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OPTIMAL TRANSPORT BETWEEN ALGEBRAIC
HYPERSURFACES

PAaoLO ANTONINI, FABIO CAVALLETTI, AND ANTONIO LERARIO

Abstract. What is the optimal way to deform a projective hypersurface into another
one? In this paper we will answer this question adopting the point of view of mea-
sure theory, introducing the optimal transport problem between complex algebraic
projective hypersurfaces.

First, a natural topological embedding of the space of hypersurfaces of a given degree
into the space of measures on the projective space is constructed. Then, the optimal
transport problem between hypersurfaces is defined through a constrained dynamical
formulation, minimizing the energy of absolutely continuous curves which lie on the
image of this embedding. In this way an inner Wasserstein distance on the projective
space of homogeneous polynomials is introduced. This distance is finer than the
Fubini-Study one.

The innner Wasserstein distance is complete and geodesic: geodesics corresponds to
optimal deformations of one algebraic hypersurface into another one. Outside the
discriminant this distance is induced by a smooth Riemannian metric, which is the
real part of an explicit Hermitian structure. Moreover, this Hermitian structure is
Kahler and the corresponding metric is of Weil-Petersson type.

To prove these results we develop new techniques, which combine complex and sym-
plectic geometry with optimal transport, and which we expect to be relevant on their
own.

We discuss applications on the regularity of the zeroes of a family of multivariate
polynomials and on the condition number of polynomial systems solving.
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1 Introduction

What is the optimal way to deform an algebraic hypersurface in the n—dimensional
projective space into another one? In this paper we will answer this question adopt-
ing the point of view of measure theory, associating to an algebraic hypersurface a
probability measure on the projective space and formulating the problem with the
language of optimal transport.

Optimal Transport is nowadays a pillar of modern mathematics. In a nutshell,
it is a general tool to measure how expensive the transportation between two given
probability measures pg, 1 over a fixed metric space (M,d) is. This is done by a
minimization procedure: for ¢ > 1, the g—optimal transport problem between g and
u1 is defined as

W,(o, 1) == inf (/ d(q:,y)qf(dxdy)> " (1.1)
€I (po, 1) MxM

where II(uo, 1) consists of the set of probability measures & over M x M with
marginals po and py (see Sect. 2.1). The elements of II(jug,u1) are called transport
plans, capturing the idea of transporting po to p1. The quantity in (1.1) defines indeed
a distance, the g—Wasserstein distance, on the set of Borel probability measures
on M. The resulting metric space is denoted by Z,(M) and called the q—Wasserstein
space. When (M, d) is compact and geodesic, &, (M) is also compact and geodesic:
in this case the optimal transport problem (1.1) has a natural interpretation as a
geodesic problem.

Thanks to the generality of this formulation, during the last 30 years, Opti-
mal Transport and the Wasserstein distance have played a central role in a large
variety of different areas of mathematics. To list few notable examples we men-
tion: PDEs [JKO98], geometric inequalities [FMP10], Random matrices [FG16] and
Quantum mechanics [CM14]. For a comprehensive introduction to the subject we
refer to the monographs [Vil03, Vil09]. In differential geometry, recently Optimal
Transport has been at the core of the synthetic treatment of lower Ricci curvature
bounds, culminated with the successful theory of J. Lott, K.-T. Sturm and C. Villani
[LV09, Stu062, Stu061] completing Gromov’s program of describing lower bounds on
the Ricci curvature in an intrinsic manner for metric spaces.

In this paper we will take (M,d) = (CP",dps), the n—dimensional complex pro-
jective space with the Fubini—Study distance (see the Appendix). We will treat a
hypersurface of degree d as a measure on CP": for a smooth hypersurface this mea-
sure is given by integrating continuous functions on it, but some care has to be done
to extend this definition to singular hypersurfaces, see Sect. 1.1.1 below. In the main
part of the paper we will study the intrinsic Wasserstein geometry of the space of
hypersurfaces, building the tools for answering the question posed at the beginning of
the paper, establishing connections between optimal transport, symplectic geometry
and singularity theory. In the final part we illustrate how to apply our techniques and
formalism: first we generalize to higher dimensions the result of A. Parusinski and A.
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Rainer on the sharp regularity of roots of families of polynomials. We use this result
to prove the compactness of the space of hypersurfaces with the inner g—Wasserstein
distance for ¢ € [1,qp] with gg > 1. Then we propose a solution to a problem posed
by C. Beltran, J.-P. Dedieu, G. Malajovich and M. Shub on the condition length of
a certain class of curves.

Finally, we expect our techniques to be applicable beyond the context of com-
plex algebraic geometry, for example in the more flexible framework of symplectic
geometry.

1.1 Optimal transport between algebraic hypersurfaces. As a warm up we first
illustrate some of the ideas in the case n =1.

Let C? denote the space of coefficients of monic polynomials p(z) of degree d in
one complex variable, p(z) = 24+ ¢, 2971 4 4cq_12+¢q, ¢ € C. To each polynomial
p € C? we can associate in a natural way a probability measure u(p) € Z2(C) defined
by

1
pp) == > ma(p) -0, (1.2)

p(2)=0

where m(p) € N denotes the multiplicity of z as a zero of p. This defines a map
p:Ch— 2,(C). (1.3)

We can think of p as a “solution map”: given a polynomial p, this map gives all the
solutions to p(z) =0, condensed into a single object, the measure u(p). The image of
1 can be identified with SP¥(C), the d-th symmetric product of C, i.e. the quotient
of C¢ under the action of the symmetric group S; by permutations of the factors.
The Fundamental Theorem of Algebra implies that p is in fact a homeomorphism
onto its image. It turns out that the restriction of the Wy-metric to SP*(C) ¢ £(C)
is given by

1
Wa([e], [y])* = min 5> | = 905, (1.49)
j=1
where x = (x1,...,24) and y = (y1,...,y4), with a similar expression for g # 2.

For every ¢ > 1, SP%(C) is geodesically convex in Z,(C). Geodesics of (SP¥(C),
W5) have a natural description: once we have the optimal matching between |[z]
and [y] (obtained minimizing the sum of the square of their mutual distances in
C) then we let evolve the point x; along the segment joining x; to the optimal
yj,- As we will see, these geodesics have some special behavior with respect to the
discriminant, the set of polynomials with multiple roots. For instance if both py and
p1 have simple roots, along the 2-Wasserstein geodesic joining p(pg) with p(p1) the
roots remain distinct. Optimal Transport allows to make this statement quantitative
(Theorem 7.1). We will come back to this result later, in the context of condition
numbers of polynomial system solving.
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1.1.1  The measure associated to an algebraic hypersurface in the projective space.

In higher dimension the situation is much more intricate. Given natural numbers
n,d € N, we denote by H,, 4 the space of complex, homogeneous polynomials p(z) in
n 4+ 1 variables and of degree d,

(0% (0 7°%
p(20,. ..y 20) = Z Ca2p’ 2y, cq €C.
|a|=d

Every nonzero polynomial p € H,, 4, being homogeneous, defines a (possibly very
singular) complex hypersurface Z(p) in the complex projective space CP",

Z(p) :=={[2] e CP"|p(z) =0} C CP".
Since nonzero multiples of the same polynomial define the same hypersurface, it
is more convenient to work with the projectivization P, 4 of the space H,, 4. This is
itself a complex projective space

Ppai=P(Hnq)~CPY, N= (”;d> ~ 1.

Elements of P, 4 are therefore polynomials up to nonzero multiples but, in order to
simplify the exposition, we will often call them “polynomials” and use the notation
“pe€ P,q” (it would be more precise to write “[p] € P, 4").

With this notation, we denote by A, 4 C P,q the discriminant, i.e. the set of
polynomials p € P, 4 such that the equation p =0 s not regular on CP™:

Buai={pe Pra| T\ 0L e = 2 0) = = 9y =0},

820 N 8Zn

If pe P,a\ Ap g, then Z(p) is a smooth complex submanifold of CP", of real dimen-
sion 2n — 2.

When n =1, this construction coincides with the one from Sect. 1.1, except that
we view our zeroes in the compact space CP!, rather than in C. When n > 1, algebraic
hypersurfaces in C" are never compact and it is more natural to work with CP™ as
ambient space.

As we have seen above, in the one-dimensional case we can treat the zero set of
a nonzero polynomial p as a sum of Dirac’s delta measures, as in (1.2). The multi—
dimensional analogue of this construction is the following.

Let us first look at the case p € P, 4\ A, 4. Restricting the Fubini-Study Rie-
mannian metric of CP” to Z(p) turns it into an oriented Riemannian manifold, with
volume form voly(,). We define the associated measure p(p) € Z(CP") to be the
volume measure of the smooth submanifold Z(p), normalized to total mass 1:

wu(p) = mvolz(p). (1.5)

Here we are tacitly agreeing that a Borel probability measure on Z(p) is also a Borel
probability measure on CP".
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Notice that all smooth hypersurfaces of degree d have the same volume vol(Z) = d-
vol(CP™1) (when n = 1, this reduces to d-vol(CP%) = d), so that the renormalization
factor does not depend on p; this is a standard fact in complex algebraic geometry,
see Lemma 3.7.

Hence the correspondence p — p(p) defines a “family” of probability measures
on CP", depending on the “parameter” p € P, 4\ Ay 4. It is not difficult to show
that p(p) depends continuously on p € P, 4\ A, 4. Less trivial is the fact that this
map can be continuously extended to the whole P, 4, i.e. also on the discriminant.
For instance, the Hausdorff measure of Z(p) fails to be continuous even for n = 1.
Moreover it is in general not true that similarly defined maps can be continuously
extended also on discriminants, even in the simplest cases (see Remark 3.12).

For the continuous extension we will use the notion of multiplicity, together with
an integral geometric argument. We denote by G(1,n) the Grassmannian of lines
in CP", endowed with the uniform probability measure. For every ¢ € G(1,n), the
restriction pl, is a polynomial in one variable, and one can talk about the multiplicity
m(p|e) of its zeroes z € £N Z(p).

Theorem 1.1 (The measure associated to an algebraic hypersurface). For everyq>1,
the map p: Py q— Z,(CP") defined for f € €°(CP") by

1
/(CPH fdu(p) = i ( > mz(ple)f(Z)) volg(1,n)(df)

z€Z(p)NL

is continuous and injective; restricted to P, 4\ Ay q, it coincides with (1.5).

1.1.2  The Wasserstein distance between algebraic hypersurfaces. At this point,
using the map p from Theorem 1.1, we have associated to each element of P, 4 a
unique element of Z(CP"), getting in this way the n—dimensional analogue of the
“solution map” (1.3),

{coefficients} = Py, g — p(P,q4) = {zeroes} C 2(CP").

Our goal now is to minimize the cost (1.1), when moving one hypersurface to
another one within the (finite-dimensional) space of hypersurfaces of a given degree.
However, unless n =1, the image of u is not geodesically convex for the W,—metric
and, given py,p1 € P, 4, the geodesic joining p(po) to p(p1) in &(CP™) will in general
not stay on p(P,.q). To overcome this issue and to formulate the optimal transport
problem between complex hypersurfaces, we adopt a “constrained” version of the
dynamic formulation of J.-D. Benamou and Y. Brenier [BB00].

To this end, recall first that a curve 1 : [0,1] = Z,(CP") is said to be in
ACYI, Z,(CP™)) if for almost every t € I

W,
HlimM:: |fie]  and /],ut|th<oo.
h—0 || I



48 P. ANTONINI ET AL. GAFA

The function |f| is called the metric speed of p; (notice that this notion makes sense
for curves with values in general metric spaces, see Sect. 2.2).

For the rest of this section we focus on the case ¢ = 2; similar definitions can be
given for ¢ > 1, ¢ # 2. With the above notation, we define the set of admissible curves

Quai={7: 1= Poa|pory € AC(I, 25(CP")}.

If v € Q,, 4 is an admissible curve, we write i := p(y(t)) and define the Energy of
v by

£() = [ it (1.6)

Given po,p; € P, 4 we denote by Q, 4(po,p1) C 2,4 the set of admissible curves
v :I— P, 4 such that v(0) = po, 7(1) = p1 and we define

N

W3 (po,p1) == inf  E(v)

YEQn,a(po,p1)

(1.7)

The superscript in (1.7) refers to the fact that Wi is the inner metric inherited on
P, q from its embedding in &?3(CP") via Theorem 1.1, not to be confused with the
restriction of the ambient Ws—metric, called the outer metric.

The definition of inner metrics via the minimization of the Energy of admissi-
ble curves, mimicking the familiar construction from Riemannian geometry, is quite
natural in metric geometry, where it is used to build a geodesic distance on non-—
geodesically convex subsets [BBIO1]. To obtain therefore an insight on Wi one needs
to study the metric speed of admissible curves, a problem which reduces to studying
the infinitesimal behaviour of the W, distance between two algebraic hypersurfaces.
For this we will need a novel combination of techniques from complex, symplectic
and metric geometry, which we explain in the next section.

We note that, though being quite natural to address, the general optimal trans-
port problem between measures supported on submanifolds in an arbitrary Rieman-
nian manifold seems to have a short bibliography. Gangbo—McCann [GMO00] consid-
ered optimal transport for measures supported on hypersurfaces in the Euclidean
space; McCann—Sosio [MS11] and Kitagawa—Warren [KW12] gave more refined re-
sults about optimal transport between measures supported on a codimension one
sphere in Euclidean spaces. Castillon [Cas10] considered optimal transport between
a measure supported on a submanifold of Euclidean spaces and a measure supported
on a linear subspace. Lott [Lot17] characterized the tangent cone (in the Wy—metric)
to a probability measure supported on a smooth submanifold of a Riemannian man-
ifold. Finally Ketterer—Mondino [KM18] linked the convexity properties of entropy
functionals along Ws—geodesics concentrated on rectifiable submanifold to bounds
on the partial traces of the Riemann tensor. None of these contributions constrain
the paths along which the measures are allowed to move.
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1.1.3  The metric space (P, 4, Wi%).  To see that the infimum in (1.7) is finite for
every pair of points pg,p1 € P, 4, and in particular that it defines a distance, requires
a certain amount of work. We overview the main ideas in this section.

We will use the following notation: whenever a curve v:1 — P, 4 will be given,
we write p; := (). With a slight abuse of notation, we sometimes write p, : I — P, 4
instead of ~.

First assume po,p1 ¢ A, 4. Since the discriminant has real codimension 2, we can
find a smooth curve v:1 — P, 4\ A, 4 joining py and p;. For this curve, all the
hypersurfaces Z(p;) are embedded in CP” in the same way (they are “isotopic” in
the language of differential topology). This a consequence of the Thom’s Isotopy
Lemma: under the assumption p; € P, 4 \ Ay, 4, there exists a smooth family of dif-
feomorphisms ¢; : CP™ — CP" such that ¢;(Z(po)) = Z(p:) for every t € I. There is
also a Hamiltonian version of Thom’s Isotopy Lemma, which in our case takes the
following form (variations of this result can be found in [Sil06, Aur97, ST05], for a
self-contained detailed proof see [ACL23]).

Theorem 1.2 (Hamiltonian Thom’s Isotopy Lemma). Let v:1 — P, 4\ Apq be a
smooth curve. Then there exists a Hamiltonian flow @; : CP™ — CP™ such that

oi(Z(po)) = Z(pt) for every tel.

Using Theorem 1.2, we can write the measures pu; := p(p:) as pr = (pr)4 0. In
general, if v, € L?(uy; TM) is a time-dependent vector field solving (in the sense of
distributions) the continuity equation

8tut + diV(’UtMt) = 0, (18)

then, for almost every t € I, the metric speed of pu; equals:
ltie| = [[P(ve) 2,

where P: L?(u; TM) — T,(P2(M)) denotes the projection on the “space of gradi-
ents” (see Sect. 2.3). In our case the crucial point is that, since v; is Hamiltonian,
for every z € Z(p;) we have P(v;)(z) = N(v(z)), where N denotes the orthogonal
projection of the field on the normal bundle of Z(p,), see Proposition 4.5.

Summing up: if v: I — P, 4\ A4 is a smooth curve and v; is the time-dependent
vector field generating the Hamiltonian isotopy from Theorem 1.2, the Energy of the
curve can be written as

= [l = [ [ 1IN Pt

There are plenty of Hamiltonian fields v; solving the continuity equation (1.8), but
the condition p; € P, 4\ A,,q4 determines the normal component of such fields and
allows to prove the following theorem.
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Theorem 1.3 (The energy of an admissible curve avoiding the discriminant). Let
y:l—Poa\Apg be a €' curve. Then v is admissible and

|pe(2
1 dz)dt. 1.
E(v) = d - vol( (CP" d - vol(CPn—1) //Z(pt !V(Cpt szo 2(p)(d2) (1.9)

Here the innermost integrand in (1.9) has to be thought as a function on the zero
set of p; in the unit sphere S?"*1; this function is invariant under U(1) and therefore
it is well defined on the zero set of p; in CP". (The same remark applies to similar
integrals below, see Remark 5.4.)

We observe two interesting consequences of the previous result, which are peculiar
of the case ¢ = 2. First, the innermost integral in (1.9) defines a quadratic form on
the tangent spaces to P, g\ A, 4. This is induced by the real part of a Hermitian
form h, which we call the Wasserstein—Hermitian structure:

71(2)q2(2)
h = ———==~vyol d eT,(P, Ana). 1.10
plan a2) /Z(p) VEp(2)])? zp(dz), 1,42 € Tp(Prg \ An,a) ( )

In particular, the Energy of a €' curve v:1 — P, 4\ A4 can be written in the
usual Riemannian way as:

1
[ by, () dL
d~vol((CP”1)/1 i (B )

Notice that p € P, 4 denotes a class of polynomials in H, 4 up to nonzero multi-
ples, but the above definition does not depend on the choice of representatives, see
Lemma 5.5 and Sect. 5.1 for more details. Second, this Hermitian structure is not
defined on A,, 4 (this is because the integrand in (1.10) is not defined when p € A, 4),
but its explicit form allows us to perform a semialgebraic reparametrization argu-
ment for curves with endpoints on A,, 4 (Theorem 5.13), and to prove that any two
points qq, q1, regardless being on the discriminant or not, can be joined by an ad-
missible curve with finite Energy (Corollary 5.14). In particular, the minimization
problem (1.6) always admits a solution:

W3 (po,p1) = min E(y)z.

YEQpg,p1

E(v)=

N[

Theorem 1.4 (The Wasserstein space of hypersurfaces). The function Wi* defines
a distance on P, 4 and the metric space (P4, Wit) is complete and geodesic, i.e.
for any couple py, p1, there exists an admissible curve v from py to p1 such that

W3 (y(5), ¥(£) = [t = s[W5" (po, p1)-

Notice that P, 4 is compact for the ambient Ws-metric, by Theorem 1.1, but the
compactness of (P, 4, Wa") is still an open problem see [PR23, Open problem 6.11].
On the other hand, denoting by drg the metric induced by the Fubini—Study structure
on P, 4~ CP¥ the compactness of (P, 4, Wi") is equivalent to the continuity of

id : (Ppa,drs) — (Poa, W3,
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It is typically hard to predict compactness for the inner metric of a compact set in the
ambient topology (and in fact, in general, not even true for very simple examples,
see [BBIO1, Fig. 2.2]). However, in a fashion similar to the one-dimensional case,
we prove that the above map is continuous (in fact Lipschitz) “away” from the
discriminant, i.e. where we have the Riemannian structure (1.10). More precisely,
setting

Pn,d(G) = {p c Pn,d | dFS(p7 An,d) 2 6}7
we prove the following result.

