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Longtime dynamics for the Landau Hamiltonian with a time

dependent magnetic field

D. Bambusi∗, B. Grébert†, A. Maspero‡, D. Robert§, C. Villegas-Blas¶

Abstract

We consider a modulated magnetic field, B(t) = B0+εf(ωt), perpendicular to a
fixed plane, where B0 is constant, ε > 0 and f a periodic function on the torus Tn.
Our aim is to study classical and quantum dynamics for the corresponding Landau
Hamiltonian. It turns out that the results depend strongly on the chosen gauge.
For the Landau gauge the position observable is unbounded for ”almost all” non
resonant frequencies ω. On the contrary, for the symmetric gauge we obtain that,
for ”almost all” non resonant frequencies ω, the Landau Hamiltonian is reducible to
a two dimensional harmonic oscillator and thus gives rise to bounded dynamics. The
proofs use KAM algorithms for the classical dynamics. Quantum applications are
given. In particular, the Floquet spectrum is absolutely continuous in the Landau
gauge while it is discrete, of finite multiplicity, in symmetric gauge.

Thank you, Thomas, for sharing your enthusiasm
and your joy of playing with mathematics.

1 Introduction and main results

In this paper we study the dynamics of time dependent perturbations of the Schrödinger
equation

i∂tψ = HA#(t)ψ + V (t)ψ , (1.1)
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where HA#(t) is the magnetic Schrödinger operator in L2(R3):

HA#(t) :=
∑

1≤j≤3

(

Dxj
−A#

j (t, x)
)2
, Dx := i−1 ∂

∂x
, (1.2)

with A#(t, x) = (A#
1 (t, x), A

#
2 (t, x), A

#
3 (t, x)) a time dependent vector potential and

finally V (t, x) is a time dependent scalar potential. We recall that the electric field is

given by ~E(t, x) = −∂A#

∂t (t, x) − ∇xV (t, x) and the magnetic field by ~B(t, x) = ∇x ∧
A#(t, x). We shall assume that the magnetic field has a fixed direction orthogonal to

the plane {e1, e2}. Choosing A#
3 (t, x) ≡ 0 then A#

1 (t, x) and A#
2 (t, x) depend only on

(t, x1, x2) and it is enough to consider the 2D magnetic Hamiltonian, with a new simpler
notation,

HA#(t) =
(

Dx1
−A#

1 (t, x)
)2

+
(

Dx2
−A#

2 (t, x)
)2

as an operator in L2(R2).
An important particular case is the constant (in position) magnetic fieldB(t) = (0, 0,−B(t)),
for which

B(t) = ∂x1
A#

2 − ∂x2
A#

1 . (1.3)

This is usually studied using either the symmetric Gauge or the Landau Gauge, namely

- the symmetric gauge: A#
1 (t, x) =

B(t)
2 x2, A#

2 (t, x) = −B(t)
2 x1;

- the Landau gauge: A#
1 (t, x) = B(t)x2, A#

2 (t, x) = 0.

In this paper we consider the case when B slightly fluctuates around a fix value B0 > 0:
B(t) = B0 + εf(ωt) where ω ∈ R

n is a frequency vector, f is a periodic function real
analytic on the torus Tn and ε > 0 is a small parameter.

Mathematically the source of most of the interesting features of the Landau Hamil-
tonian rests in the fact that when ε = 0 the Hamiltonian is degenerate, in the sense that
it is equivalent (unitary equivalent in the quantum case, canonically equivalent in the
classical case) to the Hamiltonian of a 1-d harmonic oscillator. As a result the quantum
spectrum of the system is composed just by essential spectrum and coincides with the
set {λj = 2B0(j + 1/2) | j ∈ N}.

The case ε 6= 0 will be discussed in the two different gauges:
(i) the Landau gauge HL(t) = (Dx1

−B(t)x2)
2 +D2

x2
;

(ii) the symmetric gauge HsL(t) = (Dx1
− B(t)x2

2 )2 + (Dx2
+ B(t)x1

2 )2.
Notice that, for ε = 0, B(t) = B0 hence HL and HsL are gauge equivalent, but for ǫ 6= 0
this equivalence is broken.

It turns out that both the main part of the Hamiltonian and the time dependent
perturbation are quadratic polynomials in the position and the momentum variables,
and this allows to study the problems (both classical and quantum) using the ideas of
[3], namely by using classical KAM theory to conjugate the Hamiltonian to a suitable
normal form whose dynamics is easy to study.
The results depend drastically of the choice of the gauge:
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• In case (i), provided ω is non resonant, a condition which is fulfilled in a set
of asymptotically full measure, we get that for ε 6= 0 the position observable is
unbounded as t→ ∞ as well for the classical motion and the quantum motion. It
may be surprising that for a dynamical system a non-resonance condition generates
an instability1.
As a consequence, in the quantum side, we prove that the Floquet spectrum is
absolutely continuous.

• In case (ii) we prove that for ω in a set of asymptotically full measure, the dynam-
ics is reducible to a harmonic oscillator with two degrees of freedom, hence with
bounded dynamics.
As a consequence, in the quantum side, we prove that the Floquet spectrum is
discrete with finite multiplicity.

Notice that HL(t) and HsL(t) are gauge equivalent modulo a quadratic scalar po-
tential (see section 1.3). Therefore the two models are not physically equivalent: in the
two cases we have the same magnetic field but not the same electric field.

1.1 Main result in the Landau gauge

We consider first the Landau gauge, namely

HL(t) = (Dx1
−B(t)x2)

2 +D2
x2
, B(t) > 0 , (1.4)

with B(t) := B0+εf(ωt), f is real analytic on the torus Tn, f̂(0) = 0 and ω ∈ [0, 2π)n :=
D. Here and below we denote by f̂(k) the k-th Fourier coefficients of f ,

f̂(k) := (2π)−n

∫

Tn

f(θ)e−ik·θdθ .

We decompose the Hamiltonian HL(t) in (1.4) as

HL(t) = HL +RL(ωt)

where

HL = (Dx1
−B0x2)

2 +D2
x2
,

RL(ωt) = −2εf(ωt)x2(Dx1
−B0x2) + ε2f(ωt)2x22.

We denote by hL(t) the corresponding classical Hamiltonian:

hL(t, x, p) = (p1 −B(t)x2)
2 + p22 = hL(x, p) + rL(ωt, x, p). (1.5)

1But the phenomenon is similar of that encoded in Theorem 3.3 of [3], in which the non resonance
condition is used to eliminate from the Hamiltonian as many terms as possible, so that one remains only
with the terms actually generating the instability.

3



We introduce now complex coordinates in which the classical Hamiltonian hL has the
form of a degenerate 2-dimensional Harmonic oscillator. First introduce the symplectic
variables

Q1 =
−1

B0
(p1 −B0x2), P1 = p2

and

Q2 =
−1

B0
(p2 −B0x1), P2 = p1.

In these variables we have
hL = B2

0Q
2
1 + P 2

1 .

Then we introduce the complex variables

z1 =
B0Q1 + iP1√

2B0
, z2 =

B0Q2 + iP2√
2B0

,

fulfilling idzi ∧ dzi = dQi ∧ dPi, i = 1, 2. In these variables

hL = 2B0|z1|2. (1.6)

The link with the initial coordinates (x, p) ∈ R
4 is given by (z1, z2) = τ0(x, p) where τ0

is the linear symplectic transformation τ0 : R
4 → C

2 such that

z1 =
B0√
2B0

(

B0x2 − p1
B0

)

+ i
p2√
2B0

z2 =
B0√
2B0

(

B0x1 − p2
B0

)

+ i
p1√
2B0

. (1.7)

In order to state the first result we need to define a constant cω which is only defined
for ω fulfilling a nonresonance condition. To this end we preliminary restrict the set of
the allowed frequencies.

