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Astrometric missions like Gaia provide exceptionally precise measurements of stellar positions,
parallaxes, and proper motions. Gravitational waves traveling between the observer and distant stars
can induce small, correlated shifts in their apparent positions, a phenomenon known as astrometric
deflection. The precision and scale of astrometric datasets make them well suited for searching for a
stochastic gravitational-wave background, whose signature appears in the two-point correlation function of
the deflection field across the sky. In space-based astrometry, the ultimate sensitivity of such measurements
is reduced by systematic uncertainties in the satellite’s absolute attitude reconstruction, which constrain the
accuracy of absolute astrometry. These orientation errors can be mitigated by focusing on relative angular
separation between pairs of stars, which effectively cancel out common-mode orientation noise. In this
work, we compute the astrometric response and the overlap reduction functions for this differential
approach, correcting previous expressions presented in the literature. We use a Fisher matrix analysis to
compare the sensitivity of differential astrometry to that of conventional absolute astrometry. Our analysis
shows that while the differential method is theoretically sound, its sensitivity is limited for closely spaced
star pairs. Pairs with large angular separations provide competitive sensitivity, but, when considered in
connection with Gaia, it is unclear whether the differential strategy would be effective, since instrumental
systematics are not expected to remain correlated on such scales. Finally, we demonstrate that combining
astrometric data with observations from pulsar-timing arrays leads to slight improvements in sensitivity at
frequencies ≳10−7 Hz.

DOI: 10.1103/cg1z-2r29

I. INTRODUCTION

Gravitational-wave (GW) astronomy is significantly
advancing our understanding of astrophysics and cosmol-
ogy. Current ground-based detectors—LIGO, Virgo, and
KAGRA—routinely observe binary mergers involving astro-
physical compact objects, identified as black holes (BHs) or
neutron stars (NSs) [1]. These observations provide valuable
insights into their masses and spins, as well as their merger
rates and distances, which are essential for understanding
stellar evolution and the formation of cosmic structures.
Beyond individual and transient events, a key focus of

GW searches is the stochastic gravitational-wave back-
ground (SGWB). If present, this background would arise
from the superposition of numerous unresolved and uncor-
related sources, which could have either astrophysical [2]
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or cosmological [3] origins. Astrophysical contributions to
the background include GWs from compact binaries [4,5],
core-collapse supernovae [6,7], and rotational instabilities
of NSs [8], typically producing a power-law spectrum. In
contrast, a cosmological background may originate from
processes in the early Universe, e.g., inflation [9,10],
reheating [11], cosmic strings [12], or the QCD phase
transition [13].
Pulsar timing array (PTA) collaborations, such as the

North American Nanohertz Observatory for Gravitational
Waves (NANOGrav) [14], the European Pulsar Timing
Array (EPTA) [15], the MeerKAT Pulsar Timing Array
(MPTA) [16], and the International Pulsar Timing Array
(IPTA) [17], are currently probing extremely low frequen-
cies in the nHz range. Future space-based missions, such as
the Laser Interferometer Space Antenna (LISA) [18,19], will
instead focus on the SGWB in the mHz band. In June 2023,
evidence was reported of a common-spectrum process with
a strain amplitude of approximately h ∼ 2 − 3 × 10−15,
observed with a 2 − 4σ significance depending on the data-
set, just below the 5σ detection threshold [20–24]. This
process is consistent with an SGWB originating from the
coalescence of supermassive black hole binaries (SMBHB),
which can form during galaxy mergers and are expected to
dominate the signal in the PTA band [25–28]. However,
further investigations are essential to confirm this tentative
detection and to explore its astrophysical and cosmological
implications.
The detection of the SGWB with PTAs leverages the

correlated timing residuals in the arrival times of radio pulses
from millisecond pulsars, which are influenced by GWs.
When a signal is present, this correlation exhibits a specific
dependence on the angular separation between pulsars,
described by the Hellings–Downs curve [29]. The use of
PTAs and this correlation pattern to constrain a GW back-
ground was already demonstrated in the 1980s [29–33]. By
contrast, the idea of probing the SGWB through astrometric
measurements has been considered more recently, with a
detailed investigation first presented in Ref. [34], and further
explorations in the context of precision astrometry missions
like Gaia, later on [35–40], including synergy with PTA
[41,42]. This approach relies on the fact that GWs also
induce, alongside a frequency shift, an astrometric deflection
of electromagnetic signals—a change in the apparent angular
positions of stars that is transverse to the unperturbed line of
sight [43–46]. This effect also carries a characteristic angular
cross-correlation pattern.
In Gaia, object positions are measured in the scanning

reference system, i.e., relative to the satellite’s orientation
(attitude) [47]. Because the latter is not known at any given
time with sufficient precision, determining the stars’
absolute positions requires a complex iterative procedure
that simultaneously solves for the source parameters, the

satellite attitude, and various calibration factors [47,48]. As
a result, absolute astrometric measurements inherently
carry systematic uncertainties from this complex pro-
cedure. Measures targeting relative position of stars in
the same field of view mitigate these effects since common
aberrations, orientation errors, and global noise cancel out.
This is what happens in relative astrometry, a technique that
has been employed in electromagnetic observations [49]
and more recently proposed for GW detection using
photometric surveys [50–53]. A similar working principle
has been considered in [54], where it is proposed to
consider the effect of GW on close star pairs. While the
correlations are still searched across the whole sky, the
fundamental observable is a differential quantity, i.e., the
angular separation between two stars. By examining pairs
of stars and focusing on changes in their relative angular
separations, rather than in their absolute position, one can
bypass many of the systematics associated with the
simultaneous satellite attitude reconstruction, achieving
more precise relative measurements.
In this work, we present a comparison between absolute

and differential approaches. To achieve this, we derive the
GW response function for differential astrometry and the
associated overlap-reduction function (ORF), correcting
previous expressions presented in the literature [54]. Then,
we perform a Fisher matrix forecast to evaluate astrometric
performance across different setups, comparing and com-
bining them with PTAs. Similar analyses combining PTA
and astrometric datasets were performed in [41,42] using
different noise models and dataset properties.
The paper is structured as follows. In Sec. II, we review

the astrometric effect and introduce differential astrometry.
In Sec. III, we characterize the response to a SGWB and
derive the ORF for differential astrometry and differential
astrometry-pulsar correlations. In Sec. IV, we present the
theoretical framework underlying our analysis and describe
the Fisher matrix formalism used to compare absolute and
differential astrometry. The main results are discussed in
Sec. V, and we summarize our main conclusion and outlook
in Sec. VI. The Appendixes provide additional details about
the theoretical framework. We introduce a simple derivation
of the astrometric shift in Appendix A, which highlights its
complementarity with the GW-induced pulsar time delay. In
Appendix B, we directly compare our expression for the
differential astrometric response with that of Ref. [54],
showing that the discrepancy arises from a missing con-
tribution in their result, whose origin and justification we
explicitly trace and clarify. Finally, in Appendix C, we show
an analytical derivation of the transmission function formal-
ism used in Sec. IV and originally introduced in [55]. This
formalism is designed to filter out the effect of first order
errors in the timing (or astrometric) model fit at very low
frequencies and is essential to perform a reasonable forecast.
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II. ASTROMETRIC RESPONSE TO
A GRAVITATIONAL WAVE

Astrometric searches for GWs are based on the fact that
gravitational perturbations can alter the light path from
distant stars, leading to measurable shifts in their apparent
positions in the sky. In the following, we discuss the
astrometric response for a single star and for a pair of stars.

