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Abstract

This thesis investigates the interplay between geometry and supersymmetric quantum �eld the-
ory, intending to develop a systematic framework for constructing and analyzing �eld theories
associated with non-toric singular geometries. A central role is played by quiver gauge theories,
which provide a bridge between geometric data and �eld-theoretic structures, both in the context
of probe brane dynamics and in geometrically engineered theories.

The �rst approach developed in this work examines D2-branes probing twofold and threefold
geometries characterized by a background adjoint scalar �eld Φ. This �eld couples to the probe via
superpotential deformations of the worldvolume theory, providing a framework for the systematic
derivation of three-dimensional N = 2 quiver gauge theories associated with compound Du
Val (cDV) singularities—a class of non-toric geometries that arise naturally in the Higgs �eld
construction.

The second approach that we apply to these geometries is studying the �ve-dimensional su-
perconformal �eld theories arising from M-theory reduced on these geometries. In particular, new
in�nite families of SCFTs are constructed from abelian orbifolds of the Reid Pagoda singularity.
These constructions give rise to theories of arbitrary rank, including an in�nite class of rank-one
theories that can be understood as non-toric deformations of local F2. A distinctive feature of
these models is the presence of an additional matter sector, referred to as Pagoda matter, whose
vacuum expectation values obstruct the resolution of the underlying geometry. This obstruction
is shown to correspond, from the �eld-theoretic perspective, to a mechanism termed the freezing
of the gauge coupling: the Kähler modulus controlling the inverse gauge coupling is dynamically
forced to vanish, preventing access to a weakly-coupled regime and rendering the theory intrin-
sically strongly coupled. The origin of this phenomenon is traced to the interplay between Higgs
�eld backgrounds and dynamical geometric deformations.

More broadly, the results of this thesis suggest that non-toric geometries support a richer
structure of quantum �eld theories than previously understood, and that additional geometric
data, not captured by the naive local description, may play a role in determining the physical
content of the theory.
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Introduction

In the past three decades, string theory has provided a natural and mathematically controlled
framework for de�ning and investigating quantum �eld theories. A decisive development in this
direction was the introduction of D-branes by Polchinski [1], which opened the way to the real-
ization of a vast landscape of supersymmetric quantum �eld theories (QFTs), including many that
do not admit a conventional Lagrangian description. The success of this framework lies in the in-
terplay between geometry and �eld theory: when quantum �eld theories are embedded in string
theory, their properties are tightly constrained by the underlying geometric structure. In this
context, D-branes—viewed as submanifolds of the target space supporting their own worldvol-
ume dynamics—provide a natural bridge between geometric data and �eld-theoretic observables.

A particularly fruitful setting arises when D-branes probe singular Calabi–Yau geometries.
In such con�gurations, the low-energy dynamics on the brane worldvolume are governed by
supersymmetric gauge theories whose structure is encoded by the geometry of the singularity.
A seminal example is provided by the work of Douglas and Moore [2], where D-branes probing
ALE spaces give rise to quiver gauge theories. These constructions reveal that singularities are
loci where the dynamics of the worldvolume theory become especially rich, leading to enhanced
symmetries and novel degrees of freedom.

Quivers naturally emerge in this context as combinatorial structures encoding the gauge group
and matter content of the theory. However, their signi�cance goes well beyond this initial inter-
pretation. In an appropriate regime, D-branes can be described as objects in the derived category
of coherent sheaves supported on compact cycles of the Calabi–Yau geometry. From this perspec-
tive, there exists an equivalence between such sheaves and �nite-dimensional modules over the
path algebra of the associated quiver. As a result, quivers provide an algebraic encoding of the ge-
ometry itself. From a physical viewpoint, this correspondence is re�ected in the spectrum of BPS
states of the geometrically engineered theory: stable sheaves correspond to BPS con�gurations,
and their classi�cation is mapped to the study of stable representations of the quiver algebra.

Complementary insights arise from brane engineering constructions. In the Hanany–Witten
setup [3], supersymmetric gauge theories are realized using con�gurations of branes, where gauge
and matter content can be directly read o� from the brane arrangement. These methods have
proven particularly e�ective in the study of D-branes probing toric Calabi–Yau threefold singu-
larities, where brane con�gurations provide a systematic way to extract the associated quiver data
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even in geometries of considerable complexity.

These ideas admit a particularly powerful realization in the framework of brane tilings, or
dimer models, which provide a uni�ed description of quiver gauge theories associated with toric
Calabi–Yau threefolds [4–11]. In this approach, the gauge theory data are encoded in a bipartite
graph on a two-dimensional torus, from which both the quiver and the superpotential can be
systematically derived. Brane tilings thus o�er a complementary perspective to both direct brane
probing and geometric engineering, making explicit the relation between �eld-theoretic data and
the underlying toric geometry.

A key feature underlying the e�ectiveness of these constructions is the toric nature of the
geometry, which guarantees the existence of dual descriptions in terms of brane tilings and (p, q)

�ve-brane webs. These provide powerful combinatorial tools to extract the associated gauge the-
ories. Although various extensions of this framework allow one to move partially beyond the
toric setting [12–22], no general construction is currently known that applies to arbitrary non-
toric Calabi–Yau singularities. Importantly, however, the absence of a brane realization does not
imply the absence of an associated quiver description. Quivers arise from intrinsic geometric and
algebraic structures and therefore persist even when a direct brane-engineering picture is not
available.

Toric geometries thus provide a fundamental testing ground for �eld theory–geometry cor-
respondences, enabling the derivation of highly nontrivial and often exact results. At the same
time, the class of geometries of physical interest extends far beyond the toric regime. A prominent
example is given by �ve-dimensional superconformal �eld theories engineered from canonical
singularities, many of which are non-toric. In these cases, the lack of a combinatorial framework
signi�cantly limits our ability to extract detailed information about the corresponding �eld the-
ories. Developing systematic tools to study such theories—particularly to determine their BPS
spectra and associated quiver structures—therefore constitutes an important open problem. A re-
markable step in this direction was recently made with the formulation of a generalised version
of toric polygons (GTP), in which a speci�c class of non-toric deformations of the CY geometry
is incorporated in 5-brane webs with 7-branes [13–15].

Among canonical Calabi–Yau singularities, compound du Val (cDV) singularities form a par-
ticularly important and tractable subclass [23]. The most well-known example is the Conifold
singularity. Contrary to the Conifold, most of them are non-toric. However, they retain enough
structure to allow for explicit analysis. Moreover, cDV singularities arise naturally in partial
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crepant resolutions of canonical singularities, and thus play a central role in the geometric tran-
sitions underlying many constructions in string theory. For these reasons, they o�er an ideal
setting in which to investigate the extension of �eld theory–geometry correspondences beyond
the toric regime.

The primary goal of this thesis is to develop a systematic framework to derive the quiver
associated with cDV singularities. To this end, we exploit their interpretation as �brations of ADE
surface singularities over a complex curve. This allows us to build on the well-understood case of
D-branes probing ADE singularities, where the corresponding quiver gauge theories are known.
A key ingredient in our construction is an M-theory (Type IIA) realization of such �brations, in
which nontrivial geometry is engineered by turning on position-dependent Higgs �eld vevs in
a seven(six)-dimensional gauge theory associated with the ADE singularity[19, 24–27]. These
Higgs �elds parametrize complex deformations of the surface geometry, and their dependence on
a complex coordinate encodes the nontrivial �bration structure of the cDV threefold.

We probe these backgrounds with a D2-brane. The three-dimensional worldvolume theory
�ows in the infrared to a supersymmetric gauge theory whose moduli space reproduces the geom-
etry of the singularity. This provides a direct and physically motivated procedure to determine
the associated quiver and its path algebra. The three-dimensional probe theories that arise in
this construction belong to the class of 3d N = 2 and N = 4 supersymmetric gauge theories,
whose infrared dynamics have been the subject of extensive study over the past two decades.
A central tool in this context is three-dimensional mirror symmetry [3, 28, 29], an infrared du-
ality that exchanges Higgs and Coulomb branches of the moduli space and maps classical data
of one theory to quantum-corrected data of its dual. More recently, the systematic understand-
ing of monopole operators—local disorder operators carrying topological charge [30, 31]—has led
to powerful techniques for computing Coulomb branches as algebraic varieties [32–34] and for
analyzing the e�ects of monopole superpotentials on the vacuum structure of 3d theories [31, 35].

In this thesis, these �eld-theoretic tools are employed in a novel way: rather than studying
3d theories as objects of interest in their own right, we use them as probes of higher-dimensional
geometry. The key observation is that Higgs �eld backgrounds, which engineer non-trivial ADE
�brations in M-theory, induce monopole superpotential deformations on the worldvolume the-
ory of the D2-brane probe. The presence of such terms breaks the enhanced N = 4 supersym-
metry to N = 2 and triggers a non-trivial RG �ow. Tracking this �ow—by combining mirror
symmetry, integrating out massive �elds, and matching monopole and meson operators across
dualities—allows us to reconstruct the e�ective infrared theory and to extract the geometry of the
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probed singularity from the moduli space of the resulting quiver.

This approach builds on a well-established tradition of employing 3d dualities and brane dy-
namics to extract geometric information [3, 28, 29, 36, 37]. The contribution of this work is to de-
velop it into a systematic method that applies to geometries beyond the reach of toric techniques.
In particular, the monopole superpotentials that arise in our construction are not introduced as
abstract deformations: their structure is entirely dictated by the Lie-algebraic data of the ADE
�bration, and the resulting RG �ow can be tracked explicitly using mirror symmetry. This pro-
vides, as a byproduct, new families of 3d N = 2 theories with monopole superpotentials whose
moduli spaces are exactly computable and admit a direct geometric interpretation as compound
Du Val singularities.

A notable outcome of this construction is that the quivers obtained from the probe analy-
sis suggest a richer structure for the �ve-dimensional theories engineered on cDV singularities.
Focusing on the class of Reid’s Pagoda singularities, we �nd that the departure from toricity is
encoded in speci�c superpotential terms, which render the moduli space of quiver representa-
tions non-reduced. From the perspective of the �ve-dimensional theory, these representations
are expected to correspond to hypermultiplet states; however, this identi�cation appears to be in-
complete, as the standard notion of quantization does not readily extend to non-reduced schemes.

These results acquire particular signi�cance when viewed in the context of the classi�cation
of 5d SCFTs via M-theory compacti�cations on singular Calabi–Yau threefolds [22, 38–52]. A
guiding principle in this program is that the local geometry of the singularity should be su�cient
to determine the interacting �xed point. This expectation is well supported in the toric regime,
where the technology of (p, q) brane webs provides a systematic and combinatorially controlled
framework.

The cDV singularities studied in this thesis o�er a concrete testing ground for this expectation
beyond the toric class. In particular, by considering abelian orbifolds of the Reid Pagoda geometry,
we construct in�nite families of 5d SCFTs of arbitrary rank, whose BPS quivers and superpoten-
tials we determine explicitly. In the rank-one case, the resulting theories closely resemble those
associated with the local Hirzebruch surface F2, a well-studied toric geometry. However, the non-
toric deformation inherited from the Pagoda parent introduces an additional matter sector—which
we call Pagoda matter—that has no counterpart in the toric model.

The vacuum expectation values of this matter sector obstruct the small resolution of the ex-
ceptional curve, dynamically forcing the Kähler modulus controlling the inverse gauge coupling
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to vanish. We refer to this phenomenon as the freezing of the gauge coupling. Its physical conse-
quence is that the �ve-dimensional theory cannot be deformed to a weakly coupled gauge theory
regime: it is intrinsically strongly coupled, in a manner that is qualitatively distinct from the
familiar toric examples.

From a conceptual standpoint, this mechanism points to a tension with the locality assumption
underlying current classi�cation schemes. The Pagoda and the conifold share the same local
geometry near the exceptional curve, yet they give rise to physically distinct �ve-dimensional
theories. The di�erence is traced to an obstruction in the global structure of the normal bundle,
which is invisible to the standard local analysis but has direct consequences for the spectrum
and dynamics of the theory. This observation suggests that the geometric data required to fully
characterize a 5d SCFT may be richer than what is captured by the local singularity type alone,
and that non-toric geometries may harbour physical phenomena not accessible within the current
classi�cation paradigm.
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Content organization

This thesis is organized into two main parts. The �rst part develops the physical and mathematical
framework underlying the correspondence between geometry and quantum �eld theory. The
second part contains the original results of this work, where this framework is applied to the
study of non-toric Calabi-Yau singularities, in particular compound Du Val (cDV) threefolds.

Chapter 1. The chapter is devoted to establishing the physical background. We begin by re-
viewing string compacti�cations and geometric engineering, emphasizing how gauge theories
arise from singular Calabi-Yau spaces. In 1.2 we then analyze M-theory compacti�cations on ALE
spaces, where the correspondence between geometry and gauge theory can be made fully ex-
plicit. In 2 follows a discussion on D3 and D2-branes probing ALE surfaces and the description
of their worldvolume dynamics in terms of quiver gauge theories. Particular attention is given to
the role of Higgs �eld backgrounds and T-branes, which provide a mechanism for constructing
non-trivially �bered geometries and play a central role in the extension beyond the toric setting.
Section 3.1 reviews general features of M-theory geometric engineering on Calabi-Yau threefolds,
with focus on the classi�cation of BPS states and moduli spaces of Kähler and complex structure
deformations. Section 3.2 is a brief review of BPS spectra of geometrically engineered 5d SCFTs
and the technology of BPS quivers.

Chapter 4. This chapter develops the mathematical tools used throughout the thesis. We in-
troduce the language of algebraic varieties and singularities, together with the basic operations
of resolution and deformation. We then focus on ADE surface singularities and their rich struc-
ture, including their resolutions, root lattice description, and semiuniversal deformations, in 4.2.
Building on this framework, we introduce compound Du Val singularities as higher-dimensional
generalizations and place them within the classi�cation of threefold singularities (Sections 4.2.4
and 4.3). Finally, in 4.3.1, we review simple �ops, their classi�cation, and their algebraic descrip-
tion in terms of quivers and universal �opping algebras. This material provides the geometric
backbone for the constructions developed in the subsequent chapters.

Chapter 5. We develop a D2-brane probe description of families of deformed ADE surface sin-
gularities and their relation to universal �ops. In particular, we show how universal �ops of
increasing length can be realized and studied using probe branes, and we analyze the role of the
Higgs �eld in generating the corresponding deformations. This provides a �rst bridge between the
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geometric/M-theoretic constructions reviewed in the introduction and three-dimensional gauge
dynamics.

Chapter 6. We extend this framework to the study of D2-branes probing non-toric Calabi-Yau
threefold singularities. After comparing D3- and D2-brane probes, we analyze three-dimensional
N = 2 gauge theories and the role of monopole superpotentials. We then apply these tools to
cDV singularities, both in monodromic and non-monodromic cases, and derive the corresponding
probe theories. Particular attention is given to Reid’s Pagoda geometries and to examples of length
2 �ops and non-resolvable D-type singularities.

Chapter 7. We discuss geometric engineering on a speci�c example of a simple �op, that is, the
Reid Pagoda. We present its noncommutative resolution in the form of a quiver path algebra and
recover the singular geometry from the moduli space of a D0-brane representation. From the
analysis of the semistable quiver representations, we identify the presence of nonreduced moduli
spaces and discuss their implications for the interpretation of BPS states in the associated �ve-
dimensional theories. In order to include gauge interactions in the 5d theory, we consider abelian
orbifolds of Pagoda geometries. The construction leads to an in�nite class of new non-toric BPS
quivers. In this context, we uncover a novel phenomenon, which we refer to as the freezing of the
gauge coupling. We discuss its physical signi�cance and identify a possible origin by exploiting
the knowledge acquired with the D2-probe analysis of chapters 5 and 6.

Conclusions. We end with a summary of the main results and a discussion of possible directions
for future research.

Appendices. In A.1, we summarize the main features of supersymmetry with 8 real supercharges
in dimensions 3, 4, and 5. In A.2, we integrate the discussion on the classi�cation of canonical
singularity with a review of the Minimal Model Program in the sense of Reid [53] and in its
modern formulation. In B, we develop in more detail some of the computations of Chapter 5.
In C we provide a practical de�nition of Levi subalgebras of Lie algebras. In D we discuss the
representation theory of quiver path algebra following [54] and [55]. We present two examples:
the 2-Kronecker quiver and the Pagoda quiver.

Original contributions This thesis is based on original research results obtained by the author
and presented in three works, one published, one currently under review and available onarXiv,

8



and one completed and ready for submission. The material has been organized and adapted to
form a coherent narrative. The introductory chapters provide the necessary information to con-
textualise our work and produce a self-contained analysis.

Chapter 5 is extensively based on the work “Universal �ops of length 1 and 2 from D2-branes at
surface singularities” [56], where the physical interpretation of universal �ops in terms of probe
D2-brane dynamics is developed, together with the identi�cation of the corresponding quiver
gauge theories and their moduli spaces.

Chapter 6 is based on the project “D2-brane probes of non-toric cDV threefolds via monopole
superpotentials”, which has been completed and is currently being prepared for submission [57].
In this work, a systematic framework is developed for deriving three-dimensional N = 2 quiver
gauge theories associated with compound Du Val singularities, including both monodromic and
non-monodromic con�gurations.

Chapter 7 is based on the work “Non-toric 5d SCFTs fromReid’s Pagoda”, currently under review
and available on arXiv at [58]. In this work, new classes of �ve-dimensional superconformal
�eld theories are constructed from orbifolds of the non-toric singularity known as Reid Pagoda,
and novel physical phenomena are identi�ed.

The results presented in this thesis are, to the best of the author’s knowledge, original, unless
otherwise stated.
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Part I

QFT engineering in String Theory
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Chapter 1

From String Compactifications to Geomet-
ric Engineering

The development of string theory as a candidate framework for a uni�ed description of gravi-
tational and gauge interactions can be broadly divided into two phases. The �rst phase, which
took place during the early development of superstring theory, was characterized by the emer-
gence of �ve apparently distinct consistent theories in ten spacetime dimensions: Type I, Type
IIA, Type IIB, and the two heterotic theories with gauge groups E8 × E8 and SO(32). A cru-
cial milestone in establishing their consistency was the demonstration of anomaly cancellation
in ten dimensions by Green and Schwarz, who showed that gauge and gravitational anomalies
cancel in certain supersymmetric ten-dimensional theories through what is now known as the
Green–Schwarz mechanism [59].

All �ve theories are superstring theories, meaning that supersymmetry relates bosonic and
fermionic degrees of freedom in the string spectrum. In the present work we will primarily focus
on the theories with maximal supersymmetry in ten dimensions, namely Type IIA and Type IIB
string theory, both of which possess 32 supercharges.

Since their discovery, considerable e�ort has been devoted to identifying whether one of these
theories could provide a consistent ultraviolet completion of the Standard Model. A central chal-
lenge arises from the mismatch between the ten-dimensional nature of string theory and the
observed four-dimensional structure of spacetime. This motivates the introduction of the mech-
anism known as compacti�cation.
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The basic idea of compacti�cation is to consider one of the consistent ten-dimensional string
theories on a background of the form

R1,d−1 ×M, (1.1)

where R1,d−1 describes a non–compact d–dimensional spacetime and M is a compact internal
manifold of dimension 10 − d. In the limit in which the characteristic length scale of the com-
pact space becomes much smaller than the scales accessible to low-energy observers, the theory
becomes e�ectively d–dimensional.

The geometry of the internal manifold M plays a crucial role in determining the structure
of the resulting e�ective quantum �eld theory. In particular, it controls properties such as the
particle spectrum, gauge symmetries, moduli �elds, and the structure of the vacuum. Conversely,
phenomenological requirements and internal consistency conditions of the low-energy quantum
�eld theory impose strong constraints on the admissible geometries forM.

One of the most important ingredients for maintaining theoretical control over the resulting
quantum �eld theory is supersymmetry. In particular, it is often desirable that the compacti�-
cation preserves at least a portion of the supersymmetry of the original ten-dimensional theory.
This requirement is closely related to the structure of the theory’s vacuum. A vacuum con�gu-
ration preserves supersymmetry if the supersymmetry variation of all fermionic �elds vanishes
when evaluated on the background.

In supergravity, which describes the low-energy limit of string theory, the relevant condition
arises from the supersymmetry variation of the gravitino. For vanishing background fermionic
�elds, this variation takes schematically the form

δψM = ∇Mε+ . . . , (1.2)

where ψM is the gravitino and ε is the parameter of the supersymmetry transformation. Pre-
serving supersymmetry in a given background, therefore requires the existence of a spinor �eld
ε satisfying

∇Mε = 0. (1.3)

When the spacetime geometry is assumed to factorize as R1,d−1 ×M, the supersymmetry
parameter decomposes accordingly, and the condition above implies that the internal manifold
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M must admit a covariantly constant spinor. The existence of such spinors imposes strong con-
straints on the geometry of M. In particular, the integrability condition of the Killing spinor
equation implies that the manifold must be Ricci–�at [60]. Moreover, for a simply connected 2n–
dimensional Riemannian manifold, covariantly constant spinors exist if and only if the holonomy
group is a subgroup of U(n). Manifolds satisfying such conditions belong to the class of special
holonomy manifolds classi�ed by Berger. In particular, those manifolds whose holonomy lies in
SU(n) are known as Calabi-Yau. In this thesis, we will be mostly concerned with Calabi-Yau man-
ifolds of complex dimension 2, the so-called K3 manifolds, and 3, namely Calabi-Yau threefolds
(CY3).

A second major phase in the development of string theory, often referred to as the second su-
perstring revolution, began in the mid–1990s and was largely triggered by the work of Polchinski.
In a seminal paper, Polchinski showed that the solitonic objects that had previously appeared as
classical solutions of supergravity, known as p–branes, admit a natural interpretation within per-
turbative string theory as hypersurfaces on which open strings can end with Dirichlet boundary
conditions [1, 61]. These objects are now known as Dp–branes, where p denotes the number of
spatial dimensions of the brane.

This insight had far-reaching consequences. In particular, it led to the realization that many
string theory vacua can be described in terms of stable con�gurations of D-branes embedded in
the ten-dimensional spacetime. Open strings whose endpoints lie on a stack of D–branes give rise
to massless excitations that propagate along the (p+ 1)–dimensional worldvolume of the branes.
These modes organize themselves into the �elds of a quantum �eld theory localized on the brane
worldvolume.

As in the case of traditional string compacti�cations, the properties of the resulting quantum
�eld theories are deeply in�uenced by the geometry of the underlying string background. In
particular, gauge groups, coupling constants, vacuum moduli, and global symmetries can often
be inferred from the type of D–branes present and from the way they are arranged in the ten–
dimensional spacetime.1

At the same time, the discovery of a network of strong–weak coupling dualities revealed that
the �ve superstring theories are related and should be viewed as di�erent limits of a single non-
perturbative framework, commonly referred to as M-theory [62].

1In appropriate limits, D–branes admit a purely geometric description. In particular, in Calabi-Yau compacti�ca-
tions, they can be interpreted mathematically as stable objects in the derived category of coherent sheaves.
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A striking consequence of these developments was the realization that branes wrapped on
special cycles of a Calabi-Yau manifold behave as particle states in the non-compact spacetime
directions. These states carry gauge charges and can become massless at special loci in the moduli
space of the Calabi-Yau geometry, leading to an enhancement of the gauge symmetry.

The �rst clear indication of this phenomenon appeared in [62, 63]. In the context of the conjec-
tured duality between heterotic compacti�ed on T 4 and Type IIA on a K3 surface, consistency of
the dual description requires the appearance of enhanced non-abelian gauge symmetries at spe-
cial points in the moduli space. On the Type IIA side, these enhanced symmetries arise when the
K3 surface develops ADE singularities. At such loci, D2–branes wrapping vanishing two–cycles
of the singular geometry become massless and behave as charged particle states in the remaining
spacetime dimensions, giving rise to the corresponding non-abelian gauge bosons.

This idea was subsequently generalized by Vafa and collaborators [64], who showed that sim-
ilar mechanisms can be used to engineer supersymmetric gauge theories from Type IIA string
theory on Calabi–Yau threefolds. In particular, the �rst constructions involved Calabi-Yau three-
folds that are K3 �brations over a compact curve of genus g. At singular loci of the threefold,
con�gurations of vanishing cycles in the K3 �ber reproduce the structure of ADE Lie algebras,
and wrapped D-branes behave as massless representations of N = 2 supersymmetry. This pro-
gram, now known as geometric engineering, provides a powerful framework in which properties
of quantum �eld theories can be extracted from the geometry of the underlying string compacti-
�cation.

A crucial observation underlying geometric engineering is that the physics of the light states is
entirely determined by the local geometry near the singularity. This becomes precise in a decou-
pling limit in which gravity is removed while the singular structure is kept �xed. Indeed, upon
compacti�cation of Type IIA string theory on a Calabi–Yau threefold X , the four–dimensional
Einstein–Hilbert term takes the form

S4 ∼M2
Pl,4

∫
d4x
√
−gR(4), M2

Pl,4 ∼
V ol(X)

`8
sg

2
s

. (1.4)

Hence, by taking the limit V ol(X) → ∞ while keeping �xed the local data of the singularity,
one obtains MPl,4 → ∞, so that gravitational interactions decouple. The resulting theory is
therefore a pure quantum �eld theory for the localized modes associated with the singular locus.
This justi�es replacing the compact Calabi–Yau by a non-compact local model capturing only the
neighbourhood of the singularity.
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1.1 M-theory/Type IIA duality

Shortly before the development of geometric engineering, an important insight concerning the
non-perturbative structure of string theory was obtained. It was discovered that the strong cou-
pling limit of 10d Type IIA string theory is 11d supergravity [62]. Eleven-dimensional super-
gravity is also the low-energy limit of M-theory, whose microscopic nature is unknown. In this
paragraph, we brie�y review the duality between M-theory and Type IIA string theory. This
discussion will serve as a starting point for the study of M-theory compacti�cations and will
emphasize the relation between brane con�gurations and geometry.

The bosonic �eld content of 11d supergravity consists of the metric GMN and a three-form
gauge potential C3 with �eld strength G4 = dC3. The corresponding action takes the schematic
form

S11 ∼
1

`9
p

∫
d11x
√
−GR− 1

2

∫
G4 ∧ ?G4 −

1

6

∫
C3 ∧G4 ∧G4. (1.5)

The relation between M-theory and Type IIA string theory becomes manifest when the former is
compacti�ed on a circle [65]. Let x11 denote the coordinate along the circle S1 of radius R11. The
11d metric can then be written in Kaluza–Klein form as

ds2
11 = e−2φ/3ds2

10,str + α′e4φ/3
(
dx11 + Cµdx

µ
)2
, (1.6)

where ds2
10 = g

(10)
µν dxµdxν is the ten–dimensional string–frame metric, φ is the dilaton, and Cµ is

a one–form gauge �eld that corresponds to the connection of the S1 bundle.

Under this dimensional reduction, the massless Kaluza–Klein modes of eleven-dimensional
supergravity reproduce the bosonic spectrum of Type IIA supergravity. In particular, the �elds
g

(10)
µν , φ, and the Ramond–Ramond one–form C1 = Cµdx

µ arise from the components of the
eleven–dimensional metric, while the eleven–dimensional three–form decomposes as

C
(11)
3 = C3 +B2 ∧ dx11, (1.7)

giving rise to the Ramond–Ramond three–form C3 and the Neveu–Schwarz two–form B2. The
resulting massless bosonic �elds

gµν , φ, B2, C1, C3 (1.8)
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coincide precisely with the bosonic spectrum of Type IIA supergravity.

The asymptotic value of the dilaton determines the Type IIA string coupling,

gs = e2φ∞/3, (1.9)

and is related to the radius of the M-theory circle by

R11 = gs`s. (1.10)

Thus, the weak coupling limit of Type IIA corresponds to a small M-theory circle, while in the
strong coupling regime, the eleventh dimension becomes large. An important observation is that
a solution of the equations of motion for g(10)

µν , φ, and C1 uplifts to pure geometry in 11d.

1.1.1 D6-branes and the Taub-NUT solution

Among the possible solutions of Type IIA SUGRA, we �nd D6-branes, which are sources for the
three �elds g(10)

µν , φ. The uplift of n parallel D6-branes in 11d SUGRA is a geometric background
of the form:

ds2
11 = ds2

7 + V d~x2 + α′V −1
(
dx11 + wjdx

j
)2
, (1.11)

with:

V = 1 +
n∑
i=1

R11

|~x− ~xi|
, ∇× ~w = −∇V (1.12)

The 10dmetric splits into a 7dMinkowski component andR3, the latter parametrized by (x1, x2, x3).
The M-theory circle is non-trivially �bered over the R3 component. The four-dimensional space
with this �bration structure is known as the Taub-NUT manifold2. The space is smooth, and the
metric is endowed with a hyperKahler structure (See Section 4.2). The metric has three associated
Kahler forms, which are thewj . The ~xi are points at which the S1 �ber degenerates (said centers of
the Taub-NUT). These points are identi�ed with the positions of the D6 branes in the transverse
space. When two or moreD6-branes come together, or equivalently, when some of the centers of
the Taub-NUT collide, the space develops a singularity. Suppose that we collide all of the n cen-
ters. Then, in the limit of R11 → ∞, the metric becomes ALE (asymptotically locally euclidean)

2This is an example of ALF space.
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and the singular space is isomorphic to the abelian orbifold C2/Zn.3 This surface singularity is
known as An−1 and belongs to the famous ADE classi�cation of the singular K3 degenerations.
We review the topic in more detail in Section 4. The classi�cation arises from a correspondence
between the structure of the root spaces of simply-laced Lie algebras (the families An, Dn, and
E6, E7, E8) and the intersection theory of local K3 surfaces (local means non-compact here). To
visualise this correspondence in the simple case of An−1

4, let us choose a complex structure on
the Taub–NUT space such that

z = x1 + ix2, s = x3 + ix11. (1.13)

Since x3 ∈ R and x11 ∼ x11 + 2πR, the pair (x3, x11) parametrizes a cylinder R × S1, which is
naturally identi�ed with C∗ by exponentiation:

t = e−s/R = e−(x3+ix11)/R. (1.14)

Thus, asymptotically, Taub–NUT is described as a C∗ �bration over the complex z–plane. To take
into account the degeneration of the S1 �ber at the centers of the Taub-NUT, we need to re�ne
the change of coordinates.

z

Figure 1.1: Multi-centered Taub-NUT, seen as a cylinder �bration over the z-plane. The degener-
ate �bers correspond to the centers of the Taub-NUT. The �bration of the S1 in the �ber over the
line connecting distinct centers de�nes a non-trivial 2-cycle.

Let us distinguish two cases:

3Note that in this limit a term ndx11 appears in the metric. This signals the presence of a Zn quotient acting on
the angular coordinate x11. Asymptotically, the space looks like S3/Zn.

4Here we limit ourselves to considering the simplest case. However, the discussion can be generalised to all ALE
spaces [65, 66]
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Deformation Suppose that the centers of the Taub-NUT are located at distinct points along the
z plane, namely, ~xi = (c1

i , c
2
i , 0). Then, let us introduce the holomorphic coordinates:

y = e−(x3+ix11)/R

n∏
i=1

√
ri − x3, x = e(x3+ix11)/R

n∏
i=1

√
ri + x3, (1.15)

Where
ri =

√
|z + ti|2 + x2

3, ti = −(c1
i + ic2

i ). (1.16)

In these variables, the space takes the algebraic form

xy =
n∏
i=1

(z + ti). (1.17)

For �xed z away from the degeneration points −ti, the �ber is C∗.5. When z + ti = 0 for some i
the C∗ �ber degenerates to the union of two C-planes, intersecting at x = y = 0.

As we said, the singularity is generated by the collision of two or more centers. In particular,
when all ti coincide, for simplicity let us consider the case ti = 0∀ i, one recovers the surface

xy = zn, (1.18)

which is one of the presentations of the An−1 singularity. So, separating the centers amounts to
smoothing out the singularity. So far, we have considered the separation of the centers along the
base of the C∗ �bration. This process is called deformation (See 4). For local K3 surfaces, this
amounts to blowing up a set of S2 spheres. Without loss of generality, we can impose:

|t1| > |t2| > ... > |tn| ,
∑
i

ti = 0. (1.19)

Taking a path in the z–plane between two neighboring degeneration points ti and ti+1 and �ber-
ing over it the S1 ⊂ C∗ that collapses at the endpoints, we get a two-sphere Si.6 As a result,
we have n − 1 independent S2 cycles, whose arrangement reproduces the Dynkin diagram of
An−1. There is, in fact, a one-to-one correspondence between the Si and the simple roots of the

5In the patch x 6= 0 we can solve the algebraic equation for y. Vice versa, when y 6= 0 we can solve for x. Both
patches are copies of C∗.

6The S1 �bration along paths connecting any of the ti is a two-sphere but it can be decomposed into a sum of
generators of the second homology of the Taub-NUT.
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An−1 algebra. The parameters ti, called complex structure deformations, parametrize the space
of cohomology classes of holomorphic (2, 0) forms Ω2,0.7 Di�erences ti − ti+1 correspond to the
size (or holomorphic volume) of the Si spheres. We will make this statement more precise in
Section 2. For now, let us conclude by considering a di�erent situation, that is, the resolution of
the singularity.

Resolution Let the centers be localised at distinct points along x3, ~xi = (0, 0, c3
i ). Now, the

globally de�ned coordinates of the C∗ �ber become:

y = e−(x3+ix11)/R

n∏
i=1

√
ri − (x3 + θi), x = e(x3+ix11)/R

n∏
i=1

√
ri + (x3 + θi), (1.20)

Where
ri =

√
|z|2 + (x3 + θi)2, θi = −c3

i . (1.21)

The equation relating variables x, y, z is now

xy = zn,

which is the singular equation de�ning An−1. The displacement along the x3 direction does not
a�ect the holomorphic structure of the singularity, but modi�es what is called the Kähler structure
4. For simplicity, let us impose:

|θ1| > ... > |θn| . (1.22)

This time, theS1 �bration over each line segment [θi, θi+1] ∈ Rx3 is a 2-cycle S̃i, entirely contained
in the C∗ �ber over z = 0. Again, the space is smooth and the S̃i intersect in the same way as the
non-holomorphic spheres Si, generated in the deformation. The volumes of the S̃i are the relative
displacements θi − θi+1. The real parameters θi8 parametrize the space of Kähler classes of the
Taub-NUT, namely the cohomology classes of (1, 1) forms Ω1,1. This situation is a resolution of the
singularity. In this case, the 2-cycles that are blown-up have zero holomorphic volume and non-
trivial Kähler volume, so they correspond to a di�erent choice of Kähler class. Before proceeding
towards the description of the spectrum of the theory localised at the singularity, let us make

7The metric of the C∗ �bration induces a holomorphic (2, 0) form ω and a Kähler (1, 1) form ω3.
8The number of independent parameters is n − 1, the same as the rank of the Lie algebra, due to a relation∑n
a=1 θa = 0. If we displace all the centers by the same amount, the Kähler form remains unchanged. Only relative

displacements matter.
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one comment. We have presented deformations and resolutions as di�erent types of smoothings.
However, a very special property of K3 is being HyperKähler. This means that the compatible
complex structures form a triplet of SO(3). Our choice of complex structure has explicitly broken
this symmetry. For example, we can change our choice so that theSi are holomorphic with respect
to the new complex structure (they sit in the C∗ �ber) and the S̃i become non-holomorphic. In
other words, we can always trade deformations for resolutions and vice versa.

1.2 M-theory on local K3 manifolds

In this section, we review the geometric engineering of M-theory on local K3 surfaces. We begin
by describing the worldvolume QFT of the dual con�guration of D6-branes in Type IIA, where
the phenomenon of gauge symmetry enhancement is well understood. Our goal is to show that
the physics of the D6-brane system is fully encoded in the geometry of its M-theory uplift.

1.2.1 The D6-brane worldvolume theory and its M-theory dual

We have just seen that, upon reduction on the M-theory circle, M-theory on the ALE space An−1

is equivalent to Type IIA with a stack of parallel D6 branes. The branes are localised at the
singularity, conventionally, the origin of R3 where the M-theory circle degenerates. The open
string modes localised on the D6 brane stack give rise to a 7d QFT with 16 real supercharges.9

The theory is pure gauge, and the spectrum contains aU(n) vector multiplet.10 The bosonic sector
consists of:

Aµ, Φ, ϕ3. (1.23)

The index µ refers to the 7d Minkowski directions. The complex scalar Φ and the real oneϕ3 are in
the adjoint of U(n). However, since the diagonal U(1) eventually decouples from the spectrum,
we will henceforth restrict our representation to the adjoint of SU(n). The complex and real
vevs of the scalars parametrize the positions of the D6-branes along the z-plane (base of the C∗

�bration described before) and the x3 direction (coordinate along the �ber). The con�guration in

9D6 branes are 1/2-BPS states from the point of view of the 10d string theory. A con�guration of parallel Dp

branes preserves half of the supersymmetry. Note that 16 real supercharges is the same number as inN = 4 susy in
4d.

10The diagonal U(1), whose scalars account for the center of mass positions of the brane stack, decouples from
the interacting theory and becomes mere background in the IR. That leaves a SU(n) SYM theory.
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which the D6 are separated along the z-plane corresponds to a diagonal vev for Φ

〈Φ〉 = diag(φ1, ..., φn), φ1 6= φ2 6= ... 6= φn,
n∑
i=1

φi = 0. (1.24)

This uplifts to the fully deformed An−1 singularity. The separations between consecutive
D6 branes φi − φi+1 correspond to the holomorphic volumes of the two spheres Si. The last
relation implies that 〈Φ〉 lies in the Cartan subalgebra of An−1. Similarly, a diagonal vev for ϕ3

with distinct eigenvalues corresponds to the resolution phase of the singularity. The quantities
ϕi3 − ϕi+1

3 , are the Kähler volumes of the S̃i. The singular limit corresponds to the con�guration
in which the D6-branes become coincident. In this limit, gauge symmetry enhancement occurs.
The mechanism is well understood: when the branes coincide, open strings stretching between
distinct branes become massless. The low-energy excitations of these strings correspond to the
W -bosons, which enhance the gauge symmetry from U(1)n−1 to SU(n).

This observation indicates that a corresponding enhancement of gauge symmetry should also
arise in the M-theory description when the ALE space degenerates. Indeed, this is the case, as
we are going to argue. We have to look for the string modes whose dynamics are localised at
the singularity. First of all, we have to consider the modes that descend from the Kaluza-Klein
reduction of elementary �elds of 11d supergravity. Massless modes are associated with harmonic
two forms on K3.

For the ALE space X resolving the An−1 singularity, there exist (n − 1) L2-normalizable
harmonic two-forms ωi. These forms are supported on the curves Si ' P1 and generate the
compactly supported cohomology

H2
c (X) ∼= Zn−1.

For noncompact manifolds, compactly supported cohomology is naturally isomorphic to relative
cohomology with respect to the boundary at in�nity,

H2
c (X) ∼= H2(X, ∂X),

where ∂X ' S3/Zn is the asymptotic boundary of the ALE space.

Relative cohomology is de�ned for a pair (X,A), where A ⊂ X is a subspace. Intuitively, it
describes cohomology classes on X modulo those that become trivial when restricted to A. It is
naturally associated with relative homology groupsHk(X,A) through the usual pairing between
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homology and cohomology. Relative homology is generated by relative cycles, namely chains in
X whose boundary lies entirely in A.

In addition to these normalizable modes, the geometry admits a harmonic two-form ωn that
is not L2-normalizable. The origin of this mode can be understood from the long exact sequence
of the pair (X, ∂X),

0→ H1(∂X)→ H2(X, ∂X)→ H2(X)→ H2(∂X)→ 0.

Since ∂X = S3/Zn, H1(∂X) = 0 and H2(∂X,Z) ∼= Zn. Eventually, the sequence reduces to:

0→ Zn−1 → Zn−1 → Zn → 0,

which de�nes an extension of the free abelian group H2(X, ∂X) by a pure torsion term Zn. In
other words, the real cohomology classes are just those corresponding to the compactly supported
two-forms. However, there is an extra non-normalizable form constructed out of the ALE metric,
which is the extension in the bulk of a boundary two-form that is non-trivial in the boundary
cohomology. The latter is the curvature of the S1 bundle or Hopf �bration

S1 → S3/Zn → S2,

determined by the asymptotic behavior of the metric at the boundary. Since ωn is non-trivial on
the asymptotic boundary, the integral

||ωn||L2 =

∫
X

ωn ∧ ∗ωn =∞.

By decomposing the C3 form �eld along these cocycles, we obtain

C3 =
n−1∑
i=1

Ai ∧ ωi + Ab ∧ ωn.

11 The Ai are 7d abelian gauge �elds, all of them dynamical. Ab is a 7d vector �eld, but a back-

11ωn is dual to a non-compact divisor Dn given by

Dn =
∑
i

Si + Σ− + Σ+
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ground one, as it corresponds to the non-normalizable node.12 The internal components of the
metric tensor induce a Kähler (1, 1)-form J3 and a holomorphic (2, 0)-form Ω. The 7d modes
along them are scalars, de�ned by the period integrals

ϕi3 − ϕi+1
3 =

∫
Si

J3, Φi − Φi+1 =

∫
Si

Ω,

Together, these �elds form (the bosonic sector of) n 7d abelian vector multiplets. Their vevs
parametrize Kähler and complex structure deformations of the ALE surface. We have chosen
the same names as in 1.23 to highlight the correspondence with the Cartan torus of the U(n)

generated on the dual D6-brane stack.

At this point, only the W bosons are missing. The solution was found to lie in the non-
perturbative sector of the 11d spectrum[67, 68]. It was argued that the states responsible for the
enhancement of gauge symmetry at the ALE singularity are solitonic states wrapping theS2 cycles
of the geometry. The masses of these states are proportional to the volumes of the wrapped sphere,
so that they become light in the singular limit. 13 In M-theory, these correspond to wrapped M2-
branes. Along with the M5-brane (six-dimensional), the M2-brane (three-dimensional) is the
only solitonic solution of 11d SUGRA. The latter is electrically charged under the C3-form, while
the former is a magnetic source. In this case, we have only M2-branes. The mass is proportional
to the Khäler and holomorphic volume of the wrapped cycle. The gauge charges are given by

qi(M2j) =

∫
Sj

ωi = Si · Sj = −αi · αj, i, j = 1, ..., n− 1.

These integrals reproduce the root vectors of the su(n) algebra (non-simple roots are just M2

branes wrapped on composite cycles). Indeed, as we anticipated, the cycles Si are associated with
the simple roots. Here, we have chosen the Poincaré duals to the Si as a basis for the normalizable
two forms, so that the charge vectors reproduce the rows of the Cartan matrix. This means that
the ωi are one-to-one with the generators of the Cartan subalgebra in the Chevalley basis.

Finally, to recover the Type IIA picture, we have to reduce the theory on the S1 �ber. Then,

Σ± are non-compact two-cycles, originating from the S1 �bration on segments [z1,∞) and [zn,∞).
12The kinetic term for the gauge �eld in the action is proportional to the L2-norm of the corresponding harmonic

two-form.
13Strominger argued that these should be wrapped D-branes. In [68], he analysed the low-energy limit of Type

II compacti�cations on the singular Conifold, and showed that the consistency of the �eld theory is tied to the
emergence of non-perturbative massless RR black holes, which smooth out the classical singularity.
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the geometry projects down to the D6-brane stack, and the M2 wrapping Si becomes a funda-
mental string stretching between the i-th and i+ 1-th D6-brane. The masses of these strings are
consistently proportional to the separation between the D6-branes (that is, the mass of the W
bosons).

The analysis presented above illustrates the power of the correspondence between the geo-
metric description in M-theory and the D6-brane picture. The agreement between the two sug-
gests that the �eld-theoretic phenomena associated with brane systems should admit a geometric
interpretation in M-theory. One might therefore expect such a correspondence to hold quite gen-
erally. In the next section, however, we describe a phenomenon that appears to contradict this
expectation.

1.3 The Higgs �eld formalism: M-theory on deformed ALE

surfaces

In the previous section, we established a duality between M-theory on an ALE space of typeAn−1

and systems of parallel D6-branes in Type IIA string theory. Within the family of ALE surfaces,
only the non-exceptional cases, An andDn, admit a dual description in terms of perturbativeD6-
branes. The Dn family arises as the M-theory uplift of a stack of n D6-branes coincident with an
O6−-plane. The enhancement of gauge symmetry to SO and Sp groups is a well-known e�ect
associated with orientifold planes. We will return to this case later.

Deformed An as a Φ-dependent C∗ �bration For now, let us go back to An−1 and the dual
D6-branes. The singular limit of the ALE space corresponds to the situation in which all of the
D6 are at the same point. Then, the brane locus is described by

δ = zn = 0, (1.25)

and the equation for the singularity is
xy = zn, (1.26)

The latter is invariant under the rescaling (x, y)→ (λx, λ−1y), with λ ∈ C∗. Indeed, this geome-
try can be seen as a C∗ �bration over the z-plane. We now turn on a diagonal vev for the complex
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scalar Φ, which we will often call the Higgs �eld, to separate the branes

δ =
∏
i

(z − φi) = 0, (1.27)

which can be rewritten as [19, 24, 25]

δ = det(z1− Φ), (1.28)

The corresponding geometry is the C∗ �bration

xy = det(z1− Φ). (1.29)

Here we drop the symbol 〈·〉 for the vacuum expectation value of Φ to simplify the notation.

Writing the brane locus in this form makes manifest a key fact: the �bration is completely de-
termined by the Casimirs of Φ, which appear as the coe�cients of its characteristic polynomial.14

This may seem natural, since vacua are characterized by gauge-invariant quantities. However,
the Casimirs of Φ do not encode all the information specifying the brane con�guration. This can
already be seen in the simplest example, namely a stack of two parallel D6-branes. In this case,
Φ takes values in SU(2), and at a generic point in the moduli space it can be written as

Φ =

(
t 0

0 −t

)
. (1.30)

So that the A1 equation gets deformed to:

xy = (z + t)(z − t). (1.31)

14Given a Lie algebra g, the Casimirs of g are the Adg-invariant functions:

f(Adg(A)) = f(A), A ∈ g

. For An−1, the Casimirs form the polynomial ring of Weyl invariants C[t1, ..., tn]Sn/〈t1 + ... + tn〉, with Sn the
Weyl group, and tn the coordinates on the Cartan subalgebra. Given a generic matrix representative A in An−1, the
Casimir generators can be expressed as ui = Tr(Ai), i = 2, ..., n.
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The Higgs �eld as a T-brane background We are always allowed to act on Φ with a conju-
gation by a group element and turn it into

Φ =

(
0 1

−t2 0

)
. (1.32)

Obviously, this won’t a�ect the equation for the deformed A1. But now let us consider the limit
t→ 0. In this limit, the �rst gauge choice goes to the zero matrix, faithfully reproducing the situ-
ation of SU(2) enhancement that we expected. The second matrix, instead, becomes a nilpotent
element of the algebra. It is not diagonalizable, and its stabilizer is merely the identity element.
From the point of view of the gauge theory, this means that the vacuum breaks all of SU(2).
In this context, nilpotent Higgs vevs are called T -branes, with the T referring to the triangular
structure of the matrix15. The admissibility of nilpotent vevs for the scalars on 7-branes is not
immediately obvious. The consistency conditions that allow such con�gurations were �rst dis-
cussed in [84, 85]. In [85], the authors explored the possibility of describing D-branes as coherent
sheaves and interpreted the role of the Higgs �eld from this perspective. Their analysis considers
branes wrapping a complex subvariety S of the spacetime manifold X , such that the splitting

TX = TS ⊕NS/X

is holomorphic. This condition is necessary to identify the Higgs �eld with a holomorphic sec-
tion of the normal bundle NS/X tensored with the adjoint representation of the gauge group.
Physically, this requires that the Higgs background satis�es the equations of a Hitchin system,
involving a non-trivial F2 (gauge �eld strength along S) �ux on S [16, 86]. Throughout this work,
we only consider cases where this condition is satis�ed.

An interesting observation made by Donagi et al. is that, whereas diagonal vevs describe de-
formations that move the support of the corresponding sheaves inside X , nilpotent vevs exhibit
a much subtler behaviour. In particular, both nilpotent and vanishing vev appear to correspond
to structure sheaves of non-reduced schemes.16 From the physics side, the resulting sheaves are
interpreted as bound states of branes, but the massless spectrum of open string modes is di�erent

15The literature on T-branes is vast. Here we mention some important contributions: [14, 16, 37, 69–83]
16A scheme is non-reduced when its structure sheaf contains nilpotents. A trivial example is the fat point

Spec(C[x]/〈x2〉). The situation in which all eigenvalues of Φ are zero is associated with a non-reduced scheme
because it corresponds to the collision of the curves supporting each sheaf. This signals the generation of a bound
state, but the associated gauge bundle is known to be a rank 2 SU(n) bundle.
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in the two cases. Moreover, there is a tension between this physical distinction and the holomor-
phic structure of the A1, which appears the same. The tension is solved if we take into account
the resolution maps allowed by the two choices of Higgs vev. There is indeed a deep connection
between the structure of the Higgs �eld living in a Lie algebra g and the partial simultaneous reso-
lutions of the associated ADE surface, which will be covered more systematically in the following
sections. Here, we give a �rst physical explanation. As we said, the D6-branes carry a vector
multiplet with a complex scalar Φ and a real one ϕ3, both in the adjoint of the gauge group.17 It
is easy to see that the D-terms of the 7d theory impose:

[ϕ3,Φ] = 0 (1.33)

We recall that Φ and ϕ3 control the deformations and the resolutions of the singular ADE surface.
We can always �x a gauge in which ϕ3 takes values in the Cartan subalgebra h 18.This condition
forces Φ to lie in the Levi subalgebra associated to ϕ3, that is, the centralizer of ϕ3. In the example
that we have just described, the �rst choice of Higgs �eld 1.30 commutes with the only Cartan
element of A1. In particular, when t = 0, ϕ3 can assume any value in the Cartan algebra and
give a non-trivial volume to the resolution two-cycle. The second case 1.32 does not di�er from
the �rst as long as we keep t 6= 0, since we can always apply a gauge transformation to put Φ

in diagonal form. The di�erence occurs at t = 0, namely in the presence of a T-brane. Now ϕ3

cannot have non-zero eigenvalues. This tells us that all resolution parameters are frozen at zero
due to this deformation.

Deformed Dn as a Φ-dependent C∗ �bration In general, a con�guration of D6-branes up-
lifts in M-theory to a C∗ �bration that degenerates along the brane locus. In the former case, the
connection between the brane locus and the equation of the An−1 singularity is rather straight-
forward. In the case ofDn, the equation can be written as a C∗ �bration, but the existence of a Z2

quotient due to the orientifold projection makes the derivation more involved. For the detailed
derivation, we refer to [19, 24, 25]. Here, we will be very brief. This O6− plane action on the su-
perstring worldsheet is combined with the re�ection of the transverse directions to the O-plane.

17With this choice we have hidden the SU(2) R-symmetry that rotates the three real scalars corresponding to Φ
and ϕ3.

18ϕ3 is a real adjoint scalar. This means

ϕ†3 = ϕ3, ϕ3 = ϕa3g
a, ga ∈ gR (1.34)

, where gR is the real Lie algebra
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The de�ning equation for a Dn singularity is:

FDn : x2 + zy2 + zn−1 = 0. (1.35)

And its generic deformation can be written as:

F def
Dn

: x2 + zy2 + zn−1 − P̃ (z; {ui}) + 2yQ(z; {ui}) = 0, (1.36)

whereP andQ are polynomials that are parametric in the complex deformation constants {ui}i=1,..,n,
which are the Casimirs of Φ.19In this case Φ is an antisymmetric 2n× 2n matrix (as it lives in the
adjoint of SO(2n) Lie algebra), so the Casimirs are:

ua = Tr(Φ2a), un = Pfa�(Φ), a = 1, ..., n− 1 (1.38)

Where textPfaff denotes the Pfa�an of the matrix.

For simplicity, we inglobe the factor zn−1 into P̃ , de�ning P = P̃ − zn−1.

Let us call η the complex spacetime coordinate transverse to the O-plane, which will corre-
spond to the double cover of the coordinate z in 1.35:

η2 = z (1.39)

The action of O6− is:
O6− : η 7→ −η (1.40)

The locus of the D6 branes, in presence of a deformation induced by Φ, is expressed as:

δ = det(η1 + Φ) = 0. (1.41)

The goal of the game is to rewrite 1.36 as a C∗ �bration that degenerates on the Z2 quotient of

19P̃ and Q belong to the ring of versal deformationsof the surface:

Rdef =
H[x, y, z]

〈∇FDn
〉
, H = C[u1, ..., un] (1.37)

. For details see 4.
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this locus. Let us consider the rewriting of 1.36 in the double cover:

F̃ def
Dn

= XY + η2(n−1) − P (η2; {ui}) + 2yQ(η2; {ui}), X = x+ iηy, Y = x− iηy. (1.42)

Note that:
η 7→ −η −→ X ↔ Y. (1.43)

This exchange is consistent with the fact that the orientifold acts as an inversion on the M-theory
S1. So, X, Y can be consistently identi�ed as the local C∗ coordinates.The points where the �ber
collapses are given by zeros of the discriminant of the polynomial zy2−P + 2yQ with respect to
y:

∆ = P 2 + η2Q, (1.44)

20 Finally, imposing δ = ∆ one can �nd the expressions for P and Q in terms of Φ:

P (η2) =
det(η1 + Φ)− Pfa�2(Φ)

η2
, Q(η2) = Pfa�(Φ). (1.45)

We can now use 1.45 to rewrite 1.36 as:

x2 + zy2 − det(z1 + Φ2)− Pfa�2(Φ)

z
+ 2yPfa�(Φ) = 0. (1.46)

To avoid repeating ourselves, we will refrain from considering speci�c examples for this case.
Let us summarize what we did. In this section, we have reviewed two results from the literature
that will be relevant for the development of this work:

• The local geometry of ALE spaces of An and Dn type can be reconstructed from a C∗-
�bration degenerating over the locus of the D6-branes that uplift to that geometry in M-
theory. Crucially, both families can be described via algebraic equations where the depen-
dence on the Higgs �eld pro�le is manifest. E6, E7 and E8 do not possess a C∗-�bered
structure. If they had one, there would be an associated perturbative D6 brane solution.
[12, 19]

• Field theory contains information beyond that captured by the holomorphic geometry. In
particular, nilpotent Higgs vevs — the so-called T-branes — are invisible to the holomorphic

20It is easy to check that, with a simple change of coordinates, the equation 1.42 reduces to a form X̃Ỹ = 0 when
∆ = 0.