Theorem 1.5 (Wasserstein and Fubini-Study). For every e > 0 the identity map
id : (P, .4(€),drs) — (Pnale), Wa™)
is Lipschitz. In particular P, 4(€) is compact in the Wit ~topology.

It turns out that, for d(n) > 0 small enough and for 1 < ¢ <1+ d(n), the space
(Pn’d,W;n), is compact (see Theorem 1.9 below). The proof of this result requires
some additional work and for it we will need higher dimensional versions of results
on the regularity of roots of polynomials. We will discuss this in Sect. 1.3.

1.2 The Kahler structure and a Weil-Petersson type metric. Quite remarkably
on P, 4\ A,q the Wasserstein-Hermitian structure from (1.10) is Kéhler and the
corresponding metric is a Weil-Petersson type metric. More precisely, consider the
solution variety V :={(p, 2) | p(z) =0} C P, 4 X CP™ together with the restrictions of
the projections on the two factors:

v
RN
Poa cpr

From this diagram we have two induced maps at the level of k—forms: the usual
pull-back 73 : Q¥(CP") — QF(V) and the integration along the fibers

(1) - QF(V \ crit(m)) = Q¥272(P g\ Ang).

On CP"™ we have the Fubini-Study form wgs € Q51(CP™) C Q?(CP"), which we can
pull-back to V' by w2, and the integral along the fibers of mjwgg/n! (which is the
volume form of CP™) turns out to be the imaginary part of h.

Theorem 1.6 (The Wasserstein—Kéahler structure). Let h be the Wasserstein—
Hermitian structure (1.10) and let o :=Tm(h) € Q*(P,4\ Ana). Then

wn
o = (71) 473 (%f) € QY (Poa\ Ana). (1.11)

In particular (P, q \ And,h) is a Kdhler manifold.
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The Kahler metrics on the parameter space of a family of algebraic varieties which
can be obtained as pushforwards of objects on the total space of the family (as in
(1.11)) are recurring objects in complex algebraic geometry, and they are usually
called Weil-Petersson type metrics. For instance, the Weil-Petersson metric on the
moduli space of curves can be obtained in this way, and a version for a family of
Calabi-Yau varieties appears for instance in [ST12, Tos10].

1.3 The regularity of a curve of measures and a compactness result. Let us go
back to the metric space (P, q, W;“). In order to prove its compactness for 1 < g <
14 d(n) we will use a higher dimensional generalization of the results from [PR18].
We first discuss this generalization, which is interesting in its own, as it addresses
and solves a natural question on the regularity of zeroes of families of multivariate
polynomials. We then explain how it can be used to prove the compactness of the
q—Wasserstein inner metric.

Given a curve of polynomials p; : I — P, 4, it is natural to ask what regularity we
can expect for the curve of measures p(p;). We go back to the case n =1. By the
homeomorphism

{coefficients} = C? £ SP4(C) = {zeroes},

it follows that the roots of a polynomial depend continuously on its coefficients but,
in general, no more regularity can be assumed. We can explain this phenomenon
by looking at the previous homeomorphism from a metric point of view, endowing
SP4(C) with the Wasserstein distance, as in (1.4). The loss of regularity of the roots
of a family of polynomials is due to the fact that the above map u, seen as a map
between metric spaces, is not Lipschitz. This failure of regularity happens precisely
on the discriminant, where we have polynomials with multiple roots. For instance,
the zeroes e 4 td of the polynomial z¢ — t involve a d-th square root and cannot be
Lipschitz functions of ¢ near t = 0. (Notice that, in this case, u~!: SP4(C) — C¢ is
instead Lipschitz, as the coefficients of a polynomial depends smoothly on its zeroes.)

Still, A. Parusinski and A. Rainer in a series of works culminated with [PR18]
have recently obtained the sharp result that the zeroes of a curve of polynomials (for
n =1) enjoy a Sobolev regularity: in particular any continuous choice of a root of p;
has first derivative in L7 for 1 <¢q < d%‘ll, provided p; : I — C% is a €% 1! curve.

In our formalism the results from [PR18] are equivalently stated by saying that
if p,: I — C?is a €5 curve, then p := p(p;) is in ACY(I, 2,(C)) for every 1<
q< d%‘ll. It is then natural to adopt this formalism to address the same question in
the more general setting of n > 2; to the best of our knowledge no other approach is
at disposal to address this question.

Quite remarkably, in higher dimensions, the existence of rational curves on the
zero set of some of the polynomials in the curve p; (a very classical problem in al-
gebraic geometry!) seems to be an obstruction for the regularity of u(p;). In this
direction we prove two results, the first being a direct generalization of [PR18, The-
orem 1]. It requires the same regularity as [PR18, Theorem 1] on the curve p;, but
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at the same time it needs the curve to miss (what we call) the Fano discriminant
(see Definition 6.2). It can tought as the set F,, 4 C P,q consisting of polynomi-
als p for which the set of lines on Z(p) is not defined by regular equations on the
Grassmannian G(1,n).

The Fano discriminant is contained in a proper algebraic set of P, 4, see [EH16,
Theorem 6.34]. When n = 1, it is empty: in this case the only line is CP" itself, where
no nonzero polynomial can vanish identically. In general, if d > 2n — 3 and p ¢ F), 4,
then no line can be found on Z(p) and one can use integral geometry to perform a
coupling between measures “uniformly” on the set of lines. Notice that, when n =1,
the conditions d > 2n — 3 and p; ¢ F,, 4 are empty, and the statement below reduces
to [PR18, Theorem 1].

Theorem 1.7 (Regularity of curves of measures I). Let d > 2n — 3. Let p; €
€YY, Pya) be a curve such that p, & Fnq for every t € I. Then, for every
1<g<d/(d—1) the curve p := p(p;) € ACU(I, Z,(CP")).

The second regularity result that we prove allows to drop the restriction p; ¢ F), 4,
but requires to assume more regularity on the curve p;, at the price of losing some
regularity on the curve of measures .

Theorem 1.8 (Regularity of curves of measures II). For every n € N there exists
e(n) >0 such that for every curve p; € €*'(I, Poa), with k > e(n)d — 1, and for
every 1 < g <e(n)d/(e(n)d —1) the curve p; := pu(p:) € ACI(I, Z,(CP")).

The main idea for the proof of Theorem 6.5 is to replace the use of lines, in
the integral geometry approach, with the use of rational curves, see Proposition 6.7.
The crucial point for our argument is to find at least one rational curve, possibly
of very high degree, with the property that nor this curve nor any of its translates
under the natural unitary group action lie on any of the hypersurfaces Z(p;), t € I.
The existence of such rational curve follows from a recent result of B. Lehmann, E.
Riedl and S. Tanimoto, privately communicated to the authors (Proposition 6.8).
The constant e(n) in Theorem 1.8 is the degree of this rational curve, and is related
to the so—called Fujita invariants.

Using Theorem 1.8, we can finally prove the following compactness result.

Theorem 1.9 (Compactness). For every 1 < g <1+ Wldq’ the metric space

(P, W) is compact.

1.4 A Wasserstein approach to condition numbers. In an influential sequence
of papers, the “Complexity of Bézout’s Theorem” series [SS931, SS932, SS93, SS96,
SS94], M. Shub and S. Smale opened to a geometric investigation of the complexity
of polynomial systems solving. This line of research has received a lot of attention,
and culminated with the positive solution of Smale’s 17th Problem [Sma00]: “Can
a zero of n complex polynomial equations in n unknowns be found approximately,
on the average, in polynomial time with a uniform algorithm?”. The solution to this
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problem follows from a combination of works by C. Beltran and L. M. Pardo [BP09],
M. Shub [Shu09], P. Biirgisser and F. Cucker [BC11] and finally by P. Lairez [Lail7].

Here we propose a conceptual application of our approach: to go back to the
original question of Smale, reinterpreting it in the language of Optimal Transport.
We do not venture into this full program, which would be beyond the purposes of
this paper. Nonetheless, we will show how our point of view already gives a solution
to [BCC13, Problem 14] in the case n =1 (see Theorem 1.10 below).

Let us explain the context behind [BCC13, Problem 14]. One of the main ideas
underlying the algorithm solving Smale’s problem is continuation along linear paths:
given a polynomial system p; = 0, which is assumed to be regular, one builds another
regular polynomial system py of which one solution zy is known, and then “contin-
ues” this solution along the linear homotopy p; := (1 — t)po + tp1. The fact that one
can choose pg so that the linear path p; does not hit the discriminant follows from
dimensional considerations (the discriminant has real codimension two); the com-
plexity of the algorithm is related to the possibility of estimating the distance to the
discriminant throughout the path p;. In order to measure this distance, one intro-
duces the notion of normalized condition number of a system at one of its solutions.
In the case of a single polynomial p € P; 4 at one of its zeroes z € CP!, this is the
quantity:

Vnorm(pa Z) = dBW(pa Az)_lv

where A, C A; 4 denotes the set of polynomials with a multiple root at z (see Sect. 7
for more details), and dgw denotes the Bombieri-Weyl distance on the projective
space of polynomials (see the Appendix).

In order to address Smale’s problem, prior to its solution, M. Shub [Shu(09] sug-
gested the possibility of changing the class of paths, switching from linear paths
to special homotopies (p,z:), with pi(z;) =0, called condition geodesics. In or-
der to describe them, in the case n = 1, let us introduce the solution wvariety
V= {(p,2) € Prg x CP!|p(z) = 0} together with the projection 71 : V — P4 on
the first factor. Denoting by ¥’ the set of critical points of 71, the normalized con-
dition number can be used to turn V' \ ¥’ into a Lipschitz Riemannian manifold as
follows. First, we denote by gy the Riemannian structure on V' C Py 4 X CP! induced
by the product Riemannian structure. Then, for every absolutely continuous curve
Ye = (pt,2t) : I =V \ ¥ we define its condition length by

Lcond(7) ZZ/IVnorm(ptazt) ’ ”’YtHth

Taking the infimum of the length over all absolutely continuous curves joining two
points endows V'\ ¥ with a metric structure, called the condition metric. A condition
geodesic is a curve 7, in V' \ ¥’ minimizing the condition length between any two of
its points.

A similar construction can be introduced in the case of polynomial systems,
and in [Shu09] it is shown that O(d*?Leena(7y)) Newton steps are sufficient to con-
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tinue the zero zy from py to p; along ;. Following this result, C. Beltran, J.-P.
Dedieu, G. Malajovich and M. Shub, in [B+12, B+09], asked whether the func-
tion t — log(¥norm(7¢)) is convex along a condition geodesic. An affirmative an-
swer to this question would imply that, for any condition geodesic -, one has
Lecona(vt) < Ly (74) max{vnorm (Po, 20)s Vnorm (P1, 21) }, where Ly () is the length of 7,
in the Riemannian metric of V' defined above. In particular, it would be possible to
estimate the distance from the discriminant along the whole path p; by only knowing
this distance at the starting and the ending system. For more details on this problem,
we refer the reader to [BCC13, Problem 14], from where this formulation is taken.

Here we propose a solution to this problem in the case n =1, changing the class
of paths, and replacing condition geodesics with lifts of Wasserstein geodesics. We
expect a similar result to be true in the case n > 1, but we leave this question to
future investigation (this will require to work with the Wi metric on the space of
polynomial systems).

Theorem 1.10 (The condition length of Wasserstein geodesics). For every d € N there
exist B1,B2,B83,81 > 0 such that, if p,: I — P14 s a Wa—geodesic between py,p1 €
P g\ Ay 4 then the following is true:

(1) for everytel
dist(pt, A1,4)% > B min{dist(po, Ay a), dist(p1, Ara)}.

In particular, Py g\ A1 4 is Wa—geodesically convex;
(2) if v: I =V \X is alift of pr, i.e. y(t) = (pt, 2t), then:

Lcond(V) S 53 ' LV(’Y) : max{ynorm(p[); ZO): Vnorm(ph Zl)}ﬁ4~

The proof of this result is based on the structure of Wasserstein geodesics, see
for instance the section on Monge—Mather shortening principle in [Vil09], which
guarantees a quantitative separation of roots along such curves (Proposition 7.3).
(The constants (; from the statement come from the use of Lojasiewicz’s inequality,
and we expect that actually S =84 =1.)

We remark that recently P. Lairez [Lai20] has proposed to consider yet another
class of paths, called rigid paths, that have a quasi—optimal polynomial behavior
in terms of the complexity of Smale’s 17th Problem. We wonder what could be
the behavior of an algorithm based on our Wasserstein approach. In this direction,
we observe that, compared to the condition metric, which is only Lipschitz, the
Wit metric, away from the discriminant, comes from a smooth Riemannian metric
(Proposition 5.7); in particular Wasserstein geodesics can be found by means of a
smooth Riemannian optimization problem.

1.5 Structure of the paper. Section 2 recalls basic facts about the optimal trans-
port problem and Wasserstein distances on Riemannian manifolds reserving special
care to the dynamical formulation a la Benamou—Brenier. The section also covers
some needed tools from metric geometry.
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Section 3 is the heart of the construction of the correspondence p (in all its
incarnations) associating a measure to a polynomial. This is the map that appears
in Theorem 1.1 before, proved in this section (this is precisely Theorem 3.8). We begin
with a careful study of the zero dimensional case (illustrated in the introduction)
then, using integral geometry tools, we move to the higher dimensional case.

In Sect. 4, we use instruments from symplectic geometry to compute the metric
speed of a curve of polynomials that stays away from the discriminant. In particular
this is a consequence of Theorem 1.2.

In Sect. 5, the optimal transport problem for hypersurfaces in the form of zero sets
of polynomials is introduced and studied. We define the notion of admissible curves,
energy and inner metric. Here we prove Theorem 1.3 (corresponding to Theorem 5.3),
we define the Wasserstein-Hermitian structure and prove Theorem 1.4 (Theorem 5.15
in the body of the paper) and Theorem 1.5 (corresponding to Theorem 5.17) of
comparison between the Wasserstein and Fubini—Study metric. In Sect. 5.2 we prove
that the Wasserstein-Hermitian metric is Ké&hler (Theorem 5.10 in the body of the
paper).

In Sect. 6 we study the problem of the regularity of curves of solutions of poly-
nomials in dimension greater than one. We prove here Theorem 1.7 (Theorem 6.3 in
the body) and Theorem 1.8 (Theorem 6.5 in the body). Theorem 1.9 corresponds
to Theorem 6.11 in the body of the paper. In Sect. 7 a Wasserstein approach to
condition number is discussed; here we prove Theorem 1.10 (Theorem 7.1 in the
body).

2 A quick overview on optimal transport

In order to introduce an optimal transport distance over the space of homogeneous
polynomials, a careful analysis on the infinitesimal behaviour of the Wasserstein dis-
tance near a general probability measure is required. In this section we will therefore
provide a quick introduction to Optimal Transport and review the needed material
for the rest of the paper. We refer to the monographs [Vil03, Vil09] and references
therein for a complete account on the theory.

2.1 Wasserstein distance. Let (M,g) be a smooth compact Riemannian mani-
fold. We will denote by (M) the space of Borel probability measures over M. On
P (M) we will consider the following distances induced by Optimal Transport.

DEFINITION 2.1 (¢—Wasserstein distance). Fix any ¢ > 1. For any po, 1 € Z(M),
the g-Wasserstein distance is defined by

Wououpn) = _int [ dyw)recdsay))”

E€T(po,p1
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where dg is the geodesic distance induced by the Riemannian metric g (making
(M,dy) a compact metric space) and

W(po. ) := {€ € (M x M): (m)e = o, (m2)e = ym |

is the (convex) set of transport plans between o and py; finally m; : M x M — M
denotes the projection on the i-th component, for i =1, 2.

Roughly, transport plans represent the way in which g is moved to p; while df
is the chosen cost function for transporting an infinitesimal amount of mass. The
subset of those transport plans realising the infimum in the definition of the Wj
distance are called optimal transport plans and are denoted by IIZ (10, 111)-

As we will always stick to the case of compact manifolds, W, will be well defined
between any couple of elements of &(M) with a non-empty II{ (10, 11). In partic-
ular (Z(M),W,) is a complete and separable metric space; from the compactness
of M it follows moreover that it is compact as well. For ease of notation we will
sometimes write &2,(M) to intend the metric space (Z (M), W,).

2.2 Length structures and inner distances. Here we follow [BBIO1] to which
we refer for the missing details. If (X, d) is a metric space one can define a length
structure in the following way. Firstly consider a class of admissible curves.

DEFINITION 2.2 (Absolutely continuous curves with values in a metric space). Let
(X,d) be a metric space and let I be a real interval. We say that a curve v: I — X
belongs to ACY(I; X), ¢ > 1, if there exists m € L(I) such that

d(ys, ) < /:m(T) dr, Vs<t. (2.1)

When ¢ =1, we simply denote AC' = AC".

Theorem 2.3 (Theorem 1.1.2 of [AGS05]). If v € ACY(I; X), g > 1, then for L'-a.e.
t € I there exists the limit

lim d (%+ha %)
h—0 ’h‘

We denote the value of this limit by |¥|(t) and we call it metric derivative, or metric
speed, of v at t. The function t — |¥|(t) belongs to L1(I) and

d(u(s),u(t))g/: K(F)dr,  Vs<t.

Moreover |¥|(t) <m(t) for L'-a.e. t € I, for each m such that (2.1) holds.

The space of absolutely continuous curves ACY(I; X) can be seen as a subset
of the metric space €°(I; X) (endowed with the natural sup distance); recall that
€°(I; X) is complete and separable provided the same is true for X.
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One then defines the length of absolutely continuous curves, that we can assume
without loss of generality to be defined on I =[0,1], by

1) = [ o)

The length L induces an “intrinsic” distance, called inner distance, by minimizing
the length functional among all the sets of admissible curves:

o~

d(e.y) = int {L(7): y € AC([0,1: X), 30 =z, 11 =y}

If d = d, then (X,d) is called a length space. It is called a geodesic space if the
infimum is attained by at least one admissible curve, hereafter called a geodesic.

Our analysis will naturally bring us to study non-geodesically convex subsets of a
geodesic space X. For our scope it will be sufficient to assume (X,d) to be complete
and separable and Y C X to be a closed set so that (Y,d) is still complete and
separable. Clearly if Y fails to be geodesically convex then (Y, d) will not be anymore
a geodesic space. Nonetheless one can consider the length structure induced by L
over Y and define the inner distance of Y as follows:

d®(z,y) := inf {L(’y) vy e AC([0,1];Y),vo =z, 11 = y} (2.2)

If for any couple x,y € Y there exists an admissible curve v € AC([0,1];Y") of finite
length L(7y) < oo, then di# is a distance making (Y,d®) a length space.

Through a standard reparametrization argument, see for instance [AGSO05,
Lemma 1.1.4], one notices that for any ¢ > 1

. 1
gty =it { [ 310 des 7 € ACU0,15Y), 20 =2, 1 =y |
Finally we mention that, defining the energy functional £ : €°(I;Y) — [0; 00] by

L1s)2 u 207. 7).
E(y) = {fo 1Y% (t) € AC*(1;Y);

400, otherwise,

then & is lower semicontinuous (see for instance [GP20, Proposition 1.2.7]).