A. Absolute astrometry: Response of a single star

The astrometric deflection effect can be quantitatively
described as follows. A photon propagating from a dis-
tant source to Earth travels in a spacetime gμν ¼
ημν þ hμν þOðh2Þ, where ημν is the flat background metric
and hμν represents a gravitational perturbation. We can
decompose the photon wave vector σ onto a tetrad basis
eμðαÞ, associated with the observer’s locally inertial reference
frame, for the perturbed metric,

σα ¼ νeαð0Þ þ νnðiÞeαðiÞ; ð1Þ

where eμð0Þ ≡ uμ is the observer four-velocity, and

feðiÞgi¼1;2;3 are the spatial directions in the observer’s frame
and where indices in parentheses refer to tetrad (frame)
components. The tetrad basis satisfies gμνe

μ
ðαÞe

ν
ðβÞ ¼ ηðαÞðβÞ,

which implies uμe
μ
ðiÞ ¼ 0 for i ¼ 1;…; 3. The change in

the star’s position results in a small periodic shift in the
normalized spatial components nðiÞ of the photon wave
vector, which define the direction of the incoming light ray
with respect to the observer. If hμν is a plane GW with
frequency ω propagating in the direction p, then in the limit
where a star lies many wavelength away from the Earth, i.e.,
when ωτ ≫ 1, where τ is the light time of travel, the
astrometric deflection can be expressed as [34,44]

δni ¼
�

ni þ pi

2ð1þ n · pÞ n
jnk −

1

2
δiknj

�
hEjk; ð2Þ

where hEij corresponds to the GW perturbation tensor
evaluated at the Earth location. Here and below, we omit
the parentheses in the indices for notational simplicity, since
only tetrad components are considered.
The expression in Eq. (2) accounts for two effects: the

relativistic perturbation of the photon trajectory induced by
the gravitational wave, which by itself is not directly
observable, and the gravitational-wave–induced perturba-
tion of the local tetrad defining the inertial observer. In
Appendix A, we present a simple derivation of the
astrometric deflection that only makes use of conservation
equations, avoiding the direct integration of the geodesics
adopted in previous approaches [34,44]. In more general
situations, additional contributions may arise [46]. In
particular, when the gravitational wave is produced by a
localized source, the light deflection depends on integrals

over the past history of the source multipole moments. In
the plane-wave approximation, these integrals reduce to
boundary terms evaluated at the observer, and at the point of
emission of the photon, the latter corresponds to the usual
source (pulsarlike) term, which has also been neglected in
Eq. (2) (see Appendix A).
Equation (2) is the analogue of the GW-induced frequency

shift δν (redshift) in pulsar timing, which leads to the
observed variations in pulse arrival times. Note, however,
that the shift δn is a vector and has two degrees of freedom,
as the normalization forces the variation to be orthogonal to
the propagation direction. Because ni are spatial components
in the tetrad frame, the scalar product is with respect to the
flat metric δij, i.e., n · n and δn · n ¼ 0. The two indepen-
dent components of δn can be mapped in a shift in the two
angles that locate a star in the sky, δθ and δϕ, where θ and ϕ
identify the star unperturbed sky position.
The expression in Eq. (2) represents the change in the

apparent sky position of an individual star whose unper-
turbed direction is n, and we refer to an astrometric search
based on it as absolute astrometry. A shortcoming of this
approach is that any practical use of Eq. (2) assumes that the
reference frame (tetrad) is known for all the observed stars.
Astrometric surveys from satellites like Gaia will, in general,
be composed of many observations taken with the satellite in
different orientations. In particular, Gaia is composed of two
telescopes, each having a ∼0.7 deg field of view (FoV) and
separated by an angle (basic angle) of 106.5 deg [56]. The
FoVs rotate around an orthogonal axis that is precessing
around the direction pointing at the Sun, while the whole
satellite moves along its orbit.1 The motion ensures that the
entire sky is mapped within a period of ∼6 months. An
astrometric solution is then fitted from the data, accounting
for the change in the satellite attitude over time [47]. This
procedure introduces correlations and uncertainty in the
measured sky position, which are expected to be larger
compared to the precision achieved by a single observation
in one FoV [57,58].

B. Differential astrometry: Response of a pair of stars

Differential astrometry avoids the need for precise
reconstruction of the satellite attitude by considering as
the fundamental observable the relative angle between
pairs of stars and their astrometric response to a GW.
This approach was recently considered for GW searches in
Ref. [54]. Given two stars with directions n1 and n2, the
cosine of their relative angle is given by the scalar product
cosψ12 ¼ n1 · n2. The OðhÞ variation, due to the GW is

δ cosψ12 ¼ δn1 · n2 þ n1 · δn2; ð3Þ
where nI¼1;2 are the unperturbed directions. By substituting
Eq. (2) into Eq. (3), we obtain

1See, for instance, Fig. 6 in [56] and the discussion in [47].
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δ cosψ12 ¼
n1 · n2 þ p · n2

2ð1þ n1 · pÞ
hjkn

j
1n

k
1

þ n1 · n2 þ p · n1

2ð1þ n2 · pÞ
hjkn

j
2n

k
2 − hijni1n

j
2; ð4Þ

where, again, the nI and their components are zero order in
h. Note that this expression (since for small angles ψ12 one
has δ cosψ12 ∼ −δψ12 sinψ12) amends Eq. (12) of [54] for
δ cosψ12, which lacks a term −hijni1n

j
2 on the right-hand

side. The oversight of Ref. [54] is discussed in more detail
in Appendix B.
If one considers star pairs with small angular separations,

then it is possible to expand in orders of the unperturbed
angle ψ12 taking n1 ¼ n and n2 ∼ nþ n12 þOðψ2

12Þ. The
relative change in ψ12 becomes in this limit

δψ12 ¼ ψ12

hij
2

�
vivj −

ninj

ð1þ n · pÞ
�
þOðψ3

12Þ;

vi ≡ n̂i12 −
ðn̂12 · pÞni
ð1þ n · pÞ ; ð5Þ

where n̂12 ≡ n12=jn12j. This result shows that δψ12 van-
ishes in the limit of zero angular separation, ψ12 ∼ 0.
Analogously to the response of linear interferometers,
where δL ∝ h · L, one finds that for small ψ12 the astro-
metric effect behaves as δψ12 ∝ h · ψ12 (cf. Appendix B).
From Eq. (5), it is also evident that δψ12 depends not only
on the unperturbed propagation direction n but also on the
orientation n̂12 of the star separation vector projected onto
the plane tangent to the celestial sphere at the star location.

III. RESPONSE TO A STOCHASTIC
BACKGROUND

We now want to characterize the astrometric response to
an SGWB. The latter can be described as a superposition of
many plane waves with all possible polarizations and
whose amplitude coefficients are random variables, speci-
fied by some statistical properties, i.e.,

hμνðt;xÞ ¼
X

A¼þ;×

Z
df

Z
dΩphAðf;pÞe2iπft

× e−2iπfp·xeAμνðpÞ þ c:c:; ð6Þ

where f and p are the frequency and direction of each GW
mode, and eAμνðpÞA¼þ;× are the polarization tensors.
Assuming the background to be stationary, with zero mean,
isotropic and unpolarized, the mode amplitudes hPðf;pÞ
satisfy

hhPðf;pÞh�P0 ðf0;p0Þi ¼ ShðfÞδðf − f0ÞδPP0δ2ðp;p0Þ; ð7Þ

where the brackets h:i denote the ensemble average, and
ShðfÞ is the power spectral density of the SGWB. Because

the response [cf. Eqs. (2)–(4)] is linear in the perturbation,
the properties of the SGWB are fully described by the two-
point correlation function of the astrometric deflection.

A. Absolute astrometry ORF

In the case of absolute astrometry, the expectation value
of the product of astrometric responses takes the form

hδniaδnjbi ∝ Hij
A ðna;nbÞ × ShðfÞ; ð8Þ

where Hij
A ðna;nbÞ is the ORF that depends only on the

star’s locations, and na and nb are the directions to two
stars. By rewriting Eq. (2) as δni ¼ Kijkðn;pÞhEjk, the ORF
can be defined as

Hij
A ðna;nbÞ ¼

X
A¼þ;×

Z
dΩpKikhðna;pÞeAkhKjlmðnb;pÞeAlm;

ð9Þ
i.e., as the sky average of the product of the geometric
part of the response functions. Expressions like Eq. (9)
have been computed by many authors [34,37,59–63]. In
Ref. [60], Hij

A ðna;nbÞ is expressed as

Hij
A ¼ T ðΘÞUijðna;nbÞ; ð10Þ

where T ðΘÞ is a scalar function, analogous to the Hellings–
Downs, that only depends on the separation angle between
the two stars Θ ¼ arccos ðna · nbÞ, while Uijðna;nbÞ is a
function of the unperturbed star directions that depends on
the coordinate choice. Following [60], we can construct
Uijðu; vÞ for two unit noncolinear vectors u and v as
follows. Define an orthonormal basis fex; eyg in the plane
orthogonal to u, adapted to the direction of v, as

ex ¼
ðu × vÞ × uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðu · vÞ2

p ; ey ¼
u × vffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ðu · vÞ2
p : ð11Þ

Similarly, we can define, in the plane orthogonal to v, the
vectors,

eθ ¼ −
ðv × uÞ × vffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðu · vÞ2

p ; eϕ ¼ u × vffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðu · vÞ2

p : ð12Þ

Using these, the matrix Uijðu; vÞ is given by

Uijðu; vÞ ¼ ðexÞiðeθÞj þ ðeyÞiðeϕÞj: ð13Þ

The function T ðΘÞ is shown alongside the Helling–Downs
(its PTA counterpart) in Fig. 1.

