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Abstract
We consider linear, time-dependent and skew-adjoint perturbations of periodic transport
equations on the one-dimensional torus. We describe the long-time behavior of solutions for all
non-degenerate perturbations in resonant regime, proving that either there exist solutions whose
Sobolev norms explode exponentially fast, provoking energy transfer phenomena, or all solutions
remain stable for arbitrarily long time scales. The proof combines pseudodifferential tools with
dynamical systems results: we perform a resonant normal form procedure to reduce our analysis to
the classical dynamics for the resonant equation. The main difficulty lies in the proof of the insta-
bility result, for which we explicitly construct an escape function associated to the dynamics. This
is obtained by means of a positive commutator estimate on the operator associated with the escape
function, exploiting microlocal analysis.

1. Introduction andmain result

In this article we study long-time behavior of solutions for a class of linear and time-dependent trans-
port equations on the one-dimensional torus. Two phenomena that typically occur both in linear and
nonlinear PDEs are long-time stability of solutions or existence of unstable orbits, and a valid tool
to depict such behaviors is the study of the Sobolev norms (1.2) of solutions. On the one hand, an
unbounded growth in time of the positive Sobolev norms of some solutions is an indicator of instability,
in the form of energy transfer phenomena; on the other, stable equations are characterized by uniform-
in-time bounds for all Sobolev norms of all solutions, on long time scales. The equations that we con-
sider are small in size, 2π-periodic in time perturbations of constant coefficient transport equations.
Precisely,

∂tu= (m+ εV(t,x))∂xu+
ε

2
∂xV(t,x)u, x ∈ T := R/2πZ, t ∈ R, (1.1)

where m ∈ N+, ε is a positive parameter, V ∈ C∞(T2;R). Observe immediately that the right-hand side
of (1.1) is skew-adjoint over L2(T), thus one has, for every solution of (1.1),

‖u(t)‖L2(T) = ‖u(0)‖L2(T) , ∀t ∈ R.

Moreover, defining the scale of Sobolev spaces Hs, s ∈ R on the torus as

Hs(T,C) =Hs := {u ∈ L2(T) : ‖u‖2s :=
∑
k∈Z

〈k〉2s |uk|2 <+∞}, (1.2)

© 2026 The Author(s). Published by IOP Publishing Ltd and the LondonMathematical Society.

https://doi.org/10.1088/1361-6544/ae9ddd
https://crossmark.crossref.org/dialog/?doi=10.1088/1361-6544/ae9ddd&domain=pdf&date_stamp=2026-9-9
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0009-0002-8221-3554
mailto:mrotolo@sissa.it


Nonlinearity 39 (2026) 095014 M T Rotolo

(where we use the notation 〈k〉 := (1+ |k|2) 1
2 for the Japanese brackets and we denote by {uk}k∈Z the

Fourier coefficients of the function u), one has that, for ε= 0, all Sobolev norms of all solutions of (1.1)
are constant in time:

‖u(t)‖s = ‖u(0)‖s , ∀s ∈ R, t ∈ R.

This property is anyway not stable under perturbation: as soon as ε 6= 0, the presence of a perturbation
can lead to unbounded paths.

In the recent work [44], the authors consider equation (1.1) on Tn for any n ∈ N+ and prove that
there exists an open set of time-dependent perturbations V ∈ C∞(T×Tn) that provoke unstable solu-
tions (where, by unstable solutions, we intend solutions exhibiting unbounded growth in time of their
positive Sobolev norms). Moreover, this set also turns out to be dense when n= 2. In the present work,
we consider instead the one-dimensional case and we analyze the presence of stable and unstable solu-
tions for all time-dependent perturbations V having non degenerate resonant average (see definitions 1.1
and 1.3). We anticipate here that such set turns out to be dense in C∞(T2;R). Roughly speaking we
prove that, for such perturbations, only two possibilities occur: either all Sobolev norms of all solutions
are uniformly bounded for long time scales, or instability phenomena arise.

We now give the preliminary definitions needed to state our main result.

Definition 1.1 (Resonant average). Let V ∈ C∞(T2;C). For k, ℓ ∈ Z denote by {vk,ℓ}k,ℓ∈Z the Fourier
coefficients of V, i.e. V(t,x) =

∑
k,ℓ∈Z vk,ℓe

i(kx+ℓt), for all t,x in T. We define the resonant average of V with
respect to the frequencym ∈ N+ as

〈V〉m (x) :=
∑
k∈Z

vk,mke
ikx. (1.3)

We say that a function V(t,x) is completely resonant with respect to the frequencym ∈ N+ if vk,ℓ = 0 for all
ℓ 6=mk, or equivalently if V(t,x)≡ 〈V〉m (x+mt).

Remark 1.2. One can verify that (1.3) coincides with 〈V〉m (x) :=
1
2π

´
TV(t,x−mt)dt, which is the time

average of V along the unperturbed flow (i.e. the flow of (1.1) with ε= 0).

Definition 1.3. We say that a functionW ∈ C∞(T;C) has a degenerate zero in x0 ∈ T ifW(x0) = 0 and
W ′(x0) = 0. We say that a function is non degenerate if it does not have any degenerate zero.

We also introduce the following terminology:

Definition 1.4. We say that a function V ∈ C∞(T2;R) is

• resonantly stable with respect to the frequencym ∈ N+ (or simply resonantly stable) if its resonant aver-
age 〈V〉m (see definition 1.1) does not have any zero;

• resonantly unstable with respect to the frequencym ∈ N+ (or simply resonantly unstable) if its resonant
average 〈V〉m (see definition 1.1) has at least one zero, but all its zeroes are non degenerate.

Our main result is the following theorem.

Theorem 1.5. For any m ∈ N+ let

Vm,s := {V ∈ C∞(T2;R) : V is resonantly stable }, (1.4)

Vm,u := {V ∈ C∞(T2;R) : V is resonantly unstable }, (1.5)

Vm,d := {V ∈ C∞(T2;R) : 〈V〉m has degenerate zeroes }, (1.6)

where we recall definitions 1.1, 1.3 and 1.4. The following holds:

1. Long-time stability: for any V ∈ Vm,s, for any N> 0 there exists εN(V)> 0 such that, for any 0< ε < εN(V)
and for any s> 0, there exists C1 > 0 (independent of ε) such that, for any u0(x) ∈Hs(T), the corresponding
solution u(t,x) of equation (1.1) (i.e. u(0,x) = u0(x)) satisfies

‖u(t)‖s⩽C1 ‖u0‖s ∀|t|⩽CV,sε
−(N+1), where C1 ≡ C1(s,V) (1.7)

for some CV,s > 0.
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2. Instability: for any V ∈ Vm,u there exist ε(V)> 0, δ2 > 0 such that, for any 0< ε < ε(V) and for any s⩾1
there exists u0 ∈Hs(T), such that the corresponding solution u(t,x) of equation (1.1) satisfies:

‖u(t)‖s⩾eεδ2tδ1(u0), ∀ t> 0 , (1.8)

for some δ1(u0)> 0.

3. Genericity: The set Vm,u ∪Vm,s is open and dense in C∞(T2;R) endowed with its Frechét topology.

First of all remark that

C∞(T2;R) = Vm,s ∪Vm,u ∪Vm,d

(see (1.4)–(1.6)). Thus, from the genericity property in point 3, theorem 1.5 answers the question of sta-
bility of equation (1.1) for the vast majority of time-dependent, 2π-periodic perturbations V. Moreover,
the lower bound in (1.8) is sharp: in [43] the authors prove that all positive Sobolev norms of all solu-
tions of (1.1) grow at most exponentially fast. We remark anyway that our bound (1.8) is effective for
t≳ ε−1.

Next, let us motivate the definitions of the sets (1.4)–(1.6). Remark that the perturbation V in (1.1)
has the same time-period as the solution to the unperturbed equation (i.e. ε= 0): this is what we call
resonant regime. For this reason, we look at the dynamical properties of 〈V〉m (see (1.3)) in order to
study long-time behavior of equation (1.1): roughly speaking, 〈V〉m collects only the resonant modes of
V, that are the ones responsible for the formations of instabilities.

However, not all potentials having non-zero resonant average generate instabilities: the existence of at
least a non-degenerate zero (see definition 1.3) of the resonant average is a necessary condition. As we
will explain in detail in the next paragraph, this is linked to the dynamics of the system ẋ= 〈V〉m (x), for
which such zero corresponds to a hyperbolic critical point.

On the other hand, the presence of instabilities is a typical feature of resonant regimes that has
recently been studied for different systems:

– as anticipated, in the recent work [44], instabilities for the higher-dimensional analogue of
equation (1.1) are studied. Also in the higher dimensional case, the result relies on the study of the
dynamics of ẋ= 〈V〉m (x), with x ∈ Tn, n⩾2, which clearly is much more involved than the one-
dimensional system considered in the present work. We refer to [44] and [17] for a detailed descrip-
tion of this dynamics, and we only emphasize here that the key feature exploited is hyperbolicity of
the system and presence of closed, disjoint attracting and repelling sets. This is the same property that
we use in the present work for the one dimensional case, where it is an evident consequence of the
structure of the function 〈V〉m (see section 4.1).

– genericity of instability has also been obtained for harmonic oscillators in dimension one in [41] and
in dimension two in [35] . In both cases, the results come as an application of [40], where the author
identifies sufficient conditions on the perturbation that ensure presence of unstable solutions. Again
the dimensionality of the problem plays a central role: in the one dimensional case, the study of the
associated classical dynamics can be carried out in a quite direct way, tailored for the specific prob-
lem. The step of raising the dimension is instead tackled in [35] and requires significantly different
and more involved techniques for the study of the dynamics, that comprehend arguments of contact
geometry and differential topology.