2.3 Absolutely continuous curves, the continuity equation and the space of gradi-
ents. We continue the short review of Optimal Transport needed for this paper.
Since (M, d,) is a geodesic space, the g-Wasserstein space &2,(M) is a geodesic space
as well (see [Stu062, Proposition 2.10]): for any ug, u1 € P(M) there exists a curve
(tt)eefo,) € L (M) from pg to py such that

W, pis) = [t — s|Weq(pa, po)-

Wasserstein geodesics are strongly linked to the geometry of the underlying space M.
Denote by Geo(M) the set of minimal geodesics of M seen as a closed subspace of
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%°([0,1]; M); then in the strictly convex case (q > 1) W,-geodesics have the following
lifting property (see [Stu062, Proposition 2.10]): for each Wy-geodesic (ut)ico,1) there
exists a probability measure  on Geo(M), such that

(et)ﬁn:/’tta v S7t€ [07 1] (esaet)ﬁne]:[gpt(usulu’t)v

where e; : 6°([0,1]; M) — M is the evaluation map (e;(f):= f(t)). The set of n €
P (Geo(M)) verifying the previous conditions is called the set of dynamical g-optimal
plans and is denoted by OptGeo, (o, i11)-

As discussed, our interest will be in studying the inner distance induced by W,
on a distinguished closed subset of &(M) and to define its inner Wasserstein dis-
tance as in (2.2). It will be therefore necessary to discuss the metric speed of curves
in ACI([0,1]; Z¢(M)). As for W,—geodesics, also g-absolutely continuous curves
P4(M) have a geometric interpretation in terms of family of curves of M firstly
pioneered by J.-D. Benamou and Y. Brenier [BB00].

If oy : I — P4 (M) is a g-absolutely continuous curve with I C R an interval, there
exists a Borel vector field v : (x,t) — v (z) € T, M such that p, solves the continuity
equation with vector field wv;:

at,UJt + diV(’Ut/Lt) = 0, (23)

in the sense of distributions (see (2.5) below). One can check that (2.3) implies that
el < |[vellzg, for Llae tel.

The vector field v; is highly non-unique and in order to restore the identity be-
tween the metric speed of y; and the norm of v; a subclass of special vector fields for
(2.3) has to be considered. This class is introduced by analogy with the infinitesimal
behaviour of ¢g-Wasserstein geodesics. As we will be mostly dealing with the case
q = 2, where an infinitesimal Riemannian structure appears naturally, we will con-
tinue this review only for the case ¢ =2. We refer to [AGS05] and references therein
for the other cases.

For every p € Z5(M), the so-called “space of gradients” is defined by

T(Po(M)) =V fEC<(M)} .

This definition is motivated by the classical results of Y. Brenier and R. McCann
on the shape of optimal maps and on 2-cyclically monotone sets. For more details
on all the possible notions of tangent space to P5(M) we refer to [Gigll, Oht09].

We now state the main result concerning the Wasserstein metric speed in Z2,(M).
For the analogous and earlier result when M is an Hilbert space we refer to [AGS05,
Theorem 8.3.1] and [AGS05, Proposition 8.4.5], where also the case ¢ # 2 is consid-
ered.

Theorem 2.4 (Proposition 2.5 of [Erbl10]). Let (u;); € AC?*(I; P5(M)) be a 2-
absolutely continuous curve with I CR an interval. Then there exists a Borel vector
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field v: (z,t) — v(x) € T, M such that
v € L?(u, TM), [vellzz, = |iel, L' —ae tel,
and the continuity equation
Oy + div(vepy) =0, (2.4)

holds in the sense of distributions on I x M. Moreover for L'-a.e. t € I, v, €

T, (#5(0)).

The vector field vy is uniquely determined in L*(us, TM) by (2.4) and by being
an element of T,,,(P2(M)).

Conversely, if a narrowly continuous curve p;: I — Po(M) satisfies the conti-
nuity equation for some Borel velocity field v, with |lv ||z, € L2(I), then (u); €
AC?(I; Po(M)) and |jiy] < [vellz, for Ll-ae tel.

Notice that [Erb10, Proposition 2.5] and the discussion of Sect. 2.2 permit to reob-
tain the so-called Benamou-Brenier formulation of the Optimal Transport problem:
for any o, 1 € P2(M) it holds

1
Walpuo,pn)? =min{ [ ol d}.

where the minimum is taken over all absolutely continuous curves (4 ).e(0,1] connect-
ing o to py with tangent vector field (v;); in the sense of (2.4).

By definition, T},(Z(M)) is a closed subspace of L?(u; TM) and therefore has a
uniquely defined projection

P: L*(1; TM) — T, (P2(M)).

The orthogonal space to T),(#2(M)) consists of divergence-free vector fields, giving
the following characterization for P.
LEMMA 2.5 (Lemma 2.4 of [Erb10]). A vector v € L?(y; TM) belongs to T, (P2(M))
if and only if

v+ wllrz > ||lvllzz, Y w € L*(u; TM) such that div(wu) = 0.

In particular, for every v € L*(u;TM) there exists a unique P(v) € T),(P5(M)) in
the equivalence class of v modulo divergence—free vector fields: it is the element of
minimal L?>-norm in this class.

In order to highlight the relevance of the projection P we reformulate Theorem 2.4.

PROPOSITION 2.6 (Proposition 2.5 of [Erb10]). Let pu;: I — P5(M) be an absolutely
continuous curve and let v; € LZ(,ut;TM) be such that

8tﬂt + diV(UtMt) = 0,
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holds in the sense of distributions. Then v, satisfies
[vell Lz, = [4iel, L —a.e.,

if and only if v, = P(v) € T, (P2(M)) for L-a.e. t € 1.

Relevant for this paper will be curves obtained via the pushforward of families of
diffeomorphisms: let ¢ : M — M be a family of diffeomorphisms which is the flow
of a time dependent vector field v, € I'(T'M). If we define pu; := (¢¢)s4t0, then

Oyt + div(vgpee) = 0.

Indeed by definition %, (z) = vi(pi(2)) and for any smooth test function

%/deﬂt = %/Mw(%)d“‘):/9<vw(¢t($))’Ut(%ot(x)))dﬂo:/9(V¢,Ut)d(;;t.5)
Moreover since div((v; — P(v¢))pe) =0,

(%ut + le(P(Ut)Mt) =0.

Since P(v;) € T, (P2(M)), by Proposition 2.6 we have therefore obtained the follow-
ing statement.

COROLLARY 2.7. Let ¢ : M — M be a family of diffeomorphisms for t € I, with
ot be the flow map associated to a vector field vy € T(TM) and I any real interval.
Define for t € I the curve of probability measures p; := (¢1)spo. Then, for L'-a.e.
tel:

el = [P (ve)ll 2z, -

The description of the space of gradients is therefore a natural problem to address.
The following proposition describes the space of gradients in the case of a measure
1 supported on a smooth submanifold S C M. For other descriptions of the tangent
cone to the 2-Wasserstein space and similar results, we refer to [Lot17].

PROPOSITION 2.8. Let S C M be a submanifold and p € (M) such that supp(u) C
S. Then

12 12
{(Vf: fee>(M)} " ={Vg: ge€>(9)} " @& L*(NS,p),
where NS C T M 1is the normal bundle to S in M.

Proof. Since p is supported on S this arises by separating tangential and normal
components at .S of the gradients of functions on M. The unique non trivial inclusion
to justify is: L2(NS,u) C{Vf: f€ %W(M)}Li. For this we just have to prove that
any smooth section v € I'(S,NS) is the normal component at S of the gradient
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of a smooth function defined around S. This can be easily done using the tubular
neighborhood theorem. Identify N.S = TS*; the map

p:NS— M, v+—expuv,

maps diffeomorphically a neighborhood of S inside N.S to a neighborhood U of S in
M. Moreover dcp‘s =1Id. Let w: NS — S be the projection and define the function

g(x) := w(n(p~(x))), o (z)), for x € U. Denote with V+g the normal component
of the gradient over S. This is computed by differentiating g along curves in the form
t — exp(tw) = p(tw) for w € NS. It follows immediately: V+g=wv. O

3 Measure theory and algebraic geometry

In this section we will define the correspondence between homogeneous polynomials
and probability measures on their zero sets. We will begin by studing families of
measures depending on a finite dimensional parameter space.

The setting we will consider is, roughly speaking, the following. We are given a
compact Riemannian manifold (M, g), a manifold P, and a smooth map 7 : M — P.
If p € P is a regular value of 7, then 7~!(p) is a smooth, compact submanifold of
M, which inherits a Riemannian structure with its (normalized) volume measure
wu(p) € Z(M) that equals the Hausdorff measure of its dimension. Some care has to
be put if one wants to extend the map p — u(p) to the whole P (i.e. also to the set of
critical values of 7) in a nice way. In fact, even if p : {regular values of 7} — Z(M)
is continuous, it is not always possible to extend it to a continuous map without
imposing additional conditions on 7 (see the example in Remark 3.12).

In the case M and P are complex manifolds of the same dimension and m is
holomorphic, the so-called “finiteness” of m guarantees a continuous extension of u
(we discuss this in Sect. 3.1). In fact, by Remark 3.12, the finiteness condition is
also necessary for the continuous extension. The key ingredient here is the notion of
multiplicity from complex algebraic geometry.

In the case dim(M) > dim(P), in general, the situation is more involved. However,
when M = CP", using integral geometry arguments, one can provide the continuous
extension for interesting classes of maps, including the one parametrizing complex
hypersurfaces of a given degree (see Sect. 3.3).

In this framework, the problem of the continuous extension can also be treated
directly using a variation of the arguments from [Sto67], but we prefer to keep the
exposition self-contained as the description of the extension using integral geometry
will become useful in Sect. 6.

3.1 Families of zero-dimensional measures. We say that a holomorphic map
m:V — P between smooth, complex, compact and connected manifolds of the same
dimension is finite if for every p € P we have #7!(p) < co. We denote by X(m) C V
the set of critical points of 7, and by A(7) := (3 (7)) the set of its critical values (the



GAFA OPTIMAL TRANSPORT BETWEEN ALGEBRAIC HYPERSURFACES 63

“discriminant”). The degree deg(r) is defined as deg(r) := #m1(p) for p€ P\ A(n)
(the set of critical points is an analytic set of complex codimension one, therefore
P\ A(m) is connected). For every v € V' we denote by mult, (7) the multiplicity of =
at v. The multiplicity satisfies

deg(m) = Z mult,(7), Vpe P.

ver—1(p)
We refer to [GH94, Chap. 5.2] for elementary properties of finite maps.

LEMMA 3.1. Let m:V — P be a finite map between smooth, compact, complexr man-
ifolds of the same dimension. Then the map a: P — P (V), defined by

1
= mult,, (7)d,,
doglm) 21,

a(p)

15 continuous.

Proof. The topology on &(V) is metrizable and it is enough to prove sequential
continuity of a: given {p,}nen C P converging to p € P, the sequence {a(pn)}nen
converges to a(p). In other words, we need to prove that Vf € €°(V)

1
= doa(n) Ue;(p) mult, (7) f(v) (3.1)

lim Y multy(m)f(v)

v dog(r) 2

Let us consider first the case {p, }nen C P\ A(7). Let p = lim,, p,, and set 77 1(p) =
{v1,..., v}, with m; := mult,, (7). For every € > 0 there exists an open neighborhood
U of p such that 7= 1(U) =V, U---UV, and for every j =1,...,r and for every v € V;

[f(v) = flvj)| <e.

For every n € N we denote by v,llyj,...,v::f j the (distinct!) preimages of p, in Vj.

Notice in particular that, since p,, ¢ A(m), we have mult,» (7)=1. Then

n,J

r

= [(Z f<v£i,j>> —mjf(vj)H
k=1

J=1

Z mult, () f(v) — Z mult, () f(v)

ver—1(pn) vEr~1(p)

SN UCHENIC)

j=1k=1

romy |

< deg(m)e.

This proves (3.1) in the case {pn}tneny C P\ A(m). For the general case we argue
as follows. For every n € N let {pnm}men C P\ A(m) be a sequence such that
lim,,, pr;m = ppn. For every € >0 let py, . =: pp, such that lim,, p, =p and

Yo fl)— Y multy(m)f(v)

ver—1(pn) veT~1(pn)

<e.
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Then:

Z mult, (7) f(v) — Z mult, (7) f(v) g‘ Z mult, (7) f(v)+

veEr—1(py) ver—1(p) vET 1 (pn)
- Z mult, (7) f(v)|+

vET L (pn)
+ Z mult, (7) f (v)+

veT ! (pn)
- Z mult, (7) f(v)|.

ver—!(p)

By the previous part of the proof, both summands go to zero as n — oo, and this
concludes the proof. O

3.2 Polynomials in one variable. We will now focus on the case of the family of

measures given by the normalized sum of the delta measures centered at the zeroes

of a polynomial. Our “parameter” space will be the (projectivization of the) complex

vector space C[zp, 21](g) of homogeneous polynomials of degree d in two variables.
Every nonzero homogeneous polynomial p € C[zp, 21](4) can be written as

r

p(20,21) = [ [(Aj1z0 — Ajoz1)™, (3.2)
j=1
where [Ajo,\j1], 7 =1,...,r are distinct points in CP! and m; + --- 4+ m, =d.
With this notation, if w = [wg,w;] € CP!, we denote by m.,(p) the multiplicity
of p at w. In other words, m,(p) =m;, if w=[A;0, ;1] for some j=1,...,r, and

my(p) = 0 otherwise. In particular, m,,(p) # 0 only if w is a zero of p, in which
case it is the multiplicity of it as a projective zero of p. For a nonzero polynomial
p € Clzo, 21](q) we denote by Z(p) C CP! the set of its zeroes, i.e., writing p as in
(3.2), we set

Z(p) :={[Njo, N\j1] €CPLj=1,....7}.

REMARK 3.2 (Homogeneous versus non-homogeneous polynomials). The reader
might prefer to work with polynomials in one variable of degree at most d, whose
zero set lives in the complex line C. Every monic polynomial of the form

q(z2) =204+ ag_12V + - Farz + ag

can be written (by the Fundamental Theorem of Algebra) as
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for some numbers Ay,...,A\; € C (the zeroes of ¢). Homogenizing ¢ we get the poly-
nomial

d d—1 d—1 d
p(z0,21) = 25 + ag—12027 " + -+ ar12i 21+ apzg,

whose zeroes in CP! are [1,\1],...,[1,\4]. Notice that p can be written as p(zq, 21) =
H?Zl(zl — Ajzp). The advantage of working with homogenous polynomials is that
their zeroes live in a compact space (the projective line). In the case of homogeneous
polynomials in two variables it is still safe to think at their dehomogenization and
look at their zeroes in C (notice, though, that if we start with a polynomial with
ag = 0 some zeroes are lost in this procedure). However, for our purposes, when
moving to more variables the reader should really think in terms of projective zeroes
and pay attention to the fact that the set of zeroes of a complex polynomial in C",
n > 2, is not compact (see also Sect. A.3).

From Lemma 3.1 we deduce the following corollary (this also proved in [Fed69,
Sect. 4.3.12)).

COROLLARY 3.3. Let CP? be the projectivization of Clzo, 21)(a) ~ CH1. The map
p: CPY— P (CP') defined by

15 continuous.

Proof. Let P = CP? and consider the smooth algebraic set V = {(p,2z) € P x
CP!|p(2) =0} and the diagram:

14
7 \m
P CP!

where m; and m are the restrictions of the projections on the two factors. The
map m : V — P is a finite map between smooth, compact, complex manifolds
and deg(m) = d. Moreover, using the notation of Lemma 3.1, we see that u(p) =
(m2)ga(p). Since 7y is continuous, the continuity of p follows from Lemma 3.1. [

3.3 Families of hypersurfaces. We now generalize the previous construction to
homogeneous polynomials of more then two variables, whose zero sets are hypersur-
faces in the projective space.

For a smooth Riemannian manifold (M, g), we denote by voly; the corresponding
Riemannian volume measure (hence omitting the dependence on the Riemannian
metric g in the notation). In the case M = CP", we denote by grs the Fubini-Study
metric (see the Appendix).
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DEFINITION 3.4 (The space of polynomials and the discriminant). For n,d € N, we
denote by

Hn,d = (C[Zo, ey Zn](d)

the space of homogeneous polynomials of degree d, a vector space of complex dimen-
sion N+1= (”;d). We also consider the discriminant D,, 4 C H,q defined by

Dn,d = {p € Hn,d

9p 9p
3z e C™h\ {0}, =—R)==5 20}7
2 €€\ {0}, p(2) = 22 (2 ()
i.e. the set of polynomials p such that the equation p =0 is not regular in CP™.
Notice that the discriminant is an algebraic set in H, 4 defined by a polynomial of
degree (n+1)(d — 1)"'. We also denote by P, 4 and A, 4 the projectivization of
H, 4 and D, 4:

Poa:=P(H,q)~CPY and A,q:=P(D,a).
Notice that, given a point [p] € P, 4, its projective zero set
Z(p) :={[z] € CP" |p(z) = 0}
is well-defined (for this reason we sometimes simply write p for [p]).

Let us make a couple of comments on the previous definitions. If p € P, 4, re-
gardless of it being on the discriminant or not, the set Z(p) C CP™ is a (possibly
singular) compact, complex hypersurface, which has Hausdorff dimension 2n — 2. If
p € Ppa\ Aygq, then the set Z(p) is a smooth complex manifold. If p € A, 4 then,
as a subset of CP", Z(p) can still be smooth. For example, if p € P, 4\ A, 4, then
p? € Ay 24, but Z(p?) = Z(p), as a set, is a smooth complex submanifold. In order to
emphasize this phenomenon, we will say that Z(p) is regular if p € P, 4\ Ay 4 and
singular otherwise (thus being “regular” has to do with the equation defining a set,
and not with the set itself). If p € A, 4 we will denote by Z(p)*"® the set

i Ip Ip }
Z(p)*me = Z —(2)=-==—(2)=0¢.
o1 ={ )< 20)| g2 () = = 522
It can be that Z(p)*8 = Z(p) (for instance, this happens again for the polynomials
of the form p?). On the other hand, if p € P, 4 is irreducible, then Z(p)*8 is a proper
algebraic subset of Z(p), therefore of complex codimension one in it, and

Z(p)*8 = Z(p) \ Z(p)*"¢

is a smooth submanifold of CP™.
In the rest we will often use semialgebraic objects, whose definition we recall now.
For more details the reader is referred to [BCR9S].
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DEFINITION 3.5 (Semialgebraic sets and functions). A semialgebraic set S CR" is a
set obtained by taking finite unions, finite intersections of sets of the form {p <0} and
their complements, where p € R[z1,...,z,] is a polynomial. A function f: A — B,
where A C R™", B C R™ are semialgebraic, is said to be semialgebraic if its graph
I'(f) C Ax BCR"™™ is a semialgebraic set.

