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Abstract. In recent years scale invariant scattering theory provided the first
exact access to the magnetic critical properties of two-dimensional statistical
systems with quenched disorder. We show how the theory extends to the overlap
variables entering the characterization of spin glass properties. The resulting
exact fixed point equations yield both the magnetic and, for the first time, the
spin glass renormalization group fixed points. For the case of the random bond
Ising model, on which we focus, the spin glass subspace of solutions is found to
contain a line of fixed points. We discuss the implications of the results for Ising
spin glass criticality and compare with the available numerical results.
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1. Introduction

Random magnets are expected to possess a spin glass phase for strong enough frustration
at low temperatures [1-3]. While the mean field solution is known [4] for the basic model
with infinite range interaction [5], analytically accessing the spin glass phase for the case
of short range interactions in two and three dimensions proved to be extremely difficult
and the problem essentially remained the realm of numerical studies. The accuracy of
the latter, on the other hand, is limited by the difficulties related to the need of reaching
large system sizes [2, 3].

In recent years it has been shown that the replica method normally used to deal
with quenched disorder can be implemented in an exact way when working directly
at criticality in two dimensions [6]. The key observation is that in this case conformal
symmetry [7] can be exploited in a simple way within the scattering framework of the
underlying field theory, thus providing the first exact access to random criticality. In
the language of the renormalization group [8], the method yields the fixed points whose
basins of attraction determine the critical behavior in the different regions of the phase
diagram. So far the scattering method has been used for the study of the ‘magnetic’
random fixed points [6, 9-13] ([14] for a review), namely those fixed points located along
the boundary of the ferromagnetic phase. In the present paper we show how the method
extends to the spin glass renormalization group fixed points, namely the fixed points
ruling the critical exponents inside the spin glass regime. This is achieved introducing
in the scattering framework the ‘overlap’ variables entering the characterization of the
spin glass properties. In a nontrivial way, the resulting exact fixed point equations make
explicit the specific nature of the overlap variables, which account for correlations among
independent copies of the system with the same disorder distribution. Remarkably, for
the basic example of the random bond Ising model that we analyze, the spin glass
subspace of solutions of the exact equations turns out to contain a line of fixed points.
We then discuss the implications of the results from the point of view of universality
and in comparison with the available numerical results for the spin glass regime.

The paper is organized as follows. After recalling in the next section some main
features of the two-dimensional random bond Ising model, we derive the exact renor-
malization group fixed point equations in section 3. The solutions are discussed in
section 4 before collecting some final remarks in the final section.
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2. Magnetic and spin glass criticality

The random bond Ising model [1] is defined by the Hamiltonian

H:—ZJIyO'(I)O'(y), (1)
(2,y)

where o (z) = &1 denotes the spin variable at site z of a regular lattice, }_, , is the sum
over nearest neighbors, and quenched disorder is introduced through random couplings
J 4y drawn from a probability distribution P(J,,). A common choice is the bimodal
distribution

P (Joy) =p0(Juy = 1)+ (1 =p) 6 (Joy + 1), (2)

where 1 —p is the fraction of antiferromagnetic bonds. The ordered phase of the pure
ferromagnet (p =1) persists as the disorder strength 1 — p is increased, until the trans-
ition temperature vanishes. The transition between this ferromagnetic phase and the
paramagnetic phase (figure 1) is continuous, namely the correlation length £, defined
by!

(o (2) 7 (y))]oom ~ ™75, |z —y| = o0 (3)

diverges along the phase boundary. We refer to the divergence of ), as magnetic crit-
tcality. In the two-dimensional case of interest in the present paper, magnetic criticality
is ruled by the three renormalization group fixed points present on the ferromagnetic-
paramagnetic phase boundary. The fixed point P of the pure model is analytically known
to be stable under the addition of disorder [15-18]; numerical studies [19-22] show that
the zero temperature fixed point Z is stable in the temperature direction, while the
Nishimori point N [23-26] is unstable in all directions. Recently, the exact correlation
length and crossover critical exponents at the Nishimori point have been determined
exactly (also in three dimensions) [27] starting from properties of the Nishimori line
[23, 24]. At a given fixed point, the behavior

[l (@) o ()] ~ |z =y (4)

defines the spin scaling dimension X, .

