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1 Introduction

The modular (entanglement) Hamiltonian K, introduced within the Tomita-Takesaki modular
theory [1–5], is a crucial operator to investigate in order to understand the entanglement
associated to the spatial bipartition of a quantum system. Another important object in the
Tomita-Takesaki modular theory is the modular conjugation, usually denoted by J . The
operator K, which depends both on the bipartition and on the state of the whole system,
generates a unitary evolution of the fields known as modular flow. In general K is non-local
and displays a very complicated structure; hence its explicit form is known is very few cases.

For the sake of simplicity, we consider only two-dimensional relativistic field theories in
the Minkowski spacetime M = Rx × Rt, parameterised by the pair (x, t), where x and t are
the spatial and temporal coordinates respectively. In this setup we investigate the deeply
related concepts of causality (the sign of the Minkowski spacetime distance between two
events) and locality of quantum fields whose evolution is generated by the entanglement
associated to the bipartition of the system.

The first crucial result for K has been obtained by Bisognano and Wichmann [6, 7] for a
generic local relativistic quantum field theory in its ground state and the spatial bipartition
of the real line in two halves, namely Rx = R− ∪ R+, where R+ and R− correspond to the
positive and negative real numbers respectively. In this case, the operator K coincides with
the generator of Lorentz boosts in M. The corresponding modular flow has a well defined
geometric action that allows identifying modular trajectories for the local fields belonging
either to the right Rindler wedge W+ =

{
(x, t) : x ⩾ |t|

}
or to the left Rindler wedge

W− =
{
(x, t) : x ⩽ |t|

}
, depending on the initial position of the local field on Rx. Since the

Lorentz boosts are isometries of the Minkowski metric, this modular flow clearly preserves
relativistic causality. Also the modular conjugation J has a geometric action (relating W+ and
W−) given by the reflection with respect to the origin, combined with the charge conjugation.

Conformal field theories (CFT) in two spacetime dimensions (see e.g. [8–10]) provide an
important class of relativistic quantum field theories where some modular Hamiltonians have
been found in explicit form. The most important example has been studied by Hislop and
Longo [11] (see also [12, 13]) and consists of a free massless scalar in M and in its ground state,
whose space Rx is bipartite by a finite interval Ax and its complement Bx. This case has been
explored by combining the Bisognano-Wichmann result with a conformal mapping sending
e.g. R+ into Ax and R− into Bx. The image of W+ under this mapping is the causal diamond
DA whose horizontal diagonal corresponds to the interval Ax. The modular flow crossing Ax
remains in DA and preserves relativistic causality [14]; indeed, in this case the modular flow
can be written as a composition of global and non-singular conformal transformations [11–13].

The situation is more complicated for the image of W− because in this domain the
conformal map has singularities and therefore induces singularities also in the flow generated
by K that crosses Bx. In this case, the analysis of relativistic causality along this flow is
more subtle, as discussed in section 2. The geometric action of the modular conjugation,
relating the flows across Ax and Bx, and the two-point correlation functions of primaries
evolving along the flow generated by K are also described [2, 15]. In section 2 we also study
the properties of the spacetime support of the commutator of certain combinations of primary
fields, discussing the relation between the flow generated by K and the Tomita-Takesaki
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modular theory. In two-dimensional CFT, the modular Hamiltonian of the bipartition given
by an interval is known in a few other cases, including one at finite temperature [16, 17]. In
section 3, the analysis of the spacetime distance between two points along distinct modular
trajectories in DA is extended to the case where the left and right moving excitations have
different temperatures, finding that relativistic causality is preserved.

In the second part of this manuscript (see section 4) we investigate the bipartition of
the spatial real line Rx provided the union of two disjoint intervals Ax ≡ A1,x ∪A2,x and its
complement Bx on the line. Considering a generic CFT on the line and in its ground state,
while the expression of the modular Hamiltonian for a single interval holds for any CFT
model, the modular Hamiltonian for the union of two disjoint intervals is model-dependent.
For the massless Dirac field, this operator and the corresponding modular flow for the field
have been obtained by Casini and Huerta [18] within the framework developed by Peschel [19]
for the underlying lattice model, while the modular correlators have been found in [20] (see
also [21]). The crucial difference with respect to the single interval case is that this modular
Hamiltonian for the union of two disjoint intervals is non-local because it involves a bilocal
contribution. This term affects the modular flow of the massless Dirac field in a relevant
way and, consequently, also its anti-commutator. In particular, the modular flow of each
chiral component of the massless Dirac field is a mixing of two fields and it involves both the
intervals, although at the beginning of the flow the field is localised only in one interval [18].
The spacetime distance between two points along two distinct modular trajectories describing
the modular flow of the massless Dirac field is also explored, finding that relativistic causality
is preserved along this evolution. Nevertheless, because of the bilocal term in the modular
Hamiltonian, some Dirac delta contribution occur in the anti-commutator of two modular flows
of the massless Dirac field; hence this modular evolution does not respect local commutativity.

In this paper we study the causality properties of the evolution generated by K in
the conventional Minkowski spacetime M, where only the infinitesimal special conformal
transformations are well defined. In order to implement the action of generic finite special
conformal transformations, a compactification M of M must be introduced. It is known [8,
9, 12, 22, 23] that such compactification (often called Dirac-Weyl compactification) is given
by M = (S× S)/Z2, where S is the unit circle. However, since this manifold is not causally
orientable, the universal covering M̃ of M given by M̃ = S× R is employed [8, 12, 22]. Thus,
conformal invariance naturally leads to consider a spacetime with the geometry of a cylinder.
It is worth mentioning that, from the group theoretical point of view, the time tc on M̃
is associated to the conformal Hamiltonian 1

2(P0 +K0) rather than to the Hamiltonian P0
in M, where K0 is the generator of the special conformal transformations. The physical
impact of employing the conformal time tc in 3 + 1 dimensional Minkowski spacetime has
been explored in [9, 23].

The outline of the paper has been mainly described above. Besides the sections already
mentioned, some conclusions are drawn in section 5 and in appendices A, C, B and D some
technical details and further discussions supporting the analyses in the main text are reported.
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2 Interval in the line, vacuum state

We consider a unitary CFT in 1 + 1 Minkowski spacetime M = Rx × Rt. A generic point
(x, t) ∈ M can be equivalently characterised by its light-cone coordinates

u± ≡ x± t (2.1)

along the two independent chiral directions. A CFT on M is the tensor product of a sector
of right (depending on u+) and left (depending on u−) moving excitations [24]. Hence, it is
convenient to study first the quantity of interest along a single chiral direction parameterised
by u ∈ R (the indices ± are often removed without ambiguity in order to enlighten the
notation) and then describe its complete expression in M by properly combining the results
along u = u+ and u = u−. Denoting by ϕ+(u+) and ϕ−(u−) the generic right and left
chiral primary field respectively, with conformal dimension h+ and h− respectively, all chiral
primary fields can be treated simultaneously by adopting the notation ϕ(u) for the field and
h for its conformal dimension, assuming that it corresponds to either ϕ+(u+) or ϕ−(u−),
with either h = h+ or h = h− respectively. Unitarity implies that h > 0.

2.1 Chiral modular evolution and modular conjugation

A compact connected interval Ax ⊂ Rx defines a bipartition Ax ∪ Bx = Rx of the system,
where Bx is its complement in the spatial direction. We denote by DA ≡

{
(u+, u−) |u± ∈ A

}
the causal diamond generated by Ax (see the grey domain in figure 3), whose orthogonal
projections along the chiral axes Ru± (parameterised by u±) define the interval A ≡ [a, b]
and its complement B along each chiral axis. This uniquely identifies the corresponding
spacetime domain BA ≡

{
(u+, u−) |u± ∈ B

}
(see the light blue region in figure 3). In the

limit b→ +∞ the spacetime regions DA and BA become the right and left Rindler wedges
respectively, while for a→ −∞ they become the left and right Rindler wedges respectively.

The entanglement Hamiltonian K induced by the bipartition A ∪ B and associated
with each chirality is [11, 13]

K =
∫ +∞

−∞
V (u)T (u) du ≡ KA ⊗ 1B − 1A ⊗KB (2.2)

where T (u) is the chiral component of the energy density (i.e. either T+(u+) or T−(u−))
and the weight function reads

V (u) = 2π (b− u)(u− a)
b− a

= 1
w′(u) (2.3)

being w(u) defined as

w(u) ≡


1
2π log

(
u− a

b− u

)
u ∈ A

1
2π log

(
u− a

u− b

)
u ∈ B

(2.4)

whose inverse in each subsystem reads respectively

w−1
A (ζ) ≡ a+ b e2πζ

1 + e2πζ w−1
B (ζ) ≡ a− b e2πζ

1− e2πζ ζ ∈ R . (2.5)
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The weight function (2.3) is obtained through a conformal map from the full modular
Hamiltonian of half line, found by Bisognano and Wichmann [6, 7] for any unitary and
Lorentz invariant quantum field theory, as reviewed in appendix A.1.

The commutation properties of the energy-momentum tensor T with any primary field ϕ
with dimension h allow to derive the evolution of ϕ generated by (2.2). Denoting by τ ∈ R
the modular evolution parameter, it reads

ϕ(τ, u) ≡ eiτK ϕ(u) e−iτK =
[
∂uξ(τ, u)

]h
ϕ
(
ξ(τ, u)

)
(2.6)

where ϕ(u) defines the initial configuration and ξ(τ, u) can be written in terms of (2.4)
and (2.5) as follows [11, 12]

ξ(τ, u) = (b− u) a+ (u− a) b e2πτ

(b− u) + (u− a) e2πτ =

w−1
A

(
w(u) + τ

)
u ∈ A

w−1
B

(
w(u) + τ

)
u ∈ B .

(2.7)

At a given τ ∈ R, the expression (2.7) has the form u 7→ au+b
cu+d with ad − bc = (b− a)2 e2πτ .

With a slight abuse of terminology, in the following we call K full modular Hamiltonian
and (2.6) modular evolution of ϕ. Indeed, as explained in section 2.6, the K-evolution
generated by (2.2) can be related to the Tomita-Takesaki modular theory only for primaries
with dimension h ∈ N and h ∈ N+ 1

2 . However, the correlation functions of (2.6) are well
defined and satisfy the Kubo-Martin-Schwinger (KMS) condition for a generic h > 0, as
discussed in section 2.2.

The expression (2.7) describes the evolution of the initial point u as τ ∈ R; indeed
ξ(0, u) = u and it satisfies

∂τξ(τ, u) = V (ξ) ∂uξ(τ, u) =
V (ξ)
V (u) (2.8)

where V (u) is the weight function (2.3). An interesting property of (2.7) is that ξ(−τ, ξ(τ, u)) =
u, which supports further the fact that ξ(τ, u) describes a proper evolution. Moreover, (2.7)
is invariant under the transformation that simultaneously exchanges a and b and replaces τ
with − τ . The entangling points at u = a at u = b, that characterise the bipartition along
the chiral direction, do not evolve; indeed, ξ(τ, a) = a and ξ(τ, b) = b for any τ ∈ R.

We remark that, for any τ ∈ R, we have ξ(τ, u) ∈ A for u ∈ A and ξ(τ, u) ∈ B for u ∈ B.
In figure 1, three examples of modular evolutions along the chiral direction given by (2.7) are
displayed in the plane parameterised by (ξ, τ ), where the light grey strip corresponds to ξ ∈ A.
They are the solid lines and their initial points are the dots having the corresponding color.

While the map (2.7) is regular for any u ∈ A, it is singular for u ∈ B. Indeed, the
denominator in (2.7) is strictly positive for any τ ∈ R when u ∈ A, while for u ∈ B it has
a first order zero at τ = τB(u) given by

τB(u) ≡
1
2π log

(
u− b

u− a

)
u ∈ B . (2.9)

The horizontal dashed lines in figure 1 indicate the asymptotic value (2.9) corresponding to
the initial points u ∈ B. We remark that (2.7) solves the differential equations (2.8); hence,
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Figure 1. Modular evolutions along the chiral direction in the plane (ξ, τ) given by (2.7), whose
initial points correspond to the dots. Any horizontal dashed line is obtained from (2.9) for the initial
point in B having the same color.

while it holds for any τ ∈ R when u ∈ A, it cannot be extended to any τ ∈ R when u ∈ B

because a divergence occurs for τ = τB(u) given by (2.9).
By introducing u0 ≡ − d/c = (a e2πτ − b)/(e2πτ − 1) to denote the singular point of (2.7)

for an assigned τ ̸= 0, we have that a−u0 = (b−a)/(e2πτ −1) and u0−b = (b−a)/(e−2πτ −1);
hence u0 < a for τ > 0, while u0 > b for τ < 0; hence u0 ∈ B.

For later use, let us write the second expression in (2.8) more explicitly as follows

∂uξ(τ, u) = q(τ, u)2 q(τ, u) ≡ b− a

(b− u) e−πτ + (u− a) eπτ . (2.10)

Notice that q(τ, u) > 0 for any τ ∈ R when u ∈ A, while for u ∈ B we have that q(τ, u)
diverges and changes sign at the finite value τ = τB(u) given by (2.9), where the denominator
of q(τ, u) in (2.10) vanishes. In the limit b→ +∞ where A becomes the half line, we have
that q(τ, u) → eπτ ; hence in this limit q(τ, u) is not singular anymore.

The fact that ξ(τ, u) for u ∈ B has the horizontal asymptote at τ = τB(u) tells us that the
proper setup to consider to observe the same qualitative behaviour for the modular evolutions
in A and B is a chiral CFT compactified on the circle, which is discussed in appendix B.

By applying (2.6) to the primary fields ϕ± in the two different chiral directions, one obtains

ϕ±(τ, u±) =
[
∂u±ξ±(τ, u±)

]h±ϕ±(ξ±(τ, u±)) ξ±(τ, u) = ξ(±τ, u) (2.11)

where the notation described at the beginning of this section has been employed.
In the Tomita-Takesaki modular theory [1, 2] the fundamental modular objects are the

self-adjoint and positive modular operator ∆ ≡ e−K , where K is the full modular Hamiltonian,
and the antiunitary modular conjugation operator J . In the setup explored throughout this
section, J has a geometric action implemented by the real function j : R → R that can be
obtained by setting τ = ± i/2 in (2.7) and reads [2]1

j(u) ≡ a+ b

2 +

(
b−a

2

)2

u− a+b
2

(2.12)

1The two-dimensional case of eq. (V.4.34) in [2] corresponds to (2.12) for b = −a = 1.
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which is a bijective and idempotent function sending A onto B (see [15, 25] for recent
discussions). From (2.12), we have that j(u) < a for u ∈ (a, a+b

2 ), while j(u) > b for
u ∈ (a+b

2 , b).
The map (2.12) is invariant under a ↔ b and satisfies j′(u) < 0. Notice also that (2.3)

and (2.12) are related as follows

j′(u)V (u) = V ( j(u)) . (2.13)

Moreover, (2.7) and (2.12) commute, namely

j
(
ξ(τ, u)

)
= ξ

(
τ, j(u)

)
(2.14)

that will be used in section 2.4 and section 2.5.
The action of the modular conjugation J on the primary fields of a chiral CFT (see

e.g. [26]) is written in terms of (2.12) and reads

J ϕ(u) J = j′(u)h ϕ∗( j(u)) . (2.15)

A remarkable simplification occurs in (2.12) in the limit b→ +∞, where A becomes the
right Rindler wedge; indeed j(u)− a→ a− u as b→ +∞, i.e. a reflection with respect to the
position of the entangling point. Consequently, j′(u) → −1 as either b→ +∞ or a→ −∞.

2.2 Chiral modular correlators

A crucial role in our analysis is played by the modular two-point functions.
The two-point function of the chiral primaries ϕ± with dimension h± > 0 read

⟨ϕ∗±(u1)ϕ±(u2)⟩ = ⟨ϕ±(u1)ϕ∗±(u2)⟩ =
e∓iπh±

2π (u1 − u2 ∓ iε)2h± (2.16)

where the normalisation constant adopted in [21, 27] has been employed.
The modular two-point function for the chiral primaries can be written by combining (2.6)

and (2.16) [20, 21]. In order to write its expression in a convenient form, let us introduce
the following function

W (τ ;u1, u2) ≡
1

(u1 − u2) R(τ ;u1, u2)
(2.17)

where
R(τ ;u1, u2) ≡

e2πw(u1)+πτ − e2πw(u2)−πτ

e2πw(u1) − e2πw(u2) . (2.18)

We remark that (2.17) is well defined for u1 ̸= u2 and that (2.18) satisfies R(0;u1, u2) = 1.
Notice also that the limit τ → 0 and the limit u2 → u1 of R(τ ;u1, u2) in (2.18) do not
commute; hence this function is not jointly continuous. By introducing τ12 ≡ τ1 − τ2, the
crucial property we need is that, for τ12 ̸= 0 and u1 ̸= u2, the expressions in (2.7) and (2.17)
are related as follows

∂u1ξ(τ1, u1) ∂u2ξ(τ2, u2)[
ξ(τ1, u1)− ξ(τ2, u2)

]2 =W (τ12;u1, u2)2 . (2.19)
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It is worth remarking that the dependence on τ12 in the l.h.s. of (2.19) is not obvious and also
that the singular behaviour of ∂ujξ(τj , uj) at τj = τB(uj) for j ∈ {1, 2} discussed in section 2.1
(see (2.9) and (2.10)) does not occur because their denominators simplify in the ratio.

