Constructive Approximation CONSTRUCTIVE
https://doi.org/10.1007/500365-024-09687-z APPROXIMATION

®

Check for
updates

On a Class of Elliptic Orthogonal Polynomials and their
Integrability

Harini Desiraju’ - Tomas Lasic Latimer' - Pieter Roffelsen’

Received: 15 May 2023 / Revised: 27 February 2024 / Accepted: 29 February 2024
© Crown 2024

Abstract

Building upon the recent works of Bertola; Fasondini, Olver and Xu, we define a class
of orthogonal polynomials on elliptic curves and establish a corresponding Riemann—
Hilbert framework. We then focus on the special case, defined by a constant weight
function, and use the Riemann—Hilbert problem to derive recurrence relations and
differential equations for the orthogonal polynomials. We further show that the sub-
class of even polynomials is associated to the elliptic form of Painlevé VI, with the
tau function given by the Hankel determinant of even moments, up to a scaling factor.
The first iteration of these even polynomials relates to the special case of Painlevé VI
studied by Hitchin in relation to self-dual Einstein metrics.
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1 Introduction

Orthogonal polynomials constitute a fundamental class of special functions with
important applications to a wide array of topics, from combinatorics to signal pro-
cessing. Particularly, they provide useful tools to understand universality of random
matrix ensembles [12] and large N limits of matrix models [14], and describe special
solutions to integrable systems such as Painlevé equations [38].

Traditionally, orthogonal polynomials define a basis of real polynomials, orthogonal
with respect to an inner product defined by integrating against a weight function on a
subset of the real line. For example, Hermite polynomials are orthogonal with respect
to the weight ¢~ on the real line. Moreover, it is known that generalisations of
classical Chebyshev and Jacobi polynomials can be described by elliptic functions,
see for instance [1, 9, 21, 30, 39]. Some other notable papers studying orthogonal
polynomials in many variables on algebraic curves are [23, 24, 32-34].

In the past couple of years there were notable breakthroughs in defining orthogonal
polynomials directly on elliptic curves, with modern techniques facilitating a system-
atic analysis of their properties [5-7, 15, 16]. Inspired by these works, we consider
sequences of meromorphic functions with increasing degrees, which can be written as
polynomials in the Weierstrass g-function and its derivative, that are orthogonal with
respect to a given weight function along a real curve, and call them elliptic orthogonal
polynomials (EOPs) due to their proximity in construction of those introduced by
Heine [19] and Rees [30].

In this paper, we establish a general framework to analyse such polynomials using
their moments and the Riemann—Hilbert method. Consequently, we derive the linear
difference and differential equations satisfied by the solutions of the Riemann—Hilbert
problem associated to our elliptic polynomials. To our knowledge, such a structure
was previously unknown in the literature. Furthermore, when the weight is constant,
we show that the even EOPs, indexed by k, are related to the elliptic form of Painlevé
VL. For k = 1, the parameters of the elliptic Painlevé VI equation are (% %, —é, %),
for which the general solution is known to be described by elliptic functions [20, 28].

The notion of EOPs we use in this paper is as follows: let T be an element of the
upper half-plane H and 77 (z) be an elliptic function with periods 1 and T. We call 7 (z)
an elliptic polynomial if all of its poles are located on the lattice Z + Z - t. Its degree
is n if the pole at z = 0 is of order n, and we call it monic if, for n > 0,

7(z) =z "1+ 0()), as z— 0.
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Note, in particular, that there exists no elliptic polynomial of degree one. We con-
sider sequences of elliptic polynomials (7,),>0,,1, With 7, monic of degree n for
n € N1, which satisfy an orthogonality condition of the form

5+1
Tm (D)7 (2)W(2)dZ = Smnhn, (1.1

o

for some h,, € C, where 8, is the Kronecker delta function and w(z) is an L! function
on the interval y := [%, % + 1], called the weight function, for all m, n € N;. In this
case, we call (7,),>0,n1 a sequence of elliptic orthogonal polynomials (EOPs). The
choice of support y is motivated by the fact that, if we consider it as a subset of the
torus

T:=C/(Z+Z- ),

see Fig. 1, then it is invariant under negation and complex conjugation on the torus
and does not contain [0] € T.

We note that our notion of elliptic orthogonal polynomials is disjoint from [5-7],
since in these papers the elliptic polynomials have an additional simple pole away
from z = 0, whose location is not fixed.

The following analogy between elliptic polynomials and traditional complex poly-
nomials can be made. A complex polynomial can be characterised as a meromorphic
function on CP', with at most one pole, at co. Analogously, an elliptic polynomial, as
defined above, can be characterised as a meromorphic function on the torus T, with at
most one pole, at [0] € T.

A useful basis for elliptic polynomials can be constructed in terms of the Weierstrass
g-function and its z-derivative,

B={Enzonzt, Ex =@ Euiz= —%@’(z)&o(z)k, k>0, (12)
chosen such that &, is monic of degree n, for n € N. Recall the isomorphism
x = p(2), y =), (1.3)
from T to the cubic curve
¥ =4x — gax — g,

where g 3 are the elliptic invariants. Under this map, the EOP 7, becomes a bivariate
polynomial in {x, y} of weighted degree n, where

deg(x) =2, deg(y) =3.
Under this identification, our definition of elliptic polynomials then coincides with

that used in [15], and the transformation (1.3) results in an equivalent definition of the
bases of elliptic polynomials to that given in (1.2).
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Fig.1 The orthogonality interval o
in the fundamental domain T

1+3

(SIR)

When w(z) is even in z around the midpoint of the contour y, that is,
wGl++2=wE(l+1)—2) z€[0,1], (1.4)

the monic elliptic-polynomials naturally split into even and odd polynomials:

k
- k—i Py
(2, T) = E (M@, au =1,
i=0

k
M3, 1) == Y A3 @9 @2, Gz =1,
i=0

where,

ok (—2) = w2k (2), Mok+3(—2) = —m2r43(2).

Henceforth, we refer to mp; and w3 as the respective even and odd EOPs. Note
that o, (z) is purely a function of x = ¢ (z) according to (1.2), and such polynomials
are similar in nature to the Akheizer polynomials in [22], and generalised Jacobi
polynomials studied in the literature by [9, 19, 21, 30] among others.

In this paper, we show how the EOPs, for any choice of weight function, can be
written in terms of determinants of moments and characterised as the (1, 1) entry of
the unique solution of a corresponding 2 x 2 Riemann—Hilbert problem (RHP).

The connection between orthogonal polynomials and the RHP was established in
the 1990s by Fokas, Its, and Kitaev [17]. Since then it has been instrumental in a number
of settings to prove a variety of results for different classes of orthogonal polynomials
[11,26,29], most often finding application in determining the asymptotics of different
classes of orthogonal polynomials, and universality of random matrix ensembles.
RHPs were also used in [5] to determine large degree asymptotic behaviours within
an analytically distinct class of orthogonal polynomials on elliptic curves, allowing
for an additional pole in the basis.

A family of orthogonal polynomials corresponding to a given weight function are
completely determined by the moments of the weight function [35]. Such a represen-
tation plays an important role in several aspects of orthogonal polynomials, as well as
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their applications in areas such as combinatorics and probability theory, see the sur-
vey articles [10, 27] for example. Specifically, the Hankel determinants of moments
were exploited to study the partition functions of ensembles of random matrices and
to study the corresponding tau-functions or, equivalently, the solutions of integrable
equations. See Forrester and Witte [18] for this approach in the case of Painlevé VI
and Bertola [4] for other classes of isomonodromic systems. In the present case, the
relevant moments and the determinant are defined as

wis = [ E@E W Dy 1= det(ui, )7Ly,
Y

As is the case for classical orthogonal polynomials [17], the aforementioned RHP
for EOPs is uniquely solvable if and only if the determinant D, # 0. Furthermore,
the moment matrix is a block matrix consisting of a checkerboard pattern of odd and
even moments. Consequently its determinant factorises into two Hankel determinants,
consisting of even and odd moments respectively, both of which define Painlevé tau-
functions. A similar result connecting Hankel determinants constructed out of certain
elliptic functions and the tau-function of Painlevé VI was obtained by [3] from the
study of generalized Jacobi polynomials.