Let us finally compare with the non-resonant regime: in the recent paper [7] the authors consider trans-
port terms of the form ν+ εV(ωt,x), with (ν,ω) ∈ Rn ×Rd and V ∈ C∞(Tn ×Td). In this setting, they
are able to use KAM techniques to prove reducibility of the equation for a non-resonant choice of the
parameters (ν,ω) ∈ [1,2]n+d, belonging to a suitably chosen Cantor set (see also [2–4, 24] for related
results). Roughly speaking, they find a bounded transformation (on the Sobolev scale Hs (1.2)) that con-
jugates the equation to a diagonal one in the Fourier basis, up to smoothing remainders. A direct conse-
quence of this result is that either there exist solutions whose positive Sobolev norms blow up exponen-
tially (in the case where the diagonal operator has eigenvalues with nonzero real parts) or the Sobolev
norms of all solutions remain bounded for all times (see [7, corollary 2.5] for details).
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1.1. Outline of the proof
In this section we quickly describe the main tools needed to prove theorem 1.5.

Even though the strategies to prove the long-time stability and the instability result are quite differ-
ent, the starting point is the same: for every smooth perturbation V ∈ C∞(T2;R) we are able to con-
jugate the initial equation (1.1) to a new transport equation, having as leading coefficient of the trans-
port operator the resonant average 〈V〉m of V (see definition 1.1). We refer to lemma 3.2 for a precise
statement of this result. An analogous procedure has already been used in [44], but we remark here
that, thanks to the one dimensional setting of the present work, we are able to treat both stability and
instability starting with this initial conjugation, whilst in [44] the procedure is tailored to the instability
result.

We now briefly describe the strategy to prove long-time stability: the core idea of our proof is that,
when considering V ∈ Vm,s (see (1.4)), the above-mentioned conjugation procedure results in a transport
equation with never vanishing transport term, up to arbitrarily small-in-size remainders (precisely, it is
possible to obtain remainders of order εN for every N ∈ N+). This enables us to reduce the equation to
a constant-coefficient transport equation, again up to arbitrarily small-in-size non-constant remainders.
Roughly speaking, the constant coefficient is obtained integrating the inverse of the resonant average
(see proposition 3.1 for the precise procedure). For this reason, we crucially need to have 〈V〉m ∈ Vm,s.
Finally, we remark that, due to the presence of the remainder term, we can not hope to obtain global
in time stability. Anyway, the time scale for which stability holds can be chosen arbitrarily long, up to
reducing the size of the perturbation accordingly.

We now turn to the description of the proof of the instability result. In this case, we use a different
approach: we use the information on the dynamics of the ODE ẋ= 〈V〉m (x) to analyze the associated
dynamics of the Hamiltonian vector field Xh on T∗T' T×R, with Hamiltonian h(x, ξ) := ξ 〈V〉m (x).
As one can immediately see from the Hamilton equations (see (4.2)), the two dynamics are strictly
related and, in particular, the key point of our proof is the construction of an escape function for the
Hamiltonian dynamics. Roughly speaking, it is a function that increases along the flow of Xh. Next we
use pseudodifferential calculus and microlocal tools such as Gårding inequality to recover the exponen-
tial growth in (1.8) via a positive commutator estimate (see section 4.2).

Anyway, we anticipate here that the construction of the escape function can be far from trivial, and
strongly depends on the topological setting of the Hamiltonian system, and thus in turn on the spacial
domain of the initial PDE. In the present work we adapt to our context the constructions of [18] and
[35], and we show that, in this one dimensional periodic case, it is sufficient to consider smooth vector
fields having only (but at least one) hyperbolic critical points. We briefly mention that, in higher dimen-
sional contexts, it is no more sufficient to ask only for the existence of critical elements of the vector
fields, but a central role is played by the hyperbolicity assumptions, that are in such cases much more
involved: we only cite here [23], where the microlocal point of view to treat similar types of problems is
introduced for Anosov vector fields and the recent book [37] and the references therein, for an introduc-
tion to the geometrical tools needed in higher dimension.

1.2. Comparison with related literature
In this last introductory section we briefly review the existing literature. The question of stability of solu-
tions to linear and nonlinear PDEs is a very relevant issue, that has been studied from different perspec-
tives and for diverse classes of equations. Even though in this work we study energy cascade phenomena
for linear dispersive equations, the literature on instability formation and stability results is considerably
broader.

In particular, several mechanisms leading either to long-time stability or to the formation of insta-
bilities have been identified for fluid dynamics equations. As one example we mention modulational
(Benjamin–Feir) instability for water waves: this phenomenon is triggered by the interaction of a trav-
eling periodic wave with small ones of much longer period (long-wave perturbations), that disrupt
the original wavefront leading to a redistribution of energy. First observed experimentally in 1967 by
Benjamin and Feir (see [9]), and then described both numerically in and analytically (see [20] for a rel-
evant numerical study of the phenomenon, and [11] and sequent works for a recent complete proof of
the global picture provoking this phenomenon), this mechanism has then been studied in various linear
and nonlinear water waves models.

On the other hand, several techniques have been developed to establish the existence and long-time
stability of periodic and quasi-periodic traveling waves in fluid equations. Again as a title of example, we
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mention here the case of water waves equations, for which the search of traveling waves goes back to the
pioneering work [46] of Stokes, and that is nowadays a very active research direction (see for example
the recent result [10]).

The above mentioned results are only intended as examples of different possible approaches, and do
not aim to be exhaustive: apart from water waves equations, similar questions arise for example for Euler
and Navier–Stokes equation, and other techniques and tools have been introduced in these frameworks.
The discussion of these results goes beyond the scope of this section. For this reason, in the rest of this
paragraph, we restrict on existing results related to the study of instabilities for linear, time-dependent
perturbations of Schrödinger equations via growth of Sobolev norms.

The general problem of growth of Sobolev norms as detector of instabilities has been addressed
from the perspective of quantum mechanics in [8] already in the 80’s. For what concerns linear, time-
dependent Schrödinger equations on the torus, the problem has been first issued by Bourgain in [12]
(see also the more recent work [13]) and in the recent years many authors have proved existence of par-
ticular time-dependent perturbations of linear Schrödinger equations, that generate unbounded orbits.

First, unstable perturbations of the one dimensional Harmonic oscillators are identified in [21, 40,
41], where a generic class of unstable perturbations is found (see also [5, 22, 35, 39]). We also refer
to the recent result [38] for the particular case of pseudodifferential perturbations which are quadratic
polynomials both in x and D and we emphasize that the growth result obtained holds in any dimension.
Regarding related models, we report [6] for perturbations of the Landau Hamiltonian, [32] for anhar-
monic oscillators and [48] for analogous results in the Bargmann–Fock space.

Taking the moves from the abstract result in [40], in which the author uses for the first time
Mourre’s positive commutator theory to perform the key energy estimate for the growth result, in the
recent works [35, 41, 44], this mechanism is exploited in different models. Precisely, [35] is inspired by
the construction of the escape function performed in [18, 19], that is in turn adapted also in the present
work. On the other hand, [44] deals with the more involved construction of the escape function for the
higher dimensional analogue of equation (1.1).

Finally, constructing solutions with unbounded orbits in nonlinear Schrödinger-like equations is
an open challenge in this field (see, among others, [14, 16, 25–31, 33, 34]). We mention separately the
recent works [42] for an application of the escape function-method to a quasi-linear case and [15] where
similar strategies are used to study the exponential stability of nonlinear Vlasov equations on negatively
curved manifolds.

Organization of the paper. We conclude this introductory section by quickly outlining the structure of
the paper. In section 2 we collect preliminary results needed along the work. In particular, in section 2.1
we introduce the class of pseudodifferential operators along with some of their properties, whilst in
section 2.2 we define the class of transformations that we will use all along the work. In section 3 we
prove the first point of theorem 1.5, using first a normal form procedure to reduce equation (1.1) to
constant coefficients up to small-in-size remainders, and then proving estimate (1.7).

In order to prove the second point of theorem 1.5, as already anticipated, we need to construct an
escape function for the Hamiltonian lift of the flow generated by the resonant average of V on the torus.
Thus in section 4.1 we construct the escape function and in section 4.2 we use it to prove estimate (1.8).
Finally, in section 5 we conclude the proof of theorem 1.5 studying the structure of the sets Vm,s,Vm,u.

2. Preliminary results

In this section we collect some preliminary results that we will use in the rest of the work. Precisely, in
section 2.1 we collect some definitions and results of symbolic calculus and in section 2.2 we define a
class of linear transformations (that we will need to prove both the reducibility and the instability results
in theorem 1.5) and we study their action on transport operators.

2.1. Pseudodifferential operators
We define the class of symbols of order ρ ∈ R as

Sρ(T) := {a ∈ C∞(T×R) : ∀α,β ∈ Nn |∂α
x ∂

β
ξ a(x, ξ)|⩽Cα,β 〈ξ 〉ρ−|β|}, ∀ρ ∈ R. (2.1)

5
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We also denote by C∞(T;Sρ) the space of smooth maps t 7→ a(t, ·) ∈ Sρ(T), for every ρ ∈ R. For every
a ∈ Sρ(T) we define the Weyl quantization Opw(a) of a as

Opw(a)[u](x) :=
1

2π

ˆ
T×R

ei(x−y)ξa

(
x+ y

2
, ξ

)
u(y)dydξ.

We say that an operator A is pseudodifferential of order ρ if there exists a ∈ C∞(T×R) such that A=
Opw(a). We write A ∈ Sρ and we denote by C∞(T;Sρ) the set of smooth maps t 7→ A(t) ∈ Sρ, for every
ρ ∈ R. We now collect in the following lemma the main results of symbolic calculus that we will need in
the work. We refer for example to [45, 49] for the proofs.

Notation: along the article we sometimes write mod Sρ, ρ ∈ R, next to an operator, to indicate that it is
defined up to pseudodifferential remainders of order ρ. Analogously, we write mod Sρ next to symbols.
We will also use the notation ‖·‖H0→H1

to denote the operatorial norm of the argument as operator
from the Hilbert space H0 to the Hilbert space H1.