31



geometric description [16, 86]. The geometric e�ect of T-branes is an obstruction to reso-
lutions. The physical implications of this are best understood from the theory of a probe
D2-brane [37, 77]

1.4 Non-constantHiggs vevs: geometric engineering of rank

0 5d SCFTs

In this section, we review a construction introduced in [19, 25–27] which is central to our work.
This is a physics-based method to engineer Calabi-Yau threefolds of a very special kind, the so-
called compound Du Val singularities, reviewed in the second chapter. These geometries have
proven to develop interesting physics both in the context of geometric engineering and the brane
probe theories. Our contributions to both approaches will be the object of Chapters 5, 6, 7.

We have just seen an example of how di�erent vevs for the adjoint scalar Φ control the complex
deformations of the background geometry. Actually, the amount of information that it provides is
more than that, as its pro�le is tied to the resolution structure. To unravel the full potential of this
construction, we consider a more general kind of situation. Instead of switching on a constant vev,
we are allowed to choose a vacuum in which Φ is a holomorphic function of a complex coordinate
w. In the D6-brane picture, w parametrizes a complex plane wrapped by the D6-branes. In the
dual M-theory setup, w is a plane along which the ALE surface is trivially �bered. Then, in the
former case, a non-constant Φ(w) will correspond to the bending of the D6. In the latter, the
geometry will become a non-trivially �bered ALE surface.

1.4.1 The Conifold

Let us consider A1 again. Now, take

Φ =

(
w 0

0 −w

)
, (1.47)

for which the brane locus is promoted to

δ = (z + w)(z − w) = 0, (1.48)
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z − w = 0

z + w = 0

Figure 1.2: The reducible D6-brane locus (z + w)(z − w) = 0 in the (z, w)-plane.

The two branes intersect at the origin of the C2 parametrized by (z, w) and occupy distinct
curves as can be seen in Figure 1.2. In the present case, the bending of the branes is such as to
preserve half of the supercharges of the original theory. Moreover, it can be shown [24] that the
light degrees of freedom are now open strings localized at the intersection w = z = 0. These
modes are identi�ed with hypermultiplets propagating in the transverse �ve directions along the
branes. The dual geometry is now an equation in C4

xy = (z + w)(z − w), (1.49)

This is a well-known example of a toric threefold, universally named Conifold. It is the only
toric example in the class that we are focusing on. This makes the analysis of the associated
physics more accessible. There are plenty of approaches to the study of this geometry and the
associated 5d SCFT, all of them in agreement [86–89]. We refrain from reviewing all of them
and limit ourselves to making a few observations. First, let us consider the original framework
as a compacti�cation on the threefold C2/Z2 × Cw. The singularity covers the entire w-plane
invariably. M2-branes wrap the 2-cycles of the resolution �bered along the complex curve Cw.
These states correspond to the W bosons of the 7d SU(2) vector multiplet. When 1.47 is turned
on, it breaks the SU(2) symmetry down to U(1) for every w 6= 0. This signals that the A1
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singularity is now isolated at w = 0. All the other ALE �bers are deformed and correspond to
smooth points on the threefold. As opposed to the trivially �bered K3, this space preserves half
of the supercharges. Indeed, the theory localised at the singularity corresponds to a 5d N =

1 SCFT. We will discuss the features of geometric engineering on CY3 in a greater generality
(See chapter 3.1). For now, let us describe what happens in this very simple but special case.
In the previous sections, we have described how resolving a singularity in a local K3 manifold,
namely a CY surface, amounts to extracting 2-cycles. In three dimensions, the mechanism is more
complicated, because there are more ways of resolving. In 3d, a resolution extracts a locus, said
the exceptional locus, which can contain curves and divisors (codimension 1 subvarieties). In
our case, the resolution is a blow-up that in�ates the 2-cycle of the A1 �ber at w = 0 without
extracting new divisors.21 This is an example of small resolution (see chapter 2), which gives rise
to substantially di�erent physics than the divisorial case.

The 2-cycle of the resolution has a non-trivial intersection with a non-compact divisor E,
which signals the presence of a global symmetry. The reduction of the C3 form on the Poincaré
dual of E produces an abelian gauge �eld indeed. This is the 7d gauge �eld, which becomes a
background for the 5d �eld theory. The U(1) symmetry carried by the background corresponds
to the commutant (or centralizer) of the Higgs �eld pro�le 1.47, which is the Cartan of A1. The
M2-branes wrapping the resolution curve are the charged states under the �avor symmetry. In
the trivially �bered case, these were identi�ed with the W -bosons of SU(2). Since there are no
compact divisors, there can’t be dynamical gauge interactions, so the Coulomb Branch of the
theory contains only a non-dynamical deformation, that is, the mass of the M2 wrapped states.
From the point of view of the 5d theory, theM2 states are just hypermultiplets. This is not obvious
from what we stated. A way to check that we have hypers and count their number is to describe
the space of complex structure deformations of the threefold (a very hard problem in general!).
For the Conifold, there is only one dynamical deformation:

Fdef : xy = z2 − w2 + µ, µ ∈ Spec
(C[x, y, z, w]

〈∇F 〉
)
. (1.50)

The complex parameter µ is the holomorphic volume of an S3-cycle A that appears in the de-
formed geometry

µ =

∫
A

Ω3. (1.51)

21The process involves blowing up a non-Cartier Weyl divisor that contains the singular point. In the resolution,
the divisor becomes Cartier and contains the blown-up P1, but no new divisor is generated.
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Ω3 is the holomorphic volume 3-form of the CY3. The cycle A is unpaired, or paired with a non-
compact 3-cycle B, namely ∃B such that B · A = 1. The reduction of C3 on A determines a C∗

�bered over the µ-plane. This �bration de�nes the moduli of a hypermultiplet. The Higgs branch
is indeed the quaternionic space C2 (which is a C∗ �bration). We refer to [26, 39, 51, 90, 91] for a
more rigorous treatment.

1.4.2 C3

Let us consider a non-constant Higgs of the form

Φ =

(
0 1

−w 0

)
. (1.52)

The corresponding brane locus is
δ = z2 − w = 0. (1.53)

As opposed to the previous case, the support of theD6-branes is now an irreducible variety, since
it cannot be factorized holomorphically. Only if we go to the double cover of the w-plane, that
is, we make the change w = t2, we recover the previous situation. So, when the Casimir of Φ is
linear in the base coordinate w, we cannot diagonalize the Higgs �eld. This means that the SU(2)

symmetry is fully broken, and the resolution is obstructed in a similar way to what we saw in the
presence of the T-brane. We can think of it as a situation in which the two branes are glued into
a bound state by the T-brane and then bent by the w-dependent factor. On the geometry side, we
have the threefold

xy = z2 − w. (1.54)

The A1 �ber is singular only at w = 0. If we look at the origin of the w-plane, though, Φ becomes
a T-brane and obstructs turning on non-trivial vevs for ϕ3. So, in this case, there is no residual
symmetry from 7d. The theory is actually empty, since the threefold is globally smooth and its
homology groups are trivial.

To wrap up, let us list what we have observed:

• Allowing the adjoint scalar Φ to depend holomorphically on w corresponds to bendingD6-
branes and, in M-theory, to non-trivial �brations of ALE surfaces over the w-plane. The
resulting physics is controlled by the holomorphic behaviour of the eigenvalues of Φ(w).
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When the eigenvalues are holomorphic functions of w, the Higgs �eld can be diagonalized,
and the brane locus is reducible.

• In this case (e.g. Φ = diag(w,−w)), the geometry is the conifold, with an isolated A1

singularity atw = 0. Its small resolution introduces a compactP1, andM2-branes wrapping
this curve give a hypermultiplet charged under a U(1) �avor symmetry that propagates in
5d.

• When the eigenvalues do not depend holomorphically onw (the Higgs �eld is non-diagonalizable,

as in Φ =

(
0 1

−w 0

)
), the branes form an irreducible bound state, the resolution is ob-

structed, and the threefold is smooth. Consequently, no localized degrees of freedom arise.

1.4.3 ADE-families, Φ and the partial simultaneous resolutions

The relation between Higgs backgrounds and the resolution structure of ADE-�bered threefolds
can be understood systematically in the framework of Grothendieck–Springer resolutions. In
this context, one studies the minimal resolutions of ADE surface singularities across their versal
deformation space. The K3-�bered threefolds generated by holomorphic Higgs vevs naturally
arise within this framework, as their crepant resolutions are small. In particular, small resolutions
of the threefold are in one-to-one correspondence with minimal resolutions of the ADE surface
�bers.

From the physical perspective, the resolution data is encoded in the group-theoretic structure
of the Higgs �eld Φ. More precisely, Φ is interpreted as a representative element of a Levi subal-
gebra of the Lie algebra g. The Levi subalgebra is de�ned as the commutant of a subset of Cartan
generators and geometrically corresponds to selecting a subset of the 2-cycles in the second ho-
mology of the ADE �ber. These are precisely the cycles that remain unobstructed in the presence
of the Higgs background.

Consistency of the construction requires the Casimir invariants of Φ to depend linearly on the
base coordinate w and vanish at w = 0. This ensures that the eigenvalues of Φ—which geomet-
rically correspond to the volumes of the unobstructed 2-cycles—vary holomorphically along the
base. In this way, the Higgs background determines both the deformation of the ALE �ber and
the structure of the simultaneous resolution.
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Analogous to theA1 case studied above, the various possible (partial) simultaneous resolutions
of a family of ADE surfaces can be encoded in the di�erent forms of the �eld Φ. This was �rst
described in [19]. Given a choice of partial resolution, the corresponding �eld Φ is determined in
the following way:

• Choose the subset of simple roots α1, ...ακ (κ ≤ r) that are blown up at the origin.22

• Take the abelian subalgebra of g generated by

H = 〈α∗1, ...α∗`〉 , (1.55)

where α∗1, ..., α∗r is a basis of the Cartan subalgebra dual to the set of simple roots.

• The commutant ofH in g is a Levi subalgebra L of g that takes the form

L =
⊕
h

Lh ⊕H , (1.56)

with Lh simple Lie algebras.

• Φ must be a generic element of L.23

• The choice of Levi determines the good coordinates on the space of deformations of the
ALE �ber. The good coordinates are the Casimirs of Φ, %i (i = 1, ..., r), which parametrize
the space h/W ′. Here, h is the Cartan subalgebra, andW ′ is the Weyl group of the Levi (in
general, a subgroup of the Weyl group of g).24

22In the A1 case, the only options are either to resolve the single simple root or to resolve none. In the A2 case,
for example, one has the following three choices: 1) resolve both the simple roots, 2) resolve one of the simple roots,
and 3) resolve none.

23This can be understood in the type IIA picture with D6-branes [25]: the resolution corresponds here to the motion
of the D6-branes along the direction R in R1,5 × S1 ×C×R and is then a Cartan vev for a real adjoint �eld φ ∈ H.
The equations of motion impose φ to commute with Φ. Hence Φ must live in the commutant ofH.

24In the Grotendieck-Springer construction, the curves preserved by the partial simultaneous resolution are one-
to-one with the group quotients

Lx/PL (1.57)

Here, we have x ∈ g, an element of the Slodowy slice through the subregular nilpotent orbit of g. We conjecture that
this may be our Higgs �eld. Lx is the Levi subgroup generated by the commutant of the diagonalizable component
of x (with a gauge transformation, x can always be decomposed into a diagonal plus a nilpotent part). L is the Levi
subalgebra that determines the partial resolution. Finally, PL is a parabolic subgroup of G. It is generated by the
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• From the Casimir invariants of Φ, we can read how the ALE �ber is deformed.25 Since at
the origin of h/W ′ the �ber presents the full ADE singularity, all the Casimir invariants of
Φ must vanish when %i = 0 (i = 1, ..., r), i.e. Φ(% = 0) should be a nilpotent element of L.
In particular, when restricted to each summand Lh of the Levi subalgebra, Φ must be in the
corresponding principal nilpotent orbit [19].26

• The Higgs �eld Φ(%) must deform the singularity outside the origin. The coordinates %
should parametrize a transverse direction to the nilpotent orbit (that includes Φ(0)) in g.
This is achieved by taking Φ(%) in the Slodowy slice27 in g that passes through Φ(0). This
provides a canonical form for the Higgs �eld Φ(%).

The discussion above shows that Higgs backgrounds provide a systematic way to construct fam-
ilies of ADE-�bered threefolds with simultaneous partial resolutions. Within the Grothendieck–
Springer framework, the resolution structure is completely encoded in the group-theoretic data of
the Higgs �eld: the choice of Levi subalgebra determines which 2-cycles of the ADE �ber remain
unobstructed, while the Casimir invariants of Φ control the deformation of the singularity along
the base. In this way, the geometry of the Calabi-Yau threefold and its resolution are directly
dictated by the structure of the Higgs background.

This mathematical framework turns out to be extremely e�cient in constructively deriving
the homological structure of ALE �brations. As we will review in the mathematical part of this
thesis (see Chapter 2), Grothendieck–Springer resolutions allow one to describe the full space of
Calabi–Yau threefold singularities that admit small crepant resolutions. On the physics side, this
construction provides a classi�cation of rank-zero �ve-dimensional SCFTs, namely theories with
no dynamical gauge interactions. Moreover, the Higgs �eld gives direct access to the spectrum
and global symmetries of these theories: the physical states can be extracted by counting the
�ve-dimensional localized �uctuations of Φ around its background value, following the method
developed in [16].
algebra

PL = b +
∑
i

e−αi
(1.58)

, where b is the maximal borel subalgebra of g, and the additional factors are the negative root generators contained
in L.

25Since the preserved 2-cycles are holomorphic in the %i, the %i must be holomorphic in w.
26This prevents the family from developing singularities that cannot be resolved. In the A and D cases, this

requirement translates to asking that Φ(%) is a reconstructible Higgs [16], i.e., it is written in terms of the Casimir
invariants of the Lh’s.

27See for example, Appendix B of [26] for a de�nition of the Slodowy slice.

38



From our perspective, this framework provides a concrete and constructive approach to the
study of non-toric Calabi-Yau geometries and can be regarded as a �rst step toward understand-
ing geometric engineering beyond the toric regime. Even the simplest examples exhibit physical
properties that remain poorly understood and appear to be related to the scheme-theoretic struc-
ture of the moduli spaces of these manifolds. One of the aims of this work is to stimulate further
interest in this direction and highlight connections with recent developments at the interface be-
tween physics and mathematics. Among the most promising advances toward generalizing toric
geometric engineering is the Generalized Toric Polygon approach, which may ultimately prove
complementary to the perspective adopted here.

In this thesis, we restrict our attention to the most mathematically controlled class of K3-
�bered geometries within this framework, namely the so-called simple �ops. These correspond to
ADE �brations in which all but one of the �ber 2-cycles are obstructed by the Higgs background.
Geometrically, they can be regarded as the simplest non-toric generalizations of the conifold ge-
ometry discussed above.

While the geometric construction described above provides a powerful way to characterize
these backgrounds, the perspective adopted in our �rst work (content of chapters 5 and 6) di�ers
from the original Higgs-�eld approach. In particular, we have seen that a crucial ingredient in
generating obstructed cycles in the threefold geometry is the presence of T-brane backgrounds.
At present, the most concrete understanding of T-branes arises from studying their e�ects on the
worldvolume theory of probe branes.

To this end, we consider a probe D2-brane extending along the directions transverse to the
Calabi-Yau threefold. The worldvolume theory on the probe is a three-dimensional N = 2 su-
persymmetric quantum �eld theory in which the degrees of freedom of the higher-dimensional
theory appear as background �elds. When the �ve- or seven-dimensional modes acquire vacuum
expectation values, the probe theory is correspondingly deformed. In general, this triggers a non-
trivial RG �ow whose infrared dynamics can be di�cult to determine directly. However, string
dualities provide powerful tools to reconstruct the IR physics of the probe.

In particular, we will see that the moduli space of theD2-brane theory reproduces the Calabi-
Yau threefold geometry induced by the Higgs background. Moreover, the low-energy dynamics of
the probe capture the dynamics of the BPS particles on the Coulomb branch of the geometrically
engineered �ve-dimensional theory. This re�ects the deep connection between D-branes and BPS
states in geometric engineering, whereby wrapped branes provide a microscopic realization of the
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BPS spectrum of the e�ective �eld theory.
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Chapter 2

D-brane probes and qiver gauge theories

To introduce our method and place our analysis within the broader framework of worldvolume
supersymmetric quantum �eld theories, we begin by reviewing the seminal work of Douglas and
Moore [2] onD3-branes probing ADE orbifold singularities. Their analysis revealed that the low-
energy dynamics of the probe branes are described by a class of supersymmetric gauge theories
whose matter content and interactions can be encoded in directed graphs, the so-called quiver
gauge theories. This construction established a deep connection between the geometry of singu-
lar spaces and the structure of supersymmetric gauge theories, and will provide the conceptual
starting point for the probe-brane approach developed in the following.

2.1 D3-branes probing ADE orbifold singularities

D-branes provide a powerful tool for probing the local structure of string theory backgrounds. A
D-brane that extends along the non-compact Minkowski directions while remaining localized in
the internal space behaves, at low energies, as a dynamical probe of the ambient geometry. When
the number of probe branes is small, their backreaction on the bulk �elds can be neglected, and
the probe approximation is valid. In this regime, the worldvolume theory on the brane captures
information about the local structure of the string vacuum. In particular, the scalar �elds of the
probe gauge theory parameterize the motion of the brane in the transverse space, so that the
moduli space of vacua of the worldvolume theory reproduces the geometry of the internal space.

A prototypical example of this correspondence arises when a D3-brane probes an orbifold
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singularity. Consider Type IIB string theory on a background of the form

R1,3 × C2/Γ× C, (2.1)

where Γ is a �nite subgroup of SU(2). The quotient C2/Γ provides an orbifold presentation of the
ADE singularities introduced in the previous sections. Far from the singularity, the theory that
localises on the probe is a N = 4 supersymmetric QFT with a single vector multiplet carrying a
U(1) gauge symmetry.

To understand qualitatively what happens at the singularity, it is useful to recall the meaning
of taking an orbifold quotient. When a portion of spacetime is quotiented by a discrete group Γ,
the e�ect at the level of �eld theory (and string theory) is to project the Hilbert space onto states
that are invariant under the action of Γ. Concretely, this can be viewed as an averaging procedure
over the images of states under the elements of the orbifold group.

In string theory, this structure appears naturally in the partition function, which decomposes
into a sum over the untwisted sector, corresponding to the identity element of Γ, and the twisted
sectors associated with the non-trivial elements of the group. This sum implements a projection
onto Γ-invariant combinations of states.

From the point of view of D-branes, the e�ect of the orbifold depends crucially on the position
of the brane with respect to the �xed locus of the group action. If a D-brane sits away from the
�xed point, its images under the action of Γ are located at distinct points in spacetime. After
performing the quotient, the brane together with all of its images becomes a single brane whose
worldvolume theory is identical to that of a brane probing �at space.

The situation is qualitatively di�erent when the brane sits at a �xed point of the orbifold action.
In this case, the images of the brane coincide in spacetime but remain distinct as objects carry-
ing an equivariant action of the orbifold group Γ. From this perspective, the quotient behaves
more naturally as a stack quotient: the resulting geometry retains a Γ-equivariant structure that
remembers the quotient symmetry.1 The Γ-equivariant D-brane states are said fractional branes.
Being only de�ned at the singular point, they form a new set of localised states. Moreover, at the
singular point, half of the supersymmetry is broken. Hence, the worldvolume dynamics of the
branes form a 4d N = 2 susy QFT. The degrees of freedom are vector multiplets and hypermul-
tiplets. The �rst is generated by open strings ending on the same fractional brane, the second by

1Isometry quotients with non-trivial stabilizers are mathematically described by stacks. When the stabilizer group
is �nite the resulting objects are Deligne–Mumford stacks, while more general stabilizers give rise to Artin stacks.
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open strings connecting di�erent Γ-images. The spectrum can be derived in the following way.

Let {ρi} be the irreducible representations of Γ with dimensions di = dim(ρi).

Chan–Paton space. The Chan–Paton space associated with the stack of fractional branes is
taken to be

C|Γ|.

Before the orbifold projection, the gauge symmetry of the system is therefore

U(|Γ|).

Orbifold action. The orbifold group acts on the Chan–Paton indices through the regular em-
bedding

γ : Γ→ U(|Γ|),

de�ned by the regular representation R of Γ. The regular representation decomposes into irre-
ducible representations as

R =
⊕
i

di ρi.

The orbifold projection requires physical open-string states to be invariant under the simul-
taneous action of Γ on spacetime coordinates and Chan–Paton factors. In particular the gauge
generators λ must satisfy

λ = γ(g)λγ(g)−1, g ∈ Γ.

The surviving gauge symmetry is therefore the commutant of γ(Γ) in U(|Γ|), which yields∏
i

U(di).

Open-string spectrum. To determine the invariant spectrum, we consider the transformation
properties of open string states. Since open strings carry one fundamental and one antifunda-
mental Chan–Paton index, the Chan–Paton part transforms in

R† ⊗R.
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For the orbifold C2/Γ, the geometric action of Γ acts on the coordinates of C2 in the two-
dimensional representation

V ' 2,

while the remaining complex direction C transforms trivially. The open string states, therefore,
transform in

R† ⊗R⊗ (2,1).

The orbifold group must be embedded in SU(2) so that the action on C2 preserves the holo-
morphic two-form, ensuring that the quotient space is a Calabi–Yau twofold.

Projecting onto the Γ-invariant subspace and using Schur’s lemma, the spectrum is determined
by the decomposition

ρi ⊗ 2 =
⊕
j

aijρj.

The coe�cients aij determine the number of bifundamental �elds transforming in

(di, dj)

under the gauge group
∏

i U(di).

Example: C2/Zn. The group Zn has n one-dimensional irreducible representations ρi, with
i = 0, . . . , n− 1. The regular representation, therefore, decomposes as

R =
n−1⊕
i=0

ρi.

The surviving gauge group is
n−1∏
i=0

U(1)i.

The action of the two-dimensional representation 2 = ρ0 ⊕ ρ1 gives

ρi ⊗ 2 = ρi+1 ⊕ ρi−1,

with indices understood modulo n. Hence, bifundamental �elds connect neighbouring gauge
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factors. This structure can be represented by a quiver diagram (See Figure 2.1) in which nodes
correspond to gauge factors and arrows represent bifundamental matter �elds. The resulting
quiver coincides with the a�ne An−1 Dynkin diagram, illustrating the McKay correspondence
between �nite subgroups of SU(2) and ADE Dynkin diagrams. To be more explicit, let us de�ne
the orbifold invariant chiral super�elds:

11 11 1

1

. . . . . .

Figure 2.1: An Dynkin diagram

Ẑ1 =


0 Z

(01)
1 0 · · · 0

0 0 Z
(12)
1 · · · 0

... ... . . . . . . ...
0 0 · · · 0 Z

(n−2,n−1)
1

Z
(n−1,0)
1 0 · · · 0 0

 , Ẑ2 =



0 0 · · · 0 Z
(0n−1)
2

Z
(10)
2 0 · · · 0 0

0 Z
(21)
2

. . . ... ...
... . . . . . . 0 0

0 · · · 0 Z
(n−1,n−2)
2 0


,

Ŵ =


W0 0 0 · · · 0

0 W1 0 · · · 0
... ... W2

. . . ...
0 0 · · · Wn−2 0

0 0 · · · 0 Wn−1

 .

Here, (Ẑ1, Ẑ2) are the hypermultiplets and Ŵ is the set of chirals in the N = 2 vector multi-
plets. Our convention is that the map Z(ij) goes from node j to node i. The theory inherits a
superpotential from the original (pre-orbifold) N = 4 theory:

WN=2 = Tr(Ŵ [Ẑ1, Ẑ2]). (2.2)
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The corresponding F-terms, (∂Ẑ1
WN=2, ∂Ẑ2

WN=2, ∂ŴWN=2), determine the vacua of the the-
ory, de�ned modulo complex gauge transformations [2, 92]. Seen in more abstract terms, the set
of operators (Ẑ1, Ẑ2, Ŵ ) together with the F-term conditions, de�nes a representation of a non-
commutative algebra associated with the quiver (the so-called non-commutative crepant resolu-
tion of C×C2/Zn). The center of the algebra reproduces the probed ALE geometry (See Appendix
D). Note that

Ẑn
1 = Z

(01)
1 Z

(12)
1 · · ·Z(n−2,n−1)

1 Z
(n−1,0)
1 1, Ẑn

2 = Z
(0n−1)
2 Z

(n−1n−2)
2 · · ·Z(21)

2 Z
(10)
2 1, (2.3)

Ẑ1Ẑ2 =


Z

(01)
1 Z

(10)
2 0 0 · · · 0

0 Z
(12)
1 Z

(21)
2 0 · · · 0

... ... . . . . . . ...
0 0 · · · Z

(n−2n−1)
1 Z

(n−1n−2)
2 0

0 0 · · · 0 Z
(n−10)
1 Z

(0n−1)
2

 . (2.4)

The F-term ∂ŴWN=2 = 0 implies det(Ẑ1Ẑ2) = (Z
(01)
1 Z

(10)
2 )n.

Ẑn
1 Ẑ

n
2 = (Ẑ1Ẑ2)n, (2.5)

Since the three factors Ẑn
1 , Ẑ

n
2 , Ẑ1Ẑ2 are central elements of the representation, 2.5 becomes a

scalar relation:

xy = zn, x = 1/nTr(Ẑn
1 ), y = 1/nTr(Ẑn

2 ), z = Ẑ1Ẑ2. (2.6)

From the geometric point of view, the algebra governs the structure of the minimal resolution
of the orbifold singularity C2/Γ. The resolution replaces the singular point with a collection
of exceptional P1 curves whose intersection matrix is given by minus the Cartan matrix of the
corresponding ADE Lie algebra. Let us see how the P1 emerges in a simple case.

n = 2 case Now we have

Ẑ1 =

(
0 Z

(01)
1

Z
(10)
1 0

)
, Ẑ2 =

(
0 Z

(01)
2

Z
(10)
2 0

)
.
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We can see that setting Z(10)
1 and Z(10)

2 to zero is su�cient to restrict ourselves to the singular
locus:

Z
(10)
1 = Z

(10)
1 = 0 → x = 1/2Tr(Ẑ2

1) = 0, y = 1/2Tr(Ẑ2
2) = 0, z = Ẑ1Ẑ2 = 0. (2.7)

So, both Ẑ1 and Ẑ2 are now nilpotent sl2 matrices which gauge �x most of the sl2 up to a C∗

action:
Z

(01)
1 Z

(01)
2

C∗ 1 1
. (2.8)

This is the P1 of the resolution of A1. The fact that fractional brane vacua reproduce the probed
geometry suggests the existence of a relation between fractional branes and branes wrapped on
vanishing two-cycles. Indeed, the correct description of these localised solitonic states is given in
terms of wrapped higher-dimensional D-branes. In general, these are not elementary branes, but
bound states of branes of di�erent dimensions (in this case, bound states of D5 and D3)[12].

We have seen that the probed geometry determines the vacua of the brane system worldvol-
ume theory. Additionally, the geometric picture provides an interpretation of the couplings of the
quiver gauge theory. The gauge coupling associated with each node is controlled by the e�ective
Khäler volume of the corresponding exceptional two-cycle ξ. Roughly

1/g2
i ∼ ξi (2.9)

. The e�ective volumes arise in the IR from blow-up modes of the singularity, which correspond
to twisted-sector states of the closed string localized at the orbifold �xed point. The existence
of these modes is what makes the e�ective theory consistent even in the orbifold limit, that is,
when the bare Khäler moduli tend to zero. In this limit he closed string background e�ectively
resolves the singularity. In the gauge theory of the probe, this means that the inverse couplings
1/g2

i are kept �nite. Complex-structure deformations appear as complex Fayet-Iliopulos terms
in the superpotential. As any N = 2 susy qft, the moduli space of the theory splits into two
branches, namely Coulomb branch (CB) and Higgs branch (HB). On the CB the U(1)R factor of
the R-symmetry acts as an isometry. On the HB the SU(2)R factor does. The CB describes the
relative motion of the fractional branes along the singular locus. In this example, it corresponds
to the di�erences Wi −Wi+1 in the eigenvalues of the operator Ŵ . On the HB the branes form
a bound state that reproduces the integral brane moving along (C2/Γ)\{(0, 0)}. The bound state
is represented by the collective coordinates x, y, z satisfying equation 2.6. Consistently, Fayet-
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Iliopulos terms deform the HB and eventually, excise the singularity (lift the CB).

2.2 D2-branes probing ADE �brations

In this section, we review the main aspects of the worldvolume dynamics of a D2-brane probing
ALE surfaces in Type IIA string theory. This will serve us as a starting point for introducing
our approach to the study of Higgs �eld backgrounds in chapters 1 and 2. We will see that D2-
branes constitute the natural probe in the context developed in [19, 25–27] and reviewed in the
previous sections. We will brie�y go through the generalities of 3d qfts with 8 supercharges:
supersymmetry multiplets, moduli spaces, monopole operators. Then, we will present a 3d IR
duality known as 3d mirror symmetry and relate it to string dualities. We will discuss examples
of mirror pairs that will be our building blocks for the contents of Chapters 5 and 6. Finally, we
will compare this approach with D3-brane probes in type IIB.

Let us consider once more the setup ofM -theory compacti�ed on ALE spaces. So far, we have
analysed in detail the duality:

M-theory on R1,5 × Ar ⇔ r+1 D6 branes in Type IIA on R1,6 × R3 (2.10)

We remind that this also holds for singularities of type Dr, with the complication of having an
orientifold O6− plane on top of the r + 1 D6-branes.

We consider the following situation. The D6 branes wrap coordinates x0, ..., x6, where x4 is
compacti�ed to a circle of radius R. Accordingly, M -theory is now de�ned on R1,3 × S1

R × C×
C2/Zn. Now we can reduce M-theory onS1

R and obtain Type IIA string theory2 on the background
R1,3 × C × C2/Zn. So, now we have a duality of two distinct Type IIA con�gurations realized
through the M -theory uplift:

r+1 D6 branes in Type IIA on R1,3×S1
R×C×R3 ⇔ Type IIA on R1,3×C×C2/Zn (2.11)

We can start from M -theory and either reduce on the circle �bration of the ALE space, which
would give the right-hand result, or reduce on the S1

R and obtain the one on the left-hand. This
duality is often called the 9-11 �ip (x9 and x11 were the coordinates parametrizing the two circles).
In fact, the transition from one theory to the other can equivalently be obtained with the com-

2The low energy limit of Type IIA is the gs → 0 limit of 11d SUGRA compacti�ed on a circle
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position of T and S dualities: TST . When we reduce to S1
R, the geometrically engineered theory

becomes a 6d SYM gauge theory with 16 supercharges. The Higgs �eld Φ controlling complex
deformations of the ALE is the massless mode of the KK reduction along S1

R.

Now, if we add an M2-brane stretched along x0, x1, x2 in M -theory, this will descend to a
D2-brane probing the stack of D6 branes in one case, and the space R × C × C2/Zr+1 in the
second.

At the singularity, theD2 will experience a similar fate to theD3, forming a stack of fractional
states associated with the irreducible representations of the orbifold group Zr+1. The e�ective
low-energy theory is a 3d quiver gauge theory with 8 supercharges, i.e., N = 4 supersymmetry.
Gauge and matter multiplets can be read from the dimensional reduction of 4dN = 2 supersym-
metry. We list here the bosonic components of vector multiplets and hypermultiplets in 3d.

Vector Aµ σ ϕ

Hyper q q̃
(2.12)

The fourth component of the 4d vector is now a real scalar σ parametrizing the position of the
D2 brane along S1

R. ϕ is a complex scalar parametrizing motion along the C-plane transverse to
the D2 and the orbifold. q and q̃ are complex scalars in conjugate representations of the gauge
group.

1

φ1
q2

q̃2
1

φr
qr

q̃r
1

φr−1

qr+1

q̃r+1

1

φ2

1

φr+1

q1

q̃1

q3

q̃3

qr−1

q̃r−1· · ·

Figure 2.2: Ar theory. For each node i, i = 1, ..., r + 1, there is a N = 4 U(1) vector multiplet
Vi containing a N = 2 vector multiplet and an adjoint chiral φi. Pairs of oriented lines between
adjacent nodes represent bifundamental hypermultiplets (qi, q̃i).
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The quiver has the shape of the a�ne Dynkin diagram of the corresponding ADE Lie algebra
[2]. Its nodes correspond to fractional D2-branes, and each node carries anN = 4 vector multiplet
with gauge group U(ni), where ni is the dual Coxeter label of the i-th node in the associated
Dynkin diagram. Bifundamental hypermultiplets are represented in the quiver by pairs of arrows
connecting adjacent nodes. Figure 6.2 illustrates the case of the Ar quiver.

For the Ar theory, the gauge group is(
r∏
i=0

U(1)

)
/U(1) .

The vector multiplet chiral �elds φi couple to the hypermultiplets (qi, q̃i) through the N = 4

superpotential

W =
r+1∑
i=1

(φi − φi−1)qiq̃i , (2.13)

with φ0 ≡ φr+1. In addition, the D-term potential imposes the relations

|qi|2 + |q̃i−1|2 − |q̃i|2 − |qi−1|2 = 0 i = 1, . . . , r + 1 . (2.14)

Besides its dynamical deformations, the theory admits background deformations by mass pa-
rameters and FI terms. In the Ar case, there is a single complex mass parameter that cannot be
reabsorbed by shifts of the �elds φi; it can be interpreted as the scalar in a background vector
multiplet for a U(1) �avor symmetry [93]. Since the theory is three-dimensional, one may also
turn on the corresponding real mass parameter. In addition, the theory possesses r triplets of
FI parameters. Each triplet splits into a complex FI parameter, entering the superpotential, and
a real FI parameter, modifying the D-term relations (6.37). These FI terms can be regarded as
background vector multiplets for an additional rank-r �avor symmetry characteristic of three-
dimensional gauge theories. Geometrically, the FI correspond to the sizes of the P1 cycles blown
up in the resolution or deformation of the surface.

This extra symmetry is the topological symmetry. For each U(1) factor in the gauge group,
there is a conserved one-form current

JT = ∗F = dγ ,
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which generates aU(1)T symmetry. γ is a compact scalar known as the dual photon. It represents
the states charged under the topological symmetry, under which it shifts by multiples of 2π/g2.
In many examples, this abelian symmetry is enhanced in the infrared to a non-abelian one [28,
94, 95]. In quiver gauge theories, this enhancement occurs when the nodes are balanced, namely
when the number of �avors attached to a gauge node is twice its rank. For the quiver gauge
theories living on a D2-brane probing an ADE singularity, the topological symmetry enhances
precisely to the Lie group associated with the corresponding ADE algebra [33, 94, 95].

The operators charged under the topological symmetry are the monopole operators. These are
local disorder operators3 that are most naturally de�ned in the infrared conformal �eld theory
[30]. In 3d Maxwell theory, they can be perturbatively de�ned in terms of an exponential of the
scalar σ and of the dual photon:

V± ∼ e
±
g2 (σ+iγ) (2.15)

Here, ±1 is the charge under the topological U(1).

For an abelian gauge group U(1)n, the corresponding topological symmetry is U(1)nT , and
monopole operators are labeled by their magnetic charges,

Vm1,...,mn .

For a non-abelian gauge group G of rank r, abelian monopole operators are similarly associated
with the Cartan subalgebra h ⊂ g, and are labeled by magnetic charges Vm1,...,mr . Gauge-invariant
operators are obtained by taking Weyl-invariant combinations of these monopoles together with
the complex scalars in the vector multiplets.

2.2.1 Moduli space of vacua

The moduli space of vacua splits into two branches, the Higgs branch (HB) and the Coulomb
branch (CB). As opposed to the 4d case, in which the HB is HyperKhäler while the CB has a spe-
cial Khäler structure, the two branches are both HyperKhäler. Aside from their perturbative de�-
nition, in terms of vevs of hypermultiplet and vector multiplet scalars, they can be distinguished
non-perturbatively by their group of isometries. This is a SU(2) subgroup of the R-symmetry
SU(2)C×SU(2)H . SU(2)H is the component acting on hypermultiplets in the doublet represen-

3When inserted in the path integral, a monopole operator imposes monopole-like boundary conditions for the
gauge �eld, producing a magnetic �ux through a sphere surrounding the insertion point.
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tation, also present in 4d. SU(2)C is the non-abelian enhancement of the U(1) that in 4d acts on
the complex scalar in the vector multiplet. The scalars (σ, ϕ) form a triplet of SU(2)C .

• The Higgs branch is classically exact. It is parametrized by vacuum expectation values of
gauge-invariant combinations of hypermultiplet scalars, modulo the classical F-term rela-
tions. In quiver language, these operators correspond to closed paths in the quiver. For ADE
quivers, the resulting Higgs branch is always a complex surface of dimension two, and in
fact reproduces the ADE surface probed by the D2-brane.

When the hypermultiplets acquire non-zero vevs, the gauge group is completely broken,
up to the diagonal U(1) which always decouples. From the brane point of view, this corre-
sponds to recombining the fractional branes into a single D2-brane moved away from the
singular point. The decoupled diagonal U(1) describes the free center-of-mass multiplet,
whose scalars parametrize the motion of the brane in the three directions transverse to the
ADE surface.

• The Coulomb branch, by contrast, receives quantum corrections. At a generic point on this
branch, the three real scalars in the N = 4 vector multiplets acquire vacuum expectation
values, breaking the gauge group to its maximal abelian subgroup. The remaining massless
abelian gauge �elds can then be dualized to scalars, and the Coulomb branch becomes a
hyperkähler manifold whose metric is corrected quantum mechanically.

In theN = 2 language, anN = 4 vector multiplet decomposes into anN = 2 vector mul-
tiplet and an adjoint chiral multiplet. Quantum mechanically, the appropriate coordinates
on the Coulomb branch are not just the classical vector multiplet scalars, but monopole
operators [31]. Their vevs satisfy non-trivial relations. For example, in a 3d N = 4 U(1)

gauge theory with Nf �avors, there are two basic monopole operators V± obeying

V+V− =

Nf∏
i=1

Mi(ϕ,mj) , (2.16)

where Mi(ϕ,mj) is the mass of the i-th hypermultiplet, expressed in terms of the complex
scalar ϕ in the vector multiplet and the mass parameters mj . When all mj vanish, this
reduces to

V+V− = ϕNf ,

showing that the Coulomb branch develops an ANf−1 singularity. For higher-rank theo-
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ries, the Coulomb branch geometry is more intricate, but monopole operators continue to
provide its natural quantum coordinates.

Masses and FI parameters deform the two branches in complementary ways. In the U(1)

theory with Nf �avors, turning on complex masses deforms the Coulomb branch to a smooth
space, while simultaneously lifting the Higgs branch by giving mass to the hypermultiplets. In
ADE quiver gauge theories, FI parameters instead act naturally on the Higgs branch: turning on
the FI parameter associated with a node corresponds to blowing up the corresponding cycle in the
singular surface. Real FI parameters resolve the surface, while complex FI parameters deform it.
From the string-theory perspective, these FI parameters arise from background vector multiplets
associated with the topological symmetry. These vector multiplets are the 7d vectors that descend
from the supergravity C3 �eld and from wrapped M2-branes in the geometric engineering setup
introduced at the beginning.

2.2.2 3d mirror symmetry

Both the Higgs and Coulomb branches are hyperkähler manifolds. This suggests the existence of
pairs of theories in which the two branches are exchanged. More precisely, given a theory A with

MA = HBA × CBA ,

there may exist a theory B with
MB = HBB × CBB,

such that
HBA = CBB , CBA = HBB .

This infrared duality is known as mirror symmetry [28]. In addition to exchanging Higgs and
Coulomb branches, mirror symmetry maps FI parameters to masses, and masses to FI parameters.

One of its main advantages is that it translates the quantum problem of determining the
Coulomb branch into the classical problem of studying the Higgs branch of the mirror theory.
For ADE quivers, the mirror can be reconstructed directly from the brane setup by uplifting the
type IIA con�guration to M-theory and performing the 9–11 �ip discussed in the previous section.

For instance, in the Ar case, a D2-brane probing the singular surface Ssing is mapped to a D2-
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brane probing a stack of r + 1 D6-branes in �at space. The quiver theory is then mirrored by
a 3d U(1) gauge theory with r + 1 �avors. The mass parameter of the Ar quiver is mapped to
the single FI parameter of the U(1) theory, while the hypermultiplet masses mj of the latter are
mapped to the geometric moduli of the surface, encoded in background vector multiplets for the
topological symmetry.

2.2.3 D2-branes probing an A1 singularity and its mirror

We now turn to the simplest example, namely the A1 singularity. This case illustrates explicitly
the general discussion above and will serve as the basic building block for more complicated
singularities.

1

φ2

1

φ1

q1

q2

q̃1

q̃2

Figure 2.3: A1 quiver.

The worldvolume theory of a D2-brane probing theA1 singularity is a 3dN = 4 quiver gauge
theory with the quiver shown in Figure 2.3 and superpotential

WB = (φ1 − φ2)(q1q̃1 − q2q̃2) . (2.17)

We refer to this theory as Theory B. One linear combination of the two U(1) gauge factors decou-
ples, so the interacting part is simply a U(1) gauge theory with two hypermultiplets; the scalar
in the coupled vector multiplet is

φ− ≡ φ1 − φ2 .

This theory is self-mirror. Its mirror, which we call Theory A, is again a U(1) gauge theory
with two hypermultiplets, together with a decoupled hypermultiplet, and superpotential

WA = ϕ(Q1Q̃1 +Q2Q̃2) . (2.18)
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In the type IIA picture, Theory A describes a D2-brane probing a stack of two D6-branes in �at
space, which is related to the singular geometry of Theory B by the 9–11 �ip.

Mirror symmetry exchanges gauge-invariant operators of Theory A and Theory B, and in
particular swaps Higgs and Coulomb branch coordinates. In this simple example, the map is
completely explicit [31]. The map between CBB and HBA is(

φ− w+

w− −φ−

)
↔

(
Q1Q̃1 Q1Q̃2

Q2Q̃1 Q2Q̃2

)
, (2.19)

where w± are the monopole operators of the relative U(1) in Theory B, and the matrix on the
right is the meson matrix of Theory A.

Similarly, the map exchanging HBB and CBA is(
q1q̃1 −q1q2

q̃2q̃1 −q̃2q2

)
↔

(
ϕ −v+

v− −ϕ

)
, (2.20)

where the left-hand side gives Higgs-branch coordinates of Theory B, while the right-hand side
gives Coulomb-branch coordinates of Theory A.

This example makes manifest that mirror symmetry exchanges mesonic operators with monopole
operators, and, more generally, that it maps the quantum description of one branch into the classi-
cal description of the other. This will be the basic mechanism repeatedly exploited in the following
chapters.

2.2.4 The A1 T-brane and N = 2 mirror symmetry

In this section, we brie�y show with a simple example how the T-brane backgrounds that were
introduced in Section 6, are detected by the D2 probe[37]. For SU(2), a T-brane is de�ned by the
Higgs background

Φ =

(
0 1

0 0

)
. (2.21)
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Theory A

Let us �rst analyse its e�ect in the D6-brane vacuum picture. Here, the worldvolume theory on
the D2 is U(1) with 2 �avours, theory A, as we called it above. A vev for the Higgs �eld appears
as a background mass deformation on the D2, which appears in the superpotential:

Φ 6= 0 =⇒ δΦW ∼ Tr(ΦQQ̃). (2.22)

For the pro�le in 2.21, the deformation is:

δΦWA = mQ2Q̃1. (2.23)

Note that the mass term breaks supersymmetry down toN = 2 because Φ is non-diagonalizable
(then, [Φ,Φ†] 6= 0). If we integrate out the massive �elds, the e�ective superpotential yields:

WA, eff = − 1

m
ϕ2Q1Q̃2. (2.24)

The e�ective theory has no �avour symmetry. The meson Q1Q̃2 is the only remnant of the origi-
nary HB, namely theSU(2) instanton moduli space. It is reasonable to expect that the CB becomes

CBA : V+V− = − 1

m
ϕ2. (2.25)

Indeed, we expect a singularity to appear in the CB when the charged chirals become massless.
We can see that the deformation has left the singularity structure of the CB unchanged. Now let
us exploit the 3d N = 4 mirror symmetry to see what happens to the D2-brane probing the A1

singularity with Φ turned on.

Theory B

Applying the mirror map 2.19, we get

δΦWA = mQ2Q̃1 ←→
mirror

δΦWB = mw−. (2.26)

The �rst observation to make is that the T-brane generates a monopole deformation in theory
A. The authors in [37] showed that this is a good way to de�ne what a T-brane is, which is
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independent of the Type IIA construction. A way to reconstruct the RG �ow triggered by 2.26 is to
follow the e�ects on the mirror side and eventually apply mirror symmetry to the e�ective theory.
However, mirror symmetry is no longer as well-de�ned as before, since monopole deformations
break supersymmetry to N = 2. Then, we lose the non-perturbative distinction between CB
and HB. Nevertheless, when the N = 2 3d theory is obtained from a susy breaking deformation
of a N = 4 UV theory, it is still possible to identify a mirror map in the IR.4 Let us illustrate
the mechanism in this simple case. To derive the e�ective IR description of theory B, we need to
understand what the dual of theory A is in the IR. Integrating out the massive �elds has produced a
N = 2 supersymmetric theory with two electrons, a U(1) gauge group, and the superpotential in
equation 2.24. To derive its mirror, we �rst discuss the case of U(1) with one �avor and vanishing
superpotential.

N = 2 U(1) with 1 �avour andW = 0

We start from the N = 4 parent theory, that is, U(1) with one hypermultiplet. We deform the
superpotential with a mass term for the chiral ϕ̂:

Wdef = ϕ̂QQ̃+Xϕ̂. (2.27)

Here, X is a singlet �eld acting as a Lagrange multiplier [31]. Upon integrating out ϕ̂ we get

Weff = 0. (2.28)

N = 2 mirror

The mirror of U(1) with one hypermultiplet is a free hyper (Y, Z)5. So originally, there is no
superpotential. The superpotential is generated by the deformation, which appears as:

W ′
eff = XY Z. (2.29)

4Usually there are consistency checks that can be made: list the symmetries on both sides, compare the super-
conformal indeces of the two theories, match the monopoles of one theory with the mesons of the other, and vice
versa. We stress that mirror symmetry is a bit of a misnomer in N = 2 susy theories. The duality is not related to
the geometry of the branches in the moduli space. It should be conceived as a 3d Seiberg-like duality that acts by
exchanging mesons and monopoles.

5This can be seen from the moduli space. The existence of a HB is excluded by the superpotential. The CB is
V+V− = ϕ̂, which is isomorphic to C2.
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This is the so-calledXY Z model, whose moduli space is the union of the three cones spanned by
X , Y , Z . Now we can treat the e�ective A theory as a deformation of 2.2.4 by the superpotential
term 2.24. Then, the mirror is a XY Z model with a deformed superpotential:

WB
eff =

X

m
(Y Z − ϕ2) = −X

m
detM. (2.30)

The theory has a manifest SU(2) global symmetry, under which �elds (ϕ, Y, Z) transform as
a triplet. The vevs of the matrix M parametrize the nilpotent cone of A1, that is, the C2/Z2

singularity probed by the D2-brane. The SU(2) triplet is indeed the e�ective description of the 2
hypers of the original A theory. X is a neutral �eld that originally corresponded to the monopole
w+. It parametrizes what is left of the CB of theory A, that is, a C-plane.

Therefore, we can draw the following conclusions:

• The monopole deformation breaks the topological symmetry completely and induces the
condensation of the charged matter �elds into gauge invariant operators, namely mesons
(ϕ) and baryons (Y, Z).

• The monopole term can be interpreted as the signal of an obstruction to resolving the singu-
larity. The signal is the absence of the real FI term that controls the volume of the exceptional
P1, which only couples to the U(1) gauge �eld.

• For monopole operators identi�ed by a charge vector that corresponds to a simple root α of
the ADE Lie algebra, the deformation has a local e�ect on the quiver gauge theory. It a�ects
only the part of the spectrum that is charged under the U(1) gauge factor corresponding to
the dual Cartan element α∗. The e�ect of the deformation can be qualitatively described by
removing the node associated with the U(1) and composing the arrows across the node to
form invariants.

Another con�rmation of the identi�cation between the monopole operator deformation and the
T-brane con�guration arises from the interpretation of three-dimensional monopole operators
as wrapped M2-branes in the geometric engineering framework of M -theory. Upon reduction
to Type IIA string theory, the M2-brane is mapped to a D2-brane wrapping the corresponding
two-cycle. In this picture, the fractional D2-brane can equivalently be described as a D4-brane
wrapped on the same two-cycle. From the perspective of the D4-brane worldvolume theory,
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the wrapped D2-brane appears as a solitonic state that sources a non-trivial �ux for the �ve-
dimensional �eld strength.

From D3 to D2-probes As a �nal comment, let us highlight the connection between the D3-
brane case discussed in Section 2 and that involving the D2. First, consider a D3 probing an
ADE singularity in Type IIB string theory. Then, compactify to S1

R′ one of the directions wrapped
by the D3-brane. Let it be x4 as in the case illustrated above. With a T-duality along S1

R, we
land on Type IIA. The circle is mapped to a new circle of radius R =

√
α′/R′, and the D3 has

become a D2-brane. This is precisely the con�guration we have just described. The real scalar
σ, parametrizing the position of the D2 along S1

R, is mapped to the Wilson line of the 4d vector
wrapping S1

R′ . The non-compact limitR′ →∞ corresponds toR→ 0, a limit in which σ is forced
to zero. In this limit, the Coulomb branch of the D2 collapses on its origin, but the Higgs branch
survives untouched. This means that the moduli spaces of D3 and D2-probe reproduce the ALE
geometry in the same way.

Before closing this section, we want to reinforce some key takeaways:

• Geometric singularities give rise to new localized brane states, known as fractional branes.

• A probe D3- or D2-brane can be understood as a bound state of a distinguished set of
fractional branes, whose low-energy e�ective dynamics are described by a quiver gauge
theory.

• The moduli space of the gauge theory reproduces the probed geometry across its vari-
ous phases. In particular, the fully resolved phase corresponds to the regime in which all
Fayet–Iliopoulos (FI) parameters are turned on. In this picture, the moduli space describes
the motion of the D3- or D2-brane along the transverse directions, so that the probe is
identi�ed with a point on the ALE space.

By contrast, fractional branes are not associated with points, but rather with 2-cycles: a frac-
tional D2- (respectively D3-) brane can be understood as a D4- (respectively D5-) brane
wrapped on an e�ective 2-cycle inside the Calabi–Yau geometry. Considering the worldvol-
ume theory of a single wrapped brane, one �nds that its moduli space is a complex line. This
re�ects the fact that the moduli space of deformations of the corresponding curve inside the

59



total space ADE × C is isomorphic to the complex plane, over which the ADE singularity
is trivially �bered.

Schematically, this correspondence can be summarized as

Gauge Theory Description Geometric Description

fractional branes (wrapped branes) stable sheaves on curves
probe brane stable sheaves at points
fractional brane moduli space moduli space of stable sheaves on curves
probe moduli space moduli space of stable sheaves at points

As discussed previously, branes wrapped on e�ective curves within the geometry are identi-
�ed with stable BPS states in the corresponding geometrically engineered theory—seven-dimensional
in the case of trivially �bered ADE geometries, and �ve-dimensional for a generic Calabi–Yau
threefold.

We conclude this review by relating the quiver gauge theory description to that of geometric
engineering on the same Calabi–Yau threefold. In this framework, the quiver provides a natu-
ral language to describe and analyze the stability of coherent sheaves—or equivalently wrapped
branes—on the threefold, thereby encoding the BPS spectrum of the corresponding �ve-dimensional
theory. This perspective will serve as the starting point for the discussion of geometric engineer-
ing of �ve-dimensional SCFTs and BPS quivers in the next section.
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Chapter 3

5d SCFTs, BPS qivers and geometric engi-
neering

One of the most remarkable insights provided by string theory is the existence of interacting
quantum �eld theories in spacetime dimensions greater than four. From the perspective of con-
ventional quantum �eld theory, such theories are highly unexpected: perturbative arguments
indicate that gauge theories in dimensions higher than four are non-renormalizable and there-
fore ill-de�ned in the ultraviolet. Nevertheless, string theory furnishes a geometric framework in
which strongly coupled superconformal �xed points arise naturally, often without admitting any
Lagrangian description.

