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Abstract

In this work we propose an optimization pipeline for the reduction of the structural
mass of passenger cruise ships in the preliminary design phase. In simulation-driven
design, the large cost of high-fidelity evaluations can be mitigated by leveraging data-
driven reduced order models, exploring the design space via multi- and single-objective
optimization of the surrogates and only validating the most promising candidates.

To tackle the complexity in the formulation of effective optimization problems, we
propose a reparameterization procedure that adapts the decision variables to the emerging
structural behavior of the ship evaluated by the surrogates. Starting with a coarse
problem and iterating optimization and refinement, we show that the final configuration
outperforms parameterizations of similar complexity produced by expert designers.

We then use a transfer-learning approach to design a one-shot reparameterization
procedure, which leverages the results from past optimizations to refine the problem
without the need for surrogates. To enhance the optimization via metaheuristic algorithms,
we propose a population transfer procedure that accelerates the exploration of promising
areas of the design space, leveraging the data from past optimizations.

The resulting pipeline is extensively evaluated on multiple test cases of industrial
interest, both on simplified midship sections and full-scale ships.

Finally, to facilitate the introduction of life-cycle quantities in the design phase, we
develop an open-source library for the implementation and evaluation of digital twins
based on probabilistic graphical models, and showcase its workflow on a simplified
structural health monitoring application.

This work has been conducted within the framework of the SHOPMEPA project,
an industrial Ph.D. grant co-financed by Fincantieri S.p.A. and the NextGenerationEU
initiative.
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1

Introduction

Modern engineering requires efficient optimization pipelines to tackle the ever increasing
complexity of market demands, reduce manufacturing and operational costs, comply with
international safety and environmental regulations, and satisfy production constraints.

In the shipbuilding industry, the emission reduction targets set by the International
Maritime Organization (IMO) [101, 97] and the digitalization of the ship [123, 81] pose new
challenges to the designers, who are tasked with the integration of innovative propulsion
systems into new and existing vessels, as well as managing the many interacting subsystems
that will enable the digital twin (DT) of the ship. All of this while ensuring structural
resilience [57] and reducing manufacturing costs.

To address these requirements, the design process is evolving towards a holistic
approach [139, 127] in which the simulation of the structural responses, the fluid dynamics
properties of hull and propeller, and the life-cycle of the vessel all concur to the final
design [98, 185].

Despite the advances in numerical modeling and computational power, which continue
to improve the accuracy of finite element analysis (FEA) and computational fluid dynamics
(CFD) simulations while reducing their computational cost, the large time-to-solution of
high-fidelity analyses prevents the effective optimization of modern engineering systems.
On the one hand, even expert designers can be overwhelmed by the number of decision
variables and constraints due to regulatory and industrial requirements, as well as the
number of competing quantities of interest (QoIs) from different stakeholders. On the other
hand, automated exploration of the design space requires a large number of simulations
to validate a new design, often with minimal changes to the design variables.

The work presented in this thesis, carried out in collaboration with Fincantieri S.p.A.,
addresses these challenges. We focus on the structural optimization of cruise ships in
the preliminary design phase, where the designers aim to minimize the total mass of the
ship, subject to regulatory and safety constraints. To address this demand, we propose
a surrogate-based optimization pipeline [73]. By leveraging data-driven model order
reduction (MOR) [30, 184, 39], we reduce the computational cost of FEA simulations,
trading off accuracy for a reduction of the time-to-solution. The exploration of the design
space is carried out using the surrogates, with multi- and single-objective optimization,
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and only the best candidates are validated with high-fidelity simulations.
Our contributions span multiple stages of the optimization pipeline. We first assess the

choice of surrogate models, proposing a hybrid approach that combines the reconstruction
of the fields of stress tensors via proper orthogonal decomposition (POD) and Gaussian
process regression (GPR), followed by non-linear post-processing. For multi-objective
optimization, which approximates the Pareto front (PF) and enables designers to analyze
the trade-offs between competing objectives, we propose a novel infill strategy for the
adaptive selection of new high-fidelity simulations. For single-objective optimization,
we extend particle swarm optimization (PSO) [105, 74] with a repair procedure based
on an integer linear program (ILP) [166] to handle discrete decision variables and linear
constraints, and a local search refinement phase. The resulting algorithm is compared with
alternative black-box optimization approaches, including Bayesian optimization (BO) [174],
as well as established optimization frameworks such as Optuna [2] and Nevergrad [153].

To address the high dimensionality of the design space, we propose a data-driven
parameterization refinement procedure [65]. Rather than relying on parameter reduction
techniques such as active subspace (AS) [45, 44] or parametric model embedding (PME) [171,
170], the optimization pipeline starts from a coarse parameterization and progressively
introduces new decision variables through the analysis of structural responses obtained
from the surrogates. As a result, the formulation of the optimization problem is adapted
to the structural behavior emerging during the optimization process, avoiding the need
for an extensive initial sampling, and reducing the dependence on manually defined
parameterizations.

We then leverage transfer learning (TL) [137, 87] to further enhance the optimization
pipeline. First, we reformulate the reparameterization procedure to enable a one-shot
refinement of the optimization problem prior to the construction of surrogate models,
thus eliminating the need for an extensive initial database of high-fidelity simulations.
We also develop a population transfer methodology based on GPR [85], initializing the
populations of the metaheuristic optimizations with configurations from past optimizations
to accelerate the exploration of promising areas of the current design spaces.

The proposed pipeline is evaluated on representative test cases, using a family of
midship section variants and a group of full-scale commercial designs.

Finally, we address the adoption of DTs in the industrial practice. To facilitate the
development and assessment of DTs for complex engineering systems, we introduce
pgmtwin, an open-source Python library for the implementation and analysis of DT
architectures based on probabilistic graphical models (PGMs) [114, 103]. pgmtwin provides
the user with easily extensible components, standardized procedures, and ready-to-use
DT systems. We demonstrate the streamlined workflow of pgmtwin on the implementation
of a DT for the structural health monitoring (SHM) of a simplified cantilever beam.

The rest of the thesis is organized following the structure of the pipeline, represented
in Figure 1.1.

Chapter 2 presents the industrial setting in which the optimization pipeline is used,
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Figure 1.1: Pipeline for the structural optimization of cruise ships. The response-based
reparameterization refines the problem leveraging the surrogates, while transfer learning
extracts knowledge from past optimizations to enable a one-shot reparameterization before
the initial sampling and the transfer of populations to accelerate the exploration of the
domain.
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detailing the structural problem, its quantities of interest, the feasibility constraints and
the parametric domain. The chapter ends with the description of the models used in the
numerical evaluations, a dataset of simplified midship section variants and a group of
commercial, full-scale vessels.

Chapter 3 discusses the approaches used for the model order reduction of the structural
problem, focusing on proper orthogonal decomposition with GPR. The numerical results
evaluate the chosen approach on a simplified midship section and a full ship model,
showing its effectiveness.

Chapter 4 presents the approaches to multi- and single-objective optimization of the
surrogates. The chapter discusses the implementation of a novel infill criterion for the
approximation of the PF, and the integration of discrete, constrained versions of BO and
PSO. The proposed methods are then evaluated on a midship section and a full ship.

Chapter 5 proposes a novel method for the refinement of the optimization problem,
in which the set of decision variables is adapted to the behavior of the model through
the analysis of the surrogate structural response. The integration of the procedure in the
optimization pipeline leads to higher quality configurations on both a midship section
and a full-scale model.

Chapter 6 adapts the refinement procedure from the previous chapter to a TL approach,
relaxing the requirement of high-fidelity evaluations and surrogates construction. The
resulting optimization pipeline is able to achieve promising trade-offs between the final
optimum and the total number of simulations, during evaluation on multiple midship
sections and full-scale ships.

Chapter 7 applies TL to the multi- and single-objective procedures, proposing a novel
method for the transfer of elite configurations from past optimizations to the current one.
The construction of initial populations for the metaheuristics accelerates the exploration of
the domain and achieves better optima on a group of midship sections and full-scale ships.

Chapter 8 discusses the use of DTs for the integration of the life-cycle of the ship in the
design phase. The novel pgmtwin library is proposed for the study of general DTs, and
demonstrated on the SHM of a cantilever beam.

Chapter 9 presents the closing remarks on the contributions of the thesis and draws
possible directions for future work.
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2

Problem definition

This chapter presents the high-fidelity finite element analysis (FEA) simulation around
which the optimization pipeline from Chapter 1 has been designed.

We consider the global structural response of the ship against extreme waves, with the
resulting stress configurations being post-processed to obtain the yielding and buckling
state of the plates that compose the structures. The definitions of the simulation loads, the
criteria for structural failure identification, and the validation of the FEA setup come from
regulatory entities [57, 156].

Other than yielding and buckling of the structural elements, the designers are also
interested in the vertical deflection incurred by the ship, which constitutes another index
of structural resilience. Although there is no regulatory limit for the vertical deflection, in
naval engineering practice it constitutes a useful benchmark to compare ships of similar
length and provides an indicator for the structural continuity, reflecting whether the
arrangement of load-bearing structures is effective. Then, the position of the center of
gravity (COG) of the model is subjected to constraints imposed by the static stability
requirements of the vessel. All of these quantities of interest (QoIs) are balanced against
the total mass of the ship, which constitutes a competing objective of the design phase.
Indeed, the designers aim to identify the best trade-off between structural resilience and
safety on one side, and total weight and performance of the ship on the other.

In this thesis, the design variables are limited to the thickness of primary structural
elements, while the secondary stiffeners have immutable sizing and spacing.

We remark that the use of a global model in structural optimization of large ships is
still uncommon [190, 9, 5], with previous works often adopting simplified models [125]. A
minority of works define a single ring of the main hull, and extrude to a prismatic beam
for FEA [14, 33, 128]. A more sophisticated approach is the complete modeling of the
midship section, which corresponds to the central body of the ship with the bow and stern
removed [180, 32, 47, 134, 151]. Some of the previous works also use design variables for
the spacing of stiffeners, their thickness and their profile, but this approach requires either
re-meshing or a more involved modeling of the FEA [162].

This chapter is structured as follows. In Section 2.1, the FEA setup and the post-
processing for the computation of the QoIs are presented and discussed. Section 2.2
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introduces the notation that will be used throughout the thesis. The numerical test cases
are presented in Section 2.3. We use a simplified midship section and its variants as an
inexpensive illustrative problem, while a group of 10 full-scale, commercial ship models
constitute the large-scale applications.

2.1 Structural problem formulation

In our setting, the geometry of a ship is given as a computational mesh. The primary
structural elements, which are manufactured by welding large steel plates, are modeled
with groups of triangular and quadrilateral thin plate elements with edges of about
700 mm. The secondary structural elements form the webs of stiffeners, which are modeled
with both thin plate and beam elements of varying sizes.

In a FEA simulation, we consider a linear elasticity problem where the load conditions
are designed to reproduce the effects of the most extreme waves that the ship can encounter
during her lifetime [125]. The hogging wave is characterized by a crest at mid-length,
while the sagging wave presents a trough at mid-length. Figure 2.1 represents the results
of a simulation that employs the two load conditions.

Figure 2.1: Simulations of a ship being deformed under a hogging load condition on the
left, and sagging on the right. Displacements are magnified, with colors representing the
von Mises stress from blue (zero) to the maximum value.

The detailed bending moments and shear forces associated to each load condition
are prescribed by the classification societies. We consider the set of rules by Det Norske
Veritas (DNV) [57] and RINA [156].

The simulations are carried out with MSC NASTRAN’s [93] SOL 101, on a computational
mesh that uses CTRIA3 and CQUAD4 shell elements. The results are post-processed
to obtain the 3D stress tensors of each shell element under each load condition. The
translation from 2D to 3D of the stress tensor is required by the certified tooling employed
in other phases of post-process and design, and is carried out via the computation of a
rotation matrix from the centroid’s geometry. We denote the 3D tensors as

𝑆𝑙𝑒 =


𝜎𝑥 𝜏𝑥𝑦 𝜏𝑥𝑧
𝜏𝑥𝑦 𝜎𝑦 𝜏𝑦𝑧
𝜏𝑥𝑧 𝜏𝑦𝑧 𝜎𝑧

 , (2.1)

where 𝑙 denotes the load condition, 𝑒 the shell element index, 𝜎 the direct stresses, and 𝜏

the shear components. Subscripts to the stress components identify the axis, or plane, of
action.
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However, the hogging and sagging load conditions mandated by the classification rules
can not be directly interpreted as physical operating scenarios. Indeed, the corresponding
forces and loads are artificially designed to elicit extreme responses and the FEA simulations
can only approximate the mandated values through boundary conditions [125]. Figure 2.2
shows the discrepancy between the shear force 𝑄 and bending moment 𝑀 mandated by
the regulatory entities, and the actual loads used in FEA.

0 175 350
# frames

0

sc
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ed
 Q

, M

Qhog Mhog

Qsag Msag

rule
FEA

Figure 2.2: Comparison of the shear 𝑄 and bending moment 𝑀, for the hogging and
sagging load conditions. The mandated values are represented with dashed lines, while
the actual loads for the FEA use solid lines. For confidentiality reasons, numerical values
on the vertical axis are omitted. Negative abscissae correspond to coordinates behind the
stern. Shear and bending moment values are scaled independently to enable qualitative
comparison.

To account for this discrepancy, the designers apply a correction method called wave-
factoring approach, where the stresses computed under approximated hogging and
sagging are corrected by a linear interpolation of two additional load conditions, called
wave-A and wave-B. The first simulation of a new ship is used to compute a set of correction
coefficients for the approximated results, which from that point on will be applied to all
simulations as post-processing step. Let 𝑄 denote the vector of shear force and 𝑀 be the
corresponding bending moment associated to each longitudinal section of the ship, called
frame. Then, from the simulation of the factoring waves we obtain the vectors 𝑄𝐴, 𝑄𝐵,
𝑀𝐴, and 𝑀𝐵. For 𝑙 ∈ {hog, sag} and each frame 𝑓 , the vectors of coefficients to be used in
the interpolation are derived from the following system[

𝑄 𝑙
rule, 𝑓 −𝑄

𝑙
FEA, 𝑓

𝑀 𝑙
rule, 𝑓 −𝑀

𝑙
FEA, 𝑓

]
=

[
𝑄𝐴
𝑓

𝑄𝐵
𝑓

𝑀𝐴
𝑓

𝑀𝐵
𝑓

] [
𝐴𝑙
𝑓

𝐵𝑙
𝑓

]
, (2.2)

where 𝑄 𝑙
rule, 𝑓 −𝑄

𝑙
FEA, 𝑓 denotes the difference between the regulatory shear and the actual

simulation at frame 𝑓 , and 𝑀 𝑙
rule, 𝑓 −𝑀

𝑙
FEA, 𝑓 is the analogous for the bending moment. The

coefficients computed for the frames are then linearly interpolated along the longitudinal
dimension to obtain 𝐴𝑙𝑒 and 𝐵𝑙𝑒 associated to each element 𝑒. The corrected field of stress
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tensors 𝑆̄𝑙𝑒 is then obtained as

𝑆̄𝑙𝑒 = 𝑆
𝑙
𝑒 + 𝐴𝑙𝑒𝑆𝐴𝑒 + 𝐵𝑙𝑒𝑆𝐵𝑒 , (2.3)

where 𝑆𝐴𝑒 and 𝑆𝐵𝑒 are the fields of stress tensors obtained for wave-A and wave-B, respectively.
Due to this procedure, a complete simulation requires solving 4 different load conditions:
the two approximated regulatory waves, and the two factoring waves. Figure 2.3 shows the
shear and bending moment of the factoring waves, and the resulting correction coefficients.
At the extremities of the ship, the linear systems from Equation 2.2 become ill-conditioned
and the corresponding coefficients diverge. In practice, the designers simply discard the
correction when the coefficients grow beyond a threshold proportional to the length of the
ship.
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Figure 2.3: The shear and bending moment for the additional loads due to factoring
correction are represented in the top plot. For confidentiality reasons, numerical values on
the vertical axis are omitted. Shear and bending moment values are scaled independently
to enable qualitative comparison. Negative abscissae correspond to coordinates behind
the stern. The bottom plot shows the resulting coefficients for the post-processing of the
hogging and sagging FEA results.

The structural failures considered in the preliminary design phase are the yielding and
buckling of the shell elements. The yielding state of each shell is obtained by comparing
the components of the stress tensor with the corresponding critical thresholds, as well as
computing the von Mises criterion 𝜎VM:

|𝜎𝑖 | ≤ 245 N/mm2 , for 𝑖 ∈ {𝑥, 𝑦, 𝑧}, (2.4a)

|𝜏𝑖 | ≤ 153 N/mm2 , for 𝑖 ∈ {𝑥𝑦, 𝑥𝑧, 𝑦𝑧}, (2.4b)

𝜎VM =

√
(𝜎𝑥 − 𝜎𝑦)2 + (𝜎𝑦 − 𝜎𝑧)2 + (𝜎𝑧 − 𝜎𝑥)2

2 + 3(𝜏2
𝑥𝑦 + 𝜏2

𝑥𝑧 + 𝜏2
𝑦𝑧) ≤ 307 N/mm2 , (2.4c)
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where the critical values refer to high strength structural steel (AH36) [8] with a tolerance
factor already applied. An element is marked as yielded if any of the conditions in
Equation (2.4) is violated.

The buckling state is similarly obtained from the aggregation of 11 usage factors,
computed for each combination of element and load condition according to formulae by
the classification societies [125, 57]. An element is marked as buckled if at least one usage
factor exceeds the critical threshold, for at least one load condition. We remark that even
when based on the linearized buckling formulation, the expressions for the usage factors
are non-linear both in the stress tensor components and in the geometrical features of the
shells being considered. Moreover, we only consider linear buckling where the elements
fail independently, instead of converging to the failure state by simulating the removal of
buckled elements.

(a) Yielding under hogging. (b) Yielding under sagging.

(c) Buckling under hogging. (d) Buckling under sagging.

Figure 2.4: Yielding and buckling under hogging and sagging load conditions. Elements
colored in red fail the structural stability tests mandated by the regulatory entities.

Another indicator of structural integrity is the vertical deflection, computed as the
maximum absolute vertical displacement of a representative mesh node, where higher
values indicate less resilient ships.

In this work, the three QoIs computed from the FEA results that describe the structural
integrity of a ship are the number of yielded and buckled elements, and the vertical
deflection. Figure 2.4 represents the yielding and buckling state of the elements, together
with the displacements due to the hogging and sagging load conditions, of a configuration
with low structural integrity.

The designers can control the ship’s structural behavior by assigning the thickness of the
primary structural elements, while the secondary stiffeners are considered fixed. Thicker
decks and bulkheads directly increase the ship’s stiffness against the load conditions,
decreasing the insurgence of yielding and buckling as well as the vertical deflection. During
the preliminary design phase, the designers can tolerate a limited amount of yielded
and buckled elements, since in further phases of the design process these phenomena
can be corrected with more involved solutions. Rather than resorting to change the
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configuration of secondary stiffeners, or change the geometry of the model, in this
work we consider critical thresholds on the number of yielded and buckled elements as
optimization constraints. Moreover, we model buckled elements as having an additional
stiffener automatically applied, which slightly increases the total mass of the configuration.
Additionally, the vertical deflection can be constrained by setting a upper critical threshold.

A crucial trade-off emerges: increasing the structural performance of a ship comes
primarily at the cost of increasing its total mass, which in turn determines more expensive
and longer building process, and higher operational expenses.

Moreover, the allocation of thicknesses needs to also respect constraints on the COG,
in particular the value of the vertical center of gravity (VCG). The VCG must not exceed
a critical value, which is computed from the ship’s geometry, to prevent heeling over or
capsizing.

The list of QoIs is thus composed of five scalars: number of yielded and buckled
elements, vertical deflection, total mass, and VCG. Figure 2.5 shows the relationship
between different QoIs. The vertical deflection, the number of yielded elements, and the
number of buckled elements increase as the total mass of the ship decrease, as expected.
However, even if decreasing the vertical deflection requires a large increase in mass, the
behavior of yielded and buckled totals shows that it is possible to find allocations of
thicknesses that provide good compromises between structural integrity and steel usage.
The VCG, however, does not present a clear trade-off with the mass and thus constitutes a
constraint that is always active.

We remark that changing the mass distribution of the model would require a reor-
ganization of the loads for the simulations. This correction is not taken into account in
this work, and is left as a manual post-processing of the configuration obtained after
optimization.

In principle, the designer could specify a different thickness for each element and
exercise extreme control on the structural behaviors by precisely allocating higher thickness
values to elements with higher stresses. However, in the physical world the ship is
composed by welding together sheets of steel about 2.5 m × 15 m, which constrain the
corresponding elements to share the same thickness. In the computational mesh, these
elements groups are called patches and denote the finest level of thickness parameterization
of the structural problem. Even so, a large ship defines tens of thousands of patches, which
would constitute an unwieldily large search space. The designers thus define a minimum
number of parameterized sections, or parameters, which each comprise a large number of
patches, to balance the complexity of the search space and the expressiveness of the model.

In designing a parameterization, the first criterion is to separate patches that have
different orientation and regulatory minimum thickness. The most common subdivisions,
which relates to the functional role of the structural elements, are: bottom, double
bottom, accommodation decks, machinery decks, internal longitudinal bulkheads, external
longitudinal bulkheads, and the shell.
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Figure 2.5: Trade-offs between different QoIs. Axes are muted due to confidentiality of
data.

Figure 2.6 compares the base model, the patches subdivision, and the initial parameter-
ization of a full ship.

(a) Full ship, computational
mesh.

(b) Full ship, patches. (c) Full ship, initial
parameterization.

Figure 2.6: Computational mesh of a full ship on the left, the patches subdivision at the
center, and a coarse parameterization on the right. Dark blue patches and parameterized
elements correspond to elements with fixed thickness.

More refined parameterizations separate patches whose elements sustain much different
tensions and loads, in order to allocate structural mass in a more effective manner and only
strengthen the parts which would otherwise undergo structural failure. A final source of
complexity in the choice of thickness for the parameterized sections is that the domain of
possible values is discrete: the designers are limited, at least in the preliminary design
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phase, to the sheet sizes commonly available on the market. Typical values range from 5 to
8 mm in increments of 0.5 mm, and from 9 to 20 mm in increments of 1 mm. More rare is
the use of higher values, up to 25 mm, which is usually only used for the bottom or the
more complex local structures such as staircases with multiple doors.

The thickness of primary structural elements is the only type of parameter considered
in this thesis, but we remark that other works in the literature also consider changing the
spacing and size of the secondary stiffeners. This type of change requires either to rebuild
the computational mesh, which is unfeasible with the full-scale models that we consider
in this thesis, or the use of more involved formulations for the FEA [162].

2.2 Notation

We use x to denote a configuration of thicknesses, where x𝑖 ∈ 𝒟𝑖 is the thickness value
associated to the 𝑖-th parameterized section and𝒟𝑖 is the corresponding set of feasible
values. Denoting the number of parameterized sections as 𝑛dim, the domain of possible
configuration is thus𝒟 =

>𝑛dim
𝑖=1 𝒟𝑖 , where

>
denotes the iterated Cartesian product.

The vector of QoIs computed from a parameter configuration x is thus

f(x) = [𝑛y(x), 𝑛b(x), 𝑓deflection(x), 𝑓mass(x),VCG(x)], (2.5)

where 𝑛y(x) and 𝑛b(x) are the number of yielded and buckled elements, respectively,
computed according to Section 2.1. Other components of the COG can be added if the
geometry of the model dictates so. The term 𝑓deflection(x) represents the vertical deflection,
while the mass is computed as

𝑓mass(x) = 𝑚fixed + d · x + 𝑚bar𝑛b(x), (2.6)

where 𝑚fixed represents the mass of the elements not controlled by any parameter. The
vector d collects the linear density of each parameterized section, where the 𝑖-th component
is given by the ratio of total mass of the shell elements assigned to the 𝑖-th section, divided
by the thickness value. 𝑚bar is the average mass of an additional stiffener, which is
considered automatically applied to every element that exhibits buckling. To measure
the quality of a configuration in terms of mass, it is useful to exclude 𝑚fixed and consider
the lower bound of the mass associated to the parameterized elements. Using xLB as the
configuration of minimum thicknesses, we define

𝑚param. LB = d · xLB , (2.7)

and during optimization we consider the gap of a configuration’s parameterized mass and
this lower bound, that is

𝑚gap(x) = 100
𝑓mass(x) − 𝑚fixed − 𝑚param. LB

𝑚param. LB
. (2.8)

This transformation provides a more expressive representation of the discrepancy from
the ideal value, which corresponds to 0. As a remark, we note that the computation of
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structural mass can be easily adapted to compute the cost of the ship. A simple approach
is the multiplication by a factor representing the cost of steel per unit of mass, and the
inclusion of manual labor cost for the 𝑚bar term of Equation (2.6).

The critical thresholds for the number of yielding and buckling phenomena are denoted
by 𝑦crit and 𝑏crit, respectively, so that the corresponding constraints are

𝑛y(x) ≤ 𝑦crit , (2.9)

𝑛b(x) ≤ 𝑏crit. (2.10)

Likewise, in case the vertical deflection is constrained, we define 𝑑crit and write

𝑓deflection(x) ≤ 𝑑crit. (2.11)

We compute the COG for the configuration x on the model at rest, ignoring the stiffeners
applied to buckled elements, without the need of a FEA simulation. For the VCG, we write

VCG(x) = VCGfixed𝑚fixed +
∑
𝑖 VCG𝑖d𝑖x𝑖

𝑚fixed + d · x , (2.12)

where VCGfixed is the VCG of elements not controlled by any parameter, and VCG𝑖 is the
VCG of the 𝑖-th parameterized region. The exclusion of the small and sparse mass of
additional stiffeners is an effective approximation, providing a trivial computation with a
negligible error. The other components of the COG use analogous definitions. VCG is
positive due to design conventions, so the designer need to constrain it only from above

VCG(x) ≤ VCGcrit. (2.13)

For some ships, other components of the COG must be constrained as well. The
transversal center of gravity (TCG) is usually subject to a constrain on its absolute value

|TCG(x)| ≤ TCGcrit , (2.14)

when the ship presents large asymmetries between its left and right side, either due to
structures or to the placement of the machinery.

The longitudinal center of gravity (LCG) can be constrained to be in an interval around
the center of the ship as

LCGLB ≤ LCG(x) ≤ LCGUB. (2.15)

2.3 Numerical test cases

This section presents the ship models on which the techniques developed in this thesis
will be validated. As an illustrative test case, we use a simplified midship model discussed
in Section 2.3.1. Although inexpensive to validate via FEA, this model is comparable with
previous works in the literature and constitutes one of the earliest artifacts validated by
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the regulatory entities. The base model was modified to obtain a large number of variants,
in order to exhibit a variety of different, but related, structural behaviors.

Section 2.3.2 presents the full ship models used as large-scale applications. These ships
are actual commercial models that Fincantieri S.p.A. has built or that are currently in the
design phase, and constitute realistic use cases.

2.3.1 Midship section variants

The base midship section model, depicted in Figure 2.7, represents a quarter of the central
section of a full ship, and spans a length of 95.2 m, 15.5 m width, and 36.55 m height.
During simulation, the model is reflected through the 𝑥𝑧 and 𝑦𝑧 planes.

(a) MS00, computational mesh. (b) MS00, patches. (c) MS00, initial
parameterization.

Figure 2.7: Full view of the midship section on the left, the division into patches in the
middle, and the initial parameterized sections on the right.

In this study, the critical values for the yielding due to the stresses and the von Mises
criterion are lower than the regulatory standard, as the low complexity and scale of this
model would otherwise result in no yielded elements. Figure 2.8 shows the von Mises
criterion for xLB, under hogging and sagging, where the red elements correspond to
a critical value of 184 N/mm2. The corresponding reduced thresholds for yielding are
147 N/mm2 for direct stresses and 91 N/mm2 for shear stresses.

(a) Von Mises under hogging. (b) Von Mises under sagging.

Figure 2.8: Von Mises criterion for the midship section under hogging load condition, on
the left, and sagging on the right.

Table 2.1 presents the details of the parameterization of the model, along with the
thickness domains.
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Table 2.1: Parameters description of the midship section test cases. Thickness values are in
mm.

P. section Description # patches Default Min. Max. |𝒟𝑖 |
x1 bottom and inner bottom 72 14 12 20 14
x2 decks from 2 to 12 396 5 5 15 5
x3 external bulkheads 30 10 8 15 14
x4 internal bulkheads 42 5 5 15 8
x5 shell plating 42 8 8 15 8

A NASTRAN run on this model, on a node of Fincantieri S.p.A.’s compute cluster
facility, takes about 1 minute.

Since we require a population of different models, but still related to each other, to be
able to evaluate techniques based on machine learning (ML), the designers provided a
large number of variants of the midship section. To produce a variant of the base model,
the designers replicate or eliminate the structural elements which naturally extend along
the dimensions being changed. For the 𝑥 axis, the length is modified in steps of 5.44 m
by extruding decks, walls, and shells. This determines the addition of a new cell in the
structure of secondary stiffeners. For the 𝑦 axis, the modification is limited to the widening
of the lower section (enclosed by the shell) and uses a step of size 0.67 m. Finally, for the
𝑧 axis, the model is changed by the addition or removal of entire decks, modifying the
height in steps of 3.06 m.

(a) MS01. (b) MS02. (c) MS15.

Figure 2.9: Three midship section variants models, depicted in light blue, and the default
model represented with transparency. On the left, MS01 with the top deck removed. At
the center, MS02 with one extra deck. On the right, MS15 with a shorter length, wider
bottom section and two decks removed.

The parameterized sections are extruded accordingly, so that all variants share the
same set of decision variables, albeit with different proportions of assigned patches. We
remark that these changes are fundamentally different from a simple scaling of the model,
and give rise to vastly different structural behaviors. Figure 2.9 shows three different
variants, depicted together with the default model (in transparency) to highlight their
differences.

Table 2.2 presents the details of the base midship section and the 20 variants that are
considered in this study. The default model is denoted MS00, while models MS01 through
MS06 each add or remove a single structural element along the axes. Models MS07 through
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Table 2.2: Midship section variants features.

Code Δ𝑥 Δ𝑦 Δ𝑧 # elements # patches 𝑚fixed [t] 𝑚param. LB [t]
MS00 0 0 0 75192 582 975.55 1108.21
MS01 0 0 -1 69688 534 920.55 1035.41
MS02 0 0 1 80696 594 1027.81 1181.01
MS03 0 -1 0 73947 582 957.46 1086.15
MS04 0 1 0 76437 582 992.52 1130.27
MS05 -1 0 0 71186 582 927.28 1044.89
MS06 1 0 0 79198 679 1021.77 1171.54
MS07 1 -1 1 83695 693 1062.30 1225.18
MS08 -1 1 0 72369 618 944.09 1065.68
MS09 -1 0 -1 65982 534 875.11 976.25
MS10 1 1 -1 74701 665 982.24 1117.90
MS11 2 0 2 96569 749 1216.84 1397.10
MS12 1 2 -1 76008 665 1000.49 1141.22
MS13 -1 2 -1 72178 570 955.05 1079.53
MS14 2 0 0 84209 679 1092.67 1234.87
MS15 -2 1 -2 58095 522 786.40 874.17
MS16 1 0 -2 67590 567 907.87 1020.04
MS17 -1 0 -2 62939 486 849.03 942.84
MS18 -2 2 1 73908 630 948.42 1085.12
MS19 2 2 2 99347 791 1256.01 1446.26
MS20 -1 2 0 73552 618 960.90 1086.48

MS20 were randomly sampled in the full domain using a maximin approach.
The resulting meshes cover a range between 58095 and 99347 shell elements, with

number of patches between 534 and 791. Overall, the 𝑚fixed values range from 786.40 and
1256.01 t, while the 𝑚param. LB go from 874.17 to 1446.26 t.

