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ABSTRACT

The interest in topological materials has flourished in recent years due to their topological pro-
tection of remarkable physical properties under weak perturbations, which ensures the realisation
of robust exotic features in realistic materials. However, many of the theoretical achievements of
topology in condensed matter, such as the landmark relationship between Hall conductance and
the first Chern number discovered by Thouless, Kohmoto, Nightingale and den Nijs, inherently as-
sume a single-particle description of the many-body wave function, so that the role of interactions
and correlations in topological materials is not yet fully understood. This work aims to partially
fill this gap, covering a wide range of topological phenomena induced or supported by electronic
interactions.

First, the topological character of spin excitons and their condensation in quantum spin Hall insula-
tors will be investigated, with particular emphasis on their effect on the physics of electronic chiral
edge states. Second, the joint effects of flat optical moiré phonons and Coulomb repulsion on the
phase diagram of twisted bilayer graphene are studied, showing that their interplay can stabilise
topological insulators and superconductors in agreement with experimental evidence. Third, the
exact role of the Green’s function zeros in the topological invariants for strongly correlated systems
is elucidated, showing that the zeros contribute on an equal footing with the Green’s function poles.
In particular, in the case of a topological Mott insulator, it is shown that the topology is carried
entirely by the Green’s function zeros and not by the poles, a genuine strongly correlated effect that
lacks any non-interacting counterpart. In the last part, a new explanation for the peculiar Fermi
liquid properties of topological Kondo insulators is proposed, motivated by recent findings that
zeros of the Green’s function could directly correspond to the presence of neutral quasiparticles. In
particular, a new realistic model for these strongly interacting topological insulators is introduced
and then studied by means of cluster dynamical mean field calculations, confirming the presence
of ingap Green’s function zeros.
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CHAPTER 1

INTRODUCTION

One of the fundamental concepts in the journey of an undergraduate student through quantum
mechanics is the notion of symmetry. At the heart of this exploration lies the Schrédinger equation:

2
ihopp(x,t) = —;—m V2h(x,t) + V(r)p(x,t).

This equation exhibits invariance under a seemingly innocuous global phase transformation of the
wave function:

Y(x,t) = P(x,t) e,
This symmetry lays the foundation of topology in quantum mechanics as originally envisioned by
Berry. Indeed, the phase ¢ may depend on the Hamiltonian parameters and, as the latter are
adiabatically varied along a closed loop, a non-zero phase accumulation can occur. This global
phase change, quantized in multiples of 27, forms the essence of topological non-trivial behavior
in both quantum mechanics and condensed matter physics.

A striking manifestation of topology, which has fundamentally reshaped our understanding of
electronic structures, is the discovery of the integer quantum Hall effect (IQHE). In 1980, von
Klitzing discovered this phenomenon [1], and, two years later, Thouless, Kohmoto, Nightingale,
and den Nijs (TKNN) proved its topological origin [2]. Within a thin metal slab subjected to
an orthogonal magnetic field, the Hall conductance becomes quantized, with a constant offset.
Intriguingly, this quantization occurs when the system is insulating, i.e., when the highest occupied
Landau levels is full. Changes in the quantization integer only occur when the system transitions
through a metallic state, as illustrated in Fig.

This quantized integer is just the Barry phase accumulated by the many-body wave-function
when a magnetic flux quantum is threatened into the system, and it is associated with a topological
invariant known as the first Chern number that remains constants under smooth deformations of
the Hamiltonian. As an illustrative example, a donut can be smoothly deformed into a mug, both
possessing one hole, but not into a pair of glasses with two holes without piercing the object. In
the context of condensed matter, this smooth deformation corresponds to adiabatic and symmetry-
preserving transformations of the Hamiltonian. In the case of IQHE, altering the Chern number
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Figure 1.1: Schematic representation of the device geometry in panel (a), and the measurement
results in panel (b) for an experimental realization of the integer Quantum Hall effect. Notably,
in panel (b), changes in Hall resistance coincide with peaks in longitudinal resistivity, signifying a
closure of the insulating gap. Figure adapted from Ref. |3].

necessitates ”piercing” the ground state by closing the energy gap, thus breaking adiabaticity.
Remarkably, the Hall bar also features chiral edge states that are ultimately responsible of the
Hall conductance, whose quantized value is directly proportional to the number of those modes.

This remarkable property underpins the success of topological materials. It ensures that the
non-trivial topological response, such as the presence of edge states, remains robust against various
perturbations of the Hamiltonian, such as small interactions, disorder, impurities, and defects that
are inevitable in real materials. Thus the introduction of topology into condensed matter physics
has not only demonstrated that electronic properties can be elegantly described using advanced
mathematical concepts but also that a deeper understanding of these abstract structures can lead
to extraordinary properties in real-world materials.

However, Berry’s formalism faces a significant challenge: it inherently requires working with
the exact many-body wavefunction, which, apart from few cases, is almost impossible to calculate.
For instance, in non-interacting systems or interacting ones that admit an independent-particle
description, the calculation is easy since the many-body wavefunction is, or is well represented
by, a Slater determinant of single-particle Bloch wavefunctions. Similarly, one can keep using the
results of the non-interacting case when the latter is adiabatically connected to the fully interacting
system. However, this simplification may no longer be feasible in strongly correlated systems.
This introduces complexities to the study of these materials, but also unlocks the potential for
phenomena that lack a non-interacting counterpart, most notably the fractional quantum Hall
effect.

In the pursuit of exploring these new frontiers, this PhD thesis aims to investigate various
facets of topological manifestations in strongly correlated systems, with particular emphasis on
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the interplay between topology and electron interaction. Since it will encompass a wide array of
diverse and captivating topics, to help reader comprehension this introductory chapter will provide
a brief summary of each work that has been accomplished.

1.1 Exciton condensation and topology in quantum spin
Hall insulators

The first part of this thesis delves into the study of excitons within a prototypical quantum spin
Hall insulator (QSHI). Coulomb interaction in insulators may lead to the formation of bound states
between electrons in the conduction band and holes in the valence one, so-called excitons. The
excitons, which are bosonic composite particles, may also exhibit topological properties and could
potentially undergo a Bose condensation, leading to excitonic insulators.

Two-dimensional materials, characterized by a finite density of states at the band edges and
by an enhanced Coulomb interaction strength because of the reduced dimensionality, are ideal
candidates for exciton condensation. This phenomenon has indeed been experimentally observed
in bilayer graphene and transition metal dichalcogenides [4-6], with the latter that can also sustain
quantum spin Hall effect [5,/6]. This raises the question whether quantum spin Hall insulators
(QSHI), inherently two-dimensional, could also exhibit non-trivial excitonic properties and if those
can interplay with topology. The question becomes even more intriguing when considering the role
of spin excitons in purported topological insulators such as SmBg, where they interact with chiral
edge states [7.[8], playing a pivotal role in the surface physics of these materials.

In this chapter, I will conduct a comprehensive analysis of excitons, encompassing both spinful

and spinless variants, within a prototypical model of a QSHI introduced by Bernevig, Hughes,
and Zhang to describe topological insulators in quantum wells [9]. Unlike quantum Hall insulators
or anomalous quantum Hall insulators, QSHIs exhibit a distinct feature: while their charge Hall
conductivity is zero, the spin Hall conductivity is quantized. This unique behavior arises from the
presence of counter-propagating edge states with opposite spin projections. Furthermore, unlike
the aforementioned Hall insulators, QSHIs possesses time-reversal invariance that actually protects
the topological character.
To replicate the effects of Coulomb repulsion, I will introduce a local Hubbard interaction that
preserves the symmetry of the problem. Subsequently, I will address the interacting problem
employing a conserving mean-field approach, wherein ground state properties are calculated using
the Hartree-Fock approximation, while response functions are determined by the Bethe-Salpeter
equation using as irreducible vertex the functional derivative of the Hartree-Fock self-energy with
respect to the Green’s function.

I will demonstrate that, starting with a non-interacting QSHI and gradually increasing the
interaction strength, a branch of excitons detach from the gapped particle-hole continuum. Notably,
these excitations can acquire non-trivial topological character, hinting at the existence of chiral
topological surface excitons, in particular spinful in this case. It is noteworthy that these surface
excitons, being spin-triplet, serve as an efficient decay channel for the topological edge modes.

Furthermore, as the interaction strength continues to increase, albeit within moderate values, an
excitonic insulator sets in through the condensation of these spin-triplet excitons. While this phase
is topologically trivial because of the spontaneous time reversal symmetry breaking, it exhibits an
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exotic magneto-electric effect that holds significant promise for practical applications. Additionally,
owing to reduced coordination at the boundary, a one-dimensional exciton condensate at the
edges may appear prior to the bulk condensation, suggesting the emergence of a surface excitonic
insulator. This has profound implications for the coherence of the chiral electronic surface states.

1.2 Moiré phonons and local Kekulé order in twisted bilayer
graphene

The second part of this thesis is devoted to the investigation of the phase diagram of small angle
twisted bilayer graphene (TBLG), with a particular emphasis on the significant influence of its
distinctive phonon modes.

TBLG consists of two layers of graphene slightly twisted one with respect to the other. For
particular twist angles, the system recovers periodicity but with huge supercells spanning several
thousands of carbon atoms. This arrangement gives rise to a characteristic Moiré pattern. Notably,
the intricate folding of the original Brillouin Zone into the much smaller Moiré Zone together with
the interlayer hopping lead to the formation of remarkably flat electronic bands (few tenths of
meV) around the charge neutrality point, as first predicted by Bistritzer and MacDonald [10].
This extraordinary flatness significantly diminishes the kinetic energy of the electrons, thereby
amplifying the importance of electron-electron correlations.

One remarkable feature of TBLG, shared with many few-layered materials, is the ease with
which its doping can be controlled using just few gate electrodes. This stands in sharp contrast to
other correlated materials, such as cuprates, which often necessitate complex chemical substitutions
to achieve doping control.

These compelling attributes have positioned TBLG as an ideal platform for realizing, investigat-
ing, and engineering strongly correlated electronic states, as it has been convincingly demonstrated
experimentally. The flat bands in TBLG have, in fact, the capacity to accommodate up to eight
electrons per Moiré cell, typically denoted by the filling v = —4 + n,;, and possess a non-trivial
topological character. Realistic tight-binding and DFT calculations predict that TBLG is a metal
with tiny Fermi velocity at any filling fraction —4 < v < 4. However, the real system under-
goes transitions to insulating states at any integer fillings |[11-23], with anomalous Hall effect
at v = 2 [241)25]. Additionally, superconducting domes emerge in the vicinity of the insulating
states |12}/13,/15(19L[20,/26], rendering the phase diagram reminiscent of that found in strongly
correlated materials (see Fig. [1.2).

Due to the similarity of the TBLG phase diagram with that of cuprates, where superconduc-
tivity seems completely unrelated to phonons (the isotope effect is absent), considerable efforts
have been invested in a TBLG description involving solely Coulomb repulsion. However, TBLG
also possesses a set of extremely flat phonon modes, derived from a long wavelength modulation
of the optical modes of graphene around the K reciprocal vector [27]. These phonons share the
same emerging symmetry as the flat bands, giving rise to an effective e x F Jahn-Teller coupling,
which is very effective in removing the valley degeneracy of the flat bands.

In this chapter, I will present comprehensive Hartree-Fock calculations that take into account
both Coulomb repulsion and the effective attraction generated by this special set of phonons.
Within this approximation, when the coupling between phonons and electrons reaches a critical
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Figure 1.2: Phase diagram of TBLG depending on magnetic field (panel a) and temperature (panel
b). Notably, the system displays resistance peaks at any integer fillings and drops between some of
them, corresponding to insulating and superconducting states respectively. Figure adapted from

Ref.
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threshold (though still substantially smaller than the Coulomb repulsion), the phase diagram un-
dergoes a radical transformation. Notably, an insulator displaying a Kekulé distortion at the scale
of the single-layer graphene becomes the most stable at charge neutrality. This then serves as a
parent state for all the insulators at different integer fillings, which additionally exhibit topological
features. This scenario, only realized by introducing these peculiar optical phonons in the pic-
ture, has been subsequently confirmed experimentally through state-of-the-art scanning tunneling
microscopy (STM) measurements 28], which indeed detected a local Kekulé distortion at v = +2.

Moving beyond the Hartree-Fock approximation, I will present a resonating valence bond sce-
nario, where now the Kekulé distortion oscillates between different geometries. This theoretical
framework predicts a insulating states composed of topological d & id Cooper pairs which are
naturally predisposed to develop superconductivity upon doping, in alignment with experimental
evidences [29-31].

1.3 Green’s function zeros and topological invariants

The third part of this thesis focuses on the role of Green’s function zeros in the topological character
of interacting many body ground states. The Green’s function, defined as the transition amplitude
between an electron created at (imaginary) time zero in position r’ and an electron annihilated at
time 7 and position r on the ground state

G(I‘ - I'/, T) =—1 <TT (¢(r7 T)’L/)T(O’ I‘/)) > )

carries information about the single particle structure of correlated electronic systems, and is at
the base of the so called many body perturbation theory in condensed matter.

In the non-interacting case the Green’s function takes a rather simple form in momentum and
frequency spaces, where it displays poles around the single particle states

1
A 9
w — €k

Go(k, iw) =

€k is the non-interacting dispersion and the chemical potential is set to zero for simplicity. Once
interactions are considered, electronic correlations are fully described by the self energy ¥(k,iw),
which can be defined via the Dyson equation

1
iw — e — Nk, iw)

Gk, iw) = (G5 (k, iw) — S(k, iw)) " =

which relates the non-interacting Green’s function to the fully interacting one. In particular, when
perturbation theory is valid, the self energy can be expressed in term of a converging power series
in the interaction, where the main building blocks are the non-interacting Green’s function Gy and
the matrix elements of the interaction.

In this perturbative regime, the imaginary part of the self energy, which accounts for decoher-
ence effects, quickly goes to zero at zero frequency. This ensures that single particle excitations,
now called quasiparticles, still survive near the chemical potential. The existence of these quasi-
particles, at the root of Fermi liquid theory, implies that the Green’s function can be divided into
a coherent part that is dominant at low frequencies and behaves like the one of non-interacting
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electrons, and an incoherent one, which describes states far away from the chemical potential that
quickly decay in a plethora of particle-hole excitations,

G(k,iw) = Geon(k,iw) + Gine(k, iw) ,

Z(k
Gcoh(ka iw) = (779) ,
W — €k
where
B Im ¥ (k,iw) ) ' . ,
Z(k,w) = (1 — zw) >0 €k = UPEE) Z(k,w) (ek + Re 3(k, w)) ,

are the so called quasiparticle residue and dispersion. Moreover, the density of states near the
chemical potential, now expressed in real frequencies, is given by

1
A&Myyafmam&w+wﬂzz&mw@—@y

which is similar to the one of non-interacting electrons, although the spectral weight is renormalized
by Z. In particular, these quasiparticles satisfy the Luttinger theorem, namely their number is the
same as the one of non-interacting single particle states. In another words, the Fermi surface of
the weakly correlated ground state is exactly the one of the quasiparticles, defined as the locus of
points in k space where

ex + ReX(k,0) =0

or, alternatively, where the Green’s function has a pole at zero frequency.

However, further increasing the strength of the interaction, the perturbation expansion may
fail resulting in a self energy that develops poles near zero frequency. At the k points in the
vicinity of these poles, the system is gapped since the quasiparticle dispersion do not cross the
chemical potential and the quasiparticle residue goes quickly at zero approaching zero frequency.
Considering a half filled system, the presence of poles of the self energy ensures that a gap is
opened in the whole Brillouin Zone: a Mott insulator is realized. In this type of insulators, the
localization of electrons and, most importantly, their mutual correlations are the only responsible
for its insulating behaviour.

But poles of the self energy are in direct correspondence with zeros of the Green’s function, or
better zeros of the determinant of the Green’s function when various quantum numbers are present
such that the Green’s function becomes a matrix. These zeros have been for long disregarded as
a sole accident of the theory without any physical relevance. Though, they posses an equivalent
to the Fermi surface called Luttinger surface, i.e. the locus of points where the Green’s function
displays zeros at zero frequency, which carries the same non-trivial topology of the Fermi one [32].

Intriguingly, a recent work [33] demonstrated that, since the quasiparticle lifetime is actually
corrected with the quasiparticle residue
Z(k,w) Im X (k, iw)

2

Tk_l = — lim
w0+ w

Fermi liquid theory can be analytically rederived also in the vicinity of the Luttinger surface [34],
implying the presence of quasiparticles now described by the effective Hamiltonian

H,(k,iw) = VZ(k,w) (ex + ReX(k,iw)) v/ Z(k,w)
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which has zero eigenvalues at the Luttinger surface even in non-symmetry breaking Mott insula-
tors [34]. Those quasiparticles have the same physical properties as conventional ones at a Fermi
surface, but are incompressible |35] and do not contribute to charge transport [34], realizing what
could be regarded as a neutral Fermi surface. Interestingly, the presence of a Luttinger surface
also implies the breakdown of Luttinger’s theorem [35].

This picture becomes even more fascinating when topology is taken into account. Starting from
an uncorrelated topological insulator and increasing the interaction, it has been proposed [36,37]
that edge poles, i.e. chiral edge states, may transform into edge zeros without the closure of the
insulating gap. This prompted the interest in the interplay between the topological character of
a strongly correlated insulator and the properties of the Green’s function zeros. In particular, a
recent work pointed out that Mott insulators can have non-trivial topological bands of zeros lying
inside the insulating gap, clarifying how a possible bulk-boundary correspondence could emerge
also for the zeros [38].

Further insight can be gained noticing that every topological invariant of an interacting systems
can be written as a product of logarithmic derivative of the Green’s function [39-43]

G(k,iw) 0, Gk, iw) = —G7(k, iw) 9, G(k,iw),

where v can be the frequency, the momentum or other parameters of the Hamiltonian. Just by
a quick inspection it is straightforward to understand that G and G~! are interchangeable, so
that zeros and poles of the Green’s function may play, apart from a minus sign, the same role in
the topological nature of a strongly correlated insulator. However, up to now, a comprehensive
analysis of the zeros contribution to these topological invariants is largely lacking.

Another open problem is the connection between these topological invariants and the actual
response functions of the system. For example, is it still true that the two dimensional Chern
number of a topological insulator with Green’s function zeros corresponds to the quantized value
of the transverse conductivity?

In this chapter, I will try to partially fill this gap. In particular I will demonstrate that the
first Chern number of an interacting insulator without a Luttinger surface reduces exactly to the
TKNN formula calculated on the quasiparticle Hamiltonian at zero frequency H.(k,0). In the
perturbative case, this reproduces the results of Zhong and Zhang [42], since 1/ Z(k,0) ~ 1 and the
quasiparticle Hamiltonian almost reduces to the topological Hamiltonian Hyopo(k) = —G1(k, 0).
However, when perturbation theory breaks down and zeros of the Green’s function appear, the
quasiparticle Hamiltonian describes low energy excitations which are almost entirely determined
by the properties of the zeros of the Green’s function rather than the poles. Elaborating on
that result, I found that deep in the Mott phase the value of the first Chern number is entirely
determined by the topology of the in-gap zeros of the Green’s function.

In addition, I will demonstrate, using the Streda formula, that in scenarios where perturbation
theory breaks down and the Luttinger theorem fails, a direct correspondence between the first
Chern number and transverse conductivity may also falter. This breakdown occurs due to the
emergence of non-trivial many-body corrections, which become non-zero outside the perturbative
regime and can disrupt the one-to-one correspondence between these two physical quantities.

These results, obtained in two dimensions but easily generalizable in any dimensions, shine
light on a largely not understood subject and demonstrate how strongly correlated systems can
host topological phenomena without any non-interacting counterpart.
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1.4 Neutral quasiparticles in topological Kondo insulators

In the concluding segment of this thesis, I will present preliminary results concerning the potential
significance of Green’s function zeros in elucidating the enigmatic dualistic behavior, alternating
between metallic and insulating, exhibited by topological Kondo insulators (TKIs).

To provide readers with the essential context, I a going to first delve into the key characteristics
of Kondo insulators. In these materials, the near-Fermi energy band structure is primarily domi-
nated by an itinerant metallic band which interplays with a more localized and strongly correlated
counterpart. At elevated temperatures, Kondo insulators display metallic behavior, with transport
properties predominantly governed by the itinerant electrons. As the temperature decreases below
a certain value, an energy gap emerges, causing the system to transition into an insulating state.
This phenomenon is typically interpreted through the lens of the Kondo effect: at low temperature
the localized electrons get promoted into the conduction band and that opens a hybridisation gap
making the system insulating.

In light of these considerations, Kondo insulators are often successfully modeled using a tight-
binding Hamiltonian, wherein an itinerant band hybridizes on-site with a flat and highly interacting
one, known as the periodic Anderson model (PAM).

Topological Kondo insulators, exemplified by materials such as SmBg and YbBi5, share the
same characteristic gap opening at low temperatures. However, they also exhibit a distinct feature:
the emergence of metallic edge states with apparent topological origins [44-51]. In these materials,
the low energy properties are primarily influenced by the d- and f-orbitals of the rare earth atoms,
whereas the boron orbitals reside well below the chemical potential, serving as a structural stabi-
lizer. Notably, the high-energy shells of the d- and f-orbitals implies strong spin-orbit coupling,
leading to significant hybridization between the two. The odd parity of this orbital hybridization,
along with the opposed parity of d- and f-orbitals, enables a nearest-neighbor band mixing with
just the right symmetry to sustain a topological insulator.

Consequently, a slightly modified periodic Anderson model has been proposed to describe these
materials [52], in which one or more itinerant d-orbitals hybridize with the correlated f-orbitals
in adjacent cells. By tuning the model parameters to achieve a topological Hamiltonian, one can
explain both the emergence of the gap below a Kondo-like temperature and the appearance of
genuine topological chiral edge states.

Nevertheless, topological Kondo insulators present puzzling and counterintuitive features emerg-
ing in the insulating phase. Notably, their heat capacity, heat transport properties, and quantum
oscillations mimic those of metals [53-64] suggesting the existence of an analogue to a bulk Fermi
surface; a phenomenon at odds with the conventional Kondo insulators.

A promising interpretation of these effects is the presence of a 'neutral’ Fermi surface that

displays Landau levels quantization [65-67], although the possible mechanism at the basis of its
formation is still controversial.
Other theoretical explanations have been proposed, involving the role of excitons and magneto-
excitons [68], the possibility of quantum oscillations in narrow gap insulators [69-71], the enhance-
ment of quantum oscillations in Kondo insulators [72], the interplay between surface states and
the Kondo breakdown [73]. These explanations predict, however, a strong deviation from the
Lifshitz-Kosevich expression for quantum oscillations, at odd with experimental evidences [61}/64].

In this chapter, I will explore an alternative picture involving the presence of zeros of the Green’s
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function forming a Luttinger surface. As previously discussed, this surface could potentially host
gapless excitations that resemble metallic quasiparticles while exerting no influence on charge
transport properties [74H76]. Such a framework implies the existence of a finite single-particle gap
in the density of states, coexisting with 'neutral’ fermionic quasiparticles within the gap. These
quasiparticles may provide a suitable description for the observed Fermi liquid properties and
quantum oscillations in topological Kondo insulators.

To identify the presence of a Luttinger surface, I conducted dynamical cluster approximation
(DCA) calculations. This approach allows for the determination of non-local contribution to the
self-energy, which is calculated at some k points within the Brillouin zone. Subsequently, smooth
lattice properties can be derived through a meticulous periodization of the self-energy, ultimately
revealing the locus in k space where it exhibits zero-energy poles hallmark of the Luttinger surface.