Five-dimensional superconformal �eld theories provide a particularly subtle realization of this
phenomenon. Their peculiarity can be understood from a simple scaling argument. In �ve dimen-
sions, the Yang–Mills coupling has positive mass dimension, [g2

YM ] = mass−1. As a consequence,
the dimensionless e�ective coupling at an energy scale E behaves as

g2
e�(E) ∼ g2

YM E .

It follows that the theory is infrared-free, becoming weakly coupled at low energies, whereas the
e�ective coupling grows at high energies, signaling the breakdown of the perturbative description.

This behavior has an important conceptual implication. In contrast to four-dimensional theo-
ries, where non-trivial �xed points can often be identi�ed by following the renormalization group
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�ow of a weakly coupled theory, in �ve dimensions, this strategy fails. The RG �ow of a weakly
coupled gauge theory always moves away from the ultraviolet regime where an interacting �xed
point could exist. In this sense, the search for non-trivial 5d �xed points requires reversing the
usual logic of quantum �eld theory: rather than �owing from weak to strong coupling, one must
instead postulate the existence of a strongly coupled ultraviolet �xed point and understand weakly
coupled gauge theories as deformations away from it.

Because of this intrinsic limitation of �eld-theoretic methods, geometric and string-theoretic
constructions play a central role in the study of 5d SCFTs. Their existence was �rst uncovered
through M-theory geometric engineering on singular Calabi-Yau threefolds [20, 38–41, 58, 64, 90,
96–100] and independently through Type IIB (p, q) �ve-brane webs [7–9, 11, 14, 15, 44, 87, 101–
105], which provide a complementary description of the same �xed points. In these frameworks,
the data of the quantum �eld theory—such as couplings, mass deformations, global symmetries,
and BPS spectra—are encoded in the geometry of the threefold and its singular limits. In the
following, we generalise the discussion on M-theory geometric engineering to generic Calabi-
Yau threefolds and present a powerful tool to characterize the spectrum of stable particles of the
SCFT: the BPS quiver. This review section is intended to guide the reader through chapter 7.

3.1 Geometric engineering on local CY3: generalities

In close analogy with the two-dimensional case discussed in Section 1.1, gauge and �avor sym-
metries in M-theory compacti�ed on a local Calabi-Yau threefold X are encoded by harmonic
two-forms. Let {ωI} be a basis of H1,1(X). Expanding the three-form potential as

C3 = AI ∧ ωI + · · · , (3.1)

one obtains �ve-dimensional vector �eldsAI . Normalizable two-forms, Poincaré dual to compact
divisors SI ⊂ X , give rise to dynamical vector multiplets, while non-normalizable two-forms,
dual to non-compact divisors, correspond to background vector multiplets associated with �avor
symmetries.

The charged BPS spectrum arises from wrapped branes. M2-branes wrapped on compact
holomorphic curves C ⊂ X give rise to electrically charged particles with charges

qI =

∫
C

ωI = SI · C , (3.2)
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and masses
MM2(C) =

∫
C

J , (3.3)

where J is the Kähler form. M5-branes wrapped on compact divisors SI instead give rise to
magnetically charged strings, with tensions scaling as

TM5(SI) ∼
∫
SI

J ∧ J . (3.4)

This re�ects the fact that M2-branes couple electrically to C3, while M5-branes are magnetic
sources.

The Kähler form admits an expansion

J = φIωI , (3.5)

where the real scalars φI parameterize the Coulomb branch of the �ve-dimensional theory. The
low-energy e�ective action is determined by a cubic prepotential

F(φ) =
1

6
CIJK φ

IφJφK , (3.6)

where the coe�cients are given by the triple intersection numbers of divisors,

CIJK = SI · SJ · SK . (3.7)

Non-abelian gauge symmetry arises when the compact divisors are ruled surfaces. Concretely,
a ruled surface S is a �bration

π : S → Σ (3.8)

whose generic �ber is a rational curve f ' P1. M2-branes wrapped on the �ber class give rise to
the W -bosons of the enhanced gauge symmetry, with masses

mW ∼
∫
f

J , (3.9)

which vanish when the �ber collapses. The volume of the base curve Σ instead controls the gauge
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coupling,
1

g2
YM

∼ vol(Σ) . (3.10)

The Dirac pairing between electric particles and magnetic strings in �ve dimensions is geometri-
cally realized by the intersection pairing

H4(X)×H2(X)→ Z . (3.11)

Indeed, an M2-brane wrapped on a compact curveC de�nes an electrically charged particle, while
an M5-brane wrapped on a compact divisor S de�nes a magnetically charged string, and their
pairing is given by the intersection number

〈S,C〉 = S · C . (3.12)

When the compact divisors are ruled surfaces and the shrinking �ber curves fi ' P1 form an
ADE con�guration, these intersection numbers reproduce the Cartan matrix of the enhanced
gauge algebra,

Sj · fi = −Cji , (3.13)

up to conventions. Thus the wrapped M2-branes on the �ber classes give theW -bosons associated
with the simple roots, while the wrapped M5-branes on the compact divisors give the magnetic
strings associated with the dual coroot lattice.

The Kähler moduli thus parameterize the extended Coulomb branch, including mass defor-
mations associated with non-compact divisors, which correspond to non-dynamical background
�elds. In contrast, complex structure deformations are parameterized by H2,1(X) and are en-
coded in the periods of the holomorphic three-form Ω over a symplectic basis of three-cycles
(AI , BI) ⊂ H3(X,Z),

XI =

∫
AI

Ω , FI =

∫
BI

Ω , (3.14)

with intersection pairing

AI ∩BJ = δIJ , AI ∩ AJ = 0 , BI ∩BJ = 0 . (3.15)

In the local, non-compact setting, only normalizable complex structure deformations corre-
spond to dynamical �elds in the �ve-dimensional theory. These are associated with compact
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three-cycles and arise in symplectic pairs, ensuring a well-de�ned period structure. Normaliz-
ability guarantees �nite kinetic terms and thus identi�es genuine moduli. From the �eld theory
perspective, these modes correspond to Higgs branch directions, as they describe �nite-energy de-
formations smoothing the singular geometry. Non-normalizable deformations, on the other hand,
modify the asymptotic structure of the Calabi-Yau and are interpreted as background parameters
rather than vacuum expectation values of dynamical �elds.

Remark. For non-compact Calabi-Yau threefolds, the structure of three-cycles di�ers from the
compact case. In particular, compact three-cycles need not organize into symplectic pairs among
themselves. While for compact Calabi–Yau threefolds the intersection pairing de�nes a non-
degenerate symplectic form on H3(X,Z), in the non-compact case, the natural non-degenerate
pairing involves compact and relative homology, schematically

Hcpt
3 (X)×H3(X, ∂X)→ Z . (3.16)

As a consequence, the intersection form restricted to compact three-cycles may be degenerate.
The number of compact three-cycles that do not admit a compact dual—that is, the number of
“unpaired” cycles—is given by the dimension of the kernel of this restricted intersection form. A
simple example is provided by the deformed conifold, where a single compact S3 appears without
a compact dual cycle, the latter being non-compact. From the physical viewpoint, these unpaired
compact three-cycles correspond to normalizable complex structure deformations that are not
paired within the compact sector, but still give rise to genuine Higgs branch moduli in the �ve-
dimensional theory.

3.2 5d SCFTs and BPS quivers

The BPS spectrum of M-theory on a Calabi-Yau threefold X is generated by wrapped M2- and
M5-branes. These con�gurations preserve supersymmetry because the relevant wrapped cycles
are calibrated: M2-branes wrap holomorphic curves, calibrated by the Kähler form J , while M5-
branes wrap holomorphic divisors, calibrated by 1

2
J ∧J . Since the volumes of the wrapped cycles

are the masses of the branes, and calibrated cycles minimize volume in their homology class, the
wrapped branes saturate the BPS bound

|Z(γ)| ≤M(γ). (3.17)
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Where γ is the charge vector of the M2 or M5 brane state, and Z is the central charge of the su-
persymmetry algebra, evaluated on the state. In order to study the BPS spectrum on the Coulomb
branch while avoiding a direct treatment of tensionless strings, it is convenient to compactify
the �ve-dimensional theory on the M-theory circle and consider the resulting four-dimensional
N = 2 Kaluza–Klein theory. Under the M-theory/type IIA duality, an M2-brane wrapped on a
compact curve C descends to a D2-brane wrapped on C , while Kaluza–Klein momentum along
the circle becomes D0-brane charge. Similarly, an M5-brane wrapped on a compact divisor S and
on the external circle gives a D4-brane wrapped on S, which appears as a particle in four dimen-
sions. Therefore, the charge lattice of BPS particles in the KK theory is naturally identi�ed with
the even compact homology

ΓBPS
∼= Hcpt

even(X,Z) = Hcpt
0 (X,Z)⊕Hcpt

2 (X,Z)⊕Hcpt
4 (X,Z) ∼= Z2r+f , (3.18)

corresponding respectively to D0-, D2- and D4-brane charges. The integers r and f are respec-
tively the rank of the Coulomb branch and the number of conserved �avour charges, including
the KK momentum

Actually, this correspondence can be reformulated as an equivalence between the BPS cat-
egory of the 5d theory compacti�ed on a circle and the bounded derived category of coherent
sheaves with compact support on a crepant resolution X̃ of the singular Calabi-Yau [106]:

TBPS

(
DS1T 5d

X

)
' Db

(
Cohcpt(X̃)

)
. (3.19)

From the type IIA viewpoint, the relevant BPS particles are thus D0/D2/D4 bound states, and in
the B-model description, they are represented by B-branes, namely objects of the derived category.
This provides a categorical framework in which questions about the BPS spectrum are translated
into questions about stable objects in Db(Cohcpt(X̃)).

The interpretation of wrapped branes in terms of objects in the derived category of sheaves
allows us to shed new light on the mysterious connection between branes at singularities and
quivers. In the review section 2.1, we have discussed the generation of fractional brane states at
orbifold singularities, and we have seen how fractional branes give rise to gauge theories that
are naturally described by a quiver. In this description, a con�guration of fractional branes is a
representation of the quiver path algebra, and the stable representations correspond to the super-
symmetric vacua of the gauge theory associated with the fractional brane con�guration. Finally,
we have argued that fractional branes are nothing but bound states of higher-dimensional branes
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wrapped on the vanishing cycles of the singular geometry.

Indeed, the mathematical reason for the appearance of the quiver is the existence, in many rel-
evant non-compact Calabi-Yau examples, of a derived equivalence between coherent sheaves on
the resolution and modules over a noncommutative crepant resolution, often realized concretely
as the Jacobian algebra of the quiver with potential1. In CY orbifold examples, a non-commutative
crepant resolution of the space always exists and is represented by a quiver of Dynkin shape. The
representation theory of the quiver is the derived category of coherent sheaves on the resolved
space and its equivariant structure under the orbifold group is dictated by the derived McKay
correspondence [107].
In general, when a suitable tilting object exists, one has an equivalence of triangulated categories
of the schematic form

Db
(
Coh(X̃)

)
' Db

(
mod-A

)
, (3.20)

where A is the relevant quiver algebra.

Now, from equivalences 3.19 and 3.20 we argue that the physically stable BPS particles cor-
respond to stable objects in the derived category, which in the quiver description become stable
representations in the sense of King [108]. In this way, the notions of stable BPS state, stable
quiver representation, and stable coherent sheaf are di�erent incarnations of the same underly-
ing concept. It follows that the spectrum of stable particles in the �ve-dimensional theory, after
compacti�cation on a circle, can be studied through the representation theory of the associated
BPS quiver.

A BPS quiver provides an e�ective description of the spectrum of stable states in a given
chamber of the moduli space. It encodes a choice of basis of elementary BPS states, whose charges
{γi} generate the charge lattice in that chamber. Each node of the quiver corresponds to one such
elementary state, while the arrows are determined by the Dirac pairing

〈γi, γj〉 ∈ Z , (3.21)

so that the antisymmetric adjacency matrix of the quiver coincides with the Dirac pairing matrix:

Bij = (# arrows i→ j)− (# arrows j → i), (3.22)

Flavour charges have by de�nition zero Dirac pairing with everything, so that having the matrix
1Look at Appendix D for the de�nition of quiver path algebras and algebras with potential
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B, we can immediately identify the �avour and Coulomb charges respectively as

Γf = kerB, Γc = Γc = cokerB, (3.23)

i.e.
f = dim kerB, 2r = rkB. (3.24)

In this way, the quiver captures both the charge lattice and the structure of electromagnetic
interactions among BPS particles. In the geometric engineering framework, the charge vectors are
identi�ed with elements ofHcpt

even(X,Z), so that the Dirac pairing is inherited from the intersection
pairing of the Calabi–Yau threefold.

From a physical perspective, quiver representations describe BPS bound states and admit an
interpretation in terms of supersymmetric quantum mechanics on the worldline of the corre-
sponding particle. Given a charge γ =

∑
i diγi, one associates a representation of the quiver with

dimension vector d = (di), whose dynamics is governed by a one-dimensionalN = 4 supersym-
metric quantum mechanics determined by the quiver and its superpotential. The classical moduli
space of vacua of this quantum mechanics coincides with the moduli space of stable quiver rep-
resentations, and upon quantization, its cohomology encodes the protected quantum numbers of
the BPS state. In particular, BPS indices can be computed in terms of topological invariants of
these moduli spaces.

To sum up, we can rephrase the chain of equivalences in this way

{
BPS state with

charge γ

}
↔


Coherent sheaf with

Chern vector
γ ∈ K0Dc(X)

↔


Representation of A with
dimension vector

γ

 (3.25)

The BPS quiver, therefore, constitutes a fundamental datum in the analysis of the spectrum
of BPS states. For cDV geometries, the associated quivers are unoriented and endowed with
a comparatively simple algebra of relations, rendering their representation theory amenable to
direct analysis; this is developed in detail in Appendix D. In contrast, for higher-rank theories, the
structure of the quiver becomes considerably more intricate, and for generic Calabi-Yau threefolds,
a corresponding BPS quiver is, in general, not known.

In 7, we will demonstrate that the Reid Pagoda, one of the simplest examples of simple �ops,
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admits orbifold quotients that possess crepant resolutions. These resolutions are naturally en-
coded by quivers, which we construct via the generalised McKay correspondence [107]. This
framework constitutes a substantial re�nement of the classical McKay correspondence and, cru-
cially, enables one to deduce information about the BPS spectrum of quotient geometries from
the analysis of the spectrum of the parent geometry[109–111].
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Chapter 4

The geometric toolkit: Algebraic Spaces
and Singularities

By de�nition, a Calabi–Yau manifold is a compact Kähler manifold with vanishing �rst Chern
class. By Yau’s solution of the Calabi conjecture, such a manifold admits a unique Ricci-�at Käh-
ler metric in each Kähler class, thereby providing the geometric input required by the low-energy
e�ective theory (Ricci-�atness is necessary to have at most SU(n) holonomy). The Kähler condi-
tion equips the manifold with a symplectic form compatible with an integrable complex structure,
implying that deformations of the metric split into complex structure and Kähler moduli governed
by Dolbeault cohomology. As a consequence, many physically relevant quantities—such as su-
perpotentials, BPS observables, and protected couplings—depend holomorphically on the moduli
and are therefore stable under perturbative quantum corrections. These holomorphic and coho-
mological structures are naturally and e�ciently encoded within algebraic geometry. Moreover,
by Kodaira’s embedding theorem, any compact Kähler manifold with integral Kähler class ad-
mits a projective embedding; in particular, smooth complex projective varieties are automatically
Kähler, placing a large and physically relevant class of supersymmetric compacti�cation spaces
within the category of algebraic varieties. Beginning in the 1990s, further impetus for this alge-
braic–geometric perspective arose from the study of string theory dynamics near singular limits
of Calabi–Yau moduli spaces, particularly in the neighborhood of orbifold points. In such limits,
smooth Calabi–Yau manifolds degenerate to singular spaces that nonetheless remain physically
meaningful within string theory. It was observed that, in type IIA and type IIB compacti�cations,
the e�ective physics localized near codimension-four singularities is governed by ADE Lie alge-
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bras, appearing through gauge symmetry enhancement and the emergence of additional massless
degrees of freedom. This phenomenon generated a strong interest in the classi�cation of singular
degenerations of K3 surfaces—where the ADE correspondence plays a fundamental role—and later
of Calabi–Yau varieties in higher dimensions. As emphasized in the analysis of Witten [Witten,
2002, singularities in string theory], such singular spaces should not be regarded as pathological
but rather as essential loci encoding genuinely non-perturbative physics.

From a mathematical standpoint, singular geometries are most precisely described as algebraic
varieties, which we are now going to introduce.

The goal of this chapter is to introduce the geometric tools that will be used throughout the
thesis to analyze singular spaces and extract their physical content. We begin with the local
de�nition of algebraic singularities and the criteria that distinguish smooth and singular points.
We then introduce the two fundamental operations that control their behavior—resolutions and
deformations—and explain their geometric and physical interpretation.

A central theme of this chapter is that, for a distinguished class of singularities, these structures
are governed by Lie-theoretic data. This is exempli�ed by ADE surface singularities, whose res-
olutions, deformations, and intersection theory are controlled by root systems and Weyl groups.
Building on this correspondence, we introduce families of deformed ADE spaces and show how
they naturally lead to higher-dimensional singular geometries, in particular compound Du Val
(cDV) threefolds.

Finally, we place these constructions within the broader framework of the classi�cation of
threefold singularities and their crepant resolutions, emphasizing the role of �ops and their al-
gebraic description via quivers and noncommutative resolutions. These tools will provide the
mathematical backbone for the physical constructions developed in the subsequent chapters.

4.1 What is an algebraic singularity?

We begin with the simplest possible setting: algebraic curves in the complex plane.
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A �rst example: a singular plane curve

Consider the plane curve C ⊂ C2 de�ned by the equation

f(x, y) = y2 − x3 = 0. (4.1)

Geometrically, this curve has a cusp at the origin. While the curve is well de�ned as a set, the
point (0, 0) is distinguished from all other points by the fact that the curve fails to be locally
smooth there.

x

y

(0, 0)

Figure 4.1: Projection on the real plane of the hypersurface: y2 − x3 = 0

To make this precise, note that the gradient of f is given by

∇f =

(
∂f

∂x
,
∂f

∂y

)
= (−3x2, 2y). (4.2)

At the origin, both partial derivatives vanish:

∇f(0, 0) = (0, 0).

This failure of the gradient to be nonzero signals the presence of a singularity.

By contrast, at any other point on the curve, ∇f does not vanish, and the curve is locally a
smooth one-dimensional complex manifold.
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Smooth points and the Jacobian criterion

This example illustrates the general principle underlying the de�nition of algebraic singularities.
Let

X = {f1 = · · · = fk = 0} ⊂ Cn,

be an a�ne algebraic variety de�ned by holomorphic polynomials fi.

The Jacobian matrix of the de�ning equations is

J(p) =

(
∂fi
∂xj

(p)

)
. (4.3)

De�nition 4.1.1 (Smooth and singular points). A point p ∈ X is called smooth if the Jacobian
matrix has maximal rank at p, i.e.

rank J(p) = n− k.

If this condition fails, the point p is called a singular point of X .

Equivalently, a point is smooth if X is locally biholomorphic to Cn−k in a neighborhood of
that point.

The set of all singular points is called the singular locus of X and is denoted by Sing(X).

An intrinsic de�nition

The Jacobian criterion provides a concrete computational tool, but the notion of singularity admits
an intrinsic formulation independent of any embedding.

Let OX,p denote the local ring of regular functions on X at a point p, with maximal ideal mp.

De�nition 4.1.2 (Intrinsic de�nition). A point p ∈ X is smooth if the local ringOX,p is a regular
local ring, i.e.

dimC mp/m
2
p = dimX.

If this condition is not satis�ed, p is a singular point.

This de�nition re�ects the fact that, at a smooth point, the tangent space has the expected
dimension, while at a singular point the Zariski tangent space is larger than the dimension of the
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variety, signaling a local failure of smoothness.

In the following sections, we show how di�erent types of singularities admit controlled modi-
�cations, such as resolutions and smoothings, and how these operations acquire a natural physical
interpretation.

4.1.1 Resolving singularities: the blow-up

One of the fundamental ways to study and modify a singular space is through a resolution of
singularities. Intuitively, a resolution replaces a singular point by a smooth geometric object that
encodes the local structure of the singularity.

Blow-up of a point: a basic example

We illustrate the idea with the simplest nontrivial example. Consider the a�ne plane C2 with
coordinates (x, y) and its origin (0, 0). The blow-up of C2 at the origin replaces the point (0, 0) by
the space of complex lines passing through it.

Concretely, the blow-up C̃2 can be de�ned as

C̃2 =
{

(x, y, [u : v]) ∈ C2 × P1
∣∣ xv = yu

}
, (4.4)

with the projection map
π : C̃2 → C2

given by forgetting the P1 coordinate.

Away from the origin, π is an isomorphism. The inverse image of the origin,

E = π−1(0, 0) ' P1,

is called the exceptional divisor. It replaces the singular point with a smooth curve that records
the possible tangent directions at the origin.
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4.1.2 Resolution of surface singularities

Blow-ups can be used to resolve singularities of algebraic varieties. For instance, consider the A1

surface singularity
X : uv = z2 ⊂ C3. (4.5)

This space has an isolated singular point at the origin. A suitable sequence of blow-ups replaces
the singular point by a smooth rational curve P1, yielding a smooth surface X̃ together with a
map

π : X̃ → X,

That is an isomorphism away from the singular point. A simple realization of the resolved geom-
etry is given by the following embedding in C3 × P1:

X̃ =
{

(u, v, z, [λ4 : λ1]) ∈ C3 × P1| uv = z2,

(
z u

−v −z

)
·

(
λ4

λ1

)
= 0
}
.

It is easy to see that X̃ is isomorphic to the original space away from the singularity. Indeed,
the linear system has a unique solution when the rank of the matrix is 1, which is a point on
P1. Consequently, the inverse map π−1 associates to any point (u, v, z) 6= (0, 0, 0) on the surface
a point on P1. Only when (u, v, z) = (0, 0, 0), the kernel of the matrix is the full P1, which
means that π−1(0, 0, 0) ' P1. It is important to stress that the resolution map is not uniquely
de�ned. Indeed, there are various equivalent ways to resolve a singularity. For a comprehensive
introduction, we suggest [112–114]

More generally, the minimal resolution of an ADE surface singularity replaces the singular
point by a collection of P1 curves whose intersection pattern reproduces the Dynkin diagram of
the corresponding ADE Lie algebra. This structure plays a central role in both algebraic geometry
and string theory, as we will see shortly.

De�nition of resolution

De�nition 4.1.3 (Resolution of singularities). Let X be an algebraic variety. A resolution of sin-
gularities of X is a smooth variety X̃ together with a proper birational morphism

π : X̃ → X,
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such that π restricts to an isomorphism over the smooth locus of X .

In this thesis, we will always consider resolutions that are crepant, namely, such that they
preserve the canonical bundle of the singular geometry. From the physical perspective, resolutions
are typically associated Kähler deformation parameters and correspond to Coulomb-branch or
tensor-branch directions in the geometrically engineered quantum �eld theory.

4.1.3 Smoothing singularities

An alternative way to eliminate a singularity is through a smoothing, which deforms the complex
structure rather than modifying the space birationally.

A simple smoothing example

Returning to the A1 singularity,
f : uv − z2 = 0, (4.6)

a smoothing is obtained by deforming the de�ning equation to

fdef : uv − z2 = ε, (4.7)

where ε ∈ C is a deformation parameter. For ε 6= 0, the space is smooth (the origin of the ambient
space is excised from the surface), and the singular point is replaced by a non-holomorphic P1

cycle.

De�nition of versal deformation

De�nition 4.1.4 (Versal deformation). Consider a hypersurface singularityX de�ned as the zero
locus of a polynomial F (x1, .., xn) in Cn. The versal deformation of X is a family of varieties

Xy
Def(X)

over the space Def(X) such that the central �ber is X , while all nearby �bers are smooth.
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X is de�ned as the zero locus of the equation:

Fdef = F (x1, .., xn) +
r∑
i

δi(x1, ..xn)εi, δi ∈ Rdef , εi ∈ Cr. (4.8)

The complex coe�cients εi are the moduli of the deformation, spanning Def(X). Monomials
δi(x1, ..xn) are the generators of the ring:

Rdef =
C[x1, ..., xn]

〈∇F 〉
,

where 〈∇F 〉 denotes the ideal generated by the Jacobian of the function F . Intuitively, Rdef

encodes the normal directions to the hypersurface in the ambient space Cn

In geometric engineering setups, smoothings are typically associated with Higgs-branch de-
formations, corresponding to turning on expectation values for matter �elds. Unlike resolutions,
which preserve the complex structure, smoothings alter it, leading to qualitatively di�erent phys-
ical phases.

Resolution and smoothing are inequivalent operations that re�ect distinct geometric and phys-
ical mechanisms: Resolutions modify the geometry by introducing exceptional cycles, while pre-
serving the complex structure. Smoothings deform the complex structure and eliminate the sin-
gularity without introducing exceptional divisors.

In higher-dimensional Calabi-Yau varieties, a singularity may admit a resolution, a smoothing,
both, or neither. The distinction between these possibilities plays a central role in string theory
and will be particularly important in the study of compound Du Val singularities discussed later
in this thesis.

A crucial and far-reaching observation in the study of algebraic singularities is that their local
geometry is invariant under analytic changes of coordinates. More precisely, two hypersurface
singularities de�ned by equations

f(x1, . . . , xn) = 0 and g(x1, . . . , xn) = 0,

are considered analytically equivalent if there exists a local biholomorphic change of coordinates
transforming one equation into the other. From a geometric point of view, analytically equivalent
equations describe the same singularity, even though their explicit algebraic expressions may
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di�er substantially.

This principle led, beginning in the 1960s, to the systematic classi�cation of isolated hypersur-
face singularities up to analytic equivalence. One of the most prominent and in�uential outcomes
of this program is the classi�cation of the so-called simple singularities, also known as rational
double points or du Val singularities.

4.2 ADE classi�cation and McKay correspondence

The Du Val (or ADE) surface singularities form a distinguished class of isolated hypersurface
singularities in complex dimension two. All of them are terminal, in the sense that they admit a
minimal resolution in which the exceptional locus contains only a collection of rational curves
(or P1). The resolution is also crepant, for the canonical bundle of the smooth geometry is simply
pulled back from the canonical bundle of the singular space.

The Du Val are examples of quotient singularities, namely orbifolds of the form C2/Γ, with
Γ a discrete subgroup of SU(2)1 They admit a complete classi�cation up to analytic equivalence
and exhibit properties that relate them to the root systems of the simply-laced Lie algebras:

g =

{
An, Dn, E6, E7, E8

}
.

This connection is due to a correspondence between the list of Γ ⊂ SU(2) (namely, the binary
polyhedral groups) and the ADE Dynkin diagrams, �rst detected and proven by McKay [115].

In the next paragraph, we describe both resolutions and deformations of Du Val singularities
without any intention of being exhaustive, but to highlight the connection with simply laced Lie
algebras.

It is known that all these singularities emerge from singular limits of local K3 surfaces or
ALE spaces. The term ’local’ indicates that we are examining only the space in proximity to the
singularity, which is equivalent to considering the space as a non-compact limit of a K3.

K3 surfaces have a very special feature, the so-called hyperkäler structure. Let us brie�y
explain what it means.

1Why not a subgroup of SO(4)? The restriction is due to the crepancy requirement.
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De�nition 4.2.1 (Hyperkäler Structure). A complex manifoldM of dimension n is hyperkähler
if:

• M admits a complete kähler metric g2

• There exist three independent choices of complex structures (I1, I2, I3) with respect to
which g is kähler

• The complex structures Ii form a quaternion algebra

In other words, the real dimension ofMmust be 4k, k ∈ N, and the holonomy group must
be in Sp(k). This is required to represent the tangent space as a quaternionic space, because it
guarantees that the holonomy acts linearly with respect to the three complex structures Ii3. In
our case, which is k = 1, the group of rotations in R4 is:

SO(4) ' SU(2)+ × SU(2)−
Z2

.

Now consider the adjoint representation of SO(4). As occurs for any SO(2n) group, the adjoint
coincides with the antisymmetric 2-tensor representation. In this space, the antisymmetric Levi-
Civita tensor acts as an involution, implying that the representation splits into a direct sum of two
eigenspaces: the self-dual and the antiself-dual tensors. Self-dual tensors transform in the adjoint
of the SU(2)+ subgroup and are invariant under SU(2)−. Vice versa holds for antiself-dual ten-
sors. In a hyperkähler surface, the Ricci tensor is antiself-dual, or equivalently, the holonomy is
in the factor SU(2)−, and the three Kähler forms ωi (remind that ωi = g(·, Ii·) associated to the
metric g and the complex structures Ii are self-dual. In other words, the ωi form an invariant
subspace under the holonomy group. We shall see that the existence of an SO(3) symmetry act-
ing on the ωi renders deformations and resolutions of ADE singularities essentially equivalent.
By contrast, in the case of Calabi–au threefolds, these two procedures constitute fundamentally
distinct geometric operations.

2The fact thatM is complex implies that the Riemannian metric g is preserved by an integrable almost complex
structure I :

g(u, v) = g(Iu, Iv),∀u, v ∈ TM

. The metric being kähler means that the associated two-form ω is compatible with I , in the sense that g(·, ·) =
ω(·, I·), and ω is symplectic and closed.

3The corresponding Kahler forms de�ne a subspace of the adjoint rep of SO(4k) that is left invariant by Sp(k)
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4.2.1 Resolutions and exceptional spheres

Let X̃ denote the minimal resolution of an ADE singularity:

X̃

↓ π

X

The exceptional locus π−1(0) ∈ X̃ consists of a union of smooth rational curves (namely, curves
isomorphic to the projective line):

E =
r⋃
i=1

Si, Si ' P1,

where r is the rank of the associated ADE Lie algebra. These curves generate the compact ho-
mology

H2(X,Z) ∼= Zr.

The smooth geometry admits r independent harmonic normalizable (or compactly supported)
two forms, and a non-normalizable one ηr+1. 4 One can check that it is always possible to identify
a basis ηi such that:

∫
Sj

ηi = Sj · Si = −αi · αj, (4.9)

where αi · αj is the Cartan matrix of the corresponding ADE Lie algebra. Explicitly,

• Si · Si = −2,

• Si · Sj = 1 if nodes i, j are adjacent in the Dynkin diagram,

• Si · Sj = 0 otherwise.

This identi�es the con�guration of exceptional curves with the Dynkin diagram of the ADE
algebra. Each Si can be identi�ed with the simple root αi. The ηi are naturally associated with
the generators of the Cartan algebra in the Chevalley basis. The only non-normalizable form is

4In this case, each normalizable form is Poincaré dual to a compact divisor, which is one of the Si.
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Poincaré dual to a non-compact divisor Dr+1 such that:

αk · αr+1 =

∫
Sk

ηr+1 = Sk ·Dr+1 = dk, (4.10)

where αr+1 corresponds to the opposite of the highest root, and dk are the Dynkin labels (weights
of the highest root in the coroot basis). 5

4.2.2 Root lattice and hyperkähler structure

As anticipated, from the Kähler metric, one can construct three possible Kähler forms:

ωi = g(v, Iiw), v, w ∈ TM.

For each exceptional sphere Sk, one de�nes the hyperkähler period vector

~ξk =

(∫
Sk

ω1,

∫
Sk

ω2,

∫
Sk

ω3

)
∈ R3. (4.11)

which rotates under the symmetry SU(2)+.

In the complex structure I1, the holomorphic symplectic form is

Ω1 = ω2 + i ω3,

In terms of which one constructs the complex periods:

Tk =

∫
Sk

Ω1 = ξ
(2)
k + iξ

(3)
k = αk(h) ∈ C, h ∈ h. (4.12)

Then, ξ(1)
k is said to be the Kahler volume of the curve Sk, whereas Tk is the complex structure

modulus or holomorphic volume. The last equality implies that the complex variable Tk is in
one-to-one correspondence with the simple root αk, being the eigenvalue or the corresponding
operator eαk

under a generic element h =
∑

i tieii =
∑

k Tkα
∗
k of the Cartan algebra h.6 Kahler

and holomorphic volumes represent resolution and deformation parameters. The former spans
5With Chevalley basis we mean the set hαi

= [eαi
, e−αi

].
6h ∈ h here is written in the basis of the α∗j , de�ned by the condition: αi · α∗j = δij .
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the Kahler cone or Kahler moduli space of the surface. The latter spans the complex structure
moduli space. However, the distinction is essentially an artifact of the choice of complex structure
that we made. In fact, turning on a ξ(1)

k or a Tk has in both cases the e�ect of replacing the
singularity with a 2-cycle. In the next section, we will see where the Tk appear in the context of
deformations.

4.2.3 Semiuniversal Deformations

Another possible presentation of ADE surfaces is in terms of polynomials in C3 :

An : x2 + y2 − zn+1 = 0, (4.13)
Dn : x2 + y2z + zn−1 = 0, (4.14)
E6 : x2 + y3 + z4 = 0, (4.15)
E7 : x2 + y3 + yz3 = 0, (4.16)
E8 : x2 + y3 + z5 = 0. (4.17)

Following the de�nition in 4.8, deformations are performed by adding to the de�ning equation
monomials in the Jacobi algebra:

Rf =
C[x, y, z]

(∂xf, ∂yf, ∂zf)
.

A general versal deformation is de�ned as the zero locus of

Xdef : f(x, y, z) +
r∑

a=1

ua ga(x, y, z) = 0,

where {ga} is a basis of Rf and ua are complex deformation parameters. For ADE singularities,
the dimension of the deformation space equals the rank of the corresponding ADE Lie algebra.
For each ADE X , there is indeed an isomorphism between the deformation space Def(X) and
(the Weyl invariant coordinates on) the Cartan algebra h:

Def(X)↔ h/W , (4.18)

W being the Weyl group.
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There is indeed a choice of generators of Rdef for which the deformed ADE can be written as:

An−1 : x2 + y2 = zn + u2z
n−2 + u3z

n−3 + · · ·+ un−1z + un, (4.19)

Dn : x2 + y2z + z n−1 +
n−1∑
k=1

u2k z
n−1−k + Un y = 0, (4.20)

E6 : x2 + y3 + z4 + u2 yz
2 + u5 yz + u6 z

2 + u8 y + u9 z + u12 = 0, (4.21)
E7 : x2 + y3 + yz3 + u2 z

4 + u6 y
2 + u8 yz + u10 z

2 + u12 y + u14 z + u18 = 0, (4.22)
E8 : x2 + y3 + z5 + u2 yz

3 + u8 yz
2 + u12 z

3 + u14 yz + u18 z
2 + u20 y + u24 z + u30 = 0,

(4.23)

where the complex parametersul are the Casimir invariants of the ADE algebra, of degree deg(ul) =

l with respect to the Weyl group. This identi�cation manifests naturally in the framework of
Grotendieck-Springer resolutions. Before going into it, let us make some important observations:

• The deformation blows up r = rank(g) (non-holomorphic) 2-spheres that intersect with a
pattern given by the Dynkin diagram of the corresponding ADE algebra, where the spheres
are identi�ed with the simple roots of the Lie algebra.7

• By treating the ui’s as coordinates, the equation 4.19 de�nes a spaceXr+2 as an hypersurface
in Cr+3. It has the structure of a �bration, where the �ber is the (deformed) ADE surface
Xdef and the base is the space spanned by ui. At the origin ui = 0, the �ber has the full
ADE singularity, i.e., all the r simple roots have zero size.

• Even though the central �ber is singular, the space Xr+2 is smooth.8 This can be seen by
simply computing the Jacobian of fdef . However, by performing a base change, one can
create a singular space whose resolution blows up a subset of the roots of the central ADE
�ber.

To explain this last point, let us go back to the A1 example. The de�ning equation for the A1

7With an abuse of terminology, we will refer to the shrinking 2-spheres as ‘simple roots’.
8To be precise, not solely the �ber at the origin is singular. There are loci along the base along which some of the

roots have vanishing holomorphic volume. There, the �ber is singular, and the type of singularity is determined by
the subalgebra generated by the roots with vanishing holomorphic volume. Like the singularity of the central �ber,
these are not singularities of the total space.
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singularity is9

uv = z2 . (4.24)

The equation for the family X3 is

uv = z2 + ε ⊂ C4
u,v,z,ε , (4.25)

That is a smooth three-dimensional space. If we make the base change ε = −t2, i.e., we pull-back
the ALE �bration w.r.t. the map

h −→ h/Z2

t 7→ ε = −t2 ,
(4.26)

where h ∼= C for g = A1, we obtain a three-dimensional space with an isolated singularity:

uv = z2 − t2 . (4.27)

This is the well-known Conifold geometry [68, 88, 116–120]. The origin of the family is at t = 0,
where the surface develops an A1 singularity uv = z2. At t 6= 0 the singularity of the surface
is deformed and replaced by a sphere of holomorphic volume α = 2t = T . Notice that the
holomorphic volume of the root is linear in the t coordinate. The holomorphicity ofα as a function
over the base of the �bration is crucial to guarantee the blowup of the corresponding curve in the
resolution. If we invert the base change, we see that the holomorphic volume has a branch cut
α(ε) ∼

√
ε. In other words, the root is a monodromic function. Every time we go around the

origin of the ε plane, the monodromy acts as: α(ε) 7→ −α(ε)10. When we consider the total space
X3, all the geometric data must be holomorphic (equivalently, Weyl-invariant) in the coordinates
of the base. Then, the curve that corresponds to α must be zero in H2(X3,Z). From this point
of view, X3 is the simplest example of monodromic ADE �bration [12]. The conifold is instead a
non-monodromic �bration as its (small) resolution blows up the simple root of A1 in the central
�ber; this is known as a total simultaneous resolution. The family is now �bered over the base h.

Consider a generic ADE algebra of rank r. Analogously to the A1 case, we can make a base

9Derived from 4.13 by a change of variables.
10The monodromy group is the Weyl group that de�nes the quotient h/W
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change by pulling back the ADE family with respect to the map (see [121])

h −→ Bu ≡ h/W
ti 7→ uj = uj(t)

(4.28)

by taking uj’s asW-invariant functions of coordinates ti on h. This resolves all the simple roots
of the ADE algebra in the central �ber. In the new variables, the families can be presented in the
following form:

An : x2 + y2 +
n+1∏
i=1

(z + ti) = 0,
n+1∑
i=1

ti = 0,

Dn : x2 + y2z +

n∏
i=1

(z + t2i )−
n∏
i=1

t2i

z
+ 2y

n∏
i=1

ti = 0,

E6 : x2 + y3 + z4 + ε2yz
2 + ε5yz + ε6z

2 + ε8y + ε9z + ε12 = 0,

E7 : x2 + y3 + yz3 + ε2y
2z + ε6y

2 + ε8yz + ε10z
2 + ε12y + ε14z + ε18 = 0,

E8 : x2 + y3 + z5 + ε2yz
3 + ε8yz

2 + ε12z
3 + ε14yz + ε18z

2 + ε20y + ε24z + ε30 = 0.

(4.29)

The εi are homogeneous polynomials in the ti with deg(εi) = i, invariant under permutations of
the ti [121]. The holomorphic volumes of the roots are all linear in the ti:

An : αi(h) = ti − ti+1, i = 1, . . . , n,

Dn : αi(h) = ti − ti+1, i = 1, . . . , n− 1,

αn(h) = tn−1 + tn,

En : αi(h) = ti − ti+1, i = 1, . . . , n− 1,

αn(h) = −t1 − t2 − t3.

(4.30)

Clearly, when all the ti’s are zero, all volumes are vanishing, and the ALE �ber develops the full
singularity that de�nes the family. However, there are also loci where only part of the roots have
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zero volume. The �bers on such loci are therefore singular. The singularity type depends on the
subalgebra preserved by the subspace of deformations de�ned by each locus. As opposed to the
previous case, where all the singularities in the �bers were not singularities of the total space,
the resolution of the total space of the �bration will replace all of these singularities with the
corresponding patterns of P1 cycles. Let us consider a slightly more complicated example than
the conifold to appreciate this phenomenon.

Total simultaneous resolution of A3

X5(t) : x2 + y2 + (z + t1)(z + t2)(z + t3)(z + t4) = 0,
∑
i

ti = 0 (4.31)

We can identify singular loci of di�erent codimension d:

• d = 3 : ti = 0 ∀ i. Full A3 singularity x2 + y2 + z4 = 0.

• d = 2 : ti = tj = tk = t for i, j, k = 0, 1, 2, 3. There are four distinct loci where the
singularity is A2. With a simple change of variables, X5 can be written as:

x2 + y2 + z3(z − 4t) ∼
z→0

x2 + y2 + az3. (4.32)

• d = 2 : (t1 = t2 = t, t3 = t4 = −t) + permutations. Three loci where the singularity is
A1 × A1:

x2 + y2 + (z + t)2(z − t)2 (4.33)

• d = 1 : ti = tj = t for i, j = 0, 1, 2, 3. There are six loci, one for each positive root, where
the singularity is A1:

k 6= i, j , x2 + y2 + z2(z + tk − t)(z − 3t− tk) ∼
z→0

x2 + y2 + ãz2. (4.34)

All in all, there are six hyperplanes where the �ber develops a singularity with small irreducible
resolution (i.e., the blow-up is just a single rational curve or P1). The intersections between the
hyperplanes form seven distinct lines. Two roots are blown up on each of them. All these lines
intersect only at the origin, where the A3 is fully resolved.

Now we want to consider di�erent choices for the base change, which will make the family
Xr+2 singular, but will lead to di�erent resolution patterns.
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One can de�ne a base change, where

h −→ B% ≡ h/W ′

ti 7→ %k = %k(t),
(4.35)

withW ′ ⊂ W . A choice of simple roots determines this subset of the Weyl group, call them

α1, ..., ακ with κ ≤ r ; (4.36)

W ′ is generated by the re�ections under ακ+1, ..., αr. One can visualize it by coloring the roots
in (4.36). The resolution of the family now blows up only these simple roots in the central �ber.
This is called a partial simultaneous resolution. The base of the �bration, that we call B%, is now
parametrized by the rW ′ invariants %i (i = 1, ..., r). We call these partial casimirs, and they are
symmetric polynomials in the ti that are permuted byW ′. Note thatW ′ is always of the form:
Sl1×· · ·×Slm , with Sl denoting the group of permutations of l elements, and l1, ..., lm the lengths
of the Dynkin subdiagrams delimited by colored nodes.

1

α3

1

α1

1

α2

Figure 4.2: A3 Dynkin diagram. The colored nodes correspond to the obstructed spheres in the
partial simultaneous resolution of the A3 family.

Partial simultaneous resolution of A3 Let us consider a partial simultaneous resolution that
blows up only the central root α2 (see Figure 5.1). In this case:

W ′ = 〈s1, s3〉 ' S2 × S2, (4.37)

where s1 and s3 are the re�ections associated to the simple roots α1 and α3, acting on h as:

s1 : t1 ↔ t2, t3 ↔ t3, t4 ↔ t4

s3 : t1 ↔ t1, t2 ↔ t2, t3 ↔ t4
(4.38)

The ring of polynomial invariants is generated by the symmetric polynomials:

σ1(t1, t2) = t1t2, σ3(t3, t4) = t3t4, σ2(t1, t2) = t1 + t2 = −t3 − t4 (4.39)
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Then, we can pull back X5(u) with respect to the change:

h/W ′ 7→ h/W
(σ1, σ3, σ2) 7→ (u2(σ), u3(σ), u4(σ))

. (4.40)

Which yields:
X ′5(σ) : x2 + y2 = (z2 + σ2z + σ1)(z2 − σ2z + σ3). (4.41)

In order to make the dependence on the holomorphic volumes Ti = ti − ti+1 manifest, we intro-
duce a further change of variables:

σ1 = −%1 + %2
2, σ2 = 2%2, σ3 = −%3 + %2

2. (4.42)

Rewriting 4.41 in terms of the %, we get:11

X ′5(%) : x2 + y2 = ((z + %2)2 − %1)((z − %2)2 − %3). (4.44)

Let us focus on the right-hand side of the equation. As opposed to the previous case (see equa-
tion (4.31)), the polynomial in z is not fully factorizable. The holomorphic volumes of the roots
are monodromic functions:

α1 = ∓2
√
%1 = t1 − t2,

α2 = 2%2 ±
√
%1 ∓

√
%3 = t2 − t3,

α3 = ±2
√
%3 = t3 − t4,

(4.45)

On the quotient B%, di�erent branches that are mapped to each other by elements of W ′ are
identi�ed. We can rewrite the equations for the vanishing loci of the volumes in a holomorphic
way by considering the followingW ′-invariant expressions:

α1 = 0 ↔ α2
1 = 4%1 = 0,

α2 = 0 ↔ (%1 − %3)2 − 8%2
2(%3 + %1) + 16%4

2 = 0,

α3 = 0 ↔ α2
3 = 4%3 = 0,

(4.46)

11In terms of the Ti we have:

%1 = T 2
1 /4, %2 =

T2 − T4
4

, %3 = T 2
3 /4 (4.43)
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The second expression comes from setting α2 to zero:

2%2 ±
√
%1 ∓

√
%3 = 0, (4.47)

and taking the following squares:
(2%2 ±

√
%1)2 = %3,

16%2
2%1 =

(
%3 − %1 − 4%2

2

)2
.

By performing the same manipulations on the expressions for α2 +α1, α2 +α3, α2 +α1 +α3, one
can check that the �nal equation is the same. As we are going to explain, this happens because
these roots are all identi�ed in the quotient overW ′.

We now compare this situation with the previous one, namely, the total simultaneous resolu-
tion of the A3 family. First of all, we notice that the hyperplanes which are connected by Weyl
transformations inW ′ are identi�ed in the quotient. Each hyperplane is associated with a positive
root (or a negative root):

H1 : t1 = t2 ↔ α1 = 0,

H2 : t2 = t3 ↔ α2 = 0,

H3 : t3 = t4 ↔ α3 = 0,

H12 : t1 = t3 ↔ α1 + α2 = 0,

H23 : t2 = t4 ↔ α2 + α3 = 0,

H123 : t4 = t1 ↔ α1 + α2 + α3 = 0,

(4.48)

The subgroup W ′ �xes hyperplanes H1 and H3, while permuting H2,H12,H23,H123.12 In the
quotient, the distinct A1 loci are precisely the expressions in (4.46):

HW ′1 : %1 = 0,

HW ′2 : (%1 − %3)2 − 8%2
2(%3 + %1) + 16%4

2 = 0,

HW ′3 : %3 = 0,

(4.49)

12This implies that H2 ∼ H12 ∼ H23 ∼ H123 (equivalently, α2 ∼ α2 + α1 ∼ α2 + α3 ∼ α1 + α2 + α3) in the
quotient B%.
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The �ber overHW ′1 is:

x2 + y2 =
(
(z + %2)2 − %1

) (
(z − %2)2 − %3

)
∩ %1 = 0 −→

x2 + y2 = (z + %2)2 ((z − %2)2 − %3

)
.

One would expect to �nd an A1 singularity at z = −%2. However, the family is smooth unless
where HW ′1 intersects HW ′2 . The same thing occurs when we look at the locus HW ′3 . In fact,
the only truly singular locus is HW ′2 , which is where the volume of α2 (and all its W ′- images)
vanishes.

Let us analyse what happens on the locusHW ′2 . For simplicity, we focus on the branch %2 = 0

(which automatically implies %1 = %3 ≡ %), so that we can rewrite the equation for the �ber as13:

x2 + y2 =
(
z2 − %

)2
. (4.51)

The singularity is manifestly of type A1 and occurs on the irreducible locus:

x = 0, y = 0, z2 = % (4.52)

Let us conclude with an observation. The volumes of the roots were all monodromic; however,
it is always possible to consider a linear combination that is well de�ned on B% (α2 − α4 = %2).
This is the signal that only one of the 2-cycles generating H2(X) is preserved in H2(X5).

To sum up, the total space of an ADE-family Xr+2 has the �bration structure

X ′def ↪→ X ′r+2 → Xr+2

↓ ↓
B% → Bu,

(4.53)

where X ′def is the deformed ADE surface, expressed in terms of the % coordinates.

This fundamental correspondence between deformations and resolutions provides a frame-

13It is easy to see that the singular locus of the family is given by:

%1 − (z + %2)2 = 0, %3 − (z − %2)2 = 0. (4.50)

The equation forHW′

2 is automatically satis�ed if we impose these two, meaning that the singular locus is contained
inHW′

2 .
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work for the explicit construction of threefolds with terminal singularities—namely, those whose
exceptional loci consist exclusively of curves—and, moreover, yields their crepant resolutions in
a canonical and automatic manner. Starting from the equation for the family of deformed ADE
Xr+2(with total or partial simultaneous resolution), one can obtain a threefold by imposing r− 1

extra conditions on the coordinates.In particular, threefolds with isolated terminal singularities
can be obtained by considering the �bration of deformed surfaces along a curve. The curve is
embedded in the deformation space. Singularities appear where the curve intersects the singular
locus of the family of deformed surfaces. Threefolds that admit this description are known as
compound Du Val points.

4.2.4 Compound Du Val singularities

As we said, compound Du Val threefolds (cDV) come about naturally from the families of de-
formed surfaces we have just described. If we express the coordinates on the Bt base as holomor-
phic functions of a single complex parameter w, and require all of them to vanish when w = 0,
we can rewrite the generic deformed ADE as:

Pg(x, y, z) + wg(x, y, z, w) = 0 (x, y, z, w) ∈ C4. (4.54)

Where Pg(x, y, z) is the ADE singularity associated with the Lie algebra g (in the form of equation
4.13). The vanishing of the second summand at w = 0 ensures that the base-curve intersects the
origin of Bt (or B%, depending on the �bration we are considering), where the full singularity is
developed.

The resolution patterns of these singularities are automatically determined by the way they are
embedded in the family Xr+2 (i.e., by the explicit dependence of the deformation parameters on
the extra coordinate) and by the simultaneous resolutions of the associated ADE surface. Not only
does this direct link to ADE algebras make this class of geometries particularly easy to access, but
it also provides a way of classifying all terminal singularities in three dimensions. In the following
paragraph, we will get an intuition of why this happens.

Having constructed explicit classes of singular geometries, we now place them within the
more general classi�cation program of canonical threefold singularities, which will be relevant
for the physics of geometric engineering setups.
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4.3 Classi�cation of threefold singularities

When dealing with complex two-dimensional varieties, a theorem by Reid [53] proves that all
singularities14 with crepant minimal resolution 15 are of Du Val type (ADE singularities). However,
in higher dimensions, it is much more di�cult, if not impossible, to provide a full list of the
singularities that admit a crepant resolution. Most often, even when such a resolution exists, it
is not at all clear how to construct it in practice. The most relevant attempts to provide such a
classi�cation fall in the so-called Minimal Model Program (MMP). Even though it did not provide
a full classi�cation, the program, proposed by Reid in the eighties [53] and generalised by Mori
[122], captured a series of important properties of singularities in 3 dimensions. Here, we only
mention the main results.

In [53], Reid introduces the concept of canonical singularity to distinguish between singular-
ities which are too severe to be resolved crepantly and those which are mild enough.

De�nition 4.3.1 (Canonical singularity). A singularity X of dimension ≥ 2 is canonical if:

• X is Q-Gorenstein (KX is Q-Cartier)16

• For any partial resolution f : Y → X , we have: KY = f ∗KX +
∑

i ai(X,Ei)Ei, ai ≥ 0

In particular, f is crepant if:
ai = 0 ∀ i (4.56)

. Here, KX and KY are the canonical divisors of X and Y . The ai are rational coe�cients and are
known as discrepancies. Each Ei is an exceptional divisor extracted in Y . Intuitively, we can see
that negative ai are bad because whenever a divisor introduces a relative discrepancy with respect
to X that is negative, the uplift to Y of the holomorphic volume form develops a singularity on
that divisor. As anticipated, all surface singularities with a full crepant resolution are Du Val.
Indeed, they are canonical and Gorenstein (or index one singularities). For a canonical threefold,

14We will always tacitly assume normality for any variety we will be considering.
15A minimal resolution of a surface singularity X is a resolution map:

π : Y → X (4.55)

, such that Y is smooth and does not contain (−1)-curves (namely, curves which can be contracted to a smooth
point).

16A Weyl divisor D is Q-Cartier if mD is Cartier for some m ∈ N.
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the existence of a full crepant resolution is not always granted. What is ensured, though, and
this is the scope of MMP, is that a partial crepant resolution exists. Partial here means that the
resolved space may still have singularities somewhere, but of a milder nature. These are called
terminal singularities:

De�nition 4.3.2 (Terminal singularity). A singularity X of dimension ≥ 2 is terminal if: X is
canonical with ai(X,Ei) ≥ 0 ∀ i.

This automatically implies that either the resolution is totally discrepant (there are no crepant
divisors), or Y (the resolved variety) andX are isomorphic in codimension 1. In the latter case, the
two varieties are isomorphic up to subsets of codimension ≥ 2. In other words, the exceptional
locus of the resolution contains at most rational curves. These are the so-called small resolutions.
By de�nition, for a terminal singularity, the only crepant (partial and total) resolutions are small.
As it turns out, the condition de�ning terminal singularities is strong enough to allow for a clas-
si�cation. Indeed, it is a Theorem by Reid that terminal Gorenstein threefold singularities are all
compound Du Val points (terminal Q-Gorenstein singularities are some speci�c cyclic quotients
of cDV classi�ed by Mori [123].