Combining (2.19) with (2.6) and (2.16), one finds that the modular two-point function
of the chiral primaries reads

⟨ϕ∗±(τ1, u1)ϕ±(τ2, u2)⟩ =
e∓iπh±

2π W±(±τ12;u1, u2)2h± (2.20)

where we have introduced the following distributions

W±(τ ;u1, u2) ≡
e2πw(u1) − e2πw(u2)

u1 − u2

1
e2πw(u1)+πτ − e2πw(u2)−πτ ∓ iε

. (2.21)

We remark that the following property

W±(τ ± i ;u1, u2) =W±(−τ ;u2, u1) (2.22)

which is satisfied by (2.21), guarantees that (2.20) fulfils the KMS condition, a fundamental
characteristic feature of any modular flow [2].

The distributions in (2.21) provide also the modular two-point function of the chiral
components of a conserved current j±. The chiral fields j±, which have dimension hj± = 1
and generate the U(1) transformations, satisfy the following commutation relations [24][

j±(u) , j±(v)
]
− = ∓ i κ2π δ

′(u− v) (2.23)

where κ is a real constant and the r.h.s. is known as Schwinger term. The modular correlators
of j± can be expressed in terms of (2.21) as follows [21]

⟨ j±(τ1, u1) j±(τ2, u2) ⟩ =
κ

4π2 W±(±τ12;u1, u2)2 (2.24)

which is proportional to (2.20) specialised to h± = 1.
A crucial role in the subsequent discussion is played by the finite value τ = τ̃0 where the

function R(τ ;u1, u2) in (2.18) with u1 ̸= u2 vanishes, which is given by

τ̃0(u1, u2) ≡ w(u2)− w(u1) . (2.25)

This expression satisfies also the following equivalent conditions

u2 = ξ(τ̃0, u1) u1 = ξ(−τ̃0, u2) . (2.26)

Let us also observe that (2.7) and (2.18) are related through the following condition

R
(
τ ;u, ξ(τ, u)

)
= 0 . (2.27)

An important limiting regime to consider is given by b→ +∞, where (2.18) simplifies to

lim
b→+∞

R(τ ;u1, u2) =
(u1 − a) eπτ − (u2 − a) e−πτ

u1 − u2
. (2.28)
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2.3 Commutator of the currents

A universal quantity that we find it worth considering is the commutator of the modular
evolution of the chiral components of the conserved current. Under the reasonable assumption
that this commutator gives a complex number (whose validity is checked in section 2.4,
where this commutator is obtained through the modular flows) it can be obtained from the
modular correlators (2.24) as follows[
j±(τ1, u1) , j±(τ2, u2)

]
− = ⟨ j±(τ1, u1) j±(τ2, u2) ⟩ − ⟨ j±(τ2, u2) j±(τ1, u1) ⟩ (2.29)

= κ

4π2

(
e2πw(u1) − e2πw(u2))2

(u1 − u2)2

{
1(

e2πw(u1)±πτ12 − e2πw(u2)∓πτ12 ∓ iε
)2

− 1(
e2πw(u1)±πτ12 − e2πw(u2)∓πτ12 ± iε

)2
}
.

Taking the limit ε→ 0+ of this expression in the sense of the distributions and employing
the identity 1

(u±iε)2 = 1
u2 ± iπ δ′(u), we find

[
j±(τ1, u1) , j±(τ2, u2)

]
− = ∓ iκ

2π

(
e2πw(u1) − e2πw(u2)

u1 − u2

)2

δ′
(
e2πw(u1)±πτ12 − e2πw(u2)∓πτ12

)
(2.30)

where the derivative of the Dirac delta with respect to its argument occurs and the function
multiplying δ′ is independent of τ12 and non vanishing for u1 ̸= u2.

The derivative of the Dirac delta in (2.30) can be written by employing the follow-
ing formula

G(x)
∂ δ
(
f(x)

)
∂f(x) =

∑
j

G(xj)
f ′(xj)

∣∣f ′(xj)∣∣
[
∂xδ(x− xj)−

(
G′(xj)
G(xj)

− f ′′(xj)
f ′(xj)

)
δ(x− xj)

]
(2.31)

where the sum is performed over the zeros xj of f(x) such that f ′(xj) ̸= 0. The derivation
of (2.31) is reported in appendix C.

The identity (2.31) can be applied to the r.h.s. of (2.30), by identifying f and G

respectively with the argument of δ′ and the function multiplying δ′ in (2.30), with w(u)
given by (2.4). Then, considering u2 as the variable x in (2.31), from (2.18) and (2.27) we
have that the sum in the r.h.s. of (2.31) contains only one term corresponding to the zero of
the argument of δ′ in (2.30), i.e. u2 = ξ(±τ12, u1). As for the expression within the round
brackets multiplying δ(x− xj) in the r.h.s. of (2.31), it vanishes identically in this case. Thus,
the identity (2.31) leads us to write the commutator (2.30) as[

j±(τ1, u1) , j±(τ2, u2)
]
− = ± i κ2π ∂u1ξ(±τ12, u1) ∂u2δ

(
u2 − ξ(±τ12, u1)

)
. (2.32)

When τ1 = τ2 ≡ τ , this commutator becomes[
j±(τ, u1) , j±(τ, u2)

]
− = ∓ i κ2π δ

′(u1 − u2) (2.33)

which extends (2.23) to any allowed value of the modular parameter. In section 2.4, the
commutator (2.33) is obtained by combining j±(τ, u) ≡ e±iτK j±(u) e∓iτK and (2.23), without
the initial assumption on the commutator made at the beginning of this derivation.
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The l.h.s. of (2.32) is antisymmetric under exchange 1 ↔ 2 by definition, while this
feature is not manifest in the r.h.s. of the same equation. This is because u2 as been chosen
as the variable x in the application of (2.31); indeed, the antisymmetry under exchange 1 ↔ 2
is still manifest in both the sides of (2.30). In order to write the r.h.s. of (2.32) in a form
where the antisymmetry under exchange 1 ↔ 2 is manifest, first the procedure after (2.30)
must be repeated by choosing u1 as the variable x in the application of (2.31) and then the
resulting expression has to be properly combined with the l.h.s. of (2.32). This leads to

[
j±(τ1, u1) , j±(τ2, u2)

]
− = ± i κ4π

{
∂u1ξ(±τ12, u1) ∂u2δ

(
u2 − ξ(±τ12, u1)

)
(2.34)

− ∂u2ξ(±τ21, u2) ∂u1δ
(
u1 − ξ(±τ21, u2)

) }
which is manifestly antisymmetric under exchange 1 ↔ 2 in both its sides. Notice that u2 =
ξ(±τ12, u1) and u1 = ξ(±τ21, u2) are the same equation because (2.7) satisfies ξ(−τ, ξ(τ, u)) =
u, as already remarked in the text below (2.8).

2.4 Chiral distance along the modular evolutions

The results discussed in section 2.1 and section 2.2 allow us to explore ξ(τ1, u1)− ξ(τ2, u2),
which can be considered as the chiral distance between the modular evolutions of two generic
points along the chiral direction (with a slight abuse of terminology because this quantity can
be negative), for independent values of the modular parameter in the two distinct evolutions.
By employing (2.17) in (2.19), we find that this chiral distance can be written as follows

ξ(τ1, u1)− ξ(τ2, u2) = R(τ12;u1, u2) q(τ1, u1) q(τ2, u2) (u1 − u2) (2.35)

in terms of the functions introduced in (2.10) and in (2.18).
It is instructive to consider the limiting regimes of (2.35) given by u1 = u2 and τ1 = τ2.
For u1 = u2 ≡ u, since from (2.18) we have

lim
v→u

R(τ ;u, v) (u− v) = sinh(πτ)
π w′(u) (2.36)

the chiral distance (2.35) in this limiting regime simplifies to

ξ(τ1, u)− ξ(τ2, u) =
1
π
q(τ1, u) q(τ2, u)V (u) sinh(πτ12) (2.37)

which vanishes when τ1 = τ2, as expected.
For τ1 = τ2 ≡ τ , since R(0;u1, u2) = 1 the chiral distance (2.35) becomes

ξ(τ, u1)− ξ(τ, u2) = q(τ, u1) q(τ, u2) (u1 − u2) (2.38)

which vanishes as u1 = u2, as expected. Since q(τ, u) > 0 for u ∈ A (see (2.10)), when u1 ∈ A

and u2 ∈ A we have that ξ(τ, u1)− ξ(τ, u2) and u1 − u2 have the same sign. An example of
this case is illustrated in the left panel of figure 2, where each coloured square indicates the
modular evolution of the corresponding initial point (denoted by the dot having the same
colour) and the horizontal dashed magenta segment denotes the chiral distance between them.
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Figure 2. The chiral distance (2.35) between the points (red and blue squares) belonging to two
distinct chiral modular evolutions whose initial points (red and blue dots) are in A (see also (2.39)),
for either τ1 = τ2 (left panel) or τ1 ̸= τ2 (right panel).

Instead, in the mixed case where for instance u1 ∈ A and u2 ∈ B, the factor q(τ, u1) q(τ, u2)
diverges at τ = τB(u2) (see (2.9)) and the l.h.s. of (2.38) changes sign at this value of τ . When
both u1 ∈ B and u2 ∈ B, the factor q(τ, u1) q(τ, u2) diverges at τ = τB(u1) and τ = τB(u2);
and a change of sign occurs in the l.h.s. of (2.38) at both these values of τ .

When u1 ∈ A and u2 ∈ A, from (2.10) and the fact that q(τ, u) > 0 for u ∈ A, we
have that (2.35) can be written as follows

ξ(τ1, u1)− ξ(τ2, u2) = R(τ12;u1, u2)
√
∂u1ξ(τ1, u1) ∂u2ξ(τ2, u2) (u1 − u2) (2.39)

hence the sign of ξ(τ1, u1)− ξ(τ2, u2) coincides with the sign of R(τ12;u1, u2) (u1 − u2).
In the right panel of figure 2 an example illustrates the geometrical meaning of the l.h.s.

of (2.39) when τ1 ̸= τ2 and both u1 and u2 belong to A. The blue and red solid lines within
the light grey vertical strip describe the modular evolutions whose initial points u1 and u2
are the blue and the red dots respectively. The blue and the red squares denote the generic
points along the corresponding modular evolution, at some values τ1 and τ2 of the modular
parameter respectively. The difference in the l.h.s. of (2.39) corresponds to the horizontal
dashed magenta segment, whose sign depends on the horizontal projection of the segment
connecting the two squares. In particular, it vanishes when the blue square coincides with
the blue rhombus (see the vertical dashed orange segment).

In figure 2 (where the vertical dashed grey line indicates the center of A, given by u = a+b
2 ),

the images of the two initial points in A (blue and red dots) through the map (2.12) are the
empty circles having the same colour. The corresponding modular evolutions (see the yellow
and green solid curves) are obtained from (2.7) and (2.14) and belong entirely to B. The
horizontal dashed straight lines having the same colour indicate their asymptotic values (2.9).

When u ∈ A, from (2.9) and (2.12), for later use (see (2.47)) we find it worth introducing

τA(u) ≡ τB
(

j(u)
)
= 1

2π log
(
b− u

u− a

)
= −w(u) u ∈ A (2.40)

which satisfies

ξ
(
τA(u), u

)
= a+ b

2 u ∈ A (2.41)

hence in figure 2 the value (2.40) corresponds to the intersections between the vertical dashed
grey line and the solid curves within the light grey strip.
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The derivation of the commutator (2.32) through the modular flow of the currents j± is
an instructive application of (2.35). From (2.11) with h± = 1, the modular flow of j± reads

j±(τ, u) = ∂uξ±(τ, u) j±
(
ξ±(τ, u)

)
. (2.42)

This allows to study the commutator (2.32) without employing the corresponding modular
correlators (as done in section 2.3), finding[

j±(τ1, u1) , j±(τ2, u2)
]
− = ∂u1ξ±(τ1, u1) ∂u2ξ±(τ2, u2)

[
j±
(
ξ±(τ1, u1)

)
, j±

(
ξ±(τ2, u2)

) ]
−

= ± i κ2π ∂u1ξ±(τ1, u1) ∂u2ξ±(τ2, u2) δ′
(
ξ±(τ2, u2)− ξ±(τ1, u1)

)
(2.43)

where the argument of δ′ is given by (2.35) and ξ±(τ, u) = ξ(±τ, u) (see (2.11)). The argument
of δ′ in (2.43) is the chiral distance (2.35); hence its vanishing condition can be studied
by employing (2.27) and this leads to

ξ(τ1, u)− ξ(τ2, ξ(τ12, u)) = 0 . (2.44)

This condition is the modular counterpart of the corresponding result for the standard
evolution without the bipartition of the line, where ξ(t, x) = x+ v t for some velocity v.

The expression in (2.43) can be rewritten by applying (2.31) to this case. Setting x = u2
as the independent variable, we have f(x) = ξ±(τ2, u2)− ξ±(τ1, u1) and G(x) = ∂u2ξ±(τ2, u2).
Then, (2.44) implies that f(x) has a single zero given by xj = ξ(τ12, u1). In this case it is
straightforward to realise that the expression within the round brackets multiplying the Dirac
delta in the r.h.s. of (2.31) vanishes identically, as already mentioned in section 2.3. As for
the ratio multiplying the square brackets in the r.h.s. of (2.31), its expression specialised
to this case combined with the fact that (2.7) satisfies

∂u1ξ(τ12, u1) =
∂u1ξ(τ1, u1)
∂u2ξ(τ2, u2)

∣∣∣∣
u2=ξ(τ12,u1)

(2.45)

hence (2.32) is obtained. We remark that the finiteness of ∂uξ(τ, u) (see (2.10)) is an
important assumption throughout the above analysis.

2.5 Modular trajectories

In the Minkowski spacetime M = Rx × Rt parameterised through the light-cone coordi-
nates (2.1), consider the spacetime domains DA and BA introduced at the beginning of
section 2.1.

The modular trajectory associated to a point P ∈ DA ∪BA having light-cone coordinates
(u+, u−) is the curve in DA ∪ BA made by the points P (τ) parameterised by τ ∈ R, with
light-cone coordinates obtained from (2.7) and whose spacetime coordinates are

x(τ) = ξ(τ, u+) + ξ(−τ, u−)
2 t(τ) = ξ(τ, u+)− ξ(−τ, u−)

2 (2.46)

which satisfy the initial condition P = P (τ = 0) because ξ(τ = 0, u) = u. Since ξ(τ, u) ∈ A

for u ∈ A and ξ(τ, u) ∈ B for u ∈ B, as already mentioned in section 2.1 (see figure 1), we
have that P (τ) ∈ DA when P ∈ DA and that P (τ) ∈ BA when P ∈ BA.

– 12 –



J
H
E
P
0
6
(
2
0
2
5
)
1
8
5

●●

■■

○○

□□

Figure 3. Modular trajectories (solid curves) in the diamond DA (light grey region), whose initial
points correspond to the black dot and the black square, and the corresponding modular trajectories
(dashed curves) in BA (light blue region), obtained through the geometric action of the modular
conjugation, which relates dashed and solid arcs having the same colour. The union of each modular
trajectory and of the corresponding modular trajectory obtained through the modular conjugation
map (see (2.49)–(2.50)) gives the hyperbolae (2.51)–(2.52).

The spacetime region BA is naturally partitioned as BA = WR ∪WL ∪ VF ∪ VP, where
WR =

{
(u+, u−) |u± > b

}
and WL =

{
(u+, u−) |u± < a

}
are right and left Rindler wedges

respectively, while VF =
{
(u+, u−) |u+ > b , u− < a

}
and VP =

{
(u+, u−) |u+ < a , u− > b

}
are a future and past cone respectively. The subindices R, L, F and P correspond to right,
left, future and past respectively. By employing the modular conjugation map (2.12) for
both the light-cone coordinates, it is straightforward to observe that this partition of BA
uniquely induces the partition DA = DR ∪ DL ∪ DF ∪ DP of the diamond DA made by four
smaller diamonds, where each Dk with k ∈ {R,L,F,P} is the image through the modular
conjugation map (2.12) of the subset of BA labelled by the same subindex. Each Dk contains
only one vertex of DA which is shared with the corresponding subset of BA having the same
subindex. This partition of DA is indicated by the dashed black segments in figure 3, which
intersect in the center of the diamond, whose light-cone coordinates are u+ = u− = a+b

2 .
Each modular trajectory belongs either in DA or in BA, depending on whether its initial

point is either in DA or in BA respectively, and these partitions of DA and BA naturally
induce on any modular trajectory a partition made by at most three arcs. Considering a
point P ∈ DA as initial point, the corresponding modular trajectory belongs to DA, namely
P (τ) ∈ DA for any τ ∈ R. If the modular trajectory P (τ) does not coincide with the vertical
segment at x = a+b

2 passing through the center of DA and joining its top and bottom vertices,
it is convenient to introduce the partition R = (−∞, τ<A ) ∪

[
τ<A , τ

>
A

]
∪ (τ>A ,+∞) for the

values of τ such that P (τ) ∈ DP for τ ∈ (−∞, τ<A ), P (τ) ∈ DF for τ ∈ (τ>A ,+∞) and either
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P (τ) ∈ DR or P (τ) ∈ DL for τ ∈
[
τ<A , τ

>
A

]
, depending on whether P belongs to either the

right half or the left half of the diamond DA bipartite by the vertical segment joining its top
and bottom vertices (this bipartition of DA is employed also in appendix A.2, as indicated by
the dashed brown segment in figure 16). By specifying (2.40) to the light-cone coordinates
of the initial point P , we obtain τ≷A as follows

τ<A ≡ min
{
τA(u+) ,− τA(u−)

}
τ>A ≡ max

{
τA(u+) ,− τA(u−)

}
. (2.47)

In the special case where the initial point P is on the vertical line x = a+b
2 , the

corresponding modular trajectory is a vertical segment belonging to the same line (see
the dashed brown segment in figure 16). This segment contains the center of DA and is
bipartite into two segments lying in DP and DF. In this case τA(u+) = −τA(u−) and therefore,
from (2.47), we have that τ<A = τ>A , which characterises the point where the bipartition of
the modular trajectory occurs. In figure 3, we show two modular trajectories in DA (see the
solid curves) whose initial points are indicated through the black dot and the black square.
Since these initial points do not have x = a+b

2 , the corresponding modular trajectories are
partitioned in three arcs denoted by different colours and obtained by specifying (2.47) to
the light-cone coordinates of the initial point of each modular trajectory.