I will begin my analysis by focusing on the model discussed earlier [52], in which only the
f-electrons exhibit interactions. For small interaction strengths, the system closely resembles a
weakly correlated topological insulator that can be adiabatically connected to a non-interacting
one. As the strength of the interactions increases, the f-bands progressively localize, eventually
realizing an heavy fermion system either metallic or insulating but with a minuscule gap. However,
both of these scenario are at odd with the experimental picture and thus incongruity necessitates
a reexamination of the TKI model.

A common feature among these materials is the shared origin of the d- and f-orbitals within
the same atom. Consequently, the matrix elements of the local Coulomb repulsion involving the
d-orbitals are of comparable magnitude to those within the f-subspace. This indicates that the
correlation of the d-orbitals could play a relevant role in the actual electronic structure of the
system, and the assumption that only the interaction between the f-orbitals is relevant may not
be accurate enough to describe these kind of materials.

By incorporating these terms into the model Hamiltonian, I will observe that, for small inter-
action strengths, the system once again resembles a weakly correlated topological insulator, with
interactions primarily serving to renormalize the parameters of the non-interacting Hamiltonian.
As the interaction strength is further increased, both orbitals simultaneously undergo localization.
The system can now accommodate a Luttinger surface, which can exhibit characteristics of both
d- and f-orbitals depending on the model parameters, all while maintaining an insulating state.
These results thus support the idea that TKI can instead be Mott insulators with a Luttinger
surface, which would explain the peculiar metal-insulator dichotomy of these materials.

Lastly, I will discuss the interplay between the presence of a Luttinger surface, i.e., zeros of
the Green’s function, and the topology of the ground state, also in light of the analytical results
obtained in the previous chapter of the present thesis.



CHAPTER 2

LEXCITON CONDENSATION AND TOPOLOGY IN QSHI

2.1 Introduction

The physics of excitons in topological insulators has attracted considerable interest in the last
decade, see, not as an exhaustive list, Refs. [7[77-83], recently renewed [84] by the evidence of a
quantum spin Hall effect [85-87] and excitonic condensation [5}/6] in two-dimensional transition
metal dichalcogenides.

More precisely, a consistent part of the research activity has focused into the possibility of an
exciton condensation in thin samples of topological insulators [77H79,82,|88-90], much in the spirit
of what was proposed [91,/92] and observed [4] in bilayer graphene.

In addition, the puzzling properties of the purported topological Kondo insulator SmBg [93H95]
prompted interest in the excitons of such material |7}/8/80,81,96/97] as partly responsible for its
anomalous behaviour.

Even though evidences of excitons exist also in the three-dimensional topological insulator
BisSes [83], besides those in the still controversial SmBg, a systematic study in model topological
insulators is largely lacking [96},98-100]. The main goal of this chapter is to partly fill this gap.
Specifically, I consider the prototypical model of a Quantum Spin Hall Insulator (QSHI) introduced
by Bernevig, Hughes and Zhang [9], and add a local interaction compatible with the symmetries,
which, e.g., allow for a dipole-dipole term. I deal with such an interaction in a conserving mean-field
scheme. Namely, I assume the Hartree-Fock expression of the self-energy functional to compute
the single-particle Green’s function. Next, I calculate the excitons by solving the Bethe-Salpeter
equations for the response functions, using as irreducible vertex the functional derivative of the
Hartree-Fock self-energy functional with respect to the Green’s function; what is often called
random phase approximation plus exchange |101].

The main result of this chapter is that, starting from the non-interacting QSHI, branches of excitons
that transform into each other under time reversal detach from the continuum of particle-hole
excitations, and gradually soften upon increasing interaction strength. When the latter exceeds a
critical value, those excitons become massless, and thus condense through a second order critical



Chapter 2. Exciton condensation and topology in QSHI 12

point, which coincides with that obtained directly through the Hartree-Fock calculation not forcing
any symmetry. Such symmetry broken phase is still insulating, and displays magnetoelectric effects.
Upon further increasing interaction, it eventually gives in to the non-topological symmetry invariant
insulator via another second order transition. None of those transitions is accompanied by any
gap closing; therefore uncovering a path between the QSHI and the trivial insulator that does not
cross any gapless point [102H104], thanks to the interaction-driven spontaneous breakdown of time
reversal symmetry.

I also find that, approaching the excitonic insulator from the QSHI, the excitons themselves may
acquire a non trivial topology signalled by a non-zero Chern number, suggestive of the existence
of chiral exciton edge modes. In addition, there are evidences that, in open boundary geometries,
exciton condensation occurs at the surface earlier than in the bulk, which also foresees the existence
of non-chiral surface excitons that go soft before the bulk ones [105-107].

These findings may have observable consequences that I discuss, some of which not in disagreement
with existing experimental evidences.

2.2 The model Hamiltonian

I shall consider the model introduced by Bernevig, Hughes and Zhang, after them named BHZ
model, to describe the QSHI phase in HgTe quantum wells [9]. The BHZ model involves two
spinful Wannier orbitals per unit cell, which transform like s-orbitals, |sc), where o =1, ] refers
to the projection of the spin along the z-axis, and like the J = 3/2, J, = £3/2 spin-orbit coupled
combinations of p-orbitals, i.e.,

|pz + Z‘py T> = |p+1 T> = |p T> ,

(2.1)
Ipe —ipy 1) =p-1 ) =p ) -

I introduce two sets of Pauli matrices, o, and 74, a = 0,...,3, with a = 0 denoting the identity,
which act, respectively, in the spin, 1 and |, and orbital, s and p, spaces.

With those definitions, the BHZ tight-binding Hamiltonian on a square lattice includes all onsite
potentials and nearest neighbour hopping terms that are compatible with inversion, time reversal
and Cy4 symmetry [108], and reads

Ho=) W] Ho(k) ¥, => ¥ Hy(R;, - R;) ¥, (2.2)
k ij

at density corresponding to two electrons per site, where

Skt Sip
S S.
o=, e =], (2.3)
Py Py
Dy Piy

are four component spinors in momentum, Wy, and real, ¥;, space, with ¢ labelling the unit cell
at position R;. Ho(k) is the 4 x 4 matrix

ﬁo(k):(MftGk)O'()@Tg*t/ekUQ@To (24)
+ Asink, 03 ® 71 — Asinky 09 @ 12, .
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with k = (km, ky) and € = (cos k. +cos ky) while fIO(Ri —R;) its Fourier transform in real space.
The parameters ¢ — ¢, t + ¢ and X\ correspond, respectively, to the s — s, p — p and s — p nearest
neighbour hybridisation amplitudes. Finally, M describes an onsite energy difference between the
two orbitals.
Hereafter, I shall analyse the Hamiltonian for M > 0, ¢t = 0.5t and A = 0.3¢t. The precise
values of the latter two are not crucial to the physics of the model. What really matters is the
relative magnitude of M and ¢, and the finiteness of X\. Therefore, for sake of simplicity, I shall set
t =1 as the unit of energy.
The band structure can be easily calculated and yields two bands, each degenerate with respect to
the spin label o; a conduction and a valence band, with dispersion e.(k) and €,(k), respectively,
which read

ee(k) = —t' ex + Ex, €,(k)=—t"ex — Fx, (2.5)

where

B =/ (M —ex)® + A2 sin® by + 22 sin? k. (2.6)
With this choice of parameters, these bands describe a direct gap semiconductor for any M # 2. At

the high symmetry points in the Brillouin Zone (BZ), the bands have a defined orbital character,
i.e., a defined parity under inversion. Specifically, at T' = (0, 0),

ee(T) = =2t +|M =2|, ()=-2t'-|M-2|, (2.7)

valence and conduction bands have, respectively, s and p orbital character if M < 2, and vice versa
if M > 2. On the contrary, at the zone boundary points M = (m,7), X = (7,0), and Y = (0, 7),

ee(M)=2t'+(M+2), e,(M)=2'—(M+2),

e(X)=e(Y)=M, (X)) =e,(Y)=—-M, (2:8)

the valence band is p and the conduction one s for any value of M. It follows that, if M < 2,
there is an avoided band crossing, due to A # 0, moving from I’ towards the BZ boundary, while,
if M > 2, each band has predominantly a single orbital character, s the conduction band and p
the valence one, see Fig. At M = 2 the gap closes at I', around which the dispersion becomes
Dirac-like,
eo(k) ~ +A k|, en(k) ~—A|k|. (2.9)

The transition between the two insulating phases is known to have topological character [9].
I note that the Hamiltonian Hy (k) commutes with o3, i.e., is invariant under U(1) spin rotations
around the z-axis, as well as under inversion and time reversal, respectively represented by the
operators

I: Hy(k) =09 ® 13 Ho(~k) 00 @ 73,

T: Ho(k) = (—io2 @ 79) H(—Kk) (io2 @ 19) .

In addition, it is invariant under spatial, i.e., not affecting spins, C4 rotations, which correspond

(2.10)

to
Ci: Ho(k) =e 218 fy(Cy(k)) ez Lle, (2.11)

where Cy(k) = (ky, sz), and the z-component of the angular momentum operator is

T0 — 73

L3:O'3® B

(2.12)
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Figure 2.1: Band structure of the BHZ model in the topological, left panel, and trivial, right panel,
regimes. Blue and red colours indicate, respectively, even (s orbital character) and odd (p orbital
character) parity under inversion.

Evidently, since the Hamiltonian is also invariant under spin U (1) rotations, with generator S =
o3 ® To/2, it is also invariant under 7/2 rotations with generator the total angular momentum
along z, i.e., J3 = L3 + S3, which provides a better definition of Cj.
I observe that, if C, is the Chern number of the spin-o valence-band electrons, then invariance
under both inversion and time reversal entails a vanishing (C4 + C|), which is proportional to
the transverse charge-conductance, but a possibly non zero (CT - C i), which would correspond
to a finite transverse spin-conductance, thus the nontrivial topology of a QSHI [109]. Specifically,
(C% -C L) # 0 occurs when M < 2 [9,/102], not surprisingly in view of the avoided band crossings.
I emphasise that a robust topological invariant can be defined provided spin U(1) symmetry is
preserved.
So far I have discussed the main properties of the non-interacting Hamiltonian . However,
physically, electrons unavoidably interact with each other. I shall therefore add to the non-
interacting Hamiltonian a local Coulomb interaction Uiy, thus neglecting its long range
tail, which includes, besides monopoles terms, also a dipole-dipole interaction Ugjp, which is here
allowed by symmetry. Specifically,

Ut = U + Usip. (2.13)

where
U= Z (US NistNis) + Up Niptnip) + Vnisnip> , (2.14)
[

includes monopole terms, while the dipole-dipole interaction, projected onto the basis of single-
particle wavefunctions, reads

J 2 2
Udip:?z [<T100®T1Wi> +(\IIZTU3®TQ\IIi) ] (2.15)

All coupling constants, Uy, Up,, V and J, are positive, n;s, = 8; S5 Nips = p;fg Dig» and Mys(p) =
Nis(p)t + Nis(p),- Hereafter, in order to reduce the number of independent parameters and thus
simplify the analysis, I shall take U; = U, = U. Moreover, the numerical solution will be carried
out with the further simplification U = V.
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I end mentioning that a calculation similar to the one I am going to present has been performed
by Chen and Shindou [99], though in the magnetised BHZ model, which includes just two orbitals:
|s 1) and, differently from the time-reversal invariant case, see Eq. , the J =3/2, J, = +1/2
orbital |py ). Physically, this correspond to consider an anomalous quantum Hall insulator rather
than a QSHI.

2.3 Methods and approximations

2.3.1 Hartree-Fock approximation

The simplest way to include the effects of a not too strong interaction is through the Hartree-
Fock approximation (HF'), which amounts to approximate the self-energy functional simply by the
Hartree and Fock diagrams. For sake of simplicity, I shall introduce the HF approximation under
the assumption of unbroken translational symmetry, so that the lattice total momentum is a good
quantum number. Whenever needed, I will mention what changes when translational symmetry is
broken. Within the HF approximation, if

Golie, k)" = ie — Hy(k), (2.16)

is the inverse of the non-interacting 4 x 4 Green’s function matrix at momentum k and in Matsubara

frequencies, i€, the interacting Green’s function is

Gie,k) ! = Golie,k) ™! — Spr[G], (2.17)

where, in the specific case under consideration, the self-energy within the HF approximation is
functional of the local Green’s function

3
2HF [G(Rza Rz)i| = Z Oa @ Tq Poaa Aaa(Ri) P (218)
a,a=0
with '
Ana(Ry) = TZ eie0” Tr(G(z'e, R, R)o,® Ta)
€ (2.19)
— (Ol 0, @7, ¥, ) = (0aa(R;)) €ER,

which become independent of the site coordinates R; if translational symmetry holds, i.e.;, A,.(R;) —

Agsq- The Dyson equation (2.17)), together with (2.18) and (2.19)), yield a self-consistency condition
that has to be solved. I'Y  are the irreducible scattering amplitudes in the HF approximation, and,
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through Eq. (2.13)), their expressions can be readily derived:

F80= U+2V-2J F83: U-2V+2J
4 ’ 4 ’
V —4J %4
F81:_ 4 ) F82_ 0
U U+2J
Flo—rgo—_f’ Fgo__ )
4 4 (2.20)
o _ 10 _ V+2J o L
11 =121 = 4 ) 31 1
V—2J V —4J
P(fz:rgz: 4 ’ ng_ 4 ’
U U-2J
F(1)3:F33: R ngz:_ :

4
I note that the scattering amplitudes posses the same spin U(1) symmetry of the non-interacting
Hamiltonian, namely, I'{, =T9, #19,, a=0,...,3.

The expectation values Ago(R;) = (s + nip) and Agz(R;) = (s — nyp), which measure the
local density and orbital polarisation, respectively, are finite already in absence of interaction. In
this case, the effects of the scattering amplitudes '), and T'); treated within HF are, respectively,
to shift the chemical potential, which can be discarded since the density is fixed at half filling,
and renormalise upward the value of M, thus enlarging the stability region of the non topological
phase.

On the contrary, all other expectation values A,,(R;), (o,a) # (0,0),(0,3), break one or more
symmetries of the non-interacting Hamiltonian, and therefore vanish identically in the non inter-
acting case. They could become finite should interaction be strong enough to lead to spontaneous
symmetry breaking. I expect this should primarily occur in those channels whose scattering am-
plitudes are the most negative ones, being A,,(R;) real by definition. If V' ~ U, as I shall assume
in the following numerical calculations, the dominant symmetry breaking channels are therefore
those with (a,a) = (3,0), (1,1), (2,1). I emphasise that the dipolar coupling constant J plays an
important role in splitting the large degeneracies of the scattering amplitudes in that exist
at J =0.
Specifically,

Aso(Ri) = (¥l o5 @m0 ®,) = > (nay —nay ), (2.21)

l=s,p

corresponds to a spontaneous spin polarisation along the z-axis, which breaks time reversal sym-
metry. I shall investigate two possible magnetic orders, Aso(R;) = Agg QR with Q = (0,0)
or Q = (m,7), corresponding, respectively, to ferromagnetism or antiferromagnetism. I point out
that the latter implies a breakdown of translational symmetry, in which case the Green’s function
is not anymore diagonal in k, but depends on it as well as on k4 Q, so it becomes an 8 x 8 matrix,
and Eq. must be modified accordingly.
On the contrary,

All(Ri) = <lIlj 01 ®7—1 lI"L> = Z <S:L!—U Do +pIa S'é—0> ’
o=",1

A (Ri) = (¥l oy @m ®,)=—i Y o (sl,p,_,+pl, s ,),
o=T.d

(2.22)
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describe a spin-triplet exciton condensate polarised in the plane. Since the insulator has a direct
gap, excitons condense at Q = 0, namely A, (R) = A,1, and a = 1,2. Moreover, because
9, =19, if I write

Ajp =Acosp, Ag =Asing, (2.23)

I expect to find a solution with the same amplitude A for any value of ¢, which reflects the spin
U(1) symmetry. At any given ¢, such exciton condensation would break spin U(1), inversion and
time reversal symmetry.

The emergence of an exciton condensate is therefore accompanied by a spontaneous spin U(1)
symmetry breaking. As previously mentioned, such breakdown prevents the existence of the strong
topological invariant that characterises the QSHI phase. Specifically, since the z-component of the
spin is not anymore a good quantum number, the counter propagating edge states of opposite
spin are allowed to couple each other, which turns their crossing into an avoided one [102]. The
boundary thus becomes insulating, spoiling the topological transport properties of the QSHI.

I shall study this phenomenon performing an HF calculation in a ribbon geometry with open
boundary conditions (OBC) along x, but periodic ones along y. Consequently, the non-interacting
BHZ Hamiltonian looses translational invariance along the x-direction, while keeping it along vy,
so that the Green’s function becomes a 4N, x 4N, matrix for each momentum k,, with N, the
number of sites along x. A further complication is that HF self-energy in Eq. unavoidably
depends on the z-coordinate of each site, which enlarges the number of self-consistency equations
to be fulfilled. However, since those equations can be easily solved iteratively, I can still numerically
afford ribbon widths, i.e., values of IN,, which provide physically sensible results with negligible
size effects.

The OBC calculation gives access not only to the states that may form at the boundaries, but
also, in the event of a spontaneous symmetry breaking, to the behaviour of the corresponding
order parameter moving from the edges towards the bulk interior. In practice, I shall investigate
such circumstance only in the region of Hamiltonian parameters when the dominant instability is
towards the spin-triplet exciton condensation.

2.3.2 Bethe-Salpeter equation

If T start from the QSHI, M < 2, and adiabatically switch on the interaction , I expect that
such phase will for a while survive because of the gap, till, for strong enough interaction, it will
eventually give up to a different phase. I already mentioned that the first effect of interaction is
to renormalise upward M, thus pushing the topological insulator towards the transition into the
non topological one. Beside that, a repulsive interaction can also bind across gap particle-hole
excitations, i.e., create excitons.

A direct way to reveal excitons is through the in-gap poles of linear response functions. Within the
HF approximation for the self-energy functional, the linear response functions must be calculated
solving the corresponding Bethe-Salpeter (BS) equations using the HF Green’s functions together
with the irreducible scattering amplitudes in Eq. , which are actually the functional deriva-
tives of ¥ p[G] with respect to G.

If the interaction is indeed able to stabilise in-gap excitons, their binding energy must increase with
increasing interaction strength. It is therefore well possible that the excitons touch zero energy
at a critical interaction strength, which would signal an instability towards a different, possibly
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symmetry-variant phase. Consistency of the approximation requires that such instability should
also appear in the unconstrained HF calculation as a transition from the topological insulator to
another phase, especially if such transition were continuous. I shall check that is indeed the case.

With my notations, see Eqs. and , a generic correlation function will be defined as

Xaa;,@b(Tv R) = 7< T‘I’ ( Ooza (7-7 R) O,Bb(oa 0) ) > 5 (224)

where T is the time-ordering operator, and the operators O,q(R;) = \IJZUQ ® 17, ¥, are evolved
in imaginary time 7. Spin U(1) symmetry implies that the z-component S, of the total spin is
conserved. It follows that the only non zero correlation functions xq.q;3» have a and 3 either 0 and

3, corresponding to S, = 0, or 1 and 2, satisfying
Xla;lb(Ta R) = X2a;2b(T7 R) ) (225)
X1a;26(7, R) = —x24;16(7, R)

whose combinations X14:16 =% X1a;26 describe the independent propagation of S, = %1 particle-hole
excitations. The Fourier transform Xqq:s5(iw, q), in momentum and in Matsubara frequencies, are
obtained through the solution of a set of BS equations

Xaa;pb(iw, q) = Xt(m) ﬁb(W q) + Z Xt()coa) ve (iw, q) Fgc X (iw, @) (2.26)
yec

where
(0)

Xaa”@b(zw,q 5l Z TZ

(2.27)
Tr <Ja @ 74 Gi€ +iw, k + q) 05 @ 7, Gie, k)> .

In Eq. 1) N is the number of sites, and G(ie,k) the HF Green’s function matrices. I shall
perform the above calculation at zero temperature without allowing in the HF calculation any
symmetry breaking. With this assumption, the HF Green’s function reads

(i€ + t'ex) 00 @ 10 + I:[Hp(k)
(i€ — ec(k)) (ie —ey(k))

where Hyp(K), eo(k) and €, (k) are those in equations and , with M in and

replaced by an effective My r determined through the belf—conblbtency equation

M _
Myp=M— > 03 Z HEZ S (2.29)

Glie, k) =

(2.28)

For V ~ U, I'§; < 0 so that, since the sum over k is positive, Myr > M, as anticipated.
In short notations, and after analytic continuation on the real axis from above, iw — w + in, with
1 > 0 infinitesimal, the physical response functions are obtained through the set of linear equations

@)= [1- 0w at] " {Owa). (230)

The excitons are in-gap solutions w;(q), i.e.,

wi(q) < wmin(q) = min (ec(k +a) - ev(k)> ; (2.31)
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of the equation

det[ 1—%9(wi(q),q) T°| =0, (2.32)

and have either z-component of the spin S, = 0, if they appear in the channels with «;, 3 = 0, 3, or
S, = +1, in the channels with «, 8 = 1,2. For w ~ w;(q), the response functions can be expanded
in Laurent series [99)

taw) =% o2 @) (@) e (239

where [1;(q)) is the exciton wavefunction and A;(q) its spectral weight. This allows computing
the exciton Chern number through the integral of the Berry curvature

C; = i/dzq Qi(a),

2
Qi(q) = Im (0.9i(q) | Oyvi(q))

(2.34)

The curvature is even under inversion and odd under time reversal; if a system is invariant under
both, the Chern number thus vanishes by symmetry.

I observe that all the excitons are invariant under inversion, but, while the S, = 0 ones are also
invariant under time reversal, the latter maps onto each other the S, = +1 and S, = —1 excitons.
Accordingly, only the S, = £1 excitons can have non-zero Chern numbers, actually opposite for
opposite S,, while the S, = 0 excitons are constrained to have trivial topology. I stress that
such result, being based only upon symmetry considerations, remains valid for every inversion
symmetric QSHI, and not only in the context of the interacting BHZ model.

The exciton Chern number does not seem to be directly related to any quantised observable.
Nonetheless, as pointed out in Refs. [99/110], a nonzero C; ensures the presence of chiral exciton
modes localised at the edges of the sample, which may have direct experimental consequences.

2.4 Results

In the preceding sections I have introduced a conserving mean-field scheme to consistently calculate
both the phase diagram and the linear response functions. Now, I move to present the numerical
results obtained by that method at zero temperature and with Hamiltonian parameters ¢’ = 0.5,
A=03,V=U=U; =U, and J = U/16, see equations , , and . The value
of J is estimated from 1s and 2p hydrogenoic orbitals, which may provide a reasonable estimate
of the relative order of magnitude between the dipole interaction and the monopole one.

