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Longtime dynamics for the Landau Hamiltonian with a time
dependent magnetic field

D. Bambusi’ B. Grébert, A. Maspero! D. Robert$ C. Villegas-BlasT

Abstract

We consider a modulated magnetic field, B(t) = By +¢f(wt), perpendicular to a
fixed plane, where By is constant, € > 0 and f a periodic function on the torus T™.
Our aim is to study classical and quantum dynamics for the corresponding Landau
Hamiltonian. It turns out that the results depend strongly on the chosen gauge.
For the Landau gauge the position observable is unbounded for ”almost all” non
resonant frequencies w. On the contrary, for the symmetric gauge we obtain that,
for ”almost all” non resonant frequencies w, the Landau Hamiltonian is reducible to
a two dimensional harmonic oscillator and thus gives rise to bounded dynamics. The
proofs use KAM algorithms for the classical dynamics. Quantum applications are
given. In particular, the Floquet spectrum is absolutely continuous in the Landau
gauge while it is discrete, of finite multiplicity, in symmetric gauge.

Thank you, Thomas, for sharing your enthusiasm
and your joy of playing with mathematics.

1 Introduction and main results

In this paper we study the dynamics of time dependent perturbations of the Schrédinger
equation

006 = H ()0 + V(£)) (L1)
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where H 44 (t) is the magnetic Schrodinger operator in L?(R3):

Hus(t):= Y <ij —Af(t,x))z, Dyi=il o, (1.2)

1<5<3

with A7 (t,z) = (Af(t,m),A#(t,x),A?(t,x)) a time dependent vector potential and
finally V(¢,z) is a time dependent scalar potential. We recall that the electric field is
given by E(t,z) = —ag;t#(t,m) — V.,V (t,x) and the magnetic field by B(t,z) = Vg A
A#(t,x). We shall assume that the magnetic field has a fixed direction orthogonal to
the plane {ej,e2}. Choosing A3#(t,x) = 0 then Asl#(t,x) and A#(t,x) depend only on
(t,z1,z2) and it is enough to consider the 2D magnetic Hamiltonian, with a new simpler
notation,

Hys(0) = (Do — Af(L2)) + (Dry — A (12))

as an operator in L?(R?).
An important particular case is the constant (in position) magnetic field B(t) = (0,0, —B(t)),
for which

B(t) = 8, AY — 0, AT . (1.3)
This is usually studied using either the symmetric Gauge or the Landau Gauge, namely
- the symmetric gauge: A?(t,x) = @m, Af(t,x) = —@xl;

- the Landau gauge: A?(t,x) = B(t)xa, A#(t,x) =0.

In this paper we consider the case when B slightly fluctuates around a fix value By > 0:
B(t) = By + ef(wt) where w € R™ is a frequency vector, f is a periodic function real
analytic on the torus T™ and € > 0 is a small parameter.

Mathematically the source of most of the interesting features of the Landau Hamil-
tonian rests in the fact that when ¢ = 0 the Hamiltonian is degenerate, in the sense that
it is equivalent (unitary equivalent in the quantum case, canonically equivalent in the
classical case) to the Hamiltonian of a 1-d harmonic oscillator. As a result the quantum
spectrum of the system is composed just by essential spectrum and coincides with the
set {)\] = 2B(](j + 1/2) | j e N}

The case € # 0 will be discussed in the two different gauges:

(i) the Landau gauge Hy(t) = (Dg, — B(t)x2)? + D%Q;
(ii) the symmetric gauge Hsr,(t) = (Dy, — %)2 + (Dg, + %)2.

Notice that, for e = 0, B(t) = By hence Hy, and Hyj, are gauge equivalent, but for € # 0
this equivalence is broken.

It turns out that both the main part of the Hamiltonian and the time dependent
perturbation are quadratic polynomials in the position and the momentum variables,
and this allows to study the problems (both classical and quantum) using the ideas of
[3], namely by using classical KAM theory to conjugate the Hamiltonian to a suitable
normal form whose dynamics is easy to study.

The results depend drastically of the choice of the gauge:



e In case (i), provided w is non resonant, a condition which is fulfilled in a set
of asymptotically full measure, we get that for € # 0 the position observable is
unbounded as t — oo as well for the classical motion and the quantum motion. [t
may be surprising that for a dynamical system a non-resonance condition generates
an z’nstabz’lit.

As a consequence, in the quantum side, we prove that the Floquet spectrum is
absolutely continuous.

e In case (ii) we prove that for w in a set of asymptotically full measure, the dynam-
ics is reducible to a harmonic oscillator with two degrees of freedom, hence with
bounded dynamics.

As a consequence, in the quantum side, we prove that the Floquet spectrum is
discrete with finite multiplicity.

Notice that Hy(t) and Hgp(t) are gauge equivalent modulo a quadratic scalar po-
tential (see section [[3]). Therefore the two models are not physically equivalent: in the
two cases we have the same magnetic field but not the same electric field.

1.1 Main result in the Landau gauge

We consider first the Landau gauge, namely

Hp(t) = (Dy, — B(t)x2)* + D?

xro ?

B(t) >0, (1.4)

with B(t) := Bo+ef(wt), f is real analytic on the torus T", f(0)=0andw € [0,27)" :=
D. Here and below we denote by f(k) the k-th Fourier coefficients of f,

k) :==@m)y™ [ f(0)e *%0 .
’]I"n
We decompose the Hamiltonian Hy,(t) in (I4]) as
HL(t) =Hp + RL(wt)
where

Hp, = (Dy, — Byzz)? + D?

xr2?

Rp(wt) = —2ef(wt)z2(Dyy, — Bowa) + € f (wi)?3.
We denote by hp(t) the corresponding classical Hamiltonian:

hi(t,z,p) = (p1 — B(t)x2)* + p3 = hr(2,p) + ri(wt, z,p). (1.5)

'But the phenomenon is similar of that encoded in Theorem 3.3 of [3], in which the non resonance
condition is used to eliminate from the Hamiltonian as many terms as possible, so that one remains only
with the terms actually generating the instability.



We introduce now complex coordinates in which the classical Hamiltonian hy has the
form of a degenerate 2-dimensional Harmonic oscillator. First introduce the symplectic
variables

-1
- (p.—B P =
Q1 By (p1 0T2), 1
and )
Q2 = ?(pQ — Bozr1), Py=p1
0

In these variables we have
hi = B3Qi + Pt.