To sum up, for a variety X of complex dimension 3, we have:

X canonical ⇒ Partial crepant resolution exists, and it’s called minimal model over X (MM)17

X terminal and Gorenstein ⇒ X isolated cDV with small simultaneous resolution
(4.57)

A couple of comments are in order. First, in both cases, the resolution is not unique. Reid suggests
that all the possible minimal models over a canonical variety X should be connected by elemen-
tary transformations. These transformations are called �ops (see Appendix A.2.5). A �op is a
modi�cation of the geometry that only acts on a speci�c curve. Consider two varieties Y and Y +

that map to a singular variety X through the contraction of a curve C and C+. Then, a �op is
the birational map between Y and Y +, obtained by contracting C in Y and blowing up C+ in X
(the inverse operation is also a �op). The map is constructed in such a way that Y \C ' Y +\C+

(namely, it is an isomorphism in codimension 1).

Second, even though an MM overX exists for anyX canonical, it is often very hard to produce
the explicit map to it. From the physics perspective, canonical isolated singularities play a partic-
ularly important role in the context of geometric engineering, where they provide the geometric
input used to de�ne �ve-dimensional superconformal �eld theories (5d SCFTs). In this frame-
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work, M-theory compacti�ed on a Calabi–Yau threefold with a canonical singularity can give
rise to an interacting superconformal �xed point in �ve dimensions. It is widely believed that
every canonical singularity de�nes a well-behaved 5d SCFT �xed point [44]. We will present an
overview of this connection in the second part of the thesis. For the present discussion, we simply
emphasize that the classi�cation of canonical singularities closely parallels the physics program
of classifying 5d superconformal �xed points, which so far have only been realized through such
geometric constructions.

The examples of (CY3) isolated canonical singularities that have been analyzed in this context
are mostly of the following kind:

• Hypersurface singularities in C4 [14, 91]

• Quotients of C3, C3/G with G discrete and G ⊂ SL(3,C) [124]

• cDV and Q-Gorenstein quotients of cDV [19, 26, 97]

• Toric canonical threefolds [101, 102]

In this thesis, we focus exclusively on the cDV family, which provides an ideal framework for
uncovering new correspondences between geometry and gauge theories. This setting allows us
to capture physical phenomena that are not reproduced in toric constructions and, to our knowl-
edge, have not been observed in other non-toric frameworks. A key technical advantage of cDV
singularities is their particularly transparent connection with Lie algebra theory, which allows
many of their properties to be derived constructively and interpreted naturally from a physical
perspective. The examples we analyze in detail mainly belong to the subclass of Simple Flops.
These may be regarded as the simplest families within the cDV class—the conifold providing the
only toric example—and therefore constitute the most natural and controlled starting point for
our analysis. We now turn to their de�nition.

4.3.1 Simple �op classi�cation

The term simple threefold �op indicates a geometry whose crepant resolution is small and con-
tains a single irreducible rational curve. Such a curve can be �opped, in the sense that there exists
a sequence of birational morphisms (�op) that contracts the curve and blows up a di�erent curve
in such a way that the canonical bundle of the variety remains invariant. A remarkable fact is
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that any geometry of this kind can be explicitly realized as a �bration of deformed ADE surfaces
over a curve [19].

A �rst coarse classi�cation was proposed by Reid by examining the normal bundle of the
exceptional curve. Let

π : Y → X,

be a small crepant contraction of a smooth threefold Y contracting a curve

C ' P1.

Since Y is Calabi-Yau in a neighbourhood of the contraction, the adjunction formula implies that

degNC/Y = −2.

Consequently, the possible splitting types of the normal bundle are

NC/Y ' O(−1)⊕O(−1), O(0)⊕O(−2), O(1)⊕O(−3).

These three possibilities provide a �rst rough classi�cation of simple threefold �ops according to
the geometry of the exceptional curve.

This classi�cation was later re�ned by the introduction of the length invariant, de�ned by Kol-
lár [125] and used in the systematic study of threefold �ops by Katz [121]. The length ` measures
roughly the multiplicity of the exceptional curve in the resolution and takes six possible values18

` = 1, . . . , 6.

Remarkably, this invariant admits a natural group-theoretical interpretation within the frame-
work of ADE Lie algebras, where it is identi�ed with one of the Dynkin labels of the ADE diagram.

Such a classi�cation was given in [121]. The length classi�cation is accompanied by a con-
struction producing what is known as the universal �op of length ` [17]. This is the total space of

18More rigorously it is de�ned by
π−1(Op) = O⊕`Sp

(4.58)

where π denotes the contraction map, Op the skyscraper sheaf at the singularity p and OSp
the structure sheaf of

the exceptional cycle Sp.
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a family of deformed ADE surface singularities of types

A1, D4, E6, E7, E8,

and has complex dimension r + 2, where r is the rank of the associated ADE Lie algebra.

These are nothing but subcases of the general framework of ADE families with partial si-
multaneous resolution that we introduced in 4. As we showed, these spaces can be described as
�brations whose base is the space of deformation parameters (collectively denoted by %), while
the �ber is the corresponding deformed ADE surface. At the origin of the parameter space, the
surface displays the full ADE singularity, while at a generic point of the base, the surface becomes
smooth. At certain loci in the parameter space, the �ber still develops a singularity governed by
a subalgebra of the initial ADE algebra.

In 4 we also observed that the singularity of the �ber does not necessarily imply a singularity
of the total space Xr+2 of the family. However, the latter often harbors singularities of its own,
which can sometimes be resolved. In particular, at the origin, the resolution ofXr+2 may not fully
resolve the �ber surface but instead blows up only a subset of the two-spheres that shrink at the
ADE singularity. This procedure is the partial simultaneous resolution.

Any threefold �op of length ` can be constructed via a map to the universal �op of length `. In
this work we focus on the cases ` = 1, 2. The known examples of threefold �ops of length ` = 1

include the conifold and Reid’s pagoda [126]. Prominent examples of ` = 2 threefold �ops are the
Laufer [127] and Morrison–Pinkham [128] geometries, as well as the more recent Brown–Wemyss
threefold [129].

Let us now describe the speci�c class of ADE �brations that corresponds to universal �ops.

4.3.2 Universal Flops

As we said, universal �ops are classi�ed by the possible lengths ` ∈ {1, . . . , 6}. Namely, for each
length `, there exists a universal �op

π` : Y` → X`,

which parametrises all simple �ops of that length.
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The geometry of the universal �op is governed by the Cartan data of a Dynkin diagram. In fact,
each universal �op is naturally associated with a Du Val surface. A generic hyperplane section of
X` is a deformed ADE. Which ADE this is depends on the length. Length 1 is An, length 2 Dn,
length 3, 4, 5, 6 can have E6, E7, E8. Now, let Γ denote the a�ne Dynkin diagram of type A, D,
or E and let hΓ be the corresponding Cartan subalgebra. The universal �op X` is a �bration over
a base space

H` = hΓ/WC .

WhereWC is a subgroup of the ADE Weyl groupWΓ.WC is generated by the simple re�ections
associated with the Levi subdiagram ΓC obtained by deleting a distinguished vertex from Γ. This
vertex is represented by the coloured node in the Dynkin diagram. Geometrically, it corresponds
to the root whose dual element α∗ ∈ hΓ determines the curve that is contracted in the simultane-
ous resolution of the surface singularity. The Dynkin label of the colored node is the length of the
�op. The coordinates along H` are the Casimir invariants of the Levi subalgebra associated with
ΓC . In the following section, we introduce a method to reconstruct the crepant resolutions asso-
ciated with universal �ops starting from the total simultaneous resolution of the ADE families.
Recall that the total Simultaneous resolution corresponds to the deformation of the ADE surface
singularity in which all exceptional curves in the singular �bres are blown up.

The construction we review is formulated in the language of quiver path algebras. This per-
spective provides an explicit description of the resolution in terms of noncommutative algebras,
known as NCCR (noncommutative crepant resolution). In this framework, the geometry of the
resolution is naturally encoded in the representation theory of a quiver with relations.

Reviewing this construction will allow us to connect in a precise way the quiver structures
that appear in the physics description of D3-branes probing ALE spaces (discussed in Section 2)
with the geometric framework of crepant resolutions of singularities.

4.3.3 Quivers and Universal Flopping Algebras

A quiver Q is essentially a collection of nodes and oriented links (arrows) between them. The
composition of the arrows, which has to follow their orientation, de�nes a product. The product
allows us to de�ne paths of varying length along the graph of the quiver. The set of paths de�nes
an algebra, the quiver path algebra, AQ. For a more complete de�nition of quivers, see Appendix
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D.

This object naturally arises in the context of minimal resolutions of ADE surface singularities.
We have seen how McKay correspondence relates the a�ne ADE Dynkin diagrams and the geom-
etry of the resolution. Moreover, we have seen how fractional D3-branes (equivalently, wrapped
D5-branes) generate a gauge theory, graphically encoded in a doubled Dynkin quiver QΓ (see
Figure 4.3)

1 2 3 · · · r

r + 1

a1

a∗1

ar−1

a∗r−1

ar

a∗r

ar+1

a∗r+1

Figure 4.3: Doubled a�ne Dynkin quiver of Ar

The associated algebra is the preprojective algebra

AΓ = HΓQΓ/〈
∑
a∈QΓ

[a, a∗]−
r+1∑
i=1

Tiei〉, HΓ = C[T1, ..., Tr+1]/〈
∑
i

diTi〉. (4.59)

Here the coordinate ring HΓ describes the space of complex deformations of the ADE surface.
The Ti are coordinates along hΓ. The ei factors are idempotents associated with each node of the
quiver, namely loops satisfying:

eiej = 0 for i 6= j, e2
i = ei,

r+1∑
i=1

ei = 1. (4.60)

Finally, r is the rank of the ADE Lie algebra, and the di are the Dynkin labels.

The universal �opping algebras are then obtained by suitable contractions and base changes
of these preprojective algebras, re�ecting the passage from the total simultaneous resolution to
the partial resolutions [18, 130].

Universal �opping algebras A` provide noncommutative crepant resolutions for universal
�ops. For an introduction to NCCR and its relation with quiver path algebras, we refer to [54].
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The two small resolutions of the universal �op can be recovered as moduli spaces of repre-
sentations ofA` with opposite stability conditions. The universal �opping algebra is constructed
from AΓ through the following operations.

1. Idempotent contraction. Let C denote the set consisting of the a�ne vertex and the
coloured vertex of the Dynkin diagram, and de�ne the idempotent

eC =
∑
i∈C

ei.

The corner algebra
eCAΓeC ,

contract the remaining vertices of the diagram. Algebraically, paths that pass through the
removed vertices, and become composite arrows between the two retained vertices.

2. Invariant base. The Weyl subgroup WC acts naturally on the Cartan parameter ring HΓ.
The base of the universal �op is obtained by passing to the invariant ring

H` = HWC
Γ .

3. Base change. The universal �opping algebra is obtained by replacing the Cartan parame-
ters with their invariant combinations:

A` ∼= eCAΓeC ⊗HΓ
H`.

The resulting algebra will be a quiver with relations. The quiver typically has two vertices,
while its arrows arise from paths in the Dynkin quiver that travel through the contracted ver-
tices. The relations are inherited from the preprojective relations after contraction and invariant-
theoretic reduction.

This construction also provides a uniform procedure for obtaining the path algebras associated
with all simple threefold �ops of Dynkin typesAn,Dn, andE6,E7,E8. Given a universal �opping
algebra of length `, the path algebra for a threefold �op of the same length is given by a change
of base in the ring of Casimir invariants HWC

Γ .
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example: AA3 → A1 To be more explicit, we show here an example of the technique em-
ployed in [130] to derive universal �opping algebras from the preprojective algebras describing
the resolutions of the deformed ADE families. We want to derive the noncommutative resolution
of a family of deformed A3 surfaces that admits only simple �ops. We already discussed this case,
although from a di�erent perspective in 4.2.3. This is not the universal family of length 1 �ops
as was de�ned in [130], but it will be an instructive example for the physical derivation of simple
�ops of Chapter 6.

1 2 3

4

Figure 4.4: Doubled a�ne Dynkin diagram for A3.

Let Q = Ã3 be the a�ne A3 quiver with vertices 1, 2, 3, 4 (see Figure 4.4) and arrows

a4 : 4→ 1, a1 : 1→ 2, a2 : 2→ 3, a3 : 3→ 4,

together with reverse arrows

a∗4 : 1→ 4, a∗1 : 2→ 1, a∗2 : 3→ 2, a∗3 : 4→ 3.

The preprojective algebra associated with the deformed A3 family is

AÃ3
= HQ

/(∑
a∈Q

[a, a∗]−
4∑
i=1

Tiei

)
, H = C[T1, ..., T4]/(

∑
i

Ti)

equivalently with vertex relations

a∗4a4 − a3a
∗
3 = T4e4,

a∗1a1 − a4a
∗
4 = T1e1,

a∗2a2 − a1a
∗
1 = T2e2,

a∗3a3 − a2a
∗
2 = T3e3.

This path algebra describes the total simultaneous resolution of the family of deformedA3 surfaces
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4.31. Our goal is to obtain a partial simultaneous resolution that blows up a single 2-cycle. Assume
that we want to obstruct the blow-up of all the simple roots but α2. Then, the subset of nodes in
Q that we need to preserve is C = {4, 2}.

Let us consider the idempotent
eC = e4 + e2.

Now, we proceed in steps

Step 1: Contracting to opposite vertices.

We contract to the corner algebra

AC = eCAÃ3
eC .

Keeping the opposite vertices 4 and 2, there are exactly two length-two paths from 4 to 2:

α1 := a1a4, α2 := a∗2a
∗
3,

and two length-two paths from 2 to 4:

β2 := a∗4a
∗
1, β1 := a3a2.

Then, we have two length-one loops at node 4:

γ4 := a∗4a4, γ3 := a3a
∗
3,

And two at node 2:
γ2 := a∗2a2, γ1 := a1a

∗
1,

These are not independent, due to the vertex relations at nodes 4 and 2, which we can rewrite as:

γ1 = γ2 − T2e2, γ3 = γ4 − T4e4,

Now, we contract the vertex relation at node 1 with a∗4 and a∗1 from the left and a4, a1 from
the right:

− α1β2 + γ2
1 = T1γ1, β2α1 − γ2

4 = T4γ4. (4.61)
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Similarly, we contract the relation at node 3 with a2 and a3 from the left and {a∗2, a∗3} from the
right:

α2β1 − γ2
2 = T3γ2, −β1α2 + γ2

3 = T3γ3. (4.62)

Finally, contracting the same relations with {a4, a
∗
1} and {a2, a

∗
3} from the right and {a1, a

∗
4},

{a∗2, a3} from the left, we obtain relations between the paths from 4 to 2 and from 2 to 4:

γ1α1 − α1γ4 = T1α1,

γ3β1 − β1γ2 = T3β2,

α2γ3 − γ2α2 = T3α2,

β2γ1 − γ4β2 = T1β1,

Eliminating γ1 and γ3 we have:

γ2αi − αiγ4 = (T1 + T2)αi,

βiγ2 − γ4βi = (T1 + T2)βi,
(4.63)

In Figure 4.6 we can see the quiver resulting from the contraction.

4 2

α1

α2

γ4

β1

β2

γ2

Figure 4.5: Quiver of the contracted algebra eCAÃ3
eC .

Step 2: WC-Invariant coordinates. In order to produce a simple �op �bration we have to
make a change of coordinates along the base:

h 7→ h/WC (4.64)

WhereWC is the Weyl subgroup generated by the simple re�ections: s1, s3. The action of s1, s3

on the Ti coordinates is:

s1 : T1 ↔ −T1, T2 ↔ T2 + T1, T3 ↔ T3, T4 ↔ T4 + T1,

s3 : T1 ↔ T1, T2 ↔ T2 + T3, T3 ↔ −T3, T4 ↔ T4 + T3,
(4.65)
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A convenient choice of invariants is the one we did in 4.42:

%1 =
T 2

1

4
, %3 =

T 2
3

4
, %2 =

T2 − T4

4
. (4.66)

In order to express all relations in terms of these invariants we make a shift:

γ4 −→ γ4 − T1/2, γ2 −→ γ2 − T3/2. (4.67)

Then, the paths in 4.68 become:

γ2αi − αiγ4 = 2%2αi,

βiγ2 − γ4βi = 2%2βi,
(4.68)

While 4.61 and 4.62 yield:
α1β2 = (γ2 − 2%2)2 − %1e2,

β2α1 = γ2
4 − %1e4 ,

α2β1 = γ2
2 − %3e2 ,

β1α2 = (γ4 + 2%2)2 − %3e4,

(4.69)

Step 3: Comparison with the universal �opping algebra of length 1. So far, the path
algebra describes the family of deformed A3 surfaces with simple �op, which is a �bration over a
three-dimensional base. According to the de�nition given by [130], the universal �opping algebra
of length 1 is instead a �bration of deformed A1 surfaces over its space of versal deformations.
Such a family corresponds to the total simultaneous resolution of A1, which blows up the single
P1 of the singular �ber. The path algebra is de�ned in the following way

A1
∼= HA1〈e2, e1, a2, a1, a

∗
2, a
∗
1〉
/(a2a

∗
2 − a∗1a1 = g1e1,

a1a
∗
1 − a∗2a2 = g2e2

)
. (4.70)

With a2, a
∗
1 ∈ e1Ae2, a∗2, a1 ∈ e2Ae1, and HA1 = C[g1, g2]/(g1 + g2).

Clearly, the two path algebras are not isomorphic. However, there is a class of simple threefold
�ops which maps to both. This is the Reid Pagoda, a geometry that will be a protagonist in the
construction of the next chapters.
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1 2

a1
a∗2

a∗1

a2

Figure 4.6: Quiver for the universal �op of length 1.

4.3.4 NCCR for Simple �ops: The Reid Pagoda

The singular geometry is de�ned by the equation:

fk : x2 + y2 + z2 − w2k = 0, (x, y, z, w) ∈ C4. (4.71)

In this example k = 2. From the equation we can see that the geometry has the structure of a �-
bration of deformedA1 singularities over thew plane, and of a deformedA2k−1 along z. Adopting
the �rst interpretation the total space appears as the collision of k conifold points:

x2+y2 = (z+(w−a1)(w−a2) · · · (w−ak))(z−(w−a1)(w−a2) · · · (w−ak)), ai → 0 ∀i. (4.72)

With the second, this is a monodromic �bration of A2k−1 over the z-plane, in the sense that the
volumes of the exceptional P1’s are monodromic functions of the variable z. In this speci�c case,
monodromies obstruct the blow up of all the 2-cycles but one.

Let us see how to derive the resolution from AC and A1.

NCCR of the Reid Pagoda from AC .

Going back to the discussion we did in 4.2.3, we can see that the locus: %1 + %3 = 0, %2 = 0

intersects the singular locus of the A3 family in 4.46 only at the origin: %1 = %2 = %3 = 0.

So, projecting on this subspace:

HC → H̃C = C[%1, %2, %3, t]/(%1 + t, %3 − t, %2), (4.73)

AC → ÃC = AC ⊗HC
H̃C . (4.74)
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Relations in 4.69 reduce to:
α1β2 − α2β1 = 2te2,

β1α2 − β2α1 = −2te4,

α2β1 + α1β2 = γ2
2 ,

β1α2 + β2α1 = γ2
4 ,

γ2αi − αiγ4 = 0,

βiγ2 − γ4βi = 0.

(4.75)

The last two relations imply that the element γ = γ2 ⊕ γ4 is central. Moreover, we interpret t as
a central element. Since it depends linearly on other length 2 loops, we can remove it.19 We can
thus, rewrite the ideal of relations as:

α2β1 + α1β2 = γ2e2,

β1α2 + β2α1 = γ2e4,

[z, αi] = 0,

[z, βi] = 0.

(4.77)

The coordinate ring of the singular threefold R = C[x, y, z, w]/(f2) is (ismorphic to) the
center of the path algebra Z(ÃC) ' e4ÃCe4 [130]. So, we have:

U ≡ β1α1, V ≡ β2α2,
W 2 + Z

2
≡ β1α2, W = γ, (4.78)

UV = β1α1β2α2 = (γ2 − β1α2)β1α2 =
(W 2 + Z)

2

(W 2 − Z)

2
. (4.79)

Setting
U =

X + iY

2
, V =

X − iY
2

(4.80)

we recover 4.71. The quiver of this path algebra is still the one in Figure 4.5.

NCCR of the Reid Pagoda from A1.

19Promoting a deformation parameter to an element of the center of the path algebra requires adding relations
that impose the vanishing of commutators with all the independent paths in the algebra. In this case, we should add
relations of the form:

[te2 + te4, αi] = 0, [te2 + te4, βi] = 0 (4.76)

However, all these turn out to be redundant.
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Let us go back to the de�nition in 4.70. In particular, the relations read:

a2a
∗
2 − a∗1a1 = ge1,

a1a
∗
1 − a∗2a2 = −ge2.

(4.81)

Where we set g1 = −g2 = g. First, we perform a change of coordinates:

w 7→ g(w) = w2 (4.82)

Now, we want to promote the deformation parameter w to a central element of the path alge-
bra:

w 7→ w1e1 + w2e2, [w, a] = 0, ∀a ∈ Q (4.83)

Then, for convenience, we rename our paths:

a1 → α1, a∗2 → α2, a2 → β1, a∗1 → β2. (4.84)

Thus, our relations become:
β1α2 − β2α1 = w2

1e1,

α1β2 − α2β1 = w2
2e2,

αiw1 = w2αi,

βiw2 = w1βi.

(4.85)

The variables wi are now loops in the quiver, which turns into the one of Figure 4.5. The algebra
is isomorphic to the one we found in 4.3.4.

example: AA2k+1
→ A1 The generalization is straightforward and leads to the path algebra

de�ned by the quiver in Figure 4.7

2k + 2 k + 1

α1

α2

γ2k+2

β1

β2

γk+1

Figure 4.7: Quiver of the contracted algebra eCAÃ2k+1
eC , with eC = ek+1 + e2k+2.
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With the relations:
α1β2 − α2β1 = 2tek+1,

β1α2 − β2α1 = −2te2k+2,

α2β1 + α1β2 = (γk+1)k+1,

β1α2 + β2α1 = (γ2k+2)k+1,

γk+1αi − αiγ2k+2 = 0,

βiγk+1 − γ2k+2βi = 0.

(4.86)

Following the reasoning of the previous paragraph, one can obtain the path algebra for the
Pagoda with k generic.
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Part II

3d Quiver Gauge Theories, 5d SCFTs and

Canonical Singularities: towards a

systematic extension of the toric

paradigm
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Chapter 5

A D2-brane view on Universal Flops

In the previous part of this thesis we reviewed how con�gurations of D6-branes in Type IIA string
theory, described by a background Higgs �eld pro�le, provide a powerful framework for engineer-
ing families of ADE singularities in M-theory. This Higgs vev construction o�ers a particularly
explicit and physically grounded realization of geometric backgrounds that are not easily accessi-
ble through the standard techniques of toric geometry. In this sense, it provides a complementary
perspective on geometric engineering, allowing one to explore classes of Calabi–Yau singularities
that lie beyond the toric regime.

At the same time, this point of view reveals subtleties in the relation between geometry and
�eld theory that are not yet fully understood. In particular, the Higgs �eld description contains
information that is not completely captured by the holomorphic structure of the associated ge-
ometry. As discussed in the introduction, con�gurations such as T-branes provide a striking il-
lustration of this phenomenon. In these backgrounds, the holomorphic equation describing the
singularity remains unchanged, while the physical vacuum of the theory is nevertheless modi-
�ed in a substantial way. From the geometric perspective, this manifests itself as an obstruction
to resolving the singularity: certain Kähler moduli are frozen to zero despite the absence of any
apparent obstruction in the complex structure description. T-brane backgrounds have also been
analyzed in the context of brane webs and incorporated in the framework of Generalized Toric
Polygons [14].1

1GTPs are the only example of non-toric brane webs that have been realized so far. Therefore, an interesting
question is whether cDV could be described by brane webs with white dots.
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In the introductory sections, we have seen how this obstruction to resolving the singularity
manifests itself in the context of non-trivial ADE �brations. In particular, when one turns on a
non-constant Higgs vev that is not holomorphically diagonalizable along the base of the �bration
and reduces to a T-brane pro�le at the origin, the resulting geometry develops a characteristic
obstruction to blowing up certain cycles in the singular �bers. Physically, this obstruction is
tied to a monodromy of the associated holomorphic volumes when regarded as functions of the
base coordinate. As one moves around the origin in the base, the periods of the vanishing cycles
undergo a non-trivial monodromy, preventing a global choice of resolution compatible with the
�bration. As discussed in the previous sections, such monodromic ADE �brations are examples
of compound Du Val singularities, which arise naturally as three-dimensional complex subspaces
of the families of deformed ADE surfaces with partial simultaneous resolution 4.3.1. In 1.3 we
reviewed how D2-brane probes o�er a way to detect the presence of a T-brane background. The
T-brane produces a magnetic monopole deformation on the worldvolume of theD2, and its e�ect
can be reconstructed from the 3d mirror theory. It is then natural to ask whether the monodromic
structure of the Higgs background can be similarly captured by deformations induced on the
probe.

In this work, we exploit this probe perspective by analyzing the three-dimensional theory
living on a D2-brane probing an ADE surface in the presence of a background Higgs �eld Φ. In
this chapter, we will focus on constant Higgs �eld backgrounds, to prepare the ground for the
non-constant monodromic cases discussed in 6. The introduction of Φ induces a deformation of
the superpotential of the D2-brane worldvolume theory that, in many interesting cases, includes
monopole operators. These monopole deformations play a crucial role in determining the infrared
dynamics of the theory but are notoriously di�cult to treat because of their non-perturbative
nature. The techniques that we have introduced in Section 2.2 to analyze their e�ects in the
IR were mostly developed by [35, 37, 77]. Applying these methods, we are able to determine the
quiver and the superpotential of an e�ective three-dimensional theory that is valid for every value
of the deformation parameters %.2 As the parameters % are varied, the three-dimensional theory
and its moduli space change accordingly. In this way one obtains a family of three-dimensional
gauge theories whose moduli spaces contain a geometric branch isomorphic to the corresponding
deformed ADE surface. By �bering this branch over the deformation parameter space %, the full
family of deformed ADE surfaces is reconstructed. This perspective provides a powerful tool for
studying families of deformed ADE singularities, particularly in the context of universal �ops.

2For a given value of % there may still exist additional massive states that can be integrated out. The relevance of
our IR theory is that we have already integrated out the �elds that are massive for all values of %.
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The quiver describing the three-dimensional theories in the family is related to the original
quiver associated with the Dynkin diagram through operations such as node removal and arrow
condensation, governed by the monopole deformation. Restricting to the maps that reproduce the
deformed Higgs branches and consistently setting the others to zero, one obtains a quiver and a
set of relations whose representation space reproduces the ADE family. These data match those
obtained in [131] and reviewed in 4.3.3, where universal �ops were constructed by determining
the contraction algebra [132] through operations on the quiver closely related to those appearing
in the present analysis. In particular, for the �op of length 2 we reproduce the universal �opping
algebra of length 2 derived in [131].3

The three-dimensional gauge theory framework not only reconstructs the total space Xr+2

but also faithfully reproduces its singularities. These singularities arise in speci�c regions of the
deformation parameter space and appear in the probe description as additional branches of the
moduli space. For generic values of % the moduli space contains a single branch corresponding to
the deformed Higgs branch inherited from the undeformed theory. At special loci in parameter
space, however, new branches emerge, signaling that the �ber of the family becomes singular at
those points. These �ber singularities coincide with singularities in the total spaceXr+2 when the
simultaneous resolution of Xr+2 blows up spheres that are shrunk in the singular surface. In the
probe description, the sizes of the blown-up spheres correspond to Fayet–Iliopoulos parameters
of the e�ective three-dimensional theory. At the points % where additional branches appear, the
U(1) gauge factor associated with the FI term may or may not be broken; if it remains unbroken,
the simultaneous resolution occurs, meaning that Xr+2 is actually singular at those points.

Finally, the ADE families can be used to construct Calabi-Yau threefolds relevant for M-theory
and Type IIA compacti�cations. In particular, starting from the universal �op X6 of length ` =

2 and allowing the parameters % to depend on a single complex coordinate, one obtains the
Morrison–Park threefold [133]. Compactifying M-theory or Type IIA string theory on this space
gives rise to M2/D2 states with both charge 1 and 2 under a given U(1) gauge symmetry, a fea-
ture that has been extensively exploited in the F-theory literature. Finally, we show how the
monopole operators of the e�ective three-dimensional theory associated with X6 can be used to
extract information about the charges of M2/D2 states in compacti�cations on Calabi-Yau three-
folds constructed from this geometry.

3The algorithm used in [131] to obtain the contraction of the quiver and the relations for the ADE families was
already introduced in [12] from a more physical perspective. In that approach the parameters % are allowed to depend
on an additional �eld, making it possible to encode the relations of the family into a four-dimensional superpotential
describing D3-branes probing Calabi–Yau threefold singularities in Type IIB string theory.
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In this chapter, we provide a detailed analysis of the e�ective three-dimensional theories de-
scribing the universal �ops of length 1 and 2, successfully reproducing their known geometric
structures. The more intricate cases with ` > 2 are left for future investigation.

The chapter is organized as follows. in Section 5.1 we analyze the e�ect of turning on a back-
ground for Φ and construct the universal �op of length 1 from a family of deformed A1 singular-
ities with simultaneous resolution; we also study the e�ective theory associated with a speci�c
A3 family in preparation for the more intricate ` = 2 case. Section 5.2 presents our main result,
where the universal �op of length 2 and its geometric properties are derived from the family of
three-dimensional theories obtained through monopole deformation of the D2-brane probe of a
D4 singularity.

5.1 D2-branes and families of ADE surfaces

We now switch on a vev for Φ. This will deform the worldvolume theory of the D2-brane as it is
now probing a di�erent background (deformed by non-zero Φ).

5.1.1 A1-family from D2-branes and universal �op of length 1

We start again considering the A1 case studied in Section 2.2.3.

On the Theory A side, the e�ect of a non-zero vev for Φ is straightforward to understand, as Φ

is the complex adjoint scalar living on the worldvolume of a stack of two D6-branes. This induces
the following superpotential deformation on the worldvolume of the probing D2-brane:

δWA = TrΦM with Mij = QiQ̃j , (5.1)

that is a mass term for some �avors.

Applying the mirror maps to (5.1), one obtains the superpotential deformation induced by
Φ in Theory B. We notice that when the matrix Φ has o�-diagonal elements, the trace in (5.1)
involves operators QiQ̃j with i 6= j that are mapped by mirror symmetry to monopole operators
(see (2.19)). Hence, in this case δWB includes these non-elementary operators. In order to deal
with monopole superpotentials, we follow the procedure in [35, 37, 77]: one maps the 3d theory
with monopole superpotential to a dual 3d theory with a superpotential that depends only on
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elementary �elds. We now work in Theory B. In the A1 example, a non-zero vev for Φ generates
the deformation

δWB = Tr
[

Φ(%)

(
φ1 − φ2 w+

w− φ2 − φ1

)]
. (5.2)

We two choices of Φ:

Φ(t) =

(
t 0

0 −t

)
, Φ(µ) =

(
0 1

µ 0

)
(5.3)

The diagonal one is the Φ corresponding to the universal �op of length one; the other will be
important for addressing the more complicated cases discussed in the upcoming sections.

• Case 1:
δWB = 2t(φ1 − φ2).

This is a complex FI term. The Higgs branch of the moduli space is simply deformed to

uv = z2 − t2

in terms of the gauge invariant variables u = q1q2, v = q̃1q̃2 and z = q1q̃1 + t. This is the
expression for the A1 family with simultaneous resolution, i.e. the universal �op of length
one.

Let us check the presence of other branches allowed by the F-terms: When t 6= 0 the U(1)

gauge group of the 3d theory is broken and the HB is the only branch of the theory. At
t = 0, a new branch arises, i.e. the CB with geometry C2/Z2; moreover, along this branch
the U(1) gauge group is unbroken.

• Case 2:
δWB = w− + µw+. (5.4)

This superpotential depends on monopole operators. We go to the mirror theory, where the
deformed superpotential is

W def
A = ϕ(Q1Q̃1 +Q2Q̃2) +Q2Q̃1 + µQ1Q̃2 (5.5)

The deformations are now simple mass terms. Since we want to obtain the moduli space
for each value of the parameter µ, we integrate only the �elds that are massive ∀µ, i.e. in
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this case Q2 and Q̃1. After doing this, one obtains an N = 2 3d4 U(1) gauge theory with
one �avor, one singlet ϕ and the superpotential

WA,eff = (µ− ϕ2)Q1Q̃2 . (5.6)

We now apply mirror symmetry on this e�ective theory [37, 77]. The mirror symmetric of a
U(1) gauge theory with one �avor and zero superpotential is the XY Z model, with mirror
map given by X ↔ Q1Q̃2, Y ↔ v+, Z ↔ v−. When the U(1) model is deformed by the
superpotential (5.6), the XY Z model has the superpotential

WB,eff = XY Z +X(µ− ϕ2) = X detM + µX , with M ≡

(
ϕ −Y
Z −ϕ

)
. (5.7)

The matrix M is in the adjoint representation5 of the original �avor group SU(2) (that was
acting on the HB) that is not broken by the deformation δWB . The F-terms are

∂W

∂X
= 0 : Y Z = ϕ2 − µ ; (5.8)

∂W

∂ϕ
= 0 : X ϕ = 0 ; (5.9)

∂W

∂Y
= 0 : X Z = 0 ; (5.10)

∂W

∂Z
= 0 : X Y = 0 . (5.11)

The last two equations give two branches: X = 0 or Y = Z = ϕ = 0. The second one is
excluded when µ 6= 0, because of (5.8). The �rst one is the space parametrized by Y, Z, ϕ
subject to the relation Y Z = ϕ2− µ, that is the de�ning equation of the A1 family with no
simultaneous resolution. For µ = 0, the branch Y = Z = ϕ = 0 is allowed. It is a complex
one-dimensional space parametrized by X . There is still no U(1) gauge group when µ = 0.

From the point of view of the probe D2-brane, the two Φ’s in 5.3 deform the worldvolume
theory in the same manner away from the origin (t 6= 0 or µ 6= 0); at this point however the
worldvolume theory of the probe D2-brane is di�erent even though the geometry is the singular
A1 surface. What distinguishes the two Φ’s at the origin is that in Case 2, the geometry is sup-

4When µ 6= 0, the 3d N = 4 supersymmetry is recovered as emergent in the IR [74, 134, 135]. In fact, [74]
considered deformation like the one in this example, with µ a dynamical �eld.

5One can interpret the �elds ϕ, Y, Z as condensates of qi, q̃j (see (2.20)).
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plemented by a T-brane background. The theory on a D2-brane probing a T-brane background
was studied �rst in [37] and is exactly the one discussed in 2.2.4. In particular, we notice that the
original CB is partially lifted to the C parametrized by X .

5.1.2 ADE family from the D2- probe for generic ADE algebra

We now extend the lesson we learned in the simpleA1 example to a generic ADE singularity. One
probes such a singularity by a D2-brane. The singular background can be deformed by switching
on the adjoint complex scalar Φ. From the point of view of the probe theory, it is an object in the
adjoint representation of the �avor group GF acting on one branch of the moduli space (the CB
on the B-side) of the probe 3d theory. The �avor algebra is the ADE algebra associated with the
singularity.

The deformation of the superpotential takes an elementary form:

δW = Tr [Φµ] , (5.12)

where µ is the moment map of the �avor symmetry GF . In Theory B (D2-branes at ADE singu-
larities)µ is the moment map on the CB, that involves several monopole operators. Hence, to deal
with this deformation one needs to be able to treat monopole superpotentials. We will illustrate
how to do this in the following section, in preparation for the more complicated universal �op of
length 2.

The form (5.12) of the deformation can be generalized to any ADE algebra. It can be checked
explicitly by string duality for theA andD algebras (as done for theA1 case). Adding (5.12) to the
superpotential deforms the Higgs branch of the probe 3d theory. The family of such deformed HB
moduli spaces over the parameter space B% is the ADE-family, with the simultaneous resolution
determined by the form of Φ or, equivalently, by the Levi subalgebra in which Φ(%) resides.

The e�ective 3d theory provides more information than the de�ning equation of the ADE
family. When the parameters % are such that the ADE surface becomes singular, the HB of the
D2-brane probe theory develops singularities, and new branches of the moduli space emerge from
those singularities. However, this does not imply that the entire (r+2)-fold familyXr+2 becomes
singular at that value of %. A singularity arises in the family when, upon resolving it, certain roots
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of the singular �ber blow up.6 In the e�ective 3d theory, the sizes of these roots are determined
by the FI parameters, as explained in Section 2.2. Activating one of these parameters forces the
corresponding root to blow up at the singularity of the HB. These FI parameters correspond one-
to-one with the U(1) factors in the gauge group of the 3d theory. When the e�ective theory
lacks any U(1) factors, even in the presence of a singular HB, it indicates a T-brane background,
which obstructs the resolution [37]. This means that no roots can be resolved at that point in
B%, and consequently, the family is not singular there. This is the mechanism by which partial
simultaneous resolutions are implemented in the e�ective theory.

In other words, the deformation (5.12) leads to an e�ective 3d theory with its own quiver (i.e.
gauge group and matter) and superpotential Weff ; varying % the superpotential changes and the
moduli space of the 3d theory is modi�ed. At generic points in B% the moduli space has only one
branch, the deformed HB, where the gauge group is broken completely. At points of B% where
a new branch arises, the e�ective theory may have points in the moduli space (in particular the
common origin of the branches) where (part of) the gauge group of the quiver is unbroken. If this
(sub)group contains U(1) factors, there is the possibility to activate real FI-parameters, that lead
to the resolution of the singularity of the HB.

We therefore present the following statement, which will be supported by the examples that
follow:

Consider the set of e�ective 3d theories over the spaceB%. The family of HBmoduli spaces is the family
of ADE-surfaces. Singular surfaces arise at values of % where the 3d theory develops an additional
branch beyond the HB. Furthermore, at such points in B%, the gauge group of the e�ective theory at
the intersection of the new branch with the HB may or may not have some U(1) factors; the number
of the corresponding FI-parameters indicates how many roots of the singular �ber are blown up in
the (partial) simultaneous resolution.

This statement is, in particular, veri�ed in the A1 case studied above. There, the gauge group
has only one U(1) factor, hence there is at most one FI-parameter. This is related to the fact that
A1 has one simple root, that may or may not be resolved in the family, corresponding to the fact

6This means that actual curves have shrunk to zero size in the singular limit.
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that the in the e�ective theory the U(1) survives or not. Let us see the two possible cases:

• Case 1. At t = 0, a new branch arises, corresponding to the �ber developing an A1 singu-
larity, and a U(1) factor survives, with its real FI-term that would blow up the simple root
of the A1 singularity. This is in agreement with our statement, as Case 1 is the family with
simultaneous resolution, i.e., the universal �op of length ` = 1.

• Case 2. When µ 6= 0 the deformed A1 surface is the only branch of the moduli space. At
µ = 0, we have a new branch that tells us the corresponding ADE surface is singular as it
can be checked from the de�ning equation of the family. However, now there is no U(1)

factor in the gauge group, hence the e�ective theory cannot be deformed by a non-zero real
FI-term, which means that the shrunk A1 root cannot be blown up. This is compatible with
the fact that this family has no simultaneous resolution of the simple root in the central
�ber (as this family is a smooth space).

Another simple example to test our statement is an A2 family with complete simultaneous
resolution. The corresponding Higgs �eld is a diagonal matrix, Φ =Diag(t1, t2,−t1 − t2), where
t1, t2 are the parameters parametrizing the base B%. The de�ning equation takes the form

u v = (z − t1)(z − t2)(z + t1 + t2) . (5.13)

The superpotential deformation is just a sum of complex FI-term:

δW = (2t1 + t2)φ1 − (t1 − t2)φ2 − (2t2 + t1)φ3 . (5.14)

At a generic point inB%, theU(1)×U(1) gauge symmetry is fully broken, and the HB is deformed
into a smooth surface, which remains the only branch of the moduli space. When the coe�cient
of one of the φi in (5.14) vanishes, the corresponding U(1) factor is preserved in the e�ective
theory, and its CB emanates from the HB. The e�ective theory possesses a real FI parameter,
consistent with the fact that at these points, the equation (5.13) develops anA1 singularity, which
is blown up in the simultaneous resolution of the family. Finally, when t1 = t2 = 0, the gauge
group retains bothU(1) factors with corresponding FI parameters and CB. This is the origin of the
family, where the surface has an A2 singularity, and both roots are blown up in the simultaneous
resolution.
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5.1.3 Example: A3-family from D2-branes

As a preliminary step toward tackling the universal �op of length ` = 2, we �rst consider a
simpler An case, which we introduced in 4.2.3.

1

α3

1

α1

1

α2

Figure 5.1: A3 Dynkin diagram. The colored nodes corresponds to the obstructed spheres in the
partial simultaneous resolution of the A3 family.

We want to realize a family ofA3 surfaces with the simultaneous resolution only of the central
node of the corresponding Dynkin diagram (see Figure 5.1). This means that the Levi subalgebra
Φ(%) should belong to is

L = Aα1
1 ⊕ Aα3

1 ⊕ 〈α∗2〉 (5.15)

where Aαi
1 is the A1 subalgebra 〈eαi

, e−αi
, [eαi

, e−αi
]〉.

Following the rules given in Section 1.4.3, the corresponding Higgs �eld takes the form

Φ =


%2 1

%1 %2

−%2 1

%3 −%2

 (5.16)

and the equation for the family is, according to (1.29),

uv =
(
(z − %2)2 − %1

) (
(z + %2)2 − %3

)
. (5.17)

We now consider a D2-brane probing theA3 surface deformed by (5.16) and we will show that
the family of its HB moduli spaces over B% is exactly the family (5.17).

The worldvolume theory of a D2-brane probing the A3 singularity is a 3d N = 4 supersym-
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Figure 5.2: A3 quiver.

metric quiver gauge theory, with the quiver in Figure 5.2 and the superpotential

WA3 =
4∑
i=1

(φi − φi−1)qiq̃i , (5.18)

with the convention φ0 = φ4.

To write down the deformation (5.12) that Φ induces, we need to say what is the moment
map on the CB of this theory. The �avor symmetry on the CB is SU(4) and the moment map is
(according to mirror symmetry [28, 31])

µ =


φ4 − φ1 w1,0,0 w1,1,0 w1,1,1

w−1,0,0 φ1 − φ2 w0,1,0 w0,1,1

w−1,−1,0 w0,−1,0 φ2 − φ3 w0,0,1

w−1,−1,−1 w0,−1,−1 w0,0,−1 φ3 − φ4

 . (5.19)

Plugging (5.16) and (5.19) into δW = Tr [Φµ], we obtain

δW = 2%2(φ4 − φ2) + w−1,0,0 + %1w1,0,0 + w0,0,−1 + %3w0,0,1 . (5.20)

The monopole operators that appear in this deformation are those related to the white nodes (2
and 4), i.e. the roots that are not blown up in the partial simultaneous resolution of the family.
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We now write the deformed superpotential W def = WA3 + δW in the following form

W def = φ1TrM1 + w−1,0,0 + %1w1,0,0 + Tr
[(

φ4 0

0 φ2

)
M2

]
+ 2%2(φ4 − φ2) (5.21)

+ φ3TrM3 + w0,0,−1 + %3w0,0,1 + Tr
[(

φ2 0

0 φ4

)
M4

]
,

whereMi, i = 1, 3, are the meson matrices of nodes 1 and 3, i.e.

M1 =

(
q1q̃1 −q1q2

q̃2q̃1 −q̃2q2

)
and M3 =

(
q3q̃3 −q3q4

q̃4q̃3 −q̃4q4

)
. (5.22)

The superpotential operators in (5.21) are relative to the U(1) gauge group of nodes 1 and 3
respectively. In order to deal with such situations, with monopole operators in the superpotential,
[37] proposed the following procedure:

11

1

1

φ3q3

q̃3

φ1 q2

q̃2

φ4

q1

q̃1

φ2

q4

q̃4

1

φ3

(q3, q̃4)

(q4, q̃3)

2

1

φ1

(q2, q̃1)

(q1, q̃2)

2

Figure 5.3: A3 theory: ungauging nodes 2 and 4, we end up with two copies of a U(1) gauge
theory with 2 �avors.

1. The monopole operator is charged under the topological U(1)T relative to one node. Con-
sider that abelian node, and ungauge the nearby U(1) gauge factors; in our example, one un-
gauges node 2 and 4, isolating nodes 1 and 3 as depicted in Figure 5.3. The isolated theory is
coupled back to the nearby nodes (to obtain the full quiver gauge theory) by gauging a sub-
group of its �avor symmetry; this is implemented by the last terms in row 1 and 3 in (5.21).
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For each isolated (balanced) node one has a 3d N = 4 supersymmetric U(1) gauge theory
with two �avors and a monopole superpotential deformation. Let us consider node 1 in our
example: The isolated theory is U(1) with two �avors and superpotential

W1 = φ1TrM1 + w−1,0,0 + %1w1,0,0 . (5.23)

This is clearly of the form (5.2) encountered in the A1 case, with µ = %1. We have the same
for node 3, with µ = %3.

2. Now, we apply (‘local’) mirror symmetry to the isolated 3d theory to go to a U(1) gauge
theory with two �avors and mass term deformations like in the A1 case. We then compute
the e�ective theory after integrating out the massive �eld (massive for all values of %).
Finally, we apply mirror symmetry back obtaining an e�ective theory. This theory has the
same �avor symmetry as the original isolated theory on its HB.

Basically we need to follow the same steps as in the A1 case of Section 5.1.1. We obtain a
modi�ed XYZ theory with superpotential

W eff
1 = X1 detM1 + %1X1 with M1 ≡

(
ϕ1 −Y1

Z1 −ϕ1

)
(5.24)

and �avor symmetry SU(2). For node 3 we have the same theory with analogous superpo-
tential.

3. We now have to couple this e�ective theory back to the quiver. The superpotential terms
realizing it are traces of the product of the moment map of the SU(2) �avor symmetry with
the φ-dependent matrix appearing at the end of rows 1 and 3 in (5.21).

For node 1, we need to add

Tr
[(

φ4 0

0 φ2

)
M1

]
= Tr

[(
φ4−φ2

2
0

0 φ2−φ4

2

)
M1

]
= ϕ2(φ4 − φ2) . (5.25)

We do analogously for node 3.

We can now write down the e�ective superpotential for the e�ective theory, by adding also
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Figure 5.4: Quiver for the universal �op of length 1.

the term in the second line of (5.21):

W eff = X1 (detM1 + %1) +X3 (detM3 + %3) + (ϕ1 − ϕ3 + 2%2)(φ4 − φ2) . (5.26)

Note that the �nal quiver, depicted in Figure 5.4, has now two nodes less, as the U(1) of nodes
1 and 3 now disappeared from the e�ective theory (see [37]).

Let us check that the family of moduli spaces over the variety parametrized by (%1, %2, %3) is
the A3 family we are probing. Before computing the F-terms, we integrate out the massive �elds
(φ4 − φ2) and (ϕ1 − ϕ3), obtaining:

W eff = X1

(
Y1Z1 − (ϕ− %2)2 + %1

)
+X3

(
Y3Z3 − (ϕ+ %2)2 + %3

)
, (5.27)
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with ϕ ≡ ϕ1+ϕ3

2
. The F-terms are the following

∂W

∂X2

= 0 : Y1Z1 = (ϕ− %2)2 − %1 ; (5.28)

∂W

∂X4

= 0 : Y3Z3 = (ϕ+ %2)2 − %3 ; (5.29)

∂W

∂ϕ
= 0 : %2(X1 −X3)− ϕ(X1 +X3) = 0 ; (5.30)

∂W

∂Yi
= 0 : XiZi = 0 i = 1, 3 ; (5.31)

∂W

∂Zi
= 0 : XiYi = 0 i = 1, 3 . (5.32)

The last equations select four branches: {X1 = X3 = 0}, {X1 = Y3 = Z3 = 0}, {X3 = Y1 =

Z1 = 0} and {Y1 = Z1 = Y3 = Z3 = 0}. The last three branches are incompatible with the �rst
set of equations for generic %1, %2, %3. As we will see shortly, these branches are allowed on some
special loci in the space B%, where the deformed HB develops singularities.

The A3 family from the deformed HB

Let us concentrate on the space given by X1 = X3 = 0 with the relations (5.28) and (5.29) and
modded out by the U(1)× U(1) gauge transformations. The gauge invariant coordinates on this
moduli space are:

U ≡ Y1Y3 , V ≡ Z1Z3 , P1 ≡ Y1Z1 , P3 ≡ Y3Z3 , (5.33)

together with ϕ. These are related by UV = P1P3. The relations (5.28) and (5.29) become

P1 = (ϕ− %2)2 − %1 and P3 = (ϕ+ %2)2 − %3 . (5.34)

Hence, the moduli space is the set parametrized by U, V, ϕ modulo the relation

U V =
(
(ϕ− %2)2 − %1

) (
(ϕ+ %2)2 − %3

)
. (5.35)

This is exactly the A3 family with de�ning equation (5.17).

125



Singularities of the family from the e�ective 3d theory

For generic values of %1, %2, %3, the surface singularity is completely deformed, i.e. the HB is
smooth and it is the only component of the moduli space. We expect new branches of the moduli
space emerging at singularities of the HB. To understand which loci of B% support singular sur-
faces, it is then enough to see when the moduli space of the probe D2-brane theory develops new
branches. In this way, the e�ective 3d theory detects the loci where new singularities arise.

Let us see what happens over some speci�c loci of B%:

• When 16%4
2 − 8%2

2(%1 + %3)2 + (%1 − %3)2 = 0, the relations above allow the new branch

Y1 = Z1 = Y3 = Z3 = 0 , ϕ =
%3 − %1

4%2

, X3 =

(
4%2

2 + %1 − %3

4%2
2 − %1 + %3

)
X1 . (5.36)

Along this branch, the relative U(1) is unbroken and X1 takes any value. The monopole
operators of the relative U(1) can take vev subject to the relation V+V− =

(
4%2

2+%1−%3

4%2
2−%1+%3

)
X2

1 .
I.e. we �nd a branch with the geometry of C2/Z2, that is what one expects for the CB of
a D2-brane probing an A1 singularity. In fact, it can be checked that on the locus under
consideration, the A3 surface develops an A1 singularity. We have detected it by looking
at the e�ective theory. Moreover, the U(1) is untouched and one can switch on a real FI-
parameter, which corresponds to a resolution of the A1 singularity. This signals that this is
also a singularity of the full family and that we can do a simultaneous resolution.

• When %1 = 0, the following new branch arises:

Y1 = Z1 = X3 = 0 ϕ = %2 , Y3Z3 = 4%2
2 − %3 , (5.37)

with X1 unconstrained. We then see a complex 1-dimensional branch. This may look
strange for a D2-brane probing a singularity. In fact, when %1 = 0 the equation of the
surface manifestly develops an A1 singularity at U = V = ϕ − %2 = 0. However, the
background still has a T-brane deformation, that is not visible at the level of the geome-
try. Our e�ective theory is however able to detect such background, as the e�ective theory
we obtain is the same as the one of a D2-brane probing an A1 singularity with a T-brane
background (see [37, 77]). In particular, along this branch there is no unbroken U(1) (as the
charged �elds Y3, Z3 must take non-zero vev). Correspondingly, one loses the possibility to
deform the theory by an FI-term and there is no simultaneous resolution.
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• When %3 = 0, the following new branch arises:

Y3 = Z3 = X1 = 0 ϕ = −%2 , Y1Z1 = 4%2
2 − %1 , (5.38)

with X3 unconstrained. All considerations done for the previous case hold here.

• At the intersection of the �rst and one of the other two loci, the e�ective theory is the
same one would obtain by probing an A2 singularity with a given T-brane background.
In particular there is only one U(1) gauge group, with the possibility of turning on one
non-zero FI-parameter: only one 2-sphere is blown up in the simultaneous resolution.

• At the intersection %1 = %3 = 0, there are new branches, but the T-brane is so severe that
no U(1) is left. In fact, the �ber develops an A1 ⊕A1 singularity, but the sixfold is smooth.

• At %1 = %2 = %3 = 0, the A3 surface has the full A3 singularity. Together with the HB
displaying the A3 singularity, there is another branch. This is what is left from the A3

CB after switching on the T-brane background. There is only one U(1) in the e�ective 3d
theory with the possibility of turning on an FI-term. Again this means that the simultaneous
resolution blows up just the central node.

The e�ective theory tells us that theA3 family has singularities only along the �rst locus, as it can
be checked directly from its de�ning equation. As expected, the analysis of the singularities along
the HB and the F-term relations that are non-trivial in the geometric sector (that is, when X1 =

X3 = 0) reproduce the results derived in 4.2.3 and 4.3.3 from the Springer theory of resolutions of
the families of deformed ADE and the non-commutative resolutions constructed à la Karmazyn.

5.2 Universal �op of length 2 from D2-branes

In this section, we want to realize the universal �op of length 2 as the family of HB moduli spaces
of D2-branes probing a D4 singularity deformed by a speci�c form of Φ(%).

5.2.1 Universal �op of length 2 and the Higgs �eld Φ

The Higgs �eld that realizes the universal �op of length ` = 2 should allow the simultaneous
resolution only of the simple root corresponding to the central node of the D4 Dynkin diagram.
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Figure 5.5: D4 Dynkin diagram. The colored nodes correspond to the obstructed spheres in the
partial simultaneous resolution of the D4 family realizing the universal �op of ` = 2.

