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Abstract. In [18], the authors introduced the space of scalar-valued func-
tions GBV,(A) to minimise a class of functionals whose study is moti-
vated by fracture mechanics. In this paper, we extend the definition of
GBV,(A) to the vectorial case, introducing the space GBV,(A;R*). We
study the main properties of GBV, (A;R*) and prove a lower semiconti-
nuity result useful for minimisation purposes. With the Direct Method in
mind, we adapt the arguments of [18] to show that minimising sequences
in GBV,(A;R*) can be modified to obtain a minimising sequence con-
verging £%-a.e in A.
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1. Introduction

In his seminal paper [24], Griffith introduced the idea that the stability or
growth of the crack path in a material is determined by the competition of
two energies acting at two different scales: the bulk energy spent to elastically
deform the material and the surface energy spent to widen the pre-existing
crack. In [26], Francfort and Marigo revisited Griffith’s theory and proposed
a model of crack growth based on an energy minimisation principle, renewing
the interest in the study of energy functionals of the type

/Af(sc,Vu)da:—&—/J’ g(m,[u],uu)de_l, (1.1)

where A C R? is an open bounded set, the displacement u: A — R* can vary
among different spaces of functions with bounded variation, [u] = u™ — u™
represents the crack opening along the crack surface J,,, v, is the unit normal
at J,, and Vu is the approximate gradient of u.
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The most common examples of such functionals satisfy g = constant (see
for instance [11]), a choice which for lower semicontinuity reasons (see [3])
forces f to be superlinear and requires to consider SBV (A4;R*) as underly-
ing space. Many relevant functionals fall in this class. For instance, setting
f(x, &) = f(&) = [¢|P, for p > 1 one obtains the widely studied Mumford-Shah
functional.

However, the hypothesis that g is independent of the crack opening [u]
is in general not fully satisfactory in describing the fracture of materials, as
cohesive forces are observed to be in action along the crack surface (see [6,21]).
This last observation suggests the introduction of cohesive models, in which
integrands g that are linear around the origin are considered, the most simple
of this kind of integrands being g(x,(,v) = || A 1, where for a,b € R, a A b is
the minimum between a and b. If one considers functions g satisfying growth
conditions of type

c(IKf A1) < glz, ¢,v) < C(CIAT), (1.2)

for suitable constants 0 < ¢ < C, lower semicontinuity reasons (see [9, Theorem
3.1]) force f to have linear growth and to consider an additional term in

functlonals 1.1). The object of study then becomes
dD¢u ,
W= [ f@vwde+ [ (o gr ) dpal+ [ gt drt,
" d| Deul T

(1.3)
where f°° is the recession function of f, D is the Cantor part of the dis-
placement u, which one may interpret as a term carrying information about
the formation of microfractures at a diffuse scale, and dDu/d|D u| is the
Radon-Nikodym derivative of D°u with respect to |Dul.

Functionals of type (1.3) with g satisfying (1.2) and approximations of
such functionals have been extensively studied in recent years (see, for instance,
[2,7,8,13,14,16-19]).

The choice of the function space where to study the functional F is a
delicate matter. Since by (1.2) g does not control the full amplitude of the
crack openings |[u]], one is tempted to consider as ambient space Ambrosio’s
GBV(A)k (see [4, Section 1] and [5, Chapter 4]), where all the quantities
appearing in (1.3) are well-defined, including Du (see for instance [2, Lemma
2.10]). However, under the growth conditions (1.2), the sublevels of F are not
precompact in GBV (A)¥, and compactness is satisfied only by adding to F
lower order terms.

In the scalar case, a possible choice is the space GBV,(A), introduced
by Dal Maso and Toader in [18]. In [17,18] the authors are able to adapt the
arguments of [23] to prove that for certain minimum problems with Dirich-
let boundary conditions, minimising sequences (u,), C GBV,(A) admit a
modification (y,), C GBV,(A) which is still minimising and which converges
L%a.e. to y € GBV,(A). This compactness property is achieved without any
additional control on lower order terms.

Adopting this last point of view, the aim of the present work is twofold.
First, we address the problem of extending the definition of GBV,(A) to the
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vectorial case and describing the main features of G BV, (A4; R¥). Then, we show
that the compactness results of [17,18] can be extended to GBV,(4;R¥) and
give some sufficient condition for lower semicontinuity of integral functionals
whose domain is GBV,(A;R¥). These results will be used in [15] to deal with
the homogenisation of functionals of cohesive type in the vectorial setting .

The structure of the paper is as follows. In Section 3 we introduce the
space GBV,(A;RF) and we present some of its main properties. We later
study the relation between a function v € GBV,(A;R*) and ¢ o u, for ¢ a
Lipschitz function with compact support. We show in Proposition 3.9 that
u € GBV,(A;RF) if and only if for every ¢ as above, the function ¢ou belongs
to BV (A;R*) and some relevant quantities associated with the derivatives of
¢owu are controlled from above by a constant M, independent of ¢, and Lip(¢),
the Lipschitz constant of ¢. We then analyse in Proposition 3.13 the relation
between D¢(¢ o u) and D% and use this result in Corollary 3.14 to show that
D¢y satisfies the Rank-One property.

In Section 4 we investigate the lower semicontinuity of a class of func-
tionals with respect to the convergence in measure. In Theorem 4.5, we prove
the lower semicontinuity of certain functionals depending on Vu and whose
domain is the space GBV,(A;RF).

In the rest of the section we study the compactness properties of the space
GBV,(A;RF). We first show that the following compactness result (Theorem
4.7) holds: if (uy), C GBV,(A;RF) is a minimising sequence for F given by
(1.3) with g satisfying (1.2) and f with linear growth, and if

sup/ h(|un]) dx < o0, (1.4)
neNJ A

for some continuous increasing function h with h(t) — 4oo for t — 400,
then there exists a subsequence of (u,), converging L%a.e. to some function
u € GBV,(A;RF).

We conclude by showing (Theorem 4.8) that using the arguments of [18,
Theorem 5.5] and of [17, Theorem 7.13], for every &, — 0 every sequence
of functions (u,), C GBV,(A;RF) satisfying some fixed common Dirichlet
boundary conditions and such that sup,, ¢y F'(uy,) < 400 admits a modification
(Yn)n C GBV,(A;RF), with y, = u, on 0A, such that F(y,) < F(uy,) + &,
and satisfying (1.4) with u,, replaced by y,.

2. Notation and preliminaries

We fix some notation that will be used throughout the paper.