2.4.1 Hartree-Fock phase diagram

The HF phase diagram is shown in Fig. As I previously mentioned, the interaction effectively
increases M, thus pushing the transition from the topological insulator (QSHI) to the non topo-
logical one (Band Insulator) to lower values of M the larger U. This is precisely what happens
for M 2 1.1: U increases the effective My p, see eq. (2.29), until Mypr = 2. At this point the gap
closes and, for still larger U, the QSHI turns into the trivial Band Insulator.
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Figure 2.2: Hartree-Fock phase diagram at A = 0.3, ¢/ = 0.5, U; = U, =V = U and J = U/16.
The topological insulator is denoted as QSHI, while the non topological one as Band Insulator.
For small value of M, AFM is stabilised upon increasing U. For larger values of M, U stabilises a
symmetry broken phase with Exciton Condensate. The thick black line that separates the QSHI
from the Band Insulator, as well as that at M = 0 extending from U = 0 to the AFM phase,
indicate a gapless metallic phase. The transition between the Exciton Insulator and the QSHI or
the Band Insulator is continuous, while the transition into the AFM insulator is first order.
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Figure 2.3: Order parameter A of Eq. (blue), lowest S, = +1 exciton energy at Q = 0
(green), and band gap (orange) along the path A to C in Fig. (M =1, U e [1.25, 3.5]),
i.e., from the topological to the trivial insulator crossing the exciton insulator. I note that the
intermediate phase emerges exactly when the exciton becomes massless, as well as that the band
gap never vanishes.

For very small M < 0.2, upon increasing U the QSHI gives in to an antiferromagnetic insula-
tor (AFM), characterised by finite order parameters Azg(R;) = Azge’@Ri| see Eq. , with
Q = (m, ), thus magnetised along z. HF predicts such transition to be of first order, in accordance
to more accurate dynamical mean field theory calculations [111], which also explains why I do not
find any precursory softening of S, = 0 exciton at Q.

More interesting is what happens for 0.2 < M < 1.1. Here, increasing the interaction U drives
a transition into a phase characterised by the finite order parameter in Eq. , thus by a
spontaneous symmetry breaking of spin U(1), time reversal and inversion symmetry. The breaking
of time reversal allows the system moving from the QSHI to the Band Insulator without any gap
closing [102H104], see Fig. I note that the transition into the symmetry variant phase happens
to be continuous, at least within HF. As I mentioned, consistency of this approach implies that this
transition must be accompanied by the softening of the excitons whose condensation signals the
birth of the symmetry breaking. These excitons are those with S, = £1, and indeed get massless
on both sides of the transition, see Fig.

The HF numerical results in the ribbon geometry with OBC along = show that electron correla-
tions get effectively enhanced near the boundaries, [105-107] unsurprisingly because of the reduced
coordination [112]. Indeed, the order parameter is rather large at the edges, and, moving away
from them, decays exponentially towards its bulk value, as expected in an insulator. Remarkably,
even when the bulk is in the QSHI stability region, a finite symmetry breaking order parameter
exponentially localised at the surface layer may still develop, see Fig. [2.4] that refers to the point B
in the phase diagram of Fig. . In the specific two dimensional BHZ model that I study, such
phenomenon is an artefact of the Hartree-Fock approximation, since the spin U(1) symmetry can-
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Figure 2.4: Left panel: exciton condensation order parameter A(x) in Eq. as function of the
z-coordinate in a ribbon geometry with N, = 50 sites, calculated at point B in Fig. (M =1,
U = 1.5). Right panel: The ribbon band structure as function of the momentum k,. I note that,
even though the condensate is exponentially localised at the edges of the system, still it has a
strong effect on the single-particle edge states: a gap opens between the two branches, preventing
topological spin transport.

not be broken along the one dimensional edges. Nonetheless, the enhanced quantum fluctuations,
while preventing a genuine symmetry breaking, should all the same substantially affect the physics
at the edges.

I end the discussion of the Hartree-Fock phase diagram by comparing my results with those
obtained by Xue and MacDonald [104]. These authors, too, apply the HF approximation to study
the BHZ model but in the continuum limit and in presence of a long range Coulomb interaction.
They also find a path between the topological insulator and the trivial one that crosses another
insulating phase characterised by spontaneous time reversal symmetry breaking, which, they argue,
further breaks C, symmetry, thus being nematic. The HF band structure that I find in the exciton
condensate phase is instead perfectly C4 invariant, which might apparently indicate that my phase
and that of Ref. [104] are different. In reality, I believe the two phases are just the same phase.
Indeed, while it is true that the order parameter is not invariant under the C, symmetry of
Eq. that changes ¢ — ¢ — m/2, such shift can be reabsorbed by a —90° spin U(1) rotation.
In other words, the order parameter is invariant under a magnetic C), symmetry of the
Hamiltonian, whose generator of /2 rotations is L3 — S3 times the rotation of k. Due to such
residual symmetry, the band structure as well as the magnetoelectric tensor discussed later in
section do not show nematicity.
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Figure 2.5: Chern number of the most bound exciton with S, = -1 at A = 0.3, ¢’ = 0.5, U, =
U, =V = 1.5, as function of M and J close to the transition from the QSHI to the symmetry
broken phase.

2.4.2 Excitons and their topological properties

The mechanism that triggers exciton topology is similar to the band inversion in the single-particle
case: a topological exciton is composed by particle-hole excitations that have different parity
under inversion in different regions of the BZ. In this case study four possible orbital channels
Ta, @ = 0,...,3, are allowed, each possessing a well defined parity: 71 and 75 odd, while 79 and
73 even. In the non-topological insulator, the S, = 41 excitons have the same parity character
at all inversion invariant k-points, I', M, X and Y, and thus are topologically trivial. On the
contrary, in the QSHI, the highly mixed bands entail that all channels have finite weight in the
exciton, which may acquire non trivial topology when its symmetry under parity changes among
the inversion invariant k-points, thus entailing one or more avoided crossings.

In Fig. I show the Chern number of the lowest energy exciton branch with S, = —1
calculated through Eq. with Us = U, =V = 1.5 as function of M and J along the way from
the QSHI to the symmetry broken phase where excitons condense. I observe that the dipole-dipole
interaction J favours not only the instability of the S, = +1 excitons, but also their non trivial
topology, signalled by a non zero Chern number. In Fig. 2.6 I show for the two points E and F in
Fig.[2.5|the S. = —1 exciton bands, w;(q), i = 1,2 along high-symmetry paths in the BZ, together
with the continuum of S, = —1 particle-hole excitations, bounded from below by wnin(q), see
Eq. (2.31)). The upper branch is very lightly bound, and almost touches the continuum, unlike the
lower branch, whose binding energy is maximum at the I" point where, eventually, the condensation
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Figure 2.6: S, = —1 exciton dispersion along high-symmetry paths in the Brillouin zone, calculated
for the two points E, top panel, and F, bottom panel, in Fig. The green shaded regions are
the particle-hole continuum. The blue and red colours of the curves indicate even (+) and odd (-)
parity under inversion, while C' is the corresponding Chern number.

will take place. The blue and red colours indicate, respectively, even (+) and odd (-) parity
character under inversion. I note that at point F in Fig. 2.5 both exciton bands have vanishing
Chern number, signalled by the same parity character at all inversion-invariant k-points. On the
contrary, at point E, close to the transition, the two exciton branches change parity character
among the high-symmetry points, and thus acquire finite and opposite Chern numbers, C' = +2.

For completeness, in Fig. 2.7 I show at the same points E and F of Fig. 2.5] the dispersion of

the S, = 0 excitons. Since they are invariant under time reversal, I also indicate their symmetry,
even (black dots) or odd (yellow dots), which correspond, respectively, to the spin singlet and spin
triplet with S, = 0 components of the exciton.
Comparing Fig. with I note that the S, = 0 excitons are far less bound than the S, = —1
ones. However, it is conceivable that the inclusion of the long range part of the Coulomb interaction
could increase the binding energy of the S, = 0 excitons, even though it is likely that the S, = +1
excitons would still be lower in energy.

Moving to the sample surface at point E I expect two phenomena to occur. First, chiral
exciton edge modes should appear, and connect the two branches with opposite Chern numbers,
in analogy with the single particle case, and as thoroughly discussed by the authors of Ref. [99)
in the magnetised BHZ model. In addition, my previous results in the ribbon geometry, showing
that the exciton condensate appears on the surface earlier than the bulk, suggest the existence
of genuine surface excitons, more bound than their bulk counterparts, definitely in the S, = +1
channel, but possibly also in the S, = 0 one.

Both the chiral exciton edge modes as well as the surface excitons may potentially have important
effects on the physical behaviour at the boundaries. First of all, since the most bound ones
correspond to coherent S, = +1 particle-hole excitations, they may provide efficient decay channels
for the single-particle edge modes, which are counter propagating waves with opposite S, = £1/2.
Experimental evidences of such phenomenon in the purported topological Kondo insulator SmBg
have been indeed observed [78], and previously attributed to scattering off bulk excitons [96]. This
is well possible, but should be much less efficient than the scattering off surface exciton modes,
which I propose as an alternative explanation. Furthermore, the presence of odd-parity excitons
localised at the surface might have direct consequences on the surface optical activity, which could
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Figure 2.7: Same as Fig. 2.6 but for the S, = 0 excitons. Black and yellow dots indicate that the
excitons are, respectively, even and odd under time reversal.

be worth investigating.

2.4.3 Exciton condensate and magnetoelectricity

Since the order parameter in the phase with exciton condensation breaks spin U(1) symmetry,
inversion Z and time reversal 7, but not 7 x Z, it is eligible to display magnetoelectric effects,
which can be experimentally detected.

The free energy density expanded up to second order in the external electric and magnetic fields,
both assumed constant in space and time, can be written as

1 1
FEB)=F - E E- B {B-E 4B, (2.35)

where x., x and & are the electric polarisability, magnetic susceptibility, and magnetoelectric
tensors, respectively. The magnetization, M, and polarization, P, are conjugate variables of the
fields, namely

M:f%:XB+QE,
s (2.36)
P:—@:X6E+QB

I observe that, since E and B have opposite properties under inversion and time reversal, a non-
zero & is allowed only when both symmetries are broken, but not their product.
Since the exciton condensate Eq. is spin-polarised in the x—y plane, with azimuthal angle
¢, and involves dipole excitations s <> p+1, see Eq. , I restrict my analysis to fields £ and B
that have only =z and y components, which allows us discarding the electromagnetic coupling to
the electron charge current. Consequently, the magnetoelectric tensor & of interest will be a 2 x 2
matrix with components o;;, 7,5 = z,y.

In the exciton condensed phase, which is insulating, the coupling to the planar electric field is
via the polarisation density, namely, in proper units,

5HE:_Z ‘If}(EzoZ,;—i—Eyciy)\Ili, (2.37)

with dipole operators

dy=00@T, dy=03R7. (2.38)
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Figure 2.8: Components of the magnetoelectric tensor & calculated at the point D in Fig.
(M = 0.5, U = 2). The data fit perfectly with the expression in Eq. (2.41).

Moreover, as the orbitals |s o) have physical total momentum J, = L, + S, = +1/2, while |po)
have J, = £3/2, the in-plane magnetic field only couples to the magnetic moment of the s-orbitals.

Specifically,

st =5 ] (B B,y ) -
where n .

mm:m@%, myzam%. (2.40)

Since I am interested in the effects of the external fields once the the symmetry has been broken,
I performed a non self-consistent calculation with the HF self-energy calculated at E = B = 0.
The finite magnetoelectric effect in the presence of the exciton condensate is indeed confirmed, see
Fig. E where I show the components of & as function of the azimuthal angle ¢ in Eq. , and

which I find to behave as
G=ap 80 Tsind) (2.41)
—sing cos¢

where «q is proportional to the amplitude A of the order parameter, see Eq. , and thus
vanishes when the symmetry is restored.

I remark that the magnetoelectric tensor has the form predicted for the magnetic point
group 4’ , thus not showing signals of the nematic order proposed in Ref. , as earlier
discussed in section 2.4.1)
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2.5 Discussion

In this chapter I have studied within a conserving mean-field scheme the role of a local electron
repulsion in the prototype BHZ model of a quantum spin Hall insulator [9], whose symmetries
allows, besides the conventional monopole components of Coulomb interaction, also a dipolar one,
which I find to play a rather important role.

In absence of interaction, the BHZ model displays, as function of a mass parameter M > 0, two
insulating phases, one topological at M < M., and another non-topological above M., separated by
a metal point with Dirac-like dispersion at M = M,. The primary effect of Coulomb interaction,
namely the level repulsion between occupied and unoccupied states, pushes the critical M. to
lower values, thus enlarging the stability region of the non-topological insulator. Besides that,
and for intermediate values of M, the mean field results predict that interaction makes a new
insulating phase to intrude between the topological and non-topological insulators, uncovering
a path connecting the latter two that does not cross any metal point. In this phase, inversion
symmetry and time reversal are spontaneously broken, though their product is not, implying the
existence of magnetoelectric effects. The approach to this phase from both topological and non-
topological sides is signalled by the softening of two exciton branches, related to each other by
time-reversal and possessing, for M < 1 with the parameters of Fig. finite and opposite Chern
numbers. This phase can therefore be legitimately regarded as a excitonic condensate.

Since, starting from the quantum spin Hall insulator, the softening of those excitons and their
eventual condensation occurs upon increasing the interaction, it is rather natural to expect those
phenomena to be enhanced at the surface layers. Indeed, the mean field approach in a ribbon
geometry predicts the surface instability to precede the bulk one. Even though a genuine exciton
condensation at the surface layer might be prevented by quantum and thermal fluctuations, still
it would sensibly affect the physics at the surface. The simplest consequence I may envisage is
that the soft surface excitons would provide an efficient decay channel for the chiral single-particle
edge modes, as indeed observed in the supposedly three-dimensional topological Kondo insulator
SmBg [7,8]. In addition, other important consequences on the transport properties and optical
activity at the surface cannot be excluded.

I believe that going beyond the approximations assumed throughout this paper should not
significantly alter the main results. RPA plus exchange allows accessing in a simple way collective
excitations, though it ignores their mutual interaction. I expect that the latter would surely affect
the precise location of the transition points, but not wash out the exciton condensation.
Moreover, the inclusion of the neglected long range tail of Coulomb interaction would introduce two
terms: the standard monopole-monopole charge repulsion, proportional to 1/r, and a dipole-dipole
interaction decaying as 1/r3. The former is expected to increase the exciton binding energy, though
without distinguishing between spin singlet and triplet channels. Therefore, the conclusion that
the S, = £1 excitons soften earlier than the S, = 0 ones should remain even in presence of the 1/r
tail of Coulomb interaction. The dipole-dipole interaction might instead favour an inhomogeneous
exciton condensation. However, I suspect that the 1/r% decay in two dimensions is not sufficient
to stablize domains.

To conclude, I believe that my results, though obtained by a mean field calculation and for a
specific model topological insulator, catch sight of still not fully explored effects of electron electron
interaction in topological insulators, which might be worth investigating experimentally, as well as
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theoretically in other models and, eventually, by means of more reliable tools [114}/115].



CHAPTER 3

MOIRE PHONONS AND LOCAL KEKULE ORDER IN TBLG

3.1 Introduction

Atomic relaxation in magic angle twisted bilayer graphene (TBLG) is responsible [116H121] of the
gap opening between the four flat bands and all other upper and lower ones. Moreover, scattering
by acoustic phonons has been invoked [122,[123] to explain the anomalous linear in temperature
resistivity of the normal metal phases [124], and both acoustic [122}]125H128] and optical [129] modes
have been explored as possible mechanisms of the observed superconductivity [12}/13}/15}/19}2026].
In spite of all that, the role of lattice degrees of freedom in the insulating phases of TBLG at integer
fillings v = +n, n = 0,...,3, of the flat bands [11123] has been mostly overlooked in favour of
Coulomb interaction [130-139], which struggles to explain superconductivity [128,(140H142], and,
especially, the anomalous quantum Hall effect [24,25] as well as the emergent Kekulé pattern
recently observed at v = £2 [28].

The major importance of the electron-phonon coupling also emerged from Ref. [27] that theo-
retically uncovered special, almost non dispersive, optical modes, later observed by nano-Raman
spectroscopy [144], which are so strongly coupled to the electrons that atomic displacements as
small as 5mA are sufficient to open sizeable gaps in the flat bands at all integer v. Those phonons
derive from the 1360 cm~' A; and B; TO modes of a single-layer graphene at the K point, see
Fig.[3Ipb, superimposed with a long wavelength modulation driven by the van der Waals inter-layer
interaction that makes these modes exist throughout the whole reduced Brillouin zone (RBZ) of
the moire superlattice and be localized into the AA stacked regions and the domain walls sep-
arating AB from BA stacked ones. Remarkably, these special phonons have the same twofold
accidental degeneracy of the flat bands along the I' — K — M high-symmetry path in the RBZ
that reflects the emerging U, (1) valley symmetry [10,27]. Because of that, the U, (1) symmetric
electron-phonon coupling effectively realises a Jahn-Teller model, which explains the efficacy of a
static distortion on lifting the accidental degeneracy.

However, systematic theoretical studies of the lattice contribution to the phase diagram of
TBLG are lacking. Indeed, Ref. [27] describes a realistic frozen-phonon tight-binding calculation
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Figure 3.1: Kekulé-like distortion that stabilises a non- magnetic insulator at charge
neutrality. Panel a: Kekulé-like distortion that stabilises a non-magnetic insulator at charge
neutrality. Such distortion is driven by moiré optical modes at the I" point with A; and B; sym-
metry, which correspond to long-wavelength modulations of the single-layer graphene A; and Bj
modes shown in panel b. The moiré optical phonons, and thus the Kekulé distortion, mainly affect
the AA stacked regions and the domain walls (DW), both shown in yellow in panel a, separating
Bernal stacked AB and BA regions, shown in red, the latter remaining almost unaffected . I
emphasise that the lattice displacement occurs at the zone center of the reduced Brillouin zone
and on the atomic scale of graphene, which distinguishes it from the Kekulé state discussed in

Ref. [143).

that neglects Coulomb repulsion and can only access states with broken U, (1) and, eventually,
broken spatial symmetries when the frozen-phonon is not at the I' point, but not the observed
Chern insulators with spontaneously broken time-reversal symmetry. Filling this gap is actually
the scope of this work. Specifically, upon integrating out phonons one obtains an effective electron-
electron attraction that can be assumed instantaneous since the flat-band width is a lot smaller
than the phonon frequency. I treat this interaction on an equal footing with Coulomb repulsion,
investigating their mutual interplay and its effect on the phase diagram by means of Hartree-Fock
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and projected BCS-wavefunctions calculations.

Before discussing my findings, I believe worth placing them within the general context of
correlation effects in graphene. I recall that interaction strength in graphene is sizeable but yet not
enough to stabilise a correlated insulator at charge neutrality [145]. An isotropic strain above 8-10%
that expands all C-C bonds has been shown to stabilise [146] both an antiferromagnetic insulator
and a Kekulé valence-bond (KVB) one, with the latter lower in energy than the former. The
Kekulé distortion involves just the above mentioned A; and B; modes of graphene, whose positive
interplay with Coulomb repulsion thus favours the KVB insulator instead of the antiferromagnetic
one expected from Coulomb repulsion alone. In light of the vanishingly small Fermi velocity at the
Dirac cones in magic-angle TBLG, whose Bloch waves are primarily localised into the AA stacked
regions just like the A; and By moiré phonons, it is not unlikely that also in this case those phonons
cooperate with Coulomb repulsion to stabilise a KVB insulator, with the distortion discussed in
Ref. [27] and shown schematically in Fig. [3.Th.

That is precisely what I find within Hartree-Fock approximation. I, hereafter, denote such
space-selective Kekulé distortion at the zone-center of the moiré Brillouin zone a static Kekulé
valence bond (S-KVB) distortion. The corresponding S-KVB insulator at charge neutrality seeds
the cascade of symmetry-breaking mean-field insulating states at all other integer fillings.

Since the AA regions are quite far apart from each other, as testified by the tiny dispersion of the
Ay and B; modes in TBLG [27], it is well possible that a resonating rather than static Kekulé
valence bond (R-KVB) insulator is stabilised, in which each AA region is instantaneously distorted
along A; or By but dynamically the symmetry is restored.

Since the electron-phonon coupling realises a Jahn-Teller model, S-KVB and R-KVB correspond
to static and dynamic Jahn-Teller effect, respectively. Such R-KVB state thus effectively realises
a Jahn-Teller-Mott insulator [147]. The close analogy with Anderson’s resonating valence bond
scenario [148] for cuprates also suggests that the Jahn-Teller-Mott insulator is prone to become
a superconductor upon doping; a phonon mediated superconductivity not hindered by Coulomb
repulsion [148-150]. T will show that such superconductor is likely to have chiral or nematic d-wave
symmetry, in accordance with the analysis of Ref. [129] where the same TO phonons of graphene
have been considered as driving mechanism of superconductivity in TBLG.

3.2 Model Hamiltonian and interaction

I consider two AA stacked graphene layers, and rotate around the perpendicular axis layer 1 by
+6/2 and layer 2 by —60/2, at magic angle # = 1.08°. The band structure is described through
the Bistritzer-MacDonald continuum model [10], using the conventions of Ref. [151]. Specifically,
I define four component spinors in momentum space \Ilkﬁng and \I/kbe’g, two components corre-
sponding to sublattices A and B of a graphene layer, and the other two to the valley index n = +1,
where o is the spin, k runs within the first RBZ, while Q, and Q, identify the two sublattices
in reciprocal space, see Fig. The operator \I/kmeG is defined close to the Dirac point K on
layer 1 and —K on layer 2 for n = +1 and n = —1, respectively, while in ¥, o  the two layers
are interchanged. Moreover, the sublattice components of the spinors with n = +1 and n = —1
are inverted [151]. It is implicitly assumed that the longest reciprocal lattice vector kept in the
calculation is still much smaller that the distance 2|K| between the two valleys, so that the chosen
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Figure 3.2: Reciprocal lattice space. The two sublattices Q,, blue dots, and Qp, red dots, of
the reduced Brillouin zones, in light cyan the first one, can be generated, e.g., through Q, = q1 +G
and Q, = —q1 + G, where G = nG1 + mG4 is any reciprocal lattice vector with G and G5 the
primitive ones. Also shown are the high symmetry points IT', K1, Ko and M.

basis is not overcomplete.
With those definitions, the non-interacting Hamiltonian can be written as

_ T ;7 (0)
Ho=3) > ViqoHaq® Vg, (3.1)
ko QQ’
where Q = Q, ® Qp, and, in the zero-angle approximation [10],

ﬁgé)/(k) = 5Q7Ql VEF T3 (k — Q) o+
3 R (3.2)
+70 Y (0q-Qra +Q-q.a) Ti(uo,ua) .
i=1
Hereafter, the Pauli matrices 7, and o,, a = 0,1,2,3, act on the valley and sublattice indices,
respectively, q;, i = 1,2, 3, are defined in Fig. [3:2] while

Tl(UOaul):uOUO+U10'1a (3.3)

Tj+1(U0,U1) = 67;2'Tﬁ 73 Tj(Uo,ul) e—i%’a;; 5 ] = 172.

Setting as unit length the moiré primitive lattice vector for a twist angle of 1.08°, I fix vy = 40 meV,
ug = 76.1meV and u; = 103.1 meV.