We call this root α4 (see Figure 5.5). This requirement implies that Φ must live in the following
Levi subalgebra:

L = A
(α1)
1 ⊕ A(α2)

1 ⊕ A(α3)
1 ⊕ 〈α∗4〉 ⊂ D4 . (5.39)

Following the prescription (6.72) for each A1 summand we have

Φ|
A

(i)
1

=

(
0 1

%i 0

)
= eαi

+ %ie−αi
i = 1, 2, 3 , (5.40)

where %i (i = 1, 2, 3) is the Casimir of the s`2 algebra A(i)
1 . Moreover Φ can have a component

along α∗4 with coe�cient %4.
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Employing the standard basis of [136]7 we can write Φ as the matrix

Φ =



%4 1 0 0 0 0 0 0

%1 %4 0 0 0 0 0 0

0 0 0 1 0 0 0 1

0 0 %3 0 0 0 −1 0

0 0 0 0 −%4 −%1 0 0

0 0 0 0 −1 −%4 0 0

0 0 0 −%2 0 0 0 −%3

0 0 %2 0 0 0 −1 0


. (5.41)

The equation for the universal �op of ` = 2 can be derived by plugging (6.86) into (1.46):

x2 + y2z − 2(%1 − %2
4)(%3 − %2)y

− ((z + %1 − %2
4)2 + 4%2

4z)((z + %3 − %2)2 + 4%2z)− (%1 − %2
4)2(%3 − %2)2

z
= 0

(5.42)

For later convenience, we introduce a change of variables to realize the versal deformation of
the D4 singularity written as X2 = Y Z (Y + Z). The coordinate transformation isxy

z

 =

 2X

Y − Z
Y + Z − (%1 + %2 + %3 + %2

4)

 . (5.43)

In terms of the variables X, Y, Z , the equation for the family is

X2 =Y Z(Y + Z)− (%1 + %2 + %3 + %2
4)Y Z + (%1 − %2)(%3 − %2

4)Y

+ (%1 − %3)(%2 − %2
4)Z + (%1 − %2 − %3 + %2

4)(%1%
2
4 − %2%3) .

(5.44)

7I.e. we choose a basis such that an element M of D4 is not an antisymmetric matrix but instead satis�es MI +

IMT = 0 with I =

(
14

14

)
.
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Figure 5.6: D4 quiver.

5.2.2 D2-branes and universal �op of length ` = 2

We now describe the universal �op of length ` = 2 through the e�ective theory of a D2-brane
probing a family ofD4 surfaces. We begin by discussing the theory at theD4 singularity, followed
by an analysis of how the superpotential deformation induced by Φ modi�es the e�ective theory.

D2-brane probing a D4 singularity

The worldvolume theory of a D2-brane probing a D4 singularity is a 3d N = 4 supersymmetric
quiver gauge theory, with the quiver in Figure 5.6 and the superpotential

W =
3∑
i=0

Tr [Ψqiq̃i]−
3∑
i=0

φiq̃iqi, (5.45)

where qi, q̃i (i = 0, 1, 2, 3) are the bifundamental hypermultiplets, φi (i = 0, 1, 2, 3) are the scalars
in the U(1) vector multiplets at the external nodes and Ψ is the scalar in the adjoint of U(2) at
the central node. In (5.45) qi must be understood as a two-component column vector, while q̃i is
a row vector.

The topological symmetry is SO(8). The Cartan torus is the product of the U(1)T ’s of each
node, whose generators can be identi�ed with α∗i . The monopole operators are labeled by the
charges relative to these U(1)T ’s, i.e. (q0, q1, q2, q3, q4). Due to the decoupling of a U(1) gauge
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multiplet, the charges of the monopoles are de�ned up to the shift (q0, q1, q2, q3, q4) 7→ (q0 +

1, q1 +1, q2 +1, q3 +1, q4 +2). To deal with this redundancy one sets q0 = 0 [95]. The monopole
operators are then written as wq1,q2,q3,q4 . The topological U(1)T associated with the central node
deserves further elaboration. At this node, the gauge group is U(2). To de�ne the monopole
operators, the theory is �rst abelianized into U(1)×U(1) [32]. For each U(1) factor, a topological
U(1)T is de�ned: Thus, in the abelianized theory the monopole operators are labeled by two
charges, that can be denoted (q1

4, q
2
4). However, one must quotient by the Weyl group of the

original U(2), which identi�es the two topological U(1)T . The resulting charge after the quotient
is q4 ≡ q1

4 + q2
4 and the invariant monopole operator with charge q4 = 1 is given by w1 ≡

w1,0 + w0,1 (where, for clarity, we have omitted the charges under nodes 1,2,3).

The moment map on the CB is given by [37]:8

µ =



P1 w1,0,0,0 w1,0,0,1 w1,0,1,1 0 w1,1,1,2 w1,1,1,1 w1,1,0,1

−w−1,0,0,0 P2 w0,0,0,1 w0,0,1,1 −w1,1,1,2 0 w0,1,1,1 w0,1,0,1

−w−1,0,0,−1 −w0,0,0,−1 P3 w0,0,1,0 −w1,1,1,1 −w0,1,1,1 0 w0,1,0,0

−w−1,0,−1,−1 −w0,0,−1,−1 −w0,0,−1,0 P4 −w1,1,0,1 −w0,1,0,1 −w0,1,0,0 0

0 w−1,−1,−1,−2 w−1,−1,−1,−1 w−1,−1,0,−1 −P1 w−1,0,0,0 w−1,0,0,−1 w−1,0,−1,−1

−w−1,−1,−1,−2 0 w0,−1,−1,−1 w0,−1,0,−1 −w1,0,0,0 −P2 w0,0,0,−1 w0,0,−1,−1

−w−1,−1,−1,−1 −w0,−1,−1,−1 0 w0,−1,0,0 −w1,0,0,1 −w0,0,0,1 −P3 w0,0,−1,0

−w−1,−1,0,−1 −w0,−1,0−1 −w0,−1,0,0 0 −w1,0,1,1 −w0,0,1,1 −w0,0,1,0 −P4



with
(P1, P2, P3, P4) = (φ0 − φ1,−2ψ + φ0 + φ1, 2ψ − φ2 − φ3, φ3 − φ2) . (5.46)

Monopole deformations and the e�ective theory

The �eld Φ in (6.86) generates the following superpotential deformation9 δW = 1
2
Tr[Φµ] on the

D2-brane probe worldvolume:

δW = −w−1,0,0,0−w0,−1,0,0−w0,0,−1,0 +%1w1,0,0,0 +%2w0,1,0,0 +%3w0,0,1,0 + 2%4(φ0−ψ) . (5.47)

We note that the expression is symmetric in the exchange of the three external simple roots
α1, α2, α3.

We now apply the algorithm explained in Section 5.1.3:
8We use a slightly di�erent notation, that we justify in Appendix B.2.
9The 1/2 normalization factor is due to the matrix representation we are using for Φ and µ.
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1. Let us consider node 1. Nodes 2 and 3 behave in the same way due to the symmetry between
the three external nodes. The isolated theory is U(1) with two �avors and superpotential

W1 = −φ1TrM1 − w−1,0,0,0 + %1w1,0,0,0 . (5.48)

This is of the form (5.2) encountered in the A1 case.

2. Following the same steps as in the previous examples, we obtain for each node a modi�ed
XYZ theory with superpotential

W eff
i = Xi detMi + %iXi with Mi ≡

(
ϕi −Yi
Zi −ϕi

)
i = 1, 2, 3 (5.49)

and �avor symmetry SU(2).

3. We now couple these isolated theories to the nearby nodes. For each node, we need to add

Tr [ΨMi] = Tr
[
Ψ̃Mi

]
with Ψ̃ ≡ Ψ− ψ1 and ψ ≡ 1

2
Tr(Ψ) , (5.50)

and where on the right-hand side only the traceless part of Ψ survives, as Mi is traceless.

Adding all the terms together, we obtain the e�ective superpotential

Weff =
3∑
i=1

Xi (detMi + %i) + Tr
[

Ψ̃

(
q0q̃0 +

3∑
i=1

Mi

)]
+ ψ̂ (q̃0q0 − 2%4) , (5.51)

with ψ̂ ≡ ψ − φ0. The quiver of this e�ective theory is given in Figure 5.7.
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Figure 5.7: Quiver for the e�ective theory.

The F-terms are the following:

∂W

∂Xi

= 0 : detMi = −%i i = 1, 2, 3 (5.52)

∂W

∂ψ̂
= 0 : q̃0q0 = 2%4 (5.53)

∂W

∂Ψ̃
= 0 :

3∑
i=1

Mi +

(
q0q̃0 −

1

2
(q̃0q0)1

)
= 0 (5.54)

∂W

∂Mi

= 0 : Ψ̃−XiMi = 0 i = 1, 2, 3 (5.55)

∂W

∂q0

= 0 : q̃0

(
Ψ̃ + ψ̂1

)
= 0 (5.56)

∂W

∂q̃0

= 0 :
(

Ψ̃ + ψ̂1
)
q0 = 0 . (5.57)

The 3d gauge theory with quiver in Figure 5.7 has also a D-term potential. The gauge group
is U(1)× U(2). The D-term relations are:

q†0q0 − q̃0q̃
†
0 = 2ξ ,

q0q
†
0 − q̃

†
0q̃0 + [Ψ̃, Ψ̃†] +

3∑
i=1

[Mi,M
†
i ] = ξ12 .

(5.58)

where ξ is the real FI-parameter associated with the U(1) generator T1 − T2, where Ti generates
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the diagonal U(1) factor of the gauge group at the i-th node in Figure 5.7 (the diagonal U(1)

generated by T1 + T2 decouples as no �eld is charged under it).

As we will see shortly, these relations can potentially give rise to distinct branches of the
moduli space. For generic values of % = (%1, . . . , %4), the moduli space of the e�ective 3d theory
has a single branch, corresponding to the deformed HB. The family of these spaces is the universal
�op of length ` = 2. At special points in the spaceB%, parametrized by %1, . . . , %4, the �ber surface
develops singularities, leading to new branches in the moduli space. By analyzing theU(1) factors
in the gauge group of the e�ective theory, one can determine whether the universal �op sixfold
is singular at these points in B%. We will examine this in detail in the following.

The universal �op of length 2 as a family of deformed HB’s

Let us consider the case in which %1, ..., %4 take generic non-zero values. As we will prove next,
in this case the relations (5.52)-(5.57) imply that X1 = X2 = X3 = 0, Ψ̃ = 0 and ψ̂ = 0. We are
therefore left with a moduli space parametrized by the traceless matrices Mi (i = 1, 2, 3) and the
bifundamentals q0 and q̃0 organized in an e�ective quiver, that we show in Figure 5.8. The maps
in the quiver are subject to the relations

3∑
i=1

Mi + q0q̃0 = %41 and detMi = −%i i = 1, 2, 3 . (5.59)

These relations, together with the quiver in Figure 5.8, reproduce the ‘universal �opping algebra
of length ` = 2’ derived by [131], from which the universal �op of ` = 2 can be recovered by a
moduli construction.10

The invariants that parametrize this branch of the moduli space consist of single trace chiral
operators, which correspond to closed loops in the quiver. A convenient choice for a basis is

Ai ≡ Tr [M0Mi] , B ≡ Tr [M0M2M3] , (5.60)

where we de�ned M0 ≡ q0q̃0.
10The precise match with Example 4.23 in [131] works in the following way: 1) the quiver is the same; 2) the

relations in [131] imply that the self-arrows of the rank-2 node are traceless; 3) one uses that for traceless 2 × 2
matrices M̃ , the relation M̃2 = −det(M̃)12 holds.
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Figure 5.8: Quiver for the universal �op of length 2.

Crucially A1, A2, A3 and B are not independent. In particular, (5.54) implies that:∑
i

Ai = −2%2
4 . (5.61)

Moreover, there is an additional relation involving B, which we derive in Appendix B.1:

A1A2A3 =−B2 + 2B%4(A3 + ρ2
4 + ρ1 − ρ2 − ρ3)

− (ρ2A3 + ρ3A2)(A1 + 2ρ2
4)− A2A3(ρ2

4 + ρ1)− 4ρ2
4ρ2ρ3 .

(5.62)

We writeA1 in terms ofA2 andA3 by using the �rst relation, and make the following rede�nition
of the gauge invariant coordinates:

A2 = Y − %2 − %2
4 , (5.63)

A3 = Z − %3 − %2
4 , (5.64)

B = X − (Y + Z − %1)%4 + %3
4 . (5.65)

with A1 = −Y − Z + %2 + %3. Plugging these rede�nitions into (6.103), we obtain a space
parametrized by X, Y, Z subject to the relation

X2 =Y Z(Y + Z)− (%1 + %2 + %3 + %2
4)Y Z + (%1 − %2)(%3 − %2

4)Y

+ (%1 − %3)(%2 − %2
4)Z + (%1 − %2 − %3 + %2

4)(%1%
2
4 − %2%3) .

(5.66)

This is exactly the equation (5.44), that de�nes the universal �op of length ` = 2 as a hypersurface
in the seven dimensional ambient space C3

XY Z ×B%.
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Singularities of the sixfold from the e�ective 3d theory

We now search for loci in B% where the moduli space of the e�ective 3d theory develops new
branches. As explained in Section 5.1.2, at these loci, the ADE surface develops a singularity.
From the quiver in Figure 5.7, we observe that there is only one relevant U(1) subgroup, which is
the relative U(1) between the U(1) factors at each node (the diagonal U(1) is decoupled). Hence
the theory has only one real FI-parameter that can be activated (leading to the simultaneous
resolution of the family). To determine whether the loci in B% that support new branches of the
moduli space correspond to singularities in the sixfold family, it is crucial to verify if a U(1) gauge
group is preserved at the intersection of these branches.

There are two loci of B% where we detect a singularity of the �ber that is blown up in the
simultaneous resolution of the family:

• When %4 = 0, the relations (5.52)-(5.57) allow to set q0 = q̃0 = 0; the corresponding new
branch is determined by the following relations:

3∑
i=1

Mi = 0 , detMi = −%i and Ψ̃−XiMi = 0 (i = 1, 2, 3) . (5.67)

For generic %1, %2, %3, (5.67) imply Xi = 0 and Ψ̃ = 0.11 The �rst two relations in (5.67)
imply that Mi are �xed (up to gauge transformations) to a speci�c value determined by the
parameters %1, %2, %3.12 The only �eld that can vary along the new branch is ψ̂. Along this
branch the relative U(1) of the two nodes is unbroken. Its monopole operators V± can get
non zero vev as well, subject to the relation V+V− = ψ̂2. The new branch has then the
geometry of a C2/Z2, like the CB of a U(1) theory with two �avors.

In fact, at the intersection of the new branch with the HB, the e�ective theory is a 3dN = 4

supersymmetric U(1) gauge theory with two �avors: integrating out the massive �elds
Ψ̃,Mi, Xi one obtains the superpotential W ′

eff = ψ̂ q̃0q0. This is compatible with the fact
that the D2-brane is probing an A1 singularity. In fact, when %4 = 0 the equation (5.66)

11The matrices Mi are invertible. Ψ̃ = XiMi says that the Xi are either all zero or all non-zero. In the second
case, the Mi should be proportional to each other. But this is in con�ict with

∑3
i=1 Mi = 0 for generic %1, %2, %3.

12The �rst relation implies M1 = −M2 −M3; the other three relations determine all the gauge invariants of
two traceless 2 × 2 matrices. In particular, detM2 = −%2, detM3 = −%3 and TrM2M3 = − det(M2 + M3) +
detM2 + detM3 = %1−%2−%3, where we used the fact that for traceless matrices Mi the following relation holds:
detMi = − 1

2Tr(M2
i ).
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takes the form

X2 = %3(Y − %2)2 + %2(Z − %3)2 + (Y − %2)(Z − %3)(Y + Z − %1) , (5.68)

that has a manifest A1 singularity at X = Y − %2 = Z − %3 = 0.

The D-term condition of the e�ective theory can be derived by looking at (5.58) and setting
the massive �elds as above, i.e. Ψ̃ = 0 and Mi traceless invertible matrices, that are then
diagonalizable by gauge transformations. This leaves the following D-term:

q†0q0 − q̃0q̃
†
0 = 2ξ . (5.69)

Switching on a non-zero real FI-parameter ξ blows up the A1 singularity of the HB. This is
the FI-parameter of the theory with quiver in Figure 5.7, hence the simultaneous resolution
of the family sixfold blows up the A1 simple root.

The e�ective theory has detected a singular locus in the sixfold, where a CP1 is blown up
in the simultaneous resolution of the family.

• When
64%2

4%1%2%3 =
[
%2

1 + %2
2 + %2

2 − 2%1%2 − 2%1%3 − 2%2%3

−2%2
4(%1 + %2 + %3) + %4

4

]2
,

(5.70)

a new branch emerges, as we now show. To present in a cleaner shape what happens at one
point along this locus in B%, let us write

%1 = r2
1 , %2 = r2

2 , %3 = r2
3 , %4 = r4 . (5.71)

We stress that the holomorphic coordinates on B% are still %1, ..., %4. The locus (5.70) can
then be written as points where

± r1 ± r2 ± r3 + r4 = 0 . (5.72)

The di�erent choices of signs select distinct regions of the locus (5.70)(that is connected).

At the locus (5.70), the relations (5.52)-(5.57) allow the Xi to be non-zero and consequently
among the other �elds ψ̂ 6= 0 is permitted. When the Xi are non-zero (they either all
vanish or none do), Mi (i = 1, 2, 3) and Ψ̃ are all proportional to each other. Hence, we can
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partially �x the gauge by diagonalizing them simultaneously.13 The matrices Mi are then
determined up to a sign by (5.52), and Ψ̃ depends on one complex scalar ψ3:

Mi = σi

(
ri 0

0 −ri

)
with σi = ± , and Ψ̃ =

(
ψ3 0

0 −ψ3

)
. (5.73)

Due to (5.55), we immediately see that Xi = σi
ri
ψ3. Moreover, (5.57) says that q0 is an eigen-

vector of Ψ̃ with eigenvalue ψ̂. After the gauge �xing (5.73), this implies two possibilities
for q0 and ψ̂:

q0 =

(
q1

0

0

)
and ψ̂ = −ψ3 or q0 =

(
0

q2
0

)
and ψ̂ = ψ3 . (5.74)

Analogous considerations can be taken from the relation (5.56):

q̃0 =
(
q̃1

0 0
)

and ψ̂ = −ψ3 or q̃0 =
(

0 q̃2
0

)
and ψ̂ = ψ3 . (5.75)

Let us consider the case ψ̂ = −ψ3 (the second case is obtained from the �rst one by applying
the Weyl group of the SU(2) of the second node). The relation (5.53) says q̃1

0q
1
0 = 2r4.

We can now plug everything into (5.54), obtaining
∑3

i=1 σiri + r4 = 0, i.e. all the relations
are compatible with each other only over the locus (5.70). Moreover, the choice of signs σi
determines which region of the locus we are on.

Summing up, over the locus (5.70) in B%, the e�ective 3d theory moduli space has a new
branch parametrized by ψ3. The vev of the �elds break the U(1) × U(2) gauge group to
U(1)× U(1), with one combination of them that decouples.

After performing a series of involved steps, which we omit here for brevity, one can verify
that, by integrating out the �elds that become massive for each value of the moduli, the
resulting e�ective theory at the intersection of the new branch with the HB is a U(1) gauge
theory with two �avors (one from q0, q̃0 and the other from the o�-diagonal elements of a
combination of Mi). This is compatible with the fact that over the locus (5.70) the surface
�ber develops an A1 singularity. For example, plugging (5.71) with r4 = r1 + r2 + r3 into
(5.66) and shifting the coordinates as Y = y+(r1 +r3)2 and Z = z+(r1 +r2)2, one obtains

X2 = (r1 + r2)2y2 + (r1 + r3)2z2 + 2(y + z + r2
1 + r1(r2 + r3)− 2r2r3)y z , (5.76)

13They are invertible and traceless, meaning they have distinct non-zero eigenvalues.
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that manifestly has an A1 singularity at X = y = z = 0.

Also in this case, switching on the FI-term in the original theory with quiver in Figure 5.7
will produce a real FI-term in the e�ective theory just described, that will blow up the A1

singularity of the HB.

The e�ective theory has detected in this way a singularity of the sixfold along the locus
(5.70).

When %i = 0 for one of i ∈ 1, 2, 3, the e�ective theory develops a new branch beyond the
HB. Let us take i = 1 as a reference (the same arguments apply for i = 2, 3). In this case, M1

can acquire a zero vev, allowing X1 to take any value. The new branch is parametrized by this
�eld. The non-zero vevs for the �elds M2,3 and q0, q̃0, that are forced by the relations (5.52)-(5.57),
break the gauge group completely at any point in the moduli space, leaving no U(1) factor. This
indicates that, along this locus, the sixfold family develops no singularities (even though the �ber
surface exhibits an A1 singularity, as can be con�rmed from the equation).

There are also relevant subloci:

• The two singular loci described above intersect at

%4 = 0 and %2
1 + %2

2 + %2
2 − 2%1%2 − 2%1%3 − 2%2%3 = 0 . (5.77)

Studying the moduli space of the e�ective theory over this locus in parameter space, one
discovers that the ADE surface has anA2 singularity. In fact, switching on the only possible
real FI-parameter one blows up two CP1’s [21].

• The origin of the parameter space is at %1 = %2 = %3 = %4 = 0. At this point, the e�ective
theory corresponds to a D2-brane probing aD4 singularity with a T-brane background. The
blown-up CP1 corresponds to the central node of the D4 diagram and has length 2.

This reveals the structure of the simultaneous resolution of the universal �op of length 2 (here
derived by analyzing the moduli space of an e�ective 3d theory of a D2-brane probing deformed
D4 surfaces). There are two codimension-1 loci in B% where a single CP1 is blown up. At the
intersection of these loci, the exceptional locus consists of two CP1’s that intersect at a single
point. At the origin of B%, the two spheres coincide, forming a degree-two CP1 (see e.g. [21]).
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5.2.3 Monopole operators as D2 states

The D2-branes wrapped on vanishing spheres give rise to particles propagating in six dimensions.
The D2-branes are charged under the Ramond-Ramond C3 3-form potential. In an ADE surface
there are r 2-forms ωi i = 1, ..., r such that their integral over a basis of simple roots is∫

αj

ωi = δji . (5.78)

C3 can be expanded as C3 ∼
∑r

i=1 A
i ∧ ωi, with Ai a gauge �eld propagating in six dimen-

sions. These are background �elds from the D2-brane 3d theory point of view. Given a D2-brane
wrapping a root α, its charge under the U(1) gauge group generated by ωi is

qi(D2α) =

∫
α

ωi . (5.79)

The simple roots are seen as linear functional acting on the space of two-forms, that is then
identi�ed with the Cartan subalgebra of the corresponding ADE Lie algebra. The relations (5.78)
then mean that ωi = α∗i , i.e. the dual basis of the simple roots.

In [37], the authors studied the 3d theory living on the worldvolume of D2-branes probing
the ADE singularity and extending in the non-compact R1,2 spacetime. As explained before, the
symmetry associated with the Ai’s is the topological symmetry in the 3d theory. In this context
[37] showed that monopole operators map to states of D2-branes wrapping vanishing spheres:
the existence of a monopole operator with charge q with respect to one α∗j means that the string
theory produces a D2-state with charge q under the U(1) symmetry with gauge �eld Aj . In the
3d theory supported on the probe D2-brane (that should be distinguished from the D2-branes
generating charged states), the Ai’s are background gauge �elds for the topological symmetry
and the D2-brane wrapping vanishing spheres are mapped to monopole operators with the proper
charges under the Cartan torus of the topological ADE symmetry.

Now, let us come to the universal �op of length two. This has been obtained by switching
on a particular monopole deformation on the worldvolume theory of a D2-brane probing a D4

singularity. Before turning on the deformation, the topological symmetry was SO(8). The new
terms in the superpotential break explicitly this symmetry to a U(1)T symmetry generated by α∗4.
This is the topological symmetry that can be read o� from the quiver of the e�ective theory in
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Figure 5.7. The abelianization of the gauge group has gauge group U(1)×U(1)2, with one combi-
nation of them that decouples. The topological charges of the abelianized theories are (q0, q

1
4, q

2
4),

that are de�ned up to a shift, due to the decoupled U(1). To �x the ambiguity, we set q0 = 0. The
charge under the topological U(1) is q4 ≡ q1

4 + q2
4.

At a generic point of B%, the e�ective 3d theory lacks a U(1) gauge group, resulting in the
absence of monopole operators. Consequently, we conclude that there are no charged states
coming from D2-branes wrapping vanishing cycles (the surface is smooth here). On the locus
%4 = 0 there is a preserved U(1); in the abelianized theory its associated monopole operators
have charges (q0, q

2
4, q

2
4) = (±1, 0, 0) ∼= ±(0, 1, 1), i.e. they are the monopole operators w±2.

On the second locus (5.70), the monopole operators associated with the surviving U(1) generator
have charges (q0, q

2
4, q

2
4) = (0,±1, 0) (one needs to consider the Weyl transformed as well); they

are the monopole operators w±1. We conclude that on the �rst locus we have a D2-state of charge
2, while on the second locus we have a D2-state of charge 1. At the origin of B%, we have both
types of states.

Following [21], when we let all %i depend on a complex coordinate, this generates a three-
fold known as the Morrison-Park threefold [133]. Our analysis above reproduces the structure of
charge one and charge two states coming from reducing type IIA/M-theory on such a threefold
(see [21] for a review). The same can be done for fourfolds, constructed by making %i depend on
two complex variables. We leave for future work the analysis of the fourfolds.

This analysis can also be applied to CY threefold �ops of ` = 2. The structure of charged states
is more intricate than for the Morrison-Park threefold and it has been preliminarily analyzed for
the Laufer threefold in [97], whose results match with the types of monopole operators at the
origin of the D4-family that realize the universal �op of ` = 2.
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Chapter 6

D2 branes at non-toric threefold singu-
larities

In the previous chapter, we analyzed families of deformed ADE singularities and their associated
universal �ops from the perspective of probe branes. By studying the three-dimensional gauge
theory living on a D2-brane probing these geometries, we showed how the structure of the ADE
families can be reconstructed from the moduli space of the probe theory. In particular, monopole
operator deformations induced by the Higgs �eld background encode the necessary information
about the geometry for the probe gauge theory to reproduce both the smooth �bers and the
singular loci of the family. This analysis demonstrated that three-dimensional probe theories
provide a powerful diagnostic tool for understanding geometric transitions and obstructions to
resolution in non-toric Calabi-Yau backgrounds.

A natural question is whether this probe-based framework can be extended to the threefold
singularities that originate from the ADE families. In this chapter, we address this question by
considering D2-branes probing compound Du Val (cDV) threefold singularities. As we have seen
in Sections 4.2.4 and 1.4, these geometries can be viewed as �brations of ADE surface singulari-
ties over a complex base, and therefore provide a natural generalization of the structures studied
in the previous chapter. Developing a systematic method to construct the corresponding probe
gauge theories would signi�cantly broaden the applicability of the brane–geometry correspon-
dence beyond the toric regime.

We have already seen how D-branes probing singular Calabi-Yau geometries provide a pow-
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erful bridge between gauge theory dynamics and complex geometry. When a stack of D-branes
is placed at a Calabi-Yau singularity, the worldvolume theory is a supersymmetric quiver gauge
theory whose vacuum moduli space reproduces the local geometry of the singularity.

For toric Calabi-Yau threefolds, this geometry-gauge theory correspondence is particularly
well developed. A rich arsenal of techniques—including brane tilings, dimer models, and toric
polygons [8, 9, 137, 138]—provides explicit, algorithmic constructions of the probe brane theories.
In particular, a correspondence between toric data and brane webs gives direct access to the quiver
associated to the CY3. The key to the success of these methods is the combinatorial structure of
toric geometry, which allows one to systematically derive quiver gauge theories, compute their
moduli spaces, and verify that these spaces match the target geometry.

Progress has also been made for certain classes of non-toric singularities. Notably, Aspinwall
and Morrison [18] employed matrix factorization techniques to derive quiver gauge theories for
speci�c compound Du Val (cDV) threefolds, including Reid’s pagodas and Laufer’s example. Their
approach exploits the hypersurface presentation of these geometries within weighted projective
spaces, providing explicit constructions for these important examples.

However, a general systematic method applicable to arbitrary cDV threefolds has remained
elusive. Compound Du Val singularities, the threefold analogs of classical ADE surface singu-
larities, form a rich class of non-toric geometries that arise naturally in M-theory and F-theory
compacti�cations [18, 91, 97], where they engineer superconformal �eld theories in various di-
mensions. While the geometric structure of cDV singularities has been extensively studied [126,
128, 131, 132], a uni�ed approach to constructing their probe brane theories that goes beyond
speci�c examples has been lacking.

In this chapter we want to present a new method for extracting the quiver gauge theory of a
brane probe, which applies to all simple threefold �ops of length 1 and 2. The method stems from
what we understood probing constants backrounds, which can be summarised in the following
points:

• Non-trivial Higgs backgrounds in Type IIA string theory on ADE surfaces realize complex
structure deformations. AD2-brane probing the ADE space reproduces in the Higgs branch
of its worldvolume e�ective theory. This correspondence must also hold in the presence of
a non-trivial Higgs vev, which should couple to the worldvolume of theD2 as a background
�eld deformation.
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• In the mirror con�guration, where the D2-brane probes a D6-brane stack, the e�ect is
naturally identi�ed as a mass deformation. Φ is in the background vector multiplet of the
gauge symmetry GF generated by the stack of D6, seen as �avor from the D2, and couples
with the moment map for GF , that is the meson matrix of the D2.

• The mirror of the mass deformation is the coupling between the same Φ and the moment
map for GF , now representing the topological symmetry of the theory on the probe. The
mirror moment map is explicitly given in the cases that we are going to present. The com-
ponents along the Cartan of GF are vector multiplet chirals, whereas simple factors are
magnetic monopole operators.

• A Higgs vev with non-trivial components along the simple factors of gF produces monopole
superpotential deformations that lift the Coulomb branch, except for a Levi subalgebra (the
commutant of Φ).

• In the presence of diagonalizable Higgs vevs the HB geometry reproduces the deformed
ADE surface. For some special values of the deformation parameters, the surface may still
be singular. When this is the case, a CB opens up at the origin of the HB. However, the
global symmetry on the CB is determined by the pro�le of the Higgs for the chosen values
of deformation parameters. If the Higgs acquires components along some roots α ∈ gF ,
that is, nilpotent components, then all the shrinking 2-cycles that correspond to those roots
are obstructed, meaning that the singularity is not resolvable or only partially so. In other
words, the topological symmetry is broken to the commutant of Φ. If the commutant con-
tains residual Cartan factors α∗i ∈ hF

1, then these will generate abelian background vector
multiplets. These vector multiplets contain a real scalar ξi, whose vev produces a Fayet-
Iliopulos deformation on theD2-probe. Geometrically, the FI ξi controls the Kahler volume
of the shrinking cycle αi ∈ gF . So, the existence of the FI in the e�ective theory at the
origin of the HB implies that the corresponding 2-cycle can be blown up. Each FI ξi couples
to a massless U(1) vector multiplet Vi on the worldvolume through:

(ξiα
∗
i , hαj

Vj) = ξiVjαj(α
∗
i ) = ξiδijVj (6.2)

1The Cartan factors are expanded in the base of the fundamental coweigths {α∗i }:

αi · α∗j = δij (6.1)
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Finally, we can conclude that each U(1) massless vector appearing at the origin of the HB
signals the presence of a 2-cycle that can be blown up by turning on the corresponding
FI. When the origin is singular but the CB has no global �avor symmetry, the Higgs �eld
develops a maximal T-brane, which obstructs all the shrinking 2-cycles.

in Section 1.4 we have observed how the obstructive e�ect of a T-brane on the resolution is trans-
lated into the monodromy properties of non-trivially �bered ADE, once we promote the Higgs
vev to a non-constant holomorphic function of a subset of spacetime coordinates. As we are going
to show, non-constant Higgs vevs produce two distinct classes of deformations on the probe: non-
monodromic and monodromic deformations2. The �rst case corresponds to diagonal Higgs vevs
Φ = fi(w)α∗i , whose eigenvalues depend holomorphically on a complex direction transverse to
the ADE. In particular, the case fi(w) = aiw with ai constant, is well understood also from the
point of view of the mirror D6 brane con�guration, where it corresponds to rotating each brane
at a di�erent relative angle θi = arctan(|ai|), so that the stack produces a 5-dimensional intersec-
tion. This lifts the HB of the probe, as now, it can only move along oneD6 brane at a time outside
the intersection locus. In the mirror, the CB is lifted since the diagonal Higgs deforms all the ADE
�bers outside the origin of the C-plane base. Fractional branes are now trapped at the origin, on
which the singular ADE develops. This e�ect is produced by individual mass terms for the CB
chirals φi of the probe theory. In our framework, they originate from �eld-dependent complex FI
terms:

(aiφiα
∗
i , φjhαj

) = φjαj(aiφiα
∗
i ) = φjδjiaiφi (6.3)

Recalling that αj(h), for h ∈ h, is the holomorphic volume of the 2-cycle Sj in the ADE, we
can see that for each fractional brane Ei there is an individual superpotential deformation. This
deformation is proportional to the holomorphic volume of the cycle Si wrapped by the brane.
It is easy to see that this generates a potential that vanishes only when such volume is zero,
which forces the positions of the fractional branes along the C base (i.e., the φi vevs) to zero.
This e�ect mirrors the localization of the ADE singularity at the origin of the transverse C-plane,
induced by the Higgs vev. It must be noted that non-constant Higgs backgrounds break half of
the supersymmetry on the probe brane, and it is not restored in the IR (as opposed to what we
saw in the previous chapter). This fact will have important consequences on the structure of the
moduli space of the probe.

This case is called non-monodromic because the volumes αj(aiφiα∗i ) = φiai are holomor-
2It must be mentioned that monodromic and non-monodromic ADE �brations have been studied, though with a

substantially di�erent approach in the work of [12]
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phic along the CB directions φi. Indeed, a diagonal Higgs produces only �brations with total
simultaneous resolution. The most interesting phenomena occur when we consider Higgs vevs
that engineer cDV threefolds with partial simultaneous resolution. We have seen that the corre-
sponding Higgs background takes values in a Levi subalgebra LΦ of the ADE Lie algebra, and the
Casimirs of LΦ are holomorphic functions of the coordinate along the base of the ADE �bration.
In this work, we formulate and test a proposal for the coupling of these generalised Higgs vevs
to the D2-brane. A �rst important observation is that LΦ always decomposes into a sum of inde-
pendent subalgebras LΦ =

⊕
m gm, obviously preserved by the Weyl group of the full Levi. Each

independent factor has its own Casimirs, holomorphically varying along the base and vanishing
at its origin. Then, in analogy with the non-monodromic deformation, we assume that each gm

factor in Φ will couple to a gm moment map on the CB of the probe. The latter will involve the CB
degrees of freedom of the subsystem of fractionalD2-branes wrapping the roots of gm. Moreover,
we know that the Weyl group of each gm acts non-trivially on the roots of the subalgebra, whereas
the base of the ADE �bration is parametrized by the Casimir invariants. We interpret this as the
generation of a bound state among the fractional branes associated with gm. Consequently, on
the probe, the non-constant Casimirs of the subalgebra gm are identi�ed with the center of mass
position of the corresponding brane subsystem along the base of the ADE �bration. We con�rm
these claims in a series of examples of simple threefold �ops (with and without monodromies) of
length 1 and 2, where we show that the moduli space of the D2-probe correctly reproduces the
background. Higher length cases are left for future investigations as they require a generalization
of the monopole deformation techniques employed here to non-abelian gauge theories.

This chapter is organised as follows. In Section 6.1 we comment on the connection between
the e�ective theory derived on the D2-probe and the worldvolume theory of a D3-brane probing
the same background in Type IIB string theory. We argue that the moduli spaces of both theories
coincide in the limit in which the D3 becomes fully non-compact and the CB of the D2 collapses
on its origin. in Sections 6.2 we introduce toy models of 3d N = 2 mirror symmetry, that we
extensively use in the subsequent derivations. In 6.3 we recall the main geometric data associated
with Higgs backgrounds and their relation with Lie algebra theory. In 6.4.2, we introduce non-
monodromic ADE �brations in general and with examples (Conifold, Generalised Conifold, Reid
Pagoda). In 6.4.3 we treat monodromic cases. In particular, we rederive the Pagoda of order k,
treating it as a monodromically �bered A2k−1 singularity. We �nally test our method on two
interesting cases in the family of D-type �brations. One is a simple �op of length 2. The other
is a non-resolvable D4 singularity, a situation in which the T-brane background is so severe that
the threefold singularity does not admit crepant resolutions.
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6.1 D3-branes vs D2-branes probing CY3

Let us consider a single D3-brane probing an isolated Calabi-Yau (CY) threefold singularity. This
con�guration geometrically engineers a four-dimensional N = 1 supersymmetric quiver gauge
theory. Its moduli space of vacua, parametrized by the vacuum expectation values (VEVs) of the
bifundamental scalar �elds, is isomorphic to the CY threefold itself, representing the transverse
motion of the D3-brane away from the singularity.

To explore the three-dimensional counterpart, we compactify one spatial dimension of the
D3-brane worldvolume on a circle of radius R and perform a T-duality transformation along this
direction. This procedure yields a D2-brane probing the same singularity, where the transverse
geometry is now e�ectively CY × S1, with the dual circle radius r ∝ α′/R. This T-dual setup
results in a 3d N = 2 supersymmetric gauge theory.

The vacuum moduli space of 3d N = 2 theories is notoriously more complex than the 3d
N = 4 case. In theories with only four supercharges, the distinction between the Coulomb
Branch (CB) and the Higgs Branch (HB) is less rigid: such branches can be lifted by quantum
corrections, or they may intersect in a way that prevents a clear-cut separation. Furthermore, the
U(1)R symmetry, which typically helps de�ne these branches, can mix with �avor symmetries
along the RG �ow.

However, for theories possessing a well-de�ned UV Lagrangian, we can employ a standard
working de�nition: the CB is parametrized by the scalar �eld σ in the vector multiplet together
with the dual photon γ, while the HB is parametrized by the VEVs of the matter �elds.

The physical interpretation of the 3d Coulomb branch scalar di�ers on the two sides of the
T-duality. In Type IIB, before T-duality, the scalar σ descends from the 4d photon compacti�ed on
the circle: it is the Wilson line

∮
A4 around the compact direction, and hence exhibits periodicity

with period set by the radius R. After T-duality to Type IIA, the same scalar σ parametrizes the
position of the D2-brane along the dual circle of radius r ∝ α′/R.

In the limit r → 0 (corresponding to the 4d decompacti�cation limit R → ∞), these two
descriptions converge to the same conclusion: the Coulomb branch is forced to collapse. On the
IIB side, as R → ∞, the Wilson line becomes non-dynamical and is frozen at zero. On the IIA
side, as r → 0, the dual circle shrinks and the D2-brane position loses its physical meaning,
forcing 〈σ〉 = 0. Thus, in both descriptions, the decompacti�cation limit naturally restricts the
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3d dynamics to the origin of the Coulomb branch.

Consequently, to recover the 4d D3-brane theory from the 3d D2-brane perspective, one must
work at the origin of the Coulomb branch. This restriction isolates the Higgs branch, which
remains robust under the compacti�cation. Notably, the tree-level superpotential W , being a
holomorphic function of the chiral matter �elds, remains unaltered in this transition. While 3d
theories often develop non-perturbative superpotential contributions from monopole-instantons,
these e�ects vanish in the 4d limit where the Coulomb branch decouples.

In summary, the geometric information of theCY3 is fully encoded in the 3d theory of the D2-
brane. To systematically retrieve the 4d CY3 moduli space from the 3d perspective, one proceeds
by �rst identifying the 3d theory that shares the same quiver and �eld content as the 4d model.
By then taking the 4d limit (r → 0) and restricting the dynamics to the origin of the Coulomb
branch, the vacuum selection is governed purely by the Higgs branch equations. Algebraically,
this corresponds to the space of solutions to the F-term equations derived from the superpotential,

MHB = {〈Φij〉 | ∂Φij
W = 0}//G , (6.4)

where G is the gauge group of the quiver. This quotient recovers the Calabi-Yau threefold as the
vacuum moduli space of the D3-brane, e�ectively completing the bridge between the 3d gauge
dynamics and the 4d transverse geometry.

6.2 N = 2 3d mirror symmetry: linear quivers

To set the notation and guide the reader through the computations that will follow, we introduce
a simple case of N = 2 mirror symmetry, which generalizes what was discussed in 2.2.4.

TheoryA: Let us consider a 3dN = 2U(1) gauge theory withN+1 �avors of positron/electron
pairs (Qi, Q̃i) and no superpotential. There is an SU(N + 1)×SU(N + 1) �avor symmetry that
rotates the Qi and Q̃i, respectively. The diagonal SU(N + 1)∆ has the moment map de�ned by
mesons, transforming in the adjoint of SU(N + 1)∆:

M j
i = Qi Q̃

j . (6.5)
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We can add mass deformations that break the full �avor group to its diagonal as follows:

δmW = Q · Φ · Q̃ , (6.6)

where Φ is a background, non-dynamical SU(N + 1)-valued Higgs �eld.

Theory B: Its mirror dual, which we name Theory B, is a linear quiver gauge theory (see Figure
6.1) with U(1)N gauge group, N + 1 bifundamentals qi, q̃i, N + 1 singlets si and superpotential

WB =
N+1∑
i=1

siqiq̃i . (6.7)

On this side, we can consider adding Polonyi terms, of the form

δWdiag = Φ̃i
i si . (6.8)

where Φ̃ is a background diagonal matrix. Equally importantly, as we will explain later, we can
add monopole terms of the form

δWmon = Φ̃α? w−α , (6.9)

where the notation will be explained shortly.

1 11

q2

q̃2
1

qN

q̃N
1

qN+1

q̃N+1
1

q1

q̃1

q3

q̃3

qN−1

q̃N−1· · ·

Figure 6.1: Theory B. For each node i, i = 1, ..., N , there is a N = 2 U(1) vector multiplet
Vi. Square nodes denote �avor symmetries. Oriented lines between adjacent nodes represent
bifundamental chiral multiplets.

Theory B has an SU(N +1) acting on the Coulomb Branch coordinates. In particular, Theory
B has a manifest topologicalU(1)NT symmetry, which is expected to enhance to aSU(N+1) global
symmetry in the IR3. The moment map for Theory B is given byµ in the adjoint ofSU(N+1), with
µii = si, and the o�-diagonal components are the monopole operators with charges in one-to-one
correspondence with the roots of the AN Lie algebra associated with the topological symmetry.

3The arguments for this are solid for N = 4. However, the N = 2 case requires more indirect checks, such as
identifying SU(N + 1) characters in the superconformal index. [139, 140]
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Let us now �x our conventions for monopole operators. A monopole operator is speci�ed by
an N -tuplet of magnetic charges

~m = (m1, . . . ,mN) ∈ ZN .

Now, we recall the results of [36, 95], that conclude that the IR R-charge of a monopole operator
w~m with magnetic charges ~m will be given by4

∆(w~m) =
1

2

N∑
i=1

|mi −mi+1| . (6.10)

The monopole operators of interest, meaning those that lead to an enhanced global symmetry, are
those with ∆ = 1. The only possible solutions are monopoles with a single cluster of consecutive
ones, regadless of the length. So, the simple ‘length-1’ solutions are following:

~m
(1)
1 = (1, 0, 0, . . . , 0) (6.11)

~m
(1)
2 = (0, 1, 0, . . . , 0) (6.12)

. . . (6.13)
~m

(1)
N = (0, . . . , 0, 1) , (6.14)

These monopoles correspond to the simple roots of the enhanced �avor algebra. For ‘length-2’
we have

~m
(2)
1 = (1, 1, 0, . . . , 0) (6.15)

~m
(2)
2 = (0, 1, 1, . . . , 0) (6.16)

. . . (6.17)
~m

(2)
N = (0, . . . , 1, 1) , (6.18)

and so on up to length-(N−2), �lling out the rest of the root system of the enhanced SU(N +1).

To clarify the link between this basis of U(1)-charges, and the usual Dynkin labels for the ad-
joint representation of Lie(G), we de�ne the following basis hG = 〈α∗i 〉 for the Cartan subalgebra5

4This applies to a balanced Abelian quiver.
5These α? are often referred to as fundamental coweights, not to be confused with the coroots.
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hG such that
αi(α

∗
j ) = δij . (6.19)

This is the appropriate language to describe monopole operators charged w.r.t. a single gauge
node. Given this, we will refer to a monopole ωα as the one charged under α∗ only.

Mirror map The mirror map works as follows:

M j
i = QiQ̃j ←→ µij , V+ ←→ B , V− ←→ B̃ , (6.20)

where V± are the monopole operators of the U(1) theory, while B = q1q2...qN+1 and B̃ =

q̃1q̃2...q̃N+1 are the baryons of the second theory. The diagonal µii = si, and the o�-diagonal
µij are monopole operators pointing in the root space directions matching the meson of the A-
side.

The deformations (6.6) and (6.9) are also mapped into each other via the following identi�ca-
tions:

Φ↔ Φ̃ (6.21)
Mα ↔ wα , (6.22)

where Mα is the A-side meson that points along the α-root of SU(N + 1).

Let us now add to Theory B N + 1 singlets Ti and deform the superpotential (6.7) to the
following one

WB′ =
N+1∑
i=1

siqiq̃i −
N+1∑
i=1

siTi . (6.23)

It is a mass term for Ti and si. Integrating them out, one obtains a zero superpotential. The new
theory will be called Theory B’.

We can obtain the mirror dual of Theory B’, that we call Theory A’, by adding the dual of the
superpotential deformation to Theory A; on this side we then get the superpotential

W = −
N+1∑
i=1

TiQiQ̃i . (6.24)
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Note, that WB′ implies the chiral ring identi�cation

〈qiq̃i〉 = 〈Ti〉 . (6.25)

6.2.1 Monopole superpotentials

The examples below will serve as building blocks for deriving the e�ective superpotentials of the
theories arising on D2-branes probing cDV singularities.

Building block I

Let us consider a 3d N = 2 supersymmetric U(1) gauge theory with two �avors and with the
following superpotential that includes monopole operators:

W = φ(q1q̃1 − q2q̃2) + w− + P (φ)w+ , (6.26)

where P (φ) is a polynomial in φ. This theory can be seen as a deformation of a 3dN = 2 abelian
linear quiver gauge theory with one node and without superpotential. Let us think of it as taking
the B′ theory in the language of (6.23) plus deformation.

Its mirror can be found by taking the corresponding Theory A’ and adding to its superpotential
the dual of (6.26). One obtains a U(1) gauge theory with 2 �avors and superpotential

W = −T1Q1Q̃1 − T2Q2Q̃2 + φ(T1 − T2) + P (φ)Q1Q̃2 +Q2Q̃1 , (6.27)

where we have also used (6.25). The �eldsQ2 and Q̃1 are massive and can be integrated out: their
equations of motion give

Q2 = T1Q1 and Q̃1 = T2Q̃2 . (6.28)

Plugging this into (6.27), one obtains the e�ective superpotential6

Weff = (P (φ)− T1T2)Q1Q̃2 + φ(T1 − T2) . (6.29)

6We do not integrate out the massive �elds T1−T2 and φ. The reason will become clear in the following sections.
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One obtains a U(1) gauge theory with one �avor. Its mirror dual is an XYZ model, with modi�ed
superpotential7

Weff = X(Y Z + P (φ)− T1T2) + φ(T1 − T2) . (6.30)

Building block II

Let us now consider the more generic case, i.e. a 3d abelian linear quiver with N nodes and with
the following superpotential that includes monopole operators:

W =
N∑
i=1

φi(qiq̃i − qi+1q̃i+1) +
N∑
i=1

w−αi
+

(
1

N

N∑
i=1

φi

)
w+αhigh

. (6.31)

where, as explained previously, ω−αi
refers to the monopole operator with charge−1 w.r.t. to the

αi node, and zero for the others. This theory can be seen as a deformation of a 3dN = 2 abelian
linear quiver gauge theory with N nodes and without superpotential.

Its mirror can be found by taking the corresponding Theory A’ and adding to its superpotential
the dual of (6.31). One obtains a U(1) gauge theory with N + 1 �avors and superpotential

W = −
N+1∑
i=1

TiQiQ̃i +
N∑
i=1

φi(Ti − Ti+1) +
N∑
i=1

Qi+1Q̃i +

(
1

N

N∑
i=1

φi

)
Q1Q̃N+1 . (6.32)

Integrating out the massive �elds Qi+1, Q̃i with i = 1, ..., N one obtains the e�ective superpo-
tential

Weff =

(
1

N

N∑
i=1

φi − T1T2...TN+1

)
Q1Q̃N+1 +

N∑
i=1

φi(Ti − Ti+1) . (6.33)

Hence, we have a U(1) gauge theory with one �avor and superpotential (6.33). Its mirror dual is
an XYZ model, with modi�ed superpotential

Weff = X

(
Y Z +

1

N

N∑
i=1

φi − T1T2...TN+1

)
+

N∑
i=1

φi(Ti − Ti+1) . (6.34)

7In some of the cases analyzed in the following sections, the sign in front of q2, q̃2 in (6.26) will be + instead of
−. In such instances, it is su�cient to replace T2 with −T2.
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6.3 cDV singularities and the Higgs �eld

Let us recall the most important facts about Higgs �eld �brations that we will use for the con-
struction of the theory on the probe.
For the A- and D-type cDV threefold that we consider in this work, the hypersurface equations
induced by Φ(w) are

An : x2 + y2 = det(z1n+1 − Φ)

Dn : x2 + zy2 −
√

det(z12n + Φ2)− Pfa�2(Φ)

z
+ 2yPfa�(Φ) = 0

(6.35)

where Φ is written as a matrix in the fundamental representation of An or Dn respectively. As
w varies, the Higgs �eld Φ(w) takes values in a subalgebra L of the ADE Lie algebra [19]. The
commutantH ofL— that is, the set of elements commuting with all ofL— is an abelian subalgebra
contained in the Cartan subalgebra C.8 By evaluating the roots α on elements h ∈ H, one can
determine which simple roots are resolved: if α(h) 6= 0 for some h ∈ H ⊂ C, then the root α is a
vanishing two-cycle that can be resolved in the (partial) simultaneous resolution. The subalgebra
L is known as a Levi subalgebra, since it commutes with an abelian subalgebra. This implies that
the resolution of the threefold induced by Φ can be understood by identifying the Levi subalgebra
to which it belongs.

One can de�ne invariant coordinates on the Levi subalgebra as follows: for each simple sum-
mand, choose the Casimir invariants of that algebra;9 the remaining coordinates are given by
the coe�cients in the expansion of Φ along the basis (α∗1, . . . , α

∗
k) of H. For example, consider

L = A
(1)
1 ⊕ A

(2)
1 ⊕ 〈α∗3〉. For a generic element Φ ∈ L, we have: (i) invariant coordinate

%1 = 1
2
Tr(Φ2

1) for the �rst A1 summand, (ii) invariant coordinate %2 = 1
2
Tr(Φ2

2) for the sec-
ond A1 summand, and (iii) invariant coordinate %3 (coe�cient along α∗3) for the U(1) part. A
generic Φ ∈ L can then be written as Φ(%1, %2, %3), and specifying a base change %i = fi(w)

gives a speci�c cDV threefold. The sphere associated with αi may return to itself after travers-
ing the loop. In this case, it extends globally as a holomorphic cycle in the threefold and can
be resolved. Alternatively, the sphere may undergo monodromy, mixing non-trivially with other
spheres as we encircle w = 0. In this case, it does not lift to a globally well-de�ned holomor-
phic curve in the threefold. Geometries in which some spheres exhibit the latter behavior are

8The reason for this is traced back to the M-theory origin of the �eld Φ and it is explained in [19, 25].
9For an An summand, an element g ∈ An has invariant coordinates %λq

= Tr gq .
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referred to as monodromic cDV threefolds, while those in which all spheres behave as in the for-
mer case are called non-monodromic [12, 89]. The resolution pattern is thus encoded in a colored
Dynkin diagram: white nodes correspond to resolvable roots (globally de�ned spheres), while
colored nodes correspond to non-resolvable roots (spheres undergoing monodromy). Connected
subdiagrams of colored nodes correspond to simple summands of the Levi subalgebra L. Alge-
braically, this structure is encoded in the Higgs �eld Φ(w): a root α is colored if and only if Φ

contains o�-diagonal components—the step operators e±α—beyond just Cartan elements. For ex-
ample, Φ(w) = eα + %(w)e−α contains step operators, indicating that α is colored and undergoes
monodromy. In contrast, Φ(w) = %(w)α∗ lies purely in the Cartan, indicating that α is white
(resolvable).

6.4 D2-brane probing a cDV threefold singularity

The main point of this work can be summarized as follows. The (undeformed) ADE surfaces
appear as the Higgs branch moduli space of the three-dimensional N = 4 worldvolume theory
on a D2-brane probing an ADE singularity. By deforming the ADE surface along an additional
complex direction in spacetime, one obtains a cDV threefold. We show that this cDV threefold
can be reproduced as the Higgs branch moduli space10 of a 3dN = 2 theory obtained by a suitable
superpotential deformation of the D2-brane worldvolume theory.

The technical core of our construction is the systematic treatment of these superpotential
deformations through mirror symmetry and ungauging, ultimately yielding an e�ective theory
with polynomial superpotential whose Higgs branch reproduces the cDV geometry. As discussed
in the introduction, upon decompacti�cation this 3d theory �ows to the 4d N = 1 gauge theory
engineered by D3-branes probing the same cDV singularity.