For all variants, the designers set 𝑦crit = 200 and 𝑏crit = 4000. For the base model MS00,
the upper limit for the vertical deflection is set to 140 mm and the VCGcrit = 15 m. The
critical values for the other variants are adapted according to the changes in geometry and
are discussed in Section A.1.

2.3.2 Full ship fleet

This dataset is composed of full ship models from multiple classes, with different di-
mensions and features such as number of decks and architectural elements (indoor and
outdoor activity areas, technical environments, cabin sizes, etc.).

Figure 2.10 shows the entire group of ships, and Table 2.3 shows the details of each
model. Due to confidentiality of industrial data, the dimensions are shown as relative to
the dataset’s mean and the ratio between 𝑚param. LB and 𝑚fixed is reported in percentage.

Two main groups can be identified, based on size and proportions. The first group
comprises FS0, FS1, FS2, FS7, and FS9, which are medium to large ships. They all have
above average length, and are much wider and taller compared to the remaining ships.
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(a) FS0 with 9 parameters. (b) FS1 with 9 parameters.

(c) FS2 with 9 parameters. (d) FS3 with 9 parameters.

(e) FS4 with 8 parameters. (f) FS5 with 8 parameters.

(g) FS6 with 10 parameters. (h) FS7 with 11 parameters.

(i) FS8 with 12 parameters. (j) FS9 with 11 parameters.

Figure 2.10: The full ship models, with their initial parameterizations. Each color
corresponds to a different parameterized section, except for dark blue which represents
elements with fixed thickness. The models are not to scale.
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Table 2.3: Details of the full ship models, for their basic parameterization.

Code Length Width Height # elements # patches 𝑛dim
𝑚param. LB
𝑚fixed

[%]
FS0 1.01 1.13 1.09 693237 7127 9 86.32
FS1 1.10 1.13 1.09 761700 8517 9 66.44
FS2 1.18 1.13 1.16 821483 8972 9 82.63
FS3 0.82 0.74 0.78 352400 3870 9 83.24
FS4 0.92 0.80 0.86 404059 4477 8 92.95
FS5 0.88 0.81 0.86 439859 3579 8 129.91
FS6 0.97 0.81 0.91 485736 5006 10 71.45
FS7 1.18 1.39 1.29 1342584 9965 11 71.26
FS8 0.84 0.81 0.80 385484 3322 12 81.61
FS9 1.11 1.24 1.15 986323 7836 11 63.76

The computational meshes reflect this, with the smallest FS0 composed of 693237 elements
and the largest FS7 almost doubling the count at 1342584. In terms of patches, the range is
more contained and spans from 7127 to 9965. The smaller group is composed of FS3, FS4,
FS5, FS6, and FS8, all having less than 500000 elements. The range of elements counts goes
from 352400 to 485736, while the patches go from 3579 to 5006. A noticeable difference
between the two groups concerns the geometry of the bow: the smaller ships have a very
pronounced bulbous bow, with the shell receding a lot, while the larger ships have an
almost vertical bow profile.

The dataset includes two groups of sister ships, which is representative of a common
industrial design process where an initial design serves as the basis for a sequence of
derivative ships. The first group consists of FS0, FS1, and FS2, while the second comprises
FS5 and FS6. Within each group, the sister ships show an increase in length relative to the
original design.

The NASTRAN solve times for the smaller ships range from 5 to 7 minutes, while the
larger ships require from 16 minutes to one full hour.

Since the values chosen for the thresholds are considered confidential data by Fincantieri
S.p.A., they will not be disclosed for this dataset.
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2.4 Conclusions

This chapter introduced the structural analysis problem that forms the focus of this thesis,
describing the FEA setup used to evaluate the structural response of cruise ships under
extreme wave loading. In the context of the preliminary design phase, the designers aim
to identify a configuration of steel thicknesses for the primary structural elements (decks,
bulkheads, etc.) able to withstand the loads of navigation, but at the same time, reduce the
total mass of the ship.

Five QoIs summarize the results of a simulation: other than the total mass of the ship
𝑓mass, which will be the objective during optimization, we use the VCG and the three mea-
sures of structural resilience 𝑛y, 𝑛b, and 𝑓deflection to constrain the possible configurations.
The notation for the QoIs, the domain, the configurations of steel thicknesses and the
constraints were then established.

Finally, we presented the test cases for the numerical evaluation of the techniques that
will be developed. As an inexpensive but illustrative test case, we use a simplified midship
section and a moderate number of variants obtained by addition or removal of decks and
longitudinal or transverse sections. For realistic full-scale test cases, we selected a group of
10 commercial designs that is representative of industry practices. The models range from
small vessels to very large ships, and the dataset contains two sets of sibling ships.

The high computational cost of FEA, that even for the midship sections requires several
seconds, prevents the use of automated procedures for mass optimization. Chapter 3
will present the model order reduction approach that will enable all the computational
techniques developed in this thesis.
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Surrogates construction

As seen in Section 2.3.2, the scale of the full ship test cases implies that, even for the smaller
instances, a designer needs to wait several minutes to obtain the results of a finite element
analysis (FEA) simulation. This cost in terms of time, although not high compared to other
types of industrial analyses, is nonetheless an obstacle for an efficient design process. On
the one hand, when a simulation results in unsatisfying quantities of interest (QoIs), the
time investment has been a waste and the designers are steered towards more conservative
designs instead of freely experimenting with alternative solutions. On the other hand,
the large latency makes operating small changes cumbersome and error-prone due to the
necessary context switch. Moreover, modern commercial software often imposes strict
licensing terms, which limit the number of concurrent analyses and restrict the hardware
resources that can be used to accelerate the computation.

Model order reduction (MOR) [39, 22, 20, 21, 30] is the paradigm of approximating an
expensive-to-compute function with a much cheaper surrogate, trading off the accuracy
of the results with the possibility of greatly increasing the rate of evaluation. The use
of such reduced order models (ROMs) in place of the expensive FEA or computational
fluid dynamics (CFD) solvers during the simulation-based design process gives rise to the
so-called surrogate-based modeling, design and optimization literature [149, 73, 38, 85,
173].

In this work, we use proper orthogonal decomposition (POD) for the dimensionality
reduction of the stress tensor field, together with Gaussian process regression (GPR) for the
latent space prediction of the POD coefficients and vertical deflection. The predicted stress
tensors are post-processed to compute the yielding and buckling states of the full-scale
mesh with great accuracy and low computational cost. Thanks to these surrogates, the
designers can test new configurations in quasi-real time, and automated optimization
becomes feasible.

This chapter is structured as follows: Section 3.1 discusses different approaches to MOR,
and presents the details of POD, GPR, and a multi-fidelity alternative in the auto-regressive
non-linear Gaussian process (NARGP). Section 3.6 shows the numerical results on some
representative test cases from Section 2.3.

21



CHAPTER 3. SURROGATES CONSTRUCTION

3.1 Introduction

The fundamental paradigm of MOR is based on the separation between an offline phase,
where expensive simulation data is collected and analyzed to construct a predictor, and
the online phase where the computationally cheaper predictor is used in place of the
original simulator. A broad distinction among the approaches that fall under the umbrella
of MOR can be traced between techniques for dimensionality reduction and methods for
regression.

Dimensionality reduction tackles the problem of compressing high-dimensional data,
such as large vectors representing 2D and 3D fields, to a much lower dimensional
representation. Efficient mappings between the original and latent spaces then enable
the construction of predictors defined on a much smaller number of degree of freedom,
possibly greatly simplifying the regression task.

Classical dimensionality reduction techniques rely on restriction of the full-scale data to
a linear manifold, with a vector base derived from an eigenvalue problem on the empirical
correlation of simulation data. The discrete POD, principal components analysis, and
Karhunen-Loeve expansion (KLE) are all based on the singular value decomposition (SVD)
of a snapshot matrix [194, 30, 207]. Linear projection methods have seen wide application
to engineering problems, due to their simplicity and efficiency. However, advection and
strong non-linearity in the behavior of the system often require too many latent dimensions,
as captured by the Kolmogorov n-width [146], limiting the efficacy of such methods.

Non-linear projection methods, such as the use of kernels for the computation of
correlations [165, 164], hyper-reduction approaches [64, 206, 13, 36], or deep learning
approaches such as autoencoders [157], have been applied to more complex dynamics.

Complementary to the problem of learning compact representations is the task of
approximating the relationship between the system inputs and the corresponding quantities
of interest. Depending on the application, this may involve learning a mapping from
the parameter space to scalar outputs or reduced representations, or approximating the
evolution operator that maps initial and boundary conditions to the system response.

Historically, the simplest approaches relied on the construction of polynomial approxi-
mations, commonly referred to as response surface method (RSM) [106]. More flexible
regression techniques have subsequently emerged, including radial basis function (RBF)
interpolation [205] and other non-parametric methods. Among these, GPR [155, 85], also
known as Kriging, has become one of the most widely adopted techniques in engineering
applications due to its robustness, its ability to provide uncertainty estimates alongside
predictions, and its effectiveness in data-scarce settings.

A particularly important class of reduced-order models arises when the governing
equations of the high-fidelity system are explicitly available. In this setting, dimensionality
reduction can be combined with projection techniques to restrict the original system to a
low-dimensional subspace while preserving its physical structure. This family of methods
is commonly referred to as reduced basis (RB) [92] methods and has achieved considerable
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success in computational mechanics and parametric partial differential equations (PDEs).
Data-driven approaches are particularly attractive in industrial settings, as they can be

applied to proprietary simulation software without requiring access to the underlying
implementation. This provides maximum flexibility while avoiding the development,
maintenance, and validation of specialized in-house solvers. As discussed in Chapter 2, the
high-fidelity solver considered in this work is MSC NASTRAN, a commercial closed-source
finite element code.

To effectively support the design process, the optimization pipeline must provide fast
predictions not only for scalar QoIs, but also for spatially distributed quantities such as
stress tensors and buckling usage factors. The availability of such surrogates enables the
interactive exploration of design alternatives without the need for additional high-fidelity
simulations.

3.2 Proper orthogonal decomposition

POD aims to decompose a field, dependent on multiple variables, into a linear combination
of a set of basis vectors and coefficients dependent on a separate subset of the original
variables. The method is applied to snapshots data collected from high-fidelity simulations,
and the construction of the vector base guarantees optimality (in the sense of Frobenius
norm) of the reconstruction error when the least important basis elements are discarded.
The most common application is to the data-driven dimensionality reduction of spatial
fields obtained from the numerical solution of parametrized PDEs.

In our setting, we consider the prediction of the stress tensor components parameterized
by the thickness values of the parameterized sections. A single snapshot consists of 6 scalar
fields, associating a component of the stress tensor to the centroid of each shell element in
the computational mesh. With POD, we construct a spatial basis defined on the elements’
centroids, while the thickness configuration only determines the values of the coefficients.

We denote as S ∈ R𝑛×𝑚 the real matrix that collects the snapshots s of a scalar field,
so that 𝑛 is the number of degrees of freedom and 𝑚 is the number of snapshots, with
𝑚 ≪ 𝑛. The S𝑖 𝑗 element depends on the 𝑖-th degree of freedom and the 𝑗-th thickness
configuration x(𝑗) in the sampling plan that generated S.

Following [30], we take the economy SVD of S to write

S = UΣV𝑇 , (3.1)

where U ∈ R𝑛×𝑚 and V ∈ R𝑚×𝑚 are column-orthonormal matrices, and Σ ∈ R𝑚×𝑚 is a
diagonal matrix. The columns of U are the left singular vectors of S, that is, the eigenvectors
of the empirical covariance matrix SS𝑇 . Conversely, the columns of V are the right singular
vectors of S and the eigenvectors of S𝑇S, which represents the covariance of the snapshots.
The two empirical covariance matrices share the non-zero eigenvalues, and their square
roots give the singular values that form the diagonal of Σ, ordered by decreasing module.
The decomposition is unique, up to a reordering of the columns of U and V associated to
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equal singular values, or a change of sign in the columns of U and V. The matrix U can
be interpreted as a basis for the columns of S, ordered by decreasing contribution to the
reconstruction.

Indeed, dimensionality reduction is obtained by considering only the first 𝑟 < 𝑚

elements of the basis, to write
S ≈ S̃ = ŨΣ̃Ṽ𝑇 , (3.2)

where Ũ ∈ R𝑛×𝑟 is the matrix formed by the 𝑟 leftmost columns of U, Σ ∈ R𝑟×𝑟 is the
diagonal matrix of the 𝑟 largest singular values in descending order, and Ṽ ∈ R𝑚×𝑟 the
matrix with the 𝑟 leftmost columns of V. The error obtained in the reconstruction of the
snapshot matrix with the truncated modes can be quantified, in Frobenius norm, as

∥S − S̃∥2𝐹 = ∥S − ŨŨ𝑇S∥2𝐹 =

𝑚∑
𝑖=𝑟+1

𝜎2
𝑖 , (3.3)

and S̃ coincides with the optimal linear reconstruction. This reconstruction error is
commonly referred to as "residual energy" [194]. Equation (3.3) is often used to choose
𝑟 so that the residual energy is below a relative threshold, usually below 1%. Other
criteria for the choice of 𝑟 can be the given as a constraint on the relative magnitude of
the first discarded singular value, e.g., 𝜎𝑟+1 ≤ 𝜎1/100, or derived from more sophisticated
assumptions on the data [30].

To each snapshot s(x(𝑗)) is associated a vector of reduced coefficients c(x(𝑗)) such that

s(x(𝑗)) ≈ s̃(x(𝑗)) = Ũc(x(𝑗)). (3.4)

For applications where the constraints on s are given in an analytical and treatable form,
we can impose Equation (3.4) with an equality instead of an approximation, to restrict the
solutions to an 𝑟-dimensional manifold embedded in the 𝑛-dimensional space. A common
setting for this intrusive approach is the RB method [92], which in the case of the FEA
discretization of static linear elasticity simply projects the stiffness matrix and right hand
side unto the reduced space.

When such intrusive approaches are not viable, it is necessary to first obtain the reduced
coefficients via a projection of the original snapshot

c(x(𝑗)) = Ũ𝑇s(x(𝑗)), (3.5)

then construct a regression from the parametric domain to the reduced space.

3.3 Gaussian process regression

GPR is a non-parametric regression technique based on the interpretation of data as a
multivariate Gaussian vector, where the covariance is a kernel function fitted to the data.
Predictions are obtained by conditioning the expectation on the observed data, with more
advanced kernels accounting for the possibility of epistemic noise, periodic domains,
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multiple fidelity levels, combinatorial domains, etc. GPR is the preferred tool for Bayesian
optimization, thanks to its uncertainty quantification capabilities, and this application has
driven much of the developments in kernels [107, 11] and numerical implementations.

This section follows the expositions from [113] and [85].
Let y be a vector of observations y𝑖 = 𝑓 (x(𝑖)) for 𝑖 = 1, . . . , 𝑚, with y ∼ 𝒩

(
𝝁,K

)
. The

vector of marginal means 𝝁 and the covariance matrix K are defined as:

𝝁𝑖 = E [y𝑖] = E
[
𝑓 (x(𝑖))

]
, (3.6)

K𝑖 𝑗 = K𝑗𝑖 = E
[
(y𝑖 − 𝝁𝑖)(y𝑗 − 𝝁𝑗)

]
= Cov

[
y𝑖 , y𝑗

]
= Cov

[
𝑓 (x(𝑖)), 𝑓 (x(𝑗))

]
. (3.7)

The conditional distribution of a subset of observations 𝐿, on past outcomes 𝐻, can be
obtained by leveraging the joint distribution[

y𝐻
y𝐿

]
∼ 𝒩

([
𝝁𝐻
𝝁𝐿

]
,

[
K𝐻𝐻 K𝐻𝐿

K𝐿𝐻 K𝐿𝐿

])
, (3.8)

to obtain
y𝐿|𝐻 ∼ 𝒩(𝝁𝐿|𝐻 ,K𝐿|𝐻), (3.9)

where the conditioned terms are expressed in terms of mean and covariance matrix of the
process’ distribution as

𝝁𝐿|𝐻 = 𝝁𝐿 +K𝐿𝐻K−1
𝐻𝐻(y𝐻 − 𝝁𝐻), (3.10)

K𝐿|𝐻 = K𝐿𝐿 −K𝐿𝐻K−1
𝐻𝐻K𝐻𝐿. (3.11)

The crucial component of a GPR is the construction of two functions 𝜇(x(𝑖)) and
kern(x(𝑖) , x(𝑗)) to generate the entries of 𝝁 and K, respectively, so that past observations are
reproduced with high confidence and extrapolation beyond the observed instances gives a
coherent probability distribution. The mean function 𝝁, which encodes prior knowledge
about the output, is usually set to zero. Indeed, in Equation (3.10) the covariance-dependent
terms act as a correction, weighting the observed deviations from the prior.

For the covariance function, which is required to generate a symmetric semi-definite
positive matrix, a popular choice is the squared exponential kernel with automatic relevance
determination (ARD):

K𝑖 𝑗 = kern(x(𝑖) , x(𝑗)) = 𝜎2exp

(
−1

2

∑
𝑑

(x(𝑖)
𝑑
− x(𝑗)

𝑑
)2

𝑙2
𝑑

)
, (3.12)

where 𝜎2 is a scaling factor, and 𝑙𝑑 is the length scale associated to the dimension 𝑑 of the
parametric domain. ARD is a primary factor for the efficacy of GPR for higher 𝑛dim [26,
96]. Dimensions for which variations in the input have little influence on the output are
associated with large length scales, decreasing their effect on the covariance. Conversely,
dimensions in which small input variations produce significant changes in the output are
assigned shorter length scales, restricting the influence on the output to nearby samples.
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An alternative kernel function, which generalizes Equation (3.12), is the Matérn kernel

kern𝑀𝜈(x(𝑖) , x(𝑗)) = 𝜎2 21−𝜈

Γ(𝜈)
©­­«
√

2𝜈

√√√∑
𝑑

(x(𝑖)
𝑑
− x(𝑗)

𝑑
)2

𝑙2
𝑑

ª®®¬
𝜈

𝐾𝜈

©­­«
√√√∑

𝑑

(x(𝑖)
𝑑
− x(𝑗)

𝑑
)2

𝑙2
𝑑

ª®®¬ , (3.13)

where 𝜈 constrains the smoothness of the interpolation and is usually chosen to be 1.5
or 2.5, Γ is the gamma function generalizing the factorial, and 𝐾𝜈 is the modified Bessel
function of the second kind.

The values of the hyper-parameters for Equations (3.12) or (3.13) are chosen by
maximizing the log-likelihood on the training data. Let K𝜽 denote the covariance matrix
obtained by the chosen kernel, whose hyperparameters are collected in the vector 𝜽.
For the squared exponential kernel, 𝜽=[𝜎, 𝑙1 , . . . , 𝑙𝑛dim]. For the case of zero prior, with
X =

[
x(1) , . . . , x(𝑚)

]
, the log-likelihood reads as follows

log 𝑝(y | X, 𝜽) = −𝑚2 log 2𝜋 − 1
2 log |K𝜽 | −

1
2y𝑇K−1

𝜽 y, (3.14)

where |K𝜽 | is the determinant of the covariance matrix.
Once the hyper-parameters have been selected, the values in 𝜽 are kept constant

and the term K−1
𝐻𝐻
(y𝐻 − 𝝁𝐻) in Equation (3.10) can be computed and stored for online

querying of the GPR. During a query, the computation of the conditioned mean requires
only evaluating the kernel function between the snapshots samples and the query points.
Figure 3.1 represents the prediction of a GPR for the Forrester function [73], showing how
the addition of a new sample to the training data modifies the outcome.
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Figure 3.1: Representation of a GPR prediction before and after its update. The training
samples are shown as black dots, with the sample in red absent from the training in the
top figure, and included in the bottom one. The true function is represented with a dashed
black line, while the GPR predictions are in red. The confidence level corresponding to 𝜎,
2𝜎, 3𝜎 are represented in increasingly lighter shades of blue.

For the prediction of the vector of POD coefficients c(x), a possible approach is to fit a
separate GPRs for each component, for a total of 𝑟 sets of hyper-parameters. As a cheaper,
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3.4. MULTI-FIDELITY REGRESSION

but less powerful alternative , a single vector-valued GPR can be obtained by making all
components share the same hyper-parameters set.

3.4 Multi-fidelity regression

Auto-regressive non-linear Gaussian process with active subspaces (NARGPAS) is a multi-
fidelity regression technique proposed in [159]. In a multi-fidelity setting, a regressor is
trained on a combination of data with varying levels of accuracy, for example: the highest
fidelity could come from a FEA simulation with a very fine mesh and complex constitutive
assumptions, while a lower fidelity level could use a RB surrogate. A common assumption
is that lower fidelity levels provide datasets with more samples, since the generation of
less accurate data is generally cheaper. By modeling the relationship between the fidelity
levels, it is possible to leverage this discrepancy in data availability and achieve a much
higher accuracy than possible with the lower fidelity data alone. In the GPR literature,
the deep Gaussian process (GP) approach constructs a sequence of GPs where the mean
function is obtained from the immediately lower level.

An extension is the NARGP proposed in [144], where instead of simply recursively
propagating the mean from lower levels, the kernel at each level combines the covariance
of the lower-level predictions with the covariance of the current level. Let

𝑆𝑞 = {x𝑞,𝑖 , 𝑦𝑞,𝑖}
𝑛𝑞

𝑖=1 ⊂ 𝒟 × R, for 𝑞 = 1, ..., 𝑝, (3.15)

where 𝑞 denotes the fidelity level, with 𝑞 = 1 being the lowest, and 𝑦𝑞 = 𝑓𝑞(x) is the
observation at the corresponding accuracy. As an additional assumption, let the datasets
be structured hierarchically

𝜋(𝑆𝑝) ⊂ 𝜋(𝑆𝑝−1) ⊂ ... ⊂ 𝜋(𝑆1), (3.16)

where 𝜋 is the projection unto the first 𝑛dim coordinates. The covariance kernel function at
level 𝑞 > 1 is given by three terms separate terms

𝑘𝑞(x(𝑖) , x(𝑗)) = 𝑘
𝜌
𝑞 (x(𝑖) , x(𝑗))𝑘

𝑓
𝑞 ( 𝑓𝑞−1(x(𝑖)), 𝑓𝑞−1(x(𝑗))) + 𝑘𝛿𝑞 (x(𝑖) , x(𝑗)), (3.17)

where 𝑘𝛿𝑞 models the intra-level covariance and the product 𝑘𝜌𝑞 𝑘
𝑓
𝑞 models the inter-

level interaction. Each term has separate hyper-parameters to be fitted via likelihood
maximization. This approach increases the complexity of the construction and the outputs
are no longer Gaussian distributed, but the resulting model is able to express more complex
functions.

In [159], NARGP is used to include the assumption of low-dimensional active subspace
(AS) in the original input space. AS, discussed in [45, 44], is a widely used technique
for the dimensionality reduction of parameter spaces which leverages the covariance
matrix of gradients in a similar way to POD. In particular, AS constructs a basis for the
gradients of the function of interest using SVD and discards the least energetic modes.
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By constructing a gradients snapshot matrix 𝑀 ∈ R𝑛dim ,𝑚 with the 𝑖-th column given by
∇ 𝑓 (x(𝑖)), let W be the matrix collecting the 𝑟 most energetic AS modes obtained from SVD.
The retained modes are able to maximally reconstruct the directions of highest variability,
while variations along the discarded modes result in little variation of 𝑓 .
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Figure 3.2: Representation of NARGPAS on an automobile simulation. Image courtesy of
the authors of [159].

NARGPAS first constructs a GPR on the data from the highest fidelity level, and uses
it to compute the gradients corresponding to the train samples. The gradients are used
to compute the AS modes, of which only the first is retained. As a second and lowest
fidelity level, NARGPAS trains a single-input GPR using the projection of the training data
unto the first AS mode. This correspond to a constant extension of the prediction along
the directions orthogonal to the AS mode, as a consequence of the approximation of low
variability.

NARGP was used in an early version of the optimization pipeline [190], achieving good
results in term of accuracy on both a simplified midship section and a full ship.

3.5 Full surrogate

To construct a surrogate for the stress tensor field, we use POD for dimensionality reduction
and GPR for the prediction of reduced coefficients. For each combination of load condition
and field, we construct a separate POD and vector-valued GPR, for a total of 12 surrogates.
To obtain 𝑛y and 𝑛b, rather than training a simple GPR, we post-process the full-scale
stress tensor field of each load condition and aggregate the results. Although more
computationally expensive, the vectorized computation of yielding and buckling criteria
achieves much lower prediction error. The vertical deflection is instead well predicted by a
simple GPR. For all GPRs, we use the squared exponential kernel from Equation (3.12) with
ARD. In the case of reduced coefficients, for each combination of load condition and stress
tensor component, we use vector-valued GPRs that share the kernel hyper-parameters
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across all POD modes. This approach results in a slightly higher prediction error, but
is much cheaper in computation time compared to fitting separate hyper-parameters for
each mode.

Regarding the dimensionality reduction, we observe that the decay of singular values
consistently achieves relative residual energy, quantified by Equation (3.3), below 1% for
rank 𝑟 higher than, but close to, the number of parameters. This behavior results in an
effective reduction and a cheap training phase for the GPRs. Additionally, the construction
of the GPRs for each stress tensor component and load condition is embarrassingly parallel,
once the tensor fields are decomposed and the basis for each component is stored.

Overall, we obtain a surrogate for the full set of QoIs that is cheap to construct and
evaluate, suitable for our optimization pipeline.

3.6 Numerical results

In this section, we evaluate our full surrogate on two test cases from Chapter 2: the default
midship section MS00 is studied in Section 3.6.1 and the full ship FS6 in Section 3.6.2.
We consider different sizes of snapshots database and parameterizations, to verify the
robustness of the proposed approaches as the optimization proceeds. For each test case,
we discuss the selection of the POD truncation rank, and present the trade-offs between
accuracy and computational cost of multiple predictors for the reduced coefficients.

The implementation of GPR comes from GPy [84], and the POD-GPR framework used
is from EZyRB [56]. All values are obtained using a full node of Fincantieri S.p.A.’s HPC
facility, equipped with an Intel Xeon Gold 6354 CPU (3.00 GHz) featuring 36 cores and 512
GB of RAM.

3.6.1 Midship section MS00

We apply POD to the high-fidelity snapshots of the separate components of the stress
tensor. Figures 3.3 shows the POD modes associated to the three most energetic singular
values of 𝜎𝑥 and 𝜏𝑥𝑧 , computed under the hogging load condition.

For the choice of truncation rank, we analyze the singular values decay from a random
sampling and choose the last rank above the 1% threshold of the first singular value. This
choice leads to good reconstruction errors, and is robust with respect to the increase in
high-fidelity samples due to the infill criteria from the optimization results. Figure 3.4
shows the singular values decay, for all load conditions and stress tensor components. We
consider the initial parameterization with 5 parameters, with the snapshots database at
the initial sampling (21 high-fidelity configurations) and at the end of the optimization
(96 configurations). Even after the addition of 75 configurations via the infill criteria
of the optimizations, the proposed criterion would still select the same truncation rank.
We remark that in our experience, the ideal truncation rank is close to the number of
parameterized sections, with the difference usually between 1 and 5.
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(a) 𝜎𝑥 , mode 1. (b) 𝜏𝑥𝑧 , mode 1.

(c) 𝜎𝑥 , mode 2. (d) 𝜏𝑥𝑧 , mode 2.

(e) 𝜎𝑥 , mode 3. (f) 𝜏𝑥𝑧 , mode 3.

Figure 3.3: Side view of the midship section MS00, depicting the most energetic POD
modes from top to bottom, for 𝜎𝑥 (left) and 𝜏𝑥𝑧 (right) under hogging. The color scale is
symmetric, with blue for negative values and red for positive values.
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Figure 3.4: Evolution of the range of normalized singular values decay of the stress
tensor components. The values come from the high-fidelity database before and after
optimization, for the midship section MS00 with 5 parameterized sections.
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Figure 3.5 compares the prediction errors on 𝑛y and 𝑛b for different ranks and number
of high-fidelity database, obtained from 5-fold cross-validation (5-CV). Due to the large
range of these QoIs, we report the error relative to the chosen critical threshold. As
the number of high-fidelity samples increases, the prediction errors increase on lower
truncation ranks, but the one selected previously consistently scores among the best.
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Figure 3.5: Comparison of the 5-CV errors on 𝑛y and 𝑛b, for different database sizes and
ranks. The predictions are relative to MS00 with 5 parameterized sections. The plots
highlight the median error and the gray box identifies the chosen truncation rank.

To motivate the choice of predictor for the reduced coefficients, we compare multiple
approaches in terms of the resulting error. We employ RBF with a multiquadric kernel,
GPR with a single squared exponential kernel shared across coefficients (vector-GPR),
GPR with a separate kernel for each coefficients (multi-GPR), and NARGPAS. All GPR
kernels use ARD, and the hyper-parameters are fitted via log-likelihood maximization
using low-memory Broyden–Fletcher–Goldfarb–Shanno (L-BFGS), generating 20 random
initial configurations and retaining the best configuration.

We study the 5-CV relative error, in L2 norm, of the fields used in the prediction of the
QoIs. We monitor the stress tensor and the von Mises criterion which are used to obtain the
yielding state, as well as the 11 buckling usage factors. We first consider the high-fidelity
database of the initial parameterization of MS00, after optimization. Figure 3.6 shows that
the multi-GPR approach leads to the best predictions, followed by the vector-GPR, the
NARGPAS, and finally the RBF. Overall, the GPR-based surrogates have very good errors
that almost always fall below the 0.02 threshold. The most difficult field to reproduce is
the usage factor related to uf𝑥+𝜏, for which both vector-GPR and multi-GPR have a tail
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well over the 0.02 threshold.
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Figure 3.6: Comparison of the 5-CV errors on the stress tensor components and their
post-processed results, with medians highlighted, for different predictors of reduced
coefficients. The values are relative to the hogging condition, simulated on MS00 with 5
parameterized sections.

Figure 3.7 repeats the comparison on a refined parameterization with 17 sections,
truncation rank 18, and 352 configurations in the high-fidelity database at the end of
optimization. In this case, the ranking of the predictors remains the same, but the errors
reflect the increased complexity of the problem. NARGPAS shows much higher errors on
the stress tensor components, possibly due to higher difficulty in fitting of the non-linear
kernel to the larger and higher-dimensional database. On the 4 last buckling usage factors
Biax+𝜏, uf𝑥+𝜏, uf𝑦+𝜏, and uf𝑧+𝜏, both vector-GPR and multi-GPR record errors above 0.02.

However, the good performances of multi-GPR come at a high computational cost.
While in the case of the basic parameterization the difference in GPR training time is
negligible, the multi-GPR approach becomes infeasible in the case of larger high-fidelity
database and higher number of parameterized sections. On the finer parameterization,
the training time for the multi-GPR associated to a single stress tensor component is about
1 hour, while a vector-valued GPR only requires 5 minutes. Since the trade-off in terms of
accuracy is limited, we choose this approach for our full surrogates.