Definition 1.1. The set D0 ⊂ [0, 2π]n is the set of the frequencies ω s.t. there exist
positive γ, τ s.t.

|ω · k + 2B0| ≥
γ

1 + |k|τ , ∀k ∈ Z
n (1.8)

|ω · k| ≥ γ

|k|τ , ∀k ∈ Z
n \ {0} . (1.9)

Remark that such a set has full measure in [0, 2π]n.
We now introduce

cω :=

∫

Tn

gω(θ)
2dθ (1.10)

where the function

gω(θ) := − 1√
2B0

∑

k 6=0

ω · k
ω · k + 2B0

f̂(k)eik·θ,
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is well defined for ω ∈ D0 (recall that f is real analytic).
Furthermore, in the following we will say that two polynomials are O(ǫ) close from

each other, if their coefficients are O(ǫ) close from each other.
Our first result is the following:

Theorem 1.2. There exists ε0 > 0 such that for |ε| < ε0, there exist

• an asymptotically full measure set of frequencies Cε ⊂ D0 satisfying:

lim
ε→0

meas(D0 \ Cε) = 0;

• a linear, symplectic change of variable τ , depending on ω, t, ε, which is close to the
identity, namely τ = I+O(ε) uniform in the other parameters,

such that, for ω ∈ Cε, the time quasi-periodic Hamiltonian hL(t, x, p) in (1.5) is conju-
gated to the constant coefficient quadratic Hamiltonian

(hL(t) ◦ τ−1
0 ) ◦ τ = b(ε)|z1|2 + c(ε)(z2 − z2)

2 (1.11)

where
b(ε) = 2B0 +O(ε2), c(ε) = cωε

2 +O(ε4) (1.12)

and cω is given by (1.10).

In the new coordinates (z1, z2) the motion is easily computed:

z1(t) = e−ib(ε)tz1(0) ,

ℑz2(t) = ℑz2(0), ℜz2(t) = −4c(ε)ℑz2(0)t+ ℜz2(0) .

Let us come back to the original coordinates (x, p). First we remark that the Hamiltonian
at r.h.s. of (1.11) takes the form

b(ε)

2B0
hL(x, p) + αc(ε)p21

with hL the original Landau Hamiltonian and α 6= 0 a numerical constant. As a con-
sequence, the corresponding dynamics is just given by the standard circular motion of
a particle in a magnetic field with a slightly different frequency and with superimposed
a uniform motion in the direction of x1. This uniform motion is the new effect which
gives rise to the growth of the solution. Actually this description holds in the system
of coordinates introduced by the KAM procedure. In the true original coordinates this
motion is slightly deformed, so that it has superimposed a small oscillation. Precisely
the motion for the quadratic Hamiltonian hL(t) is a linear flow ΦB(t) where we have

(

x(t)
p(t)

)

= ΦB(t)

(

x(0)
p(0)

)

.

where ΦB(t) is a real 4× 4 symplectic matrix (it is the classical Hamiltonian flow of the
classical Hamiltonian hL(t)). Then we have:
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Corollary 1.3. For ω ∈ Cε we have, with α 6= 0,

x1(t) = x1(0) + αc(ε)p1(0)t+
1

B(t)
(p2(t)− p2(0)) + aε,ω(t) · x(0) + bε,ω(t) · p(0) (1.13)

where |aε,ω(t)|+ |bε,ω(t)| = O(1) for 0 < ε < 1 and t ∈ R.

Moreover, modulo an error term of the form Eã,b̃(t) = ã(t) · x(0) + b̃(t) · p(0), such
that uniformly for t ∈ R, ω ∈ Cε, we have |ã(t)|+ |b̃(t)| = O(ε),

p2(t) =
√

2B0ℑ(z1(t)), z1(t) = e−2ibtz1(0) (1.14)

p1(t) = p1(0)

x2(t) =
p1(0)

B(t)
+

√
2B

3/2
0

B(t)2
ℜz1(t). (1.15)

In particular, if both cω and p1(0) are not zero, then the classical flow is not bounded
as soon as ε 6= 0 is small enough.

Remark 1.4. Clearly, in view of (1.10), cω 6= 0 holds for ω in a set of asymptotically
full measure and for f in a set of codimension 1 (e.g. in L2). For instance, by a simple
calculus one has that if f(θ) = sin(θ) (and thus n = 1) then cω 6= 0 as soon as ω 6= 2B0.

From the result on the classical evolution of x1(t), we get a direct application to
the large time evolution of the quantum position observable x̂1(t). Let us explicit our
notations: we denote by x̂j and p̂j, j = 1, 2, the position and momentum operator

x̂jψ(x) = xjψ(x), p̂jψ =
1

i

∂

∂xj
ψ, x = (x1, x2), p = (p1, p2), ψ ∈ H1

osc.

For r ≥ 0, Hr
osc is the weighted Sobolev space associated with the harmonic oscillator

H0 := p̂2 + x̂2,

Hr
osc = {ψ ∈ L2(R2) : H

r/2
0 ψ ∈ L2(R2)},

endowed with the norm ‖ψ‖r = ‖Hr/2
0 ψ‖L2(R2).

Recall that we are working here with polynomials classical Hamiltonians of degree at
most 2 so the correspondence classical-quantum is exact. That means

(

x̂(t)
p̂(t)

)

= ΦB(t)

(

x̂
p̂

)

,

where (x̂(t), p̂(t)) is the solution of the Heisenberg equation.
Our first quantum corollary regards the existence of solutions of the quantum Landau

Hamiltonian undergoing unbounded growth of Sobolev norms. Computing ΦB(t) and
using Corollary 1.3 we get
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Corollary 1.5. Let ω ∈ Cε. We have, in the operator sense,

x̂1(t) = x̂1 + αcωε
2t p̂1 + (1 + ε4t) (Aε,ω(t) · x̂+Bε,ω(t) · p̂) ,

where α 6= 0 and cω is given by (1.10), and |Aε,ω(t)|+ |Bε,ω(t)| = O(1). In particular, if
cω 6= 0, there exists K ≥ 0 such that for any ψ ∈ H1

osc we have

‖x̂1(t)ψ‖0 ≥ αcωtε
2‖Dx1

ψ‖0 −K(1 + ε4t)‖ψ‖1. (1.16)

In particular, if ε is sufficiently small, then ‖x̂1(t)ψ‖0 ր +∞ as tր +∞.
We have also a lower bound for the quantum average of the time evolution of the position

observable, for ψ ∈ H1/2
osc :

|〈ψ, x̂1(t)ψ〉| ≥ αcωtε
2|〈ψ,Dx1

ψ〉| −K(1 + ε4t)‖ψ‖1/2. (1.17)

Our second corollary regards the Floquet spectrum of the time quasi-periodic Hamil-
tonian HL(t).

Corollary 1.6. The quantum dynamics Uε,ω(t, 0) of HL(t) is conjugated to the quantum

dynamics e−itH̃L,ε,∞ of the stationary Hamiltonian H̃L,ε,∞ := b(ε)(D2
x̃1

+ x̃21) + c(ε)D2
x̃2
.

Moreover as far as b(ε) > 0 and c(ε) > 0, the spectrum σ(HL,ε,∞) of H̃L,ε,∞ is absolutely
continuous, with thresholds at the Landau levels,

σ(HL,ε,∞) =
⋃

j≥0

[b(ε)(j + 1/2),+∞[.

Proof. Denote by hL,ε,∞ := b(ε)|z1|2 + c(ε)(z2 − z2)
2 the stationary classical Hamilto-

nian to which hL(t) is conjugated, see (1.11). In the real coordinates (x, p) we have

hL,ε,∞(x, p) = b(ε)
2 (p22 + x2)

2 + c(ε)
2 (x1 − p2)

2. By the symplectic change of coordinates
x̃1 = x1 − p2, p̃1 = p1, x̃2 = x2 − p1, p̃2 = p2, we have

h̃L,ε,∞(x̃, p̃) = b(ε)(p̃22 + x̃2)
2 + c(ε)p̃21.

The first part of the Corollary follows.
For the second part notice that we have the following family of generalized eigenfunctions:
Ψj,ξ(x1, x2) = ψj(x1)e

ix2ξ such that we have

H̃L,ε,∞Ψj,ξ = (b(ε)(j + 1/2) + c(ε)ξ2)Ψj,ξ.