(a) Given n € N, the symbol - denotes the scalar product of R™ and | | the
Euclidean norm of R™. If a € R™, a; is the i-th component of a. The unit
sphere of R" is denoted by S"~! := {z € R": |z| = 1}. Given z € R"
and p > 0, the open ball of center = and radius p is denoted by B,(z).

(b) Given k,d € N, we identify vectors in R*¥*? with k x d matrices. Given
a matrix & € RF*? and a vector z € RY, the vector &z is defined via the
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()

(d)

usual matrix by vector product. Given ¢ = (&;;) € R**? the Frobenius
norm of £ is defined by

€ = (ii&%)%

i=1 j=1
while the operatorial norm of ¢ is defined by

|€lop := sup [€v].

rvesd—1

If A C R?is an open set, A(A) is the collection of all open subsets of A.
If A, A” € A(A), A’ cC A” means that A’ is relatively compact in A”.
The symbol B(A) denotes the og-algebra of all Borel subsets of A.

If A € A(R?), the space of all R™-valued bounded Radon measures
on A is denoted by My(A;R™), the indication of R™ being omitted if
m = 1. Given a positive A € My(A) and p € Mp(A;R™), the Radon-
Nikodym derivative of p with respect to A is denoted by du/d\. Given
p € M(A; RF*4) we denote by || the total variation computed with re-
spect to the Frobenius norm, while |xop is the total variation computed

with respect to the operatorial norm, i.e., the measure defined for every
BeB(A)b

[Hlop(B) == Supz |1(Bi)op:

where the supremum is taken all over n € N and finite collections (B;)?
of pairwise disjoint relatively compact subsets of B. The d-dimensional
Lebesgue measure is denoted by £¢, while the (d — 1)-dimensional Haus-
dorff measure is denoted by H?~ .

Given A € A(R?), the space of all L%measurable functions u: A — R¥
is denoted by L°(A;R*), the indication of R¥ being omitted when k = 1.
We endow this space with the topology induced by the convergence in
measure. With this choice of topology, the space LY(A;RF) is metrisable
and separable.

For every L£%-measurable set £ C R?, yp: R? — R is the characteristic
function of the set E, i.e., xg(x) =1 if x € E, xg(x) = 0 otherwise. If
E c R4 is an L%measurable set with locally finite perimeter (see [25]
for the general properties of such sets), we denote by 0*FE its reduced
boundary. We recall that the perimeter of a set relative to A € A(R?) is
defined by

Per(u, A) := HH(0*E N A).

If E Cc R?is an £%measurable set a point 2 € R? is a point with positive
density, i.e.,

LU(E N B,(x))

- >0,

lim sup
p—0+ P
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and if u: £ — R? is an an £%measurable function, we say that a € R*
is the approximate limit of u at the point z, in symbols
aplimu(y) = a,

y—z
yeE

if for every € > 0 we have

d _
g £u—al > 01 By(a)
p—0%F p

=0,

where {|u —a| > ¢} :={y € E: |u(y) — a| > €}. Given A C R? open and
u € LY(A;RY), we denote by S, C A the complement in A of the set of
points x € A such that there exists

u(x) := aplimu(y).

y—x
yeEA

If x ¢ S(u), we say that x is a point of approximate continuity for u and
that u is approximately continuous at x.
Given A € A(R?) and u € L°(A; R¥) the symbol J,, denotes the jump set
of u, that is, the set of x € A such that there exists a triple
(ut(z),u™ (z),v,(7)) € RF x RF x S~ with u*(x) # u~(z), for which,
setting
HEf :={ycA: +(y—2z) v, (x) >0},
we have
aplimu(y) = v (x) and aplimu(y) = u™ (z).
Yy—x y—x
yeEHT yeEH,
The triple (ut(z),u™ (z),vy(x)) is unique up to interchanging the roles
of u™(x) and v~ (z) and changing the sign of v, (). It holds the inclusion
Ju C S,. Moreover, it was proved in [20] that if u € L _ then J, is a
(d — 1)-countably rectifiable set (see [5, Definition 2.57]).
Given A € A(R?), the space of RF-valued functions with bounded vari-
ation on A is denoted by BV (A;RF). If k = 1, we simply write BV (A).
We refer the reader to [5,22] for a complete introduction to such spaces.
If u € BV(A;RF) then H4"Y(S, \ J.) = 0, J, is a (d — 1)-countably
rectifiable set, and for H% !-a.e. € J, the vector v, () is a measure
theoretical unit normal to J,. For every x € J,, we set

[u](2) = u™ () —u” (2).
Note that a change in the sign v, (z) naturally implies a change of sign
in [u](x).
If u € BV(A;R¥), Du denotes its distributional derivative, which is by

definition an RF*?-valued Radon measure. The measure Du can be de-
composed as

Du = Vul? + D + [u] @ v, H 1L,

where
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e Vu € L'(A;RF*4) is the approximate gradient of u, i.e., the unique
RE*d_valued function such that for £%-a.e z € A we have

ap lim u(y) — a(mﬁy_v‘;r(x)(y - .Z') =0, (21)

e D¢y, the Cantor part of Du, is a measure vanishing on all B € B(A)
such that H?~!(B) < +oco and which is singular with respect to £,

e ® is the tensor product defined by (a®b);; = a;b; for a € R* b € RY,
HA=1 L J, is the restriction of H%! to J,, i.e., the measure on A
defined by (H?'L J,)(B) := HY(B N J,) for every B € B(A);
finally, [u] ® v, H4~ 1L J, is the measure whose density with respect
to HI"LL J, is given by [u] ® v, .

We briefly recall the properties of slicing of functions in BV (A; R¥) (see
[5, Section 3.12]). Given v € S?~1, the hyperplane through the origin orthogo-
nal to v is denoted by II,, := {y € R% : yy-v = 0}. For every y € Il,,, B € B(A),
we set By :={t € R: y+tv € B}. For every u € BV (A;R*), v € S9!, and
yell,, uy: Ay — R is the function defined by

uy (t) == u(y +tv) for every t € Ay. (2.2)

The following proposition describes some of the well known connections
between BV functions and their one-dimensional slices (see [5, Theorem 3.108]).

Proposition 2.1. Let u € BV (A;RF) and let v € S¥=1. Then
(a) for H*'-a.e y € I, we have ul, € BV (AY;RF);
(b) we have

V(uy) = (Vu), forH¥ taey €11,

Y

(D7 / Diu(BY) dHI 1 (y),
(D°ww)(B) = /H Deut (BY) dH (y),

for every B € B(A);
(c) if u, — u weakly* in BV (A;R¥), then for H '-a.e. y € II, we have

(un)y — uy weakly” in BV (Ay; R¥).