Then we introduce the complex variables
= By +iP1, oy = BoQ2 + 1P ,
V2By V2By
fulfilling idz; A dz; = dQ; A dP;, i = 1,2. In these variables
hr = 2Bg|z | (1.6)

The link with the initial coordinates (z,p) € R* is given by (21, 22) = 7o(w, p) where 79
is the linear symplectic transformation 7 : R* — C? such that

P By ([ Bora —p1 L
! V2B, Bo V2B,
By [ Boxi — p2 . D1
= + . 1.7
2 V2B, < Bo Nz (17)

In order to state the first result we need to define a constant c,, which is only defined
for w fulfilling a nonresonance condition. To this end we preliminary restrict the set of
the allowed frequencies.

Definition 1.1. The set Dy C [0,27]™ is the set of the frequencies w s.t. there exist
positive v, T s.1.

]w k+ 2B0’

, VkeZ" 1.8
_1+|k|7 (18)

w- k| > UZ\ Vk € Z"\ {0} . (1.9)

Remark that such a set has full measure in [0, 27]".
We now introduce

Co = / 9w (0)%d6 (1.10)

where the function

" N ]C ik-6
9.,(9) w/2B Zw /<:+230 Flk)e™?,

k0
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is well defined for w € Dy (recall that f is real analytic).

Furthermore, in the following we will say that two polynomials are O(e) close from
each other, if their coefficients are O(e) close from each other.

Our first result is the following:

Theorem 1.2. There exists €9 > 0 such that for |e| < eo, there exist

o an asymptotically full measure set of frequencies C. C Dy satisfying:

lim meas(Dp \ Cc) = 0;
e—0
e q linear, symplectic change of variable T, depending on w,t,e, which is close to the
identity, namely T =1+ O(g) uniform in the other parameters,

such that, for w € C., the time quasi-periodic Hamiltonian hr,(t,x,p) in (LH) is conju-
gated to the constant coefficient quadratic Hamiltonian

(hp(t) oty ) or = b(e)|21]* + c(e)(22 — Z2)? (1.11)

where
b(e) = 2By + O(?), cle) = coe® + O(e?) (1.12)

and ¢, is giwen by (LI0).

In the new coordinates (z1, z2) the motion is easily computed:

2(t) = e &0,
Sza(t) = S22(0), Rzo(t) = —4c(e)TF22(0)t + R22(0) .

Let us come back to the original coordinates (x,p). First we remark that the Hamiltonian
at r.h.s. of (LII)) takes the form
o o) + e

with hr the original Landau Hamiltonian and o« # 0 a numerical constant. As a con-
sequence, the corresponding dynamics is just given by the standard circular motion of
a particle in a magnetic field with a slightly different frequency and with superimposed
a uniform motion in the direction of x;. This uniform motion is the new effect which
gives rise to the growth of the solution. Actually this description holds in the system
of coordinates introduced by the KAM procedure. In the true original coordinates this
motion is slightly deformed, so that it has superimposed a small oscillation. Precisely
the motion for the quadratic Hamiltonian hy,(t) is a linear flow ®5(t) where we have

x(t) :U(O))
= ®p(t .
(o) = %0 (1o
where ®p(t) is a real 4 x 4 symplectic matrix (it is the classical Hamiltonian flow of the
classical Hamiltonian hy,(t)). Then we have:



Corollary 1.3. For w € C. we have, with o # 0,
(1) = 1(0) + (e O) + G (at) = pa0) + a(8) - 2(0) + beo(1) - p(0) (113

where |ae ,(t)] + |bew(t)] = O(1) for 0 <e <1 andt e R.

Moreover, modulo an error term of the form E_;(t) = a(t) - z(0) + b(t) - p(0), such
that uniformly fort € R, w € C., we have |a(t)| + |b(t)| = O(e),

p(t) = V2BoS(a1(t), zi(t) = *"z(0) (1.14)

pi(t) = pi(0)

(0) \/— 3/2

B() ' B )
In particular, if both ¢, and p;(0) are not zero, then the classical flow is not bounded

as soon as € # ( is small enough.

i) (t) =

Rz (t). (1.15)

Remark 1.4. Clearly, in view of ([ILI0)), ¢, # 0 holds for w in a set of asymptotically
full measure and for f in a set of codimension 1 (e.g. in L?). For instance, by a simple
calculus one has that if f(6) = sin(#) (and thus n =1) then ¢, # 0 as soon as w # 2By.

From the result on the classical evolution of z1(t), we get a direct application to
the large time evolution of the quantum position observable #1(¢). Let us explicit our
notations: we denote by Z; and p;, j = 1,2, the position and momentum operator

N . 10
atﬂﬁ(ﬁ) = 'ij(x)’ pj¢ ey Y, T = (xlaxQ) b= (plap2) (PRS /Hosc
J
For r > 0, HQSC is the weighted Sobolev space associated with the harmonic oscillator
Hy = p? + 2,

Moo = {0 € L*(R?) : Hy*y € L2(R?)},

endowed with the norm |¢||, = HH5/2¢||L2(R2).
Recall that we are working here with polynomials classical Hamiltonians of degree at
most 2 so the correspondence classical-quantum is exact. That means

(i) =20 ;) -

where (Z(t),p(t)) is the solution of the Heisenberg equation.

Our first quantum corollary regards the existence of solutions of the quantum Landau
Hamiltonian undergoing unbounded growth of Sobolev norms. Computing ®p(t) and
using Corollary 1.3 we get



Corollary 1.5. Let w € C.. We have, in the operator sense,

jl(t) =11+ Olcw52tﬁ1 + (1 + 5475) (Ae,w(t) ST+ Be,w(t) : p) )

where o # 0 and c,, is given by (LI0), and |Az o (t)| + |Bew(t)| = O(1). In particular, if
c, # 0, there exists K > 0 such that for any ¢ € HL,. we have

121 ()¢ llo > acute?| Dy, tllo — K (1 + ') [l (1.16)

In particular, if € is sufficiently small, then ||z1(¢)Y|lo  +00 ast 7 +o0.

We have also a lower bound for the quantum average of the time evolution of the position
observable, for ¢ € Héég :

(0, &1()9)] > acute®| (¥, Dy )| = K(1+')[[¢]1/2- (1.17)

Our second corollary regards the Floquet spectrum of the time quasi-periodic Hamil-
tonian H,(t).

Corollary 1.6. The quantum dynamics Uz ,,(t,0) of H(t) is conjugated to the quantum
dynamics e e of the stationary Hamiltonian Hy ¢ o = b(e)(D2, + 1) + c(e) D, .