Similarly, the modular trajectory with an initial point P ∈ BA entirely belongs to BA, i.e.
P (τ) ∈ BA for any τ ∈ R, and the above analysis can be adapted to this case. In particular,
if P does not belong to the vertical line at x = a+b

2 , then P (τ) has a brach either in WL or in
WR and therefore one can define the partition R = (−∞, τ<B ) ∪

[
τ<B , τ

>
B

]
∪ (τ>B ,+∞) for the

values of τ such that P (τ) ∈ VP for τ ∈ (−∞, τ<B ), P (τ) ∈ VF for τ ∈ (τ>B ,+∞), and either
P (τ) ∈ WR or P (τ) ∈ WL for τ ∈

[
τ<B , τ

>
B

]
, depending on the position of initial point P ∈ BA.

By specifying (2.9) to the light-cone coordinates of the initial point P , one introduces

τ<B ≡ min
{
τB(u+) ,− τB(u−)

}
τ>B ≡ max

{
τB(u+) ,− τB(u−)

}
(2.48)

which characterise the three infinite arcs occurring in the partition of a modular trajectory
with initial point P ∈ BA induced by the partition BA = WR ∪WL ∪ VF ∪ VP.

The modular conjugation map (2.12) sends the modular trajectory with initial point
P ∈ BA ∪ DA with light-cone coordinates (u+, u−) (see (2.46)) into the modular trajectory
whose initial point has light-cone coordinates ( j(u+) , j(u−)) and whose generic point has
spacetime coordinates (x̃(τ), t̃(τ)) for τ ∈ R given by [15]

x̃(τ) = ξ(τ, j(u+)) + ξ(−τ, j(u−))
2 =

j
(
ξ(τ, u+)

)
+ j
(
ξ(−τ, u−)

)
2 (2.49)

t̃(τ) = ξ(τ, j(u+))− ξ(−τ, j(u−))
2 =

j
(
ξ(τ, u+)

)
− j
(
ξ(−τ, u−)

)
2 (2.50)

in terms of (2.7) and (2.12). Notice that (2.14) has been employed to get the last expressions
in (2.49)–(2.50). Thus, any modular trajectory in DA (in BA) with initial point P in DA (in
BA) can be obtained either by applying the modular conjugation map to a proper original
modular trajectory in BA (in DA) or as the modular trajectory whose initial point is the
image of P through the modular conjugation map (2.12).

The initial points of the modular trajectories in BA displayed in figure 3 are marked by
the empty dot and empty square and have been found by applying the modular conjugation
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map (2.12) to the points in DA marked by the black dot and the black square respectively.
The modular trajectories corresponding to these two initial points (see the dashed curves in
figure 3) can be found either by applying the modular conjugation map (2.12) to the solid
curves in figure 3 (the arcs related through this map are indicated with the same colour)
or by specialising (2.49)–(2.50) to the initial points given by the black dot and the black
square in DA. This implies that the values of τ in (2.48) identifying the three different arcs
building a modular trajectory in BA are the same ones that determine the partition of the
corresponding modular trajectories in DA, namely τ<B = τ<A and τ>B = τ>A .

Following [15], we find it worth observing that the curve made by the union of a modular
trajectory (2.46) with initial point P (either in DA or in BA) and of the corresponding
modular trajectory (2.49)–(2.50) obtained through the modular conjugation map (2.12) is
the hyperbolae IP defined by[

x(τ)− x0
]2 − t(τ)2 = κ2

0
[
x̃(τ)− x0

]2 − t̃(τ)2 = κ2
0 (2.51)

where the parameters x0 and κ0 depend on the light-cone coordinates (u+, u−) of the initial
point P as follows

x0 ≡ u+ u− − a b

u+ + u− − (a+ b) κ0 ≡
√
(b− u+)(u+ − a) (b− u−)(u− − a)

u+ + u− − (a+ b) . (2.52)

The asymptotes of IP are t = x − x0 and t = −x+ x0. In figure 3 the two hyperbolae IP

corresponding to the black dot and the black square are displayed and their asymptotes are
the black and light grey solid straight thin lines respectively. As b → +∞, from (2.52) we
have that x0 → a and κ0 → −

√
(u+ − a) (u− − a); hence the asymptotes of the hyperbolae

coincide with the boundaries of DA and BA in this limit. In [15], only the hyperbolae IP for
initial points P at t = 0 have been considered, namely the special case u+ = u− in (2.52).

2.6 Modular properties of the K-evolution

The evolution generated by the operator K defined in (2.2), that will be called K-evolution in
the following, is well defined for any chiral field ϕ(u) with arbitrary dimension h on the entire
real line. In the following we explore the relation between the K-evolution and the modular
evolution associated with the Tomita-Takesaki modular theory for a CFT [4]. This analysis
can be carried out for the fields ϕ(u) with a single chirality propagating on a light ray or for
combinations Φ(u+, u−) of right and left movers defining quantum fields in Minkowski space.
In the former case the modular theory applies to the algebra AA of chiral fields localised in
the interval A on the light ray, while in the latter one it applies to the algebra ADA

of the
fields localised in the diamond DA. Since a fundamental ingredient of the Tomita-Takesaki
construction are the commutants A′

A and A′
DA

, it is natural to expect that the locality
properties of ϕ(u) and Φ(u+, u−) are crucial in this context.

As for the chiral fields ϕ(u) in unitary CFT, they obey either Bose or Fermi statistics
for h ∈ N or h ∈ N + 1

2 respectively, being N the set of positive integers. Accordingly,
bosonic primaries commute and fermionic primaries anti-commute for u1 ̸= u2. The graded
commutant A′

A has therefore its support in the complement B of A on the light ray (see also
the blue domain in figure 1). The primary fields with real h > 0 which is neither integer
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nor half integer, obey anyon (braid) statistics and are nonlocal. Indeed, by using (2.16) and
the following formula for distributions [28]

1
(u± iϵ)λ = θ(u)u−λ + e∓iπλ θ(−u) (−u)−λ λ /∈ N (2.53)

where λ > 0 and θ(u) is the Heaviside step function, we find the following mean value
for the commutator

〈[
ϕ∗±(u1,±) , ϕ±(u2,±)

]
−
〉
= ∓ i sin(πh)

π

[
θ(u12,±)
u2h

12,±
− θ(−u12,±)

(−u12,±)2h

]
. (2.54)

Accordingly, the commutator of anyons does not vanish on the whole line. Hence, for
the anyon field ϕ± ∈ AA, one has that ϕ± /∈ A′

A. Such asymmetry between AA and A′
A

makes the application of the Tomita-Takesaki theory to anyons problematic. For this reason
the quantum entanglement features of anyon excitations are usually studied in the reduced
density matrix approach [29, 30], where the commutant is not employed.

Summarising, at the chiral level the modular theory applies only for primaries with
h ∈ N and h ∈ N + 1

2 [21].
In Minkowski space M, the situation is more complicated. The primary fields Φ(u+, u−)

stemming from bosonic or fermionic primaries are local, as expected. The corresponding
commutators and anti-commutators have the additional property that their support belongs
to the light-cone u+u− = 0. Therefore the graded commutant A′

DA
associated to these

fields is localized in BA = WR ∪ WL ∪ VF ∪ VP (see the blue domain in figure 3) and the
K-evolution agrees with the modular evolution.

However, in Minkowski space this is not the whole story. Indeed, in addition to the
local fields generated by bosonic and fermionic primaries, in M there are local fields which
originate from nonlocal chiral fields. A simple example is the tensor product

Φ(u+, u−) = ϕ+(u+)⊗ ϕ−(u−) h+ = h− ≡ h h ̸= k

2 k ∈ N . (2.55)

In order to explore the spacetime support of the commutator of the field (2.55), it is
instructive to study its mean value〈 [

Φ∗(u1,+, u1,−) , Φ(u2,+, u2,−)
]
−
〉
= ⟨ϕ∗+(u1,+)ϕ+(u2,+) ⟩ ⟨ϕ∗−(u1,−)ϕ−(u2,−) ⟩ (2.56)

−⟨ϕ+(u2,+)ϕ∗+(u1,+) ⟩ ⟨ϕ−(u2,−)ϕ∗−(u1,−) ⟩ .

By employing the familiar expression (2.16) for the correlators and (2.53), one finds

〈 [
Φ∗(u1,+, u1,−) , Φ(u2,+, u2,−)

]
−
〉
= sin(2πh)

2π i
θ(u12,+) θ(−u12,−)− θ(−u12,+) θ(u12,−)(

− u12,+ u12,−
)2h

= sin(2πh)
4π i

ε(u12,+) + ε(−u12,−)(
− u12,+ u12,−

)2h (2.57)

where ε(u) is the sign function. In terms of the spacetime variables, this commutator reads

〈[
Φ∗(x1+t1, x1−t1) , Φ(x2+t2, x2−t2)

]
−
〉
= sin(2πh)

4πi
ε(t12 − x12) + ε(t12 + x12)(

t212 − x2
12
)2h . (2.58)
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Finally, by applying the identity

ε(t− x) + ε(t+ x)
2 = ε(t) θ

(
t2 − x2) (2.59)

the commutator (2.58) can be written as follows

〈[
Φ∗(x1 + t1, x1 − t1) , Φ(x2 + t2, x2 − t2)

]
−
〉
= sin(2πh)

2πi
ε(t12) θ

(
t212 − x2

12
)(

t212 − x2
12
)2h (2.60)

where the r.h.s. is antisymmetric under the exchange 1 ↔ 2 and, consistently with locality,
vanishes at spacelike distances. The result (2.60) implies that the commutator of Φ(u+, u−)
has a non vanishing support in the past and future cones given by VP and VF respectively.
Since the mean value of this commutator is preserved by a unitary evolution, in this case the
modular evolution outside DA remains localised in WL ∪WR and does not involve VP ∪VF, in
contrast with the modular trajectories outside DA discussed in section 2.5. Consequently,
the modular evolution of the local fields defined in (2.55) differs from their K-evolution.
Understanding the geometric action of the modular evolution of the local fields in (2.55)
in WL ∪ WR still represents an open problem to our knowledge. A first attempt in this
direction is discussed in appendix A.2, where non conformal maps sending DA onto WR ∪WL

in a bijective way are constructed.

2.7 Spacetime distance along the modular trajectories

The CFT that we are exploring is a relativistic theory in the two-dimensional Minkowski
spacetime; hence causality between two events is ruled by the sign of their spacetime distance.
In the following we study the Lorentzian spacetime distance between two events as they
evolve along two different modular trajectories.

Consider the Given two points (events) P1 and P2 in DA ∪ BA, consider the Lorentzian
spacetime distance d(P1, P2) separating them and also the modular trajectories having these
points as initial points. Moving along these two modular trajectories, after the same value of
τ we arrive to the points P1(τ) and P2(τ), whose spacetime distance d

(
P1(τ), P2(τ)

)
is

d
(
P1(τ), P2(τ)

)
≡ −t12(τ)2 + x12(τ)2 (2.61)
=
[
ξ(τ, u1,+)− ξ(τ, u2,+)

][
ξ(−τ, u1,−)− ξ(−τ, u2,−)

]
i.e. the product of the chiral distances along the two chiral directions, discussed in section 2.4.
Thus, by employing (2.38), the spacetime distance (2.61) can be written as

d
(
P1(τ), P2(τ)

)
= ω(τ ;P1, P2) d(P1, P2) (2.62)

where ω(τ ;P1, P2) can be written in terms of q(τ, u) introduced in (2.10) as follows

ω(τ ;P1, P2) ≡ q(τ, u1,+) q(−τ, u1,−) q(τ, u2,+) q(−τ, u2,−) . (2.63)

Since q(0, u) = 1, we have that ω(τ = 0;P1, P2) = 1; hence the initial condition on (2.62)
is satisfied, as expected.

– 17 –



J
H
E
P
0
6
(
2
0
2
5
)
1
8
5

In the limit b → +∞, the diamond DA becomes the right Rindler wedge, while WL

remains the left Rindler wedge. In this regime, q(τ, u) → eπτ and therefore (2.63) simplifies to

lim
b→+∞

ω(τ ;P1, P2) = 1 . (2.64)

This result is expected because the modular evolution is a Lorentz boost in the Rindler wedge,
which is an isometry of the Lorentzian spacetime distance. Hence, causality is preserved
along the modular evolution in this limiting regime. A recent related analysis based on
the result of [31] can be found [32].

Causality along the modular evolution can be studied by considering the sign of the
spacetime distance d

(
P1(τ), P2(τ)

)
with respect to the sign of the spacetime distance d(P1, P2)

as τ ∈ R. From (2.62), this means to explore the sign of (2.63).
First we observe that, given a pair of lightlike separated initial points P1 and P2 in

DA∪BA, from (2.62), their modular evolutions P1(τ) and P2(τ) remain lightlike separated for
all values τ ∈ R. Hereafter we can focus on initial points P1 and P2 that are either timelike or
spacelike separated, unless stated otherwise. For any pair of points P1 and P2 providing the
initial points of two different modular trajectories, three possible cases occur: both the points
belong to DA, one point is in DA while the other one belongs to BA and both the points
are in BA. In each panel of figure 4 we show three modular trajectories whose initial points
correspond to the dots while the filled squares of the same colour indicate their corresponding
modular evolution after an assigned (positive) value of the modular parameter τ (the same
one for all the initial points). In the left panel, all the initial points belong to DA, while in
the right panel only one initial point belongs to DA. In the left panel of figure 4, the initial
points represent all the three possible types of spacetime distance (spacelike, timelike and
lightlike). In the following we argue that the relativistic causality is preserved for any τ ∈ R
only when both P1 and P2 belong to DA, while in the other two cases the modular evolution
does not preserve the relativistic causality for any τ ∈ R because a non empty domain of
τ occurs where d

(
P1(τ), P2(τ)

)
and d(P1, P2) have opposite signs.

Let us first remind that, from (2.10), we have q(τ, u) > 0 for u ∈ A, while q(τ, u) does
not have a defined sign for u ∈ B (indeed, it vanishes at τ = τB(u) defined in (2.9)).

When both P1 and P2 are in DA (see e.g. a pair of curves in the left panel of figure 4),
all the fours factors in the r.h.s. of (2.63) are separately positive for any τ ∈ R; hence
ω(τ ;P1, P2) > 0 for any τ ∈ R and therefore relativistic causality is preserved along this
modular evolution. This can be found also by observing that the modular trajectory (2.46) in
DA can be written as a composition of non-singular global conformal transformations [11–13]
(see also the text below (2.7)).

When an initial point P1 (with coordinates (u+, u−)) belongs to DA and the other one P2
(with coordinates (v+, v−)) to BA (see the right panel of figure 4), the sign of d

(
P1(τ), P2(τ)

)
and the sign of the initial distance d(P1, P2) are not the same for any value of τ ∈ R. Indeed,
from (2.62)–(2.63), one oberves that in the r.h.s. of (2.63) we have that q(τ, u+) q(−τ, u−) > 0
for any value of τ ∈ R, while the sign of the remaining factor q(τ, v+) q(−τ, v−) changes at
τ = τB(v+) and τ = τB(v−). Hence, starting from the initial points and evolving along either
τ > 0 or τ < 0, the sign of d

(
P1(τ), P2(τ)

)
changes with respect to the sign of d(P1, P2)

whenever the point in BA moves from a subset of the partition BA = WR ∪WL ∪ VF ∪ VP
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Figure 4. Spacetime distances along the modular evolution either for two events in DA (left panel)
or for one event in DA and the other one in BA (right panel).
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Figure 5. Spacetime distances along the modular evolution for two events in BA.

to a different one. Also in the right panel of figure 4, where the same notation employed
in the left panel of the same figure has been adopted, the initial points represent a case of
either spacelike (red and blue dots) or timelike (red and green dots) or lightlike (blue and
green dots) spacetime distance. Moreover, the choice of the value of τ providing the positions
of the three squares in the right panel of figure 4 is such that d

(
P1(τ), P2(τ)

)
and d(P1, P2)

have opposite signs for the cases of spacelike and timelike distance.
In each panel of figure 5 we show three distinct modular trajectories with initial points in

BA, adopting the same notation employed in figure 4. Given two points P1 and P2 in BA, the
sign of d

(
P1(τ), P2(τ)

)
and the sign of the initial distance d(P1, P2) do not coincide for all

τ ∈ R because all the four factors in the r.h.s. of (2.63) do not have a definite sign. In the left
panel of figure 5 the choice of the initial points covers all the three possible kinds of spacetime
distance, while in the right panel of the same figure all the initial points are spacelike separated.
The choice of τ in both panels of figure 5 displays the fact that d

(
P1(τ), P2(τ)

)
changes sign

with respect to d(P1, P2) whenever one of the two points changes domain among the subsets
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providing the partition BA = WR ∪WL ∪ VF ∪ VP. Thus, relativistic causality is preserved as
long as P1(τ) and P2(τ) at τ ̸= 0 remain in the same domain of P1 and P2 respectively.