We recall the chain rule in BV (A;R¥) for compositions with smooth
functions (see [5, Theorem 3.99]). For the rest of the section A C R? will
always be a bounded open set.

Theorem 2.2. (Chain Rule in BV(A;R¥)) Let ¢ € CYR¥R") and
u € BV (A;R¥). Then, setting v := ¢ ou, we have v € BV(A;R"™) and

Dv = V(u)Vul? + V(i) Du + [p(u)] @ vy H L Jgou (2.3)

as Radon measures.



NoDEA A new space of generalised vector-valued functions. . . Page 7 of 26 59

Dal Maso and Toader introduced in [18] the space GBV,(A), a subspace
of Ambrosio’s GBV (A) (see [5, Section 4.5]). For the reader’s convenience we
briefly recall the definition of the spaces GBV(A) and GBV,(A) and some
relevant properties of such spaces. For every t € R and m > 0, we denote by
t(™) .= (tAm)V (—m), where for a,b € R, the symbols aAb and a\Vb denote the
minimum between a and b and the maximum between a and b, respectively.

Definition 2.3. Let u € L°(A). Then

(a) uw € GBV(A) if and only if u(™ € BVj,.(A) for every m > 0;
(b) u € GBV,(A) if and only if u™ € BV(A) for every m > 0 and there
exists M > 0 such that

sup / [Vu'™ | da + |Du™|(A) + / ™) ATdHITY < M. (2.4)
A J

m>0

wlm)

The following proposition collects the main properties of the spaces
GBV(A) and GBV,(A).

Proposition 2.4. Let w € GBV(A). Then
(a) for HY  -a.e x € A\ J, there erists finite

u(zx) := aplimu(y);
Yy—x
moreover ut and u~ are finite for H* '-a.e. x € Jy;
(b) u is approximately differentiable, i.e., there exists a Borel function Vu :
A — RY such that formula (2.1) holds for L%-a.e. x € A; moreover, for
every m > 0 we have

Vu(z) = Vul™ (z) for Li%ae z e {z e A:|u(z)] <m);
(c) there exists a unique positive measure |Du| € My(A) such that

|D¢u|(B) = sup |Du™)|(B) for every B € B(A);
m>0

(d) for every m > 0 we have Jywm) C J, up to an He '-negligible set and
(™| < |[u]] H¥ 1 -a.e. in J,om N Jy. Moreover, for H *-a.e. x in J,
there exists my, € N such that x € J wm) for every m € N with m > m,,
and [u™)(x) — [u](z) as m — +oo.

If, in addition, u € GBV,(A), then

(e) there exists a unique Radon measure D°u € My(A;RY) such that for
every m > 0 we have D°u(B) = Du™)(B) for every B C {x €
A: u(x) exists and |u(x)] < m} and D°u(B) = 0 for every B € B(A)
with H¥~Y(B\J,) = 0; moreover, for every B € B(A) we have

D°(B) = lim D™ (B),

|Du|(B) = sup |Dcu(m)\(B).
m>0
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For the proofs of (a)-(d) we refer the reader to [5, Theorem 4.34], while
for the proof of (e) we refer to [18, Theorem 2.7, Propositions 2.9, 3.3].

We conclude the current section recalling the vector space properties of
GBV,(A).

Proposition 2.5. ([18, Theorem 3.9]) GBV,(A) is a vector space. Moreover,
for every u,v € GBV,(A) and A € R we have

V(u+v) =Vu+ Vv, V(hu) = A\Vu L%-a.c.in A, (2.5)
D(u+v) = D°u+ D%, D¢(Au) = AD on A, (2.6)
[u+4v] = [u] + [v] and [Mu] = A[u] HY  -a.e.in A. (2.7)

3. The space GBV, (A;R¥)

In this section we give the Definition of the space G BV, (4;R¥), and discuss
some of its properties.
Throughout the rest of the paper A C R? will be a bounded open set.

Definition 3.1. Let u € LO(A4;RF). We say u € GBV,(A;R¥) if u; € GBV,(A)
for every i =1, ..., k.

Remark 3.2. The space GBV (A;R¥) of generalised functions of bounded vari-
ation contains the space GBV (A)* (strictly if k > 1, see [5, Remark 4.27]) of
R*-valued functions whose components are in GBV (A). It is easy to see that
GBV,(A;R*) ¢ GBV(A)k ¢ GBV(A;RF), the inclusions being in general
strict.

It follows immediately from Proposition 3.11a that GBV,(A;RF) is a
vector space.

Proposition 3.3. GBV,(A4;R¥) is a vector space.

If m > 0and u € L°(A;R¥), we set u(™ := ((ug Am)V (—m), ..., (ug A
m)V (=m)).

Definition 3.4. Let u € GBV,(A4;R¥). The measure D°u € M,(A,RF*4) is
the matrix-valued measure whose i-th row is defined for every B € B(A) by

(Du(B)); := Du;(B).

The measure D°u enjoys the same properties of its scalar counterpart
(see Proposition 2.4(e)).

Lemma 3.5. Let u € GBV,(A;R¥). Then
(a) for every m > 0 we have D°u(B) = D°u™)(B) for every B C {z €
A: u(x) exists and |u(x)| < m};
(b) Du(B) =0 for every B € B(A) with H*~Y(B\J,) = 0;
(c) setting A :={x € A:u(x) exists}, we have HI"1(A\ J,) = 0.
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Moreover,
Du(B) = lim D™ (B), (3.1)
m——+o0o
|D¢u|(B) = sup |Du'™|(B), (3.2)
m>0

for every B € B(A).

Proof. The proof of (a) and (b) is a simple consequence of Proposition 2.4
and of the definition of D“u. To prove (c), it is enough to note that for every
i€ {l,..,k} we have A = nk_ A, where A; := {z € A : U;(x) exists}, and
use (a) of Proposition 2.4.

We are left with proving that for any B € B(A) equalities (3.1) and (3.2)
hold. To this aim, let us fix B € B(A). For every m € N we set

k
By, = ﬂ{w € B: u;(x) exists and |u;(z)| < m}.
i=1

By Proposition 2.4 we see that |Du|(B \ U,,cy Bm) < Zle |Du;|(B \
Umen Bm) = 0. Hence, for every ¢ > 0 there exists m’ € N such that
|Du|(B \ By,) < e for every m > m/. Using again Proposition 2.4, by defi-
nition of B,, we have Du;(B,,) = Dcul(.m) (B,) for every i € {1,...,k}. Thus
for every m > m’ we have

|D°u(B) — D°u™(B)| < |D°u|(B\ Bp,) < ¢.