Lemma 2.1. Let f ∈ Sρ1(T), g ∈ Sρ2(T), ρ1,ρ2 ∈ R. Then:

1. For any s ∈ R, there exist Cf,s > 0 such that:

‖Opw( f)u‖s−ρ1⩽Cf,s‖u‖s, ∀u ∈Hs, (2.2)

where we recall the definition of Sobolev norms in (1.2);

2. Opw( f)∗ =Opw(f) (here ∗ denotes the adjoint operator) and in particular skew-adjoint operators have purely
imaginary symbols;

3. There exists h ∈ Sρ1+ρ2(T) such that Opw( f) ◦Opw(g) =Opw(h). Furthermore,

h := f g− i

2
{f,g} mod Sρ1+ρ2−2(T); (2.3)

4. There exists ℓ ∈ Sρ1+ρ2−1(T) such that i[Opw( f),Opw(g)] =Opw(ℓ). Moreover

ℓ := {f,g} mod Sρ1+ρ2−2(T); (2.4)

5. If ρ1 < 0, then Opw( f) is compact as an operator from L2(T) to itself.

6. If a ∈ C∞(T×R) is a compactly supported function, then a ∈ Sρ for any ρ < 0.

Remark 2.2. Let p ∈ C∞(T). Then p ∈ S0 and Opw(p)[u](x) = p(x)u(x). Moreover

Opw(iξ p(x)) = p(x)∂x +
1

2
p ′(x).

Finally, we state the following Gå rding inequality, referring to [49, theorem 9.11] for a proof.

Lemma 2.3. Let a ∈ Sρ(T), a⩾0. Then for every u ∈ C∞(T) we have

〈Opw(a)u,u〉L2(T)⩾−Cρ,a ‖u‖2ρ−1
2
, (2.5)

for some Cρ,a > 0.

2.2. Conjugation results
In this section we define a class of linear, invertible transformations and study their action on transport
equations. This conjugation technique is already used in [7, 24].

The same transformation as the one presented in this section is studied in [44, section 5.1], for tori
of any dimension. We report it here since we slightly modify the discussion to adapt it also to the proof
of the stability result (see section 3).

First of all we remark that a linear, invertible transformation u= A(t)u1, with A(t) periodic in time
of period 2π, transforms equation u̇=Hu into u̇1 = A(t)∗Hu1, where the pushforward A(t)∗H is given
by

A(t)∗H := A(t)−1[HA(t)− ∂tA(t)]. (2.6)

6
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We remark, to avoid any confusion in the notation, that ∂tA(t) is the derivative in time of the linear
transformation (and not the composition ∂t ◦A(t)). Next, we consider a family of time-dependent dif-
feomorphisms of the torus of the form

φk(t) : T→ T, x 7→ x+ εkβ(t,x), k ∈ N+, ε > 0, β ∈ C∞(T2;R). (2.7)

It has been proved (see for example [1, lemma B.4]) that for ε > 0 small enough φk(t) is an invertible
diffeomorphism and its inverse has the form

φ−1
k (t) : T→ T, y 7→ y+ εkβ̃(t,y), k ∈ N+,ε > 0, (2.8)

for some β̃ ∈ C∞(T2;R). We define the transformation associated with (2.7) as:

Φ̃k(t) : u(x) 7→ (1+ εk∂xβ)
1
2 (u ◦φk)(x), ∀t ∈ T,k ∈ N+, (2.9)

with inverse given by

Φ̃k(t)
−1 : u(y) 7→ (1+ εk∂xβ̃)

1
2 (u ◦φ−1

k )(y), ∀t ∈ T,k ∈ N+. (2.10)

We stress here that Φ̃k(t)≡ Φ̃k,ε,β(t), i.e. the transformation depends both on β and ε, but we will
always write as in (2.9), omitting such labels to simplify the notation.

Remark that, for every k ∈ N+, both Φ̃k(t) and Φ̃k(t)−1 are 2π-periodic in time. We now show that,
for every k ∈ N+, the operator Φ̃k(t) in (2.9) is unitary: substituting the explicit expressions of (2.7)
and (2.8) in the identity

φk|x=y+εkβ̃(t,y) ◦φ
−1
k (y) = y ∀t ∈ R, y ∈ T, k ∈ N+, (2.11)

and deriving (2.11) with respect to y one obtains that, for every ε > 0 and β ∈ C∞(T2;R),

1+ εk∂yβ̃(t,y) =
1

1+ εk∂xβ(t,x)|x=y+εkβ̃(t,y)

, ∀y ∈ T, k ∈ N+. (2.12)

This in turn gives, via a direct computation, unitarity of Φ̃k(t), namely

Φ̃k(t)
∗ = Φ̃k(t)

−1, ∀t ∈ T,k ∈ N+, (2.13)

where Φ̃k(t)∗ denotes the adjoint operator of Φ̃k(t). We now turn to studying the action of Φ̃k(t) on
transport operators.

Lemma 2.4. Take any f, g ∈ C∞(T2;R), n ∈ N+ and ε > 0. Define

Hn(t) :=Opw(iξ ( f(t,x)+ εng(t,x))). (2.14)

For any β ∈ C∞(T2;R) there exists εβ > 0 such that, for every 0< ε < εβ , the associated transformation Φ̃n(t)
defined as in (2.9) satisfies

Φ̃n(t)
−1Hn(t)Φ̃n(t) =Opw(iξ( f(t,x)+ εn(g(t,x)+ f(t,x)∂xβ(t,x))+ εn+1R1

n,ε(t,x))) (2.15)

and

Φ̃n(t)
−1∂tΦ̃n(t) =Opw(iξ(εn∂tβ(t,x)+ εn+1R2

n,ε(t,x))), (2.16)

whereR1
n,ε,R2

n,ε ∈ C∞(T2;R) have all seminorms uniformly bounded in terms of ε ∈ [0,εβ ].

Proof. Given β ∈ C∞(T2;R), let Φ̃n(t) be the associated transformation in (2.9), with k⇝ n and recall
the expression for its inverse in (2.10). Fix εβ > 0 such that, for every 0< ε < εβ , Φ̃n(t) is a bounded
and invertible transformation (recall previous discussion in (2.7) and (2.8) and see [1, lemma B.4]). We
first prove (2.15). To this aim, first remark that, since Hn(t) in (2.14) is skew-adjoint (see lemma 2.1),
using (2.13) we have

[Φ̃n(t)
−1Hn(t)Φ̃n(t)]

∗ (2.13)
= −Φ̃n(t)

−1Hn(t)Φ̃n(t).

7
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Next, using lemma 2.1, we can rewrite Hn(t) in (2.14) as

Hn(t) = ( f(t,x)+ εng(t,x))∂x +
1

2
∂x( f(t,x)+ εng(t,x)). (2.17)

Thus, using (2.17), (2.9), (2.10), (2.12) and performing a direct computation one obtains

Φ̃n(t)
−1Hn(t)Φ̃n(t) =( f + εng)(t,φ−1

n (t)[x])(1+ εn∂xβ(t,φ
−1
n (t)[x]))∂x

+
1

2
∂x

(
( f + εng)(t,φ−1

n (t)[x])(1+ εn∂xβ(t,φ
−1
n (t)[x]))

)
(2.3)
= Opw(iξ(( f + εng)(t,φ−1

n (t)[x])(1+ εn∂xβ(t,φ
−1
n (t)[x]))).

(2.18)

Analogously, the expression for Φ̃n(t)−1∂tΦ̃n(t) can be explicitly computed and is given by

Φ̃n(t)
−1∂tΦ̃n(t) = εn∂tβ(t,φ

−1
n (t)[x])∂x +

εn

2
∂x

(
∂tβ(t,φ

−1
n (t)[x])

)
(2.3)
= Opw(iξ∂tβ(t,φ

−1
n (t)[x])).

(2.19)

Finally, performing a Taylor expansion of both (2.18) and (2.19) in a neighborhood of ε= 0 we obtain
respectively (2.15) and (2.16) concluding the proof.

We conclude this preliminary section with the following Lemma, which contains a computation that
we will use repeatedly along the work.

Lemma 2.5. Let m ∈ N+ and V ∈ C∞(T2;R). There exists a smooth function βm,V ∈ C∞(T2;R) such that

V(t,x)+m∂xβm,V(t,x)− ∂tβm,V(t,x) = 〈V〉m (x+mt) (2.20)

(recall the definition (1.3) of resonant average of V with respect to m).

Proof. Denote by T(t,x) := V+m∂xβm,V − ∂tβm,V, with βm,V ∈ C∞(T2;R) to be determined and write the
Fourier expansion of T:

T(t,x) =
∑
k,ℓ∈Z

(vk,ℓ + i(km− ℓ)βm,Vk,ℓ
)eikx+iℓt, (2.21)

where V(t,x) =
∑

k,ℓ vk,ℓe
i(kx+ℓt) and βm,V(t,x) =

∑
k,ℓ∈Zβm,Vk,ℓ

ei(kx+ℓt). Define

βm,Vk,ℓ
:=

{
vk,ℓ

i(ℓ−km) if ℓ 6= km,

0 otherwise.
(2.22)

The corresponding function βm,V(t,x) :=
∑

βm,Vk,ℓ
ei(kx+ℓt) is a well defined smooth function over T2. This

can be directly checked using that V is smooth and that, sincem ∈ N+, the sequence {ℓ− km}ℓ̸=km in (2.22)
never accumulates to zero. Substituting the Fourier coefficients of βm,V (see (2.22)), in the expression of
T(t,x) in (2.21), one obtains (2.20), concluding the proof.

3. Long-time stability

In this section we prove the first point of Theorem (1.5). We anticipate here the idea of the proof: first
we take any V ∈ C∞(T2;R) and, using the diffeomorphisms of the torus introduced in section 2.2, we
conjugate equation (1.1) to a new transport equation having as leading transport term the resonant aver-
age 〈V〉m of V (see (3.2) and recall definition 1.1 of resonant average). This is done in lemma 3.2.