Hence we get a description of the spectrum of H̃L,ε,∞.

1.2 Main result in symmetric gauge

We still consider a magnetic Schrödinger operator with a time-quasiperiodic magnetic
field, i.e. B(t) = B0 + εf(ωt) with f real analytic on the torus T

n, and f̂(0) = 0, but
now in the symmetric gauge, namely

HsL(t) =

(

Dx1
− 1

2
B(t)x2

)2

+

(

Dx2
+

1

2
B(t)x1

)2

, (1.18)

7



and the frequency vector ω in the set of nonresonant frequencies D0 of Definition 1.1.
We can write

HsL(t) = HsL +RsL(ωt)

where

HsL =

(

Dx1
− 1

2
B0x2

)2

+

(

Dx2
+

1

2
B0x1

)2

,

RsL(ωt) = εf(ωt)

(

x1(Dx2
+
B0

2
x1)− x2(Dx1

− B0

2
x2)

)

+
1

4
ε2f(ωt)2(x21 + x22).

We denote by hsL(t) the corresponding classical Hamiltonian:

hsL(t) =
(

p1 −
B(t)

2
x2

)2
+

(

p2 +
B(t)

2
x1

)2
= hsL + rsL(ωt). (1.19)

We introduce the symplectic variables

p′1 = x1 , x
′
2 = x2 x′1 = −p1 , p′2 = p2

and in these variables hsL reads

hsL =

(

x′1 +
B0

2
x′2

)2

+

(

p′2 +
B0

2
p′1

)2

.

Then in the new symplectic variables (y1, y2, η1, η2) defined by

y1 =
1√
B0

x′1 +

√
B0

2
x′2, η1 =

√
B0

2
p′1 +

1√
B0
p′2

and

y2 =
1√
B0

x′1 −
√
B0

2
x′2, η2 =

√
B0

2
p′1 −

1√
B0
p′2

we obtain that hsL is the degenerate two-dimensional Harmonic oscillator

hsL = B0(y
2
1 + η21) = 2B0|z1|2

where z1 = y1+iη1√
2

and similarly z2 = y2+iη2√
2

. We denote by τ0 the linear symplectic

transformation from R
4 to C

2 defined by (z1, z2) = τ0(x, p). We note that in the complex
variables the symplectic form reads:

dy1 ∧ dη1 + dy2 ∧ dη2 = i(dz1 ∧ dz1 + dz2 ∧ dz2).

In order to state the next result we introduce

dω =

∫

Tn

h(θ)2dθ (1.20)

where

h(θ) = − 1√
2B0

∑

k 6=0

ω · k + 2iB0

ω · k + 2B0
f̂(k)eik·θ. (1.21)

8



Remark 1.7. The number dω is well defined and real for ω ∈ D0.

Our next result shows that, in the symmetric gauge, the perturbed classical Hamil-
tonian hsL(t) in (1.19) is conjugated to a two dimensional Harmonic oscillator which is
non-degenerate provided the constant dω 6= 0.

Theorem 1.8. There exists ε0 > 0 such that for |ε| < ε0, there exist

• an asymptotically full measure set of frequencies Cε ∈ D0 satisfying:

lim
ε→0

meas(D0 \ Cε) = 0;

• a linear, symplectic change of variable τ , depending on ω, t, ε, which is close to the
identity, namely τ = I+O(ε) uniform in the other parameters,

such that, for ω ∈ Cε, and provided dω in (1.20) does not vanish,

(hsL(t) ◦ τ−1
0 ) ◦ τ = b(ε)|z1|2 + d(ε)|z2|2 (1.22)

with
b(ε) = 2B0 +O(ε2), d(ε) = dωε

2 +O(ε4)

and dω is given by (1.20) and does not vanish for ω ∈ Cε.

In the new coordinates the motion of (1.22) is easily computed:

z1(t) = e−ib(ε)tz1(0) , z2(t) = e−id(ε)tz2(0).

In particular, in the symmetric gauge, provided the constant dω in (1.20) does not vanish,
all the trajectories are bounded, contrary to what happens in the Landau gauge.

Also in this case we are able to describe the quantum flow, which in this case is
uniformly bounded in any Sobolev space Hr

osc.
Let Uε,ω(t, s) be the quantum propagator defined by the Hamiltonian HsL(t) in (1.18).
So we have i∂tUε,ω(t, s) = HsL(t)Uε,ω(t, s), Uε,ω(s, s) = I.

Corollary 1.9. There exists ε0 > 0 such that for |ε| ≤ ε0, for any r > 0 there exist
0 < cr ≤ Cr such that if ω ∈ Cε we have for any ψ0 ∈ Hr

osc,

cr‖ψ0‖r ≤ ‖Uε,ω(t, 0)ψ0‖r ≤ Cr‖ψ0‖r, ∀t ∈ R. (1.23)

Proof. We follow the proof given in [3], Corollary 1.3. We shall give here only the main
steps.
For simpler notation we assume that B0 = 1. Let

HsL,ε,∞ =
b(ε)

2
((p̂1 − x̂2)

2 + p̂22) +
d(ε)

2
((p̂2 − x̂1)

2 + p̂21),

and Z1 = (p̂1 − x̂2)
2 + p̂22, Z2 = (p̂2 − x̂1)

2 + p̂21. Notice that Zj = ẑ∗j ẑj . Moreover
[Z1, Z2] = 0. So [HsL,ε,∞, Z1 + Z2] = 0. But Z1 + Z2 is a non degenerate harmonic

9



oscillator hence e−itHsL,ε,∞ψ0 satisfies the estimates (1.23). Then as in [3], from the
classical KAM construction there exists

χε,ω(t, x, p) =

(

x
p

)

· Sε,ω(t)
(

x
p

)

,

where Sε,ω(t) is a symmetric matrix with uniformly bounded entries. Let Uε,ω(t) =
eiεχ̂ε,ω(t) we have

Uε,ω(t, 0) = U∗
ε,ω(t)e

−itHε,∞Uε,ω(t).

Using that ([3], Theorem 2.7), uniformly in (t, ε, ω), we have

c̃r‖ψ‖r ≤ ‖U∗
ε,ω(t)ψ‖r ≤ C̃r‖ψ‖r,

we get (1.23).

Corollary 1.10. The symmetric Landau Hamiltonian HsL(t) is reducible to a stationary
Hamiltonian HsL,ε,∞ with a discrete spectrum with all eigenvalues of finite multiplicities
as far b(ε) > 0, d(ε) 6= 0. Moreover, up to a linear symplectic transformation, HsL,ε,∞
is combination of two 1-d harmonic oscillators

HsL,ε,∞ = b(ε)(D2
x1

+ x21) + d(ε)(D2
x2

+ x22).

Proof. Keeping the notations of the proof of Corollary 1.9, since Z1 + Z2 has compact
inverse, it has pure point spectrum and there exists a basis of eigenfunctions, which,
since [Z1, Z2] = 0 can be choose in such a way that they are also eigenfunctions of
both Z1 and Z2. Thus, if one denotes by λi,j = j + 1/2, j ∈ N the eigenvalues of
Zi, one has that HsL,ε,∞ is diagonal in the same basis, with eigenvalues µj1,j2(ε) =
b(ε)(j1+1/2)+d(ε)(j2+1/2). So the symmetric Landau Hamiltonian HsL(t) is reducible
to a stationary Hamiltonian HsL,ε,∞ with a discrete spectrum with all eigenvalues of finite
multiplicities as far b(ε) > 0, d(ε) 6= 0.

