the curve defined by E[Z;(«, 1)]/E[Z,(0, 1)]
in the interval o € [—m, w]. From this perspective, we can
decompose the average asymmetry into two contributions, as
we indicate in Fig. 8(b),

E[Zy(7/2,1)]
E[Z5(0,1)]

The first term is the area of the rectangle [—m, ] X
[0, E[Zy(7 /2, )]/E[Z>(0, £)]] and Apea () is the area of the
stripped region in Fig. 8(b). As we can see in Fig. 8(a), in
the short time regime, when the average asymmetry grows,
the first term in Eq. (B9) is negligible. Instead, in the long time
limit, in which the average asymmetry goes back to zero, we
have the opposite situation, and this term becomes dominant.

Let us first investigate the regime t < £4, in which Apeqi (1)
is the dominant contribution in Eq. (B9). To determine it, we
can start from the expression (38) of E[Z;(«, t)] in terms of
the transfer matrices 7_(«, t) and 7 (¢). The matrix 7, (¢) has
a single eigenvalue equal to 1 while the rest of them are zero.

J

(2)
2me EIASTT = 2

Apeak (t ) . (B9)

2r—l

E[Zy(e, )] = Y (LT OIR] (@, D)L (@, IR (VA (e, ).

J=1

Assuming L — €4 > 1, we can project in Eq. (38) over the
eigenspace of 7 (z) with eigenvalue 1 and, therefore, rewrite
it in the form

E[Zy(a, )] = (LT (O T-(a, 1) [Rf 1)) , (B10)
where |R] (7)) and (L, (r)| are the normalized right and left
eigenvectors, i.e., (L, (t)IR] (t)) =1, corresponding to the
eigenvalue 1 of the transfer matrix 7, (). Computing exactly
the spectrum of 7_(«, t) at different times 7, we can check
that its eigenvalues A (e, t) are in general nondegenerate for
o # 0, . Therefore, we can decompose it in the form

21—1

To(.t) =Y Ao t) IR} (o, 1)) (L} (e, 1),

J=1

(B11)

where |RJT (a,1)) and (Lj_ (o, t)| are the right and left
eigenvectors of 7_(«, t) with eigenvalue A;(«, ). They are
bi-orthonormal in the sense that (L (a, t)|R (a,t)) =08
Inserting this decomposition in Eq. (BIO) we ﬁnd

(B12)

As we mentioned in the main text, all the eigenvalues A (o, 1) satisfy |A(x, )| < 1 for any o € [—7, ], except one, A («, 1),
which takes the value A;(«, ) = 1 at @« = 0 and 7. Therefore, when t < £4, the dominant term in Eq. (B12) comes from « close

to 0, v and it reads
E[Zx(r, )] & (LF(0)IR] (e, ) (L] (o, IR} (1)) (et £)/2, (B13)

otherwise Eq. (B12) would simply vanish. Calculating explicitly the overlaps between the different eigenvectors in the equa-
tion above, we find that, around o = 0,

E[Za(a. )] % (20(1) + 21 (1)) (1 = A@)a?) 2. (B14)
In this expansion, zo(¢) is the time evolution of the purity at short times,
4q> 7!
E[Z,(0, ¢ t , B15
[2200.1)] = 2(1) = [(1 d2)2] (B15)
and z; (¢) reads for different times
z7(r=1)=0, (B16)
16d*(1 — 2d?> 4+ d*)
t=2)= , B17
2t =2) 3T (B17)
64d°(1 + 4d? — 10d* + 4d° + d®)
t=3)= , B18
21t =3) ey (B18)
256d8(1 4 6d* + 15d* — 44d° + 15d8 + 6d'° + d'?
a1 = 4 = 2 ) (B19)
3(1+d?)P3
From these particular cases, it is easy to determine the pattern and deduce a generic formula for z;(¢) at any time step ¢,
4% (2 -2 (2 -2 S u-2
= d* -2 d* d*|. B20
al) 3(1+d2)4’—3[k2:(;< k ) g( k ) +k2=; 2 —2—k (520)

As we did for the full system in Sec. IV A, we finally obtain the entanglement asymmetry by plugging Eq. (B14) into the integral
(7) and performing a saddle point approximation. Let us first rewrite Eq. (41) in the form

20 a2

E(Z(a. 1)] ~ E[Z2(0, 1)]e” T + 50 (B21)
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FIG. 9. Time evolution of the average asymmetry for different subsystem lengths £4 in a periodic local random circuit of L = 20 qudits
with local dimension d = 3 (panel (a)) and d = 4 (panel (b)). The symbols are the exact result obtained from the transfer matrices using
Eq. (38) and the continuous lines correspond to the approximation in Eq. (B24).