Letting e — 07, we obtain (3.1).
The proof of equality (3.2) follows by similar arguments. This concludes
the proof. O

We now show that GBV, (A4;R¥) is well-behaved under linear changes of
coordinates.

Proposition 3.6. Let u € GBV,(A;R*) and let C € R¥** be an invertible
matriz. Then v := Cu € GBV,(A;RF) and

Vv =CVu L%a.e. in A, (3.3)
Dv(B) = CD v(B) for every B € B(A), (3.4)
[v] = Clu] HY'-a.e. in A. (3.5)

Proof. The fact that v € GBV(A;RF) is a consequence of Proposition 3.3,
while (3.3), (3.4), and (3.5) are a consequence of (2.5), (2.6), and (2.7). O

The following result, which generalises [18, Proposition 3.4], characterises
GBV,(A;RF) as a subspace of GBV (A)*.
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Proposition 3.7. Let u € GBV (A)*. Then u belongs to GBV,(A;R*) if and
only if u satisfies

Vu € L' (A;RF*?), (3.6)
k
Y IDus| € My(A), (3.7)
=1
/ ]| dHA" < 400 and HE () < 400, (3.9)
J“\J111

where J! = {x € J, : |[u](z)| > 1}.

Proof. The only if part is a consequence of Proposition 2.4 and of the equality
/ ]| A 1M :/ | Rt 4 1A (1, (3.9)
Ju Ju\JL

To prove the if part, let u € GBV(A)* be a function satisfying (3.6),
(3.7), and (3.8). Let us fix i € {1,..., k}. First, we show that for every m > 0

we have uz(-m) € BV(A). Since H’U/gm)HLoc(A) < m and u satisfies (3.6) and (3.7),
we only have to show that

/ |[w;]] dHY < 4o0.
J (m)

u
i

Taking advantage of (3.8), we see that

[t = [ et [ e
Jugrn) uim) “-,(-Wl) l(m)

i i

< / ]| dHE + (2m + 1)HEH (D) < +oo.
Ju\JL
Hence, u € BV (A). Finally, by (3.9) we see that for every m >0

[ ALdrt < [l ),
Ju(_m) JU\J}L

Combining this last inequality with (3.6), (3.7) and (3.8), we deduce that u; €
GBV,(A), so that from the arbitrariness of i, we deduce u € GBV,(A;RF),
concluding the proof. 0

Remark 3.8. It follows immediately from Definition 3.1, Lemma 3.5, and
Proposition 3.7 that u € GBV,(A;RF) if and only if there exists a constant
M > 0 such that for every m > 0 the function u(™ belongs to BV (A;R¥) and

Sup/ [Vul™dz + | D*ul™|(4) +/ [u™)| A 1dHIL < M.
A J

m>0

u(m)

In [2, Lemma 2.10], Alicandro and Focardi are able to define a measure
which they call Du for every u € GBV (A)* such that |Du|(A) < +oco. To
define such a measure, they deal with smooth truncations. In analogy with
their approach, we characterise GBV,(A;R¥) by means of composition with
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smooth functions. To this aim, we introduce the following functions. Given
a positive constant ¢ > 2, we fix a smooth radial function ¢ € C°(R*;R¥)
satisfying
vy)=y iyl <1,
0

P(y) = if |y = o,
[Y(y)| <o,
Lip(y) =1
Given R > 0, we set
Yr(y) = R¢(Jy%> for every y € RF. (3.10)
Observe that the function g satisfies
Yr(y) = y for y € {|y| < R}, (3.11a)
Yr(y) = for y € {|y| > oR}, (3.11b)
[Yr(y)| < oR (3.11c¢)
Lip(yr) <1 (3.11d)

The following proposition characterises GBV, (A4;R*) in terms of compo-
sition with smooth functions.

Proposition 3.9. For every u € GBV,(A;RF) there is a constant C,, > 0 such
that for every Lipschitz function ¢: RF — R* with compact support the func-
tion v := ¢ ou is in BV (A;R*) and satisfies the following inequality

/|Vv|da:+|Dcv| / I[w]] A 1dHI < Oy (Lip(¢) V 1). (3.12)

Conversely, if u € L°(A;R*) and there is a constant C, > 0 such that for
every integer R > 0 the function g o u belongs to BV (A;R¥) and inequality
(3.12) holds with v = g ou and ¢ = Yg, then u € GBV,(A;RF).

Proof. We begin by proving that if v € GBV,(A;RF) there is a constant
Cy > 0 such that (3.12) is satisfied. Thanks to the elementary inequalities

k
€] < Z |&;|  for every i € {1,...,k} and & € R**?

k
Z (I[¢]IAL)  for every i € {1,...,k} and ¢ € RF,

proving (3.12) is equlvalent to proving that (3.12) holds with v replaced by v;.

We prove first the result for ¢ € CH(RF;R¥). We set v = ¢ o u and
K := supp(¢). Note that if m > max,ecrl|y|, then v = ¢(ul™) L%a.e. in A.
Since u € GBV,(A;RF), then u(™) € BV (A;R¥). By the chain rule (2.3) we
then infer that v; € BV (A) for every i € {1, ..., k}.

We claim that up to an H? !-negligible set .J,, C J, om). Indeed, by [4,
Proposition 1.1 (iii)] every point € A of approximate cz)ntinuity for wu; is
also a point of approximate continuity for v;, so that we have the inclusion
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Sy, C Sugm) and by (m) of Section 2 we have ’del(SuEM \Jugm)) = HI47(S,, \
Jy;) = 0, whence the claim.
Using the Chain Rule (2.3), together with Proposition 2.4 and inequality

k
9 (O] AL < (Lip(¢ Z (1G] A1),

we see that

/|Vvi|dx+ |D“vi|(A)+/ [vi]] A 1dHE?

v

/ Vi (u™) V™| dar + / Vi (utm)] d|Deut™| + / [65(ut™)]| dra—

To; <u(m>>

k
< Lip@) v ( /A IVal™ | da + | Dul™ |(A) + /J ™)l A 1aH ).
i=1 W(m)

Since u € GBV,(A;R¥) there exists a constant M > 0 such that (2.4) holds
for every i € {1,...,k} and from the previous inequality it follows that

/ |V | dz + | D;|(A) + / [vi]| A 1dHA™Y < kM (Lip(¢) V 1),
A v
so that (3.12) is proved for ¢ € C}(R*;R¥), with C,, = k> M