1.3 About the change of gauge

The fact that one has a completely different behaviour in the case of the Landau gauge
and in the case of the symmetric gauge could seem surprising at first sight, however we
remark that they correspond to different physical situations. Indeed, the electric and
the magnetic field are given by

B = ∇x ×A(x, t) and E = −∂A
∂t

(x, t) −∇xV (x, t). (1.24)

Thus, in the time dependent case, they differ for the case of the Landau gauge and the
case of the symmetric gauge. As it is well known, there exists a gauge transformation
which allows to pass from one gauge to the other by keeping the same electromagnetic
fields. For example the electric and magnetic fields can be chosen as

V (x, t) = 0 , A(x, t) = B(t)(x2, 0, 0)

10



or as

V (x, t) = −B
′(t)
2

x1x2 , A(x, t) :=
B(t)

2
(x2,−x1, 0) .

The first corresponds to the Landau gauge, while the second corresponds to the sym-
metric gauge plus a scalar potential.

1.4 Related literature

Most of the literature about the Landau Hamiltonian regards the asymptotic behavior
of the perturbed spectrum under time independent perturbations, for example scalar
potentials in different classes. These works ensure conditions on the perturbation so that
the perturbed spectrum is asymptotically localized around the Landau levels {2B0(j +
1
2)}j∈N, a fact which is not trivial due to the infinite multiplicity of these. We mention
for example the works [31, 30, 28, 20, 21, 15] and reference therein.

The case of time dependent perturbations, such as (1.1), is less studied. We mention
[33, 34, 9] which prove the existence of the quantum flow, and [26, 4, 22] giving time
upper bounds on the dynamics. The present paper aims to prove finer properties about
the quantum dynamics, and in particular investigates the dicotomy of “existence of
solutions with unbounded trajectories” vs “all trajectories are bounded”. This question
has received, in the last decade, a lot of attention.

In case of linear, time dependent Schrödinger equations, such as (1.1), the first result
about existence of solutions with unbounded paths is due to Bourgain [6] on the torus.
Recently, several works have considered non-degenerate Harmonic oscillators on R

d and
constructed time dependent perturbations in the form of pseudodifferential operators
[8, 23], polynomial functions [3, 17, 19, 18], or classical potentials [11, 32], that create
solutions with unbounded trajectories. We also cite the recent results [24, 25] which
prove that generic, time periodic, pseudodifferential perturbations provoke instability
phenomena.

On the opposite side, many works prove that, when the perturbation is small in size
and quasi-periodic in time with a non resonant frequency ω, all trajectories are bounded
in Sobolev spaces. There results are based on KAM reducibility methods ensuring that
the linear propagator has operatorial norm (in Sobolev spaces) bounded uniformly in
time, in the same spirit of our Corollary 1.9. This is the case, in great generality, for
systems in 1-spatial dimensions: limiting ourselves to results considering perturbations
of the Harmonic oscillator on R, we cite [7, 35, 14, 2, 1]. In a higher dimensional setting,
such as the one of equation (1.1), there are few KAM reducibility results. We cite [10, 29]
for the Schrödinger on T

d, [13, 3] for the Harmonic oscillators on R
d, [27] for the wave

on T
d, and [12, 5] for transport equations on T

d.
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2 Proofs of main Theorems

2.1 Proof of Theorem 1.2

We prefer to work in the extended phase space in which we add the angles θ ∈ T
n

as new variables and their conjugated momenta I ∈ R
n. So our phase space is now

T
n × R

n × C
4 ∋ (θ, I, z1, z2), with C

2 considered as a real vector space. The symplectic
form is dI ∧ dθ + idz ∧ dz and the Hamiltonian equations of a Hamiltonian function
h(θ, I, z1, z2) are

İ = −∂h
∂θ

, θ̇ =
∂h

∂I
, ż1 = −i

∂h

∂z1
, ż2 = −i

∂h

∂z2
. (2.1)

In this framework the Hamiltonian equation associated with the classical time dependent
Hamiltonian function hL in (1.5) is equivalent to the autonomous Hamiltonian system
(2.1) with

h = h0 + r1 + r2

and

h0 = ω · I + 2B0|z1|2, (2.2)

r1 = ε(z1 + z1)(z1 + z1 − i(z2 − z2))f(θ), (2.3)

r2 =
ε2

2B0
(z1 + z1 − i(z2 − z2))

2f(θ)2. (2.4)

The proof of Theorem 1.2 follows a KAM strategy: we want to eliminate the angles in h
by canonical changes of variables. This canonical changes of variables will be constructed
as time 1 flows, Φ1

χ, of some Hamiltonian χ. We begin by computing explicitly the first
two KAM steps and then we will be in position to apply a KAM theorem with symmetry,
namely Theorem 3.4. First we construct the first change of variables and we begin by
solving a so called homological equation.

Lemma 2.1. Let

χ1 :=iε
∑

k∈Zn\{0}
f̂(k)eik·θ

(

z21
ω · k + 4B0

+
z21

ω · k − 4B0
+ 2

z1z1
ω · k

)

+ε(z2 − z2)
∑

k∈Zn\{0}
f̂(k)eik·θ

(

z1
ω · k + 2B0

+
z1

ω · k − 2B0

)

,

then χ1 solves the following homological equation:

{χ1, h0}+ r1 = 0. (2.5)

Proof. First recall that

{F,G} :=
n
∑

j=1

∂F

∂θj

∂G

∂Ij
− ∂F

∂Ij

∂G

∂θj
+ i

∑

j=1,2

∂F

∂zj

∂G

∂zj
− ∂G

∂zj

∂F

∂zj
. (2.6)
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Then we introduce

N(θ, z1) =
∑

k∈Zn\{0}
f̂(k)eik·θ

(

z1
ω · k + 2B0

+
z1

ω · k − 2B0

)

and

M(θ, z1) =
∑

k∈Zn\{0}
f̂(k)eik·θ

(

z21
ω · k + 4B0

+
z21

ω · k − 4B0
+ 2

z1z1
ω · k

)

in such way we have
χ1 = iεM + ε(z2 − z2)N.

So, since h0 in (2.2) doesn’t depend on z2, we get

{χ1, h0} = iε{M,h0}+ ε(z2 − z2){N,h0}.

Then we compute

{N,h0} = i
∑

k∈Zn\{0}
(k · ω)f̂(k)eik·θ

(

z1
ω · k + 2B0

+
z1

ω · k − 2B0

)

+ i
∑

k∈Zn\{0}
f̂(k)eik·θ

(

2B0z1
ω · k + 2B0

+
−2B0z1

ω · k − 2B0

)

= i(z1 + z1)f(θ),

and

{M,h0} = i
∑

k∈Zn\{0}
(k · ω)f̂(k)eik·θ

(

z21
ω · k + 4B0

+
z21

ω · k − 4B0
+ 2

z1z1
ω · k

)

+ i
∑

k∈Zn\{0}
f̂(k)eik·θ

(

4B0z
2
1

ω · k + 4B0
+

−4B0z
2
1

ω · k − 4B0

)

= i(z1 + z1)
2f(θ) ,

from which (2.5) follows.

Then since,
{χ1, h0}+ r1 = 0, {χ1, {χ1, h0}} = −{χ1, r1},

we get

h ◦ Φ1
χ1

= h+ {χ1, h}+
1

2
{χ1, {χ1, h0}}+O(ε3) = h0 +

1

2
{χ1, r1}+ r2 +O(ε3). (2.7)
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Next we wish to compute explicitly {χ1, r1}. In view of the expressions of χ1 and r1, we
first compute

{M, (z1 + z1)
2} = 2(z1 + z1){M,z1 + z1},

{M, (z1 + z1)(z2 − z2)} = (z2 − z2){M,z1 + z1},

{M,z1 + z1} = 2i
∑

k∈Zn\{0}
f̂(k)eik·θ

(

z1
ω · k + 4B0

− z1
ω · k − 4B0

+
z1 − z1
ω · k

)

= −8iB0

∑

k∈Zn\{0}
f̂(k)eik·θ

(

z1
ω · k(ω · k + 4B0)

+
z1

ω · k(ω · k − 4B0)

)

and

{N, (z1 + z1)
2} = 2(z1 + z1){N, z1 + z1},

{N, (z1 + z1)(z2 − z2)} = (z2 − z2){N, z1 + z1},

{N, z1 + z1} = −4iB0

∑

k∈Zn\{0}

f̂(k)eik·θ

(ω · k)2 − 4B2
0

.