Next, we exploit the characterization of the set Vm,s to reduce such equation to constant coefficients
(up to arbitrarily small in size remainders) and obtain the estimate in (1.7). Precisely, the main result of
this section is the following Proposition:

Proposition 3.1. For any V ∈ Vm,s in (1.4), for any N ∈ N+ there exists εN(V)> 0 such that, for any
0< ε < εN(V), there exists a 2π-periodic in time, invertible linear map ΦN,ε(t), m̂N ∈ R \ {0} and a smooth
function WN ∈ C∞(T2;R) such that

8
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1. for all s ∈ R, there exists CN,s > 0 such that, for all 0⩽ε⩽εN(V) and for all t ∈ R

‖ΦN,ε(t)‖Hs→Hs +
∥∥ΦN,ε(t)

−1
∥∥
Hs→Hs⩽CN,s; (3.1)

2. for any solution u of equation (1.1), defining vN(t,x) as u=ΦN,ε(t)vN , then vN solves

∂tvN =Opw(iξ ε(m̂N + εNWN(t,x)))vN, ∀t ∈ R. (3.2)

In the rest of this section we will prove proposition 3.1, but we first use it to conclude the proof of
point 1 of theorem 1.5.

Proof of theorem 1.5, point 1. Fix V ∈ Vm,s, N> 0, let εN(V)> 0 be the threshold given by proposition 3.1
and, for every 0< ε < εN(V) let ΦN,ε be the corresponding transformation given by proposition 3.1. Recall
that, defining vN(t,x) as u=ΦN,ε(t)vN, then vN solves (3.2). Since ΦN,ε(t) satisfies condition (3.1) it is
enough to prove that, for every s ∈ R there exists CV,s > 0 such that, for any vN0 ∈ C∞(T),

‖vN(t)‖s⩽2‖vN0‖s ∀|t|⩽CV,sε
−(N+1), (3.3)

where vN(t,x) is the solution of (3.2) satisfying vN(0,x) = vN0(x). Indeed, from the definition of vN, this
gives (1.7) with C1 := 2C2

ΦN,s
(recall (3.1)). In order to prove (3.3), we claim that there exists CWN,s > 0 such

that

d

dt
‖vN‖2s ⩽2εN+1CWN,s ‖vN‖

2
s , ∀t, s ∈ R. (3.4)

This immediately implies (3.3) since integrating (3.4) one obtains

‖vN‖s⩽eCWN,sε
N+1t ‖vN0‖s , ∀ t, s ∈ R,

which is (3.3) with CV,s := log(2)C−1
WN,s > 0. Thus we are left to show (3.4). To this aim, we introduce the

compact notation HN(t) :=Opw(iξε(m̂N + εNWN(t,x))), so that equation (3.2) reads ∂tvN =HN(t)vN. We
obtain via a direct calculation, using skewadjointness of HN

d

dt
‖vN‖2s = 2Re(

〈
[Opw(〈ξ 〉s),HN]vN,Op

w(〈ξ 〉s)vN
〉
). (3.5)

Next, using the explicit expression of HN(t) we have

[Opw(〈ξ 〉s),HN] = εN+1[Opw(〈ξ 〉s),Opw(iξWN(t,x))] ∈ C∞(T;S s). (3.6)

Thus, via Cauchy–Schwarz inequality we get

d

dt
‖vN‖2s

(3.5)
(3.6)
⩽ 2εN+1

∥∥[Opw(〈ξ 〉s),Opw(iξWN(t,x))]vN
∥∥
L2
‖vN‖s⩽2εN+1CWN,s ‖vN‖

2
s ,

with CWN,s :=
∥∥[Opw(〈ξ 〉s),Opw(iξWN(t,x))]

∥∥
Hs→L2

, proving inequality (3.4) and concluding the proof.

We now turn to the proof of proposition 3.1. We first prove the following Lemma, to reduce the
transport operator of equation (1.1) to a new one, having as leading term the resonant average of the
potential. Precisely, we have the following result:

Lemma 3.2. Let V ∈ C∞(T2;R) and take u(t,x) any solution of equation (1.1). For every N ∈ N+ there exists
εN(V)> 0 such that, for every 0< ε < εN(V) there exists a 2π-periodic, linear, invertible transformation
ΨN,ε(t) :Hs →Hs, bounded for every s ∈ R and with bounded inverse, such that, defining uN(t,x) as
u(t,x) = ΨN,ε(t)uN(t,x), then uN(t,x) solves

∂tuN =Opw(iξ(ε〈V〉m (x)+ ε2ZN(x)+ εN+1W̃N(t,x)))uN, (3.7)

where ZN ≡ ZN(x,ε) ∈ C∞(T;R), W̃N ≡WN(x,ε) ∈ C∞(T2;R) have all seminorms uniformly bounded in
terms of ε ∈ [0,εN(V)].

Remark 3.3. We remark that this first step can be performed for a generic V ∈ C∞(T2;R) and we still do
not use the characterization of Vm,s given in (1.4).

9
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Proof. Take V ∈ C∞(T2;R), u(t,x) solution of (1.1) and fix any N ∈ N+. We claim that there exists εN(V)>
0 such that, for every 0< ε < εN(V) there exists a sequence of 2π-periodic, linear and invertible transforma-

tions Φ̃1(t), . . . , Φ̃N(t) such that, defining u(1)N as u(t,x) = Φ̃1(t) ◦ . . . ◦ Φ̃N(t)u
(1)
N (t,x), then u(1)N (t,x) solves

∂tu
(1)
N =HN(t)u

(1)
N ,

HN(t) :=Opw(iξ(m+ ε〈V〉m (x+mt)+ ε2Z̃N(t,x)+ εN+1ŴN(t,x))),
(3.8)

where Z̃N(t,x) is real valued and completely resonant with respect tom (see definition 1.1), ŴN ∈
C∞(T2;R). We stress that also in this case Φ̃i(t)≡ Φ̃i,ε(t), for all i = 1, . . . ,N, but we omit the dependence
on ε to simplify the notation. Let us postpone the proof of (3.8) and show first how to conclude the proof of
the proposition: denote by Tm the following translation in space

[Tmu](t,x) := u(t,x−mt), ∀u ∈ C∞(T2),

and define the function uN as uN := Tmu(1)N , where u(1)N solves (3.8). From (3.8) we see that uN solves

∂tuN =Opw(iξ(ε〈V〉m (x)+ ε2Z̃N(t,x−mt)+ εN+1ŴN(t,x−mt)))uN.

Remark that, since Z̃N is completely resonant with respect tom (see definition 1.1), then Z̃N(t,x−mt) =
Z̃N(0,x). Thus defining ZN(x) := Z̃N(0,x), and W̃N(t,x) := ŴN(t,x−mt), we obtain that uN solves (3.7),
concluding the proof. Remark that u=ΨN,εuN, with

ΨN,ε(t) := Φ̃1(t) ◦ . . . ◦ Φ̃N(t) ◦ T −1
m .

We now turn to the proof of (3.8). To this aim, we use lemma 2.4 and proceed inductively. First consider the
case N= 1: denote by

H(t) :=Opw(iξ(m+ εV(t,x))),

(so that equation (1.1) reads ∂tu=H(t)u) and apply Lemma (2.4) with n= 1, f =m and g= V: let β ∈
C∞(T2;R) to be fixed later and consider the associated transformation Φ̃1(t) defined in (2.9) and define

u(1)1 (t,x) as u= Φ̃1(t)u
(1)
1 . Recall from previous discussion that u(1)1 (t,x) satisfies ∂tu

(1)
1 = Φ̃1(t)∗H(t)u(1)1 .

Using lemma 2.4 and the expression of the pushforward in (2.6), we have

Φ̃1(t)∗H(t) =Opw(iξ(m+ ε(V(t,x)+m∂xβ(t,x)− ∂tβ(t,x))+ ε2R1,ε(t,x))),

whereR1,ε =R1
1,ε +R2

1,ε is the sum of the remainders given by (2.15) and (2.16). We now apply lemma 2.5
to fix β: there exists β1

m,V ∈ C∞(T2;R) such that

V(t,x)+m∂xβ
1
m,V(t,x)− ∂tβ

1
m,V(t,x) = 〈V〉m (x+mt), (3.9)

where we recall the definition of resonant average in (1.3). Thus u(1)1 (t,x) solves (3.8) with N⇝ 1, Z̃1 = 0
and Ŵ1(t,x) =R1,ε(t,x). This concludes the proof of (3.8) when N= 1. Let us remark that we fix ε̃1(V) :=
εβ1

m,V
> 0, where εβ1

m,V
is given by lemma 2.4 and is in turn fixed by the choice of β1

m,V in (3.9).

Finally, we take any 0< n< N and consider equation (3.8) with N⇝ n. Remark that Hn(t) in (3.8) is a
particular instance of (2.14) with f =m+ ε〈V〉m (x+mt)+ ε2Z̃n(t,x) and g(t,x) = εŴn(t,x). Thus we can

apply lemma 2.4: define u(1)n+1(t,x) as u
(1)
n := Φ̃n+1(t)u

(1)
n+1(t,x), where Φ̃n+1(t) is given in (2.9), (with β(t,x)

to be determined). Again u(1)n+1 solves ∂tu
(1)
n+1 = Φ̃n+1(t)∗Hn(t)u

(1)
n+1. From (2.15) and (2.16) we have

Φ̃n+1(t)∗Hn(t)u
(1)
n+1 =Opw(iξ (m+ ε〈V〉m (x+mt)+ ε2Z̃n(t,x)

+ εn+1(Ŵn(t,x)+m∂xβ(t,x)− ∂tβ(t,x))

+ εn+2Rn+1,ε(t,x))),

(3.10)

whereRn+1,ε =R1
n+1,ε +R2

n+1,ε is the sum of the remainders given by (2.15) and (2.16). We can now con-
clude as in the previous step: applying lemma 2.5, we can find βn

m,V(t,x) ∈ C∞(T2;R) such that

Ŵn(t,x)+m∂xβ
n
m,V(t,x)− ∂tβ

n
m,V(t,x) =

〈
Ŵn

〉
m
(x+mt), (3.11)

(recall (1.3)). Substituting (3.11) in (3.10) we obtain that u(1)n+1(t,x) solves (3.8) with N⇝ n+ 1, Z̃n+1 :=

Z̃n + εn+1
〈
Ŵn

〉
m
(x+mt), which is still completely resonant withm (see definition 1.1) and Ŵn+1(t,x) :=

10
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Rn+1,ε. Finally define ε̃n(V) := εβn
m,V

> 0 given by lemma 2.4, in turn fixed by βn
m,V. This concludes the

proof of the Lemma, choosing εN(V) :=min{ε̃1(V), . . . , ε̃N(V)}> 0.