The charge density operators p¢(q + G) of each layer £ = 1,2 are diagonal in sublattice and valley
indices, and read, for q € RBZ,

pe(a+G) =Y ¥ o, Q)00 ¥y g0 o

- (1) (1) .
R T0 — -1 T3 T0+ -1 T3
PZ(Q) = 6Q7Qa -+t 6Q7Qb 9
and thus the Coulomb repulsion can be written as
1
He = 35> D Unwla+ G)pj(a+ G)pyla+G), (3.5)

q,G o
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with NV the number of supercells, . the area of each supercell, U1(q) = Us2(q) and Uja(q) =
Us21(q) the intra- and inter-layer Fourier transforms of the interaction e?/r screened by the high-
frequency dielectric constant e, = 9 of graphene, and by the presence of a dual metal gate [133]
assumed at distance d, = 30 nm. I assume the two graphene layers placed at a distance dy =
0.335 nm, resulting in

2me? tanh(dy(q + G))

U (q+G) = . pEe

(e—dz(Q-‘rG) 4o (1— e—de(q+G))> _ (3.6)

The non-retarded attraction mediated by A; and B; moiré phonons can be straightforwardly
derived from Ref. [152] and is

He=—5o0 30 3 L@ Li(a), (37)

q a=1,2

where wg ~ 1360 cm~! is the phonon frequency, neglecting its very weak dispersion [27], and

La(q) = Z Z \I/L,Q,o Ta LQQ' \I/k+q7Q’,o ’ (38)

ok QQ’

with 5
Loq' =70qq o0 + ) (fo-a'a +da'-qa) Ti(g0.91).- (3.9)

i=1

T5(go, 1) are the same as in Eq. with up and w; replaced by go and g;. I mention that,
since sublattices in valleys +1 and -1 are interchanged, go and g; are the modulations induced
by the phonons on the intralayer hopping between opposite and equal sublattices, respectively,
while v refers to the interlayer opposite sublattice one. The results of realistic tight-binding
calculations with frozen phonon displacement [27] are reproduced by the continuum model [152]
fixing g1 ~ go/10 and v ~ g¢/2.5, allowing to parametrise the strength of the phonon-mediated
attraction through the single coupling constant g = g2 /wp, with realistic value < 1 meV.

I remark that Hy + H¢ is invariant under global charge U(1), valley U,(1) and separate spin
SU(2) rotations in each valley, thus a large U(2) x U(2) symmetry [133]. On the contrary, the full
Hamiltonian Hy+ He + Hp is only invariant under U(1) x U, (1) times the global spin SU(2). The
following analysis takes into account just the latter reduced symmetry.

3.3 Mean field phase diagram

3.3.1 Hartree-Fock formalism in TBLG

The simplest way to treat a not-too strong electron-electron interaction is through the Hatree-
Fock (HF) approximation, which amounts to truncate the skeleton expansion of the self-energy
functional at the first order terms. In the context of TBLG, is more convenient to work with
the density matrix rather than the interacting Green’s function, differently from Chapter [2] The
HF ground state is the solution of the following minimum problem over all density matrices C
corresponding to Slater determinants

mcjn Tr [é (Ho — %EHF[C‘} > } : (3.10)
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where Hj is the non-interacting Hamiltonian and Xy [C’] the HF self-energy functional of C. 1
performed an all-band HF' calculation, thus considering the full k-dependence of the Fock self-
energy and embracing the full complexity of the band structure and the effects of remote bands
on symmetry breaking states.

To further introduce my method, it is convenient to change notation and write the layer-density
operator of Eq. as

o(a+G) Z ‘l’k io P25 (G) Uy g o s

ko,i,j
N 7'07(71)57'3 7'0+(71)ZT3
peij(G) = < (5Q,Qa 5 tdaq 5 |ode-ca | .
ij

where the indexes i,j = (Q,n, 1), (Q’,n,1') include all the internal degrees of freedom, with
u = A, B the sublattice, and ﬁlT(G) = pi(—@G). Introducing the density matrix

(3.11)

éij k,o) = <\Ijk ga\Ilk io)
A 1 A 3.12
Cij = Cij(k,0), (3.12)

k,o
the HF self-energy can be expressed by means of simple matrix multiplications:
SHE(K o) = — Z S oul ., (B +3hk0)) Uio
kO’ ©j
=i = [ ((—G) O] peij(G) (3.13)
o
F o A ~
¥ik,0) = NQ Z Z Uw(k—-—q+G) (pg( G) C(q,a)pgf(G))ij .

p,.G

A similar, but easier, calculation can be done for the potential generated by the phonon-mediated
attraction Hp, obtaining the full HF self-energy.

Treating the full k-dependent Fock potential, thought it ensures robust computational results,
can be computationally expensive, especially if the reciprocal lattice is taken big enough not to
encounter spurious breaking of the translational symmetry in momentum space, i.e.,

HQ7Qr(k + G) = HQ,G’Q/,(;(k) . (3.14)

The only approximation made to reduce this complexity is truncating the G vectors up to the
next nearest neighbours, corresponding to 13 vectors (including G = 0) up to a distance 47 in
reciprocal space.

Moreover, the continuum model for TBLG hides a subtle complication when applying HF: the
inter-layer hopping ug and w1 of the non-interacting Hamiltonian are fitted in order to reproduce
density functional theory bands. In this sense, the electrostatic effects of occupied bands for the
symmetry-invariant ground state are already included in the non-interacting Hamiltonian. To fix
this double counting problem, I subtract to the non-interacting Hamiltonian Hy the Coulomb HF
potential generated by the non-interacting ground state

Hy — Hy —EHF[éo]. (315)



Chapter 3. Moiré phonons and local Kekulé order in TBLG 35

where Cj is the density matrix induced by Hy. The variational problem of Eq. thus becomes

N ~ 1 N
¢

The energies of the broken symmetry states are then compared with the non-interacting one. This
choice of the reference potential has two main advantages: Cy is a local minima of the problem
by construction, implying that the HF symmetric state is exactly the original non-interacting one
and, moreover, this methodology works for any filling.

3.3.2 Numerical results

Due to the peculiar triple-degree of freedom structure of the flat bands, TBLG can in principle
host a constellation of symmetry breaking insulating states. Every electron possesses three distinct
flavours: the spin one, endowed with SU(2) symmetry; the valley one with U, (1) and generator
73; and the Chern number o3 that reflect a Zo symmetry.

From the HF prospective, the insulators at integer fillings are constructed by selectively occupying
those flavours (or a linear combination) according to their HF energies.

Due to particle-hole symmetry, which is only slightly broken by , only negative fillings are dis-
cussed since the corresponding positive ones are easily obtained by a particle-hole transformation.

Charge neutrality: v =0

I start analysing the interplay between Coulomb interaction and phonon-mediated attraction
at charge neutrality, ¥ = 0, where there is consensus [133,|134,|{137},138| that the Coulomb
interaction alone stabilises an insulator that has been denoted as Kramer inter-valley coherent
(K-IVC) state [133]. This is characterised by the order parameter

AK—IVC(‘P) ~ 03 (COS(pTl + sin<p7'2) R (317)

which breaks time-reversal symmetry, 7 ~ 701K with K the complex conjugation, and valley
U,(1) symmetry, but is invariant under 773. Moreover, it breaks the Ca, ~ o1 twofold rotation,
while is invariant under the generalised

Céz(@) = e—i</77'3 CQZ ~ e_w)TS/Q T1 eicp‘r‘g/Q . (318)

I note that the order parameter commutes with the Chern number o3 [133]. Two electrons
with given o3 may form a spin-triplet valley-singlet, or a spin-singlet valley-triplet. Eq.
implies that Coulomb interaction favours the latter, with valley polarisation 7 in the zy-plane,
opposite for the two different Chern numbers [133].

The phonon-mediated attraction Hp in Eq. , which can be roughly written as —g (T ST =
7'3?), still favours a spin-singlet valley-triplet state. However, among the three 73 = —1,0,41
components, it lowers the energy of the valley-triplet with 73 = 0 for both o3 = 41, thus not
breaking any of the symmetries. This corresponds to a pseudo-rotation in the 7, — 7% plane:
the U, (1) symmetry is instantaneously broken along a direction in that plane but, on average,
dynamically restored. Since these pseudo-rotations describe alternating distortions either along A
or By modes, the state can be regarded as a resonating Kekulé valence bond. As such, it cannot be
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Figure 3.3: Hartee-Fock results for v = 0: Panel a: Hartree-Fock energies of the K-IVC
and S-KVB variational wavefunctions at charge neutrality, v = 0, characterised, respectively, by
the order parameters Eq. and Eq. , as function of the coupling constant g of the
phonon-mediated attraction. In addition, other valley polarized symmetry breaking insulators,
characterized by the order parameters o3, 73 and 73 03 are shown. Panel b: Hartree-Fock band
structure of the S-KVB state at ¢ = 0.32meV and v = 0. Solid lines represent valence bands
whereas dashed lines conduction ones. Also shown are the symmetry properties of the Bloch waves
at the high-symmetry points. In the inset, the Wilson loop of the lowest two flat bands.

represented by a single Slater determinant, hence it is not accessible in HF. It is however possible
to study by HF the static counterpart once U, (1) is explicitly broken through a static distortion
along any arbitrary combination of the A; or B; modes. That amounts to searching for variational
wavefunctions with a static Kekulé distortion characterised by the two-component order parameter

AS—KVB(‘P) ~ 0 (COS(pTl + Sin(pTg) s (319)

which breaks U, (1), while it is invariant under Ca,, 7, and the twofold rotation . The Fock
term of the Coulomb interaction may stabilise either order parameters, although Agk_rvc is
favoured at charge neutrality |[133]. On the contrary, the phonon mediated attraction only
couples via the Hartree term to Ag.xvB.

It is thus reasonable to expect that the cooperation between Coulomb and phonon-mediated in-
teractions may eventually make Ag.gyp prevail over Ak 1yvc, which is confirmed by the following
numerical results. In Fig. B:3p, HF energies of the K-IVC and S-KVB variational states upon
increasing the coupling constant g of the attraction are shown, along with other valley-polarized
insulating states that however remain always metastable since they are only weakly coupled to the
Fock term of Hp. At g = 0, K-IVC is the global minimum and S-KVB a local one. Increasing
g, the energy of S-KVB lowers and eventually crosses that of K-IVC. For realistic values of g,
S-KVB is the stable state, while K-IVC is only metastable. In Fig. the HF band structure
of the S-KVB state at g = 0.3 meV is plotted along with the symmetry properties of the Bloch
waves, noting that the space group remains P622. The band structure describes an insulator with
a sizeable gap ~ 30 meV separating the two lower flat bands from the upper two. The Bloch waves
of the lower two bands transform like the irreducible representations I'1 (1) +T'2(1), M7 (1) + Ma(1)
and K3(2), see Fig. [3.3b, which hints [151] at a ‘fragile‘ topology, indeed testified by the Wilson
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Figure 3.4: Hartee-Fock results for v = —2: Panel a: Hartree-Fock energies of the K-IVC
and S-KVB variational wavefunctions at half-filling, » = —2 as function of the coupling constant
g of the phonon-mediated attraction. Panel b: Hartree-Fock band structure of the S-KVB state
at g = 0.32meV and v = —2. Solid lines represent valence bands whereas dashed lines conduction

ones. In the inset, the Wilson loop of the lowest doubly spin-occupied flat band, which indicates
a non-zero net Chern number.

loops of the two lower flat bands, see inset of Fig. [3.3p. In reality, since the S-KVB state is adia-
batically connected to the frozen-phonon insulator of Ref. [27], which was shown to support edge
states, that topology is actually robust and implies that the two lower flat bands do have finite
and opposite Chern numbers C = +2.

Half-filling: v = +2

For integer fillings away from charge neutrality, the sole U, (1) symmetry-breaking static Kekulé
distortion cannot stabilise mean-field insulators, due to the 7Cs, protection of the Dirac cones.
Therefore additional symmetries must be broken. It can already be anticipated how that occurs by
noticing that Jahn-Teller coupling is akin inverted Hund’s rules [149}/150}/153] forcing lowest-spin
configurations, and that the two occupied flat bands at charge neutrality carry opposite Chern
numbers, C = o3 = +1 per spin [133]. Therefore, if phonon contribution prevails over Coulomb
exchange, the Chern number degeneracy is split in the first place by a symmetry-breaking term
x o3, and only as a last resort spin degeneracy is lifted. At half-filling ¥ = %2 this corresponds to
spin rotationally invariant topological insulators with spin-singlet order parameter

Ay—12(p) ~ Askve(yp) + 03, (3.20)

breaking time-reversal, Ca, and Cy, symmetries, thus leaving just a P6 space group.

In the case Coulomb interaction should prevail, K-IVC spin triplet S = 1 non-topological insulators
[1331/134,/137] should be stabilized.

The former scenario is indeed realized in mean-field, see Fig. [3-Zp for moderate value of the electron-
phonon coupling g ~ 0.3 meV, and the resulting Hartree-Fock band structure is shown in Fig. [3.4pb.
As expected, the occupied flat-band has a nonzero winding number of the Wilson loop, suggestive
of a topological Chern insulator with Chern number C = +£2.
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In reality, this solution, though consistent with experiments [24}25], is degenerate with other ones
at the mean-field level |[154]. T observe that the solution whose band structure is shown in panel
b of Fig. can be easily interpreted as deriving from panel b of Fig. at v = 0 after the two
bands with opposite Chern numbers detach from each other because of the symmetry breaking,
and the two electrons occupy the lower one. Since the Chern number per spin of the lowest band
can be either +1 or —1 depending on the sign of the component o o3 of the order parameter
7 both signs leading to the same HF energy, and because spin up and down electrons are
independent of each other at the mean-field level, I can imagine a situation in which the lowest
band has Chern number +1 for spin up and —1 for spin down. That corresponds to replacing
o3 in with s3 o3, where s3 is the third Pauli matrix in the spin sector, or, more generally,
with any combination of si, sy and s3. This solution has the same HF energy as the one with
order parameter , and describes a quantum spin-Hall insulator that also breaks spin SU(2).
Even though both solutions are degenerate at the HF level, as first observed in [154], I expect
that quantum fluctuations beyond mean-field would tend to restore SU(2) symmetry, eventually
stabilising a non-topological insulator. The question about which of the two insulators, topological
or not, have lower energy beyond mean-field is an open issue, even though experimental evidence
supports the topological one. I will come back to this issue in the context of the resonating valence
bond scenario.

0Odd fillings: v = —1 and v = —3

Insulating solutions at odd fillings v = —1, —3 and forcing translational symmetry can be stabilised
in HF by only assuming that spin SU(2) is broken.

At v = =3, only one of the eight (including spin) flat bands is occupied, lifting both the Chern
number and the spin degeneracy. The S-KVB and the K-IVC insulators collapse into the same
state, characterized by an electron with inter-valley coherence occupying one of the four flavours
in the spin-Chern subspace. Another possible insulator is spin-valley-Chern polarized (SVCP),
thus preserving U, (1) valley symmetry. In this case, the two solutions have a comparable energy
already at g = 0, see Fig. [3.5p. For finite g, the S-KVB becomes unequivocally the ground state,
making the result robust under the fine details of the calculation. The spin-polarized bands of the
S-KVB insulator are plotted in Fig. 3-4pb.

At filling v = —1, three of the eights flat bands are occupied. Since the spin symmetry is
broken, one spin projection will have two electrons and the other just one. At the HF level, the
two low energy candidates are found by removing an electron to one of the two spin species from
the charge neutrality solutions of K-IVC and S-KVB. The minority spin thus resembles the state
stabilized at ¥ = —3, while the majority spin is exactly the one at charge neutrality, but now
not doubly occupied. Also in this case, the S-KVB insulator becomes stable for g ~ 0.3 meV,
see Fig. 3.5k, resulting again in a spin-polarized topological insulator whose bands are plotted in

Fig. [3.5d.

Alignment with hBN

In all the experimental realizations of TBLG, the system is encapsulated or sitting on a hexagonal
boron nitrate (hBN) substrate. In the case of perfect alignment between one of the graphene layers
and the substrate, the system displays a radically different phase diagram; without superconducting
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Figure 3.5: Hartee-Fock results for » = —3 and v = —1: Panel a-b: Hartee-Fock energies of
the most stable insulators at v = —3, —1, respectively, as function of the coupling constant g of the
phonon-mediated attraction. Panel c-d:Hartree-Fock bands of the S-KVB state for g = 0.32 meV
at v = —3, —1 respectively. The blue and red bands correspond to majority and minority spins,

respectively. In the inset, the Wilson loops of the occupied bands are shown.
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Figure 3.6: Hartee-Fock results for hBN: Panel a shows the evolution of the order parameters
of the S-KVB density matrix increasing the hBN coupling constant. Panel b shows the band
structure and the Wilson loop of the S-KVB state at Apgy = 10meV: the bands and their
topology are left almost untouched by the presence of the substrate.

domes and with clear-cut experimental evidences of insulating states only at v = 0 and v =
3 [20L[21,[155]. T am thus interested in the case of slight misalignment, to verify if the phase
diagram is robust under a small breaking of the Cs, symmetry.

Considering a TBLG on top of an hBN substrate, the potential generated by a perfectly aligned
hBN can be treated, in first approximation, by including a staggered on-site potential o573 [156]
acting on the bottom graphene layer. Reminding that the bottom layer correspond to the (Qp, 7 =
+1) and (Qg, 7 = —1) points, the external potential can be written as

AppN
2

VipN = dQq’ (0373 + (0Q.Q, —9Q.Q.) 73 ) (3.21)

where Appy = 30meV in case of perfect alignment [156]. I approximate the case of misaligned
hBN by taking a Appyn in Eq. smaller than the value of 30 meV corresponding to perfect
alignment.

The results at charge neutrality ¥ = 0 that are, in reality, representative of the behaviour at
all integer fillings are presented in Fig. Increasing Ay, gy, the density matrix of the system
develops a small Cy, symmetry breaking term, characterized by the order parameter o3 73. The
S-KVB order parameter is slightly diminished by the presence of the substrate, but the band
structure and the topological properties of the ground states are unaffected. In the case of a
perfectly aligned substrate, i.e. Appny = 30meV, the S-KVB order parameter is vanishingly small,
and the system is driven into a valley polarized insulator characterized by o3 73 ~ £1.

Summary of HF results and comparison with experimental evidences

The Hartree-Fock calculations suggest that the introduction of the coupling to moiré phonons
radically changes the phase diagram of the system, in accordance with a successive preprint that
also considers strain effects |[154]. At all integer fillings, when the electron-phonon coupling reaches
approximately 0.3 meV, the lowest energy solutions are insulating, exhibit a local Kekulé pattern,
and are topological but at charge neutrality. It is important to remark that these results, consistent
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with experimental evidence [12,16}[22,[157H163], depend on the Kekulé coupling overruling the
Coulomb exchange [153]. In the opposite case, the K-IVC state would be stable at charge neutrality,
and Coulomb exchange would presumably realize conventional Hund’s rules, thereby lifting spin
degeneracy to create high-spin states. This would lead, for example, to spin S = 1 non-topological
insulators at v = +2 [133}[1341[137], in contrast to the S = 0 topological ones that I find.

I stress that only the former scenario is consistent with experimental evidence of anomalous
quantum Hall effect at v = £2 [24]25], and in particular, with recent high-resolution STM mea-
surements on ultra-low-strain samples [28]. According to these measurements, the ground state
wavefunction breaks the U, (1) valley symmetry displaying a Kekulé pattern at the graphene scale,
but does not show the circulating currents peculiar to K-IVC, ruling out this state and pointing
toward the S-KVB one as the most promising candidate for the actual insulating states realized in
TBLG.

I conclude the discussion of the HF results by mentioning, for completeness, that there is
actually a third possibility I have not taken into account: that the insulators break moiré trans-
lational symmetry [27]. This scenario appears to be realized only under large enough strain, both
theoretically |1541|164] and experimentally [28].

3.4 Resonating valence bonds beyond mean field

Hartree-Fock is only able to describe static Kekulé distortions, and predicts tiny atomic displace-
ment because of the large phonon frequency compared to the narrow insulating gaps that are
opened. Since the A; and B; moiré optical phonon dispersions in momentum space are negligible,
around four orders of magnitude less than the center-of-mass frequency [27], one can legitimately
regard those modes as collective vibrations of almost independent moiré supercells [144] as if they
were thousand-atom large molecules. Therefore, also in light of the extremely narrow width of
the flat bands, it cannot be excluded that, in reality, Kekulé valence bonds resonate, namely they
occurs without spontaneously breaking U, (1). As earlier mentioned, that would corresponds to
the S-KVB distortion, see Fig. [3.1] being replaced by a R-KVB one. If that were the case, the
above mean-field insulating phases should be replaced by their dynamical counterparts, i.e., by
Jahn-Teller Mott insulators [147] in which the effectively inverted Hund’s rules and the Coulomb
repulsion conspire to halt electron motion and to freeze each moiré supercell in the state that
maximises the local energy gain with a number of electrons equal to the average one. In the
present case of magic-angle TBLG, a simple description of a Jahn-Teller Mott insulator runs into
several obstacles. First, each supercell contains an unmanageable large number of 7w-orbitals that
prevents dealing with Jahn-Teller effect as one would do in a simple molecule. For that reason,
I assume that focusing just on the flat-bands already yields a reasonable physical description,
in that akin to dealing just with LUMO and HOMO in a molecule. That raises another issue:
the topological obstruction [130}/151,/165] prevents building localised Wannier orbitals for the flat
bands. To overcome such obstacle, I note that the Jahn-Teller Mott insulator has built-in pairing
correlations [148H150]. With this in mind, I argue that a reasonable description of that state can
be gained through a Gutzwiller projected BCS wavefunction [148]

v) = Pg(v)|BCS) , (3.22)
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where |BC'S) is the BCS wavefunction for the flat bands, and Pg(v) the Gutzwiller projector onto
the configurations where each supercell is strictly occupied by 4 + v flat-band electrons. Since
the goal is just to infer physical features of the resonating counterparts of the S-KVB mean-
field insulating states, I shall not attempt to optimise the ansatz wavefunction 7 which is
anyhow practically impossible, but assume that its properties are simply inherited by the BCS
wavefunction [166], hence by the geminal pair-wavefunctions that are favoured by the phonon-
mediated attraction and Coulomb repulsion. For that, I am first going to project Hp onto
the eigenoperators of the flat bands, as previously done for the Coulomb interaction |131}[133}[137],
then I am going to include the effect of the Coulomb repulsion via its pseudopotential.

Phonon mediated electron-electron attraction projected onto the flat bands

Fist, I define the non-interacting flat bands wavefunctions
O [y (1) = 5 (K) [y (K)) (3.23)

where n = 1 for the lower and n = 2 for the upper flat bands at given valley v, and the gauge for
the wave-function introduced in [136] is adopted

C2zT|Unn(k)> = |u?7n(k)> )

CoP iy (1) = 1 (=)™ Ju (k) 2
where 1 = 2, 2 = 1. Moreover, a smooth gauge across the BZ is selected
i (a0 Dl (09) — (i @lu-0) ) = 0. (3.25)
The creation operators of the flat bands can be now defined as
kann Z“ana kQa(rn (3.26)

where o = A, B refers to the graphene sublattice. Finally, I remark that the phonon mediated

attraction
Hp = =553 (Lh(@) La(@) + Ll (@) Ly(a)) . (3.27)

is controlled by the pseudo-density operators which couples only two electrons with opposite valleys

Lo)(@ =D > Yhqo o) Laa Yiqqo
ko QQ’
3 (3.28)
. 1 1
Laq = | {5000+ > (bq.q+a +0q.q—a) Ti | 1, 55 ) |
i=1 :
Considering only the flat bands and restricting to electron pairs with zero total momentum, I
obtain
ISY Y H K Lk ) x
kk’ oo’'n mnm’'n’ (329)
T T
Vi omm¥ kot —nm ¥ 0" 0 Vict g =



Chapter 3. Moiré phonons and local Kekulé order in TBLG 43

where the form factors are defined as the valley off diagonal matrix elements of the pseudo-density
L3k, K) = (g (K)| L [y (K)) - (3.30)

I shall analyse the spin-singlet channel first, and then discuss the spin-triplet one. I can already
anticipate that, because Jahn-Teller effectively realizes inverted Hund’s rules [149}/150,|153], the
latter will be higher in energy.