Therefore

{χ1, r1} = {iεM + ε(z2 − z2)N, ε(z1 + z1)(z1 + z1 − i(z2 − z2))f(θ)}
= 2iε2f(θ)(z1 + z1){M, (z1 + z1)}+ ε2(z2 − z2)f(θ){M, (z1 + z1)}
+ 2ε2f(θ)(z2 − z2)(z1 + z1){N, z1 + z1} − iε2(z2 − z2)

2f(θ){N, z1 + z1}
= ε2f(θ)(2i(z1 + z1) + (z2 − z2)){M, (z1 + z1)}
− iε2f(θ)(z2 − z2)(2i(z1 + z1) + (z2 − z2)){N, z1 + z1}
= ε2f(θ)(2i(z1 + z1) + (z2 − z2))({M, (z1 + z1)} − i(z2 − z2){N, z1 + z1})
= −4iε2B0f(θ)(2i(z1 + z1) + (z2 − z2))×

×
∑

k∈Zn\{0}
f̂(k)eik·θ

(

2z1
ω · k(ω · k + 4B0)

+
2z1

ω · k(ω · k − 4B0)
− i

z2 − z2
(ω · k)2 − 4B2

0

)

.

(2.8)

At the next KAM step we remove from 1
2{χ1, r1}+r2 all the ε2 terms except resonant

monomials, i.e. in our case, |z1|2 and (z2 − z2)
2. In view of the expressions (2.8), (2.4),

we thus obtain

h2 = h ◦Φ1
χ1

◦Φ1
χ2

= h0 + aωε
2|z1|2 + cωε

2(z2 − z2)
2 +O(ε3) (2.9)
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where

cω = −
∑

k∈Zn\{0}
f̂(k)f̂(−k)

(

2B0

(ω · k)2 − 4B2
0

)

− 1

2B0
〈f2〉

= −
∑

k∈Zn\{0}
f̂(k)f̂(−k)

(

2B0

(ω · k)2 − 4B2
0

+
1

2B0

)

= − 1

2B0

∑

k∈Zn\{0}
f̂(k)f̂(−k) (ω · k)2

(ω · k)2 − 4B2
0

as stated in (1.10) while

aω = 8B0

∑

k∈Zn\{0}
f̂(k)f̂(−k)

(

1

(ω · k)((ω · k) + 4B0)
+

1

(ω · k)((ω · k)− 4B0)

)

+
1

B0
〈f2〉

=
∑

k∈Zn\{0}
f̂(k)f̂(−k)

(

16B0

(ω · k)2 − 16B2
0

+
1

B0

)

=
1

B0

∑

k∈Zn\{0}
f̂(k)f̂(−k) (ω · k)2

(ω · k)2 − 16B2
0

.

To end the proof of Theorem 1.2 we just have to iterate this KAM step and to prove
the convergence of such a process. In particular we will check that we only remain with
resonant monomials, i.e. in our case, |z1|2 and (z2 − z2)

2.
Concretely Theorem 1.2 is obtained by applying Theorem 3.4 to the Hamiltonian (2.9)
taking ν1 := 2B0 + aωε

2, c0 := cωε
2 and ε0 := ε3. We stress out that the difference

between the estimate (3.8) in Theorem 3.4 and the estimate (1.12) in Theorem 1.2 is
due to the specific form of r in (2.3) and the fact that f̂(0) = 0.

2.2 Proof of Theorem 1.8

We still work in the same framework as in section 2.1, i.e. in the extended phase space in
which we add the angles θ ∈ T

n as new variables and their conjugated momenta I ∈ R
n.

So our phase space is still Tn × R
n × C

2 ∋ (θ, I, z1, z2) (see (2.1)).
In this framework the Hamiltonian equation associated with the classical time depen-

dent Hamiltonian function (1.19) hsL(t) is equivalent to the autonomous Hamiltonian
system (2.1) with h = h0 + r where

h0 = ω · I + 2B0|z1|2

and r = rsL(θ). To compute explicitly this term, recall that, in the coordinates intro-
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duced in section 1.2,

x2 = x′2 =
1√
B0

(y1 − y2) =
1√
2B0

(z1 + z1 − (z2 + z2)),

x1 = p′1 =
1√
B0

(η1 + η2) =
1

i
√
2B0

(z1 − z1 + (z2 − z2)),

p1 −
B0

2
x2 = −x′1 −

B0

2
x′2 = −

√

B0y1 = −
√
B0√
2
(z1 + z1),

p2 +
B0

2
x1 = p2 −

B0

2
ξ1 =

√

B0η1 =

√
B0

i
√
2
(z1 − z1).

Therefore r(θ) reads

r(θ) = εf(θ)(y1(y1 − y2) + η1(η1 + η2)) +
ε2

4B0
f(θ)2((y1 − y2)

2 + (η1 + η2)
2)

=
ε

2
f(θ)((z1 + z1)(z1 + z1 − (z2 + z2))− (z1 − z1)(z1 − z1 + (z2 − z2)))

+
ε2

8B0
f(θ)2((z1 + z1 − (z2 + z2))

2 − (z1 − z1 + (z2 − z2))
2)

= εr1 + ε2r2.

We follow the same strategy than in the previous section and we are interested by the
quadratic terms in z2, z2 after the second KAM step. At the first step (at order ε)
we don’t have such term (in r1) and thus we eliminate all the terms of order ε by a
symplectic change of variables Φ1

χ1
where χ1 is the solution of the homological equation.

{χ1, hsL} = −r1 .

Since
r1 = −εf(θ)(z1z2 + z1z2) + quadratic terms in z1, z1

we take (with ν = 2B0)

χ1 = −iε
∑

k 6=0

f̂(k)eik·θ
(

z2z1
k · ω + ν

+
z2z1

k · ω − ν

)

+ quadratic terms in z1, z1.

Then, using (2.7), the quadratic terms in z2, z2 after the second KAM step come from
the quadratic terms in z2, z2 in 1

2{χ1, r1} and in r2.
From r2 we get

ε2f(θ)2

4B0
z2z2

and from 1
2{χ1, r1} we get

−1

2
ε2f(θ)

∑

k 6=0

f̂(k)eik·θ
(

z2z2
k · ω + ν

− z2z2
k · ω − ν

)

.
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Now the second KAM step will eliminate all the eik·θz2z2 for k 6= 0 and therefore we
obtain like in (2.9)

h2 = h ◦ Φ1
χ1

◦ Φ1
χ2

= ω · I + (2B0 + aε2)|z1|2 + dωε
2|z2|2 +O(ε3) (2.10)

where

dω =
1

4B0

∑

ℓ

f̂(ℓ)f̂(−ℓ) +
∑

ℓ 6=0

f̂(ℓ)f̂(−ℓ) 2B0

(ℓ · ω)2 − 4B2
0

=
1

4B0

∑

ℓ 6=0

f̂(ℓ)f̂(−ℓ)(ℓ · ω)
2 + 4B2

0

(ℓ · ω)2 − 4B2
0

as stated in (1.20).
Then, if dω 6= 0, h2 appears as a perturbation of the non degenerate Hamiltonian (2B0+
aε2)|z1|2 + dωε

2|z2|2 and we can apply Theorem 3.5.

3 Proofs of two reducibility Theorems

In this section we prove the two reducibility theorems that we need to conclude the
proofs of Theorem 1.2 and Theorem 1.8.

First, it is usefull to change the notation in order to make clear that the variable z
is not necessarily the complex conjugate of z: we only have to define the concept of real
submanifold of the phase space and it depends on the variables we use (see Definition
3.1 and Remark 3.3 below for more details).

So, first of all we define

ξj := zj , ηj := zj , j = 1, 2 . (3.1)

Definition 3.1. For (ξ, η) ∈ C4, define the involution

(ξ, η) 7→ I(ξ, η) = (η, ξ) , (3.2)

the states (ξ, η) s.t. (ξ, η) = I(ξ, η) will be said to be real.

