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1 Introduction

Two-dimensional conformal field theories (CFTs) are an incredibly rich class of theories.
Due to the power of conformal symmetry in 2d, entire classes of strongly coupled models
can be analytically solved [1]. Within the AdS/CFT correspondence [2-4], 2d CFTs with
large central charge c are expected to be related to a semi-classical gravitational theory on
AdS3 with ¢ = 3¢/2G N, Gy and ¢ being Newton’s constant and the AdSs length of the 3d
theory, respectively [5]. The 1/¢ expansion in a 2d CFT is then mapped to a gravitational
semi-classical expansion around 3d asymptotic AdS space-times, and as such it is expected
to be factorially divergent.

Virasoro primary states with conformal dimension A = h + h, h and h being the
holomorphic and anti-holomorphic conformal weights, are associated to specific fields in AdSs.
The A = 0 identity state corresponds to pure AdSs. 2d states with fixed A as ¢ — oo can be
seen as local perturbations of AdSs, and are typically denoted “light” states. States with
A x ¢ are denoted “heavy”: they can no longer be considered as probes and back-react on
the metric. For A < ¢/12, they correspond to matter fields with mass m? = A(A — 2)/¢2
and give rise to AdS3 backgrounds with a deficit/excess angle A¢ = 27/1 — 12A/c. States
with A > ¢/12 are instead associated with Banados-Teitelboim-Zanelli (BTZ) black holes [6].
CFTs with a finite number of states with A < ¢/12 and large ¢ are particularly interesting
because they can admit a dual description in terms of a semi-classical theory of gravity
(holographic CFTs) [7].

Correlation functions of local operators in CFTs can be expanded using the operator
product expansion (OPE) in terms of products of holomorphic and anti-holomorphic Virasoro
conformal blocks Fj, and Fj. In contrast to the SL(2,R) global blocks, the analytic form of
the Virasoro blocks is unknown.! A convergent power series in the conformal cross-ratio z for
Virasoro blocks was provided long ago by Zamolodchikov [10, 11]. Starting from this expression,
obtaining a 1/¢ expansion is in principle straightforward, as already pointed out in [12, 13].
For four-point correlators on the sphere, the most studied case, we schematically have

o0
Fn(hi,c;z) ~ Z fk(h’igl’z) , (1.1)

k= €
where h; (i =1,2,3,4) and h denote the conformal weights of the external and the exchanged
operators, respectively. The coefficients fj are functions of h, h; and z, whose explicit form
can be recursively computed but whose closed form is generally hard to determine. In
writing (1.1) we have assumed that h and h; do not scale with ¢, in which case fj coincides
with the SL(2,R) global block. We do not have an equality sign in (1.1) because the 1/¢
expansion is generally asymptotic.

Over the years, great progress has been achieved in finding approximate expressions for
the Virasoro blocks. This was mostly motivated by the fact that, in holographic CFTs, such
expressions can shed light and give a new perspective on the properties of 3d gravitational
theories. Special attention has been paid to the Virasoro identity block exchange, h = 0
in (1.1), and in the cases in which two or all four external operators have h; x ¢ and

!Although the form of the blocks is unknown, the crossing kernel relating Virasoro blocks in different
channels is explicitly known [8, 9].



are heavy. When all operator dimensions scale with ¢, Virasoro blocks are expected to
exponentiate [14] (see [15] for a proof). A form of exponentiation is also expected for arbitrary
exchanged operators, in particular for the identity exchange. For four identical external
heavy operators with h; = nc, a useful parametrization of the 1/c¢ expansion of the identity
block F11 = Fp—o is given by

_ — 9k(1; 2)
Fii(hi,c;z) ~e CS("’Z)AZLH(??, 2) (1 + ) , (4H) . (1.2)

The leading order terms S and A4y define a semi-classical approximation to the block and
their form is in general unknown, like all other sub-leading terms. For specific external heavy
operators (twist fields), F; 1 has been shown to govern the Rényi entropy of two intervals in
holographic CFTs and the expression of S for z — 0 has been determined [16]. For Zy twist
fields, with h; = ¢/32, the semi-classical block S can be determined exactly [17].

The setup which has been more extensively studied is the one of a four-point correlator
between two light (L) and two heavy (H) generic states. In this case, the identity block
can be written as

— hi(n, ht,,
Fri(hi, c;z) ~ 272 Agpor, (), e, 2) (1 + Z W) ) (2H2L), (1.3)
k=1

where for simplicity we have taken identical light and heavy fields, with conformal weights
hi = nc and hy,, respectively. The semi-classical block in this case is identified with the
leading order term Asgpor,, whose form has been worked out in [12, 18]. From the gravity
side, Aopor, has been shown to correspond to a Witten diagram on geodesics over a conical
geometry, the latter created by the heavy operators [19]. Its form can also be determined
by taking appropriate limits of the crossing kernels [20].

The identity block exchange in 2H2L correlators, in the appropriate channel, is roughly
expected to correspond on the AdSs side to the all-order perturbative series of graviton
exchange between the probe light state interacting with the source (point-like for Ay < ¢/12 or
a BTZ black hole for Ay > ¢/12).2 When Ay > ¢/12, assuming the eigenstate thermalization
hypothesis, the four-point function to leading order corresponds to the thermal two-point
function of the light states in the presence of a BTZ black hole, with mass, spin and
temperature governed by the conformal weights of the heavy state [18]. In Minkowski
signature this correlator, when approximated with the exchange of the semi-classical identity
block, decays exponentially to zero at late-times, a signal of information loss [21]. This is
expected since in this approximation the exponential decay is given by quasi-normal modes
associated with the relaxation to equilibrium of the excited BTZ black hole [22]. The identity
exchange in an out-of-time-ordered 2H2L correlator has also been studied, in connection
with chaotic properties of 2d CFTs [23, 24].

The very same semi-classical Aopor, in (1.3), in Euclidean signature, has been shown to be
singular away from OPE singularities of the correlators, which are the only ones expected to

2In 3d there are no propagating gravitons, but we do have gravitational interactions due to off-shell
gravitons. In this sense, the situation is analogous to gauge interactions between charged particles in 2d gauge
theories.



occur. In analogy to the phenomenon of information loss, such forbidden singularities should
be an artefact of the semi-classical expansion and are expected to be somehow smoothed out
at the “quantum” level. Understanding how such singularities cancel motivated the study of
the first 1/c¢ corrections to (1.3), computed in [25-27]. A universal behaviour of the identity
block close to the forbidden singularities has been proposed in [28] (see also [29] for a related
analysis). When one or more of the external operators are degenerate, a more in-depth
analysis is possible [30]. By performing an analysis of Stokes phenomena of the identity
block for external degenerate operators, it has been argued in [28] that non-perturbative
effects of order exp(—c) are responsible for the resolution of both forbidden singularities
and information loss in the Euclidean and Lorentzian regimes, respectively. See also [31]
for a numerical study and [32] for a proposal of how forbidden singularities can be resolved.
Although it was already suspected that an explanation of what forbidden singularities are
and how they are resolved could be obtained by a systematic analysis of the 1/c asymptotic
series (1.3) (see e.g. [28, 29]), such an analysis has not been performed yet.

The theory of resurgence [33] is the appropriate tool to investigate this problem as it
provides, among other things, a convenient way to discover non-perturbative effects. In the
context of 2d QFTs, these techniques have mostly been applied on integrable models with
asymptotically free weak coupling limits [34—42]. On the other hand, in the context of CFT
specifically, the investigation has mostly been in four and three dimensions, namely for N’ = 4
SYM and the large charge expansion of sigma models, see e.g. [43-47]. For resurgence of
the large ¢ expansion in two dimensional CFT, there were some early investigations in [28]
and recent study in [48, 49].

The aim of this paper is to perform a resurgent analysis of the 1/c expansion for four-point
correlators of the type 4H and 2H2L. Since a rigorous study requires a detailed knowledge
of the terms gi and hj appearing in (1.2) and (1.3), which is hard to achieve in general, in
this paper we focus our attention on correlators involving degenerate operators of the kind
$2.1 (notation as in [50]).> As well known, such correlators satisfy a second-order differential
equation and the Virasoro blocks can be determined in terms of hypergeometric functions.
We focus on the cases of four heavy ¢3; degenerate operators (4H) and two heavy ¢g
degenerate plus two arbitrary light operators (2H2L). For the above specific correlators,
starting from the all-order 1/c series associated with the identity block (related with the
all-order graviton corrections around the 3d background formed by the heavy states), we
answer positively the following questions:

e (Can we see that the identity block cannot be the full answer and other non-perturbative
terms should be present?

¢ Do forbidden singularities appear also for 4H correlators?
e How are these globally resolved for both 4H and 2H2L?

o More ambitiously, can we reconstruct the full correlators?

Since the resulting holographic theories are necessarily non-unitary, we do not discuss
information loss and consider correlators only in the Euclidean regime.

3See [48] for a first analysis in this direction.
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Figure 1. (left) Stokes lines in the z-plane for the 4H correlator (blue lines). The points zy =
exp(+in/3) are forbidden singularities. The orange line is z = pexp(ir/6) with 1/2 < p < 2. (right)
The position of the leading Borel singularity as z varies along the straight orange line in the left panel.
When the orange line intersects the blue Stokes line (squared bullet), the Borel singularity is on the
positive real axis in the ¢-plane. See figure 3 for a more detailed version and explanation of this figure.

1.1 Summary of the results

We summarize here the main results of the paper and refer the reader to the appropriate
sections for full explanations and derivations.

Four-point correlators of ¢ 1 degenerate fields involve two Virasoro blocks, F7 1 associated
to the exchange of the identity operator ¢1; = 1 and F3; associated to the exchange of
the degenerate ¢3 1 field. Both are exactly determined in terms of hypergeometric functions
oF 1 (e, B,7; z), where a, 3, scale with ¢. We show how such hypergeometric functions can
be rewritten in terms of other oF}-s where only one out of the three parameters scales
with ¢, see (A.42) and (A.50). We then determine the whole asymptotic series of the latter
hypergeometric function, reported in (A.29). To the best of our knowledge, these results
present new asymptotic expansions for large parameters of oF) which can be useful more
broadly in mathematics and physics. For the reader’s convenience, we have collected these
results in appendix C.

Using the above results, we determine to all orders the terms gy and hy appearing in (1.2)
and (1.3). The coefficients admit a simple expression using appropriate maps, z — r(z)
(4H) or z — wv(z) (2H2L), see (3.5) and (4.2) for their explicit form. In both cases, the
forbidden singularities are non-analytic points of the above maps. At those points, all terms
in (1.2) and (1.3) diverge.

Having an analytic expression for the entire asymptotic series, we determine its associated
Borel function, large order behaviour (see (3.22) and (4.10)) and its Borel summability, which
crucially depends on z. The 1/¢ asymptotic series is Borel summable for generic values of z,
when all singularities of the Borel function associated with the two asymptotic series (1.2)
and (1.3) are away from the real positive axis in the Borel ¢-plane. For special values of z,



Figure 2. Stokes lines in the z-plane for the 2H2L correlator (blue lines). The point z = 2 is a
forbidden singularity. See figure 6 for a more detailed version and explanation of this figure.

however, some singularities approach the real axis and give rise to a Stokes phenomenon,
see (3.13) (4H) and (4.13) (2H2L). This occurs in a codimension-one locus in the complex
plane forming a web of Stokes lines, see figure 1 (4H) and figure 2 (2H2L) for an illustration.
Forbidden singularities are nothing else than points emanating Stokes lines. Remarkably,
they are not exclusive to 2H2L correlators but feature also in 4H ones. Interestingly enough,
they only appear in the sub-leading term Ayp(z) in (1.2), the leading term S(z) being smooth
at forbidden singularities.? We conjecture that, in analogy to 2H2L correlators, forbidden
singularities in A4y (z) persist for more general 4H correlators.

In exact WKB terminology, we get two simple turning points (three Stokes lines converg-
ing) for 4H, z; and z_ in figure 1, and one double turning point (four Stokes lines converging)
for the 2H2L correlators, z = 2 in figure 2. Forbidden singularities in both cases correspond
to an artefact of the asymptotic expansion. We show how Stokes line discontinuities combine
with the semi-classical branch cut to turn a forbidden singularity into a perfectly regular
point, with trivial monodromy, see (3.31) (4H) and (4.22) (2H2L).

The Airy function provides a simple example of this phenomenon. The exact function
is analytic at z = 0, but its asymptotic expression, being an expansion in powers of z3/2,
is ill-defined there. The point z = 0 is a simple turning point and is the analogue of a
forbidden singularity. The combined monodromies due to Stokes lines jumps and branch
cuts appearing in the asymptotic representation of the function nicely cancel, reflecting the
actual analytic nature of the point z = 0.

The F3 1 block is completely determined in terms of the Stokes discontinuity of the
identity block. Putting together the identity block and its Stokes discontinuity, and combining
holomorphic and anti-holomorphic components, as in (3.36), the full four-point function is
reconstructed by demanding trivial monodromy around z = 0 and z = 1.

“This is consistent with S(z) computed for the identity block with h; = ¢/32 fields in [17].



c>0 ¢<0
s(Fi1) = Fia v X
Stokes jumps v v
Identity leading as z — 0 X v
Full correlator from .7?171 v v

Table 1. Summary of the key properties of the asymptotic expansion .7?171 of the identity block for
both ¢ > 0 and ¢ < 0. The results apply for both the 4H and the 2H2L correlators. The relation
s(ﬁm) = F1,1 is understood to apply only in a sector of the z-complex plane delimited by Stokes
lines. See the main text for further explanations.

For both correlators 4H and 2H2L, two scenarios are possible:
i) ¢>0, ha1 < 0.
i) ¢ <0, ha,1 > 0.

Starting from the identity block, the two cases are quite distinct. In i) there exist regions
in z where the identity block expansion Borel resums to the exact result. It should be
noted that in this case, the identity block is sub-leading in the OPE limit compared to the
¢3,1 exchange, since h3; < 0. In case ii) the identity block dominates in the OPE limit
(hs,1 > 0), but the asymptotic series of the identity block now never reconstructs the exact
block, because the latter includes non-perturbative e~ ¢ terms which would be missed. The
Borel resummation of the series gives rise in this case to the unique combination of the
identity and F3; block with suitable analytic properties in the 1/¢ plane, as expected from
general arguments. We summarize the key properties of the two cases in table 1. The
accuracy of the semi-classical approximation of the identity block in the z-plane matches
the expectations coming from an analysis of Stokes and anti-Stokes lines, see figures 5 and 7
for both ¢ > 0 and ¢ < 0 for 4H and 2H2L.