We are now in position to prove proposition 3.1.

Proof of proposition 3.1. Fix V ∈ Vm,s, N ∈ N+ and let εN(V)> 0 andΨN,ε(t) be respectively the threshold
and the transformation given by lemma 3.2. Recall that, defining uN as u(t,x) = [ΨN,ε(t)uN](t,x), then uN
solves equation (3.7). Let now

[Λu](t,x) := (1+λ ′(x))
1
2 u(t,x+λ(x)), ∀u ∈ C∞(T2) (3.12)

where λ ∈ C∞(T;R) has to be determined. We claim that it is possible to choose λ ∈ C∞(T;R) such that,
considering the corresponding transformation Λ in (3.12) and defining uN = ΛvN, where uN solves (3.7),
then vN solves (3.2). Moreover such transformation Λ is bounded and invertible with inverse bounded inHs

for every s ∈ R. This would conclude the proof with ΦN,ε(t) := ΨN,ε(t) ◦Λ.
To prove our claim, we first remark that if 1+λ ′(x) 6= 0 for any x ∈ T, then Λ in (3.12) is invertible with

inverse of the form

[Λ−1u](t,y) := (1+ λ̃ ′(y))
1
2 u(t,y+ λ̃(y)), ∀u ∈ C∞(T2), (t,x) ∈ T×T, (3.13)

for some λ̃ ∈ C∞(T;R). We now proceed to identify the claimed function λ ∈ C∞(T;R) assuming that
1+λ ′(x) 6= 0 and thus formally writing Λ−1 as in (3.13). We will check in the end that the condition
1+λ ′(x) 6= 0 is satisfied. Denote by

ω(t,x) := ε〈V〉m (x)+ ε2ZN(x)+ εN+1W̃N(t,x), (3.14)

where ZN and W̃N are given by lemma 3.2, so that equation (3.7) reads ∂tuN =Opw(iξω(t,x))uN. Then
from (2.6) vN defined as uN = ΛvN solves

∂tvN = Λ−1Opw(iξω(t,x))ΛvN

(recall (3.14) and (3.12) and notice that the transformation Λ is time independent). Noticing that

Opw(iξω(t,x)) = ω(t,x)∂x +
1

2
∂x(ω(t,x))

and performing a direct computation one can show that

Λ−1Opw(iξω(t,x))Λ = ω(t,y)(1+λ ′(y))|y=x+λ̃(x)∂x +
1

2
∂x

(
ω(t,y)(1+λ ′(y))|y=x+λ̃(x)

)
(2.3)
= Opw(iξω(t,y)(1+λ ′(y))|y=x+λ̃(x)).

(3.15)

Recalling now the explicit expression of ω(t,x) in (3.14), we can rewrite

Λ−1Opw(iξω(t,x))Λ
(3.15)
= Opw

(
iξ(ε〈V〉m (y)+ ε2ZN(y))(1+λ ′(y))|y=x+λ̃(x)

)
+ εN+1Opw

(
W̃N(t,y)(1+λ ′(y))|y=x+λ̃(x)

)
.

(3.16)

We now find λ ∈ C∞(T) such that

(1+λ ′(x))(〈V〉m (x)+ εZN(x)) = m̂N, (3.17)

for some m̂N ∈ R. Notice that, since V ∈ Vm,s, up to shrinking εN(V)> 0 we can suppose that, for every
0< ε < εN(V), the function 〈V〉m (x)+ εZN(x) does not have any zero (recall (1.4)). Thus (3.17) immedi-
ately implies 1+λ ′(x) 6= 0 proving invertibility of Λ in (3.12). Plugging (3.17) in (3.16) we obtain (3.2) with
WN(t,x) := W̃N(t,y)(1+λ ′(y))|y=x+λ̃(x) concluding the proof.

To find λ satisfying (3.17), we first rewrite it as

λ ′(x) =

(
m̂N

〈V〉m (x)+ εZN(x)
− 1

)
, (3.18)

11
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using again that 〈V〉m + εZN(x) has no zeroes. Next, requiring λ ∈ C∞(T) and integrating equation (3.18)
on T one finds

m̂N = 2π

(ˆ 2π

0
(〈V〉m (x)+ εZN(x))

−1dx

)−1

∈ R.

Remark that, since V ∈ Vm,s and since 〈V〉m + εZN(x) has no zeroes, then the function (〈V〉m (x)+
εZN(x))−1 has constant sign, and thus m̂N can not be zero.

Finally, in order to find λ(x), write its Fourier series as λ(x) =
∑

k∈Zλkeikx, for all x ∈ T. Next, let f(x) :=(
m̂N

⟨V⟩m(x)+εZN(x)
− 1

)
and write its Fourier series as f(x) =

∑
k∈Z fke

ikx. Remark that, from (3.18), f(x) has

zero average, i.e. f0 = 0. Thus (3.18) reads

λk =
fk
ik

∀k 6= 0, λ0 = 0. (3.19)

One can check that, since f ∈ C∞(T;R), then λ(x) :=
∑

k∈Zλkeikx, with {λk}k∈Z given by (3.19) is a well
defined, real valued and smooth function as well. By construction λ verifies (3.17), concluding the proof.

4. Instability

In this section we prove the second point of theorem 1.5. As anticipated, the core of the proof is the
construction of an escape function for h(x, ξ) = ξ 〈V〉m (x), with V ∈ Vm,u (see (1.5)). This is done in
section 4.1, adapting the construction of [18] (see also [35]). Next, in section 4.2 we prove existence of
unstable solutions performing first a normal form reduction as the one in lemma 3.2 and then a positive
commutator estimate in which we exploit the properties of the escape function.

4.1. Construction of the escape function
In this section we consider a smooth function

h(x, ξ) := ξX(x), (x, ξ) ∈ T∗T' T×R, X ∈ C∞(T), (4.1)

we assume that that X is non degenerate and has at least one zero (see definition 1.3) and we construct
an escape function for h. We denote by Xh the Hamiltonian vector field of h on T∗T, that in coordinates
reads

Xh(x, ξ) = (X(x),−ξ ∂xX(x)), ∀(x, ξ) ∈ T∗T, (4.2)

and we denote by Φt
Xh
(x, ξ) the flow of Xh on T∗T. Finally, for every f ∈ C∞(T∗T) we write the Poisson

brackets between h and f as

{h, f} := ∂ξ h∂xf − ∂xh∂ξ f .

We now give the definition of escape function. For all this section we will use the notation T∗T \
{0}= {(x, ξ) ∈ T∗T : ξ 6= 0}.

Definition 4.1. We say that a smooth function f : T∗T \ {0}→ R is positively homogeneous of degree ρ if

f(x,λξ) = λρf(x, ξ), ∀(x, ξ) 6= 0, ∀ λ > 0.

Definition 4.2 (Escape function). Let h : T∗T→ R be as in (4.1). We say that a function a ∈ C∞(T∗T \
{0}), positively homogeneous of degree one (see definition 4.1) is an escape function for h if there exists
some positive δ such that

{h,a}⩾δ|ξ|, ∀(x, ξ) ∈ T∗T \ {0}. (4.3)

The main results of this section is the following proposition.

Proposition 4.3. Let X ∈ C∞(T) and suppose that X has at least one zero and that all the zeroes are non
degenerate (see definition 1.3). Then the function h defined in (4.1) admits an escape function in the sense of
definition 4.2. Moreover, there exists an open subsetW ⊂ T such that

a(x, ξ)⩽− |ξ|
2
, ∀x ∈W. (4.4)

12
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Dynamical properties. In order to prove proposition 4.3 we need some dynamical properties of the
Hamiltonian flow induced by h(x, ξ) in (4.1), that we list in this section. First of all, we recall (see, for
example, [36, Chapter 9]) that a smooth vector field is complete if it generates a global flow, or equiva-
lently if, for every initial datum, the associated flow exists for all in times. We have the following result,
for whose proof we refer to [47, section 5.2].

Lemma 4.4. Let h as in (4.1). Then the Hamiltonian vector field Xh (see (4.2)) is complete.

Remark 4.5. Denoting by Φt
Xh
(x, ξ) = (Xt(x, ξ),Ξt(x, ξ)) the components of the flow of Xh in (4.2) with

initial datum (x, ξ) ∈ T∗T, the following homogeneity property holds:

(Xt(x,λξ),Ξt(x,λξ)) = (Xt(x, ξ),λΞt(x, ξ)), ∀λ ∈ R, ∀(x, ξ) ∈ T∗T, ∀t⩾0.

We now identify global attractors and repellors for the flow. In particular, we show that the dynamics
of Xh on T∗T is completely determined once the zeroes of X are known. To this aim let us first intro-
duce the following terminology:

Definition 4.6 (Attractor-Repellor structure). We say that the flow Φt
Xh

on T∗T has a global attractor-
repellor structure if there exist A, R closed invariant subsets of T∗T such that:

for every (x, ξ) ∈ T∗T \R, Φt
Xh
(x, ξ)→ A as t→+∞,

for every (x, ξ) ∈ T∗T \A Φt
Xh
(x, ξ)→ R as t→−∞.

We denote the basins of attraction of A and R respectively as B(A) := T∗T \ (R) and B(R) := T∗T \ (A).