Remark 3.2. The Hamiltonians we are dealing with are real when (ξ, η) is real.

In order to deal with the Hamiltonian (2.9) whose expansion up to order ε2 only
depends on z1, z1 and z2 − z2, it is useful to introduce the following canonical change of
variables

ξ′2 := ξ2 − η2 , η′2 := η2 . (3.3)

In these variables (and omitting primes) (2.9) reads

h2 = ω · I + (2B0 + aωε
2)ξ1η1 + cωε

2ξ22 +O(ε3). (3.4)
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Remark 3.3. in these variables the involution I takes the form (omitting the primes)

(ξ1, η1, ξ2, η2) 7→ I(ξ1, η1, ξ2, η2) ≡ (η1, ξ1, ξ2, ξ2 − η2) (3.5)

and the real submanilfold reads: η1 = ξ1, ξ2 is real and 2ℜ(η2) = ξ2.
In all the situations we will encounter the Hamiltonian is independent of η2, therefore
the fact that the reality condition becomes more complicate will be completely irrelevant.
Of course, in the following a Hamiltonian expressed in the variables (3.3) will be said
to be real if it takes real values for real (ξ, η), i.e. for (ξ, η) which are fixed points with
respect to the involution (3.5).

The first theorem we will prove concerns quasi-periodic in time Hamiltonians of the
form

hε0(t, ξ, η) = ν1ξ1η1+c0ξ
2
2 + ε0q(ωt, ξ1, η1, ξ2) (3.6)

where q is a polynomial in (ξ1, η1, ξ2) homogeneous of degree 2 with coefficients that
depend quasi periodically on time. The important point is that q does not depend on
η2.
In the following we denote, for σ > 0, Tn

σ:= {x+ iy : x ∈ T
n, y ∈ R

n, |y| ≤ σ}.
Theorem 3.4. Assume that ν1 > 0 and that T

n × C
4 ∋ (θ, ξ) 7→ q(θ, ξ) ∈ C is a

polynomial in (ξ1, η1, ξ2) homogeneous of degree 2, independent of η2, with coefficients
real analytic in θ ∈ T

n
σ for some σ > 0 (i.e. real when (ξ, η) is real and θ ∈ T

n)
Then there exists ε∗ > 0 and C > 0, such that for |ε0| < ε∗:

- there exists a set Eε0 ⊂ (0, 2π]n with meas((0, 2π]n \ Eε0) ≤ Cε
1
9

0 ,
- for any ω ∈ Eε0, there exists an analytic map θ 7→ Aω(θ) ∈ sp(2), such that the change
of coordinates

(ξ′, η′) = eAω(ωt)(ξ, η) (3.7)

conjugates the Hamiltonian equations of (3.6) to the Hamiltonian equations of a homo-
geneous polynomial

h∞(ξ, η) = ν1(ε0)ξ1η1 + c(ε0)ξ
2
2

with
|ν1(ε0)− ν1| ≤ Cε0, |c(ε0)− c0| ≤ ε0. (3.8)

Finally Aω is ε0-close to zero and eAω(ωt) leaves invariant the space of real states.

The second reducibility theorem deals with Hamiltonians of the form (in the original
variables (3.1))

hε(t, ξ, η) = ν1ξ1η1 + ν2ξ2η2 + ε3q(ωt, ξ1, η1, ξ2, η2) (3.9)

in which one has that the frequencies depend on ω ∈ D and ε and fulfill

c ≤ |ν1(ω)| ≤ C, cε2 ≤ |ν2(ω)| ≤ Cε2, |∂ων1| , |∂ων2| ≤ Cε2 , (3.10)

with some positive c, C. So it is designed to deal with Hamiltonian (2.10). The difference
with the standard KAM context is that the second frequency is of order ε2 while the
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perturbation is of order ε3. The following theorem says that the standard conclusion
still holds true, i.e. that the inhomogeneous Hamiltonian system associated with (3.9)
is reducible for almost all values of ω:

Theorem 3.5. Assume (3.10) and that Tn ×C
4 ∋ (θ, ξ, η) 7→ q(θ, ξ, η) ∈ C is a polyno-

mial in (ξ1, η1, ξ2, η2) homogeneous of degree 2, with coefficients analytic in θ ∈ T
n
σ for

some σ > 0 and taking real values when θ ∈ T
n and η is the complex conjugate of ξ.

Then there exists ε∗ > 0 and C > 0, such that for |ε| < ε∗:

- there exists a set Eε ⊂ (0, 2π]n with meas((0, 2π]n \ Eε) ≤ Cε
1
9 ,

- for any ω ∈ Eε, there exists an analytic map θ 7→ Aω(θ) ∈ sp(2) such that the change
of coordinates

(ξ′, η′) = eAω(ωt)(ξ, η) (3.11)

conjugates the Hamiltonian equations of (3.6) to the Hamiltonian equations of a homo-
geneous polynomial

h∞(ξ, η) = ν̃1(ε)ξ1η1 + ν̃2(ε)ξ2η2

with
|ν̃j(ε)− νj| ≤ Cε3, j = 1, 2 . (3.12)

Finally Aω is ε-close to zero.

In the remainder of this section we give the details of the proof of Theorem 3.4 while
we only point out the small changes needed to prove Theorem 3.5.

In fact, the proof of Theorem 3.4 is very standard, but since we’re dealing with a
degenerate Hamiltonian h0, we have to be a little careful. The fact that the perturbation
q is independent of η2 is crucial here. If not, the Poisson bracket {h, χ} could generate
new quadratic terms in (ξ2, η2) and the iteration could diverge.

3.1 General strategy

The canonical change of variables is constructed applying a KAM strategy to the Hamil-
tonian

h(y, θ, ξ, η) = ω · y + ν0ξ1η1 + εq(ωt, ξ1, η1, ξ2)

in the extended phase space R
n × T

n × C
2 endowed with the standard symplectic form

dy ∧ dθ + idξ ∧ dη.
We will say that the Hamiltonian h is in normal form if it reads

h(y, θ, ξ, η) = ω · y + aξ1η1 + cξ22 = ω · y +N(ξ) (3.13)

where a and c are real constants (independent of θ).
Let q ≡ qω be a polynomial Hamiltonian homogeneous of degree 2. We write

q(θ, ξ, η) =
∑

α,β

qα,β(θ)ξ
αηβ (3.14)
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where the coefficients qα,β(θ) are analytic functions of θ ∈ T
n
σ, we used the standard

notation
ξαηβ := ξα1

1 ξα2

2 ηβ1

1 η
β2

2

and according to the independence on η2 and the fact that this must be a quadratic
polynomial one has the restrictions

β2 = 0 , |α|+ |β| = 2 . (3.15)

The size of such polynomial function depending analytically on θ ∈ T
n
σ and C1 on

ω ∈ D ⊆ (0, 2π]n will be controlled by the norm

[q]σ,D := sup
|ℑθ|<σ, ω∈D
α,β, j=0,1

|∂jωqα,β(θ)|

and we denote by Q(σ,D) the corresponding class of Hamiltonians of the form (3.14)-
(3.15) whose norm [·]σ,D is finite.
Let us assume that [q]σ,D = O(ε). We search for χ ≡ χω ∈ Q(σ,D) with χ = O(ε) such
that its time-one flow Φχ ≡ Φt=1

χ transforms the Hamiltonian h+ q into

(h+ q(θ)) ◦ Φχ = h+ + q+(θ), ∀ω ∈ D+ , (3.16)

where h+ = ω · y +N+(ξ) is a new normal form, ε-close to h, and the new perturbation

q+ ∈ Q(σ+,D+) is of size2 O(ε
3
2 ), and D+ ⊂ D is an open set εα-close to D for some

α > 0. As a consequence of the Hamiltonian structure we have that

(h+ q(θ)) ◦Φχ = h+ {h, χ} + q(θ) +O(ε
3
2 ).