By [BCR98, Proposition 2.4.6], there exists a smooth, real algebraic embedding
@ : CP™ — RY, for some ¢ € N sufficiently large. Therefore we can view CP" as a
semialgebraic set itself. Since complex algebraic set are in particular real algebraic
sets (every complex equation corresponds to a pair of algebraic equations), every
complex algebraic set Z C CP" is therefore semialgebraic. Therefore we can stratify
Z as a disjoint union

z=|]2z,. (3.3)

where each Z; C CP" is a smooth semialgebraic set (see [BCR98, Theorem 9.1.8]).

DEFINITION 3.6 (Volume of a complex algebraic set). Let Z C CP™ be a complex
algebraic set, stratified as (3.3). Each stratum inherits a Riemannian metric gps|z;
and hence a volume measure volz;. We define the volume measure volz € &#(CP")
as follows. For a continuous function f: Z — R we set

/Zf(z)volz(dz) = Z /Zj f(z)volz, (dz).

dim(Z;)=2n—-2

Since any two semialgebraic stratifications can be commonly refined (see [BCRIS,
Theorem 9.1.8]), this definition does not depend on the choice of the stratification
from (3.3). We denote by vol(Z) the total mass of voly.

In the case p € P, g\ Ayq (i-e. if the hypersurface Z(p) C CP" is regular), then
for every Borel set A C Z(p),

1 e
VOIZ(p)(A) = (TL— 1)' AwFslv

where wpg denotes the Kahler form of CP™ (see the Appendix).

We observe that Definition 3.6 does not produce a continuous map in the Wasser-
stein topology, i.e. the correspondence p — Wl(m)vol Z(p) 18 not continuous on A, 4.
As we have seen in Corollary 3.3, a continuous extension on A; 4 should take into
account the multiplicities of zeroes. In the general case we proceed as follows. First,
in Lemma 3.7, we give an integral geometric formulation of the volume, for smooth
submanifolds of CP™. Then, in Theorem 3.8, we use this formulation to extend the
map p to Ay 4.

We denote by G(1,n) the Grassmannian of projective lines in CP™ (notice that
G(1,n) is isomorphic to G(2,n + 1), the Grassmannian of complex 2-planes in
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C™*1). There is a natural action of U(n + 1) on G(1,n), and we endow G(1,n)
with a Riemannian metric which is invariant under this action, normalized such that
VOlG(l,n) (G(l,n)) =1.

LEMMA 3.7. Let f € €°(CP") and Z C CP™ be a complex submanifold of complex
dimension n — 1. Then for every U C Z open we have

/U F(2)voly(dz) = vol (CP™ 1) /G . (EZW f(z)> volgm(de),  (3.4)

the integrand being a.e. finite. In particular, if p € Py a\ An,q, then volz ) (Z(p)) =
d - vol(CP™1).

Proof. Let us recall first the kinematic formula in complex projective spaces from
[How93, Example 3.12 (b)]. Given two open subsets A C Z, B C L of complex sub-
manifolds Z, L of complementary dimensions in CP"™, dim¢(Z) = a, dim¢(L) = b, we
have:
VOlz(A) VOIL(B)
ANgB)vol dg) = 3.5
/(](n+1) # ( g )VO U(n+1)( g) VOI(CPa ((CPa) VOlcpb ((CPb) ) ( )

where “dg” denotes the integration with respect to the normalized Haar measure

fU(n +1)dg =1 (which is obtained as the volume form of a left—invariant Riemannian
metric on U(n + 1)). Applying this to the special case B = CP!, we get

VO]Z (A)
VO](CPn— 1 ((CPTL—l ) '

| #ANgB) volyuen(dg) =
U(n+1)

In the case A =Z = Z(p) is regular, the integrand is equal to d for a.e. g (see [GH94])
and

o VOlz(Z)

N volepn—1(CP?—1) ’

proving the second part of the statement.

Observe now that the map U(n + 1) — G(1,n) given by g+ g({), where ¢y €
G(1,n) is a fixed line, is a Riemannian submersion. Therefore, in the case A C Z is
open and B = CP!, using the smooth coarea formula, (3.5) can be written as

VOlZ (A)
volgpn-—1 ((CPn*l ) ’

/ (AN O)volg (df) = (3.6)
G(1,n)

Consider now the linear functional X : ¢°(Z) — R defined by:

< > f<z)> volg(1,n)(df).

ze€ZNL

f = volepn-1 ((CPnil) /
G(1,n)

This is a continuous and positive linear functional on ¢°(Z), therefore by Riesz’s
Representation Theorem [Rud87, Theorem 2.14], there exists a unique nonnegative
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Radon measure v such that for every f:Z — R Borel measurable:

M) = [ FGwide),

Let now U be an open set of Z and f = xy be its characteristic function. Approxi-
mating f with continuous functions, we see that

V() = X(f) = volepnr(CP") [ .

< Z f(2)> volg(1,) (df)

zeZNt

— volgps (CP™ 1) / (U N 0)volg (1 (df)
G(1,n)

=volz(U). (by (3.6))

This shows that, as measures, v = volz and (3.4) follows. O

We have now a well defined map
u: Pn,d \ An,d — Q(CPTL)

given by

W) ) = iz [ Gl feBO(CP) (3.7)

We prove now that this map can be continuously extended to the whole P, 4, gener-
alizing Corollary 3.3. Notice that the normalization factor m in (3.7) does not
actually depend on the hypersurface, because of Lemma 3.7.

Theorem 3.8. The map i1 : P, 4 — P(CP") defined for f € €°(CP") by

fdu(p) ! ( > mz(ple)f(Z)) volg(1,n) (df) (3.8)

cpn - d G(Ln) z€Z(p)n¥

is continuous and, when restricted to Py 4\ Apq coincides with (3.7).

Proof. The fact that the restriction of pu to P, 4\ Ayq coincides with (3.7) is an
immediate consequence of Lemma 3.7. For the continuity of u, as above, it is enough
to prove sequential continuity. Let therefore {pj }ren C P4 be a sequence converging
to p. For every k € N denote by F, C G(1,n) the set of lines contained in Z(py) and
by F' the set of lines contained in Z(p). Notice that these sets have measure zero in
G(1,n), therefore the complement of their union

G:=G(1,n)\ <FU U Fk>

keN
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has full measure in G(1,n). Given f € %O(CPN”) and for every k € N denote by
9k, 9 : G(1,n) — R the functions defined for ¢ € G by:

w0 =5 Y mGl)fE) ad gO=g 3 ml)f)

ZeZ(pr)N¥ ZeZ(p)nk

and set these function to zero on G. Then for every k € N we have

fanp) = [ gr(Ovolom(de) and

cpn G(1,n)

fdu(p) = / g(L)volg 1y (dl).

Ccpn G(1,n)

The sequence of functions {g }ren converges pointwise to g by Corollary 3.3. More-
over the whole sequence is dominated by |gx| < max,ccpn |f(z)|, therefore the con-
vergence pu(pi) — p(p) follows from the Dominated Convergence Theorem. O

We prove now that p: P, 4 — Z(CP") is injective. We need a couple of lemmas
first.

LEMMA 3.9. If p € Clzo, ..., 2,](a) 15 irreducible, then p(p) = WVolz(p)reg.

Proof. If p is irreducible, then Z(p)*"® has complex codimension at least 2 in CP"
(see [GH94, Chap. 0.2]). In particular, almost every projective line £ € G(1,n) misses
it; since the condition “¢ misses Z(p)s"8” is semialgebraic, it follows that the set
D; C G(1,n) of lines missing Z(p)*"¢ is a full-measure semialgebraic set. Moreover,
by Bertini’s Theorem (see [GH94, Chap. 1.1]), for the generic line ¢ the equation
p|¢ =0 is regular. Again, since the condition “p|, = 0 is regular” is semialgebraic, the
set Do of lines ¢ such that p|y =0 is regular is also full-measure and semialgebraic.
(Notice that p|, = 0 is regular if and only if for every z € Z(p) N¢ we have m,(p|¢) = 1).
In particular, given f € €°(CP"), we have

o fdu(p) = é ) ( > mz(P\z)f(z)) volg(1,n)(df)

z€Z(p)nNl

: ( ) mz(pe)f(Z)) volg(1,n) (d0),

d.JD:nD, 2€Z(p)NL

since Dy N Dy is full measure. This is also equal to

1 ( Z f(,z)) volg(1,)(df) (¢ € Dy)

d /D1, 2€Z(p)ne

! ( Z f(Z)) volg (1,1 (dl) (£ € Dy)

~d
DinDz z€Z(p)reent
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1
= Z J(2) | volg(i,n)(df) (D1 N Dy is full measure)
G(1n z€Z(p)resnt

1

== f(z)volzpyres(dz) (by Lemma 3.7).
d Jz(pyes

This concludes the proof. O
We need also the following lemma.

LEMMA 3.10. Let p = p{"* ---pi"* € Clzo, ..., 2ul(a), with pj € Clzo,...,2n]w@,) irre-
ducible and mj € N. Then

1
HP) = T e JZ_; My - Vol p, yres-

Proof. Using (3.8), for a given f € ¢°(CP"), we have:

m.(ple) f(2) | volg(1,m)(de)
G(Ln) zeZ(p)ﬂf

(1m) (Z > mpma(pjle) f(z )) volg (1) (d¢)

Jj=1zeZ(p;)NL

1
(CP” ~d

k
- g d G(1,n) ( Z mz(pJ’Z)f(z)) VOIG(].,TL)(d£>

z€Z(pj)NL
k
= Z / f(z)volzy,yres (dz) (by Lemma 3.9).
j=1 Z(pj)res

Since almost every lines misses the common intersection Z(p;) N Z(p;) (which have
complex codimension at least 2), this proves the claim. O

PROPOSITION 3.11. The map . : P, 4 — Z(CP™) given by (3.8) is injective. In par-
ticular v is a homeomorphism onto its image.

Proof. Let [p] # [q], so that p# Aq for A € C\ {0}. Let us write p=p{"* ---p"* and
qg=4q;"---q," with the p; and the ¢; irreducible and coprime.

Then the sets {Z(p;)} and {Z(g;)} are the irreducible components of Z(p) and
Z(q) respectively. The irreducible components are uniquely determined, therefore,
if the sets {[p1],...,[pk]} and {[q1],...,[qn]} are different, then the supports of the
measures (p) and p(q) are different (as the two polynomials have different zero sets)
and pu([p]) # ().

If {[p1],...,[pel} = {la1],---,[gn]}, then h =k and, up to relabeling, [p;] = [g;].
Since [p] # [q] there must be j € {1,...,k} such that m; # r; and the fact that
w([p]) # 1(lg]) follows from Lemma 3.10.
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Since p is continuous and injective and P, 4 is compact, it is a homeomorphism
onto its image. [l

REMARK 3.12. The construction for algebraic hypersurfaces is a special case of
a more general framework. Consider the set V,, 4 := {([p], [2]) € Pna X CP™|p(z) =
0}. The projection s : V,, 4 — CP", whose fibers consist of the set of polynomials
vanishing at a given point (a projective hyperplane in the space of polynomials), turns
V into a fiber bundle over CP"; in particular V;, ¢ C P, 4 x CP" is a smooth complex
submanifold. The projection on the first factor m : V;, ¢ = P, ¢ has fibers which are
precisely the algebraic hypersurfaces of degree d. Endow CP"™ and P, 4 (which are
both complex projective spaces) with the Fubini-Study Riemannian structure (see
the Appendix), and V,, 4 with the induced Riemannian structure g. Then we can
view the map p: P, 4\ Ay q— Z(CP") from (3.7) as:

pu(p) = (72)#)‘7r1—1(p)7

were, in general, if X < V is a m—dimensional, compact and smooth submanifold
of a Riemannian manifold (V,g), we denote by Ax € Z (V) the measure defined on
fe€’(V) by

1
Ax(f) = 7V01m(X) /X dele.

More generally, one can consider a smooth map 7:V — P, where (V,g) is a Rie-
mannian manifold, and define ac: P\ A(m) — Z(V) by a(p) := Az-1(). Even under
the assumptions that V' and P are complex of the same dimension and 7:V — P is
holomorphic, it is not possible in general to continuously extend « to the whole P.
For instance, the conclusions of Lemma 3.1 are false if we drop the finiteness as-
sumption on 7 : V — P. To see this, take P = CP? and V = Bl,,,(CP?) (the blow—up
at one point). Both P and V' are compact complex manifolds of the same complex
dimension. We have A(7) = {po} and the map 7 :V — P is finite (one-to-one) only
on V\ w~!(py), since 771 (pg) ~ CP'. In this case, for p # po, we have a(p) = 6,-1(,),
but for p,, — po the limit a(p,) depends on the sequence {p, }nen. This is because in
general there is no notion of “multiplicity” for the fibers. In the case of Theorem 3.8
the manifolds V,, 4 and P, 4 do not have the same dimension (unless n =1) but we
can still continuously extend p = (m2)4 o o using integral geometry.

4 Symplectic geometry and metric speed of Hamiltonian isotopies

To define an optimal transport distance between algebraic hypersurfaces we will need
to study curves inside the image of u. This will be done relying on techniques from
symplectic geometry. For the reader’s convenience, we first discuss some basic facts
on symplectic manifolds and isotopies (Sect. 4.1); the expert reader can safely jump
to Sect. 4.2.
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Recall that a symplectic manifold (M,w) is a smooth manifold M equipped with
a closed, nondegenerate 2—form. The nondegeneracy assumption on w implies that
for every smooth function H : M — R there is a unique vector field Vy € T'(T'M)
such that

dH =w(Vy,:) = ty,w.

A non-autonomous vector field v; on a symplectic manifold (M,w) is said to be
Hamiltonian if there exists a smooth function H : M x I — R (the Hamiltonian)
such that, denoting by h; := H(-,t): M — R, we have v, =V,,, i.e. dhy = LV, W-
Notice that the flow ¢; of a Hamiltonian vector field V};, preserves the symplectic
form: in fact, by Cartan’s magic formula,

d * * *
_Wtw:@tﬁxhtw = ¢t (LVhtdw+d(LVhtw)) 0,

dt

since w is closed and LV, W = dh;.

Recall also that a Kdhler manifold (M,w,J) is a symplectic manifold (M,w)
equipped with an integrable almost—complex structure (i.e. and endomorphims J :
TM — TM with J? = —id7)s and admitting a holomorphic atlas) which is compat-
ible with the symplectic form. This means that the bilinear form ¢g: TM x TM — R
defined by

g(u,v) :=w(u, Jv)

is symmetric and positive definite. In particular g defines a Riemannian metric on
M, which we call the Kdhler Riemannian metric.

4.1 Hamiltonian isotopies.

DEFINITION 4.1 (Smooth family of submanifolds). We say that a family {S}ier
of submanifolds of a manifold M is a smooth family if there exist a smooth map
F:M xI— L, where I =10,1] and L is a smooth manifold, and a submanifold
A < L such that for every t € I the map f; := F(-,t): M — L is transverse! to A
and Sy = f, ' (A).

Recall that f; : M — L transverse to A means that d f; (T, M)+ T A = Ty, (2L at
every point = € f,; ' (A). In this case f; ' (A) is a submanifold of the same codimension
as A.

REMARK 4.2. A classical result in differential topology (Thom’s isotopy lemma)
states that if M is compact and A is closed, given a smooth family {S; < M }es
there exists a (not unique) isotopy (i.e. a smooth family of diffcomorphisms with
wo =1idps) @i : M — M such that S; = ¢;(Sp). We recall now how the construction
of the isotopy ¢; is made, using the notion of flow of a non-autonomous vector field

LIf f: M — L is trasnverse to A, we will write f M A.
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on M. First observe that we can associate to a non-autonomous vector field v; on M,
an autonomous vector field ¥(z,t) := v(x) + 0 on M x I. The isotopy ¢, is obtained
by restricting the time—t flow @; of ¥ to the slice M x {0} (which is sent to the slice
M x {t} ~ M). In order to understand what properties of v, would guarantee that
©¢(S0) = Sy, denote by S := F~1(A) C M x I. The transversality condition f; th A for
every t € I implies that S is a smooth submanifold of M x I. If the vector field v 18
such that the corresponding vector field ¥ on M x I is tangent to S , then S would be
preserved by the flow @, and ¢4(So) = @:(S N (M x {0})) C SN (M x {t}) ~S;. (The
reverse inclusion is obtained by considering the flow of —%.) In other words: in order
to find an isotopy ¢ : M — M such that ¢;(Sy) = S, it is enough to find a non—
autonomous vector field v; on M such that v is tangent to S. A crucial observation
is that the condition “¥ is tangent to S” behaves well under partition of unities: if we
can find, for every z = (z,t) a neighborhood U, of z in M x I and a vector field v,
on U, of the form v,(x,t) =v,.(z) 4+ 0; such that “v, is tangent to Sn U.”, then, if
{pz}zemxr is a partition of unity subordinated to {U,}.crr«1, the field v:=3", p,v,
is of the form v(z,t) =", p.(z,t)v. () + O and “0 is tangent to S,

There is also an Hamiltonian version of Thom’s isotopy lemma (see [Sil06, Aur97,
ST05]) which is well known by the symplectic community. A complete proof can be
found in [ACL23].

Theorem 4.3. Let (M,w) be a smooth, compact symplectic manifold and {Si}icr be
a smooth family of symplectic submanifolds. Then there exists a Hamiltonian flow
ot M — M such that ¢i(So) = S; for every t € 1.

COROLLARY 4.4. Let (M,w) be a smooth, compact symplectic manifold and {S;}er
be a smooth family of symplectic submanifolds of dimension 2k. For every t € I
denote by uy € P (M) the measure defined by setting for every f € €°(M,R):

fu"

/M fdug = Z — . (4.1)

Then there exists a Hamiltonian flow ¢y : M — M such that py = ()40 for every
tel.

Proof. This follows immediately from Theorem 4.3, using the fact that pjw =w. 0O

4.2 The metric speed of the isotopy. We now proceed calculating the metric
speed of the curve (pi)ejo1) from Corollary 4.4 using the results of Sect. 2, under
the additional assumption that M is Kéhler. The connection with Sect. 2 is given
by Corollary 2.7.

PROPOSITION 4.5. Let (M,w,J) be a smooth, compact, Kihler manifold and {S;}iecr
be a smooth family of codimension—two submanifolds such that (Si,wl|s,,J|s,) is
Kdhler for every t € I. Denote by p, € P(M) the measure defined by (4.1) and
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by v; the time—dependent vector field whose flow generates the corresponding Hamil-
tonian isotopy given by Corollary 4.4. For every t € I let also denote by T(vy) and
N (vy) the orthogonal projections (with respect to the Kdhler Riemannian structure)
of v¢ onto T'S; and NSy (the normal bundle of Sy in M), respectively. Then, t >
1s absolutely continuous and

2 = /S 1N (00) 2.

Proof. Using Corollary 2.7 we get that |]? = HP(vt)HZLQ(M) for almost every t € I,
where P(v;) denotes the projection of v; onto

L2 (pt)

(Vi fee=(D- " — Vg ge =T " & L2(NS, ),

where this last decomposition follows from Proposition 2.8.

We will prove that T'(v;) is p,—divergence free, which implies that P(v;) = N(vy),
from which the conclusion follows. To this end, denoting by h; : M — M the time—
dependent Hamiltonian corresponding to the Hamiltonian flow ¢, it will be sufficient
to show that T'(v;) (a vector field on S;) is the Hamiltonian vector field of h;|g, .