The analytic continuation of (2.62) to τ = ±i/2 provides a relation involving the spacetime
distance between P1 and P2 in DA ∪ BA and the one between the corresponding events P1, j
and P2, j in DA ∪ BA, obtained through the modular conjugation map (2.12) for both the
light-cone coordinates. In terms of (2.63), this relation reads

d(P1, j , P2, j) = ω(±i/2 ;P1, P2) d(P1, P2) (2.65)

where

ω(±i/2 ;P1, P2) =
(
b− a

2

)4 1[(
u1,+ − a+b

2
)(
u1,− − a+b

2
)] [(

u2,+ − a+b
2
)(
u2,− − a+b

2
)] . (2.66)

The limit b → +∞ of (2.65) provides also a consistency check between (2.12) and (2.62).
Indeed, for (2.66) in this limit we find ω(±i/2 ;P1, P2) → 1; hence the modular conjugation
becomes an isometry, as expected from the fact that the geometric action of the modular
conjugation when the subsystem A is half line is simply given by the reflection with respect
to the entangling point.

The most general case to explore is the spacetime distance between two points P1(τ1)
and P2(τ2) evolving independently along two assigned modular trajectories whose initial
points are P1 and P2 respectively. This spacetime distance can be obtained from the chiral
distance discussed in section 2.4; indeed

d
(
P1(τ1), P2(τ2)

)
≡ −

[
t1(τ1)− t2(τ2)

]2 + [x1(τ1)− x2(τ2)
]2 (2.67)

=
[
ξ(τ1, u1,+)− ξ(τ2, u2,+)

][
ξ(−τ1, u1,−)− ξ(−τ2, u2,−)

]
. (2.68)

By employing (2.35), this spacetime distance can be written as

d
(
P1(τ1), P2(τ2)

)
= Ω(τ1, τ2;P1, P2) d(P1, P2) (2.69)

where Ω(τ1, τ2;P1, P2) is defined in terms of (2.10) and (2.18) as follows

Ω(τ1, τ2;P1, P2) ≡ R(τ12;u1,+, u2,+)R(−τ12;u1,−, u2,−) (2.70)
× q(τ1, u1,+) q(−τ1, u1,−) q(τ2, u2,+) q(−τ2, u2,−) .

When τ1 = τ2 ≡ τ , since R(0;u1, u2) = 1 for u1 ̸= u2 identically, (2.70) simplifies to (2.63)
and therefore (2.62) is recovered from (2.69) in this limiting regime, as expected.

In the Rindler wedge limit b→ +∞, from (2.10) and (2.28) we find that (2.70) becomes

lim
b→+∞

Ω(τ1, τ2;P1,P2) =
(u1,+−a) eπτ12 −(u2,+−a) e−πτ12

u1,+−u2,+

(u1,−−a) e−πτ12 −(u2,−−a) eπτ12

u1,−−u2,−
(2.71)

where in the denominator of the r.h.s. we recognise the distance d(P1, P2).
When the initial points P1 and P2 are lightlike separated, by employing (2.37) in (2.68)

along the chiral direction that makes the distance d(P1, P2) vanishing, one finds that
d
(
P1(τ1), P2(τ2)

)
is non vanishing when τ12 ̸= 0.
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Figure 6. Spacetime distances (see (2.69)) between a reference point in DA (black dot in the left
panel and black square in the right panel) and a point moving along a modular trajectory in DA

(either the red or the blue solid curve). In the left panel the reference point is fixed, while in the right
panel it moves along a modular trajectory (solid black curve). The green and cyan points are obtained
from (2.72)–(2.73).

When the both the initial points P1 and P2 are in DA, since q(τ, u) > 0 for u ∈ A,
from (2.69)–(2.70) it is straightforward to realise that the sign of d

(
P1(τ1), P2(τ2)

)
/d(P1, P2) is

given by the sign of R(τ12;u1,+, u2,+)R(−τ12;u1,−, u2,−). Then, since R(τ̃0;u1, u2) = 0 for τ̃0
defined in (2.25), we conclude that d

(
P1(τ1), P2(τ2)

)
/d(P1, P2) changes sign at τ12 ∈ {τ< , τ>},

where the finite values τ< < τ> are defined as follows

τ< ≡ min
{
τ̃0(u1,+, u2,+) ,−τ̃0(u1,−, u2,−))

}
(2.72)

τ> ≡ max
{
τ̃0(u1,+, u2,+) ,−τ̃0(u1,−, u2,−))

}
. (2.73)

In both the panels of figure 6, the initial points are denoted by dots and the corresponding
modular trajectories (2.46) by solid lines having the same colour. In the left panel of figure 6
we consider the case where a point, e.g. P1, is kept fixed (see the black dot), while the other
one moves along a modular trajectory (either the red or the blue solid line). In this case, the
ratio d

(
P1, P2(τ2)

)
/d(P1, P2) changes sign when τ2 = τ< and τ2 = τ> given by (2.72)–(2.73).

The points P2(τ<) and P2(τ>) are denoted by the cyan and green marker respectively.
In the right panel of figure 6, by adopting the notation of the left panel, we employ (2.69)

to study the spacetime distance between two points P1(τ1) and P2(τ2) moving along two
distinct modular trajectories. Consider e.g. the black and red modular trajectories as a generic
pair of modular trajectories; hence P1 and P2 are the black and the red dot respectively. The
points P1(τ1) and P2(τ2) for some τ1 ̸= 0 and τ2 ̸= 0 correspond to the black and the red
square respectively. For a given value of τ1 corresponding to the black square, the expressions
in (2.72)–(2.73) provide the values of the modular evolution parameters τ2 corresponding
to the green and the cyan points on the red solid curve, where d

(
P1(τ1), P2(τ2)

)
/d(P1, P2)

changes its sign. It is straightforward to adapt this procedure also to the red square, finding
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through (2.72)–(2.73) the values of the modular parameter corresponding to the magenta
and yellow points on the black curve, where d

(
P1(τ1), P2(τ2)

)
/d(P1, P2) changes its sign.

These changes of sign occur where the Dirac delta functions in the commutators obtained
by applying (2.34) in both the chiral directions are non vanishing.

It is insightful to observe that the expressions discussed above for the spacetime distance
along the modular trajectories allow to discuss an interesting geometrical property of the
hyperbola IP in (2.51)–(2.52), describing the modular trajectories. Consider the points Pa
and Pb with light-cone coordinates (u+, u−) = (a, a) and (u+, u−) = (b, b) respectively, that
are associated to the entangling points of DA and do not move under the modular evolution.
For a generic point on the hyperbola IP , the ratio between its spacetime distances from Pa
and Pb is independent of τ . Indeed, from (2.69) we find that

d
(
P (τ), Pa

)
d
(
P (τ), Pb

) =
d
(
P j(τ), Pa

)
d
(
P j(τ), Pb

) = (u+ − a) (u− − a)
(b− u+) (b− u−)

=
(

j(u+)− a
) (

j(u−)− a
)(

b− j(u+)
) (
b− j(u−)

) (2.74)

where P j(τ) is obtained from P (τ), by applying the modular conjugation map (2.12) to
both the light-cone coordinates. The relations in (2.74) imply that IP is a hyperbola of
Apollonius, namely the Lorentzian counterpart of the circle of Apollonius, defined through
the corresponding property in the Euclidean signature, as discussed below, in section 2.8.

2.8 Distance along a modular trajectories in Euclidean signature

We find it worth providing a brief discussion about the counterpart of some results described
above in Euclidean signature. In this setup, while the spatial direction parameterised by
x ∈ R is bipartite as A ∪ B with A = [a, b] like in the previous analyses, the diamond DA

cannot be defined anymore and the spacetime distances are always positive.
In Euclidean signature, the geometric action of the modular evolution has been explored

e.g. in [15, 17] and, for a two-dimensional CFT in its ground state and on the line bipartite
by the interval A, the modular trajectories are described by the following complex function

ξE(θ, p) ≡
(b− p) a+ (p− a) b eiθ

(b− p) + (p− a) eiθ (2.75)

where p ∈ A corresponds to the initial point and the angle θ ∈ [0, 2π) is the modular evolution
parameter. The expression (2.75) can be obtained from (2.7), by replacing 2πτ with iθ. The
entangling points do not evolve as expected; indeed, from (2.75), we have that ξE(θ, a) = a

and ξE(θ, b) = b for any θ.
Considering the real and the imaginary part of (2.75), one finds that the modular

trajectories are given by the following circles(
Re
[
ξE(θ, p)

]
− p2 − a b

2 p− (a+ b)

)2

+
(
Im
[
ξE(θ, p)

])2
=
((b− p)(p− a)

2 p− (a+ b)

)2
(2.76)

which provide the Euclidean counterpart CP to the hyperbolae IP in (2.51)–(2.52). Indeed
the center and the radius of CP coincide with the corresponding parameters for IP when
its initial point P has u+ = u− ≡ p, i.e. (x, t) = (p, 0).
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Figure 7. Euclidean modular evolutions in the complex plane, that are described by arcs of circles of
Apollonius.

In figure 7 we consider the complex plane where the horizontal line is the spatial direction
bipartite by the interval A (red segment) and its complements (blue half lines), showing three
distinct modular evolutions whose initial points correspond to the coloured dots in A. These
modular evolutions are circular arcs belonging to the corresponding modular trajectories in
Euclidean signature and they have been obtained from (2.75), or equivalently from (2.76), for
θ ∈ [0, θ0], where the ending point P (θ0) is marked by a filled square having the same colour.

The complex function (2.75) satisfies the following differential equations

∂θξE(θ, p) =
i
2π V (ξE) ∂pξE(θ, p) =

V (ξE)
V (p) = qE(θ, p)2 (2.77)

in terms of (2.3), which are the Euclidean counterparts of the differential equations in (2.8);
indeed we have introduced

qE(θ, p) ≡
b− a

(b− p) e−iθ/2 + (p− a) eiθ/2 (2.78)

which corresponds to (2.10) with πτ replaced by iθ/2 and whose complex conjugate is
qE(−θ, p). Notice that, while in Euclidean signature the modular trajectories are closed curves
in the complex plane, in Minkowski space they are open arcs of hyperbola either in DA or
in BA, connecting the top and bottom vertices of DA.

Given two distinct modular trajectories with initial points p1 and p2 in A, the Euclidean
distance between the points P1(θ1) and P2(θ2) along these curves can be expressed in terms
of (2.75), finding

dE
(
P1(θ1), P2(θ2)

)
≡
∣∣ ξE(θ1, p1)− ξE(θ2, p2)

∣∣2 (2.79)

which is the Euclidean counterpart of (2.67). This Euclidean distance can be rewritten as

dE
(
P1(θ1), P2(θ2)

)
= ΩE(θ1, θ2; p1, p2) (p1 − p2)2 (2.80)

where we have introduced

ΩE(θ1, θ2; p1, p2) ≡ RE(θ12; p1, p2)RE(−θ12; p1, p2) (2.81)
× qE(θ1, p1) qE(−θ1, p1) qE(θ2, p2) qE(−θ2, p2)
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in terms of θ12 ≡ θ1 − θ2 and of the function RE(θ; p1, p2) defined as

RE(θ; p1, p2) ≡
e2πw(p1)+iθ/2 − e2πw(p2)−iθ/2

e2πw(p1) − e2πw(p2) . (2.82)

Notice that (2.80) and (2.81) are the Euclidean counterparts of (2.69) and (2.70) respectively.
Moreover, the expression (2.82), which can be obtained from its Lorentzian counterpart (2.18)
by replacing πτ with iθ/2, satisfies |RE(θ; p1, p2)|2 = RE(θ; p1, p2)RE(−θ; p1, p2). The crucial
difference between (2.18) and (2.82) is that RE(θ; p1, p2) never vanishes; indeed, the equation
RE(θ; p1, p2) = 0 is solved by eiθ = e2πw(p2)−2πw(p1) = (p2−a)(b−p1)

(b−p2)(p1−a) , which does not have
solutions for θ ∈ R when p1 ̸= p2.

The circles defined by (2.76) are circles of Apollonius. Indeed, denoting by Pa and Pb
the points having z = a and z = b respectively in the complex plane parameterised by the
complex coordinate z (which correspond to the entangling points of the bipartition of the
spatial direction parameterised by x introduced at the beginning of this subsection), the ratio
of their distances from the generic point of the circle (2.76) is independent of θ and reads

dE
(
P (θ), Pa

)
dE
(
P (θ), Pb

) =
(
p− a

p− b

)2
. (2.83)

This result can be found from (2.79) (or equivalently from (2.80)) by using that Pa and Pb
do not evolve, as already remarked above, and correspond to the counterpart in Euclidean
signature of the observation made in the final paragraph of section 2.7 (see (2.74)) for the
Minkowski spacetime.

3 Interval in the line, thermal state

In this section we extend the results reported in section 2 about the spacetime distance
between two events belonging to different modular trajectories to the case where the CFT
is in a thermal state characterised by different temperatures for the right and left moving
excitations. For the sake of simplicity, we focus only on the modular trajectories in DA.

3.1 Chiral distance along the modular evolutions

We are interested in a chiral CFT on the line and in the thermal state at finite inverse
temperature β. Consider the bipartition of the line given by the finite interval A = [a, b] ⊂ R
and its complement B. The modular Hamiltonian of A reads [16, 17]

KA =
∫ b

a
Vβ(u)T (u) du (3.1)

where the weight function multiplying the chiral component of the energy density reads

Vβ(u) = 2β sinh[π(b− u)/β] sinh[π(u− a)/β]
sinh[π(b− a)/β] = 1

w′
β(u)

(3.2)

being wβ(u) defined as follows

wβ(u) ≡
1
2π log

(
−sinh[π(u− a)/β]
sinh[π(u− b)/β]

)
u ∈ A (3.3)
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Figure 8. Modular evolutions along the chiral direction in the plane (ξ, τ), given by (3.5). The
dashed blue line indicates the zero temperature case (see the solid red line in figure 1), while the
dashed dark yellow line and the solid red line correspond to increasing values of temperature.

which becomes (2.4) in the zero temperature limit β → +∞, as expected.
By adopting the notation introduced in section 2.1, the modular evolution of a chiral

primary generated by (3.1) reads (see e.g. [33])

ϕ(τ, u) ≡ eiτKA ϕ(u) e−iτKA =
[
∂uξβ(τ, u)

]h
ϕ
(
ξβ(τ, u)

)
(3.4)

where
ξβ(τ, u) ≡ w−1

β

(
wβ(u) + τ

)
= β

2π log
(eπ(b+a)/β + e2πb/β e2πwβ(u)+2πτ

eπ(b−a)/β + e2πwβ(u)+2πτ

)
(3.5)

which satisfies the initial condition ξβ(τ = 0, u) = u and also

∂τξβ(τ, u) = Vβ(ξ) ∂uξβ(τ, u) =
Vβ(ξ)
Vβ(u)

(3.6)

Notice that ξβ(τ, u) ∈ A for any τ ∈ R when u ∈ A.
In figure 8, by adopting the same notation of figure 1, we show three examples of chiral

modular evolutions given by (3.5) in the plane parameterised by (ξ, τ ) having the same initial
point (see the black dot) and different temperatures (the dashed blue curve and the solid
red correspond to zero and the highest temperature respectively). In the regime of high
temperature, the curve (3.5) becomes a straight segment in the internal part of A.