B. Differential astrometry ORF

In differential astrometry, we observe the change in the
relative angle ψk

12 ¼ arccos ðnk1 · nk2Þ between pairs of
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stars, labeled by k ¼ a; b::, where ðnk1;nk2Þ are the
directions to the stars in the kth pair. From these quantities,
we can construct correlators like hδ cosψa

12δ cosψ
b
12i. As in

the case of absolute astrometry, the correlator factorizes as

hδ cosψa
12δ cosψ

b
12i ∝ HDAðna1 ;na2 ;nb1 ;nb2Þ × ShðfÞ;

ð14Þ
i.e., similarly to Eq. (8), where HDA is the ORF which is
now a scalar quantity that depends on the configuration of
the four stars (two pairs). In the most general case, HDA is
specified by five angles, two for each star direction,
reduced by three due to the freedom to perform a rigid
rotation of the entire configuration [a specific parametriza-
tion is given in Eq. (17)].
To evaluate HDA, a key observation is that the correlator

hδ cosψa
12δ cosψ

b
12i can be expressed in terms of absolute

astrometry (i.e., single star) correlators using Eq. (3),

hδ cosψa
12δ cosψ

b
12i

∝ hðna1 · δna2 þ δna1 · na2Þðnb1 · δnb2 þ δnb1 · nb2Þi;
¼ na1 · hδna2δnb2i · nb1 þ na2 · hδna1δnb2i · nb1

þ ðb1 ↔ b2Þ: ð15Þ
This means that by using Eqs. (8) and (10) we can write

HDAðna1 ;na2 ;nb1 ;nb2Þ
∝ nia1T ðψa2b2ÞUij

a2b2
njb1

þ nia2T ðψa1b2ÞUij
a1b2

njb1 þ ðb1 ↔ b2Þ; ð16Þ

where ψaibj ¼ arccos ðnai · nbjÞ are the angles betwen the
ith star in the a pair and the jth star in the b pair.

It is instructive to relateHDA to the correlation functions
derived in earlier works. Book and Flanagan [34] and
Mihaylov et al. [60] computed the two-point correlator of the
vector astrometric deflection δn, i.e., the tensor quantity
hδniδnji, as a function of the angle between the two star
directions—this is precisely T ðψÞUij in our notation
[Eqs. (8)–(10)]. The scalar observable hδ cosψa

12δ cosψ
b
12i

studied here can be regarded as a specific projection of those
vector correlators: as made explicit in Eq. (15), δ cosψ12 is
obtained by contracting δn1 and δn2 with the star directions
n1 and n2, so that HDA in Eq. (16) is simply the result of
applying those projections to the previously known vector
correlators. In this sense, our expression for HDA is directly
related to the correlation functions obtained in the literature
but defined for an observable that is more suited for
differential astrometry (see Ref. [64] for analogous projec-
tions in a unified spin-harmonic framework).
A convenient choice for the four vectors is to take the

bisector of the first pair aligned with the z axis and the
bisector of the second pair to lie in the x-z plane separated
by an angle Θ, as displayed in Fig. 2. With this choice, the
configurations of the stars is completely specified by two
angles ψa

12;ψ
b
12, between the stars in each pair and three

angles ðΘ;ϕa;ϕbÞ. The angle Θ is the angle between the
two bisectors of each star pair. The angle ϕa is measured

FIG. 1. Comparison of the astrometric ORF (blue, dashed),
given by the single expression T ðΘÞ, the cross-correlation ORF
(purple, dot-dashed) PðΘÞ (also defined in Ref. [60]), with the
Hellings–Downs curve (black, solid), which characterizes red-
shift correlations. Curves are shown as functions of the angular
separation on the sky, Θ. The normalization has been chosen so
that they each have a maximum value of one (neglecting the
pulsar/star term).

FIG. 2. Geometrical configuration of the direction vectors to
two pairs of stars, ðna1;na2Þ and ðnb1;nb2Þ, in the sky para-
metrized by five angles. We used the freedom in performing a
rigid rotation to align the bisector of the directions ðna1 ;na2Þ to
the stars of the pair a, along the z axis, while the bisector of the
directions ðnb1 ;nb2Þ to the stars of the pair b, lies in the x-z plane.
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between the direction connecting the two stars in the a pair,
represented by the vectors na1 and na2, and the x-z plane,
which contains the two bisectors. Similarly, ϕb is the angle
between the direction connecting nb1 and nb2 and the x-z
plane. We can express the directions ðba1 ;ba2 ;bb1 ;bb2Þ in
terms of ðψa

12;ψ
b
12;Θ;ϕa;ϕbÞ as

na1 ¼

2
666664
sin

�
ψa
12

2

�
cosϕa

sin
�
ψa
12

2

�
sinϕa

cos
�
ψa
12

2

�

3
777775; ð17aÞ

na2 ¼

2
666664
− sin

�
ψa
12

2

�
cosðϕaÞ

− sin
�
ψa
12

2

�
sinðϕaÞ

cos
�
ψa
12

2

�

3
777775; ð17bÞ

nb1 ¼

2
666664
cos

�
ψb
12

2

�
sinΘþ cosðϕbÞ sin

�
ψb
12

2

�
cosΘ

− sin
�
ψb
12

2

�
sinðϕbÞ

cos
�
ψb
12

2

�
cosΘ− cosðϕbÞ sin

�
ψb
12

2

�
sinΘ

3
777775; ð17cÞ

nb2 ¼

2
666664
cos

�
ψb
12

2

�
sinΘ − cosϕb sin

�
ψb
12

2

�
cosΘ

sin
�
ψb
12

2

�
sinϕb

cos
�
ψb
12

2

�
cosΘþ cosϕb sin

�
ψb
12

2

�
sinΘ

3
777775: ð17dÞ

Using these expressions, one can construct the Uij matrices
as in Eq. (13) and explicitly evaluate HDA from Eq. (16).
The picture described above simplifies when the angles

between the stars in each pair are small, i.e., ψa
12 ¼

ψb
12 ¼ ψ ∼ 0, in which case these angles factor out, as

hδ cosψa
12δ cosψ

b
12i ∝ ψ2hδψa

12δψ
b
12i ∝ ψ4HDAðΘ;ϕa;ϕbÞ.

The final expression for HDAðΘ;ϕa;ϕbÞ is

HDAðΘ;ϕa;ϕbÞ ¼
π

12ð1þ cosΘÞ2
�
22þ 31 cosΘþ 10 cos ð2ΘÞ þ cos ð3ΘÞ − 15 cos ð2ðϕa þ ϕb − ΘÞÞ

− 15 cos ð2ðϕa þ ϕb þ ΘÞÞ þ 12 cos ðΘ − 2ðϕa þ ϕbÞÞ þ 12 cos ðΘþ 2ðϕa þ ϕbÞÞ þ 24 log sin

�
Θ
2

�

þ 24 cos ðϕb − ϕaÞ cos ðϕa þ ϕbÞsin2Θþ 6

	
cos ð2ðϕa þ ϕbÞÞ

�
9þ 4ð11 − 12 cosΘÞ log sin

�
Θ
2

��

þ 4 cos ðϕb − ϕaÞ cos ðϕa þ ϕbÞ
�
cosΘþ 4 log sin

�
Θ
2

��
sin2Θþ 2 log sin

�
Θ
2

�
ðcosΘ − cos ð3ΘÞ

−4 cos ð2ΘÞsin2ðϕa þ ϕbÞÞ

�

; ð18Þ

and is shown in Fig. 3 as a function of Θ and for different
values of ϕa and ϕb. Expression (18) exhibits symmetry
under the exchange ðϕa ↔ ϕbÞ and for simultaneous
change ðϕa → −ϕa;ϕb → −ϕbÞ. Furthermore, remarkably,
the average of Eq. (18) over the angles ϕa and ϕb yields the
Hellings–Downs curve,

1

ð2πÞ2
Z

2π

0

Z
2π

0

HDAðΘ;ϕa;ϕbÞdϕadϕb ¼ HðΘÞ;

where HðΘÞ ∝ R
dΩphδνðn;pÞδνðm;pÞi, with δν being

the GW-induced redshift in the time pulses and n andm the
directions to the pulsars and Θ ¼ arccosn ·m.