Interestingly enough, the Borel summability to the exact result of the 1/c¢ expansion
for positive central charge extends down to ¢ < 1. We can then interpret the correlators of
unitary minimal models with ¢ < 1 as the 1/¢ resummations in the “deep quantum gravity”
regime of an AdS3 theory in the presence of exotic negative energy sources!’

1.2 Structure of the paper

We start in section 2 by recalling a few basic facts about the 4H and the 2H2L correlators we
will be discussing. Based on the results reported in the appendices, we consider in section 3
the 4H correlator with positive large central charge. We show the appearance of forbidden
singularities in the semi-classical expansion of the identity block, its large order behaviour,
how forbidden singularities are characterized in terms of Stokes jumps and resolved, and how
the full correlator can be reconstructed from the knowledge of the expansion of the identity
block alone. We then discuss how the above analysis is modified when the central charge

5This is different from the connections between certain minimal models and 3d gravity pointed out in [17, 51].



is large but negative. The same study is performed for the 2H2L correlator in section 4,
where at the end we comment on how from large ¢ we can interpolate our results until
reaching the unitary minimal models with ¢ < 1. In the final section 5 we briefly discuss
possible further directions of investigations both from a gravitational/Chern-Simons and
a CFT point of view and we also discuss extensions of our findings to unitary theories.
Three appendices complete the paper. In appendix A we show how Stokes lines of the large
parameter expansion of oF] can be determined, as well as various analytic closed formulas for
several asymptotic expansions. The resurgence properties of such series, including their large
order behaviour and Stokes discontinuities, are discussed next in appendix B. We collect in
a final appendix C the asymptotic expansions for large parameters (a,b,c) of oF}(a,b,c; 2)
derived in this work which appear, to the best of our knowledge, to be new. A reader
interested uniquely to these mathematical results can directly refer to appendix C, which
is independent of the rest of the paper.

1.3 Notation

We distinguish an actual function f from its formal asymptotic power series in a small
parameter € by a tilde:

fl&) ~ fle) =" fae™. (1.4)
n=0
A hat denotes the associated Borel function defined as:
flt) = i _In 1, (1.5)
= (n—1)!
We define the Laplace transform in the direction 6 as
-~ eo0 ‘o~ eiG
so(f) =f0+/ dte < f(t), Re<€> >0. (1.6)
0

We also define sg+ = sg+s5 with 0 < § < 1. We denote the Borel resummation of f as

fB:SO(f)7 €>07
fB=s.(f), €<0.

See appendix B and references within for a quick review of asymptotic analysis and resurgence.

(1.7)

2 Four-point functions with degenerate operators

In this section, we review basic facts about the Virasoro conformal blocks and the form of
four-point functions in the presence of degenerate fields and set up our notations. We use
conventions as in [50]. For simplicity, we consider non-chiral CFTs with ¢, = cg = c.

Degenerate operators ¢, s are Virasoro primaries having a null descendant at level rs.
By the Kac formula, these operators have holomorphic conformal weight

—(s?—1)— %(rs -1), (2.1)



where 7, s are positive integers and b is a convenient parametrization for the central charge:

1
2
c:13+6<b +b2>. (2.2)
The operators ¢, s can be part of a unitary CFT only if 0 < ¢ < 1, but they exist for any
value of ¢ if the unitarity constraint is relaxed. We focus on the simplest case of four-point
functions on the sphere involving the degenerate field ¢2 1. The fusion rule of the field with
itself contains just two Virasoro primaries

$2,1 X 21~ P11+ P31, (2.3)

¢1,1 = 1 being the identity operator. The operators involved have holomorphic weights

3 1

ho1 = —=-b%— =, hi1=0, ha1=—2b%—1. (2.4)
b 4 2 b k)

We take the large ¢ limit by sending |b?| — +oc0. For simplicity, we consider the case in

which b? is real, though it is not difficult to extend our analysis for complex values.® In both

cases the heavy field H is identified with the degenerate field as

H(Z, 2) = ¢2,1(2’)(f_)271(2) s (25)

with a conformal weight proportional to ¢. For b — 400, ¢ > 0 and Ay < 0. For b — —o0,
¢ < 0 while Ag > 0. We will separately consider both cases in the next sections.

The fusion rule (2.3) implies that in an OPE expansion, the four-point function is given
by the sum of the product of two Virasoro blocks. Moreover, since H has a null descendant at
level 2, the four-point function satisfies a second-order equation of hypergeometric type (both
in z and z). This allows for an exact determination of the two blocks, which are nothing but
a basis of solutions of such differential equation. Demanding trivial monodromy at z = 0
and z = 1 finally allows us to reconstruct the entire correlator.

The two correlators we will analyse are

A = (H(co)H(1)H(z,2)H(0)) , (2.6)
Aspiar, = (L(co)L(1)H (2, 2)H(0)) . (2.7)

In the 2H2L correlator, the field L is a generic light scalar operator with scaling dimension
A, = 2hr,. It is convenient to parametrize its conformal weight as

(1 —7)
h,(b?) =~ + T (2.8)
with v constant. The explicit form of these correlators is given by
Agt = |Fral® + Man| Fsa (2.9)
Aspior, = |Fral® + Aorow| Fa | (2.10)

Here F711 and F3; are the Virasoro conformal blocks, associated with the exchange of the
operators in the fusion rule (2.3). A are the product of OPE coefficients entering the s-channel

5As we will see, Stokes discontinuities will anyhow force us to give an imaginary component to b



decomposition of the corresponding four-point function. The two-point functions are unit
normalized and in the s-channel OPE limit, z — 0, we normalize Fj, ~ z~2/217"  The explicit
form of Virasoro blocks is given in terms of oI hypergeometric functions (see e.g. [52]). Their
expression, together with the OPE coefficients squared, is

3 _1

Fi1= z2b2+1(1 —2) oL 2F1(—b2, 140622+ 2b2;z) ,

Faq =272 (1= 2) 0Ly Ry (<021 4 b2, —2b% 2)
(4H) (2.11)
L(=b*)2T(20% + 1)2T(20% + 2)?

2 (csc(7rl)2)2 — csc(27rb2)2)F(3b2 +2)? ’

MH =

Fra= 2201 = 2) oFy (2,1 + 02,2 + 26%; 2) |

R Y 12 1012 o012,
(2H2L) ./—"371 =2z 2 (1 Z) QFl( b ,2’)/ 1 2b s 2b ,Z), (212)
[(—0?)2T(2 4 26%)2T(1 — 27)T(—1 — 262 + 27)

Y S
2H2L (=222 0(1 + b2)20(2 + 202 — 27)0(2y)

where ~ is defined in (2.8). We show in appendix A how to get an analytic closed form
expression for the asymptotic expansion of the above blocks for [b?| — oo using some
appropriate rewriting of the oF; functions. More precisely, we will perform an expansion
in |e] < 1, where

=04 C. (2.13)

The offset by 3/2 is useful to simplify various expressions that will follow. Note that the
operator placement for (2.7) is not the conventional one to obtain the thermal correlator
in the large ¢ limit, but rather its crossing symmetric.

The large central charge limit can also be taken by sending b?> — 0. In this case, the
role of the heavy and light fields is exchanged, and A4y turns into a four-point function
of light operators. In Aspor,, unitarity is now broken only by the light probe and can be
considered a milder breaking. We do not discuss this case, because the asymptotic expansion
of hypergeometric functions with small parameters is more complicated and we currently

lack a closed-form expression.

3 4H correlator with ¢,

The correlator of four ¢g; fields is known, and given by (2.9) and (2.11). As anticipated
in the introduction, we consider this correlator starting from the 1/c¢ asymptotic expansion
of the identity block and see what we can learn.

The major and non-trivial step of the analysis is the determination of the whole large ¢
expansion, which can be found in appendix A. From the asymptotic series of the identity
block, we can “discover” the ¢31 exchange when the series becomes non-Borel summable.
This happens at specific values of z which draw Stokes lines in the complex z-plane. These
asymptotic series also have forbidden singularities which are not compatible with the full

,10,



correlator. We show that the non-perturbative effects at the Stokes lines resolve these
singularities and finally we show how to fix the whole four-point function. We discuss first
the case ¢ > 0.

We start by expanding the conformal block for identity exchange shown in (2.11) in
powers of . We find that

Fii(zye) = e_%sl(z)Al(z)ﬁl(z;e), (3.1)
where

Si(z) = S(z) + %log(l —z)— glogz, Ai(z) = A(2)z~ i (1- z)% (3.2)

o0 n 1 5
= fo+ Y falr)e", fo=1, =3 (- Wf{””}( >k,(6>kr’“,

n=1 k=1

with S and A given by

22 —r(z e5()
S(2) = 1log<ig T ! T(ZS )> , AR =—S" L (34

and the map r(z) given by

1 (z+1)(22—1)(2—z)
— + 3

2 41—z + 22)2

r(z) = (3.5)
In (3.3) {}} are the Stirling numbers of the second kind and (a)j denotes the Pochhammer
symbol. The derivation of (3.1) is quite non-trivial. We refer the reader to appendix A.5
for a detailed derivation of how the map r(z) is found, and to appendix A.4 for the form of
the coefficients f,,. It is quite remarkable that the coefficients f, have a simple form when
expressed in terms of the variable r(z) in (3.5).

The map r(z) satisfies the following properties:

r(0) =0, r(1) =1, r(l—2z)=1-r(2). (3.6)

It is easy to show that only for z = 0,1 we have r = 0, 1, respectively. Furthermore, for any
real value of z, (z) is contained in (0,1). Around each of these points r(z) behaves as

27 27
r(z) = 1622+O( ), 1—r(z)= 16(1 —2)24+0((1 - 2)%). (3.7)
Meanwhile, r(z) is singular at
2 =t (3.8)

While S(z) is not singular at z4, the leading factor A(z) is indeed singular, as every per-
turbative correction f,, is. In fact, the higher the order in perturbation theory, the higher
the degree of singularity. Both the full four-point Euclidean correlator and the Virasoro
blocks can be singular at z = 0,1, oo, when operators collide, but nowhere else. This makes
z+ examples of “forbidden singularities”, in the terminology of [28], with the novelty that
they are identified for correlators with four heavy operators. Notice that they are elusive
in an analysis around z = 0, as the one presented in [48].
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3.1 Borel summation and discontinuity
As derived in appendix B, the Borel transform of the F series is given by

~ or 7 11
Fl(’f‘,t) - 2F1(6767

36 2;r(1— et)) . (3.9)

For ¢ > 0, when 0 < z < 1 and thus 0 < r < 1, we have that F® = F}, as shown in
appendix B. It follows that the Borel summation of the asymptotic series of the identity
block recovers the full block:

Fi=Fi1, 0<z<l. (3.10)

The validity of (3.10) can be extended into the z complex plane up to the points where the
series F1 becomes non-Borel summable. To find these points, observe that the function (3.9)
has singularities, among others (see (B.9)), at

tk(r):log< T 1> + 2mik , kelkZ. (3.11)

’,” p—

When r > 1 we see that g becomes positive and real turning the series non-Borel summable.
The discontinuity of the lateral summation will then be a non-perturbative effect propor-
tional to

1

(S04 — s0-)Fra(z1€) o e e = (T i 1) : (3.12)

By specializing (B.15) for a = 1/6 and b = 5/6, we get the full result
(so+ — so,)]?lyl(z; €) = —ieTC s (.7?1,1(1 -z e)) . (3.13)

Note how the non-perturbative factor (3.12) is naturally absorbed into .7?171 evaluated at the
crossing point z — 1 — 2z, up to a phase. The sign ambiguity of the phase in (3.13) depends
on whether z is in the upper or lower half-plane, since

1 1 7
— 1\t 1—r\e1t|lec Imz>0
() =-(57) {5 2 (3.14)
r r e e Imz<0

which is necessary to retrieve Fj 1(1 — z). Observe that if r is such that Fy(z) is not Borel

summable, then ﬁ'l(l — z) certainly is, because tg — —to when z — 1 — z. For convenience
we define

G(ze) = Fii(l = ze). (3.15)

We now determine in which regions of the z plane Stokes jumps can occur. At a generic
point in the z complex plane, both F1(z) and G(z) are Borel summable to the functions
.7:1]?1 and GZ. Tt is useful to combine them in a vector

B Z, €
V(ze) = (25226;) . (3.16)
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By symmetry, when r < 0, G is not Borel summable while }:1,1 is. We find
(80+ - so,)QW = —iejF% S0 (ﬁl,l) . (3.17)

These results determine the Stokes jumps at a fixed value of 7(z). As we move around the z
plane, the line r € (1, +00) is mapped to three lines in the z-plane. We have

r<1+ia>:1+z (9+4a3) if a<—£, (3.18)
2 2 (3 —4a2)2 2

leading to a line from —ioo to z_. Moreover, 7 > 1 also when z = ¢ with 6 € (—7/3,7/3),
which leads to two circle arcs connecting 1 to zo. When z crosses one of these lines, g
becomes positive and real. Thus the Borel summations along the positive real axis before
and after z crossing the line differ, and they differ precisely by Stokes jump calculated when
z lies precisely at the line, i.e. (3.13). The Stokes jump in the Borel plane now appears as
Stokes lines in the z plane emanating from the forbidden singularities and ending at the
actual singularities. We can establish the region Dy in which (3.10) holds, by continuing from
0 < z < 1 until we reach either a Stokes line or a branch cut of the r(z) map, and thus

DO_{ZEC : Re(z)<%\/|z! <1}. (3.19)

See appendix A.5 for further discussion. We can also consider the Stokes lines where G is
not Borel summable which, from z — 1 — z, correspond to a vertical line from z; to +ioco
and two circle arcs connecting 0 to z+. We then define the region

Ey={z€C:|z|<1A|l—2z <1}, (3.20)

between the two circle arcs, which is a result of continuing the interval (0,1) up until we
reach a Stokes line of Fj; or G, see figure 3 (shaded region).

We report the whole web of Stokes lines in figure 3, where we also report the branch
cuts of the r(z) map itself, emanating from the singularities at z4. At the branch cut, the
map 7(z) is discontinuous, obeying

r(z+0z)=1—r(z—02)=r(l —(z—02)), (3.21)

for z in the branch cut and dz an infinitesimal displacement orthogonal to it. To avoid
overlapping these cuts with the Stokes lines, we place them by convention slightly to the
right /left, as in figure 3.7

An important feature which can be read from the Borel transform is the large-order
behaviour of the asymptotic series. As recalled in (B.2) and (B.3), the singularities of the
Borel transform closest to the origin dictate the dominant asymptotic behaviour of the series.
For real series, typically either a single singularity ¢ = ¢y dominates, leading to a series such
as t;, "nl, or two complex conjugate singularities, which lead to an oscillatory modulation of
the factorial divergence. For most complex values of z, one of the t; singularities dominates.