1.1 Outlook

We list a few possible future directions following the results presented here:

(1) with the construction in Sect.2, one can systematically increase the complexity
of the weight function. For example,
a weight function that is algebraic in g (z), which may lead to solutions of other
integrable equations,

(2) the large degree asymptotics of EOPs can be studied using the RHPs described
here.

(3) Hankel determinants are related to partition functions of random matrix ensembles.
It would be interesting to see the elliptic extensions of such relations.

(4) Another natural question would be the extension of the Riemann—Hilbert setup
developed here to study orthogonal polynomials on higher genus surfaces [15].

1.2 Outline

In Sect.2 we begin by describing the general and even polynomials in terms of the
determinants of their moments, and the construct the solutions Y,, and Yy of the
Riemann-Hilbert problems associated to each class of polynomials respectively. The-
orem 2.1 proves the existence and uniqueness of the solution of the general RHP. For
the remainder of the paper we set the weight w(z) = 1.

In Sect. 3, we obtain differential and discrete linear systems satisfied by the solution
of the general RHP Y, in Propositions 3.1 and 3.2 respectively. In Theorems 3.1 and 3.2
we derive recurrence relations for the polynomials 7, and the coefficients.
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In Sect.4, Theorem 4.1 shows that the linear problems satisfied by the solution of
the even RHP Y»; describe the Lax pair of the elliptic form of Painlevé VI. For k = 1,
the monodromy exponents assume a special form which is related to the Hitchin case
of Painlevé VI as shown in Proposition 4.3.

In Sect. 5, we derive explicit solutions of Painlevé VI built out of Hankel determi-
nants of even moments, see Theorem 5.1. Furthermore, we show that these Hankel
determinants are the corresponding Painlevé VI tau-functions, in Theorem 5.2.

2 Riemann-Hilbert Problems and Moments

In this section, we begin by detailing the representation of the general and even EOPs
in terms of determinants of moments. We then show that the consecutive EOPs, and
their suitable Cauchy transforms, form a unique solution to a corresponding Riemann—
Hilbert problem (RHP). We relate the existence and uniqueness of the polynomials to
the unique solvability of the RHP and find explicit expressions for the determinants
of the solutions. This will in turn allow us to derive differential and difference linear
systems satisfied by the polynomials for the case w(z) = 1.

2.1 Moments in the General Case
We start by assuming t € iR, so that the Weierstrass g-function is real on y, i.e

the basis B of elliptic polynomials consists of real functions on y. If, in addition, the
weight function w(z) is strictly positive, then

(f. 8 =/f(z)g(z)W(z)dz
Y

defines an inner product on the space of real elliptic polynomials and the Gram-Schmidt
process shows that the corresponding EOPs exist and are unique, with 7, given by

10,0 Ho,2 KO3 e- HOn
H2,0 2,2 H23 ... Mo
1| H30 3,2 U33 ... U3n
T (2) = Dn . . . . . s
Mn-1,0 Hn-1,1 Mn-12 --- HMHn—1,n
&) &) &) - &)
where
Wi j = / Ei(@Ej(wW()dz (i, j € Ny, 2.1)
Y
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10
5 ; (
-5 /\/ \—/j\d\

Fig. 2 Graph displaying function values of the even EOPs (), 77, 74 and 7¢, on the interval %r + [0, 1],

in red, blue, green and purple respectively, with T = i (Color figure online)
and
10,0 Ho,2 0,3 e H0,n—1
H2,0 H22 K23 cee o M2,n-1
D, =|S.l, S,:= 13,0 Mn32 "33 MU3.n—1 . (2.2)
Mn—1,0 HMn—-1,1 Mn—-12 ... HMn—1,n-1

See Appendix C for an illustration. The following identity then follows from the above
equation,

1 1
7‘(+1 7‘E+] D

h, = / 72 (2)?W(2)dz = / Etn(2)W()dz = 2HL
%r-{-O %r—i—O Dn

For T ¢ iR, or w(z) is not strictly positive, the polynomial 77, (z) exists and is unique
if and only if the determinant D,, is nonzero. Similarly, we will find that the associated
RHP has a unique solution if and only if D, # 0.

In Figs.2, 3 and 4, the first couple of EOP’s are plotted on y, with ¢ = i and
w(z) = 1.

2.2 Riemann-Hilbert Problem for the General Case
The first step in defining the RHP is to define the Cauchy transform on y,

d
CH(E) = / FnCm, 95 (f e Lo,
y Tl

Generally, the Cauchy kernel C(w, z)dw is a meromorphic function in z and a one
form in w, with residues £1 at its poles, i.e it is an Abelian differential of the third
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Fig. 3 Graph displaying function values of the odd EOPs 73, 75, w7 and 79, on the interval %‘L’ + [0, 1],
in red, blue, green and purple respectively, with T = i (Color figure online)

20

-10

-20 -

Fig.4 Graph displaying function values of the EOPs 73, 774, 75 and 7¢, on the interval %r + [0, 1], in red,
blue, green and purple respectively, with T = i (Color figure online)

kind. The precise form of such a kernel on a torus is not unique and several examples
can be found in the literature [5, 8, 13, 31]. For the present case, we consider the scalar
kernel

Cw,z) =¢(w—2) — ¢ (w),

where ¢(.) denotes the Weierstrass ¢-function (see Appendix A). This Cauchy kernel
has the following properties.

(1) The periodicity of ¢-function, see Eq. (6.1), implies that
Cw,z+1D)=Cw,2) —m(r), Cw,z+71)=Cw,2)—n(). (23)

(2) The kernel C(w, z) has poles at w = z, w = 0 with residues +1 respectively,
(3) In the limit w — z,

Cw,z) = w;_z+(9(w—z), 2.4)
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(4) and in the limit z — 0,
Cw,z) = ;(—1)’656")(@, (2.5)

where ¢ ®(.) denotes the kth derivative of .

In particular, as a consequence of Eq. (2.4) we have the following variant of the
Plemelj—Sokhotski formula. For f € L!(y), the Cauchy transform C(f)(z) has
boundary values

C(Nx(w) == leiféc(f)(“’ te) wey),

which are L!(y) functions, related by the jump condition

CH+w) =C(H-(w) + f(w), (wey). (2.6)

Regarding the Cauchy transforms of the EOPs, we have the following lemma.

Lemma 2.1 For n > 2, the Cauchy transform of m, is a doubly periodic function,
analytic away from y, with continous boundary values that satisfy

CraW)4(z) = CrpaW)—(2) + m (2)W(2), (z € ).

Proof 1t is immediate from the definition, that C(sr;,) () is analytic away from y . From
the relations (2.3), we see that

dw
Ul(f)ﬂn(w)W(w)%7

C(myw)(z + 1) = C(m,w)(2) — /

Y

and due to orthogonality (1.1), the second term vanishes for n # 0. Similarly we see
that C (7w, w)(z + 1) = C(7,W)(2).
The jump condition follows from (2.6), which finishes the proof of the lemma. O

Lemma 2.2 In the asymptotic limit z — 0, the polynomials have an asymptotic
expansion of the form

o (D)
(@) =) T =1, @7
j=0

and, similarly, their Cauchy transform have an asymptotic expansion of the form,"'

ha(T) oo ~ A N
Clmw)@) = # Y@L Ga=1 Ta=—ciapr. (28)
j=0

L all the coefficients are t-dependent unless stated otherwise. We often omit the t-dependence of the
coefficients for ease of notation.
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Proof Using the Taylor expansion around z = 0 of the Cauchy kernel in Eq. (2.5),
which holds uniformly in w € y, we obtain the following asymptotic expansion as
z— 0,

COrw) (@) = —— / Z( e d")(w)nn(w)w(w)—

1 o
S (-1 )kZ f ¢<k>(w)nn(w)w(w)—
k=1

= 2mi —

k2 (k) -
=5 Z( e f ¢ (w)ﬂn(w)W(w)

k=

hn(T) o~ .