C. Astrometry–PTA cross-correlation ORF

As we discuss in Sec. IV, astrometric surveys can be
sensitive enough to reveal a SGWB on their own. However,

they also offer the possibility to search for the signal in the
cross-correlation with PTA observations. Similarly to the
redshift and astrometric correlation patterns, there is a
characteristic dependence of the correlation between a
GW-induced pulsar redshift and astrometric deflection in
the light from a star, on the separation angle in the sky.
Following again Ref. [60], we can express

hδνδniai ∝ Hi
crossðnI;naÞ × ShðfÞ; ð19Þ

where nI is the direction of the Ith pulsar, and na is the
direction of the ath star. The ORF Hi cross

A ðnI;naÞ can be
expressed in terms of a scalar function asHi cross

A ∝ PðΘÞeiθ,
where Θ ¼ arccos ðnI · naÞ, and eiθ is defined in Eq. (12).
For the cross-correlation in differential astrometry, we have
to evaluate the correlator,

MASSIMO VAGLIO et al. PHYS. REV. D 113, 124003 (2026)

124003-6



hδνδ cosψa
12i ¼ hδνðna1 · δna2 þ δna1 · na2Þi

¼ na1hz · δna2i þ hzδna1ina2 :

Then, defining hδνδ cosψa
12i ∝ Hcross

DA × ShðfÞ, one can
evaluate Hcross

DA as

Hcross
DA ¼ nia1Pðψ Ia2ÞeiθIa2 þ nia2Pðψ Ia1ÞeiθIa1 : ð20Þ

As in the previous section, we introduce, for each stellar pair,
the angle ϕa, which quantifies the rotation of the pair about
the bisector of their directions, and by convention, ϕa ¼ 0
when the two stars lie in the same plane as the pulsar. In the
limit when ψa

12 is small, ϕa is the only additional angle on
whichHcross

DA depends on besides the pulsar-pair angleΘ. The
function Hcross

DA ðΘ;ϕaÞ is plotted in Fig. 4. Just like
HDAðΘ;ϕa;ϕbÞ, Hcross

DA ðΘ;ϕaÞ gives the Hellings–Downs
curve as a function of Θ, after averaging over ϕa,

1

ð2πÞ
Z

2π

0

Hcross
DA ðΘ;ϕaÞdϕa ¼ HðΘÞ:

IV. FISHER FORECASTS

In this section, we describe the main ingredients that we
used to develop a script to forecast the sensitivity of GW
astrometry techniques to SGWB, using the Fisher matrix
formalism. As an application, we then use this framework
to study the differential astrometric approach for a Gaia-
like dataset in two representative regimes. In the first, we
consider star pairs with angular separations comparable to
the size of a single field of view, where systematic errors are
expected to be maximally correlated [65]. In the second, we
focus on pairs separated by an angle of order the instru-
ment’s basic angle, where the scanning law gives rise to a
secondary peak in the correlation of astrometric errors. The
code is based on FASTPTA

2 [66] and is extended to include
absolute and differential astrometric responses as well as
cross-correlations between PTA and a Gaia-like mission.

A. Noise models and sensitivity

Estimating the sensitivity to a given signal requires the
assumption of a noise model. For each object we consid-
ered (PTA time residuals or astrometric residuals), we have
a set of observations that can be written in the frequency
domain as d̃IðfÞ ¼ ñIðfÞ þ h̃IðfÞ with Gaussian, station-
ary noise ñI and the GW signal h̃I . In this work, we
consider both pulsars and stars and write their noise PSD in
characteristic strain unit hh̃2ðfÞi ¼ fShðfÞ. The pulsar
noise ñaðfÞ statistics for the pulsar a ¼ 1…NPTA in the
frequency domain follows the statistics,

hñaðfÞñbðf0Þi ¼ 12π2f2
"
2σ2PΔtP þ

A2ðfyrf Þ
γ

12π2f3yr

#
δff0δab;

≡ Sn;PðfÞδff0δab; ð21Þ

where, for the sake of simplicity, we assume that all the
pulsars have the same noise properties. Here, ΔtP

1.5

1.0

0.5

0.0

–0.5

–1.0
0.0 0.5 1.0 1.5 2.0 2.5 3.0

FIG. 3. The plot shows the ORF HDAðΘ;ϕa;ϕbÞ as a function
of Θ for ϕb ¼ 0 (solid lines) and ϕb ¼ π=2 (dashed lines) and for
five values of ϕa in ð0; π=2Þ, indicated by different colors as
specified by the color bars above. The black solid curve
represents the Hellings–Downs correlation, which is also recov-
ered by averaging HDAðΘ;ϕa;ϕbÞ over ϕa and ϕb.

1.5

1.0

0.5

0.0

–0.5

–1.0

–1.5

–2.0
0.0 0.5 1.0 1.5 2.0 2.5 3.0

FIG. 4. The plot shows the cross-correlation ORF HcrossðΘ;ϕaÞ
between GW-induced redshift and astrometric deflection as a
function of the pulsar-pair angular separationΘ. Results are shown
for five different values of ϕa in the range ð0; π=2Þ, distinguished
by color as indicated by the color bars above. The black solid curve
corresponds to the standard Hellings–Downs correlation, which is
recovered by averaging HcrossðΘ;ϕaÞ over the angle ϕa.

2https://github.com/Mauropieroni/fastPTA.
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represents the effective cadence of the PTA survey and σP
the white noise budget error in each of the time residuals,
while A, fyr and γ parametrize the red noise spectrum, a
low frequency noise with a power-law spectrum. In the
literature, it is often referred to as spin noise, a time-
correlated noise arising from stochastic angular momentum
exchanges between the solid crust and superfluid interior of
pulsars [67,68]. In reality, pulsars have very different noise
properties [67,68]. This can produce an uneven response to
GWs across the sky because some pulsars contribute signi-
ficantly more to the total signal to noise ratio (SNR) [69].
Here, we have chosen noise parameters such that the SNR
of the GWB injected in the PTA is between 3 and 5,
consistent with the current status of PTA observations as
reported in [20–22]. The astrometric noise ñIðfÞ for the star
I ¼ 1…NStars in the time domain follows the statistics,

hñmðfÞñnðf0Þi ¼ 2σ2GΔtGδff0δmn;

≡ Sn;SðfÞδff0δmn; ð22Þ

where σ2G is the measurement noise level in the time
residual for each star.
Up to now, the Gaia mission has observed more than 108

stars [70]. Given this high number of sources, a challenge of
Gaia data analysis for GW detection is to analyze all available
data, making it computationally expensive due to a very high-
rank matrix inversion. This is also true when performing a
Fisher forecast. In [35], a workaround is presented where they
pixelize the sky and consider effective astrometric displace-
ments in each pixel, allowing efficient data compression and
considerable computational saving, at the cost of a small
impact on the overall sensitivity. It is important to note that
this operation is only possible if the time series are sampled at
the same time, which is not the case for real data.
Nevertheless, we can use it to forecast parameter uncertainties
since it preserves the overall sensitivity.
The scheme proposes to average the time-dependent

astrometric displacements of all the stars present in each
of the Npix sky pixels, in such a way that the error on the
averaged measurement σpix is mitigated,

δn̂pixðtÞ ¼
1

Nspp

XNspp

i¼1

δn̂iðtÞ;

σpix ¼
σffiffiffiffiffiffiffiffiffi
Nspp

p ; ð23Þ

where the number of stars-per-pixel Nspp ¼ NStars=Npix is
assumed to be roughly the same for all the pixels considered.
We choose to express all noise components in character-

istic strain because different datasets have different units.3

PTAs work with timing residuals, the integral over time of
the experienced redshift, that have units of time [67,68].
The astrometric displacement observed by Gaia is instead
directly proportional to the GW strain [60]. Ensuring that
the noise PSDs of different detectors are expressed in the
same unit is necessary to perform cross-detector correlation
calculations.
Additionally, in pulsar timing experiments, a quadratic

fit ∼t2 is performed in time domain to account for the
deceleration of the pulsar spin rate [71]. For Gaia data, a
similar fit accounts for the proper motion of stars on the
celestial sphere [48]. In the frequency domain, it approx-
imately translates into a transmission function TIðfÞ that
filters out lower frequencies (behaving as a high-pass filter
∼f6) as demonstrated in Appendix C. This step is essential
to remove any possible degeneracies between very low
frequency features and the actual GW signal. For a signal
hI observed in detector I, at frequencies close to 1=Tobs;I,
the filter behaves as

TIðfÞ ≈ 1 − 1=ðfTobs;IÞ6: ð24Þ

The full expression of TIðfÞ is given in the Appendix in
Eqs. (C5) and (C7). Given that a GWB signal is present in
the data with characteristic strain hh2GWBi ¼ fShðfÞ, we can
write the signal covariance matrix as