Let therefore w € T'S;. We have

dhls, (w) = dhi(w) = w(T(ve) + N(vt), w)
=w(T(v¢) + N(v;),—JJw) (using the fact that J is a complex structure)
=—g(T(v) + N(v),Jw)  (by definition of g)
=—g(T(vy), Jw) (since J|g, is a complex structure on Sy)
=w(T(vy),w)
=wls, (T(ve),w).

This shows that T'(v;) is the Hamiltonian vector field of hi|s, and concludes the
proof. O

REMARK 4.6. In the previous proposition the compactness of M is used only to
know that an Hamiltonian isotopy determining the family of submanifolds can be
found. If we know, a priori, such an Hamiltonian isotopy (and the submanifolds of
the family stay compact) the result remains of course true.

LEMMA 4.7. Let w: L — M be a rank—k vector bundle on a Riemannian manifold
(M,g). Let also F: M x I — L be a smooth map such that for every t € I the map
fi:=F(,t): M — L is a section of L which is transversal to the zero section A — L.
(Using the language of Definition 4.1 this implies that {S; := £ *(A) }ies is a smooth
family of submanifolds of M.) Let vy be a time—dependent vector field on M such
that v, + 0, is tangent to S := F~Y(A). For every (z,t) € S, denoting by N (v,(z)) the
orthogonal projection of vi(x) on the normal space to Sy, we have:

-10F

N(v(@) = = (molfuw 0 dafiln.s,) (1),
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where, for every a € A, the linear map ma|q : T,L ~T,A® L, — L, is the natural
projection and L, :=7"1(a).

Proof. Assume v; + 9, is tangent to S at (z,¢). Then D F(ve(z) 4+ ) € Ty, ()A C
T}, (x)L and, in particular,

7ol () (Diay F (ve(2) + 0r)) = 0.

Since for every t € I the map f; : M — L is a section, we have %—f(m, t) € L(z,), which

implies |, () (%—f(x,t)) = %—f(m,t). Substituting this in the above equation gives:

_8_F($’t) =721, (2) (D(a F (ve()))

ot
=T\ f,(2) (da fr(ve(2)))
= To|f, () (do fr (N (ve(x)) + do fi T (ve()))

= 7T2’ft(:r) (dxft(N(Ut(CC))) (since dxft(TxSt) C Tft(x)A)‘
(4.2)

The transversality assumption f; h A implies that ma|, () 0 d ft|n, s, is invertible and
(4.2) gives the statement. O

It will be useful for us to have a formulation of the previous result using vector
bundles trivializations.

LEMMA 4.8. Under the same assumptions and notations of Lemma 4.7, let z € M,
U be a neighborhood of z and 1 : Lly — U x R¥ be a vector bundle trivialization.
Denote by F:U x I —R* the map defined by

V(F(z,t)) = (x,F(z,t)) Y(z,t)eUxI. (4.3)

For every t € I let also f,:= F(-,t): U — R, Then, for every (z,t)€ SN (U x I) we
have:

N(ve(x)) = (da:ft‘NmSt)il g(x,t).

Proof. The proof follows easily by rewriting the previous proof in coordinates. [

5 The optimal transport problem between algebraic hypersurfaces

We now introduce the optimal transport problem between two algebraic hypersur-
faces adopting the dynamical formulation. This will produce a new metric on the
space of homogeneous polynomials.
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DEFINITION 5.1 (Admissible curves and their Energy). Let I =1[0,1] and p: P, 4 —
Z(CP™) be the map from Theorem 3.8. We define the set of admissible curves to be

Q:={y: 1= P,q|poyeAC* (I, P5(CP"))}.

If v € Q is an admissible curve, we write ¢+ p; := pu(y(t)) and define the Energy of
v by

£)= [ liuPa.
It is worth stressing again that the metric speed |f|, defined in Sect. 2, is calcu-

lated with respect to the W-distance as denoted by &2;(CP™).

DEFINITION 5.2 (The inner Wasserstein distance on P, ). We define the inner
Wasserstein distance I/V2in on P, 4 by

Wi (po, p1) := inf{E(7) 2|y € Q,7(0) = po,¥(1) = p1 }.

We will prove below (Corollary 5.14) that the function Wi" is finite, i.e. that any
two points in P, 4 can be joined by an admissible curve, and that it is a distance.
In order to do this we will first need to investigate the behaviour of the Energy on
curves in P, 4\ A, 4, as done in the next section.

Similarly to Definition 5.2, for any other ¢ > 1, over P, 4 one can consider also
the inner W, distance defined by

Win (g, pr)? = inf /I gl dt,

where the infimum runs over the set of curves v € AC(1; Z,(CP")) such that v(0) =
po and (1) = p;. Recall that if no exponent is specified, the metric speed has to be
considered in 2, (CP").

5.1 The Wasserstein—Hermitian structure on the set of regular hypersurfaces.

Theorem 5.3. Let ¢: I — Clzo, ..., 2n(a) \ Dn,a be a €' curve. For everyt €I denote
by pe = p([cr]) € P(CP™) the probability measure defined by (3.7) and by

Z(cy) :={z € 821 ¢,(2) =0}

the zero set of ¢; on the sphere (this is a smooth manifold by assumption). Then

, 1 | ()7
2= 1=, (db 5.1
|t d - vol(§2n-1) /E(Ct) HVCCt(b)HQVO Z(ct)( )s (5.1)

where VEp(b) 1= (g—g)(b), e 8877;(())) denotes the “complex gradient” of p.
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REMARK 5.4. Given p € Clzo, ..., 2n](@) \ Dna and q1,¢2 € Clzo, ..., 2y)(a), the func-
tion 7 : $21 5 Z(p) — C defined by

_ q1(2)g(2)
16 = e 62

is U(1)-invariant, i.e. I(z) = I(e"z), and therefore it descends to a well defined
function, that we still denote by the same symbol I : CP" D Z(p) — C. By the smooth
coarea formula, since Z(p) — Z(p) is a Riemannian submersion,

/A I(2) volp)(dz) = 2 / I(2) vol ) (d[2]). (5.3)
Z(p) Z(p)

In the sequel we will often simply write these integrals in the form of the right hand
side of (5.3), i.e. with the convention that the representatives for the evaluation of
the integrand should be taken in the unit sphere. Alternatively, one can notice that
the function (5.2) is itself the restriction to Z(p) of a function {z € C"**\ {0} | p(z) =
0} — C that is homogenous of degree —2. Hence, dividing by ||z||?, we get a function
homogeneous of degree 0, that descends to the same function on Z(p) C CP", and
the integral in (5.3) can also be written as

01(2)q2(2)
o /Z () ol (dlz]) = om /Z o TOS L Y7 D
Proof of Theorem 5.3. For this proof we make extensive use of the notation from the
Appendix.

Step 1. Let us observe first that {Z; := Z(ct) }+er is a smooth family of subman-
ifolds in CP", in the sense of Definition 4.1. To this end, denote by oy := o, €
['(Ly 4, CP™) the section defined by the polynomial ¢; (see Sect. A.3). We define the
map F':CP" x I — L, q by

F([2], 1) := au([2])-

The condition ¢; ¢ D,, 4 implies that for every ¢t € I we have oy M A and Z; =0, L(A)is
a smooth submanifold. Moreover, for every ¢ € I the manifold Z; is a smooth complex
hypersurface, hence Kéhler. We are therefore in the setting of Proposition 4.5, which
gives:

. 1 n—
e = [ IN@IPape = s [Nl (54)

where v, is the time-dependent vector field whose flow generates the Hamiltonian
isotopy given by Corollary 4.4 and N (v;) is its orthogonal projection on N Z;.

Step 2. Without loss of generality, we prove (5.1) for ¢t = 0. We denote by pg := ¢y
and p; := ¢ so that ¢, = pg +tp1 + o(t). Since the map associating to a polynomial p
the corresponding section o, of L, 4 is linear (see Sect. A.3) we have o, = 0o+ toy +
o(t), where o := 0, and oy :=0,,.
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Let [b] € Zp with b€ S?*1. In order to compute N (vy([b])) we use Lemma 4.8.
Denote by 9 : L]y, — Uy x C the trivialization given by (A.5). Then, by (A.7),

i (1 20D+ ton(E) o)) _ () pole) +ta(2) +olt)
Pzt = (12 o([2)) )= (& UL )

where oy, is the section defined in (A.6). By Lemma 4.8, we have

Nwo(1) =~ (DuFolvze) " o (1],0),

where, according to the definition (4.3),

7oy Po(2) +1p1(2) +o(t)
ft([z])_ <Z,b>d :

In order to perform the computation of the norm of N(uvg([b])), we use the
parametrization ¢y, : C" — U, introduced in (A.1). In fact, by (A.2), we have

IN (vo (b))l (73, cP7, s ) = 1 D0 N (o ((B])ll(cn, e - (5:5)

Set now G (v) := f;(¢p(v)) so that

n(#(2)) e n ) e
é(vvt) = ﬁ‘(qsb(v)?t) =gi(v) = d ) (5.6)
()

where R is a unitary matrix such that Req=»b. Denote also by

— ~ J—std
V= Doyt (NpySo)) = (Tog~*(0)) ™
With these notations, by (5.5), we have

_ 1 0G
[N (vo([D) [l (2,7, s 1)) = H(D090|V) ! E(O’O)

((Cn7 hstd)

To start with

since Reg =b and b € 527+,
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Notice now that, the complex—linear operator Dygg : C* — C acts as:

o)
w=(wi,..., W) HZ@(O)U}T

Therefore, defining

V()= (520, 52 00)).

,...,avn

vy

using the standard Hermitian structure we can write

Dogo : w— (w, VCgu(0))cn.

GAFA

Consequently, since Tyg, *(0) = ker(Dygo) = V(qu'o(O)L, we see that V = (Toﬁ_l(O))l

can be identified with

V = spanc{V©o(0)}.

In particular, Dygo|y can be described as the linear map

Dodolv : A+ VEG(0) = (X - VCG,(0), VCG5(0))cn = A VEG0(0) 2.

This implies that

_,0G

(Dogolv) E(Ov 0) = WVC%(O),
and, consequently:
N u(BD)IE =

Given w € C", using (5.6), for every w € C" we have

Dogow = (w, VEg,(0))cn
= Dopo R (3,)

=(R(,),VEpo(b))crer = (%)

r) S

(5.8)

Observe now that, since Rep =b and R is a unitary matrix, R(°) € b* for every

w € C" and, consequently,

(x)=(R (3)) ,projy. VEpo(b))cnt1 = <(3) , R*proj, . VEpo (b)) cn+1.

Comparing with (5.8), and using the fact that R* is a unitary matrix, we have:

IV<50(0)|1* = lIproj,+ VEpo (b))
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Observe now that, for a homogeneous polynomial p, Euler’s identity 3°; 2;0;p(2) =
deg(p)p(z) can be written as

deg(p)p(z) = (2, VEp(2)).

In particular, if z =10 is a zero of p, we have (b, VCp(b)) = 0. Consequently

VEp(b) = (VEp(b), b) - b+ proj,. VEp(b)
= (b, VEp(b)) - b+ projy. VEp(b)

= proj,. VEp(b).

Since ||[VEp(b)|| = |[VEp(b)||, together with (5.7), the expression (5.4) gives:

|é+(b)[?
vol(Zy) /z [VEe:(b)]12

‘/‘J’tlz = VOth (d[b])7

where in the integrand, which is a function of [b], we have chosen representatives
be S (see Remark 5.4). Using the fact that the quotient map S***! — CP" is a
Riemannian submersion with fibers which are isometric to circles and the fact that
vol(Z;) = d - vol(CP™!) (Lemma 3.7), one can immediately rewrite the last integral
as in (5.1). This concludes the proof. O

Let now p € Clzo, ..., 2n)(a) \ Dn,a- Motivated by (5.1), we define a Hermitian form
/ﬁp on T,Clzo, ..., 2n)(a) = Clz0, ..., 2n)(a) by setting:

> - (b))
hp(Qlan) T /é\(p) ||V(Cp(b)||2v lz(p)(db) (59)

This Hermitian form is not positive definite, since ﬁp(p, p) =0. In fact we have the
following.

o~

LEMMA 5.5. For every p € Clzo, ..., 2zn](q) \ Dn.a we have ker(h,) = spanc{p}.

~

Proof. Let q € ker(hy). Then for all u € Clz,...,2,]q we have iALp(q,u) =0. In
particular this holds true for uw = ¢. Observe that, since p ¢ D, 4, the function
b |[VCp(b)||? is never zero on Z(p), otherwise p would have a singular projective
zero. In order for the integral in (5.9) to vanish, we must therefore have |q|?| Z) = 0.
This means that Z(p) C Z(q). Writing ¢ = ¢1 - - - g as a product of irreducible factors,
we must have Z(p) = Z(q;) for some ¢; and, since p is irreducible (because Z(p) is
smooth), g; = ¢;p for some c¢; € C nonzero. But then, since deg(q) = deg(p) all the
other irreducible factors of ¢ must have zero degree, which implies that ¢ is a multiple
of p. O

We define now a Hermitian structure on P, 4\ A, 4, as follows. Denote by

7 : Clzo,. .. ,zn](d) \{0} = P4



82 P. ANTONINI ET AL. GAFA

the quotient map. Given [p] € P, 4\ Apn g and vy, vz € Tjy(Pra), let p € Clzo, .. ., 2n)(a)
be a representative and qi,q2 € T(Clzo, ..., 2n)(4)) such that D,mq; = v;. We define

(h) (01, v2) = T (a1, G2)- (5.10)
This definition does not depend on the choice of the representatives p and g1, ¢o.
In fact, let Ap € Clzo, ..., 2n](q) be another representative for [p], where A € C\ {0}.
Then Ag; and Agz are two vectors in Th,(C[zo, . . ., 2n)(a)) such that Dy,mAg; =v; and

~ A1 AG2
P (AL, A / I
WA AR) = f e 2o

_ W 9192 vola
2 IV Z0)

:hp(QhQQ)-

Lemma 5.5 implies now that the Hermitian form h is positive definite.

DEFINITION 5.6 (The Wasserstein—Hermitian structure on the set of nonsingular hy-
persurfaces). We call the form h defined in (5.10) the Wasserstein-Hermitian struc-
ture on Py, g\ A 4.

We notice that the integrand in (5.9) is a well defined function on Z(p), therefore,
using the fact that the Riemannian submersion $2"*! — CP" restricts to a Rieman-
nian submersion Z(p) — Z(p) (always with fibers that are circles), we can rewrite it
as:

; 0 (550)
o) = [ ez @

= S HV(‘C)Q( ol @)

_d-vol(§* 1) 41(b)q2(b)
- d-vol(CP ) /z<p> [ocp(e)z oz () (5.11)

The last expression reconciles with the notation adopted in Sect. 1, but the expression
in (5.9) is more practical to work with.

PROPOSITION 5.7. The Hermitian form h on P, 4\ A, 4 is smooth.
Proof. Put Q= Clzg, ..., 2n)(@) \ Dna- Then it is clear that it is sufficient to show
that the form

ﬁ:Q X(C[ZO,---Zn]%d) —>(Ca (pvql,QZ)'_)Tlp(QIaQQ)’

is smooth with respect to all its variables. Consider the solution manifold on the
sphere:

~

V= {(p,x) €eQx Stz e Z(p)}
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It is a smooth manifold equipped with the projection  : V — Q on the first factor.
Now m is proper (smooth with compact fibers) and by the Ehresmann Fibration
Theorem is a locally trivial fibration. In other words, around any point pg € ) we
can find a small open set U and a diffeomorphism ® : 7, 1(U) — U x Z(po) mapping
the fibers of m; to the fibers of the projection on U. In particular the integration

domains vary smoothly together with the volume forms p — VOlg(p). Indeed, in U,

the maps ¥, :=®!(p,"): Z(po) —> Z(p) give a smooth family of diffeomorphisms.
(»)

we get a smooth family of volume forms on A (po) such that

> Oy
h (CJ1,C]2) :/A 15 = 0p.
g Z(po) HVCPHQO\IJP ?

Defining o, := W7 vol

This implies the required smoothness. O

COROLLARY 5.8. Let v:1— Prg\ Ang be a €' curve. Then «y is admissible in the
sense of Definition 5.1 and, denoting by t — p := u(y(t)), we have

£0) = o, WO

Proof. Let c: 1 — Clz, ..., 2] be a smooth curve lifting v (i.e. such that [c(t)] =
v(t)). Then, by Theorem 5.3, we have

£ = [ it
1 P
= i | B e, eonar

1 .vO 2n—1
:d'V01(152”1) 0 j voll((CSPn1))(h)“f(t)(;7(t)"'}’(t))dt (by (5.11))

— e, B G030,

where the last identity follows from the definition of the Wasserstein—Hermitian
structure and the fact that D.gmé(t) = 5(t) for every t € I. O

REMARK 5.9. In the case d =1 the discriminant A, ; is empty and the Wasserstein
metric coincides with the Fubini-Study metric (up to multiples). To see this, we iden-
tify CP" ~ (CP™)* and observe that the Fubini-Study metric is U(n + 1)-invariant;
moreover, since the action of U(n) = Staby, on T}, CP" ~ U(n) is the standard
action, this action is irreducible. In particular, by Schur’s Lemma, the Fubini-Study
metric is the unique U(n+1)-invariant Riemannian metric on CP™ (up to multiples).
Since our Wasserstein-Hermitian structure is U(n + 1)-invariant, it must therefore
be a multiple of the Fubini—Study one.
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5.2 The Wasserstein—Kahler structure. In this section we prove that the imag-
inary part of the Wasserstein—-Hermitian structure h from Definition 5.6 is a closed
2—form, and therefore (P, 4\ Ay 4,h) is a Kdhler manifold.

Before proceeding, let us recall the notion of fiber integral of a differential form.
Let m: W — U be a proper submersion with f-dimensional fibers and o € Q*(W)
be a differential form. The fiber integral of a, denoted by m.a € Q2 /(U), is the
differential form defined as follows. Given v € U and vy,...,v,—y € T,,U, we first
choose vector fields @,...,75,—¢ on W along 7 '(u) such that D¥; = v; for every
j=1,...,a— f. (These vector fields exist, since 7 is a submersion; the construction
will not depend on this choice.) Then we consider the interior product ¢, - - - t5,_,
which is a top form on 77!(u), and we set

(ﬂ*a)u(vla"'ava—f) ::/ Lyy = by, (O
71 (u)
This defines a smooth differential form on U.
Let now V = {(p, z) | p(z) =0} C P, 4 x CP" be the solution variety, together with
the restrictions

m:V—=P,q and mp:V —CP"

of the projections on the two factors. Set W :=V'\ wfl(An,d) and U =P, 4\ Apa.
We will apply the previous construction to miwis/n! € QW (W) C Q> (W) (note that
this is the pull-back of the volume form of CP").

Theorem 5.10 (The Wasserstein-Kéhler structure). Let h be the Wasserstein—
Hermitian structure and let o :=1Im(h) € Q*(P,q4\ Ana). Then

wn
o= (m).ms (%ﬁ) c QM (Pua\ Ang). (5.12)

In particular (P, g\ An.d,h) is a Kdhler manifold.