The two-point function of the chiral primary fields ϕ± at finite temperature read

⟨ϕ∗±(u1)ϕ±(u2)⟩β
= ⟨ϕ±(u1)ϕ∗±(u2)⟩β

= e∓iπh±

2π
[β
π sinh

(
π
β (u1 − u2 ∓ iε)

)]2h± (3.7)

where h± are the conformal dimensions. In the zero temperature limit β → +∞, the
expression (3.7) becomes (2.16), as expected. From (3.4) and (3.7), one finds that the
modular two-point functions of the chiral primary fields ϕ± at finite temperature are [33]

⟨ϕ∗±(τ1, u1)ϕ±(τ2, u2)⟩β
= e∓iπh±

2π Wβ,±(±τ12;u1, u2)2h± (3.8)
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in terms of the distributions defined as follows

Wβ,±(τ ;u1, u2) ≡
e2πwβ(u1) − e2πwβ(u2)

β
π sinh

[
π
β (u1 − u2)

] 1
e2πwβ(u1)+πτ − e2πwβ(u2)−πτ ∓ iε

(3.9)

that simplify to (2.21) in the zero temperature limit, as expected.
In order to adapt the steps discussed in section 2.2 to this finite temperature case,

from (3.8) we find it worth introducing

Wβ(τ12;u1, u2) ≡
1

β
π sinh

[
π
β (u1 − u2)

]
Rβ(τ12;u1, u2)

(3.10)

where
Rβ(τ ;u1, u2) ≡

e2πwβ(u1)+πτ − e2πwβ(u2)−πτ

e2πwβ(u1) − e2πwβ(u2) (3.11)

in terms of (3.3), which is well defined for u1 ̸= u2 and satisfies R(0;u1, u2) = 1 identically.
The function Rβ(τ ;u1, u2) in (3.11) is not jointly continuous because its limits τ → 0 and
u2 → u1 do not commute. In the zero temperature limit, (3.10) and (3.11) become (2.17)
and (2.18) respectively, as expected. When u1 ̸= u2, the function in (3.11) vanishes at the
finite value τ = τ̃β,0(u1, u2) given by

τ̃β,0(u1, u2) ≡ wβ(u2)− wβ(u1) (3.12)

and such vanishing condition is equivalent to

u2 = ξβ(τ̃β,0 , u1) u1 = ξβ(−τ̃β,0 , u2) . (3.13)

We also find that (3.5) and (3.11) satisfy

Rβ

(
τ ;u, ξβ(τ, u)

)
= 0 . (3.14)

In the limit b→ +∞, when A becomes the half line (a,+∞), the function (3.11) simplifies to

lim
b→+∞

Rβ(τ ;u1, u2) =
eπτ eπ(u1−a)/β sinh[π(u1 − a)/β]− e−πτ eπ(u2−a)/β sinh[π(u2 − a)/β]

eπ(u1+u2−2a)/β sinh[π(u1 − u2)/β]
(3.15)

that becomes (2.28) in the zero temperature limit, as expected.
The previous results allow to explore the chiral distance ξβ(τ1, u1)− ξβ(τ2, u2), extending

to finite temperature the zero temperature analysis reported in section 2.4. First we observe
that, when τ12 ̸= 0 and u1 ̸= u2, the expressions in (3.5) and (3.10) satisfy

∂u1ξβ(τ1, u1) ∂u2ξβ(τ2, u2){β
π sinh

[
π
β

(
ξβ(τ1, u1)− ξβ(τ2, u2)

)]}2 =Wβ(τ12;u1, u2)2 (3.16)

which leads to

sinh
[
π
β

(
ξβ(τ1, u1)−ξβ(τ2, u2)

)]
= Rβ(τ12;u1, u2)

√
∂u1ξβ(τ1, u1) ∂u2ξβ(τ2, u2) sinh[πβ (u1−u2)

]
(3.17)
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where (3.11) occurs. The relation (3.17), which becomes (2.39) in the zero temperature limit
as expected, provides the chiral distance at finite temperature

ξβ(τ1, u1)− ξβ(τ2, u2) = Fβ(τ1, τ2;u1, u2)
(
u1 − u2

)
(3.18)

where

Fβ(τ1, τ2;u1, u2) ≡
arcsinh

(
Rβ(τ12;u1, u2)

√
∂u1ξβ(τ1, u1) ∂u2ξβ(τ2, u2) sinh[πβ (u1 − u2)

])
π
β (u1 − u2)

.

(3.19)
It is worth considering (3.17) in the limiting regimes where either τ1 = τ2 or u1 = u2.

When τ1 = τ2 ≡ τ , since R(0;u1, u2) = 1, the relation (3.17) simplifies to

sinh
[
π
β

(
ξβ(τ, u1)− ξβ(τ, u2)

)]
=
√
∂u1ξβ(τ, u1) ∂u2ξβ(τ, u2) sinh[πβ (u1 − u2)

]
(3.20)

which vanishes as u1 = u2 and whose zero temperature limit provides (2.38), as expected. By
employing R(0;u1, u2) = 1, one gets Fβ(τ, τ ;u1, u2) and the resulting expression does not
take a factorised form, like in the zero temperature limit (see (2.38)).

In order to explore the limit of (3.17) when u1 = u2, we first notice that for (3.11) we have

lim
v→u

Rβ(τ ;u, v)
sinh[π(u− v)/β]

π/β
= sinh(πτ)
π w′

β(u)
(3.21)

which gives (2.36) at zero temperature. Hence, for u1 = u2 ≡ u the relation (3.17) becomes

sinh
[
π
β

(
ξβ(τ1, u)− ξβ(τ2, u)

)]
= 1
β

√
∂u1ξβ(τ1, u) ∂u2ξβ(τ2, u) Vβ(u) sinh(πτ12) (3.22)

which vanishes for τ1 = τ2, as expected.

3.2 Modular trajectories and spacetime distance between their points

In the setup that we are considering throughout this section, the generic point of a modular
trajectories in DA has spacetime coordinates

(
x(τ), t(τ)

)
given by

x(τ) =
ξβ+(τ, u+) + ξβ−(−τ, u−)

2 t(τ) =
ξβ+(τ, u+)− ξβ−(−τ, u−)

2 (3.23)

in terms of (3.5), where τ ∈ R and (u+, u−) are the light-cone coordinates of the initial point.
In figure 9 three distinct modular trajectories are shown whose initial points are denoted

by dots, according to the notation adopted in the previous figures for either β+ = β− (left
panel) or β+ < β− (right panel). In order to highlight the deformation of a modular trajectory
induced by a non vanishing temperature, in the left panel of figure 9 we show through dashed
curves also the modular trajectories at zero temperature having the same initial points (see
also the curves in DA in figure 3 or in the left panel of figure 4). At non vanishing finite
temperature, the modular trajectories become vertical in the central part of DA and this effect
is more evident as the temperature increases, as already observed in [34], where the modular
trajectories in the limit b→ +∞ have been considered. The right panel of figure 9 illustrates
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Figure 9. Modular trajectories (solid lines) for either β+ = β− (left panel) or β+ < β− (right panel).
The dashed curves in the left panel are the modular trajectories at zero temperature having the same
initial points (see also the solid lines in figure 3).

the characteristic behaviour of the modular trajectories when β+ < β− (it is straightforward
to figure out the qualitative behaviour of the modular trajectories when β+ > β−).

By adopting the same notation of section 2.7, let us consider two distinct modular
trajectories in DA with initial points P1 and P2. The spacetime distance d

(
P1(τ), P2(τ)

)
between the modular evolutions P1(τ) and P2(τ) of the initial points along the corresponding
modular trajectories after the same value of the modular parameter τ reads

d
(
P1(τ), P2(τ)

)
≡ −t12(τ)2 + x12(τ)2 (3.24)
=
[
ξβ+(τ, u1,+)− ξβ+(τ, u2,+)

][
ξβ−(−τ, u1,−)− ξβ−(−τ, u2,−)

]
. (3.25)

By employing (3.18) in each chiral direction, this spacetime distance can be written as follows

dβ

(
P1(τ), P2(τ)

)
= ωβ(τ ;P1, P2) d(P1, P2) (3.26)

where d(P1, P2) = u12,+ u12,− is the spacetime distance between the initial points P1 and P2,
that is independent of the temperatures β ≡ (β+, β−) and ωβ(τ ;P1, P2) is defined as

ωβ(τ ;P1, P2) ≡ Fβ+(τ, τ ;u1,+, u2,+)Fβ−(τ, τ ;u1,−, u2,−) (3.27)

in terms of (3.19), which takes the factorised form (2.63) in the limiting regime of zero
temperatures, i.e. as β± → +∞.

The most important feature to highlight about (3.24)–(3.26) is that relativistic causality
is preserved along the modular evolution for any values of the inverse temperatures β− and
β+. This fact can be easily realised already from (3.20) and (3.24), by employing the fact
that x and sinh(x) have the same sign, and is illustrated in figure 9, where the coloured
squares indicate the modular evolutions of the corresponding dot having the same colour
after the same value of the modular parameter. The choice of the initial points in each

– 28 –



J
H
E
P
0
6
(
2
0
2
5
)
1
8
5

●●

■■

■■

●●

●●

◆◆

◆◆

◆◆

◆◆

◆◆

◆◆

◆◆

◆◆

●●

●●

●●

◆◆

◆◆

◆◆

◆◆

Figure 10. Spacetime distances for β+ < β− (see (3.30)) between a reference point (black dot in the
left panel and black square in the right panel) and a point moving along a modular trajectory in DA

(either the red or the blue solid curve).

panel of figure 9 is such that an example is shown for each type of spacetime distance (i.e.
timelike, spacelike and lightlike).

The most general case corresponds to the spacetime distance between P1(τ1) and P2(τ2)
associated to two different values τ1 and τ2 of the modular parameter along the corresponding
modular trajectories. This distance reads

dβ

(
P1(τ1), P2(τ2)

)
≡ −

[
t1(τ1)− t2(τ2)

]2 + [x1(τ1)− x2(τ2)
]2 (3.28)

=
[
ξβ+(τ1, u1,+)− ξβ+(τ2, u2,+)

][
ξβ−(−τ1, u1,−)− ξβ−(−τ2, u2,−)

]
. (3.29)

By employing (3.18) for both the chiral distances, this distance can be written as follows

dβ

(
P1(τ1), P2(τ2)

)
= Ωβ(τ1, τ2;P1, P2) d(P1, P2) (3.30)

where we have introduced

Ωβ(τ1, τ2;P1, P2) ≡ Fβ+(τ1, τ2;u1,+, u2,+)Fβ−(τ1, τ2;u1,−, u2,−) (3.31)

which becomes (3.27) when τ1 = τ2, as expected.
Extending the analysis reported in section 2.7 for the ground state to this finite tem-

perature case, we find that dβ

(
P1(τ1), P2(τ2)

)
/d(P1, P2) changes sign at τ12 ∈ {τβ,< , τβ,>},

where the values τβ,< < τβ,> are defined in terms of (3.12) as follows

τβ,< ≡ min
{
τ̃β+,0(u1,+, u2,+) ,−τ̃β−,0(u1,−, u2,−))

}
(3.32)

τβ,> ≡ max
{
τ̃β+,0(u1,+, u2,+) ,−τ̃β−,0(u1,−, u2,−))

}
. (3.33)

In figure 10 we show some explicit cases to explore the sign of dβ

(
P1(τ1), P2(τ2)

)
/d(P1, P2),

as done in figure 6 at zero temperature, by adopting the same notation. Comparing these
two figures, we observe that the same properties discussed for figure 6 at zero temperature
hold also at finite temperature for figure 10, at least at qualitative level.
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4 Dirac field in the vacuum: two disjoint intervals in the line

In this section we consider the free massless Dirac field (a prototypical example of two-
dimensional CFT with central charge c = 1) on the line in its ground state. The free massless
Dirac field is a doublet made by two chiral complex fields ψ±(u±). While in section 2 and
section 3 the bipartition of the line is given by a finite interval, in the following the bipartition
A∪B = R of the line is characterised by the union of two disjoint intervals, i.e. A ≡ A1 ∪A2,
where Aj ≡ [aj , bj ] with j ∈ {1, 2}. The corresponding modular Hamiltonian and modular
flows for the chiral fields ψ± have been found by Casini and Huerta [18], while the modular
correlators of ψ± satisfying the proper KMS condition have been obtained by Longo, Martinetti
and Rehren [20]. In this section we explore further the modular evolution generated by the
modular Hamiltonian of A. In appendix D the derivations of the modular flows of ψ± [18]
and of their modular correlators [20] are revisited, finding also the modular correlators of the
chiral density fields ϱ± ≡ :ψ∗

±ψ± : . It is often insightful to employ the lengths ℓj = bj − aj of
Aj with j ∈ {1, 2} and of their distance d = a2 − b1, which are positive parameters. Thus,
the bipartition of the line is equivalently specified either by {a1, b1, a2, b2} or by {a1, ℓ1, d, ℓ2}.
The symmetric configuration A = Asym ≡ [−b,−a] ∪ [a, b], where 0 < a < b, is a special case
that is worth considering because various expressions take a simpler form.

4.1 Modular Hamiltonian

In the setup described above, the modular Hamiltonian of A is the sum of a local term and a
bilocal term. Along each chiral direction, the modular Hamiltonian found in [18] reads

KA = KA,loc +KA,biloc (4.1)

The local term is

KA,loc =
∫
A
Vloc(u)T (u) du (4.2)

where
T (u) ≡ i

2
(
:ψ∗ (∂uψ) : − : (∂uψ∗)ψ :

)
(u) (4.3)

which stands for T±(u±) and we recall that the energy density of the massless Dirac field
is given by Ttt(t, x) ≡ T+(u+) − T−(u−). The bilocal term in (4.1) is

KA,biloc =
∫
A
Vbiloc(u)Tbiloc(u, uc) du (4.4)

being Tbiloc(u, v) the chiral bilocal quadratic operator defined as follows

Tbiloc(u, v) ≡
i
2 :
[
ψ∗(u)ψ(v)− ψ∗(v)ψ(u)

]
: (4.5)

and uc = C(u) in (4.4) is introduced below (see (4.8)).
The weight functions occurring in (4.2) and (4.4) can be defined by introducing

w(u) ≡ 1
2π log

(
−(u− a1)(u− a2)
(u− b1)(u− b2)

)
u ∈ A . (4.6)
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In the large distance limit d → +∞, this expression evaluated in u ∈ Aj for j ∈ {1, 2}
becomes the corresponding result for the single interval associated to Aj (see (2.4)), while
in the opposite limit of adjacent intervals a2 → b1, the function in (4.6) simplifies to the
corresponding expression for the resulting single interval, namely (2.4) associated to (a1, b2).

The weight functions in (4.2) and (4.4) can be written through (4.6) as follows

Vloc(u) =
1

w′(u) Vbiloc(u) =
Vloc(uc)
u− uc

(4.7)

where the position uc = C(u) conjugate2 to u is (see also [15])

uc = C(u) ≡ q0 −
r2

0
u− q0

(4.8)

in terms of the following parameters

q0 ≡ b1 b2 − a1 a2
b1 − a1 + b2 − a2

= a1 +
(ℓ1 + d+ ℓ2) ℓ1

ℓ1 + ℓ2
= b1 +

d ℓ1
ℓ1 + ℓ2

= a2 −
d ℓ2

ℓ1 + ℓ2
∈ (b1, a2)

(4.9)

r0 ≡
√
(b1 − a1)(b2 − a2)(b2 − a1)(a2 − b1)

b1 − a1 + b2 − a2
=
√
(ℓ1 + d+ ℓ2) d ℓ1 ℓ2

ℓ1 + ℓ2
> 0 . (4.10)

Writing (4.8) as C(u)− q0 = −r2
0/(u− q0), one recognises an inversion centered at q0, with

radius r0 combined with a reflection. The characteristic property defining (4.8) is

w(uc) = w(u) (4.11)

and we remark that uc ∈ Aj when u ∈ Ak, with k ̸= j. An insightful geometric interpretation
of (4.8) is obtained through the form

(
C(u) − q0

)
(q0 − u) = r2

0. Let us also highlight the
suggestive similarity between the expressions providing q0 and r0 in (4.9)–(4.10) with the
ones for x0 and κ0 in (2.52) respectively.

In the symmetric configuration A = Asym, the parameters in (4.9) and (4.10) simplify
to q0 = 0 and r0 =

√
a b respectively. In the adjacent intervals limit d → 0 for the generic

configuration, we have r0 → 0 and therefor uc(u) → a2 (i.e. the merging point) for any u ∈ A.
Combining (4.7) and (4.8), we find the following relations

Vloc(uc) = C′(u)Vloc(u) Vbiloc(uc) = − 1
C′(u) Vbiloc(u) . (4.12)

The weight functions (4.7) can be written explicitly in terms of (4.8) and (4.9) as follows

Vloc(u) = 2π (b1 − u)(u− a1) (b2 − u)(u− a2)
(b1 − a1 + b2 − a2) (u− q0) (uc − u) (4.13)

Vbiloc(u) = 2π (b1 − uc)(uc − a1) (b2 − uc)(uc − a2)
(b1 − a1 + b2 − a2) (uc − q0) (uc − u)2 (4.14)

that are regular functions for u ∈ A; indeed q0 /∈ A and uc ∈ Aj when u ∈ Ak with k ̸= j.
2The conjugate point uc in (4.8) must not be confused with the image of the geometric action of the

modular conjugation defined in (2.12).
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4.2 Modular flow of the chiral fermion

The modular flow ψ(τ, u) ≡ eiτKA ψ(u) e−iτKA of the chiral field ψ(u), for u ∈ A and τ ∈ R, is
generated by (4.1) and it has been studied first by Casini and Huerta in [18]. In appendix D.1
we have revisited its derivation by extending to a generic configuration of two disjoint intervals
on the line the analysis in appendix C of [33] for Asym and the main result is (see (D.39))

ψ(τ, u) =
√
∂uξ

η̃(ξ, u) ψ(ξ)−
√
∂uξc

η̃(ξc, u)
ψ(ξc) (4.15)

where ξ = ξ(τ, u) (whose explicit expression is reported below, in (4.23)) satisfies the initial
condition ξ(τ = 0, u) = u and we have introduced

ξc ≡ C(ξ) = q0 −
r2

0
ξ − q0

(4.16)

and

η̃(ξ, u) ≡

√[
(ξ − q0)2 + r2

0
][
(u− q0)2 + r2

0
]

(ξ − q0) (u− q0) + r2
0

(4.17)

that is strictly positive when both ξ and u belong to the same interval.
We find it worth introducing also the following harmonic ratio (see also (D.28))

η(u1, u2) ≡
(u1 − u1,c) (u2 − u2,c)
(u1 − u2,c) (u2 − u1,c)

=
[
(u1 − q0)2 + r2

0
] [
(u2 − q0)2 + r2

0
][

(u1 − q0)(u2 − q0) + r2
0
]2 > 0 (4.18)

in terms of the two points uj and their conjugate points uj,c ≡ C(uj) (see (4.8)), which
is related to (4.17) as follows

η̃(ξ, u) = sign
[
(ξ − q0) (u− q0) + r2

0
]√
η(ξ, u) = sign

[
(u− q0) ũ

]√
η(uc + ũ, u) (4.19)

where the last expression has been found by setting ξ = uc + ũ. Thus, the sign in the r.h.s.
of (4.19) can be negative only when ξ and u belong to different intervals.