Spin-singlet pair creation operators can be straightforwardly defined as

S:zm(ka 77) = 7 ( k, 1,1, n\I]T—k,,L,—n,m + \I’Jr_k,T,_mm\I/le’.,L) ) (3‘31)
which, by definition,
Slm(ka T}) = S;rnn(_kv _77) ) (332)
and transforms under Cs, and particle-hole P as [136]
Co: S;[Lm (k7 77) CZ_Z S;[Lm<_ _77) ) (3 33)
P Sl m) P = ()" S~k m) '

In particular, Cy, symmetry entails four invariant channels

Ca. (+) (+) (+) ()
SL(ka n) 552(1{’ n) 512<k>77) + 551(1{7 n) Siz(ka n) — 551 (k,n)

Using Eq.(3.32), I can write the Hamiltonian in a block diagonal form

ZZ > LY.k —K)L 7 (~kK)x

kk/ n  mnm’n’ (334)
X ST (k) S, (K ).

From the combined C5, symmetry of both the singlet creation operators and the wave-functions,

it follows that the two diagonal blocks with opposite 1 are actually the same object, such that n
it is a redundant index. I thus get rid of this redundancy by defining

Al = SE(k +1),

(3.35)
Vi (& K)=2LF1 (k,~K) L' (~k, k).

The phonon-mediated attraction projected upon the singlet Cooper pairs with zero total momen-
tum finally becomes

T2 Y Ve (6 K) AL A (3.36)
kk/ mnm/’n’
and is diagonalized by the creation operators

Hp = —g» NAlA, = > &AL, (3.37)

k,nm

The wavefunction ¢, (k) inherits the same symmetry properties of the singlet creation opera-
tors in Eq. (3.33)). Accordingly, if 9" (k) # 0, then 1}?(k) = ¢?!(k) and the eigenstate is even
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Figure 3.7: s-wave pair wavefunction in momentum space. Panels a-c: intra-band, ¢!!(k)
(a) and ¥?2(k) (c), and inter-band, 11?(k) = ¥2*(k) (b), components of the spin-singlet s-wave
pair wavefunctions in momentum space. Panels d-f: same as in panels a-c but showing the
probability distribution in momentum space.

under Cs,, while it is odd if ¢ (k) = 0 and 9}?(k) = —¢2!(k). Moreover, since particle-hole
symmetry P is nearly satisfied, the eigenstate is (almost) even under P if ! (k) ~ *2(—k)
and ¥}?(k) ~ —}?(=k), and odd otherwise. Similarly, the eigenstate is even under Co, if
Y (ng(k)) = ¢ (k) and )2 (ng(k)) = —!?(k), and odd in the opposite case. Finally,
the component of ¥ (k) even under k — —k corresponds to the spin-singlet, valley-triplet with
73 = 0, while that odd to the spin- and valley-singlet. Both components have 73 = 0 and therefore
their mutual coupling is allowed by U,(1).
By construction, the lowest-energy pair-eigenstate is the one with the largest \;. Not surprisingly,
I find that the largest eigenvalue Ay = 2.33 is non-degenerate and its eigenvector, i.e., the pair
wavefunction, transforms like the totally symmetric irreducible representation of Dg, which is alike
an s-wave Cooper pair, see Fig. [3.7]
The next largest eigenvalue Ay = 1.79 is doubly degenerate, and the corresponding pair wavefunc-
tions transform like the two-dimensional irreducible representation of Dg even under Cs,, alike a
d-wave Cooper pair. In the real representation, one eigenstate wglm(k) ~ 22 — 42, even under Co,,
and the other %™ (k) ~ zy, odd under Cy,, see Fig. In reality, since ¢ (k) # ¥3"(=k),
each eigenstate has also a weak p-wave valley-singlet component, p, and —p, the eigenstates d;
and da, respectively. Both d; and ds are (almost) odd under p-h symmetry, as can be noticed in
Fig. |3.8, which hints at a non-trivial topological character . Indeed, the combinations
dy = (d1 +1i dz)/\/§ ~ Y5419 do have finite Chern number C = +2, the same value of the angular
momentum, as discussed later in the chapter.

For completeness, I further checked that a spin-triplet Cooper pair is unfavoured. Being
TT

- the triplet creation operator with z-spin projection s, = 0,41, the Hamiltonian pro-
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Figure 3.8: d-wave pair wavefunctions in momentum space. Panels a-f: pair wavefunction
components in momentum space of the two d-wave real eigenstates d; and do, namely, 11(k) (a),

Uit (k) = ¥7 (k) (b), ¥ (k) (c), ¥g, (k) (d), (k) = ¢Z (k) (e), and ¢7Z(k) (f). Panels g-

h: probability distribution of the complex d; + idy combination, eigenstate of C'3, with eigenvalue
e~*27/3_ The orthogonal combination d; —ids, eigenstate of C3, with complex conjugate eigenvalue,
has right the same probability distribution.

jected onto the triplet Cooper pairs takes the form
Hp = +_ Z Z Viing, nana (k k/) k,n1m2,5; T nsna,s. » (3~38)
kk’ ;82 M1MN2N3NY

with an overall positive sign. Now, I must take the most negative A ~ —1.18 which is smaller in
magnitude both of A; and Ag, +44,, implying my assumption to focus only on the singlet channel
was legit.

Coulomb pseudopotential

I have so far just considered the phonon-mediated attraction that, unsurprisingly, favours the s-
wave pairing channel. That result may change taking into account also the Coulomb repulsion H¢o

in Eq. (3.5)). The projected interaction yields [136]
— !/
Heo = — 2NQ ZZZ S N U(a+G) M), (k.q+ G)M), (K, —q— G)x
kk/ q G oo’ nmn'm’ nn’ (339)

t t
X Wietq.onnYie—ao mm Vi o m Vionn
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Figure 3.9: Diagrammatic representation of the Coulomb pseudo-potential. The black Green

Y

functions correspond to flat bands, the red ones to other bands, while the wavy line is the RPA
screened interaction. The values in Eq. (3.46|) refers only to the first diagram.

where the form factor for transferred momentum q + G is defined as
My (k,q+ G) = (upn(k + g+ G) [ugn (K)) , (3.40)
and, for simplicity, a layer independent interaction is considered

_ 2me? tanh(d,q)

€oo q

Ula) (3.41)

A proper treatment of Ho would require including all thousands m-bands, because the Coulomb
repulsion projected just onto the flat bands, i.e., without the screening by all other bands, is
unphysical. Since this calculation is infeasible, I project the interaction onto the four flat bands
and account for the screening of the other bands through random phase approximation (RPA),
neglecting retardation effects due to the small energy window of the flat bands

Ulq+G) = Uselq+ G) =U(q+ G) (1+ Ulg+G)x’(a+G,w= O))fl, (3.42)
where the non-interacting density-density particle-hole bubble is summed upon all the bands but
the flat ones

0 _ 2 n o flenn(k +a)) — flegn (k)
Xla+G,w) = 1% kzmmgm My (k,a+ G| w—€emk+q) — e (k)

(3.43)

I estimate the electrostatic energy paid by a single the Cooper pair in perturbation theory, i.e. the
Coulomb pseudo-potential p.

ij _ 1
7 = (0|2, He Al[0)

1 ; . : (3.44
=3 Y (W) U (6, ) 6 ) )
kk/ mm/nn’
where the Coulomb kernel is now defined as
U (K, K) = > Use(k =K' + G) M} (K k =K' + G) x
G (3.45)

xM L (K, -k+k' —G).

Due to invariance under the Dg symmetry of the Coulomb repulsion, the pseudo-potential is
diagonal in the dy () space and does not couple s and d ones. Specifically,
sy = 27.48 meV
pd =26.97meV (3.46)
Apy =p8 — pd ~ 0.49meV .
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Figure 3.10: Evolutions of the kernel eigenvalues of the tHamiltonian in Eq. . Asin Eq. ,
the larger the kernel eigenvalue the smaller the energy eigenvalue. For p = 0, there are present
two degenerate s, s’ states with C' = 0 that splits for g > 0. The di + ids states, with C = +2,
remains doubly degenerate for all the evolution of the Hamiltonian.

Reminding that Ay — Ay = 0.56, I conclude that the interplay of electron-phonon coupling and
Coulomb interaction favours the d—wave Cooper pairing [129] for values of the coupling

g <0.88meV, (3.47)

due to the nodes of the wave-function that pay less electrostatic energy.

I note that the pseudo-potential u’ is bigger than the pair energy —g \;, resulting in a net positive
energy for each pair. That is because a faithful estimate of u’ requires summing the ladder
diagram in Fig. 3.9 over all bands but the flat ones. Unfortunately, this calculation is infeasible:
the non-trivial momentum dependence of the interaction prevents to analytically sum the series.
However, I expect that the net result would still favour the d-wave pair with respect to the s-
one, as suggested by the non-trivial topology of the HF solutions. Moreover, even if u’ were
still larger than —g \;, the proximity to the Mott insulator could nonetheless stabilize a R-VBD
state, since vertex corrections and wavefunction renormalization strongly supress the Coulomb
pseudo-potential whereas have weak effect on the phonon coupling constant [149].

Topology of the d-wave Cooper pair

As previously anticipated, here I analyse the topological character of the d4-waves introducing the
Chern band creation operators, which creates electrons belonging to the flat bands with definite
Chern number C' = ey = +1 [136]

wl +iey Ul
UL ey = 202 <ol (3.48)
10,1, \/i
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and the Chern number operator as

SY - Z Z €Y \IIIT(,U,n,(iY qjk,a,’q,ey : (349)

k oney

A single Cooper pair is described by the wave-function
|BCS(%)) = Af, |0) (3.50)
and the expectation value of the Chern number operator over such state is
(Ey), ==*1.75, (3.51)

signature of a nontrivial topology of the pair wavefunction, but below the quantized value C' = +2.
The discrepancy is due to a small mixing of non-interacting flat bands with opposite Chern numbers
by the phonon-mediated attraction, such that the one-to-one correspondence between £ and the
Chern number of the pair is no longer valid once interactions are introduced. To demonstrate
that the Cooper pair is anyway still topological, I divide the Hamiltonian in two parts, one that
preserve and one that breaks the chiral symmetry

Hp=Hp+ H},
Sho e (3.52)
[Hb & =0  [H2 &]#0,
and define a new Hamiltonian through
Hp(p) = Hp + p . (3.53)

For pn = 0, &y commutes with the Hamiltonian by construction and allows only Cooper pairs with
definite Chern number & = 0, +2. The di-states posses a non-zero Chern number &y = C = £2
at p = 0, explicitly signalling a nontrivial topology. Adiabatically increasing u, they always remain
doubly degenerate but for an accidental degeneracy with the s-one at p ~ 0.7. The mixing between
these states is forbidden by symmetry, such that the nontrivial topological character of the d4.-ones
is left untouched by the crossing. Moreover, the d-states can not even mix between themselves since
they are characterized by opposed quantized angular momentum ¢, = 4+2. This indicates that the
d4-wave are characterized by C' = +2 Chern numbers also in the case of y = 1, corresponding to
the actual phonon Hamiltonian.

Resulting physical scenario

Therefore, under all the above assumptions, and neglecting the flat band dispersion since the large
U(4) x U(4) symmetry of the Coulomb repulsion is already lifted by the effective attraction, R-
KVB insulators can be stabilised at all integer fillings v. These are described by the projected
BCS wavefunctions, see Eq. (3.22)),

v} o< Pav) (A, B (ah) Ay (3.54)

where, by definition, the ‘vacuum’ |0) is the ground state state at ¥ = —4 with all bands below
the flat ones occupied, and ny > 0 are the numbers of dy pairs per unit cell. The filling factor is
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D~v..c=2 @~Y.(C=2

Figure 3.11: R-KVB insulators at integer v < 0. The two spin-singlet, 73 = 0 geminal opera-
tors: Ai ~ Y5, with Chern number C = 42 is represented by the blue circle, while Al ~ Yo o
with C'= —2 by the red one. A pictorial representation of the resonating Kekulé valence bond in-
sulators, dynamical counterparts of the static mean-field ones in Figs. and is displayed
for all negative integer fillings. For each case, I draw two nearest neighbour moire unit cells, each
of which, for odd v, hosts one electron from the shared pair; a very oversimplified picture of spin-
and valley-liquid insulators.
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simply v = —4 + ny +n_. Whenever ny # n_, the projected wavefunction breaks time-
reversal symmetry, carries Chern number C(ny,n_) = 2(ny —n_), and has finite orbital magnetic
moment M = up g. C(ny,n_) per supercell, with g, the gyromagnetic ratio. Since the explicit
calculation [168] of the gyromagnetic ratio is infeasible in this scheme, I rely on the experimental
estimate of g. ~ 3 [24], yielding an orbital magnetic moment per pair of ~ 6 Bohr magnetons.
The dynamical counterparts of the S-KVB mean-field insulators Figs. and correspond
to specific values of ny and n_, see Fig. [3.11] However, due to the large value of g, it is well
possible that pairs (ny,n_) with Chern number higher in absolute value than the mean-field so-
lutions could become stable in presence of a magnetic field, possibly realising the peculiar Landau
fan diagrams that have been observed [22}|157H159,]161H163].

I note that, since at odd integer v the R-KVB cannot quench spin and valley degrees of freedom, the
wavefunction describes in that case spin- and valley-liquid topological insulators, whereas
Hartree-Fock predicts fully-polarised symmetry breaking ones. Nonetheless, that wavefunction still
has finite orbital magnetisation, which, e.g., could be as large as 3up per moire supercell at v = 3,
not in disagreement with recent observations [160]. Moreover, the sizeable orbital magnetic mo-
ment implies the emergence of magnetic domains at any integer filling v # 0 rather than a uniform
magnetic polarisation. Since the orbital magnetic moment of each pair is directly proportional
to its Chern number, that envisages the existence of domains with different Chern numbers, as
indeed observed experimentally [169]. I further remark that R-KVB insulators are prone to turn
upon doping into superconductors [149}/150], in the present case nodeless chiral d-wave ones that
are still topological [29], whose driving mechanism, I emphasise, is the electron-phonon Kekulé
coupling [30].

The former scenario assumes that time reversal breaking operators ATi are favoured over the real
ones AJ{ and A;. I cannot exclude that the latter correspond to the SU(2) invariant dynamical
counterpart of the earlier discussed quantum spin-Hall insulating HF solution [154]. However,
within this RVB scenario, these two states have exactly the same energy.

Therefore, for completeness, I will briefly discuss what would change if AJ{ and A; were instead
favoured. In that case, (Al, ni) are simply replaced by (AJ{@)7 nl(z)) in the wavefunction 7
which would thus describe non-topological R-KVB insulators with a weak nematic character due
to the small p-wave component. Moreover, the symmetry of the superconducting order parameter
stabilised upon doping would be now a real combination of d;2_,2, plus a small p, component,
and dyy, plus a small —p, component, implying nodes in the Brillouin zone 31| and weak nematic-
ity [140].

However, I emphasise that this scenario would imply a topologically trivial insulator at v = +2,
at odd with experimental evidence of an anomalous quantum Hall effect [24,25].
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3.5 Summary

The surprisingly rich phase diagram of magic-angle twisted bilayer graphene, which includes topo-
logical and non-topological correlated insulators [11,12)16,22l157}/158]/160-163|, sometimes compet-
ing with each other [159], and superconducting domes [12,/2426], is explained by the constructive
interplay of the Coulomb repulsion and the effective attraction mediated by a rather peculiar set
of moiré optical phonons. The Kekulé-like valence-bond state, only metastable in presence of just
the Coulomb repulsion, is stabilized by this interplay and characterized by a distortion localised
mostly into the AA regions and along the domain walls separating AB and BA Bernal Stacked
regions of twisted bilayer graphene. The resulting physical scenario is in agreement with the ex-
perimentally observed insulating states at all integer fillings and, in particular, with the Kekulé
distortion measured at half-filling in a recent STM experiment [28,[170]. Moreover, it naturally
offers an explanation of the observed superconductivity [30] and its proximity to the insulating
phases [149./150].



CHAPTER 4

GREEN’S FUNCTION ZEROS AND TOPOLOGICAL
INVARIANTS

4.1 Introduction

The determinant of the retarded Green’s function Gy(¢, k), with € the frequency and k the mo-
mentum, for periodic models of non-interacting electrons have poles whenever ¢ hits the dispersion
energy €, (k) of a band n, i.e., a single-particle excitation. Similarly, the poles of the determinant of
the fully-interacting G(e, k) can be associated to coherent, i.e., with infinite lifetime, single-particle
excitations, which thus have a clear physical meaning. The manifold in the Brillouin zone where
these poles are at € = 0 defines the Fermi surface, in which case the system is metallic.

However, the determinant of G(e,k) in presence of interaction may also develop zeros ﬂ whose
manifold at € = 0 defines the so-called Luttinger surface [175]. For long time, these zeros have not
been given any physical significance, despite Volovik [32] early on recognised that a Luttinger sur-
face bears the same non-trivial topological content of a Fermi surface. Only recently, the Green’s
function zeros started to attract growing physical interest. For instance, it has been shown that
a Luttinger surface defined by the simple roots of det (G(O, k)) does sustain Landau’s quasiparti-
cles |33], even in non-symmetry breaking Mott insulators [34]. Those quasiparticles have the same
physical properties as conventional ones at a Fermi surface, with the major difference that they are
incompressible [35] and do not contribute to charge transport [34]. Elaborating on Volovik’s obser-
vation [32], Gurarie [36] and Essin and Gurarie [37] have proposed that, upon increasing electron
correlations, topological edge modes, i.e., edge poles of the Green’s function, may transform into
edges zeros without making the topological insulator a trivial one or closing the single-particle gap.
More recently, this intriguing scenario has been further explored in Ref. [38], whose authors show

I Equivalently, in the basis that diagonalises G(e, k) for strictly real e, there may be elements along the diagonal
that vanish at certain ¢ and k. That is evidently different from the case in which the Green’s function, represented
in a basis in which it is not diagonal, has diagonal terms that may cross zero. This circumstance has been discussed
in |[171]. In particular, the diagonal elements of the non-interacting Green’s function have only poles in the diagonal
basis, while they may have also zeros in a generic non-diagonal basis, whose role has been analysed, e.g., in [172H174]
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that model topological insulators turn, upon rising interaction strength, into Mott insulators with
topologically trivial lower and upper Hubbard bands, but with ingap valence and conduction bands
of Green’s function zeros that are topological and yield Green’s function edge zeros. This result
suggests that an edge-bulk correspondence exists also for Green’s function zeros, thus clarifying
the mechanism underlying the transformation of edge poles into edge zeros [361[37].

All these small pieces of evidence suggest that Green’s function zeros, that may arise only in
strongly correlated systems, do have a physical meaning as important as that of Green’s function
poles. This connection has been uncovered when the zeros cross the chemical potential, thus in
the presence of a Luttinger surface [32H34]. However, despite the supporting evidences [36-38], the
direct role of Green’s function zeros in assessing the topological character of an insulator has not
been explicitly demonstrated. That is precisely this chapter.

4.2 Topological invariant in two dimensions

The Hall conductance in non-interacting insulators is quantized in units e?/27h, where the integer
quantum is a topological invariant known as the first Chern number. This is calculated upon the
occupied bands and is robust under any smooth deformation of the Hamiltonian. On the other
hand, in the case of interacting electrons, band theory of independent electrons does not hold
and yet a quantized topological invariant, which reduces to the Chern number if the interaction is
switched off, can be still defined.

However, while the expression of this invariant, the winding number , could be well antici-
pated by algebraic topology arguments, the most accepted derivation, see, e.g., Refs. |39,40], is
not formally correct. In particular, it neglects a term which is in principle non-zero when pertur-
bation theory breakdowns and can lead to a mismatch between the winding number and the Hall
conductance.

Therefore, I here rederive the Hall conductance by standard quantum many-body theory [176].
consider a periodic model of interacting electrons and use units in which 7 = 1. The off-diagonal
component o;;, ¢ # j, of the conductivity tensor is related to the current-current response function

Xij(w) through
o2
Oij = _ul)lg}) i Xij(w) s
where, in the basis of the Hamiltonian eigenstates |n), with eigenvalues E,,
e_BEn _ e_BEm,

@) = xil-w) = o Y = [axdy (ul ) ) (] Ty () )

nm

with J;(x) the i-the component of the current density operator at position x. Therefore, the
antisymmetric component of the current-current tensor is, for small w,

Xij (W) — Xji(w) v
2 B nz (Enm +E)

_, W)

Oow |w:0

e PEm

[y (a] 1) ) (] 190 )

)
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ie +iw, Kk

< < <1

+ + ...

Figure 4.1: Top panel: current-current correlation function x;;(iw) in skeleton diagrams. Black
arrow lines are interacting single-particle Green’s functions GG, whose Matsubara frequency and
momentum are explicitly shown; green triangle represents the non-interacting current vertex A?,
while dark green triangle the fully interacting one A;. Bottom panel: Bethe-Salpeter equation
satisfied by the interacting A; in terms of the interaction vertex I'y irreducible in the particle-hole
channel.

which is imaginary, and thus, switching to Matsubara frequencies and for i # 7,

i =i _ ;2 Oxij(iw)

2 diw  Jw=0’

where now 5
Xij (iw) = —/ dr eiw/dx dy (T (Ji(x, T) Jj(y70)> )
0

is the correlation function in the Matsubara formalism, with 7 the imaginary time. Fig. shows
the representation of x;;(iw) in skeleton diagrams. It is worth noticing that only one of the
two current vertices is fully interacting, otherwise interaction effects would be double counted as
mistakenly done in Ref. .