In order to derive the 3d N = 2 worldvolume theory on D2-branes probing cDV threefold
singularities from the geometric data encoded in the Higgs �eld Φ(w), we adopt the following
three-step strategy:

1. Start with the 3d N = 4 quiver for a D2-brane probing the ADE surface singularity.

10Throughout the paper, when referring to the Higgs branch of the 3d N = 2 theory, we implicitly mean the
branch that matches the moduli space of the corresponding 4d worldvolume theory on a D3-brane. As discussed in
Section 6.1, the D2-brane description arises from compactifying the D3-brane on a circle; the additional 3d Coulomb-
branch directions associated with the circle are frozen when identifying the geometric moduli space.
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2. Deform the superpotential using Φ(w).

3. Integrate out massive �elds to obtain the e�ective IR theory. The Higgs branch moduli space
of this 3d theory reproduces the probed cDV threefold. Upon decompacti�cation to 4d, this
theory �ows to the worldvolume theory of a D3-brane probing the same singularity.

For non-monodromic �brations (all roots resolved), Φ belongs to the Cartan subalgebra and in-
duces a simple deformation. For monodromic cases (colored nodes), Φ contains nilpotent elements
that induce monopole operators in the superpotential.

6.4.1 D2-brane probing an ADE singularity

Our starting point is the worldvolume theory on a D2-brane probing an ADE singularity, reviewed
in greater detail in Section 2.2.

1

φ1
q2

q̃2
1

φr
qr

q̃r
1

φr−1

qr+1

q̃r+1

1

φ2

1

φr+1

q1

q̃1

q3

q̃3

qr−1

q̃r−1· · ·

Figure 6.2: Ar theory. For each node i, i = 1, ..., r + 1, there is a N = 4 U(1) vector multiplet
Vi containing a N = 2 vector multiplet and an adjoint chiral φi. Pairs of oriented lines between
adjacent nodes represent bifundamental hypermultiplets (qi, q̃i).

The quiver has the shape of the a�ne Dynkin diagram of the corresponding ADE Lie algebra
[2]. The nodes of the quiver correspond to fractional D2-branes; the gauge group at each node
is U(ni), where ni is the dual Coxeter label of the i-th node in the associated Dynkin diagram.
Each pair of arrows connecting the nodes in the quiver is a bifundamental hypermultiplet. As an
example, Figure 6.2 illustrates the Ar quiver. In this case, the gauge group is (

∏r
i=0 U(1)) /U(1).

157



The vector multiplet chiral �elds φi are coupled to the hypermultiplets (qi, q̃i) via the N = 4

superpotential

W =
r+1∑
i=1

(φi − φi−1)qiq̃i, , (6.36)

with φ0 ≡ φr+1. There is also a D-term potential that produces the D-term relations

|qi|2 + |q̃i−1|2 − |q̃i|2 − |qi−1|2 = 0 i = 1, ..., r . (6.37)

TheAr theory features r triplets of FI-parameters: the triplet can be separated in a complex FI-
parameter that appears in the superpotential, and a real one that modi�es the relations (6.37); these
can be regarded as mass parameters (i.e., background vector multiplets) for the U(1)rT topological
symmetry.

As we said above, forN = 4 quiver gauge theories, monopole operators and the scalar �elds φi
can be assembled into the moment mapµ for the topological symmetry. µ is object transforming in
the adjoint representation of the Lie algebra G. Under mirror symmetry, the Ar quiver is mapped
to a U(1) gauge theory with r+ 1 �avors that has a manifest SU(r+ 1) symmetry, with moment
map µmirror

ij = QiQ̃j . As we discussed above, mirror symmetry maps the moment map µ of the
original theory to the moment map µmirror in the dual theory.

6.4.2 Non-monodromic ADE �brations

The theory of a D2-brane probing the threefold singularity X can be viewed as a deformation
of the theory describing a D2-brane probing the corresponding ADE surface singularity. This
deformation is governed by the background Higgs �eld Φ(w), which is non-dynamical from our
3d point of view and should not be confused with the dynamical adjoint scalars φi in the quiver
gauge theory.

Fractional branes and holomorphic volumes

To understand the superpotential deformation, we �rst recall the classic result of [12] (building
on earlier work [141–143]). Consider D5-branes wrapping 2-cycles in a �bered ADE geometry
over a base Cw. In the absence of background �elds, the D5-branes give rise to an N = 2 gauge
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theory with FI parameters αi equal to the holomorphic volumes of the wrapped 2-cycles. When
a non-trivial �bration is introduced a superpotential is generated in the worldvolume theory.

The key observation of [12] is that the BPS tension of domain walls, computed by integrating
the holomorphic three-form Ω = ω ∧ dw over a three-chain, determines the superpotential:

W (φ) =

∫
w=Φ

α(w) dw , (6.38)

where φ is the scalar �eld parametrizing the position of the fractional brane along the base, and
α(w) =

∫
S2(w)

ω is the holomorphic volume of the wrapped cycle at position w. Here ω denotes
the holomorphic (2, 0)-form of the ADE �ber. This formula implies that

∂W

∂φ
= α(φ) , (6.39)

i.e., the derivative of the superpotential reproduces the holomorphic volume of the wrapped cycle
at the brane’s position.

Conversely, if one wishes to engineer a gauge theory with a speci�ed superpotential W (φ) =

P (φ), the �bration must be chosen such that α(w) = P ′(w). This establishes a direct dictionary
between the geometric deformation of the ADE �ber and the superpotential of the gauge theory.

In our setup, fractional D4-branes (arising from the D2-brane probe splitting into components)
wrap the vanishing spheres associated with each simple root αi of the ADE Dynkin diagram.
The Cachazo-Vafa formula (6.38) will guide our construction of the superpotential deformation
induced by the background Higgs �eld Φ(w).

Deriving the deformation from Φ(w)

We now show how the geometric data encoded in the Higgs �eld Φ(w) reproduces the Cachazo-
Vafa superpotential deformation (6.38).

For balanced quivers (where each node has rank Ni and 2Ni �avors), consider isolating a sin-
gle fractional brane at node i together with its 2Ni hypermultiplets. This subsystem supports
a U(Ni) gauge group with N = 4 supersymmetry. The Coulomb branch of this subsystem
possesses an SU(2) �avor symmetry—distinct from the SU(2Ni) �avor symmetry acting on the

159



Higgs branch—which corresponds to the su(2)αi
subalgebra of G generated by

〈eαi
, e−αi

, hαi
≡ [eαi

, e−αi
]〉.

The background Higgs �eld Φ, which transforms in the adjoint representation of G, couples to
the fractional brane worldvolume theory through the moment map µαi

associated to this Coulomb
branch �avor symmetry su(2)αi

. In the non-monodromic case, where Φ lies entirely in the Cartan
subalgebra, this coupling involves only the Cartan part of µαi

, namely φαi
hαi

, where φαi
is the

scalar �eld parametrizing the position of the fractional brane along the base.

The Higgs �eld admits a polynomial expansion

Φ(w) =
k∑
`=0

Φ`w
` , (6.40)

where the brane’s position in the base is w = φi. The coupling between Φ(φi) and the moment
map generates an induced superpotential in the worldvolume theory:

δWi =
k∑
`=0

φ`i
`+ 1

κ (Φ` , µαi
) =

k∑
`=0

φ`+1
i

`+ 1
κ (Φ` , hαi

) , (6.41)

where κ denotes the Killing form. The factor (`+ 1)−1 is chosen precisely to satisfy the Cachazo-
Vafa condition (6.38):

∂δWi

∂φi
=

k∑
`=0

φ`i κ(Φ`, hαi
) = κ (Φ(φi), hαi

) = αi (Φ(φi)) , (6.42)

where in the last step we have used the normalization of the Killing form for ADE algebras,
κ(hα, hβ) = α · β.

This has a clear geometric interpretation: at a given value w in the base, the holomorphic vol-
ume of the sphere αi in the deformed �ber is αi(Φ(w)). Since the fractional brane wrapping αi sits
at position w = φi, equation (6.42) correctly reproduces the holomorphic volume, in agreement
with [12].
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In the following, we examine some well-known examples and verify that the proposed defor-
mation indeed reproduces the expected geometry in the moduli space.

Example 1: Conifold

We start with the easiest and famous example, the conifold given by the hypersurface

uv = z2 − w2 . (6.43)

This threefold can be regarded as a family of deformed A1 singularities, where w is the defor-
mation parameter. The corresponding Φ(w) is the following 2× 2 matrix [25]

Φ(w) =

(
w 0

0 −w

)
= 2wα∗ . (6.44)

Plugging this into (6.35) one reproduces correctly (6.43).

Let us probe the conifold singularity by a D2-brane. According to what we have said in this
section and due to the formula (6.41) (with ` = 1), the resulting theory is the A1 quiver gauge
theory deformed by

δW1 =
φ1

2
α(Φ(φ1)) = φ2

1 (6.45)

δW2 = −φ2

2
α(Φ(φ2)) = −φ2

2 . (6.46)

Here we have used that the fractional brane corresponding to the extended node in the a�ne
Dynkin diagram is wrapping α2 = −α.

Now, let us consider the complete deformed superpotential:

W = (φ1 − φ2)(q1q̃1 − q2q̃2) + φ2
1 − φ2

2 = φ−(q1q̃1 − q2q̃2 + φ+) (6.47)

where we have rede�ned φ− = φ1−φ2 and φ+ = φ1+φ2. Notice that this deformed superpotential
for the conifold was already introduced by Klebanov-Witten [88], as noticed in [12].

The �elds φ± are massive. Integrating them out, we get a quiver gauge theory, with the A1

quiver and zero superpotential, i.e., we obtain exactly the theory of a D-brane probing the conifold.
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We have veri�ed that the moduli space reproduces the conifold geometry. This con�rms our
prescription (6.40) in the simplest case where Φ contains only linear terms. The next examples
will test the method for higher-degree base changes.

Example 2: Reid’s Pagodas as a family of deformed A1 surfaces

Let us now consider the following three-fold, known as Reid’s pagoda:

uv = z2 − w2k . (6.48)

This is again a non-monodromic A1-�bration (that reduces to the conifold for k = 1), whose
corresponding Higgs �eld is

Φ(w) =

(
wk 0

0 −wk

)
= 2wkα∗ . (6.49)

This induces the superpotential deformations

δW1 =
φ1

k + 1
α(Φ(φ1)) =

2

k + 1
φk+1

1 (6.50)

δW2 = − φ2

k + 1
α(Φ(φ2)) = − 2

k + 1
φk+1

2 . (6.51)

We obtain, then an A1 quiver with the superpotential

W = (φ1 − φ2)(q1q̃1 − q2q̃2) +
2

k + 1
φk+1

1 − 2

k + 1
φk+1

2 . (6.52)

This superpotential appeared in [12, 89], and we will rederive it in the following in a di�erent
way, by considering Reid’s Pagoda as a family of deformed A2k−1 singularities (by exchanging
the roles of z and w in (6.48)).

Let us check that the F-term moduli space is the CY threefold (6.48). The F-terms are

∂φ1W = 0 : q1q̃1 − q2q̃2 + 2φk1 = 0

∂φ2W = 0 : q1q̃1 − q2q̃2 + 2φk2 = 0

∂qiW = 0 : (φ1 − φ2) q̃i = 0 i = 1, 2

∂q̃iW = 0 : (φ1 − φ2) qi = 0 i = 1, 2

(6.53)
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The solutions are given by φ2 = φ1 ≡ φ and q2q̃2 = q1q̃1 + 2φk. The moduli space is then given
by de�ning gauge-invariant combinations and �nding the relations they need to satisfy. Here we
have the following four gauge invariants (plus the �eld φ):

U ≡ q1q2, V ≡ q̃1q̃2, X1 ≡ q1q̃1, X2 ≡ q2q̃2 (6.54)

They satisfy the obvious relation U V = X1X2. Imposing the relation coming from the F-term,
i.e. X2 = X1 + 2φk, we have

U V = X1 (X1 + 2φk) , (6.55)

that can be brought in the form (6.48) by rede�ning the coordinates as X1 = Z − φk.

Notice that φ plays the role of w. At a generic point of the moduli space φ1 = φ2 = φ, i.e., the
fractional branes move (as a bound state) away from the origin at w = φ, that is consistent with
the interpretation of the theory of D-branes probing an ADE surface singularity �bered over the
complex plane Cw.

This example demonstrates that our method correctly handles polynomial base changes %(w) =

wk. Notice that the e�ective superpotential now contains terms φk+1, re�ecting the degree of the
base change. We will revisit this geometry in the next section from a di�erent perspective (as a
monodromic A2k−1 �bration).

Examples 3: Generalized conifold

The �nal example of non-monodromic �bration that we consider is the following hypersurface
equation

uv = z(z − w)(z + w) . (6.56)

This is a family of A2 deformed singularities.

The corresponding Higgs �eld is

Φ(w) =

w −w
0

 = w(2α∗1 − α∗2) . (6.57)
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The induced superpotential deformations are

δW1 =
φ1

2
α1(Φ(φ1)) = φ2

1 , (6.58)

δW2 =
φ2

2
α2(Φ(φ2)) = −1

2
φ2

2 , (6.59)

δW3 = −φ3

2
(α1(Φ(φ3)) + α2(Φ(φ3))) = −1

2
φ2

3 . (6.60)

We then obtain the A2 quiver with the following superpotential

W =
3∑
i=1

(φi − φi−1)qiq̃i + φ2
1 −

1

2
φ2

2 −
1

2
φ2

3 . (6.61)

This is the same superpotential found in [12]. By simple computations, one shows that the result-
ing moduli space reproduces the geometry (6.56), with φ1 = φ2 = φ3 ≡ φ that correctly plays the
role of w.

Unlike the previous A1 cases, this example involves multiple roots, showing how di�erent
fractional branes couple independently to di�erent components of Φ. The next section addresses
the more challenging monodromic cases where Φ contains o�-diagonal terms.

6.4.3 Monodromic ADE �brations

In monodromic �brations, some curves of the �ber do not give rise to holomorphic curves in the
total space of the threefold. This data is encoded in a colored Dynkin diagram. We color the nodes
of such curves, and leave blank those that will be small-resolvable curves in the threefold.

In terms of our Higgs �eld language, the way we will achieve this is by selecting a Levi sub-
algebra of the semi-simple Lie algebra (see appendix C for two brief de�nitions). The Higgs �eld
will take non-zero entries along this Levi. Graphically, this is encoded as follows: Connected
subdiagrams of colored nodes are the Dynkin diagrams of the simple summands of the Levi (see
Figure 6.3).1112

11These diagrams involve the exceptional node of the original Dynkin diagram only when the corresponding Levi
subalgebra is maximal within the original Lie algebra (or within one of its maximal subalgebras).

12In this paper, we primarily focus on cases where the coloring does not involve the extended node of the a�ne
Dynkin diagram. This node corresponds to a bound state of the (anti)-fractional branes wrapping the simple roots
plus an integral D2-brane. There also exist cDV Calabi–Yau threefolds in which the coloring involves the extended
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These connected subdiagrams are related to subquivers of the original ADE quiver, whose
symmetry in their CB is given by the Levi summand.

(a) (b) (c)

Figure 6.3: Graphic representation of partial simultaneous resolutions. Colored nodes correspond
to obstructed 2-cycles. Colored subdiagrams are identi�ed with the subalgebras that compose the
Levi subalgebra associated with Φ. Here we show examples of simple �ops of length 1, 2, and a
non-resolvable D4 singularity. (a) The colouring of the Ã3 diagram corresponds to the choice of
Levi LΦ = A

(1)
1 ⊕A

(3)
1 ⊕〈α∗2〉. (b) D̃4 diagram. Coloring corresponds to LΦ = A

(1)
1 ⊕A

(2)
1 ⊕A

(3)
1 ⊕

〈α∗4〉. (c) Non-resolvable singularity. Here LΦ = A
(0)
1 ⊕ A

(1)
1 ⊕ A

(2)
1 ⊕ A

(3)
1

In physical terms, given a choice of a Φ-background that generates a monodromic �bration,
a probe D2-brane will see this as a superpotential deformation in the following way: For each
summand of the Levi subalgebra, we introduce a superpotential term given by

δW = κ (Φ(φcm), µ) (6.62)

Here, µ is the moment map of the symmetry generated by the Levi summand in the CB of the cor-
responding subquiver. In the superpotential deformation (6.62), Φ depends on φcm = 1

m

∑m
i=1 φi

that is the scalar controlling the motion of the center of mass of the fractional branes. Our claim is
that the colored connected nodes must be treated together, as if the fractional branes were bound
together by the non-zero Φ-background.

The extreme case is when all simple roots are colored, i.e., the Levi subalgebra coincides with
the full ADE algebra. When this happens, the resolution of the threefold contains no holomorphic
spheres. As a consequence, type IIA on this threefold does not admit fractional branes. The
ordinary D2-brane, however, remains, and its U(1) gauge group must be preserved. This U(1) is
naturally associated with the extended node of the quiver.

Let us consider the simplest example in order to illustrate the mechanism explicitly. First, we

nodes. In this case, the corresponding linear combination of exceptional cycles ceases to de�ne an independent curve
in the threefold. Equivalently, this introduces a relation among the simple roots, thereby eliminating one exceptional
cycle from the resolution of the threefold.

165



put the D2-brane on A1 × C. The worldvolume theory is the quiver gauge theory in 6.4.

1

φ2

1

φ1

q1

q2

q̃1

q̃2

Figure 6.4: A1 theory. The N = 4 superpotential is given by 6.36 with r = 1.

Then, we consider the following Higgs �eld:

Φ =

(
0 1

w 0

)
= eα + w e−α (6.63)

The corresponding Levi subalgebra is theA1 algebra itself. The threefold equation is uv = z2−w,
i.e. it is C3.

According to what we have written above, this Φ generates the following superpotential de-
formation

δW = κ(Φ(φ1)µα) = w−α + φ1wα where µα =

(
φ1 wα

w−α −φ1

)
(6.64)

To deal with quivers with monopole superpotentials, one follows the prescription in [37]: one
isolates the abelian node relative to w±α by ungauging the adjacent U(1); in our example, this
amounts to ungauging the extended node. The isolated theory can then be coupled back to the
rest of the quiver by gauging a subgroup of its �avor symmetry.

1

φ2

1

φ1

q1

q2

q̃1

q̃2

1 2

φ1
q̃2, q2

q̃1, q1

Figure 6.5: A1 theory. Ungauging of the a�ne node.
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For the isolated (balanced) node, the theory is a 3dN = 4 supersymmetric U(1) gauge theory
with two �avors, and deformed superpotential

W (1) = φ1(q1q̃1 − q2q̃2) + w−α + φ1wα , (6.65)

i.e. we obtain the Building Block I in Section 6.2.1. The e�ective theory has no U(1) and a super-
potential

W
(1)
eff = X1(Y1Z1 + φ1 − T1T2) + φ1(T1 − T2) . (6.66)

We now gauge the U(1) of the node 2 back and obtain a U(1) gauge theory with a given
number of singlets and superpotential

Weff = X1(Y1Z1 + φ1 − T1T2) + (φ1 − φ2)(T1 − T2) . (6.67)

One can make a �eld rede�nition (φ1, φ2, T1, T2)←→ (A,B, T+, T−) in the following way: A =

φ1 + Y1Z1 − T1T2, B = φ1 − φ2, T± = T1 ± T2. The superpotential can then be written as

Weff = X1A+B T− . (6.68)

Hence, X1, A,B, T− are massive, and we can integrate them out.

The �nal theory has a quiver with one node and three loops, namely the quiver whose moduli
space is C3, in agreement with the Φ in (6.63). The node corresponds to the D2-brane that probe
C3 (originally it was the extended node of the A1 a�ne Dynkin diagram).

1

T+

Y1

Z1

Figure 6.6: C3 theory.

In the next sections, we study interesting monodromic cases.
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6.5 Reid’s pagodas

11 11 1

1

. . . . . .

Figure 6.7: A2k−1 partial simultaneous resolution

We now return to Reid’s Pagoda, studied earlier in Section 6.4.2 as a non-monodromicA1 �bration.
Here we re-analyze the same geometry from a di�erent perspective: as a monodromic A2k−1

�bration where most nodes are colored. This provides a highly non-trivial check of our method.

The de�ning equation of the Reid’s Pagoda is

uv = z2k − w2 . (6.69)

This is the same equation as (6.48), but with the roles of z and w exchanged. The equation (6.69)
can be seen as a A2k−1 singularity deformed at w 6= 0. It is already known that the resolution
of this manifold contains a single exceptional sphere. This immediately implies that most of the
nodes in the A2k−1 Dynkin diagram must be colored. Indeed, the corresponding colored Dynkin
diagram is shown in Fig. 6.7. The associated Levi subalgebra is

L = 〈α∗k〉 ⊕ ALk−1 ⊕ ARk−1 (6.70)

and the Higgs �eld takes the following block diagonal form

Φ =

(
Φ+

Φ−

)
(6.71)
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with the two blocks given by

Φ± =



0 1 0 · · · 0

0 0 1
. . . ...

... . . . . . . . . . 0

0 · · · 0 0 1

±w 0 · · · 0 0


, (6.72)

i.e.

Φ(w) =
k−1∑
m=1

eαm + w e−α1−...−αk−1
+

2k−1∑
m=k+1

eαm − w e−αk+1− ...−α2k−1
. (6.73)

We notice that Φ has no component along α∗k.

Following the algorithm outlined in Section 6.4, the superpotential deformation splits into two
distinct contributions, each associated with a simple summand of the Levi subalgebra:

δW =κ

(
Φ

(
1

k−1

k−1∑
m=1

φm

)
, µL

)
+ κ

(
Φ

(
1

k−1

2k−1∑
m=k+1

φm

)
, µR

)

=
k−1∑
m=1

w−αm +

(
1

k−1

k−1∑
m=1

φm

)
w+α1+...+αk−1

+

+
2k−1∑
m=k+1

w−αm −

(
1

k−1

2k−1∑
m=k+1

φm

)
w+αk+1+...+α2k−1

(6.74)

We see that each block of Φ produces a deformation like in Building Block II, see (6.31). It is
then easy to obtain the e�ective potential by applying the ungauging/gauging procedure of [37]
and using Building Block II in Section 6.2.1. We obtain a quiver with two nodes (that originally
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(2)
2

1

φ5
q5

q̃5
1

φ4

q6q̃6

22
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φ1
q2

q̃2
1
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q3 q̃3q1 q̃1

Figure 6.8: Example with k=3. Ungauging of the two Levi blocks.

corresponded to the root αk and the extended node) depicted in Fig. 6.9 and superpotential

Weff =XL

(
YLZL + 1

k−1

k−1∑
m=1

φm − T1T2...Tk

)

+XR

(
YRZR − 1

k−1

2k−1∑
m=k+1

φm − Tk+1Tk+2...T2k

)

+
2k∑
m=1

φm(Tm − Tm+1) ,

(6.75)

where we have also recoupled the �elds φk and φ2k (T2k+1 ≡ T1).

Looking at the superpotential (6.75), we notice several mass terms. In particular the F-terms
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1

YL ZL YRZR

1

Figure 6.9: Quiver for e�ective .

for φi’s imply the following relations
Tm = Tm+1 − 1

k−1
XL

Tk+m = Tk+m+1 + 1
k−1

XR

Tk+1 = Tk

T1 = T2k

→


Tm = Tk − k−m

k−1
XL m = 1, ..., k − 1

Tk+m = T2k + k−m
k−1

XR m = 1, ..., k − 1

T2k +XR = Tk

Tk −XL = T2k

(6.76)
that can be solved as

Tk−j = k−j−1
k−1

Tk + j
k−1

T2k j = 1, ..., k − 1

Tk+j+1 = k−j−1
k−1

Tk + j
k−1

T2k j = 0, ..., k − 2

XL = XR = Tk − T2k

(6.77)

Integrating out the 4k massive �elds XL, XR, T1, ..., Tk−1, Tk+1, ..., T2k−1, φ1, ..., φ2k, we ob-
tain

Weff = (Tk − T2k)

(
YLZL + YRZR − 2

(
1

k − 1

)k k−1∏
j=0

[j Tk + (k − j − 1)T2k]

)
= (Tk − T2k) (YLZL + YRZR −Qk(Tk, T2k))

(6.78)

where Qk(T, T ) = 2T k.
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We are now ready to compute the classical moduli space. The F-term equations are

∂TkWeff : YLZL + YRZR −Qk(Tk, T2k)− (Tk − T2k)∂TkQk(Tk, T2k) = 0

∂T2k
Weff : YLZL + YRZR −Qk(Tk, T2k) + (Tk − T2k)∂T2k

Qk(Tk, T2k) = 0

∂YiWeff : Zi (Tk − T2k) = 0

∂Zi
Weff : Yi (Tk − T2k) = 0

(6.79)

These equations imply Tk = T2k ≡ T and 13

YLZL + YRZR − 2T k = 0 . (6.80)

Let us write down the hypersurface equation. The gauge invariants are

A1 ≡ YLZL , A2 ≡ YRZR , B1 ≡ YLZR , B2 ≡ YRZL , (6.81)

with relation B1B2 = A1A2. Using (6.80), one obtains

B1B2 = A1(−A1 + 2T k) (6.82)

By rede�ning the variables as B1 = u, B2 = v, T = z, A1 = −w + zk one obtains the de�ning
equation (6.69) of the kth Reid’s Pagoda

If we consider the F-term equations for the �elds Ti’s and XL, XR implied by (6.75), we see
that on the vacuum the �elds φi’s satisfy

φk = φ2k = 1
k−1

k−1∑
m=1

φm = 1
k−1

2k−1∑
m=k+1

φm = w . (6.83)

We can then correctly conclude that in a generic point of the moduli space, the branes recombine
into a normal brane; moreover, their location in the w-plane is given by the vev for the corre-
sponding �elds φi.

We have derived the quiver and superpotential for a D-brane probing a Reid’s Pagoda threefold
singularity by interpreting the threefold equation either as a non-monodromic family of deformed

13The last two equations seems to allow a branch with Zi = Yi = 0; however, the �rst two homogeneous inde-
pendent equations in Tk, T2k would give Tk = T2k = 0.
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A1 singularities or as a monodromic family of deformed A2k−1 singularities. In both cases, the
resulting quiver is the same. Although the corresponding superpotentials take di�erent forms,
they generate the same ideal of F-term equations.

6.6 Simple �ops of length 2

In this section we consider the e�ective theory on the worldvolume of a D2-brane probing three-
folds which admit a simple �op of length 2. The singularity has an exceptional locus given by a
single CP1, analogous to the conifold, but—unlike the conifold—it does not admit a toric descrip-
tion. A key distinction with the conifold is the so-called length invariant `, which (for simple
threefold �ops) measures the multiplicity of the exceptional CP1 in the contraction.14 For the
conifold ` = 1, while in the present example we have ` = 2.

6.6.1 The geometry and the Higgs �eld

The threefold �ops of length 2 are one-parameter D4 families, and hence belong to the class of
threefolds we are considering in this paper. They are described by the colored Dynkin diagram
in Figure 6.10. The associated Levi subalgebra is

Figure 6.10: Length 2 �op from the family of deformedD4 singularities. In this construction length
2 �ops are three-dimensional cuts in the family of deformed D4 surfaces with small irreducible
resolution.

L = A
(α1)
1 ⊕ A(α2)

1 ⊕ A(α3)
1 ⊕ 〈α∗4〉 (6.84)

The Higgs �eld is [19, 56]

Φ = eα1 + %1e−α1 + eα2 + %2e−α2 + eα3 + %3e−α3 + %4α
∗
4 , (6.85)

14More precisely, if the local blowdown π : X → Y contracts the CP1, then π∗(Opt) ∼= O⊕`CP1 .
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where %i are the invariant coordinates of the Levi subalgebra. The threefold with a �op of length
2 is obtained by the choice of a base change %i = %i(w), that makes the partial invariant %i depend
on the coordinate w.

Written in matrix form, the Higgs �eld is [19, 25]

Φ(w) =



%4 1 0 0 0 0 0 0

%1 %4 0 0 0 0 0 0

0 0 0 1 0 0 0 1

0 0 %3 0 0 0 −1 0

0 0 0 0 −%4 −%1 0 0

0 0 0 0 −1 −%4 0 0

0 0 0 −%2 0 0 0 −%3

0 0 %2 0 0 0 −1 0


. (6.86)

We now specialize to a class of threefold �ops of length two that were studied in [19]. and
that is obtained by the following base change [19]:

%1(w) = c1w, %2(w) = c2w, %3(w) = c3w, %4(w) = c4w . (6.87)

The de�ning equation can be obtained by plugging (6.85) and (6.87) into (6.35). When we will
need a reference example in the family, we will take c1 = 4, c2 = c3 = 1 and c4 = 2; in this case,
the de�ning equation takes the following form:

x2 + z y2 − (z + 4w)
(
16z w2 + (z + 4w − 4w2)2

)
= 0 . (6.88)

By construction it is a one-parameter family of deformed D4 singularities. There are four point-
like singularities: at the origin, where the �ber has a full D4 singularity, and other three points,
where the �ber has an A1 singularity.
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6.6.2 Probing the threefold by a D2-brane

2

Ψ

1 φ2h̃(2)

h(2)

1φ1 h(1)

h̃(1)

1 φ3h(3)

h̃(3)

1φ0 h̃(0)

h(0)

Figure 6.11: D4 quiver gauge theory.

Let us begin from the superpotential of the D4 quiver:

W =
3∑
i=0

Tr
[
Ψh(i)h̃(i)

]
−

3∑
i=0

φih̃
(i)h(i), (6.89)

where (h(i), h̃(i)) are bifundamental hypers coupled to the vector multiplets associated to the
nodes in 6.11. Ψ and the φi’s are the adjoint chirals of the vector multiplets.

Following the algorithm outlined in Section 6.4, the superpotential deformation generated by
the Φ(w) in (6.85) splits into �ve distinct contributions: three are associated with the three simple
summands of the Levi subalgebra, the other two are due to the diagonal Φ-component:

δW =δW1 + δW2 + δW3 + δW4 + δW0 , (6.90)
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with
δW1 =κ (Φ (φ1) , µ1) = w−α1 + %1(φ1)wα1 ,

δW2 =κ (Φ (φ2) , µ2) = w−α2 + %2(φ2)wα2 ,

δW3 =κ (Φ (φ3) , µ3) = w−α3 + %3(φ3)wα3 ,

δW4 =1
2
Tr [Ψκ (hα4 ,Φ(Ψ))] = 1

2
Tr [Ψ%4(Ψ)] ,

δW0 =
φ0

2
κ (hα0 ,Φ(φ0)) = −φ0%4(φ0) .

(6.91)

We now derive the e�ective superpotential. We ungauge the central node of the quiver. After
doing this, each colored node supports an abelian theory with monopole superpotential

Wi = −φi(h(i)
1 h̃

(i)
1 + h

(i)
2 h̃

(i)
2 ) + w−αi

+ %i(φi)wαi
(6.92)

Following the computation done in Section 6.2.1 (Building Block I), the U(1) disappears in the
e�ective theory and we obtain an e�ective local superpotential

Weff,i = Xi(Yi Zi + %i(φi)− T (i)
1 T

(i)
2 )− φi(T (i)

1 + T
(i)
2 )

= −Xi (detMi − %i(φi))− φiTrMi

(6.93)

with Mi ≡

(
T

(i)
1 Yi

Zi T
(i)
2

)
.

We now re-gauge the central node symmetry and we obtain the quiver in Figure 6.12 with
superpotential

Weff =
3∑
i=1

Tr
[
Ψ
(
Mi + h(0)h̃(0)

)]
− φ0 h̃

(0)h(0)

−
3∑
i=1

[Xi (detMi − %i(φi)) + φiTrMi] + 1
2
Tr [Ψ%4(Ψ)]− φ0%4(φ0)

(6.94)
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2

1

φ0

M3

M2

M1

h̃(0)

h(0)

Ψ

Figure 6.12: Quiver of the e�ective N = 2 theory that emerges in the IR, when monopole defor-
mations of 6.91 are turned on. Singlet chirals (φi, Xi) are not represented in the quiver but they
couple to the theory through the superpotential.

In the speci�c example (6.87), this superpotential becomes

Weff =
3∑
i=1

Tr
[
Ψ
(
Mi + h(0)h̃(0)

)]
− φ0 h̃

(0)h(0)

−
3∑
i=1

[Xi (detMi − ciφi) + φiTrMi] + c4
2

TrΨ2 − c4φ
2
0 .

(6.95)

We can integrate out the massive �elds φi and Xi (i = 1, 2, 3), by using their F-term equations:

∂Xj
Weff = 0 : φj = − 1

cj
detMj

∂φjWeff = 0 : Xj = 1
cj

TrMj

(6.96)

We obtain the e�ective superpotential:

Weff =
3∑
i=1

Tr
[
Ψ
(
Mi + h(0)h̃(0)

)]
− φ0 h̃

(0)h(0)

+
3∑
i=1

[
1
ci

TrMi detMi

]
+ c4

2
TrΨ2 − c4φ

2
0 ,

(6.97)

whose �elds are represented in the e�ective quiver in Figure 6.12. We claim that these are the
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quiver and the superpotential of a D2(D3)-brane probing the threefold we are analysing in this
section.

We are now ready to work out the moduli space. For convenience, let us �rst write

Mi = ti1 + M̃i and Ψ = φ41 + Ψ̃ with TrM̃i = TrΨ̃ = 0 . (6.98)

The relations that one obtains from the superpotential (6.97) are:

∂ΨWeff = 0 :
3∑
i=1

Mi + h(0)h̃(0) + c4Ψ = 0

∂M̃j
Weff = 0 : Ψ̃− 2tj

cj
M̃j = 0

∂tjWeff = 0 : φ4 + 1
cj

(
3t2i − 1

2
TrM̃2

j

)
= 0

∂φ0Weff = 0 : h̃(0)h(0) + 2c4φ0

∂h̃(0)Weff = 0 : (Ψ− φ01)h(0)

∂h(0)Weff = 0 : h̃(0) (Ψ− φ01)

(6.99)

Here we have also used the fact that det M̃i = −1
2
TrM̃2

i .

There are no solutions to these equations, unless15 Ψ̃ = 0 and ti = 0 (i = 1, 2, 3). We are then
left with

3∑
i=1

M̃i + h(0)h̃(0) + c4φ41 = 0 , φ0 = φ4 = −det M̃j

cj
. (6.100)

In [56] (in Section 5.2.3), the authors considered a set of relations formally identical to these.
Following their steps, one readily �nds that the moduli space of the e�ective theory coincides
with the threefold given by equation (6.88). Let us brie�y sketch the derivation below.

The moduli space si parametrized by φ4 and the gauge invariants build up from h(0), h̃(0) and

15If all ti’s are non-zero, the M̃i’s are all proportional to Ψ̃ with proportionality factor depending on ti and ci;
hence also TrM̃2

i depends on ti and ci. For generic ci’s one cannot solve both the third and the �rst relations. The
same is true if some ti is non-zero. Hence, all of them must vanish, and then also Ψ̃ must be equal to zero.
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the traceless matrices M̃i. One chooses as a basis of gauge invariants

Ai ≡ Tr
[
M0M̃i

]
, B ≡ Tr

[
M0M̃2M̃3

]
, (6.101)

where we have de�ned M0 ≡ h(0)h̃(0).

The invariantsA1, A2, A3 andB are not independent, butA1, A2, A3 satisfy the linear reation∑
i

Ai = −2c2
4φ

2
4 (6.102)

and they are also related to B by (see Appendix A in [56])

A1A2A3 =−B2 + 2Bc4φ4(A1 + φ4(c2
4φ4 + c1 − c2 − c3))

− φ4(c2A3 + c3A2)(A1 + 2c2
4φ

2
4)− φ4A2A3(c2

4φ4 + c1)− 4c2
4c2c3φ

4
4 .

(6.103)

From now on, we set c1 = 4, c2 = c3 = 1 and c4 = 2 as above. We write A1 in terms of
A2 and A3 by using the �rst relation, and make the following rede�nition of the gauge invariant
coordinates:

A2 = 1
2

(y + z − 4w(w − 1)) , (6.104)
A3 = 1

2
(−y + z − 4w(w − 1)) , (6.105)

B = −1
2
x+ 2w(z + 2w) , (6.106)

φ4 = w . (6.107)

Plugging these rede�nitions into equation (6.103), with the chosen values of the ci, we obtain the
de�ning equation (6.88) of the threefold under consideration.

6.7 D2-brane probing a non resolvable cDV singularity: the

(A2, D4) three-fold

In this section we will apply our techniques to determine the e�ective theory of a D2-brane prob-
ing threefolds with an isolated singularity that do not admit a crepant resolutions.
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6.7.1 Geometry and Higgs �eld Φ

Let us consider the one parameter D4 family, also known as16 (A2, D4), given by the equation

x2 + z y2 + z3 + w3 = 0 (6.108)

This threefold was studied in [26, 27] with the techniques of [19, 24, 25], so we have the cor-
responding Higgs �eld Φ. As explained in [26], Φ belongs to a maximal subalgebra of the Levi
subalgebra. In this case the Levi subalgebra is the wholeD4 Lie algebra, consistently with the fact
that one cannot blow up any two-sphere. If Φ were a generic element in L = D4, the threefold
would be smooth. Instead in this case,

Φ ∈M = A
(α1)
1 ⊕ A(α2)

1 ⊕ A(α3)
1 ⊕ A(α0)

1 ⊂ L = D4 , (6.109)

where α0 corresponds to the extra node in the extended Dynkin diagram (see Figure 6.13).

Figure 6.13: Non-resolvable singularity. The coloring of the diagram signals the obstruction to
the resolution of all the linearly independent 2-cycles.

This choice ofM ensures that at w = 0, the singularity is isolated but non-resolvable.

The Higgs �eld in (6.109) can be written as

Φ = eα1 + %1e−α1 + eα2 + %2e−α2 + eα3 + %3e−α3 + eα0 + %0e−α0 , (6.110)

where %i are the invariant coordinates of the Levi subalgebra and α0 is minus the highest root.

16Type IIB on this singularity engineers Argyres-Douglas theory of type (A2, D4).
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Written in matrix form, the Higgs �eld is [27]

Φ(w) =



0 1 0 0 0 %0 0 0

%1 0 0 0 −%0 0 0 0

0 0 0 1 0 0 0 1

0 0 %3 0 0 0 −1 0

0 −1 0 0 0 −%1 0 0

1 0 0 0 −1 0 0 0

0 0 0 −%2 0 0 0 −%3

0 0 %2 0 0 0 −1 0


. (6.111)

The particular threefold (6.108) is obtained by the base change

%i = ciw (i = 0, 1, 2, 3) with c1 = c2 = c3 = 1
4
, c0 = −3

4
. (6.112)

6.7.2 D2-brane probe theory

The Higgs �eld Φ(w) in (6.111), which encodes the background geometry, induces a superpoten-
tial deformation on the worldvolume theory of the probe D2-brane. This deformation decomposes
into four distinct contributions, each associated with a simple summand of the maximal subalge-
braM⊂ D4:

δW =δW1 + δW2 + δW3 + δW4 (6.113)

with
δW1 =κ (Φ (φ1) , µ1) = w−α1 + %1(φ1)wα1 ,

δW2 =κ (Φ (φ2) , µ2) = w−α2 + %2(φ2)wα2 ,

δW3 =κ (Φ (φ3) , µ3) = w−α3 + %3(φ3)wα3 ,

δW0 =κ (Φ (φ0) , µ0) = w−α0 + %0(φ0)wα0 .

(6.114)

with %i(w) given in (6.112).

We now derive the e�ective superpotential. We ungauge the central node of the quiver: after-
wards, each colored node supports an abelian theory with monopole superpotential

Wi = −φi(h(i)
1 h̃

(i)
1 + h

(i)
2 h̃

(i)
2 ) + w−αi

+ ciφiwαi
i = 0, 1, 2, 3 . (6.115)
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Following the computation done in Section 6.2.1 (Building Block I), the U(1) disappears and we
obtain an e�ective local superpotential

Weff,i = Xi(Yi Zi + ciφi − T (i)
1 T

(i)
2 )− φi(T (i)

1 + T
(i)
2 )

= −Xi (detMi − %i(φi))− φiTrMi

(6.116)

with Mi ≡

(
T

(i)
1 Yi

Zi T
(i)
2

)
.

We now re-gauge the central node symmetry and we obtain the quiver in Figure 6.14 with
superpotential

Weff =Tr
[

Ψ
3∑
i=0

Mi

]
+

3∑
i=0

(−Xi (detMi − ciφi) + (φ4 − φi)TrMi) . (6.117)

2

M0

M3

M2

M1

Ψ

Figure 6.14: E�ective D4 quiver describing the �elds coupling to the residual gauge symmetry.

Analogously to the �op of length two case, we can integrate out φi and Xi, by using (6.96),
with now i = 0, 1, 2, 3. They are determined as We obtain

Weff =Tr
[

Ψ
3∑
i=0

Mi

]
+

3∑
i=0

[
1
ci

TrMi detMi

]
=Tr

[
Ψ̃

3∑
i=0

M̃i

]
+ 2φ4

3∑
i=0

ti +
3∑
i=0

ti
ci

(
t2i − 1

2
TrM̃2

i

)
,

(6.118)

where in the second line we have used (6.98).

The relations that one obtains from the superpotential (6.118) are very similar to the simple
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�op of legth two cases studied above:

∂Ψ̃Weff = 0 :
3∑
i=0

M̃i = 0

∂φ4Weff = 0 :
3∑
i=0

ti = 0

∂M̃j
Weff = 0 : Ψ̃− 2tj

cj
M̃j = 0

∂tjWeff = 0 : φ4 +
3t2i
cj
− 1

2cj
TrM̃2

j = 0

(6.119)

Let us explore the moduli space. The relations (6.119) imply Ψ̃ = 0 and ti = 0 (i = 0, ..., 3).17

We are then left with the space parametrized by the four traceless matrices Mi and the singlet φ4,
subject to the relations

3∑
i=0

M̃i = 0 and TrM̃2
j = 2ciφ4 . (6.120)

Out of four traceless 2× 2 matrices we can construct the quadratic and the cubic invariants

qij = Tr
[
M̃iM̃j

]
and cijk = Tr

[
M̃iM̃jM̃k

]
, (6.121)

that are related by18

c2
ijk = −1

2
det

qii qij qik

qij qjj qjk

qik qjk qkk

 (6.122)

The quadratic invariants satisfy qii = 2ciφ4 and
∑3

j=0 qij = 0 ∀i. This reduces the number of
independent quadratic invariants to two. Let us take q12 and q13 as the independent ones. The
cubic invariants are all proportional to each others.19 Let us take c123 as the independent one.

17If Ψ̃ and/or some of the ti’s are non-zero, it easy to check that the equations (6.119) have no solutions (except
for non generic values of ci, that do not include (6.112)).

18By expanding the traceless matrices M̃i’s in terms of the Pauli matrices, we can associate three-dimensional
vectors vi to them. We then have qij = 2vi · vj and cijk = 2ivi · (vj × vk).

19Let us see it in terms of the vectors vi’s. Since
∑
i vi = 0, we have vi1 ·(vi2×vi4) = vi1 ·(vi2×(−vi1−vi2−vi3)) =

vi1 · (vi2 × (−vi3)). Hence ci1i2i4 = −ci1i2i3 = for any choice of the ordered quadruple (i1, i2, i3, i4).
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We can then are parametrize the moduli space by φ4, q12, q13, c123 that satisfy the relation

c2
123 = −1

2
det


φ4

2
q12 q13

q12
φ4

2
−q12 − q13 − 3

2
φ4

q13 −q12 − q13 − 3
2
φ4

φ4

2

 (6.123)

where we have used that (with the choice (6.112)) q11 = q22 = q33 = φ4

2
and q23 = −q12 − q13 −

3
2
φ4.20

If we now rede�ne the coordinates, according to

c123 = 1
2
x , q12 = i

2
y + 1

2
z − 1

2
w , q13 = − i

2
y + 1

2
z − 1

2
w , φ4 = w , (6.124)

then the equation (6.123) becomes (6.108), con�rming once again that the moduli space coincides
with the probed threefold.21

Summary We have developed a systematic method to derive the 3d N = 2 worldvolume
theories of D2-branes probing compound Du Val (cDV) threefold singularities. Our approach
extends beyond toric geometries, where conventional techniques fail, by using the geometric data
encoded in the Higgs �eld Φ(w) as the primary input. Our main results are:

• We established a general prescription relating the superpotential deformation to the Higgs
�eld components, applicable to any cDV threefold with known Φ(w).

• For non-monodromic �brations, where Φ lies in the Cartan subalgebra, the prescription
reduces to simple polynomial deformations, which we veri�ed against known examples
(conifold, Reid’s pagodas, generalized conifold).

• For monodromic �brations, where Φ contains step operators, we developed an ungaug-
ing/mirror symmetry procedure that systematically reduces the problem to previously solved
building blocks.

• We successfully derived the quiver theories for several non-toric examples, including simple
�ops of length 2 and the non-resolvable (A2, D4) threefold, in each case verifying that the

20This is obtained by taking the proper linear combination of the four relations
∑3
j=0 qij = 0.

21We �nally observe that using (6.120), together with (6.96), one obtains along the moduli space that φi = φ4, for
i = 0, 1, 2, 3. This is consistent with the fact that at generic point in the moduli space, the fractional branes have
recombined into a single D2-brane probing smooth points.
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moduli space reproduces the target geometry.

Systematic treatment of E-type examples presents additional technical challenges. Unlike the
ADE cases considered here, E-type colored Dynkin diagrams involve non-abelian colored nodes,
which complicates both the identi�cation of the appropriate monopole superpotential deforma-
tions and the procedure for integrating out monopole operators through mirror symmetry. Our
results provide a concrete dictionary between geometric data (Higgs �eld, Levi subalgebra, base
change, colored nodes) and �eld theory data (superpotential, quiver structure, coupling constants,
monopole terms). This bridges algebraic geometry and supersymmetric gauge theory for an im-
portant class of singularities not accessible by other methods.
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Chapter 7

5d geometric engineering: simple flops and
their orbifolds

Over the past decades, considerable e�ort has been devoted to the classi�cation of 5d SCFTs,
mostly within the paradigm of geometric engineering. The guiding idea has been to identify a
minimal set of geometric conditions on Calabi-Yau threefold singularities that ensure the exis-
tence of a well-de�ned interacting �xed point [39–44, 48–51, 91, 144, 145]. For rank-one theories,
a remarkably successful picture emerges from Seiberg’s analysis [38], in which the classi�cation
is closely related to that of del Pezzo surfaces. This correspondence has undergone several re�ne-
ments and is by now understood to provide a robust description of rank-one 5d SCFTs.

Building on these insights, it was later conjectured that all 5d SCFTs should be classi�ed by
Calabi-Yau threefold singularities of canonical type [44]. While this perspective provides a nat-
ural extension of the rank-one story, explicit constructions realizing this proposal remain rela-
tively sparse. In practice, most of the well-understood examples arise in toric geometry, where
powerful combinatorial tools—most notably the technology of (p, q) �ve-brane webs—allow for a
systematic analysis. Beyond the toric setting, the best understood non-toric examples are given
by constructions such as blow-ups of P2 or Hirzebruch surfaces at multiple points, which still
admit a relatively controlled geometric description[41].1

1The authors of [41] introduce the concept of shrinkable threefold as a necessary and su�cient condition for the
geometry to produce a non-trivial SCFT �xed point. Shrinkable threefolds display canonical singularities. However, a
clear connection between the notion of shrinkability and the conditions stated in the Yau-Xie conjecture [44] remains
unclear.
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A key underlying assumption in these classi�cation programs is that the local structure of the
singularity is su�cient to determine the physics of the corresponding 5d theory. In other words, it
is typically assumed that global features of the geometry do not play an essential role in de�ning
the �xed point. While this assumption is natural in many of the known constructions, it is not a
priori guaranteed in more general, non-toric settings.

In this work, we focus again on compound Du Val (cDV) singularities. In the previous chapters,
we have shown that these harbour a special class of K3 �bered threefolds (namely, threefold �ops)
with a non-trivial monodromy structure. On the one hand, we have related this structure to the
group-theoretic derivation of the small resolution of the threefold 4.2.3. On the other hand, we
have managed to connect it to an interesting non-perturbative phenomenon occurring on a D2-
brane probe, that is, the generation of monopole superpotentials that lift the CB of the probe 5.1.2.
Now, we want to leverage what we have learnt from the probe to gain a deeper understanding of
what happens in �ve dimensions. So far, we have just brie�y commented on the nature of the 5d
SCFTs arising from geometric engineering of M-theory on such threefolds (See section 1.4). At
�rst sight, these appear rather mild, as they do not give rise to non-Abelian gauge interactions in
�ve dimensions. However, they exhibit features that are intrinsically non-toric and lead to some
physical puzzles. These features call for a clearer understanding within the existing framework:
they must either be accommodated within the current classi�cation picture or signal the need for
a natural generalization of it.

The simplest and most instructive example is provided by Reid’s Pagoda, a geometry that
closely resembles the conifold but di�ers in a crucial global aspect, namely in the way the local
patches of the normal bundle to the exceptional P1 are glued together. As we will see, this seem-
ingly minor modi�cation has signi�cant physical consequences. It provides a concrete setting in
which global features of the geometry play a non-trivial role, and o�ers a window into a class of
5d theories that would seem only partially captured by existing classi�cation schemes.

This work aims to analyze these geometries in detail and to propose a physical interpretation.
In particular, we will construct rank N families of 5d theories from orbifolds of Pagoda singu-
larities, extract their BPS quiver, and the main physical data associated with the singularity. We
will provide a detailed description of the rank 1 family. Although exhibiting strong similarities
with the toric LocF2, this case harbours a peculiar matter sector, inherited from its parent, the
Pagoda. This matter sector is responsible for a mechanism that is not observed in the toric case. A
mechanism that constrains the behavior of the gauge coupling, illustrating how these construc-
tions call for a re�nement of the current picture of 5d SCFTs. We provide a physical interpretation
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of this phenomenon by viewing these 5d SCFTs as deformations of toric orbifolds (such as local
F2) by a non-constant �avor background. By promoting the global �avor symmetry parameters
to position-dependent Higgs �elds Φ(w), we show that the geometry now has only an isolated
point-like singularity supporting a localized sector of �uctuations. We explain how the exotic
Pagoda matter is "trapped" by the geometry and elucidate the observed obstruction of the Kähler
moduli. We bolster our claim by supplying a 3d mirror symmetry analysis of D2-brane probes of
our geometries, based on the work presented in Chapter 6 (Soon to appear on the archive [37]).

These results open up several new directions for future investigation. Among the most in-
teresting are the analysis of wall-crossing and the stability of BPS states, aimed at determining
the BPS spectrum of the theories presented here, and the extension of the procedure developed
in this paper to higher-length �ops [19], i.e., isolated threefold singularities generalizing Reid’s
Pagoda. In the latter case, preliminary results suggest that in�nite families of higher-rank 5d
SCFTs emerge from abelian orbifolds of the Laufer length-two �op.

This chapter is based on original contributions, already submitted for publication to JHEP
and accessible at [58]. Outline. Section 7.1 reviews the Reid Pagoda, its quiver description, and
semistable representations. Section 7.2 Extracts the BPS quiver for a Z2 orbifold of the Pagoda,
that engineers a family of rank one 5d SCFTs. Section 7.3 analyses the resulting moduli spaces and
their compact 4-cycles. Section 7.4 derives the central physical result: the freezing of the gauge
coupling at in�nity. Section 7.5 o�ers a physical interpretation of the construction in terms of a
non-constant �avour background, �rst from the viewpoint of D2-branes and then directly in 5d.
Finally, Section 7.6 extends the construction to more general abelian orbifolds, giving explicit BPS
quivers with superpotentials for new 5d theories with rank anywhere from zero to an arbitrary
high number. In Appendix D, we expand the discussion on quiver representation theory, resolu-
tions, and stability conditions, connecting GLSM constructions, GIT quotients, and NCCR theory.
We discuss in detail the classi�cation of stable representations of the 2-Kronecker quiver, which
is instrumental to the derivation of the stable spectrum of the conifold and the pagoda. Finally,
we describe the spectrum of semistable representations of Pagoda geometries.
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7.1 The Parent Theory: Pagoda Flops

The �rst ingredient we need is a construction of threefolds that behave very similarly to the
conifold, usually described as the equation in C4

Xconifold : uv = z2 + w2 , (7.1)

which admits a small resolution X̃conifold, such that the smooth threefold is the total space of the
normal bundle to the �opping curve, i.e.:

X̃conifold
∼= O(−1)⊕O(−1)P1 . (7.2)

This resolved space admits a description as the moduli space of the Abelian Klebanov-Witten
quiver [88] (see Figure 7.1).

U(1) U(1)

α1, α2

β1, β2

Figure 7.1: Abelian Klebanov-Witten quiver.

For this Abelian case, the superpotential is trivial, and the moduli space is toric. The quiver
(with superpotential) can be physically interpreted either as the d = 4,N = 1 theory on a
probe D3-brane, or as the supersymmetric quantum mechanics of a probe D0-brane. In this work,
we will always choose the D0-brane interpretation, which will be later generalized beyond the
abelian case through the notion of BPS quivers [87, 146, 147]. Therefore, all arrows appearing in
our quivers are to be interpreted as chiral multiplets for d = 1,N = 4 quiver quantum mechanics.
M-theory on the conifold is believed to give rise to a 5d (trivial) SCFT with a free hypermultiplet,
realized by an M2-brane wrapping the exceptional P1. The only non-vanishing Gopakumar-Vafa
invariant is ng=0

d=1 = 1, which matches this expectation.