Moreover as far as b(¢) > 0 and c(¢) > 0, the spectrum o(H c o) of Hp c 00 is absolutely
continuous, with thresholds at the Landau levels,

o(Hre00) = [ J1b(e) (G +1/2), +00].
Jj=0
Proof. Denote by hy, - oo = b(¢)|21]? + ¢(¢)(22 — Z2)? the stationary classical Hamilto-
nian to which hr(t) is conjugated, see (ILIIl). In the real coordinates (z,p) we have
b(e)

R e o0(®,p) = 252 (P35 + 22)* + @(wl — p2)?. By the symplectic change of coordinates

T1 =1 — p2,P1 = p1, T2 = T2 — p1,P2 = P2, We have
hie00(E, D) = b(e) (5 + #2)” + c(e)p}.

The first part of the Corollary follows.
For the second part notice that we have the following family of generalized eigenfunctions:
U, (w1, 22) = 1j(21)e?28 such that we have

HyeooWje = (b(e)(j +1/2) + c(e)€) ¥y

Hence we get a description of the spectrum of }NIL@OO. O

1.2 Main result in symmetric gauge

We still consider a magnetic Schrédinger operator with a time-quasiperiodic magnetic
field, i.e. B(t) = Bg + ¢f(wt) with f real analytic on the torus T", and f(0) = 0, but
now in the symmetric gauge, namely

Hoo(t) = (Dm - %B(t)m2>2 + (Dm + %B(t)m)z , (1.18)

7



and the frequency vector w in the set of nonresonant frequencies Dy of Definition [Tl
We can write

HsL(t) = H,, + RsL(Wt)

where

1 2 1 2
Hy = (Dml - 5305'32) + <Dm2 + 5305'31) )

B B
—Oxl) —x9(Dyy — 70

Rsr(wt) = ef(wt) (ml(Dm + 5 m2)> + iszf(wt)Q(x% + 23).

We denote by hsr(t) the corresponding classical Hamiltonian:

Bt 2 B(t 2
hst(t) = (p1 — #xz) + (p2 + %)ml) = hap, + Tsp(wi). (1.19)
We introduce the symplectic variables
PI=a1, Ty =Ty T =—P1, Ph=Pp2

and in these variables hgy, reads

By ,\* Bo ,\
hor = (w’l + 7%2) + <p’2 + 7%’1) -
(

Then in the new symplectic variables (y1,y2,71,72) defined by

Y = 1 ' + vBox/ m = vBop/ + 1 p/
\/B_O 1 9 2 9 1 \/B_O 2
and
1, VB VBs 1

- x/, _ r 4
Y2 \/B_O 1 9 2 72 92 b1 \/B_0p2

we obtain that hgy is the degenerate two-dimensional Harmonic oscillator

hst, = Bo(y} + n7) = 2By|z1|?

where z; = L\/%m and similarly zo = &\/;72 We denote by 79 the linear symplectic

transformation from R* to C? defined by (z1,22) = 7o(z, p). We note that in the complex
variables the symplectic form reads:

dyy Ndny + dya A\ dng = i(le ANdzZy + dzo N dzg)

In order to state the next result we introduce
dy, = / h(6)?do (1.20)

where

h(0) = f(k)e™™. 1.21
@ m;ﬂ o hram, P (1.21)



Remark 1.7. The number d,, is well defined and real for w € Dy.

Our next result shows that, in the symmetric gauge, the perturbed classical Hamil-
tonian hgy(t) in (LI9) is conjugated to a two dimensional Harmonic oscillator which is
non-degenerate provided the constant d,, # 0.

Theorem 1.8. There exists g > 0 such that for |e| < eq, there exist

e an asymptotically full measure set of frequencies C. € Dy satisfying:

lim meas(Dg \ Cc) = 0;

e—0

e q linear, symplectic change of variable T, depending on w,t, e, which is close to the
identity, namely T =1+ O(g) uniform in the other parameters,

such that, for w € Cc, and provided d,, in (L20) does not vanish,
(hsp.(t) o1y ) o7 = b(e)|21]? + d(e)] 22/ (1.22)

with
b(e) = 2By + O(?), d(e) = de® + O(eh)

and d,, is given by ([L20) and does not vanish for w € C..

In the new coordinates the motion of (I.22]) is easily computed:
2(t) = e PO 0), z(t) = e @ 5(0).

In particular, in the symmetric gauge, provided the constant d,, in (L20]) does not vanish,
all the trajectories are bounded, contrary to what happens in the Landau gauge.

Also in this case we are able to describe the quantum flow, which in this case is
uniformly bounded in any Sobolev space H[.

Let U ,(t,s) be the quantum propagator defined by the Hamiltonian Hy,(t) in (LIS).
So we have 10U, ,(t,s) = Hor, (1)U wo(t, 5), Us (5, 5) =1

Corollary 1.9. There exists eg > 0 such that for |e| < e, for any r > 0 there exist
0 < ¢ < C, such that if w € C. we have for any v € H.

crl[Yollr < Uew(t, 0)ollr < Crlltollr, VE € R. (1.23)

Proof. We follow the proof given in [3], Corollary 1.3. We shall give here only the main

steps.

For simpler notation we assume that By = 1. Let
b(e)

HsL,e,oo = T((ﬁl - i.Q)z +ﬁ%) +

@((ﬁz —&1)*+ 1),

and Zy = (p1 — #2)% + p3, Zo = (P2 — #1)* + p3. Notice that Z; = £7%;. Moreover

[Z1,Z3] = 0. So [Hgpe00, 21 + Z2) = 0. But Z; + Z3 is a non degenerate harmonic



oscillator hence e sL.c.0q) satisfies the estimates (L23). Then as in [3], from the
classical KAM construction there exists

Xew(t,@,p) = (i) + Sewl(t) (i) :

where S.,(t) is a symmetric matrix with uniformly bounded entries. Let U, (t) =
eleXew(®) we have

Ueo(t,0) = Uz (e o= U, (8).
Using that ([3], Theorem 2.7), uniformly in (¢,e,w), we have

&l < 1UZu@)¢lr < Crlldly,
we get (L23). O

Corollary 1.10. The symmetric Landau Hamiltonian Hgr,(t) is reducible to a stationary
Hamiltonian Hy, ¢ oo with a discrete spectrum with all eigenvalues of finite multiplicities
as far b(e) > 0,d(e) # 0. Moreover, up to a linear symplectic transformation, Hsr, ¢ oo
is combination of two 1-d harmonic oscillators

Hqpe00 = b(e)(DZ, + 27) + d(e) (D32, + 23).