If ¢ is Lipschitz with compact support, then there exists a sequence
(¢n)n C CHRF;R¥) such that ¢, — ¢ uniformly on R* and such that
Lip(¢,) < Lip(¢). In particular, ¢, ou — ¢ ou in L'(A;R*). We claim that

sugI | D (¢, 0 u)|(A) < +o0. (3.13)
ne

Indeed, from (3.12) applied to v = ¢, o u, we deduce that to prove the claim
it is enough to check that

sup/ |[én 0 u]| dH! < +oo.
J

neENJ Jy ou

Using again (3.12) with v replaced by ¢, o u, and recalling that Lip(¢,) <
Lip(¢) and ¢,, — ¢ uniformly, for n large enough we obtain that

/ |[¢n 0 ul| dH* S/ |[¢n 0 ]| dH*™ 1+2maX|¢n( HN (T 0u)
Jppou

Jd>n Ou\J(p ou

< (1+4max [o(y >|>/] [6n o )| A1 dHI

yERF

Jpnou

< +431€?§,§|¢>(y)|)0u(Lip(¢) V1), (3.14)

where J dljnou is defined as in the statement of Proposition 3.7. This proves the
claim.
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By the lower semicontinuity of the total variation with respect to the
L'-convergence it follows that ¢pou € BV (A;R¥), while from [9, Theorem 2.1]
and Lip(¢,) < Lip(¢) it follows that

/|V(¢’°u)i\d$+|DC(¢OU)z‘|(A)+/
A

J(pou);

[(@ou)i]|ALdHT! < Cu(Lin(¢) V1),

so that (3.12) is proved.

We now show that also the converse holds. To this aim, for every m € N
let (), be a sequence of C*-functions from R* to R¥ converging to & — £(™)
uniformly and such that Lip(¢)') < 1 and [|¢p)|| L~ < 2m for every n € N. For
R >0 and m,n € N we set vy, = ¢;' o (Y o (u)). It follows immediately
from (3.11a) that for every m,n > 0 we have

lim v, (7) = (¢, ou)(x) for L%a.e. x € A. (3.15)

R—+oc0
Since ||v$,nHLoo(A;Rk) < 2m for every n € N, it follows from (3.15) that
v, converges to (¢ ou) in L'(A;RY) as R — +o0. (3.16)
By definition of ¢ we also have
¢™ o u converges to u(™ in L'(A;R*) as n — 4oo0. (3.17)
By the Chain Rule (2.3), we have that
Vui,, = Vér (g ou)V(prou) L%a.e. in A,
Dy, = Vot (g ou)D(1hr ou) as Borel measures in A,
i a] = (07 (Wr(uh)) = ¢f, (Yr(™)] H Pae in Jup
so that, using Lip(¢”*) < 1, we have
Vo, | < V(g ou)| L%.e. in A,
|DvR ,|(B) < [D(¢r ou)|(B) for every B € B(A),
R )l < ¥R oul] Hhaein Juy .

From these inequalities, together with (3.12), for every R > 0 and m,n € N
we obtain that

/ Vo do + | D (A) +/ R ALIHIT < oy (318)
A T
for a constant C,, > 0, independent of R > 0, n, and of m.
We claim that for every m > 0

sup sup |Dvg ,[(A) < +oc. (3.19)
neN R>0

To show this, it is sufficient to prove that

sup sup/ [[vE ] dHI < (4m +1)C,,.
neNR>0JJ

TR
YR,n



59 Page 14 of 26 D. Donati NoDEA

By (3.18) and [[v, ||z (arr) < 2m we have

m d—1 m d—1 d—1/ 711
o) dHA < / 03 | AR Am R (T )

J,m m Jt
YR,n R,n\ vE

= (4m + 1)/ Wi I ALAHT! < (4m + 1)Cl,
g
where the last inequality follows from (3.18). This proves (3.19) and shows
that viy,, € BV (4; R¥) for every R > 0 and n € N.

Thanks to (3.16), (3.17), and (3.19), the lower semicontinuity of the Total
Variation with respect to the L'-convergence implies that u(") € BV (A;RF)
for every m > 0.

Finally, in light of (3.16), (3.17), (3.19), and Lip(¢!") < 1, we may apply
[9, Theorem 2.1] twice to conclude that for every i € {1,...,k} we have

[ vl e+ (0oaOi) [ )AL
A J

w{™

n—4+oo R—+oo

< lim inf lim inf (/A IV (vE)il dx + |D(vE)i|(A)

+ [ lemillALant ) <,

Jewmy,
which implies that u € GBV,(A;R*), concluding the proof. O

Remark 3.10. To guarantee that u € G BV, (Q; R¥), it is crucial that the bound
on the right-hand side of (3.12) does not depend on the support of ¢, as it can
be seen considering a function suggested by [27, Remark 4.9]. Indeed, Let A =
(—=1,1) and u = sign(sin(Z))/x. It is immediate to check that J, = {1/n}ncz
and |[u](1/n)| = 2n for every n € Z. For every R > 0, consider a function
¢ € CHR;R), with supp(¢) = [-R; R] and é(y) = y for |y| < R/2. We set
v := ¢ ou and note that J, = {1/n: n € Z and |n| < | R|}, where | - | denotes
the floor function. Then

/ ]| A1dH® > H({1/n: n € Z and |n| < |R/2]}),
Jv
so that we immediately get the lower bound
/ |Vv|da:—|—/ ]| A1dH® > H°({1/n: n € Z and |n| < |R/2]}),
A Jy

which blows up as R — +o0, so that u ¢ GBV,(A).

Remark 3.11. Let n € N. Following the lines of the proof of Proposition 3.9,
it can be shown that u € GBV,(A4;R¥) if and only if there exists a constant
C. > 0 such that for every ¢ € C}(R¥ R") the function ¢ o u € BV (A;R™)
and

/ V(6 ow)|di + |D( 0 u)|(A) + / 6 0u]| dH < Cu(Lip(@) v 1),
A J,

pou

In particular, we can use n = 1.
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The next proposition collects some properties of the approximate gradient
and of the jump part of compositions of functions in GBV,(A;RF) with the
function ¢ g defined in (3.10).

Proposition 3.12. Let u € GBV,(A;RF). Then for every R > 0 we have
(i) V(g ou) = Vu L%a.e. in {x € A: |u(z)| < R};
(i5) Jppou C Ju up to an HL-negligible set and |[1r ou]| < |[u]] on JymouN
Ju. Moreover, for H* 1-a.e x in J, and every R > |ut(x)|V |u™(z)| we

have |[{or o ul(z)| = [[u](x)].