Ch;IJ ¼ hh̃Ih̃Ji ¼ fShðfÞΓIJRIJ; ð25Þ

where we defined RIJ ¼ ½TIðfÞTJðfÞTIJ=Tobs�1=2, the
response tensor, ΓIJ the ORF introduced in Sec. III A,
and TIJ ¼ min½Tobs;I ; Tobs;J�, the term accounting for the
minimum overlapping time between detectors I and J. The
TIðfÞ removes the low frequency content of the signal
close to the lowest frequency bin 1=Tobs.
We can now write the covariance matrix,

CIJ ¼ hd̃Id̃Ji ¼ δIJhñ2I i þ Ch;IJ: ð26Þ

This is the central quantity in the forecast since it encap-
sulates the noise and signal parameters for every combined
detector. Finally, we need to define two quantities, the SNR
and the Fisher information matrix.
a. Signal to noise ratio and sensitivity. Following [66], the

SNR is defined as the ratio between the signal covariance
and the total covariance, and the sum is performed over all
possible combinations of indices,

SNR2 ¼
X
fk

C−1
IJ Ch;JKC−1

KLCh;LI;

¼
X
fk

½C−1
IJ ΓJKRJKC−1

KLΓLIRLI�f2S2h;

¼
X
fk

�
Sh
Seff

�
2

; ð27Þ
3The prefactors in powers of f of Eq. (21) and Eq. (22) serve

the purpose of converting the noise PSD in to characteristic strain
units.
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where

fSeffðfÞ ¼ ½C−1
IJ C

−1
KLΓJKRJKΓLIRLI�−1=2; ð28Þ

giving the sensitivity curve associated with the fully com-
bined detector and its noise properties.4

b. Fisher information matrix. The Fisher information
matrix for Gaussian and stationary noise is given by [66]

Fαβ ¼
X
fk

tr

	
C
∂C
∂θα

C
∂C
∂θβ



;

¼
X
fk

CIJ
∂RJKSh
∂θα

CKL
∂RLISh
∂θβ

; ð29Þ

where ∂=∂θα are the partial derivatives with respect to the
signal parameters θα. In this work, the partial derivatives
are performed with respect to the log amplitude log10 AGW
and spectral index α for the signal PSD that follows a
power-law spectrum.

B. Combining datasets

Forecasting the performance of a combined PTAþ Gaia
dataset requires an expression of the full covariance matrix
in Eq. (26). Using the noise models of Eqs. (21) and (22),
we want to assess the ability of a PTAþ Gaia dataset to
detect a SGWB with a power-law spectrum,

ShðfÞ ¼ f−1h2cðfÞ;

hcðfÞ ¼ AGW

�
f
fref

�
α

; ð30Þ

where AGW is the signal amplitude, and α the spectral
index. For the forecast, we compare two sets of values
(i) AGW ¼ 10−14 at fref ¼ 30 nHz and α ¼ 0, correspond-
ing to the values that were recently inferred by the PTA
collaborations from their data [20,21], and (ii) AGW ¼
3 × 10−15 at fref ¼ 30 nHz and α ¼ −2=3 that are the
expected parameters for a population of SMBHBs in
circular orbit in the Universe [5,27].
In Sec. III A, the ORFs corresponding to the single

direction astrometry in the presence of an isotropic
SGWB are calculated. The displacement vector δn induced
by the GW signal is decomposed on the 2d plane (eθ; eϕ)
perpendicular to the unperturbed star position, providing a
2d vector (δθ; δϕ) that can be directly related to the observed
star position. Therefore, the single direction astrometry
dataset is two dimensional, and the ORFs are 2 × 2matrices.
The differential astrometry tracks the evolution of the relative

angle between two stars. Similarly to PTA, it is represented
by a one-dimensional time series.
The covariance matrix can be written in a block structure

where the diagonal contains the information about single
detectors (PTA or Gaia), and the off-diagonal contains the
cross-detector correlations as

CPþG
IJ ¼

�
CPP CPG

CGP CGG

�
; ð31Þ

with the pulsar-pulsar covariance,

CPP
ab ¼ δabhñ2PSR;ai þ fShðfÞΓab;PPRab; ð32Þ

the Gaia-Gaia covariance,

CGG
mn ¼ δmnhñ2star;ni þ fShðfÞΓmn;GGRmn; ð33Þ

and the pulsar-Gaia covariance,

CPG
am ¼ CGP

ma ¼ fShðfÞΓam;PGRam: ð34Þ

C. Fast analytical SNR estimates

A quick way to forecast the observability of an SGWB
is to analytically approximate Eq. (27) up to its order of
magnitude. As explained before, we compress the data of
all the astrometric deflections into a set of sky pixels
Npix, as in Eq. (23). With this scheme, we can build
NpixðNpix þ 1Þ=2 ≃ N2

pix=2 correlators between all the sky
pixels, and under the assumption that the pixels and the
frequencies have uncorrelated noise, we can approximate
the SNR of our PTA, astrometry, and combined dataset.
Furthermore, we approximate the value of the overlap
functions ΓIJ;PP, ΓIJ;GG, and ΓIJ;PG to unity in the SNR
formula because the sum of the squared terms roughly
equates to their average over all the possible separation
angles,

SNR2
PTA ≃

N2
PTA

2
Tobs × 2

Z
fmax

fmin

df
S2hðfÞ

ðSn;PðfÞ þ ShðfÞÞ2
;

SNR2
Stars ≃

N2
pix

2
Tobs × 2

Z
fmax

fmin

df
S2hðfÞ

ðSn;pixðfÞ þ ShðfÞÞ2
;

SNR2
cross ≃ 2NPTANpixTobs ×

Z
fmax

fmin

dfS2hðfÞ

× ½Sn;PðfÞSn;pixðfÞ þ ðSn;PðfÞ
þ Sn;pixðfÞÞShðfÞ þ S2hðfÞ�−1;

SNR2
tot ¼ SNR2

PTA þ SNR2
Stars þ SNR2

cross; ð35Þ

where Sn;pixðfÞ ¼ Sn;SðfÞ=Nspp is the pixel noise PSD,
defined via Eqs. (22) and (23). Concerning the minimum
frequency that we can exploit, in principle, we can set

4In the weak signal limit where hh2i ≪ hn2I i, one can show that
the effective noise SeffðfÞ takes the form presented in [55]

SeffðfÞ ≈ ½PI≠J
TIJ
Tobs

TIðfÞTJðfÞΓ2
IJ

hñ2I ihñ2Ji
�−1=2.
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fmin ¼ 1=Tobs. However, we expect that similarly to what
happens in the PTA case, the subtraction procedure of the
fitting methods in the stars’ proper motion data streams will
introduce a strong noise at low frequency, effectively cutting
down the signal at frequencies below ∼2=Tobs [66]. The
maximum frequency is the Nyquist frequency set by our
sampling rate ∼2=ΔTP=G and where we assumed γ ¼ 3 as
stated in Table I. In Fig. 5, we show how the SNR varies for
different configurations of stars and pulsars as a function of
the total time of observation. Given the best fit value of the
measurement by PTA collaborations [21,22,24,26], we find
that Sn;pixðfÞ ≫ ShðfÞ for f ≳ 1 nHz, therefore leaving the
denominators of SNRStars and SNRcross in Eq. (35) domi-
nated by the noise term even for larger times of observa-
tion Tobs.

5

It is important to note that the astrometric SNR will be
the same as that obtained without compressing the dataset

into pixels. In fact, the SNR is the same as that obtained
when considering all the Ntot stars with individual astro-
metric error σ, without employing the pixelization method,
which immediately follows from Eq. (23).

V. RESULTS

Using the noise parameter values presented in Table I,
we build the sensitivity curves for two cases: Gaia (single-
star astrometry) and D-Gaia (differential astrometry), assum-
ingNstars ¼ 108 andNstars ¼ 109 stars (or pairs of stars in the
differential case) compressed into Neff ¼ 100 pixels and
Tobs ¼ 10 years of observation. For the differential case, we
fix the unperturbed relative angle between stars to 106.5°,
which corresponds to the basic angle between the two FoVof
Gaia. The reason for this is that by taking the stars forming
each pair so that they can be observed within the same FoV,
the angular separations ψk

12 will always be≃10−2 rad, and as
discussed in Sec. III A and Appendix B, the small angle limit
is not sensitive and hence irrelevant. The SNR trend as a
function of the angle ψ12, assumed to be equal for all the
pairs, is shown in Fig. 6.
The result for the sensitivity curves is shown in Fig. 7. In

the left panel, we see that the differential case performs
slightly better than the single-star case, and the sensitivity
strongly scales with the number of stars. However, even in
the most optimistic scenario with 109 stars, we see in the left
panel that a Gaia-like mission as a GW detector only seems
to perform equally well as current PTAs (with 10 years of
observation overlapping with astrometric data). The combi-
nation PTAþ Gaia provides a slight improvement to
current PTA sensitivity, especially at higher frequencies.
This is because PTA observes timing residuals that behave
as f3 in characteristic strain units [see Eq. (21)], strongly

TABLE I. Noise parameter values used for the forecast.