_ n ch’n(_c)z}’kl“j 1,
Jj=0

2mi

where, in the third equality we used orthogonality and the fact that ¢ ® (w) is an elliptic
polynomial of degree k + 1, for k > 1. The coefficients ¢; , are given by

(@) (==t (n—1+)) dw
2mi T =1 ) /y (0TI w)m (w)w(w) 5

for j > 0. To compute the leading order coefficients, note that

(="'

e g ]),c‘” D) = w1+ Ow?)),

as w — 0, so that

(_1)n—1

/ ¢ "D (W), (wyw(w)dw = / T (w)*w(w)dw = hy,
n—11J,

14

and

—nn
% / ¢ (wym, (w)w(w)dw = f (1 (W) = €1 nt 1700 (2)) 7T (W)W (w)dw
: Y Y

= _Cl,n+lhn.
Therefore, ¢y, = 1 and €1 ,, = —c1 n+1 and the lemma follows. O
Remark 2.1 For w(z) = 1, the value of h, specialises and all the odd-indexed

coefficients vanish, thatis, ¢; , = 'cvj,,, = 0for j > 1 odd.

Let us now define a RHP such that the 11 entry of its solution is the polynomial
7, (2).
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Riemann-Hilbert problem 1 The Riemann-Hilbert Problem comprises of finding a
2 x 2 matrix valued function Y, (z, t) with the following properties:

o Y,(z,7)isanalyticinz € T\ (y U {0}).
e The following jump condition hold for z € y:

Yy 4@ 1) = Yo (2. 7) (é Wf)) :

where, following the standard notation, # indicate the piece-wise analytic
functions to the left and right side respectively of y w.r.t its orientation, see Fig. 1.
e In the limit z — O:

Yoz 1) = (1+ 0(2) (Zg Zno_z) :

Theorem 2.1 Letn > 3, then RHP 1 is uniquely solvable if and only if the determinant
D, # 0, in which case the solution is given by

0 (2) C(myw)(2)

Y”(Z”):<,3niinn_1(z) %C(nn_lwxz))’ =3G9

Proof To prove the theorem, we analyse the two rows of a solution to the RHP
separately.

We start with the first row, (Y11(z), Y12(z)). The conditions imposed in the RHP
translate to

e Y1(z) and Y1»(z) are analytic and doubly periodic on T \ (y U {0}),
e Y11(z) has no jump across y while Y15 (z) satisfies the condition

(Y12)+(x) = Y12)-(x) + Yn(wx)  (x € p).
e asymptotic conditions
Y1) =z7"(1+0@), Y@ =0E"; -0,
We refer to this as the row one RHP.
Assume that we have a solution (Y11(z), Y12(z)). Note that as their is no jump for

Y11(2), Y11(2) is necessarily a monic elliptic polynomial of degree n. We are going to
show that,

Y12(2) = C(Y11w)(2).

To this end, we consider the following function,
5+l
r(z) == Y12(2) — C(Y11w)(2) + C(z)/ Yii(x)w(x)dx,
3
which we will prove to be identically zero.
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By the Plemelj-Sokhotski formula, Eq. (2.6), 7 (z) has no jump on y. Furthermore,
r(z) is a periodic function with respect to 1 and 7, so it must be an elliptic function.
By the asymptotic conditions,

T4l
r(z) = 72! /Tz Yiix)wkx)dx + O1)  (z — 0).

2

Since r(z) has no poles away from the lattice Z + Z - 7 and there exists no elliptic
function of degree one, it follows that 7 (z) must be a constant and

5+1
/ Yii(x)w(x)dx = 0. (2.10)

But, by the last equality, and the asymptotics of Y11(z) and Y12(z), we now have
r(z) = Yi2(2) = C(Y1uw)(z) = O(z)
as z — 0. Thus, r(z) = 0 and it follows that
Y12(z) = C(Y11w) (2).
In particular, by the asymptotics of Y12(z),
Cuw)(2) = 0" (z = 0).

In other words, by the expansion of the cauchy kernel around z = 0, see Eq. (2.5),
5+1
/ Y11(¢ P @w@)dz =0
%
for 1 <k <n —2,implying that
5+1
/ Y11(2)En(2W(2)dz = 0 (2.11)
2

for 2 < m < n — 1. We have already seen that this equality also holds for m = 0, see
Eq. (2.10).
Now, let us write

Y112) =coo+ &+ 38+ ...+ cn1En1 + &
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Then Eq. (2.11) is equivalent to

o —HMn,0
2 —Mn,2

Sol . | = ) , (2.12)
Cn—1 —Mn.n—1

where S, is the matrix defined in Eq. (2.2).

All in all, we find that a solution (Y1 (z), Y12(z)) to the row one RHP exists and is
unique if and only if Eq. (2.12) has a unique solution, which in turn is true if and only
if D, # 0. In particular, in that case, 7, (z) exists and

Y11(2) = 0 (2),  Y12(2) = C(maW)(2).

The second row of Y is analysed in much the same way. We note that the second
row (¥21(z), Y22(z)) must satisfy

e Y51(2) and Y2, (z) are analytic and doubly periodic on T \ (y U {0}),
e Y51(z) has no jump across y while Y2, (z) satisfies the jump condition

(Y2)+(x) = (Y2)-(x) + Y21 (x)w(x)  (x € y).
e asymptotic conditions
Y21) = 0" D)), Yo =7"2(1+0@r) (- 0.

We refer to this as the row two RHP.
It follows that Y71 (z) is required to be an elliptic polynomial of degree less or equal
ton —1,

Y2(z) = C(Y21wW)(2),

and we find that
I+1
f Y21(2)Em ()W(2)dZ = S p—127i,
2

form =0,2,3,...,n— 1. Upon writing

Y21(z) = cobo + c2& + 383+ ...+ cn—1En—1,
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this is equivalent to

co 0
(6] 0
S, = , (2.13)
Cp-2 0
Ch_1 2mi

where S, is the matrix defined in Eq. (2.2).

All in all, we find that a solution (Y31(z), Y22(z)) to row two RHP exists and is
unique if and only if Eq. (2.13) has a unique solution, which in turn is true if and only
if D, # 0.

Furthermore, if D,, # 0, then

2mi -
Tn—1(2) = Th—1(2),
hn—l n
is well-defined and necessarily
2mi 2mi
151(2) = A Th-1(2), Y22(2) = Cmp—1wW)(2).
n—1 n—1

We have now shown that both rows of a solution to the RHP exist and are unique
if and only if D, # 0. The theorem follows. O

The asymptotic expansions in Lemma 2.2 now help us obtain the precise form of
the determinant of the solution of the RHP: 1 Y,,.

Lemma 2.3 The determinant of the solution takes the form
detY,(z,7) = p (2, 7) + an(7) = f(2), (2.14)
where o, (1) is given by

hy

oy :=Cp + Z‘¢2,nfl — Bn, Bn = 7 . (2.15)
n—1
Proof Setting w(z) = 1, let us begin by noting that det Y,
(1) is a doubly-periodic function
detY,(z+ 1) =detY,(z+ 1) =detY,(2), (2.16)
(2) and has no jump on y,
detY, + =detY, _. 2.17)
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With the asymptotic behaviour of 7, (z) (2.7), and C(7r,)(z) (2.8) in the determinant
of Y, (2.9), we see that in the limit z — 0

1 - h
det ¥, (z, 7) = = + con + Con1 — —— + OE).
Z hp—1

Since det Y, is an elliptic function due to properties (2.16)—(2.17), it only has one

pole, which is of order 2 at z = 0, and therefore must be equal to the Weierstrass
& (z)-function plus a constant o, defined in (2.9), (2.15). O

Let us now restrict to even polynomials and repeat the methods presented above.
2.3 Hankel Determinants and the Even Case
Consider the vector space of even elliptic polynomials,
Peven = Peven(t) = {even elliptic functions with only a pole at 0},
with corresponding basis
Lp@ o@° e@%...).
Let w be an even weight function on the interval %‘L’ + [0, 1], that is,
wh+it+x)=wG+ir—x). xeir+[01]

For any natural number k& € N, we define the kth orthogonal polynomial w2 (z) with
respect to w, if it exists, by the conditions

%r—ﬁ—l
ﬁ . © @"mu(D)W()dz =0, (0<m < 2k),
5T+

() = p D 1+ 07" (z— 0).
Fori+j=keN,
%r+l
V2i2j = Va(i4j) = V2k ‘= / o () w(2)dz. (2.18)
%r+0

Then, 7ok (z) exists if and only if the Hankel determinant of moments

Vo V2 ... VK2

V2 V4 ... V2
Agpi=1 . b (2.19)

V2k—2 V2k - Vak—4
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is nonzero, with Ag = 1. In turn, my; is explicitly given by

Vo V2 ... Vi
Lo v
ok (2) = A R
Vok—2 V2k ... Vak—2

1 9@ ... 0F

further implying that

1 1

7‘[4—1 71’+1 AZk 2
o = f ok (2)*W(z)dz = / o @ (@W(z)dz = ==,

Lrto 1140 Ao

(2.20)

Another direct consequence is that the even polynomial can now be expanded as

I A
() = o ()F — A—”‘m)"—l + 2o 2+ 0@ Y, @21
2k 2k

A
where
Vo V2 ... V2k—4 V2 Vo V2 ... V2k—6 V2k—2 V2k
V2 V4 ... V2k—2 V2k42 V2 V4 ... V2k—4 V2k V2k+2
oy :=| . . . . s A o= .o . . o
V2k—2 V2k ... Vak—6 V4k—2 V2k—2 V2k - .. V4k—8 V4k—4 Vak—2

fork > 1withT') = up and I'g = Ap = Ag = 0.
Proposition 2.1 For w(z) = 1, the moments satisfy the following recursion
Bk + 12)vog 14 = 2k + 1) govox + 2kgavor—2.