Proof. The proof of (i) is a consequence of [4, Proposition 1.2] and the fact
that Vg is the identity on {x € A: |u(x)| < R}.

The inclusion Jy 0, C J,, up to an H4 1-negligible set was already proved
in the first part of the proof of Proposition 3.9, while the inequality |[¢gou]| <
[[u]] on Jypou N Jy is a consequence of (3.11d). The fact that for H? 1-a.e ©
in J, and every R > |ut(z)| V |u™ (x)| we have |[¢g o u|(z)| = |[u](x)], follows
immediately from (3.11a), and the fact that [Ygou] = Yr(ut) —¢Yr(u™). O

In the following proposition we study the relation between the Cantor
part of u€ GBV,(A;R*) and the Cantor part of smooth truncations of u. As a
consequence, we derive the equivalence of our Definition 3.4 and the one given
by Alicandro and Focardi in [2].

Proposition 3.13. Let u € GBV,(A4;R*) and ¢ € CL(R¥;R¥). Then
(i) D(¢ ou) = Vo(u)Du as Radon measures on A;
(ii) we have

Du(B) = Rlir}rlm D¢(yprou)(B)  for every B € B(A), (3.20)
|Du|(B) = RLHE |D(Yrou)|(B) for every B € B(A). (3.21)

(iii) for every R > 0 we have

dD¢(¢r o) dDu )
= Dful-a.e.in A 3.22
A0 ow)] @D |Vt Ar 52
where Ap = {x € A: u(x) exists and |u(z)] < R}. As a consequence we
have

. dD¢(¢g ou) dDu
lim =

- Deul-a.c.in A. 2
R GD (Grow)] ~ dDea P ulae i (3:23)

Proof. To prove (i), we need to show that for every B € B(A) we have equality

D¢(¢ou)(B) = Vo(u)Du(B). (3.24)
We claim that it is enough to prove (3.24) when B is contained in A,, := {x €
A: u(z) exists and |u(x)| < ml|}, for some m > 0. Indeed setting A := {z €
A: u(x) exists}, by Proposition 2.4 we have that H%~(A\ J,) = 0. Since J,,
is o-finite with respect to H?! and ¢ o u € BV (A;RF), from these previous
observations and (b) of Lemma 3.5 it follows that

D(¢pou)(A\ A) = V(@) Du(A\ A) = 0.
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Since A = Um0 Am, the claim is proved.
Let us fix m > maxycqupp() [¥| and B € Ap,. To prove (3.24), we begin
by noting that we have the equality ¢ o u = ¢ o ul™ L%a.e. in A, so that

D¢(¢ o u)(B) = D*(¢ o ul™)(B).
Since u(™ € BV (A;RF), by the Chain Rule (2.3) we have
D* (¢ 0 u™)(B) = Vo(ulm) Dul™ (B) = Vo(i™) Du™ (B).  (3.25)

where in the second equality we have used that uf(;) = (™), Recalling that
B C A,,, from Lemma 3.5 it follows that D°u(B) = D°u(™(B). Hence, by
(3.25) and ¢pou = poul™ L4%ae. in A, we get that

D(¢ o u)(B) = D*(¢ o ul™)(B) = Vo(ual™)Du™ (B) = V() D°u(B).

This concludes the proof of (i).
We now prove (ii). Let R > 0. By (i) we have that

D(¢Yr o u) = Vyp(u) Du

as Radon measures on A. Since Y converges pointwise to the identity as
R — +o00, applying the Dominated Convergence Theorem we deduce both
(3.20) and (3.21).

Finally, we prove (iii). Let us fix R > 0. By (i) and (3.11a), it is immediate
to see that

L D% 0 w)|(B, (1))
p—0t  |Dul(By(x))
for every & € Ag. Using this equality and the Besicovitch Derivation Theorem,
we see that
dD(¢Yg o u) dD‘u
a0 (i o w)] )~ A%
which proves (3.22).

To prove (3.23), we note that since [Du[(A\ g~ o Ar) = 0, passing to
the limit for R — 400 in (3.22) we obtain (3.23), concluding the proof. O

=1

() for |Dul-a.e. x € Ag,

A straightforward consequence of this last proposition is that an analogue
of the Alberti Rank-One Theorem (see [1, Corollary 4.6] or [5, Theorem 3.94])
holds in GBV, (A, R¥).

Corollary 3.14. Let u € GBV,(A;R¥). Then dD°u/d| D u| has rank one | D¢ul-
a.e. in A.

Proof. If u € GBV,(A;R¥), by Proposition 3.9 we have that for every R > 0
the function g o u belongs to BV (A4;R¥). The Alberti Rank-One Theorem
implies that dD°(ygow)/d|D¢(bg ow)| has rank-one |D¢(¢gou)|-a.e. in A and
thus |Dul-a.e. in Ag. Exploiting (3.23) of Proposition 3.13, the claim follows
from the lower semicontinuity of the rank. O
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4. Lower semicontinuity and Compactness in GBYV, (A; R¥)

In this section we study the lower semicontinuity and coerciveness of some
integral functionals defined on GBV,(A;R¥). In what follows, ci,....,c4 > 0
are positive constants such that

0<01§1303.

Given ¢ € R¥*4 ) we recall that |¢|,, denotes its operatorial norm.
We will consider functionals whose bulk density f : A x R**9 — [0, +00)
satisfies

(f1) f satisfies

z+— f(z,€) is Borel measurable for every & € RF*4,

& f(x,€) s continuous for every x € A,

(2) c1|€lop — 2 < f(x,€) for every z € A and every & € RF*4,
(f3) f(2,8) < c3l€lop + ca for every z € A and every & € RF*?,
and whose surface integrand g : A x R* x S71 — [0, +00) satisfies
(gl) g is a Borel measurable function,

(g2) c1(|¢| A1) < g(x,(,v) forevery z € A, ( € RF v €SI
(g3) g(z,¢,v) <es3(|C| A1) for every z € A, ( € RF, v e SI71,
(g4) g(x, ¢, —v) = g(x,¢,v) for every x € A, ( € RF, v e S4-1,

We recall the definition of recession function.