Our main object of interest is the class of local Calabi-Yau threefolds known as Reid’s Pagodas
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[148], given by
Xk−Pagoda : uv = z2 − w2k . (7.3)

They are an in�nite family indexed by an integer k, with the k = 1 case being the conifold. They,
too, admit a small resolution that gives rise to a single �oppable P1. Much like the conifold, we can
perform a small resolution of this via the following standard procedure: We enhance the ambient
space from C4 to a product space C4 × P1, and we impose the following system of constraints:

R ·

(
s1

s2

)
= 0 ⊂ C4

u,v,z,w × P1
[s1:s2] , (7.4)

whereby

R :=

(
u z + wk

z − wk v

)
(7.5)

is a two-by-two matrix whose determinant is the de�ning equation for the Pagoda hypersurface.
Hence, along the hypersurface rk(R) ≤ 1, and the matrix-valued constraint (7.4) �xes a point
in P1. Whenever R = 0 strictly, then (7.4) is trivially satis�ed, and a whole P1 is ‘freed up’.
A substantial di�erence with the conifold, though, is the multiplicity of the P1. Here, the locus
where the 2-cycle sits is:

u = v = z = 0, wk = 0 (7.6)

The last equation is the typical manifestation of a fat point structure. The P1 should be seen as a
superposition of k copies of the same curve, localised at the origin of C4. Indeed, we will see that
any sheaf supported on this curve has a non-reduced moduli space. A way to characterize the na-
ture of the resolved geometry in full glory is to analyze the moduli space of representations of its
quiver path algebra. In Figure D.4, we have displayed the representation with U(1)×U(1) gauge
group. This particular representation corresponds to the integral D0-brane state, whose moduli
space spans the full resolved geometry. As we show in Appendix D.4, this is not the only stable
BPS state of the 5d theory. There are other (semi)stable representations which correspond to the
fractionalD0 branes or equivalentlyD2 and anti-D2-branes wrapped on the P1. These represen-
tations are rigid in the sense that the moduli space is a point, since fractional branes cannot leave
the singularity. However, the moduli space is not a variety, but a scheme, more precisely, a fat
point. This fact renders the physical interpretation of the BPS states less clear. When the moduli
space is a variety, there is a well-established criterion, proposed by Witten [106], to determine the
R-symmetry and the spin of the corresponding particle from the compact Dolbeault cohomology
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of the moduli space. This option is not applicable in the present case. Moreover, a naive interpre-
tation of the spectrum as k 5d hypers is in tension with the �avor symmetry determined by the
geometry. The fact that this geometry has only a single P1 has the striking consequence that only
one real mass parameter is available. The corresponding Kähler modulus gives an equal mass to
all k matter �elds, without possibility of tuning them independently. In other words, the USp(2k)

global symmetry that one would expect is broken down to USp(2). The QFT explanation for such
a phenomenon is not known to us. One possible mechanism for this might be a discrete Sk gauge
symmetry acting on the matter �elds. This peculiar matter sector is central to our construction
of non-toric 5d SCFTs.

The theory exhibits a manifest SU(2) �avor symmetry acting on the bifundamental �elds.
The pairs (α1, α2) and (β1, β2) each transform as doublets under this symmetry. To write the
superpotential compactly and manifestly invariant, we introduce the SU(2)-invariant symplectic
contraction:

α · β := εijαiβj = α1β2 − α2β1 . (7.7)

With this notation, the superpotential takes the form:

W = Tr
[
w1

(
α · β +

1

k + 1
wk1

)
+ w2

(
β ·α− 1

k + 1
wk2

)]
. (7.8)

U(1) U(1)

w1 w2

α1, α2

β1, β2

Figure 7.2: The D0-brane quiver of the Reid Pagoda.

The sum of the two terms linear in the wi’s give the usual superpotential that would have led
to C2/Z2×C. For k = 1, the higher-order terms correspond to the mass terms used by Klebanov
and Witten.

One easily recovers the singular geometry by de�ning the bilinear invariants. The F-term
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equations with respect to w1 and w2 impose:

α · β + wk1 = 0 and − (β ·α) + wk2 = 0 . (7.9)

Using the property that β ·α = −α · β in the abelian case, this implies:

wk1 = −(α · β) and wk2 = β ·α = −(α · β) . (7.10)

The F-terms of α and β imply that w1 = w2 ≡ w, so we simply write:

α1β2 − α2β1 = −wk . (7.11)

We de�ne the remaining a�ne coordinates as the symmetric combinations of the �elds (with a
factor of 2 for convenience):

u ≡ 2α1β1 , v ≡ 2α2β2 , z ≡ α1β2 + α2β1 . (7.12)

To �nd the relation between them, we square the z coordinate and use the F-term constraint:

z2 − w2k = (α1β2 + α2β1)2 − (α1β2 − α2β1)2 = 4(α1β2)(α2β1) . (7.13)

Comparing this to the product uv, we see:

uv = (2α1β1)(2α2β2) = 4α1β2α2β1 . (7.14)

Thus, we recover the Reid Pagoda equation exactly:

uv − z2 + w2k = 0 . (7.15)

7.2 The Orbifold Construction

In the previous subsections, we constructed rank-zero theories. By orbifolding these geometries,
however, four-cycles will inevitably be generated, taking us to rank-one theories. As before, the
geometry will emerge from a quiver that will be obtained through a powerful mathematical con-
struction known as the McKay correspondence. These (not necessarily abelian) quivers are known
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as BPS quivers and describe the supersymmetric quantum mechanics on the worldline of BPS
states formed by D0-D2-D4 bound states on the orbifold.

The bridge between the geometry and the quiver is the Derived McKay Correspondence [107].
For an orbifold Y/H , there is an equivalence of derived categories Dc(X) ∼= DH

c (Y ), where X is
the crepant resolution and DH

c (Y ) is the derived category of H-equivariant coherent sheaves.
Practically, this implies that the fractional branes of the theory correspond to the irreducible
representations of the orbifold group H , and the quiver can be derived via group theory. We
have already seen an important instance of this in Section 2, when we reviewed the work of
Douglas and Moore [2] describing D-branes probing orbifolds C2/Zn. We recall that the path
algebra underlying quiver gauge theories coincides with the NCCR of the probed threefold and
fractional branes can be mapped to objects in DH

c (Y ).

7.2.1 Orbifolding the Pagoda

We now apply the Mckay construction to Reid’s Pagoda. A priori we can choose from several
inequivalent Z2-actions; however, we have to impose that the superpotential be invariant under
it. If it were simply homogeneous, this would imply that the superspace θ-variables would have
to transform under it, which means that H wouldn’t commute with the supercharges. Hence,
gauging such an H-action would break SUSY. Among the remaining choices, we will focus on
the action de�ned by the following weights (see however Section 7.6 for a quiver of more general
abelian orbifolds):

α1 α2 β1 β2 w1 w2

U(1)gauge 1 1 −1 −1 0 0

H = Z2 0 0 1 1 1 1

(7.16)

This is only compatible with Pagodas of odd k. Using the matrix presentation of section 2, we
immediately write down the orbifold-invariant �eld content of the theory:

1. Neutral Fields (α): Being in the trivial representation of group H , rα = ρ0 , α becomes a
diagonal matrix representing arrows within each sector:

α −→ α̂ =

(
α(00) 0

0 α(11)

)
. (7.17)

194



2. Charged Fields (β): Since rβ = ρ1, β becomes an o�-diagonal matrix connecting the two
sectors:

β −→ β̂ =

(
0 β(01)

β(10) 0

)
. (7.18)

3. Charged Adjoints (wi): Similarly, the adjoints wi (i = 1, 2) are charged and become o�-
diagonal:

wi −→ ŵi =

(
0 w

(01)
i

w
(10)
i 0

)
. (7.19)

The resulting quiver is shown in Figure 7.3.

1 2

w1 w2

α

β

Pagoda

7→

10 20

11 21

α(00)

α(11)

β(01)

β(10)

w
(01)
1 w

(10)
1 w

(01)
2w

(10)
2

Orbifolded Pagoda

Figure 7.3: The Quiver diagram transition. Bold symbols denote �avor doublets. Notation: φ ≡
(φ1, φ2) represents an SU(2) �avor doublet.

Superpotential

The superpotential is determined by the gauge-invariant closed loops. We start with the parent
superpotential:

WPagoda = Tr
(
α · βw1

)
+ Tr

(
β ·αw2

)
+

1

k + 1
Tr
(
wk+1

1 − wk+1
2

)
. (7.20)

The orbifolded superpotential is obtained by substituting the block matrices into Eq. (7.20)
and taking the trace. For the polynomial term wk+1, since ŵi are o�-diagonal, a non-zero trace
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requires an even number of insertions forming an alternating path 0→ 1→ 0 . . . . The surviving
terms are:

WOrb = Tr
(
α̂ · β̂ ŵ1

)
+ Tr

(
β̂ · α̂ ŵ2

)
+

1

k + 1
Tr
(
ŵk+1

1

)
− 1

k + 1
Tr
(
ŵk+1

2

)
(7.21)

whereby the trace runs over ‘color’ and orbifold indices. Written explicitly in terms of only a trace
over color indices, it would spell as follows:

WOrb = Tr
(
α(00) · β(01)w

(10)
1

)
+ Tr

(
α(11) · β(10)w

(01)
1

)
+ Tr

(
β(10) ·α(00)w

(01)
2

)
+ Tr

(
β(01) ·α(11)w

(10)
2

)
+

2

k + 1
Tr
(
w

(0,1)
1 w

(1,0)
1 . . . w

(1,0)
1︸ ︷︷ ︸

k+1 terms

)
− 2

k + 1
Tr
(
w

(0,1)
2 w

(1,0)
2 . . . w

(1,0)
2︸ ︷︷ ︸

k+1 terms

)
.

(7.22)

7.3 Geometry of the Moduli Space

The geometry of the threefold is de�ned by the vacuum moduli space of the theory. This corre-
sponds to the set of holomorphic gauge-invariant operators (mesons) subject to the constraints
imposed by the F-term equations.

7.3.1 The Determinantal Variety

We de�ne the orbifold geometry by �rst determining the transformation properties of the parent
coordinates u, v, z, w under the H = Z2 action. Recall the charge assignments from the orbifold
construction:

• The base �elds α are neutral.

• The �ber �elds β and the adjoints w are charged.
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Consequently, as it is clear from (7.12), all four a�ne coordinates of the parent Pagoda theory are
odd under the orbifold action:

(u, v, w, z) −→ (−u,−v,−w,−z). (7.23)

Since the coordinates �ip sign, The ring of invariants is generated by all the monomials of
degree two in u, v, z, w. There are ten such generators, which we arrange into a symmetric 4× 4

matrixM:

M =


u

v

z

w

 · (u v z w
)

=


u2 uv uz uw

vu v2 vz vw

zu zv z2 zw

wu wv wz w2

 . (7.24)

The geometry is de�ned by two conditions on this matrix:

1. Rank Condition: SinceM is constructed from the outer product of the vector (u, v, z, w),
it must have rank one. This implies the vanishing of all 2×2 minors, which are the de�ning
equations of the orbifold singularity C4/Z2.

2. Dynamical Constraint: The parent Pagoda equation uv − z2 + w2k = 0 imposes the
following constraint on the matrix entries:

M12 −M33 + (M44)k = 0 . (7.25)

The Orbifolded Pagoda is the intersection of these two conditions and it is a determinantal variety.

7.3.2 Resolution and the Hidden Surface

We can determine the topology of the compact 4-cycles by resolving the orbifold singularity. Our
threefold will be de�ned as a hypersurface in the ambient space C4/Z2, which is resolved by a
single blowup introducing an exceptional divisor E ∼= P3. In toric language, this resolution is
described by a Gauge Linear Sigma Model (GLSM) with a U(1) gauge �eld corresponding to the
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blow-up parameter λ.2 The charge assignment is:

u v z w λ

C∗ 1 1 1 1 −2
(7.26)

The D-term constraint implies that u, v, z, w cannot simultaneously vanish, de�ning a P3 base,
while λ is a coordinate on the �ber of the line bundle O(−2). The exceptional divisor is located
at λ = 0.

The geometry of the Calabi-Yau is the proper transform of the orbifolded hypersurface. Under
the blowup with scaling parameter λ, the de�ning equation of homogeneous degree two is given
by

uv − z2 + w2k λk−1 = 0 . (7.27)

The exceptional divisor corresponds to the locus λ = 0:

• For k = 1, the equation is uv − z2 + w2 = 0. This de�nes a smooth quadric surface in P3,
which is isomorphic to P1 × P1 ∼= F0.

• For k > 1, the higher-order term vanishes, leaving the equation uv − z2 = 0. This de�nes
a singular quadric cone in P3. The minimal resolution of this cone yields the Hirzebruch
surface F2.

Thus, the geometry of the orbifolded Pagoda contains a compact divisor of type F2.

To see why the singular quadric in P3 corresponds to a partially blown-down F2, we describe
the latter torically as P (OP1(0)⊕OP1(−2)), which is the same as the following toric variety:

F2 :

x1 x2 y1 y2

C∗1 1 1 0 −2

C∗2 0 0 1 1

(7.28)

We can blow down the Kähler modulus associated to the �rst C∗-action. This is achieved by

2Note that the GLSM is describing the toric variety resolving C4/Z2, while our nontoric threefold is described by
an algebraic equation in this space.
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writing its invariants. The resulting space is given by the ambient P3:

u := x2
1y2 v := x2

2y2 z := x1x2y2 w := y1

C∗2 1 1 1 1
(7.29)

subject to the relation u v = z2. So, this describes an F2 with its (−2)-curve blown down to an
A1-singularity. This singular surface will be a central character to our story.

The appearance of the compact surfaceF2 already indicates the existence of a rank-one Coulomb
branch and, in an appropriate Kähler chamber, a low-energy gauge theory phase. In particular,
when the exceptional divisor is a genuineF2, there will be anSU(2) gauge theory phase where the
Coulomb parameter will be described by the �ber class, while the volume of the base (−2)-curve
plays the role of the inverse bare coupling. We now turn to the analysis of this curve.

7.3.3 The Pagodina Curve

The most critical physics lies in the singularity of this divisor itself, which is also a singularity
of the threefold. To see the local geometry experienced by the BPS states, we analyze the local
neighborhood of the “north pole” of the exceptional P3 (where w 6= 0). In the a�ne patch where
we set w = 1, the proper transform equation becomes:

uv − z2 + λk−1 = 0 . (7.30)

Since we are focusing on odd values of k, this is precisely the de�ning equation of a Reid Pagoda
of order p = (k−1)/(2). We will a�ectionately refer to the associated curve as a Pagodina3 curve.
It will be our second main character, as it will host unconventional 5d matter.

This yields a striking structural observation: The Z2 orbifold of a Pagoda of order k contains,
within its resolution, a local geometry equivalent to a Pagoda of order (k − 1)/2.

Resolving the Pagodina singularity blows up a CP1, the Pagodina curve, and turns the excep-
tional divisor into a smooth Hirzebruch surface F2. It is straightforward to see that the Pagodina
curve is precisely the rigid (−2)-curve of F2 (given by y2 = 0 in (7.28)). We now do it explicitly.

3Given the composition of the author list, the use of the Italian diminutive was statistically inevitable.
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Let us start from the equation (7.27) in the toric space (7.26) and perform the shift

z = t+ wk λ(k−1)/2 . (7.31)

With this rede�nition, the hypersurface equation becomes

uv = t
(
t+ 2wk λ(k−1)/2

)
. (7.32)

The singular locus is located at u = v = t = λ = 0. We can resolve this space by blowing up the
ideal (u, t). The resulting space is given by the equation

uv = t
(
σ t+ 2wk λ(k−1)/2

)
= 0 (7.33)

in the toric space
u v t w λ σ

C∗ 1 1 1 1 −2 0

C∗ 1 0 1 0 0 −1

(7.34)

The divisor λ = 0 in the resolved space is a Hirzebruch surface F2. The map between this pre-
sentation and the standard toric description of F2 (see (7.28)) is given by

u = x2
1, v = x2

2y2, t = x1x2, σ = y2 . (7.35)

Under this identi�cation, the Pagodina curve corresponds to the locus y2 = 0 in the standard toric
presentation, which in the present coordinates is given by v = σ = 0.

Instead of resolving the singularity, one may consider deforming it. Working in the patchw =

1, where the singularity is located, the geometry is described by the Reid pagoda hypersurface

uv = z2 − λ2p, (7.36)

with p = k−1
2

. This singularity admits 2p − 1 versal complex structure deformations. However,
only p of them are 5d dynamical degrees of freedom in M-theory in the sense of [149, 150],4

4Let us review the counting of the dynamical modes: the singularity (7.36) is quasi-homogeneous. Normalizing
its quasi-homogeneous weights qu, qv, qz, qλ so that the polynomial in (7.36) has weight one, we have qu = qv =
qz = 1

2 , qλ = 1
2p . Now, de�ne ĉ = 4−2(qu+ qv + qz + qλ) = p−1

p , andQj ≡ jqλ. Following [149, 150], ifQj ≤ ĉ
2

(or equivalently j ≤ p − 1), The deformation is dynamical in M-theory. Recently, it was argued that the dynamical
deformations must satisfy instead the strict inequality Qj < ĉ

2 [151]. However, this does not alter our result in any
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namely

uv = z2 − λ2p +

p−1∑
i=0

ciλ
i . (7.37)

In the �ve-dimensional theory obtained from M-theory on this threefold, The dynamical de-
formations correspond to giving vacuum expectation values to dynamical hypermultiplets. The
fact that M-theory on the Reid pagoda exhibits a p-dimensional Higgs branch is well established
in the literature [45, 96].5

Let us now return to the full threefold (7.32), restoring the coordinate w. In this case, the
dynamical deformations take the form

uv = t
(
t+ 2wkλ(k−1)/2

)
+

(k−3)/2∑
i=0

ciw
2i+2λi . (7.38)

Let us consider the k = 3 case �rst (meaning p = 1). The only dynamical deformation is the
monomial w2. The equation (7.38) becomes

uv = t
(
t+ 2w3λ

)
+ c0w

2 . (7.39)

The exceptional divisor at λ = 0 is now a smooth quadric in P3, namely F0 = P1 × P1.

Although the de�ning equation is formally similar to the deformation of the local F2 geometry
to the local F0 considered by [41], the physical interpretation is di�erent. In the construction of
[41], the deformation corresponds to a non-normalizable complex structure deformation, which
geometrically implements a Hanany-Witten transition. In contrast, in our case, the presence of
the higher-degree term w6λ2 (equivalently t w3λ in (7.38)) renders the deformation normalizable
in the sense of [149, 150]. This distinction is crucial: while the [41] deformation encodes a non-
dynamical rearrangement of branes, our geometry describes a genuinely dynamical deformation
of the �ve-dimensional theory.

signi�cant way.
5Notice that in the gauge theory regime, the Pagodina curve is blown up and the corresponding Pagoda matter

becomes massive.
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An even more surprising phenomenon occurs for k ≥ 5.6 In this case, one can deform the
Pagoda singularity of the threefold by switching on all deformations proportional to λ, while
keeping only thew2 deformation turned o�. E.g. for k = 5 we can deform the Pagodina singularity
as

uv = t
(
t+ 2w5λ2

)
+ c1w

4λ . (7.40)

The resulting threefold is completely smooth.7 As a consequence, there is no remaining singular
locus that could support a crepant resolution, and hence no exceptional P1 (notice that the excep-
tional divisor at λ = 0 is still singular). In other words, the Kähler modulus is frozen. Physically,
this corresponds to freezing the theory at in�nite coupling.

Summing up, while the singularity admits a small resolution at the undeformed point, generic
normalizable deformations proportional to λ eliminate any crepant resolution, e�ectively freezing
a Kähler modulus at in�nite gauge coupling. The quadratic w2 deformation is an exception, as it
does not lead to such a freezing.

7.3.4 The Matrix Dictionary

To rigorously identify the geometric loci, we translate the a�ne coordinates u, v, w, z of the parent
theory into the operator language of the orbifolded quiver. Under the orbifold map, the scalar
coordinates lift to 2× 2 matrices.

Using the matrix forms of the �elds established in Section 3.2, we de�ne the Coordinate Ma-
trices. The base coordinates Û, V̂, Ẑ are de�ned exactly as in the parent theory:

Û ≡ 2 α̂1 β̂1 , V̂ ≡ 2 α̂2 β̂2 , Ẑ ≡ α̂1 β̂2 + α̂2 β̂1 . (7.41)

For the deformation coordinate, the quiver contains two adjoints w1, w2, we de�ne two matrices
Ŵi:

Ŵi =

(
0 w

(01)
i

w
(10)
i 0

)
. (7.42)

Note that all the matrices Û, V̂, Ẑ, Ŵi transform in the sign representation of Z2 (odd parity),
6In this case, the Pagodina singularity is a genuine Reid Pagoda, while for k = 3 the pointlike singularity on the

w = 1 patch is a conifold.
7This is manifest from the fact that the deformed hypersurface (7.38) no longer admits a factorized form that

would allow for a small resolution.
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consistent with their o�-diagonal structure.

7.3.5 Geometric loci via nilpotent quiver representations

We can now identify the exceptional geometry by exploiting via quiver quantum mechanics the
matrix structure of the orbifold coordinates, much like we did in the basic example of C2/Z2×C,
in Section 2.1. The singular point of the a�ne variety is the locus where all coordinate invariants
vanish: u = v = z = w = 0. In our matrix formalism, this translates to the condition that
all coordinate matrices Û, V̂, Ẑ, Ŵi are nilpotent. Stability conditions prevent us from setting
these matrices to zero; we can set all orbifold invariants to zero. These invariants are constructed
analogously to (7.24), by de�ning the following non-Abelian �eld valued matrix:

M =


Û

V̂

Ẑ

Ŵi

 · (Û V̂ Ẑ Ŵj

)
=


Û2 Û · V̂ Û · Ẑ Û · Ŵj

V̂ · Û V̂2 V̂ · Ẑ V̂ · Ŵj

Ẑ · Û Ẑ · V̂ Ẑ2 Ẑ · Ŵj

Ŵi · Û Ŵi · V̂ Ŵi · Ẑ ŴiŴj

 . (7.43)

Now, to �nd the exceptional locus of the resolution, we simply set M = 0. Crucially, nilpotency
does not imply that the matrices themselves vanish. In a resolved phase, the D-term stability
conditions (FI parameters) prevent the �elds from vanishing identically.∑

|Qin|2 −
∑
|Qout|2 = θ > 0 . (7.44)

For our quiver quantum mechanics, we will choose the following FI parameters:

θL0 < θL1 < θR0 < θR1 (7.45)

subject to θL0 + θL1 + θR0 + θR1 = 0.

Seeing that all matrices Û, V̂, Ẑ, Ŵi are of the form(
0 ∗
∗ 0

)

the diagonal of M tells us that all four must be nilpotent. Then, the fact that their products are
all zero tells us that they are all simultaneously either upper or lower triangular. Our stability
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choice is such that they must all be upper triangular. We can now explore the compact cycles of
our geometry.

The F2 Surface

To �nd the F2 divisor, we search for a con�guration where the coordinate matrices are nilpotent
but non-zero. Repeating the matrices here for convenience:

Û = 2

(
0 α

(00)
1 β

(01)
1

α
(11)
1 β

(10)
1 0

)
, V̂ = 2

(
0 α

(00)
2 β

(01)
2

α
(11)
2 β

(10)
2 0

)
,

Ẑ =

(
0 α

(00)
1 β

(01)
2 + α

(00)
2 β

(01)
1

α
(11)
1 β

(10)
2 + α

(11)
2 β

(10)
1 0

)
, Ŵi =

(
0 w

(01)
i

w
(10)
i 0

)
.

(7.46)
We see that the minimal constraints we must impose to make them all upper triangular are
achieved by setting the "return" arrows to zero, i.e.

F2 : β(10) ≡

(
β

(10)
1

β
(10)
2

)
= 0 and w(10) ≡

(
w

(10)
1

w
(10)
2

)
= 0 . (7.47)

This forces all closed loops to vanish (nilpotency). The stability condition ξ > 0 ensures that
we are on the resolved branch of the vacuum moduli space, meaning the �elds parametrizing the
cycle cannot all vanish simultaneously. The surviving �elds α(00), α(11), β(01) and w(01) serve as
homogeneous coordinates on the exceptional divisor.

It is easy to see that, upon restricting to this locus, we recover the quiver (see Figure 7.4) and
F-term relations of the NCCR of the F2 surface [152]. The GLSM related to the quiver in Figure 7.4
describes the F2 surface as the moduli space of the abelian quiver with all U(1) gauge groups8. It
is given by

α
(00)
1 α

(00)
2 α

(11)
1 α

(11)
2 β

(01)
1 β

(01)
2 w

(01)
1 w

(01)
2 FI

C∗1 1 1 0 0 0 0 1 0 ξ1

C∗2 0 0 1 1 0 0 0 1 ξ2

C∗3 1 1 1 1 −1 −1 0 0 ξ3

C∗4 0 0 0 0 1 1 1 1 ξ4

(7.48)

8Equivalently, the quiver representation with dimension vector ~d = (1, 1, 1, 1).
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Figure 7.4: Subquiver with F2 as its moduli space.

where in the last column we have written the corresponding combinations of the stability param-
eters that are positive in the chamber we chose (i.e. θL0 < θL1 < θR0 < θR1):

ξ1 = −θL0 , ξ2 = θR1 , ξ3 = θR0 + θR1 = −θL0 − θL1 , ξ4 = θL1 + θR1 (7.49)

The relations that survive after imposing (7.47) are

A

(
β

(01)
1

β
(01)
2

)
= 0 and

(
w

(01)
2 w

(01)
1

)
A = 0 with A =

(
α

(00)
1 −α(00)

2

−α(11)
1 α

(11)
2

)
. (7.50)

The Pagodina via Vertical Quiver Fusion

Having established that the threefold contains a F2 divisor, and having isolated it in the quiver
moduli space language, we will now show in quiver language that there is a patch in the moduli
space where the threefold looks like an order (k − 1)/2 Pagoda.

The Pagodina curve is obtained by setting β(01) = 0 in the space de�ned by (7.48) and (7.50).
From the last row of (7.48), we see that w(01) 6= (0, 0). Together with the relations (7.50) and the
stability conditions ξ1 > 0 and ξ2 > 0, this implies that both w(01)

1 6= 0 and w(01)
2 6= 0. We may
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therefore gauge-�x them to 1 in a neighborhood of the curve. This gauge-�xing identi�es pairs
of nodes in the original quiver, yielding the quiver shown in Figure 7.5. After this identi�cation,
the GLSM describing the threefold in this local region takes the form

α
(00)
1 α

(00)
2 α

(11)
1 α

(11)
2 β

(01)
1 β

(01)
2 β

(10)
1 β

(10)
2 w

(10)
1 w

(10)
2 FI

C∗ 1 1 1 1 −1 −1 −1 −1 0 0 ξ3 > 0
(7.51)

The superpotential is obtained by inserting w(01)
1 = w

(01)
2 = 1 into (7.22). This produces sev-

eral quadratic terms, that allow us to eliminate some variables; in particular they force β(10)
i =

1
2
β

(01)
i (w

(10)
1 − w(10)

2 ) and α(00)
i = α

(11)
i . The resulting e�ective superpotential governing the re-

maining degrees of freedom is

We� = Tr
(
α(11) · β(01)w

(10)
1

)
+ Tr

(
β(01) ·α(11)w

(10)
2

)
+

1

p
Tr
((

w
(10)
1

)p+1
−
(
w

(10)
2

)p+1
)
,

with the corresponding maps represented in the quiver of Figure 7.5. These are precisely the
quiver and superpotential of the Reid pagoda of order p = k−1

2
.

The geometry in a neighborhood of the Pagodina curve is therefore locally isomorphic to the
Reid pagoda threefold. Shrinking this curve produces a point-like Pagoda singularity localized on
the exceptional divisor. This sharply contrasts with the local F2 threefold, where collapsing the
(-2)curve gives rise instead to a line of A1 singularities.

We can identify the representation corresponding to a D2-brane wrapping this Pagodina curve.
It would correspond to the Higgsed quiver Figure 7.5 with U(0)×U(1) gauge group. In terms of
quiver representations, this is the (0, 1) representation, and it has a zero-dimensional moduli space
corresponding to a fat pointC[w

(10)
2 ]/

((
w

(10)
2

)p)
. We can easily �nd the lift of this representation

to the full orbifold quiver Figure 7.3: the 20 and 21 nodes have U(1) gauge group each, and the
other two are empty, i.e. the representation with dimension vector (0, 1, 1, 0) (starting from the
top left node, moving clockwise). That subquiver has only two �elds, w(10)

2 and w(10)
2 , subject to

the F-term and D-term conditions with the choice (7.45)(
w

(01)
2

)p (
w

(10)
2

)p
= 0 (7.52)

|w(01)
2 |2 − |w(10)

2 |2 = θR1 − θR0 > 0 . (7.53)

This reduces the moduli space to C[w
(10)
2 ]/

((
w

(10)
2

)p)
as expected.
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Figure 7.5: Quiver after Higgsing.

Having established this, we easily deduce that this state is a gauge singlet by noting that the
dimension vector (0, 1, 1, 0) has Dirac pairing zero w.r.t. all other possible representations, since
it sits in the kernel of the antisymmetric part of the adjacency matrix (7.75).

7.4 Higgsing Pagoda-matter: Coupling frozen at∞

In this section, we discuss the physical signi�cance of the class of geometries we have intro-
duced. We claim that these give rise to 5d SCFTs that evade standard classi�cations, whether
�eld-theoretic or geometric, such as those found in [38, 39, 41], among many more works.9

The root of their peculiar physical properties lies in their inherent non-toricity. The punch
line is the following: We have found geometries yielding theories that, once their matter �elds
acquire a VEV, do not admit any weak coupling regime.

These geometries give rise to theories of arbitrarily high rank,10 with an arbitrary amount of
so-called Pagoda-matter �elds. We recall that these are states arising from M2-branes wrapping
O(0)⊕O(−2)-curves whose moduli are obstructed at k+1-th order by a superpotential. In many
respects, they behave as hypermultiplets, because their moduli space is zero-dimensional [153].
However, BPS quiver analysis identi�es them as indecomposable representations whose moduli
spaces are fat points, i.e. C[w]/(wk). These uncharged hypers have a striking physical e�ect: their
presence allows for a mechanism that freezes the gauge couplings to in�nite value.

9Note that the possibility of coupling cDV matter to higher-rank theories was already pointed out in [45], Section
4.3.2, in a di�erent example.

10In�nite families of theories with rank r > 1 will be introduced in Section 7.6.
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To explain this, we revisit the relation between the geometry and the e�ective �eld theory.
Although we presented our geometries as Z2-orbifolds of the Pagoda, they can equivalently be
viewed as a deformation of the local F2 Calabi-Yau threefold, whereby the quivers are the same,
but the superpotentials are deformations as follows:

W = Wlocal F2 +Wk , (7.54)

with the �rst term being the standard one for the toric variety

Wlocal F2 = Tr
(
α(00) · β(01)w

(10)
1

)
+ Tr

(
α(11) · β(10)w

(01)
1

)
(7.55)

+ Tr
(
β(10) ·α(00)w

(01)
2

)
+ Tr

(
β(01) ·α(11)w

(10)
2

)
(7.56)

and the second one being the order k + 1 deformation:

Wk =
2

k + 1
Tr
(
w

(0,1)
1 w

(1,0)
1 . . . w

(1,0)
1︸ ︷︷ ︸

k+1 terms

)
− 2

k + 1
Tr
(
w

(0,1)
2 w

(1,0)
2 . . . w

(1,0)
2︸ ︷︷ ︸

k+1 terms

)
.

The e�ective gauge coupling of a 5d theory on its Coulomb branch (parametrized by the scalar
VEV φ) is given by the second derivative of the prepotential F(φ). For the local F2 theory, the
one-loop exact e�ective coupling is [38, 90]:

1

g2
eff (φ)

=
∂2F
∂φ2

= 2m0 + 8|φ| . (7.57)

In a standard local F2 theory, m0 is a tunable parameter. One can take the weak coupling limit by
making the base curve very large (m0 →∞), which decouples the instanton particles and recovers
a perturbative SU(2) gauge theory. For the local F2 theory, we identify the lhs of (7.57) with twice
the volume of the curve in F2 of self-intersection +2. Consequently, the geometry dictates that
the e�ective volume of the base is shifted by the �ber volume proportional to the twist n = 2 of
the Hirzebruch surface [39]. Here, the two terms have distinct geometric interpretations:

• 2φ is the volume of the �ber P1 of the surface.

• m0 is proportional to the inverse bare coupling squared (m0 = 1
2g2

Y M,0
). Geometrically, it is

the volume of the base (−2)-curve of the F2 surface.
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However, the "Pagoda matter" changes this picture drastically once we activate the further
normalizable deformations corresponding to giving VEVs to these �elds. Turning on these defor-
mations obstructs the Kähler modulus of the F2 base curve:

m0 −→ 0 . (7.58)

Substituting this back into Eq. (7.57), the e�ective coupling in this Higgsed phase becomes simply:

1

g2
eff (φ)

= 8|φ| . (7.59)

This has a profound consequence. In standard theories, one can keep φ small (near the SCFT
point) while making geff small by dialing m0 to be large. In the Higgsed Pagoda theories, this
"bu�er" is removed. As we approach the origin of the Coulomb branch (φ → 0), the e�ective
coupling geff diverges immediately and unavoidably.

Thus, the activation of Pagoda matter VEVs freezes the bare couplingm0 to zero. This implies
that in this branch of the moduli space, there is no weakly coupled regime: the theory is intrin-
sically strongly coupled at the origin, and cannot be continuously deformed to a perturbative
non-Abelian gauge theory.

7.5 Physical Interpretation: Non-constant�avor background

In this section, we provide a string-theoretic interpretation of the superpotential deformationWk

introduced in Eq. (7.21). This is a rather speculative section, based on upcoming work [57] by some
of the present authors, building on a progression of ideas written in [19, 37, 56, 77]. We propose
that the Pagoda theories should be viewed as deformations of the standard toric orbifold theories,
such as the conifold or C2/Z2 × C, or in our main case, local F2, where the �avor symmetry
parameters are promoted to position-dependent background �elds for the SU(2) global symmetry
of the original 5d SCFT.

7.5.1 The 5d Perspective

The M-theory interpretation of this new phenomenon is the following: The toric parent geometry
KF2 , contains a non-compact curve of A1 singularities extending along the w-axis. In M-theory,
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this singular locus supports 7d degrees of freedom (associated with vanishing 2-cycles) propagat-
ing along the entire w-line. This is the background SU(2) vector multiplet.

The Pagoda geometry is de�ned by the deformation uv − z2 = −w2k. Geometrically, this
describes anA1 �ber whose deformation parameter µ varies over the base Cw as µ(w) ∼ w2k. For
any w 6= 0, the deformation is non-zero, the A1 singularity is smoothed out, and the associated
2-cycles have �nite volume. Consequently, the M2-branes wrapping these cycles become massive
and non-BPS.

The physical e�ect of the term w2k is therefore to localize the massless degrees of freedom.
Unlike the toric parent, where states can propagate freely along the w-direction, the Pagoda ge-
ometry generates a "geometric potential" that con�nes the singular sector to the origin w = 0.
The Pagoda matter consists of these localized states, trapped by the geometry itself. The back-
ground SU(2) vector multiplet contains three real adjoint scalars. We pair two into a complex
�eld Φ and keep the third, ϕ3, real. Their VEVs correspond to the geometric moduli:

〈Φ〉 ←→ Complex Structure (Smoothing) , (7.60)
〈ϕ3〉 ←→ Kähler Form (Resolution) . (7.61)

The Pagoda geometry is de�ned by the �xed background pro�le via the following spectral equa-
tion:

uv = det (I2 · z − 〈Φ〉) (7.62)

for the following choice of background:

Φ(w) =

(
wk 0

0 −wk

)
. (7.63)

A background in Φ generates a potential for ϕ3 of the form

V ∼ |[〈Φ(w)〉, ϕ3]|2

A constant background for ϕ3 corresponds to a real mass deformation of the 5d SCFT, i.e. 〈ϕ2〉 ∼
m0. For the Pagoda background, we see that there is only one available background

〈ϕ3〉 = m0 ·

(
1 0

0 −1

)
.
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Now, following the analysis in [24, 25], we know that Φ for the Pagoda has k 5d dynamical �uc-
tuations. In an appropriate gauge, they can be written as follows:

δΦ =

(
0 1

Pk−1(w) 0

)
,

where Pk−1(w) is an arbitrary polynomial of degree k − 1, with k coe�cients. These complex
structure moduli coe�cients are the projection of the full Higgs branch coordinates w.r.t. their
(C∗)k coordinates, which are realized as Wilson lines of the 11d supergravity C3-form. The con-
sequence of giving a vev to these deformations is that our background becomes:

〈Φnew(w)〉 =

(
wk 1

Pk−1(w) −wk

)
(7.64)

and as a result the spectral equation changes drastically:

uv = det (I2 · z − 〈Φ〉) (7.65)
= z2 − w2k + Pk−1(w) . (7.66)

These are precisely the dynamical deformations according to the analysis of [150]. Note now that
we can no longer �nd a constant ϕ3 that commutes with it, i.e.

[〈Φnew(w)〉, ϕ3] 6= 0 .

Geometrically, this tells us that the small resolution of the CY threefold (which corresponds to
blowing up the base curve of the F2) is obstructed, as advertised. For our orbifolded Pagodas,
we actually apply this logic to the Pagodina, i.e., the resulting order k−1

2
Pagoda geometry that

results from orbifolding the KF2 . It is in that geometry that the Kähler obstruction gives rise to
an important physical phenomenon.

7.5.2 The view from D2-branes

We can further clarify the origin of the superpotential deformation Wk by considering the world-
volume theory of a spacetime-�lling D2-brane probing the Calabi-Yau threefold. This perspective,
based on work in progress [57], utilizes 3d N = 4 mirror symmetry to map geometric deforma-

211



tions to �eld-theoretic interactions.

The D2-brane probe admits two dual descriptions:

• The Quiver Frame: A D2-brane probing an A1 singularity (uv = z2). The theory is an
a�ne A1 quiver gauge theory where the SU(2) �avor symmetry is realized via monopole
operators and dual photons.

• The SQED Frame: The mirror dual theory, which is N = 4 SQED with two hypermulti-
plets (Q, Q̃) coupled to a complex adjoint Φ of the SU(2) �avor symmetry. Physically, this
corresponds to a D2 probing a stack of two D6-branes in �at space. Φ is an adjoint of that
stack.

In this setup, the Pagoda geometry (7.3) is realized by �bering the A1 singularity over a com-
plex plane Cw. At the level of the probe D2-brane 3d theory, this corresponds to making the �avor
symmetry background Φ depend on the �eld w controlling the position of the D2-brane on Cw.
In the SQED frame, this background enters the superpotential as a Yukawa-like interaction:

Wint = Tr
(
Q · 〈Φ(w)〉 · Q̃

)
, (7.67)

where for the k-Pagoda case, Φ(w) takes the form (7.63).

In the quiver frame, the superpotential term (7.67) becomes aw-dependent complex FI term [12],

Wint ∼
1

k + 1
wk+1 . (7.68)

This precisely matches the polynomial deformation terms 1
k+1

Tr(wk+1) appearing in our BPS
quivers. On the other hand, by analyzing the linearized �uctuations of the background Higgs
�eld (7.63) using the techniques of [16], one �nds that—unlike in the undeformed C2/Z2 × C
background—the theory now supports modes localized at w = 0. These localized degrees of free-
dom constitute what we refer to as Pagoda matter. Hence, these two observations are two sides of
the same mechanism: the Φ-generated superpotential deformation both encodes the polynomial
terms in the quiver description and is responsible for the appearance of localized Pagoda matter
at w = 0.

We claim that this physical mechanism extends to all toric CY threefolds whose toric diagram
has a side with points along the segment, i.e., anything that has a boundary segment as in Fig-
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Figure 7.6: Toric polytope for a threefold with a highlighted SU(3) global symmetry.

Figure 7.7: Toric diagram local F2.

ure 7.6. For such a theory, one can similarly introduce a position-dependent SU(3) background,
creating localized matter.

Now, we can apply this logic to local F2, see Figure 7.7. This theory has a global SU(2) sym-
metry. By switching on a background Higgs vev (7.63), we claim that we end up with precisely the
theory of the orbifolded Pagoda (7.55). The localized Pagoda-matter multiplets are fully accounted
for by the analysis of linearized �uctuations of this vev.

7.6 More general orbifolds

We can apply the same procedure to much more general orbifolds and produce a wide class of
new 5d theories. The ambient space coordinates (u, v, z, w) admit a larger group of symmetries
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that preserve the structure of the Pagoda equation (7.3) and its holomorphic volume form.

The matrix formalism of Section 2.1 is directly generalized by choosing an appropriate matrix
representation of the orbifold action: �elds φ± of charge ±1 under an orbifold group Zm are
promoted to matrices of the form

φ̂+ =



0 φ
(0,1)
+ 0 . . . 0

0 0 φ
(1,2)
+

. . . 0
...

...
. . . . . .

...

0 0
... 0 φ

(m−1,1)
+

φ
(m,0)
+ 0 · · · 0 0


, φ̂− =



0 0 · · · 0 φ
(0,m−1)
−

φ
(1,0)
− 0 · · · 0 0

0 φ
(2,1)
−

. . .
...

...
...

. . . . . . 0 0

0 · · · 0 φ
(m−1,m−2)
− 0


,

(7.69)

while neutral (charge zero) �elds will be promoted to diagonal matrices. In this notation, the
superpotential for all cases is given by the master trace formula derived in Section 7.2:

WOrb = Tr
(
α̂ · β̂ ŵ1

)
+ Tr

(
β̂ · α̂ ŵ2

)
+

1

k + 1
Tr
(
ŵk+1

1

)
− 1

k + 1
Tr
(
ŵk+1

2

)
. (7.70)

For a general abelian orbifold, the D0-brane supersymmetric quantum mechanics is always de-
scribed by the abelian quiver with U(1) gauge group at every node. We highlight three distinct
cases of interest.

7.6.1 ZN orbifolds of the Pagoda: generalization of the Z2 case

We consider an orbifold group H ∼= ZN , that generalizes the Z2 example of Section 7.2.1. Its
action on the a�ne coordinates (u, v, z, w) is the following

u v z w

ZN 1 1 1 −1
(7.71)

where we require that N divides k + 1, i.e. k + 1 = qN .

Like in the Z2 case, we can understand the geometry of the orbifolded threefold by performing
a partial resolution. First, we describe the C4/ZN orbifold of the ambient space via the GLSM

u v z w λ

C∗ 1 1 1 N − 1 −N
(7.72)
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The geometry of the Calabi-Yau is the proper transform of (7.3) under this blowup:

uv − z2 + w2kλ2(k−q) = 0. (7.73)

Setting λ = 0, we again obtain an exceptional divisor isomorphic to a degenerate F2, in which the
(−2) curve has been shrunk. Moreover, upon restricting to the patch w = 1, we �nd a Pagodina
singularity of order k − q.11 Resolving the Pagodina curve via a small resolution, like in (7.33),
yields an exceptional divisor isomorphic to the F2 surface. However, in contrast with the Z2

case, the resulting threefold now develops a C2/ZN−1 singularity at a point on the F2 �ber. This
singularity is inherited from theZN−1 orbifold singularity of the ambient space (7.72). Resolving it
yieldsN−1 ruled surfaces, each �bered over a base isomorphic to the Pagodina curve. Altogether,
the fully resolved geometry contains r = N compact divisors.

We now study the orbifold action on the quiver. The induced action on the quiver maps follows
from (7.72):

α1 α2 β1 β2 w1 w2

ZN 0 0 1 1 −1 −1
(7.74)

Using the matrix formalism, we can explicitly determine the adjacency matrixAab of the resulting
BPS quiver.12 From it, one directly reads both the rank r of the Coulomb branch and the dimension
f of the �avour lattice of BPS charges:

Aab =


2, a = b+ 1 (mod N),

1, a = b− 1 (mod N),

0, otherwise,

r = N − 1, f = 2 . (7.75)

The matrix representatives α̂ are diagonal, while β̂ and ŵ, that connect nodes i → i ± 1, have
the form (7.69). The corresponding quivers for N = 3, 4 are shown in Figure 7.8.

11For N = 2 one has q = k+1
2 , and we recover p = k − q = k−1

2 .
12Results on the defect group of such theories will appear in [99].
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Figure 7.8: Antisymmetric BPS quivers for Z3 and Z4 orbifolds (7.74).

7.6.2 Zm orbifolds leading to Conformal Matter

We now choose an orbifold that acts on u and v with opposite phases, leaving z and w invariant:

u v z w

Zm 1 −1 0 0
(7.76)

This action is valid for any order k of the Pagoda.

To understand the geometry, let us �rst consider the case m = 2. The additional C2/Z2

singularity created by the orbifold can be resolved by passing to the hypersurface

u e v = z2 − w2k ⊂
u e v z w

C∗ 1 −2 1 0 0
(7.77)

There are two Pagoda singularities of order k, located at the two poles of the blown-up P1. For
generic m, the situation is analogous: resolving the ambient C2/Zm singularity yields m Pagoda
singularities, located at the m − 2 intersections of the exceptional P1’s and at one point on each
external P1. There are no exceptional divisors. The resulting 5d theory can be regarded as a new
example of 5d conformal matter [154].
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As regards the orbifold action on the Pagoda quiver, we have:

α1 α2 β1 β2 w1 w2

Zm −1 0 0 1 0 0
(7.78)

The quotient has the following adjacency matrix and values for r and f :

Aab :=


1, a = bmod 2m

1, a = b− 1 mod 2m

1, a = b+ 1 mod 2m

0, otherwise.

r = 0, f = 2m . (7.79)

The matrix �elds α̂2, β̂1, and ŵi are diagonal, while α̂1 and β̂2 have the form (7.69). The quivers
for m = 3, 4 are in Figure 7.9.
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Figure 7.9: Symmetric BPS quivers for Z3 and Z4 orbifolds (7.78).
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7.6.3 The General Abelian Orbifold Zm × ZN

Finally, we combine the actions (7.71) and (7.76):

u v z w

Zm 1 −1 0 0

ZN 1 1 1 −1

(7.80)

The induced weights on the quiver �elds are:

α1 α2 β1 β2 w1 w2

Zm −1 0 0 1 0 0

ZN 1 0 1 0 −1 −1

(7.81)

In the quotient, we have the 2mN × 2mN adjacency matrix, r and f given by

Aab :=


1, a = b+ 2mmod 2mN

1, a = b+ 2m− 1 mod 2mN

1, a = b+ 1 mod 2mN

0, otherwise

r = mN − f/2,

f = 2m+N − 2 +GCD[N, 2m] .

(7.82)

We can express the new maps as N × N block matrices, where each entry is itself an m × m

matrix acting on the secondary orbifold index.

The resulting quivers for N = m = 2 and N = m = 3 are shown in Figure 7.10.
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Figure 7.10: BPS quivers for the combined orbifold cases.

7.6.4 Orbifold of Reid Pagodas as deformations of toric orbifolds

We conclude with a unifying remark. As discussed above, the Reid Pagoda (7.3) can be viewed as
a deformation of the toric orbifold

Ytoric ≡ C× C2/Z2,

with the de�ning equation
xy − z2 = 0, (7.83)

by the addition of a w-dependent term w2k.13 This realizes the Pagoda geometry as a family over
w of deformed A1 singularities.

Since all the orbifold actions considered above preserve Ytoric, the operations of quotient and
deformation commute:

X =
Deform

(
Ytoric

)
H

= Deform

(
Ytoric

H

)
. (7.84)

13For a discussion of abelian and non-abelian orbifolds of C3 and their BPS quiver we refer to [124].
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The intermediate geometry Ytoric/H is a toric Calabi–Yau orbifold, while the �nal space X is a
non-toric deformation thereof. The deformation does not modify the compact divisors, but it
lifts the non-compact lines of singularities present in the toric model, leaving instead discrete
“Pagodina” curves supporting the exotic matter.

To identify the toric model explicitly, we now construct Xtoric = Ytoric/H . On the ambient
space C4 of the Pagoda, the ZN orbifold acts as

(x, y, w, z) 7→ (ξx, ξy, ξw, ξ−1z), ξN = 1. (7.85)

This action admits a natural lift to C3, from which the toric description follows.

1. Start from C3 3 (g1, g2, g3).

2. Consider the group Γ̂ ∼= Z2N ⊂ SU(3) generated by

ε =

ζ 0 0

0 ζ 0

0 0 ζ−2

 , ζ2N = 1. (7.86)

3. First quotient by the subgroup Γ′ ∼= Z2 ⊂ Z2N generated by εN , acting as

g1 7→ −g1, g2 7→ −g2, g3 7→ g3. (7.87)

The quotient C3/Z2 is isomorphic to Ytoric, with

x = g2
1, y = g2

2, z = g1g2, w = g3. (7.88)

4. The residual group
Γ = Z2N/Z2

∼= ZN (7.89)

acts on Ytoric precisely as in (7.85), upon identifying ξ = ζ2.

5. Using the general identity V/G ∼= (V/N)/(G/N) for N / G, we conclude

Xtoric =
Ytoric

Γ
=

C3

Z2N

. (7.90)
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For N = 2, this Z4 orbifold of C3 is well known in the context of the McKay correspondence,
and its crepant resolution yields

X̂toric
∼= Tot(KF2). (7.91)
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Conclusions

A central motivation of this work is the absence of a systematic framework for constructing quan-
tum �eld theories from geometries that lie beyond the toric class. A fundamental object in this
program is the quiver, a tool that bridges geometry and quantum �eld theory in a powerful and
universal way.

This is apparent in two di�erent but related contexts. The �rst is the context of probe brane
dynamics, where quiver gauge theories emerge on D-branes probing the geometric background
and encode how geometric data is translated into �eld-theoretic interactions. The second is geo-
metric engineering, in which quivers provide access to the spectrum of BPS states of the theory
across all dynamical regimes. A notable feature is that the quiver naturally embodies the duality
between geometric and �eld-theoretic structures, making explicit the correspondence between
BPS states in quantum �eld theory and stable sheaves on a complex variety.

Then, our �rst target is the systematic identi�cation of quiver gauge theories for geometries
that generalise toric cases. This leads us to consider compound Du Val (cDV) singularities, which
are approachable thanks to the strong structural constraints arising from their connection to
Lie algebra theory, while at the same time remaining non-trivial from the point of view of the
physics that revolves around them. The realization of these geometries via non-constant Higgs
backgrounds in M-theory [19, 25] has revealed the existence of not yet fully understood physical
phenomena associated with the peculiar structure of these spaces.

In this work, we leverage this construction to propose a physically grounded interpretation of
these exotic geometric features by analyzing the e�ects of the corresponding Higgs backgrounds
on the dynamics of probe D2-branes. In particular, we show that Higgs �eld con�gurations in-
duce superpotential deformations in the worldvolume theory. Following the RG �ow that these
deformations trigger, we are able to reconstruct the e�ective quiver gauge theory and show that
its moduli space reproduces the probed geometry consistently.

A �rst main result is the identi�cation of a concrete physical interpretation of constant but
non-trivial Higgs �eld con�gurations Φ, in terms of their e�ects on the worldvolume theory of D2-
branes. Through their coupling to moment map operators, these backgrounds induce monopole
superpotential deformations and Fayet–Iliopoulos terms, which in turn deform the moduli space
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of the theory. This provides a dynamical realization of how geometric data is encoded in �eld
theory, allowing one to reconstruct families of singular geometries as families of moduli spaces
of deformed gauge theories. In this framework, structures such as ADE families and universal
�ops naturally emerge, and geometric features such as singular loci and their resolutions admit a
direct �eld-theoretic interpretation. In particular, the presence or absence of residual U(1) gauge
symmetry provides a diagnostic for the resolvability of singularities.

Building on this perspective, we have developed a systematic method for deriving three-
dimensional N = 2 quiver gauge theories associated with compound Du Val threefolds. The
method applies to both non-monodromic and monodromic Higgs �eld con�gurations, and incor-
porates a reduction procedure based on ungauging and mirror symmetry that allows one to treat
non-abelian backgrounds. Its validity is supported by agreement with known examples, and it
is su�ciently general to be applied to a wide class of geometries, including cases for which the
corresponding gauge theories are not yet known.

A second main contribution concerns the role of compound Du Val singularities in the con-
text of �ve-dimensional superconformal �eld theories. In particular, we have constructed new
in�nite families of 5d SCFTs arising from abelian orbifolds of the Reid Pagoda geometry. Gen-
eral orbifold constructions give rise to theories of arbitrarily high rank, while, in the speci�c case
of a Z2 orbifold, one obtains an in�nite class of rank-one theories. These rank-one theories can
be understood as non-toric deformations of the local F2 model and inherit a distinctive matter
sector—referred to as Pagoda matter—from the parent geometry.