Lemma 4.7. Let h(x, ξ) = ξX(x) and suppose that X has at least one zero, but does not have any degenerate
zero (see definition 1.3). Denote by

K+ := {x ∈ T : X(x) = 0, X ′(x)< 0} and K− := {x ∈ T : X(x) = 0, X ′(x)> 0}, (4.5)

and by

Γ+ := {(x, ξ) : x ∈ K+} ' K+ ×R and Γ− := {(x, ξ) : x ∈ K−} ' K− ×R. (4.6)

Then the sets Γ+, Γ− and T := {ξ = 0} are invariant for the flow of Xh in (4.2). Moreover the flow Φt
Xh

has a
global attractor-repellor structure (see definition 4.6) with attractor Γ+ and repellor Γ−. In particular, for all
(x0, ξ0) ∈ T∗T \ (Γ+ ∪Γ−) we have

Φt
Xh
(x0, ξ0)→ Γ+, as t→+∞, and Φt

Xh
(x0, ξ0)→ Γ−, as t→−∞. (4.7)

Proof. First of all remark that, since X has no degenerate zeroes, then

X−1(0) = K+ ∪K−.

Moreover, using the explicit expression of Xh in (4.2), one can check that T , Γ+ and Γ− are the only invari-
ant sets for the flow. We now prove (4.7): let (x0, ξ0) ∈ T∗T \ (Γ+ ∪Γ−) and recall that, from lemma 4.4,
the flow Φt

Xh
(x0, ξ0) exists for all t ∈ R. Thus, in order to prove (4.7) we have to show that x(t)→ K+ as

t→+∞ and x(t)→ K− as t→−∞ (see (4.5) and (4.6)). This follows immediately from the fact that the
dynamics of x(t) is determined by the one dimensional system ẋ= X(x) (see (4.2)) and from the definitions
of K+ and K− in (4.5), thus we omit the details of this last part of the proof.

Remark 4.8. From the structure of the flow described in lemma 4.7 one can check that any conical neigh-
borhood U+ of Γ+ is positively invariant for the flow (i.e. Φt

Xh
(U+)⊂ U+, for all t> 0) and analogously

any conical neighborhood of Γ− is invariant for the flow at negative times.

4.1.1. Construction of the escape function
In this section we use the structure of the flow of Xh (see (4.2)) described in lemma 4.7 and the sets
defined therein ((4.5) and(4.6)) to construct an escape function for h(x, ξ) in the sense of definition 4.2.
We first construct a local escape function close to the zeroes of X and then we progressively extend it to
the whole space.

13
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Lemma 4.9. Let h(x, ξ) = ξX(x) and suppose that X ∈ C∞(T) has at least one zero and is non degenerate (see
definition 1.3). There exist conical neighborhoods U± of Γ± (see (4.6)), δ > 0 and a smooth function
k ∈ C∞(T∗T \ {0}) such that

k(x, ξ) =±|ξ| on Γ±, and {h,k}⩾δ|ξ|, ∀(x, ξ) ∈ U+ ∪U−. (4.8)

Moreover the function k is positively homogeneous of degree one (see definition 4.1) on its domain.

Proof. Denote by {x1, . . . ,xn} the zeroes of X(x) and, using non-degeneracy of X, let ν :=mini |X ′(xi)|> 0.
Let Ũ± ⊆ T be neighborhoods of K± in T (see (4.5)) to be fixed later, and let k̃ ∈ C∞(T) be such that

k̃(x) =

{
1 if x ∈ Ũ+

−1 if x ∈ Ũ−.
(4.9)

Set k(x, ξ) := |ξ|k̃(x). Clearly k is positively homogeneous of degree one and k=±|ξ| on Γ±. Moreover,
computing {h,k}(xi) for any i ∈ {1, . . . ,n} we also have

{h,k}(xi, ξ) =−|ξ|X ′(xi)k̃(xi) = |ξ||X ′(xi)|⩾|ξ|ν, ∀i = 1, . . . ,n,

where for the last equality we have used (4.9) and the definition of K± in (4.5). Thus, up to choosing Ũ±

small enough, we have by continuity {h,k}⩾ν
2 |ξ|on U+ ∪U− (where U± := Ũ± ×R), concluding the proof

of (4.8) with δ := ν
2 .

The next goal is to extend the local escape function k to the basins of attractions B(Γ±) := T∗T \Γ∓

(see definition 4.6). To this aim we first need the following auxiliary function, which extends the Poisson
brackets {h,k}, defined on U±, to a positive function defined on the whole T∗T.

Lemma 4.10. There exists a smooth function m : T∗T \ {0}→ R, positively homogeneous of degree one, such
that

m(x, ξ) = {h,k}(x, ξ), ∀(x, ξ) ∈ U±, and m(x, ξ)⩾δ

2
|ξ|, ∀ (x, ξ) ∈ T∗T, (4.10)

where k, δ and U± are as in lemma 4.9.

Proof. Let U± be the conical neighborhoods of Γ± given by lemma 4.9. Denote by Ũ± ⊂ T the neigh-
borhoods of K± obtained projecting U±, i.e. Ũ± := {x ∈ T : (x, ξ) ∈ U±, ∀ξ ∈ R}. Then it is possible to
define m̃ : T→ R, a smooth function satisfying

m̃(x) = {h,k}(x,1) ∀ x ∈ (U+ ∪U−) and m̃⩾δ

2
∀ x ∈ T. (4.11)

This can be done since, from (4.8), it possible to extend {h,k}(x,1) in a smooth way outside Ũ±, preserv-
ing positivity as in (4.11). Finally, we define m : T∗T \ {0}→ R extending m̃ by homogeneity, i.e.m(x, ξ) :=
m̃(x)|ξ|, for all (x, ξ) ∈ T∗T, obtaining that m is a positively homogeneous function of degree one and satis-
fies (4.10).

We can now extend the local escape functions to the sets B(Γ±) := T∗T \Γ∓ (see definition 4.6). In
the next Lemma we write z := (x, ξ) ∈ T∗T for simplicity in the notation.

Lemma 4.11. Let z= (x, ξ) ∈ B(Γ±) and define

ℓ±(z) := lim
t→±∞

[
k(Φt

Xh
(z))−

ˆ t

0
m(Φs

Xh
(z))ds

]
, (4.12)

where k is given by lemma 4.9 and m by lemma 4.10. Then

(i) ℓ± are well defined on B(Γ±), smooth, positively homogeneous of degree one and ℓ± = k on Γ±;

(ii) ℓ± are escape functions on B(Γ±). In particular, let δ > 0 be given by lemma 4.9, then

{h, ℓ±}⩾δ

2
|ξ|, ∀z ∈ B(Γ±). (4.13)
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Proof. We prove the statement with+.

Let z ∈ B(Γ+) and let t0(z)⩾0 be such that Φt0(z)
Xh

(z) ∈ U+, with U+ the neighborhood of Γ+ defined
in lemma 4.9. By definition 4.6 of B(Γ+), t0(z) is finite. We show that for any t> t0, the argument of the
limit in (4.12) is constant. Since the set U+ is positively invariant for the flow of Xh (see remark 4.8), we
have m(Φt

Xh
(z)) = {h,k}(Φt

Xh
(z)) for any t⩾t0(z) (recall (4.10)). Therefore, for t⩾t0(z) one has

k(Φt
Xh
(z))−

ˆ t

0
m(Φs

Xh
(z))ds= k(Φt

Xh
(z))−

ˆ t0(z)

0
m(Φs

Xh
(z))ds−

ˆ t

t0(z)
{h,k}(Φs

Xh
(z))ds

= k(Φt
Xh
(z))−

ˆ t0(z)

0
m(Φs

Xh
(z))ds− k(Φt

Xh
(z))+ k(Φt0(z)

Xh
(z)) =−

ˆ t0(z)

0
m(Φs

Xh
(z))ds+ k(Φt0(z)

Xh
(z)),

(4.14)

and thus the argument of the limit is definitely constant, proving that ℓ+ is well defined. Moreover, if z ∈
Γ+, then t0(z) = 0 and (4.14) reads ℓ+(z) = k(z).

Smoothness: fix z0 ∈ B(Γ+) and let Vz0 ⊂ B(Γ+) be a neighborhood of z0. We observe that, from the
global picture of the flow of Xh in lemma 4.7 and remark 4.8, there exists t1(Vz0)> 0, possibly larger than
t0(z0), such that Φt

Xh
(z) ∈ U+ for all z ∈ Vz0 and t⩾t1(Vz0). Then, by (4.14), on the set Vz0 the function ℓ+

reduces to

ℓ+(z) =−
ˆ t1(Vz0 )

0
m(Φs

Xh
(z))ds+ k(Φ

t1(Vz0 )

Xh
(z)), ∀z ∈ Vz0 , (4.15)

which is smooth.

Homogeneity: Using remark 4.5 and recalling the homogeneity properties of m and k given in lemma 4.10
and 4.9 respectively, then one can directly check from the definition of ℓ+ in (4.12) that ℓ+(x,λξ) =
λℓ+(x, ξ), for all λ > 0, proving that ℓ+ is positively homogeneous of degree one.

(ii) Given z0 ∈ B(Γ+) and Vz0 ⊂ B(Γ+) a small neighborhood of z0, let t1(Vz0) as above. We have

{h, ℓ+}(z) (4.15)
= {h,k ◦Φt1(Vz0 )

Xh
}(z)−

ˆ t1(Vz0 )

0
{h,m ◦Φs

Xh
(z))}ds

= {h,k}(Φt1(Vz0 )

Xh
(z))− d

dt

∣∣∣
t=0

ˆ t1(Vz0 )

0
m(Φt+s

Xh
(z))ds

= {h,k}(Φt1(Vz0 )

Xh
(z))− m(Φ

t1(Vz0 )

Xh
(z))+ m(z)

= m(z)
(4.10)
⩾ δ

2
|ξ|,

concluding the proof.

Finally we conclude the construction gluing together the functions ℓ+ and ℓ− of lemma 4.11.

Lemma 4.12. Given σ > 0 sufficiently small, there exists a smooth function ησ : T→ R, satisfying
ησ(K+)≡ 1, ησ(K−)≡ 0, and such that∣∣∣∣ ddt |t=0ησ[X

t(x, ξ)]

∣∣∣∣< σ, ∀(x, ξ) ∈ T×R. (4.16)

where we recall the notation in remark 4.5 for the components of the flow of Xh.