Definition 4.1. For every f: A x RF¥*? — [0, +00), the recession function
[ A x R¥*4 — [0, +00] is defined as
t
1 (z,€) := limsup 7f(xt’ 3

t——+oo

for every = € A and for every & € RF*4,

Remark 4.2. The function § — f*(z,§) is positively 1-homogeneous. If f
satisfies (f1) then f°° is Borel measurable and if, in addition, it satisfies (f2)
and (f3), then

c1l€lop < f°(w,€) < c3lélop  for every x € A and € € RF*,

Definition 4.3. Given f: A x RF*? — [0, +-00) satisfying (f1)-(f3) and g: A x
R¥ x §4=1 — [0, +00) satisfying (g1)-(g4) we define

Blau /f (2, Vu dx+/ foo(, 4D° >d|Dcu|+/ g(x, [u], v) dHA
" d| D¢ T
(4.1)

for every u € GBV,(A;R¥). The definition of E/9 can then be extended to
LO(A;R¥) by setting E/9(u) = +oo for every u € LY(A;RF)\ GBV,(A;R¥).
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Let f(z,§) = |¢]op and g(z, ¢, v) = |{| A1l. We denote by V' the functional
E/:9 obtained with these choices of f and g. Note that in this case f>(z,¢) =
|€]op, so that

/|vu|opdx+\pcu|op / ]| A 1dH!

for every u € GBV (A;RF).

In [9, Theorem 2.1], the authors prove through a slicing argument a lower
semicontinuity result for functionals on the space BV (A). By carefully revis-
iting their proof, we are able to prove the lower semicontinuity with respect
of the convergence in measure of a subclass of functionals of type Ef9, which
includes the functional V. We recall that a sequence (uy), C BV (A;R¥) is
said to converge weakly* in BV to u € BV (A;R¥) if u,, — u in L'(A4;R*) and
Du, = Du weakly* in the sense of R¥*%-valued bounded Radon measures.

Lemma 4.4. Let f: [0,400) — [0,+00) be a convex, non-decreasing, lower
semicontinuous function such that

(1) = lim @:C.

t—+oo t

Let §: [0,400) — [0,+00) be a lower semicontinuous function satisfying the
subadditivity condition

gla+b) < gla)+ () for cvery a,b € R,

and suppose in addition that

Set f := f(|lop) and g := §(||). Then the functional defined foru € BV (A;RF)
as

B9() = [ F(Vulap)da+ D ulop(A) + [ gl are’
Ju
is weakly* lower semicontinuous in BV (A;RF¥).

Proof. The proof follows closely that of [9, Theorem 2.1]. For the reader’s
convenience, we give a sketch of the proof.

For every v € S9! we introduce the functional E[9: BV (A;RF) x
B(A) — [0, +00) defined for every B € B(A) and u € BV (A;RF) by

B, B) = [ F(Vul)ds+ CUD B + [ i - vian .
B JuNB
We want to prove that for every U € A(A), the functional Ef-9(-,U) is
lower semicontinuous with respect to the weak* convergence in BV (A;R¥).
Since for every u € BV(A;RF) the set function EJ9(u,-) is a non-
negative Borel measure such that E/9(u, B) = 0 whenever £L4(B) + | D¢u|(B)
+|Du|(B) = 0, it is enough to check that ES9(-, Q) is lower semicontinuous
when @ =X x [ for an open ¥ C II, = {x - v =0} and I € A(R).
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Thanks to Proposition 2.1 and arguing exactly as in [9, Lemma 2.3], we
deduce that, for every open ¥ C II, and I € A(R), setting Q = ¥ x I, we have

EN(u,Q) = / ®(ul, I)dH* ' (y) for every u € BV (A;R¥), (4.2)
2

where ®: BV (R;RF) x B(R) — [0,+o0] is the functional defined for every
I € B(R) and v € BV (R;R¥) as

®(v, 1) :/If(IVvlop)d$+C|Dcvl(I)+/l g(l[vll) dr®

NI
and where for every y € II,, the function u; is defined by (2.2).
Let u € BV (A;R¥) and (uy,),, C BV (A4;R¥) be such that u,, — u weakly*
in BV (A; R¥). Thanks to Proposition 2.1(c), we have that for H? !-a.e. y € ¥
(un)l — ul weakly * in BV (I;RF).

Thanks to [10, Theorem 3.3], we know that ® is weakly* lower semicontinuous
on BV (R;R¥), so that Fatou’s Lemma and (4.2) imply that

ElJ:nq (u’ Q) S hm lnf Eyf’g (Una Q)?

Fix now (;)ien a dense family of unit vectors in S?~!. To prove that
B9 is weakly* lower semicontinuous in BV (A4;RF), we show that it can be
written as the supremum of finite sums of functionals of the form Ej:9, which
we have just shown to be lower semicontinuous. More precisely, repeating the
proof of [9, Lemma 2.4] replacing their measure p by

=L+ Doy + HTL T,
their function ¥ by

f(|Vu(a:)\op) L%a.ein A,
Y(x)=9(x) =< C |Dul-a.e. in A,
J()[u]]) HI - ae. in Jy,

F(Vu)wil) La.e in A,
Yi(x) = Cl(d‘fBZZj‘)ui\ |D¢ul-a.e. in A,
([l vy - vi]  HI-ace. in Jy,

we get
E19(u) = sup { Z E{;’g(u, Ap) - n €N and
i=1
(A;)"_, pairwise disjoint open subsets of A},
concluding the proof. O

Theorem 4.5. Let f,g be as in the statement of Lemma 4.4. Assume that
f=f( - lop) satisfies (f1)-(f3) and that g = §(| - |) satisfies (g91)-(93)
and that § is non-decreasing. Then the functional ET9 of Definition 4.3 is
lower semicontinuous with respect to the topology of L°(A;RF).



59 Page 20 of 26 D. Donati NoDEA

Proof. We consider u € L°(A;RF) and a sequence (uy,), C L°(A;R¥) con-
verging to u in LY(A;RF). If liminf, E/9(u,, A) = +oo there is nothing to
prove. Thus, we suppose that sup,,cy B9 (u,) < M for some M > 0. Since
f and g satisfy (f2) and (g2), we have that sup,cyV(un) < M/, for M’ a
constant depending only on M. With arguments similar to those used in the
proof of Proposition 3.9, one can show that the previous condition implies that
u € GBV, (A;RF) as well.