Finally, we compare the distributions of the 5-CV errors on 𝑛y and 𝑛b, relative to the
respective critical values, obtained via a scalar GPR and via our full surrogate. Figure 3.8
shows that, for both initial and refined parameterized sections, at the largest database size,

32



3.6. NUMERICAL RESULTS

σx σy σz τxy τxz τyz σVM

yielding factors

0
0.01
0.02

0.05

0.10

re
la

tiv
e 

er
ro

r L
2

ufx ufy ufz ufxy ufxz ufyz Biax Biax + τ ufx+τ ufy+τ ufz+τ

buckling usage factors

00.010.02
0.05

0.10

0.20

re
la

tiv
e 

er
ro

r L
2

Figure 3.7: Comparison of the 5-CV errors on the stress tensor components and their post-
process results, with medians highlighted, for different predictors of reduced coefficients.
The values are relative to the hogging condition, simulated on MS00 with 17 parameterized
sections.
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Figure 3.8: Comparison of the 5-CV errors on 𝑛y and 𝑛b, with medians highlighted,
for different prediction approaches. The values are relative to MS00, with 5 and 17
parameterized sections.
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the full surrogates show a much lower error and warrants its adoption in the optimization
pipeline.

Regarding the prediction of the vertical deflection, the simple GPR approach model
achieves R2 score above 0.99 for both the initial and refined parameterizations, measured
with 5-CV. In terms of mean absolute percentage error (MAPE), the two models score
0.43% and 0.47% respectively.

Overall, the prediction of the complete set of QoIs on MS00, amortized over 1000 queries
executed in parallel, takes on average 0.005 s for both the initial and fine parameterization.

3.6.2 Full ship FS6

We now repeat the analyses of the previous section on a full ship model, FS6, with a basic
parameterization of 10 parameterized sections. Although this ship is of medium size, it
has much greater variety of structural elements compared with MS00. The most energetic
POD modes for 𝜎𝑥 and 𝜏𝑥𝑧 , under the hogging load condition, are shown in Figure 3.9.

(a) 𝜎𝑥 , mode 1. (b) 𝜏𝑥𝑧 , mode 1.

(c) 𝜎𝑥 , mode 2. (d) 𝜏𝑥𝑧 , mode 2.

(e) 𝜎𝑥 , mode 3. (f) 𝜏𝑥𝑧 , mode 3.

Figure 3.9: Side view of the full ship FS6, depicting the most energetic POD modes from
top to bottom, for 𝜎𝑥 (left) and 𝜏𝑥𝑧 (right) under hogging. The color scale is symmetric,
with blue for negative values and red for positive values.

Due to the increase in complexity, we use a conservative choice for the truncation
rank. We retain the first 16 modes, instead of 13 as informed by the criterion proposed
in the previous section. Figure 3.10 shows the singular values decay measured on the
initial high-fidelity database (21 configurations) and at the end of the optimization (114
configurations). As with the simpler MS00, the criterion’s choice remains the same on
the two databases. We remark that the initial high-fidelity database size was purposely
chosen to be very small, since the active learning component of the optimization pipeline
would grow it to refine the surrogates.

Figure 3.11 reports the errors distribution for 𝑛y and 𝑛b, for different truncation ranks
and the two databases considered. Although the chosen truncation rank leads to worse
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Figure 3.10: Evolution of the range of normalized singular values decay of the stress
tensor components. The values come from the high-fidelity database before and after
optimization, for the full ship FS6 with 10 parameterized sections.

error distributions on the initial database, after optimization the choice of a higher rank
does not lead to a large difference.
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Figure 3.11: Comparison of the 5-CV errors on 𝑛y and 𝑛b, for different database sizes
and ranks. The predictions are relative to FS6 with 10 parameterized sections. The plots
highlight the median error and the gray box identifies the chosen truncation rank.

We then compare different predictors for reduced coefficients, for the initial param-
eterization and the full database, in Figure 3.12. As for MS00, the multi-GPR approach
achieves the best results in terms of accuracy, followed by vector-valued GPR, RBF, and
NARGPAS. The single-fidelity GPR-based predictors consistently score under the 0.05
error threshold for the stress tensor components, von Mises criterion, and the first buckling
usage factors. The buckling usage factor uf𝑦𝑧 , which considers the shear in the 𝑦𝑧 plane, is
zero for all degrees of freedom in FS6. This is due to the regulatory minimum thickness of
the transverse bulkheads, and other transverse structural elements, being set at the higher
end of the commercially available thicknesses. In this case, the designers decided to not
compute the buckling for such elements and use instead a lower threshold for 𝑏crit during
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optimization.
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Figure 3.12: Comparison of the 5-CV errors on the stress tensor components and their
post-processed results, with medians highlighted, for different predictors of reduced
coefficients. The values are relative to the hogging condition, simulated on the full ship
FS6 with 10 parameterized sections.

Figure 3.13 is obtained from the refined parameterization with 40 parameterized
sections, on a database of size 617. Differently from the previous case, NARGPAS shows
heavily degraded performances possibly due to the increase in database size, with the
worst predictions reaching above the 0.5 threshold in relative error. For this reason,
NARGPAS is not shown in the plot. Although less pronounced as with NARGPAS, all
other models register a decrease in accuracy. The disparity in computational effort in
constructing the multi-GPR compared with the vector-valued GPR, on this larger database,
is staggering: the multi-GPR of a single field takes about 10 hours to be fitted, instead of
the 10 minutes required by the simpler predictor.

Finally, Figure 3.14 compares the performance of the single GPR and the full surrogate
approach for 𝑛y and 𝑛b. As with MS00, the more involved approach achieves much lower
prediction errors.

Regarding the prediction of the vertical deflection, the simple GPR approach model
achieves an R2 score of 0.94 on the initial parameterization, and 0.98 on the refined one. In
terms of MAPE, the two models score 3.48% and 1.49%, respectively.

A prediction of the complete set of QoIs on FS5, amortized over 1000 queries executed
in parallel, takes on average 0.034 s for the model with 10 parameterized sections and
0.036 s for the one with 40 parameters.
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Figure 3.13: Comparison of the 5-CV errors on the stress tensor components and their
post-processed results, with medians highlighted, for different predictors of reduced
coefficients. The values are relative to the hogging condition, simulated on the full ship
FS6 with 40 parameterized sections.

0

2

4

6

# yielded

0

2

4

# buckled

# param. 10
# hifi 114

GPR full surrogate
0

2

4

GPR full surrogate
0

1

2
# param. 40

# hifi 617ab
so

lu
te

 e
rro

rs
 / 

th
re

sh
ol

d

Figure 3.14: Comparison of the 5-CV errors on 𝑛y and 𝑛b, with medians highlighted,
for different prediction approaches. The values are relative to FS6, with 10 and 40
parameterized sections.
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CHAPTER 3. SURROGATES CONSTRUCTION

3.7 Conclusions

This chapter presented the full surrogate at the core of the optimization pipeline presented
in Chapter 1.

We use POD for the dimensionality reduction of the stress tensor components, with
truncation rank chosen based on the singular values decay. We propose to select the last
rank for which, considering all the fields of interest, the highest normalized singular value
is above 0.01. For the prediction of the reduced coefficients of each load condition and
stress tensor component, we select a vector-valued GPR. In this setup, a single squared
exponential kernel with ARD is used for all the elements of the coefficients vector. The
alternative approach, using separate GPRs, achieves lower prediction errors, but the
extremely high construction time makes it infeasible for the optimization pipeline.

The full surrogate computes 𝑛y and 𝑛b via aggregation of the full-scale yielding criteria
and the buckling usage factors, with the vertical deflection obtained via a simple scalar
GPR. This approach achieves a high computational efficiency in the many-query regime,
with the amortized time for a prediction of the full QoIs requiring a few milliseconds for
MS00, and a few hundredths of a second for FS6.

Chapter 4 will present the developed multi- and single-objective optimizations leverag-
ing the full surrogates.
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4

Surrogate-assisted optimization

This chapter discusses the optimization step of the pipeline from Chapter 1, leveraging
the full surrogates presented in Chapter 3 instead of the high-fidelity simulation from
Chapter 2 to evaluate the quantities of interest (QoIs). With an infill criterion, only the
best candidates are then added to the snapshots database to update the surrogates and
continue the search.

First, multi-objective optimization is used to increase the accuracy of the surrogates
close to the Pareto front (PF), which provides the designers with best trade-offs between
QoIs. The ability to obtain a global representation of the model’s capabilities is crucial for
the design process, since it guides the choices of constraint thresholds for the following
mass optimization. Due to the computational efficiency of our full surrogates, we use
the non-dominated sorting genetic algorithm III (NSGA-III) [54] for unconstrained multi-
objective optimization. As infill criterion, we propose a simple approach that leverages the
covariance kernels of the underlying Gaussian process regressions (GPRs) to select the
samples most relevant to the accuracy of the PF.

For single-objective optimization, we compare multiple approaches from the literature
on black-box and derivative-free optimization [113, 43]. In particular, we use Bayesian
optimization (BO) [85, 24] and metaheuristics such as particle swarm optimization
(PSO) [105] and differential evolution (DE) [116], hybridized with a simpler direction-based
approach. A key element of the implementation is the ability to handle the feasibility
constraints on the QoIs and the discrete nature of𝒟, for which we leverage a rounding
strategy based on an integer linear program (ILP) [166].

In Section 4.1 we briefly review the literature on surrogate-assisted optimization and
discuss its integration in the optimization pipeline. In Section 4.2 we present NSGA-III
and our infill criterion. The different approaches to single-objective optimization and
constraint handling are discussed in Section 4.3. In Section 4.4 we apply our multi-objective
infill criterion on the coarse parameterizations of a simplified midship section and a full
ship, and compare multiple approaches to single-objective optimization on the refined
parameterization of a full ship. The final conclusions are drawn in Section 4.5.
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CHAPTER 4. SURROGATE-ASSISTED OPTIMIZATION

4.1 Introduction

Armed with the efficient surrogates discussed in Chapter 3, the designer can now evaluate
new configurations in the design space with minimal time-to-solution. In principle, the
search for the thickness configuration that leads to the minimal mass while respecting
the criteria of structural resilience described in Chapter 2 can be conducted in semi-real
time, with the designers inspecting the changes in QoIs and field outputs to decide which
decision variable to change. However, rather than relying only on their expertise and
intuition, the search for the optimal ship design can be augmented via the automation of
an optimization procedure, able to fully leverage the computational resources available
nowadays.

The literature on numerical optimization methods is vast and constantly evolving.
Usually, the first choice is to leverage the gradient of the objective function, to iteratively
refine a configuration along the direction of maximal decrease. Many first order methods
integrate additional heuristics [110], and have achieved great success in conjunction
with automated differentiation in the context of deep learning [141]. Quasi-Newton
methods, which extend gradient descent with an approximation of the Hessian such as
low-memory Broyden–Fletcher–Goldfarb–Shanno (L-BFGS) [217], are a popular choice
in scientific computing tasks [197, 84]. Differentiable constraints can be integrated via
the Lagrangian, leading to methods such as the augmented Lagrangian [27] and interior
point methods [199]. A classic approach is the construct of a surrogate linear or quadratic
model inside a trust region (TR) [83, 31, 129, 43], updating the TR and the surrogate as the
incumbent moves and accuracy of the model changes. An issue with these approaches is
that they are based on a local refinement of a starting configuration, and are susceptible
to becoming stuck in local minima. Nonetheless, this is often mitigated by the use of
repeated refinement of random initial configurations, which is a strong baseline [216].

In [4], the reduced basis (RB) method was employed alongside hyper-reduction and
radial basis function (RBF) interpolation to optimize complex partial differential equation
(PDE)-constrained problems. The adjoint method [82] was employed in [40] to the
optimization of wings under flutter constraints and an arbitrary Lagrangian Eulerian
(ALE) system. In our case, NASTRAN could provide the Jacobians of the stress tensors
with respect to the thickness of the parameterized sections by solving the adjoint problem,
but the post-processing to obtain 𝑛y and 𝑛b is non-smooth and non-convex. Combined
with the discrete nature of the parametric domain, we prefer black-box modeling of the
constrained QoIs.

Another approach that leverages both differentiation and data-driven surrogation is
BO [85, 174, 24, 95]. BO requires a surrogate that is able to produce uncertainty quantifica-
tion (UQ) of the objective function, most often a GPR, and optimizes an acquisition function
which takes into account both the predicted objective and the associated uncertainty. This
technique is able to escape local optima, although its efficacy on high-dimensional domains
and discrete decision variables remains an area of active research [51, 63, 140, 96]. BO has
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seen wide adoption for the optimization of expensive black-box functions, especially in
the context of hyper-parameters tuning for deep learning [175, 2, 132].

Under the assumption of an objective cheap to evaluate, multiple algorithms directly
construct a set of directions to explore, such as the classic Powell’s method, Hooke-Jeeves
and generalized pattern search [113]. Other algorithms, such as Nelder-Mead or simplex
method [43] or the related Box’s method [9] that handles convex constraints, employ a
structure of multiple evaluation points which are updated according to sophisticated
rules. The DIviding RECTangles (DIRECT) algorithm [99, 35] uses a subdivision schema to
explore the domain under assumption of Lipschitz objective. These techniques, however,
are tailored to continuous domains and do not translate easily to discrete variables.

Other than using deterministic search directions, metaheuristics [188, 62] include
a stochastic element in the generation of configurations to evaluate. Although this
class of procedures does not guarantee optimality, its efficacy in providing high quality
solutions for hard optimization problems, often defined on combinatorial domains, has
determined widespread adoption as heuristic procedures. One of the foremost examples
is simulated annealing [111, 195], which generates coordinates changes at random and
accepts worsening moves with decreasing probability.

However, the most common family of metaheuristics is that of the population-based
procedures, in which we can separate evolutionary computation and nature-inspired
dynamics. The common denominator is the maintenance of a population of configurations
rather than a single element, and that the interaction between different individuals
generates the coordinates update that explore the domain.

In the evolutionary computation approach, which include genetic algorithm (GA) [177],
evolutionary strategy (ES) [10] and DE [147, 48, 212], the fundamental idea is to replicate
the effects of natural selection through a series of operators such as selection and crossover.
In a broad sense, these metaheuristics iteratively select elite individuals and combine their
parameter values to generate new configurations, effectively interpreting the parameters
as genetic material.

Nature-inspired procedures, instead, treat the individuals in the population as geo-
metric coordinates and define an update step that mimics the population dynamics seen
in birds flocking, or other groups of animals. The most famous exponent of this family
is PSO, where individuals are attracted by both the position of the best known solution,
and their own best configuration. Ant colony optimization (ACO) [61, 60] introduces
an indirection layer: the individuals contribute to a globally known score of coordinate
changes and select their move accordingly. This imitates the pheromone trails left by ants,
which progressively promote paths leading to the optimum.

A crucial element of the optimization problem is the enforcement of constraints,
which in our case take two forms: inequalities on structural QoIs and on the thickness
configuration vector itself, and discreteness of the domain.

The discrete domain is a deceptively simple formulation: although in principle it
decreases the complexity of the search, having a finite number of configurations to
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choose from, it takes away the information of local behavior that comes from the gradient
and Hessian. Heuristics that can employ effective discrete updates of the configuration
coordinates have an advantage, while procedures that rely on a continuous domain need
to integrate a rounding step. In the special case of linear objective and linear constraints,
but discrete domain, ILP have a long history of developments and specialized solution
techniques via branch and bound, and simplex or interior points methods, which result
in practical and efficient methods for small and medium problem instances [1, 178]. In
particular, it is possible to recast the rounding of an invalid configuration to a valid
discrete point, feasible for the constraints on the center of gravity (COG), as an ILP with
a simple structure and small size. This efficient rounding routine can be integrated in
distance-based algorithms such as PSO, and provides a post-processing step for BO.

The inequalities on the structural QoIs exhibit non-convex and non-smooth behavior,
and as shown in Chapter 3 are difficult to surrogate directly. A simple workaround is the
integration of the constraints violation into the objective function, an approach known
as penalty method [113, 43]. Even if this method opens to the use of unconstrained
algorithms, the drawback lies in the careful choice of penalty coefficients, since they must
properly model the trade-off between the entity of the violation and the objective.

The study of interaction between different QoIs goes beyond the mere selection of
penalty terms: identifying the configurations with the best trade-off between competing
quantities, such as total mass and structural QoIs, can inform the decision-making
and the planning of the entire design process. Multi-objective optimization aims to
determine, or approximate, the PF and the corresponding Pareto set (PS) which provide
such trade-offs. Although this problem can be recast in terms of repeated single-objective
optimization [113] either via constrained searches [35] or via scalarization [214], population-
based metaheuristics are the most popular choice [71]. Non-dominated sorting genetic
algorithm (NSGA) is a family of GAs [53, 54] that constitutes the first choice in many
applications [203]. Multi-objective BO has recently been explored, but remains limited by
the complex computation of appropriate acquisition functions on higher dimensions [112,
63, 49, 131, 86, 50].

4.2 Multi-objective optimization

In this section, we first review the notation for multi-objective optimization and motivate
our choice of NSGA-III as optimization algorithm. Then, we present the details of the
algorithm and our proposed infill criterion, tailored to the full surrogate.

We aim to find the PF in the space of QoIs collected by f from Equation (2.5), which
will instruct the choice of 𝑦crit, 𝑏crit, 𝑑crit. The structural QoIs that will be constrained are
indeed in competition with 𝑓mass, which will be the target of single-objective optimization.
By inspecting the unconstrained PF, the designers can choose the critical thresholds that
allow for a light ship, but limit the number of structural failures to be corrected in future
design phases.
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In multi-objective optimization, a configuration x∗ is said to dominate x, with notation
x∗ ≻ x, when the objective functions evaluated on x∗ take no worse values compared to x,
and at least one objective takes a strictly better value [176]. Formally, assuming that all
members of f must be minimized, we write

x∗ ≻ x ⇔ f𝑖(x∗) ≤ f𝑖(x) ∀𝑖 , ∃𝑗 : f𝑗(x∗) < f𝑗(x), (4.1)

with 𝑖 , 𝑗 ∈ {1, ..., 5}. A dominated configuration is of no interest in the optimization since
there exists another configuration that performs no worse on all QoIs, and is strictly better
for at least one QoI.

PS is the set of all non dominated configurations

PS = {x∗ ∈ 𝒟 : � x ∈ 𝒟 such that x ≻ x∗}, (4.2)

and the PF is the image of PS through f:

PF = {f(x∗) : x∗ ∈ PS}. (4.3)

For usual𝒟, the exact PF and PS can not be determined due to the high number of possible
configurations and QoIs. We settle on finding an approximation of PF, and refining the
surrogates’ accuracy on the configurations close to the PS via an appropriate infill criterion.
The optimization and infill will be repeated in the usual surrogate-based approach [149],
until either a budget is exhausted or the infill criterion shows limited improvement.

For the choice of optimization procedure, we adapt the NSGA family of GA. The
population-based approach enables parallel evaluation of a large batch of configurations,
fully leveraging the hardware resources. Alternative approaches present significant
drawbacks: scalarization or constrained optimization add a computational overhead
compared to direct evaluation of the population, and UQ-based approaches require Monte
Carlo evaluation of complex integrals.

4.2.1 Non-dominated sorting genetic algorithm-III

Classic GAs for single-objective optimization are designed around the concept of the
objective function representing the fitness for survival and mating success of an individual,
and the domain coordinates constitute its genome. This point of view drives the design
of the various operators that implement the update of the population. The selection
operator identifies the parents-to-be in the population; the crossover operator generates
new genomes from the combination of two or more parents; the mutation operator
introduces alien genome features in the newly conceived individuals; and finally the
environmental selection operator removes the less fit individuals. The generic structure is
outlined in Algorithm 1.

In the multi-objective case, the fitness must represent the degree of domination that
an individual exercises in the population. The NSGA family of algorithms constructs a
sequence of population subsets, where each subset contains the PS of the union of itself
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Algorithm 1 Template of a genetic algorithm.
Input: initial population X, fitness function 𝑓 , crossover and mutation functions, maximum

population 𝑝, number of generations 𝑞
Output: final population
𝑖 ← 0
while 𝑖 < 𝑞 do

Xparents ← select from X according to 𝑓

Xchildren ← crossover of Xparents

Xchildren ←mutation of Xchildren

X← Xparents ∪ Xchildren

X← 𝑝 survivors, the best performing individuals from X according to 𝑓

𝑖 ← 𝑖 + 1
end while
return X

Algorithm 2 Non-dominated sorting.
Input: population X =

{
x(𝑖)

}𝑚
𝑖=1

Output: list 𝐿 of non-dominated layers as set of indices
𝐿← empty list
𝑅← {𝑖 = 1, ..., 𝑚}
while |𝑅| > 0 do

XR ← {x(𝑖) | 𝑖 ∈ 𝑅}
𝐹← {𝑖 | x(𝑖) is not dominated in XR}
𝐿← 𝐿 ∪ {𝐹}
𝑅← 𝑅 \ 𝐹

end while
return 𝐿

and the following subsets. The construction of the non-dominated sort is implemented in
Algorithm 2.

For the parents selection operator, we simply return the entire population. As crossover
operator, we use two-point crossover and a variant of interpolation crossover where we
take the element-wise minimum or maximum of the parents’ features. We select a pair
of parents and apply one of the two crossover operators, with both selection performed
at random. This operation is iterated until we generate children in number equal to the
current population. For the mutation operator, we choose at random whether to decrease
or increase the features of an individual, or to generate a completely new one with a much
lower probability. We remark that crossovers and the mutation operators are tailored to
the discrete domain.

The selection of the fittest individuals is performed by taking the union of non-
dominated subsets, starting from the first, until the limit of population size is reached. If
the number of selected individuals exceeds the limit, the subset with the most dominated
individuals is down-sampled with the niching strategy from NSGA-III [54], to prevent
overcrowding in the QoIs space. Algorithm 3 summarizes the procedure.
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Algorithm 3 NSGA-III selection strategy.
Input: population X =

{
x(𝑖)

}𝑚
𝑖=1, list 𝐿 = {𝐹1 , 𝐹2 , ...} of non-dominated layers as set of

indices, f vector of objective functions, H ∈ [0, 1]𝑞×|f| reference points on the plane∑
𝑖 y𝑖 = 1, 𝑝 number of individuals to select

Output: 𝑆 set of selected points as indices
𝑆← ∅
𝑖 ← 1
while |𝑆| + |𝐹𝑖 | ≤ 𝑝 do

𝑆← 𝑆 ∪ 𝐹𝑖
𝑖 ← 𝑖 + 1

end while
if |𝑆| < 𝑝 then

evaluate Y =
{
y(𝑗) = f(x(𝑗)) | 𝑗 ∈ 𝑆 ∪ 𝐹𝑖

}
rescale Y to [0, 1]|f|
construct 𝑞 straight lines passing through 0 and a point of H
associate each individual in 𝑆 to the closest line
build c ∈ N𝑞 that counts the individuals associated to each line
build 𝜋 : 𝐹𝑖 → {1, ..., 𝑞} association to the closest line
compute 𝑃𝑗 = {𝑘 ∈ 𝐹𝑖 : 𝜋(𝑘) = 𝑗} for 𝑗 = 1, ..., 𝑞
while |𝑆| < 𝑝 do

𝑗 = argmin𝑃𝑗≠∅ |c𝑗 |
select random 𝑘 ∈ 𝑃𝑗
𝑆← 𝑆 ∪ {𝑘}
c𝑗 ← c𝑗 + 1
𝑃𝑗 ← 𝑃𝑗 \ {𝑘}

end while

end if
return 𝑆

4.2.2 Infill

Due to the use of surrogates, the final PF is only an approximation of the true set of
non-dominated individuals. An infill criterion is needed to select a reduced number
of individuals to be validated by the high-fidelity solver, so that further multi-objective
optimizations yield a more accurate PF.

The approximated PS comprises the high-fidelity samples XH, that contributed to the
construction of the surrogates, and the low-fidelity samples XL that can be passed to the
high-fidelity solver to increase the accuracy of the surrogates. For an individual to be
chosen, we require that its addition maximally improves the predictions at the location of
the remaining low-fidelity members of the PF. This approach is similar to [160], which
adapts the idea of maximizing the conditioned uncertainty reduction from [122] and the
integration of an uncertainty measure over a domain of interest from [42], to the case of
GPR. This principle has been developed in terms of entropy [91, 16, 183] for multi-objective
optimization for GPRs that directly model the objectives. We choose to measure the
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covariance between the samples in the reduced coefficient space, since the corresponding
GPRs have been shown to provide accurate predictions from which the QoIs are derived.
Instead of explicitly estimating the reduction in uncertainty as in previous works [160],
the increment in covariance only requires the evaluation of the kernel and is thus cheap
compared to Equation (3.11). We also need an aggregation strategy, since the procedure
considers GPRs organized in a multi-dimensional matrix.

The infill procedure starts by constructing the covariance matrices between the elements
in XL, and between those in XL and XH. We aggregate over load conditions and stress
tensor components by taking the maximum, then sum over the reduced coefficients to
obtain CLL ∈ R𝑛×𝑛 , symmetric, and CLH ∈ R𝑛×𝑚 .

Let {K(𝑙 ,𝑠 ,𝑐)LL } be the set of covariance matrices of the GPR corresponding to the reduced
coefficient 𝑐 of the stress tensor component 𝑠 under the load condition 𝑙, evaluated between
the samples in XL. Then, the element (𝑖 , 𝑗) of the aggregation matrix is computed as

CLL
𝑖 𝑗 =

∑
𝑐

max
𝑙 ,𝑠

[(
K(𝑙 ,𝑠 ,𝑐)LL

)
𝑖 𝑗

]
, ∀ 𝑖 , 𝑗 = 1, . . . , 𝑛, (4.4)

giving a scalar measure of the mutual information between the samples in XL. The same
expression is used for the construction of CLH. A vector Δ is built by computing, for
the 𝑖-th sample in XL, the total positive relative increase over the maximum high-fidelity
contribution to the rest of the low-fidelity PF as

Δ𝑖 =

∑
𝑗≠𝑖

(CLL
𝑖 𝑗
−max

ℎ
CLH
𝑗ℎ
)+∑

𝑗≠𝑖

max
ℎ

CLH
𝑗ℎ

, ∀ 𝑖 = 1, . . . , 𝑛, (4.5)

where (·)+ = max(·, 0). The high-fidelity set is then enriched by adding the 𝑖∗-th sample
determined by

𝑖∗ = argmax
𝑖

Δ. (4.6)

The choice of the aggregation functions in Equation (4.4) can be viewed as constructing
the best case scenario for the mean covariance increase across the stress tensor components.
If more than one configuration can be selected for the high-fidelity validation, the matrices
CLL and CLH can be updated by simulating the addition of the sample 𝑖∗ to the high-fidelity
set, as summarized in Figure 4.1. In particular, the 𝑖∗-th row (and column) is removed
from CLL, its elements are used to build the column 𝑚 + 1 in CLH, and finally the 𝑖∗-th row
of CLH is removed. The resulting matrices have thus size 𝑛 − 1 × 𝑛 − 1 and 𝑛 − 1 × 𝑚 + 1
respectively, and the selection can take place after computing the updated Δ vector.

As a stopping criterion for the optimization-infill loop, we can monitor the Δ of the
first selection and terminate when it falls below a small threshold. Another stopping
criterion can be defined on the size of the high-fidelity database, or on the number of infill
operations.
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Figure 4.1: On the left, position 𝑖∗ in the low-fidelity PF is selected as maximizer of the
infill criterion Δ evaluated on matrices CLL and CLH using Equation (4.5). The addition of
the 𝑖∗-th sample to the high-fidelity set is simulated with the removal of row (and column)
𝑖∗ from CLL, its addition to CLH, followed by the removal of row 𝑖∗. The next sample is
selected using the updated matrices.

4.3 Single-objective optimization

At this point, the designers have acquired a global view of the model’s QoIs via the PF,
and focus on the minimization of the total mass. In this setting, the acceptable thresholds
for the structural QoIs 𝑛y, 𝑛b, and 𝑓deflection have been determined by taking into account
the manual work that will be required to reduce them in the following design phases.
Likewise, the designers have set the critical values on the components of the COG, usually
limited to VCGcrit.

The fundamental difference between the two sets of constraints is that the structural
QoIs are computed via the evaluation of the full surrogate, through a non-smooth, non-
convex procedure. We choose a soft-constraint approach typical of black-box constraints,
integrating the violation of the critical thresholds as a quadratic penalty term in the
objective function. The objective for mass optimization thus becomes

𝑓 (x) = 𝑓mass(x) + 𝑓pen(x), (4.7)

with
𝑓pen(x) = 𝑐y(𝑛y(x) − 𝑦crit)+2 + 𝑐b(𝑛b(x) − 𝑏crit)+2 , (4.8)

where we use (·)+ = max(·, 0). The terms 𝑐b and 𝑐y are positive conversion factors from the
unit of measure of the penalized QoI, squared, to the unit of measure of the QoI being
minimized.

The basic optimization problem reads as follows

min 𝑓 (x) = 𝑚fixed + d · x + 𝑚bar𝑛b(x) + 𝑓pen(x), (4.9)

s.t.
∑
𝑖∈𝐼
(VCG𝑖 − VCGcrit)d𝑖x𝑖 ≤ (VCGcrit − VCGfixed)𝑚fixed , (4.10)

x ∈ 𝒟 ,

where only a constraint on vertical center of gravity (VCG) is shown for brevity.

47



CHAPTER 4. SURROGATE-ASSISTED OPTIMIZATION

To incorporate the constraints on the COG components and the discrete nature of the
design space into optimization algorithms that do not natively support such constraints,
we implement a repair procedure based on an ILP. The procedure is formulated as the
problem of finding the feasible configuration x ∈ 𝒟 that is closest to a given infeasible
candidate x̄, while satisfying the prescribed constraints on the COG components. Thus,
we write an assignment problem minimizing ∥x̄ − x∥2. We introduce a binary variable
for each valid pair of parameterized section and thickness, that takes value 1 when the
assignment is active. A single thickness can be chosen per parameterized section. The ILP
reads as follows:

min
∑
𝑖∈𝐼

∑
𝑡∈𝒟𝑖

𝑥𝑖𝑡 |𝑡 − x̄𝑖 |2 , (4.11)

s.t.
∑
𝑡∈𝒟𝑖

𝑥𝑖𝑡 = 1, ∀𝑖 ∈ 𝐼 ,∑
𝑖∈𝐼

∑
𝑡∈𝒟𝑖

𝑥𝑖𝑡(VCG𝑖 − VCGcrit)d𝑖𝑡 ≤ (VCGcrit − VCGfixed)𝑚fixed ,

𝑥𝑖𝑡 ∈ {0, 1}, ∀𝑖 ∈ 𝐼 , ∀𝑡 ∈ 𝒟𝑖 ,

where 𝑥𝑖𝑡 is 1 if thickness 𝑡 is assigned to parameterized section 𝑖, and 𝐼 = {1, ..., 𝑛dim}
is the set of indices of all parameterized sections. The constraints on transversal center
of gravity (TCG) and longitudinal center of gravity (LCG) can be added with analogous
expression to the one for the VCG.