In general, spin glass behavior is expected to arise as an effect of randomness and
frustration at low enough temperatures inside the region of zero magnetization. It is
investigated introducing the overlap variable [1, 2]

" () =0 (2)0" (2), a7b, ()

1 'We denote by (---) the thermal average and by [---] the average over the random variables J .
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Figure 1. Phase diagram of the +£J random bond Ising model in two dimensions.
The renormalization group fixed points correspond to the critical point of the pure
model P, the Nishimori point N, the zero temperature magnetic fixed point Z, and
the spin glass fixed point G.

where a and b label independent copies? of the system with the same disorder realization
{Ji;}. The divergence of the correlation length £ defined by

(@™ (@) 4" )] o = [(0 (@) T (0))?] pp ~ €70, o —y| = o0 (6)
corresponds to overlap criticality, while the fixed point behavior
[(q" (@) g™ (y))] ~ | —y| 7> (7)

defines the overlap scaling dimension X,. Spin glass criticality amounts to overlap critic-
ality outside the ferromagnetic region and its boundary. Numerical consensus developed
since [19] (see also [28] for analytical arguments) on the fact that in two dimensions
there is no finite temperature transition to a spin glass phase and that spin glass crit-
icality occurs only at 7T'=0. The overlap correlation length is observed to diverge as
o ~ T~ and the value of rgg is expected to be ruled by a zero temperature spin
glass fixed point G (see figure 1). On bipartite lattices, for which the phase diagram is
symmetric under p — 1 — p, G is expected to fall at p = 1/2; many numerical studies of
spin glass properties focus on this value.

2 These copies are also called real replicas, in order to distinguish them from the n — 0 auxiliary replicas entering the replica
method, see below.
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3. Exact fixed point equations

The discussion of the previous section shows that the study of overlap properties
amounts to consider the Hamiltonian

N
Hy ==Y Jo) o (z)0 (y) (8)

<I7y> a=

of N decoupled Ising copies with the same disorder realization. For N =1 one recovers
the Hamiltonian (1) which is sufficient for the study of the magnetic properties. For
N #1 different copies are correlated by the disorder average. Quenched disorder corres-
ponds to the fact that the average over the random variables J,, is taken on the free
energy —InZ, where

7 = > e /T (9)
{0} Ao}

is the partition function with an assigned disorder configuration. Theoretically, it is
convenient to exploit the identity

Zn—1
InZ = lim : (10)

n—0 n

through which the average over disorder has the effect of coupling n — 0 replicas of the
system with Hamiltonian (8).

It was shown in [6] (see [14] for a review) that in two dimensions the replica method
can be implemented in an exact way at renormalization group fixed points, which in the
continuum correspond to conformal field theories. One uses the scattering framework of
[29], in which one of the two spatial dimensions plays the role of imaginary time, and
exploits the fact that infinite-dimensional conformal symmetry in two dimensions [7]
yields infinitely many quantities conserved in scattering processes. This forces initial and
final states to be kinematically identical (complete elasticity), while scale and relativistic
invariance make scattering amplitudes energy independent. These simplifications of the
scattering problem are strong enough to make it exactly solvable, a circumstance that
has been exploited to progress with longstanding problems of two-dimensional criticality,
both with [6, 9-13] and without disorder [30-36].