For every R > 0 and every n € N we set v := 1 o u,, where ¢y is the
function defined by (3.10). By Proposition 3.9 we have that vt € BV (A;R¥)N
L>(A;RF). Arguing as in the proof of Proposition 3.9 we see that there exists
K = K(R,M') > 0 such that

|DuR|(A4) < K. (4.3)

The sequence v converges to ¥g o u in L'(A;R¥) as n — 400, so that
from (4.3) it follows that v converges to 15 ou weakly* in BV (A;R¥) as well.
We can then use Lemma 4.4 to obtain

Ef9(ihg o u) < lim inf Ef9(uF) (4.4)
for every R > 0. By the chain rule (2.3), we may estimate

EI9(o) = /A V11 Vit o) d + CIV (1) Dt o (A)

4 / 3| m (un)]]) dHEL

u

< [ F19 k) do+ CID (A + [ sl e,

u

where in the last inequality we have used that f and § are non-decreasing,
(3.11d), and Proposition 3.12. From this last estimate and (4.4), we get

E59(pou) < liminf B9 (uy,). (4.5)

Recalling Proposition 2.4(b), (d) and taking advantage of the lower semi-
continuity of f and of g, we get

f([Vulop) < liminf f([V(¥rou)op)  L7ae in A, (4.6)
9(|[u]l) < liminf g(|[r o u]l) Hil-ae in . (47)

Finally, (4.6), (4.7), and (3.21), together with Fatou’s Lemma and (4.5),
imply
E9(u) < liminf B9 (uy,),

n—-+oo

concluding the proof. O

Corollary 4.6. The functional V' is lower semicontinuous with respect to the
topology of L°(A;RF).

In [18, Theorem 3.11] a useful compactness theorem for GBV,(A) is
proved. We now show that the result readily adapts to GBV, (A4;RF).
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Theorem 4.7. Let (u,), be a sequence in GBV,(A;R¥). Suppose that there
exist a constant M > 0 and an increasing continuous function h: [0, +00) —
[0, 4+00) with h(t) — +00 as t — +00, such that

supV(un) < M,
n

sup/ h(|un]) dx < +o0. (4.8)
noJa

Then there exists a subsequence, not relabelled, and u € GBV,(A;RF) such
that w, — u L%a.e. in A.

Proof. Tt is enough to apply Theorem [18, Theorem 3.11] to each component
of u. O

We now present a result which shows that given (u,), C GBV,(4;RF)
which is only bounded in energy and which satisfies some common Dirichlet
boundary condition, it is possible to produce a modification ¥,, of u,,, satisfy-
ing the hypotheses of Theorem 4.7. This result is a direct adaptation of [18,
Theorem 5.5] and of [17, Theorem 7.13], whose proof is based on the arguments
of [23].

In the following A’ CC A is an open set with Lipschitz boundary. We also
assume A to have Lipschitz boundary. We fix an additional positive constant
¢s > 0 satisfying ¢5 > ¢3/¢1 and make the following additional assumption on
the integrand g:

(g5) for every (1, (o € R¥ with c5|¢1| < |Col it holds g(z, (1, v) < g(x, (o, v) for
every z € RY, v e 41,

Note that this condition, first considered in [12], is crucial in the proof of the
result.

Theorem 4.8. Let f: A x R¥*? — [0, +00) and g: A x R¥ x §4=1 — [0, +00)
be two functions satisfying (f1)-(£3) and (g1)-(g5), respectively, and let E/9
be the functional introduced in Definition 4.3. Let w € WH1(A;R*) and let
(tun)n C GBV,(A;R*) with u, = w L%a.e. on A\A’, and V (u,, A) < M for
every n € N. Then for every €, — 0% there exists a subsequence of (up)n, not
relabelled, modifications vy, € GBV,(A;RF) of u,, with y, = w on A\A’, and
a continuous increasing function h : [0, +00) — [0, +00) satisfying h(t) — 400
for t — 400, such that

ET9(yn) < BH (un) + en, (4.9)

sup/ h(lyn]) dz < +o0. (4.10)
n JA

Proof. The theorem follows from the same lines of proof of [18, Theorem 5.5]
outlined in [18, Section 5], performing the modifications suggested in [17, The-
orem 7.13] and replacing [18, Lemma 5.1] by our Lemma 4.9 below. O
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Given an £%measurable set E, we recall that a countable collection (P7);
of £%-measurable subsets of E is said to be a Caccioppoli partition of E if

Ld<E\ D Pj) _0,

> HETH O P N E) < +oo.

j=1

Lemma 4.9. For every M > 0 and u € GBV,(A;R¥) satisfying
V(u) < M,

there exists a Caccioppoli partition (P7); of A and a family of translations
(t))jen C R* such that the function

o0
v=u— Zt]ij
j=1

is in BV (A;R¥) N L>(A,R¥) and the following estimates hold
> HEH O PT) < k(24 2M + HTH(0A)), (4.11)
j=1
0]l oo (asrr) < 2M. (4.12)

Proof. Thanks to [18, Lemma 5.1], for every i = 1, ..., k we can find a Cacciop-
poli Partition (P/); and a family of translations (¢]);en C R satisfying

o0

> HTHOP!) <24 2M + HTH(0A), (4.13)
j=1
||u2 _thxpinLoc(A) < 2M. (4.14)
j=1

The family
P:={PCA:P= ﬁlepiji for (j1,..., k) € N*}

is countable and is still a partition of A. We denote every element of P as Py
for some ¢ € N. Thanks to (4.13) and to the standard inequality

HETH O (BN Ey) N A) < HITHO*EL N A) + HEH 0" Ey N A),

which holds for every F; and Es of finite perimter, we get that (P?), satisfies
(4.11). In particular, (P%), is a Caccioppoli partition of A.
)
For every ¢ € N let (j{,...,ji) be such that P, = N¥_,P/* and let
4

ik ¢ (I gk
(t1', ..., t") be as above. We set t* = (t1',...,t;*) and

—+o0
Vi=u— ZtZXPZ.
(=1
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Recalling (4.14), we infer that v satisfies (4.12), so that Lemma 4.9 is finally
proved. O

Remark 4.10. Let f: A x RF*? — [0, 4+00) satisfying (f1)-(f3), let g: A x
R* x S§4=1 — [0, +00) satisfying (g1)-(g5), and let w € W11(A4;RF). Con-
sider (u,), C GBV,(A;RF) a minimising sequence for the problem

inf{ E"9(u): u € GBV,(A;RY), uw=w L%a.e. on A\ A}, (4.15)

where E¥9 is as in Definition 4.3.

Thanks to (2)-(f3), (g2)-(g3), and (4.2), it is easily seen that for some
M > 0 we have V(u,) < M for every n € N. Hence, by Theorem 4.8 there exist
a minimising sequence (yy )y, with y, = w on A\ A" and satisfying (4.10). In
particular, (y,), satisfies the hypotheses of Theorem 4.7, so that there exists
a subsequence of (i, ), not relabelled, converging in L°(A4;R*) to a function
y, with y = w L%a.e. in A\ A’. If the functional E/9 is lower semicontinuous
with respect to the convergence of L°(A;RF) (for instance if it satisfies the
hypoteses of Theorem 4.5), we conclude that y minimises (4.15).
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