This problem requires 𝑛dim × 𝒯 variables, up to 3 constraints on COG components,
and 𝑛dim special ordered set constraints of type 1 [15]. In practice, the solution of such
instances poses no problem to modern solvers [72], especially since Problem 4.11 can be
created once and efficiently recycled for multiple x̄ by only updating the coefficients of
the objective function. The projection approach is reminiscent of the feasibility pump [70]
developed for the quick search of feasible solution to mixed integer linear programs.

To further constrain the search, it is possible to derive another linear inequality from
Equation (4.7). Given the incumbent x∗, we have that the candidates of interest x need to
satisfy

𝑓 (x∗) ≥ 𝑚fixed + d · x + 𝑚bar𝑛b(x) + 𝑓pen(x) ≥ 𝑚fixed + d · x, (4.12)

since 𝑛b(x) ≥ 0 and 𝑓pen(x) ≥ 0. The left hand side of Equation (4.12) is updated as the
search progresses, providing an effective restriction of the search space. We will use the
term "active linear constraint" to denote the set of linear constraints related to feasibility
(that is, imposed on the COG) and Equation (4.12) which only restricts the search space.

Another routine that will be used throughout this section is the selection of an initial
population of configurations, where the bias towards optimal values of the objective
function is balanced with a sufficient variety of coordinates values. Single-objective
optimization always starts from a population of previously evaluated configurations,
consisting of the high-fidelity database and the latest PF. It is then natural to identify not
only the best known solution, commonly called incumbent, but to also select a subset
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of configurations to initialize the actual optimization algorithms such as BO and PSO.
In Algorithm 4, we assume an already evaluated initial population and constrain the
Hamming distance among the chosen samples to promote diversity. The Hamming
distance counts the number of different elements in two sequences and can be defined as

𝑑Hamming(x, x̄) =
𝑛dim∑
𝑖

1 − 𝛿x𝑖 x̄𝑖 , (4.13)

where 𝛿𝑥𝑦 = 1 if and only if 𝑥 ≠ 𝑦. For our application, we impose that the Hamming
distance is ≥ 𝑛dim/2.

Algorithm 4 Down-sampling procedure for single-objective populations.
Input: feasible samples X, objective function 𝑓 , number of output samples 𝑛pop, discrete

domain𝒟
Output: initial population S

S← ∅
while |S| < 𝑛pop ∧ |X| > 0 do

x← argminx∈X 𝑓 (x) such that 𝑑Hamming(x, s) ≥ 𝑛dim/2 ∀s ∈ S
S← S ∪ {x}
X← X \ {x ∈ X : 𝑑Hamming(x, s) < 𝑛dim/2 ∀s ∈ S}

end while
if |S| < 𝑛pop then

T←maximin sampling of 𝑛pop − |S| samples from𝒟
S← S ∪ T

end if
return S

Having discussed our approaches to constraints handling and population initialization,
the rest of this section will present the actual procedures used for optimization.

4.3.1 Principal directions search

For a simple greedy heuristic, we combine the fixed search directions approach of Hooke-
Jeeves and the line-search of the classic Powell’s method to obtain the principal directions
search (PDS). First, starting from an initial point x̄, we enumerate all other feasible x along
the principal axes. The population obtained can be represented as

XPDS = {x ∈ 𝒟 : 𝑑Hamming(x, x̄) = 1 ∧ g(x) ≤ 0}, (4.14)

where g(x) ≤ 0 represents the active linear inequality constraints. Then, the objective
function is evaluated on XPDS and if a new incumbent is found, it becomes the next x̄
and the search is repeated. If the incumbent is not updated, the next x̄ can be drawn at
random. The optimization process is terminated after reaching either a prescribed number
of iterations or a specified time limit.

The entire process is detailed in Algorithm 5.
PDS provides a strongly exploitative heuristic to quickly refine a configuration. At each

step, |XPDS| ≤ ∑𝑛dim
𝑖=1 |𝒟𝑖 | − 1 different configurations are evaluated, but the g constraints
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Algorithm 5 principal directions search.
Input: initial sample x̄, objective function 𝑓 , COG linear inequality constraints g(x) ≤ 0,

discrete domain𝒟
Output: incumbent x∗, 𝑦∗

x∗, 𝑦∗← x̄, 𝑓 (x̄)
while not finished do

construct XPDS as in Equation (4.14)
y← 𝑓 (XPDS)
if min{y} < 𝑦∗ then

update x∗, 𝑦∗
x̄← x∗

else
generate random x̄

end if
end while
return x∗, 𝑦∗

often reduce the evaluation load. In practice, medium sized problem instances result in
a few hundreds of configurations to evaluate per iteration, enabling a good scaling of
the parallel evaluation of the full surrogates. However, the rigid restriction of the search
directions severely limits the exploration capabilities and the escape from local minima,
making PDS not suited for global optimization.

4.3.2 Bayesian optimization

BO aims to optimize an expensive black box objective function, using a low number of
function evaluations [85, 174]. This approach relies on a surrogate to both decrease the
computational cost of a query, and perform UQ of the prediction. Rather than directly
optimizing the objective’s predictions, BO maximizes an acquisition function that takes
into account both the objective and its uncertainty, representing the uncertain gain. This
achieves a balance between exploitation, which refers to minimization of the objective
with low uncertainty and close to known configurations, and exploration of areas with
high uncertainty. The configuration selected via acquisition is then validated with the
expensive original objective function, and added to the training set of the surrogate to
refine and repeat the search. The final optimum is obtained by selecting the best sample in
the training set of the surrogate.

In this section we refer to BO implemented using GPR, although other UQ-capable
surrogates have been used in the literature [24, 95]. We review some of the most popular
acquisition function: negative lower confidence bound, the expected improvement, and
the probability of improvement. Negative lower confidence bound (NLCB) [179] is an
exploratory acquisition function for minimization problems, expressed as

𝛼NLCB(x) = −(𝜇(x) − 𝛽𝜎(x)), (4.15)
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where 𝜇 is the mean and 𝜎 is the standard deviation from the GPR posterior, with 𝛽 ≥ 0
weighting optimistically the contribution from the estimated uncertainty.

Expected improvement (EI) [213] is an exploratory acquisition function defined as

𝛼EI(x, 𝑦∗) = E[(𝑦∗ − 𝜇(x))+] = (𝑦∗ − 𝜇(x))Φ
(
𝑦∗ − 𝜇(x)

𝜎(x)

)
+ 𝜎(x)𝜙

(
𝑦∗ − 𝜇(x)

𝜎(x)

)
, (4.16)

where 𝑦∗ denotes the best known value of the objective function, 𝜙 andΦ are the probability
density function and the cumulative distribution function, respectively, for the standard
normal.

Probability of improvement (PI) [100] is an exploitative acquisition function defined as

𝛼PI(x, 𝑦∗) = Φ

(
𝑦∗ − 𝜖 − 𝜇(x)

𝜎(x)

)
, (4.17)

where 𝜖 > 0 prevents the acquisition function from selecting candidates excessively close
to the best-known solution. A representation of a search step in BO, using different
acquisition functions, is given in Figure 4.2.
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Figure 4.2: On the left, the GPR prediction with its uncertainty on the top and the
acquisition functions at the bottom. On the right, the updated GPR after the addition of
the previously selected sample, for each acquisition function.

The optimization of the acquisition function is carried out with quasi-Newton methods
that can integrate the linear inequalities discussed in this chapter, as mentioned in
Section 4.1. However, most BO implementations only allow continuous variables or
impose a trivial rounding of the configuration found by the acquisition step. A common
pitfall of such approach is that repeated acquisition might return the same configuration
or an infeasible one, since the rounding ignores any information beyond the definition
of 𝒟. To address this behavior, we can adapt Problem (4.11) to enforce both feasibility
search constraints, and reject the starting configuration. Problem (4.18) is the result of this

51



CHAPTER 4. SURROGATE-ASSISTED OPTIMIZATION

approach and reads

min
∑
𝑖∈𝐼

∑
𝑡∈𝒟𝑖

𝑥𝑖𝑡 |𝑡 − x̄𝑖 |2 , (4.18)

s.t.
∑
𝑡∈𝒟𝑖

𝑥𝑖𝑡 = 1, ∀𝑖 ∈ 𝐼 ,∑
𝑖∈𝐼

∑
𝑡∈𝒟𝑖

𝑥𝑖𝑡(VCG𝑖 − VCGcrit)d𝑖𝑡 ≤ (VCGcrit − VCGfixed)𝑚fixed ,∑
𝑖∈𝐼

∑
𝑡∈𝒟𝑖

𝑥𝑖𝑡d𝑖𝑡 ≤ 𝑓 (x∗) − 𝑚fixed ,∑
𝑖 ,𝑡|x̄𝑖=𝑡

𝑥𝑖𝑡 ≤ 𝑛dim − 1,

𝑥𝑖𝑡 ∈ {0, 1}, ∀𝑖 ∈ 𝐼 , ∀𝑡 ∈ 𝒟𝑖 ,

where Equation (4.12) has been added and
∑
𝑖 ,𝑡|x̄𝑖=𝑡 𝑥𝑖𝑡 ≤ 𝑛dim − 1 ensures that the starting

point x̄ is invalidated. If the rounded candidate is still a duplicate, we apply a random
disturbance and repeat Problem (4.18) until an actual unvisited configuration is generated,
or a maximum number of attempts is reached. Other approaches to BO on discrete domains
use specialized kernels such as in [79, 130], but these are more suited to categorical variables
rather than ordinals as in our setup. Another option is to use probabilistic models other
than GPR, such as tree-structured Parzen estimators [24, 201], random forests [95], or
sparse quadratic models [11, 51]. However, both the UQ and acquisition then rely on large
random sampling, and often rely on segregated optimization on subsets of the variables.

As an additional heuristic, the acquisition function is switched whenever the opti-
mization fails to improve the incumbent solution for a prescribed number of consecutive
iterations. This strategy dynamically shifts the focus of the search between exploration and
exploitation. For the stopping criterion, we can specify a maximum number of iterations
or a time limit. The complete procedure is reported in Algorithm 6.

We remark that the initial X is obtained via Algorithm 4 on the union of the high-fidelity
database, the PF from multi-objective optimization, and the set of configurations explored
during the latest single-objective optimization, if available.

4.3.3 Particle swarm optimization

PSO is a widely used nature-inspired metaheuristic [74, 76, 215], due to the robustness of
its performance on a wide variety of applications, the simplicity of its implementation,
and the ability to leverage parallelism.

The main idea of the algorithm is to reproduce the flocking behavior of birds, where
each individual is primarily drawn to the position of a leader, but is also influenced by
its own personal history. Combined with randomness both in the starting configurations
and during the update of the individuals, this simple rule is able to effectively explore the
landscape of complex functions. The evolution of a population X ∈ R𝑚×𝑛dim is expressed in
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Algorithm 6 Specialized BO implementation.
Input: initial configurations X, objective function 𝑓 , active linear inequality constraints

g(x) ≤ 0, discrete domain𝒟
Output: incumbent x∗, 𝑦∗

evaluate y = 𝑓 (X)
x∗ ← argminx∈X 𝑓 (x)
𝛼← one of {𝛼NLCB , 𝛼EI , 𝛼PI}
while not finished do

train a GPR on X, y
x← argmaxx 𝛼(x) subject to g(x) ≤ 0
while x is infeasible or x ∈ X or iteration limit reached do

x← solution to Problem (4.18)
end while
if 𝑓 (x) < 𝑓 (x∗) then

x∗ ← x
end if
X← X ∪ {x∗}
y← y ∪ { 𝑓 (x∗)}
if 𝑓 (x∗) did not decrease in the last 100 iterations then

𝛼← another one of {𝛼NLCB , 𝛼EI , 𝛼PI}
end if

end while
return x∗

terms of a velocity field V ∈ R𝑚×𝑛dim , which gets updated at each step through

V𝑡+1 = V𝑡 + 𝑐1r1 ⊙ (Xpbest − X𝑡) + 𝑐2r2 ⊙ (x∗ − X𝑡), (4.19)

where 𝑡 denotes the iteration, 𝑐1 and 𝑐2 are hyper-parameters in (0, 1), r1 and r2 are random
vectors drawn from [0, 1]𝑛dim , and ⊙ is the elemental product operator. The coordinates
of each individual’s best objective evaluation are stored in Xpbest, while the incumbent’s
position is x∗. The coordinates are updated via

X𝑡+1 = X𝑡 +V𝑡+1 , (4.20)

then the objective function is evaluated to update Xpbest and x∗. Usually, the velocity field
is subject to decay via multiplication with another hyperparameter 𝜔 ∈ (0, 1), which itself
is decreased as the algorithm progresses.

The basic formulation of Equation (4.19) assumes continuous coordinates and does
not include constraints. Domain bounds and linear inequalities can be easily enforced
via a projection step, the addition of a penalty term, or by disabling the evaluation of
infeasible configurations, but the support for discrete variables requires a more involved
approach. Popular options include naive rounding, repair procedures, or reformulation of
the velocity and position updates in terms of combinatorial structures [215, 33, 143, 41,
204]. In our application, we let PSO update the continuous coordinates X in the convex
hull of𝒟, and evaluate the objective function on their repaired counterpart Xeval obtained
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through Problem 4.11. Configurations in X that violate the active linear constraints are
overwritten by the corresponding repaired elements of Xeval.

Algorithm 7 Particle swarm optimization.
Input: initial feasible population X, objective function 𝑓 , 𝑐1 , 𝑐2 , 𝑤decay ∈ (0, 1), active linear

inequality constraints g(x) ≤ 0, discrete domain𝒟
Output: incumbent x∗, 𝑦∗

y← 𝑓 (X)
store per-particle best Xpbest, ypbest

select x∗, 𝑦∗ global best
initialize random initial velocities V ∈ (−1, 1)|X|×𝑛dim

𝑤 ← 1
while not finished do

initialize random vectors r1, r2
update V via Equation (4.19)
X← X +V
Xeval ← projection of X unto𝒟
repair each x ∈ Xeval that violates g(x) ≤ 0 via Problem 4.18, update X
update Xpbest, ypbest, x∗, 𝑦∗
if 𝑦∗ has changed then

run local search to refine x∗
update Xpbest, ypbest, x∗, 𝑦∗

end if
V← 𝑤V ⊲ velocities decay
𝑤 ← 𝑤decay𝑤

end while
return x∗, 𝑦∗

As an additional heuristic, when PSO finds a new global best configuration x∗, we
refine it with a single round of PDS. This hybrid approach accelerates the exploration of
high-quality areas of the domain, and the results are propagated to all the population
thanks to the velocity update.

The complete PSO routine is summarized in Algorithm 7, and Figure 4.3 represents a
possible state of the algorithm. We remark that the constraint from Equation (4.12) is not
used in PSO. In our ablation experiments, the addition of the constraints induced a slower
convergence that we conjecture is due to a decrease in the diversity of the population
following the repair step.
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CG
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particle best

particle best

global best

Figure 4.3: Representation of the velocity update calculation in particle swarm optimization.
The grid cells correspond to the areas of the continuous domain that evaluate with the
same xeval, the black lines represent the active linear constraints and domain bounds,
and the cells in red are associated to infeasible xeval. The particles are represented with
circles trailing a path of past positions, and the stars of the corresponding color show
the associated xpbest. In this case, the global best x∗ is in orange. The arrows show the
components of the velocity update: the orange arrows are given by x∗ − x and the colored
arrows come from xpbest − x.

4.4 Numerical results

This section presents the evaluation of the methods described in this chapter. Section 4.4.1
discusses the multi-objective optimization of the base midship section MS00, in its initial
parameterization of 5 parameters, studying the convergence of the infill criterion.

Section 4.4.2 focuses on the full ship FS6, and repeats the study on the multi-objective
optimization of the base model with 10 parameters. The single-objective routines presented
in this chapter are then compared on the refined 40-parameters model, which provides a
sufficiently complex setting.

All values are obtained using a full node of Fincantieri S.p.A.’s HPC facility, equipped
with an Intel Xeon Gold 6354 CPU (3.00 GHz), featuring 36 cores and 512 GB of RAM. All
algorithms are implemented in Python and leverage the multiprocessing package.

4.4.1 Midship section MS00

To monitor the effect of our multi-objective criterion, we focus on the surrogate QoIs of
the low-fidelity individuals in each PF. We perform a sequence of 9 NSGA-III runs, each
performing 10 iterations with population size 2000 and infill size 9. From each PF, we
select the individuals that enter the high-fidelity database in a future infill and compare
the difference between the surrogate 𝑛y, 𝑛b and their high-fidelity values.

Figure 4.4 shows the decreasing infill criterion values and the behavior of the QoIs
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surrogate errors. The errors quickly decrease for both QoIs, showing the efficacy of the
proposed infill in refining the accuracy close to the PF. We observe that the fifth PF appears
to produce an outlier in the first rank of the infill criterion values. The increase in the
estimated value of the selected sample could come from the discovery of a new subset of
the PF, either due to the progress in the exploration or the refinement of the surrogates.
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Figure 4.4: Comparison of multi-objective infill criterion values and structural QoIs errors
corrected by the high-fidelity simulation, during repeated multi-objective optimization of
MS00. Different colors of the criterion values denote the rank of the selected sample in the
infill. The error plots highlight the median of the distribution.

Figure 4.5 shows the evolution of the approximated PF.

4.4.2 Full ship FS6

We repeat the analysis of the multi-objective infill criterion on the full ship FS6, for its
initial parameterization with 10 parameters. We collect 9 NSGA-III runs, each performing
10 iterations with population size 2000 and infill size 9.

Figure 4.6 is similar to the midship section case, although the initial value of the infill
criterion is much higher. In this more complex case, the descent of the infill criterion
values and the errors are smoother, although the error values remain much higher relative
to the critical thresholds.
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Figure 4.5: Evolution of the surrogate PF in subsequent runs of the genetic algorithm, for
MS00. Each plot depicts the 2-dimensional PF computed from the projection of the full
5-dimensional PF.

Then, we use the most refined parameterization of FS6, with 40 parameters, to compare
multiple approaches to black-box single-objective optimization. A single linear inequality
constraint is defined on VCG, and we start the optimization from 3 different high-fidelity
databases to simulate different stages in the pipeline execution. The objective function
evaluations are obtained from the full surrogates constructed in a previous pipeline
execution.

For our comparison, we select two BO implementation: Algorithm 6, for GPR-based BO,
and Optuna, [2] for its tree-structured Parzen estimator (TPE). The GPR implementation
uses GPy [84], while the acquisition-update loop is implemented with Emukit [136, 135].
The GPR uses automatic relevance determination (ARD) and the kernel is fitted using
L-BFGS [217] using 20 random restarts and 1000 iterations. The acquisition is optimized
using trust-constr [31] form SciPy’s [197] minimizepackage, starting from the incumbent
with a limit of 1000 iterations. Problem 4.18 is implemented using python-mip [161] and
uses the coin-or branch-and-cut solver [72] as backend.

Optuna is a popular open-source framework for hyper-parameters optimization, and
support mixed-variable optimization domains. The BO functionality of Optuna uses TPE
to estimate the probability of a sample to place in the upper or lower quantiles of the
objective values. Maximization of this probability then drive the exploration towards
high-quality areas of the domain. Optuna supports arbitrary constraints, implemented in
a weak sense through a penalization mechanism during sample selection, as well as mixed
domains and batched acquisition of new samples.

We then use NGOpt from Nevergrad [154, 23] as a generic option for black-box
optimization. Nevergrad is an open-source framework for derivative-free optimization,
which supports mixed-variable domains and arbitrary constraints, and provides an
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Figure 4.6: Comparison of multi-objective infill criterion values and structural QoIs errors
corrected by the high-fidelity simulation, during repeated multi-objective optimization of
FS6. Different colors of the criterion values denote the rank of the selected sample in the
infill. The error plots highlight the median of the distribution.

automated selection of the optimization strategy. NGOpt takes the definition of the
domain and an estimate of the computational budget, and assembles a sequence of stages
from the vast catalog of optimization algorithms implemented in Nevergrad, such as
evolutionary strategies, GA, and more. Constraints that are cheap to evaluate, such as our
linear inequalities, are enforced via rejection sampling. On this test case, NGOpt selects
a (1, 1) evolutionary strategy [10] which supports batched evaluation of the objective
function.

Finally, we consider two implementations of population-based metaheuristics: PSO as
described in Algorithm 7 and DE [147, 48, 212]. PSO uses 𝑐1 = 𝑐2 = 0.5 and 𝜔decay = 0.99.
For the DE implementation, we use the classic "best1bin" crossover strategy which combines
each individuals with the best configuration in the population. All constraints are enforced
by Problem 4.11 in a repair step.

We use three different high-fidelity databases as starting points for the optimization,
selected from a previous execution of the pipeline on FS6. The smallest database contains
only the configuration with minimum thicknesses, the second database consists of
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30 configurations, and the largest one contains 84 samples. For each algorithm, the
initial sample or population is generated from the available high-fidelity database using
Algorithm 4. A common random seed is used to generate 100 initial individuals, ensuring
fairness. The runtime limit of the optimization is 10 minutes, and each run is repeated 10
times.

Figure 4.7 compares the evolution of the best known optima, expressed using Equa-
tion (2.8), emphasizing the mean and the minimum-maximum range across the different
runs. The first incumbent value comes from the initial random sampling in Algorithm 4,
and gives 𝑚gap = 42.8%. Optuna shows the weakest performance and is not able to
decrease the initial optimum. BO is able to aggressively decrease the incumbent in the
first few iterations, but quickly becomes unable to decrease it further. This suggests an
issue with the exploratory abilities of the two Bayesian optimization approaches, with
neither of the two acquisition strategy able to match the other algorithms. NGOpt, DE,
and PSO all exhibit similar behavior and smooth descent. In this case, NGOpt appears
to stop decreasing the incumbent earlier than the others, although all three algorithms
become almost flat at the end of the run. Overall, PSO achieves the best optimum with
2.3% gap from DE in terms of averages.
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Figure 4.7: Comparison of single-objective optimization algorithms, starting from a single
high-fidelity sample. The test case is FS6 with 40 parameterized sections.

In the second experiment, shown in Figure 4.8, the starting incumbent of 𝑚gap = 33.7%
comes from the high-fidelity database with 30 samples. The behavior is similar to the
previous case, but this time Optuna is able to slightly decrease the incumbent. BO ends in
the same range as the previous case, while all other algorithms are able to achieve better
optima and maintain the same ranking.

Finally, Figure 4.9 compares the results starting from an initial incumbent of 𝑚gap =

16.9%, obtained from 84 high-fidelity samples. Differently from the previous cases, DE is
unable to reliably decrease the incumbent, although it shows a large difference between
the best and worst cases. BO and Optuna both fail to decrease the initial optimum. NGOpt
benefits from the lower starting incumbent, but is still unable to match PSO. PSO achieves a
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Figure 4.8: Comparison of single-objective optimization algorithms, starting from 30
high-fidelity samples. The test case is FS6 with 40 parameterized sections.

mean optimum very close to the previous case, but with a much larger difference between
the minimum and maximum value.
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Figure 4.9: Comparison of single-objective optimization algorithms, starting from 84
high-fidelity samples. The test case is FS6 with 40 parameterized sections.

Overall, PSO emerges as the more robust and scalable option among the evaluated
algorithms, since it consistently achieves the best optimum values on all sizes of the
high-fidelity database. Optuna appears to be heavily penalized by the weak enforcement
of constraints and subpar exploratory capabilities. BO, while successful in finding good
configurations within few iterations, is unable to progress much further and suffers
on larger sizes of the high-fidelity database. DE shows strong exploratory capabilities
on smaller databases, but is not reliable on the largest one. NGOpt provides robust
performances, benefiting from lower starting points and reliably decreasing the incumbent
on all database sizes, but is weaker than our PSO implementation in all tests.
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4.5 Conclusions

This chapter discussed suitable approaches to multi- and single-objective surrogate-assisted
optimization of the structural problem described in Chapter 2, taking into account the
discrete domain and the linear constraints on the components of the COG.

Unconstrained multi-objective optimization is carried out with NSGA-III due to its
effectiveness and ability to leverage the efficient surrogates constructed in Chapter 3. We
presented an infill criterion, defined on the GPR components of the surrogates, that selects
the best candidates to refine the surrogates’ predictions close to the PF. Numerical results
on the coarse parameterization of the midship section MS00 and the full ship FS6 show
the effectiveness of our approach in refining the predictions of the approximate PF.

For the single-objective setting, effective constraint handling constitutes a crucial factor
to achieve of high-quality solutions. We implemented an ILP-based repair procedure
capable to simultaneously enforce the discrete nature of the decision variables and the
linear constraints imposed on the components of the COG. The proposed repair procedure
can be easily integrated in continuous-space optimization routines, significantly improving
their effectiveness. On a realistic test case, defined on the full ship FS6 with high parameter
count, our PSO implementation hybridized with PDS consistently achieves the best
results compared to other custom approaches and established frameworks alike. Model-
based alternatives such as GPR-based BO, although effective in quickly finding good
configurations, show insufficient exploratory abilities compared to stochastic metaheuristic
algorithms.

Chapter 5 will present a problem refinement procedure that enables the pipeline to
surpass the results obtained during optimization, through the adaptation of the problem
parameterization to the emerging structural responses close to the optimum.
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5

Response-based reparameterization

This chapter introduces a reparameterization procedure, able to refine the optimization
problem from Chapter 2 via the addition of new decision variables to better control the
structural behavior of the model.

After the optimization pipeline terminates and an optimal configuration for the starting
parameterization has been found, we analyze the structural quantities of interest (QoIs) of
configurations close to the optimum. By studying the structural behaviors at the patch
level, we construct a series of optimization problems to split the assignments of patches
and decision variables, thus enhancing the formulation of the optimization problem. From
the resulting subset of patches, we build a new parameterization that is able to achieve
lower structural mass, while enforcing the constraints on yielding and buckling behavior.
Thanks to the splitting approach, the reparameterization operation builds a hierarchy of
decision variables and allows to retain the high-fidelity database built by the previous
execution of the pipeline. After a small sampling of the larger domain and the construction
of new surrogates, the optimization pipeline can be executed on a more difficult, but more
expressive, problem formulation.

Section 5.1 motivates the need for a parameterization refinement procedure and the
intuition behind our approach. The actual procedure is presented in Section 5.2, and
the numerical results on the midship section MS00 and full ship FS6 are discussed in
Section 5.3. The final remarks are presented in Section 5.4.
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5.1 Introduction

The formulation of optimizations problems is a crucial element of obtaining high-quality
solutions in an effective manner. Problems with a large number of decision variables can,
in principle, exercise a very precise control on the objective function and the quantities
subject to constraints, allowing a sufficiently powerful optimization procedure to efficiently
reach the optimal configuration of parameter values.

In our setting, this translates to the definition of a separate decision variable for each
patch in the model, which could reach ten thousands for a full ship. The designer would
be able to perfectly allocate the thickness so that the minimum value is assigned to patches
with low stresses, and higher thicknesses are only used for patches that incur in higher
tensions. However, navigating high-dimensional spaces with little to no known structure,
such as in black-box optimization, often incurs in high computational costs due to the
evaluation of large parts of the domain that do not results in any effect on the objective
function. Conversely, a low-dimensional formulation where a single decision variable
influences patches with very different loads is inefficient: if the chosen thickness is low,
the number of yielded and buckled elements will be large and if instead the thickness is
high, the extra mass on unloaded patches is a misallocation of resources.

Relying on the designers’ intuition and experience to correctly map the ship’s patches
to decision variables is a flawed approach. On the one hand, the ships often present very
different geometrical features and structural interactions compared with past designs,
invalidating the experience of the designer. On the other hand, much of the naval
engineering literature on global structural resilience is based on prismatic beam theory,
which naturally ingrained in the practitioners a very simplistic model of stress distribution.
Indeed, the earliest application of the optimization pipeline [190] only assigned decision
variables to a subset of the decks, and at most separated the aft, center and fore sections.
An example of this approach is shown in Figure 5.1 for FS0.

(a) FS0, 16 parameters. (b) FS0, 40 parameters. (c) FS0, 76 parameters.

Figure 5.1: Three parameterizations of FS0, produced by the designers. On the left, 16
decision variables are assigned to the higher accommodation decks and the bottom. At
the center and the right, the parameterizations extend to the shell and the bulkheads, and
use 40 and 76 parameters respectively. Different colors denote different parameterized
sections, and the unparameterized parts of the ship are transparent.

To overcome these limitations, we aim to design an automated procedure that is able
to correctly assess the differences and similarities between the structural behavior of the
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patches and produce and effective mapping of the ship’s sections to a limited number of
decision variables.

The first option is to start from a very fine parameterization, and reduce the number of
decision variables. In the scientific literature, parameter space reduction seeks to remove
the challenges associated to high-dimensional domains by identifying low-dimensional
manifolds, that retain the expressivity of the original parameterization with a much lower
number of decision variables. A classic application is in shape optimizations using free-
form deformation [169], where the decision variables correspond to the nodal displacement
of the control points. Among the proposed approaches, we mention active subspace
(AS) [45, 120, 55, 158] and parametric model embedding [171, 59, 172], and generative
models based on deep neural networks such as autoencoders [109, 17]. However, due to
the large number of patches in a full ship model, the number of samples necessary for an
effective analysis of the parametric space would be infeasible to generate, even during the
offline phase. As solution, we could let the designers create a parameterization with a
moderately large number of dimensions, and apply parameter space reduction. In our
experience, this approach relies on the intuition and experience of the designers and does
not produce good results when applied to complex global models.

Our approach to produce an effective parameterization is to start from a coarse
initial proposal, mapping large groups of patches to a low number of decision variables,
and study the structural responses to appropriately modify the set of parameters. To
generate the initial set of decision variables, as mentioned in Chapter 2, we subdivide the
patches based on the regulatory minimum thickness and their orientation, taking also
into account the construction plan. After the execution of the optimization pipeline, the
optimal configuration is examined to assess the efficacy of the parameterization. A typical
outcome is represented in Figure 5.2, where the vast majority of elements are sufficiently
strengthened by a thickness of 6 mm and only a handful require a higher value.

The designers could then split the original grouping of the patches to create two
separate decision variables, and execute a new optimization to select the best values.
However, three issues arise from this approach. First, the designer have no easy way to
determine with certainty which patches should be assigned to a new different decision
variable. Second, the setup of a new problem is cumbersome and error prone. Third,
executing the pipeline from scratch loses all the valuable information accumulated during
the optimization of the coarse model.

We propose an automatic refinement of the parameterization based on the solution
of a set of integer linear programs (ILPs) for the minimization of penalized mass, which
will determine a division of each group of patches according to the optimal thickness
found. This approach has been inspired by a similar idea in the context of multiscale finite
elements [18], where the number of expensive problems to be solved at the finer level was
reduced via a clustering approach. By determining a limited number of centroids in the
space of boundary conditions of the sub-elements, the authors approximated the solution
to the other members of the cluster and achieved great reduction of computational cost.
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(a) 5 mm. (b) 6 mm.

(c) 7 mm. (d) 8 mm.

(e) 9 mm. (f) 10 mm.

Figure 5.2: Buckling behavior for x4 in MS00, obtained by modifying the value of the
parameter while keeping the remaining thicknesses fixed at their optimal values. Red
indicates buckled elements.