σP 1 ½μs�
ΔtP 3 [days]
log10 A −13.7
γ 3
σG 0.2 [mas]
ΔtG 25 [days]
Tobs 10 [years]
NPTA 25
NStars 108

FIG. 6. SGWB SNR for differential astrometry as a function of
the unperturbed relative angle ψ12 for a dataset made of 109 star
pairs. The dashed line shows where ψ12 ¼ 106.5°. For small
angles, the SNR goes to zero. The SNR is calculated using
Eq. (27), considering a SGWB with AGW ¼ 10−14 and α ¼ 0.

FIG. 5. Signal to noise ratio as a function of the total time of
observation for a PTA and an astrometry (Gaia-like) experiment.
The curves are drawn following Eq. (35) where the noise values
for PTA and the astrometric surveys are specified in Table I, while
the signal power spectrum is the one in of Eq. (30), with AGW ¼
10−14 and α ¼ 0.

5Which means that the Gaia data streams for stars and pixels
are individually noise dominated.
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deteriorating the sensitivity at higher frequencies [35].
Combining PTA and Gaia-like data still represents a
considerable advantage when characterizing high frequency
features (like pulsar noise) since these detectors are com-
pletely independent. This advantage should be seriously
considered in future astrometric surveys, in particular, if

these observe each star with higher cadence compared to
Gaia, as a higher cadence of observation would yield even
lower levels of noise at high frequency for the same total
integration time [72].
In Figs. 8 and 9, we show, respectively, the Fisher

uncertainty forecasts for a SGWB signal following a

FIG. 7. Left: the sensitivity curves evaluated at the harmonics of 1=Tobs for single-star astrometry (Gaia) and differential star
astrometry (D-Gaia) with unperturbed relative angle of 106.5° for Nstars ¼ 108 and Nstars ¼ 109 using the noise parameter values of
Table I. Right: the sensitivity curves evaluated at the harmonics of 1=Tobs for the combined datasets PTA+single-star astrometry
(PTAþ Gaia) and PTAþ differential star astrometry (PTA+D-Gaia) for Nstars ¼ 108 and Nstars ¼ 109 with unperturbed relative angle
of 106.5° using the noise parameter values of Table I. The considered SGWB has a power-law spectrum with AGW ¼ 10−14 and α ¼ 0.

FIG. 8. Uncertainties on the amplitude AGW and spectral index α of a SGWB with a power-law spectrum with AGW ¼ 10−14 and
α ¼ 0, detected using the combined PTAþ Gaia dataset (left) and the PTA+D-Gaia dataset (right). The shaded areas represent the 1 and
2σ credible regions.
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power-law spectrum with (i) AGW ¼ 10−14 and α ¼ 0 and
(ii) AGW ¼ 3 × 10−15 and α ¼ −2=3, only considering the
case with Nstars ¼ 109. The first set of values corresponds to
the properties of the GWB that were recently inferred by
PTA collaborations [20–23] while the second corresponds
to what is expected for an astrophysical population of
SMBHBs in circular orbit [5]. In scenario (ii), since
PTAs outperform a Gaia-like mission at low frequencies,
the improvement in parameter estimation is marginal. This
is in agreement with the results in [42]. Such improvement,
however, might be more notable when searching for
individual SMBHBs or anisotropies in the GWB [58]. In
fact, we see in Fig. 8 that case (i) using the inferred values of
parameters (producing a flatter spectrum) gives a more
optimistic forecast. This is because the signal is more
prominent at higher frequencies where Gaia performs better
than PTA. Nevertheless, this is true only when considering
Nstars ¼ 109. For Nstars ¼ 108, in both cases, the improve-
ment is practically null. In Table II, we report the values of

the SNR computed for different combined datasets and
properties of the SGWB for both scenarios (i) and (ii).
When directly comparing the performance of the differ-

ential setup with that of standard single-direction astrom-
etry, we find that the differential approach exhibits
significantly lower sensitivity when restricted to star pairs
with small angular separations that can be observed
simultaneously within the same FoV. However, for star
pairs with large angular separations, the differential method
achieves comparable—or even slightly improved—preci-
sion. This improvement becomes particularly evident when
selecting star pairs located in opposite Gaia FoVs, sepa-
rated by the spacecraft’s opening angle of θ ¼ 106.5°.
Unfortunately, the correlation of astrometric errors between
star pairs at these angular scales is expected to be much
weaker, casting doubt on the effectiveness of the differ-
ential approach for mitigating systematics at this scale. This
can be understood in terms of the observational geometry.
An attitude error at a given instant affects all measurements
simultaneously in both fields of view. True cancellation of
such errors therefore requires applying the differential
method to equal-time data streams, which in turn would
necessitate tracking the same star pairs across multiple
transits throughout the mission. As illustrated in Fig. 6 of
[56], each object is observed repeatedly over the mission
lifetime by one of the two telescopes. However, the spin
axis of Gaia does not maintain a fixed orientation in
Galactic coordinates from one transit to the next, making
it practically impossible to obtain a significant number of
simultaneous or near-simultaneous joint transits of the
same two stars in both fields of view.

FIG. 9. Uncertainties on the amplitude AGW and spectral index α of a SGWB with a power-law spectrum with AGW ¼ 3 × 10−15 and
α ¼ −2=3, detected using the combined PTAþ Gaia dataset (left) and the PTA+D-Gaia dataset (right). The shaded areas represent the 1
and 2σ credible regions.

TABLE II. SGWB SNR calculated for different combined
datasets and properties of the SGWB using Eq. (27).

AGW ¼ 3 × 10−15;
α ¼ −2=3

AGW ¼ 10−14;
α ¼ 0

Nstars 108 109 108 109

PTA 3.2 3.2 5.2 5.2
PTAþ Gaia 3.3 4.1 5.3 6.7
PTA + D-Gaia 3.3 4.4 5.3 7.3
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It is worth noting that the comparison has been carried
out considering a number of N stars versus N star pairs.
While the number of possible pairs that can be formed from
N stars is significantly larger, Eq. (15) suggests that the
number of independent correlators among these pairs is still
NðN − 1Þ=2. This makes the assumption of having N
independent pairs a reasonable approximation. In practice,
however, the effective number of stars and star pairs that
can be used depends on several factors, most notably, the
varying measurement accuracy across the catalogue and the
spatial distribution of sources on the sky. Accurately
assessing these effects would require generating mock
datasets that incorporate the specific implementation details
of the scanning law and the astrometric solution, which is
beyond the scope of this work.

VI. CONCLUSIONS

We have performed a detailed comparison between two
astrometric techniques: differential astrometry, based on
relative angles between pairs of stars, and single-direction
astrometry, where the astrometric shift is measured in a fixed
direction in the satellite reference frame. Differential astrom-
etry has been considered because, in principle, it could
mitigate systematic errors by circumventing challenges
related to the astrometric fit. This latter approach
has also been explored in [54], but, as we have discussed
extensively in Sec. II and Appendix B, that analysis employs
an incorrect expression for the differential astrometric shift,
which leads to unrealistically optimistic forecasts.
By correcting the expression used by Ref. [54], we show

that the differential astrometry approach is theoretically
well founded, but its practical application to Gaia-like data
does not yield advantages over the single-star case. In the
small-angle limit, the sensitivity of the differential approach
is suppressed, with the SNR scaling linearly with the angle
between the two stars. In the large-angle regime—where
differential astrometry yields forecasts comparable to those
of single-direction measurements—the practical application
of the differential technique is hindered by the complexity of
the Gaia scanning law. The latter makes the pairing of stars
located in different fields of view impossible, as discussed in
detail at the end of Sec. V.
Our results also show that astrometric GW measure-

ments with a mission like Gaia, when combined with
PTA experiments, have the potential to slightly improve
SGWB bounds at frequencies ≳10−7 Hz, while their
contribution (relative to PTAs) is less significant at lower
frequencies.
Our work also leads to an important additional result: the

derivation of the astrometric shift, presented in Appendix A,
which in the limit fτ ≫ 1 (with f the typical GW frequency

and τ the light travel time from the star) is substantially
simpler than the classical treatments found in [34,44].
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APPENDIX A: ASTROMETRIC SHIFT FROM
CONSERVATION EQUATIONS