Proof. Recalling the definition of K− in (4.5), let Ũ− ⊆ T be an open neighborhood of K−. Using again the
dynamics of Xt(x, ξ) (see (4.2)), we deduce that for any x /∈ K+ ∪K− there exists a unique tx ∈ R such that
X−tx(x, ξ) ∈ ∂Ũ− (see remark 4.8). Define then

t̃(x) :=


tx, x ∈ T \ (K+ ∪K−)

+∞, x ∈ K+

−∞, x ∈ K−.

(4.17)
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Remark that for any t ∈ R one has

t̃(Xt(x, ξ)) = t̃(x)+ t. (4.18)

Next take a smooth non-decreasing function ϕσ : R→ R, such that

ϕσ(τ) :=


0, τ⩽−σ

στ, σ < τ⩽σ−1 −σ

1, τ > σ−1 +σ,

and sup
τ∈R

|ϕ ′
σ(τ)|⩽10σ. (4.19)

We now prove that the function ησ claimed by the lemma is ησ(x) := ϕ σ
10
(̃t(x)), for all x ∈ T, with t̃ defined

in (4.17) and ϕ σ
10
in (4.19). First of all notice that, from the definition of t̃ in (4.17), if x ∈ K+ then ησ(x) = 1

and analogously if x ∈ K−, then ησ(x) = 0. Next notice that, for any (x, ξ) ∈ T×R we have:∣∣∣∣ ddt |t=0ησ[X
t(x, ξ)]

∣∣∣∣= ∣∣∣∣ ddt |t=0ϕ σ
10
(̃t(Xt(x, ξ)))

∣∣∣∣ (4.18)=

∣∣∣∣ ddt |t=0ϕ σ
10
(̃t(x)+ t)

∣∣∣∣= ∣∣∣ϕ ′
σ
10
(̃t(x))

∣∣∣ (4.19)< σ.

This proves point (ii) and concludes the proof of the Lemma.

We can now conclude the proof of proposition 4.3.

Proof of proposition 4.3. Define, for σ > 0 sufficiently small and to be fixed later,

a(x, ξ) := ησ(x)ℓ
+(x, ξ)+ (1− ησ)ℓ

−(x, ξ),

with ησ defined in lemma 4.12 and ℓ+ and ℓ− in lemma 4.11. First of all notice that a is well defined, since
ησ(x) = 0 for all (x, ξ) ∈ Γ−, where ℓ+ is not defined and analogously (1− ησ)(x) = 0 for all (x, ξ) ∈ Γ+

where ℓ− is not defined. Next remark that a is smooth in T∗T \ {0}, since both ℓ± and ησ are and, from the
homogeneity properties of ησ and ℓ±, we infer that a is positively homogeneous of degree one.

Next we show property (4.4). We remark that a(x, ξ) =−|ξ| on Γ−: indeed, ησ = 0 on K− from
lemma 4.12 and putting together (4.8) and point (i) of lemma 4.11, we get ℓ−(x, ξ) = k(x, ξ) =−|ξ| on Γ−.
Thus from continuity of a there existsW neighborhood of K− such that (4.4) holds for all x ∈W .

We are left to prove (4.3). We have

{h,a}= {h,ησ}ℓ+ + {h, ℓ+}ησ + {h, ℓ−}(1− ησ)−{h,ησ}ℓ−
(4.13)
⩾ δ

2
|ξ|+ {h,ησ}(ℓ+ − ℓ−). (4.20)

Finally, remark that

{h,ησ}(x, ξ) = X(x)η ′
σ(x) =

d

dt
|t=0ησ(X

t(x, ξ)),

thus using (4.16) we have |{h,ησ}|< σ and this gives

{h,a}
(4.20)
⩾ δ

2
|ξ| − |{h,ησ}||ξ|max

T

∣∣∣∣(ℓ+ − ℓ−)

(
x,

ξ

|ξ|

)∣∣∣∣︸ ︷︷ ︸
=:C

= |ξ|
(
δ

2
−Cσ

)
,

where for this last inequality we have used homogeneity of ℓ±. In conclusion, choosing σ < δ
4C we

obtain (4.3) with δ⇝ δ
4 .

4.2. Energy estimate
We are now in position to prove the second point of theorem 1.5. To do so, we need to first transform
equation (1.1) in a new transport equation, having 〈V〉m (x) as leading transport term (recall defini-
tion 1.1). Precisely, given any V ∈ Vm,u, we apply lemma 3.2 with N= 1 (see remark 3.3): there exists
ε1(V)> 0 and for every 0< ε < ε1(V) a 2π-periodic, linear transformation Ψ1,ε(t), such that, given
u(t,x) solution of equation (1.1) and defining u1(t,x) as u(t,x) = Ψ1,ε(t)u1(t,x), then u1(t,x) solves

∂tu1 =Opw(iξ (ε〈V〉m (x)+ ε2W(t,x)))u1(t,x), (4.21)

for some W ∈ C∞(T2;R). Moreover, the transformation Ψ1,ε(t) :Hs →Hs is bounded for any s ∈ R
with bounded inverse. We now show that there exists u10 ∈ C∞(T2) such that, if u1(t,x) is the solution
of (4.21) satisfying u1(0,x) = u10(x), then for every s⩾1 we have

‖u1(t)‖s⩾eεδ2tδ̃1(u0), ∀t ∈ R, (4.22)
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for some δ̃1 ≡ δ̃1(u0), δ2 > 0. Remark that, from boundedness of the transformation Ψ1,ε and of
its inverse, this implies inequality (1.8), concluding the proof. Thus in the rest of this section we
prove (4.22).

Energy estimate. In order to prove (4.22) first recall that, since V ∈ Vm,u, we can apply proposition 4.3
to h(x, ξ) = ξ 〈V〉m (x): denote by a(x, ξ) ∈ C∞(T∗T \ {0}) the escape function for h(x, ξ) constructed
in proposition 4.3. We start by associating a symbol ã ∈ S1(T) (see (2.1)) to the escape function: take
χ ∈ C∞

c (T∗T; [0,1]), satisfying χ(x, ξ) = 1 for all |ξ|⩽ 1
2 and χ(x, ξ) = 0 for all |ξ|⩾1 and define

ã(x, ξ) = (1−χ)(x, ξ)a(x, ξ), ∀(x, ξ) ∈ T×R. (4.23)

Clearly ã ∈ C∞(T∗T) and ã= a on |ξ|⩾1. Using the homogeneity of a one can check that ã ∈ S1. We
now use a virial argument like in [42]: given any u1(t,x) solution of (4.21), we define

A(t) := 〈Opw(−ã)u1(t),u1(t)〉L2(T) ∀t ∈ R. (4.24)

We have the following result:

Lemma 4.13. Let u1(t,x) be a solution of equation (4.21) with initial condition u1(0,x) = u10(x). There exist
constants δ2,βε,W,ã > 0 such that

Ȧ(t)⩾ε
(
δ2A(t)−βε,W,ã ‖u10‖

2
L2(T)

)
, ∀t ∈ R, (4.25)

whereA(t) is defined in (4.24).

Before proving lemma 4.13 let us remark that, integrating inequality (4.25) one obtains

A(t)⩾eεδ2t
(
A(0)− βε,W,ã

δ2
‖u10‖

2
L2(T)

)
. (4.26)

On the other hand, using Cauchy–Schwarz inequality and property (2.2), we find Cã > 0 such that

A(t)
(4.24)
⩽ ‖Opw(−ã)u1(t)‖L2(T) ‖u1(t)‖L2(T)

(2.2)
⩽ Cã ‖u1(t)‖H1 ‖u10‖L2(T) , (4.27)

where in the last inequality we used that, for any solution u1(t,x) of (4.21) we have conservation of the
L2-norm of the solution, i.e. ‖u1(t)‖L2(T) = ‖u10‖L2(T), for every t ∈ R, due to skewadjointness of the

operator Opw(iξ (ε〈V〉m (x)+ ε2W(t,x))) (see (4.21)). Thus putting together (4.26) and (4.27) we have

‖u1(t)‖H1⩾
(
Cã ‖u10‖L2(T)

)−1
eεδ2t

(
A(0)− βε,W,ã

δ2
‖u10‖

2
L2(T)

)
. (4.28)

In the next paragraph we will show how to find u10 6= 0 such that(
A(0)− βε,W,ã

δ2
‖u10‖

2
L2(T)

)
=: c0 > 0. (4.29)

This would conclude the proof of (4.22) for s= 1 since using (4.29), then (4.28) gives (4.22), with δ̃1 :=
c0(Cã ‖u10‖L2(T))−1 > 0. Finally remark that ‖u‖s⩾‖u‖1 for every s⩾1, thus exponential blow up of the
Sobolev norm of the solutions to (4.21) holds for any s⩾1. We now prove lemma 4.13.