Since η̃(u, u) = 1 identically and we also have that ξ → u and ξc → uc as τ → 0, implying
(from (4.18)) that η(ξc, u) → +∞, the modular flow (4.15) satisfies the initial condition
ψ(τ = 0, u) = ψ(u), as expected.

The main feature to highlight in the modular flow (4.15) is its bilocal nature. Indeed,
the r.h.s. of (4.15) is a mixing between one field localised in Aj and another one in Ak with
k ̸= j. This originates from the bilocal term (4.4) in the modular Hamiltonian (4.1).

The harmonic ratio (4.18) satisfies η(u1, u2) > 1 for any u1 and u2 in A, as shown in (D.29).
Moreover, it is invariant under the conjugation relation (4.8), namely (see also (D.31))

η(u1,c, u2,c) = η(u1, u2) (4.20)

and becomes identically equal to 1 in the limits of adjacent intervals and of large distance, i.e.

lim
d→ 0

η(u1, u2) = 1 lim
d→+∞

η(u1, u2) = 1 (4.21)

– 32 –



J
H
E
P
0
6
(
2
0
2
5
)
1
8
5

Notice that the harmonic ratio (4.18) is not well defined when u1 and u2 are related through
the conjugation relation (4.8); indeed as u2 → u1,c we have

η(u, uc + ϵ) =
(
u− uc
u− q0

)2 r2
0
ϵ2

+O(1/ϵ) (4.22)

in terms of (4.9)–(4.10), that will be employed in section 4.5.
The function ξ = ξ(τ, u) occurring in the modular flow (4.15) provides the geometric

action of the modular group of automorphisms induced by the vacuum for this setup. Its
explicit expression reads

ξ(τ, u) ≡ ΘA1(u) ξ1(τ, u) + ΘA2(u) ξ2(τ, u) u ∈ A (4.23)

where ΘAj (u) is the characteristic function associated to the interval Aj for j ∈ {1, 2}, that
is equal to 1 for u ∈ Aj and vanishes identically for u /∈ Aj , and we have introduced

ξk(τ, u) ≡ w−1
k

(
w(u) + τ

)
u ∈ Ak k ∈

{
1, 2
}

(4.24)

in terms of the two solutions w−1
k (y) obtained by inverting (4.6). Indeed, the function w(u)

in (4.6) can be inverted if u ∈ Ak (hence w−1
k (w(u)) = u when u ∈ Ak) for k ∈ {1, 2}, finding

w−1
k (y) ≡ a1 + a2 + (b1 + b2) e2πy

2(1 + e2πy) (4.25)

+(−1)k
√[
a1 + a2 + (b1 + b2) e2πy]2 − 4(1 + e2πy) (a1a2 + b1b2 e2πy)

2(1 + e2πy) y ∈ R

which is well defined because the expression under the square root is quadratic in the variable
e2πy with discriminant equal to −16 ℓ1ℓ2 d (ℓ1 + d+ ℓ2) < 0. The condition u ∈ Ak in (4.24)
comes from the initial condition ξk(τ = 0, u) = u because w−1

k (w(u)) = u when u ∈ Ak. In
figure 11, where the grey strips correspond to A in the plane (ξ, τ), the solid red curve is
obtained from (4.23) with u ∈ A1 (red dot), while the dashed red curve is given by (4.23)
again with initial point uc ∈ A2 (red empty circle).

The PDE’s defining the functions in (4.24) are

∂τξk(τ, u) = Vloc(ξk) ∂uξk(τ, u) =
Vloc(ξk)
Vloc(u)

k ∈
{
1, 2
}
. (4.26)

The two functions in (4.24) having different value of k are related through the following
conjugation relation

ξk(τ, u) = q0 −
r2

0
ξj(τ, uc)− q0

= C
(
ξj(τ, uc)

)
u ∈ Ak k ̸= j (4.27)

where j, k ∈ {1, 2}. Notice that the first equality of (4.27) provides a generalisation to τ ̸= 0
of the conjugation relation (4.8), which is recovered at τ = 0. Moreover, (4.27) implies that
the conjugation (4.8) and the modular evolution commute, namely

C
(
ξk(τ, u)

)
= ξj(τ, uc) u ∈ Ak k ̸= j . (4.28)
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Figure 11. Modular evolutions ξ(τ, u) along the chiral direction in the plane (ξ, τ), given by (4.23)
when u ∈ A (red dot) and by (4.29) when u ∈ B (blue dot).

We remark that, since (4.23) implies that ξ(τ, u) ∈ Ak when u ∈ Ak for k ∈ {1, 2}, we have
η̃(ξ, u) > 0 in (4.15). Instead, the sign of η̃(ξc, u) in (4.15) is not well defined for any τ ∈ R.

The domain B ≡ R \A, complementary to A on the line, is partitioned as B = B1 ∪B2,
where B1 ≡ (−∞, a1) ∪ (b2,+∞) and B2 ≡ (a1, b2). For u ∈ B, the function ξ = ξ(τ, u)
characterising the geometric action of the modular group of automorphisms induced by the
vacuum can be written as follows

ξ(τ, u) ≡ ΘB1(u) ξ1(τ, u) + ΘB2(u) ξ2(τ, u) u ∈ B (4.29)

in terms of the expressions reported in (4.24), whose domain of validity can be extended.
Since u ∈ B, a divergence occurs in (4.29) when 1 + e2π[w(u)+τ ] = 0 (see the denominator
in (4.25)), whose solution is

τB(u) ≡
1
2π log

( (u− b1)(u− b2)
(a1 − u)(a2 − u)

)
u ∈ B . (4.30)

Since this expression becomes (2.9) in the limit b1 → a2 of adjacent intervals, as expected,
considerations similar to the ones reported in section 2.1 apply also in this setup. In figure 11,
where the union of the light blue regions corresponds to B in the plane (ξ, τ), the solid
blue curve is given by (4.29) with u ∈ B2 (blue dot). The corresponding dashed blue curve
is obtained from (4.29) with initial point uc ∈ B1 (blue empty circle) and the associated
horizontal blue dot-dashed line comes from (4.30) specialised to uc ∈ B1. As for the limiting
case d → 0 of (4.23) and (4.29), we refer the reader to figure 10 of [15].

4.3 Chiral modular correlators of the fermionic field and of the density

The two-point function of the modular flow ψ±(τ, u) of the chiral fermionic fields ψ± (discussed
in section 4.2) satisfying the KMS condition reads [20]

⟨ψ∗
±(τ1, u1)ψ±(τ2, u2) ⟩ =

e2πw(u1) − e2πw(u2)

2π(±i) (u1 − u2)
1

e2πw(u1)±πτ12 − e2πw(u2)∓πτ12 ∓ iε
(4.31)

– 34 –



J
H
E
P
0
6
(
2
0
2
5
)
1
8
5

in terms of (4.6) (see appendix D.2 for the derivation of (4.31) and (2.16) for its normalisation),
which corresponds to (2.20) specialised to h± = 1/2 at formal level; indeed, the function
w(u) is given by (4.6) in this case.

We find it worth exploring also the modular two-point function of the chiral bosonic
density operators ϱ±(u) ≡ :ψ∗

±ψ± : (u), which are hermitian operators with chiral dimension
h± = 1 providing the charge and helicity densities of the massless Dirac field. They have
been studied in appendix D.3, finding

⟨ ϱ±(τ1, u1) ϱ±(τ2, u2) ⟩ = −
(
e2πw(u1) − e2πw(u2))2

4π2 (u1 − u2)2
1(

e2πw(u1)±πτ12 − e2πw(u2)∓πτ12 ∓ iε
)2
(4.32)

which satisfy the KMS condition. This modular correlator is proportional to (2.20) specialised
to h± = 1 only at formal level because, like in (4.31), the function w(u) is (4.6).

By adapting the analysis performed in section 2.2 (see (2.16)–(2.18)) to this setup,
we observe that the modular correlators (4.31) and (4.32) naturally suggest to introduce
the function

R(τ ;u1, u2) ≡
e2πw(u1)+πτ − e2πw(u2)−πτ

e2πw(u1) − e2πw(u2) (4.33)

and
W (τ ;u1, u2) ≡

1
(u1 − u2) R(τ ;u1, u2)

(4.34)

where w(u) is (4.6); hence (4.33) and (4.34) are just formally equal to (2.18) and (2.17)
respectively. However, like (2.18), also (4.33) is not jointly continuous because the limits
τ → 0 and u2 → u1 do not commute.

Given u1 ̸= u2 in A, for (4.33) we have R(τ̃0;u1, u2) = 0 at the finite value of τ given by

τ̃0(u1, u2) ≡ w(u2)− w(u1) (4.35)

which is just formally equal to (2.25) because w(u) is (4.6), as above. The special value
of τ introduced in (4.35) provides an interesting property of ξ(τ, u) in (4.23); indeed, for
u1 and u2 in the same interval we have

u2 = ξ(τ̃0, u1) u1 = ξ(−τ̃0, u2) u1, u2 ∈ Ak (4.36)

while for u1 and u2 in different intervals we find

u2 = ξ(τ̃0, u1,c) u1 = ξ(−τ̃0, u2,c) u1 ∈ Ak u2 ∈ Aj j ̸= k (4.37)

where j, k ∈ {1, 2} label the two intervals in A = A1 ∪ A2.
For the expressions introduced in (4.24) and (4.33) we also find that

R
(
τ ;u, ξk(τ, u)

)
= 0 k ∈

{
1, 2
}

(4.38)

which will be employed in section 4.4 (see (4.45)).
Let us conclude this discussion by highlighting that the limit u2 → u1,c of (4.33) gives

R(τ ;u, uc + ϵ) = −sinh(πτ) C′(u)Vloc(u)
π ϵ

+O(1) τ ̸= 0 (4.39)

which can be slightly simplified through the first relation in (4.12) and will be used in
section 4.5.

– 35 –



J
H
E
P
0
6
(
2
0
2
5
)
1
8
5

4.4 Anti-commutator of the field and commutator of the density

The anti-commutator of the fermionic chiral field ψ±(τ, u) along the modular flow provides
useful insights about the causal properties of this modular evolution. Since this quantity is a
complex number, it can be evaluated by employing the modular correlator (4.31) as follows

[
ψ∗
±(τ1, u1),ψ±(τ2, u2)

]
+ = ⟨ψ∗

±(τ1, u1)ψ±(τ2, u2)⟩+⟨ψ±(τ2, u2)ψ∗
±(τ1, u1)⟩ (4.40)

= e2πw(u1)−e2πw(u2)

2π(±i)(u1−u2)

{ 1
e2πw(u1)±πτ12 −e2πw(u2)∓πτ12 ∓ iε

(4.41)

− 1
e2πw(u1)±πτ12 −e2πw(u2)∓πτ12 ± iε

}
= e2πw(u1)−e2πw(u2)

u1−u2
δ
(
e2πw(u1)±πτ12 −e2πw(u2)∓πτ12

)
(4.42)

where the last expression has been obtained by taking the limit ε→ 0+ in the sense of the
distributions and by using 1

u±iε = 1
u ∓ iπδ(u).

It is well known that the standard time evolution of the chiral fields ψ± respects relativistic
causality, which implies that ψ∗

±(u1) and ψ±(u2) anti-commute for u1 ̸= u2. From (4.42)
we conclude that this property holds also for the fields ψ∗

±(τ1, u1) and ψ±(τ2, u2), except in
the case when the relative modular time τ12 satisfies

e2πw(u1)±πτ12 − e2πw(u2)∓πτ12 = 0 . (4.43)

From (4.35), the solution of this equation reads

τ12 = ± τ̃0(u1, u2) . (4.44)

When this condition is fulfilled, the delta function in the r.h.s. of (4.42) provides a non
vanishing contribution. For u1 and u2 belonging to different components of A1 ∪A2, such a
contribution signals a violation of relativistic causality along the modular flow. This violation
is generated by the bilocal term (4.4) in the modular Hamiltonian, which implies that the
modular evolution (4.15) of ψ± is a superposition of the initial value of the field along the
trajectory ξ and its conjugate ξc, that live in different intervals. In order to clarify this aspect
it is useful to rewrite (4.42) in a form that involve ξ and ξc explicitly. For this purpose, we
observe that, from (4.6), (4.24) and (4.11), for k ∈ {1, 2} one obtains

e2πw(u)+πτ − e2πw(ξk(τ,u))−πτ = e2πw(ξk(−τ,u))+πτ − e2πw(u)−πτ = 0 u ∈ Ak . (4.45)

Combining (4.11) and (4.45), we find that (4.43) is fulfilled when

u2 = ξk(±τ12, u1) u2 = C
(
ξk(±τ12, u1)

)
u1 ∈ Ak (4.46)

in terms of u1, or, equivalently, in terms of u2, when

u1 = ξj(±τ21, u2) u1 = C
(
ξj(±τ21, u2)

)
u2 ∈ Aj . (4.47)

It is straightforward to check e.g. that when both u1 and u2 belong to Ak (hence j = k

in (4.47)), the first expression in (4.47) is equivalent to the first expression in (4.46). Thus,
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all the possibilities have been considered because either both u1 and u2 belong to the same
interval Ak or they are in different intervals.

The limit of large separation distance for the two intervals can be explored by first setting
a1 = −d/2 − ℓ1, b1 = −d/2, a2 = d/2, b2 = d/2 + ℓ2 and then sending d → +∞. In this
limiting regime, when u1 ̸= u2 the ratio multiplying the Dirac delta in (4.42) falls off as follows

e2πw(u1) − e2πw(u2)

u1 − u2
= 4(ℓ1 + ℓ2)

d2 +O(1/d3) . (4.48)

The same power law decay is observed for (4.44); indeed, in this limiting regime we find
that τ12 = −2(ℓ1 + ℓ2)(u1 − u2)/d2 + O(1/d3) as d → +∞.

The r.h.s. of (4.42) can be written more explicitly by using for its Dirac delta the well
known identity δ

(
f(x)

)
=
∑
j

1
|f ′(xj)| δ(x−xj), where the sum is over the zeros xj of f(x) such

that f ′(xj) ̸= 0. From this formula, the first relation in (4.7) and the fact that Vloc(u) > 0
when u ∈ A, assuming u1 ∈ Ak without loss of generality we find that (4.42) becomes[

ψ∗
±(τ1, u1) , ψ±(τ2, u2)

]
+ = F

(
u1, ξk(±τ12, u1);±τ12

)
δ
(
u2 − ξk(±τ12, u1)

)
(4.49)

+F
(
u1, C(ξk(±τ12, u1));±τ12

)
δ
(
u2 − C(ξk(±τ12, u1))

)
where we have introduced the following function

F(u, v; τ) ≡ e2πw(u) − e2πw(v)

u− v

Vloc(v)
2π e2πw(v)−πτ (4.50)

and the second term in the r.h.s. of (4.49) corresponds to u2,c = ξk(±τ12, u1). From (4.24)
in (4.50), we find

F
(
u1, ξk(±τ12, u1);±τ12

)
= sinh(±πτ12) Vloc(ξk(±τ12, u1))

π
[
ξk(±τ12, u1)− u1

] (4.51)

which can be used also for F(u1, C(ξk(±τ12, u1));±τ12) in (4.49). Thus, (4.49) becomes[
ψ∗
±(τ1, u1) , ψ±(τ2, u2)

]
+ = F

(
u1, ξk(±τ12, u1);±τ12

)
δ
(
u2 − ξk(±τ12, u1)

)
(4.52)

+ F
(
u1, C(ξk(±τ12, u1));±τ12

)
δ
(
u2 − C(ξk(±τ12, u1))

)
= Vloc(ξk(±τ12, u1))

π

{ sinh(±πτ12)
ξk(±τ12, u1)− u1

δ
(
u2 − ξk(±τ12, u1)

)
+ sinh(±πτ12) C′(ξk(±τ12, u1))

C
(
ξk(±τ12, u1)

)
− u1

δ
(
u2 − C(ξk(±τ12, u1))

)}
(4.53)

where the last expression is obtained by applying the first relation in (4.12). Finally, since (4.27)
holds, the anti-commutator (4.52) can be written as follows

[
ψ∗
±(τ1, u1) , ψ±(τ2, u2)

]
+ = sinh(±πτ12) Vloc(ξk(±τ12, u1))

π
[
ξk(±τ12, u1)− u1

] δ
(
u2 − ξk(±τ12, u1)

)
(4.54)

+ sinh(±πτ12) Vloc(ξj(±τ12, u1,c))
π
[
ξj(±τ12, u1,c)− u1

] δ
(
u2 − ξj(±τ12, u1,c)

)

– 37 –



J
H
E
P
0
6
(
2
0
2
5
)
1
8
5

where j ̸= k and we remind that u1 ∈ Ak. We remark that only one Dirac delta occurs in
the r.h.s. of (4.54); indeed, either its first or its second term is non vanishing, depending
on whether u2 ∈ Ak or u2 /∈ Ak respectively.