Proof. Keeping the notations of the proof of Corollary [L9] since Z7 + Z3 has compact
inverse, it has pure point spectrum and there exists a basis of eigenfunctions, which,
since [Z1,Z5] = 0 can be choose in such a way that they are also eigenfunctions of
both Z; and Z. Thus, if one denotes by \;; = j + 1/2, j € N the eigenvalues of
Z;, one has that Hr .o is diagonal in the same basis, with eigenvalues pu;, j,(¢) =
b(e)(j1+1/2)+d()(j2+1/2). So the symmetric Landau Hamiltonian Hy,(t) is reducible
to a stationary Hamiltonian Hy, - oo with a discrete spectrum with all eigenvalues of finite
multiplicities as far b(e) > 0,d(e) # 0. O

1.3 About the change of gauge

The fact that one has a completely different behaviour in the case of the Landau gauge
and in the case of the symmetric gauge could seem surprising at first sight, however we
remark that they correspond to different physical situations. Indeed, the electric and
the magnetic field are given by
0A

B=V, xA(z,t) and E= —E(x,t) — Vi, V(x,t). (1.24)
Thus, in the time dependent case, they differ for the case of the Landau gauge and the
case of the symmetric gauge. As it is well known, there exists a gauge transformation
which allows to pass from one gauge to the other by keeping the same electromagnetic
fields. For example the electric and magnetic fields can be chosen as

Ve, t) =0, A(z,t) = B(t)(x2,0,0)

10



or as B B(t)
t t
9 xr1r2 , A(x?t) = —($2, —271,0) :
The first corresponds to the Landau gauge, while the second corresponds to the sym-
metric gauge plus a scalar potential.

V(z,t)=—

1.4 Related literature

Most of the literature about the Landau Hamiltonian regards the asymptotic behavior
of the perturbed spectrum under time independent perturbations, for example scalar
potentials in different classes. These works ensure conditions on the perturbation so that
the perturbed spectrum is asymptotically localized around the Landau levels {2By(j +
%)}jeN, a fact which is not trivial due to the infinite multiplicity of these. We mention
for example the works [311 [30} 28], 20, 21 [15] and reference therein.

The case of time dependent perturbations, such as ([L.1J), is less studied. We mention
[33, B4, 9] which prove the existence of the quantum flow, and [26] 4, 22] giving time
upper bounds on the dynamics. The present paper aims to prove finer properties about
the quantum dynamics, and in particular investigates the dicotomy of “existence of
solutions with unbounded trajectories” vs “all trajectories are bounded”. This question
has received, in the last decade, a lot of attention.

In case of linear, time dependent Schrédinger equations, such as (1), the first result
about existence of solutions with unbounded paths is due to Bourgain [6] on the torus.
Recently, several works have considered non-degenerate Harmonic oscillators on R? and
constructed time dependent perturbations in the form of pseudodifferential operators
[8, 23], polynomial functions [3, 17, 19} 18], or classical potentials [11], 32], that create
solutions with unbounded trajectories. We also cite the recent results [24] 25] which
prove that generic, time periodic, pseudodifferential perturbations provoke instability
phenomena.

On the opposite side, many works prove that, when the perturbation is small in size
and quasi-periodic in time with a non resonant frequency w, all trajectories are bounded
in Sobolev spaces. There results are based on KAM reducibility methods ensuring that
the linear propagator has operatorial norm (in Sobolev spaces) bounded uniformly in
time, in the same spirit of our Corollary [L9 This is the case, in great generality, for
systems in 1-spatial dimensions: limiting ourselves to results considering perturbations
of the Harmonic oscillator on R, we cite [7, 35, 14} 2, 1]. In a higher dimensional setting,
such as the one of equation (L), there are few KAM reducibility results. We cite [10, 29]
for the Schrédinger on T¢, [13, B3] for the Harmonic oscillators on RY, [27] for the wave
on T?, and [12] 5] for transport equations on T¢.
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2 Proofs of main Theorems

2.1 Proof of Theorem

We prefer to work in the extended phase space in which we add the angles 6 € T"
as new variables and their conjugated momenta I € R™. So our phase space is now
T™ x R"® x C* 3 (0,1, 21, z2), with C? considered as a real vector space. The symplectic
form is dI A df + idz A dzZ and the Hamiltonian equations of a Hamiltonian function
h(0,1,z1,29) are

oh . Oh ) . Oh . Oh

I=-= 0=— 2= —l—, Z9=—1—. 2.1
90 or " 't ez TP oz 1)
In this framework the Hamiltonian equation associated with the classical time dependent
Hamiltonian function Az, in (LE) is equivalent to the autonomous Hamiltonian system
(ZT) with
h=ho+r+ry

and
ho :w‘I+2BO|Z1|2, (22)
r = 6(21 —{—21)(21 +2zZ1 - i(ZQ — 22))]0(9),
2
m:i%m+zeu@—@wﬂm% (2.4)

The proof of Theorem follows a KAM strategy: we want to eliminate the angles in h
by canonical changes of variables. This canonical changes of variables will be constructed
as time 1 flows, @}(, of some Hamiltonian y. We begin by computing explicitly the first
two KAM steps and then we will be in position to apply a KAM theorem with symmetry,
namely Theorem [3.4l First we construct the first change of variables and we begin by
solving a so called homological equation.

Lemma 2.1. Let

xi=ie Y, fk)e™? U P
kezm {0} w-k+4By w-k—4Bg w-k

. ALY <1 1
ez keZZ”\:{O} e (w -k + 2By ok 2By )

then x1 solves the following homological equation:
{X17 ho} +r; =0. (2.5)
Proof. First recall that

" OF 0G OF oG | OF 0G  0G OF

{F’G}:: 5 a7, 1 Y — -
1 39] 3Ij 81]‘ 8(% j=1.2 82’]‘ 82’]‘ 3Zj 3Zj

J=

12



Then we introduce

N, oik0 21 21
Zl Z f (w-k+2B0+w-k—2B0

kez™\{0}
and e Z f ko z% N % +221§1
21) w-k+4By  w-k—4By | “w-k
kezn\{0}

in such way we have
X1 =ieM + 6(22 —zg)N.

So, since hg in (2.2) doesn’t depend on zy, we get
{X17 ho} = ie’:‘{M, ho} +e(z2 — EQ){N, ho}.