Proof. Let pe P, 4\ Ay q and q1,q2 € T, P, 4. In order to compute 0,(q1,¢2), we need
to lift q1, g2 to vector fields on V along 7, '(p) ~ Z(p). Working in homogenous
coordinates, since TV = {(p, 2) | p(z) + D.pz = 0}, it is immediate to see that the
vector fields defined by

VEp(z)

@(p.2) = (4 —ai(2)6(2)), where €(2) = e o

are two such lifts.
Now, recall the following basic fact from differential geometry. Given a 2—form (
and two vector fields X, Y, we have

ixty Bh =nB(X,Y)B" +n(n—1)ixB Ay A B2 (5.13)
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In the case § = m5wrg, we have
Lfiiﬁ = wFS(_Qi(Z)g(Z)v )

Since £(z) L T.Z(p), it follows that wrs(—qi(2)&(2),7) = Im(hps(—qi(2)&(2), 7)) =0
for every 7 € T, Z(p), i.e

Lqiﬁ‘ﬂ.fl(p) =0. (5.14)

In particular, using (5.13) and (5.14),

1
UP(Q17Q2) :/71 qulL!h/Bn
. !

2 (p)
n

= [ wrs(-a1(2)€(2), —q2(2)§(2))wps "

nl Jzp)

_/ Im(q1(2)g2(2)) wig’
z)  IVEp(D))? (n—1)!
)

[ ma@e@)
=L TV ()
)

= Im(h,(q1,92)),

which proves (5.12). The fact that o is closed follows now from the fact that inte-
gration along the fibers commutes with exterior derivative. O

5.3 Properties of Win. We are now in the position of proving that for any
two points pg,p1 € P4, the function Wi (pg,p1) is finite and it defines a distance.
We prove first some auxiliary results, using tools from semialgebraic geometry (see
Definition 3.5).

LEMMA 5.11. Let f:[0,7] — R be a continuous semialgebraic curve. Then there
exists m € N and 0 < ro <r such that the curve f(s):= f(s™) is €' on [0,7].

Proof. Denote by (fi,..., fr) the components of f. Since each of them is continuous
and semialgebraic, for every i there exists ¢; € N, r; <7 and a ¢! function g; : [0,7;] —
R such that:

Fi(t) = £,(0) + tar gi(t) forall 0<t<r.
Letting m = max; ¢; and ro = min; r; we see that
£i(5™) = £:(0) + ta gi(s™) forall 0< < r.

Since % >1 and g; is €, this implies that f is €' on [0, o] O
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LEMMA 5.12. Let v :[0,1] = P,q be a continuous semialgebraic curve such that
7(0) € Ap g and Y(t) € P\ Apa for all t € (0,1]. Then there exist 0 <r <1 and a
continuous semialgebraic curve b: [0,7] — CP™ such that bl is € and

[(0)
b(t) S argmaxbez(%)w. (515)
Moreover, for every 0 <t <r we have:
[ (b(8) L2

= < |b(1)|". (5.16)

IVEA(b(2)]?
Proof. Notice first that the function

[5¢(0) 2

t— max —————
6e2(n) [IVEY(0)I?
is well defined on (0,1), since v(0,1] ¢ A,, 4, and semialgebraic (its graph is semial-
gebraic). In particular the following set S C (0,1) x CP™ is semialgebraic:

(B)2 [ (O)P
S = t,b‘beZ d e e = IVEy(0)2 [
{( NPe2tn and e G = o255 Ve

Let now 7: S — (0,1) be the restriction of the projection on the first factor. By the
Semialgebraic Triviality Theorem [BCR98, Theorem 9.3.2] there exist 0 < <1, a
semialgebraic set F' C CP™ and a semialgebraic homeomorphism 1 : 77((0,4)) —
(0,9) x F such that, denoting by p; : (0,0) x F' — (0,0) the projection on the first
factor, we have ™ =p; 0.

Pick fo € F and define the curve b:[0,0) — CP" by:

i [V e
limy o0~ (t, fo) t=0.

The limit lim; o1~ (¢, fo) exists since ¢ is semialgebraic with codomain CP™ (which
is compact). Such curve b: [0, ] — CP™ is continuous and is semialgebraic, therefore
there exists 0 <r <4 such that b|, is €*. Since (¢,b(t)) € S, then b(t) verifies
(5.15) for all 0 <t <r, this proves the first part of the statement.

For the second part of the statement, we use the fact that b(t) € Z(7;) for all 0 <
t <r, hence v (b(t)) = 0. Differentiating this last equation (viewed in S*"*1 c C"*!)
with respect to t gives 4, (b(t)) + (b(t), (VE,)(b(t))) = 0 which implies

[ (b)) < 16 - IV (b))
The last inequality implies (5.16), and this concludes the proof. U

Theorem 5.13. Let v :[0,1] — P, 4 be a continuous semialgebraic curve such that
7(0) € Ap g and y(t) ¢ Ay q for all t € (0,1]. Then there exists m € N such that the
curve a: [0,1] = P, 4, defined by o(s) :=~(s™), has finite energy, i.e. £(a) < 0.
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Proof. Let b:[0,7] — CP"™ be the curve given by Lemma 5.12. By [BCR98, Propo-
sition 2.4.6], there exists a smooth, real algebraic embedding ¢ : CP" — R’ for
some ¢ € N sufficiently large. Denote by f(t) := ¢(b(t)). By Lemma 5.11 there ex-
ists 0 < rg <r <1 and m €N such that the curve f(s):= f(s™) is € on [0,ro]. In
particular, since ¢ is a semialgebraic diffeomorphism, the curve

B(s) :=b(s™) =" (f(s))
is semialgebraic and of class €™ on [0, 7).
Consider now the curve a(s) :=(s™). By Corollary 5.8 we have

&) _/o vol(Z(a(s))) /Z(a(s)) VCa,(b)2 12 (a(s) (d[b])d

B (/ +/0) (Vol (s)) /Z(a(s)) %Vdm(s))(d[ﬂ)) ds.

Since for s > ry the set Z(a(s)) = Z(y(s™)) is defined by a regular equation, the
integrand is bounded on [rg,1]. Therefore it remains to estimate the integral in
[0,70]. Using (5.16), we have:

m—1z

a0l
H2 VOIZ(Q(S)) (d[b])ds

|ms

70 ]_
/0 vol(Z(a(s))) /Z(a(s» [VEym (b)
1

S/o vol(Z(a(s))) /Z(a(s)) [ms™ " b(s™) Vol g(a(s)) (A[b])ds

ro 1 .
=), ST S PPl
—/ s)[?ds < oo (since B is €' on [0,7)).

This concludes the proof. O

COROLLARY 5.14. For any two po,p1 € P,q there exists a curve v:1 — P, q such
that v(0) = po, ¥(1) =p1 and E(v) < oco.

Proof. If po,p1 ¢ Ay 4, then any smooth curve v : I — P, 4\ A, 4 connecting py with
p1 (which exists because the real codimension of A, 4 is two) has finite energy by
Corollary 5.8.

Given py € A, q and p; € P, g\ A, q there exists a curve v joining them with
finite energy, by Theorem 5.13. The result for general pg, p1 (possibly both on A, 4)
follows by concatenating two such curves. O

We now prove that W3 is a metric on P, 4.

Theorem 5.15. The function W3* defines a distance on P, 4 and the metric space
(Py.a, W) is complete and geodesic, i.e. for any couple pi1, p2, there exists an ad-
missible curve vy from py to pa such that Wit(y(s),v(t)) = |t — s|Wit(p1, pa).
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Proof. By construction Wi*(po,p1) = Wi (p1,po). Moreover, given pg,p1,p2 € P,
by Corollary 5.14 for every € > 0 there exist admissible curves 7,72 : I — P, 4 such

that: v1(0) = po, 71 (1) =p1, 12(0) =p1, ¥2(1) = p2 and
En) <Wi(po,p)? +e and  E(y2) < W3 (p1,p2)* + e

We use now [AGS05, Lemma 1.1.4] to get reparametrizations n; : [0, L1] — P, 4 and
12 : [0, Ly] = P, 4 of these curves, with L} < Wi (pg,p1)*+e€ and L < Wi (p1,p2)* +e,
such that, denoting by (; := pon;, we have

Gl=1, i=1,2.
Define now 7 : [0, L1 + La] — P, 4 by concatenating 7, and 7, and « : [0,1] — P, 4 by:
a(t) =n((L1 + La)t).

Then, denoting by §:= u o «, we have

1 .
Wi (po,p2)? < E(a) = / B2 = (L1 + Lo)?,

which, letting € go to zero, implies the triangle inequality. Finally, since if v is ad-
missible, oy € AC?(I, P5(CP")), it follows that Wik (pg,p1) = 0 implies py = ps.
Together with Corollary 5.14, this proves that Wi" defines a distance on P, 4.

In order to prove that (P, 4, Wi") is geodesic, we observe that the map p: P, 4 —
P5(CP™) is injective and continuous by Theorem 3.8, where P, 4 is taken with the
manifold topology. In particular £ := u(P, 4) is a compact subset of #,(CP"), and
E is homeomorphic to P, 4 itself, through ;. Admissible curves on P, 4 are precisely
curves v : I — P, 4 such that there exists an admissible curve §: I — Z5(CP"),
entirely contained in F and such that v = u~'o . The fact that (P, 4, Wi") is geodesic
follows now from Corollary 5.14, [AT04, 4.3.2] and [GP20, Proposition 1.2.10].

The completeness is a direct consequence of Wi' being lower semicontinuous
with respect to the Fubini-Study metric. The proof of the lower semicontinuity
of Wi is in the subsequent Lemma 5.16. Consider therefore a Cauchy sequence
{pr}ren C (Py.q, Wi"). By compactness of P, 4 in the Fubini-Study metric, it follows
that py has a converging subsequence (still denoted by py) in the Fubini-Study metric
to a certain py, € P, 4. Hence for each j € N the lower semicontinuity of Wi" implies
that

lim inf W3 (pr, p;) = Ws" (Poos 5)-

Letting also j — oo it follows that Wi*(peo,pj) — 0. Since for Cauchy sequences the
convergence of a subsequence is enough to deduce convergence of the whole sequence,
the completeness is proved. ]

LEMMA 5.16. For every fived p € P, 4, the function Wit(p,-) : P4 — [0,00) is lower
semicontinuous with respect to the Fubini—Study metric.
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Proof. Fix p € P, 4 and consider a sequence {pg}tren C Pna With py — peo € Pra
in the Fubini-Study metric. By Theorem 5.15 there exists a sequence of admissi-
ble curves 7 such that p(yx) € AC%([0,1]; 22(CP™)) and & (i) = Wit (pk, p). From
Corollary 5.14 we know that Wi (ps,p) < 0o; hence if liminfy_,o Wit (pg,p) = 00
the claim is trivially verified. We assume therefore that liminf; . Wzin(pk,p) < 00
and, up to relabeling, that the liminf is indeed a limit. In particular, we deduce that
E(vyk) < C, for some positive constant C' > 0. Therefore applying Holder inequality
for any s <t € (0,1) and k € N we obtain:

Wa () e (7k)s) < /: \u(v)|(T)dr < CVE—s.

The previous inequality implies that the family of maps [0, 1] 3 ¢ — u(vk): € ZP2(CP™)
is equicontinuous. Since P5(CP") is compact we can invoke Ascoli-Arzela The-
orem to deduce the existence of a subsequence i(y;) and of a limit curve n €
£°((0,1]; 25(CP™)) such that p(vyg,) — 7 in the €° distance. We can invoke then
the lower semicontinuity of the energy (see [GP20, Proposition 1.2.7]) to deduce

€(n) < liminf &(u(,)).

Finally, since pu(P, q) is a closed subset of &,(CP™), we deduce the existence of a
curve v such that 7 = p(vs). Then the above inequality can be rewritten as

E(Yoo) < liminf E(i,) = lim W3"(pk,, p) = lim inf W3" (px, p),
k—o00 Jj—oo k—o00

implying in particular that v, is an admissible curve. Moreover is trivially verified
(recall that g is an homeomorphism) that 7. is joining the fixed p € P, 4 with
Doo € P, q. By taking the infimum on the first term, the claim follows. O

5.4 Comparing the inner Wasserstein distance with the Fubini-Study one. As
one can easily verify, the continuity of

id : (Pmd,dps) — (Pn,da Qm)

is equivalent to the compactness of (P, 4, Wi"); notice that P, 4 is compact for the
ambient Ws—topology, by Proposition 3.11. Compactness for the inner distance topol-
ogy of a compact space in the ambient topology is in general not true, see [BBIO1,
Fig. 2.2]. However, building on the results from the previous section, here we will
prove that the above map is continuous (in fact Lipschitz) “away” from the discrimi-
nant, where the structure is Riemannian. More precisely, we will prove the following
result. For every e > 0 denote by

Ppa(€) :={p € Pra|drs(p,Ana) > €}
Theorem 5.17. For every € > 0 the identity map
id 1 (Po,a(e),drs) — (Prale), W3")

is Lipschitz. In particular P, 4(€) is compact in the Wit ~topology.
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REMARK 5.18. The above statement is phrased using the Fubini—Study distance on
P4~ CPY. Recall that the Bombieri-Weyl structure (see Sect. A.4) is a special case
of the Fubini-Study one, i.e. the case when we identify c("+") with Clz0, - - - 2n)(a)
through the map that sends the standard basis to the basis (A.8); therefore the

reader can also think of this as a statement involving the Bombieri-Weyl distance.
In order to prove Theorem 5.17 we need some preliminary lemmas.

LEMMA 5.19. There exist two constants ci,ca > 0 such that every p ¢ A, q has a
neighborhood U, with clos(Up) C Ppq \ A4, which is geodesically convex in the
Fubini-Study metric, and such that for every qi,q2 € Uy

Wi (q1,q2) < (CldFS(pv An,d)cz) drs(q1, ¢2).

Proof. Let U, be a geodesically convex neighorhood of p in the Fubini-Study metric
such that clos(U,) N A,, 4 =0 and such that for every ¢ € U, we have

1
dFS(qv An,al) > idFS(pa An,d)- (517)
Consider also the semialgebraic functions o, 8 : P, 4 — R defined by

Ve
a(p) :=drs(p,Ang) and [B(p):= min ————.

(#):= drs(p: B )= 0 Tl
(Notice that 3 is well defined, since scaling p by a nonzero multiple does not change its
value.) Notice that both a and § vanish precisely on A,, 4, therefore, since P, 4 is com-
pact, Lojasiewicz’s inequality tells that there exist c3,cq > 0 such that a® <48, i.e.

c 2
drs(p; Ap,a)® < cs min M

5.18
s (5.18)

Let now q1, g2 € U, and consider the Fubini-Study geodesic v: I — P, 4 joining them,
parametrized with ||§(t)||rs = drs(q1,¢2). Since U, is geodesically convex, we have
v € U, for every t € I. Let us now compute the length of the curve v in Wi, using
Corollary 5.8:

1 1
Lup() = [ (0 (it
! 1 () :
= d-vol(CP»—1) o g Vol db) | dt
d-vol(CP"—l)/O </Z(%) 1V, ()12 Z(y) (db)

1 ! sl (D) 2
S ————=5."1\ vol dv) | dt
—d- VOI(CPn_l) /(; </Z(’Yt) ||f)/t||12:‘S . dFS(fyt’ An,d)cs Z(’Yt)( )

< (C5dFs(p, An,d)fcsﬂ) /1 (/Z |%(b)FVOIZ(%)(db)) ’ dt = (),

0 (o) 1ellds

[

where we have used (5.17) and (5.18).
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Observe now that, since [|b]|? = 1, we have |§;(b)|*> < cs]|%||3g and therefore:

(0= (et ) [*( [ btz ) "

0 (o) IrellEs

_ Y elles :
_ d A, c3/2 W elirs / 1 db dt
(07 FS(P, ,d) ) ) ||%||FS Z(%)VO Z(%)( )

1 .
< (crdrs(p, Ana) ™) / [Fielles dt
o lvelles

= (e1drs(p; Ana) ) Lrs(v) = (e1drs(p, Ana) ™) - drs(q1, g2)-
Since Wit(q1,q2) < L, (7), this concludes the proof. O

LEMMA 5.20. For every € >0 there exists c(e) >0 such that
W3 P a(@xP.ate) < €(€)-

Proof. For every point ¢q € P, 4(€) let U, be the Fubini-Study convex neighborhood
centered at ¢ given by Lemma 5.19. Possibly shrinking this neighborhood, we can
assume that it is contained in P, 4(€¢/2). Since P, 4(€) is compact in dpg, it can be
covered by finitely many such neighborhoods Uy, ,...,U,,..

Given pg,p1 € P, q(€), let v: I — P, 4 be a piecewise smooth curve joining py and
p1, entirely contained in JU,,; and such that for every j=1,...,7 the set 'y_l(qu)
is an interval. Then the length of ~ is bounded by

Lys(v) < rmaxdiamps(Uy; ) < c1(e€).
J

Arguing now as in the proof of Lemma 5.19, we see that
W3 (po, p1) < Lyyip (7) < max {c1drs(gs, Ana) "2} Lrs(y) < c(e). 0

Proof of Theorem 5.17. Assume by contradiction that id ¢s not Lipschitz. Then, for
every n € N there exist a,, by, € P, 4(€) such that

Wé“(am,bm)
< 7 2 >m. 5.19
dFS(amvbm) o ( )

Since Wit is bounded on P, 4(¢) X P, 4(¢) (by Lemma 5.20), it follows that we must
have dpg(am,bm) — 0. In particular, since P, 4(€) is compact for the Fubini-Study
topology, up to subsequences, we must have a,, ,bm, — a as k — oo in the Fubini-
Study topology, with a € P, 4(e).

Let now U, be the neighborhood of a given by Lemma 5.19. The sequences {ay,, }
and {by,, } lie definitely in U,, therefore by Lemma 5.19:

Wi (ay s by ) < <c1dFs<p,Amd)-CQ)dFs(amk,bmk» (5.20)

However, as k — 0o, (5.20) contradicts (5.19).
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The second part of the statement follows from the fact that, being Lipschitz,
id : (Pya(€),drs) = (Pya(e), Wim) is in particular continuous (and (P, 4(¢),drs) is
compact). O

6 Absolute continuity of curves of roots

In this section we deduce a first application of the new definition of Wasserstein
distance introduced in Sect. 5, generalizing a result by A. Parusinski and A. Rainer
[PR18] on the regularity of roots of univariate polynomials, to the case of hypersur-
faces. As we will see, for the generalization the existence of rational curves on the
zero set of our curve of polynomials will play a role.

Let us start by recalling [PR18, Theorem 1].

Theorem 6.1 (Parusinski-Rainer). Let (a, 5) CR be a bounded open interval and P,
a monic polynomial

d
PA0)2) = Pay(2) = 21+ Yy (1)1,

with coefficients a; € € ([, B]), with j=1,...,d. Let A€ €((«, B)) be a contin-
uous root of P, on (a, ). Then X\ is absolutely continuous on («,3) and belongs to
the Sobolev space WYP((a, 8)) for every 1 <p < d/(d—1). The derivative ' satisfies

»
X120 (ay < C(d,p)mas{L, (8 = )7} max lla; 121 10

[PR18, Theorem 1] is optimal: in general the derivatives of the roots of a smooth
curve of monic polynomials of degree d are not locally d/(d — 1)-integrable (take for
instance z?+t), and the roots may have locally unbounded variation if the coefficients
are only of class €1 for a < 1.