Proof With the prescribed weight function, the moment (2.18) reads

JT+l ok

k

V2K =/ P (2)"dz =y§ —dx, (2.22)
140 cycle Y

where y? = 4x3 — gox — g3, as can be seen by a change of variables x = g (z). Note
that expression

d 1
—xFy = kxf Ty 4 — (126572 — gy,
dx 2y
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from which we obtain the following identity

kf )Ck ydx =& V2k — 6V2k+4, (2.23)
cycle

for k > 1. Therefore,

4xk+2
4vopya = 4% dx,
cycle Y

_% xk=1y2 4+ goxk 4 gaxk—!
cycle y

dx

= jg x*ydx + gava + g3vak—2
ycle

1
= — (L vy — 6v2r14) + g2v2k + &3V2k-2.

where we used identity (2.23) in the last equality. This gives the recursion in the
proposition. O

The first values are

1

1
= 1’ = —2 s = — y = — — 3 s
Vo V1 n V2= 1582 V3 10(83 g211)

where 1 = ¢ (%) is the first period of the second kind. Correspondingly, the first few
even Hankel determinants, defined in Eq. (2.19), are given by

A=Ay =1,
1 2
Ay = —(gz—48m),

Ag=—-2 5g2 — 378g3 + 108g2g31m1 — 1872g2n1 +43200g3n1)

37800

The Hankel determinants of moments are functions of the modular parameter T €
H, and they can be written as explicit functions in 7 using the equations for g», g3 and
n1, as functions of t, in Appendix A. They satisfy the following symmetries,

Aok (D) = Agi(t°), Ag(t+2) = An(r) (r € H),
where (o + Bi)°® = —a + Bi fora, B € R.

In Fig. 5, the zero distribution of Ak (7) is displayed in blue, for k = 2,4, 6, 8, in
the upper-half plane cut off by

1
31> Llogd).
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Fig. 5 In these plots the zero distributions of Ajg_1(r) and Agi(t) are displayed in respectively red
and blue, for k = 2, 3,4, 5, in the domain defined by —1 <R v < land J 7 > %log(%) ~ 0.071.
Furthermore, in each plot the dashed line is the line I v = % log(%)

The reason for this cut, is that the numerics become unstable near the real line. In
particular, even though only finitely many zeros are shown in the plots, there might in
fact be an infinite number of zeros accumulating at points T € Z, for the even Hankel

determinants Ay, k > 2.

Remark 2.2 A similar computation follows for the odd case starting from (2.1):

1+3 o
V2i43,2j+3 =/ (') () Hdz =7§ yx*dx
= cycle

2
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with the change of variables as in (2.22). After a direct manipulation, we get

V2k+3 = 42k 46 — §2Vok+4 — 83V2k-
The determinant of the odd moments is

V3 V3 oo V2k+1

V5 V7 ... V2k43
Aop43 =

V241 V2k43 - -+ Vak—1

We have plotted the zero distributions of the first couple of odd Hankel determinants
in red in Fig. 5.

Note that Ay; and A4 are Hankel determinants, for £ > 0. However, the deter-
minant D, is generally not Hankel, but has a checkerboard pattern of even and odd
moments leading to the factorisation

Dy = ApAnia, n>2.

2.4 Riemann-Hilbert Problem for the Even Case

If the weight function is even on y, i.e. Eq. (1.4) holds, the sequence of orthogonal
polynomials splits into two sequences of even and odd EOPs and we can define a
RHP corresponding to the even polynomials px, £ > 0. The analysis for the odd case
mirrors the even one and so we restrict our analysis to the even case.

Analogous to RHP 1, the even polynomials m5; appear as the 1,1 elements of the
solution

k>1, (2.24)

Yor(z. 7) = 724 (2) C(muw)(2)
HO T e 2(2) 2 Clrar-aW)(2) )
to the following RHP.
Riemann-Hilbert problem2 e The function Yy;(z, 7) is piece-wise analytic on
T\ (y U{0}),
e for z € y, the following jump condition holds

Vot @ 7) = Yai (2, ) ((1) Wi“) ,

e and in the limit z — 0,
7% 0
You(z,7) = (1 + O(2)) ( 0 sz—3> .
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Analogously to Theorem 2.1, RHP 2 is solvable if and only if the Hankel determinant
of even moments satisfies Ao (7) # 0.

Mimicking the analysis for the general polynomials, we begin with the asymptotic
behaviour of the even polynomials and their Cauchy transform.

Lemma 2.4 In the limit z — 0, the polynomials

ai 2k

ok (2) = 2 2h apx =1,
i=0
and their Cauchy transform
hok o~ H— ~ ~
Cm)(@) = o= > auz™7 Gu =1, dGu=-axp (225
2mi =
Proof The proof is the same as for Lemma 2.2. O

Lemma 2.5 The determinant of Yoy is

$'(2)

det Yor(z, 1) = — >

(2.26)

Proof Consider the determinant det Y»;(z) of the solution to RHP 2. Note that
det Y24 (z) has a trivial jump along y and thus extends to an elliptic function with
only a pole at z = 0. Furthermore, from the asymptotic behaviour of Y24 (z), it follows
that

detYn(x) =z 21+ 0@r) (z— 0.

Finally, note that Y»;(—z)o3 also solves RHP 2, thus Yy (z) = Yok(—2z)o3, and

det Yor (—z) = —det Y»;(z). We have now shown that det Y»;(z) is an odd, monic,
elliptic polynomial of degree 3. There exists only one such polynomial, — %50/ (z). The
lemma follows. O

3 Linear Problems for the General Case and Recurrence Relations

In this section we show that the solution of the RHP 1 for the general polynomials 7,
satisfies a system of linear differential and difference equations, and their compatibility
condition leads to the recurrence relation for the polynomials and the recursion for
their coefficients. Henceforth, we use the notation

. d . d
T dz’ dt

We start with the recurrence relation, which we emphasise, holds for general weight
functions.
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Proposition 3.1 The solution of the RHP 1 solves the linear difference equation

Yn+1 =R,Y,, R, =

1 (=9 (2)/2 =52 far1
o\ 0

) , n >3, 3.1

where f, is the determinant of Y, (2.14).

Proof We begin with the (n + 1)/ solution (2.9)

Yooi(et) = Tn1(2)  CTn1W)(2)
e D= o (2) FHCmw@) )

and observe that

O NEE) C(;r,1+1w)(z)) - C (701 W) (2) —C (1, W) (2)
Yuea¥y - det) ‘(i—j’m(z) 240 71, ) (2) ( N

— % (jTIH—lC(T[n—'lW) - ﬂn_]C(ﬂ;H-lW)) _% det(Yn+])
= 2 et (Y,) 0 '
(3.2)

The 11 element in the above expression is determined as follows. In the limit z — 0,

2mi

hn—l

1
(41 @C(TR-1W)(2) — -1 (D)C(Tn1W)(2)) = =} (1+0@),

and following from the periodicity properties of Y,,, det Y,,, the LHS of (3.2) is a matrix
valued elliptic function. Therefore,

/
_ ()
(Y17, det Y,,)11 - —@2 .