I am interested in the derivative of x;;(iw) with respect to iw calculated at w = 0, which, by
inspection of Fig. can be represented as in Fig. where, only because of the derivative, the
current vertices are now both fully interacting. Through the Ward-Takahashi identity the fully
interacting current vertex at w = 0 is simply A; = —9G~!/0k;, and, since 0G = —-GIG~1 G, 1
can write in 2D and for T'= 0

12— 0n _ €

2 2
5 (4.1)
e

= on (I + Kp)
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Figure 4.2: Diagrammatic representation of dx;;(iw)/diw up to first order in the skeleton expan-
sion. The cyan circle represents d/9iw. Note that all diagrams must be evaluated at w = 0 after
taking the derivative. Ultimately, the first diagram leads to the winding number W (G) while the
second one to K.

where vy is the quantised Hall conductance, and I; and K are the contribution coming respec-
tively from the first and second diagrams in Fig[f.2] The first integral can be recasted as

I = 8% / de dic Tr (Gie, k) 0k, Glie, k)™ Glie, k) 0.Gie, k) ™ Glie, k) Ok, Glie, k) )

1 . . 1
= /dedkeWp Tr(G(ze,k) 0,G(ie, k)™ x (4.2)

% Gie, k) 8,Gie, k)~ G(ie, k) BpG(ie,k)_l)
=W(G),

where €,,,,, with indices running from 0 to 2, the antisymmetric tensor, dy = 9 and 0y(2) = Ok, s,
and W(G), see ([£.8), is the winding number of the map (e,k) — G(ie,k) € GL(n,C), assuming
that the Green’s function G(ie, k) is an n x n invertible matrix, with n the dimension of the single-
particle wavefunction basis, which is true provided the system is insulating and has no Luttinger
surface.
The additional term besides the winding number involves the derivative of the irreducible vertex
I'p and reads explicitly

Ky = # 3 / dedk de’ dk' e;j 8 Gia (i€, K) Fapary (i€, ks i€ | K') 0;Gar (i€, k'), (4.3)

where

1
Fopsarer (i€, ks i€, k') = lim —— {I‘o (i€ +iwka,ic k' a'; i€’ +iwk' b, ickb)
’ w—0 25w
. i . VSR TRV . (4.4)
—I‘o(zeka,ze +iwk'a';ie' k b,le—&—uukb)}

-/ ! .
= - a’b’;ab(ZE ok ;Z€,k) )
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with
Do (i€ + iwka, i€ k' a';ie’ + iwk' V', iekb)
=To(ie' kK ' ie + iwkajickb,ic + iwk'b')
the irreducible vertex in the particle-hole channel with transferred frequency w. Since
T (ie +iwka, i€ X' a'jie +iwk' b, ie kb)*
=To( —iekb, —ie' —iwk'b';—ie' k' a’, —ie —iwka),

and Gy (i€, k)* = Gap(—ie, k), one can readily show that Ky, in is indeed real. T observe that
Fin is odd under (i€, k, ab) <> (i€, k', a’b"), unlike what claimed in [39,40], which compensates
the change of sign of the antisymmetric tensor €;; under ¢ <+ j. Therefore, K may well be finite
in principle. Nonetheless, one may still argue that F' could vanish. Indeed, the irreducibility in the
particle-hole channel suggests that 'y depends on iw only through the frequency carried by the
particle-particle channel, as can be verified by inspection of few orders in the skeleton expansion.
That frequency remains invariant if in the top panel of Fig. [fI]I change the frequency of the upper
Green’s function from ie + iw to ie, and that of the lower one from ie to i€ + iw, thus w — —w
in the particle-hole channel. If that is true, I'g is even in w, and since it must also be smooth,
then its derivative at w = 0 has to vanish, as also argued by Ref. [43] on the basis of the skeleton
expansion. I note that, from a physical point of view, it is reasonable that K vanishes for weak
interaction, i.e. when perturbation theory holds. Adiabatically switching on the interaction would
otherwise lead to a possible failure of the TKNN formula in any realistic material, where Coulomb
repulsion is small but always present.

However, once perturbation theory breaks down, i.e. the Green’s function develops zeros, one
cannot exclude that the full series develops odd contributions, and thus that K; becomes non zero.
Further insight in that direction can be gained through the Streda formula [177.{178]

ap e

OB |B=0 = ope W (4.5)

where p is the electron density. The case of spin-Hall conductance is defined similarly provided p
is replaced by the spin density [179]. The electron density at T = 0 can be calculated through [35]

n dedk

=5 / (ze k))

n / edk Olndet G(ie, k)

2 Oie (4.6)
_n / edk Olndet G, (ie, k) T '
2 Oie L

dk
— [ (= (0,K)) + I},
J ol t-ciony

where n is the number of bands, including spin, I used the fact that

Indet G(ie, k) = Indet G, (i€, k) + Indet Z(e, k),
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and Indet Z(e, k) gives no contribution to the integral since its derivative is odd, and, finally,
de dk , 0% (i€, k)
I = | ——= Tr|{ G(ie, k) ————
- / 2n)° r( (ie. k) — e )

:i/ & Smz(iot K.
v (2m)

The function Z(ie, k) = Z(—ie, k)* is defined as [35]
I(ie,k) = ®(ie, k) — Tr(E(ie, k) G(ie,k)) :

having written the Luttinger-Ward functional, which can be constructed fully unperturbatively [180],

@[G]:TZ/ dk e D (i, k) .
14

(2m)? ©

as

In the perturbative regime, SmZ(ie,k) ~ € for small e and thus I, = 0, in which case (4.6
reduces to the well known statement of Luttinger’s theorem [181]. However, when perturbation
theory breaks down, I, is generally nonzero [35].

In presence of a magnetic field B, the derivative of the first term in with respect to B
and calculated at B = 0 yields the Streda formula for non-interacting electrons described by the
quasiparticle Hamiltonian H,(0,k), which is just the TKNN expression . It follows that

8][, _ &

e—— = K
IB |B=0  2mc L (4.7)

namely that the winding number may not correspond to the quantised Hall conductance when
perturbation theory breaks down and I, # 0, in accordance, e.g., with the results of [182}183].
Most recently, another work linked the breakdown of the Luttinger theorem to a mismatch between
the winding number and the transverse conductivity via the Stresa formula [184]. Tt starts, however,
from the expression of the Green’s function in the magnetic Brillouin zone and thus corroborates
this result by a different analytical technique.

4.3 TKNN formula for interacting insulators

The expression of the topological invariant of two dimensional periodic insulators in presence of
interaction, which coincides with the zero temperature Hall conductance in units of e /27h [39,40]
at least when perturbation theory is valid, reads

W(G) = # / de dk e, Tr (Glie, k) 0,Gie, k)~

(4.8)
x Gie, k) 0,G(ie, k) ™! Glie, k) 9,G(ie, k)-l) ,

T hereafter assume that G(ie, k) is invertible, which implies that the system is an insulator without
any Luttinger surface. The winding number satisfies

W(G1Go) =W (G1)+W(Gy), W(G)=0 if GT=aG. (4.9)
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Zhong and Zhang have shown [42] that the topological invariant reduces to the TKNN expres-
sion of the quantised Hall conductance [2] in which the role of the Bloch waves of the occupied bands
is played by the eigenstates of the hermitian matrix —G(0,k)~! with negative eigenvalues. The
proof is based on the observation that the two maps (¢, k) — G(ie, k)~ ! and (¢, k) — ie+G(0,k) ™!
are homotopic, and thus the winding number of the former map coincides with that of the
latter, which, in turns, reduces to the TKNN formula.

Here, I will prove explicitly the equivalence relation but using a different map (e, k) — G (ie, k)71,
which has the more transparent physical meaning of the inverse of the quasiparticle Green’s func-
tion, which I discuss more extensively at the end of the section. Specifically, following [34,[35] I
write the interacting Green’s function matrix as

o 1
Glie k) = = 0~ She k)

=/ Z(e, k) G.lie, k) \/Z(e, k) ,

where Hy(k) is the non-interacting Hamiltonian represented in the chosen basis of single-particle
wavefunctions,
Y(ie, k) = E(—ie, k)" = 51 (ie, k) + i Sa (i€, k)
Y1 (ie, k) = 1 (ie, k)T = 1 (—ie, k)
_ X(ie, k) 4 X(—ie, k)
B 2
Yo (ie, k) = Bo(ie, k)T = =g (—ie, k)
Y (ie, k) — X(—ie, k)
21
the self-energy matrix in that same basis, which accounts for all interaction effects,

€

Z(e.k) = Z(—e.k) = ( . w) - (411)

an even in € and positive definite matrix, the latter if the system is insulating without a Luttinger
surface, which can be regarded as the quasiparticle residue, and

H(e,k) = H.(—¢,k) =/ Z(c, k) (Ho(k) + 3, (ie, k)) VZ(e k), (4.12)

is the quasiparticle Hamiltonian, which is hermitian and even in e. Therefore, if |a(e, k)) is eigen-
state of H, (e, k) with eigenvalue €, (¢, k), I can always define |a(—¢,k)) = |a(e, k)) the eigenstate
of H,(—¢,k) with the same eigenvalue €, (¢, k). T emphasising that the representation of the
Green’s function in terms of the quasiparticle one,

1

R T e

with hermitian H., (e, k) is a rigorous result that remains valid also when H,(0,k) has zero eigen-
values, i.e., when Fermi and/or Luttinger surfaces are present.
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It follows that the winding number (4.8)) can be written as
W(G) =w(VZ G.VZ ) =W(G.) + W(Z)
=W(G.),
since the winding number of the positive definite matrix Z vanishes.
A further reason for choosing the map (e, k) — G (ie, k) ™! is that, under the analytic continuation
on the real axis from above, ie — €+1i0T, i.e., for the retarded components of Green’s function and
self-energy, the poles of G, (¢, k) correspond to both poles and zeros of G(e, k), i.e., the vanishing
eigenvalues of the quasiparticle residue matrix (4.11)) on the real axis, thus making more explicit

their deep connection.
In the basis that diagonalises H, (e, k), i.e

H. (e, k) |a(e, k)) = ea(€ k) |ale k),
and choosing |a(e,k)> = |a(—¢k)),

1
W(G) 2 /dG dk €uvp zﬂ; e — €a B k) e — eﬂ(€7k) X ( )
° 4.13
1 ~1
X m@LG « (i€, k)aﬁ 0, G+ (i€, k) 0,G (i€, k),

having defined
9,G(ie, k) .5 = (ale, k)| 8,Gx(ie, k)~ |B(e, k)

= oty o I DA )
=10u00ap — Flgle, k).

The term in (4.13) with o = 8 = 7 vanishes because of the antisymmetric tensor, so that only
the cases of either two states equal and different from the third, or of all states different are finite,
which I denote as W(l)(G) and W) (@), respectively. Speciﬁcally,

W(q
WE(G) ie — eg(e, Cie—eg(e, k) %
) ; Fs(e,k) F2(6,K)
K i€ — €q(€, k) apl& Bal® ’
(4.14)
Wo(G) = —— /dedke S ! ! x
2472 rep e ie —eq(e, k) ie—eg(e k)
1
X 26_6’7(671{){ (6 k) Fﬂ'Y(E k) (6 k)}

where ¥’ means the summation over different indices.
I begin by analysing W) (G) in Eq. (4.14)). I note that, for a # §,

Fl(e.k) = {a(e,K)| 0, H. (e, k) |B(e, k)
= (cale.k) — es(e.K)) (Buale.K)|Ble,k)) (4.15)
— (ep(e.0) ~ cale,K)) {a(e,K)] D,B(eK))
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so that
k) —eg(e, k))2
(1) d dk 6@ €, B
WG =g /6 E’sz ie — ep(e, k)
1
—_ k k k k 4.16
- 8“( i€ — eq (€, k) )(8,,04(67 ) B(e, k) (B(e, k)| Gpa(e, k)) ( )
1
=T /de dk €00 Z 0, Sap(e, k) (O,ale k)| B(e, k)) (B(e, k)| Dpa(e, k),
af
where the constraint o # § is automatically fulfilled and one can readily demonstrate that
. K . K . K
Saple, k) =21n ie—calek)  ie—cal6k) L ep(e, k) ;

ie —eg(e, k) ie —eg(e, k) i€ — €q(€, k)

which has a discontinuous imaginary part crossing € = 0 if €,(0, k) €5(0,k) < 0. I can write

Saple, k) = Kap(e, k) + 2misign(e) {9(€a(e,k)) — 0(es(e, k))} ,

where K, 3(¢, k) is now continuous at € = 0, so that, since S, (¢, k) is antisymmetric, and €, (¢, k) #
0, Va,e k, then

W(l)(G) = # /dkeij Z 0( - ea((),k)) <810l(07k)| aja(O,k» +
) “ (4.17)
——a;_/?kdkeuW)EZénfnm<ak><amneJo|6@,k»<6&;knena&ak»,
af
where i,j7 = 1,2. The second term, which I denote as I, is only contributed by Sm Kups(e, k),
which is odd in €, vanishes at ¢ — 400 and, by definition, is continuous at ¢ = 0. That allows

partial integration which, through Eq. (| - leads to

I= a6 k) (0,a(e, k)| 0,8(e, k)) (B(e, k)| Opa(e, k))
aff
ag € k) 1
de dk €, Z G TR R R (4.18)

1
ale k) — ep(e.K) &T@k”%@@F LeB0).

Since [ is real, I can take the complex conjugate, send ¢ — —e and then either exchange § and -y

as well as p and p, thus getting

Ko (€, k 1
de dK e, Z ” GLY) X

I=
—ey(6, k) es(e, k) —ey(e, k)
(4.19)
1
k k k
Ga(E,k) - 66(6,1{) { (6 ) 75(6 ) (67 )} )
or, instead, exchange o and v as well as v and p, in that way obtaining
—K,5(e,k) 1 y
(6, k) —ey(e, k) eple, k) — ey(e, k)
(4.20)

1
‘ €al€, k) —ep(e k) { o (6 k) Flg(e k) g (G,k)}.
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Therefore, recalling that K,g(e, k) = —Kpga(€, k) is antisymmetric, I can rewrite I as one third of

the sum of (4.18]), (4.19)) and (4.20)), thus

— e dk e Oéﬁ(€> )+KIB’Y<€ k) + K a(evk)
= 2472 /d dk ey Z (cale, k) —€s(e.k)) (es(e, k) — €4(€,k)) (e4(€, k) — €ale, k))

< { i en Pyl P}

1 1

= dedke,,
242/‘E 6“’)(’25; ze—eaek) ie —eg(e, k) ie—e (e k)

=-w(G),

where the equivalence between the first and the second equations can be readily worked out.
In conclusion, I have proved that the winding number (4.8]) can be written, not unexpectedly, as

W(G) = —16% /de dk e, D) { 3" Susle, k) (Ga(e, k)] Ble, k) ((e, k) 8pa(e,k)>} ,

af

namely, as the integral of a full derivative of a function that has a discontinuity at e = 0, for which
reason the integral does not vanish and yields

W(G) =5 [ ke 3 0(~ ea(0.10) @ia(0.19] 800,10 (1.21)

e., the TKNN expression [2| for quasiparticles described by the non-interacting Hamiltonian

H,(0,k). Since H,(e, k) includes by definition both poles and zeros of the retarded Green’s func-
tion, I argue that both of them contribute on equal footing to the topological invariant W (G).
I emphasise that only through the representation of the Green’s function G(ie, k) it has
been possible to straightforwardly derive the simple expression of W(G) in Eq. . Since that
same representation is also the key to the proof that Landau’s quasiparticles exist at Luttinger as
well as Fermi surfaces [33}[34], I suspect this formalism is not just a mathematical trick but hints
at a deeper physical meaning. Indeed, it is well possible that the bands of H,(0,k) lying inside
the single-particle gap of a Mott insulator describe fractionalised quasiparticles not carrying all
electron’s quantum numbers, for instance neutral but spinful, even when they do not cross the
chemical potential. Moreover, since those fractionalised quasiparticles cannot have any weight in
the physical single-particle excitations, it is reasonable to expect that they are associated to the
existence of ingap bands of zeros of the physical retarded Green’s function.

Finally, I remark that all above results has been obtained in two dimensions (2D). However, the
expression of topological invariants in 3D insulators |[41H43|[185-187] also involve winding numbers
that generalise in higher dimensions [|42], or describe other invariants like polarisation [43].
In particular, I note that my demonstration relies onto two main building blocks common to
any winding number, and thus can be easily generalized to any invariant. First, any winding
number that is written in terms of logarithmic derivatives GOG ™! posses the property of Eq. ,
which implies that the quasiparticle residue always disappears from the expression, which is
therefore only determined by the quasiparticle Green’s function G, (i€, k), see Eq. . Moreover,
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any winding number can be written as an integral over the Matsubara frequency of a total derivative
of a function

d
WN/deiF(e)

which goes to zero for ¢ — +oo and is smooth everywhere but at ¢ = 0, where it has a step
discontinuity which makes the integral nonzero. Being the quasiparticle Green’s function G, (i€, k)
only dependent upon the quasiparticle Hamiltonian H, (e, k), which is however smooth and even
around € = 0. This implies that, eventually, only the quasiparticle Hamiltonian at zero frequency
contributes to the actual value of any winding number, both in the perturbative and in the non-
perturbative regime.

4.4 A toy example

I now analyse a toy model inspired by Ref. [38]. Specifically, I consider an interacting BHZ
model 9], whose inverse Green’s function for a fixed spin reads

Glie,k) ™! = ie — e(k) 73 — X sink; 71 4 X sin kg 75 — (i€, k)

= ie — H(k) — (i€, k), (4.22)

where e(k) = M — cosk; — cosks, a hat is introduced to distinguish matrices from scalars, and
Ta, @ = 1,2, 3, are the Pauli matrices in the two-orbital subspace. Without interaction, the model
describes a topological insulator if €(T") (M) < 0, with M = (w, 7), which occurs if 0 < |M]| < 2.
T assume that [3§]
. A?
Y(ie, k) = ———————
ie + H' (k)

with 0 < A ~ U and where H’(k) has the same form as H(k) in but with renormalised
parameters, thus e(k) — € (k) = M’ — t/(cosk; + cosks) and X — N. It follows that H'(k) is
topological if 0 < |M'| < 2, which is taken for granted.

I also assume that the model is deep inside the Mott insulating regime, which implies that A is
in magnitude much larger than all the other parameters in . In this case, the poles of the
retarded Green’s function, G (e +1i07, k), describes two lower and two upper Hubbard bands, with
dispersion, respectively, eLup (k) ~ —A +de1(2) (k) < 0 and eypp (k) ~ +A 4 €1 (2)(k) > 0, where
de1(2)(k) are the eigenvalues of H (k) — H (k). The occupied lower Hubbard bands have opposite
Chern numbers so that, from the point of view of the Green’s function poles, the system is a trivial

, (4.23)

Mott insulator, as noted in [38].
However, besides those poles, the retarded Green’s function also has valence and conduction bands
of zeros with dispersion the eigenvalues of —H’(k) in Eq. (4.23)), which are therefore topological [38].

The obvious question is whether the non-trivial topology of the Green’s function zeros has
any physical significance. For that, I follow the analysis of the previous section. Upon defining
E'(k)? = € (k)?+ X2 (sin® ki +sin® ko) one readily finds that the quasiparticle residue reads
in this case > | B

Z(e,k) = 26 +/ (2) 2
e+ FE' (k) + A

=Z(e,k) 1, (4.24)
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and is proportional to the identity matrix I , and thus

N . A? .
H.(e, k) = Z(¢ k) <H(k) + ErE®E H (k)> ;

which has exactly the same form as H with frequency dependent parameters e, (e,k) and A, (e, k)
that can be easily determined. At e = 0 and for large A,

A2

H.(0,k) = Z(0,k) (ﬁ(k) + R

09 = 9.

explicitly showing that only the Green’s function zeros contribute to the topological invariant
in this toy example, and with opposite sign respect to the topology of the valence band of
zeros that are described by —H. 1 emphasise that the exact correspondence between the ingap
quasiparticle bands, eigenvalues of the Hamiltonian ﬁ*(O, k), and the inverted bands of zeros of
the retarded physical Green’s function holds only in the limit of infinite Mott-Hubbard gap.

4.5 Concluding remarks

The winding number W(G) of the physical electron Green’s function G(ie, k) € GL(n,C) can be
written as the winding number W(G.) of a quasiparticle Green’s function G.(ie,k) = 1/(ie —
H, (e, k))7 see Eq. , whose poles on the real frequency axis are associated to both poles and
zero of G(e,k). I have shown explicitly that W (G, ) reduces to the famous TKNN formula for free
electrons, here the quasiparticles, described by the Hamiltonian H, (0, k).

This result implies that, against all expectations, the zeros of the real frequency Green’s function
do have a topological relevance, which is consistent with earlier studies [32138|, and nonetheless
striking. Indeed, one would naively argue that the position of the ingap zeros could be easily
changed from the positive to the negative side of the real frequency axis, or vice versa, by slightly
modifying the Hamiltonian parameters, e.g., moving the chemical potential inside the insulating
gap. However, if one accepts the viewpoint that ingap bands of zeros, or, more correctly, ingap
bands of the quasiparticle Hamiltonian H., (0, k), may describe genuine excitations that do not carry
all electron’s quantum numbers, then their response to a shift in chemical potential is expected to
differ substantially from that of non-interacting bands.

An enlightening example is, in my opinion, offered by a Hubbard atom with Hamiltonian U(n —
1)2/2, the simplest realisation of a Mott insulator. Its Green’s function on the real frequency axis,

G(E):% < e+1U/2 * e—lU/Q )

has poles at e = +U/2 and a zero at € = 0. Through equations (4.10) and (4.11)) one finds that,
for imaginary frequencies,

€2 1
€ G =
U4 (ie) = ¢

Z(e) =

It is tempting to associate the zero-frequency pole of the quasiparticle G, (i€) and the vanishing
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quasiparticle residue Z(0) = 0 to the free spin-1/2 of the isolated atom. In contrast, a non-
interacting atom, U = 0, has
) ) 1
G(ie) = G (ie) = —, Z(e)=1,

1€

consistently with the fact that the zero frequency excitations are physical single-particle ones,
Z(0) = 1. I now imagine to couple the atom to a metallic reservoir with which it exchanges
electrons, as one would do in statistical mechanics to fix the chemical potential, and assume that
the atomic level is at energy e; with respect to the chemical potential of the reservoir. The
atom plus the reservoir thus describe a conventional Anderson impurity model. In the case of the
Hubbard atom with €5 < U, one expects that the zero-frequency pole of the quasiparticle Green’s
function is immediately promoted to a Kondo resonance pinned at the bath chemical potential,
thus

1 1 Tx
7 -
(6) - F ?

where T' is the bare hybridisation width and Tk the Kondo temperature. In other words, the

Gilie) = — = —— .
(i) i€ i€ + i T sign(e)

coupling to the bath allows revealing the hidden physical meaning of the zero, i.e., its being a free
spin prompt to Kondo screening. On the contrary, in the case of the non-interacting atom

1 1

Gilie) = — — — ——
(i€) i€ ie — eq + i I'sign(e)

which describes a resonant level centred at ¢4. It is remarkable that, while the non-interacting
atom simply inherits the chemical potential of the bath, the Hubbard atom does not; the Kondo
resonance is always pinned at the chemical potential even though the atomic level is offset by €g4.
This very simple example not only supports the interpretation that ingap quasiparticle bands in
Mott insulators may describe fractionalised excitations, but also suggests that these bands respond
very differently from conventional ones to a change in chemical potential induced by the contact
with a charge reservoir, in contrast to a recent claim [188§].

This analysis also extends the notion of topological transitions and adiabatic transformations
for strongly interacting electrons. Indeed, it was already known that some topological invariants are
contributed by zero-frequency roots of the Green function [32]. That, however, seems at odds with
the expected behaviour of topological invariants under adiabatic transformations, since neither a
closure of the charge gap nor any symmetry breaking occurs when Green’s function zeros cross the
chemical potential. In light of my results, this phenomenon acquires a straightforward physical
explanation: Green’s function zeros crossing the chemical potential form a Luttinger surface that
hosts gapless excitations [33}/34] despite the finite charge gap, thus providing the non-adiabaticity
required to change topology.

Finally, my results raise several questions worth being addressed in the future. The corre-
spondence between topological bands and edge modes of Green’s function zeros [36-38] suggests
that, similarly to the conventional case of edge poles, the edge zeros are may be responsible of
the quantised Hall conductance if K; = 0, although the surface is charge insulating. In
the model quantum spin-Hall insulator of Sec. [f.4] that puzzling prediction can be explained by
noticing that, according to Ref. [34], the edge quasiparticles at the Luttinger surface, actually a
point, can carry a spin current, thus a quantised spin-Hall conductance. However, that simple
explanation would not work for a hypothetical Chern Mott insulator with edge zeros crossing the
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chemical potential. Therefore, even though the results of Sec. prove that bulk bands of Green’s
function zeros contributes to the topological invariant , the actual role of edge zeros remains
unclear.