When ¢, is large enough, we can apply the saddle point approximation at « = 0 and

@ Tda a0,
E[AsP0)] ~ —in|2 [ et (B22)
~ e,y + L1 A, (B23)
2 2 2

Therefore, at short times, the average entanglement asymmetry behaves as in the case €4 > L/2. When the asymmetry starts
to decrease, this approximation is not valid anymore because the contribution of other eigenvalues of 7_(«, ¢) in Eq. (B12)
becomes non-negligible.

Let us now move on to the long time regime. The area Apca in Eq. (B9) of the peaks at @ = 0 and & shrinks with time and it
is narrower for larger subsystem lengths £4. Therefore, we can assume that it is subleading at long times 1 < £4 < t, neglect it
in Eq. (B9) and approximate the average entanglement asymmetry as

E[ASP(®)]~ —In BlZp(n/2, 0] (B24)
E[Z(0, )]
This is Eq. (42) of the main text. We check how good this approximation is in Fig. 9, where we compare it (solid curves) with
the average entanglement asymmetry obtained directly with Eq. (38) (symbols). We observe that it improves as we consider
larger values of £4 and of the local Hilbert space dimension d. Therefore, we only need to calculate the asymptotic behavior of
E[Zy(a,t)] ata = 0 and 7 /2.

Using Eq. (38) and taking L — €4 >> 1, we can obtain the average purity E[Z,(0, #)] for arbitrary d at several specific time

steps ¢ and subsystem sizes €4, and infer from them an expression for its exact time evolution for any ¢4 < L,

d |TE -2 LT -2 = (-2
E[Z,(0,1)] = RO Z < k )de + Z < k )a’ztg"2 + Z ( X )deMA . (B25)
(I+d%) k=0 k=t—t4/2—1 k=t+04/2

When ¢ < €4/2 + 1, the first and third combinatorial sums in this formula cancel and we recover Eq. (B15). To analyze the
behavior of Eq. (B25) in the regime ¢ > {4, it is convenient to calculate explicitly the sums. We obtain

2t =2
1 d2 2t—2 d2t7[/\
{( AT t4£4/2

Ly

El20.01=

)2F1(1, 24 04/2 — 1,14+ €4)2 4+ 1;—d?) +d¥ /22

2t —2
Fi(1,1 —€4/2 —t,—04/2+1t;—1
X|:<t—£A/2—1>21( A/ A2+ )

2t —2
—( )(_1+2Fl(171+EA/2_ta£A/2+t;_1))i|

t+L4/2 -1
_graes( M2 (= 1+ 2F (1, —a/2 —t, =1 — £4/2 +1;—d%)) (B26)
t—ﬁA/Z—Z 2077101, A s A » .
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FIG. 10. Time evolution of the logarithm of the average charged moment E[Z;(«, ¢)] for « = 0 (dashed curves) and o = /2 (symbols)
in a subsystem of length £, = 2 (a) and £4 = 6 (b) of a periodic local random circuit with L = 20 qudits. We take different dimensions d of
the local Hilbert space. Both the dashed curves and the symbols are the exact value of E[Z,(«, #)] for @ = 0 and 7 /2, respectively, calculated
using Eq. (38). The solid-black curves represent the value d = to which E[Z,(«, t)] tends in the limit t — oo when £, < L/2.

In the limit # — oo, the hypergeometric functions that appear above behave as [105]

. . . 1+d2\”
JF(,b—t,c+1t;—d*) ~ 7 4 plHbme2r g2=2¢ (g +d2)°—b—1<+T> Jrt (B27)
and
Nt 1F¢
2F1(1,ljzéA/Z—t,t:I:EA/Z;—l)NTn+ :; A (B28)

If we expand Eq. (B26) around t = oo using these results, then we find Eq. (43) of the main text.
(

both o = 0 (dashed curves) and /2 (symbols) for several
d. We clearly observe that, for d = 3, E[Z,(/2,1)] does
not vary and, for d = 2, 4, it relaxes to the stationary value
much earlier than the average purity does, and we can assume
that it is practically constant already at very short times. This
allows us to conclude that the large time asymptotics of the
asymmetry in Eq. (B24) is dictated by the behavior of the
average purity.