Here, we derive the expression for the astrometric
shift induced by a plane gravitational wave on light ray
propagation. Consider a plane GW described by

h00 ¼ h0i ¼ 0; hij ¼ Aijeikμx
μ
; ðA1Þ

where kμ ¼ k0ð1; piÞ and pi ¼ ki=k0 is the propagation
direction of the wave (kμkμ ¼ 0 ⇒ p · p ¼ 1). Assuming
the wave is in the “transverse-traceless (TT)” gauge,

Ai
i ¼ kjAij ¼ 0;
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we take two mutually orthogonal unit vectors a and b such
that a;b⊥p.6 The spacetime metric gμν ¼ ημν þ hμν, with h
given by Eq. (A1), admits three Killing vectors,

χ1 ¼ ai∂i;

χ2 ¼ bi∂i;

χ3 ¼
∂

∂t
þ pi

∂i: ðA2Þ

One can show that χ1 is a Killing vector by evaluating

Lagμν ¼ ak∂khμν þOðh2Þ
¼ iktδijaipjhμν þOðh2Þ ¼ Oðh2Þ;

and similarly for χ2 and χ3. We then introduce the following
spacetime vectors:

eð0Þ ¼ ∂t þOðh2Þ; eðiÞ ¼ ∂i −
1

2
hki ∂k þOðh2Þ; ðA3Þ

where hki ≡ δjkhij. It is straightforward to show that they
form a tetrad basis for the spacetime ημν þ hμν,

gμνe
μ
ð0Þe

ν
ð0Þ ¼ gtt ¼ −1; ðA4Þ

gμνe
μ
ð0Þe

ν
ðiÞ ¼ git ¼ 0; ðA5Þ

gμνe
μ
ðiÞe

ν
ðjÞ ¼ gij −

1

2
hki δkj −

1

2
hkjδki þOðh2Þ;

¼ δij þOðh2Þ: ðA6Þ

Now, consider a light ray with wave vector

σ ¼ νeð0Þ þ νnieðiÞ; ðA7Þ

where

n ¼

0
B@

sin θ cosϕ

sin θ sinϕ

cos θ

1
CA:

Here, we leave as implicit the dependence of the photon
frequency ν and propagation direction ni on the spacetime
coordinates ðt; xiÞ.
The Killing vectors fχig3i¼1 are associated with the

following conservation equations along the ray propagation:

gμνσμχν1 ¼ gμννðeμð0Þ þ nieμðiÞÞaν;

¼ νniðgμνaμeνðiÞÞ ¼ ν

�
n · aþ 1

2
hijniaj

�
¼ const; ðA8Þ

gμνσμχν2 ¼ gμννðeμð0Þ þ nieνðiÞÞ · b;

¼ νniðgμνbμeνðiÞÞ ¼ ν

�
n · bþ 1

2
hijnibj

�
¼ const; ðA9Þ

−gμνσμχν3 ¼ −gμννðeμð0Þ þ nieμðiÞÞðeνð0Þ þ pνÞ;
¼ ν − νniðgμνpμeνðiÞÞ ¼ νð1 − n · pÞ
¼ const; ðA10Þ

where in expanding gμνaμeνðiÞ and gμνbμeνðiÞ we made use of

the fact that for a generic spacelike vector u ¼ uμ∂μ,

gμνuμeνðiÞ ¼ ukeðjÞk ðgμνeμðjÞeνðiÞÞ ¼ ukeðjÞk δðiÞðjÞ;

and

eðjÞk ¼
�
δjk þ

1

2
hjk

�

is the matrix that connects tetrad and spacetime components.
We are ultimately interested in the temporal variation of the
direction of arrival of the light ray n when a GW passes
between a star and the Earth.
We thus use the conservation equations (A10)–(A9)

between the star at emission time and the Earth at reception
time. In particular, Eq. (A10) gives

νEð1 − nE · pÞ ¼ νSð1 − nS · pÞ; ðA11Þ

where on the left we have the Earth terms (labeled with a E)
evaluated at the location of Earth at time t, while on the
right we have the star terms (labeled with a S) evaluated at
the location of the star and at emission time tS. Note that the
direction of the GW pi is the same at Earth and star
locations. We can now linearize the difference between

6These can be explicitly constructed as

a ¼ ŷ × p
jŷ × pj ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
x þ p2

z

p
0
B@

pz

0

−px

1
CA;

b ¼ p × a ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
x þ p2

z

p
0
B@

−pypx

p2
x þ p2

z

−pypz

1
CA;

and can be used to define polarization tensors

Aij ¼ Aþeþij þ A×e×ij; eþ ¼ a ⊗ a − b ⊗ b;

e× ¼ a ⊗ bþ b ⊗ a:
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Earth and star terms in the perturbation as

νE ¼ νS þ ΔνþOðh2Þ; nE ¼ nS þ ΔnþOðh2Þ;

and from Eq. (A11), we have

Δν
ν

¼ Δn · p
1 − n · p

þOðh2Þ: ðA12Þ

Note that we have omitted the E=S subscript on ν and n in
this expression, since it does not make any difference to use
one or the other at first order.
Next, we consider the squared sum of Eqs. (A8)

and (A9),

ðgμνσμχν2Þ2 þ ðgμνσμχν2Þ2 ¼ ν2ð1 − ðn · pÞ2 þ hijninjÞ;

where in the last line we have used the identity ajðn · aÞ þ
bjðn · bÞ þ pjðn · pÞ ¼ nj and the transverseness condi-
tion hijpj ¼ 0. Starting from

ν2Eð1 − ðnE · pÞ2 þ hEijn
injÞ

¼ ν2Sð1 − ðnS · pÞ2 þ hSijn
injÞ; ðA13Þ

and linearizing around νE, nE, we get

Δν
ν

¼ −
1

2

ðhEij − hSijÞninj
ð1 − n · pÞ þOðh2Þ; ðA14Þ

where we have used Eq. (A12) in the last line.
Equation (A14) is a well-known result in pulsar timing.
Then, we can write for the direction n,

Δni ¼ Δn · a ai þ Δn · b bi þ Δn · ppi;

and using the conservation equations (A8)–(A10) as well as
Eq. (A14), after some algebra, we obtain

Δni ¼ ni þ pi

2ð1þ n · pÞ ðh
E
jk − hSjkÞnjnk

−
1

2
ðhijE − hij

SÞnj þOðh2Þ: ðA15Þ

In practical applications, it is possible to neglect the star
term from all of the above equations. This is because it
typically oscillates very quickly and averages to zero when
computing the correlation function of a pair of independent
stars. More precisely, let us imagine we have to compute
the temporal average of an Earth term, say fEðtÞ (where
f can be either Δν, Δni or hij) multiplied with a star term
fSðt − τÞ. We have introduced the time τ that the light ray
takes to travel from the star to the Earth. Using the Fourier
transform f̃ of f, this reads

hfEðtÞfSðt − τÞi ¼ 2π

Tobs

Z
dωeiωτf̃EðωÞf̃Sð−ωÞ; ðA16Þ

where Tobs is the time of observation. Using that ωτ ≫ 1
for the typical frequencies ω probed in our setting and
typical star distances τ, this integral is quickly oscillating
and averages to zero. The same is true for the average of
two independent star terms fS;1ðt − τ1Þ and fS;2ðt − τ2Þ. To
conclude, we neglect all star terms in the main text.
We have checked that our result in Eq. (A15) reproduces

Eq. (58) in [34] once we neglect the star term and replace
the direction of propagation of the photon with the direction
of the source by n → −n (i.e., nE=S → −nE=S and
Δn → −Δn). On the other hand, there naively seems to
be a discrepancy in the star term between our Eq. (A15) and
Eq. (58) of [34]. This is due to different choices for the
definition of the astrometric deflection Δn. While in this
appendix we defineΔn as the difference between Earth and
star terms, in [34] δn is defined as a purely first-order
quantity, i.e., the part of n that oscillates in time at any
spacetime point. In order to change between one definition
and the other, we have to pay attention to the fact that
nS actually contains a first-order piece that oscillates in
time. This is because the direction of the photon at emission
time cannot be arbitrary if the photon has to reach Earth
following geodesics of the perturbed metric, see [34] for
more details. Since we ultimately neglect all star terms in
the main text, this technical point does not have any impact
on our results, and both definitions are equivalent. This is
why we used the notation δn for the astrometric deflection
in Eq. (2).