The above expression along with (2.14) gives (3.1). m]

Corollary 3.1 The EOPs satisfy the following three-term recurrence relation,

/
rppy = =200 et (3.3)
2fn Sn
forn > 3.
Proof This follows directly from the (1, 1) entry of Eq. (3.1). ]

From here on, we assume that the weight function w(z) = 1.
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Proposition 3.2 The solution of the RHP 1, Y,,, solves the following linear differential
equation for n > 3:

Yr; = LnYn, Ln = ! ( n@/(z)/Z 2”;¥i ((n - l)fn +nfn+l)> .

A\ @ fi+(U=mf)  Q-mp'@)2

(3.4)

Proof With the derivative® of Y, in (2.9), we get

_ o m@ 8_ZC(nn)(z)> P2 C (1) (2) —C () (2)
Tt detY”‘(i—’;'n,;(z) 20000 )\ S0 @ )

(3.5)

Recalling the asymptotic behaviour of the following entities near z — 0in Lemma 2.2
now paying attention to the fact that with our weight the polynomials split into odd
and even parts,

1 c
nn(z>=—+zj;”2+...,

Zl’l

h ~
Clt) (@) = 5 (z”_l T ) ,

the asymptotic behaviour of the 11 element of (3.5) is

- no 1,
(rartdetty) | = =5 =~ (1@t + 0= Dexs + (1= Df) + O,

and because the LHS is an elliptic function,

(vav, ' dety,) =n p/z(Z),
with the constraint
ncyp—1+ (n—2)c2n + (n—1)p, =0. (3.6)
Also note that
2.0+ C2n—2 =0. 3.7

The 12 element in the limit z — O is

h, —1
(v,¥, " det ¥,) ’(" (=1

= i — 272 + (2n + l)gz,n + (2n — 3)52,'1 + O(Zz)> s

72

2 We drop the z, T dependence in favour of brevity.
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and we can check that

(n—Dfu+nfar1=0—-1 (9@ ~+crn+ 21— )
+ 1 (9 @) + cant1 + 2 — Buyi)

3 6) (n — 1 ~ ~

A6 ) + -+ @ —Derp+ (n— 12 n—1+nc2 -1
+(n— 2)C2,n

+ncypp1 +ncp+ M+ 1), + (n— Do g

3 7 (n—1

WD Lt =+t D

Therefore,

h
—1
(Y,;Yn det Y,,)12 =

+nfut1) .
Similarly, the 21 element

—1
(Y,:Yn det Y,,)21

2ni (1—n 2—n - 2
T 5= 2m)eannt + (1= 201 + O )
hn—l Z

Z

and as before, we can see that

C—=n)fp1+ A —n)fa
=Q2-n) (6{) (@) +c2n—1+ 32,11—2 - ,Bn—l)
+ (1 =n) (9 @) +c2n + Con-1 — Bn)

_@ _zn) + d _zn) +Q2—=n)crp1+QR—=n)c2n2—Q2—n)pu1
Z Z

+ (A =n)crn+ (1 =n)czn1 — (L =n)py

36)2—n) (1 —n) - -
2 St t @ me+ Q T+ (=T

+ B —n)c2p—1+ A —=n)crn+ (1 —n)c2 -1 —n¢2p—1+ 2 —n)ca,
3hH2—n) (1—n)
-T2 + 72

+(G6 - 2”1)02,n—1 + 1 - 2”)32,n—1-

Therefore,

2mi
(v dey, )2] = (@=mfu+A=n)f).

n—1
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Finally, we see that

_ #'(2)
(Y,;Yn ! det Y,,)22 =2-n=

’

which finishes the proof of the proposition. O

An immediate consequence of the above proposition is that the 11 entry of the linear
Eq. (3.4) gives an ODE for the polynomials.

Corollary 3.2 The polynomials w, solve the following second order differential
equation

1 U —1
= (a5 (e B) )
+ <np/>/—n<fn+l>/ ng’ —detL, | m,.
2 fn In 2((n = 1) fu +nfur1)

3.1 Recurrence Relations

By iterating Eq. (3.3), with weight function w(z) = 1, we obtain the following theorem.

Theorem 3.1 The polynomials {m,};° 4, satisfy the relation

Tn+2 = (9 — Bn) 0w — BuPn—17tn—2, (3.8)
where,
By = But1 + Bn +on + apy.
Furthermore,
—a) + %an — ‘%3 = Bu(ttn—1 — ) (@nt1 — ).

Proof Iterating (3.3) by n £ 1 we find that

. :< (") g, B 5@+an_1>n
" dptad@tas) otam o ptan )"
—BuBn—170-2. (3.9)

However, from the difference equation of the even case (4.11), we see that ;45 can
be written in terms of m;, and m,,_> using the equation

Tny2 = (9 — Bp) mn — BuBn—17n—2,

@ Springer



Constructive Approximation

where B, is a constant. Moreover, the behaviour of the first term in (3.9) near z = 0
gives the expression

B, = Buy1 + Bn +an +otpg.

Considering the behaviour of (3.9) near the poles of p + «,, we further determine that

%w—%=mmwwwaﬂ—%x (3.10)

- 052 +
and the theorem follows. O

We now use the compatibility condition of the linear system (3.1), (3.4) to obtain
the recurrence relation for the coefficients of the elliptic polynomials.

Theorem 3.2 The compatibility condition
R, — Ly+1R, + RyL, =0, (3.11)
gives the following recurrence relations:

_ 83 — &0 + 40{3
T T———
(1 —n)a, (40{,3, —3g0;, + 4g3) —oy— (4(n — 2)0[,31 + ngra, — (2n — 1)g3)

dna} + (n — Doy—1 (g2 — 1202) + g2(n — 2)aty, — g2(2n — 3)

(3.12)

Unt1 =
(3.13)
Proof Substituting (3.1) and (3.4) into Eq. (3.11) we find that the (1,1) entry is the

only non-zero term, and is cubic in g (z). Equating the coefficients of the powers of
order 3, 2, 1, 0 to zero we find the following set of equations respectively

0=n—2a, =+ Doanpr + 2n =3)By — 2n + Dfpy1, (3.14)
3ennt1 + % = ((n = 2an—1 + (n — Doty +2(2n — 3)atn1) B

— ((@4n +2)a, +napt1 + (1 + Deyt2) B,
3g3 + ganap — g2(n — Dapy1 = 4oy 112 — 2)ay—1 + 2(n — Dap + 2n — 3)an+1) B
—4an,(2n + Doy + 2n0,41 + 2(n + Dap2) But1,
— a1 (920 + g3(n — 2)) + g3(n + Dty = —4(natys1 + (0 + Detn2)aZ Bt
+4((n — 2aty—1 + (n — Day)a, Bu. (3.15)

The recurrence for B, (3.12) follows from (3.10). Substituting (3.12) in (3.14), we
obtain a constraint that is cubic in «;,, a,4+1 and linear in o, —1, @y 42:

X

Qpt2 = ?
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with

X =gt (2821 = 2may + o1 (401 — 202 + 2g0m + g2) + 401 — Doty + g3(2n — 3))

— 321+ D1 — ap) + 4n(oy — an_)e — 420 — Dyt — @)l |,
Y = oy (4ot ((n — 2)au—1 + (n — Daty) + 823 — 2n)) +4(n + D(ap—1 — ap)orp
+ 4(2}’1 - l)an (O‘n - an—l)an-H + g3(2n - 3)

Manipulating the set of Egs. (3.14)—(3.15) using the above expression gives (3.13). O

Initial conditions for the recurrence (3.13) of the o, in Theorem 3.2 can be computed
directly, yielding

o~ — 383 —4gm
ST
s — 5g5 — 108g3 + 108g2g3m1 — 432517 + 864083’71

18(3g3 — 4g2m1) (g2 — 48n7)

where we remark that explicit formulas for g», g3 and 5 are given in Appendix A.

4 Linear Problems for the Even Case and the Elliptic form of Painlevé
VI

In this section, we restrict to the case of the even elliptic polynomials. Firstly, we
express the polynomials in terms of Hankel determinants. Secondly, the solution of
the RHP yields the Lax pair of the elliptic form of Painlevé VI where the modular
parameter T assumes the role of the isomonodromic time. Moreover, the recurrence
relation coming from the corresponding discrete linear system provides a formulation
of the solution of the elliptic form of the Painlevé VI equation.