It is important to study the anti-commutator (4.54) when τ1 = τ2 ≡ τ . Since for u1 ∈ Ak
and u1,c ∈ Aj with j ̸= k, the second term in the r.h.s. of (4.54) vanishes identically in
this limit because F(u1, C(ξk(±τ12, u1));±τ12) → 0 as τ12 → 0. As for the first term in
the r.h.s. of (4.54), since ξk(τ, u) = u + Vloc(u) τ + O(τ2) as τ → 0 (see the first relation
in (4.26)), we have that F(u1, ξk(±τ12, u1);±τ12) → 1 as τ12 → 0. Thus, (4.54) provides
the expected result for τ1 = τ2 ≡ τ , namely[

ψ∗
±(τ, u1) , ψ±(τ, u2)

]
+ = δ(u1 − u2) . (4.55)

While the l.h.s. of (4.54) is manifestly symmetric under the exchange (u1, τ1) ↔ (u2, τ2),
in the r.h.s. this feature is not manifest. In order to make this symmetry evident also in the
r.h.s. of (4.54), one first observes that the argument F1,2 of the Dirac delta δ(F1,2) in (4.42)
is antisymmetric under (u1, τ1) ↔ (u2, τ2), namely F1,2 = −F2,1. Thus, by writing δ(F1,2) =
1
2 [δ(F1,2) + δ(F2,1)] and repeating the steps described above, the anti-commutator (4.54)
can be expressed as follows

[
ψ∗
±(τ1, u1) , ψ±(τ2, u2)

]
+ = sinh(±πτ12)

2π (4.56)

×
{
Vloc(ξk(±τ12, u1))
ξk(±τ12, u1)− u1

δ
(
u2 − ξk(±τ12, u1)

)
+ Vloc(ξj(±τ12, u1,c))
ξj(±τ12, u1,c)− u1

δ
(
u2 − ξj(±τ12, u1,c)

)

− Vloc(ξm(±τ21, u2))
ξm(±τ21, u2)− u2

δ
(
u1 − ξm(±τ21, u2)

)
− Vloc(ξn(±τ21, u2,c))
ξn(±τ21, u2,c)− u2

δ
(
u1 − ξn(±τ21, u2,c)

)}

where u1 ∈ Ak and u2 ∈ Am with j ̸= k and n ̸= m. In (4.56) the symmetry under
(u1, τ1) ↔ (u2, τ2) is evident in both sides.

In order to check the consistency between (4.54) and (4.15), let us first set τ2 = 0 in
the l.h.s. of (4.54), where u1 ∈ Ak for a given k ∈ {1, 2}, and then employ the explicit
expression (4.15) for the modular flow. Consistency between the resulting anti-commutator
and the r.h.s. of (4.54) specified to τ2 = 0 requires the following relations (where j ̸= k)

√
∂uξk

η̃(ξk, u)
= sinh(πτ) Vloc(ξk(τ, u))

π
[
ξk(τ, u)− u

] √
∂uξk,c

η̃(ξk,c, u)
= −sinh(πτ) Vloc(ξj(τ, uc))

π
[
ξj(τ, uc)− u

] . (4.57)

The above analysis about the anti-commutator of the chiral fermionic fields can be
straightforwardly adapted to the case where the bipartition of the line is given by a single
interval (see section 2), finding only the first term in the r.h.s. of (4.54), with ξk(±τ12, u1)
and Vloc(u1) replaced respectively by ξ(±τ12, u1) in (2.7) and by V (u1) in (2.3).

Considering e.g. the anti-commutator for ψ+ in (4.54), in the top panels figure 12 we
show an example for each one of the two possible configurations of initial points (see the
red and black dot in each panel), where they belong either to the same interval (top right
panel) or to different intervals (top left panel). At τ1 = τ2 = 0, the red dot corresponds e.g.
to u1 ∈ A1 (hence k = 1 in the r.h.s. of (4.54)) in both the top panels, while u2, denoted by
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Figure 12. Chiral modular evolutions illustrating the non vanishing terms in the r.h.s. of the
anti-commutator (4.54) and in the r.h.s. of the commutator (4.65). In the top panels one point does
not evolve (τ2 = 0, see the black dot), while in the bottom panels both the initial points evolve. In the
right panels both the initial points belong to A1, while in the left panels they are in different intervals.

the black dot, is either in A1 (top right panel) or in A2 (top left panel). While τ2 = 0 is kept
fixed, τ1 takes all the possible real values, providing the solid red curves. In each panel of
the top line, the empty circle indicates u1,c at τ1 = 0 and the dashed curve describes the
corresponding modular evolution. Thus, in the r.h.s. of the anti-commutator (4.54), where
only one term occurs, the first (second) term is non vanishing for the setup of the top right
(left) panel. In both the top panels of figure 12, the horizontal dashed green line denotes
the value of τ1 = τ̃0(u1, u2) (see (4.35)) where the argument of the Dirac delta occurring
in the r.h.s. of the anti-commutator (4.54) vanishes.

In the bottom panels of figure 12, generalising the case just considered in the corresponding
top panels, we show an example where both the points u1 and u2 move along their chiral
modular trajectories. In these bottom panels the horizontal dashed green and magenta
straight lines are at the same distance from the horizontal black line at τ = 0, given by (4.44).

The above analysis for the anti-commutator of the chiral fermionic fields ψ±(τ, u) can be
adapted to explore the commutation relation of the chiral bosonic operators ϱ±(τ, u). The
corresponding analysis in the case where the bipartition of the line is characterised by a single
interval can be performed for a generic CFT and it has been reported in section 2.3.

In the case that we are exploring throughout this section, by adapting (2.29)–(2.30) to
this case and employing (D.49) for the modular correlators, we find

[
ϱ±(τ1, u1) , ϱ±(τ2, u2)

]
− = ⟨ ϱ±(τ1, u1) ϱ±(τ2, u2) ⟩ − ⟨ ϱ±(τ2, u2) ϱ±(τ1, u1) ⟩ (4.58)

=
(
e2πw(u1) − e2πw(u2))2

4π2 (u1 − u2)2

{
1(

e2πw(u1)±πτ12 − e2πw(u2)∓πτ12 ∓ iε
)2

− 1(
e2πw(u1)±πτ12 − e2πw(u2)∓πτ12 ± iε

)2
}
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and

[
ϱ±(τ1, u1) , ϱ±(τ2, u2)

]
− = ∓ i

2π

(
e2πw(u1) − e2πw(u2))2

(u1 − u2)2 δ′
(
e2πw(u1)±πτ12 − e2πw(u2)∓πτ12

)
(4.59)

(see also (2.30) for κ = 1), where w(u) is (4.6) and whose r.h.s. contains the derivative of
the Dirac delta with respect to its argument.

The expression in (4.59) can be treated through (2.31) and in this case one gets a sum
made by two terms (see either (4.46) or (4.47)). In particular, setting u1 = u, u2 = v

and τ12 = τ in the r.h.s. of (4.59) to enlighten the notation and choosing v as the variable
playing the role of x in (2.31), the ratio multiplying the square brackets in (2.31) becomes
± i

2π F(u, v; τ)2, in terms of (4.50) (notice that f ′(xj) < 0 in this calculation), and for the
expression within the round brackets multiplying the Dirac delta in (2.31) we obtain

G(u, v) ≡ −w
′′(v)
w′(v) − e2πw(u) + e2πw(v)

e2πw(u) − e2πw(v) 2π w′(v) + 2
u− v

(4.60)

= V ′
loc(v)
Vloc(v)

− e2πw(u) + e2πw(v)

e2πw(u) − e2πw(v)
2π

Vloc(v)
+ 2
u− v

(4.61)

= 2(b1 − a1)(b2 − a2)(a2 − b1)(b2 − a1)
(b1 − a1 + b2 − a2)2 (u− q0)(v − q0) (v − vc)

u− v

v − uc
(4.62)

in terms of (4.6)–(4.8), which is independent of τ and singular only at v = uc for any choice of
u, v ∈ A1 ∪A2 because q0 /∈ A (see (4.9)). When the line is bipartite by a single interval, by
employing w(u) in (2.4) into (4.60), one finds G(u, v) = 0 identically, as already highlighted in
section 2.3. Consistently, this result can be found also by taking the limit a2 → b1 in (4.62).

As for the case where the bipartition of the line is given by the union of two disjoint
intervals, by restoring the notation occurring in the r.h.s. of (4.59), let us observe that the
zeros of the argument of δ′ in (4.59) have been already discussed above (see (4.43)–(4.47)).
Combining these results, we find that (2.31) allows to write (4.59) as follows

[
ϱ±(τ1, u1), ϱ±(τ2, u2)

]
− = ± i

2π

{
F
(
u1, ξk(±τ12, u1);±τ12

)2 (4.63)

×
[
δ′
(
u2 − ξk(±τ12, u1)

)
− G

(
u1, ξk(±τ12, u1)

)
δ
(
u2 − ξk(±τ12, u1)

)]
+ F

(
u1, C(ξk(±τ12, u1));±τ12

)2
×
[
δ′
(
u2 − C(ξk(±τ12, u1))

)
− G

(
u1, C(ξk(±τ12, u1))

)
δ
(
u2 − C(ξk(±τ12, u1))

)]}

in terms of (4.50) and (4.60), which can be expressed more explicitly by employing (4.51) and

G
(
u1, ξk(±τ12, u1)

)
=
V ′

loc

(
ξk(±τ12, u1)

)
Vloc

(
ξk(±τ12, u1)

) − 2
ξk(±τ12, u1)− u1

± 2π
tanh(πτ12)Vloc

(
ξk(±τ12, u1)

)
(4.64)
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that has been obtained from (4.61) through steps similar to the ones providing (4.51). Finally,
by using (4.27), we have that (4.63) can be written as

[
ϱ±(τ1, u1) , ϱ±(τ2, u2)

]
− = ± i

2π

{
F
(
u1, ξk(±τ12, u1);±τ12

)2 (4.65)

×
[
δ′
(
u2 − ξk(±τ12, u1)

)
− G

(
u1, ξk(±τ12, u1)

)
δ
(
u2 − ξk(±τ12, u1)

)]
+ F

(
u1, ξj(±τ12, u1,c);±τ12

)2
×
[
δ′
(
u2 − ξj(±τ12, u1,c)

)
− G

(
u1, ξj(±τ12, u1,c)

)
δ
(
u2 − ξj(±τ12, u1,c)

)]}
where j ̸= k, being u1 ∈ Ak. Similarly to (4.54), in the r.h.s. of (4.65) only two terms are
non vanishing because only one argument of the Dirac delta functions vanishes and the same
considerations made above for figure 12 can be repeated here.

In the limit τ1 = τ2 ≡ τ , the r.h.s. of (4.65) drastically simplifies. Indeed, by employing
that ξk(τ, u) = u+Vloc(u) τ+O(τ2) as τ → 0 when u ∈ Ak (from the first relation in (4.26)), we
have that G(u1, u1) = 0 and F

(
u1, u1,c; 0

)
= 0, from (4.62) and (4.51) respectively. Moreover,

we remark that F(u1, ξj(τ, u1,c); τ)2 G(u1, ξk(τ, u1,c)) → 0 and F
(
u1, ξk(τ, u1); τ) → 1 as

τ → 0. Thus, the commutator (4.65) provides the expected result when τ1 = τ2 ≡ τ , namely

[
ϱ±(τ, u1) , ϱ±(τ, u2)

]
− = ∓ i

2π δ
′(u1 − u2) . (4.66)

which can be compared with (2.33), that holds for the single interval case and a generic CFT.
The argument F1,2 of the derivative of the Dirac delta δ′(F1,2) in (4.59) is the same

argument of the Dirac delta in (4.42) and it is antisymmetric under exchange (u1, τ1) ↔ (u2, τ2).
Since the derivative of the Dirac delta is antisymmetric, we can write δ′(F1,2) = 1

2 [δ
′(F1,2)−

δ′(F2,1)] and follow the steps discussed above (below (4.55)), finding a form for the r.h.s.
of (4.65) where the antisymmetry under exchange (u1, τ1) ↔ (u2, τ2) of the commutator
is manifest. Since this expression is lengthy and not very illuminating, it has not been
reported here.

4.5 Chiral distance along the modular evolutions

The chiral distance ξ(τ1, u1) − ξ(τ2, u2) for any choice of u1 and u2 in A = A1 ∪ A2 and
any real value of τ1 and τ2 can be investigated by employing the expressions discussed in
section 4.2 to describe the modular flow of the chiral fermions, following the analysis for
the single interval case performed in section 2.4.

The crucial observation is that (4.17), (4.23), (4.33) and (4.34) are related as follows

W (τ12;u1, u2) =
η̃
(
ξ(τ1, u1), ξ(τ2, u2)

)
η̃(u1, u2)

√
∂u1ξ(τ1, u1) ∂u2ξ(τ2, u2)
ξ(τ1, u1)− ξ(τ2, u2)

(4.67)

whose derivation has been reported in appendix D.4. This relation implies that

ξ(τ1, u1)− ξ(τ2, u2) =
η̃
(
ξ(τ1, u1), ξ(τ2, u2)

)
η̃(u1, u2)

R(τ12;u1, u2)
√
∂u1ξ(τ1, u1)∂u2ξ(τ2, u2)(u1 − u2)

(4.68)
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As consistency check, we consider the limit of adjacent intervals, finding that, by using (4.19)
and the first relation in (4.21), the expressions in (2.19) and (2.39) are recovered from (4.67)
and (4.68) respectively in this limiting regime.

Comparing (4.68) with (2.39), one observes that the main qualitative feature of the two
intervals case with respect to the single interval one is the occurrence of the ratio involving η̃,
which makes evident the role of u1,c and u2,c (through (4.19)), even when u1 and u2 belong
to the same interval. Moreover, from (4.68), notice that

ξ(τ1, u1)− ξ(τ2, u2)
η̃
(
ξ(τ1, u1), ξ(τ2, u2)

) = R(τ12;u1, u2)
√
∂u1ξ(τ1, u1) ∂u2ξ(τ2, u2)

u1 − u2
η̃(u1, u2)

(4.69)

hence, when the l.h.s. of this relation is well defined, its behaviour is formally similar to the
one of ξ(τ1, u1)− ξ(τ2, u2) for the bipartition of the line given by a single interval (see (2.39)).

From (4.17), (4.23) and (4.33) it is straightforward to find that, since ξ(τ, u) ∈ Ak when
u ∈ Ak with k ∈ {1, 2} for any τ , in the case where u1 ̸= u2 are in the same interval (hence
u2 ̸= u1,c) we have that η̃(u1, u2) > 0 and η̃

(
ξ(τ1, u1), ξ(τ2, u2)

)
> 0 in (4.68), for any value

of τ1 and τ2. Hence, the chiral distance ξ(τ1, u1)− ξ(τ2, u2) may have a different sign with
respect to u1 − u2 (depending on R(τ12;u1, u2)) and it vanishes for R(τ12;u1, u2) = 0.

Instead, when u1 and u2 are in different intervals, with the additional assumption
u2 ̸= u1,c, by employing again that ξ(τ, u) ∈ Ak when u ∈ Ak for any τ , the sign of
ξ(τ1, u1) − ξ(τ2, u2) coincides with the sign of u1 − u2 for any real values of τ1 and τ2 (see
e.g. the red and blue solid lines in the bottom left panel of figure 12) and ξ(τ1, u1)− ξ(τ2, u2)
never vanishes. For u1 and u2 in different intervals, by adopting the shorthand notation
ξj ≡ ξ(τj , uj) with j ∈ {1, 2}, from (4.17) and (4.19) we obtain

sign
(
η̃(ξ1, ξ2)
η̃(u1, u2)

)
= sign

((u1 − q0) (u2 − q0) + r2
0

(ξ1 − q0) (ξ2 − q0) + r2
0

)
= sign

((u1 − q0) ũ1,2

(ξ1 − q0) ξ̃1,2

)
= sign

(
ũ1,2

ξ̃1,2

)
(4.70)

where we have defined u2 = u1,c + ũ1,2 and ξ2 = ξ1,c + ξ̃1,2.
The most relevant special case of (4.68) to consider corresponds to the limit τ2 = τ1 ≡ τ .

Since R(0;u1, u2) = 1 identically, when u2 ̸= u1 and u2 ̸= u1,c, independently of the position
of u1 and u2 in A, we have

ξ(τ, u1)− ξ(τ, u2) =
η̃
(
ξ(τ, u1), ξ(τ, u2)

)
η̃(u1, u2)

√
∂u1ξ(τ, u1) ∂u2ξ(τ, u2) (u1 − u2) (4.71)

hence the sign ξ(τ, u1)− ξ(τ, u2) and the sign of u1 − u2 are the same, for any τ ∈ R. In the
case of u1 and u2 in different intervals, this is obtained also by using (4.70) and observing
that sign(ξ̃1,2) = sign(ũ1,2).