A further question regards fractional Chern insulators. Indeed, if the winding number does
correspond to the Hall conductance, which may not always be the case if K # 0, one may wonder
how it may ever be fractional since the TKNN formula should yield an integer value. In view of the
similar issue that arises in the fractional quantum Hall effect [189], I believe that the ground state
degeneracy, also expected in a fractional Chern insulator [190], is the key ingredient. Specifically,
I suspect that H,(0,k) calculated over each ground state has valence bands with ill-defined Chern
number, because, e.g., they touch the zone boundaries with finite slope. However, assuming, for
simplicity, that the ground state is threefold degenerate, the Hall conductance is better defined

as [189]
1

oH = 3 (W(Gl) + W(G2) + W(Gg)) = % W(Gl Go Gg) ,
where G, is the Green’s function calculated over the ground state [n), n = 1,2,3. The sum of the
three winding numbers corresponds to the TKNN formula applied to the quasiparticles valence
bands of all three ground states. I speculate, see, e.g., Ref. |[191], that all these bands as a whole
correspond to a well-behaved single band once unfolded into a threefold larger Brillouin zone,
whose Chern number is therefore an integer ¢, thus oy = /3, a fractional value. Incidentally, it
is suggestive that the sum of the winding numbers is just the winding number of G = G; G5 G3,
which is still a complex invertible matrix. The above is just a speculation that worth investigating.

I conclude by emphasising that the winding number in two dimensions, although being a
topological invariant, not necessarily coincides with the quantised Hall conductance when pertur-
bation theory breaks, where is well possible that K; # 0. Similarly, it cannot be excluded that
the extensions of the Green’s function winding number in three dimensions [41H43,(192] might be
unrelated to the physical observables they are supposed to reproduce when there is no adiabatic
connection between the interacting system and the non-interacting one. That leaves open the
question about the actual physical meaning of those winding numbers [182}[183].



CHAPTER b

NEUTRAL QUASIPARTICLES IN TOPOLOGICAL KONDO
INSULATORS

5.1 Introduction

The Kondo effect serves as a compelling testament to the profound influence of strong correlations
in materials, revealing behaviors markedly distinct from their weakly correlated counterparts.

When a highly diluted (few parts per millions) concentration of magnetic impurities, typically
transition metal or rare earth atoms, is placed into a good metal (copper, silver or gold), the
naive expectation based on band theory is that the partially filled d/f shells of the impurities,
which are responsible in isolation of their magnetic behaviour, get either filled up or emptied
depending on the position of the d/f levels with respect to the chemical potential of the metal.
In either cases, the impurities should lose their magnetic moments that, in turn, implies the same
Pauli paramagnetic behavior below the Fermi temperature T of the host metal as in absence
of impurities. In reality, in most of the cases the physics deviates substantially from the above
scenario: the impurities retain well below T their magnetic moments, signalled by a Curie-Weiss
behavior of the magnetic susceptibility, which get screened only at much lower temperatures. The
crossover from the local moment regime to the paramagnetic one occurs around the so-called Kondo
temperature T < TF, and is characterised by a logarithmic in temperature dependence of several
physical observables, like, e.g., the resistivity. In the low-temperature screened regime analytic
dependence upon T is recovered. Moreover, the d/f electrons get promoted into the conduction
band giving rise to resonances in the single-particle spectrum, known as Kondo or Abrikosov-Suhl
resonances, of narrow width ~ Tk and which are pinned at the chemical potential irrespective of
the specific magnetic impurities and host metals, thus contrasting the band theory expectation.
This complex behavior is commonly denoted as Kondo effect and ultimately arises because the
impurities oppose against any increase or decrease in the number of electrons that occupy the
d/f shell. Such stiffness to valence fluctuations can be incorporated in a model Hamiltonian by
adding a Coulomb charging energy within the d/ f shell of each impurity plus, eventually, exchange
terms that implement the Hund rules. This leads to the celebrated Anderson impurity model |193],
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which, for a single-band metal and a single impurity that in isolation has just a half-filled orbital,
reads

Harm = Z {€k CLU Cro T (Vk CLU fo T Hc)} +epng+ % (ny— 1)2, (5.1)

ko

where Vi describes the hybridization between the conduction band and the impurity f-orbital,
€r is the position of the latter with respect to the host-metal chemical potential, and, finally, U
parametrizes the charging energy, i.e., the cost of an empty or fully occupied f-orbital.
The physics of the Kondo effect has a bulk counterpart in compounds where one constituent
has partially filled f-shells and in which localised f-orbitals coexist with highly dispersive bands,
commonly known as heavy-fermion materials. Also in heavy-fermions the local moments residing
in the f-shell is eventually screened at low temperature by the conduction bands, and, analogously
to the Kondo resonance, the f-electrons acquire coherence throughout the lattice and give rise to a
very narrow band crossing the chemical potential. Not unexpectedly, the physics of heavy-fermions
is well reproduced by the periodic extension of the Anderson impurity model (PAM) [194]:

U
Hpay = —t Z c;rgcj,g—&—z [efnfi—&—?(nfi — 1)2] +VZ (C}Lc,fig-f-h.c.), (5.2)

<ij>o i

which, in the above simple example, describes a tight-binding model of conduction electrons hy-
bridised on each site ¢ to an f-orbital at energy e; and charging energy U. The heavy-fermion
physics arises in model when U is large and the number of electrons per site n = n.+ny # 2.
When n = 2, the Hamiltonian may instead describe a bona fide insulator known as Kondo
insulator at large U. In this case, while at high temperature the f-electrons are effectively decou-
pled from the conduction ones, the former behaving as local moments and the latter responsible
of a metallic behavior, the onset of coherence at low-temperature brings about the opening of a
hybridisation gap between valence and conduction bands turning the model insulating.

A particularly intriguing subset of Kondo insulators, exemplified by SmBg and YbBjs as leading
candidates, are the topological Kondo insulators (TKI). These materials exhibit f- and d-orbitals
with opposite parity and an odd-parity spin-orbit hybridization between them, thus possessing the
characteristics to realize Z5 topological insulators [52}{194].

Remarkably, these materials display a low-temperature resistivity plateau independent of the sam-
ple size due to the presence of conducting surface states, see [44H48] for SmB6 and [49-51] for
YbB12. These surface states have been interpreted as genuine chiral edge modes arising by the
non-trivial bulk topology, although a conclusive experimental confirmation of their topological
origin is still lacking.

Strikingly, these compounds also exhibit Fermi liquid properties compatible with a ‘neutral’
Fermi surface. SmBg shows a linear in temperature specific heat [53-55] and thermal conductiv-
ity [58], though the latter is still debated [56},/197], whereas YbBi5 displays unambiguous linearity
in both thermal properties [196].

Moreover, SmBg exhibits quantum oscillations in magnetization (the de Haas-van Alphen (dHvA)
effect) [57H59L/195] and in the specific heat [60], but not in the resistivity (i.e., the Shubnikov-de
Haas (SdH) effect). On the other hand, YbBis shows both dHvA [63]/64] and SAH [61}/62,|64]
effects. These experimental findings, summarized in Fig. [5.1] represent a well-defined riddle: how
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Figure 5.1: Summary of key experimental evidences for TKI. Panel a: Low temperature
resistivity plateau for SmBg. In particular, the two dataset corresponds to different thickness but
converge the same value of the plateau, indicating a surface origin. Panel b: Hall conductance of
SmBg at finite magnetic field for different sample thickness. Again, at low temperature it stabilizes
to a value independent by the sample thickness. Panel c¢: quantum oscillation in the magnetization
for SmBg. Panel d: Low temperature specific heat divided by temperature for YbB15. In the inset,
the finite quasiparticle contribution is isolated. Figures adapted from Refs. .
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is it possible to have an insulator with all the textbook Fermi liquid properties of a weakly inter-
acting metal, conduction states aside?

This behaviour contradicts the picture of conventional Kondo insulators. Several theoretical expla-
nations have been proposed, including magneto-excitons [68], the possibility of quantum oscillations
in narrow gap insulators [69-71], the enhancement of quantum oscillations in Kondo insulators [72],
the interplay between surface states and the Kondo breakdown |73|. However, these theories predict
strong deviations from the Lifshitz-Kosevich expression for quantum oscillations, which contradicts
experimental observations.

A critical element, in my view, absent from the current understanding is the nature of the
itinerant d-electrons. Indeed, in both SmBg and YbB;s, the d- and the f-orbitals originate from
the same rare earth atom, implying that even though the 4 f-orbital is undoubtedly more correlated
than the 5d one, the interaction between them may be non-negligible.

Expanding upon this insight, I put forward an alternative hypothesis, one that revolves around
the presence of a Luttinger surface within the insulating gap. Recent findings [74}|75] indicate that,
despite the vanishing quasiparticle residue, a Luttinger surface, i.e., the location in the Brillouin
zone of the zeros of the single-particle Green’s function at zero frequency, can host ‘quasiparticles’
that exhibit thermal and magnetic behaviour akin to a Fermi liquid but remain hidden in the
physical single-particle density of states, typically measured in ARPES experiments. Despite
the charge fractionalization due to correlations, these quasiparticles still exhibit a coupling to
a magnetic field, potentially leading to observable quantum oscillations [76].

To substantiate this hypothesis, I will present cluster dynamical mean field theory calculations
employing the TRIQS package [198] and obtained through the continuous-time quantum Monte
Carlo hybridization expansion impurity solver (CTHYB) [199]. To critically address the role of d-
correlations, I will explore both the scenario where only the f-orbitals are interacting, and another
that incorporates a more realistic interaction that encompasses the d-orbitals as well.

Notably, my results will show that only the latter scenario aligns with the presence of a Luttinger
surface within the insulating gap, which could offer a plausible explanation for the ambivalent
behaviour of these materials.

5.2 Non-interacting tight binding model for TKI

The low-energy properties of TKI are predominantly governed by the d- and f-bands of the rare
earth atoms. Moreover, due to crystal field splitting (CFS) effects, only a fraction of the degenerate
d- and f- orbitals resides near the Fermi energy [200]. Therefore in this study, I will consider a
minimal model with just one d- and one f-band [52,/201]. Specifically, T assign J = 5/2 and
J, = £5/2 for the f-orbitals, while J = 3/2 and J, = £3/2 for the d-orbitals. Finally, I restrict
my analysis to two dimensions.

Introducing the Pauli matrices 7, and o4, a = 0, 1, 2, 3, which act on the orbital and pseudo-spin
spaces respectively, and defining a four-component spinor as

\IIL = (fli'r’ flij(? ler(Ta le(,L) ) (5'3)

where o =1, refers to J, = £5/2 and J, = £3/2 for f- and d-electrons, respectively, the tight-
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binding single-particle Hamiltonian is given by

HO = Z\III[( ﬁo(k) \Ilkv
k

(5.4)
Ho(k) = ef(k)y call) P+ VK o,
with k* = 2 ( sin(k,), sin(k,) ) The dispersions of d- and f- orbitals are described by
eq(k) = —2t4( cos(ky) + cos(k ,

er(k) = Dy + 2ty ( cos(ky) + cos(ky) ) ,

where Dy is the crystal field splitting and ¢4, ¢y are the hopping amplitudes. Symmetry consid-
erations, particularly the opposite parity under inversion, prevent on-site hybridization between
d- and f-orbitals but allow hybridization between nearest neighbours [52], represented by the off-
diagonal odd-in-momentum term of strength V. In particular, this hybridization is responsible for
the gap opening in the topological regime.
In addition to the P422 space group symmetry, the model possesses inversion and time-reversal
symmetry, represented by
P=r3, T=i09K. (5.6)

Notably, parity plays a pivotal role in defining the Z5 topological invariant, exactly as in the case
of the BHZ model extensively discussed in Chapter [2| At the four high symmetry points, in fact,
the hybridization vanishes and the bands have well-defined parity, so that the topology is dictated
by the numbers of band inversions in the Brillouin zone, see Fig. [5.2

Throughout the discussion of this model, I will fix the parameters of the non-interacting Hamilto-
nian as in Refs. [202}203]

Dy=—-6, t;=-02, tg=1, V=04. (5.7)

5.3 Discussion of the topological periodic Anderson model

5.3.1 The interaction Hamiltonian and the DCA equations

To include correlation effects, I first consider the case where only the f-orbitals are interacting
through the simple Hubbard term

Hint = UZ nfRT nfRia (5.8)
R

where the density operator for spin o and site R is simply defined as nfr, = f];a fro- In this
case the model reduces to a topological periodic Anderson model (TPAM), where now the lattice
of weakly dispersing f-impurities is coupled via a odd parity hybridization to a bath of conducting
and non-interacting d-electrons.

This model has already been analysed by means of single site dynamical mean field theory
(DMFT) by Werner and Assad [202,/203], who found that the leading effect of local correlations is
an upward renormalization of the crystal field splitting and an increase of the effective f-electron
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Figure 5.2: Non-interacting bands of the model for representative values of the crystal
field splitting. For D; < 4.8 (Panel a), the f-band is completely occupied and the d-one com-
pletely empty, thus the system is a trivial insulator. For —4.8 < D; < 0 (Panel b), an avoided
crossing emerges, when now the valence band has f-character at X, Y and T' points while a
d-character at the M point. This band inversion implies that the ground state is a topological
insulator with an odd Z; invariant. Upon increasing the CFS even more 0 < D; < 4.8 (Panel
c), the system transition to another topological insulator closing the gap at the X and Y points,
where now the orbital character at the high symmetry points is reversed. Finally, for D; > 4.8
(Panel d), the system is again a trivial insulator with the d-band completely occupied and the
f-one completely empty. In general, the transition between a trivial and a topological insulator at
Dy = 4.8 is characterized by a gap closing at I' while the transition between the two topological
insulators at Dy = 0 closes the gap at the X and Y points. I note that all the parameters but the
CFS are fixed as in Eq..
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mass. Approaching U = 8.9, the f-band becomes heavier and heavier, with the effective mass
rapidly growing. The authors, however, do not explore stronger interactions, mentioning only that
the model may develop an orbital selective Mott transition (OSMT). Being interested just in this
strongly correlated regime, I will investigate the nature of the paramagnetic ground state by means
of DMFT and dynamical cluster approximation (DCA) calculations.

The DCA is performed on a 2x2 site cluster that gives access only to the self-energy at the four
momenta I', X, Y and M.
Since only the f-electrons are interacting, the DCA equations reduce to those of a simple periodic
Anderson model, where a non-self consistent hybridization due to the presence of the d-electrons
is added to the auxiliary cluster impurities problem.
Assuming a paramagnetic solution, the cluster quantities are entirely determined by the f-self-
energy Ys(ie, K), where K are the four cluster momenta. Each momentum has its own patch
within the BZ, which I shall denote as P(K), see Fig. , in which the lattice self-energy is
constant. Thus, for k € P(K), the f-Green’s function can be written as

in? in2 -
G (ie, k) = (ie + - ep(k) — D (ie, K) — 4V2 " Z,e(’fitid(k(fy) ) : (5.9)

which yields the local Green’s function

. 1 .
Goc(ie, K) = Ve Z Gy(ie, k), (5.10)
keP(K)
where Nk is the number of k point in each patch P(K). Finally, the Weiss fields are obtained
trough the Dyson equation

Golie, K) = (Gloc(ze K) + 3 (ie, K)>_1. (5.11)

In the context of DCA the Luttinger-Ward functional and thus the self-energy are calculated
summing the Feynman diagrams on all the possible momenta K allowed by the cluster, see Fig.[5.3p.
In particular, being the Hubbard interaction on-site, the cluster interaction Hamiltonian is simply

Apca = I

Nebxs, +55 524K,

| |

ks [y K

IU(k) L r—l TerC YRR A (o]

" 5: Y GK) :NZG(K+k)| : |
X, K1Q

Figure 5.3: Cluster dynamical approximation. Panel a: Brillouin zone patches for 2 and 4 site
cluster calculations. Panel b: a prototypical diagram contributing to the Luttinger-Ward functional
in the DCA approximation. In particular, all the sum over internal momenta are performed only
over the one allowed by the cluster. Figures adapted from Refs. respectively.
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the Fourier transform over the K momenta of Eq.(5.8])

Hpea=U Y 0k 1Kk iKs fies Skt Flc, ) fal - (5.12)
K K2, K3, Ky

5.3.2 Numerical results and emerging physical scenario

In this section, I present numerical results obtained using both single-site DMFT and DCA over
a broad range of interaction strengths, specifically, for 2 < U < 16 and all other parameters fixed
at the values . The chemical potential is set at the midpoint of the gap in the case of an
insulating state or adjusted to achieve half filling in a metallic state.

I begin by discussing the regime where U < 9. Here, the primary consequence of interaction is
an upward renormalization of the crystal field splitting (CFS) due to the Hubbard repulsion. To
quantify it, I define the effective CFS as:

ljf =Dy + ReXy(iw1),

where X ¢ refers both to DMFT and DCA quantities and w; = 77". I stress that in DCA the crystal
field splitting calculated at X and Y is the parameter that controls the topological transition.
Notably, approaching the critical value of U = 9 the effective CFS tends to zero, see Fig. |5.4h,
implying that the gap starts to close due to the vanishing hybridization at the X and Y points,
as in Figs. [f.5h-c. I note that, due to non-local correlations, this happens earlier in DCA, around
U = 8. Simultaneously, the quasiparticle residue of the f-electrons, which is the inverse of the
mass renormalization in single-site DMFT, defined as

Im X4 (i -
Zfz<1—m f(“‘“)) ,

w1

rapidly decreases with U, its derivative reaching a maximum (in a semi-logarithmic scale) around
U = 8, as shown in Fig.[5.4b. Furthermore, the f-band center-of-mass tends to pin at the chemical
potential so to achieve half-filling. These observations strongly indicate that the f-electrons are
entering a heavy fermion regime, and that some kind of phase transition may be on the verge.

For larger values of U, Werner and Assad [202,[203] proposed that the system would undergo
an OSMT. However, a recent study [206] suggests that the OSMT is generally unstable in presence
of inter-orbital hybridization at finite temperatures.
My calculations appear to support the latter scenario: the f-orbitals do rapidly lose spectral
weight near the chemical potential, except for a small peak that survives at the X an Y points, see
Fig. Notably, the height of this peak decreases monotonously with increasing interaction, as
seen in Figs. [5.4(d, 5.5b-d, at least for interactions up to U = 16. It is important to note that the
peak appearance in both the DMFT and DCA calculations lends support to its genuine existence.
When considering DMFT alone, one might suspect an artefact, since the auxiliary f-impurity
naturally seeks to form a singlet state with the d-bath to remove the spin degeneracy. However,
the fact that this feature also appears in the DCA calculations, where the spin degeneracy can, in
principle, be removed within the cluster itself, further corroborates its existence.

I would like to emphasize that, in this strongly correlated regime, the effective CFS initially
increases up to a maximum value, and then starts to diminish, as illustrated in Figl5.4h. In
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Figure 5.4: Numerical results in Matsubara frequency for DMFT at 3=100 and 2x2 sites
DCA calculations at 3=50. In particular, the results are averaged over five iterations, and the
(tiny) standard deviation is plotted. Since the X and Y points are equivalent, only results for the
former are presented. Panel a: Real part of the self-energy for the first Matsubara frequency. Panel
b: Quasiparticle mass of the f-band m} in logarithmic scale. Panel c¢: Quasiparticle crystal field
splitting D}. Panel d: Minus imaginary part of the local Green’s function at the first Matsubara
frequency in the quasiparticle-peak regime, which corresponds to the density of states at the
chemical potential. In particular, it is possible to see how the height of the quasiparticle peak is
renormalized downward increasing the interaction. I note that, due to symmetry reasons, the X

momenta is representative of the Y momenta as well.
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particular, it is exactly zero for DMFT and the DCA X and Y momenta at U = 12, where the
model recovers particle-hole symmetry since the bare crystal field splitting exactly counterbalance
the Hartree term of the f-orbital, Dy = —U/2. In this case the two bands are forced to cross
at the X and Y momenta where the hybridization vanishes, and the system is a genuine metal
without a gap. For different values of the interaction, however, the effective CFS is nonzero.
Although the quasiparticle crystal field splitting, ;= Df Zy, is more appropriate to describe
the position of the heavy fermion f-band, see Fig. [5.4c, also this quantity is nonzero for U # 12,
though extremely small. This implies that in principle the almost flat f-band crosses the dispersive
d-one at momenta slightly different from the X and Y ones, where the quasiparticle hybridization
V* =V Zy is tiny but nevertheless finite, implying an equally tiny gap that the calculations are
unable to resolve due to finite temperature effects. This eventuality seems confirmed by the single-
site DMFT calculations of the quasiparticle bands, see Fig. 5.8 of the Appendix, which predict
gaps much smaller than the temperature 7' = 0.01 of the calculations, apart from U = 12 where a
genuine gap closing appears.

I conclude the discussion of the numerical results by emphasizing that, for this model, the single-
site DMFT self-energy is nearly identical to the one calculated in DCA for the X and Y points.
This similarity is reasonable because at these points the gap closes, suggesting they are pivotal
in driving the low energy physics. On the other hand, the M and I'" points also exhibit a similar
behaviour, implying that local correlations primarily govern the physics, with non-local effects
playing a smaller quantitative role renormalizing the band dispersion rather than fundamentally
altering the qualitative picture.

The numerical results I have presented for the TPAM establish a clear physical scenario. For
interaction values U < 9, the system behaves as a correlated topological insulator, exhibiting a
non-trivial Z, invariant and chiral edge states [203]. However, being this insulator adiabatically
connected to a non-interacting one, it is unable to explain the strange Fermi liquid behaviours
of TKI. As the interaction strength increases beyond this value, the system remains in the heavy
fermion regime without showing an OSMT: the f-band becomes flatter and flatter and remains
pinned at the chemical potential, losing progressively spectral weight near zero frequency in favour
of the Hubbard bands. In this regime, two different scenarios are plausible: either the system is
metallic due to the fact that the band crossing happens exactly at the X and Y points where the
hybridization vanishes, or it is insulating with a tiny gap due to the fact that the crossing occurs
slightly away from those points.

However, to definitely discern between these two scenarios, high accuracy calculations with a
temperature much smaller than the gap should be performed, which goes beyond the scope of this
work since both scenarios are nonetheless unable to explain the experimental evidence of a sizeable
gap insulator that displays Fermi liquid properties.

The general inconsistencies of these results with the experimental evidences has prompted me to
reexamine the Coulomb repulsion Hamiltonian for TKI, taking into consideration that both orbitals
actually belong to the same atom: a key feature of these materials that has been overlooked in the
existing literature.
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Figure 5.5: Real frequency f-density of states obtained through Pade approximation.
Panel a,b): DMFT results. For U < 9, the system is insulating with a sizable gap. For U > 9,
only a small Kondo peak survives at the chemical potential. Panel ¢): DCA results at the X point,
determinant for the low energy physics. In particular the gap closes at U = 8, earlier than in
DMFT, an for U = 9 the system again displays a small quasiparticle peak.
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5.4 A more realistic interaction Hamiltonian

Given the f-orbitals more localized nature, it appears clear way the role of correlations in the
d-orbitals has been overlooked in the existing literature. However, as just demonstrated, this
oversight may lead to inaccurate theoretical predictions that are inconsistent with experimental
evidence.