In this framework, the scattering particles correspond to the fundamental collective
excitation modes of the system, and the symmetry representation they carry charac-
terizes the model under consideration. In the present case, a =1,2,..., N labels the
particle corresponding to an elementary excitation in the ath Ising copy; such a particle
is odd under spin reversal (@ — —¢(@ which is a symmetry of the Hamiltonian (8). In
addition, an index ¢ = 1,2,...,n labels the replicas associated to the disorder average.
We then denote by a; a particle in the ¢th replica of the ath Ising copy. The elastic scat-
tering amplitudes allowed by spin reversal symmetry and by permutational symmetry
(of the N copies as well as of the n replicas) are shown in figure 2.

https://doi.org/10.1088,/1742-5468 /ade135 5
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a; ai; b,' bl' b,' a; ai; bl'
a; ai; a; a; a; b,‘ ai; b,‘
So Sy S» S3
bj bj bj a; a; bj a; a; a; ai a; a;
a; a; a; bj a; bj a; a; a; a; a; a;
S4 SS SG S7 Sg Sg

Figure 2. Magnetic and overlap scattering amplitudes for the random bond Ising
model. a; labels a particle excitation in the ith replica of the ath copy (a# b, i #j).
Overlap amplitudes involve different copies. Time runs upwards.

As for any scattering theory [37], the amplitudes satisfy crossing and unitarity
equations, which at two-dimensional fixed points take a particularly simple form as
a consequence of complete elasticity and energy independence. With the notation
SCZZ = gxg for a generic amplitude, they read [14, 29|

S = [sg(?r , (11)
> Se [532] s, (12)
e

respectively. The amplitudes are unchanged under time reversal (Sgg = S%ﬂ ) and spatial

reflection (Szg = Sgl). When specialized to the amplitudes of figure 2, the crossing
equation (11) translate into

Sy =25, k=0,2,5,8 (13)
Sy =S 0= Xp +iYy, k=1,4,7, (14)

where we introduced the real quantities X; and Y. It follows that the unitarity
equation (12) can be written as

SEHN-D)[XI+Y2+(n—1)(X]+Y)] +(n—1) (XZ+Y?) =1, (15)
250 X1+ (N =2) [X7+ Y7+ (n—1) (X7 +Y7)] +2(n—1) (X4X7 4 YaY7) =0, (16)
280X +2(X1 X7 + V1Y) + (N = 2) [2(X1 Xy + Y1V2) + (n = 2) (X5 +Y7)]

+2(n—2) (X4 X7+ Y1Y7) =0, (17)

250 X7+ (n—2) (X2 +Y7) + (N —1) 2(X1 X4+ V1Y) + (n—2) (X +Y7)] =0,  (18)

https://doi.org/10.1088,/1742-5468 /ade135 6
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XkSkJrl:Oa k=1,4,7, (19)
Xi+Y2+ S, =1, k=1,4,7. (20)

These equations contain N and n as parameters that do not need to be integers. In
particular, the limit n — 0 yielding quenched disorder can be taken straightforwardly.

The derivation of equations (15)—(20) implies that their solutions are the renormal-
ization group fixed points of a system of Nn Ising models constrained by invariance
under spin reversals o*l-a) — —UZ@ and permutations of the N copies and of the n rep-
licas. These symmetries, however, allow for the addition to the Hamiltonian (8) of terms
coupling the different copies®, so that the space of solutions of (15)—(20) still includes
fixed points which are not of interest for the problem we study in this paper. In our
present case the Ising copies are correlated only by the disorder average, and their
number N is not a physical parameter of the problem. This requires that, for n =0,
the space of solutions of (15)—(20) contains a N-independent subspace corresponding to
the fixed points of our interest. Remarkably, it is immediately seen that, at n =0, the
N-dependent terms in (15)—(20) cancel under the condition

Si=5;. (21)

The resulting equations read

Sg - (X72 +Y72) =1, (22)
So X1 — (X1 X7 +Y1Y7) =0, (23)
SoX7— (X2 4+Y7) =0, (24)
XSk =0, k=1,7, (25)
Xi+Y2+ S, =1, k=17, (26)

where we took into account that (16) and (17) lead to the same equation; we also have

Sy = +95;. (27)
4, Solutions and discussion

The solutions of equations (22)—(26) are listed in table 1. As discussed in the previous
section, they yield the magnetic and spin glass renormalization group fixed points of the
random bond Ising model (figure 1), and our next task is to identify which fixed point
corresponds to which solution. For this purpose, we must first of all observe that the
form of the crossing and unitarity equations (11) and (12) is such that, given a solution,
another solution is obtained reversing the sign of all the scattering amplitudes. It follows
that the space of solutions of the exact fixed point equations provided by scattering
theory in two dimensions is always made of pairs of solutions related by such ‘sign
reversal’. In some cases only one member of a pair is of physical interest, the other

3 This is why equations (15)-(20) also arise in the study of the disordered N-color Ashkin-Teller model [13].

https://doi.org/10.1088,/1742-5468 /ade135 7
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Table 1. Solutions of equations (22)—(26). They yield the magnetic and spin glass
renormalization group fixed points of the random bond Ising model. Signs in par-
enthesis are both allowed.