7 Alternatively, we could keep the branch cuts parallel to the imaginary axis and assign a small imaginary
part to e to slightly rotate the Stokes lines.
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Figure 3. Branch cuts (red wiggly lines), Stokes lines (blue) and anti-Stokes lines (dashed) in the
z-plane for the 4H asymptotic series (.7?171, 5) Blue lines ingoing and outgoing from z4 indicate the
Stokes lines where fl,l and G jump, respectively. A refined version of the left panel of figure 1. See
section 3.2 for details.

However, for real z we have two equidistant t; singularities at log(7%) £ mi. (B.32) reduces

f””“v’_(n_l)% . )‘log 5

T 1—r r—

in this case to

—-n

cos(n arg(log 7171)) : (3.22)

Notice that if one takes z — 0, using (3.7), the oscillatory behaviour is damped out and
we retrieve the scaling (log 2?) ~"n! which is implicit in the saddle points identified in [48].
We refer to appendix B for further details of the large order behaviour analysis. As we
discuss below, we can already see that this series is always Borel summable for real e. Thus,
non-Borel summability and resurgence must appear at complex z.

It is useful to look at the z — 0 limit to identify what G is. We get

lim G o 2_716+%(1 +...). (3.23)

z—0
Denoting by hx the conformal weight of the exchanged operator, we should have as z — 0
G oc z72h2athx(1 4 ). By matching we get

2
hx =—>-+2=-20> -1 = hx =hsz1, (3.24)
€

and hence we see that G includes the asymptotic expansion of the conformal block of the
¢3,1 field. We can obtain an exact expression for the resummation of G by taking (3.10) at
z — 1 — z. This holds for 0 < z < 1, but now we also know we can extend it to the entire
region contained between the circle arcs, see figure 3, where neither .7?171 nor G have a Stokes
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jump. Then, using simple hypergeometric identities we get GZ. Then we have

Fli(2) = Fra(2),
1 e>0, z¢€ Ey, (3.25)

G"(z) = %T(’g)fl’l(z) + k(€)F3,1(2)

where
rZ-2ri¢2-1

Pz =2)T(E -2

k(e) =

(3.26)

We recognize F31 as the block of the ¢3; field, which we have then “discovered” from the
Stokes discontinuity of the identity block.

Conversely, we can invert the relation above and state that, while Fi 1(z) is given by
FP1(2) for z € Dy, F31(2) is given by the resummation of a trans-series containing both G

and Fj 1. Notice that since Fj 1(2) is regular across Stokes jumps but the resummation of
Fi1 is not, once we cross a Stokes lines Fi 1(z) becomes itself also a trans-series. That is

Fia(z —62) = FPl(z = 62) = FPi(z 4+ 62) FieT eGP (2 +62) = Fia(z+62),  (3.27)

where dz is some small displacement from the Stokes line such that z — dz is in Fy and
z + 0z is to the right of the Stokes lines, while the signs are for upper/lower half plane,
respectively. Thus, generically in the complex plane, both blocks are given by trans-series
which include both .7-'1,1 and G.

3.2 Stokes lines and monodromy matrices

It is useful to organise the Stokes jumps in the graphical notation of figure 4 (adapted
from [53]). The Stokes lines become noted as “incoming” or “outgoing” lines, with respect
to the turning point at z4. As discussed in (3.21), there are also branch cuts emanating
from the forbidden singularities. At these lines,

V(z—02z)=85_V(2+02), V(z—0z2)=85;V(2+6z), V(z—dz)=DBV(z+0z), (3.28)

for each line. Here we define ¢z such that in the orientation of figure 4, z + ¢z is above/below
the line. In this convention, the matrices are

1 0 1 —ie* % 0 iet
Sy = =], So= , B=|{ _u : 0, 3.29
" (—ieer ) (0 1 ) (ieer 0 < (3:29)

where in the phases we take the upper/lower sign according to whether we are in upper/lower
half plane. There are two other branch cuts, at (—o0,0) and (1,+00), due to the leading
terms S(z) and A(z). These are simply

. 3w

V(z+i0) = BoV(z —i0), By= <_“; ‘ ,O_iﬂ) . z€(—00,0),
—ie e
| (3.30)
) . —ie” ¢ 0
V(z—1i0) = B1V(z +i0), B1:< 0 M), z € (1,+00).
—ie
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»H— =S H— =5, W =B
H—:S_l H—:SJ W:Bl
Figure 4. Local connection matrices as we pass an oriented Stokes line (straight lines with arrows)

or a branch cut (wavy lines) emanating from zy (adapted from figure 2 in [53]).

The final graph is figure 3, including the branch cuts (3.30). We also include the anti-Stokes
lines, which are the lines at which ffl and GP are of comparable size, defined in appendix A.
Their arrows are placed such that when you cross an outgoing line clockwise you go from a
region where .7?1,1 is exponentially enhanced to suppressed, and the opposite for clockwise
crossing an ingoing line.®

We now determine the monodromies around the singular points of V', z =0,1, z+.. We
do not need to determine the monodromy around z = oo since this is fixed by the other ones.
We start with z = z+. Under a 27 rotation around z4, the total monodromy is

M., =S S.BS, =1,

(3.31)
M., =S_BS_S, =1.

Trivial monodromy is a necessary condition for z1 to be a regular point. We then see
how concretely and globally Stokes discontinuities resolve forbidden singularities. Note
that, modulo the phase factors —e® ¢ the connection matrices (3.29) are the same as those
appearing in the Airy function, which are also the universal Stokes lines for simple turning
points in quantum mechanics in exact WKB [54], see e.g. [55] for a pedagogical introduction.”
Even though forbidden singularities persist to all orders in perturbation theory, once we
include all non-perturbative effects they are resolved. This is a crucial result from this
analysis. Furthermore, these non-perturbative effects can all be retrieved from the large
order behaviour of the perturbative part.

We now compute the monodromy matrices around 1 and 0. The monodromy of the
resumed functions can of course be derived using the known discontinuity formula of the
hypergeometric function, but crucially we “reconstruct” them here from products of connection
matrices. Moreover, this can be seen as a non-trivial check of the formalism. Under a 27¢
rotation around z = 1, starting slightly above (0,1), leads to

i 2im
_ _ —te e« 14+e <
V= MoV, Mo =(5)"'Bi(S)" = wx |- (3.32)
0 —ie e
8Briefly, the “non-perturbative” effect 5 is suppressed (or enhanced) relative to fm as e”£25() when

AS(z) has a positive (or negative) real part, with AS being the difference between the semi-classical parts of
each. When it is purely imaginary then |.7-'1,1| ~ |_C’7| The lines of Re[AS(z)] = 0 are the anti-Stokes lines.

9The connection matrices appearing in [53, 55] act on the coefficients of the functions, rather than the
function themselves, as here. For this reason they are given by the transpose of those in (3.29) (without the
phase factors), but the two actions are completely equivalent.
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The leftmost S_ is in the lower half plane, and the rightmost in the upper one. Note that
generically the monodromy matrix M depends on the starting region, since matrices M; and
M; starting in two different adjacent regions ¢ and j are related by M; = SijMiSigl, with .S;;
the product of connection matrices S+ and B; associated with lines separating regions ¢ and j.

Further, by replacing the asymptotic series with its summation in (3.32), one can check that
(1467) 68 = —2ime™™ 22041 (1-2) 3" Flsin(m?) o Fy (041,30 + 2,20+ 2;1—2), (3.33)

which reproduces the exact discontinuity of the original hypergeometric representation of
Fi1. The analysis at z = 0 is symmetric under z — 1 — z,

3im
_ _ —ie < 0
M.—o = (S1)"'Bo(84) ™" = < 2im —w) ; (3.34)
1+ee —ie e
where the first and second Sy matrices in (3.34) are in the upper and lower half planes
respectively.
3.3 Fixing the four-point function

The above analysis applies verbatim to the anti-holomorphic sector starting from the asymp-
totic expansion of

Fia(2) = (Fua(2) (3.35)

Putting together holomorphic and anti-holomorphic sectors, we finally show how to determine
the entire four-point function by demanding its single-valuedness around z = 0, 1.

We write the four-point function as an a priori unfixed quadratic form, up to a z-
independent normalization factor,

161

A= g(e)VZC”V] , C = < ) , cp €C, 5 €R. (3.36)

c] 2

For the reader more familiar with resurgence, one can take the asymptotic form of the above
expression and consider a trans-series

)

A=g(e) (Co%m]?m + 01%1,15—1— @15}'1,1 + Cgég) (3.37)

where the C; are piece-wise constant in the z complex plane (and also piece-wise constant
in the e-plane). In Ey, we should have

Co = 1, Cl = C1, CQ = C2. (3.38)

At Stokes lines, these parameters change to “counter-act” the discontinuities of Borel sum-
mation in F7; and G, keeping AP continuous and ensuring that

AB = A, (3.39)

in the entire complex z-plane.
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Then, knowing the Stokes constants in the preceding section, we fix the matrix C, or
trans-series parameters, with physical principles. Namely, we ensure that the sequence of
Stokes jumps around the singularities should bring the trans-series back to itself. This is a
resurgence rephrasing of the fact that the monodromy around z = 0,1 does not spoil the
single-valuedness of the four-point function. After we determine the trans-series parameters
in some region, they are automatically fixed in all regions, since they must change according
to Stokes jumps, keeping A continuous.

We determine the matrix C, by convention, for z € Ey which includes the interval
(0,1). We impose

VM!_yCM,—oV =VM_ CM._,V =VCV, (3.40)

where M,—y and M,—; are the monodromy matrices (3.34) and (3.32). We get as solution

1

_ =1. 3.41
2sin(§) r@ ( )

Cl = —

We fix the factor g(e) by demanding the correct normalization of the identity block. This
requires to consider values of € > 1, in which case the identity becomes the leading contribution
in the correlator. We then have

Az , €e>1. (3.42)

Since z = 0 is a regular point of ]-'fl and the perturbative series trivializes to 1+ O(z) at

. . 3.5 -
small z, we can quickly derive F{; ~ z2¢~1 even for € close to 1. For G, however, the origin
in z is a singular point so we must first resum the asymptotic series and then use

PG gt r) = (gee(T) row) + (‘m - >r<(—)rgr)< -7 O“)
(3.43)

While the identity block dominates for € > 1, it is not sufficient to look at .7-"51 since, as shown

in (3.25), G contains a contribution to the |Fy 1| part of the four-point function. Using the
z — 0 limits as given by (3.43) and matching with the behaviour (3.42) allows us to fix g(e)
and the whole correlator (3.36). We finally get

e gﬂ), C:( 1 ! _%CSC(:)), > 0. (3.44)

—5 CSC(%) 1

It is now easy to check that the correlator given by (3.36) and (3.44) reproduce the known
correlator (2.9) and (2.11) in the ordinary Virasoro block basis. Note how the less “physical”,
but more “mathematical”, V-basis gives rise to simpler formulas, where crossing symmetry
is manifest.

3.4 Negative central charge

The analysis in the previous sections assumed e > 0. We started with this case because
there are regions in the z plane where the identity block is fully reconstructable from its
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asymptotic series, which makes the analysis more conventional and easier to follow. Moreover,
as we will see in section 4.5, the reconstruction extends up to ¢ < 1 and allows us to reach
the unitary minimal models. However, since for € > 0 the conformal weight of the other
exchanged highest weight state h3; < 0, the identity block is not the leading contribution in
any OPE channel. Physically speaking, one might then legitimately question the motivation
to start the analysis from the identity block. For this reason, it is important to discuss the
€ < 0 case, where h31 > 0 and the identity operator provides the dominant contribution.
The above analysis valid for € > 0 readily applies for ¢ < 0 (and in fact can be extended
for any complex value of ¢).

For € < 0, the resummation of the asymptotic series in terms of hypergeometric functions
is given by (B.27). The difference with € > 0 is not unexpected, since we cross multiple
Stokes phenomena, due to the multitude of singularities (B.9) that we encounter, as we move
from the positive to the negative real ¢ axis. As a consequence, the resummation of .7?1,1
no longer corresponds to Fi 1 in Ep, while the resummation of G does match F31, up to
an overall factor. More precisely, we have

2sin(Z
FB(z0) = Frazo) + 20 o7 (0,
' 2003(?) -1
9 €<0, z¢€E), (3.45)
GP(ze) = ) 47 ()
“e = 1—2608(2{) €31 )

where k(e) is defined in (3.26). Although perhaps unfamiliar, it should not be surprising that
the Borel resummation f? of the asymptotic series f of a function f does not reproduce the
function f. Equivalence classes of functions which differ by non-perturbative terms give rise
to the same asymptotic expansion and the Borel resummed function fZ picks up the unique
representative in the equivalence class with given analyticities properties, see the discussion
at the beginning of appendix B. In our case, this representative is given by the specific linear
combination reported in the right-hand side of the first relation in (3.45).!° Inverting this
relation, we see that the identity block has a trans-series representation even for 0 < z < 1,
while F31 can be obtained from the resummation of a series.

Like for € > 0, the relations (3.45) are subject to Stokes jumps as we move out of Fj.
The analysis is identical to the one we performed for € > 0, the only change being that the
relevant axis in the Borel ¢ plane is now the negative, and not the positive one. We need to
avoid that the singularities t; of (3.11) become negative and real, as discussed in appendix B.
This is at the origin of the different summability conditions with respect to the € > 0 case,
i.e. ]?171 is non-Borel summable when r < 0 and QN is non-Borel summable when » > 1. The
jumps themselves remain the same, as shown in the same appendix. Consequently, we need
to switch the rules for the Stokes lines, while the monodromies due to branch cuts B, By
and Bj remain the same as for ¢ > 0. We then have

1 —ie*® 1 0 0 iete
Sy = , S_= |y B=|. la , €<0. (346
* (0 1 ) <—z’e¢e 1) <z’est 0 > ‘ (3.46)

0The fact that }'fl # Fi. for € < 0 is related to the ¢ parameter of the 2Fi(a, b, c; z) appearing in the
identity block (2.9), which turns negative. A similar comment applies to the resummation of the block F3,1
for € > 0.
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Since the Stokes graph is unaltered, the products of connection matrices that construct the
monodromy matrices are unchanged. Then (3.31) applies, even with the new Stokes matrices,
and the monodromy matrices M,—., are trivial. Hence, forbidden singularities are resolved
in the same way as in the € > 0 case. The monodromy matrices around z = 0 and z = 1 read

i 2im
_ _ —ie e 1+e e

M.—o = (S4) ' Bo(S4) ! = < , _iﬂv) ;
0 —1e e

(3.47)

2im i
l1+ec —ie e

M.y = (S_) ' By(s) ! = (‘wf O) .