5.2 Reparameterization

In each parameterized section, we aim to find a thickness assignment which uses a
prescribed number of different values and minimizes the total mass, penalized by yielded
and buckled elements. If successful in reducing the mass of the parameterized section
compared to the current parameterization, each thickness value then identifies a better
assignment of patches to decision variables.

Let 𝑃𝑖 be the set of patch indices assigned to the 𝑖-th parameterized section x𝑖 , and𝒟𝑖

the set of possible parameter values. Additionally, let 𝑦𝑝𝑡 be the number of elements in
patch 𝑝 ∈ 𝑃𝑖 , when x𝑖 = 𝑡 that yield under any of the load conditions, and let 𝑏𝑝𝑡 be the
analogue quantity for buckling. We assume that each patch is independent of the rest of
the ship, so that 𝑦𝑝𝑡 and 𝑏𝑝𝑡 combine linearly and can be computed (using surrogates, and
high-fidelity evaluations when available) by enumerating 𝑡 ∈ 𝒟𝑖 while keeping the rest
of the parameter values fixed. The values of 𝑦𝑝𝑡 and 𝑏𝑝𝑡 can be determined thanks to the
full-scale approach taken to the computation of 𝑛y and 𝑛b, where we aggregate over each
patch instead of the full mesh.

The binary decision variables 𝑥𝑝𝑡 express the assignments of patches to parameter
values, with 𝑥𝑝𝑡 = 1 only if patch 𝑝 has thickness 𝑡. For consistency, for each patch 𝑝, it is
required that exactly one of the 𝑥𝑝𝑡 variables is nonzero. The upper bound on the vertical
center of gravity (VCG) takes the same form used in Equation (2.13). For the objective
function, we aim to minimize the total mass of the patches in 𝑃𝑖 , their reinforcement bars,
and penalty terms given by the sum of squares of 𝑦𝑝𝑡 and 𝑏𝑝𝑡 . Finally, we fix the actual
number of different parameter values 𝑛clusters ≥ 2 through the additional decision variables
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𝑢𝑡 and its consistency constraints.
We obtain the following optimization problem:

min
∑
𝑝∈𝑃𝑖

∑
𝑡∈𝒟𝑖

𝑥𝑝𝑡(d𝑝𝑡 + 𝑚bar𝑏𝑝𝑡 + 𝑐y𝑦
2
𝑝𝑡 + 𝑐b𝑏

2
𝑝𝑡), (5.1)

s.t.
∑
𝑡∈𝒟𝑖

𝑥𝑝𝑡 = 1, ∀𝑝 ∈ 𝑃𝑖 ,

𝑥𝑝𝑡 ≤ 𝑢𝑡 , ∀𝑝 ∈ 𝑃𝑖 , ∀𝑡 ∈ 𝒟𝑖 ,∑
𝑝∈𝑃𝑖

𝑥𝑝𝑡 ≥ 𝑢𝑡𝑛min , ∀𝑡 ∈ 𝒟𝑖 ,∑
𝑡∈𝒟𝑖

𝑢𝑡 = 𝑛clusters ,∑
𝑝∈𝑃𝑖

∑
𝑡∈𝒟𝑖

𝑥𝑝𝑡(VCG𝑝 − VCGcrit)d𝑝𝑡 ≤ (VCGcrit − VCGres)𝑚res ,

𝑥𝑝𝑡 ∈ {0, 1}, ∀𝑝 ∈ 𝑃𝑖 , ∀𝑡 ∈ 𝒟𝑖 ,

𝑢𝑡 ∈ {0, 1}, ∀𝑡 ∈ 𝒟𝑖 ,

where d𝑝 is the linear density of patch 𝑝, VCG𝑝 is the VCG of patch 𝑝, and VCGres and
𝑚res are the VCG and mass, respectively, of all elements not controlled by the current
parameter. The minimum number of patches in an assignment is 𝑛min ≥ 1. This prevents
the generation of clusters, and thus new decision variables, that would have a negligible
effect on the total mass.

The total number of binary variables is (|𝑃𝑖 | + 1)|𝒟𝑖 | and the number of constraints
is |𝑃𝑖 ||𝒟𝑖 | + |𝑃𝑖 | + |𝒟𝑖 | + 2. A representation of the procedure is depicted in Figure 5.3,
considering a simplified section composed of 6 patches.

We remark that the objective functions in Problem (5.1) and Equation (4.7) are fun-
damentally different in the way they handle the penalization of yielded and buckled
elements, as the former uses a sum of squares and the latter uses the square of a sum.

In Problem (5.1), the objective function can be split in the contributions from each
patch to the physical mass, due to thickness and additional stiffeners, and the penalization
of failed elements as∑

𝑝∈𝑃𝑖

∑
𝑡∈𝒟𝑖

𝑥𝑝𝑡( d𝑝𝑡︸︷︷︸
patches mass

+ 𝑚bar𝑏𝑝𝑡︸  ︷︷  ︸
reinforcement bars

+ 𝑐y𝑦
2
𝑝𝑡 + 𝑐b𝑏

2
𝑝𝑡︸          ︷︷          ︸

per-patch penalty

), (5.2)

which is linear in the decision variables 𝑥𝑝𝑡 . The proper reformulation of Equation (4.7) in
terms of 𝑥𝑝𝑡 requires instead the quadratic programming expression∑

𝑝∈𝑃𝑖

∑
𝑡∈𝒟𝑖

𝑥𝑝𝑡( d𝑝𝑡︸︷︷︸
patches mass

+ 𝑚bar𝑏𝑝𝑡︸  ︷︷  ︸
reinforcement bars

) + 𝑓pen(𝑥), (5.3)
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Figure 5.3: The reparameterization procedure applied to a simplified deck composed of 6
patches. The patch colors in steps 1, 2, and 4 represent different thicknesses. In step 1, all
patches have the same thickness as selected by the single-objective optimization. In step 2,
different thicknesses are evaluated to obtain the structural QoIs of each patch. In step 3, the
structural responses determine the reparameterization problem, and its optimal solution
clusters the patches in two groups. In step 4, the optimized thicknesses are assigned to the
patches and the new mapping to the decision variables is thus obtained.

where the penalty term for the binary decision variables, corresponding to Equation (4.8),
is

𝑓pen(𝑥) = 𝑐y
©­«©­«

∑
𝑝∈𝑃𝑖

∑
𝑡∈𝒟𝑖

𝑥𝑝𝑡𝑦𝑝𝑡
ª®¬ − 𝑦crit

ª®¬
2

+︸                                ︷︷                                ︸
global yielding penalty

+ 𝑐b
©­«©­«

∑
𝑝∈𝑃𝑖

∑
𝑡∈𝒟𝑖

𝑥𝑝𝑡𝑏𝑝𝑡
ª®¬ − 𝑏crit

ª®¬
2

+︸                               ︷︷                               ︸
global buckling penalty

. (5.4)

The thresholds 𝑦crit and 𝑏crit in Equation (5.4) need to be adapted to the current
𝑠-th parameterized section, as Equation (4.8) uses global values. One option would be
subtracting the yielded and buckled elements totals of the other sections from the critical
values, but the combination of the separate problems could still exceed the global constraints.
As an alternative, Problem (5.1) needs to be reformulated as a global optimization problem,
optimizing all the parameterized sections at once, which is impractical for large models.
In practice, the usage of Problem (5.1) leads to a more severe penalization of failure
phenomena in each patch, so that the updated model will offer better trade-offs during the
optimization.

By solving Problem (5.1) for each parameterized section, and possibly for increasing
𝑛clusters, we obtain multiple different subdivisions of the mapping from patch to variables.
For each section, the solutions that do not improve upon the trivial solution for 𝑛clusters = 1
by a user-specified amount are discarded. At most one refinement can be applied to each
parameterized section, including the trivial one which leaves it unchanged. Moreover, the
designers specify a maximum number of parameters for the model. The selection of the
optimal set of subdivisions can be obtained by the solution of a knapsack problem [166],
where the cost of a refinement is the number of clusters and its value is given by
Problem (5.1).
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Since the construction of the VCG constraint assumes that all the elements outside the
current group of patches do not change mass, the parameter configuration obtained by
joining the optimized assignments might violate the global VCG constraint. Indeed, the
VCG constraint in each local Problem (5.1) has slack dependent on the current optimum,
so in an extreme case each section with VCG above the global threshold could increase its
VCG contribution, and the opposite for sections with VCG below the global threshold. The
actual changes in VCG contribution could then violate the global VCG constraint. Even so,
the goal of the procedure is to obtain an expressive parameterization: the locally-optimal
thickness assignments will be overwritten by the following optimization procedure, which
enforces the global VCG constraint.

Once the optimal selection of clusters has been chosen, the 𝑖-th parameterized section
associated to x𝑖 is also partitioned in a set of patch clusters

{
𝒫𝑗

}𝑚
𝑗=1 with 1 ≤ 𝑚 ≤ 𝑛clusters.

The patches in each cluster𝒫𝑗>1 will be assigned to a new parameter x𝑘 , with feasible domain
𝒟𝑖 , decreasing the number of patches assigned to x𝑖 . With the new parameterization, the
configurations generated with the coarse model can still be retrieved by enforcing the
constraints

x𝑖 = x𝑘 ∀𝑘 ∈ 𝒦𝑖 , (5.5)

where 𝒦𝑖 collects the indices of the 𝑚 − 1 parameters generated for the clusters 𝒫𝑗>1.
This feature is crucial for the efficiency of the optimization procedure, as all the previous
high-fidelity simulations can be translated to the new parameterization without the need
for a new simulation. Indeed, all the high-fidelity samples collected so far can be viewed
as coming from a constrained version of the current parameter space, where Equation (5.5)
reduced the feasible configurations. Due to this consideration, the surrogates must be
rebuilt on a sampling where Equation (5.5) is not active, so that the effects of the new
parameterization are properly observed. For this task, we perform a maximin sampling on
the updated domain, considering the translated high-fidelity database as fixed.

At this point, the surrogates are rebuilt on the updated high-fidelity samples and the
optimization, both multi- and single-objective, can take place on a more expressive model.
With this approach, the parameterization is adapted as the optimization progresses and is
thus able to overcome the biases that the designers could have introduced in the creation
of the initial model.

5.3 Numerical results

This section presents the application of the reparameterization procedure to the midship
section MS00 and the full ship FS6. In both cases, we start with the coarse parameterization
and perform multi-objective and single-objective mass optimization. From the optimal
configuration, we set an upper limit to the number of total parameterized sections and
apply three independent refinement approaches:
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• iterative: we alternate the automated procedure from Section 5.2 with 𝑛clusters = 2,
followed by the optimization the updated model,

• one-shot: we refine the parameterization a single time to the maximum number of
parameters, and optimize the updated model,

• designer: we let the designers refine the parameterization to the maximum number
of parameters, and optimize the updated model.

All values are obtained using Fincantieri S.p.A.’s HPC facility, composed of 3 identical
nodes equipped with an Intel Xeon Gold 6354 CPU (3.00 GHz), featuring 36 cores and 512
GB of RAM.

Section 5.3.1 presents the results on the midship section MS00, while Section 5.3.2
repeats the analysis on the full ship FS6.

5.3.1 Midship section MS00

The optimization pipeline for MS00 starts with an initial maximin sampling of size 21, and
the full surrogates are built using truncation rank 6 as discussed in Chapter 3.

Multi-objective optimization alternates non-dominated sorting genetic algorithm III
(NSGA-III) and the infill procedure described in Section 4.2, until the value of the criterion
for the first selected candidate falls below 0.05 or a maximum number of high-fidelity
configurations have been added to the database. The infill size is 9, chosen to maximize
the computational resources available.

The designers then select the critical threshold for the structural QoIs as 𝑦crit = 200,
𝑏crit = 4000 and 𝑑crit = 140 mm. Single objective optimization first loops between Bayesian
optimization, using Algorithm 6, and infill of the 3 best configurations found, until the
search is unable to provide better candidates. Then, the optimization is progressed using
principal directions search (PDS) from Algorithm 5. In this case, the optimization ends
with optimum 𝑚gap = 15.44% and a high-fidelity database of size 96.

At this point, the optimum configuration is analyzed for the parameterization refine-
ment, as in Section 5.2. We first focus on the iterative approach, where we set 𝑛clusters = 2
and 𝑛min = 1.

Figure 5.4 shows the results on x4, where the procedure selects thicknesses 6 and 9 mm
to minimize the penalized mass of the patches. We remark the behavior of the procedure
on the top-right corner of x4: the three patches are characterized by very high tensions, as
seen previously in Figure 5.2, and would require a very high value of the parameter to
reduce their buckling. The evaluation of the trade-off between higher thickness and lower
structural QoIs results in the critical patches being assigned to the group of patches with
lower thickness.

On MS00, the reparameterization creates 5 new parameters, for a total of 10. With
the updated model and the conversion of the high-fidelity database, we select a small
set of configurations on the enlarged domain to produce new surrogates. We perform
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(a) Buckling for x4 = 6 mm. (b) Buckling for x4 = 9 mm.

(c) Buckling for the solution to Problem 5.1. (d) Optimal clustering.

Figure 5.4: The reparameterization of x4 in MS00 selects two thickness values, 6 and 9 mm.
The buckling behavior for a single parameter is represented by the figures on top, with
red indicating buckled elements. Figure 5.4c shows the solution to Problem 5.1, and
Figure 5.4d shows the corresponding grouping of patches.

a maximin sampling of the new domain, adding 19 new configurations other than the
optimal thicknesses selected during Problem 5.1. To construct the new surrogates, we
require a truncation rank for the proper orthogonal decomposition (POD): following the
discussion from Chapter 3, we choose to increment the previous rank by the number of
newly created parameters. Figures 5.5 and 5.6 demonstrate the robustness of the choice by
showing the evolution of the singular values decay and comparing the error distributions
of 𝑛y and 𝑛b before and after the optimization phase, for multiple truncation ranks.
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Figure 5.5: Evolution of the minimum and maximum for the normalized singular values
decay of the stress tensor components, for the midship section with 10 parameters. Values
are reported for the high-fidelity database before and after optimization.

The optimization of MS00 with 10 parameters ends with𝑚gap = 7.70% and high-fidelity
database of size 218. The large decrease of 𝑚gap proves that the reparameterization was
successful in adapting the decision variables to the structural behavior of the model,
achieving a much lower mass for the same structural constraints.

The reparameterization is then repeated a second time, adding 7 new parameters for
a total of 17. We extend the high-fidelity database with the same approach described
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Figure 5.6: Evolution of the 5-CV error distribution for the midship section with 10
parameters. Values are reported for the high-fidelity database before and after optimization.
The gray box identifies the chosen truncation rank.

before, adding 20 new configurations. The following optimization is unable to achieve
𝑚gap much lower than the 10 parameters model, with the best configuration reaching 7.57%
with a high-fidelity database of size 352. Figures 5.7 and 5.8 show the evolution of the
singular values decay and compare the error distributions before and after optimization,
for multiple truncation ranks.
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Figure 5.7: Evolution of the minimum and maximum for the normalized singular values
decay of the stress tensor components, for MS00 with 17 parameters. Values are reported
for the high-fidelity database before and after optimization.

Due to the limited beneficial effect of the last parameterization refinement, we do not
refine the model further.

To study the reparameterizations’ effects on the QoIs, we can compare the Pareto fronts
(PFs) of the different models as shown in Figure 5.9. The largest improvement in PF quality
is attributed to the first reparameterization, as seen in the plots for the number of yielded
and buckled elements. The updated PF intercepts the thresholds at a much lower total
mass value, indicating that the subsequent single-objective optimizations could find much
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Figure 5.8: Evolution of the 5-CV error distribution for MS00 with 17 parameters. Values
are reported for the high-fidelity database before and after optimization. The gray box
identifies the chosen truncation rank.

lighter configurations with no additional drawbacks.
The largest improvement in PF quality is attributed to the first reparameterization,

as seen in the plots for the number of yielded and buckled elements. The updated PF
intercepts the thresholds at a much lower total mass value, indicating that the subsequent
single-objective optimizations could find much lighter configurations with no additional
drawbacks. The second refinement does not produce a significant change in the PFs and
thus the procedure is stopped.
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Figure 5.9: Evolution of the surrogate PF for MS00, for different parameterizations.

The evolution of the single-objective incumbent is represented in Figure 5.10, where
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the values of earlier samples are not shown due them being too large. We remark that the
long stretches of constant incumbent are due to the multi-objective infills.
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Figure 5.10: Evolution of the optimal high-fidelity 𝑚gap of MS00, for the iterative reparam-
eterization approach.

As anticipated, we now evaluate the other reparameterization approaches, "one-shot"
and "designer", to obtain two different parameterization with 20 parameters. The results of
the optimizations, in terms of high-fidelity 𝑚gap, are shown in Figure 5.11 and the detailed
data of the optimal configurations are shown in Table 5.1.

Overall, all the largest parameterizations achieve similar 𝑚gap, but with different
computational effort and results for the structural QoIs. Iterative reparameterization shows
a much faster decrease, with the 10 parameters model reaching a comparable objective
value to the others, but requiring a much lower number of high-fidelity simulations.
The second reparameterization, with 17 parameters, decreases the optimum only by a
negligible amount. Both the one-shot and the designer approaches result in a much
higher number of high-fidelity evaluations, giving a negative trade-off compared to the 10
parameters model. We remark that all refined models achieve values of 𝑛y much lower
than the threshold, while in terms of 𝑛b only the finer models of the iterative and one-shot
approaches are able to render the corresponding constraint inactive.
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Figure 5.11: Evolution of the optimal high-fidelity 𝑚gap of MS00, for different reparameter-
ization approaches.
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Table 5.1: Optimization results for different parameterizations of MS00.

Parameterization 𝑚gap [% LB] 𝑛y 𝑛b Deflection [mm] VCG [m] # hifi
base, xLB > 1000 395 6211 150 14.79 -
base 5 p. 15.44 196 3994 138 14.93 96
iterative 10 p. 7.70 33 3984 140 14.99 218
iterative 17 p. 7.57 11 3563 140 14.99 352
one-shot 20 p. 7.64 5 2729 140 14.99 419
designer 20 p. 7.86 22 4004 140 14.99 425

5.3.2 Full ship FS6

We now repeat the study from the previous section on the full ship FS6. The optimization
pipeline starts with an initial maximin sampling of size 21, and the full surrogates are built
using truncation rank 16 as seen in Chapter 3. Multi- and single-objective optimization are
carried out in the same fashion as the previous case, achieving optimum 𝑚gap51.58% and
a high-fidelity database of size 114. We remark that this case does not enforce a critical
threshold for the vertical deflection.

The iterative reparameterization with 𝑛clusters = 2 and 𝑛min = 1 leads to 3 model
refinements, that progressively increase the number of decision variables to 16, 27 and
finally the upper limit of 40. Figure 5.12 shows the 𝜎𝑥 component of the stress tensor for the
optimal configurations of the 40 parameters model, and the evolution of the parameters
mapping through the different refinements. As the number of decision variables increase,
the assignments of the patches match more closely the increase in tension of the deck’s
elements. The fore and aft, which sustain very low tension, are all assigned to the same
decision variable and the optimization consistently selects a low thickness. The sides of
the empty spaces require instead more stiffness, and this reflects on the procedure adding
progressively smaller parameters in the proximity of the larger one, limiting the use of
higher thicknesses to the most critical areas.

(a) 𝜎𝑥 distribution. (b) 16 total parameters.

(c) 27 total parameters. (d) 40 total parameters.

Figure 5.12: Details of the reparameterization of deck 14. Figure 5.12a shows the absolute
value of the 𝜎𝑥 from the stress tensor under sagging condition, with red representing the
largest values and blue 0. Figures 5.12b, 5.12c and 5.12d show the assignments to different
decision variable for the 16, 27 and 40 parameters models, respectively.
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To verify the choice of truncation rank, we monitor the singular values decay and the
error distribution on 𝑛y and 𝑛b for different sizes of the high-fidelity database of the model
with 16 parameters, for different ranks. Figures 5.13 and 5.14 confirm the robustness of
the criterion discussed in Chapter 3.
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Figure 5.13: Evolution of the minimum and maximum for the normalized singular values
decay of the stress tensor components, for FS6 with 16 parameters. Values are reported for
the high-fidelity database before and after optimization.
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Figure 5.14: Evolution of the 5-CV error distribution for FS6 with 16 parameters. Values
are reported for the high-fidelity database before and after optimization. The gray box
identifies the chosen truncation rank.

We compare the surrogate PFs of the models obtained with the iterative approach in
Figure 5.15. The effectiveness of the reparameterization is most evident on 𝑛y and 𝑛b,
where the 16 and 27 parameters models are able to achieve much better trade-offs with the
ship’s mass. As in the previous case, the first reparameterization has the most pronounced
impact on the QoIs.

Figure 5.16 shows the evolution of the optimal high-fidelity 𝑚gap during the iterative
reparameterizations. Compared with the previous case in Figure 5.10, the first two increases
in the number of parameters also determine a large drop of the objective function. This is
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Figure 5.15: Evolution of the surrogate PFs for FS6, for different parameterizations of the
iterative approach. The threshold for the VCG constraint is not shown, since the projected
PF lies well below its value.

due to the addition of the thickness configuration from Problem 5.1 to the high-fidelity
database, that in this setting is not penalized by a constraint on the deflection.
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Figure 5.16: Evolution of the optimal high-fidelity 𝑚gap of FS6, for the iterative reparame-
terization approach.

As for the previous case, we also apply the one-shot and designer approaches to obtain
two models with 40 parameters. The evolution of optimal high-fidelity 𝑚gap for each
model is shown in Figure 5.17, and the details of the optima are shown in Table 5.2.

The main difference from the previous case is in the performance of the designer model,
which converges earlier and with a much higher 𝑚gap compared to every refined model.
The one-shot approach shows a large initial decrease due to the solution of Problem 5.1,
but the following optimization is unable to beat the 27 parameters model from iterative
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approach. The iterative reparameterization results in the best 𝑚gap, although the last
refinement is only able to decrease the incumbent by about 1%.

Regarding the QoIs, we remark that only the refined models from the iterative approach
activate the constraint on 𝑛y, while all other optima result in a number of yielded elements
close to 50% of the critical threshold. The constraints on 𝑛b and VCG and instead active for
all optimal configurations.
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Figure 5.17: Evolution of the optimal high-fidelity 𝑚gap of FS6, for different reparameteri-
zation approaches.

Table 5.2: Optimization results for different parameterizations of FS6.

Parameterization 𝑚gap [% LB] 𝑛y [% crit] 𝑛b [% crit] VCG [% crit] # hifi
base, xLB > 1000 789.75 636.38 96.26 -
base 10 p. 34.21 46.25 100.38 99.35 114
iterative 16 p. 19.01 56.00 99.88 99.76 253
iterative 27 p. 14.12 98.25 99.29 99.71 438
iterative 40 p. 13.03 98.25 100.01 99.88 617
one-shot 40 p. 15.07 51.50 99.87 99.85 530
designer 40 p. 23.55 55.00 100.15 99.99 270
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5.4 Conclusions

This chapter introduced an automated parameterization refinement procedure for the
optimization problem described in Chapter 2.

To obtain an effective parameterization, able to finely control the structural behavior of
the model while using a low number of decision variables, we propose to refine a coarser
parameterization by leveraging the results of its optimization.

The surrogates for the structural QoIs enable the formulation of auxiliary mass
optimization problems defined at the patch level, and the resulting thickness allocations
instruct the construction of a new set of decision variables. The hierarchical structure of
the refined parameterizations allow to retain the high-fidelity database and to efficiently
progress the optimization.

The numerical results on a simplified midship section a full-scale ship show that
the reparameterization is able to achieve good results in terms of structural mass, while
constraining the structural QoIs. In particular, the approach based on iterative refinement
is superior to both the one-shot approach and the baseline produced from the designers.
Although showing diminishing returns as the number of parameters increase, the iterative
reparameterization approach is able to streamline the initial design phase with minimal
intervention.

Chapter 6 will adapt the parameterization procedure to use the knowledge from past
optimized ships in place of the full surrogates, enabling the refinement of the optimization
problem without the need for the construction of a full high-fidelity database.
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6

Transfer learning-based reparameterization

This chapter presents a one-shot reparameterization procedure that modifies the approach
from Chapter 5 to leverage the results from past optimizations on different ships, without
constructing a high-fidelity database or full surrogates for the current ship.

The extraction of useful knowledge from different tasks is the core idea of transfer
learning (TL), and constitutes an important resource when data is scarce or expensive to
accumulate. At the beginning of the optimization pipeline, the designers have at most
access to the simulation results for the default configuration, which motivated the choice of
coarse parameterization discussed in Chapter 2 and the refinement procedure developed
in Chapter 5. By using the results from past optimizations, the pipeline could begin with a
more effective initial formulation without accumulating a large number of high-fidelity
simulations during optimization of the coarse problem. A trade-off between the quality of
the optimum and the size of the actual high-fidelity database is to be expected, but transfer
learning could provide a fast way to produce acceptable configurations in a shorter time
frame.

Section 6.1 motivates the need for a faster reparameterization and reviews the basic
principles of transfer learning. The approach chosen to achieve the one-shot reparameteri-
zation is presented in Section 6.2, and the numerical results on are discussed in Section 6.3.
The final remarks are presented in Section 6.4.
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6.1 Introduction

In the previous Chapter 5, we constructed a reparameterization procedure that, based
on the structural quantities of interest (QoIs) aggregated at the patch level, adapts the
assignment of patches and decision variables to obtain a more expressive optimization
problem. The pipeline is then able to achieve much lower total ship mass, while respecting
the constraints on structural resilience.

However, this approach requires a set of accurate full surrogates, and thus the
construction of a high-fidelity database during the execution of the optimization pipeline
on the coarse model. In this chapter, we constrain our reparameterization procedure to
be available at the moment of problem formulation, when the designers have only access
to the computational mesh and the initial coarse parameters definition. In place of the
high-fidelity database from a random sampling or from the optimization pipeline, we aim
to extract the knowledge necessary to the parameterization refinement from the results of
past optimizations.

Transfer learning [137] is a branch of machine learning focused on producing a useful
model for a current task, also called target, for which labeled data is scarce or absent, by
only training on the results of past task, also called source. The authors of [137] propose a
taxonomy to establish the relationship between source and current tasks, based on their
specification, the degree of data availability, and the form taken by the knowledge being
transferred. We find ourselves in the sequential learning setting, since the source tasks
(the ships already optimized) have a fixed amount of data available. Moreover, our case
falls under the definition of transductive learning, meaning that the source and current
domains are different but related, and the actual tasks are the same. Indeed, the mapping
from patches to decision variables in Problem 5.1 is computed at the patch level, based on
𝑦𝑝𝑡 and 𝑏𝑝𝑡 which are themselves computed at the patch level. The suggested approach,
which is denoted as domain adaptation, can be implemented via instance transfer or
feature-representation transfer.

Instance transfer consists in the transformation of elite solutions of a source task into
solutions to the current task, and is frequently used in the context of population-based
optimization algorithms [88, 133, 187]. However, in our case the solution is represented
by the mapping from patches to decision variables, which does not support an obvious
encoding that can be transferred through different mesh topologies and sets of variables.

Feature-representation transfer aims to obtain a unified representation of the two
domains, and solve the current task leveraging this artificial domain. The ideal approach
would then be the construction of a model that predicts the full 𝑦𝑝𝑡 and 𝑏𝑝𝑡 fields, given
only the definition of the patches, followed by the solution of Problem 5.1. However, the
training of such a model would require massive amounts of data due to the necessity of
generating multiple fields for each source ship.

A different idea is the construction of a different problem, whose structure is informed
by the past tasks, that can produce good heuristic solutions for the current task. In [68], a
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population of solutions for the capacitated vehicle routing problem is averaged to extract
a distance scaling matrix, that is in turn used in conjunction with a greedy algorithm to
construct solutions for a capacitated arc routing problem. A similar approach is used
in [145], where a number of solutions to a direct current optimal transmission problem are
available for different load conditions. To speed up the solution for unseen load conditions,
the network configurations of the most similar past solutions are combined to heuristically
generate or refine the constraints for the current task.

Following this philosophy, we focus on finding an alternative to the computation of
the terms 𝑦𝑝𝑡 and 𝑏𝑝𝑡 in Problem 5.1, leveraging the data available at the patch level.

6.2 Reparameterization

The data accessible for the current and past tasks come from the definition of the
computational mesh and the finite element analysis (FEA) results. In the case of the
current task, the FEA results are limited to those computed with the lower bounds of𝒟, as
discussed in Section 2.1 with regard to the wave-factoring approach. Table 6.1 summarizes
the data available at the patch level, with the exception of the optimal thickness which is
unavailable for the current task.

Table 6.1: Features of a single patch.

Features Description
centroid Coordinates of the centroid, absolute
centroid (relative) Coordinates of the centroid, relative to ship’s length
normal Components of the patch’s normal vector
area Total area of the patch
borders Number of contiguous patches
thickness bounds Minimum and maximum possible thickness
optimal thickness Optimal thickness of the patch
simulated thickness Actual simulated thickness
𝑛y, 𝑛b Number of yielded and buckled elements

Instead of modeling a predictor for 𝑦𝑝𝑡 and 𝑏𝑝𝑡 as unifying representation of the
patches, and solving Problem 5.1 unchanged, we choose to train a predictor for the optimal
thickness itself and modify the reparameterization problem accordingly.

Let 𝑡p be the optimal thickness predicted for patch 𝑝 by a machine learning (ML) model
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trained on past tasks. Then the TL-based reparameterization problem is given by

min
∑
𝑝∈𝑃𝑖

∑
𝑡∈𝒟𝑖

𝑥𝑝𝑡(d𝑝𝑡 + 𝑐(𝑡p − 𝑡)+
2), (6.1)

s.t.
∑
𝑡∈𝒟𝑖

𝑥𝑝𝑡 = 1, ∀𝑝 ∈ 𝑃𝑖 ,

𝑥𝑝𝑡 ≤ 𝑢𝑡 , ∀𝑝 ∈ 𝑃𝑖 , ∀𝑡 ∈ 𝒟𝑖 ,∑
𝑝∈𝑃𝑖

𝑥𝑝𝑡 ≥ 𝑢𝑡𝑛min , ∀𝑡 ∈ 𝒟𝑖 ,∑
𝑡∈𝒟𝑖

𝑢𝑡 = 𝑛clusters ,∑
𝑝∈𝑃𝑖

∑
𝑡∈𝒟𝑖

𝑥𝑝𝑡(VCG𝑝 − VCGcrit)d𝑝𝑡 ≤ (VCGcrit − VCGres)𝑚res ,

𝑥𝑝𝑡 ∈ {0, 1}, ∀𝑝 ∈ 𝑃𝑖 , ∀𝑡 ∈ 𝒟𝑖 ,

𝑢𝑡 ∈ {0, 1}, ∀𝑡 ∈ 𝒟𝑖 ,

where 𝑐 is a penalty coefficient with unit of measure t/mm2. We remark that 𝑡p needs
not to be an element of𝒟𝑖 , since the solution assigns feasible thickness values by design.
Problem 6.1 can then be used in place of Problem 5.1 in the reparameterization procedure
described from the previous section.

Due to the tabular nature of the patch features listed in Table 6.1, we employ gradient
boosted tree regressors [75]. In this approach, the predictions are obtained by the additive
combination of the outputs from an ensemble of regression trees, constructed in an
incremental fashion. Each tree is trained to correct the errors of its predecessors, thereby
improving the accuracy of the model.