Solution So X7 Y7 X1 Y1

At +1 0 0 0 [—1,1]
1 1

By +1/2 jzﬁ (i)lﬁ 0 0 1

(02 V2 ﬁl :F? Y (i)?

Dy —V2 L L Y, ()L

being automatically generated by the form of the equations. In our present case, the
pairs are A, and A_, B, and B_, as well as C' and D.

A second observation is that the solutions of table 1 exhibit also another type of
pairing, this time specific to the problem we are studying. Indeed, given the values of
Sy and S7 = X7 +1iY7, there is always a solution with S; = X; 4+iY; =0 and one with
S1# 0. These pairs are Ay l|y,—o and Ayly,z0, By and C, as well as B_ and D. The
physical meaning of this result is understood once we recall that Sy and S7 characterize
the magnetic sector*, namely the amplitudes which are well defined already for N =1
and describe the interaction within a single copy. On the other hand, S; characterizes
the overlap sector’ containing the amplitudes which involve different copies. Hence,
the solutions with S;1 =0 (no overlap) correspond to the fact that the magnetic fixed
points can be studied with no reference to overlaps (N =1). On the other hand, the
partner solutions with Sy and S7 unchanged and S; # 0 reflect the fact that the overlap
properties do not affect the magnetic ones.

With this understanding, we begin with the identification of the solutions corres-
ponding to the magnetic fixed points P, N and Z of figure 1. The fact that the two-
dimensional Ising ferromagnet without disorder is a theory of free fermions [7, 38] implies
that P corresponds to® A_|y,—g. In absence of disorder [{¢**(x)q**(y))] = (o(x)o(y))?,
so that at P there is also trivial overlap criticality (uncorrelated copies) with X, = 2X,,.

Turning to the fixed points N and Z, we can exploit the fact that the scattering
theory was used to study the magnetic sector of the random bond g¢-state Potts model
[6, 14], which yields the Ising model for ¢ = 2. The g-dependence of the different solutions
allowed to identify the magnetic sector of the Ising fixed points N and Z with our present
solution B_, the two points being distinguished by the sign of Y. On the other hand, the
identity [(¢*(z)q™*(y))] = [{(o(x)o(y))], which is known [23, 24] to hold at the Nishimori
point N, implies that at this point there is also overlap criticality with X, = X,. This
simultaneous magnetic and overlap criticality corresponds to the partner solution of B_
with 57 # 0, namely to solution D. The coincidence at point N of the spin and overlap
correlation functions indicates that the critical behaviors in the two sectors coincide at
this point, namely that S; = S7. It is then no accident that solution D indeed allows

4 Recall that Ss and Sy are related to S7 through (14) and (26).
5 Recall that S,...,Ss are related to S1 through (14), (21), (26) and (27).
6 Scattering on a line is related to position exchange and statistics. A transmission amplitude —1 corresponds to a free fermion.
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for this identity. Overlap criticality is expected in the whole region from Z to G. Hence,
simultaneous magnetic and overlap criticality at the fixed point Z corresponds again to
solution D, the difference with N being made by sign choices.

Finally, we should identify the solution corresponding to the spin glass fixed point
G. The absence of magnetic criticality at G excludes the solutions A_, B_ and D
which, as we saw, account for the fixed points P, N and Z. In addition, solution B,
corresponds to uncorrelated copies (51 =0). We are then left with the solutions A, and
C. They correspond to different scenarios which are better understood after recalling
some general facts about universality.