Finally, we can determine the full correlator. As in the € > 0 case, we write the amplitude as
.A == g(E)VZC@]V} y (3.48)

and determine the matrix C' demanding trivial monodromy around z =0 and z = 1. We get

C= ( ! 5CSC(D) . e<0. (3.49)

bese(z) 1

The determination of g(e) is trivial for e < 0. The identity block dominates at small e
and G corresponds only to F31, up to normalization. Since only .7-"51 contributes to the
identity block, we have

gle) =1, €<0. (3.50)

One can check that (3.48), (3.49) and (3.50) reproduce the correct result (2.9), which holds
for both signs of e.
In figure 5, we compare Fi; with its semi-classical approximation

Fi =e 54, (3.51)

for € > 0 (left panel) and € < 0 (right panel).

Fore >0, F11 = .7-"51 for 2 € Dg and F7q provides a good approximation. Observe that
anti-Stokes lines in Dy are “deactivated”, as there is no other saddle contribution. After we
cross the Stokes lines and z ¢ Do, F1,1 becomes a trans-series but F7°§ remains the leading
contribution in a disc around z = 1 until we cross the anti-Stokes line, in which case G
becomes the dominant contribution and the approximation breaks down.

For e < 0, Fi,1 is always a combination of .7-"51 and GB. We see that 1§ provides a good
approximation when z is in the left half of region Ey and beyond, in a disc around z = 0.
However, as we cross anti-Stokes lines (both sides), G” dominates and the semi-classical
approximation breaks down. Interestingly enough, the rightmost Stokes line triggers a Stokes
jump of G given by S_ in (3.46). As a consequence, when we cross the outer anti-Stokes
line on the right, ]-N"Ll becomes dominant again but the semi-classical approximation remains
poor since the prefactor has changed.
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(a) e > 0. (b) e <0.

Figure 5. Density plots of |1 — 7] /71 1] as a function of 2. The black lines are the Stokes (solid)
and the anti-Stokes (dashed) lines. Wiggled lines are branch cuts of the semi-classical approximation
emanating from z = zy (black dots). The density plot was generated with e = £0.10137 (corresponding
to central charge ¢ ~ 82 and ¢ ~ —34, respectively).

4 2H2L correlator with ¢2

Having established the analysis in the 4H case, the 2H2L case will follow a very similar path.
We use the results of appendix B to derive the asymptotic expansion of the identity block,
study in detail its Borel summability and Stokes phenomena, verify that the non-perturbative
Stokes jump resolve forbidden singularities, and, lastly, fix the four-point function. As in the
previous section, we find it useful to first start with € > 0 and then discuss the case € < 0.

By using the analysis of appendix A.6, we can write the identity block in (2.12) in the
form (3.1), but now with prefactors'!

Si(z) = —g log(2),  Au(z) = 2 11— v())", (4.1)

where the map v is given by

2

v(z) = m

(4.2)
See appendix A.6 for a detailed derivation of how the map v(z) is found. The same v(2)
governs the form of the coefficients in the asymptotic series:

”—1} (7)k(7+1/2)kvk

k-1 k! ’ (43)

+oo n
Fi=fo+)  fa(v)e"  fo=1, fn(v)ZZ(—l)”+k{
n=1 k=1
which is obtained from (A.29) with the identification a — v, b — v + 1, 2 = v(2). Like in
the 4H case, it is remarkable that the coefficients f, have a simple form when expressed
in terms of the variable v(z) in (4.2).

"The exponential of S; is just a re-writing of the kinematical factor z~2"21 in (1.3).
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It is useful to match our results for S; and A; with the form of the semi-classical blocks
for a generic 2H2L correlator found in [12, 18]. For two heavy operators with conformal
weight hg = ne (1 + O(c™1)) and two light operators with weight hy,, the block associated
with identity exchange has the semi-classical limit

—2hy,
lim F(h;,0,¢;2) = 2 2M1(1 — hL(l—i)(“’> 4.4
Jim F(hi,0,¢2) = 27 (1 — w) = : (4.4)

where
w=1-(1-2), a=+/1—24n. (4.5)
This block has forbidden singularities at

27 n

Zp=1—ea", n € L. (4.6)

From (4.1) we have

Fri(ze) = eiclog= <4(1_Z)>hL (1 + O(c_l)> (4.7)
AT (2—2)2 ’

where we use v = hy, + O(c™!) and have rewritten the expression in terms of the central
charge c¢. The expression (4.7) matches (4.4) with n = —1/8 and a = 2. For a = 2, we get
from (4.6) a single forbidden singularity at z = 2, which is precisely the singular point of the
map v(z). Like in the 4H case discussed before, in addition to the semi-classical block, every
single order in perturbation theory is more and more singular at z = 2. Unlike the map r(z),
v(z) does not have branch cuts. The singular behaviour of perturbation theory had already
been observed in [28], where it was conjectured a form for the f, as a polynomial in z divided
by a power of (2(2 — 2))%. We see in (4.3) that the f,, are polynomials in v.

4.1 Borel summation and discontinuity

The Borel transform of (4.3) is given by

~

Fi(vit) = 7(7 + %)v o Fy (7 +1,7+ 3,201 - e_t)) : (4.8)

with z-dependent singularities given by
t(v) = 1og(”1> +2mik, ke, (4.9)
U [e—

which become real and positive for v > 1. We can read from the Borel transform the large
order behaviour, which, for example, for 0 < z < 1 is given by

C(n+2y—1) v 327"

TOT (7 +3) (1 - 0)2*2

fn & log

2 sin((n + 2y — 1) arg(log %) — 27w>,

v—1
(4.10)
as follows from (B.32).

We see that z(v) maps v € (1,400) to two intervals, (1,2) and (2, +00). Outside of these
intervals, i1 is Borel summable and (3.10) also holds for e > 0. We then have

FP =Ty, z ¢ (1,400). (4.11)
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Figure 6. Branch cuts (wiggly lines), Stokes lines (blue) and anti-Stokes lines (dashed) in the z-plane
for the 2H2L asymptotic series (.7?1717 §) Starting from z = 2, outgoing arrows denote lines where
]?171 has a Stokes discontinuity (and S has a branch cut), while ongoing arrows denote lines where G
jumps. The wiggled black and grey lines respectively denote branch cuts A; 2(z), while the red one
denotes an additional branch cut from S; 3(z). Refined version of figure 2.

When z € (1, +00), there is a Stokes jump because to(v) lies in the positive real axis. Thus
the jump is non-perturbative in 1/¢, again with the form

1
~ v T €
(301 = 50-)Fia(zi0) e vto = (20 ) (4.12)

Its full expression can be derived using the results of appendix B, which give
(s0+ = s0-)F11(z:0) = iV fsin(2my) 50 (G= +i0:6)), € (L4oo),  (413)

where + in the phase is taken depending on whether z < 2. Unlike the 4H case, the
series G is related to the genuinely new series Fb, described in detail in appendix B. The
prefactors are given by

G(ez) = ei(im*%)e_%sl(z)/h(z)ﬁg(e; v(z)) ~e” SQ(Z)e%_QWAg(z) (1 + (’)(e)),

) ) T1 o) (4.14)
Sa(z) = S1(2) + 10g(1—v)’ Ay(z) = 27/ (v — 1)“/‘*’% 47\/%’

where we choose + in the phase according to whether z is in the upper/lower half plane. After

combining with the prefactors in F) this ambiguity is resolved, as can be seen in the second
line. This is analogous to the point discussed in (3.14). G has Stokes jumps when v € (—o0, 0),
which in the z-plane maps to two half unit circles centred around z = 1, as in figure 6. Then
the maximal continuation of (0,1) until a Stokes line of either Fj; or G is the region

Ry={z€eC:|z-1<1Az¢(1,2)}. (4.15)

Repeating the exercise of extracting the conformal weight by taking z — 0, we discover
once again that G is the perturbative part of the (3,1) block. However, F{f(e;v) is a sum of
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both solutions of the hypergeometric equation, as discussed in appendix B, meaning that
GP is a linear combination of both blocks, much like in the 4H case. We find

B
f1,1 = JF11,

;o —UTY
Gh_ 1™ (Me)fg,l i

1 sjn(Zﬂ"y) € > 0, z € Ro, (4.16)
- 7= 1,1 |5
sin(27y)

V3 sin(z)

where

Ap(L—1)r(L
h(e): 16 (5 1) (E)

VAL (-2 +2-1) (*.17)

G becomes non-Borel summable when v < 0, and its Stokes jump is given by ]-N'l,l up to some
overall constants, as we discuss in detail in the next section.

4.2 Stokes lines and monodromy matrices

It is convenient to present the Stokes jumps using a graphical notation for Stokes lines similar
to the 4H case. This case requires some additional care since S2(z) has a branch along the
Stokes line of JEM, while A;(z) and As(z) have branch cuts which overlap with both the real
axis and the Stokes lines. While the former is easy to incorporate in the Stokes jump matrices,
for the latter we place them as in figure 6.1 Applying the inverse map z(v) to (1,00) and
(—00,0) results in figure 6. In the convention of figure 4, the Stokes jumps in figure 6 are

1 0 1 ie™ = /2sin(2my)
Sy = in_ - 2in |, S_= 2im ) (4.19)
—ee "\/28in(27y) € -

0 e e
which can be derived from the Stokes jump of 151,2 discussed in appendix B. There are two
types of branch cuts emanating from z = 2, those of A;(z) (drawn in black in figure 6) and
those of A3(z) (drawn in gray). They are given by, respectively,

e %m0 1 0
Bl = ( 0 1 ) B2 = 0 _egiﬂfy ) (420)

when crossing the branch cut anti-clockwise with respect to z = 2. Lastly there is a branch
cut at (—o0,0) due to the log(z) factor in the origin,

By = —ie < 1. (4.21)
In contrast to the singular points z4+ in the 4H correlator, where three Stokes lines meet, at
z = 2 four Stokes lines meet. The point z = 2 corresponds to a double turning point, where
two simple turning points merge. This is evident from the analysis in appendix A.2, where
one can see that /Qp in (A.10) has a double zero at z = 2 for the values a; = 0, by = 1,
c¢1 = 2. As is known in exact WKB, ¢ + 2 Stokes lines end at a turning point of order q.

2This is equivalent to redefining the one-loop factors with a small angle « such that

2754 (2)
.

Ay (z) o 271 (671 (1 — 0(2))) 7, Ag x — -
( ) e (153) (e=ima (v(2) - 1))7F3

(4.18)
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By taking care of all branch cuts and Stokes lines, we determine the total monodromy
in making a 27 rotation around z = 2. We get

M,—5 = ByS.B1S_ByS,B\S_ =1, (4.22)

as it should be for a regular point, and importantly establishes how non-perturbative effects
resolve the forbidden singularity at z = 2. The monodromies around z = 0,1, starting
from z € (0,1), are

3im
e < 0
M: :S B_IS - T - it |
S (—Qie5”’7\/2Sin(277'y)cos(’g) iee>

-2y iww—if 2sin(2
M._, = BiS_By = (e . 1€ \/ Sln( TW))

(4.23)

2im .
—e~ == +2imy

It can be checked that, if we replace }:1,1 and G by their resummed hypergeometric forms
using (B.10) and (B.18), the matrix M,—; rederives the correct discontinuity of the exact
block in (2.12).

4.3 Fixing the four-point function

Repeating the steps done in the 4H case, we can fix the four-point function by combining
holomorphic and anti-holomorphic terms. We write the four-point function as in (3.36) and
determine the matrix Cj; by demanding the single-valuedness of the correlator around z = 0
and z = 1. Using the monodromy matrices M,—¢ ;1 in (4.23), we get

= 1 _L\'[eim\/msec(w(%—Qy»
¢ ( / e_im\/msec(ﬂe—%’)) 2 sin(Z) sec(w(%—}y)) - (424

We determine the normalization factor g(e) in (3.36) by demanding the correct normalization
of the identity block exchange in the s-channel as z — 0. As before, this requires to
consider € > 1, in which case the identity becomes the leading contribution in the correlator.
Proceeding as before, we then have

g(e) = 1+ sin(27my) csc <27r <1 - 7>) (4.25)

In region Ry, this matches (2.12), rederiving the OPE coefficient therein. For the full complex
plane one must adjust C whenever we cross a branch cut or Stokes line, as discussed in
section 3.

We emphasize that we reconstructed the entire correlator starting just from the asymptotic
series of the identity block in the s-channel.

4.4 Negative central charge

When € < 0 the conformal weight h3 1 becomes positive and the identity operator provides
the dominant contribution in the s-channel OPE. The situation is analogous to the 4H case,
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so we will be brief. The identity block is now a trans-series while the (3, 1) block is, up to
z-independent factors, given by resummation of G, as follows from (B.27). We have

V2sin (%)

an(2n(>-1))

€e<0, z€Ry, (4.26)
QSiHQ(%) ) h(e) Fs1(z;€),
sin(27r(’7_%>)

sin(27my)
where h(e) is defined in (4.17). Furthermore, the Stokes jumps change, becoming

_e3im+ ; 1 0
S, = <1 ie 2Z'7r2 S,1I1(27T’V)>7 S - ( . _22'77). (4.27)

FPi(z€) = Fra(z;e)+ h(e)Fz1(zs€),

QB(z;e) — _6—31'71'7 (

0 e —e” T T3 2sin(277) e e

Here we have to be careful that not only the lines swap, but we also pick up additional
phases due to (B.26).

As expected, (4.22) still applies and the monodromy matrix around z = 2 is again trivial.
The forbidden singularity is resolved in the same way as in the ¢ > 0 case. The monodromy
matrices around z = 0 and z = 1 read

y (’[:63?1- 937 o= 2sin(27y) COS(:))
z=0 = ’

0 et
(4.28)

—2imy

e 0

MZ:l = 73Z7T’Y*ﬂ . 2“1_,_77 24 .
—e < /2sin(2my) —e €

We can fix the four-point function, as discussed in the previous cases, by starting from
the ansatz (3.48). From the monodromy matrices (4.28) we can determine the matrix C
entering (3.48). Like in the 4H correlator, for ¢ < 0 the identity block dominates in the
s-channel z — 0 and this makes the determination of g(e) trivial. Eventually we get

1 3imy /o s

fo=1, C= | 1 7€ V/sin(27y)esc(T)
’ %e*”ﬂ/sin(%r’y)csc(%) csc(T)cos (77(%—27))

We compare in figure 7 F7 1 with its semi-classical approximation F7°] defined as in (3.51),

for € > 0 (left panel) and € < 0 (right panel). For € > 0, F11 = F{); for z ¢ (1,00) and
14 provides a good approximation all over the complex plane, but a small region around

) , €<0. (4.29)

the forbidden singularity. For € < 0, Fi is always a combination of .7-"51 and GP. F19
provides a good approximation in the purple region in panel (b) of figure 7,3 until we
cross anti-Stokes lines.