So to achieve the goal above we should solve the homological equation:

{h, χ} = h+ − h− q(θ) +O(ε
3
2 ), ω ∈ D+ . (3.17)

Repeating iteratively the same procedure with h+ instead of h, we will construct a
change of variable Φ such that

(h+ q(θ)) ◦Φ = h∞ , ω ∈ D∞

with h∞ = ω · y + N(ξ, η) in normal form and D∞ a εα-close subset of D. Note that
we will be forced to solve the homological equation, not only for the original normal
form h0 = ω · y + νξ1η1, but for more general normal form Hamiltonians (3.13) with
N(ξ) = aξ1η1 + cξ22 close to N0 = νξ1η1. To control this closeness we define a norm on
N = aξ1η1 + cξ22 :

‖N‖ := max(|a|, |c|).
The key remark is that ∀q ∈ Q(σ,D) one has {ξ2; q} ≡ 0.

2Formally we could expect q+ to be of size O(ε2) but the small divisors and the change of analyticity

domain will led to O(ε
3

2 ).
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3.2 Homological equation

Proposition 3.6. Let D ⊂ D0. Let D ∋ ω 7→ N(ω) be a C1 mapping that verifies

∥

∥∂jω(N(ω)−N0)
∥

∥ ≤ min(1, ν0)

4
(3.18)

for j = 0, 1 and ω ∈ D. Let h = ω · y +N(ξ), q ∈ Q(σ,D) , κ > 0 and K ≥ 1.
Then there exists an open subset D′ = D

′(κ,K) ⊂ D, satisfying

meas(D \ D′) ≤ 4d2K2nκ, (3.19)

and there exist χ, r ∈ ∩0≤σ′<σQ(σ′,D′) and Ñ in normal form such that for all ω ∈ D
′

{h, χ} + q = Ñ + r . (3.20)

Furthermore for all 0 ≤ σ′ < σ

[r]σ′,D′ ≤ C
e−

1
2
(σ−σ′)K

(σ − σ′)n
[q]σ,D , (3.21)

[χ]σ′,D′ ≤ C

κ2(σ − σ′)n
[q]σ,D , (3.22)

‖∂jωÑ(ω)‖ ≤ [q]σ,D j = 0, 1, ∀ω ∈ D. (3.23)

The constant C depends on n.

Proof. As usual we consider the ”homological operator” L := {h; .} and decompose the
space Q(σ,D) on the basis of its eigenfunctions. Such a basis is given by the monomials

ξαηβeikθ ,

where α and β are subject to the restrictions (3.15). The corresponding eigenvalues are

i(ν1(α1 − β1) + ω · k) , (3.24)

while Ker(L) = span
{

ξ22 , ξ1η1
}

. So, decomposing q as in (3.14), and expand the coeffi-
cients in Fourier series:

qα,β(θ) =
∑

k∈Zn

q̂α,β(k)e
ikθ ,

then one is lead to define

χα,β(θ) =
∑

|k|≤K

q̂α,β(k)

i(ν1(α1 − β1) + ω · k)e
ikθ , (3.25)

where, for α = (1, 0), β = (1, 0) and for α = (0, 0) and β = (2, 0) the sum is restricted to
k 6= 0. We also define

Ñ := q̂1,0,1,0(0)ξ1η1 + q̂0,2,0,0(0)ξ
2
2 , (3.26)

r(ξ, η, θ) :=
∑

|k|>K,α,β

q̂α,β(k)ξ
αηβeikθ , (3.27)
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so that the homological equation is satisfied. Still it remains to prove the estimates of
the various terms. We give explicitly the estimate of χ. To this end we have to control
the small denominators (3.24) under the restriction

|α1 − β1|+ |k| 6= 0 , |k| ≤ K , α1 + β1 ≤ 2 . (3.28)

We define D
′ to be the set for which the above small denominators are bigger than κ.

In order to estimate its measure we recall the following classical lemma:

Lemma 3.7. Let f : [0, 1] 7→ R be a C1-map satisfying |f ′(x)| ≥ δ for all x ∈ [0, 1] and
let κ > 0. Then

meas{x ∈ [0, 1] | |f(x)| ≤ κ} ≤ κ

δ
.

Since |∂ω(k · ω)( k
|k|))| = |k| ≥ 1, we get, using condition (3.18),

|∂ω(k · ω + ν1(α1 − β1))(
k

|k| ))| ≥ 1/2 . (3.29)

Using (3.29) and Lemma 3.7, we conclude that for any fixed k

|k · ω + ν1(α1 − β1)| > κ , (3.30)

outside a set Fk,α,β of measure ≤ 2d2κ (the case k = 0 being evident) so that if F is the
union of Fk,α,β for |k| < K and as α and β vary, we have

meas(F ) ≤ 4K2nd2κ . (3.31)

Thus, defining D
′ ≡ D

′(κ,K) = D \ F , we get for all ω ∈ D
′, 0 ≤ σ′ < σ and θ ∈ T

n
σ′

|χα,β(θ, ω)| ≤
C

κ(σ − σ′)n
sup

|ℑθ|<σ
|qα,β(θ)| .

The estimates for the derivatives with respect to ω are obtained by differentiating the
definition of χ (for more details see for instance [16]).

3.3 Iterative lemma

Theorem 3.4 is proved by an iterative KAM procedure. We begin with the initial Hamil-
tonian h0 + q0 where

h0(y, θ, ξ, η) = ω · y + ν0ξ1η1+c0ξ
2
2 , (3.32)

and q0 = ε0q ∈ Q(σ0,D0), D0 = [ε, 2π]n. Then we construct iteratively the change
of variables Φχm, the normal form hm = ω · y + νmξ1η1 + cmξ

2
2 and the perturbation

qm ∈ Q(σm,Dm) as follows: assume that the construction is done up to step m ≥ 0 then

(i) using Proposition 3.6 we construct χm+1(ω, θ), Ñm(ω), rm+1(ω, θ) and Dm+1 ⊂ Dm

such that

{h, χm+1} = Ñm − qm + rm+1, ω ∈ Dm+1, θ ∈ T
n
σm+1

(3.33)

where 0 < σm+1 < σm has to be chosen later;
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(ii) we define hm+1 = ω · y +Nm+1 by

Nm+1 = Nm + Ñm , (3.34)

and

qm+1 = rm+1 +

∫ 1

0
{(1− t)(hm+1 − hm + rm+1) + tqm, χm+1} ◦ Φt

χm+1
dt . (3.35)

For any regular Hamiltonian f we have, using the Taylor expansion of g(t) = f ◦Φt
χm+1

between t = 0 and t = 1

f ◦ Φχm+1
= f + {f, χm+1}+

∫ 1

0
(1− t){{f, χm+1}, χm+1} ◦Φt

χm+1
dt .

Therefore we get for ω ∈ Dm+1

(hm + qm) ◦ Φχm+1
= hm+1 + qm+1.

Following the general scheme above we have for all m ≥ 0

(h0 + q0) ◦ Φ1
χ1

◦ · · · ◦ Φ1
χm

= hm + qm.

At step m the Fourier series are truncated at order Km and the small divisors are
controlled by κm. Now we specify the choice of all the parameters for m ≥ 0 in term of
εm which will control [qm]Dm,σm .
First we define σ0 = σ and for m ≥ 1 we choose

σm−1 − σm =C∗σ0m
−2,

Km =2(σm−1 − σm)−1 ln ε−1
m−1,

κm =ε
1
8

m−1 ,

where (C∗)−1 = 2
∑

j≥1
1
j2
.

Lemma 3.8. There exists ε∗ > 0 depending on d, n such that, for |ε0| ≤ ε∗ and

εm = ε
(3/2)m

0 , m ≥ 0 ,

we have the following:
For all m ≥ 1 there exist an open set Dm ⊂ Dm−1 functions χm, qm ∈ Q(Dm, σm) and
Nm in normal form such that

(i) The mapping

Φm(·, ω, θ) = Φ1
χm

: C
2 → C

2, ω ∈ Dm, θ ∈ Tσm (3.36)

is a linear isomorphism, C1 in ω ∈ Dm, analytic in θ ∈ T
n
σm

, linking the Hamilto-
nian at step m− 1 and the Hamiltonian at step m, i.e.