Universality is the property of classes of statistical systems with short range interac-
tions and the same internal symmetry of exhibiting the same critical exponents despite
microscopic differences such as a different lattice structure (e.g. in two dimensions,
square vs triangular). For ferromagnets, universality arises because the tendency of
the spins to point in the same direction makes the number of neighbors irrelevant in
the renormalization group sense. For antiferromagnets, on the contrary, the number of
neighbors is essential in establishing to which extent the tendency of nearby spins to
point in different directions can be fulfilled. As a consequence, antiferromagnets with
the same Hamiltonian but different lattice structure can renormalize on different fixed
points. Also in this respect, the ability of the scattering theory in two dimensions to
give at once the different fixed points allowed by a given symmetry is remarkable and
was illustrated in [14, 30] for the g-state Potts model. Here we simply recall that ¢ =3
allows for a line of fixed points’, and that it was predicted in [46] that three-state Potts
antiferromagnets on different bipartite lattices can renormalize on different points of
this line; it was numerically shown in [47] that this is indeed the case.

Clearly, frustrated random magnets, in which ferromagnetic and antiferromagnetic
bonds are both allowed, may in principle exhibit nonuniversal critical behavior depend-
ing on the lattice structure. Moreover, changing the disorder distribution P(J,,) is an
additional potential source of nonuniversality. When weak disorder is relevant in the
renormalization group sense—for Ising this is the case in three dimensions but not in
two—before the Nishimori point there is an additional fixed point which can be per-
turbatively shown [8] to be universal in the class of the randomly dilute ferromagnet. In
our present two-dimensional case, universality for the magnetic fixed points is consistent
with our results as well as with the conclusions of numerical studies which compared
different lattices and disorder distributions (see [21, 48]). The spin glass fixed point G,
on the other hand, has strongest disorder and maximizes the chances of nonuniversal
behavior. There are two main scenarios depending on whether G corresponds to solution
C or to solution A, . Solution C' leads to a single fixed point, or at most a few if different
sign choices are physically relevant. This in turn amounts to a single universality class
or to a small discrete set of universality classes. Solution A., instead, possesses Y
as a free parameter and corresponds to a line of fized points. Different lattices and/or
different disorder distributions may then renormalize on arbitrarily close points along
this line.

7 This is the line of fixed points of the Gaussian model, which also makes possible a number of other nontrivial phenomena in
two-dimensional criticality, such as the BKT transition [39, 40], the continuously varying exponents of the Ashkin—Teller model
[41, 42], and the Luttinger liquid behavior of electrons in (14 1) dimensions [43—45].
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At present we do not see a way to theoretically single out one of the two scenarios. On
the side of numerical simulations, on the other hand, the issue of universality at the fixed
point G is still debated [49-54]. The most accurate measurement to date is that of [54] for
the domain wall fractal dimension on the square lattice, which gave 1.27319(9) for the
Gaussian disorder distribution and 1.279(2) for the bimodal distribution. These authors
considered the two results as ‘marginally consistent’ with each other and concluded
that they leave open the question of universality at the spin glass fixed point G. Our
results now allow for the possibility that the two distributions renormalize on close but
distinct points on the line A ;. Additional interesting insight comes from the numerical
conclusion of [55] that the square lattice model with the disorder (2) and p = 1/2 behaves
‘almost but not quite’ as a free boson. Since solution A,|y,—¢ is a free boson (pure
transmission with amplitude +1), A, |y,«1 is almost a free boson. Solution C, instead,
is quite far from free bosonic behavior.

5. Conclusion

Scale invariant scattering theory has been used in the last years to obtain the first exact
results for renormalization group fixed points of two-dimensional statistical systems
with quenched disorder. So far, the results had concerned the magnetic fixed points,
namely the fixed points located on the ferromagnetic-paramagnetic phase boundary. In
this paper we showed how the theory can be extended to include the overlap variables
which characterize the spin glass behavior. The overlaps account for the correlations
among independent copies (real replicas) of the system with the same disorder realiz-
ation. Quite remarkably, the theory explicitly shows how the initial set of fixed point
equations produced by the symmetry constraints simplifies under the requirement that
the different copies are correlated only by the disorder average. The space of solutions
of this final set of exact equations contains both the magnetic and the spin glass renor-
malization group fixed points. The magnetic fixed points coincide with those obtained
within the theory which does not detect the overlaps [6, 14], as they should. The exact
access to the spin glass sector, on the other hand, is obtained here for the first time.