Then we compute

. N R k6 ! al
{N,ho}—lkez;{o}(k w) f(k)e <w‘k+230 +w‘k_230>
A ik-0 2B021 —2B021
keZZ"\:{O}f(k)e <w-k+2Bo Tk 2By
=1i(z1 +Z1)f(0),

and
2 —2 =
M. h — L. R k ik-0 2] <7 22121
(M ho} lkezzn\:{o}( w)f(k)e <w-k+430 o h—4By  Cw
Ao 4Byz3 —4Byz?
k ik-0 0~1 0<1
=i(z1 +71)%f(0) ,
from which ([235]) follows. U
Then since,
{x1,ho} +71 =0, {x1.{x1,ho}} =—{x1,71},
we get

1 1
ho (I);l =h+ {Xl,h} + §{X1,{X1,h0}} + 0(83) = ho + 5{)(1,7“1} +1ro + 0(63). (27)
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Next we wish to compute explicitly {x1,71}. In view of the expressions of y; and r1, we
first compute

{M, (21 +71)%} = 2(21 + 21){M, 21 + 21},
{M, (21 +Z1)(22 — Z2)} = (22 — Z2){M, 21 + 71},

M 21— 9 (1) pik0 Z1 B Z1 Z1— 2
{M,z1 +71} 1keznz\{0}f( Je (w-k+4BO w-k:—4Bo+ T

L 21 ik 21 1
= —8iBy Z f(k)e (w-k(w-k+4Bo) + w-k(w-kz—llBo))

kez™\{0}
and
{N, (2’1 +§1)2} = 2(21 +§1){N, Z1 +§1},
{N, (21 +Z1)(22 — 22)} = (22 — Z2){N, z1 + 71},
L e
{N, 21+ 2’1} = —4iBy kezzn\:{o} m
Therefore

{xa,m} = {ieM +e(z2 — Z2)N,e(21 +21)(21 + 21 — (22 — 22)) f(0) }
= 2ie? f(0) (21 + Z1){M, (21 + Z1)} + €%(20 — Zo) F(O){ M, (21 + Z1)}
+ 222 £(0) (22 — Z2) (21 + Z1){N, 21 + 71} — ie? (20 — Z2)2f(O){N, 21 + 71}
= 2f(0)(2i(21 +21) + (22 — Z2)){M, (21 + 21)}
—ie2f(0) (22 — Zo)(2i(21 + Z1) + (22 — Z2)){N, 21 + 71}
=2 f(0)(2i(z21 +71) + (22 — 22))({M, (21 + 21)} — i(22 — Z2){N, 21 + Z1})
= —4ie? By f(0)(2i(21 + 1) + (22 — Z2)) ¥

. . 2z 2z 29 —Z

ik-0 1 1 o 2 2
Xkewz\:{o}f(k)e (w-k(w-k+4Bo) T k(W k= 4By) l(w.k)2_433>'
(2.8)

At the next KAM step we remove from %{Xb r1}+7ry all the €2 terms except resonant
monomials, i.e. in our case, |21|? and (2o — Z2)%. In view of the expressions Z.8), 4],
we thus obtain

hg =ho (I)>1<1 o (I>>1<2 = ho + awe?|21 > + coe?(zo — Z2)2 + O(£3) (2.9)
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where

v X 0 (o)~ g

kez™\{0}
L 2B, 1
=— k)f(—k
1 A a (w- k)2
= —— k By V) N T A—

as stated in (LI0) while

- 1 1 1
a, = 8By Z J(k)f(—F) ((w k) ((w - k) + 4Bo) + (w-k)((w-k) —4Bo)> * Fo<f2>

kezn\{0}
A 16 B, 1
= k) f(—k —
keZ;\{O}f( 0 <(W -k)? — 1653 i BO)
1 P (w - k)?
. k) f(—k .

To end the proof of Theorem we just have to iterate this KAM step and to prove
the convergence of such a process. In particular we will check that we only remain with
resonant monomials, i.e. in our case, |z1|? and (23 — Z2)?.

Concretely Theorem is obtained by applying Theorem [3.4] to the Hamiltonian (2.9])
taking v; := 2By + a2, cp = cpe? and gy := 3. We stress out that the difference
between the estimate ([B.8) in Theorem [3.4] and the estimate (I.I2]) in Theorem [[2] is

due to the specific form of r in ([Z3) and the fact that f(0) = 0.

2.2 Proof of Theorem 1.8

We still work in the same framework as in section 1] i.e. in the extended phase space in
which we add the angles 8 € T" as new variables and their conjugated momenta I € R"™.
So our phase space is still T" x R" x C2 3 (0,1, z1, 22) (see (21).

In this framework the Hamiltonian equation associated with the classical time depen-
dent Hamiltonian function (ILI9) hsz(t) is equivalent to the autonomous Hamiltonian
system (2.1)) with A = hy 4+ r where

hy=w- I—"_QBO‘Zl’Q

and 7 = r51(0). To compute explicitly this term, recall that, in the coordinates intro-
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duced in section [[.2]

1 1
——(y1 —y2) =
\/BO( ) V2B,
1

1
£C1=P/1=\/?(771+772):ﬁ

B B \/
pr— Ly = —af — —Om’g —v/Boy1 = (z1 4+ Z1),

To = 1h = (21 +721 — (22 + Z2)),

(21 —Z1+ (22 - ?2)),

2 \/5
By By v/ By _
hd — _ & = B, = — .
D2 + 92 z1 b2 92 51 om 1\/5 (Zl Zl)

Therefore r(f) reads

52
r(0) = ef (O)(y1(y1 — y2) + m(m +n2)) + Ef(9)2((y1 —y2)” + (L +12)%)

= gf(e)((ZH +Z1)(z1 +Z1 — (22 +722)) — (21 — Z1)(21 — Z1 + (22 — Z2)))

82

+ S—BOf( (214721 — (22 +%2))* — (21 — 21 + (22 — 72))°)

=e€r; + 527“2.

We follow the same strategy than in the previous section and we are interested by the
quadratic terms in zo9, Zy after the second KAM step. At the first step (at order ¢)
we don’t have such term (in 7"1) and thus we eliminate all the terms of order € by a

symplectic change of variables <1>X where y1 is the solution of the homological equation.

1
{x1,hsr.} = —11

Since
r1 = —ef(0)(z122 + Z1Z2) + quadratic terms in z1, Z1

we take (with v = 2By)

22721 2221

Y1 = —ist(k‘)eik'e <k_w iy + P V) 4+ quadratic terms in z1, Z1.
k40

Then, using (2.7), the quadratic terms in z9, Zy after the second KAM step come from
the quadratic terms in z9, Zo in %{Xb r1} and in 7.
From ro we get
22 £(6)?
4By

297Z2

and from ${y1,m1} we get
1, A 0 Z929 2929
—= 0 k)e! - .
2 g )lg)f( Je (k-w—i—u k:-w—u)
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Now the second KAM step will eliminate all the k0207, for k # 0 and therefore we
obtain like in (2:9])

hy =ho (I)>1<1 o (I>>1<2 = w- I+ (2B + ag?)|z1|? + dy,e?|z|* + O(e?) (2.10)
where
1 Lo Lo 2B,
dy = — 0)f(—L Of(—0)————
3y OO+ IO 05

1 oo (0-w)? +4B2

as stated in (L20]).