A regression tree is a hierarchy of nodes: the internal nodes partition the input features
into disjoint intervals, associated to children nodes, and the terminal nodes (leaves) output
a prediction value. In its simplest form, each internal node evaluates a condition of the
form x𝑖 < 𝑠, where 𝑠 is a value to be chosen during training. Depending on whether the
condition is satisfied, the evaluation is routed to one of the child nodes until a leaf is
reached. The construction of a regressor tree starts from the root node, and uses a greedy
approach. Multiple splits are computed, consisting of a feature and a threshold, to divide
the outputs in two subsets and associate to each its mean (in the case of mean square error
loss) as prediction value. The split that results in the lowest prediction error is integrated
as internal node, with the two means assigned to its children as leaf nodes. The procedure
continues by expanding the leaf with highest error, until a stopping criterion is met such
as reaching a maximum tree depth or insufficient decrease in the prediction error. In
tree boosting, the target values of a new tree are computed as the difference between the
training targets and the predictions from the trees already constructed. Gradient tree
boosting extends tree boosting by considering a generic differentiable loss and leveraging
its gradient and Hessians to select the optimal splits. We refer to [75] and [37] for the
details. Figure 6.1 shows a simplified representation of a prediction using tree boosting.
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+ +...+ =

...

Figure 6.1: Schematic representation of a prediction using tree boosting. Each tree has
different splits, which determine different paths to the leaf value, highlighted in red. The
final output is the summation of all predictions, with the trees beyond the first acting as
correctors to the first element of the ensemble.

A limitation of this approach is that the topological information from the mesh
connectivity is discarded. Alternative models such as graph neural networks (GNNs) [163],
tailored to learning tasks where data is defined on graphs, could maximize the use of
knowledge from past ship designs. However, early experiments with GNNs have shown
significantly higher sensitivity to the choice of network architecture and training hyper-
parameters, suggesting that either our database is insufficient to obtain a good model, or
that excessive care must be put in the design of the network’s architecture and its training.
Since the proposed optimization pipeline is intended for practical integration into an
industrial design workflow, the guarantee of robustness and predictability of the training
procedure is a strong requirement. Due to this, the pipeline implements a hyper-parameter
tuning step of the boosted decision trees via grid search, iterating on a pre-defined set of
options and validating the results via 10-fold cross-validation (10-CV).

The loss function used to create the regression trees is mean squared error (MSE), while
hyper-parameter tuning is carried out by minimization of the number of misclassified
patches. We consider a patch to be misclassified if its predicted thickness differs more than
0.25 mm from the true value, which is half the minimum difference between the feasible
thicknesses we consider in this study. Although this alternative loss is weaker than MSE,
it is an indicator of the number of outliers that Problem 6.1 will be forced to cluster to an
incorrect value. In the case of underperforming training, the reparameterization process is
more robust in handling bounded absolute errors, where the patches will be clustered
together anyway, than facing a group of outliers that could divert the cluster results. MSE
could hide the effect due to the high number of patches in the largest parameterized
sections, while the ratio of misclassification correctly represents this behavior.

The optimal thickness predictor needs to be re-trained, and its hyper-parameters
re-tuned, every time a new ship design is finalized and added to the knowledge base.
The reparameterization procedure itself, however, has total cost comparable to a single
high-fidelity evaluation or other phases of the optimization pipeline.
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6.3 Numerical results

This section presents the evaluation of the TL-based reparameterization to the midship
section variants and the set of full ships described in Chapter 2.

To construct a database of optimized configurations, we followed the steps detailed
in Section A. All models were optimized with the routines from Chapter 4, using a fixed
number of multi-objective optimizations with non-dominated sorting genetic algorithm III
(NSGA-III) and iterating a combination of principal directions search (PDS) and particle
swarm optimization (PSO) for mass optimization until no new candidates could be
found. From the optimum configuration, the response-based reparameterization from
Chapter 5 refined the problem and the optimization was repeated, until the new optimum
achieved a very low 𝑚gap or showed no significant decrease with respect to the previous
parameterization. The optima of the refined ships constitute the database of past tasks for
training of the TL-based reparameterization models.

All values are obtained using Fincantieri S.p.A.’s HPC facility, composed of 3 identical
nodes equipped with an Intel Xeon Gold 6354 CPU (3.00 GHz), featuring 36 cores and 512
GB of RAM. The gradient boosted tree regressors are implemented via the xgboost [37]
library, and the hyper-parameter tuning uses scikit-learn’s [142] grid search for the
10-CV implementation.

Section 5.3.1 presents the results on the midship section MS00, while Section 5.3.2
repeats the analysis on the full ship FS6.

6.3.1 Midship section variants

The dataset is composed of three types of models:

• the default midship section MS00,

• MS01 through MS06, which add or remove a single component compared to MS00,

• MS07 through MS20, which present more differences with MS00.

This structure enables the evaluation of the reparameterization in two common scenarios.
For the first case, we build a test set containing only the variants MS01 through MS06:
these models are close to MS00 which will be part of the train set, so this setup will
evaluate multiple cases of the current task being very similar to one of the past tasks. In
the second case, the test set contains the models MS00 through MS06 which will evaluate
the reparameterization when none of the past tasks are close to the current one.

In both cases, we train the xgboostmodel on the train set and use Problem 6.1 with
𝑛clusters = 2, 𝑛min = 1 and maximum 𝑛dim = 10. No threshold on the minimum decrease
of the objective function was used when assembling final parameterization. This was
chosen from the observation that more refined parameterizations did not achieve much
better optima than the models with 𝑛dim = 10, as shown in Section A.1. The results will be
compared on models that have undergone a single parameterization refinement.
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Section 6.3.1.1 presents the results of the first test case, where the current tasks are all
related to the past task MS00. Section 6.3.1.2 discusses the results on the second test case,
where the differences between past and current tasks are more pronounced.

6.3.1.1 Close past tasks

In this experiment, the xgboostmodel is trained on the optimal configurations of ships
MS00 and MS07 through MS20. The test ships MS01 through MS06 are all obtained from a
single variation of the default model MS00, which is part of the train data, and should
thus prove an easier test for the predictive model. Hyper-parameter tuning of xgboost
achieves 10-CV MSE of 0.49 and 2.45 on the train and validation folds, respectively. As for
the ratios of misclassified patches, the train folds averages 10.9% while the validation folds
reaches 25.4%. Table 6.2 compares the results of the TL-based reparameterization with
those from the first step of the iterative approach.

Table 6.2: Midship section variants optima - default configuration in training data.

Gain
Code Δ𝑥 Δ𝑦 Δ𝑧 Method 𝑛dim 𝑚gap [% LB] # hifi 𝑚gap # hifi
MS01 0 0 -1 5 25.82 60

iterative 9 14.18 120
xgboost 10 15.28 69 -1.10 51

MS02 0 0 1 5 5.17 60
iterative 9 4.08 117
xgboost 10 3.54 60 0.54 57

MS03 0 -1 0 5 10.58 60
iterative 10 7.97 122
xgboost 10 8.64 63 -0.67 59

MS04 0 1 0 5 21.28 60
iterative 10 8.92 119
xgboost 10 8.94 60 -0.02 59

MS05 -1 0 0 5 8.44 60
iterative 10 4.84 122
xgboost 10 4.77 60 0.07 62

MS06 1 0 0 5 23.88 60
iterative 10 10.84 119
xgboost 10 12.30 66 -1.46 53

Variants MS02 and MS05 outperform the iterative reparameterization, and MS04
performs only marginally worse than the reference. The worse results are observed on
MS03, MS01 and MS06, but the difference in 𝑚gap from the references are relatively small
for all case. Overall, the reparameterizations are able to outperform the base 5-parameters
models, while employing a lower number of high-fidelity evaluations compared to the
references. Even though the reference solutions are penalized, in this metric, by the
additional sampling of the reparameterization and the repeated rounds of multi-objective
optimization, these steps are necessary to explore the updated parametric domain and are
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thus crucial to the design process. Indeed, in a practical workflow the designers would
inspect the Pareto front (PF) approximation to establish the threshold for the optimization
constraints, a decision that could drastically change between parameterizations. For
this reason, the iterative reparameterization procedure can not omit the infill steps of
multi-objective optimization, and the capacity of the TL-based reparameterization to
achieve similar performance with less FEA evaluations constitutes a strong point for its
adoption.

6.3.1.2 No close past task

In this experiment, the model was trained on the optimal configurations of ships MS07
through MS20. The test ships differ from all train configurations for at least 2 variations,
with the exception of MS08, MS09 and MS14 which can be obtained with a single change
from other models in the test set. Hyper-parameter tuning of xgboost achieves 10-CV
MSE of 0.44 and 2.57 on the train and validation folds, respectively. As for the ratios of
misclassified patches, the train folds averages 10.6% while the validation folds reaches
25.5%. Table 6.3 compares the results of the TL-based reparameterization with those from
the first step of the iterative approach.

Table 6.3: Midship section variants optima - default configuration missing from training
data.

Gain
Code Δ𝑥 Δ𝑦 Δ𝑧 Method 𝑛dim 𝑚gap [% LB] # hifi 𝑚gap # hifi
MS00 0 0 0 5 15.44 60

iterative 10 7.50 125
xgboost 10 8.32 66 -0.82 59

MS01 0 0 -1 5 25.82 60
iterative 9 14.18 120
xgboost 10 15.14 72 -0.96 48

MS02 0 0 1 5 5.17 60
iterative 9 4.08 117
xgboost 10 3.71 63 0.37 54

MS03 0 -1 0 5 10.58 60
iterative 10 7.97 122
xgboost 10 8.68 66 -0.71 56

MS04 0 1 0 5 21.28 60
iterative 10 8.92 119
xgboost 10 9.00 60 -0.08 59

MS05 -1 0 0 5 8.44 60
iterative 10 4.84 122
xgboost 9 4.48 58 0.36 64

MS06 1 0 0 5 23.88 60
iterative 10 10.84 119
xgboost 10 12.18 63 -1.34 56

The results are in line with the previous experiment, with variants MS02 and MS05
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outperforming the references, and MS04 achieving 𝑚gap very close to its counterpart.
Variants MS01, MS03 and MS00 perform worse than the references, and their negative
gains are all close to 1%. The worse performing model is MS06, but the difference from
the reference is similar to the value achieved in the previous case, suggesting that the
xgboost model is intrinsically less robust on this variant. The adoption of TL-based
reparameterization thus provides an acceptable trade-off between solution quality and
number of high-fidelity evaluations, even when the predictor for the optimal thickness
shows high errors during training.

6.3.2 Full ship fleet

Differently from the midship section variants, the full ships have been optimized with
different approaches and constraint thresholds, as well using different 𝑛dim and 𝑛clusters

during reparameterization. Moreover, there is not a single default model to which all other
ships are related. There are, however, two sets of related ships: FS1 and FS2 are obtained
from FS0 via the lengthening of the middle section, and the same relationship applies to
FS5 and FS6.

We select four ships as test instances: FS0 which is of medium size, and three ships
of small size FS3, FS4 and FS5. Since the dataset contains only 10 instances, for each test
case we train the xgboostmodel on the remaining 9 ships. Due to the construction of the
dataset, FS0 counts two related ships in the train dataset, and FS5 a single one.

For all test cases, we set the maximum 𝑛dim = 25 and compare three approaches to
optimization and TL-based reparameterization:

• 𝑛clusters = 2: starts with the TL-based reparameterization, performs the usual
pipeline optimization, followed by the response-based reparameterization and a
final execution of the pipeline,

• 𝑛clusters = 4: a one-shot approach limiting the refinement of a single coarse section,

• 𝑛clusters = 𝑛dim (unlimited): one-shot reparameterization with no limit on the split of
a single section.

This setup investigates whether a parameterization of medium complexity obtained with
the TL-based procedure leads to an acceptable trade-off in terms of final optimum and
number of simulations, compared to the more accurate response-based approach.

6.3.2.1 Test ship FS0

The FS0 ship is the shorter sister of FS1 and FS2, sharing with them the cross section
as well as the aft and fore geometries. The optimization of the initial model with 9
parameterized sections leads to 𝑚gap = 38.93%, but the following reparameterization with
𝑛clusters = 4 manages to reach 𝑚gap = 23.20% by introducing 9 new decision variables
and executing a total of 163 high-fidelity simulations. The second reparameterization of
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the iterative approach adds 12 decision variables, but has only a marginal gain in terms
of 𝑚gap = 22.13%. However, the number of high-fidelity simulations required by this
configuration increases to 265. Hyper-parameter tuning of xgboost achieves 10-CV MSE
of 0.001 and 2.836 on the train and validation folds, respectively. As for the ratios of
misclassified patches, the train folds averages 0.03% while the validation folds reaches
43%, confirming overfitting. The results are summarized in Table 6.4 and represented in
Figure 6.2.

Table 6.4: FS0 - comparison of optima.

Method 𝑛clusters 𝑛dim 𝑚gap [% LB] # hifi
base 9 38.93 67
iterative 4 18 23.20 163
iterative 4 30 22.13 265
xgboost 2 14 29.19 79
xgboost + iterative 2 18 25.58 160
xgboost 4 25 27.03 96
xgboost unlimited 25 26.09 105

Reflecting the poor performance of the predictor, none of the approaches tested was
able to achieve optima comparable to the references, with the hybrid approach obtaining
the best𝑚gap = 25.58% only after response-based procedure. This is comparable to the first
reparameterization of the reference, which also required a similar number of high-fidelity
evaluations. The unlimited approach is a close second at 𝑚gap = 26.09%, and the middle
approach achieves 𝑚gap = 27.03%. However, the last two approaches require 60 less
high-fidelity evaluations compared to the hybrid and reference methods. Overall, the
unlimited approach shows the best trade-off.
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Figure 6.2: Comparison of the optima reached for FS0 with different parameterizations.

6.3.2.2 Test ship FS3

Ship FS3 is part of the group of smaller ships, for which only two iterations of pipeline were
performed. Hyper-parameter tuning of xgboost achieves 10-CV MSE of 0.0027 and 2.72
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on the train and validation folds, respectively. As for the ratios of misclassified patches,
the train folds averaged 0.8% while the validation folds achieved 42.3%, again showing
overfitting.

The results are summarized in Table 6.5 and represented in Figure 6.3.

Table 6.5: FS3 - comparison of optima.

Method 𝑛clusters 𝑛dim 𝑚gap [% LB] # hifi
base 9 12.06 67
iterative 4 15 6.35 139
xgboost 2 12 7.73 64
xgboost + iterative 2 14 7.04 137
xgboost 4 21 7.16 91
xgboost unlimited 25 6.86 99

The relative results between the tested approaches is analogous to the previous case:
all reparameterized models performed better than the initial model, but none of the
TL-based optima was able to reach the 𝑚gap of the reference. The unlimited run was able to
surpass the other two TL-based experiments, achieving 𝑚gap = 6.86% with 99 high-fidelity
evaluations, thus placing close to the optimum of the reference with 𝑚gap = 6.35%, but
which required 139 simulations. Interestingly, the TL-based model with 𝑛clusters = 2
required 64 high-fidelity samples to converge to an optimum much better than the initial
model, for a lower number of simulations. In this case too, the unlimited approach appears
to offer the best tradeoff between quality and computational effort.
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Figure 6.3: Comparison of the optima reached for FS3 with different parameterizations.

6.3.2.3 Test ship FS4

Ship FS4 is another smaller ship, for which only two iterations of pipeline were performed.
Hyper-parameter tuning of xgboost achieves 10-CV MSE of 0.09 and 2.38 on the train and
validation folds, respectively. As for the ratios of misclassified patches, the train folds
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averaged 16.1% while the validation folds achieved 43.5%. The results are summarized in
Table 6.6 and represented in Figure 6.4.

Table 6.6: FS4 - comparison of optima.

Method 𝑛clusters 𝑛dim 𝑚gap [% LB] # hifi
base 8 13.69 56
iterative 4 14 8.93 126
xgboost 2 13 9.58 69
xgboost + iterative 2 16 9.29 140
xgboost 4 22 9.00 87
xgboost unlimited 25 8.69 93

Although the relative differences between the TL-based models are similar to the
results of the other test cases, this is the only case in which a TL-based model was able to
surpass the reference: the unlimited approach achieves 𝑚gap = 8.69% with 93 high-fidelity
evaluations, compared to 𝑚gap = 8.93% with 126 simulations. It must be noted, though,
that all reparameterized models were quite close in terms of 𝑚gap.
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Figure 6.4: Comparison of the optima reached for FS4 with different parameterizations.

6.3.2.4 Test ship FS5

The FS5 ship is the shorter version of FS6. Hyper-parameter tuning of xgboost achieves
10-CV MSE of 1.15 and 3.20 on the train and validation folds, respectively. As for the ratios
of misclassified patches, the train folds averaged 23.1% while the validation folds achieved
43.6%. The results are summarized in Table 6.7 and represented in Figure 6.5.

In this experiment, none of the TL-based model achieve a better optimum than the
reference 𝑚gap = 10.76%. The unlimited model and the first TL-based parameterization
with 𝑛clusters = 4 results in very close 𝑚gaps of 12.18 and 12.20 respectively, both with 96
high-fidelity evaluations. The best TL-based model is obtained after the response-based
reparameterization, but its 𝑚gap = 11.53% requires an even higher number of high-fidelity
evaluations than the reference.
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Table 6.7: FS5 - comparison of optima.

Method 𝑛clusters 𝑛dim 𝑚gap [% LB] # hifi
base 8 16.78 59
iterative 4 17 10.76 135
xgboost 2 14 13.03 71
xgboost + iterative 2 18 11.53 149
xgboost 4 25 12.20 96
xgboost unlimited 25 12.18 96
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Figure 6.5: Comparison of the optima reached for FS5 with different parameterizations.

Overall, the TL-based reparameterization with 𝑛clusters = 𝑛dim provides an effective
trade-off between solution quality and total number of FEA simulations on smaller ships,
but suffers a decrease in quality on more complex models such as FS0.
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6.4 Conclusions

This chapter presented a one-shot reparameterization routine, based on TL, that is able to
refine an optimization problem with a single FEA thanks to the effective use of a database
of past optimized ships.

The Problem 5.1 was analyzed through the lens of transductive learning, leading to a
domain adaptation of its formulation. The result is Problem 6.1, where the estimation of
optimal thicknesses is used as unified representation of the patches’ structural behavior in
place of the QoIs returned by the full surrogates. The xgboost predictor for the optimal
thickness is constructed in the offline phase, on the data from past optimized ships,
and generalizes to new geometries without requiring the construction of a high-fidelity
database.

The numerical experiments on a set of simplified midship section variants, which
compared models refined via TL-based reparameterization and the response-based
approach, show promising trade-offs between the quality of the optima and the number
of FEA performed during optimization. The evaluation on two settings, whether the
database of past ships contains a model close to the one being optimized or not, showed
consistent results.

On the full ship dataset, multiple approaches to one-shot reparameterizations were
compared to determine the optimal criteria for the refinement. Although the predictor for
the optimal thickness showed signs of overfit, the results on multiple instances of smaller
ships show that the refinements that only limit the number of total parameters produce
optima close to the reference solutions, but with a lower number of FEA simulations. A
test on a more complex model of medium size showed a trade-off of lower quality.

Nevertheless, the approach consistently reduced the number of required high-fidelity
evaluations, making the optimization workflow more suitable for preliminary design
phases characterized by strict computational and time constraints.

Following the successful application of TL, Chapter 7 will adopt a TL approach to
initialize the populations for the optimization metaheuristics with elite configurations
from past ships, accelerating the exploration of high-quality areas of the domain.
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Population transfer

In Chapter 6, an approach based on transfer learning (TL) was able to extract useful
knowledge from a database of past ships and produce refined parameterizations of new
and unseen models, without the construction of a high-fidelity database and full surrogates.

Motivated by the positive results, we now aim to integrate TL in the optimization
phase of the pipeline. We will construct a procedure for the transfer of high-quality
configurations from past optimizations to initialize the populations of our multi- and
single-objective metaheuristics. Our objective is to enhance the exploratory capabilities of
the optimization routines by quickly evaluating large amounts of promising configurations,
instead of relying only on the rules of the population update.

Section 7.1 reviews the existing literature and discusses several possible approaches to
the problem. Our proposed transfer procedure is presented in Section 7.2. The numerical
results are discussed in Section 7.3, where we evaluate the transfer on multi- and single-
objective optimization for a group of midship section variants and two complex full ship
instances. Section 7.4 draws the final remarks.
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7.1 Introduction

In this chapter, we aim to enhance the multi- and single-objective optimization procedures
of the surrogate-based pipeline. The results from Chapter 6 suggest that the tasks
corresponding to different ships are sufficiently similar to extract useful knowledge to be
used on new unseen models.

In the context of optimization, the integration of general machine learning has seen
much diversification in recent years. Once relegated to the implementation of surrogates for
the evaluation of objectives and constraints, the rise in computational power and availability
of data has extended its application to many different aspects of optimization [19, 34, 28].
More specifically to metaheuristic algorithms, [186, 187, 104] expand and specialize the
aforementioned concepts. Common trends are the tuning of hyper-parameters of complex
black-box solvers [121, 34], model transfer [119] and the construction of optimization
policies [152, 198] via reinforcement learning.

Focusing on population-based metaheuristics such as genetic algorithm (GA) and
particle swarm optimization (PSO), the issue of individuals initialization complements the
trends described above [87, 186, 187, 104], often under the names of "population seeding"
or "case-based initialization". A detailed discussion of the use of case-based initialization
of a GA is in [118], where the authors inject elite configurations from past tasks defined on
the same domain and evaluate the effect of task similarity on the optimization.

We discard approaches based on hyper-parameter tuning or policy-based optimization
of non-dominated sorting genetic algorithm III (NSGA-III) and PSO due to the robustness
shown across multiple test cases, and choose not to study model transfer since our full
surrogates are cheap enough to construct. Instead, we focus on the transfer of populations
to leverage the large amount of records from the NSGA-III and PSO logs. The major issue
to overcome is the heterogeneous nature of the domains, which differ both in number of
parameterized sections and the underlying computational mesh.

Little details are present in the literature on how to approach the heterogeneous
domains setting, since it often requires problem-specific modeling. The transfer between
the populations of different optimization tasks is the key element of evolutionary multi-
task optimization [88, 133, 210]. In multi-task optimization, multiple populations are
evolved to each optimize a different task, in the context of a single GA. The exchange of
information is carried out in the crossover operator, and a variety of approaches have been
developed to process individuals from heterogeneous domains. The simplest approach
rescales the respective domains and embeds the individuals in a single space, relying on a
correspondence between the dimensions of the original domains [88]. In [211], the author
propose to construct an affine transformation between domains by leveraging the empirical
covariance matrices of the respective Pareto fronts (PFs). Another approach to transfer
of PF from past tasks is through denoising autoencoders [67, 69], constructing a new
autoencoder every time the transfer takes place. Separate from optimization, techniques for
heterogeneous TL have been discussed in [200, 52], although the focus was on classification
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problems.
However, the previous approaches are all based on the evaluation of the objective

functions, or classification labels, rather than leveraging a-priori similarity between tasks,
limiting their application to the context of co-optimization or to the online phase of
optimization. In [202], the authors propose a to enhance a tree-structured Parzen estimator
(TPE) for Bayesian optimization (BO) by using a measure of task similarity to leverage
past optimizations. By assuming that the objective function of similar tasks correlate
and by integrating a suitable kernel in the density estimation of the TPE, the proposed
approach was able to overcome many baselines on multiple hyper-parameter tuning tasks
in a multi-objective setting.

For our approach to population transfer, we will recast the problem of mapping
configurations of thicknesses between different domains in terms of correlation between
parameterized sections, using the tools of Gaussian process regression (GPR). We will
leverage a similarity metric defined on the problem definition, using the computational
mesh, the definitions of the parameterization and the domain, and the results of the
simulation of the minimum thicknesses. The final population transfer procedure will not
require the evaluation of configurations by the target task, enabling the transfer at any
point during the optimization pipeline.

7.2 Transfer procedure

We aim to construct a transformation that, given a configuration of parameter values
x𝐴 ∈ 𝒟𝐴 for the ship 𝐴, builds a configuration x𝐵 ∈ 𝒟𝐵 for the ship 𝐵. Since our purpose
is to leverage the exploration of𝒟𝐴 from previous optimizations, we desire to transfer the
increase of thickness above the lower admissible values, as it encapsulates the concept of a
"direction" in domain space. Let us consider a pair of elements in the two configurations:
x𝐵
𝑖

and x𝐴
𝑗
. When the associated parameterized section are related, for example they both

correspond to the bottom decks of the respective ships, if x𝐴
𝑗

is much higher than its lower
bound so should be x𝐵

𝑖
. On the opposite, when the controlled sections are unrelated, the

value of x𝐴
𝑗

should have no influence on x𝐵
𝑖

during the transfer.
The same relationship applies to sections in the same ship: parameterized sections that

are similar should increase their thickness together. We want to build a transfer function
that captures correlation between different configuration elements, so that the transfer of
elite configurations between similar ships results in configurations close to the optimum
of the receiving ship.

First, let us consider x𝐴 as being the evaluation of an implicit function 𝜒 on the
metadata associated to the parameterized sections of ship 𝐴. If we could evaluate 𝜒 on
the metadata of the sections of ship 𝐵, we would obtain x𝐵 and thus, a transfer of the
original configuration. But since we only know 𝜒 on the metadata of sections in 𝐴, its
evaluation requires leveraging the structure of sections’ metadata across different ships
and the intuitions presented at the beginning of this section.
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We propose to construct a GPR to evaluate 𝜒 on the metadata of sections in 𝐵, obtaining
x𝐵 as the mean of a set of random variables conditioned on the observed x𝐴. To specify the
kernel function, we leverage the geometrical similarity of the mesh elements associated to
each section to obtain a dissimilarity metric in place of the usual euclidean distance used
in most stationary kernels.

Let 𝒰 be the set of metadata of all possible parameterized sections, of all possible
ships. An element 𝑢 ∈ 𝒰 is composed of all the information available at the beginning of
the optimization pipeline:

• the mesh elements assigned to the element’s decision variable, with their coordinates
𝑋𝑢 ⊂ R3,

• the admissible thickness values,

• the stress tensor values corresponding to the lower bound, under hogging and
sagging conditions 𝑆𝑢 ⊂ R12.

Thus, a metadata record for the parameterized section 𝑠 of a ship is the triple

𝒰 𝑠 =

(
𝑆 ∈ R|𝐸𝑠 |×3 ,𝒟𝑠 , 𝑄 ∈ R|𝐸𝑠 |×12

)
, (7.1)

where 𝐸𝑠 is the set of elements assigned to section 𝑠 and 𝒟𝑠 ⊂ ℛ+ is a discrete set of
admissible thickness values. The aforementioned thickness function is 𝜒 :

>𝑛
𝑠=1𝒰 𝑠 ↦→ R𝑛+,

where 𝑛 is the number of parameterized sections being evaluated. Thus we have

𝜒(𝑢𝐴) = x𝐴 , 𝜒(𝑢𝐵) = x𝐵 . (7.2)

We model the evaluation of 𝜒 as the observation of a random variable, for which we choose
prior mean 𝝁 equal to the minimum admissible thickness for the given parameterized
sections

𝝁(x𝐴) = x𝐴𝐿𝐵 , 𝝁(x𝐵) = x𝐵𝐿𝐵 . (7.3)

instead of adopting the usual null prior.
Additionally, we assume to have a covariance kernel function 𝑘 : 𝒰 ×𝒰 ↦→ R that is

used to generate positive definite covariance matrices between the associated configuration
elements. We impose that the kernel function 𝑘 depends only on the metadata and not on
the actual 𝜒. The covariance matrix between x𝐵 and x𝐴 is then composed of elements such
that in position 𝑖 , 𝑗 we find:

𝑘(𝑢𝐵𝑖 , 𝑢𝐴𝑗 ) = K(𝑢𝐵 , 𝑢𝐴)𝑖 𝑗 = Cov
[
x𝐵𝑖 , x

𝐴
𝑗

]
, (7.4)

where
Cov

[
x𝐵𝑖 , x

𝐴
𝑗

]
= E

[
(x𝐵𝑖 − 𝝁(x𝐵𝑖 ))(x𝐴𝑗 − 𝝁(x𝐴𝑗 ))

]
. (7.5)

Then, applying the properties of GPRs, we have that

𝜒(𝑢𝐵) = x𝐵 ∼ 𝒩(𝝁(x𝐵|x𝐴),Σ(x𝐵|x𝐴)), (7.6)
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where Σ is a covariance matrix. By expanding, we find

x𝐵 ≈ 𝝁(x𝐵|x𝐴) = x𝐵𝐿𝐵 +K(𝑢𝐵 , 𝑢𝐴)K(𝑢𝐴 , 𝑢𝐴)−1(x𝐴 − x𝐴𝐿𝐵), (7.7)

Σ(x𝐵|x𝐴) = K(𝑢𝐵 , 𝑢𝐵) −K(𝑢𝐵 , 𝑢𝐴)K(𝑢𝐴 , 𝑢𝐴)−1K(𝑢𝐴 , 𝑢𝐵). (7.8)

In order to choose a kernel function 𝑘, we can first assume to have a proper measure
of dissimilarity 𝑑 : 𝒰 ×𝒰 ↦→ R+ that can be used in a classic kernel such as the squared
exponential from Equation (3.12) or the Matérn from Equation (3.13) in place of the
Euclidean distance with automatic relevance determination (ARD)

𝑑(𝑢, 𝑢′) =

√√∑
𝑖

(𝑢𝑖 − 𝑢′𝑖 )2

𝑙2
𝑖

. (7.9)

We rewrite the squared exponential as

𝑘𝑆𝐸(𝑢, 𝑢′) = 𝜎2 exp
(
−𝑑(𝑢, 𝑢

′)2
2𝑙2

)
, (7.10)

and the Matérn kernel as

𝑘𝑀𝜈(𝑢, 𝑢′) = 𝜎2 21−𝜈

Γ(𝜈)

(√
2𝜈 𝑑(𝑢, 𝑢

′)
𝑙

)𝜈
𝐾𝜈

(√
2𝜈 𝑑(𝑢, 𝑢

′)
𝑙

)
, (7.11)

where 𝑙 is now a scalar length scale associated to the dissimilarity 𝑑. To proceed, we
need to specify a distance function 𝑑 in metadata space, as well as the hyper-parameters
required by the chosen kernel.

Our metadata space𝒰 does not allow for the use of the Euclidean distance, the sets
of coordinates in our domain have different cardinality and do not translate to simple
vectors. To define a suitable dissimilarity metric, we can leverage the coordinates of the
mesh elements and the available quantities of interest (QoIs), namely, the evaluation of the
stress tensors for x𝐿𝐵. These datasets have different cardinality, and require techniques
tailored to discrete sets.

In [78], Bayesian optimization is applied to a sensor placement problem. The config-
urations are collections of sensor coordinates, where the covariance kernel function is
constructed with the earth mover distance from the optimal transport literature. However,
this approach is practical only for limited numbers of points, since it requires the solution
of an optimal transport problem that does not scale well to the tens of thousands of
elements in our parameterized sections.

The same scalability issue affects approaches based on the pairwise covariance com-
putation between elements of sets, used in other approaches to BO on sets [80, 107,
108].