4.5 Unitary minimal models from a large c expansion

We have seen in the previous sections how we can determine the whole correlator of 4H
and 2H2L starting from the asymptotic expansion of the identity block, both for ¢ > 0 and

13This purple region does not extend to infinity, but is enclosed by the anti-Stokes line which has a “limacon”
shape [56].

— 26 —



N N N .
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(a) e > 0. (b) e <0.

Figure 7. Density plots of |1 — 77 /F; 1] as function of z. The black lines are the Stokes (solid) and
anti-Stokes (dashed) lines. Wiggled lines are branch cuts of the semi-classical approximation emanating
from z = 1,2 (black dots). The density plot was generated with e ~ +0.01447 (corresponding to
central charge ¢ ~ 436 and ¢ ~ —393, respectively).

€ < 0. The result applies also for finite values of ¢, and hence at finite central charge. In
fact, starting from € > 0, we see that as € increases, at some point b? turns negative and
the conformal weights (2.4) turn positive. In particular, the values

2(p+1)

€= —7", >3, 4.30
p+3 P= (4.30)

correspond to the wunitary minimal models My 1, with

6 (pr —(p+1)s)* —1
c=1————,  hyy= .
p(p+1) dp(p +1)

(4.31)

Interestingly enough, the Borel summability of .7?171 extends all the way to these values.
Consider for example the 4-0 correlator, with h, = h, = 1/16, in the Ising model p = 3. The
identity block exchanged in this correlator is known to be given by

Isin 1 1+vV1—-2
Fia (=) = . (4.32)

(2(1 = 2)) 2

We can match this formula in two ways. We can take the .7?1,1 series of the 4H case and
resum it for e = 4/3 to get

ool

i 4
]:ising(z) = ffl (z; €= g) , z € By (4H) . (4.33)

By tracking the Stokes jumps across the z-plane, the above formula can be extended to
retrieve ]:{?ing(z) everywhere in terms of -7:1]?1 and GB, using (3.27). Alternatively, we can
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consider the 2H2L correlator, where the light field has v = 3/8, which corresponds to the
conformal weight h;, = 1/16 at ¢ = 1/2, and resum it for e = 4/3. Again we get

"
) . zeR,, (2H2L). (4.34)
v=3/8

‘F{’Sing(Z) = ]:fl(z;e = 3

As in the 4H approach, we can use our results to continue this formula into the full complex
z-plane by incorporating the Stokes phenomena of 2H2L. For both 4H and 2H2L we can
extend the outcome of the discussion about discovering F3 1, resumming its trans-series, and
fixing the four-point correlator to the Ising model. The above analysis applies of course to
correlators involving the fields ¢2 1 in all M1, unitary minimal models.

From a 3d “dual” theory point of view, we are interpolating the 4-o Ising correlator to a
family of four-point correlators in holographic non-unitary CFTs, which would correspond to
a pair of negative energy sources interacting with each other (4H) or to a small perturbation
in the presence of a negative energy source (2H2L). Correlators of unitary models can then
be seen as the “deep quantum gravity” regime of amplitudes in exotic 3d theories with

negative energy sources.

5 Outlook

To conclude, we point out connections among our results and related topics. In particular,
we highlight how to approach unitary theories. As a general remark, our analysis can be
useful in the countless contexts involving large parameter expansions of o F}.

5.1 Related topics

AdS picture In this paper we have discussed the systematics of the large ¢ expansion of
Virasoro blocks associated with the identity operator for a class of correlators involving
degenerate operators. Due to the identification of the central charge with the 3d Newton
constant through ¢ = 3¢/2Gy [5], such an expansion is then mimicked by the small G ones
in the semi-classical gravitational theory on AdSs;. Depending on the nature of the external
operators, e.g. how their conformal dimensions behave as ¢ becomes large, we expect the
Virasoro block of the identity to encapsulate the contribution of the propagation of gravitons in
empty AdS, in the defect/excess conical defect geometry or in the BTZ black hole background.
For the first few orders in the large ¢ expansion, this has been proven using the techniques of
the geodesics Witten diagrams in [19, 25, 57-60] and while challenging to explicitly check,
especially in the 4H case, we envision that our analysis can be a testing ground for further
holographic explorations.™ In this context, it would be interesting to understand the role of
the maps (3.5) and (4.2) in the holographic computations. An interesting observation is that
the presence of forbidden singularities, reflected in the gravitational setup by singularities of
the bulk to boundary propagators [20, 28, 61] is not exclusive to the 2H2L case but extends
also to the 4H case, predicting that this should persist in the holographic counterpart and
that they would be higher order singularities as probing larger and larger orders in the large
¢ expansion. Our findings provide hints on characterizing the geometries dual to 2H2L and

14Even though the CFT that we consider is non-unitary, thus generically not suited for a straightforward
holographic description, this identification should still hold.
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4H correlators in the dual CFT. In particular, they enter in the set of saddle points that we
need to sum over to reconstruct the gravitational partition function. This is generically a
complicated task and we envision that our results can shed light on some aspects of it.

Chern-Simons description Due to its natural split into a holomorphic and anti-holomorphic
part, the SL(2,R) x SL(2,R) Chern-Simons description of AdSs3 gravity is particularly useful
to directly compute Virasoro blocks in a 1/c expansion [62—64]. In particular, Wilson lines
anchored at the boundary have been recognized to be the correct gauge-invariant observables.
In this framework, one can construct Virasoro blocks in the 1/¢ expansion using Wilson
lines networks [65] making order-by-order computations technically easier than AdSs Witten
diagrams, provided one finds a good regularization prescription for the lines. As discussed
in [65], this turns out to be quite a non-trivial task. It would be interesting to explore whether
our all-order results in section 4 might help determine such regularization procedure at higher
order in 1/c¢ for Wilson line correlators corresponding to a 2H2L configuration.

More general degenerate operators The four-point function of the degenerate ¢9
satisfies a differential equation which is hypergeometric, leading to the analytical results
contained in this work. One might ask what can be concluded concerning resurgent structures
for four-point functions of higher degenerates of the form ¢, ; appearing in different minimal
models. Even though they satisfy ordinary differential equations of order r, we still expect
an ansatz of the form (A.3) to be valid. In these cases, Stokes jumps are expected to mix
multiple solutions of the underlying differential equation. This mixing pattern can be deduced
from knowledge of the saddle actions S(z) corresponding to each Virasoro block. Generalizing
the discussion in appendix A.3, it follows that S’(z2) solves a polynomial equation of order
r, suggesting that the cases r = 3,4 might be still treatable semi-analytically.

Higher dimensional CFTs While the structure of CFTs defined in spacetime d > 2
is different from the 2d case, the explicit form of global conformal blocks still involves
hypergeometric functions in even spacetime dimensions. It would be interesting to see if the
expansions that we found for generic hypergeometric functions are useful in some limiting
cases, such as the large dimension expansion. A potential arena for such explorations could be
the analytic bootstrap. In particular, the fact that the identity block, either global or Virasoro,
is present when expanding a four-point function of (at least pairwise) identical operators in
the s-channel lead to conclude that specific composite operators (dubbed double twist or
double trace) need to be exchanged in the t-channel, and the correction to the conformal
dimension of such operators for large spin is completely determined by the behaviour of the
identity block, together with unitarity [66-68] (see [18, 20, 69] for studies in d = 2). There
has been a plethora of results generalising, extending and complementing these findings (see
for instance [70, 71]), and we envision that the manipulations of the hypergeometric functions
that we present in this paper can be handy also in that context.

5.2 Unitary case: challenges and directions

Virasoro blocks associated with degenerate operators do not appear in unitary CFTs aside
from minimal models. The most compelling question is whether there are general lessons
from our analysis that extend to generic correlators and blocks in unitary 2d CFTs.
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A partial list of key questions to answer are the following: does the Stokes phenomenon
consistently occur as we move z over the complex plane? Is there a region in cross-ratio space
(z) where the asymptotic series of the identity block reconstructs the full block or not? In
other words, does the unitary case resemble the € > 0 or the € < 0 scenarios we discussed?
Can we always resolve forbidden singularities with non-perturbative effects discovered through
Stokes jumps? Can resurgence techniques provide predictions on the spectrum of unitary 2d
CFTs at large central charge, such as in holographic CFTs? How would they compare with
similar bounds found using the modular bootstrap [72]?'% Is our analysis generalizable to
averages of product of correlators in CFT ensembles, e.g. those discussed in [74-76]7

The same Stokes phenomena which resolve the appearance of forbidden singularities are
expected to play a role in the problem of information loss when we consider the correlator in
Lorentzian signature. It would be extremely interesting to extend our study to this regime
and possibly shed light on this issue. However, the analysis of the large-order behaviour in
unitary cases is challenging. In [48], the authors analysed the leading asymptotic behaviour
in the generic unitary case using Zamoldochikov’s recursion for Virasoro blocks with four
light or four heavy operators in the regime z < 1. In these cases, the leading singularity in
the Borel plane lies away from the positive real axis in this limit. With the insight from our
analysis, we know that finite z is crucial to discern the non-perturbative effects.

A promising setup where we might be able to answer these questions is 2H2L unitary
correlators. The Virasoro blocks entering such correlators have been shown to have an infinite
number of forbidden singularities in the leading semi-classical limit, whose position is known
analytically [18, 28], see (4.6). The behaviour of generic and unitary heavy-light Virasoro
blocks near forbidden singularities was investigated in the numerical work [31]. The exact
block was computed using Zamolodchikov’s h-recursion at very high precision and compared
with the semi-classical block at large central charge (an analogue of what we reported in
figure 5 and 7 for blocks involving degenerate operators). It was shown that the exact
Virasoro block deviates drastically from its semi-classical approximation in a neighbourhood
of the forbidden singularity, the former being regular there. It was speculated that this
deviation could be explained by a web of Stokes and anti-Stokes lines emanating from the
forbidden singularities (see also [32]).

A systematic 1/c expansion of heavy-light Virasoro blocks can be in principle obtained
from a Zamolodchikov-like recursion relation using the semi-classical heavy-light block as
the seed of the recursion [12, 13]. It then follows that we should be able to build upon the
analysis of [31] to explore the resurgence structure of generic and unitary 2H2L correlators,
by studying the large order behaviour of the asymptotic series of the Virasoro identity blocks
and its Borel transform. A limitation of this approach is that we don’t have access to the
full analytic form of each 1/c term, but only to a truncated power series in the cross-ratio z,
thus requiring us to resort to numerical techniques. Nevertheless, preliminary investigations
in this direction have shown evidence that forbidden singularities occur not only in the
leading semi-classical term but in each order in the 1/c expansion. Moreover, by studying
the large-order behaviour of the asymptotic series of the identity block, we have gathered
numerical evidence that Stokes phenomenon occurs (at least in a neighbourhood of the

15Gee [73] for the state-of-the-art bound.
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forbidden singularity closest to z = 0). From a resurgence point of view, this would imply
that the asymptotic series of the identity block cannot be Borel summable over the entire
complex z-plane, and hence that non-perturbative terms, associated with heavy operator
exchange, must be included in unitary heavy-light correlator. We aim to report and refine
our findings in this direction in a separate publication.
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A Asymptotic expansion of o F}

The theory of hypergeometric functions is a well-known subject in mathematics, see e.g.
section 15 of [77] for a collection of results. Since the early work of Watson [78] several
asymptotic expressions of oF} when different combinations of parameters are large have
been discussed in the literature, see e.g. [79-81], and [77, 82] for a collection of results.'
In these works the coefficients of the resulting asymptotic expansion are either given in
implicit form or only the first few terms of the expansion are explicitly reported. To the
best of our knowledge, a completely explicit form of the coefficients of the whole asymptotic
expansion of the oF) entering (2.9) and (2.10) is missing. This appendix aims to close this
gap and discuss some generalizations.

The hypergeometric function 9F}(a,b,c; z) is one of the solutions of the second order
differential equation

2(1=2)f"(2) + (c— (a+b+1)2) f'(z) —abf(z) = 0. (A.1)

This equation has three regular-singular points at z = 0, 1, 00. The solution oF} (a, b, ¢; 2) is
analytic at z = 0 in the principal sheet, and has a branch cut singularity at z = 1, with a
branch cut over the real positive axis from z = 1 up to infinity. Its series expansion in z,
known as the Gauss series, is convergent in the open disc |z| < 1. We are here interested
in an expansion for large parameters a, b and c.

16Gee also [83] for a WKB-like approach. This is useful to quickly get the Stokes lines associated with the
resulting asymptotic series (see appendix A.2), but we did not find it convenient to get the whole explicit
asymptotic series.
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The general problem is to determine, at least in some domain z € D C C, the asymptotic
series in A\ — +oo of a 9F}(a,b,c; z) where the parameters scale as

a=ag+ a\, b="by+ b1\, c=co+ . (A.2)

When ¢; # 0 the series is expected to take the semi-classical form
“+oo
2 F1 (ag+ai A, bo+bi X, co+erh;z) ~e ME A(2) <1+Z fn(z)A_"> . zeD. (A.3)
n=1

The case ¢; = 0 will not be considered. This case could be in principle worked out with a
similar approach to what follows, but needs a slight modification of the semi-classical ansatz.

This appendix is quite articulated and is then useful to summarize its structure. We
discuss in sections A.1 and A.2 how to determine the domain z € D C C where the
asymptotic expansion (A.3) is Borel resummable and where (A.3) is a good approximation of
the function. This requires to determine the so-called Stokes and anti-Stokes lines associated
to the differential equation (A.1), which are governed by the factor S(z) in (A.3). The explicit
form of the factors of S and A is derived in section A.3. The remaining sections are dedicated
to the derivation of the coefficients f, in (A.3). It is hard to determine a closed analytic
form of f,, when all parameters scale with A. The case where

a1:0, b1:0, 01#0, (A4>

is instead particularly simple and will be discussed first in section A.4. Fortunately enough,
the hypergeometric functions with special parameters in (2.9) and (2.10) entering our 2d
CFT problem can be reduced to this case thanks to hypergeometric identities that we discuss
in sections A.5 and A.6. As a by-product, we present in section A.7 a sketch of the derivation
and a closed formula for the coefficients f,, in the case

a1:O, bl#o, 61#0. (A5)

For the convenience of the reader, we summarize all the hypergeometric expansions we
found in appendix C.