For the random bond Ising model, on which we focused, we showed that the subspace
of spin glass solutions contains an exact line of fixed points. This is a remarkable finding
in view of the fact that it implies the rarely fulfilled renormalization group condition of
‘true marginality’. We discussed the scenarios allowed by these results for Ising spin glass
critical behavior, for which strong frustration makes the issue of universality particularly
nontrivial. We then observed that the available numerical results are consistent with
the solution corresponding to the line of fixed points.

References

[1] Edwards S F and Anderson P W 1975 J. Phys. F: Met. Phys. 5 965

[2] Binder K and Young A P 1986 Rev. Mod. Phys. 58 801

[3] Kawashima N and Rieger H 2005 Frustrated Spin Systems ed H T Diep (World Scientific) ch 9, p 491
[4] Parisi G 1980 J. Phys. A 13 L115

[5] Sherrington D and Kirkpatrick S 1975 Phys. Rev. Lett. 35 1792

[6] Delfino G 2017 Phys. Rev. Lett. 118 250601

https://doi.org/10.1088/1742-5468 /ade135 10


https://doi.org/10.1088/0305-4608/5/5/017
https://doi.org/10.1088/0305-4608/5/5/017
https://doi.org/10.1103/RevModPhys.58.801
https://doi.org/10.1103/RevModPhys.58.801
https://doi.org/10.1088/0305-4470/13/4/009
https://doi.org/10.1088/0305-4470/13/4/009
https://doi.org/10.1103/PhysRevLett.35.1792
https://doi.org/10.1103/PhysRevLett.35.1792
https://doi.org/10.1103/PhysRevLett.118.250601
https://doi.org/10.1103/PhysRevLett.118.250601
https://doi.org/10.1088/1742-5468/ade135

Exact results for spin glass criticality

[7] Di Francesco P, Mathieu P and Senechal D 1997 Conformal Field Theory (Springer)
[8] Cardy J 1996 Scaling and Renormalization in Statistical Physics (Cambridge University Press)
[9] Delfino G and Tartaglia E 2017 J. Stat. Mech. 2017 123303

[10] Delfino G and Lamsen N 2018 J. High Energy Phys. JHEP04(2018) 077
[11] Delfino G and Lamsen N 2019 J. Stat. Mech. 2019 024001

[12] Delfino G and Lamsen N 2019 Eur. Phys. J. B 92 278

[13] Delfino G 2025 J. Stat. Mech. 2025 013211

[14] Delfino G 2021 Eur. Phys. J. B 94 65

[16] Dotsenko V S and Dotsenko V 1983 Adv. Phys. 32 129
[17] Shalaev B N 1984 Sov. Phys. Solid State 26 1811
[18] Ludwig A W W 1990 Nucl. Phys. B 330 639
[19] McMillan W L 1984 Phys. Rev. B 29 4026
[20] Merz F and Chalker J T 2002 Phys. Rev. B 65 054425
[21] Picco M, Honecker A and Pujol P 2006 J. Stat. Mech. 2006 09006
[22] Hasenbusch M, Toldin F P, Pelissetto A and Vicari E 2008 Phys. Rev. E 77 051115
Nishimori H 1981 Prog. Theor. Phys. 66 1169
Nishimori H 2001 Statistical Physics of Spin Glasses and Information Processing: An Introduction (Oxford