4.1 Lax Pair of the Elliptic Form of Painlevé VI

Theorem 4.1 For k > 1, the solution (2.24) solves the following pair of linear
equations that correspond to the elliptic form of Painlevé VI

(1)
Lo(z. 7) = Yy (2, Yoz, ) ! Zp Oom e (Z) o (4.1)
LY () — é)

, 4.2
2(p(2) —ei) @2

d
M (z,7) == Esz(Z’ O Yu(z, 1) = Z
i=1

where the matrices Lék are given in (4.6).

We begin with the z-derivative and then compute the t-derivative.

@ Springer



Constructive Approximation

Proof Recall the asymptotic behaviour of the even polynomials and their Cauchy
transform near z = 0 from Lemma 2.4°

1 aion az 2n
_ , 6 2n
ok

C(man)(z) =

o ( 2n— l—i—al 522 +’c72,2nz2”+3+(’)(z2”+5)).
l

The leading behaviour of solution Yox (2.24) near z — 0 is then

—2k
0
Yo = (]l +22U+7'V + O(Z6)> (Z 0 sz—3) . “4.3)
where
hok hai
ai ok =~ 612 2k ay ok
U— 12 orT ’ V= . 2711 , “4.4)
( s al,zk—z) ( Tiok

and due to (2.25), U is traceless. Then, in the same limit,

- 1 (—2k 0O 1 -2k 0
/ 1 _

—2k 0
+4V—2U2+[V,< 0 2k_3):|~|—(’)(22).

Note that the LHS of the above expression is an elliptic function
Vi@ +0YuG@+07 =Y+ DYae+ D7 =Y @Yu@) ™

Therefore using (2.26) we have

_ 1
Byt = (90 + Ie o + 1Y), “5)

where

@) _ _5( =2k 0 =) _ -2k 0
L= 2( 0 2k—3)’ Luw = 2(2U+[U’< 0 23
~0) _ o2 -2k 0

PO - 2(4\/ 2w +[v,< : 2k—3)D’

3 we drop the z, T dependence for the remainder of the proof.
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and

T _ 70) _
tr Ly, =0 trLy =————

Furthermore, using the cubic equation

(9'(2) =4(p—e1) (9 —e2) (9 —e3),

(4.5) can be re-written as

(1) 2) (3)
_ L L L
Log(z, 1) = Yy Yy = 9'(2) < - 2 2 ) :

p@)—er @) —e @) —e3
with the relations

er(1— ez)z(zi) + Z(z(,)() — e1e3Z§}j
4(e; —ex)(e1 —e3)

L(z) _ ex(e] — I)Zﬁ) + 6263223 — Zg;()
4(e; — ex)(e2 —e3)

L + L) + e3(1 +2e3) LY
4(ey —e3)(e2 — e3)

9

(4.6)

k]

G _
Ly =

Now we derive the t-derivative. From (4.1) we have
3 .
0.log Yo (z. 1) = Y L0 log (9 (2) —e1)
i=1

implying that Y5, has the following local behaviour around z — % — 0:

Yz, 7) ~ Gi(p(2) — D™ (1+0(D) G,
where
Ai =G 'LY)G;.

The r-derivative in the vicinity of z = 5" is

dy; dG; ) o . .

= =( T (P@ =)™ +Gihi (p(@) —en)™ l(p(z)—ei)) (1+06)Ci,
dYy oy  dG; _, LY (p(2) - &) .
dt Yy = dr ! (9 (z) —e) +0@).
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Moreover, near z = 0,
Y‘ZkYZ_kl ~ Z2 (U + U) + O(Z4).
Therefore, using Liouville theorem, we can uniquely determine that

3

dYoy .
WYZkl =t My (z,7) = Z
i=1

LY (o) —é)
(9 (z) —ei)

and the following periodicity relations hold
Mop(z + 1, 7) = M (z, 7), Mo (z + 7, 7) = Mok(z, T) + Lok (z, 7).

O

The matrices Lo, Moy are in fact the Lax pair of the elliptic form of the Painlevé
VI [36, 40], which, with a change of variables reduces to the usual Lax pair, as will be
shown in Proposition 4.3. Furthermore, we can compute the eigenvalues of the residue
matrices of Loy, which turn out to have the following values owing to the specific form
of the determinant of Yy (2.26).

For what follows it will be useful to make the linear system (4.1) traceless. To do
this, we start by noting that Lok (z) (4.1) is an elliptic matrix function, and its trace is
obtained using Jacobi’s formula,

d " z
r Lox(2) = L logdet Vo () = 22
dz £'(2)
where we used that the determinant (2.26) satisfies
det Yo (2) = —30'(2) = far. (4.7)

We now use the following gauge transformation to obtain a traceless linear system:

_1
W (2) = fo” Yok (2), (4.8)
so that

©"(2)

V3(@) = Lok (@Vo(2),  Lox(2) = Lo(2) — 20/

1, 4.9)

Proposition 4.1 The monodromy exponents £0; around the singularities w;, and £6y
around the singularity z = 0 of the linear system (4.9), are given by

1 1
9025(476—3),9[:5, i=1,2,3,
and k = 1 is the case related to self-dual Einstein metrics [20, 37].
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Proof We start with the behaviour of ), at z — 0:
—2k 3/2
z 0 Z 0
Yo = (14 0O(2)) ( 0 sz—3) < 0 Z3/2) ;

therefore the monodromy exponents around z = 0 are j:% (4k — 3), which can be
read off from the asymptotics (4.3). The coefficient matrix has simple poles at z =
w1, wy, w1 + wy, 0 coming from the term g’(z). We now determine the eigenvalues
of the residue matrices at the singularities. The asymptotic behaviour of V,x(z) near
z=wj,i =1,2,31is

Vo) = €72 (z — w) "2 Yo (w) (I + Oz — wy)),

as fror = (z — wij)(c + O(z — w;)) for some ¢ # 0. Moreover, (4.7) implies that
det Yo (w;) is zero and therefore Y (w;) is a rank one matrix and can be expressed

as
0 %
Yop(w;)C = (O *)

where the second column is nonzero with C being a constant matrix. We then obtain
that for z — wy;,

Yu()C = Up(L + O — w)(z — w) 3%, Up € SL2(C)

as z — wj, for a matrix. Therefore the monodromy exponents around z = w; are j:%.
O

We will see in what follows (from (4.21)) that the unique zero of the (1, 2) entry of
Lok (z) will be z = Q(1), where Q (1) satisfies the elliptic form of Painlevé VI [36]
in the present case reads

Ld20(@m) ¢
Qri)’—=— =) i (Q(1) + w), (4.10)
T i=0
where wg = 0, and
(6o — D2 (4k — 5)2 07 1 07 1
(yo: = , (X]Z——Z——, (xz:—:—,
2 8 2 8 278
1—62
o — (1-6) _3
2 8
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For k = 1 this is the Hitchin case [20, 28], and the corresponding solution Q = Q(7),
is given by

1603 + gom — g3
4807 — g2

PO(T) =er+ex+2

This formula follows from Eq. (5.3).
We finish this subsection with a recursive formula for the Y.

Proposition 4.2 The matrix function Y = Yoy satisfies the following discrete evolution
with respect to k,

(2) + arax42 — a1 —22
Yor+2 = Rox Yok, Ry = <[p MJF (2)7” , (4.11)
hok

fork > 1.

Proof The proof is similar to that of Proposition 3.1 and follows from a direct
substitution of (2.24) with the expressions of Lemmas 2.4 and 2.5. O

From the above proposition, we obtain the following three-term recurrence relation
for the orthogonal polynomials,

$ (2)Tok = Tor42 + Cox ok + PokTok—2,

which coincides with (3.8), as can be seen by using the relations (2.15), (2.8), and
(2.25).