A.1 Determining Stokes lines I: steepest descent contours

Whenever a function can be recast into a definite integral form, a steepest descent contour anal-
ysis can be used to develop its asymptotic expansions, classify the possible non-perturbative
corrections and reveal possible Stokes lines. See e.g. [84] for a detailed review of the method
applied to the Airy function. Hypergeometric functions admit such a representation:

I'(c)

oF1(a,b,c;2) = W

1
Z(a,b,c,z), Z(a,b,c,z) = / dezb= 11— 2)° "Y1 — z2)7®,
0

(A.6)
where the integral converges for Re(b) > 0, Re(b) < Re(c) and z € C\ [1,400). The integral
can be recast in exponential form as follows:

1
T2 = / dz g1 (1 — @) 071 — zz) 70 e A (2]
0

S(z,z) = —log [acbl(l —z) (1 — zx)*al} . (A.7)
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(a) p=3/4 (b) p=1 (c) p=2

Figure 8. Thimble decomposition for Z(\, z) in (A.7) in the complex z-plane with a3 = —1, by = 2,
c1 = 2. We take X\ = 100 and z = pe’™/® with different values of p, corresponding to three points in
the trajectory crossing the Stokes line depicted in orange in figure 1, with p = 1 being on the line
itself. Black dots correspond to the singularities of S(z, z) at = 0, 1,1/z while the red and blue dots
are the saddles x_ and x4 respectively. Solid and dashed lines are the steepest descent contours and
steepest ascent contours respectively. The grey solid line is the original contour of integration. In 8(a),
only the saddle point x_ contributes. In 8(b), the thimble decomposition is degenerate. In 8(c), both
saddles z_ and x4 contribute.

The original integration contour x € [0, 1] can be freely deformed in the complex z-plane,
as long as no integrand singularities are crossed. In this form, the A — 0o expansion takes
the form of a saddle-point expansion. The saddles of S(z, z) are at

(a1 —b1)z—cr £ /[(a1 —b1)z — c1]? + 4bi(a1 — 1)z '

2(a; —c1)z (A.8)

From the saddle x4 emanate steepest descent contours Ci where Re(S) monotonically
decreases moving away from the saddle. Not all saddles can contribute simultaneously to
the asymptotic integral Z(\, z) at given values of z (for simplicity we assume z € C to
be the only parameter we vary, with ai,bq,c; kept fixed). Which saddle contributes is
determined by how the original contour of integration can be decomposed into a sum of the
steepest descent contours C4 (Lefschetz thimbles). An example of thimble decomposition
as z varies is shown in figure 8.

Since the imaginary part of the action remains constant on steepest descent contours,
this decomposition becomes degenerate when Ci intersects, or equivalently:

m(A(S- — 54)) =0, (A.9)

where S4(z) = S(z+(2), z). This is the condition which determines where Stokes lines are in
the z-plane. We can write this condition more explicitly noticing that

d 22(0,1*b1)2+22(2a1b1*Cl(alerl))+C% N
4 gy _ 1
dz(S S1)=4y/Qo(z), Qo L 1=2) (A.10)
The function )y vanishes at zy, the two roots of its numerator:
-2 + 2 — by —
L= ci(ar + by) — 2a1by £ 2y/arby(ay — ¢1)(by — c1) ' (A11)

(a1 — b1)?
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Noticing that (S_ —S1)(z+) = 0 we can integrate the above equation and obtain the following
condition for z € C to be a Stokes point for generic A € C:

Im{)\ / i dw,/Qo(w)} —0, (Stokes lines). (A.12)

For the specific cases of identity blocks in (2.11) and (2.12), the above condition gives the
Stokes line depicted in figure 1 and figure 2 respectively. Anti-Stokes lines are instead defined as

Re{)\/z dw\/Qo(w)} =0, (anti-Stokes lines) . (A.13)

Stokes lines are lines at which non-perturbative effects “appear” and anti-Stokes lines are the
lines at which non-perturbative effects become of the same order as perturbative effects.

A.2 Determining Stokes lines II: exact WKB

The large parameter expansion of the hypergeometric function and its relation to exact
WKB!7 has been worked out in a series of papers, see e.g. [86].18

The hypergeometric differential equation (A.1) can be rewritten in a Schrodinger-like
form by defining a new function ¢ as

2Fi(a,b,c,z) = 275 (1 — 2) 2 (04bet g ) (A.14)
such that the linear derivatives terms in (A.1) cancel. We then get

—9" +Q(2)g =0, (A.15)
where
22 ((a —b)? — 1) + 22<2ab —cla+b— 1)) +c(c—2)
422(1 — 2)?
is a “potential”. If we take the limit of large a,b,c ~ A — oo, as in (A.2) then (A.15) turns

Q:) = (A.16)

into a Schrédinger equation containing classical and quantum (one and two-loop) potentials,
where 1/ is identified with . Then one finds

272"+ (Qo2) + X' Qu(2) + A2Qa(2) )9 = 0, (A17)

where the leading potential Qg is given in (A.10).

It is well-known that Stokes lines emanate from the zeros z4 of QQg, which are turning
points of the potential Q. For each 2y, Stokes lines and anti-Stokes lines are given by (A.12)
and (A.13). The Stokes lines of simple zeros are locally those of the Airy function, with three
Stokes lines emanating from the point with a 27/3 angle between them. When the z; and
z_ collide to form a double zero, four Stokes lines emanate from the point with a 7/2 angle
between them. For non-singular @)y, Stokes lines emanating from turning points can go to

7See e.g. [85] for a comprehensive math-oriented or [53] for a more basic and physics-oriented introductions
to exact WKB.
18We thank Kohei Iwaki for drawing our attention to these papers.
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L L L
-2 -1 2

-2

(a) a1 =1, by = 0.018, ¢; = 2.4 (b) a1 =12,by=22,c,=14

2

ap = —0.95 — 0.5i, ay = —1+40.9i,
(c) by = 0.05 — 0.5, (d) by = 0.03 + 0.8,
c1=-09 c1=—-01+0.7i

Figure 9. Four examples of Stokes (black) and anti-Stokes (red) lines for potentials of the form (A.10).
While it is not visible in the figures, anti-Stokes lines in these examples are closed.

infinity or end at another turning point. A Stokes line ending at another turning point can be
resolved by assigning a small phase to the parameter A. If Qg has singularities, Stokes lines
emanating from turning points can also end at the singular points. The potential (A.10) has
two order-two poles at z = 0 and z = 1. The way Stokes lines approach a singular order-two
pole depends on the value of the residue of v/Qg [85]. The Stokes lines approach the singular
point radially if the residue is real, form closed trajectories around the singular point if it
is purely imaginary, and spiral around it for a generic complex residue. For illustration we
report in figure 9 the Stokes and anti-Stokes lines as given by (A.12), (A.13) for a sample
of choices of parameters (ai,b1,c1).
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A.3 Saddle and prefactor

The form of the two factors Sy (from now on loosely dubbed “saddles”) can easily be

derived from the results in sections A.1 or A.2. From now on we consider for simplicity

only the case of real parameters and focus on the solution which is regular as z — 0

and corresponds to oF} (a, b, ¢; z), the other solution corresponding instead to the solution

217¢9F(a—c+1,b—c+ 1,2 —c;2). For ¢; > 0 the value of S(z) for oF(a, b, c; z) is'?
(a1 — by)z + c1 — 2a1 + 2u(2))2 071 ((ay — b1)z + ¢1 + 2u(2))*

Sz) = logl (a1 — b1)22 + 2a1b1 — e (a1 + br) + 2(a1 — br)u(z))" ~ 5o,

So = log [2alcil(b1(a1 —c1)) " (e; — al)“ﬁbl*q] ,

(A.18)
with Sy fixed by the boundary condition S(0) = 0, and
2 1 —b)2
u(z) = \/‘2 + <a1b1 — serlan + bl))z + (“141)22 . (A.19)
At next-to-leading order in A we can determine the factor A(z), given by
1—z)c0—a0—bo bo—aq
A(z):AOL((al—bl)2z+2a1b1—cl(a1+b1)+2(a1—bl)u(z)) 2
u(z)
ag+bo—co
X ((a%—i—b?—cl(al +b1))z+2a1b1—i—c%—cl(al—i—bl)—i—Q(al—i—bl—cl)u(z)) ?
I=cq
% ((2a1by — 1 (a1 +b0) 2+ +2e1u(z)) 7
co—L c=e=bg , co ag—
AO:QCofboflclo Qal( 2 b?o 2 (a1—c1) Ozbo’
(A.20)

with Ag fixed by the boundary condition A(0) = 1.
When a; = 0 the previous formulas appear singular but the solutions are still well-defined
and dramatically simplify:

S(:)=0, A(z) = (1 _ blz)_ao . (A.21)

S(z)=0, A(z)=1. (A.22)

A.4 Expansion of 2Fi(a,b,c+ A; z)

In this section we provide a formula for the coefficients f,, of the asymptotic expansion (A.3)
in the case where only the third parameter scales with A, namely a; = b = 0 in (A.2).
Without loss of generality, we can set ¢; = 1. To lighten the notation we will drop the
subscript “0” from the coefficients in (A.3).

An implicit form of this expansion is known, see e.g. section 15.12(iii) of [77], but the
coefficients (A.3) are not given in a closed form, but rather in terms of a generating function.

9Without loss of generality, we can assume a; < b; since the problem is symmetric in (a,b) exchange.
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An explicit form of the coefficients can be obtained instead by manipulating the Gauss
series and expanding the Pochhammer symbols. To this end, we can use the identity

1 X
M—Z(—l)”*’“{z_l})\ " Al >k—-1, k>1, (A.23)
n=~k

where {Z} are the Stirling numbers of the second kind, or rather the following generalization

1 = n—1
=Sy = Z(—l)"““Sg( ))\ " |A| > oJnax | le+p), E>1, (A.24)

where we have introduced the Stirling polynomials of the second kind

5.7 x) = mz{j;}@m (A.25)

Plugging (A.24) into the Gauss series gives

Fi(a,b,c+ X; 2) ~1+§§ﬂz’“(—l)”+’“5 (”_1-c>x” (A.26)
211 202 g 2\ 17 : .
Exchanging the order of the two sums, we get, as A\ — +oo:
“+o0o
oF1(a,b,c+ Ajz) ~ 1+ Z fala,b,c; )", ze€C\ 1, +00), (A.27)
n=1
where . (@(b)
. _ _1\n+k n—1 . a)k b k _k
Fula,byc;2) = k;( 1) 52<k . ,c> R (A.28)

The sums in (A.26) are both convergent, but the exchange of the two is merely formal and
makes the sum over n in (A.27) asymptotic. In fact, applying the identity (A.24) for all k € N
would imply a zero radius of convergence in 1/A. The matching of the expansions (A.27)
and the known one, e.g. equation 15.12.3 of [77], can be numerically verified to any order.
Note that this asymptotic series actually holds in a much larger domain in z than the
Gauss series we started from. This explicit form of the expansion in A is particularly useful
since each term of the asymptotic series is a degree n polynomial in z with coefficients
known in closed form. This will make it feasible to carry out the resurgence analysis of
such asymptotic series in appendix B.

In the case where ¢ = 0, the Stirling polynomials reduce to ordinary Stirling numbers
and thus we have the following simpler asymptotic expansion as A — +o0o:

+00 n
| - e[ = 1) @0
2F1(a,b,)\,z)~l—i-;fn(a,b,z))\ . falab;2) 2:: +{ 1} o

(A.29)
The formula holds for z € C\ [1,400) as can be deduced by analyzing the web of Stokes
and anti-Stokes lines that can be obtained as in A.2. This asymptotic expansion also holds
for A - —o0, in the domain {z € C\ (—00,0] : Re(z) < 1/2}, as can be understood by
studying the Stokes and anti-Stokes lines of the associated differential equation studied in A.2.
See appendix B.2 for further discussion.

— 37 —



A.5 Reduction of 2F7(—A, 1+ A, 2 + 2A; 2)

The asymptotic expansion as A — +00 of 9F1(—\, 14+ X\, 24 2); z), corresponding to the oF)
entering the identity block in the 4H correlator (2.9), can be reduced to the case discussed
in section A.4 with a non-trivial change of variable.

The saddle S(z) and the prefactor A(z) are obtained from (A.18) and (A.20) respectively,
with ag =0, a1 = -1, b0 =1,b1 =1, ¢cg = 2 and ¢; = 2.

The idea is to solve the following auxiliary problem. oFj(—\, 14+ A, 2+ 2); 2) is a solution
of the hypergeometric differential equation (A.1) with a = =A\,b =14+ X\, ¢ =2+ 2X. We
factor out the leading asymptotic and define

f(z)

g(w(2)) = ma (A.30)

where w is a map to be determined. The function g satisfies a second-order differential
equation which can be put in the form

w(l —w)dgg + Hi(2)dwg — Ho(2)g =0, (A.31)

where Hy, Hy are functions of z and the map w(z), given by

Hi(z) = W 2l () + (5 -2+ ;&3)’2 Fu(e) Ju'(z) + 2(1 - u(2)]
Ho(z) = EW ; (A.32)
with

w(z) = V1—2z+22. (A.33)

The goal is to find a map w(z) such that (A.31) is again a hypergeometric differential equation
where now only the “third” parameter scales with A (namely a3 = b; = 0 and ¢; # 0 in (A.2)).
More precisely we have to find w(z) and constants (A, B, Cy, C1) such that

Hi(z) = Cy+ CiA — (A+ B + Dw(z), (A.34)
Ho(z) = AB. (A.35)

It is highly non-trivial that this map exists. If a solution exists, we will have derived the identity
2FL(=MN 14+ X0,242X2) = e M@ A(2) 21 (A, B,Co+ Cihw(z), zeD, (A.36)

at least in some domain D C C where the asymptotic ansatz holds. We have also assumed
that the map w behaves as w(z) ~ az+ O(22) for small z, so that we can correctly match the
behaviour as z — 0 of the oF] on both sides. Otherwise one needs to pick another appropriate
solution of the hypergeometric differential equation.