Then, if d,, # 0, hy appears as a perturbation of the non degenerate Hamiltonian (2B, +
ag?)|z1|? + d,e?|22]? and we can apply Theorem

3 Proofs of two reducibility Theorems

In this section we prove the two reducibility theorems that we need to conclude the
proofs of Theorem and Theorem [[.8

First, it is usefull to change the notation in order to make clear that the variable z
is not necessarily the complex conjugate of z: we only have to define the concept of real
submanifold of the phase space and it depends on the variables we use (see Definition
B and Remark B3] below for more details).

So, first of all we define

§j =z, nN;=7Zj, j=12. (31)
Definition 3.1. For (¢,n) € C*4, define the involution
(& n) = 1(&m) = (7,€) (3.2)

the states (£,m) s.t. (&,n) = 1(&,n) will be said to be real.
Remark 3.2. The Hamiltonians we are dealing with are real when (§,1) is real.

In order to deal with the Hamiltonian (Z.9) whose expansion up to order € only
depends on z1, Z1 and zy — Z9, it is useful to introduce the following canonical change of
variables

&i=&—m, ny=n. (3-3)
In these variables (and omitting primes) (2.9) reads

hy = w - I + (2By + awe®)éim + coe263 + O(€3). (3.4)
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Remark 3.3. in these variables the involution I takes the form (omitting the primes)

(&om.&a,m2) = I, m, &o.ma) = (1,61, €9, &2 — 12) (3.5)

and the real submanilfold reads: 11 = &, & is real and 2R(n2) = &».

In all the situations we will encounter the Hamiltonian is independent of na, therefore
the fact that the reality condition becomes more complicate will be completely irrelevant.
Of course, in the following a Hamiltonian expressed in the variables [B3) will be said
to be real if it takes real values for real (&,1m), i.e. for (§,n) which are fized points with
respect to the involution (B.3)).

The first theorem we will prove concerns quasi-periodic in time Hamiltonians of the
form

heo (,€,1) = vi&um-teo€3 + coq(wt, €1, 711, 62) (3.6)
where ¢ is a polynomial in (&1,71,&2) homogeneous of degree 2 with coefficients that
depend quasi periodically on time. The important point is that ¢ does not depend on
2.

In the following we denote, for o > 0, Tl:= {z +iy: z € T", y € R", |y| < o}.

Theorem 3.4. Assume that vi > 0 and that T" x C* > (0,€) — q(6,¢) € C is a
polynomial in (§1,m,&2) homogeneous of degree 2, independent of ne, with coefficients
real analytic in 0 € TY for some o > 0 (i.e. real when (§,n) is real and 6 € T™)
Then there exists €. > 0 and C > 0, such that for |eg| < ex:

1
- there exists a set -, C (0,2m]™ with meas((0,27]" \ &) < Cef,
- for any w € &, there exists an analytic map 0 — A, (0) € sp(2), such that the change
of coordinates

() = etD(E n) (3.7)

conjugates the Hamiltonian equations of ([B.0) to the Hamiltonian equations of a homo-
geneous polynomial

heo(&,m) = v1(g0)é1m + c(20)€3
with
lvi1(eo) — 1] < Ceo,  |e(eg) — co| < ep. (3.8)

A (wt)

Finally A, is eg-close to zero and e leaves invariant the space of real states.

The second reducibility theorem deals with Hamiltonians of the form (in the original

variables (B8.]))
he(t,6,m) = vi€im + vabana + e2q(wt, &1,m, E2,72) (3.9)

in which one has that the frequencies depend on w € D and ¢ and fulfill
c< W) <0, e? <|m(w)] < Ce?, D11, |Oura] < CE? (3.10)

with some positive ¢, C. So it is designed to deal with Hamiltonian (2.10). The difference
with the standard KAM context is that the second frequency is of order €2 while the
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perturbation is of order 3. The following theorem says that the standard conclusion

still holds true, i.e. that the inhomogeneous Hamiltonian system associated with (3.9])
is reducible for almost all values of w:

Theorem 3.5. Assume B.10) and that T" x C* > (6,£, 1) — q(0,£,1) € C is a polyno-
mial in (§&1,m,&2,m2) homogeneous of degree 2, with coefficients analytic in 6 € T2 for
some o > 0 and taking real values when 6 € T™ and n is the complex conjugate of &.
Then there exists e, > 0 and C > 0, such that for |e| < e,:

- there exists a set E. C (0,27]" with meas((0,27w]™ \ &) < Ces,

- for any w € &, there exists an analytic map 6 — A, (0) € sp(2) such that the change
of coordinates

(€,1) = eteh(g n) (3.11)

conjugates the Hamiltonian equations of [B.0) to the Hamiltonian equations of a homo-
geneous polynomial

hoo(§:m) = D1(€)&1m + P2(€)Eam2
with
j(e) —vj| < Ce3, j=1,2. (3.12)
Finally A, is e-close to zero.

In the remainder of this section we give the details of the proof of Theorem B.4] while
we only point out the small changes needed to prove Theorem

In fact, the proof of Theorem B4l is very standard, but since we’re dealing with a
degenerate Hamiltonian hg, we have to be a little careful. The fact that the perturbation
q is independent of 7, is crucial here. If not, the Poisson bracket {h,x} could generate
new quadratic terms in (£2,72) and the iteration could diverge.

3.1 General strategy

The canonical change of variables is constructed applying a KAM strategy to the Hamil-
tonian

h(y,0,&,m) = w-y+vo&im + eq(wt, &1,m1,&2)

in the extended phase space R x T" x C? endowed with the standard symplectic form
dy A df + id€ N dn.
We will say that the Hamiltonian A is in normal form if it reads

where a and ¢ are real constants (independent of 0).
Let ¢ = g, be a polynomial Hamiltonian homogeneous of degree 2. We write

9(0,€,m) =Y da,s(0)6n° (3.14)
o,
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n

», we used the standard

where the coefficients ¢, () are analytic functions of §# € T
notation

g’ = &g nS?
and according to the independence on 75 and the fact that this must be a quadratic
polynomial one has the restrictions

Ba=0, la|+]8=2. (3.15)

The size of such polynomial function depending analytically on § € T? and C! on
w € D C (0,27]™ will be controlled by the norm

[dlop = sup  |&,qap(0)]
|S0|<o, weD
a767 ]:071

and we denote by Q(o,D) the corresponding class of Hamiltonians of the form (B.I4])-
(BI5) whose norm [-],p is finite.