For our case, we aim to identify an inexpensive, but descriptive, dissimilarity metric
between point clouds, and post-process it for use in the covariance computation. To this
end, we choose the bi-directional Chamfer distance. First, let 𝑆 ⊂ R3 be a point cloud and

𝑐(𝑥, 𝑆) = argmin
𝑠∈𝑆

||𝑠 − 𝑥||2 (7.12)
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be the function that, given a reference point 𝑥 ∈ R3, returns the closest point in 𝑆. Then,
the bi-directional Chamfer distance between 𝑆𝐴 , 𝑆𝐵 ⊂ R3 is defined as

𝑑CH(𝑆𝐴 , 𝑆𝐵) =
1
|𝑆𝐴|

∑
𝑎∈𝑆𝐴
||𝑎 − 𝑐(𝑎, 𝑆𝐵)||2 +

1
|𝑆𝐵|

∑
𝑏∈𝑆𝐵
||𝑏 − 𝑐(𝑏, 𝑆𝐴)||2. (7.13)

To better capture the functional similarity between parameterized sections, we rescale the
coordinates of 𝑆𝐴 and 𝑆𝐵 so that the axis-aligned bounding box is the [0, 1]3 cube. In this
way, we facilitate the overlap of sections that share the same relative position (e.g., top
decks, shells, etc.) in the two meshes. The computation of the 𝑑CH can be implemented
efficiently by leveraging space partitioning trees for the nearest neighbor retrieval in 𝑐(𝑥, 𝑆),
leveraging logarithmic search complexity. Moreover, the trees need to be computed only
once for each section, and can be reused in the case of multiple transfers.

In Equation (7.13), the Euclidean distance is used as both relevance metric, for the
selection of the nearest neighbor, and dissimilarity metric between the so obtained pair
of points. We can extend the Chamfer distance formulation to allow for a different
dissimilarity metric that, for example, compares the elements’ stress tensor components in
the simulation of minimum thickness. Let 𝑟 : 𝑆 ↦→ 𝒬 be the mapping between the mesh
element’s coordinates and its QoIs from domain 𝒬. Then the generalized bi-directional
Chamfer distance between two point clouds, augmented by the respective QoIs functions,
is given by

𝑑CH(𝑆𝐴 , 𝑟𝐴 , 𝑆𝐵 , 𝑟𝐵) =
1
|𝑆𝐴|

∑
𝑎∈𝑆𝐴
||𝑟𝐴(𝑎) − 𝑟𝐵(𝑐(𝑎, 𝑆𝐵))||2 +

1
|𝑆𝐵|

∑
𝑏∈𝑆𝐵
||𝑟𝐵(𝑏) − 𝑟𝐴(𝑐(𝑏, 𝑆𝐴))||2.

(7.14)
If the QoIs functions 𝑟𝐴 , 𝑟𝐵 are the identity, we obtain Equation (7.13). In our setting, we
wish to consider as QoIs the structural response described in Equation (7.1). Compared
to the dissimilarity from the euclidean distance of elements’ coordinates, the use of
structural responses is much more sensitive to the orientation of the elements: most of
the stress tensors will have only three non-zero entries, whose positions reflect the plane
that the element resides in. Thus, elements that are orthogonal will evaluate to a very
high euclidean distance in terms of stress tensors, achieving the goal of de-correlating
parameterized sections that are functionally different, while the original formulation of
the Chamfer distance does not reveal this discrepancy.

However, the use of either form of 𝑑CH in place of the Euclidean distance in Equa-
tion (7.10) or (7.11) can result in a covariance matrix that is not positive semi-definite.
Indeed, a valid dissimilarity metric for such kernels is required to be conditionally negative
definite [164]. As a workaround, we solve a multi-dimensional scaling (MDS) problem [29]
to fit a set of coordinates as embedding for the parameterized sections, by approximating
the distance matrix computed using 𝑑CH. The Euclidean distance computed with the
embedding coordinates will then be used to generate positive semi-definite covariance
matrices for the GPR inference.

Let 𝑛𝑢 = 𝑛𝐴dim + 𝑛
𝐵
dim be the total number of parameterized sections from ship 𝐴 and

𝐵. Then let 𝑑CH ∈ R+𝑛𝑢×𝑛𝑢 be the distance matrix computed using 𝑑CH on all pairs of

100



7.2. TRANSFER PROCEDURE

parameterized sections’ metadata. Through MDS, we aim to find the set of coordinates
𝑋 ∈ R𝑛𝑢×𝑛𝑢 such that the stress√√√ 𝑛𝑢∑

𝑖≠𝑗=1
(𝑑CH 𝑖 𝑗 − ||𝑋𝑖 − 𝑋𝑗 ||2)2 (7.15)

is minimized. We choose 𝑛𝑢 as embedding dimension to saturate the fitting capabilities of
MDS. In practice, even with this large embedding space, the stress is not able to reach 0
and the relative error for the distance matrix is contained between 5 and 20% in Frobenius
norm. Convergence of the error is empirically observed to manifest already at embeddings
of dimension 5-6, independently of 𝑛𝑢 .

As choices for the kernels’ hyper-parameters, we set the length-scale 𝑙 equal to the
standard deviation of the distances between embedded coordinates 𝑋. As for the scaling
coefficient 𝜎, it is set to 1 due to its elision in the computation of the transfer matrix in
Equation (7.7) and its irrelevant scaling effect in Equation (7.8).

At this point, we compute the transfer matrix 𝑀(𝑢𝐵 , 𝑢𝐴) = K(𝑢𝐵 , 𝑢𝐴)K(𝑢𝐴 , 𝑢𝐴)−1

where 𝑀 ∈ R𝑛𝐵dim×𝑛
𝐴
dim . By design, 𝑀 is constructed only from the metadata of the source

and destination parameterized sections, with no dependency on the actual 𝜒: this implies
that the same matrix is repeatedly used by all the configurations of the population from
the source ship. Then, the transfer of multiple configurations x𝐴 to the corresponding
X𝐵 using Equation (7.7) involves only a matrix-matrix product and vector sums. The
repair Problem 4.18 is used to enforce both x𝐵 ∈ 𝒟𝐵 and the specific constraints on the
center of gravity of ship B. Finally, we remove all duplicates from the transferred, repaired
population.

An issue with this transfer approach is that the rows of 𝑀 might sum to a total
higher than 1, in which case the final thickness in the receiving ship could be higher than
the highest thickness in the source configuration. Rather than letting multiple source
configurations be repaired to reach the upper bound of multiple members, we scale the
sum of row elements to be 1 to increase the population’s diversity.

To showcase the steps of the process, we simulate the construction of the transfer matrix
for a pair of full-scale ships from Chapter 2. We utilize FS4 as the source ship, and FS5 as
the target. Both ships use their base parameterization, giving 9 parameterized section for
the source FS4 and 8 sections for the target FS5.

Figure 7.1 illustrates the Chamfer distance evaluated between the source and target
sections, constructed on the scaled coordinates of the mesh elements.

The good approximation of the Chamfer distance via the embedding obtained from
MDS can be observed in Figure 7.2.

Figure 7.3 illustrates the covariance matrix, computed with the squared exponential
kernel applied to the coordinates from the MDS embedding.

Finally, we inspect the transfer matrix from FS4 to FS5. Using Equation (7.7) and scaling
the rows so that the elements sum to 1, we obtain the matrix represented in Figure 7.4.
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Figure 7.1: Chamfer distance matrix, with the columns corresponding to sections of the
source ship (in blue), and the rows corresponding to sections of the target ship (in red).
Lower values for the matrix entries correspond to more similar sections, as can be seen
between the entry corresponding to the sets of accommodation decks, while the highest
distance is observed between external bulkheads and the bottom parts of the shell.
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Figure 7.2: Comparison between the Chamfer distance computed on the scaled coor-
dinates, the distance between the embedding coordinates computed via MDS, and the
corresponding absolute error.

Figure 7.3: Covariance matrix between the source and target sections. The highest values
are found for the entries corresponding to the pairs with lower Chamfer distance.
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Figure 7.4: Transfer matrix between the source and target sections. Most rows have a
single entry with a value close to 1.

Figure 7.5 highlights the case of two source sections contributing to the same target
section. In this case, the shell of source ship is divided in two parameterized sections,
which contribute almost equally to the value associated to the shell of the target ship.

Figure 7.5: Transfer matrix between the source and target sections. The source shell is
divided in two sections, which have very similar contribution to the output for the single
shell section of the target ship.

The entire process is summarized in Algorithm 8.

The transfer procedure is inexpensive even for ships that have a large number of
elements, due to the low complexity of the Chamfer distance. Moreover, the computation
of MDS embeddings, covariance matrices, and the repair step can leverage independence
between each pair of source and destination ships, achieving a high degree of parallelism.
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Algorithm 8 Population transfer.
Input: population X𝐴, lower bounds x𝐴

𝐿𝐵
, mesh elements coordinates 𝑆𝐴

𝑗
assigned to

the 𝑗-th decision variable from ship 𝐴, lower bounds x𝐵
𝐿𝐵

, mesh elements coordinates
𝑆𝐵
𝑖

assigned to the 𝑖-th parameterized section of ship 𝐵, feasibility linear inequality
constraints g(x𝐵) ≤ 0 and discrete domain𝒟𝐵 for ship B, covariance kernel function 𝑘

Output: population X𝐵 of feasible configurations
rescale 𝑆𝐴 and 𝑆𝐵 to be in the [0, 1]3 cube
compute the dissimilarity matrices, using Equation (7.14)
solve the MDS to obtain embedding coordinates 𝑋𝐴 and 𝑋𝐵

compute the transfer matrix 𝑀 using 𝑘 with Equation (7.7)
optionally, scale the rows of 𝑀
X𝐵 ← x𝐵

𝐿𝐵
+ (X𝐴 − x𝐴

𝐿𝐵
)𝑀𝑇

repair each row of X𝐵 with Problem 4.18
remove duplicated rows from X𝐵

return X𝐵

7.3 Numerical results

This section presents the evaluation of the proposed transfer procedure for multi- and
single-objective optimization, for a group of midship sections and full ships.

For each dataset, we first select the combination of transfer hyper-parameters that
results in the best trade-off of 𝑚gap and number of transferred configurations. With
the chosen hyper-parameters, we perform the transfer to initialize NSGA-III and PSO,
comparing the resulting optimization with a baseline random initialization.

All values are obtained using Fincantieri S.p.A.’s HPC facility, composed of 3 identical
nodes equipped with an Intel Xeon Gold 6354 CPU (3.00 GHz), featuring 36 cores and 512
GB of RAM.

Section 7.3.1 presents the evaluation on the midship dataset, while Section 7.3.2
discusses the results on two full ships.

7.3.1 Midship section variants

We first aim to identify the combination of transfer hyper-parameters that achieves the best
initialization of multi- and single-objective populations on the target ship. In particular,
we consider the capability of a transferred population to contain a configuration close
to the known optimum of the target ship. Given the 21 midship section variants, the
validation set provides 14 best 𝑚gap values. For each ship in the validation set, we transfer
a population composed of the best configurations from the single-objective optimization
from each different variant. After transformation, retrieve the best configuration from the
aggregation of all populations so obtained. The difference between the reference 𝑚gap and
the transferred value becomes an elements of a vector of size 14, of which we take the 𝑙2

norm to measure the quality of the transfer. We denote this quantity as gaps loss.
A different gaps loss score is collected for each combination of hyper-parameters:
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• number of top configurations from the source populations, varying from 100 to 5000,

• choice of 𝑟 in the computation of the Chamfer distance generalization from Equa-
tion (7.14), either the elements’ coordinates or the stress tensor components

• choice of covariance kernel, either the squared exponential from Equation (7.10) or
Matérn 5/2 from Equation (7.11),

• whether the rows of the transfer matrix are scaled or not.

As the criterion for the selection of the hyper-parameters, we aim to identify the best
trade-off between the number of unique transferred configurations and the resulting
gaps loss score. In the implementation of Algorithm 8, we use the MDS interface from
scikit-learn [142].

Figure 7.6 shows the results of the experiments, where we select 2500 as the best source
population size due to diminishing returns from further increment.
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Figure 7.6: PF of gaps loss and average number of unique transferred configurations for
population transfer, evaluated on the training set of midship section variants.

We note that the chosen threshold is quite high, in the sense that the resulting selections
include configurations that have 𝑚gap far from the source ship’s optimum. However,
the transferred results benefit from the inclusion of these sub-optimal configurations,
possibly reproducing the effects described in [118] with seeding initial populations in
case of negative transfer. We remark that the discrepancy between the selection size and
transferred size is due to the repair procedure, which removes duplicates.

For the chosen selection size, we analyze the score of individual hyper-parameters
combinations in Table 7.1.

The results show two outliers in the combination of stress tensor components as QoIs
and non-scaling of the rows of the transfer matrix. The best combination is obtained with
the use of coordinates, Matérn kernel and non-scaling of the transfer matrix, although all
transfers that use the coordinates as QoI achieve similar scores of gaps loss. We thus fix
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Table 7.1: Comparison of gaps loss for different combinations of transfer hyper-parameters,
for the validation set of midship section variants.

𝑑CH QoIs Kernel Scaled Gaps loss [% LB]
coordinates squared exp. raw 0.627

scaled 0.614
Matérn raw 0.597

scaled 0.607
stress tensors squared exp. raw 1.468

scaled 0.635
Matérn raw 1.469

scaled 0.637

𝑑CH to be computed on the coordinates, the covariance kernel to be the Matérn 5/2, and
the scaling of the transfer matrix rows to be skipped.

We now perform the actual multi-objective optimization on the 7 test midship section
variants. For each target model, we use the transfer procedure on the best known PF
of the 20 source variants and merge the resulting configurations. We create an initial
population for NSGA-III by random selection of 2000 individuals from this merged dataset.
We then evolve the population for 20 generations, and compare it to the evolution from a
randomized maximin sampling of the domain as baseline. As a performance metric, we
use the inverse generational distance (IGD) from the ideal PF to the current population,
given by

IGD(𝑆∗ , 𝑆) = 1
|𝑆∗|

∑
𝑠∈𝑆∗
||f(𝑠) − f(𝑐(𝑠, 𝑆))||, (7.16)

which corresponds to the directed Chamfer distance from the ideal PF 𝑆∗ to the candidate
PF 𝑆. We use the vector of QoIs f from Equation (2.5), rescaled to the unit hypercube [0, 1]5.
To compute 𝑆∗ for a test midship section variant, we collect all populations generated in the
20 runs of NSGA-III and compute a global PF. Other performance indicators can be found
in the literature [181, 86, 117], but due to the construction of our ideal PF, it is guaranteed
that the candidates 𝑆𝐴 are dominated, thus the evolution of the IGD fully summarizes the
performance of the approaches.

Figure 7.7 shows the IGD evolution for the test dataset. The shaded areas represent the
difference between the best and worst values, while the lines follow the average across the
10 runs.
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Figure 7.7: Evolution of IGD during NSGA-III for the midship section variants MS00
through MS06. The baseline random initialization is in blue, while the evolution of the
seeded population is in orange. The shaded area shows the minimum and maximum
values measured on 10 repeated runs.
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For all test cases, the seeded population starts from a much lower value of IGD
compared to the random baseline. As the generations advance, the advantage diminishes
but is never overcome: even at the end of a run, the seeded populations achieve IGD scores
that are around half of those from the baseline. These results encourage the use of our
transfer procedure to initialize the population of NSGA-III. We remark that this seeding
procedure is inexpensive, even with a large number of configurations involved. Indeed,
the transfers themselves can be carried out in an offline phase, leveraging the high degree
of parallelism due to independence of source variants, while in the online phase the only
operation is accessing the stored transferred populations.

We now study the effect of transfer learning for the initialization of the population
of PSO. In this case, we select the 2500 configurations with the best 𝑚gap from the latest
optimization history of each source midship section variant different from the target. For
each test variant, we merge the transferred populations and pass the result as input to
Algorithm 4 to generate the initial population for PSO.

Figure7.8 shows the evolution of the PSO incumbent for the test dataset. The reference
optimum is represented by the dashed line. The shaded areas represent the difference
between the best and worst values, while the lines follow the average across the 10 runs.

For all test cases, the seeded population provides an initial incumbent that is closer
to the best known optimum compared to the incumbent from the baseline. In almost all
cases, the seeded runs are able to reach the optimum in the allotted time. However, the
random baseline is often able to overcome the large initial gaps and reach final 𝑚gap values
close to the optimum. In the optimization of MS00, the random baseline shows a larger
difference between best and worst case, with the mean incumbent over 0.6 % over the
optimum. On MS03, both setups show convergence of the average incumbent close to 7.8,
and only the randomized baseline was able to close in on the best optimum of 7.56. On
MS05, the seeded population is able to outperform the best known optimum, although the
difference is less than the termination threshold. Overall, these results suggest that the
transfer learning approach is able to provide performant configurations that can quickly
be refined to very good quality configurations.

However, we remark that Algorithm 4 requires the evaluation of 𝑚gap of the entire
seeding population, a computation that could require a computational effort of the same
order of magnitude of the PSO execution.
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Figure 7.8: Evolution of 𝑚gap during PSO, for the midship section variants MS00 through
MS06. The baseline random initialization is in blue, while the evolution of the seeded
population is in orange. The shaded area shows the minimum and maximum values
measured on 10 repeated runs. The dashed line represents the reference optima from the
database.
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7.3.2 Full ship fleet

Since the effectiveness of the population-transfer approach was demonstrated on the
midship section variants, which represent geometrically similar tasks, here we choose FS7
and FS9 as the target tasks. The difference in dimensions and proportions, compared to
the rest of the dataset, marks them as out of distribution samples.

First, we select the transfer hyper-parameters with the same approach used in Sec-
tion 7.3.1, to achieve the best trade-off between the number of unique feasible config-
urations and the resulting gaps loss. Figure 7.9 shows the evaluation of the different
hyper-parameters combinations.
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Figure 7.9: PF of gaps loss and average number of unique transferred configurations for
population transfer, evaluated on the training dataset of full ships.

Again, the best trade-off is achieved for population size 2500, with higher values unable
to further decrease the gaps loss. Table 7.2 collects the detailed scores for the different
combinations of hyper-parameters.

Table 7.2: Comparison of gaps loss for different combinations of transfer hyper-parameters,
for the validation set of full ships.

𝑑CH QoIs Kernel Scaling Gaps loss [% LB]
coordinates squared exp. raw 1.498

scaled 0.702
Matérn raw 1.412

scaled 1.387
stresses squared exp. raw 2.687

scaled 1.255
Matérn raw 2.706

scaled 1.112

On this dataset, the scores show higher variety that in the previous case, with a single
combination achieving a much better gaps loss than the rest using elements’ coordinates as
𝑑CH QoIs, squared exponential kernel, and scaled transfer matrix rows. The worst behavior
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is still found for the same combinations using stress tensor components as 𝑑CH QoIs and
non-scaled transfer matrix rows, while all remaining experiments result in similar scores.

We now perform the same multi-objective optimization experiment as the previous
section. Figures 7.10 and 7.11 show the IGD evolution for the transferred population and
the random baseline, for FS7 and FS9 respectively.
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Figure 7.10: Evolution of IGD during NSGA-III for FS7. The baseline random initialization
is in blue, while the evolution of the seeded population is in orange. The shaded area
shows the minimum and maximum values measured on 10 repeated runs.
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Figure 7.11: Evolution of IGD during NSGA-III for FS9. The baseline random initialization
is in blue, while the evolution of the seeded population is in orange. The shaded area
shows the minimum and maximum values measured on 10 repeated runs.

Even on these out-of-distribution cases, the seeded population shows faster convergence
to a lower IGD compared to the random baseline.

As for the single-objective optimization, Figures 7.12 and 7.13 show the comparison of
the incumbent evolutions for FS7 and FS9 respectively.

In the case of FS7, the average seeded run is able to reach the best known optimum,
while the average baseline approach gets within 0.3 gap points. The optimization of FS9
proves more difficult: the average seeded run beats the baseline approach by 0.5 gap
points, but is not able to overcome a 1.3 points gap from the best known optimum.
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Figure 7.12: Evolution of 𝑚gap during PSO, for FS7. The baseline random initialization
is in blue, while the evolution of the seeded population is in orange. The shaded area
shows the minimum and maximum values measured on 10 repeated runs. The dashed
line represents the reference optimum from the database.
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Figure 7.13: Evolution of 𝑚gap during PSO, for FS9. The baseline random initialization
is in blue, while the evolution of the seeded population is in orange. The shaded area
shows the minimum and maximum values measured on 10 repeated runs. The dashed
line represents the reference optimum from the database.
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7.4 Conclusions

This chapter introduced a population transfer approach for the initialization of metaheuris-
tics algorithms, able to leverage the configurations from past optimizations on different
ships. The proposed methodology frames the transfer problem in terms of Gaussian
process regression and defines the covariance in terms of the similarity between the
metadata available at the start of the optimization pipeline. By computing the Chamfer
distance between the parameterized sections of the computational mesh, the transfer
procedure can be performed offline without the evaluation of structural QoIs for the target
ship.

The numerical experiments on both the midship section variants and the full-scale ship
models demonstrate that the proposed strategy significantly accelerates the convergence of
multi-objective optimization, while its impact on single-objective optimization is limited.

The next chapter departs from the structural optimization problem to tackle the life-
cycle dimension of the design process, by applying the digital twins paradigm to structural
health monitoring.
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Structural digital twins

The integration of all aspects of the ship’s life-cycle during the design, from construction
to dismantling, constitutes a necessary step to tackle modern requirements by industry
and governments with a holistic view [139, 98, 208, 81]. Paraphrasing from the definition
given in [126], a digital twin (DT) is a set of virtual constructs that mimics a real-world
phenomenon and is able to predict its evolution, is dynamically updated from its physical
counterpart, and informs decisions that realize value. During the design phase, the
designers can leverage the DT by simulating past historical conditions and evaluate the
current ship under realistic loads, with the same data assimilation procedure available
during operations [103, 124, 192].

However, the development and validation of a DT for complex engineering systems
remain challenging, due to the lack of standardization and the difficulty in the integration
of multiple interacting components, often problem- and process-specific. Probabilistic
graphical models (PGMs) [114] offer an elegant framework to handle the complexity of DT
design, but the lack of high-level software libraries slows their adoption.

In this chapter we present pgmtwin, a novel open-source Python library for the
development and the analysis of DT, based on PGMs. By providing clear interfaces and
powerful base routines, as well as versatile ready-to-use components, pgmtwin streamlines
the implementation of complex DTs that integrate the user’s own simulations, sensor
analysis, and decision-making components. The library is demonstrated on the structural
health monitoring (SHM) of a simplified cantilever beam.
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8.1 Introduction

Being able to simulate and monitor the entire life-cycle of a vessel from design, to
manufacturing, to the operational period, and finally to its dismantling, is necessary to
address the growing requirements for the reduction of emissions and resource consumption,
as well as the increase in the efficiency of operating costs [139, 98, 208, 81].

During the design phase, the simulation against historical data can help reveal and
correct issues that would not be identified by usual validation practices. The operational
phase can benefit from the continuous monitoring of the ship’s performance to identify
unexpected degradation of the materials and systems, as well as proposing changes in the
current regime to increase efficiency. During manufacturing and dismantling, the shipyard
can detect anomalies in the structure’s behavior and respond accordingly, increasing
security and preventing loss of material and time [115].

Past approaches to holistic design mainly focus on incorporating the uncertainties of
the operations phase, using stochastic programming [58] or simulating a voyage from few
historical data [127]. However, these approaches consider the ship in operation as a passive
component of the simulation and can not account for, or validate, the decision-making
aspect of the ship’s life-cycle.

Thanks to the advancements in computational power and modeling capabilities, the
adoption of DTs throughout the vessel’s life provides a versatile framework to address the
demands from industry and regulatory entities, and to develop a holistic design process.
Quoting from [126], a DT is

a set of virtual information constructs that mimics the structure, context, and
behavior of a natural, engineered, or social system (or system of-systems), is
dynamically updated with data from its physical twin, has a predictive capa-
bility, and informs decisions that realize value. The bidirectional interaction
between the virtual and the physical is central to the digital twin.

From a practical point of view, a proper DT system is thus characterized by a loop of
communication flows: from physical to digital via sensors reading and data assimilation,
from the digital asset to the decision-making component by the inspection of the digital
state, and from the decision-making component to the physical asset via actions. Figure 8.1
represents a DT system.

Although the primary applications of DTs are in the field of control, such as SHM
of infrastructures [192, 191], autonomous navigation of unmanned vehicles [189], and
administration of medical treatments [102], the framework is equally applicable during the
design phase. By substituting the generation of sensor data with a simulation or historical
data, the same DT can be used to assess the model’s configuration, calibrate the inverse
problem and validate the decision making component.

However, the adoption of DTs in the naval industry is still in its early stages. Most of
the applications in the literature are tied to the operations phase, while manufacturing
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Figure 8.1: Representation of a DT, combining a physical asset, a digital asset, and a
decision-making component. The exchange of information is obtained via the generation
and communication of different data from one component to the next.

and dismantling are the least considered aspects of the ship’s life-cycle [124, 123]. With
respect to the design phase, the literature acknowledges the potential improvements that
DTs can provide, but has been so far limited to theoretical frameworks [209, 138] and lacks
concrete implementations.

One of the main challenges for the adoption of DTs in the design phase is represented
by the complexity of their simulation, which in the case of a full cruise ship requires
orchestrating numerous interacting subsystems. PGMs [114] provide a powerful framework
to address this complexity, as demonstrated in [103, 192, 196, 189, 191]. Through the explicit
modeling of the causal dependencies between subsystems, PGMs enable the efficient
propagation of uncertainty from the simulations to the data assimilation components,
allowing the evaluation of multiple scenarios within a single, unified framework. Even so,
current implementations of PGMs such as pgmpy [6, 7] or Pyro [25] provide only low-level
building blocks, requiring users to have extensive expertise in these frameworks to develop
complex DTs.

We propose a new open-source Python library to facilitate the design, analysis and
simulation of DT systems based on PGMs, pgmtwin [66]. Built on top of the pgmpy library,
pgmtwin provides high-level interfaces that easily accommodate case-specific business
logic via composition, while standard core procedures organize the update of entities, the
assimilation of sensor readings, and the decision-making. Following a clear workflow, the
users first focus on the definition of states and actions, and integrate their own simulation
and inverse problem. The decision-making component can be supplied by the users, or
obtained via standard reinforcement learning (RL) [182] frameworks [150, 193]. The library
offers out-of-the-box support for an SHM DT adapted from [192], but advanced users can
easily extend the PGM and entities to support more complex setups.

The rest of this chapter is organized as follows. In Section 8.2 we introduce the PGM
framework, and Section 8.3 describes the workflow of pgmtwin. A showcase of the library,
we implement and evaluate an SHM application for a cantilever beam in Section 8.4. The
final remarks are given in Section 8.5.
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8.2 Probabilistic graphical models

In this section we follow the notation from [114]. Let 𝒳 = {𝑋𝑖}𝑛𝑖=1 be a set of random
variables . Then let 𝑃 be a joint probability distribution for 𝒳 . A PGM is a graph
representation of the conditional relationship between the elements of 𝒳 , where each 𝑋𝑖
for 𝑖 = 1, ..., 𝑛 is associated to a node, and the arcs define the dependencies between the
random variables. In particular, a Bayesian network (BN) is a PGM that uses a directed
acyclic graph (DAG) 𝒢 and where to each node 𝑋𝑖 is associated a conditional probability
distribution (CPD) 𝑃(𝑋𝑖 | Pa𝒢

𝑋𝑖
), with Pa𝒢

𝑋𝑖
denoting the set of nodes in 𝒢 that are the origin

of the arcs entering 𝑋𝑖 . The elements of Pa𝒢
𝑋𝑖

are called the parents of 𝑋𝑖 . In a BN, nodes
without any parents have an a-priori CPD.

The joint probability 𝑃 factorizes according to the structure of 𝒢 as

𝑃(𝒳) = Π𝑛
𝑖=1𝑃(𝑋𝑖 | Pa𝒢

𝑋𝑖
). (8.1)

The graph structure and Equation (8.1) enable the automated application of Bayes
theorem to efficiently perform inference from acquired evidence, without the need for
manual analysis and ad-hoc inference procedures. When some of the variables are
observed, their influence is propagated to their children nodes via the CPDs and the
computation of marginalized probability distributions, for the nodes of interest, can be
optimized via dynamic programming [46]. An example of such inference procedure is the
variable elimination from [114].

A dynamic Bayesian network (DBN) extends the concept of a BN by considering 𝒳 as
collecting multiple series of random variables, for which a BN act as a template structure,
indexed by time. In this setup, each time slice has a set of associated variables, which
re-create the BN of the template. Given a BN with the previous notation, 𝑋𝑖 is the template
for a series of variable instances {𝑋(𝑡)

𝑖
}𝑡≥0 and each arc (𝑋𝑖 , 𝑋𝑗) generates a corresponding

arc among the instances (𝑋(𝑡)
𝑖
, 𝑋
(𝑡)
𝑗
) associated to its vertices.

Then, the joint distribution 𝑃 on the set of variables from time 0 to time 𝑇 becomes

𝑃(𝒳 (0:𝑇)) = 𝑃(𝒳 (0))Π𝑇−1
𝑡=0 𝑃(𝒳 (𝑡+1) | 𝒳 (0:𝑡)), (8.2)

where 𝒳 (0:𝑇) is the subset of variables associated to slices from 0 to 𝑇. It is common to
assume that a system is Markovian, from which Equation (8.2) simplifies to

𝑃(𝒳 (0:𝑇)) = 𝑃(𝒳 (0))Π𝑇−1
𝑡=0 𝑃(𝒳 (𝑡+1) | 𝒳 (𝑡)), (8.3)

reducing the communication between frame 𝑡 and the next to the arcs 𝑃(𝒳 (𝑡+1) | 𝒳 (𝑡)).
Figure 8.2 shows a DBN tailored to a generic DT system, adapted from [192]. At time 𝑡,

a physical state 𝑆(𝑡), usually unobservable, is influenced by the action performed at the
previous timestep𝑈 (𝑡)PREV and determines the sensor observations 𝑂(𝑡). The information of
the sensors is processed by an inverse problem, retrieving an estimation of the digital state
used by the DT in the node 𝐷(𝑡)IP . The 𝐷(𝑡)IP is separate from the actual digital state, since we
can often obtain a CPD for 𝑃(𝐷(𝑡) | 𝐷(𝑡)IP ), for example pre-computing a confusion matrix in
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Figure 8.2: The first two slices of a DBN for a generic DT system. Circles denote random
variables, squares denote actions taken, and diamonds identify the reward.

case of discrete states. The combination of𝐷(𝑡)IP ,𝑈 (𝑡)PREV and, if available, the previous digital
state 𝐷(𝑡−1) provides the assimilation of the sensor information in the current digital state.
It is common to define a reward function, computed from𝑈

(𝑡)
PREV and 𝐷(𝑡), to quantify the

efficacy of the decision-making component of the DT, as well as other quantities of interest
(QoIs) 𝑄(𝑡). Finally, the probability of a specific action being performed on the physical
state given the estimation of 𝐷(𝑡) is 𝑈 (𝑡), and the actual action performed is observed in
𝑈
(𝑡+1)
PREV. We remark the presence of two nodes related to the action choice: 𝑈 (𝑡)PREV indicates

an observed value and is always provided as evidence during inference, while 𝑈 (𝑡) is
retrieved as a probability distribution over the possible actions.