To address this issue, in the following section I will introduce a new realistic Hamiltonian
derived by projecting the local Coulomb repulsion onto the relevant 4f and 5d atomic orbitals,
now considering also d-correlation effects. Subsequently, I will discuss how the DCA equations
are modified and the different interpolation that can be used to obtain lattice quantities from the
cluster ones. Finally, I will discuss the numerical results of 2-sites DCA calculations and examine
the resulting physical scenario.

5.4.1 Local projected Coulomb interaction

As discussed above, in TKI crystal field splitting effects remove the large degeneracy within the d-
and f-multiplets. Thus, I will project the local Coulomb repulsion only on the 4 f-atomic orbitals

=5/2,J, = £5/2 and J = 3/2, J, = £3/2 5d-ones of an isolated Samarium, the same I
considered in the tight-binding Hamiltonian but neglecting shape distortions due to crystal field
effects. The corresponding atomic wave-functions in spherical coordinates are

1 6
br5/2(Q,1,0) = (\ﬁYf(Q) 0ot — \/;5/33(9) 5o,¢> Ryg(r),

_ 6 3 Ly r
b _5/2( 7, 0) = (\/;Y?, () do,1 ﬁ}g (Q)@m) Ras(r), (5.13)

1 4 2
%YQ (Q)5U7T_\/5
2 _9 1 —1
(51500 = 5 @) Bt

where o refers to the actual spin of the electrons. Since the two orbitals belong to different shells,

bas)2(Qr.0) = ( Y2(0) cm) Roalr)

¢d,73/2(97 T, U) =

to calculate the radial part of the wave-function two different effective charges [207] have to be

considered
zM eff =23, 754 r~=16. (5.14)
Given the Coulomb interaction expressed generically in terms of the Fermi field
N 1
U = = / Xm dXQ \I’T (Xl)\I/T (Xg) X X \I/g/(XQ)\I/a(Xl) y (515)
1— X2

I note that the Coulomb kernel has the following expansion in spherical harmonics

> min(ry, r
—Z ! Qlﬂ Z Y () Y ()" . (5.16)

2l + 1 max(ry,ra)

X] — X2
so that, projecting the Fermi field upon the local orbitals, i.e.
\I/L(Xl) \I/T Ql,’l”l Z Z qbl J, Ql,rl, ) J. (517)

i=f,d J.=%
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the only non-vanishing Slater integrals originate from the monopole and dipole contributions. The
local Hubbard Hamiltonian can thus be written as the sum of a density-density and a dipole-dipole

repulsion
Hiny =Hy +Hy,

Hy =Y [Usngrinsry + Usnarrnar, +V ngrnar ] | (5.18)
- 5.18

Hy = % 3 [(\I@{DI\DR)Q + (\IJ;D@,\IJR)Q} :
R

where now T, | denotes the pseudo-spin along the z-direction, with the dipole operators defined as
D, =8,71,, Dy, = So1y,. (5.19)

I note that, being projected only over a subspace of the J = 5/2 and J = 3/2 manifold, the Hamil-
tonian beaks the spin SU(2) symmetry but not the U(1) rotations along the z-axis. In particular,
the dipole term enforces Hund’s rules, but now favouring high S, configurations. Moreover, I stress
that having used the same orbitals in both the non-interacting Hamiltonian and the projected local
Coulomb interaction, they share the same symmetries.

The actual estimate of the coupling constants in units of Uy is

Ug=033U;, V=046U;, J=0.10U;, (5.20)

which confirms that, even if Uy is greater in magnitude, as expected, the strength of the other
coupling constants is not far smaller, making their role non-negligible.

5.4.2 DCA equations and cumulant periodization

Being also the d-orbital interacting, the DCA equations introduced to describe the TPAM need
to be slightly modified. In this case, in fact, one has in principle to take into account the full
4 x 4 matrix structure of the problem, considering orbital off diagonal elements both in the Green’s
function and in the self-energy.

However, I note that for DCA calculations up to four sites, the cluster momenta corresponds to the
high symmetry points of the Brillouin zone, see Fig. [5.3h, where the inter-orbital hybridization has
to vanish by inversion symmetry. For the same reason, both the self-energy and the local Green’s
functions calculated at these points are diagonal in orbital and spin indexes.

Since I had to consider a two sites cluster to perform feasible calculations, and being interested in
the paramagnetic phase, I shall assume a diagonal and spin independent self-energy, resulting in
the diagonal terms of the lattice Green’s functions, for k € P(K)

—1
sin’ (k) + sin’(k,)
ie + pu — eq(k) — Xq(ie, K) ’

Gylie, k) = <ie +p—ep(k) — Xp(ie, K) — 4V2
(5.21)

.92 .2 -
) . _ B . 2 sin”(k,) 4 sin”(k,)
Gqlie, k) = (ze +u—eqk) — Xg(ie, K) — 4V et ey (k) — 5, (ie,K) .

From these, the local Green’s function and the Weiss field (diagonal itself) can be easily derived.
As before, the chemical potential is set at the midpoint of the gap, although otherwise indicated.
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DCA is a cluster extension of DMFT introduced directly in reciprocal space and thus is inherently
periodical, with the lattice self-energy that is assumed to be a step function in the Brilluoin zone,
constant in each patch . However, in order to estimate the shape and position of the Luttinger
surface, if any, one has to reconstruct the lattice self-energy: some post-processing interpolation
needs to be performed. Therefore I shall briefly discuss the periodic and cumulant interpolations
in the case of a two site cluster, where the allowed cluster momenta are I" and M.

In the weakly correlated regime, the self-energy is almost constant in the Brillouin zone, so that
the straightforward periodic interpolation is an accurate approximation of the lattice self-energy.
Dropping the orbital indexes for simplicity, this corresponds to find a smooth periodic interpolation
between the various cluster momenta

Zper (i€, k) = au X(te,T') + Pi L(ie, M),

1 (5.22)

o= (1 + %(cos(kx) + cos(ky))) . Pe= % (1 - %(cos(kx) + cos(ky))> .

I note that, containing the cluster only two sites, the self-energy effectively renormalises the on-site
energy and the nearest neighbour hopping.

In the case of a Mott insulator, where strong correlations may yield singular behavior, the expansion
near the atomic limit leads to a self-energy displaying poles [3§]

A2

e k) = T oo

+Un, (5.23)
where A? oc U?, Uy is the Hartree potential and € (k) is a renormalized dispersion that depends
on non-local correlations. It appears clear that is not possible to obtain this behaviour from just
a periodic interpolation.

The cumulant interpolation, physically justified by the observation that in this case the inverse of
the self-energy is more local than the self-energy itself [208], accounts instead for the interpolation of
€’(k) between the different cluster momenta. First, a smooth interpolation of the cluster cumulant
is performed

Ak B
My = 5.24
K= SGe D) —Un | S(eM) — Uy (5:24)
and then the self-energy is obtained through
2:cumu(iea k) = 1/]\4k +Ug. (525)

I note that, in the weakly correlated regime, where the self-energy is dominated by local contribu-
tions with the non-local one being just a small correction,

Y(ie, k) ~ Xg(i€) + 05 (ie, k) with 0%(ie, k) < 1,

the cumulant interpolation reduces to the periodic one. In this sense, one has a little more control
on the faithfulness of this interpolation, since it usually predicts poles in the self-energy only in
the case when their presence is genuine.

Having introduced the interpolation scheme, I now discuss how the Mott gap opening emerges
in the cluster quantities. Assuming a self-energy of the form in Eq.7 it appears clear that
the possibility of having a pole exactly at one of the cluster momenta, and thus finding a pole
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directly in the cluster self-energy, is accidental and entirely depends on the exact details of the
DCA calculation. Consequently, it is well possible that the cluster self-energy is perfectly regular
in Matsubara frequencies and yet the system is gapped by the Mott phenomenon. To elucidate
how the gap opening may work in DCA, I define the renormalized dispersion

Tk = E(k) =+ Re E(iwl,k) — U,

whose roots entails the existence of a Fermi surface, and thus metallicity.
In the case of a Mott insulator, one can envisage two different scenarios:

e 7 is positive or negative throughout the whole Brillouin zone, but the orbital is anyway
half-filled due to breakdown of Luttinger’s theorem.

e 1, changes sign in the Brillouin zone, but the difference between the self-energy at the
different patches is high, which suggests that r, changes sign through a singularity rather

than crossing zero.

Both scenarios seem to be realised, see Fig. [f.6h-d. In particular, when ry is discontinuous, see
Fig. 5-6k-d, the interpolation predicts a genuine singularity, Fig. [5.6p-f, which corresponds to the
emergence of a Luttinger surface.

I end this discussion mentioning that for two orbitals I just need to introduce two 7y corresponding
to the eigenvalues of Hy(k) + Re S (iws, k) — 1, noticing that in the Mott case the orbital character
is maintained because of the diagonal nature of the self-energy.

5.4.3 Numerical results

In this section, I discuss the DCA results obtained on a 2-sites cluster. For U < 11 the calculations
are performed at § = 50, while for higher interaction strengths at g = 100.

The numerical results suggest that, starting from weak interactions and gradually increasing U,
two different phases emerge. For U < 10, the system is a weakly correlated topological insulator
adiabatically connected to the non-interacting one. The presence of this topological phase, similar
to the one realized in the TPAM, is due to an upward renormalization of the CFS

bf = Df + ReEf(iwl) — Re Zd(iwl),

that falls in the topological interval —4.8 < D ¢ < 0. Moreover, ¥4(iw1) > 0 slows down the upward
shift of CFS, so that the topological phase resists until U ~ 10, rather than U ~ 8 as in the TPAM.
Approaching this value, the gap starts closing at the X and Y points and the two orbitals approach
half-filling: their centres of mass get closer to the chemical potential and empty/double occupancies
get suppressed. I also note that, in the vicinity the gap closure, pronounced non-local correlations
start to build up, as can be noted by the strong patch-dependence of the self-energy in Fig[5.6Gp.
For U 2 10, however, the behavior is rather different from the TPAM one. Since interaction
involves both orbitals, it triggers their simultaneous Mott localization, and thus the opening of a
sizeable Mott gap.

This Mott phenomenon can be noted in Fig[5.6f-d, where the renormalized dispersion 7y is plotted.
In particular, for U = 11 and U = 12, r¢ of the d-electrons changes sign between different patches
without crossing the chemical potential, indicating that a d-band of zeros is present inside the
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Figure 5.6: Bands of the renormalized Hamiltonian Hy+Re X(w = 0). In panels a) to d), the
self-energy is a step function between patches employed in the DCA self-consistency, while in panels
e)-f) the cumulant interpolation has been performed. In Panel a)-b), the system is a topological
insulator, where the gap opening is due an avoided crossing between the two bands, as can be noted
by the plot of the f and d renormalized bands without hybridization. I note that, for U = 10, the
sizeable discontinuity between different patches implies rising non-local correlations. Panel c¢)-d):
Mott insulating regime, where non-local correlations prohibits the renormalized dispersion of the
f- and d-bands from crossing the chemical potential in any point of the Brillouin zone. In this
case the dispersion of the f-electrons is always above the chemical potential although they are half
filled, a hallmark of the breakdown of Luttinger theorem, while the d-one changes sign without
crossing the chemical potential. I clarify that in these calculations the role of the hybridization is
negligible, hence I plotted only the orbitals dispersions to improve clarity. Panel e)-f): bands of
the renormalized Hamiltonian, now for a cumulant interpolated self-energy. In particular the d-
dispersion changes sign not crossing zero energy but rather from +o0, sign of a Luttinger surface at
the divergences. I note that a direct periodization of the self-energy would lead to a Fermi surface
of the d-electrons, and an empty f-one at odd with the half filled insulating Green’s function
obtained from the cluster quantities.
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gap. This leads to divergences of ry when the cumulant interpolation is applied, see Fig[5.6p-f,
thus a d-Luttinger surface. On the other hand, the f-renormalized dispersion is placed above the
chemical potential in the whole Brillouin zone. Overall, Luttinger’s theorem breaks down.

To comprehensively analyse the nature of the possible Luttinger surfaces in this Mott regime,
I performed several DCA calculations changing the chemical potential inside the insulating gap
for 5 =50, U = 12 and 8 = 100, U = 16. Then, through the cumulant interpolation of the
self-energy, I was able to predict the shape and orbital nature of the Luttinger surfaces.
In the first case, see Figl5.7p, varying the chemical potential I encompassed only d-Luttinger
surfaces, due to the larger Mott gap of the f-electrons. In fact, since the model has no particle-
hole symmetry, the f-band of zeros is placed well above the chemical potential. Before reaching
this band of zeros, the d-Hubbard bands are first encountered, thus turning the model metallic,
see Figs[5.9 and [5.10]in the Appendix for further details. More insights can be gained by studying
the quasiparticle Hamiltonian defined in the previous chapter, i.e.,

H.(0,k) = \/ (k) (ﬁlo(k) — Ref](&k)) Z(k). (5.26)

This Hamiltonian has bands within the Mott gap, see Fig[5.7h, the d-one crossing the chemical
potential and thus forming a quasiparticle Fermi surface that is just the Luttinger surface. I
note that the crossings between d- and f-bands away from high-symmetry points is due to the
fact that the patch self-energy has no off-diagonal elements, since the patches are centred at the
parity-invariant points I' and M. I expect that, should I be able to perform DCA with a number of
patches greater than four, the self-energy would acquire off-diagonal elements turning the crossings
into avoided ones. I emphasise that for U = 12, the values of the chemical potential that keep the
model insulating only allow for a d-like Luttinger surface.

On the contrary, for U = 16 the larger Mott gap permits also an f-Luttinger surface besides the
d-one upon varying the chemical potential inside the Mott gap. Both Luttinger surfaces coexist for
8.5 < pu <9, and genuine divergences of the cluster self energy are found, see Figs[5.11] and in
the Appendix. I already mentioned that, being the self-energy calculated at the high symmetry T
and M points of the Brillouin zone, off-diagonal terms are forced to vanish by inversion symmetry.
This entails that the bands of zeros, being in direct correspondence with the self-energy poles,
have defined orbital character and they cannot hybridize. As earlier discussed, more realistic self
energies should develop off-diagonal elements. That would result in avoided crossings between the
bands, opening a gap in the quasiparticle Hamiltonian bands in Fig[5.7h-c. In this case, and should
the chemical potential between the two bands, they would become topological.

From the above discussion, it emerges very clearly that the precise position of the chemical potential
1 inside the Mott gap plays a fundamental role if the in-gap quasiparticle bands correspond to
genuine neutral excitations. Unfortunately, it is difficult to locate p when the model is a Mott
insulator. On one side, if one applies conventional thermodynamic arguments, one should fix p at
high temperatures such that the density is half-filled, and try to extrapolate u to lower, eventually,
zero temperature. However, this calculation goes beyond our accuracy being the Mott gap quite
large. Moreover, it is not at all guaranteed that thermodynamic arguments are applicable since
it is not obvious that the DCA Mott insulator is ergodic. One should better contact the Mott
insulator with a metallic bath and exploit the latter to fix the chemical potential, which is a very
involved calculation beyond current capabilities.
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Therefore, while I can definitely state that in-gap bands of Green’s function zeros exist, I cannot
conclude whether one of them or both cross the chemical potential, or, rather, that the latter is
between them giving rise to topological bands of zeros. All those different possibilities would have
specific physical consequences should the quasiparticle bands have physical content, as I discuss
next.

5.4.4 Discussion

The numerical results I just presented suggest that for relatively small values of the interaction
the system is a weakly correlated topological insulator that, as already discussed in the case of
the TPAM, cannot sustain thermal Fermi liquid properties or standard quantum oscillations. For
U ~ 10.5, a simultaneous localization of both orbitals drives the system into a Mott insulating
state.

Here, I find d- and f-quasiparticle bands, obtained by means of Eq. upon filtering out in-
coherent components, which lie inside the Mott gap, see Fig. These two bands cross each
other away from the high symmetry points, at least up to U = 16, which suggests that a larger,
though numerically unaffordable, number of patches giving access to off-diagonal self-energy com-
ponents might turn the crosses into avoided ones, thus yielding topological quasiparticle valence
and conduction bands. If these bands do correspond to genuine neutral excitations, their position
with respect to the chemical potential must be fixed, just like a Kondo resonance is always pinned
at u. However, the only way to physically add an in-gap chemical potential in an incompressible
Mott insulator and circumvent any issue of ergodicity is by contacting it to a metallic reservoir
with which the insulator can exchange particles and thus inherit the bath p. Unfortunately, this
situation is very hard to simulate by DCA. For this reason, here I only examine the possibility
that might explain most, but not the whole, experimental evidence.

For that, the first and most important question to address is about the properties of the in-gap
quasiparticle bands should they indeed represent neutral excitations. Since they are chargeless,
they can only carry magnetic moment and parity, and thus contribute to the magnetic suscepti-
bility and electric polarisability. Since the model lacks spin SU(2), the magnetic susceptibility x.
to a field along z is contributed by intra-orbital excitations, while the susceptibility x, to a field
in the x-y plane, associated with AJ, = +1, and the electric polarisability II involve inter-orbital
excitations. As earlier mentioned, I expect that off-diagonal components of the self-energy, which
must exist though are unaccessible by our DCA calculation with two patches, open a hybridization
gap in the quasiparticle bands shown in Fig.[5.7] I argue that either the valence or the conduction
quasiparticle band is pinned at the chemical potential, thus forming a Luttinger surface. The latter
can explain 76| the observed quantum oscillations, Fermi liquid-like thermal properties and low en-
ergy magnetic excitations [209,210]. However, it cannot rationalise the surface electric conduction
and the spectroscopic evidence of metallic surface states, supposedly of topological origin, which
would require a calculation with a semi infinite slab geometry similar to that discussed above to
simulate the contact with a metallic reservoir, but now with an interface to the topologically trivial
vacuum.
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5.5 Summary

In this chapter, I developed a novel explanation for the puzzling thermal properties and quantum
oscillations of topological Kondo insulators, based on the presence of neutral ingap quasiparticles.
In particular, T linked the presence of these quasiparticles to the emergence of bands of Green’s
function zeros.

To arrive at this result, I first introduced a realistic tight-binding model for these materials,
involving itinerant d-orbitals and more localised f-ones. Following the relevant literature on the
subject, I discussed an interacting Hamiltonian which, due to its more localised nature, only con-
siders the f-charge density. Starting from the non-interacting case and increasing the interaction,
I showed by 4-site DCA calculations that the system initially exhibits a weakly correlated topo-
logical insulating phase and, as the correlations are increased, either an extremely narrow gap
heavy fermion insulator or a genuine metallic phase is stabilised. In either case, I have shown that
this model is unable to account for a sizable gap insulating state with metallic-like Fermi liquid
properties throughout the phase diagram.

Therefore, I critically re-analysed the interaction Hamiltonian considering that in topological
Kondo insulators both d- and f-orbitals belong to the same rare earth atom. Extending this idea,
I derived a more realistic multi-orbital Hubbard Hamiltonian by projecting the Coulomb repulsion
onto the relevant atomic wavefunctions. By performing 2-site DCA calculations, I showed that for
moderate interaction values the system again becomes a correlated topological insulator, equivalent
to that found in the earlier case, but now with d-correlations. However, as the gap closes, the system
undergoes a Mott localisation of both orbitals, realising an insulator with a substantial gap. In
this Mott phase, a Luttinger surface of either f- or d-character can be realised depending on the
Hamiltonian parameters, which could provide a plausible explanation for the Fermi liquid in-gap
behaviour of Kondo topological insulators.
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Figure 5.8: Quasiparticle bands for the TPAM for different interaction strength, calcu-
lated within DMFT. In particular, both the f-, d-bands before hybridization and the valence
and conduction ones are plotted. I observe that, already at U = 9, the gap is half the temperature
T = 0.01 and rapidly decreases increasing the interaction. In particular, at U = 12 the gap is
exactly closed due to an accidental particle-hole symmetry of the model.
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Figure 5.11: Local Green’s functions in Matsubara frequencies for U = 16 and different
values of the chemical potential. In particular, the gap for the d-orbitals is closed at u = 8.25
and p = 11.0, while the f-orbitals remain insulating due to the larger Mott gap. I note that a sign
change of the real part of the Green’s function implies that a zero has been encountered changing
the chemical potential.
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Figure 5.12: Cluster self energies in Matsubara frequencies for U = 16 and different
values of the chemical potential. I note that in this case genuine poles of the self energy,
represented by a sign change in the real part and a divergence in the imaginary one, are encountered
of both d- and f-orbitals.



CHAPTER O

CONCLUSIONS

Throughout this thesis I discussed a variety of theoretical and numerical results, all aiming to
expand the current understanding of the interplay between topology and correlations.

In the first part I analysed the excitonic properties of a paradigmatic model for quantum spin
Hall insulators. I found that moderate a Coulomb repulsion can stabilise both charge and spin
excitons, the latter of which can have a non-trivial Chern number implying the presence of chiral
surface spin excitons. By further increasing the interaction strength the bulk spin-exciton can
undergo a bosonic condensation, leading to the spontaneous breaking of time reversal, inversion
and spin-SU(2) symmetry. The condensate becomes topologically trivial but now exhibits an
exotic magneto-electric effect. Interestingly, due to the reduced coordination at the boundary, the
condensate may emerge also only at the surface, leading to a topologically non-trivial bulk that
however shows a breakdown of the chiral edge states topological protection.

In the second part I considered the effect of a rather special moiré phonon on the phase diagram
of twisted bilayer graphene. Integrating the vibrational degrees of freedom to obtain an effective
electron-electron attraction, I performed extensive Hartree-Fock calculations including the true
Coulomb repulsion. For any integer filling of the flat bands, the inclusion of these phonons stabilises
insulators characterised by a static Kekulé distortion of the lattice by breaking the U, (1) valley
symmetry, in agreement with recent STM experimental results. In particular, for any integer filling
other than charge neutrality, the insulators also exhibit non-trivial Chern numbers. To include
dynamical effects, I then introduced a resonating valence bond wavefunction, which assumes that
the system fluctuates between Kekulé distortions of different symmetry. In this case, the model
predicts topological spin- and valley-liquid ground states for integer fillings, which naturally lead
to d + id superconductivity upon doping, in accordance with experimental evidences.

In the third part I extensively discussed the role of the Green’s function zeros in topological Mott
insulators. In particular, I showed that the different winding numbers for the interacting Green’s
function can be reduced to the corresponding non-interacting topological invariants calculated
upon an effective single particle Hamiltonian, which deep in the Mott phase mimic exactly, apart
from a minus sign, the dispersion of the ingap bands of zeros. This result suggests that in the case
of a topological Mott insulator, the non-trivial topology of the ground state is entirely carried by
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the Green’s function zeros rather than by the Hubbard bands, suggesting that a bulk-boundary
correspondence may emerge also for the zeros. Finally, I discussed the possible failure of these
winding numbers to predict the actual topological response of the system, particularly in relation
to the breakdown of the Luttinger theorem.

Finally, in the last part, I gave a new perspective on the strange Fermi liquid behaviour of
topological Kondo insulators, motivated by the possible correspondence between Green’s function
zeros and the presence of ingap fractionalised quasiparticles. In particular I demonstrated, by
means of cluster DMFT calculations, that considering only the f-correlations as in the prior litera-
ture is unable to resolve the ambivalent insulating-metallic nature of topological Kondo insulators.
Introducing a realistic multi-orbital Hubbard Hamiltonian, which now takes into account also d-
correlations, I discovered that for strong enough interaction the model may develop a Luttinger
surface, which could serve as a plausible explanation of the Fermi liquid properties of topological
Kondo insulators.
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