Let us assume that [¢]op = O(g). We search for x = x,, € Q(c,D) with x = O(e) such
that its time-one flow ®, = <I>§<:1 transforms the Hamiltonian h + ¢ into

(h+q(0)) o @y = hy +q4(0), Vw € Dy (3.16)

where hy = w -y + Ni () is a new normal form, e-close to h, and the new perturbation

¢+ € Qoy,Dy) is of sizd O(E%), and D C D is an open set ¢*-close to D for some
a > 0. As a consequence of the Hamiltonian structure we have that

(h+(8)) 0 @y = h+ {h,x} +4(6) + O(e?).
So to achieve the goal above we should solve the homological equation:
{h,x} =hy —h—q(0) + O(e?), weDb, . (3.17)

Repeating iteratively the same procedure with hy instead of h, we will construct a
change of variable ® such that

(h+q(0))0o®=ho, weDx

with hoo = w -y + N(&,71) in normal form and Dy, a €*-close subset of D. Note that
we will be forced to solve the homological equation, not only for the original normal
form hg = w -y + v&m, but for more general normal form Hamiltonians (B.I3]) with
N(€) = a&ymy + €3 close to Ng = v&1m1. To control this closeness we define a norm on
N = a&im + c&3:

IN1| = max([al, c]).

The key remark is that Vq € Q(o,D) one has {£2;¢} = 0.

*Formally we could expect g to be of size O(e?) but the small divisors and the change of analyticity
domain will led to O(E%).
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3.2 Homological equation

Proposition 3.6. Let D C Dy. Let D > w +— N(w) be a C' mapping that verifies

. min(1, ¢
|09, (N(w) — No)|| < % (3.18)
forj=0,1andweD. Leth=w-y+ N(), g€ Q(o,D) , Kk >0 and K > 1.
Then there exists an open subset D' =D/ (k, K) C D, satisfying
meas(D \ D) < 4d* K", (3.19)

and there exist x,T € No<o'<o (0", D) and N in normal form such that for allw € D/

{hox}+q=N+r. (3.20)
Furthermore for all0 < o' < o
co TR 3.21
[]er o < m[q]o,m, (3.21)
X]orpr < L[ ] (3.22)
X U’,D, — K/2(O' _ O_I)n q U,D I .
185N (@)|| < lglop  §=0,1, Yw € D. (3.23)

The constant C' depends on n.

Proof. As usual we consider the "homological operator” £ := {h;.} and decompose the
space Q(o,D) on the basis of its eigenfunctions. Such a basis is given by the monomials

ganﬁBMG
where a and 8 are subject to the restrictions ([B.I5]). The corresponding eigenvalues are
i(vi(an = B1) +w-k), (3.24)

while Ker(L£) = span {5%, 51771}. So, decomposing ¢ as in (3.I4]), and expand the coeffi-
cients in Fourier series:
Gos(0) = Y Gap(k)e™”
kezn
then one is lead to define

_ qa,ﬁ(k) i
Xas(0) = kIZS:K (e —B)+w-k) ? (3.25)

where, for a = (1,0), 8 = (1,0) and for a = (0,0) and 5 = (2,0) the sum is restricted to
k # 0. We also define

N = G1,01,0(0)&m + Go,2,00(0)3 (3.26)
r(€nm,0) = > dask)En et (3.27)
|k|>K,o,8
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so that the homological equation is satisfied. Still it remains to prove the estimates of
the various terms. We give explicitly the estimate of x. To this end we have to control
the small denominators ([3.:24)) under the restriction

o =Bl + k[ #0, [k <K, ar+pi<2. (3.28)

We define D’ to be the set for which the above small denominators are bigger than x.
In order to estimate its measure we recall the following classical lemma:

Lemma 3.7. Let f:[0,1] = R be a C*-map satisfying |f'(x)| > 6 for all x € [0,1] and
let Kk > 0. Then .
meas{z € [0,1] | |f(z)] <k} < 5
Since law(kw)(ri‘))\ = |k| > 1, we get, using condition (B.I]]),

law(k-w—l—ul(al—ﬁl))(%))] > 1/2. (3.29)

Using (3:29) and Lemma B.7], we conclude that for any fixed k
|k-w+vi(ar —B1)] >k, (3.30)

outside a set Fy o 5 of measure < 2d?s (the case k = 0 being evident) so that if F' is the
union of Fj, o g for |k| < K and as o and 8 vary, we have

meas(F) < 4K*"d?k . (3.31)
Thus, defining D/ = D'(k, K) =D\ F, we get forallw e D', 0 <o’ <o and § € T,

[Xa,3(0,w)] < sup |qa,8(0)] -

k(o —0)" 5010

The estimates for the derivatives with respect to w are obtained by differentiating the
definition of y (for more details see for instance [16]). O

3.3 Iterative lemma

Theorem B4lis proved by an iterative KAM procedure. We begin with the initial Hamil-
tonian hg + go where
ho(y,0,€,m) = w -y + vebim—+cols (3.32)

and g9 = eoq € Q(00,Dp), Dy = [e,2n]". Then we construct iteratively the change
of variables ®,, , the normal form h,, = w -y + vyp&im + cmé&2 and the perturbation
gm € Q(om,Dyy,) as follows: assume that the construction is done up to step m > 0 then

(i) using Proposition B8 we construct Xmi1(w,8), Ny (w), rme1(w, ) and Dypq C Dy,
such that

{h,Xm+1} = Now = G + Tmy1, w € Dpyr, 0 €Th (3.33)

where 0 < 0,11 < 0, has to be chosen later;
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(ii) we define hy41 = w -y + Nypgq by
Npg1 = Ny + Ny (3.34)

and

1
Gm+1 = "m+1 + / {(1 - t)(hm—f—l - hm + rm—i—l) + tQm7Xm+1} © q);erldt . (335)
0

t

For any regular Hamiltonian f we have, using the Taylor expansion of g(t) = fo®}

between t =0 and t =1

1
Fods = f+{f Xmer} + /O (1= O X1} g1} 0 ®F,_ di.

Therefore we get for w € D41

(P + qm) © Py = 1 + G

Following the general scheme above we have for all m > 0
(ho + qo) © @y, 0+ 0 @y = hyn + G-

At step m the Fourier series are truncated at order K,, and the small divisors are
controlled by k,,. Now we specify the choice of all the parameters for m > 0 in term of
€m which will control [gy,]|p,...00m -

First we define o9 = o and for m > 1 we choose

—2
Om—1— om =Cyoom™7,

-1

Ky =2(op-1 — Um)fl Ine 4,

1
8

Hm :Em_l 5

where (C,)~1 = 23 > %2

Lemma 3.8. There ezists e, > 0 depending on d, n such that, for |eg| < ey and

= 583/2)m 5 m 2 07

€m

we have the following:
For all m > 1 there exist an open set Dy, C Dy,—1 functions Xm, ¢m € Q(Dpm,om) and
Ny, in normal form such that

(i) The mapping
Op(w,0) =0+ C*=C? weDy, 0T, (3.36)

is a linear isomorphism, C* in w € D,,, analytic in 0 € T3, , linking the Hamilto-
nian at step m — 1 and the Hamiltonian at step m, i.e.