The problem is in principle overconstrained and the existence of a solution is related
to the particular way in which the parameters in the oF} scale with A. Remarkably, for
the case at hand a map w(z) does exist and its form can be found in the following way.
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Isolating from (A.34) the term proportional to A gives the following first order differential
equation for w(z):

oy 2u(z) —w(z
w(z) = mw(z)(l (2)) (A.37)

We don’t solve this equation directly but rather use this relation in Hy to remove the w'(z)
term. Then the constraint (A.35) reduces to a simple second-degree polynomial equation in w

7 22(1—2)? 2 201 _ )2
WP —w() + LU wi<z>—;(1i\/1 15 7 (1 - 2)

64 AB  u(z)8 16 AB u(z)8
(A.38)
Plugging these solutions into the differential equation (A.37) and demanding that the con-
straint is solved for all z implies®”

w+ AB = %, C1 = :Fl. (A.39)

Finally, plugging the relations (A.37) and (A.38) in (A.34) results in a simple equation:
1 1
(A+B—1)w(z)+1—00+§(]120 = A+B=1, CO:1+§(11. (A.40)

We have therefore found two solutions to the constraints (A.34) and (A.35). Demanding

that w(z) ~ az + O(2?) for small z selects the solution!

1 (24+1)(22—1)(2—=2) 15 3

=w_(2)== AB)=|=,= =— =1. A4l

re)=u ()= g+ I (= (5.2). Q=5 O (A1)

We have thus established the identity
“AS(2) 153
oF1 (A 1+ A,242)) =e A(2)g(r(2)), g(r) =0 676’§+)\;T , 2€Dg.
(A.42)
Note that the saddle and the prefactor can be written more conveniently in terms of r(z) as
1 27 22 1-1(2) e~ 25()
S(z) = zlog| — Az) = . A.43
(2) 2 Og<16 (1-2)2 r(2) ) ’ (2) u(z) ( )

Comments on the analytic structure Let us discuss in more detail the analytic structure
stemming from (A.42), and specify in particular the domain Dy in which it is valid. We
restrict our analysis to the principal sheet in the z-plane. We have possible branching points
where u(z) vanishes, at z = z3 = exp(in/3), branching points of the logarithm in S, and
branching points of g(r) when r > 1. We report in figure 10 the branching points and branch
cuts which result in the complex z-plane. From z = 1, where r = 1, the two red branch cuts
represent the points where r is real and greater than one, reaching infinity at zo. The two

20Note that while the solutions w4 in (A.38) depend on CF, the constraint (A.37) depends on Cy. For this
reason, picking either w4 or w_ requires a different sign of C'y to solve the constraint.

21The other solution is given by w. (z) = 1 — r(z), with C1 = —1, Cp = 1/2, and the same values of A and
B. In both cases the solutions are symmetric under (A, B) exchange.
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0.5 4

—0.5

—1.5 A

Figure 10. Branch cuts of the hypergeometric function when written using the variable r(z). The
points z4+ turn out to be analytic points and we are only left with the discontinuity at z = 1 (orange
branch cut).

blue branch cuts are instead square root branch cuts of the function u(z), which induce a
transformation r — 1 —r. Despite the two branch cuts looking quite different, they act equally
on the whole function, implying that z4 are actually analytic regular points, as expected
from the left-hand side of (A.42). Finally, we have the orange branch cut from z =1 up to
infinity, which is invisible in the principal sheet of g(r), but is a branch cut of its continuation
to the nearby Riemann sheets. The z-plane is then split into three regions, denoted D), in the
figure, p = 0, +. One can verify that over the whole principal sheet in the z-plane, we have

o1 (=M 1+ M, 242)2) = e P A(2)gP(r(2), zeD,, (A.44)

where ¢(®)(r) = g(r) represents the oF} on the right-hand side of (A.42) on the principal
Riemann sheet in the r-plane, while

—1_y
. . . r 2
o)1) = g(r) % Disclg(r)], Discly(r)] =i( 75 ) a1, (Ad)
is the function g in the two Riemann sheets adjacent to the principal one. One can see
from (A.45) the appearance of the orange branch cut for ¢, which eventually maps
to the ordinary branch cut of the 2F) in z in the left-hand side of (A.44). Region Dy
and (A.45) reappear in the resurgence analysis of the asymptotic series, as seen in the main

text around (3.19).

A.6 Reduction of 2F; (2,1 4+ A, 2 + 2); 2)

The asymptotic expansion as A — +oo of 2F1(27,1 + A, 2 + 2); z), the oF) entering the
identity block in the 2H2L correlator (2.10), can also be reduced to the case discussed in
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section A.4 with a non-trivial change of variable. The procedure is identical to what we
described in section A.5 so we will be more brief.

The saddle and prefactor can be read from (A.21) with ap = 27y, by = 1 and ¢; = 2.
The functions Hy, H1 can be computed straightforwardly and will not be reported. Isolating
from the H; equation the term proportional to A gives the following first order differential
equation for w(z):

(2—2)

w'(z) = mw(z)(l —w(z)). (A.46)

Using this relation into the constraint (A.35), we reduce to an algebraic equation for w:

2,201 _ , P2-z
w(z)? —w(z)+27(2’y+1)§13(2(1_2)4) =0 = wx(?) :;(HE \/1 _SW(MH)E?(Z(I—Z)‘R
(A.47)

Plugging these solutions into the differential equation (A.46) and asking for the constraint
to be solved for all z and generic v implies (see footnote 20)
_ 1@y +1)

we : AB=-——, Gi=FL (A.48)

Finally, we can use the relation (A.46) and (A.47) in (A.34) to fix A, B, Cp and C;. Demanding
that w(z) ~ az 4+ O(z?) for small z selects the solution??

22

v(z) =w-(z) = ma

1 3
(AaB):<’Ya'Y+2)7 0025, Ci=1. (A.49)

We have thus established the identity

1 3
2F1(2”y,1+)\,2+2)\):A(Z>g(’l)(2’)), g(U>:2F1 (7724_7’2—’_)"@)7 z€D, (A50)

where

Alz) = (1 _ ;)27. (A.51)

In this case, the analytic structure is much simpler than the one discussed in section A.5.
The region where (A.50) holds is the entire cut complex plane D = C\ [1,4+00).

Note that the relation (A.50) can also be obtained using identities between hypergeometric
functions, see e.g. equation 15.8.13 of [77].

A.7 Expansion of 2Fj(a,bg + biA,c + A; 2)

In this section, we provide a formula for the coefficients f,, of the asymptotic expansion (A.3)
in the case where a; = 0 in (A.2) while by, c¢; # 0. Without loss of generality, we can set
c1 = 1. To lighten the notation we will drop the subscript “0” from the coefficients in ag
and ¢g. This generalization is not used in the main text.

In the case where a, by, b1, c are generic, the strategy devised in section A.5 does not
work, namely, the map w(z) does not exist unless the parameters satisfy particular relations.

22The other solution is given by w4 (z) = 1 —v(z), with C; = —1, Co = 27, and the same values of A and B.
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Nevertheless, it’s possible to plug the asymptotic ansatz (the saddle and prefactor are
given in (A.21))

f(z) = 2F1(a,bo + bid,c+ A z) ~ (1 —b12z)” <1+an ) (A.52)

into the differential equation (A.1) to obtain a differential recursion formula for the coefficients
fn- The recursion gives f,(z) in terms of f,—1(2), f,_;(2) and f_;(z). Starting from the
seed fo(z) =1 and imposing the boundary condition f,(0) = 0 it’s straightforward to obtain
the first few coefficients of the asymptotic series. It’s easy to realize (and prove inductively)
that the coefficient f, is always a polynomial of degree 2n in the variable

z

1—b12.

w(z) = (A.53)

Thus, using the ansatz f,(z) = 37" dnw(z)! into the recursion formula for f,, we can obtain
an algebraic recursion formula for the coefficients d,, 1.

The explicit form of the coefficients for all n, k is difficult to obtain from the recursion,
but we can leverage the knowledge we obtained so far to compute the coefficients d,, j, by
directly expanding Pochhammers in the Gauss series. Given the previous discussion, it’s

—a

clear that a better starting point is obtained after absorbing the prefactor (1 — b12z)~®* and

changing variable z — z(w) = w/(1 + bhw):

+oo I
g(w) = 1+ bw)~ “f(Hb w) ZZ( )W( bl)l—k(‘l‘!)lwl. (A.54)

1=0 k=0
The Pochhammer in the denominator can be expanded in terms of Stirling polynomials of

the second kind as in (A.24), while the one in the numerator in terms of Stirling polynomials
of the first kind

“ n n " An|(m
(bo + b1A)n = Z&( ;b0>(b1)‘)k, (n>0), 51( ;113) =) amh,
P k k m|\ k
=0 m=k

(A.55)
and 7] are unsigned Stirling numbers of the first kind. This produces an expression for g with
four nested summations. After performing several sum exchanges and index re-labeling, we
can collect the inverse powers of A and obtain the asymptotic expansion of g(w) as A — +o00:

+0o0
w) ~ 14+ gu(w)A™". (A.56)

The coefficients g, are then explicitly written as polynomials in w of degree 2n. We omit
the details of the computation. We find:

2n
9n (’U)) = Z dn,l(aa bOa bla C) wl ) (A57)

min{n,r}
_(a)l ! n4l+r—k l 7"—|-n—k‘—1 T . I—k
ni(a,bo,br, ) = <7 S (—1) ; 52< o ,c>sl(r_k,b0)b1 .

r=1 k=0
Combining (A.57) with (A.52), where f,(z) = gn(2/(1 — b12)), provides the full asymptotic
expansion of oF(a,by + biA,c + A;z) as A — +o0.
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Figure 11. Contours associated to lateral Borel resummations around the real positive axis. The red
dot indicates a branch cut singularity of the Borel function.

B Resurgence of o F}

In this section, we study the resurgence properties of the asymptotic series (A.29). Before
proceeding, we review the few basic facts needed to follow the analysis. The interested
reader can consult [87-90] for reviews on resurgence from different perspectives and [55]
for a quick overview.

Given an asymptotic series expansion f (¢), we can determine its Borel function f (t) in a
disc around the origin, which we assume can analytically be continued over the whole complex
plane. If f has no singularities over the real axis, and is bounded in such a way that its Laplace
transform (1.6) is finite, its Borel resummation s(f) defines a well-defined function f5.

Asymptotic expansions are not one-to-one with functions. Equivalence classes of functions
which differ by non-perturbative terms of the form exp(—1/¢) give rise to the same asymptotic
expansion. The Borel resummed function fZ picks up the unique representative in the
equivalence class which is analytic in an open disc D of radius R with centre at e = R [91, 92].
Therefore the function f? does not necessarily coincide with the original function f.

An asymptotic series f(e) is not Borel summable if singularities occur along the positive
real axis in f (t). We can deform the original contour into contours C+ which go in the upper
or lower plane, as in figure 11. The non-Borel summability is quantified by the difference
of Borel resummation along Ci:

(s04+ — s0-)(f) #0, (B.1)
which define so-called lateral Borel resummations. The ambiguity (B.1), also called Stokes
discontinuity, is quantified by the location S of the closest singularity to the origin and is
of order exp(—S/e). This is a useful way to discover non-perturbative effects.

Discontinuities of the Borel function away from the real axis are also useful because they
are associated with the large-order behaviour of the asymptotic series. In general, if the Borel
function has a singularity at the point S = pe'® in the Borel plane, the discontinuity of the
Borel sum at the same angle ¢ will contain terms of the form

~ B
(594 — 56)(f) ~ 2772'00(;) e Sle. e < 1. (B.2)

For each such term, the asymptotic behaviour of the coefficients f,, of fhas a term of the form

fam CoS™"I'(n — p). (B.3)
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The leading large order behaviour of f is then determined by the singularity closest to the
origin, wherever located in the complex plane.

The right-hand side of (B.1) can often be rewritten as s(g), the Borel resummation of
another asymptotic series g. In turn, g might in turn also suffers of ambiguities, and so
on. In the best case scenario, one hopes that by replacing the original asymptotic series f
with a trans-series, a collection of asymptotic series, weighted by non-perturbative factors,
]? +exp(—S/e€)g, . .., the whole result can be non-ambiguous and reconstructs the full function.
In a nutshell, resurgence is the theory explaining how to systematically implement this
procedure.

We can now discuss the case at hand. The asymptotic series (A.29) is the solution of a
second-order differential equation and it has simple resurgent properties involving just two
series, the original one and another obtained using (B.1). The presence of just two asymptotic
series is related to the second order of the hypergeometric differential equation (A.1) which
admits two independent solutions. The key point of the analysis that follows is to see how
the resurgence properties of

~ 1
Fl(e;w) N2F1 (a,b,;w), (B4)
€

vary as we vary w. We find it more convenient for the resurgence analysis to work in terms of

1
)\ )

€ =

(B.5)

so that the asymptotic limit is € — 0% instead of A — 4o00. We take € real and discuss
the cases ¢ > 0 and € < 0 separately.

B.1 Stokes jumps for large positive parameter

We determine the Borel function Fy associated to the F} series. Using (1.5) and (A.29) we have

R @B S @, X 1]~
@+ Db+ 1)y (w(l — etk
=abw ) ) K

=abwoFi(a+1,b+1,2;u),
k=0

where

u=w(l—e), (B.7)
and from the first to the second row of (B.6) we have used the relation
X (nltr (el —1)F
— = B.8
PR v

We can determine the singularities of F} in the Borel t-plane analytically as a function of
w € C. In a generic Riemann sheet oF} (A, B,C;u) is singular for u = 0,1,00. We get a
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rich spectrum of singularities:
u=20 = w=0,Vt, ort=2iwk, k € Zr, Vw,
u=1 = t:tk(w)zlog<w1ﬁ1) +2ink, ke, (B.9)
u=00 = w=o00,Vt ort=—o0, Vw.

The most interesting ones are those which depend on w, in the second-row of (B.9), because as
we vary w € C they can cross the positive real axis and lead to the Stokes discontinuity (B.1).
When w ¢ [1,+00), the positive real line in the Borel ¢-plane is free of singularities. In this

case Fy is Borel summable and F = so(F}) coincides with the original function:23
~ 400 +
so(F1)(w;e) = 1+abw/ dte < oFi(a+1,0+1,2;u) (B.10)
0
. 1
=l abw/ ds(1 — s)%_1 oF1(a+1,b+1,2;ws) (B.11)
0

1
= o[ (0% b, ;w) = [ (w;e) .
€

When w € (1,400), the singularity ¢o(w) in the second row of (B.9) lie on the positive real axis
of the Borel ¢-plane and gives rise to a Stokes discontinuity. This is easily computed. We have

(S04 — so—)[F1] = lim </ / )dte_iﬁl(w;t):/ dte_éﬁl(w;t)
=0+ H

= abw dte B DlSC[QFl( +1,b+1,2;u)],
to(w)

(B.12)

where H is a Hankel contour starting around ¢o(w) and extending over the positive real axis.
The contour integral picks up the discontinuity of the hypergeometric oF7 (A, B, C;u) across
the branch cut starting at u = 1. For reference the explicit formula is

I'(C)
T(AT(B)T(C—A—B+1)

X (u—1)"4 By (C—AC-B,C-—A-B+1;1-u), ue(l,400).
(B.13)

Disc[2F1 (A4, B, C;u)] = 2mi

Applying this formula to (B.12) and shifting ¢ — to(w) + t gives the integral

o=

~ 2me woo\~ 0
(30 = 50)(F) = Forrr =g (meg) =D

+0c0 ¢
X / dte c(1—e ) bym(1-a,1-b1l—a—b(1—-w)(l—-e?)),
0
(B.14)
leading to

. 2mr<%> i“<w—1>i”2F1( _
)

1
(01— s0_)(F1) = (e 1—b,1—a—b+6,1—w).