We now reformulate [PR18, Theorem 1] in our formalism. The natural generali-
sation to higher degree will be then discussed.

Given a monic polynomial Py as in [PR18, Theorem 1] (for simplicity defined
over [0, 1]), we consider the associated homogeneous polynomial

d
pi(z0.21) = 2 + Y a;(t)2 72} € Clao, 1) a)-
j=1

The corresponding measure p; := p1(p;) will then be a probability measure over CP!:
1

bt =~ Z mz(Pa(t))(S[l,z]-
ZEZ(Pa(t))

We now compute the metric speed of the curve [0,1] 3 t — u; € 2,(CP'), with p > 1.
Suppose additionally the existence of continuous, pairwise distinct roots Aq,..., A,
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of Py with r <d. For h sufficiently small we then have
W (e, pr+n)” Zm[u (pe)drs([1,A; ()], [1, A; (¢ + R)))".
Hence taking the limit as h — 0 we obtain
Ciy P p
Fzm[l,xj(t)](l?t)\)\ @) < limlp < —Zm[u o1 (@)X ()P,
J=1

where C, Cy are two positive constants given by the equivalence of the metric
speeds calculated in CP' or in C. We see therefore that the absolute continuity
of the roots and the integrability of their derivative |A;(t)'|? is actually equivalent
to the p-absolute continuity of the curve ¢+ u; inside £2,(CP!). In particular to
()01 € ACP([0,1]; ,(CP)).

In order to formulate and prove the first generalization of [PR18, Theorem 1], we
need one extra definition. Let 7 — G(1,n) be the dual of the tautological bundle
and

E:=symY(7*) = G(1,n)

be its d—th symmetric power. Recall that E is a complex vector bundle on G(1,n);
given £ € G(1,n), the fiber E|, is naturally isomorphic to the set of homogeneous
polynomials of degree d on ¢; in particular the complex rank of FE is d + 1. Every
homogeneous polynomial p € Hy, 4 gives rise to a section o, of E, defined by

op(l) =ple.
A line ¢ is contained in the zero set of Z(p) if and only if ¢,(¢) = 0.

DEFINITION 6.2 (Fano discriminant). We denote by F), 4 C P, q and call it the Fano
discriminant the set of polynomials [p] € P, 4 such that the section o, is not transver-
sal to the zero section of F.

When n = 1, the Fano discriminant is empty: in this case the only line is CP!
itself, and no nonzero polynomial p € Clzo, 21](4) can vanish identically on this line.
If pe P, 4\ Fp4, then the set of lines contained in Z(p) is a smooth, complex subset
of the Grassmannian, of complex codimension d + 1 (the rank of E). In particular,
if d=2n—3 and p ¢ F), 4, then there are finitely many lines on Z(p). If d > 2n — 3
and p ¢ F, 4, then there is no line on Z(p) (the “generic” section misses the zero
section). This explains the assumptions in next theorem, which gives a regularity for
a curve of measures of the form p; = pu(py). Of course, the relevant fact is that F, 4
is contained in a proper algebraic set [EH16, Theorem 6.34].

Theorem 6.3. Let d > 2n — 3. For every curve p; € €4 Y1(I,Clz, .. ->Zn)(a)), such
that p; ¢ F, q for every t € I, and for every 1 < g <d/(d—1) the curve p := p(p:) €
ACI(I, Z,(CP™)).
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Proof. Fix any ¢ with 1 < ¢ < d/(d —1). We will provide an upper bound on the
increment of u; via an explicit coupling between sy, and p; constructed by means
of integral geometry. For any ¢ € [0, 1], the claim of Theorem 3.8 can be rewritten as

po= [ ) vologn (o),
G(1,n)

where, in particular, for any continuous function f of CP™, the map

Cumal— [fubo =g ¥ mGOle)

z€Z(y(t))ne

is measurable and bounded. For ease of notation we will write 1 in place of pu(y(t);).

We consider then the optimal transport problem between p; and gy, with cost
function given by d?,, for which, by compactness of II(f, fte+n,;) and linearity of
the functional, there exists a minimizer that we denote by & n; € (e, pte+n). By
a classical selection argument, the map G(1,n) 31— & n; € Z(CP™ x CP") can be
assumed to be measurable; we can then define

Ein 22/ &t,ni volg1,n) (d€) € TL(pt, prevn),
G(1,n)
and compute:

Wlpeen ) < [ dly(zw) a(dadu)
CP" xCP™

:/ / dgtd(zuw) ft,h,lVOltG(l,n)(df)
G(1,n) JCPn xCP™

= Wo(kttn,is p1,0)? volg (1 ) (d0).
G(1,n)
We will now estimate Wy (geni, fe1)9.

To this end, fix a line £y and denote by Lo~ C? C C"*! a complex vector space
such that P(Lg) = {y. On a small enough neighborhood U; ({) of Ly in G(2,n+1) =
G(1,n), by Lemma 6.4 (proved below), we can find smooth maps eg,e; : Uy (o) —
C"*! such that: (i) for every L € Ui({y), where P(L) = ¢, the set {eo(¢),e1(¢)} is a
Hermitian orthonormal basis of L and (ii) for every t € I the point e;(¢y) is not a
zero of p;.

For every ¢ € U;({y) define the polynomial:

d
at’g(ZO, Zl) = pt(zoeo(ﬁ) + 2161(6)) = Z ak(t,f)z(’fzf_k S (C[ZQ, Zl](d)-
k=0

Notice that, the functions ¢~ ax(t,f) are €9~%1. Moreover, since ao(t,ly) =
pr(e1(fy)) # 0 for all t € I, then ag(t,ly) # 0 for all ¢ € I. In particular (by con-
tinuity of ag) there is a neighborhood Us(¢y) with clos(Uz(4y)) C Ui (4y) such that
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ao(t, ) # 0 for every ¢ € clos(Us({p)) and for every t € I. For (¢,¢) € I x Uy({) define:

ak(t, 6)

by (t,0) := PRTIE

For every ¢ € Us({y) and t € I we consider now the polynomial b;, € Clzo, 21](a)
defined by

bi.e(20,21) Zbktézozl —z1+Zbkt€zoz1
k=1

Notice that b;¢ has the same zeroes of a;y and that the functions ¢+ by(t,¢) are
again €91 (moreover, by = 1).
For every £ € Uy({) consider now the map ¢, : CP! — £ given by

(pg([Zo, Zl]) = [2060(6) + 2161(5)].

Such map is an isometry, since {eg(¢),e1(¢)} is a Hermitian orthornomal basis. In

particular, if A\ (¢,£),...,Aq(t,£) are continuous selections of the zeroes of by, we
have:
14
Wa(pernis )" < 5 > o dd (N (E 4k, 0), As(t,0)).
j=1

Denote now by o : CP!\ {[0,1]} — C the stereographic projection, o([zq,21]) = 2,
and by \(t,0) := o(Ak(t,£)). Then M (t,0), ..., Ma(t,€) are continuous selections of
the zeroes of the polynomial b, given by

d
bee(z) :=bry(1,2) = 24+ Z by (¢, E)zf_k
k=1

Since there exists C; > 0 such that distcp, (z,y) < C; - distc(o(z),0(y)) for every
z,y € CP1\ {[0,1]}, then for some Cy >0

dsta(Nj (+ Ry €), X (8,€0)) < Co - [N (E+ R, €) = X (E, )] (C.guea)-

We use now [PR18, Theorem 1], which guarantees that each ;(-,¢) € AC(I,C) and
that

- ~ 1/q )
183 (- 0) 120 = ( / |@Aj<t,f>|‘g@,gsm)dt) < C(d,q) max [}b;(- O 4.

1<5<d

Since ag(t,¢) # 0 for all t € I and ¢ € Us(¢p), we deduce that

1/j
1n<’1]a<Xd ”b )”C¢i—1,1 < C(’YJO;Q) <09,
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for all t € I and ¢ € Us({y). Hence for each ¢ € Us(ly):

/ (WQ(/’Lt+h,€7p’t,f)>th< _Z/ dstd t+h 6) )\(t,ﬁ)))th
[0,1—h] h 0,1-h] h
) —

1 N+ h ) — Ai(t,0)]
= dz/[] (

h
N i(s,0)]1 ds)

dt

1 l |
d I Jittan)

AN

I
Ny
£

1 ~
= = O Ai(s,0)]ds
d;/w 125,

C(’Ya 607 q)

IN

where the estimate is uniform for ¢ € Uy({p).
By compactness, we can cover G(1,n) with finitely many open sets of the form
U(g,v:1),---,U(q,7,¢:) and, setting c(q,7v) := maxy, C(v,lk, q) we have:

/ (W(Mt+h7/it ) dt _/ / ( ,Uft+hl7,utl)> volg( o (d0) dt
[0,1-] h [0,1-A] JG(1,n) (L)

S / C(’nga q) VOlG(l,n) (dﬁ) < C7
G(1,n)

for any h <1 and C' independent of A and t. This estimate is known to be sufficient
to prove the claim po~y e ACI(1, Z,(CP")), see for instance [Lis07, Lemma 1]. O

It remains to prove the Lemma used in the proof.

LEMMA 6.4. Let p;: I — Clzo,...,25) @) be a curve satisfying the assumptions of
Theorem 6.3. For every fo € G(1,n) denote by Lo~ C?* C C"™! the complex vector
space such that P(Lg) = {y. There exists a neighborhood Uy ({y) of Lo in G(2,n+1) =
G(1,n) and smooth maps eg, ey : U(Ly) — C™1 such that:

(i) for every L € Uy({y), where P(L) = ¢, the set {eg({),e1(¢)} is a Hermitian
orthonormal basis of L;
(ii) for every t € I the point e1({y) is not a zero of the polynomial p;.

Proof. Consider the set
U::{(Zat) €4y x I‘pt(z) :0} CLyxI,

together with the restrictions m; : U — £y and o : U — I of the projections on the
two factors. Since p; ¢ AE?;‘O, the hypothesis d > 2n — 3 imply that there is no line on
Z(p¢) and in particular for every ¢ € I the polynomial p;|r, is not identically zero. For

every t € I, the set 7, ' (t) consists of finitely many points, therefore it has Hausdorff
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dimension zero; consequently U has Hausdorff dimension at most 1 in £y x I ~ CP! x
I. Since ; is a smooth map, then also 71 (U) has Hausdorff dimension at most 1. In
particular there exists a point z € £y \ 71 (U). This point x is the projectivization of
some complex one—dimensional vector space V' C Ly and we can therefore pick a norm
one vector e1(¢y) € V. We set eg(£y) € Lo to be any norm—one vector in the Hermitian
orthogonal complement of e;(¢y). There exists now a neighborhood U () such that
for every line £ =P (L) € U(4y), the orthogonal projections {projeo(¢), projei(4)}
form a basis for L. Applying the Gram—Schmidt procedure to this basis yields the
desired functions eg(-),e1(-) : U(fy) — C™H1. O

In the way of proving Theorem 6.3 we have also proved the following upper bound
on the metric speed via integral geometry: using the notation of the above proof, for
every curve v € C4"H(I,Clzo, ..., 24](a)), and for every 1< ¢ <d/(d— 1), we have

, q</
|Ht|q— G

for almost all ¢ € [0, 1]; here |4i¢|, denotes the metric speed of y; in the g-Wasserstein

) ‘:U’I'S,Z ’Z VOlG(l,n) (df),

i

space.
We now address the compatibility of Theorem 6.3 with the sharp result obtained
in [PR18] by showing that, in the case n =1, Theorem 6.3 recovers [PR18].

6.1 Rational maps. In this section we prove a further generalization of [PR18,
Theorem 1]. The main assumption of Theorem 6.3 was the condition that the curve
pt does not hit the Fano discriminant F), 4; under this assumption, if p; € ¢,
then u € ACI(1, Z,(CP")) for all 1 <¢g<d/(d—1). We can remove the condition
pt ¢ Fy.q, asking for more regularity on the curve p; at the price of losing some
regularity on the curve of measures ;.

Theorem 6.5. For every n € N there exists e(n) >0 such that for every curve p; €
€*1(1,Clz0,. .., 2n)(a))s with k> e(n)d—1, and for every 1 < q < e(n)d/(e(n)d—1)
the curve p == pu(py) € ACY(I, Z,(CP™)).

The main idea for the proof of Theorem 6.5 is to replace the use of lines, in the
integral geometry approach, with the use of rational maps.

DEFINITION 6.6. For every n,e € N we denote by R,(CP") c CP™+D(e+D=1 the set
of (n+1)-tuples [qo, ..., q,] where qo,...,q, € Hi . are polynomials with no common
zeroes. (The set R.(CP") is a Zariski open set.) We call elements of R.(CP") rational
maps, since each of them defines a map v : CP! — CP" by

v(w) = [go(w),...,q.(w)].

If Z C CP" is a hypersurface, we denote by R.(Z) C R.(CP™) the set of rational
maps such that v(CP') C Z. Notice that, given a polynomial p € H,, 4 and a ratio-
nal map v : CP! — CP", the composition po v defines an element of Hi 4. (up to
multiples) and v(CP') C Z(p) if and only if por =0.



98 P. ANTONINI ET AL. GAFA

We can generalize the construction from Sect. 3.3 and recover the map p: P, 4 —
2 (CP"™) integrating over rational maps of high degree (instead of lines, which are
images of rational maps of degree one).

PROPOSITION 6.7. Let v € R.(CP™) such that v : CP! — CP™ is an embedding. Then,
for every p € P, 4 and f € €°(CP") we have

1
PO =75 [y T mulpooen)Slalulds. (6

Proof. Observe first that, if Z C CP" is a smooth complex hypersurface and U C Z
is an open set, the integral geometry formula (3.5) applied with the choice A =U
and B = v(CP?) gives

1(U)  vol(v(CPY))
U N gv(CPHYdg = —— .
/U(W) #U N gv(CP)dg = CoEpn1) vol(CPT)
Moreover, letting U = Z = CP"~!, we see that %&fﬁ))) =e.
Still letting Z C CP™ be smooth, arguing as in Lemma 3.7 and denoting by A :
¢°(Z) — R the linear functional

L D S (O

2€ZNv(CP1)

we see that A > 0 and we find a unique measure o on Z such that A(f) = [, f(2)o(dz).
Approximating the characteristic function of an open set U by continuous functions,
as in Lemma 3.7, we see that o =vol.

Observe now that, if p € P, 4\ A, 4, then for almost every g € U(n + 1) the set
v(CP1) and Z(p) intersect transversally and for every point of intersection z = v(w) €
v(CPY)NZ we have m,,(pogovr) = 1. This proves the identity (6.1) for p € P, 4\ A, 4.
Finally, as in the proof of Theorem 3.8, we see that (6.1) is continuous on P, 4 and,
since P, 4\ Apq is dense in it, then (6.1) agrees with (3.8). O

We will need the following recent result of B. Lehmann, E. Riedl and S. Tanimoto,
privately communicated to the authors. Roughly speaking, the result says that, given
positive integers n and T, there exists £(n,T") > 0 such that for any family X C
R.(CP™) with e > ¢ and with dim¢(X) > (e+1)(n+1) — T, we have

J v(cP') =cpP™.

veX
In particular such family of curves cannot lie on a single hypersurface.

PrOPOSITION 6.8 (Lehmann—Riedl-Tanimoto). For every n,T € N there exists
&(n,T) >0 such that for every e >&(n,T') and for every p € P, 4 we have:

dime(R.(Z(p)) < (n+1)(e+ 1)~ T.



GAFA OPTIMAL TRANSPORT BETWEEN ALGEBRAIC HYPERSURFACES 99

In the special case T'(n) := L@J + 1, using Proposition 6.8, we get the number

e(n) :=&(n,T(n)). (6.2)

The next proposition ensures that, given a curve p; of polynomials, we can find a
“good” rational map to perform integral geometry on the family {Z(p;)}ter-

PROPOSITION 6.9. Let p: I — P, be a €% curve, with k> 1 and e(n) >0 be given
by (6.2). For every e > e(n) there exists v € R.(CP") such that

(1) for everyt €I and for every g € U(n+ 1) the image of gov is not contained in

Z(py);
(2) v:CP!— CP™ is an embedding.

Proof. Denote by Y C I x R.(CP") the set

Y = {(t,y)

= {(t,y)

Let also m : Y — [ and 7y : Y — R.(CP™) denote the projections on the two factors.
Notice that every element v ¢ mo(Y") satisfies condition (1) of the statement. We will
first prove that there is plenty of such elements.

For every t € I, the set m 1(t) is the continuous semialgebraic image of the semi-
algebraic set U(n + 1) x R.(Z(p;)) under the map (g,v) — gv. In particular

dgeU(n+1), gl/(CPl) - Z(pt)}

ve | gRe(Z(pt))} :

geU(n+1)

dim (" (1)) < dim(U (n + 1)) + 2dime (R, (Z(py))) < dimg (Ro(CP™)) — 2.

This implies that the Hausdorff dimension of Y is at most dimg(R.(CP™)) — 1
and, since 7y is a smooth map, the Hausdorff dimension of m5(Y) is also at most
dimg (R.(CP™)) — 1. This means that m(Y) is a semialgebraic set of codimension at
least one, in particular its complement A; contains an open, dense, semialgebraic set
all of whose elements satisfy condition (1) of the statement.

The set Ay of v € R.(CP™) satisfying condition (2) of the statement is open and
dense. Therefore it is enough to pick v € A; N As # () to conclude the proof. O

We are now ready to prove Theorem 6.5.

Proof of Theorem 6.5. We are now in position to revisit the proof of Theorem 6.3.

Consider p; € €5 (1 ,Clz0,...,2n)(q)) for some natural number k. By Proposi-
tion 6.8 and Proposition 6.9, letting e(n) be defined by (6.2), for every k> e(n) we
have the existence of a v € R.(CP") such that v : CP! — CP" is an embedding and
for every t € I and for every g € U(n+1) the image of gov is not contained in Z(p;).
In particular, p; 4 :=p; 0 gov € Hy 4., up to multiplies. We can therefore define

fit,g = (g o V)¢ (p(prg)) € Z(CP).
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Notice indeed that u(p:4) € 2(CP') and (gov): CP' — CP". Then Proposition 6.7
can be restated by saying that for any measurable function f

1
[ = g [ ] Plf(g(V(Z)))( > mw<pt,g>6w) (d42)dg

wEZ(pt,g)

= [ oen Jopn F00 D) (02) g

= / / )(g o v)s(prg)(dz)dg,
U(n+1) CPn

giving the concise identity:

27 :/ g dg.
U(n+1)

Reasoning as in the proof of Theorem 6.3 where we constructed a coupling between
pr and pgyp by gluing the couplings line by line, one obtains that for any ¢ > 1

i ‘I</ |l dg.
|| 2 < U(n+1)|ﬂt,g|q g

Next we write
pe(g(v)) (20, 21) Zak (t,9)25 27 € Clz0, 21) (e

the functions ¢ — a(t, g) are €*~11(I;C) and since the image of gowv is not contained
in Z(pt), pe(g(v)) is not identically zero. Hence up to pre-composing v with h € U(2),
we can assume that

ao(t,9) = pi(9(v))(0,1) # 0.