(hmfl +Qm71)oq)m:hm+Qm , YweD,,.

23



(i) we have the estimates

3.37

3.38
3.39

1
meas(Dy,—1 \ Dy,) <€),
07 (Np (W) = Npp—1(W))|| < €m-1, 7=0,1, w e Dy,

[Qm]om,ﬂ)m < ém,

1
[P (- w,0) = Idl| 2y < € for 0 €Tl | w € Dy,

m—1> Om?

(3.37)
(3.38)
(3.39)
(3.40)

3.40

Proof. At step 1, hg = w -y + 1p&1m and thus hypothesis (B.I8]) is trivially satisfied and
we can apply Proposition to construct x1, N1, r1 and D such that for w € D,

{ho,x1} +qo= N1 —No+r1 .

Then, using ([B.19), we have

1
meas(D\ D;) < C’K%”m <eg

for e = g9 small enough. Using ([B:22]) we have for ¢ small enough

1

1
————————¢9 < 3.
/{%(0’0 — o))" 0

[Xl]m,]D)l < C

Similarly using (3.21]), (3.:23) we have
[[N1 = Nol| < o,

and )
€0

(o0 —o1)"

Oolw

[Tl]ol,]ﬂ)l S C S g

for € = ¢ small enough.

1
In particular we deduce [|®1(-,w,8) — Id|zc2y < g5. Thus using ([.35) we get for g
small enough
3/2
[QI]m,Dl < 60/ = €1
Now assume that we have verified Lemma [B.8 up to step m. We want to perform
the step m + 1. We have h,, = w -y + N, and since

m—1
[N = Noll < [No = N | + - + [Ny = Noll < 3 e < 2eq,
7=0

hypothesis (3.18)) is satisfied and we can apply Proposition to construct D41, Xm+1
and ¢n41. Estimates (B.37)-(B.40) at step m + 1 are proved as we have proved the
corresponding estimates at step 1. U
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3.4 Transition to the limit and proof of Theorem [3.4]

Let
E = ﬂmZO]D)m.

In view of ([B.37]), this is a Borel set satisfying

1 1
meas(D\ &) < Z em < 2ef.

Let us denote ¥y (-, w,0) = ®1(-,w,0) 0 --- 0 Py(-,w,d). Due to ([B.40) it satisfies for

Mg]\fandforweé’e,6’6"]1‘g/2

§w|»~

N 1
0N (5w, 0) = War (5w, 0) [ £(c2) < Z em <2

Therefore (¥ (-, w,0))x is a Cauchy sequence in £(C?). Thus when N — oo the maps
Uy (-, w,0) converge to a limit mapping ¥eo(-,w,f) € L(C?). Furthermore since the
convergence is uniform on w € & and 6 € T7 , (w,0) = UL (-, w,0) is analytic in § and
lipschitzian in w. Moreover,

1
”\IJOO(-,W,H) — Id”l:((CQ) S 85 . (341)
By construction, the map ¥, (-,w, wt) transforms the original Hamiltonian

he(t,€,m) = No(&,m) +eq(wt, &,n),  No(§,n) = vo&im

into
Hm(t’ 5’ 77) = Nm(g’ 77) + qm(Wt’ 55 77)
When m — oo, by (839) we get ¢, — 0 and by (B.38) we get N,;, — N where

400
N = N(w) = Ng + ZNk = v(w,e)éim + c(w,e) (&2 — m2). (3.42)
k=1
Further for all w € & we have using (3.38])
IN(w) = Nol < ) ™ < 2.
m=0

Let us denote ¥ (f) = Wl (-,w,d). Denoting the limiting Hamiltonian hs(£,1) =
Noo(&,m) we have

hE(e’ \1]00(9)(5577)) = hoo(g’n)a 9 € Ta (5577) € (ch, w € ]D)e .
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Finally we show that the linear symplectomorphism ¥., can be written as (3.1). To
begin with, write each Hamiltonian x,, constructed in the KAM iteration as

e =3 (0) memao (5) . m=0 ] (3.43)

1

where By, (0) is a skew-adjoint matrix of dimension 4 X 4 of size ,,. Then ¥, has the
form

U (0,€,m) = PO (g ) . (3.44)

The following lemma is proved analogously to Lemma 3.5 in [3].

Lemma 3.9. There exists a sequence of Hamiltonian matrices A;(0) such that
Tio..00(0,&n) =@ veecC?. (3.45)
Furthermore, there exist a Hamiltonian matriz A, (0) such that

lim e =A< gup  ||A,(0)] < Ce, (3.46)
l—=+00 [Im6|<o/2

and for each 8 € T",
V(0,&,m) =etO(en) vEeC?.

This concludes the proof of Theorem [3.4]

3.5 Changes for proving Theorem 3.5l

The main change needed for the proof of Theorem rests in Proposition Indeed
one has to assume the r.h.s. of (3.I8) to be smaller than a small constant times 2 and
the conclusion changes in the fact that at the denominator of the r.h.s. (3.:22]) instead

of k2, one gets
min{ez,ﬁz} . (3.47)

In the next lines we are going to prove this version of Proposition
Indeed, the proof of Proposition goes excatly in the same way, except that now
the eigenvalue ([3.24)) are substituted by

i(v1(aq — B1) + ve(ag — B2) +w - k) (3.48)
with the only selection rule
o — B+ k| #0, and k| < K .
The estimates of the small divisors are obtained exactly in the same way as far as
lar = Bi| + |k| # 0,
however when such a quantity vanishes, the modulus of the small divisor becomes

1209| > ce?
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(remark that in this case the normal form contains span{&;7; }). Concerning contribution
of the terms with this denominator to the derivative with respect to w, remark that the
involved terms are

& _m

2il/2 ’ _2iI/2
(multiplied by a constant). Thus the derivative with respect to, say w; of the coefficient
of one of these terms gives, by (B.10),

<Ce?,

1 61/2
202 w;

which proves the claimed statement.

Then also the iterative lemma changes. Actually, only few first steps change, for
which one has at the first step

min {62, Ii%n} =e?;

it is easy to see that with the choices just before the statement of Lemma B8] after
a finite number of steps one has min {82, n?n} = k2, and therefore after this step the

iteration can be repeated exactly in the same way as in the previous case. O
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