(hm−1 + qm−1) ◦ Φm = hm + qm , ∀ω ∈ Dm .
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(ii) we have the estimates

meas(Dm−1 \ Dm) ≤ ε
1
9

m−1, (3.37)

‖∂jω(Nm(ω)−Nm−1(ω))‖ ≤ εm−1, j = 0, 1, ω ∈ Dm, (3.38)

[qm]σm,Dm ≤ εm, (3.39)

‖Φm(·, ω, θ)− Id‖L(C2) ≤ ε
1
2

m−1, for θ ∈ T
n
σm
, ω ∈ Dm. (3.40)

Proof. At step 1, h0 = ω · y+ ν0ξ1η1 and thus hypothesis (3.18) is trivially satisfied and
we can apply Proposition 3.6 to construct χ1, N1, r1 and D1 such that for ω ∈ D1

{h0, χ1}+ q0 = N1 −N0 + r1 .

Then, using (3.19), we have

meas(D \ D1) ≤ CK2n
1 κ1 ≤ ε

1
9

0

for ε = ε0 small enough. Using (3.22) we have for ε0 small enough

[χ1]σ1,D1
≤ C

1

κ21(σ0 − σ1)n
ε0 ≤ ε

1
2

0 .

Similarly using (3.21), (3.23) we have

‖N1 −N0‖ ≤ ε0,

and

[r1]σ1,D1
≤ C

ε20
(σ0 − σ1)n

≤ ε
3
2

0

for ε = ε0 small enough.

In particular we deduce ‖Φ1(·, ω, θ) − Id‖L(C2) ≤ ε
1
2

0 . Thus using (3.35) we get for ε0
small enough

[q1]σ1,D1
≤ ε

3/2
0 = ε1.

Now assume that we have verified Lemma 3.8 up to step m. We want to perform
the step m+ 1. We have hm = ω · y +Nm and since

‖Nm −N0‖ ≤ ‖Nm −Nm−1‖+ · · · + ‖N1 −N0‖ ≤
m−1
∑

j=0

εj ≤ 2ε0,

hypothesis (3.18) is satisfied and we can apply Proposition 3.6 to construct Dm+1, χm+1

and qm+1. Estimates (3.37)-(3.40) at step m + 1 are proved as we have proved the
corresponding estimates at step 1.
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3.4 Transition to the limit and proof of Theorem 3.4

Let
Eε := ∩m≥0Dm.

In view of (3.37), this is a Borel set satisfying

meas(D \ Eε) ≤
∑

m≥0

ε
1
9
m ≤ 2ε

1
9

0 .

Let us denote ΨN (·, ω, θ) = Φ1(·, ω, θ) ◦ · · · ◦ ΦN (·, ω, θ). Due to (3.40) it satisfies for
M ≤ N and for ω ∈ Eε, θ ∈ T

n
σ/2

‖ΨN (·, ω, θ)−ΨM (·, ω, θ)‖L(C2) ≤
N
∑

m=M

ε
1
2
m ≤ 2ε

1
2

M .

Therefore (ΨN (·, ω, θ))N is a Cauchy sequence in L(C2). Thus when N → ∞ the maps
ΨN (·, ω, θ) converge to a limit mapping Ψ∞(·, ω, θ) ∈ L(C2). Furthermore since the
convergence is uniform on ω ∈ Eε and θ ∈ T

n
σ/2, (ω, θ) → Ψ1

∞(·, ω, θ) is analytic in θ and
lipschitzian in ω. Moreover,

‖Ψ∞(·, ω, θ)− Id‖L(C2) ≤ ε
1
2

0 . (3.41)

By construction, the map Ψm(·, ω, ωt) transforms the original Hamiltonian

hε(t, ξ, η) = N0(ξ, η) + εq(ωt, ξ, η), N0(ξ, η) = ν0ξ1η1

into
Hm(t, ξ, η) = Nm(ξ, η) + qm(ωt, ξ, η).

When m→ ∞, by (3.39) we get qm → 0 and by (3.38) we get Nm → N where

N ≡ N(ω) = N0 +
+∞
∑

k=1

Ñk =: ν(ω, ε)ξ1η1 + c(ω, ε)(ξ2 − η2). (3.42)

Further for all ω ∈ Eε we have using (3.38)

‖N(ω)−N0‖ ≤
∞
∑

m=0

εm ≤ 2ε.

Let us denote Ψ∞(θ) = Ψ1
∞(·, ω, θ). Denoting the limiting Hamiltonian h∞(ξ, η) =

N∞(ξ, η) we have

hε(θ,Ψ∞(θ)(ξ, η)) = h∞(ξ, η), θ ∈ T, (ξ, η) ∈ C
2d, ω ∈ Dε .
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Finally we show that the linear symplectomorphism Ψ∞ can be written as (3.7). To
begin with, write each Hamiltonian χm constructed in the KAM iteration as

χm(θ, ξ, η) =
1

2

(

ξ
η

)

·EcBm(θ)

(

ξ
η

)

, Ec :=

[

0 −i
i 0

]

, (3.43)

where Bm(θ) is a skew-adjoint matrix of dimension 4× 4 of size εm. Then Ψm has the
form

Ψm(θ, ξ, η) = eBm(θ)(ξ, η) . (3.44)

The following lemma is proved analogously to Lemma 3.5 in [3].

Lemma 3.9. There exists a sequence of Hamiltonian matrices Al(θ) such that

Ψ1 ◦ ... ◦Ψl(θ, ξ, η) = eAl(θ)(ξ, η) ∀ξ ∈ C
2 . (3.45)

Furthermore, there exist a Hamiltonian matrix Aω(θ) such that

lim
l→+∞

eAl(θ) = eA∞(θ) , sup
|Imθ|≤σ/2

‖Aω(θ)‖ ≤ Cǫ , (3.46)

and for each θ ∈ T
n,

Ψ(θ, ξ, η) = eAω(θ)(ξ, η) ∀ξ ∈ C
2 .

This concludes the proof of Theorem 3.4.

3.5 Changes for proving Theorem 3.5.

The main change needed for the proof of Theorem 3.5 rests in Proposition 3.6. Indeed
one has to assume the r.h.s. of (3.18) to be smaller than a small constant times ε2 and
the conclusion changes in the fact that at the denominator of the r.h.s. (3.22) instead
of κ2, one gets

min
{

ε2, κ2
}

. (3.47)

In the next lines we are going to prove this version of Proposition 3.6.
Indeed, the proof of Proposition 3.6 goes excatly in the same way, except that now

the eigenvalue (3.24) are substituted by

i(ν1(α1 − β1) + ν2(α2 − β2) + ω · k) (3.48)

with the only selection rule

|α− β|+ |k| 6= 0 , and |k| ≤ K .

The estimates of the small divisors are obtained exactly in the same way as far as

|α1 − β1|+ |k| 6= 0 ,

however when such a quantity vanishes, the modulus of the small divisor becomes

|2ν2| ≥ cε2
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(remark that in this case the normal form contains span{ξ1η1}). Concerning contribution
of the terms with this denominator to the derivative with respect to ω, remark that the
involved terms are

ξ22
2iν2

, − η22
2iν2

(multiplied by a constant). Thus the derivative with respect to, say ωi of the coefficient
of one of these terms gives, by (3.10),

∣

∣

∣

∣

− 1

2ν22

∂ν2
∂ωi

∣

∣

∣

∣

≤ Cε−2 ,

which proves the claimed statement.

Then also the iterative lemma changes. Actually, only few first steps change, for
which one has at the first step

min
{

ε2, κ2m
}

= ε2 ;

it is easy to see that with the choices just before the statement of Lemma 3.8, after
a finite number of steps one has min

{

ε2, κ2m
}

= κ2m, and therefore after this step the
iteration can be repeated exactly in the same way as in the previous case.
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[14] B. Grébert and L. Thomann. KAM for the quantum harmonic oscillator. Comm.
Math. Phys., 307(2):383–427, 2011.
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