4.2 Relation to Painlevé VI
Under a simultaneous transformation of the dependent and independent variables,

f = as-a u(t)zm, (4.12)

e —er’ er — e

the elliptic form of Painlevé VI (4.10) reduces to the usual form [2, 36]

R 1)ﬁ_<1+;+ L)

“= u u—1 wu—t) 2 t t—1 u—t "
u(u — D —1) 4ot =D 3t(t — 1)
212(t — 1)2 ((Zk 2) 4u2+4(u—1)2+4(u—z)2)’

where u = uy (t), and "denotes derivative with respect to ¢.
In this section, we derive a corresponding transformation for the Lax pair.
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Proposition 4.3 The change of variables

$(2) — el e3 — e ~ (k3
x= = Y(x, 1) = Yz, 7) (e —ep) kTR O3

ey — e ’ ey — e
(4.13)

transforms the linear system in Theorem 4.1 into the following 4-point Fuchsian sys-
tem, with the singularities at wi, wa, w3, 0 mapped to 0, 1, t, 0o respectively, and
corresponding deformation equation,

d Yo ~ dYox ~
— = = A Yor, —= = By Yor, 4.14
P Vo — 2% Yok (4.14)
with
(e8] 2) 3) 3)
A A A A
A, ) = =2 4 224 3 By = -2,
X x—1 x-—t x—t

and coefficient matrices above are related to Loy as

A — (e — o)) 084 LD (o) _ oy~ @hDos/4 i 3, @.15)

In particular, the monodromy of Y (x, t), with respect to x, is constant in t.

Proof The linear system (4.9):

L@ LY@ LY@
P —er Pk —e P —es

0
a_zka(Z’ 1) = ' (2) ( ) Vo (z, )

under the change of variables (4.13) reads

o L0 LS o
+ +
x—1 x —t

0
T Noi(x,1) = ( )yzk(x, 1). (4.16)
X

Let us now understand the change of variables for the Eq. (4.2) t after the gauge
transformation (4.8):

i (©) — el

d
Eka(Z, T) = ( 0@ —e)

)ka(Za 7). (4.17)

i=1

We begin by simplifying the sum on the right-hand side. To this end, we note that
the definition of x in Eq. (4.13), and the fact that Z—;‘ = 0, imply

() —e)eéer— (p(x) —ex)ég
e — e ’

P) =
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From the above equation, and the identity e; + e2 + e3 = 0, we obtain the following
relations

P@)—é1 e —é;

p@)—er ex—er’

P()—é  ér—é

p@)—er e —er’

p)—eé3 e—é e162 — é1e2
pi)—e3 e—e1  (e2—ep) —e3)

Using the above identities, we can express the sum on the right-hand side of Eq. (4.17)
rationally in x, giving

(é2 —é1)
e — e

d
Y TP ) = (£ + £ +£5)

3) . .
B 3‘C2k (e162 — ezey) 4.18)

(=)o

where
1
Ly + L3 + Ly = (4 =303,

as can be seen from (4.6), along with the gauge transformation (4.9). We now observe
that, the gauge transformation

Y= Vo (er —ep)” WD, (4.19)
removes the constant term in (4.18), giving

) ) 3

3 (e1€2 —ezey) Aék)
EPRY) - :
e (o= (22))

Using the identity below coming from the change of variable v — ¢

d ~ 7 -1
—Yx, )Y, )" =
dt

dt (é2e1 — é1e2)
B S e B
dt (e2 — e1)?

implies that

RO

d~ ~ -1 _
EY(x,t)Y(x,t) = G—0
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Furthermore, (4.16) with the gauge transformation (4.19) and (4.15) is

CINC) 3
A A2k A2k

d ~ v -1 _ “%2k
—Y(x, )Y (x,t)” = —= + (4.20)
dx X

x—1 x—t
which finishes the proof of the proposition. O

We note that the following rational matrix is traceless,

6o
Ay + Ay + Ay = —Tos. 6= -2k,

and

2

1A = — 6=

1
= i =1,2,3),
5 G )

as can be obtained from Proposition 4.1 and (4.15). Introducing standard coordinates
(uk, vk, gk), see e.g. [25], through

(A2 12(x, 1) = —6 S
X, 1) =— _—
212 08k I y—
0 (1 1 1
(A, H=vn—-|—+ + , 4.21)
2 \ug Up —t uy — 1

we obtain that u = uy and v = vy satisfy the equations below
t(t — Dio=—4t+u(t—3u+2pu—)w—1),
. 3 b 2 2.2
tt—1Do =+ Z(QO —2)—tv(l 4+v)+vu+2(1 +H)Hvu —3v°us, (4.22)
and g(¢) = gr(¢) solves

8 () — (1 — 4k) u(t) —t '
8k (1) 2t = 1)

(4.23)

Note that the zero of (L2x)15 being z = Q(t) follows from (4.21) under the change
of variable (4.12).

5 The Painlevé VI tau-Function and Hankel Determinants

In this section, we find explicit formulas for the solution u of Painlevé VI, introduced
in (4.21), in terms of the Hankel determinants of moments defined in Eq. (2.19). To
this end, we compute the first couple of matrix coefficients in the the expansion around
z = oo of the solution to RHP 2.
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Lemma 5.1 The asymptotic expansion of the solution of RHP 2 around z = 0 can be
written as

- -1 -2 ) (P@F 0
@) = (1490 7'V +9@ 7V + 0 ) ))< 0 p(z)"‘)

1 0
(b ibe)

where the matrices U and V are given explicitly by

_ T Ay Ak Pok42
_ Ay 2miAgg _ Ay 2mi Ay
U= 2miApg—o ’ V= _2711’1"21(,2 ’

Doy
Aog + Aok Aok V22

with

T 4 Bn2Bakis  Ax

Vo = —5-
Ay, Aok Ao

Proof Recill the explicit, and unique, solution Y24 (z) of RHP 2, defined in Eq. (2.24).
Note that Y (z) = Y»r(—z)0o3, also satisfies all the conditions in the RHP, and thus

Y2 (2) = Yo (—2)o3.
It follows from this symmetry that Y4 (z) admits an expansion in powers of g (z) as
given in the lemma.
We proceed to compute the coefficient matrices U and V. The expressions for uji,
V11, U1 and vo; follow directly from the expansions of the corresponding orthogonal

polynomials in Eq. (2.21). Next, by Eq. (2.8), we have

h
Clrn)(2) = %sz—‘a +0@E2),

from which the expression for u1, follows. Finally, note that |Y2;(z)| = —%p’(z)
implies

I+9@ ' U+p@2VI=1+0@@) )
as z — 0, which is equivalent to
TTU =0, TrV+|U|=0,

as can also be seen from (4.3) and (4.4). The expressions for uy; and vj, are obtained
from the above two equations. O
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It follows from the asymptotic expansion (5.1) for Y2x(z), that )72;((x) has an
expansion around x = oo of the form

Yar(x) = WU ()G (x),
Wy(x) =1 +x"'0+x72V+0x7d),

k 03
G(x) 1= x b= (1  — ) (1= 1/ = 1/x) 75,
(e1 —e2)x
where
~ U ~ V—-eU
U = , V = —-
e — e (e1 —e2)

Now, by Eq. (4.20), we can express the coefficient matrix Ay (x), in terms of Wy (x),
as follows,

Age(x) = Wh () War ()™ + W ()G’ ()G (1) ™ W (1) 7 (5.2)
This expression allows us to compute the coordinates (uy, vk, gx) introduced in Eq.
(4.21). Indeed, by expanding the right-hand side of Eq. (5.2) around x = oo, we get

the following expansion for its (1, 2)-entry,

(A)12(x) = =@k — DUpx 2+ ds x 3+ O™,

s = —(4k+1)r—(4k—3)fjuﬁlz+(1+r+4k ¢ )Glz.

e1 —en
Comparing this asymptotic expansion with Eq. (4.21), and recalling that
el —ex = 4K(1)%,

where KC(7) is the complete elliptic integral of the first kind (see Appendix A), we
obtain

1 2k — 3 'y 2k + 1 Toxyq 1+1¢

w(t) = o P : (5.3)

4K(t) 2k — 1 Ay 2k — 1 Agpyq 3

2k —1) Yy
H=—-"K( hok(1). 5.4
g0) = =4 o5, KO ho) (5.4)
We are now in a position to prove the following theorem.
Theorem 5.1 Fork > 0,

20(1 — 1) (Azka) A2k+2(t)> @)
up(r) = - +1——, (5.5)

2k—1 \Ax(r)  Axya(t) K()
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solves Pyy, where IC(t) and E(t) denote the complete elliptic integrals of the first and
second kind respectively (see Appendix A), with parameter values

0 =0,=03=1%, 6p=%(3—2k).
Proof Recalling that Ag() = A,(¢) = 1 and
Ag() = R0 (1 = DK@ =20 = 2KDEM) — 3E1)),

it can be check by direct calculation that

_ E@®)

up(t) =1-— [0} (5.6a)
_ E@M) 2t — 1) Ag(r)

ui(t)y=1- KO 3 ) (5.6b)

solve Pyj for the parameter values indicated in the theorem.