Proof of lemma 4.13. First of all remark that, computing the time derivative ofA(t) in (4.24) and using
skewadjointness of Opw(iξ(ε〈V〉m (x)+ ε2W(t,x))) in (4.21), we have

Ȧ(t) =
〈
[Opw(−ã),Opw(iξ (ε〈V〉m (x)+ ε2W(t,x)))]u1,u1

〉
L2(T) . (4.30)

Next, using results of symbolic calculus we have

[Opw(−ã),Opw(iξ (ε〈V〉m (x)+ ε2W(t,x)))]
(2.4)
= Opw({−ã, ξ (ε〈V〉m (x)+ ε2W(t,x))})+ εB(t)
= εOpw({ξ 〈V〉m (x), ã})+ ε2Opw({ξW(t,x), ã})+ εB(t),

(4.31)
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with B(t) ∈ C∞(T,S0) bounded remainder resulting from (2.4). Since ã ∈ S1, then {ã, ξW(t,x)} ∈
C∞(T,S1) (see (2.4)). In particular, denoting byMW :=max|ξ|=1 |{ξW(x), ã(x, ξ)}|⩾0 one has

Opw({ξW(t,x),a})⩾−MWOp
w(|ξ|). (4.32)

Moreover, from boundedness of B(t) there exists CB > 0 such that

〈B(t)u1,u1〉L2(T)⩾−CB ‖u1‖2L2(T) , ∀t ∈ R. (4.33)

Recalling again that ‖u1(t,x)‖L2(T) = ‖u10(x)‖L2(T) and plugging (4.33), (4.32) and (4.31) in (4.30) we get

Ȧ(t)⩾ε
〈
Opw({ξ 〈V〉m (x), ã}− εMW|ξ|)u1,u1

〉
L2(T) − εCB ‖u10‖

2
L2(T) , ∀t ∈ R. (4.34)

Thus we are left to show that there exists δ2, C̃ã > 0 such that〈
Opw({ξ 〈V〉m (x), ã}− εMW|ξ|)u1,u1

〉
L2(T)⩾δ2A(t)− C̃ã ‖u10‖

2
L2(T) , ∀t ∈ R (4.35)

Indeed, putting together (4.35) and (4.34), we get (4.25) with βε,W,ã := CB + C̃ã. To prove (4.35), let χ1 ∈
C∞
c (T×R; [0,1]) be such that χ1 = 1 if |ξ|⩽1 and χ1 = 0 if |ξ|⩾2 and write

Opw({ξ 〈V〉m (x), ã}− εMW|ξ|) =Opw(({ξ 〈V〉m (x), ã}− εMW|ξ|)(1−χ1))

+Opw(({ξ 〈V〉m (x), ã}− εMW|ξ|)χ1).

Remark that, by (4.23), {ξ 〈V〉m (x), ã}(1−χ1) = {ξ 〈V〉m (x),a}(1−χ1). Moreover, from point 6 of
lemma 2.1 we have Opw(({ξ 〈V〉m (x), ã}− εMW|ξ|)χ1) ∈ Sρ, for any ρ < 0. In particular there exists
Cχ1 > 0 such that〈

Opw({ξ 〈V〉m (x), ã}− εMW|ξ|)u1,u1
〉
L2(T)⩾

〈
Opw(({ξ 〈V〉m (x),a}− εMW|ξ|)(1−χ1))u1,u1

〉
L2(T)

−Cχ1 ‖u1‖
2
L2(T) .

(4.36)

We exploit now (4.3) and we apply Gårding inequality:

〈
Opw(({ξ 〈V〉m (x),a}− εMW|ξ|)(1−χ1))u1,u1

〉 (4.3)
(2.5)
⩾ (δ− εMW)〈Opw((1−χ1)|ξ|)u1,u1〉−CG,1 ‖u1‖2L2(T) ,

(4.37)

where CG,1 > 0 is the constant resulting from Gårding inequality and δ > 0 is given by (4.3). Recalling now
the definition of ã in (4.23) and using the fact that a is positively homogeneous of degree one, there exists
C2,a > 0 such that a(x, ξ)⩾−C2,a|ξ| for all (x, ξ) ∈ T×R. Thus, applying again Gårding inequality, we
obtain:

〈Opw((1−χ1)|ξ|)u1,u1〉⩾− 1

C2,a
〈Opw((1−χ1)a)u1,u1〉−CG,2 ‖u1‖2L2(T)

⩾− 1

C2,a
〈Opw(ã)u1,u1〉− (CG,2 +CK)‖u1‖2L2 ,

(4.38)

where CG,2 > 0 is the constant resulting from Gårding inequality and CK > 0 results from the compact cor-
rection to pass from Opw((1−χ1)a) to Op

w(ã).
Finally, plugging (4.38) and (4.37) in (4.36) and choosing 0< ε < δ

2MW
we obtain (4.35) with C̃ã =

CG,1 +CG,2 +CK +Cχ1 > 0 and δ2 :=
δ

2C2,a
> 0 and concluding the proof.

Initial datum. In this section we prove that there exists u10 ∈ C∞(T), such that ‖u10‖L2(T) = 1 and

〈Opw(−ã)u10 ,u10〉L2(T) −
βε,W,ã

δ2
> 0, (4.39)

where the constants δ2,βε,W,ã are given by lemma 4.13. This gives (4.29) and, as discussed above, con-
cludes the proof of the second point of theorem 1.5. To prove (4.39) we recall the property (4.4) of the
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escape function, and we define χ3 ∈ C∞
c (T; [0,1]), such that supp(χ3)⊂W , with W given in (4.4). Next

we define the family of functions

uξ0(x) :=
χ3(x)

‖χ3‖L2(T)
eiξ0x, ∀x ∈ T.

We claim that there exist constants Cχ,Cr > 0 such that

〈Opw(−ã)uξ0 ,uξ0〉L2(T)⩾Cχ |ξ0| −Cr. (4.40)

Thus choosing ξ0 big enough, (4.40) proves (4.39) with u10 = uξ0 . To prove (4.40) first remark that,
using symbolic calculus results in lemma 2.1 we have

〈Opw(−ã)uξ0 ,uξ0〉L2(T)
(2.3)
=

1

‖χ3‖2L2(T)

〈
Opw(−ãχ2

3)e
iξ0x,eiξ0x

〉
L2(T) + 〈Opw(r0)uξ0 ,uξ0〉L2(T) , (4.41)

where r0 ∈ S0(T) results from the remainders in the pseudodifferential operations. Next, recalling the
definition of ã in (4.23) and using (4.4) we obtain

〈
Opw(−ãχ2

3)e
iξ0x,eiξ0x

〉
L2(T)⩾

〈
Opw

(
|ξ|
2
(1−χ)χ2

3

)
eiξ0x,eiξ0x

〉
L2(T)

−Cg

=

〈
Opw

(
|ξ|
2
(1−χ)

)
χ3e

iξ0x,χ3e
iξ0x

〉
L2(T)

−Cg +
〈
Opw(r1)e

iξ0x,eiξ0x
〉
L2(T) ,

(4.42)

where Cg > 0 is the constant resulting from the Gårding inequality and where for the last equality we
used again lemma 2.1 and thus r1 ∈ S0(T) results from the remainders in the pseudodifferential oper-
ations. Finally, using the definition of Weyl quantization and performing a direct computation one
obtains〈

Opw
(
|ξ|
2
(1−χ)

)
χ3e

iξ0x,χ3e
iξ0x

〉
L2(T)

(4.23)
⩾
ˆ
|ξ|⩾1

|ξ|
(ˆ

T2

χ3(y)χ3(x)e
i(ξ−ξ0)(x−y)dydx

)
dξ. (4.43)

Using the Fourier series of χ3 given by χ3(x) =
∑

k∈Z cke
ikx, one can check that

ˆ
T2

χ3(y)χ3(x)e
i(ξ−ξ0)(x−y)dydx= (2π)2

∑
k∈Z

|ck|2δ(ξ− ξ0 − k), (4.44)

where δ(·) denotes the dirac-delta. Thus plugging (4.44) in (4.43), we obtain〈
Opw

(
|ξ|
2
(1−χ)

)
χ3e

iξ0x,χ3e
iξ0x

〉
L2(T)
⩾(2π)2

∑
k

|ck|2
ˆ
|ξ|⩾1

|ξ|δ(ξ − ξ0 − k)dξ

= (2π)2
∑
k

|ck|2|ξ0 + k|

⩾(2π)2|ξ0|‖χ3‖2L2 −C0 ‖χ3‖21
2
.

(4.45)

Thus putting (4.45) and (4.42) in (4.41) we obtain (4.40) with Cχ = (2π)2 and Cr resulting from the
sum of the constants Cg and C0 ‖χ3‖ 1

2
and the remainders r0 and r1 (see (4.42) and (4.41)). This con-

cludes the proof.

5. Genericity and conclusion of the proof of theorem 1.5

We now conclude proving Point 3 of theorem 1.5. To this aim we first define the set

R := {f ∈ C∞(T) : f(x) = 0 =⇒ f ′(x) 6= 0} ⊂ C∞(T), (5.1)

of smooth non degenerate functions on T (see definition 1.3). We have the following property:

Lemma 5.1. The setR is open and dense in C∞(T) endowed with its Fréchet topology (i.e. the one induced by
the family of seminorms (‖·‖Ck)k⩾0).
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Let us postpone the proof of this fact and first use it to conclude the proof. To this aim, consider the
application

F : C∞(T2)→ C∞(T), F(V(t,x)) = 〈V〉m (x).

One can verify that F is linear and continuous. Moreover Vm,s ∪Vm,u = F −1(R). This immediately
implies that Vm,s ∪Vm,u is open. We now prove density of Vm,s ∪Vm,u. To this aim, take any W ∈
C∞(T2), and consider its resonant average 〈W〉m (x) (recall definition 1.1). From density of the set R
in (5.1), for every ε > 0 there exists V0 ∈R such that dC∞(T)(V0,〈W〉m)< ε. Thus, considering the
function

W0(t,x) := V0(x+mt)+ (W(t,x)−〈W〉m (x+mt))

one finds that 〈W0〉m (x) = V0(x) ∈R by construction. Moreover,

dC∞(T2)(W0,W) = dC∞(T)(V0,〈W〉m)< ε,

concluding the proof.
We now sketch the proof lemma 5.1.

Proof of lemma 5.1. We omit the proof of the fact that the setR is open, since it is a direct application of
Sard’s Lemma and of the properties of the Fréchet topology (which ensures a control both on the C0 and C1

norms). We now prove thatR is dense in C∞(T): take any function g ∈ C∞(T) \R (this means that g has
some degenerate zeroes). Using Sard’s Lemma, for any ε > 0, there exists ε0 ∈ [−ε,ε], regular value for g.
Thus defining h(x) := g(x)− ε0, we obtain that dC∞(T)(h,g) = ε0 < ε. Moreover, the zeroes of h(x) are the
points such that g(x) = ε0, thus h ′(x) = g ′(x) 6= 0, for all such x ∈ T since ε0 is a regular value for g. Thus
h ∈R concluding the proof.
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