APPENDIX B: AMENDING PREVIUOS RESULTS
FOR THE DIFFERENTIAL ASTROMETRIC

RESPONSE

In Sec. II A, we derived the differential astrometric
response by computing the variation δ cosψ12 of the angle
between a pair of stars identified by the directions n1 and
n2 on the sky, up to first order in the GW perturbation h. We
also noted that when employing the relation δ cosψ12 ≃
−δψ12 sinψ12, valid for small unperturbed angles ψ12, a
direct comparison of Eq. (4) with Eq. (12) of Ref. [54]
reveals their expression lacks the term −hijni1n

j
2 on the

right-hand side. In the following, we discuss the origin of
this discrepancy and explain why this term is necessary to
recover the correct limit when ψ12 ∼ 0 (coincident
stars limit).
In Ref. [54], the δli [Eq. (5) there] refer to the variation

of the spatial components li of the photon wave vector in
the spacetime basis. In contrast, the standard expression for
the astrometric deflection [our Eq. (2)] refers to the tetrad
components ni, as explained in the main text. The δli are
connected to the δni by the transformation
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δli ¼ δni −
1

2
hijl

j
½0� þOðh2Þ; ðB1Þ

where, for improved clarity, we added the ½0� subscript to
explicitly indicate zero-order quantities in h. Since the
unperturbed components, being zero-order quantities in h,
coincide (i.e., li

½0� ¼ ni½0�), one can write

δli ¼
� li

½0� þ pi

2ð1þ l½0� · pÞ
lj
½0�l

k
½0� − δiklj

½0�

�
hjk: ðB2Þ

In Ref. [54], the authors replace their Eq. (11) [equivalent in
form to our Eq. (2)], in their Eq. (5), instead of (the correct)
Eq. (B2). Notably, the derivation in the Appendix of [54],
for the variation of the spacetime components li, is correct,
in the sense that substituting Eq. (35) in Eq. (33) actually
gives our Eq. (B2). However, subsequently, the authors
omit a factor of 2 and obtain their Eq. (12).
The expression in Eq. (4) for the change in the cosine of

the relative angle between the stars in the pair behaves
correctly in the limit where the angular separation is small,
i.e., ψ12½0� ∼ 0. If the unperturbed directions of the two stars
coincide, the photons from both travel along the same path
toward the observer. As a result, any perturbation affects
both trajectories identically, and the stars will still appear
with zero angular separation, i.e., δψ12 ¼ 0. Expanding
Eq. (4) around ψ12½0� ¼ 0 [cf. Eq. (5)], one finds that
δ cosψ12 is zero up to second order in ψ12½0�, which means
that δψ12 ∼ δ cosψ12=ψ12½0� goes to zero as well. In contrast,
Eq. (12) of [54] is divergent for arbitrarily small angles,
resulting in the prediction of an unrealistically high ampli-
tude of the effect, when very small angles (comparable to
the resolution power of the telescope) are considered.

APPENDIX C: TRANSMISSION FUNCTION

In PTA and Gaia experiments, for observed data d0ðtÞ in
the time domain, we observe a deterministic trend sðtÞ that
comes from the physical evolution of the object or other
processes affecting the observations, typically, for pulsars the
deceleration of their spin rate with time and for stars their
proper motion on the celestial sphere. Since most effects are
slow with respect to the considered time of observation Tobs,
they can be approximated as a second-order polynomial in
time as sðtÞ ¼ a0 þ a1tþ a2t2 þOð3Þ. In the following,
we treat time and frequency as dimensionless quantities with
t≡ t=Tobs and f ≡ fTobs. We can define an orthogonal
basis that spans the space of quadratic polynomials,

Ψ ¼ 1ffiffiffiffi
N

p
�
1; ð2⃗tÞ

ffiffiffi
3

p
;
�
6⃗t2 −

1

2

� ffiffiffi
5

p �
; ðC1Þ

with ⃗t the vector of evenly spaced time of observations for N
observations spanning between −1=2 and 1=2. The factorsffiffiffiffi
N

p
,

ffiffiffi
3

p
, and

ffiffiffi
5

p
are given by the normalization of the

basis. In reality, this basis is only approximately ortho-
normal because we assume equivalence between integrals
and discrete sums for its normalization. Still, the errors are
small and can be neglected when N ≫ 1.
The post-fit residuals are given by

dð⃗tÞ ¼ d0ð⃗tÞ −
X3
a¼1

αaΨað⃗tÞ ¼ d0ð⃗tÞ −Ψα⃗; ðC2Þ

whereΨað⃗tÞ is the ath element of the previously introduced
basis Ψ, and α⃗ is the vector of best fit coefficients that are
given by a least square fit, or using the orthogonality of the
basis Ψ, directly by the projection of the data d0ð⃗tÞ on Ψ as
α⃗ ¼ Ψ⊤d0ð⃗tÞ and

dð⃗tÞ ¼ ½IN −ΨΨ⊤�d0ð⃗tÞ ¼
�
IN −

X3
a¼1

ΨaΨ⊤
a

�
d0ð⃗tÞ; ðC3Þ

with IN the identity matrix of rank N. The post-fit residuals
are obtained through the application of the projection
operator IN − ΨΨ⊤ that acts as a filter. Note that
IN −ΨΨ⊤ is idempotent, meaning that ½IN −ΨΨ⊤�×
½IN −ΨΨ⊤�⊤ ¼ IN − ΨΨ⊤.
Assuming that the data contains Gaussian and stationary

noise, the covariance matrix for dð⃗tÞ is given by

hdd⊤i ¼ ½IN − ΨΨ⊤�hd0d⊤0 i½IN − ΨΨ⊤�⊤;
≈ hd0d⊤0 i½IN −ΨΨ⊤�;

≈
Z

dfSnðfÞTðfÞei2πðt−t0Þ; ðC4Þ

where in the second line we have assumed that hd0d⊤0 i and
½IN −ΨΨ⊤� commute, which is true if d0 only contains
uncorrelated white noise and hd0d⊤0 i is diagonal. The
presence of time-correlated noise in the data introduces
degeneracies with the timing model that do not allow this
commutation (for details, see [55]). Still, for the sake of
forecasting uncertainties, this approximation is reasonable.
Finally, in the last line, we used the Wiener–Khinchin
theorem to relate the covariance to the power spectral
density. The transmission function TðfÞ is defined as the
Fourier transform of ½IN − ΨΨ⊤�

TðfÞ ¼
Z

dðt − t0Þ½IN −ΨΨ⊤�e−i2πfðt−t0Þ;

≈ 1 −
X3
a¼1

1

N
ðΨað⃗tÞ · e−i2πf⃗tÞðΨað⃗t0Þ · ei2πf⃗t0 Þ⊤;

¼ 1 − N
X3
a¼1

jΨ̃aðfÞj2: ðC5Þ

Assuming that the spectral density is concentrated on
the diagonal f ¼ f0 (see [55]) and using the equivalence
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between the continuous and discrete Fourier transforms
Ψ̃aðfÞ ≈ 1

NΨað⃗tÞ · e−i2πf⃗t with Ψ̃aðfÞ the Fourier transform
of ΨaðtÞ.
The Fourier transform of the nth power of t is given byZ

1=2

−1=2
tne−i2πftdt ¼ 1

ð−i2πÞn
dn

dfn

�
sinðπfÞ
πf

�
; ðC6Þ

yielding

Ψ̃ðfÞ ¼ 1ffiffiffiffi
N

p
�
sinðπfÞ
πf

;

×

ffiffiffi
3

p

−i2π

�
−2

sinðπfÞ
πf2

þ 2
cosðπfÞ

f

�
;

×

ffiffiffi
5

p

−4π2

�
12

sinðπfÞ
πf3

− 12
cosðπfÞ

f2
− 4π

sinðπfÞ
f

��
:

ðC7Þ
The transmission function is directly given by the

squared modulus of Ψ̃ðfÞ according to Eq. (C5). At low

frequencies, the behavior of the function is dominated
by f6 terms, as highlighted in [55,66], and the operator
IN −ΨΨ⊤ is acting as a high-pass filter on the data.
Note that this does not reproduce higher frequency

features of the transmission function, like the one year
peak that is often visible in PTA sensitivity curves or upper
limit plots [55,74,75]. This peak comes from the pulsar
position correction fit in the timing model, that varies
periodically with the orbit of the Earth with a one year
period. Accounting for this effect leads to a suppression of
sensitivity at frequency fyr ¼ 1=ð1 yrÞ. In this work, we do
not implement it since we focus on the low frequency
range where it has a negligible impact because Tobs is
sufficiently greater than one year. It could however easily
be implemented by hand with a component ∝ sinð2πfyrtÞ
in the basis Ψ, assuming that it is orthogonal to other low
frequency components since Tobs≫ 1 yr. This produces a
component ð1 − ϵÞsinc½πðf − fyrÞ�=

ffiffiffiffi
N

p
in frequency

domain for Ψ̃ðfÞ. The ϵ ≈ 10−3 is introduced to avoid
numerical divergences.
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