(B.15)

23This is expected, because Fy is analytic in the appropriate disc in the 1/¢ plane.
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Note that while (B.15) applies also when a + b = 1, its derivation needs to be adjusted. In
such cases, (B.13) has to be adapted for A+ B = C + 1 and the singularity of F; changes
nature from a rational branch cut to a pole and a logarithmic cut. We rewrite (B.15) as

(so4 — so—)(F1) = inFay(e;w), w e (1,+00), (B.16)
where
Fy(w;e) = ;e_ls(w)A(w)C(e) oFy (1 —a,l=bl—a—-b+ %, 1-— w) , (B.17)
B w B w B 27D (1)
Sw) = log(w - 1) AW =Ty €O = T(@I(BT(1—a—b+1)’
(B.18)

and we have multiplied and divided by the factor
1 = 24/sin(ma) sin(7b) , (B.19)

to simplify some of the formulas which will follow. Note that F5 in the right-hand side
of (B.16) is proportional to

1 1 1
(1—w)i“b2F1(—a,—b,—i—l—a—b,l—w), (B.20)
€ € €

which is one of the two independent solutions of (A.1) when expanded around w = 1. Using
Kummer’s connection formulas, see e.g. equation 15.10.21 of [77], the Stokes discontinu-
ity (B.16) can be rewritten as a linear combination of the two independent solutions around
w =0, 2F(a,b,1/e;w) and w'=Y,F (1 +a—1/e,14+b—1/e,2—1/e;w). From the Stokes
jump of the asymptotic series of one solution, we have then “discovered” the other one.
The formulation in terms of the hypergeometric (B.17) is useful, as we have a closed-form
expression for the asymptotic series of oF} when one parameter is large.

We now compute the Borel transform Fj(t), determine its Stokes discontinuities, and
show that they give back F}. The asymptotic series F, in € is the product of the ones coming
from C(e) and 9F7.%* Its explicit expression is not needed, because we can immediately deduce
F} from the integrand appearing in (B.14). We have

s A) (e
Fy(w;t) = e7 e n (@Il —a-0b)

2F1(1—a,l—b;l—a—b;(l—w)(l—e_t)).

(B.21)
The singularities of F, in the Borel t-plane are identical to the ones of Fi in (B.9),
provided w — 1 — w. As for ﬁl, the most interesting ones are those which depend on w.
When w € C\ (—o0,0], the positive real line in the Borel t-plane is free of singularities. In
this case, F} is Borel summable and we recover the original function F». When w € (—00,0),
instead, the singularities ¢o(1 — w) = log(wT_l) lie on the positive real axis of the Borel
t-plane. The computation of the Stokes discontinuity is very similar to the one in (B.14)
and will not be reported. We have

(so4 — s0_)(F) = inA(w)A'(w)F} w € (—00,0), (B.22)

248ee (A.28) for the asymptotic series of the oF} part, and equation 5.11.13 of [77] for C(¢).
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Figure 12. Stokes lines (blue) and anti-Stokes lines (dashed) in the w-plane for the (Fy, Fy) system.
w = 0, 1 are singular points. Outgoing arrows denote lines where F; has a Stokes jump, while ongoing
denote lines where F5 jumps.

where

Aw)=-—+—2 (B.23)

The factor of A in (B.18) has a branch cut on the line (—oo, 1) and thus the product AA’ is
ambiguous for w € (—o00,0). The ambiguity amounts to the choice of the Riemann sheet of
w € (—00,0). We take w — 1 = exp(im)(1 — w) in the principal sheet of A, so that

Aw) A (w) = —e~m(aF) (B.24)

Summarizing, we have the following relations:

So(ﬁl):Fl, wGC\[1,+oo),

80(132) =F, w e C\ (—o0,0], (B.25)
(s0+ — s0-)(F1) = inso(F2), w € (1,+00),
(s04 — s0-)(F2) = —ie™ Ty 50 (Fy) w € (—00,0).

The structure of Stokes lines in the w-plane is displayed in figure 12. The lines emanate
from the “singular” points w = 0,1 and go to infinity along the real axis. Out-going arrows
from the singular points denote where Fy jumps while in-going arrows denote where Fy jumps.
In the main text, these “fundamental” Stokes lines are mapped into the Stokes lines in the
z-plane of figures 3 and 6 through the maps w = r(z) and w = v(z), respectively.

B.2 Stokes jumps for large negative parameter

For € < 0 the relevant Stokes jumps for Fy or Fy happen when t;(w) or (1 — w) (defined
in (B.9)), respectively, cross the negative real axis. It is simple to see that this happens
precisely when one of the other is real and positive. Thus, the Stokes lines of FLQ swap, Fyis
not Borel summable for w € (—o0,0) and Fj is not Borel summable for w € (1, 00).

Since the asymptotic series associated with the singularity does not change with either the
sign of € or w, the Stokes jump itself is the same. However, due to the analytic continuation
in the branch cuts of the pre-factors, there is a small phase difference. Summarily, we can
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write the Stokes jumps for € < 0 as

(37r+ - Srrf)(Fl) = i62m(a+b)"75ﬂ‘(ﬁ‘2) ’ w e (—OO, O) ) (B 26)
(Srs — Sn_)(Fy) = —ie ™0y s (FY) w € (1,400). '

Note that the resummations of the asymptotic series differ substantially from the ¢ > 0 case.
This is to be expected since we cross multiple Stokes phenomena as we analytically continue
from the positive to the negative real axis. However, starting from the exact Borel transforms
we can calculate the resummation with a change of variables analogous to (B.10), with the
ray along the negative real axis instead. We find

~ 1 1 1 1
sz(F1)=2F1 (a,b; ;w) +D(6)w1*% o <1+a—,1+b—;2—;w), w € C\ (—o00,0]
€ € € €

- w O\ "t we—tm(+atb)
sﬂ(Fg):_D’(g)(w_l) (w—1) 2F1<1—a,1—b;2—i;w), w e C\[1,+00)
(B.27)
where

A -1la—1+1)r(b-1+1)

PO rarera-n
T(a—L+1)0b-1+1) (529

D'(e) il © e G

- sin(ma) sin(mb) I'(a)T'(b)['(2 — %)F(l _ %) )

For ¢ < 0 we see that sﬂ(f’l) # F1, but rather it equals a specific linear combination of the
two independent solutions of the hypergeometric equation (A.1). This combination is the only
representative in the class of functions with asymptotic series Fy which has the correct analytic
behaviour in 1/€ in an open disc Dp of radius R with centre at —e = R. Up to a numerical
factor, the resummation of Fy in (B.27) equals w! V¢ oF (1+a—1/e,14+b—1/¢,2—1/e;w),
the “other” solution around w = 0.

B.3 Large-order behaviour

The large order behaviour of the coefficients f, in (A.29) can be extracted from the Borel
plane analysis, as pointed out in (B.2) and (B.3). Since we have access to the exact Borel

transform in (B.6), we can in principle extract the full large order behaviour. To do so, we

inspect the rational branch cuts, which are of the form?®

(5)
T BN % Yk

F(t) = holomorphic part +

These singularities then show up in the coefficients f, of ]? as

fu~ ST ((n - k) — B~ (B.30)
k>0

25The relation (B.29) is easy to generalize for integer 3 for which it corresponds to pole singularities (if
B = 0) and logarithmic branch cuts (8 > 0).
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For real power series f, the leading contribution is given by either a single real singularity or
a pair of complex conjugate singularities. The latter case can be simplified to

fn ~ Z 2cos((n—k—B)p —ap)L'((n—k) — ﬁ)p_("_k)"’ﬁ‘cés)‘ , (B.31)
k>0

where S = pei?, Cés) - |C§€S)’€7Lak‘

The leading large-order behaviour is then determined by the largest term in the sum
appearing in (B.31), generally given by the k = 0 term of the singularity with the smallest p
(closest to the origin). Due to the many, w-dependent, singularities this leading behaviour
depends on w. For simplicity, we focus on w real. We have three regimes for w real:

—a—b
w((w —1)log %) w \1"
w B 1
(@) I'(n+a+b 1)<logw_1> , w<OVw> ===,
w(l _ w)fafb 1-n—a—b
— 7T b— 1)l
f(abw)~ 4 Tare) Letaetb-Djlos =

1
0<w<m,

X 2cos((n+a+b71)arg(log v 1) *7T(CL+b)),
w—

+7m
2

22 ="~ Lgin(ra) sin(7b)'(n) sin (w(a +0b) ), 1+€}\/§W <w < 175%2”
(B.32)
In the first and last cases, there is a single closest singularity at tp. In the middle case,

there are two complex singularities which dominate, corresponding to g1 = log(%) =+ 1.

_w

w_1] becomes large and the closest singularities are

Lastly, when w is very close to 1, ]10g
those at ¢t = £2mi.

One could be surprised that the singularities at ¢ = +27¢ do not also dominate the
large order behaviour for w close to 0 as |tp| > 1. In fact, they do not contribute at all
due to a so-called higher-order Stokes phenomenon [93]. Higher-order Stokes phenomena
happen when two singularities in the Borel plane become collinear with the origin. Then
the branch cut emanating from the closer singularity affects whether rays emanating at the
origin reach the further singularity. The large-order behaviour is sensible to singularities
which intersect the rays on which the Borel summation is performed for any angle, see (B.2).
In the case of aligned singularities, the closest one can eclipse all others, preventing them
from showing up in the large-order behaviour.

In this case, the points 27wik are not singularities of the hypergeometric function in (B.6)
in the principal sheet, but they are on other ones. When Re(w) < 1/2, the branch cuts
starting at ¢, are such that the rays emanating from the origin remain in the principal sheet
of the hypergeometric function along the imaginary axis. At Re(w) = 1/2 the singularities at
tr align with those 27mik, leading to a higher order Stokes phenomenon. Thus, if Re(w) > 1/2,
a ray emanating from the origin crosses the branch cut and reaches t = +2mi in the other
sheet, where the hypergeometric function is singular. This is illustrated in figure 13. Thus,
the imaginary singularities only contribute to the large order behaviour when Re(w) > 1/2.
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Figure 13. Higher order stokes phenomenon in the Borel transform (B.6). The red dots are the
singularities ¢y defined in (B.9), with their respective branch cuts drawn as wavy lines. The branch
cuts are placed along the natural choice for oF; after the exponential map u. The singularities at

non-zero multiples of 27i are in the non-principal sheet of the hypergeometric function and are only
reached by the ray of Borel summation if the ray crosses a branch. This happens for w >

1
2

but not for w < %

1 .
5 (right)
(left). We colour these singularities as grey when they are invisible and as blue
otherwise. The dashed line represents the ray of (1.6) for an angle close to 8 = 7/2

C Summary of asymptotic expansions

We define Stirling polynomials of the first and second kind, respectively, as

n “nl(m\ .k
. = > <k< Nl
Sl(k,x) E_kl ]<k>x , n>0 0<k<n, (C.1)
n " (m] [ n
. _ n—m > <k<
Sg(k,x)— E:k{k}<m>x , n>0 0<k<n,

where ["] are unsigned Stirling numbers of the first kind and {7’} are Stirling numbers

of the second kind. When =z = 0, the Stirling polynomials reduce to the corresponding
Stirling numbers.

Large b and ¢ As A — +oo, we have

+oo
oFy (a,bo—i—bl)\,C-i-)\;Z) ~ (l—blz)a<

4 —n
1"‘2::971(@7507517071_[)12:))\ ) ; (C.3)

n=1
2n

=1

min

n{n,
( L an k l T‘—G—n—k‘—l T . -k
e, = Y §_) A U Y At Y (R L

We have not investigated in detail the domain z € D C C and parameters a, by, b1,c € C

where this asymptotic approximation is valid. This domain could be deduced by studying
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the web of Stokes and anti-Stokes lines associated with the differential equation. It would
be interesting to fill this gap.

Large ¢ As A\ — 400, we have

+o0
oF1(a,byc+ A z) ~ 14 Z fula,byc; )7, z€C\[1,+0),
" (C.4)
C) - _1\ntk n—1_ \(a)®)k
fn(a,b,qz)—kgl( 1) Sg(k_l,c) TR

This can also be obtained as a special case of (C.3) with by = 0. As A\ - —o0, the asymptotic
form is the same but the domain is restricted to {z € C\ (—00,0] : Re(z) < 1/2}.

Special cases Large parameter asymptotic expansion of oF;(—\, 14+ A, 2 + 2A; z) can be
reduced to special cases of the asymptotic expansion (C.4) after a change of variable. As
A — 400, we have

+oo
2FL(=X\ 14X, 242X 2) ~ e ME A(2) (1 + Z fn(r(z)))\_”> ,
n=1

: D0,
£.(r) = S (1) s ”—1;§ 6)k\6/k
"= (5 1i5)
where
S(2) — 1 1 27 22 1—1(2) Al — e~25() C6
(Z) 5 0g T6(1 _ Z)Q T‘(Z) ’ (Z) - (1 _ Z—|—Z2)% ) ( )
and
1 D2 -1)(2-2)
r(z) = 5t R 22)% : (C.7)

Similarly, large parameter asymptotic expansion of oF; (27,1 + \,2 + 2)) can be reduced
to the asymptotic expansion (C.4). As A — 400, we have

P —2y +oo 22
Fi(2v,14+X0242\2)~ (1-2 1 ol =—— | A,
2F1(27,1+ X\, 24 2);2) < 2> < +nz::1f (7 (2_2)2>/\ )

fa(viw) = Xn:(—l)””“Sz(n - 3) O+ 12k i
k=1

(C.8)
E—1'2 k!

See the discussion at the end of section 3.4 and 4.4 and the related figure 5 and 7, respectively,
for a discussion on the domain in z of validity of (C.8), also in the case A = —o0.
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