Turning to the other ingredient in Eq. (B24), E[Z,(7 /2, t)],
we have not been able to find a generic closed expression for
its time evolution, as in the case of the purity. If the local
dimension d is odd, then it remains constant in time and takes
the value E[Z,(7 /2,1)] = d —t while, for d even, it changes
in time, although it rapidly tends to d—%. This is shown in
Fig. 10, where we plot E[Z,(«, t)] as a function of time taking

|
APPENDIX C: SYSTEM OF DIFFERENTIAL EQUATIONS FOR THE CHARGED MOMENTS IN NON-LOCAL RUCS

In this Appendix, we provide further details about the differential equations (55) and (57). Starting from the result in Eq. (52)
and generalizing it to any state | — +; ) *‘), we can write down the system of coupled differential equations (55) that describes
the dynamics of the averaged generalized charged moments (54). The nontrivial coefficients Mék” bati ), J,j =-2,...,2,are

given by

ME = ﬁ[—N(N — D4 k(k— 1)+ (L — €))L — £y — D],

(ba —Kk)(la —k—1)

ME+2L) 44 2_
o L—1 d4 1 ( f(()[) )7
2% k(ty — k)
M(k“rl,ZA) — d4 _1 ’
P T-1 -1 d fla)—1)
ARELLED 2d1 k(L — €4)
¢ L—1 d>+1"°
d*h 8y —k)s —k — 1
M2 — (€a — k)(€a )(l P,

L—1

d4 —

1
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Mk=14-2) _
o

k2 a+)
o

(k+1,640)
M, A

and they vanish otherwise. Eq. (55) is solved together with the initial condition ]E[Zék’m(a, 0O]=1, for £, =0,...,
£4. We use the convention that Zék’_l)(oe, 1)

k=0,...,

2d%) k(e — k)

g (- ).

20 (L—EA)@A— ;

- d4 =0 @ par - a,

20 k(s — 4

=71 & (df()—l) (C1)
L and

=7 (@, 1) = 0 and also Z(a,1) =0 for k < 0,k > £4. We

remark that E[Zéo’l/‘)(a, t)] gives the average standard charged moments in Eq. (47), while ]E[Zélf"m(a, ] = E[Tr(pﬁ)], i.e., it
is the average purity. In this last case, the differential equation reduces to the one found in [69].
By taking the time derivative of Eq. (56), we can write down a system of differential equations also for E[Zék’e“ (g, )] in

Eq. (57), in which the nontrivial coefficients

M(k—H la)
M(k 1,64-2) _
M(k+1 Ha)
(k+2,00) _
Mq:t2 !

or(k+2,04) __
Mq:tZ

ok, €a—=2) _
Mqi4 -

(k,L4=2) _
Mq:tZ

ML(]](,EA—Z) — 5d2

(k+2,64) _
Mq:t4

(k+2,04) _
Mq:tZ -

MK+2.80)

p =
r(k.la) —

M, =
(kLG _
M, =

(k£ls—1) _
Mq:tZ

gkt —
M, =

N2+
q

(k+2,64+1) _
Min

where £, =1,...,L,k=0,...,

T (=14dH(—=1+1L)

lyand g = 2L, -2L+2,...,

Méﬁ,{’z*‘“/), J.j =-=2,...,2,are given by
—2% k(—k + £4)
(—1+d*)(—1+1L) A%
A
=1 2M<’< La=2) — _ k(—k + £4)d?,
/ T T LSY
A
=1/2M+ = — k(—k + £4)d*,
/ AT IS LY
A
k—0)(1+k—2€4),
1t dh— 1+L)( A A)
A
(k—=24)A +k—2Ly),

5 A

16(—1 4 d*)(—1 + L)
—A

16(—1 +d*)(—-1+1L)

(k= La)(1 +k —£a),

(k = L) +k —£a),

(k= €a)(1 +k —La),

8(—14+d*)(—1+L)
A

16(—1 +d*)(—1+L)
A

4(—1 +d*H)(—-1+1L)

. A

8(—1+d*)(—

(k = L)(A +k —£a),

(k= €a)(1 +k —La),

(k= La)(1 + k — L),

1+ L)
—X

—_ 4 —
d)(=1+kk+La(1 4+ €4 (=1 +dH(—1+1L)

[ —2L))]

A

(—1+d*)(-1+1L)
A

2(=1+d*)(—1+1L)

A
(=1 4+d*)(-1+L)
A
(=1 4+d*)(—=1+L)

—2d(d*> — Dk(ty — L)

—d(ly — k)L — £y)

—(1 = 2d*)d(Ly — k) (L — £4)

—2d(ls — k)L —£4)

A
2(=1+d"(=1+L)

2L — 2, 2L. The initial condition for this set of differential

= 1/2MF>9D = (g — k)(L — £4) (C2)

equations reads E[Zék’zf‘)(q, 0)] = 84,0. We are mainly interested in the solution of Eq. (57) for the case k = g = 0, which
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amounts to computing the average E[Tr(,of’Q)], and the set of parameters g = 0, k = £, that gives the average purity E[Tr(p3)],
from which we can directly obtain the Rényi-2 entanglement asymmetry (5).
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