We can now proceed a in the proof of Theorem 6.3 by dehomogenizing the polynomial
Pt,g and invoking [PR18, Theorem 1] to deduce that, for any 1 < ¢ < e(n)d/(e(n)d —
1), the curve u(p:,) € ACY(I; 2,(CP')) with the LY-norm in time of the g-metric
speed bounded locally uniformly in g € U(n + 1).

In order to deduce the same regularity for jp;, we reason as follows. By the
isometric injection of each (metric) space X into the ¢g-Wasserstein space over itself,
the push-forward of the smooth map go v : CP! — CP" induces a Lipschitz map
between (P cq) and &(CP"); in particular

|ﬂtyg|q < C(V)|/1(pt,g)|q’

where C'(v) only depends on the Lipschitz constant of ; hence the proof is completed.
O
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This regularity is sufficient to deduce the compactness of the geodesic space
(Pn.a, Wi") for ¢ in the range of Theorem 6.5.

REMARK 6.10. In the range of Theorem 6.5 we will have ¢ < 2. Hence by Jensen
inequality for any couple of probability measures W, (10, 1) < Wa(po, 1) and there-
fore also the metric speeds will have the same ordering: if u; € AC?(I; P5(CP™))
then p, € ACY(I; 2,(CP")) and |fut|q < |fu|o. Hence Corollary 5.14 implies that )"
is finite over P, 4. Moreover all the conclusions of Theorem 5.15 will remain valid for
(P, WM.

Theorem 6.11. Let e(n) € N be given by (6.2). Then, for every1 < q < e(n)d/(e(n)d—
1), the complete and separable geodesic space (Pmd,W;“) is compact.

Proof. Consider a sequence py € P, 4. Then there exists a subsequence, that we omit
in the notation, and p € P, 4 such that dgg(px,p) — 0 as k — oco. Then, by [KM97,
Lemma 12.2], there exists a smooth curve v: I — P, 4 and t; € I such that for each
k€N ~(tx) = pr and ¢, — 0 as k — oo. Then by Theorem 6.5 the curve p; := p(7y) is
in ACY(I; Z,(CP™)) for 1 < g <e(n)d/(e(n)d—1). Hence

) ) th 1/q
W(;n(pmpk) = W;n(ﬂ(]aﬂtk) < ’,Us|gd3 )
0

proving that W;“ (po, k) — 0 as k — oo and therefore the claim. O

7 A Wasserstein approach to condition numbers

In this section we adopt the approach of Wasserstein metric geometry for the study
of condition numbers of polynomial systems. Let us recall the standard framework
from [BCC13].

Given a list of degrees d = (dy,...,d,) € N* we define P, g:= P q, X -+ X Py 4,
and consider the solution variety

V= {1, -5p0), [2]) € Pag X CP" [pi(2) = - = pal(2) = 0},

together with the two projections m : V' — P, 4 and mp : V' — CP". We denote by
Y C V the set of critical points of 7.
The discriminant A, 4 C P, 4 is defined by

Apag:={(p1,---,Pn) € Pua|p1(z) = =pu(z) =0 is not regular on C"**\ {0}}.
Given [w] € CP™ we also consider A, 4, C Ay, g defined by
Apgw =101, ,0n) € Paa|pi(2) =---=pn(2) =0 is not regular at w}.

The normalized condition number Vyom : V \ X' — [1,00) is defined by

1
B dpw (p7 An,d,[w]) ’

Vnorm (P [W]) :
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where dpw denotes the metric induced by the Bombieri-Weyl structure, see Sect. A .4.
The normalized condition number can be used to turn V' \ ¥’ into a Lipschitz Rie-
mannian manifold as follows. First, we denote by gy the Riemannian structure on
V C P(H,,4) x CP™ induced by the product Riemannian structure ggw x grs. Then,
for every absolutely continuous curve v = (pg, 2¢) : [ — V' \ ¥/ we define its condition
length by

Lcond(’yt) ::/Il/norm(ptvzt) . nyt”th

Taking the infimum of the length over all absolutely continuous curves joining two
points endows V' \ ¥’ with a metric structure, called the condition metric. We call a
curve v in V' \ ¥ a condition geodesic if it minimizes the condition length between
any two of its points. Denoting by D :=max{dy,...,d,}, in [Shu09] it is shown that
O(d3/ 2Lmnd(fy)) Newton steps are sufficient to continue the zero zy from pg to p;
along ;.

In [B+12, B+09] it is asked whether the function ¢+ log(vnorm(:)) is convex
along a condition geodesic. An affirmative answer to this question would imply
that, for any condition geodesic ¢, one has Leona () < Ly () max{norm (Do, 20),
Vnorm (P1, 21) }, where Ly () is the length of 44 in the Riemannian metric of V' defined
above. This problem is also formulated as an open problem in [BCC13, Problem 14].

Here we propose a solution to this problem in the case n =1, replacing ; with a
lift of a Wasserstein geodesic. We expect a similar result to be true in the case n > 1,
but this will be the subject of future work.

Theorem 7.1. For every d € N there exist 1,2, 83,81 >0 such that, if pr: I — P14
is a Wa—geodesic between py,p1 € P14\ A4 then the following is true:

(1) for everytel
dist(pr, A1,4)> > By min{dist(po, A1q), dist(p1, Aya) }>.

In particular, Py g\ A1 4 is Wa—geodesically convex;
(2) if y: I —=V\Y is alift of py, i.e. ¥(t) = (pt,2t), then:

Lcond(V) S ﬁi’) : LV(’Y) : maX{Vnorm(pO; ZO): Vnorm(ph Zl)}64~

Before proving the theorem, we need to introduce a couple more ingredients. For
the ease of notation, we simply denote by p € P, 4 the class of a polynomial and
by w € CP! the class of a point (i.e. we omit the square brackets in the notation).
Consider the following two functions o, g : Py g X CP! — [0, 00)

a1 (p,w) = Vn,;,rm(p,w)_1 and as(p,w) = min drs(w, zi)2 + dps(w, zj)z.
p(2:)=p(2;)=0,2i7#2;

Using the semialgebraic homeomorphism P; 4 ~ SP?(CP'), it is easy to see that ay
(which a priori is defined only P; 4\ A1 4) is actually continuous on P 4.
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It will be also convenient to consider the following functions s, ay : Py g — [0,00)

as(p) = dist(ps, Ay d)2 and ay(p) = min dps(zi,Zj)Q.
' p(2i)=p(2;)=0,2:#z;

Functions ag and a4 are the analogous of a; and ay where we do not fix a specified
point w € CP. As above, ay (which a priori is defined only P 4\ A1) is actually
continuous on P 4.

The key tools for the proof of Theorem 7.1 are Lemma 7.2 and Proposition 7.3
below. The first one relates the function a; to ap and, in the same spirit, the function
a3 to ay4. The second one studies concavity properties of as and a4 — this is where
optimal transport plays the key role giving the main estimate.

LEMMA 7.2. There exists c1,co,c3,cq4 > 0 such that

a5’ <ciop and  af? < cqan.
Analogously, there exists cs,cg, c7,c8 >0 such that

ay® <csaz and  af < cgaa.

Proof. All the functions a1, as, asz, a4 are continuous and semialgebraic. Moreover,
o1 and oy have the same zero sets, and are defined on the compact set P g X
CP!. Therefore the first result follows from Lojasiewicz’s inequality. Analogously,
ag and oy have the same zero sets, and are defined on the compact set P; 4 hence
Lojasiewicz’s inequality proves the second claim. O

PROPOSITION 7.3. The functions as and ay are “quasi—concave along Wo—geodesics”,
i.e. given a curve v = (pt, 2¢) : I =V with py : I — Py g a Wa—geodesic, then for every
te[0,1]

aa(pe, z) > (1 —t)*az(po, 20) + t2aa(p1, 21),
and
au(pe) = (1= t)*au(po) + t2au(pr).

Proof. For every t € I, let z;(t) be a zero of p;. Since z; is also a zero of p; and p; is a
Ws-geodesic, the optimality of the coupling gives the following estimate (see [Vil09,
Eq. (8.45)] and [FJ08, Remark 2.1])

drs (2, 2i(t))? > (1 — t)?drs (20, 2:(0))* + t?dps (21, z:(1))%
For every t € I, let now z;(t), z;(t) be two zeros of p; such that

a(pr, z¢) = drs (2, 2:(t))” + dps (21, 2 (1))
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Then
vz (pr, 2t) = drs (20, 2i(t))* + dps (21, 2 (1))
> (1—1t)2 (dFS(Z(), 2(0))* + dFS(ZU?Zj(O))Z)
+ 22 (drs (21, 2(1))” + drs (20,(0))?)
> (1-1)? min (dFs(ZO, 2i(0))? + drs (20, Zj(o))2)
+t*min (drs (21,5 (1))* + drs (20, 2 (0))°)
i#]
= (1—1)*a1(po, 20) + t*c2(p1, 1)
The same argument works also for ay. O

Proof of Theorem 7.1. For the first part of the statement follows by direct applica-
tion of Lemma 7.2 and Proposition 7.3:

(asz(pr)es) ' > ay(pr)

> (1= t)%au(po) + tPau(pr)

1

> (1= 1)%as(po)™ + as(pr)7) -

For the second part of the statement, we observe that, by Lemma 7.2,
Vnorm(pta Zt) =1 (pt7 Zt)_l S 01042(]7757 Zt)_CQ'
Using Proposition 7.3, and the convexity of z+ 1/z, we get
-1 ~1 -1
a(pe,2t)” < (OéQ(po,Zo) + aa(p1, 21) ) ;
which in particular gives
—1 —1\*
Vnorm (Pt, 2t) < €1 (042(]90,20) + aa(p1,21) ) .
Using again Lemma 7.2, we get
-1 —1 C2 —cC3 —c3\ €2
1 (042(]70,20) + aa(p1, 21) ) <1 (es0q(po, 20) ™ + cacn (p1,21) ™)

< (ere?) max{oq (po, 20) a1 (p1, 21) 1}

= ﬁl maX{Vnorm(pOu ZO)) Vnorm (ph Zl)}ﬁ2 .

This proves that along a Wy—geodesic:

Vnorm(pta zt) S Bl max{ynorm (po, ZO)a Vnorm(ph Zl)}ﬁ2
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and therefore,
Lcond(’)/t) = /IVnorm(pt,Zt) : ||7tHth

< 81 max{Vorm (Do, 20, Vaorm (P1, 1)} /1 156 vdt. -

REMARK 7.4. Two comments are in order. The first is that from the proof of the first
part claim of Theorem 7.1 it follows a slightly stronger statement than the convexity
of P 4\ Ay 4. Indeed the quasi-concavity of ay yields that if p; is a Wa-geodesic with
po or p; not in Ay 4 then py ¢ Ay 4 for all ¢ € (0,1).

The second one is that quasi-concavity implies the following inequality that we
might call quasi-log-concavity: from

a(p) > (1 —t)%a(py) + t2alp),

one deduces from the concavity of the log

log(a(p:)) > (1 —t)log(a(po)) + tlog(a(pr)) + (1 — ) log(1 — t) + tlog(t).

Applying this inequality to as and invoking Lemma 7.2 one obtains that there exists
universal constant ¢, ¢o, ¢3, such that

El log(Vnorm(ryt)) S 52(]- - t) 10g(Vnorm(’YO)) + EBtlog(Vnorm(’yl))

+ (1 —1)log (%) + tlog (%) ,

for any v = (p, z¢) : I — V \ ¥’ lift of a Wa-geodesic p; : I — P 4.

Appendix: Projective geometry
A.1: The Fubini-Study structure

In this section we recall the Fubini—-Study construction, which is a procedure to
endow the projective space CP" = P(C"*!) with a Riemannian Hermitian structure,
once a Hermitian product is chosen on C"™!. We refer the reader to [GH94] for more
details.

The construction works for any Hermitian product h on C"*!, but here we con-
sider simply the standard one hgta(v, w) = (v, w) := Y v;w;. Denote by S?" 1 — C"+!
the unit sphere with respect to the induced scalar product and by 7 : S?**! — CP"
the quotient map. Given b € S?"*! we can write:

Ty, S* ™ = bt @ spang {ib},

where this decomposition is orthogonal with respect to the scalar product induced
by the Hermitian structure.
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Recall also that given [b] € CP™ we have
Ty CP" ~ Hom(spanc{b}, C"*' /spanc{b}) ~ bt

In particular, picking the representative b € S?"*! for two tangent vectors v, vy €
Ty CP™ ~ b+ we can define

hFS,[b](UhUQ) = (v1,v2).

This defines a Hermitian structure on each tangent space to CP™, which we call the
Fubini-Study structure (hence the subscript “FS” in the notation hgrg). The real part
of hpg is a Riemannian metric grs := Re(hpg) that we call the Fubini-Study metric
and its imaginary part wrg := Im(hpg) is a Kéhler form that we call the Fubini—Study
Kihler form. With this definition the map 7 : §?"*! — CP" becomes a Riemannian
submersion. Moreover, for every R € U(n + 1) the map [v] — [Rv] is an isometry of
(CP™, hys).

Let now [b] € CP™ with b€ S?"1. We define a parametrization ¢, : C* — U, (i.e.
the inverse of a chart) of a neighborhood U, C CP™ of [b]. First, let U, :={[z] €
CP"|(z,b) # 0} (i.e. the complement of the hyperplane b*). Let also R € U(n + 1)
be such that Rey = b and define

do(v) = lR (i)] . (A1)

Notice that ¢,(0) = [b]. A useful property of this map is that Dy, gives an isometry

Doy : (C", heta) — (T CP", hys 1)) (A.2)
A.2: Vector bundles

In this section we explain why homogeneous polynomials are sections of an appro-
priate vector bundle (and not functions) on the projective space. Let us recall some
basics notions first.

Recall that if m: L — M is a rank—k vector bundle on M, then there exists an open
cover {U; }ies for M and, for every i € I, a smooth map ¢; : L|y, = 71 (U;) — U; x R¥
such that

(1) 7 =p; oy, where p; : U; x R* denotes the projection on the first factor;
(2) for every i,j € I such that U; NU; # 0, and for every (z,v) € (U; NU;) x R* we
have

b0 (z,v) = (z, gi(2)v),
where g;;(z) € GL(RF).

The family {(U;,;)}ier is called a vector bundle atlas and the family {gi;}i er is
called the cocycle of the vector bundle atlas. The cocycle satisfies gi;g;x = gir (on the
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common domains of definition) and g;; = 1. It turns out that in order to construct a
vector bundle it is enough to assign its cocycle. A complex rank—k vector bundle is
obtained by requiring, in the above construction, that g;;(x) € GL(CF).

We denote by I'(L, U) the space of sections of L over U C M. Let now o € I'(L, M)
be a global section of L (a real or complex vector bundle) and {(U;,¢;)}ier be a
vector bundle atlas (real or complex). Then, for every i € I, the map o; :=v; 00|y, €
I'(L,U;), being a section, has the form

oi(z) = (2,0i(x)),

for some map &; : U; — R*. By definition of the cocyle, the family of maps {5;}icr
satisfies

&z(l‘) = gm(I)&](l’) VreU;N Uj. (AB)

Viceversa, given a family of smooth functions {7, };c; satisfying (A.3), there exists
a section o : M — L such that ¢;(c(z)) = (z,0;(z)) for all i € [ and z € U;.

A.3: Homogeneous polynomials as sections of a vector bundle

Let us move now to homogeneous polynomials. Consider the open cover {U;}i—o,..
of CP™ given by U, := {[z0,...,2n]|2zi # 0}. Given a homogeneous polynomial p €
Clz0, -+, 2n)(a), we can define the zero set

Z(p) :={[20,---,2a] | p(z) =0} C CP".

This makes sense because p vanishes at z € C"*1\ {0} if and only if it vanishes at
Az, for every A # 0, while the value of p at a point [z] € CP™ is not well defined. On
the other hand, for every i =0,...,n we can consider the function 7, ; : U; — C given
by

Fpi([2]) 1= P(20/ 20s o 20/ 2). (A4)

Notice that Z(p) NU; = 5;2»1(0). Moreover, for every i # j and [z] € U; N U; we have

Gpi([2]) = (2i/2) "G4 ([2])-

Now, observe that the family of functions {g;;([2]) := (2;/2i)%}:;, which are defined
on U; NU; and take values in GL(C) = C*, satisfy the cocyle condition. Therefore, by
what we explained above, they define a complex line bundle that algebraic geometers
denote by Ocpn(d); we will use the notation L, 4 for this bundle. Because of (A.4),
the family of functions {7, }i—o,..» glue together to a section of L,, 4 which we denote
by 0.

In this way we have constructed a linear map o(.) : Clzo, ..., 2n)(a) = I'(Ln,a, CP")
that associates to a polynomial p the section o, which in coordinates is written as in

-----

(A.4). One can show that this map is injective and that its image coincides with the
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set of global holomorphic sections of L,, 4. Moreover, denoting by A — L the zero
section, we have o, 1(A) = Z(p).

In particular, for every i = 0,...,n the polynomial z¢ € C[z, ..., 2,] (4) corresponds
to a section o4 that, by construction (A.4) satisfies:

5.0:([20,- - 2n]) = 1. (A.5)

Notice that, using the standard Hermitian structure, we can write 2¢ = (z, ¢;)?, where
e; =(0,...,0,1,0...,0) € C**! (the “1” is in position 7). In other words, 0,4 is a
section of L, 4 that does not vanish on a neighborhood U; = {z; # 0} of [e;]. We can
build similar sections for every other point [b] € CP™ as follows. Let R € GL(n+1,C)
be such that Rey =b and consider the polynomial py(z) := (z,b)¢. Since py(b) =
[|b]|? # 0, the section

Op i=0p, (A.6)

does not vanish at [b] and, consequently, it does not vanish on the neighborhood
U :={(2,b) # 0} of [b]. We can use this section to produce a trivialization of L, 4
on Uy, defining ¢y : Ly, 4|v, — Up x C by

Observe that, given any other section o = 0, € I'(Ly, 4,U), with p € Clz, ..., 2] (),

we have:
ZEE;) N (M’ fi(iid) ' (A7)

A.4: The Bombieri-Weyl Hermitian structure

Q

an(o((=) = (12

Q

Consider now the Bombieri-Weyl Hermitian product on Clzo, ..., 2,](q), defined by:

1 — _|Ll2
(p1,p2)BW 1= n—+1/ p1(2)p2(2)e # I dz,
i (Cn+1

where dz := (i/2)""1dzdzy - - - d2,dZ, is the Lebesgue measure. It is not difficult to
show that the Bombieri-Weyl Hermitian structure is invariant under the action of
U(n+ 1) by change of variables. Moreover, since this action is irreducible (over C),
Schur’s Lemma implies that this is the unique Hermitian structure with this property
(up to multiples). A Hermitian orhtonormal basis for the Bombieri-Weyl product is

d! 3
{(—' ER } . (A3)
Qp: Oyt {lo|=d}

given by
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If we apply now the Fubini-Study construction above to the space P(Clzq, ..., zn](4))
we obtain a Hermitian structure on it, which we still call the Bombieri-Weyl struc-
ture. The unitary group U(n + 1) acts on the projective space P(Clz, ..., zn]()) by
change of variables and the action is by isometries.
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