University Press)
[25] Doussal P L and Harris A B 1988 Phys. Rev. Lett. 61 625
[26] Doussal P L and Harris A B 1989 Phys. Rev. B 40 9249
[27] Delfino G 2025 J. Stat. Mech. 2025 043203
[28] Ohzeki M and Nishimori H 2009 J. Phys. A: Math. Theor. 42 332001
[29] Delfino G 2013 Ann. Phys., NY 3331
[30] Delfino G and Tartaglia E 2017 Phys. Rev. E 96 042137
[31] Delfino G and Lamsen N 2019 J. Phys. A: Math. Theor. 52 35LT02
[32] Delfino G, Diouane Y and Lamsen N 2021 J. Phys. A: Math. Theor. 54 03LT01
[33] Diouane Y, Lamsen N and Delfino G 2021 J. Stat. Mech. 2021 033214
[34] Diouane Y, Lamsen N and Delfino G 2022 J. Stat. Mech. 2022 023201
[35] Lamsen N, Diouane Y and Delfino G 2023 J. Stat. Mech. 2023 013203
[36] Diouane Y, Lamsen N and Delfino G 2023 J. Stat. Mech. 2023 043204
[37] Eden R J, Landshoff P V, Olive D I and Polkinghorne J C 1966 The Analytic S-Matriz
[38] Onsager L 1944 Phys. Rev. 65 117
[39] Berezinskii V L 1971 Sov. Phys. JETP 32 493
[40] Kosterlitz J M and Thouless D J 1973 J. Phys. C 6 1181

J

]

]

]

]

]

]

]

]

]

J

]

]

]

]

]
]
]
]
J
]
]
] D
[15] Dotsenko V S and Dotsenko V 1981 Sov. Phys. JETP Lett. 33 37
] D
]
]
]
]
)
]
]
]

[41] Baxter R J 1982 Ezactly Solved Models in Statistical Mechanics (Academic)

[42] Kadanoff L P and Brown A C 1979 Ann. Phys., NY 121 318

[43] Tomonaga S-1 1950 Progr. Theor. Phys. 5 544

[44] Luttinger J M 1963 J. Math. Phys. 4 1154

[45] Mattis D C and Lieb E 1965 J. Math. Phys. 6 304

[46] Delfino G 2015 Ann. Phys., NY 360 477

[47] Lv J-P, Deng Y, Jacobsen J L and Salas J 2018 J. Phys. A: Math. Theor. 51 365001

[48] de Queiroz S L A 2009 Phys. Rev. B 79 174408

[49] Katzgraber H G, Lee L W and Campbell I A 2007 Phys. Rev. B 75 014412

[50] Hartmann A K 2008 Phys. Rev. B 77 144418

[561] Toldin F P, Pelissetto A and Vicari E 2011 Phys. Rev. E 84 051116

[62] Fernandez L A, Marinari E, Martin-Mayor V, Parisi G and Ruiz-Lorenzo J J 2016 Phys. Rev. B 94 024402
[63] Lundow P H and Campbell I A 2018 Phys. Rev. B 97 024203

[64] Khoshbakht H and Weigel M 2018 Phys. Rev. B 97 064410

[65] Fernandez L A, Marinari E, Martin-Mayor V, Parisi G and Ruiz-Lorenzo J J 2018 J. Stat. Mech. 2018 103301