At each instant, a DT queries the sensors and performs the inverse problem to obtain
a probability distribution of the inverse problem’s result. In the simplest case, this
result is represented by a confidence interval or a Gaussian in the continuous case, or a
normalized count vectors in the case of discrete random variables. The estimation of the
digital state requires the combination of three arcs, which are conceptually separated in
two relationships. First, the CPD that relates the inverse problem to the current digital
state distribution captures the known bias and inaccuracies of the procedure, and its
construction requires, for example, estimation on historical data. Second, the CPD of the
digital state conditioned on the previous action and the previous digital state models the
a-priori knowledge of the update mechanism. The combination of these CPDs can be
carried out under an independence assumption, carried out by simple multiplication. The
arc between the digital state and the action represents the decision-making component
of the DT, often implemented via RL [182]. A common choice is to determine a tabular
policy in the case of discrete digital state and action space, which also translate to tabular
CPDs, but recently the use of neural network policies has become the norm [150].

The graph structure allows to potentially extend the DT system to integrate separate
digital states and multiple inverse problems, enabling modular DTs [90, 89] with minimal
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intervention in the inference procedure. Other area of research recently enabled by
the use of PGMs are the integration of multi-scale simulations in the evolution of the
digital state [148] and the formal verification of an entire DT system under unreliable
communications [94].

8.3 pgmtwin

PGMs constitute a powerful framework for the implementation of DTs, but the construction
of structures like the one in Figure 8.2, the integration of case-specific components for the
sensor reading, inverse problem solution, and decision-making component constitutes
and obstacle to widespread adoption.

With pgmtwin, we aim to address the difficulties in setting up a practical DT system
based on PGMs. The focus of the library is on the implementation of foundation entities
and processing loops in a coremodule, which are then customized via composition (also
known as the "strategy" design pattern [77]).

The user is only required to define the basic metadata (states and actions) and provide
the implementation of the business logic (physical asset update and observation, inverse
problem, reward) which gets combined by the library’s entities and used in standardized
procedures. pgmtwin provides the update loop of the physical and digital assets via the
gym.Env class from the widely used Gymnasium library [193], enabling the integration
of standard RL frameworks such as Stable-Baselines3 [150] for the decision-making
component of the DT system. The library pgmpy [6, 6] provides the implementation of
the PGM and the inference procedures, while pgmtwin adds routines to streamline the
construction and analysis.

Since the specific structure of a PGM is application specific and depends on the
action and domain definitions, pgmtwin provides a toolkitsmodule with ready-to-use
specialized classes and the corresponding PGM-enabled environment, for customization
via composition. The toolkits module also implements specific simulation loops and
procedures for the visualization of the results, facilitating a structured approach to the
evaluation of the DT system.

Figure 8.3 represents the workflow for the implementation of a new DT system with
pgmtwin. In this scenario, we assume that the user has already implemented a simulation
of the physical asset, which is an observable process that is influenced by actions applied
to it. The same workflow applies to the case where the DT system is deployed in the
real world and instead of a simulation, the observations are obtained via sensors and the
actions have physical consequences.

The first step is the discretization of the digital states and the available actions using
the DiscreteDomain and BaseAction classes. At the moment, pgmtwin only supports
discrete states and actions, with DiscreteDomain providing routines for bookkeeping and
conversions, and BaseAction implementing the update. In particular, the ActionCPD class
specifies the transitions between states via a CPD matrix.
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Figure 8.3: Implementation diagram of a new DT system using pgmtwin.

The simulation and the actions inform the customization of the BasePhysicalAsset
class, which is responsible for holding the (possibly continuous) state of the simulation,
updating it according to the supplied actions, and generating observations. Each of these
functionalities are implemented by a specific component, that specifies the interface to
be filled by the user’s logic. For example, the user extends the ObserverComponent to
implement the observation of the sensor values, which are in general different from the
physical state, often with an efficient surrogate of the original simulation.

The observations generated are passed to the BaseDigitalAsset, which is responsible
for the estimation of the probability distribution of the digital state. In the main imple-
mentation of the base class, InverseProblemConfusionDigitalAsset, the user supplies
a Callable[[np.ndarray], np.ndarray] and a confusion matrix for the uncertainty
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quantification of the inverse problem.
The BasePhysicalAsset and the BaseDigitalAsset are then used to initialize a

BaseDigitalTwinEnv, which encapsulates the simulation and assimilation procedures.
This approach separates the assets’ operations from the decision-making component of
the DT, enabling the use of popular frameworks for RL. As mentioned before, this class
manages the PGM inference by combining the inverse problem, the previous state, and
the history of actions. Due to the PGM-specific inference operations, the toolkits also
provide standardized loops for simulating, logging, and visualize the evolution of the DT
system.

The implementation of a Policy class completes the DT system. pgmtwin is compatible
with Stable-Baselines3’s models, but also provides a TabularPolicy class that implements
Q-learning and value-iteration [182].

The component-based approach and the minimal method signatures help to write
reusable, independent behaviors and to easily compare multiple DT configurations in a
unified manner. Particular care was taken to reduce coupling between components and to
ensure reproducibility via explicit initialization of all configurable elements. The use of
inheritance is only necessary for the more complex aspects of the DT, such as a new PGM
topology, but the effort remains limited even in these use cases.

8.4 Numerical results

The shm toolkit, based on the work in [192], is the basis for the following section. Our
application is intended as a showcase of pgmtwin’s functionalities, and thus is much less
complex. We will follow the workflow from Figure 8.3 to compare a baseline DT system,
which performs data assimilation with just a pre-computed confusion matrix for the
inverse problem, and one that instead leverages the DBN from Figure 8.2.

All results are obtained with version v0.0.1-alpha of pgmtwin, available at the
repository in [66]. The environment was built with the provided environment yaml file and
by installing the full version of the library. All data for the figures and the numerical values
are obtained with the execution of the script examples/basic_cantilever/oneshot.sh.

8.4.1 Structural health monitoring of a cantilever beam

We aim to implement a structural DT for the SHM of a cantilever beam. The beam is
modeled as a 4 m-long prism with a square cross section of side length 0.3 m. The material
is assumed to be concrete, with a density of 2500 kg/m3, a Young’s modulus of 30 GPa,
and a Poisson’s ratio of 0.2. A pressure of 60 KPa is applied to the top face at the free
end of the beam, over a square area equal to the cross-section. The beam undergoes
structural degradation, modeled as a reduction of the Young’s modulus in either one
the two longitudinal halves. Only one section of the beam can be damaged at any one
time, with the entity of reduction ranging from 25% to 85%. The severity of the simulated
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damage is intentionally severe, to facilitate the demonstration of the framework. The
physical state of the system is thus defined by two scalars: the location of the damage, and
its level. We represent the location with three labels: 0 indicates the undamaged state,
1 represents damage in the half closest to the clamped end, and 2 indicates damage in
the half with the free end. The second number is the percentage of Young’s modulus
reduction. We envision three possible maintenance actions that can be applied to the
beam: "do nothing" which risks further degradation; a "minor repair" that slightly reduces
the degradation, and a "perfect repair" that fully restores the Young’s modulus.

The high-fidelity simulation of the beam is carried out with a finite element analysis
(FEA) simulation, modeled under the assumptions of static linear elasticity, implemented
in FEniCSx [12, 168, 167, 3]. We build a high-fidelity database of 400 simulations, sampling
the parametric domain at random. Figure 8.4 shows three examples of simulation results.

(a) Undamaged. (b) 58% damage in section 1. (c) 71% damage in section 2.

Figure 8.4: Strain of the deformed cantilever beam under three different levels of damage.
No damage on the left, 58% damage in the section closest to the clamped end at the center,
and 71% of damage in the section further from the clamped end on the right. The colors
represent the magnitude of the strain, with blue being 0 and red indicating the largest
values.

Following the schema in Figure 8.3, we first construct a discretization of the domain
and the actions’ effects. To represent the digital state, consisting of a discrete level of
damage and its location, we use the SingleDamageDomain class specifying 7 levels of
damage: 0%, 30%, 40%, 50%, 60%, 70%, and 80%. Since the damage can only be present
in a single section at a time, the domain consists of 13 different states. The translation
from continuous physical state and discrete digital state simply selects the closest level of
damage, while the damage location is taken identical to the physical state.

The three maintenance actions are modeled via stochastic transition tables. When
the "do nothing" action is chosen, the beam remains at the current level of damage with
probability 0.5, otherwise the damage increases to the next level. If the beam is undamaged,
it has equal probability of applying damage to the first or second half. The "minor repair"
action reduces the level of damage by one level with probability 0.75, otherwise the damage
remains unchanged. When the beam undergoes "perfect repair", all damage is removed.
Figure 8.5 represents the three maintenance actions.

To simulate a realistic monitoring setup, we place 4 displacement sensors on the bottom
side the beam at increasing distance form the clamped end: 1.6 m, 2.25 m, 3.1 m, and 4 m.
Figure 8.6 shows the positions of the sensors.

To construct a fast surrogate of the high-fidelity simulation, we use Gaussian process
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Figure 8.5: Transition matrices of the SHM maintenance actions. The "do nothing" and
"minor repair" maintenance actions risk degrading the structural integrity of the beam,
while "perfect repair" guarantees full restoration. Darker shades of blue represent higher
probability of transition.

Figure 8.6: Placement of the displacement sensors on the cantilever’s mesh.

regression (GPR) from SciPy [197] to reconstruct the sensors’ readings given the physical
state. For the inverse problem, we use a two-layer approach based on xgboost [37]. First,
we generate 2000 instances of sensor readings via the surrogates. Then, we train a first
xgboostmodel to classify the damage location based on the four vertical displacements.
For each damage location, we train a separate xgboost model to discern the level of
damage. During training, the sensors are corrupted with the addition of Gaussian noise
centered in 0 and with standard deviation 0.003. This correspond to a signal-to-noise ratio
of around 12.22 for the sensor closest to the clamped end, and 45.57 for the one at the free
end. In the online phase, we first identify the damaged section and then, if not undamaged,
detect the level of damage using the corresponding model. Using an 80-20 train/test split,
the first model achieves 94.50% accuracy on the test set, the model for the damage located
close to the clamped end obtains 96.83%, and the final model achieves only 56.28%. We
evaluate the classifier on the original high-fidelity data, replicated and corrupted by noise,
and obtain the confusion matrix represented in Figure 8.7. The confusion matrix shows
the difficulty in correctly discerning the damage in the section close to the free end of the
beam, which sustain much lower deformation. On this high-fidelity dataset, the overall
accuracy of the inverse problem is 73.28%.
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Figure 8.7: Confusion matrix for the SHM inverse problem. Darker shades of blue indicate
a higher score associated to the truth and prediction combination. Low damage on the
section farther from the clamped end results in lower displacement values and a more
difficult discernment of the actual 𝐷.

To complete the simulation, we use the ActionUpdateComponent from the corepackage.
This component applies the chosen action’s transition table to the discretized physical
state, selecting the updated state according to the resulting probability distribution.

At this point, we construct the decision-making component of the DT. We first construct
a reward function that evaluates the profit associated to the damage level of the beam, and
establish a cost for each maintenance action. A time slice where the beam is undamaged
beam gives a profit of 1, while the loss due to the level of damage 𝑑, expressed in percentage
points, is computed as 𝑒0.07𝑑. The "do nothing" action has a profit of 10, while the "minor
repair" and the "perfect repair" cost 30 and 100, respectively. We construct a TabularPolicy
via Q-learning, performing 1 million iterations divided in episodes of 100 time slices. The
resulting policy is represented in Figure 8.8.

[0, 0]

[1, 30]

[1, 40]

[1, 50]

[1, 60]

[1, 70]

[1, 80]

[2, 30]

[2, 40]

[2, 50]

[2, 60]

[2, 70]

[2, 80]

D

do nothing

minor repair

perfect repair

U

0

1

Figure 8.8: Tabular policy for the SHM, obtained via Q-learning with the stochastic
ActionUpdateComponent. Darker shades of blue represent higher probability of choice.

We can now simulate the complete DT system, evaluating the accuracy in the estimation
of the digital state and the resulting choice of actions. As a baseline, we implement a DT
where the assimilation relies only on the confusion matrix of the inverse problem. We
simulate 𝑇 = 100 time slices, starting from the undamaged state, and corrupt the sensors
with the same Gaussian noise used previously. The results are shown in Figure 8.9.
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Figure 8.9: Simulation of the baseline SHM system, using sensors corrupted by Gaussian
noise, stochastic physical asset update, and tabular policy. The top plot represents the
estimation of the digital state, the plot in the middle compares the action selected and
the one that would be chosen with perfect information, while the bottom plot shows the
evolution of the cumulative reward. Darker shades of blue represent higher confidence
associated to the assimilated state.

As a performance measure, we define the assimilation accuracy as the percentage of
the number of slices in which the physical state matches the digital state with the highest
probability. The choice of action is assessed in a similar way, with the corresponding
accuracy computed as the percentage of slices in which the evaluation of the policy to the
discretized physical state match the one on the estimated digital state. The assimilation
reaches an accuracy of 53.47% and the correct choice of action is achieved 56.44% of the
time. The assimilation tends to overestimate the damage level, often confounding the
undamaged state with the lower level of damage in the section farther from the clamped
end. This phenomenon results in overuse of the "minor repair" action and consequent
decrease of the cumulative reward, which in this simulation reaches -730.61.

For the PGM-based DT, we use the DBN from Figure 8.2. Since we only consider the
estimation from the inverse problem, the digital state, and the actions, the actual DBN
used by the DT is represented in Figure 8.10.

The CPDs for the DBN are obtained from the actions’ transition matrices, the confusion
matrix of the inverse problem, and the tabular policy. In particular, we combine the
actions’ matrices and the confusion matrix by assuming independence, so that the DBN
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Figure 8.10: DBN for the assimilation. The evidence nodes 𝐷(1)IP , 𝐷(0), and𝑈 (1)PREV render
the rest of the full DBN superfluous for the inference of 𝐷(1).

for 𝑃(𝐷(1) | 𝐷(1)IP , 𝐷
(0) , 𝑈 (1)PREV) is a large matrix with 13 rows and 13 × 13 × 3 columns.

We remark that the creation of the large, dense matrix could be bypassed by a suitable
implementation of the CPD class for pgmpy, but the library does not support such interface
at the moment.

To determine the inference results, pgmtwin can perform either a random sampling of
the𝐷(1)IP and𝐷(0) distributions, or use a weighted sum of the values with highest probability.
In this case, we use the weighted sum approach to maintain a low computational cost and
select the two most probable evidences. We repeat the simulation with the new DT and
presents the results in Figure 8.11.

Thanks to the DBN, the assimilation reaches a much higher accuracy of 80.20%, while
the share of correct choice of action achieves 82.18%. The final value of the cumulative
reward is -267.38, a significant improvement on the previous case. We remark that the
first action chosen by the DT is an unjustified "perfect repair", which determines a large
decrease of the reward. This is caused by the absence of information on the initial state,
with the DT using a uniform distribution of the digital state as prior information.

Repeating the simulations on a larger time window of 10000 slices, the differences
between the two approaches are maintained, but reduced. The baseline approaches
increases its assimilation accuracy to 59.33% and the correct choice of action rate to 61.75%,
while the PGM-based DT achieves 72.52% and 78.31%, respectively. The cumulative
rewards are -41657.68 and -34203.40, respectively, confirming the superiority of the
PGM-based approach. Table 8.1 collects the results of the experiments.
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Figure 8.11: Simulation of the SHM PGM-based system, using 2 samples for PGM inference,
Gaussian sensor noise, stochastic physical asset update, and tabular policy. The top plot
represents the estimation of the digital state, the plot in the middle compares the action
selected and the one that would be chosen with perfect information, while the bottom plot
shows the evolution of the cumulative reward. Darker shades of blue represent higher
confidence associated to the assimilated state.

Table 8.1: Comparison of the baseline DT and the PGM-based version, for different
numbers of total time slices.

𝑇 = 100 𝑇 = 10000
Assimilation Action Reward Assimilation Action Reward

baseline 53.47% 56.44% -730.61 59.33% 61.75% -41657.68
PGM 80.20% 82.18% -267.38 72.52% 78.31% -34203.40
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8.5 Conclusions

This chapter introduced pgmtwin, a new open-source Python library for the implementation
and analysis of DT systems based on PGMs.

The component-based architecture of the library determines a streamlined workflow
in the construction of a new case, with clear interfaces for the customization by the user’s
business logic. First, the discretization of the states and the possible actions constitute the
base elements for the DT system. The user implements the components that customize
the physical asset update and observation, as well as the inverse problem, with total
independence from the DT loop. The decision-making component uses the widely used
interfaces from the Gymnasium and Stable-Baselines3, making pgmtwin interoperable
with the RL ecosystem.

Specific implementations are provided in the toolkits module, such as the shm
module demonstrated in this chapter. The complete implementation of a DT for the
structural health monitoring of a cantilever beam was discussed and evaluated, following
the workflow of pgmtwin. The results show a significant increase in performance for
the PGM-based approach compared to a naive implementation, achieving a much more
accurate assimilation of the simulated sensor data and higher cumulative reward over
short and long time frames.
pgmtwin is a first step to enable the adoption of DTs in the industrial design process,

thanks to its versatility and the ease of customization.
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Conclusions

In this thesis we have developed a pipeline for the structural optimization of cruise ships
in the preliminary design phase, reducing the total mass of the vessel while reducing the
number of structural failures. The pipeline leverages data-driven model order reduction
(MOR) and metaheuristic optimization algorithms, and provides a procedure for the
refinement of the optimization problem. We extended the pipeline through the application
of transfer learning (TL), obtaining a one-shot parameterization refinement procedure
and an effective population transfer to initialize the metaheuristics. All components of
the pipeline have been evaluated on the optimization of a family of simplified midship
sections, and a group of full-scale commercial ships. Finally, we introduced pgmtwin, an
open source Python library to streamline the implementation of digital twins (DTs).

More specifically, the contributions of this thesis are summarized as follows. We have
comprehensively assessed the accuracy of our proposed surrogates, based on proper
orthogonal decomposition (POD) and Gaussian process regression (GPR), followed by
non-linear post-processing, for multiple combinations of POD truncation rank and sizes of
the high-fidelity database. The proposed surrogates provide good predictions of the stress
tensor fields, the number of yielded and buckled elements, and the vertical deflection,
and are robust to the increase of samples as the optimization extends the high-fidelity
database.

For the optimization of the surrogates, we selected non-dominated sorting genetic
algorithm III (NSGA-III) and particle swarm optimization (PSO). We proposed a new infill
criterion for the approximation of the Pareto front (PF), and enhanced the single-objective
PSO and GPR-based Bayesian optimization (BO) on linearly constrained discrete domains,
using a repair procedure based on an integer linear program (ILP). PSO was further
modified with hybridization with principal directions search (PDS), outperforming other
black-box approaches and established frameworks on a full-scale test case.

To overcome the complexity in defining an effective parameterization of the optimization
problem, we developed a data-driven parameterization refinement procedure based on
a series of ILPs and the predictions from our surrogates. The iterative refinement was
able to outperform a high-parameter formulation from expert designers on a full-scale
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ship, showing that the adaptation of the problem to the emerging structural behavior is an
effective strategy.

In order to reduce the number of high-fidelity finite element analysis (FEA) simulations
of the pipeline, we employed TL to leverage the results from past optimizations. We used
the domain adaptation approach to formulate a one-shot parameterization refinement,
lifting the requirement for surrogates and a large high-fidelity database. Evaluated on a
family of midship sections and full-scale ships, the procedure was able to achieve good
trade-off in the number of FEA simulations and the final mass. For the enhancement of
multi- and single-objective optimization, we proposed a population transfer procedure
based on GPR to accelerate the exploration of unseen domains. The transfer of the PFs and
the single-objective optimization histories from past ships was shown to greatly accelerate
the convergence to the ideal PF and the optimum on unseen ships, both for the midship
sections and full-scale vessels.

Finally, we introduced pgmtwin to streamline the implementation and analysis of
DTs based on probabilistic graphical models (PGMs). We showcased the workflow for
the implementation of a DT for the structural health monitoring (SHM) of a simplified
cantilever beam, where the use of PGM for the data assimilation outperformed an approach
that only evaluated the accuracy of the inverse problem.

9.1 Future perspectives

We identify multiple directions for the extension of our work.
Thanks to the data-driven formulation of the reduced order models (ROMs) and the

optimization algorithms used, the pipeline can be used in other structural optimization
applications with minimal changes. For example, the optimization of other ship classes
would only require the adaptation of the buckling criteria, or in the case of floating off
shore wind turbines, the load conditions that model the wind loads would only increase
the number of ROMs constructed. A further extension of the pipeline capabilities would
be the inclusion of different steel grades and the sizing of the secondary stiffeners.

Moving towards the holistic design approach [139] envisioned by the industry and
academia, other aspects of the vessel could be integrated and optimized jointly. The
propulsion system, the computational fluid dynamics (CFD) properties of the hull, and
the seakeeping qualities can be evaluated from a unified parameter set, determining an
increase of decision variables, constraints, and objective functions to consider during
multi-objective optimization. The integration of life-cycle quantities of interest (QoIs) of
the ship, such as fatigue, SHM, fuel consumption, and carbon emissions evaluated on
historical mission data and synthetic scenarios thanks to a DT approach, could contribute
as well to the holistic optimization.

Other components of the pipeline can be generalized to different contexts. The
response-based parameterization refinement approach can be adapted to other applications
where the contributions to the objective function can be evaluated at the lowest level of
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parameterization. The population transfer methodology, developed for the thicknesses
of similar structural elements, can be translated to the transfer of other fields defined on
computational meshes, under the assumption of a link between the correlation of the QoIs
and the similarity of the mesh features.
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A

Database of optimized ships

This chapter presents the construction of a database of optimized ships, which provides
the knowledge base for the approaches based on transfer learning discussed in this thesis.
To produce high quality optimal configurations for the test cases discussed in Chapter 2,
we run our computational pipeline in an loop of optimization and parameterization
refinement leveraging the approach discussed in Chapter 5.

An important difference from Chapter 5 is the optimization phase: the previous
approach required a high number of high-fidelity evaluations due to the stopping criteria
being defined on the convergence of the multi-objective infill criterion and 𝑚gap. To
streamline the creation of the database, we instead adopt a simpler schema by performing
a fixed number of multi-objective infills and setting a tolerance for the convergence of
𝑚gap. We choose to perform 4 multi-objective infills, corresponding to 36 high-fidelity
configurations selected for PF refinement. Moreover, instead of alternating BO and PDS for
single-objective optimization, in the same optimization step we concatenate a fixed number
of PDS iterations and a time-limited run of PSO. A loop of single-objective optimization
and infill ends when the difference between the high-fidelity and the surrogate 𝑚gap differ
by less than 0.1%.

In Section A.1, we discuss the choice of constraint thresholds for the midship variants
and show the results of the optimizations. In Section A.2, discuss the peculiarities of the
full ship models and their optimizations, along with the results of their optimizations.
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A.1 Midship section variants

The midship section variants are optimized using constraints values determined only
by their modifications with respect to the base model. Vertical deflection is adjusted
according to the length of the section, increasing by 15 mm for each additional ring, but is
left unchanged for shorter variants. The vertical center of gravity (VCG) is adjusted in a
similar manner, increasing by 1.5 mm for each additional deck, but is left the same if the
decks decrease. The critical values for 𝑛y and 𝑛b are kept the same for all variants.

Table A.1 shows the different optimization constraints and penalty thresholds applied
to the midship section variants.

Table A.1: Midship section variants optimization constraints.

Code Δ𝑥 Δ𝑦 Δ𝑧 𝑛y 𝑛b Deflection [mm] VCG [m]
MS00 0 0 0 200 4000 140 15.0
MS01 0 0 -1 200 4000 140 15.0
MS02 0 0 1 200 4000 140 16.5
MS03 0 -1 0 200 4000 140 15.0
MS04 0 1 0 200 4000 140 15.0
MS05 -1 0 0 200 4000 140 15.0
MS06 1 0 0 200 4000 155 15.0
MS07 1 -1 1 200 4000 155 16.5
MS08 -1 1 0 200 4000 140 15.0
MS09 -1 0 -1 200 4000 140 15.0
MS10 1 1 -1 200 4000 155 15.0
MS11 2 0 2 200 4000 170 18.0
MS12 1 2 -1 200 4000 155 15.0
MS13 -1 2 -1 200 4000 140 15.0
MS14 2 0 0 200 4000 170 15.0
MS15 -2 1 -2 200 4000 140 15.0
MS16 1 0 -2 200 4000 155 15.0
MS17 -1 0 -2 200 4000 140 15.0
MS18 -2 2 1 200 4000 140 16.5
MS19 2 2 2 200 4000 170 18.0
MS20 -1 2 0 200 4000 140 15.0

For each model, the size of the initial sampling is 20 + the minimum configuration
xLB. Each variant is reparameterized 2 times via the response-based approach, setting
𝑛clusters = 2 and limiting 𝑛dim ≤ 20. The size of the random sampling after each update of
the parameterization is equal to 2 times the number of newly created parameters.

Tables A.2 and A.3 shows the evolution of the resulting optima for the test and train
datasets, along with the truncation rank, 𝑛dim, the final size of the high-fidelity database,
and the mean amortized query time of the full surrogate. We separate models MS00-MS06
since these are more closely related and constitute the main test cases for TL-based
approaches.

For most models, the optimized configurations were able to greatly reduce the 𝑚gap
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Table A.2: Midship section variants optima - test ships.

Code Δ𝑥 Δ𝑦 Δ𝑧 Rank 𝑛dim 𝑚gap [%] # hifi Query time [s]
MS00 0 0 0 8 5 15.44 60 0.005

13 10 7.50 125 0.005
20 17 7.15 213 0.006

MS01 0 0 -1 7 5 25.82 60 0.004
11 9 14.18 120 0.004
16 14 13.98 190 0.004

MS02 0 0 1 7 5 5.17 60 0.005
11 9 4.08 117 0.005
16 14 3.34 190 0.005

MS03 0 -1 0 7 5 10.58 60 0.005
12 10 7.97 122 0.005
19 17 7.60 204 0.005

MS04 0 1 0 7 5 21.28 60 0.005
12 10 8.92 119 0.005
18 16 8.87 196 0.005

MS05 -1 0 0 7 5 8.44 60 0.005
12 10 4.84 122 0.005
20 18 4.24 200 0.004

MS06 1 0 0 7 5 23.88 60 0.005
12 10 10.84 119 0.005
20 18 10.46 203 0.005

with respect to the initial parameterization. However, the second reparameterization
shows only marginal performance increase over the first, suggesting that for this simple
geometries 10 parameters represent the appropriate trade-off between problem expressivity
and number of high-fidelity evaluations.

The amortized time for a parallel prediction via the full surrogates range from 0.004 to
0.007 s, enabling the efficient implementation of population-based metaheuristics.

A.2 Full ship fleet

Although the optimal configuration of each ship was obtained via the optimization
pipeline, the design process of each ship used different criteria for the choice values for
the optimization constraints, reparameterization constraints, and number of iterations. In
particular, FS6 and FS7 were optimized using only single-objective optimization procedures,
namely BO and PDS. FS9 saw the first adoption of PSO, which superseded BO as the
primary method for single-objective optimization and was then used on FS0 through FS5,
and FS8. Moreover, FS9 was reparameterized with the "one-shot" approach from 11 to
40 parameters. These inconsistencies reflect the practical reality of the design process, in
which each project has a different story.

All the larger ships have been reparameterized with 30 or more parameters, and
especially for FS0, FS1 and FS2, the 𝑚gap of the accepted optima are significantly higher
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Table A.3: Midship section variants optima - train ships.

Code Δ𝑥 Δ𝑦 Δ𝑧 Rank 𝑛dim 𝑚gap [%] # hifi Query time [s]
MS07 -1 1 1 7 5 47.40 63 0.005

12 10 30.93 128 0.005
17 15 28.55 200 0.006

MS08 -1 1 0 7 5 11.23 63 0.005
12 10 2.83 128 0.005
18 16 2.53 202 0.005

MS09 -1 0 -1 7 5 12.14 60 0.004
11 9 5.08 126 0.004
16 14 4.64 199 0.004

MS10 1 1 -1 7 5 46.02 60 0.005
11 9 23.39 120 0.005
17 15 23.39 201 0.005

MS11 2 0 2 7 5 11.47 60 0.006
12 10 4.21 119 0.006
19 17 3.47 192 0.007

MS12 1 2 -1 8 5 50.11 60 0.005
12 9 24.94 120 0.005
18 15 24.70 198 0.005

MS13 -1 2 -1 7 5 42.55 60 0.005
11 9 21.88 117 0.005
16 14 21.72 193 0.005

MS14 2 0 0 8 5 37.46 60 0.005
13 10 13.43 119 0.005
21 18 12.97 203 0.006

MS15 -2 1 -2 7 5 15.45 66 0.004
11 9 6.56 126 0.004
16 14 6.23 196 0.004

MS16 1 0 -2 8 5 73.66 60 0.004
12 9 41.70 120 0.004
17 14 41.70 187 0.005

MS17 -1 0 -2 7 5 45.36 60 0.004
11 9 24.67 123 0.004
17 15 24.24 198 0.004

MS18 -2 2 1 7 5 2.20 60 0.005
11 9 1.84 120 0.005
17 15 1.61 192 0.005

MS19 2 2 2 7 5 15.58 60 0.006
11 9 4.33 117 0.006
18 16 3.73 188 0.007

MS20 -1 2 0 7 5 11.90 60 0.005
11 9 3.62 123 0.005
17 15 3.10 198 0.005
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Table A.4: Full ships optima.

Code Length Width Height Rank 𝑛dim 𝑚gap [%] # hifi Query time [s]
FS0 0.98 1.10 1.06 13 9 38.93 67 0.039

22 18 23.20 163 0.043
34 30 22.13 265 0.049

FS1 1.08 1.10 1.06 14 9 53.68 61 0.040
23 18 24.13 148 0.045
38 33 22.67 277 0.051

FS2 1.15 1.10 1.13 14 9 43.83 61 0.049
20 15 25.45 136 0.046
40 35 21.66 257 0.056

FS3 0.81 0.72 0.76 13 9 12.06 67 0.016
19 15 6.35 139 0.018

FS4 0.90 0.78 0.84 12 8 13.69 56 0.019
18 14 8.93 126 0.022

FS5 0.86 0.78 0.84 13 8 16.78 59 0.023
22 17 10.76 135 0.025

FS6 0.95 0.78 0.89 16 10 33.69 30 0.034
22 16 19.20 62 0.033
33 27 14.35 160 0.034
46 40 12.15 321 0.036

FS7 1.16 1.35 1.25 14 11 27.11 68 0.092
20 17 18.34 177 0.090
33 30 14.12 389 0.090

FS8 0.83 0.79 0.78 17 12 14.85 138 0.020
21 16 7.25 215 0.021

FS9 1.08 1.21 1.12 13 11 35.14 65 0.050
42 40 14.66 277 0.069

than those of the smaller ships. Surprisingly, the two largest ships FS7 and FS9 achieved
𝑚gap only slightly higher than FS6, the most difficult of the smaller ships.

The amortized time for a parallel prediction via the full surrogates range from 0.016 to
0.092 s, with larger difference with respect to the midship section variants reflecting the
higher diversity of ship sizes.
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