Now, assume k > 2. By combining the differential equation for the gauge factor
gk (1), Eq. (4.23), with the explicit expression for g (¢) in terms of &2 (¢), Eq. (5.4),
we obtain

hor(t) @k—1><60>

ho(t) — 2t(t — 1) \ K@) +u (1) — 1) :

Solving this equation for u,(#) and using Eq. (2.20), we obtain the expression for
ur(¢) given in the theorem. Since we already know that uy (¢) solves Painlevé VI, the
theorem follows. O

5.1 The Painlevé VI 7-Function

The Painlevé VI tau function 7 (¢), corresponding to the linear system (4.14), can be
defined by

d
k(1) = 1(r — I)E log 7x (1), (5.7
up to a multiplicative constant, where

=0 —1)TrAAs+tTr A1A3
= ug (g — 1) (g — DVf — 3t — 201+ Dug + 3u) vy
— Yk(k = 3)ux + $(@k* — 6k + D)t — §. (5.8)
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It is an analytic function on the universal covering space of the punctured sphere
CP'\ {0, 1, oo}, and satisfies the ODE

(1t = DHE@)* = -2 té%—C tél_g (gt:%lfngg
o . 8. ’
galtEe-Di-¢ g

In the following theorem, we give an explicit expression for 7y (t).

Theorem 5.2 Fork > 0,
Ti() = 151 — )5 @K0) "% Ay (1), (5.9
Proof To prove the theorem, it is enough to derive the following expression for & (¢),

A (1)
A ()

+ %(2k)(2k —-3) (ﬂ +1— 1) + é@f 1.

G() =1t =1 40

(5.10)

for k > 0. We will prove this expression by induction.

We first deal with the cases k = 0 and k = 1. We recall the explicit expressions
for ug and u; in Eq. (5.6). Using Eq. (4.22), we obtain the following corresponding
expressions for vy and vy,

vo(1) =0,
3A4(1)
R2KGEMN K@) — EO( — K@) —E@)

vi() = —

and consequently, using Eq. (5.8), we obtain the following expressions for p(¢) and

21(0),
fo(t) = g2t — 1),

c1<r>=§(2r—1>—%<it)+z—1).

This shows that Eq. (5.10) holds for k = 0, 1.
Next, we derive a recursive equation for ¢ (¢). To this end, we note that the
recurrence in Proposition 4.2, translates to the following recurrence for Yo (x, 1),

Yarga(x, 1) = Rop(x, 1) Yo (x, 1),
where

xX+ryr
Rzk(x,o:( 1 ‘2>,

1 0
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with

fok 200 — 1)
ro = —— , I = — )
2= %@ -1 0ok

and
1
70060 = D11 = Jun(u = 0w = Do} — & (3uf =26 + Dug +1) vy
+ 25 Cuk — 1t — 1)+ 16060 — 2)(ug — 1 — 1).
Here g = % — k, as before.

From this recursive formula, we obtain the following recurrence for the coefficient
matrix of the linear system in Eq. (4.14),

~ ~ _ 0 _
A2 (x, 1) = R (x, 1) Age (x, ) Roye(x, 1)1 + <5R2k(x, t)) Ro(x, )~
Direct substitution now yields a very compact recursive formula for ¢ (¢),

Sk1(1) = & (1) + (B0 — D (ur(r) — 1). (.11

By combining this recursive formula with the equation for u(¢) in Theorem 5.1, Eq.
(5.10) follows by induction. This completes the proof of the theorem. O

Corollary 5.1 From Egs. (5.11), (5.5) and (5.7), we obtain the following recursion for
the Painlevé VI tau function Ti(t),

skTe1 (O Tir1 (1) = 43k = 30 = DT T (@) — 4@k — Dk — 5>t — 1> L)’
+ 2((4k — 3)2 + Dt — D@t — DT(0)Tr (1)
+[20k — D@k — D(@k* — 6k + 1 +1 — 1) — Y] T (1)?,
for k > 1. Here, the si are some nonzero constants which are not rigidly defined
in general. However, using the exact formula (5.9), they become numerical constants,

and the first few are given by

s1 = =3, sp=1525, s3=06237, s4=27885, s5=82365.

6 Appendix A. Elliptic Functions and Their Periodicity Properties

The Weierstrass cubic reads as
(0'@)’ =49’ @) — 020(2) — g3 = 4 (P () —e) (P(R) — e2) (P (2) — e3),
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where
er =g (w1), er =g (w2), e3 = p (w3).
The Weierstrass g-function is doubly periodic
p+1)=p@), p+71)=pQ),
and has a double pole at zero
. 2 .
lim z°p (z) = 1.
z—0

The Weierstrass ¢-function is defined to be the anti-derivative of g (z) uniquely
characterised by

, 1
F@=-pk), {@=_+ 0@ (—0),
and has the following periodic properties

i+ 1) =12 +m(), fz+1)=2¢()+ (1), (6.1

which in turn define the Weierstrass n-functions.
The elliptic nome is defined by

| 7T
res =expin(l 4+ 1),

q = exp
w1

and we define

e3 —ep
=

= A1),
ey —ep

where A(+) is the modular lambda function.
We have the following explicit expressions for (ey, e2, e3) in terms of ¢ and ¢,

2

(e1,2,3) = = (6300, ) + 040, 9", 020, 9)* — 04(0, 9)*). =620, 9)* — 630, 9)*)

4
= g/<;(t)2(2 —t,—1—1,2t+ 1),

where 6 (z, g) denotes the jth Jacobi elliptic function for 1 < j < 4. In particular

o0 o0
1

6:00.9) =2¢% > "D, 030,9) = 1+2) ¢", 040, 9) = 630, —q).
n=0 n=0
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This yields the following formulas for the invariants {g2, g3} in terms of ¢ and ¢,
64
g =5 -1+ DLW,

4
=560, 0¥ = 6200, 9)*65(0, ¢)* + 65(0, ¢)®),

g3 = %6@ — 1t —2)(t + DEK®)°,

6

8 3
=5 (02(0, O 4630, - 50200, 00300, ¢)* (620, 9)* + 65(0, q)“) :

Finally, we note the following useful formula for 7y,

726,70, 9)

m=-———g
6 610, ¢)

2
= gIC(t)((t = 2)K(1) +3E@)),

where Gl(j ) (z, q) denotes the jth derivative of 0 (z, g) with respect to z.

7 Appendix B. List of Polynomials

o =1,
= (2) +ar1,
m3 = —16'(2),

= 9% @2) + a2 + aza,
ms = — 39" () + b226 (2).

We compute the first few coefficients

dni(t)g2 — 3g3
a1 =2n(t), a2 =2 <#> ,

5g2 — 240n3(7)

4 -3
s =4m(f)( n1(7)g2 83) 8

5y —240n3(r) | 12
and
_ — 4P _ ) -
Mm@ =1 ha@ =4+ 2 b =2 (s2010) = 363)
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Ho,0 Ho,2 0 Ho,a 0 o6 0 Hos

a0 Mz 2 0 Ha.a 0 Ha6 0 a8

0 0 M3 0 M35 0 s,z 0

Hao a2 0 Ha,a 0 Hae 0 Has

0 0 uﬁ,.’% 0 MS,S 0 M5.7 0

I’L6,D )LLGJ O IJ’GA 0 IJ’GAB O I'LG,S

0 0 M3 0 5 0 M,z 0

Hs,0 Hs,2 0 Hs,a 0 Hs,6 0 Hs,s

Fig.6 Moment matrix Dg (2.2) with the and even moments are colour coded

8 Appendix C. Structure of the Moment Matrix

Let us elaboratte on the structure of the moment matrix Dj, (2.2). There are three points
to note about the moments (2.1):

(1) all the mixed moments vanish, i.e for all i, j
n2i2j+1 =0,
(2) the following symmetry property holds
Mij = Wji
(3) and, generally
M2i2j F M2i—1,2j+1-

With the above properties, following figure illustrates the moment matrix for n = 9.
Note that the matrix above has a block structure with the checkerboard pattern
generated by the element

0 ..
Mi j = ( 0 /in.z_/)’ R

The even bands are a trivial consequence of dimensions of the space of meromorphic
functions in the genus 1 case.
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