https://doi.org/10.1088/1742-5468 /ade135 11


https://doi.org/10.1088/1742-5468/aa9bad
https://doi.org/10.1088/1742-5468/aa9bad
https://doi.org/10.1007/JHEP04(2018)077
https://doi.org/10.1007/JHEP04(2018)077
https://doi.org/10.1088/1742-5468/aaf716
https://doi.org/10.1088/1742-5468/aaf716
https://doi.org/10.1140/epjb/e2019-100451-6
https://doi.org/10.1140/epjb/e2019-100451-6
https://doi.org/10.1088/1742-5468/ada695
https://doi.org/10.1088/1742-5468/ada695
https://doi.org/10.1140/epjb/s10051-021-00076-0
https://doi.org/10.1140/epjb/s10051-021-00076-0
https://doi.org/10.1080/00018738300101541
https://doi.org/10.1080/00018738300101541
https://doi.org/10.1016/0550-3213(90)90126-X
https://doi.org/10.1016/0550-3213(90)90126-X
https://doi.org/10.1103/PhysRevB.29.4026
https://doi.org/10.1103/PhysRevB.29.4026
https://doi.org/10.1103/PhysRevB.65.054425
https://doi.org/10.1103/PhysRevB.65.054425
https://doi.org/10.1088/1742-5468/2006/09/P09006
https://doi.org/10.1088/1742-5468/2006/09/P09006
https://doi.org/10.1103/PhysRevE.77.051115
https://doi.org/10.1103/PhysRevE.77.051115
https://doi.org/10.1143/PTP.66.1169
https://doi.org/10.1143/PTP.66.1169
https://doi.org/10.1103/PhysRevLett.61.625
https://doi.org/10.1103/PhysRevLett.61.625
https://doi.org/10.1103/PhysRevB.40.9249
https://doi.org/10.1103/PhysRevB.40.9249
https://doi.org/10.1088/1742-5468/adc4ce
https://doi.org/10.1088/1742-5468/adc4ce
https://doi.org/10.1088/1751-8113/42/33/332001
https://doi.org/10.1088/1751-8113/42/33/332001
https://doi.org/10.1016/j.aop.2013.02.009
https://doi.org/10.1016/j.aop.2013.02.009
https://doi.org/10.1103/PhysRevE.96.042137
https://doi.org/10.1103/PhysRevE.96.042137
https://doi.org/10.1088/1751-8121/ab3055
https://doi.org/10.1088/1751-8121/ab3055
https://doi.org/10.1088/1751-8121/abd2fc
https://doi.org/10.1088/1751-8121/abd2fc
https://doi.org/10.1088/1742-5468/abe6fc
https://doi.org/10.1088/1742-5468/abe6fc
https://doi.org/10.1088/1742-5468/ac4983
https://doi.org/10.1088/1742-5468/ac4983
https://doi.org/10.1088/1742-5468/aca901
https://doi.org/10.1088/1742-5468/aca901
https://doi.org/10.1088/1742-5468/acc8c9
https://doi.org/10.1088/1742-5468/acc8c9
https://doi.org/10.1103/PhysRev.65.117
https://doi.org/10.1103/PhysRev.65.117
https://doi.org/10.1088/0022-3719/6/7/010
https://doi.org/10.1088/0022-3719/6/7/010
https://doi.org/10.1016/0003-4916(79)90100-3
https://doi.org/10.1016/0003-4916(79)90100-3
https://doi.org/10.1143/ptp/5.4.544
https://doi.org/10.1143/ptp/5.4.544
https://doi.org/10.1063/1.1704046
https://doi.org/10.1063/1.1704046
https://doi.org/10.1063/1.1704281
https://doi.org/10.1063/1.1704281
https://doi.org/10.1016/j.aop.2015.05.020
https://doi.org/10.1016/j.aop.2015.05.020
https://doi.org/10.1088/1751-8121/aad1fe
https://doi.org/10.1088/1751-8121/aad1fe
https://doi.org/10.1103/PhysRevB.79.174408
https://doi.org/10.1103/PhysRevB.79.174408
https://doi.org/10.1103/PhysRevB.75.014412
https://doi.org/10.1103/PhysRevB.75.014412
https://doi.org/10.1103/PhysRevB.77.144418
https://doi.org/10.1103/PhysRevB.77.144418
https://doi.org/10.1103/PhysRevE.84.051116
https://doi.org/10.1103/PhysRevE.84.051116
https://doi.org/10.1103/PhysRevB.94.024402
https://doi.org/10.1103/PhysRevB.94.024402
https://doi.org/10.1103/PhysRevB.97.024203
https://doi.org/10.1103/PhysRevB.97.024203
https://doi.org/10.1103/PhysRevB.97.064410
https://doi.org/10.1103/PhysRevB.97.064410
https://doi.org/10.1088/1742-5468/aae2e1
https://doi.org/10.1088/1742-5468/aae2e1
https://doi.org/10.1088/1742-5468/ade135

	Exact results for spin glass criticality
	1. Introduction
	2. Magnetic and spin glass criticality
	3. Exact fixed point equations
	4. Solutions and discussion
	5. Conclusion
	References