Like local F2, these theories admit a weakly coupled SU(2) gauge theory phase, where the
e�ective gauge coupling is controlled by the Kähler volumes of base and �ber curves in F2. The
M2 branes wrapped on the base curve constitute the Pagoda matter. We have argued that these
states are not charged under the gauge symmetry. However, they can’t be considered fully decou-
pled since their vevs produce an e�ect that drastically alters the theory. We have described this
phenomenon as the freezing of the gauge coupling. The Kähler volume of the base curve is the
bare mass of Pagoda matter states, and the only tuning parameter for the inverse gauge coupling.
Once we give a vev to these states, their mass is forced to zero, eliminating the weakly-coupled
regime and rendering the theory intrinsically strongly coupled. This behavior is not observed in
related geometries such as local F2 or local P1 × P1, where the corresponding matter sector is
absent.
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We also provide a physical description of the mechanism responsible for the localization of
the Pagoda matter sector. In the orbifold geometries under consideration, this matter is supported
on the base of the F2 surface and arises from the structure of the Higgs �eld that engineers the
Pagoda geometry. From the perspective of the probe D2-brane theory, this is captured by a �eld-
dependent Higgs background which induces a superpotential deformation of the quiver gauge
theory. This deformation can be interpreted as a non-constant Fayet–Iliopoulos term, which lifts
part of the moduli space and leads to the con�nement of fractional D2-branes at the origin of the
w-plane. In this way, the localization of the Pagoda matter sector admits a direct �eld-theoretic
interpretation.

This perspective furnishes a �eld-theoretic understanding of the obstruction to blowing up the
Pagoda curve. Fluctuations of the Higgs �eld around the background that engineers the Pagoda
geometry correspond to dynamical deformations of the geometry. When such deformations are
turned on, they generate a potential for the �eld controlling the Kähler volume of the excep-
tional curve, forcing its vacuum expectation value, namely the Kahler modulus, to vanish. These
dynamical deformations are parametrized by vacuum expectation values of the Pagoda matter
sector, leading to the conclusion that such vevs obstruct the small resolution of the geometry.

We �nally report preliminary evidence that this structure extends beyond the Pagoda case.
In particular, orbifolds of higher-length �ops, such as the Laufer threefold, appear to give rise
to in�nite families of 5d SCFTs of rank two and higher. While a systematic analysis of these
constructions remains to be completed, these results suggest that the mechanism uncovered in
the Pagoda case may be part of a more general pattern relating orbifolds of non-toric singularities
to families of higher-rank theories.

An important aspect of this construction is that the origin of the Pagoda matter sector can be
traced to an obstruction in the normal bundle of the exceptional curve. While the resolved ge-
ometry can locally be described as a P1 with normal bundleO(0)⊕O(−2), this local description
does not capture the obstruction, which nevertheless has direct physical consequences. In partic-
ular, it is this obstruction that governs the emergence of the additional matter sector in orbifold
constructions and ultimately leads to the freezing of the gauge coupling.

These observations point to a tension with the common expectation that local geometric data
fully determine the interacting 5d SCFT. Although the local geometry of the curve is indistin-
guishable from that of similar toric models, the obstruction—being invisible at the level of the
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naive local description—gives rise to physical e�ects that modify the interacting theory. This sug-
gests that certain aspects of the geometry not captured by the standard notion of locality may
nevertheless play a role in determining the physical content of the theory.

Taken together, the results of this thesis provide a physically grounded framework for extract-
ing non-trivial consequences of Higgs �eld backgrounds, a systematic method for deriving quiver
gauge theories beyond the toric regime, and new insights into the structure of �ve-dimensional
superconformal �eld theories.

Outlook

The results of this thesis open several directions for further investigation.

Completing the cDV programme. The methods developed in this work apply to cDV singular-
ities of type A and D, where the Higgs �eld takes values in classical Lie algebras, and the mirror
duals remain abelian. The extension to E-type con�gurations presents a qualitatively new chal-
lenge: the colored Dynkin diagrams that arise involve non-abelian nodes, so that the mirror duals
are themselves non-abelian gauge theories with non-perturbative monopole superpotentials. De-
veloping a consistent treatment of these cases would complete the programme initiated here and,
importantly, would give access to quiver gauge theories dual to non-Lagrangian 3d theories that
are not reachable by other means. A complementary extension concerns non-abelian probe theo-
ries, obtained by considering stacks of D2-branes. This would promote the abelian quivers stud-
ied here to their non-abelian counterparts and provide access to the full path-algebraic structure,
including the noncommutative crepant resolutions associated with higher-rank representations.

Higher-length �ops and higher-rank 5d SCFTs. The orbifold construction applied in this thesis
to the Reid Pagoda admits a natural generalization to simple �ops of higher length, such as the
Laufer threefold [17, 97, 127, 131]. Preliminary evidence suggests that abelian orbifolds of these
geometries give rise to in�nite families of 5d SCFTs of rank two and higher, in which the freezing
mechanism identi�ed here persists in a more intricate form. A systematic analysis of these con-
structions would clarify to what extent the phenomena uncovered in the Pagoda case are generic
features of non-toric geometric engineering.

BPS spectra and wall-crossing. The BPS quivers constructed in this thesis encode the spectrum
of stable BPS states, but a detailed determination of the spectrum across the Coulomb branch —
including its wall-crossing behavior — remains to be carried out. A natural framework for this
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analysis is provided by the cluster algebra structure associated with the BPS quiver [20, 106, 110,
111, 146, 147, 155–163] which gives a rigorous combinatorial description of the stable chambers
and their mutations. This is currently a work in progress. It would also be interesting to under-
stand whether the freezing of the gauge coupling, which constrains the Kähler moduli space, has
consequences for the wall-crossing structure — for instance, by reducing the number of accessible
chambers or by forcing the spectrum to be rigid in certain regions of parameter space.

Relation to magnetic quivers and generalized toric polygons. The approach developed in this
thesis — extracting 5d physics from probe D2-branes and BPS quivers — is complementary to other
recently developed frameworks for studying 5d SCFTs beyond the toric regime. The magnetic
quiver programme [105, 164–171] provides an alternative route to the Higgs branch of 5d and 6d
theories, one that has proven particularly e�ective for theories admitting a brane web description.
For the non-toric geometries studied here, it is not clear whether a magnetic quiver description
exists, and if so, how the Pagoda matter sector and the freezing mechanism would manifest in
that language. Similarly, the generalized toric polygon (GTP) framework [14] incorporates certain
non-toric deformations directly into the brane web formalism. Understanding the precise overlap
between the GTP approach and the Higgs-�eld construction used here — in particular, whether the
obstruction data responsible for the freezing has a GTP counterpart — would provide a valuable
cross-check and could lead to a more uni�ed picture.

Locality and classi�cation. From a more conceptual standpoint, the observation that obstruc-
tion data in the normal bundle — invisible to the standard local description of the singularity — can
have direct physical consequences raises a natural question: what is the minimal set of geometric
data required to fully characterize the associated 5d SCFT The current classi�cation programmes
[22, 41, 42, 44, 45] rely, implicitly or explicitly, on the assumption that the local singularity type
is su�cient. The results of this thesis suggest that this assumption may need to be re�ned for
non-toric geometries, and that the relevant additional data may be of a cohomological nature —
related to the obstruction classes governing the global structure of the exceptional locus. Clari-
fying this point could lead to a sharper formulation of the geometric conditions under which a
canonical singularity de�nes a well-posed 5d �xed point.

Relation to the 6d classi�cation. Finally, a natural and important question that remains to be
addressed is whether the in�nite family of SCFTs identi�ed in this work can be realized via circle
compacti�cation of a six-dimensional theory. This question is closely tied to the broader classi-
�cation program, where evidence suggests that �ve-dimensional SCFTs admit a six-dimensional
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origin [42, 49]. From a geometric perspective, this amounts to asking whether the associated
Calabi-Yau threefolds admit an elliptic or genus-one �bration structure, at least up to birational
equivalence, as emphasized in the current literature [22, 40, 144, 172–174]. In the case of the
orbifold Pagoda geometries studied here, the absence of a toric description and the non-trivial
obstruction data in the normal bundle make it unclear whether such a �bration structure ex-
ists. Addressing this point would clarify the place of these theories within the classi�cation of 5d
SCFTs descending from 6d, systematically developed in [172] using the combined �ber diagram
technology.
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Appendix A

A.1 Supersymmetry in various dimensions

The structure of supersymmetric theories with eight supercharges across dimensions is summa-
rized in Table A.1. While the number of supercharges is �xed, the realization of the algebra and
the associated R-symmetry depend on the spacetime dimension. In �ve dimensions,N = 1 super-
symmetry is governed by the exceptional superconformal algebraF (4), whose bosonic subalgebra
is SO(5, 2)×SU(2)R, and the supercharges transform as doublets of SU(2)R. Upon reduction to
four dimensions, one obtains N = 2 supersymmetry with superconformal algebra SU(2, 2 | 2),
where the R-symmetry enhances to SU(2)R × U(1)r, and the supercharges carry both SU(2)R

indices and U(1)r charge. In three dimensions, the superconformal algebra becomes OSp(4 | 4),
with bosonic subalgebra SO(3, 2) × SU(2)C × SU(2)H , and the supercharges transform in the
bifundamental representation, re�ecting the symmetry between Coulomb and Higgs sectors. As
shown in the table, this dimensional hierarchy is mirrored in the scalar content of vector multi-
plets, which increases from one real scalar in 5d to a complex scalar in 4d and three real scalars
in 3d, while hypermultiplets universally contain four real scalars transforming in quaternionic
representations of the R-symmetry.
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Dim SUSY SConf Algebra Bosonic Subalgebra R-symmetry Q repr. Vector scalars Hyper scalars
5d N = 1 F (4) SO(5, 2)× SU(2)R SU(2)R 2 1 real 4 real
4d N = 2 SU(2, 2 | 2) SO(4, 2)× SU(2)R × U(1)r SU(2)R × U(1)r (2,±1) 1 complex 4 real
3d N = 4 OSp(4 | 4) SO(3, 2)× SU(2)C × SU(2)H SU(2)C × SU(2)H (2,2) 3 real 4 real

Table A.1: Supersymmetric theories with eight supercharges.

A.2 Canonical singularities: Absolute VS relative MMP

When dealing with complex surfaces, there is a clear, rigorous way of classifying them. It involves
the intersection theory of its curves inside the surface. Curves inside a surface qualify as divisors.
In particular, inside a surface S, it makes sense to talk about the self-intersection of a curve C ,
C · C ≡ C2 ∈ Z. Then, one can prove that there are classes of curves for which C2 = −1 and
others such that C2 = −21. The former can be described as the blow-up of a smooth point. The
latter are associated with a contraction map that produces a canonical singularity (i.e., a Du Val
singularity). As a consequence, we can think of simplifying a given surface geometry further and
further by shrinking all the (−1)-curves. Moreover, if the surface is singular, we have a well-
de�ned minimal way to desingularize it, which is by blowing up the (−2)-curves alone (without
introducing (−1)-divisors)2. Let us make a further comment.
It can be shown (See [126]) that given a singularity of generic type S and a resolution f : S̃ → S

we have:
KS̃ = f ∗KS +

∑
i

aiCi (A.1)

where ai are the discrepancies (relative to the canonical divisor ofS) introduced by the exceptional
curves Ci in the canonical divisor of the resolved surface. If S is canonical, we have:

ai ≥ 0 ∀ i (A.2)

1Curves with negative self-intersections are the only contractible curves in the geometry.
2The minimal resolution in dimension 2 is the small resolution in higher dimensions.
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The solution of a simple linear system for the ai3 shows that ai > 0 when C2
i = −1 and ai ≤ 0

for C2
i ≤ −2. In particular, the discrepancy is zero only for (−2)-curves. From this, we learn that

minimal resolutions of canonical singularities are all crepant resolutions (and vice versa).
To summarize, in general, a minimal model over a surface is merely the result of smoothing out
unnecessary divisors (i.e., (−1)-curves). When the surface is canonical, this requirement coin-
cides with extracting only its crepant divisors.
When we go to higher dimensions, the notion of minimality becomes much less intuitive. Now,
divisors and curves are di�erent objects, and the self-intersection of a curve is not de�ned per se
(only within a surface subspace of the total variety). The minimal model program was conceived
to classify (normal) complex varieties in dimension greater than 2 by �nding a suitable generaliza-
tion of minimality. Mori identi�ed the following condition as a measure of minimality in higher
dimensions:

KX · C ≥ 0 ∀C ⊂ X (A.5)

Here KX is the canonical divisor of a threefold X and C is a generic e�ective curve, namely a
curve in the convex cone generated by a basis of H2(X,Z). A theorem by Mori, known as the
Cone Theorem, states that for any e�ective curve in X such that KX · C < 0 (extremal curve),
there is a proper birational morphism that contracts the curve to a point. In surfaces, we just have
rational (−1)-curves since positive self-intersection curves are non-contractible (and it follows
from the adjunction formula that having KX · C < 0 and C2 < 0 at the same time is only
possible when the genus g(C) is zero). Then the MM is easily obtained by contracting all such
curves. In higher dimensions, it is not always simply a curve that gets contracted (this is a small
contraction). Contractions can involve blowing down entire divisors containing the extremal
curves. Moreover, performing these operations most often generates singularities, which may
spoil the original properties of the variety. Therefore, starting from a generic smooth projective
variety, it is no trivial task to land on its minimal model. The existence of the latter cannot even be
granted. To de�ne a universal procedure for producing an MM starting from a generic variety is
precisely the scope of what is known as absolute MMP, which we de�ne just below. There is, then,

3It just comes from computing the intersection:

KS̃ · Cj = f∗KS · Cj +
∑
i

aiCi · Cj =
∑
i

aiCi · Cj (A.3)

.
The last equality follows from:

f∗KS · Cj = KS · f(Cj) = 0 (A.4)

.
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a weaker notion of minimality that applies to resolutions of canonical and terminal singularities
[126]. In this case, the idea is to study geometries whose singularities are not too severe (it is the
case for canonical varieties) by constructing crepant maps to smoother versions (i.e., their relative
minimal models). As in dimension two, the passage to the relative minimal model extracts exactly
the crepant exceptional divisors and curves. The existence of a relative model for any canonical
threefold singularity is proven by a theorem [126], but it is hardly ever explicit.

A.2.1 Absolute MMP

Let us start with the de�nition of absolute MM:

De�nition A.2.1 (minimal model). Given a variety X of dimension ≥ 2, the absolute minimal
model on X is a variety S such that:

• S is Q-factorial (i.e., any Weyl divisor D ⊂ S is Q-Cartier), and terminal

• ∃ birational morphism f : S → X

• KS is nef

Terminal means that S can still have singularities, but only of the terminal type. The last
property is the condition of minimality for varieties of dimension d ≥ 3.

De�nition A.2.2 (nef divisor). Given a variety Y of dimension d ≥ 3. A divisor D ∈ Y is nef if:

∀ e�ective curve C, D · C ≥ 0 (A.6)

Suppose we start from a generic variety X and want to obtain the MM on X . Running the
MMP on X then means:

1. Identify the e�ective curves Ci ∈ X , such that KX · Ci < 0.

2. Identify the contraction maps fi associated with each curve class. The contractions may be
divisorial, small, or �ber-like (in the latter case, the dimensionsofX drop upon contraction).
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3. If contraction fi is small (no divisor involved in the contraction), perform a �ip.

4. Process terminates once KX becomes nef.

Step 3 is a modi�cation of the geometry that one is forced to do each time the contraction is
small. Small contractions spoil a condition that is fundamental to guarantee that the singularities
introduced in the process are at most terminal. This condition is Q-factoriality. A �ip is an op-
eration, similar to a �op (de�ned below), that shrinks the extremal curve C associated with the
small contraction and replaces it with a new curve C+ such that KX+ ·C+ > 0 and KX ' KX+ .
Just like �ops, �ips are isomorphisms outside the locus of the involved curve, and preserve the
canonical divisor. An important di�erence with �ops is that �ips can only go in one direction, as
positive-degree curves cannot be contracted (they can, but with bad consequences on the global
geometry). It is important to stress that both �ips and divisor contractions introduce singularities
that would spoil the desired properties of the MM without any possibility of avoiding them. Then,
the MMP will not converge to a minimal model but to a di�erent space (Mori �ber space or Mori
�bration). For details, we refer to [23, 148].

A.2.2 Relative MMP

Again, let us start from the de�nition:

De�nition A.2.3 (minimal model). Given a singularity X of dimension ≥ 2, a minimal model
over X is a variety S such that:

• S is Q-factorial and terminal

• ∃ birational morphism f : S → X such that KS = f ∗KX

• KS is f-nef

Here S is a crepant partial resolution of X . Crepancy is guaranteed by the condition on the
canonical divisor: KS = f ∗KX . The de�nition here invokes a theorem (Reid [126]) which ensures
the existence of a minimal model (also called by Reid partial terminal resolution) for any variety
with canonical singularities. When we restrict to terminal singularities, minimal models are noth-
ing but the partial simultaneous resolutions of the families of ADE surfaces described in section
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4. A fundamental observation is that the relative MM always exists, but it is not unique. There is
indeed no unique way of extracting crepant divisors (or performing small resolutions) in such a
way that the outcome will have the desired properties (Q-factoriality and terminality). However,
for any given X canonical, all possible MMs will be related by some elementary transformations
which preserve the canonical divisor. Such transformations are known as �ops. To de�ne them,
we �rst introduce small contractions:

De�nition A.2.4 (Small contraction). 4 Let f de�ne a small contraction of Y to a variety Y ′, i.e.,
a birational morphism:

f : Y → Y ′ (A.7)

such that Y and Y ′ are isomorphic in codimension 1 and
for any curve in Y such that f(C) is a point in Y ′, KY · C = 0.

De�nition A.2.5 (Flop). Let f and f+ be two small contractions:

f : Y → Y ′

f+ : Y + → Y ′
(A.8)

Then, a �op from Y to Y + is a birational morphism de�ned by the diagram:

Y 99K Y +

f ↓ ↓ f+

Y ′ Y ′
(A.9)

Morally, the �op takes the space Y , contracts one of theKY -trivial curvesC , and then replaces
it with a new curve C+. The outcome of this operation is a di�erent space Y +, on which KX+ ·
C+ = 0. Y + and Y are isomorphic up to a codimension 2 subspace given by C and C+, and the
canonical divisors KY and KY + are numerically equivalent (have the same intersections). Flops
are the only surgical operations on the geometry that one can perform to move from one minimal
model to another, as they preserve the relative nefness of the canonical divisor (the last condition
in A.2.3). This corresponds to: KY ·C = 0, namely to the triviality of the canonical divisor on the
contracted curves. Let us give the full de�nition:

4A small contraction is the same thing as a small resolution. When seen as a resolution, it is always crepant (in
dimension ≥ 3) because it does not introduce divisors.
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De�nition A.2.6 (f-nef divisor). Let f de�ne a birational morphism of Y to a variety Y ′:

f : Y → Y ′ (A.10)

And let C be an (e�ective) curve in Y such that f(C) is a point in Y ′5

A divisor D ∈ Y is f-nef if for any such curve:

D · C ≥ 0 (A.11)

Clearly, this condition is weaker than the �rst one A.2.1, as it involves only the curves in
Y that are vertical with respect to the base Y ′ (namely, the curves that get contracted by the f
morphism). Note that f -nefness or relative nefness of the canonical divisor in A.2.3 is actually
implied by the crepancy of f . Indeed, for any contracted curve C , the condition KS = f ∗KX

implies:
KS · C = f ∗KX · C = KX · f(C) = 0 (A.12)

So, all the curves that are blown-up in a crepant partial resolution are those on which KS has
zero degree. These are the curves that give rise to the �opping transitions, which we have just
described. The relative minimal program can thus be seen as the characterization of the �op
structure over a canonical singularity. Each minimal model over a canonical singularity represents
one of the most economical ways (in terms of the number of divisors and curves extracted) to make
the variety terminal.

5Note that f need not be a small contraction when we talk about MM. It can be any crepant map.
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Appendix B

B.1 Relation among A1, A2, A3, B for ` = 2 universal �op

Here we derive the relation (6.103), that we used in Section 5.2.2 for computing the universal �op
of ` = 2 equation.

We start by considering the identity:

A2A1A3 = tr(M0M2M0M1M0M3) . (B.1)

We replace the red-colored M0 with: M0 = %41 −M1 −M2 −M3, which comes from (5.54).
Since tr(M0) = 2%4 and M2

i = %i1, we have:

A2A1A3 = −tr(M0M2M3M1M0M3)− %1A2A3 − %2A1A3 + %4Tr(M0M2M1M0M3).

Again, we use (5.54) to replace the colored M0. As a result:

A2A1A3 = tr(M0M2M3M1M2M3)− %1A2A3 − %2A1A3 + %1%3A2+

+ %3Tr(M0M2M3M1)− %4Tr(M0M2M3M1M3) + %4Tr(M0M2M1)A3 .
(B.2)
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Finally, we use again(5.54) to replace the M1 in red as M1 → %41−M0 −M2 −M3, obtaining:

A2A1A3 = − tr(M0M2M3M0M2M3)− %1A2A3 − %2A1A3 + %1%3A2 − %3%2(A3 + A2)

+ %3Tr(M0M2M3M1) + %4Tr(M0M2M3M2M3)− %4Tr(M0M2M3M1M3)

+ %4Tr(M0M2M1)A3 .

(B.3)

Now, let us compute

Tr(M0M2M1) = − Tr(M0M2M3)− %4A2 − 2%4%2

Tr(M0M2M3M1) = %4Tr(M0M2M1)− %2A1 − %1A2 − A2A1

= − %4Tr(M0M2M3)− %2
4A2 − 2%2

4%2 − %2A1 − %1A2 − A2A1

Tr(M0M2M3M1M3) = − Tr(M0M2M3M2M3)− (A3 + %3)Tr(M0M2M3) + %4%3A2

= − [Tr(M0M2M3{M2,M3})− 2%4%3%2]− (A3 + %3)Tr(M0M2M3) + %4%3A2

= −
[
Tr(M0M2M3)(A1 + %2

4 + %1 − %3 − %2)− 2%4%3%2

]
− (A3 + %3)Tr(M0M2M3) + %4%3A2

(B.4)
where in the last line, we have applied (M2 + M3)2 = (1%4 −M0 −M1)2.

Using these relations and the fact that
∑

iAi = −2%2
4 we can write

A2A1A3 = − tr(M0M2M3M0M2M3)− (%1 + %2
4)A2A3 − (%2A3 + %3A2)(A1 + 2%2

4)

+ 2%4Tr(M0M2M3)
[
A1 + %2

4 + %1 − %2 − %3

]
− 4%2

4%3%2

(B.5)

Finally, using tr(M0M2M3M0M2M3) = [tr(M0M2M3)]2 and B ≡ tr(M0M2M3), we obtain
(6.103).

B.2 Universal �op of length 2 from SU(2) with 4 �avors

Let us see what happens in the mirror dual of the D4 quiver gauge theory, when a background
for Φ is turned on. The mirror theory is a SU(2) gauge theory with 4 �avors; it is realized by a
D2-brane probing a stack of 4 D6-branes (plus their images) on top of an orientifold O6-plane.

Mirror symmetry maps the moment map µ (above (5.46)) into the meson matrix of the dual
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theory (SU(2) with 4 �avors):

M =

(
QT Q̃T QT εQ

−Q̃ε−1Q̃T −Q̃Q

)

l (B.6)

Let us consider the Higgs �eld generating the universal �op of length ` = 2, i.e. Φ given in
(6.86). Turning on such a vev on the worldvolume of the D6-branes will induce the following mass
term on the probe D2-brane:

δW =
1

2
Tr(ΦM) = Q̃1Q

2 + Q̃3Q
4 − Q̃4ε

−1Q̃T
3 + %1Q̃2Q

1

+ %2(Q3)T εQ4 + %3Q̃4Q
3 + %4(Q̃1Q

1 + Q̃2Q
2)

(B.7)

Here we adopt the conventions: ε ≡ εab (ε12 = −1), ε−1 ≡ εab, Q̃ ≡ Q̃b
i , Q = Qj

a. The deformed
superpotential reads:

W = Q̃ΨQ+ Q̃1Q
2 + Q̃3Q

4− Q̃4ε
−1Q̃T

3 +%1Q̃2Q
1 +%2(Q3)T εQ4 +%3Q̃4Q

3 +%4(Q̃1Q
1 + Q̃2Q

2)

(B.8)
The mass terms in (B.8) deform the CB of the theory. To see this, let us analyze the mass spectrum
of matter �elds on a generic point of the CB. Here the gauge group is broken to its Cartan and
Ψ = ψ3σ3 with σ3 denoting the third Pauli matrix. The mass matrix is then given by

m =



ψ3σ3 + %412 12 0 0 0 0 0 0

%112 ψ3σ3 + %412 0 0 0 0 0 0

0 0 ψ3σ3 12 0 0 0 ε−1

0 0 %312 ψ3σ3 0 0 −ε−1 0

0 0 0 0 −ψ3σ3 − %412 −%112 0 0

0 0 0 0 −12 −ψ3σ3 − %412 0 0

0 0 0 −%2ε 0 0 −ψ3σ3 −%312

0 0 %2ε 0 0 0 −12 −ψ3σ3


and the mass term reads Wm ≡ 1

2
(Q̃, QT ) ·m · (QT , Q̃)T .
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From it, we can deduce the monopole equation for the CB after turning on Φ [32]:

V+V− =

√
det(m)

ψ4
3

=
((−ψ2

3 + %1 − %2
4)2 − 4%2

4ψ
2
3)((−ψ2

3 + %3 − %2)2 − 4%2ψ
2
3)

ψ4
3

(B.9)

At the denominator, we �nd the contribution from the W bosons’ masses, which are left un-
changed by the deformation. Out of V±, ψ3 we construct the Weyl invariant operators:

z ≡ −ψ2
3, y ≡ V+ + V−

2
+

(%2 − %3)(%1 − %2
4)

ψ2
3

, x ≡ ψ3
V+ − V−

2
. (B.10)

Under such identi�cations, we have:

x2 + z

(
y +

(%2 − %3)(%1 − %2
4)

z

)2

= −ψ2
3V+V− . (B.11)

The equation (B.9) then implies:

x2 + zy2 =
((z + %1 − %2

4)2 + 4%2
4z)((z + %3 − %2)2 + 4%2z)− (%2 − %3)2(%1 − %2

4)2

z

− 2y(%2 − %3)(%1 − %2
4) .

(B.12)

This is the expected equation (5.42) for the universal �op of length ` = 2.

The computation of the universal �op equation on this side of the duality, gives the same result
as computed with the mirror dual (5.66) (up to the coordinate change (5.43)). This is expected
as we believe in mirror symmetry. Of course, the match is perfect if the duality map is settled
appropriately, and this happens when the moment map M on this side is mapped by mirror
symmetry to µ in the equation above (5.46) (moreover, we are also assuming that the abelian
mirror maps as in Section 2.2.3 are correct). One can also prove that, up to a proper rescaling,
the quantum monopole relations satis�ed by the elements of µ reproduce the right relations the
meson matrix M should ful�ll.
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Appendix C

C.1 Levi subalgebras

In this section, we will give two simple working de�nitions of Levi subalgebras, for reading con-
venience. The �rst de�nition is only valid for slnC, the second is general. Both are equivalent,
and are consequences of the more formal de�nition, which we will not give, in terms of parabolics
and radicals.

De�nition 1: Diagonal Blocks A Levi subalgebra of slnC consists in an algebra of block di-
agonal matrices, i.e. for sl5C, one possible Levi subalgebra is given by all matrices of the form:

A =


∗ ∗ 0 0 0

∗ ∗ 0 0 0

0 0 ∗ ∗ 0

0 0 ∗ ∗ 0

0 0 0 0 ∗

 ∈ sl5C (C.1)

Defnition 2: Centralizers Given a semi-simple (diagonalizable) element x ∈ g of a Lie algebra,
the centralizer l ⊂ g, de�ned as

l := {y ∈ g|[y, x] = 0} (C.2)
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is a Levi subalgebra. For instance, in sl5C, the Levi subalgebra associated with the following
element:

x =


m1 0 0 0 0

0 m1 0 0 0

0 0 m2 0 0

0 0 0 m2 0

0 0 0 0 −2m1 − 2m2

 (C.3)

consists in the subalgebra de�ned in the previous de�nition (C.1).
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Appendix D

D.1 Quivers and path algebras

A quiver Q is a �nite directed graph speci�ed by the combinatorial data (Q0, Q1, h, t). Here, Q0

is the set of vertices, Q1 is the set of arrows, and the maps h, t : Q1 → Q0 assign to each arrow
its head and tail, respectively.

The path algebra CQ is the C-vector space spanned by all oriented paths in Q, with multi-
plication given by concatenation of paths whenever this is de�ned. For arrows a, b ∈ Q1, one
sets

a · b :=

ab, h(b) = t(a),

0, h(b) 6= t(a).
(D.1)

A representation ρd ofQwith dimension vector d = (di)i∈Q0 consists of a collection of vector
spaces and linear maps

ρd :
{
ρd(i) = Vi ' Cdi , ρd(a) : Vt(a) → Vh(a)

}
i∈Q0, a∈Q1

. (D.2)

Quivers with potential. The category Rep(Q) of quiver representations is equivalent to the
category of �nitely generated left CQ-modules. More generally, one may impose relations on the
path algebra by specifying a superpotential W , whose formal derivatives generate a two-sided
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ideal. One then de�nes the Jacobian algebra

A(Q,W ) := CQ/∂W, ∂W = 〈〈∂aW : a ∈ Q1〉〉. (D.3)

Representations ofA(Q,W ) are thus representations of the quiver subject to the F-term relations.

D.2 Quiver representations and θ-stability

To construct moduli spaces of quiver representations, one introduces a stability condition speci-
�ed by a parameter

θ = (θi)i∈Q0 ∈ ZQ0 , (D.4)

subject to the constraint
θ · d =

∑
i∈Q0

θidi = 0. (D.5)

A representation ρd is said to be θ-stable if for every proper nonzero subrepresentation ρd′ ⊂ ρd

one has
θ · d′ > 0, (D.6)

and θ-semistable if θ · d′ ≥ 0.

For �xed d, the space of representations of A(Q,W ) carries a natural action of the complex-
i�ed gauge group

Gd =
∏
i∈Q0

GL(di,C), (D.7)

and the moduli space of θ-stable representations is obtained as a GIT quotient.

D.2.1 From GLSMs to stable quiver representations

The relation with gauged linear sigma models (GLSMs) is that both constructions produce moduli
spaces as quotients depending on a stability parameter. In a GLSM, one obtains a space of the
form

V//θG, (D.8)
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and varying θ produces di�erent geometric phases, including singular varieties and their resolu-
tions.

In the quiver setting, the same structure appears in the moduli space of θ-stable representa-
tions of the algebra A(Q,W ) for �xed dimension vector d. The data (d, θ) therefore determine
a moduli problem, but neither of them alone is su�cient: the dimension vector speci�es the size
of the representation, while θ selects which representations of that size are retained. For �xed d,
the condition θ · d = 0 leaves a family of possible stability parameters, organized into chambers
corresponding to di�erent geometric phases.

Generation from a distinguished vertex. Let 0 ∈ Q0 be a distinguished vertex. A repre-
sentation is said to be generated by vertex 0 if the smallest subrepresentation containing V0 is the
whole representation. Concretely, given a vector v ∈ V0 and a path

p = ak · · · a1, t(a1) = 0, h(ak) = i, (D.9)

one obtains a vector in Vi by

ρ(p)(v) = ρ(ak) ◦ · · · ◦ ρ(a1)(v). (D.10)

The representation is generated by vertex 0 if every Vi is spanned by such vectors, for all possible
paths starting at 0.

This condition is enforced by a suitable choice of stability parameter. For a given dimension
vector d = (di), de�ne

θ0 = −
∑
i 6=0

di, θi = d0 (i 6= 0), (D.11)

so that θ · d = 0. The key feature is that θ0 < 0 while θi > 0 for i 6= 0.

Consider now a subrepresentation W ⊂ V with dimension vector d′. There are two possibil-
ities:

• If W contains V0, then d′0 = d0 and one �nds

θ · d′ < 0, (D.12)

so W is destabilizing.
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• If W does not contain V0, then d′0 < d0 and one �nds

θ · d′ > 0, (D.13)

so W does not destabilize the representation.

Therefore, θ-stability is equivalent to requiring that no proper subrepresentation contains V0,
which is precisely the condition that the representation be generated by vertex 0.

Relation to geometry. From the physical point of view, the resulting moduli space is the vac-
uum moduli space of the quiver quantum mechanics describing a D0-brane probe. From the
algebraic point of view, in favorable cases the algebra A(Q,W ) is a non-commutative crepant
resolution (NCCR) of the coordinate ring R of a singular variety [55, 175–179].

If
A ∼= EndR

( n⊕
i=0

Mi

)
, M0

∼= R, (D.14)

one takes the dimension vector
d =

(
rkMi

)n
i=0
, (D.15)

which is determined by the geometry. The corresponding moduli space depends on the choice of
stability chamber, and the chamber described above selects representations generated from the
distinguished vertex 0. For θ in this chamber, one obtains

Y ∼=Mθ(A,d), (D.16)

where Y → SpecR is a crepant resolution.

Thus GLSMs describe individual GIT quotients associated with particular stability parameters,
while the non-commutative crepant resolution provides a single algebraic object whose moduli
spaces of stable representations recover these quotients, with the resolved geometry arising for a
speci�c choice of (d, θ).
The �rst example we are going to discuss is the so-called Kronecker quiver (with two arrows).
This will turn out to be very useful for the analysis of a class of unoriented quivers that includes
the Conifold and the Reid Pagodas. The representation theory of these rather complex cases is,
in fact, almost entirely reducible to the Kronecker’s, as was pointed out in [106].
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D.3 Kronecker quiver

This case is relatively simple to study due to the �niteness of the quiver’s path algebra. Indeed,
it has been worked out in full in the mathematical literature [180]. Anyway, it is instructive to
examine it in detail.

We want to study the representation theory of a quiver shaped as:

α1

α2

Figure D.1: Kronecker quiver.

A generic representation is given by vector spaces (VL, VR) of dimension d = (dL, dR) and
linear maps (α1, α2) ∈MdR×dL(C).
We now de�ne stability with respect to a parameter θ = (θL, θR), de�ned by:

d · θ = 0 (D.17)

There are two independent choices:

θ1 = (−dR, dL), θ2 = −θ1 = (dR,−dL) (D.18)

To study the θ-stability of the representation, it is convenient to represent the dimension and the
θ vectors as elements of a Z2 lattice in R2.
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d

θ1

θ2

dR

dL

Figure D.2: xy-plane

The representation is unstable if at least a subrepresentation d′ is such that θ ·d′ < 0. Then, θ1-
destabilizing subrepresentations are such that d′R

d′L
< dR

dL
. Similarly, for θ2, we must have d′R

d′L
> dR

dL
.

Let us �rst analyze θ2-stability.

D.3.1 θ2-stability

This is quite trivial. Indeed, in this case, representation d′ = (0, 1) is destabilizing, and it is a
subrepresentation for any choice of dimension vector d and mapsαi. In other words, the following
diagram is always commutative:

C0 C1

CdL CdR

φL φR

α′i

αi

Figure D.3: Representation (0, 1) is always a subrepresentation of (dL, dR).
Here, map Φ = (φL, φR) denotes a homomorphism of representations.
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As a consequence, only (1, 0) and (0, 1) are θ2-stable.

D.3.2 θ1-stability

It is known that all θ-semistable representations of the Kronecker quiver with two inner arrows
consist of [180]:

(k, k + 1), (k, k), (k + 1, k) (D.19)

It is instructive to concretely see why this is the case.

dL < dR

The logic we are adopting is this: use the automorphism group of the quiver representations
(namely GL(dL)×GL(dR), GL(d′L)×GL(d′R)) to �x the maps αi and α′i. Then, look for a map
Φ = (φL, φR), such that αi · φL = φR · α′i. If such a map exists and d′ satis�es d′ · θ1 < 0, we can
conclude that no stable (nor semistable) representation exists for the chosen d.
For clarity, let us set dL = k and dR = k + n, with k, n ∈ N.
First, we argue that all maps αi must be injective.
Suppose α1 were not injective. Namely:

∃v ∈ Ck s.t. α1(v) = 0, α2(v) = w ∈ Ck+n. (D.20)

Then, the span of vectors v and w would be a (1, 1) (i.e. a destabilizing one) subrepresentation of
(k, k + n)1.
Another necessary condition for stability is:

Imα1 ⊕ Imα2 ' Ck+n (D.21)

This implies: 2k ≥ k + n > k. When k + n > 2k we can always construct a destabilizing
subrepresentation by projecting away the cokernel of maps αi via an apposite φR (in other words,
we can map injectively ⊕iImαi into Ck+n).

1To see this we just need to take mapsφL : C→ Ck andφR : C→ Cn+k , such that: ImφL = Span{v}, ImφR =
Span{w}
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From now on, we focus on the case: k ≥ n. In this case, we can always write:

k = mn+ l, m ∈ N, l = 0, ..., n− 12 (D.22)

We want to prove that, given a rep (mn+l, (m+1)n+l), there is always a subrep with dimension
vector (m(n− 1) + l, (m+ 1)(n− 1) + l) that destabilizes it. Namely:

∀αi : Cmn+l → C(m+1)n+l ∃ α′i, φL, φR s.t. the diagram: (D.23)

Cm(n−1)+l C(m+1)(n−1)+l

Cmn+l C(m+1)n+l

φL φR

α′i

αi

is commutative3 Let us show this iteratively. We start by considering the case m = 2.
We want to prove that no matter how we choose the maps of the (2n+ l, 3n+ l)-representation,
we can always identify a destabilizing subrep. To this end, we look for vectors v ∈ Ck such that:

α1(v) /∈ Imα2, α2(v) /∈ Imα1 (D.25)

Indeed, if such a vector exists, by removing its Span from the domain Ck, the dimension of Imα1⊕
Imα2 decreases by a factor 2. As a result, we would get a (k − 1, k + n − 2)-subrep. Now, since
the α’s are injective we know that Imα1 ∩ Imα2 ' Ck−n. Given the dimensions of domain and

2Alternatively we can say: (m+ 1)n > k ≥ mn for some m ∈ N.
3Look at the inequality:

d′R
d′L

<
k + n

k
, (D.24)

Inside the window (m + 1)n > k ≥ mn, the subvector (d′L, d
′
R) that satis�es the inequality while maximising the

ratio d′R
d′L

is precisely of the form (k −m, k + n−m− 1).
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codomain, and the fact that the maps are injective, it is clear that there is a set of vectors {vi}i=1,...,n

in the domain such that α1(vi) /∈ Imα2 ∀ i4.

What is not obvious is weather α2(vi) /∈ Imα1 for at least one i. To avoid the existence of such
vectors, we should choose α1 and α2 in such a way that α2(vi) ∈ Imα1 ∀ i = 1, ..., n. However,
this is only possible if k − n ≥ n.
In other words, when k−n < n, there is always at least one vector v in Ck s.t. α1(v) /∈ Imα2 and
α2(v) /∈ Imα1. Any rep of this kind is destabilized by a subrep of dimension (k − 1, n+ k − 2)5.
It is convenient to decompose domain and codomain in the following way:

Cn Cn

Ck−n Cn

Ck−n

⊕ ⊕

α1

α1

α2

α2 ⊕

The domain is decomposed according to the action of α1. Namely, the Cn is the span of vectors
{vi}i=1,...,n. In the codomain, the upper Cn is the span of α1({vi}). The lower one is the span of
α2({vi}). When k − n < n, there are vectors in Span < α2({vi}) > which do not have a α1

counterimage.

Now, let us consider the case k ≥ 2n. The subvector of d = (k, k + n) that maximises the
ratio d′R/d′L is (k − 2, k + n − 3). We want to �nd the necessary and su�cient conditions to
avoid the existence of such a subrep. Along the lines of the previous reasoning, we must prohibit
the existence of at least two linearly independent vectors in the domain whose elimination would

4We can always choose basis (using GLk(C) and GLn+k(C)) such that:

α2 =

(
Ak,k
0n,k

)
, α1 =

(
Bk,k−n 0k,n
0n,k−n Dn,n

)
(D.26)

Here A and D are nonsingular square matrices. With this choice, the set {vi} is given by the last n vectors of the
canonical basis {ea}, a = k − n+ 1, ..., k

5Note that our reasoning is perfectly symmetric under exchange of α1 and α2
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make the dimension of Imα1 ⊕ Imα2 decrease by a factor 3.6 First, we impose that Span <

α2({vi}) >⊂ Imα1. Otherwise we would be in the previous situation. Schematically, we have:

Cnv Cn α1(v)

Cnα−1
1 α2(v) = v′ Cn α2(v)

Cn α2α
−1
1 α2(v)

⊕ ⊕

α1

α1

α2

α2 ⊕

Ck−2nα−1
1 α2α

−1
1 α2(v) = v′′

⊕

α1

⊕

Ck−2n

α2

If k − 2n < n, then we can surely �nd at least two vectors v, v′, s.t. α1(v) /∈ Imα2, α2(v) =

α1(v′), α2(v′) /∈ Imα1.
If k − 2n ≥ n, instead, for any pair v, v′, s.t. α1(v) /∈ Imα2, α2(v) = α1(v′) we’ll always �nd
a v′′, s.t. α1(v′′) = α2(v′). Consequently, removing v, v′ will only decrease the dimension of
the (union of the) α-images by a factor of 2. Iterating these steps, we can extract an answer for
k ≥ mn. We want to �nd m vectors:

{v1, ..,vm} ∈ Ck s.t. α1(v1) /∈ Imα2, (D.28)
α2(v1) = α1(v2) = α2(v3) = ... = α1(vm), (D.29)

α2(vm) /∈ Imα1 (D.30)

6We are looking for vectors v, v′ s.t. :

α1(v) /∈ Imα2, α2(v) = α1(v′), α2(v′) /∈ Imα1 (D.27)

.
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Cnv1 Cn α1(v1)

Cnα−1
1 α2(v1) = v2 Cn α2(v1)

Cn α2(α−1
1 α2)m−1(v1)

⊕ ⊕

α1

α1

α2

...

Cn(α−1
1 α2)m−1(v1) = vm

...
α1

⊕

CnCk−mn

Ck−mn

α2

⊕

⊕

α1

α2

Again, this set of vectors exists only if k −mn < n. If this condition is met, as the m vectors
are removed, the dimension of⊕Imαi decreases by m+ 1. We conclude that, for any k = mn+ l,
there is always a destabilizing subrep with dimension vector (k −m, k + n−m− 1). Note that,
for n = 1, k = m since (m + 1)n > k ≥ mn. This implies: (k −m, k + n −m − 1) = (0, 0).
Therefore, this argument doesn’t tell us anything about the stability of the x(k, k + 1) reps.
Let us analyze them separately.

(k, k+1) representations: We have to look for destabilizing subreps. So, �rst of all we require:

d = (d′L, d
′
R) :

d′R
d′L

<
k + 1

k
(D.31)

Equivalently, we must have d′R ≤ d′L. Trivially, we can exclude all subreps with: d = (k, k −
l), l = 1, .., k+1, by imposing⊕iImαi ' Ck+1. The other possibilities are: d = (k−m, k+1−
m′) with m′ > m7. The most restrictive case is for m′ = m + 1. But we know from the previous
argument that no (k −m, k + 1−m− 1)-subrep exists unless k = m.
We conclude that �nding stable (k, k + 1)-representations is always possible.

7We have: k+1−m′

k−m < k+1
k −→ m′ > mk+1

k
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dL > dR

We now consider type (k + n, k) representation vectors. Now, maps α1, α2 have a Kernel of
dimension dim(Kerαi) ≥ n. Since the (1, 0)-representation is destabilizing we must impose that
∩iKerαi = {0}. This requires that k ≥ maxidim(Kerαi). The bound is minimized by k ≥ n,
which applies when both maps are surjective8. From now on, we will assume both αi’s to be
surjective. As before, we look for destabilizing subreps, which can be de�ned for any choice of
α’s. First of all, note that subvectors (d′L, d

′
R) with d′L = d′R are not destabilizing9. Then, take

a vector v ∈ Kerα1. For what we’ve just said, α2(v) 6= 0. Since α1 is surjective, there must be
a vector v′ ∈ Ck such that α1(v′) = α2(v). But then, if α2(v′) = 0 the two vectors and their
α-image form a destabilizing (2, 1)-subrep. At least a pair of such vectors exists only if k−n < n.
We can visualize it in the following way:

Cnv Cn α2(v)

Cnα−1
1 α2(v) = v′ Ck−n α2α

−1
1 α2(v)

⊕ ⊕

α2

α2

α1

α1

Ck−2n(α−1
1 α2)2(v) = v′′

⊕

The upper Cn on the left is Kerα1. Summarizing, in the interval 2n > k ≥ n, it is always
possible to identify a (2, 1)-subrep, which makes the rep unstable. Iterating this procedure, we
discover that, for (m+ 1)n > k ≥ mn, there is always a destabilizing (m+ 1,m) subrep.

8The bigger the Kernels, the easier it is to �nd destabilizing subreps. We have to look for destabilizing reps that
exist as subreps no matter how we take the αi.

9When d′L = d′R, 1 =
d′R
d′L

> k
k+n .
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Cnv1 Cn α2(v1)

Cnα−1
1 α2(v1) = v2 Cn α2α

−1
1 α2(v1)

Cn α2(α−1
1 α2)m−1(v1)

⊕ ⊕

α2

α2

α1

α1

α2

...

Cn(α−1
1 α2)m−1(v1) = vm

...
α2

⊕

Ck−mnCnvm+1

α1⊕

Ck−mn

⊕

In the picture, we explicitly de�ne a set of vectors {vJ}J=1,..,m+1 s.t.

α1(v1) = 0 (D.32)
α2(v1) = α1(v2) = ... = α1(vm+1) (D.33)

To have α2(vm+1) = 0 we need k −mn < n.

(k + 1, k) representations Again, when n = 1, the above argument doesn’t identify any
dangerous subrep10. So we discuss it separately. First, we observe that d′L > d′R. That means
(d′L, d

′
R) = (s, s− l), with l = 1, .., s, s ≤ k + 1. Surjectivity of α1, α2 already rules out subvec-

tors (s, s− l) with l > 1. Provided that s ≤ k, we can always choose our maps in such a way as
to avoid these reps. So the rep (k + 1, k) is stable by construction11.

10It just tells me that (k + n, k) = (m+ 1,m) is necessarily a subrep of itself
11We can always �x the sequence of vectors that interpolates between Kerα1 and Kerα2 to be as large as dim =

Ck+1
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dL = dR

Explicit representatives for the stable maps of the (k, k + 1)

Let us consider the representation

dL = 1, dR = 2. (D.34)

Then, α1, α2 are two column vector with two entries. They can not have a kernel, since then the
(1, 1) would be destabilizing, (the (0, 1) is always a subrep, so either one of the twos is in any case
destabilizing). On top of that, the images must be linearly independent subspaces, else again the
(1,1) destabilize. We can hence gauge-�x,

α1 = (a1, 0), α2 = (0, a2). (D.35)

The residual gauge group, that we did not use to �x the gauge, is

Gres = C∗rel × C∗σ3,right
, (D.36)

We notice that a1 6= 0 and a2 6= 0, and hence we can �x them both to one with (D.36)

D.4 The semistable representations of the Pagoda quiver

Let us recall the equation of the Reid Pagoda:

Xk : uv − (z − wk)(z + wk) = 0, (u, v, z, w) ∈ C4. (D.37)

A noncommutative crepant resolution of Xk is described by the two-node quiver of �g. D.4,
with loops w1, w2, arrows αi from the left node to the right node, and arrows βi in the opposite
direction. Its Jacobian algebra is de�ned by the superpotential [18]

W = w2(α1β2 − α2β1) + w1(β1α2 − β2α1)− wk+1
2

k + 1
+
wk+1

1

k + 1
, (D.38)
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w1 w2

α1, α2

β1, β2

Figure D.4: Quiver of the Reid Pagoda.

whose F-term relations are

α1β2 − α2β1 − wk2 = 0, (D.39)
β1α2 − β2α1 − wk1 = 0, (D.40)

αiw1 − w2αi = 0, (D.41)
βiw2 − w1βi = 0. (D.42)

D.4.1 Center of the Jacobian algebra

A basic structural property of a noncommutative crepant resolution A ∼= EndR(M) is that its
center reproduces the coordinate ring of the singularity:

Z(A) ∼= R. (D.43)

In the present case, the relevant central elements are provided by the loops

Θij := (βiαj, αjβi), w := (w1, w2). (D.44)

The fact that w is central follows immediately from (D.41)–(D.42). The elements Θij are also
central: the necessary commutation relations follow from the F-terms after suitable compositions
with the arrows. In particular, one obtains the identities

βiαiβj = βjαiβi, i 6= j, (D.45)
αiβiαj = αjβiαi, i 6= j, (D.46)
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which are su�cient to verify that the Θij commute with the generators of the algebra.

For a Schur representation M , every central element acts by a scalar. Hence, one may write

Θij = λij 1, w = λw 1, λij, λw ∈ C. (D.47)

The scalars satisfy algebraic relations inherited from the path algebra. In particular,

λ12λ21 = λ11λ22, λkw = λ12 + λ21, (D.48)

and eliminating, for example, λ21 gives

λ12(λkw − λ12) = λ11λ22. (D.49)

This reproduces the de�ning equation of the Pagoda singularity, in agreement with (D.43). Thus
the central scalars furnish a convenient coordinate system with which to organize the represen-
tations.

D.4.2 A remark on Schur representations

In the discussion below, it is convenient to restrict attention to Schur representations. This is
justi�ed for the analysis of stable points, since a stable representation has automorphism group
equal to the scalars, and hence is Schur. The converse need not hold: a Schur representation need
not be stable for a given choice of θ. Accordingly, Schur representations provide a useful class in
which to analyze stability, but should not be identi�ed a priori with the full stable locus.

D.4.3 Representations supported on the exceptional locus

We �rst consider the locus
λij = 0, ∀ i, j. (D.50)

Geometrically, this corresponds to the �ber over the singular point of the threefold, and one
expects it to capture representations supported on the exceptional locus of a small resolution.

Condition (D.50) implies that all composites βiαj and αjβi vanish. As in the conifold case, this
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is achieved by setting one pair of arrows to zero. Choosing one chamber, we may impose

β1 = β2 = 0. (D.51)

The opposite choice α1 = α2 = 0 corresponds to the other �op chamber.

After imposing (D.51), the quiver reduces to a two-node quiver with arrows α1, α2 and loops
w1, w2. The F-term relations reduce to

wk1 = 0, wk2 = 0, w2αi = αiw1. (D.52)

For a Schur representation, the central element w = (w1, w2) acts by a scalar, so we may write

w1 = λw 1d1 , w2 = λw 1d2 . (D.53)

Then (D.52) implies
λkw = 0, (D.54)

and therefore λw = 0 on such representations.

It follows that, on the Schur locus over the exceptional �ber, the loops do not introduce addi-
tional geometric moduli, although they do record a nonreduced structure of order k. In particular,
the problem of determining which dimension vectors admit stable or semistable representations
reduces to the corresponding question for the 2-Kronecker quiver. Hence the stable dimension
vectors are the same as in the 2-Kronecker case:

(d1, d2) = (m,m+ 1), (m+ 1,m), (1, 1), m ∈ N, (D.55)

while strictly semistable representations occur for

(d1, d2) = (m,m). (D.56)

The presence of the nilpotent parameter w should therefore be understood as a thickening of
the exceptional-�ber locus rather than as a change in the list of admissible dimension vectors. For
the purposes of stability, the reduced geometry is controlled by the same chamber structure as for
the 2-Kronecker quiver.
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D.4.4 Representations away from the exceptional locus

We now consider Schur representations for which the central scalars λij are not all zero. In this
regime, the central relations (D.45)–(D.46) imply proportionality conditions among the arrows.
More precisely, using (D.47) one obtains

βi λij = βj λii, (D.57)
αi λij = αj λii. (D.58)

Whenever the relevant λii are nonzero, these relations show that α2 and β2 are determined by α1

and β1. In this sense, away from the exceptional �ber the representation theory reduces to that
of a simpler two-node quiver with one pair of arrows and the loops w1, w2.

Let us �rst consider the square dimension vector (m,m). In this case, if the corresponding
central scalars are nonzero, the compositions α1β1 and β1α1 are nonzero scalar multiples of the
identity. It follows that α1 and β1 are invertible. After a change of basis, one may set

α1 = 1m, (D.59)

and then β1 is also forced to be a scalar multiple of the identity. Hence all arrows act by scalars,
and the representation is a direct sum of copies of a one-dimensional representation. In particular,
such representations are semistable but not stable.

For rectangular dimension vectors, such as (m+1,m) or (m,m+1), the same reduction sug-
gests that any nonzero representation away from the exceptional locus contains a proper sum-
mand of square type, and is therefore decomposable. At the level of stable representations, this
indicates that one does not obtain new stable objects away from the exceptional �ber. Since this
step depends on a more detailed analysis of the ranks of α1 and β1, we state it here as the outcome
suggested by the above reduction rather than as a separate theorem.

Summary

The center of the Pagoda Jacobian algebra provides a natural set of coordinates with which
to organize its Schur representations. On the locus where the central composites Θij vanish,
the representation theory reduces to that of the 2-Kronecker quiver, with the additional nilpotent
parameterw encoding a nonreduced thickening of order k. In particular, the stable and semistable
dimension vectors are the same as in the 2-Kronecker case.
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Away from the exceptional �ber, the nonvanishing of the central scalars forces proportionality
relations among the arrows, reducing the representation to a simpler form. For square dimension
vectors this yields only metastable representations, and the analysis strongly suggests that no
genuinely new stable representations arise in the nonzero-central sector. Thus the stable BPS
sector relevant for the small resolution is concentrated on the exceptional locus and is controlled,
at the reduced level, by the same stability pattern as in the conifold case.
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