Another interesting limiting regime for (4.68) occurs when u1 and u2 are related
through (4.8), namely u2 = u1,c. In this limit and for τ12 ̸= 0, the divergencies in η̃(u1, u2)
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and R(τ12;u1, u2) (see (4.17), (4.22) and (4.39) respectively) cancel in (4.68), leading to

ξ(τ1, u)− ξ(τ2, uc) = (4.72)

=
∣∣∣∣(u− q0)Vloc(uc) sinh(πτ12)

π r0 (u− uc)

∣∣∣∣ √η(ξ(τ1, u), ξ(τ2, uc)
)
∂uξ(τ1, u) ∂ucξ(τ2, uc) (u− uc)

=
(u− q0)2 Vloc(uc)

∣∣ sinh(πτ12)
∣∣

π r0
[
(u− q0)2 + r2

0
]

√
η
(
ξ(τ1, u), ξ(τ2, uc)

) Vloc
(
ξ(τ1, u)

)
Vloc(u)

Vloc
(
ξ(τ2, uc)

)
Vloc(uc)

(u− uc)

where (4.8) and the second relation in (4.26) have been employed to write the last expression.
Finally, the limiting case defined by u2 = u1,c and τ1 = τ2 ≡ τ in (4.68) deserves some

care. Indeed, one could try to take τ1 → τ2 in (4.72), by using the fact that (from (4.28),
the first relation in (4.26) and (4.22)) we have

lim
ϵ→ 0

[sinh(πϵ)]2 η
(
ξ(τ + ϵ, u), ξ(τ, uc)

)
=

π2 [ξk(τ, u)− ξj(τ, uc)
]2

Vloc
(
ξk(τ, u)

)
Vloc

(
ξj(τ, uc)

) (4.73)

where u ∈ Ak, with j ̸= k and j, k ∈ {1, 2}. However, once (4.73) is employed to find the
τ12 → 0 limit of (4.68), an identity is obtained. Another way to proceed could be first
setting τ1 = τ2 ≡ τ with τ ̸= 0 in (4.68), which implies R(τ12 = 0;u1, u2) = 1 identically,
and then taking u2 → u1,c, which can be evaluated by using that for u ∈ Ak and j ̸= k

the following result holds

lim
v→uc

η
(
ξ(τ, u), ξ(τ, v)

)
η(u, v) =

[
ξk(τ, u)− ξj(τ, uc)

]2
Vloc

(
ξk(τ, u)

)
Vloc

(
ξj(τ, uc)

) Vloc(u)Vloc(uc)
(u− uc)2 (4.74)

obtained from (4.28), the second relation in (4.26) and (4.22). After employing (4.74) into
the r.h.s. of (4.68) evaluated for τ1 = τ2 ≡ τ ̸= 0, an identity is found again.

The difference ξ(τ, u)−ξ(τ, uc) can be studied by using (4.24)–(4.25) and (4.11). This gives

ξ(τ, u)− ξ(τ, uc) = (4.75)

= (−1)k
√(

a1 + a2 + (b1 + b2) e2π[w(u)+τ ])2 − 4
(
1 + e2π[w(u)+τ ]) (a1a2 + b1b2 e2π[w(u)+τ ])

1 + e2π[w(u)+τ ]

where u ∈ Ak, which tells that ξ(τ, u)− ξ(τ, uc) and u− uc have the same sign, as expected.
These results tell us that the relativistic causality is preserved along the modular evolution

also in this setup where the line is bipartite by the union of two disjoint intervals.

4.6 Spacetime distance along the modular trajectories

Following the analysis of section 2.7 for the bipartition characterised by a single interval, it is
insightful to explore the relativistic spacetime distance between two points along two distinct
modular trajectories by employing the results reported in section 4.5 for the chiral distance.

The charge density ϱ ≡ ϱ+ + ϱ− and current density j ≡ ϱ+ − ϱ− for the massless Dirac
field are important bosonic operators and their modular evolutions read respectively

ϱ(τ ;x, t) ≡ ϱ+(τ, u+) + ϱ−(τ, u−) j(τ ;x, t) ≡ ϱ+(τ, u+)− ϱ−(τ, u−) . (4.76)
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These quantities satisfy the following commutation relations[
ϱ(τ1;x1, t1), ϱ(τ2;x2, t2)

]
− =

[
j(τ1;x1, t1), j(τ2;x2, t2)

]
−

=
[
ϱ+(τ1, u1,+), ϱ+(τ2, u2,+)

]
− +

[
ϱ−(τ1, u1,−), ϱ−(τ2, u2,−)

]
−

(4.77)

where (x1, t1) and (x2, t2) are the spacetime coordinates of the initial points for the corre-
sponding the modular flow and the commutation relation

[
ϱ+(τ1, u) , ϱ−(τ2, v)

]
− = 0 has

been employed. The final expression (4.77) is written through the chiral commutators (4.65).
The result (4.77) implies that the spacetime region involved in the modular evolution

corresponding to the subsystem A1,x ∪ A2,x in the spatial direction parameterised by x is
obtained by taking the subsystem A1∪A2 along both the chiral directions parameterised by u±.
This provides D̃A ≡ DA1 ∪DA2 ∪DA,F ∪DA,P (see the grey domain in figure 13 and figure 14),
where DA1 = {(u+, u−); u+ ∈ A1, u− ∈ A1} and DA2 = {(u+, u−); u+ ∈ A2, u− ∈ A2} are
the causal diamonds associated to A1,x and A2,x respectively along the x-direction, while
DA,F = {(u+, u−); u+ ∈ A2, u− ∈ A1} and DA,P = {(u+, u−); u+ ∈ A1, u− ∈ A2}. Given a
point P in D̃A with light-cone coordinates (u+, u−) (see e.g. the blue, black and red dots in
figure 13 and figure 14), three other points in D̃A are naturally associated to P through the
map (4.8), namely Pc,+ ≡ (u+,c , u−), Pc,− ≡ (u+ , u−,c) and Pc ≡ (u+,c , u−,c) (in figure 13
and figure 14, these are points denoted through the empty markers, obtained from the dot
having the same colour). These four points belong to the four different subsets of D̃A and
provide the initial points of four different modular trajectories obtained by employing (4.23)
into (2.46) (see the blue and black curves in figure 13 and figure 14, whose initial points
are marked with the same colour); hence τ ∈ R is the modular parameter along each one
of these trajectories. All these four curves are naturally involved in the modular flow of
the massless Dirac field. Indeed, all of them must be considered to obtain a consistent
result in the limit of adjacent intervals, as discussed in [15], whose figure 11 illustrates this
limiting procedure in the spacetime.

Considering the modular evolution along the two distinct modular trajectories with
initial points P1 and P2, the spacetime distance between the points P1(τ) and P2(τ) after
the same value of the modular parameter τ along the corresponding modular trajectories
can be written by using (2.61) and (4.71), finding

d
(
P1(τ), P2(τ)

)
= ω̃(τ ;P1, P2) d(P1, P2) (4.78)

where ω̃(τ ;P1, P2) is defined as follows

ω̃(τ ;P1, P2) ≡
η̃
(
ξ(τ, u1,+), ξ(τ, u2,+)

)
η̃(u1,+, u2,+)

η̃
(
ξ(−τ, u1,−), ξ(−τ, u2,−)

)
η̃(u1,−, u2,−)

(4.79)

×
√
∂u1,+ξ(τ, u1,+) ∂u1,−ξ(−τ, u1,−) ∂u2,+ξ(τ, u2,+) ∂u2,−ξ(−τ, u2,−)

in terms of (4.17), (4.23) and (4.26). The above considerations imply that ω̃(τ = 0;P1, P2) = 1,
as expected, and that ω̃(τ ;P1, P2) > 0 for any τ . We remark that, since (4.78)–(4.79) imply
that d

(
P1(τ), P2(τ)

)
and d(P1, P2) have the same sign for any τ ∈ R, the modular evolution

along the modular trajectories containing the initial points P1 and P2 (indeed, the modular
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evolution in this case is non local and involves four modular trajectories, as shown in figure 13
and figure 14) preserves the relativistic causality also in this case. As consistency check
of (4.79), we observe that, by using (4.19) and (4.21), the corresponding expression for the
single interval case in (2.63) is recovered in the adjacent intervals limit.

It is worth studying the spacetime distance between P1(τ1) and P2(τ2) at generic real
values τ1 and τ2 of the modular parameter along the corresponding modular trajectories, as
done in section 2.7 for the bipartition of the line induced by the single interval (see (2.69)–
(2.70) and figure 6). Assuming that d(P1, P2) ̸= 0 for the initial distance, by employing (4.68)
into (2.67)–(2.68), we find that this quantity reads

d
(
P1(τ1), P2(τ2)

)
=
[
ξ(τ1, u1,+)− ξ(τ2, u2,+)

][
ξ(−τ1, u1,−)− ξ(−τ2, u2,−)

]
(4.80)

= Ω̃(τ1, τ2;P1, P2) d(P1, P2) (4.81)

where we have introduced

Ω̃(τ1, τ2;P1, P2) ≡
η̃
(
ξ(τ1, u1,+), ξ(τ2, u2,+)

)
η̃(u1,+, u2,+)

η̃
(
ξ(−τ1, u1,−), ξ(−τ2, u2,−)

)
η̃(u1,−, u2,−)

(4.82)

×R(τ12;u1,+, u2,+) R(−τ12;u1,−, u2,−)

×
√
∂u1,+ξ(τ1, u1,+) ∂u1,−ξ(−τ1, u1,−) ∂u2,+ξ(τ2, u2,+) ∂u2,−ξ(−τ2, u2,−)

which satisfies Ω̃(τ, τ ;P1, P2) = ω̃(τ ;P1, P2), as expected. From (4.80)–(4.82), the sign of
d
(
P1(τ1), P2(τ2)

)
can be different from the sign of d(P1, P2) as τ12 changes.

Combining (4.80)–(4.82) with the discussion made for (4.68), we conclude that the sign of
the ratio d

(
P1(τ1), P2(τ2)

)
/d(P1, P2) remains positive for every value of τ1 and τ2 only when

either P1 ∈ DA1 and P2 ∈ DA2 (or viceversa) or P1 ∈ DA,F and P2 ∈ DA,P (or viceversa). For
all the other choices of initial points in D̃A, the sign of the ratio d

(
P1(τ1), P2(τ2)

)
/d(P1, P2)

changes at τ12 = τ> and τ12 = τ>, whose explicit expressions can be obtained by using that
R(τ ;u1, u2) in (4.68) has a first order zero at τ = τ̃0(u1, u2) given by (4.35). This leads to

τ< ≡ min
{
τ̃0(u1,+, u2,+) , −τ̃0(u1,−, u2,−))

}
(4.83)

τ> ≡ max
{
τ̃0(u1,+, u2,+) , −τ̃0(u1,−, u2,−))

}
. (4.84)

In the limiting cases where u2,+ = C(u1,+) or u2,− = C(u1,−) (see (4.8)), the spacetime
distance d

(
P1(τ1), P2(τ2)

)
can be written as in (2.67)–(2.68) by employing for the chirality

where this condition is fulfilled the expression in (4.72) when τ1 ̸= τ2 and the one in (4.75)
when τ1 = τ2. The resulting formulas for d

(
P1(τ1), P2(τ2)

)
can be written straightforwardly

and we do not find it worth reporting them here. In particular, in the special case of P2 = P1,c
(i.e. u2,± = C(u1,±)), this tells us that d

(
P (τ1), Pc(τ2)

)
> 0 for all real values of τ1 and

τ2. Indeed, the factor multiplying u − uc in the r.h.s. of (4.72) is always positive and the
sign (−1)k in (4.75) does not affect the sign of d

(
P (τ), Pc(τ)

)
because two of them must

be multiplied, one for each chirality.
In figure 13 (that should be compared with the left panel of figure 6 for the single interval

case) we show an example where one point (see the black dot), e.g. P1, is kept fixed, i.e.
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Figure 13. Modular trajectories in the spacetime region D̃A (grey domain) whose initial points
are denoted by the blue markers, whose coordinates are related through (4.8). Also the reference
point (black dot) is related to the points denoted by the empty markers through (4.8). The spacetime
distance between the reference point and a generic point along the modular trajectories is given
by (4.80)–(4.82) with e.g. τ1 = 0. This setup for the solid curves is obtained by combining the one in
the top left panel of figure 12 along both chiral directions.

τ1 = 0, and its spacetime distance from another point P2(τ2) moving along its modular
trajectory is considered. This modular trajectory is one of the blue arcs in the different parts
of D̃A (grey domain), whose initial point P2 is indicated by a blue marker.

Taking, for instance, as the initial point P2 the blue dot in DA2 the corresponding modular
trajectory for P2(τ2) is the blue solid line. The initial distance d(P1, P2) > 0 is spacelike
and, from (4.80)–(4.82), it remains spacelike all over the entire modular trajectory, namely
d
(
P1, P2(τ2)

)
> 0 for every τ2 ∈ R. Indeed, all the points of DA2 are spacelike separated

from any point of DA1 . However, considering the anti-commutator of a massless Dirac field
localised in P1 and the modular flow of a massless Dirac field localised in P2 at the beginning
of the flow, by applying (4.54) or (4.56) on both the chiralities, we find that Dirac deltas
occur when τ2 = −τ< and τ2 = −τ> (see (4.83) and (4.84)). This is due to the fact that
the modular flow (4.15) is bilocal and these Dirac deltas originate from the term containing
ψ(ξc). Such bilocal term makes the geometric action of the modular flow non-local (in
particular, bilocal) [18, 20], and therefore all the blue curves in figure 13 must be considered
for a complete geometrical description of the modular flow of a massless Dirac field initially
localised in P2 (see e.g. [15]). This implies that, in D̃A, the above mentioned Dirac deltas are
supported on all the points denoted by the cyan and green markers in figure 13.
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Figure 14. Two sets of modular trajectories (blue and black curves), whose initial points are related
through (4.8) in each set, according to the notation adopted in figure 13. The spacetime distance
between a generic point along a modular trajectory (red dot, related to the points denoted by red empty
markers through (4.8)) and a generic point along another modular trajectory is given by (4.80)–(4.82).
This setup for the solid curves is obtained by combining the one illustrated in the bottom left panel of
figure 12 along both chiral directions.

Instead, taking as initial point P2 one of the other empty blue markers (whose coordinates
are related to the blue dot through (4.8)), the corresponding modular trajectory is either in
DA1 or in DA,F or in DA,P (for the circle, the up-pointing triangle and down-pointing triangle
respectively); hence the distance d

(
P1, P2(τ2)

)
changes sign with respect to d(P1, P2) when

τ2 = −τ< and τ2 = −τ> , given by (4.83) and (4.84). In particular, P2(−τ<) and P2(−τ>) are
the points denoted by the green and cyan markers respectively along the blue curve passing
through P2. As for the anti-commutator of a massless Dirac field in P1 and the modular flow
of a massless Dirac field in P2 at the beginning of the flow, from (4.54) or (4.56) we reach the
same conclusion described for the previous case, namely that Dirac delta occurs supported in
all the points of D̃A corresponding to the cyan and green markers in figure 13.

In figure 14 (to be compared with the right panel of figure 6 for the single interval case),
by adopting a notation similar to the one of figure 13, we illustrate an example where both
P1(τ1) and P2(τ2) move along distinct modular trajectories whose initial points P1 and P2
correspond to a black and blue marker respectively (each of them can be either filled or empty).
The point P1(τ1) at τ1 ̸= 0 is indicated by an orange marker and the situation in figure 13 is
recovered for τ1 = 0, when any orange marker coincides with the corresponding black marker
on its modular trajectory. Instead, the point P2(τ2) at τ2 ̸= 0 corresponds to a green marker.
Extending the observations made for figure 13 is straightforward. The sign of the ratio
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d
(
P1(τ1), P2(τ2)

)
/d(P1, P2) has been already discussed in the text above (4.83)–(4.84), finding

that e.g. when P1 and P2 are the black dot in DA1 and the blue dot in DA2 respectively,
d(P1, P2) > 0 and d

(
P1(τ1), P2(τ2)

)
> 0 for any τ1 and τ2. Indeed, any point in DA2 is

spacelike separated from any other point in DA1 . However, considering the anti-commutator
of the modular flows of two massless Dirac fields (see (4.15)), initially localised in P1 and
P2, from (4.54) or (4.56) we find that Dirac deltas contributions occur when τ12 = τ< and
τ12 = τ>, given by (4.83) and (4.84) respectively. In figure 14 the points where one of these
conditions is realised have been highlighted through rhombi of various colours.

Instead, choosing as P1 and P2 e.g. the black dot in DA1 and the blue empty up-pointing
triangle in DA,F respectively, the signs of d

(
P1(τ1), P2(τ2)

)
and d(P1, P2) might be different

(depending on τ1 and τ2) and, as for the anti-commutator of the modular flows of two massless
Dirac fields initially in P1 and P2, the same conclusion holds.

We find it instructive to compare the above results about the signs of d
(
P1(τ1), P2(τ2)

)
and d(P1, P2) when P1 ∈ DA1 and P2 ∈ DA2 with the ones for the same quantities in the case
where the bipartition is determined by a single interval when P1 ∈ DA and P2 ∈ WR, discussed
in section 2.7 (see the right panel of figure 4). While in the former case d

(
P1(τ1), P2(τ2)

)
and

d(P1, P2) have the same sign and the Dirac delta contributions in the commutators given
by (4.77) and (4.65) are due to the bi-local nature of the modular flow, in the latter case
the Dirac deltas in the commutator of the modular flows of the currents (see section 2.3)
occur when d

(
P1(τ1), P2(τ2)

)
changes sign with respect to d(P1, P2), consistently with the

fact that the modular flow is local.

5 Conclusions

The modular evolution is an interesting unitary evolution to study and understanding its the
relation with causality could provide new insights in the entanglement structure of quantum
field theories. This is usually a difficult task because the explicit expressions of the modular
Hamiltonian and of the corresponding modular flows are not known.

Since causality and spacetime distance are deeply related in Minkowski spacetime, in
this manuscript we have studied the spacetime distance between points moving along two
distinct modular trajectories for some known modular flows in two-dimensional CFT in
the Minkowski spacetime. When the bipartition of the spatial line is characterised by a
single interval, we have explored first the case of the ground state (see section 2) and then
its thermal generalisation where the CFT have different temperatures for the two chiral
components (see section 3). Instead, in the more complicated case where the bipartition
of the spatial line is determined by the union of two disjoint intervals, we have considered
the free massless Dirac field in its ground state, by employing the known expressions for
the modular Hamiltonian, the corresponding modular flows [18] and the modular correlators
for the field [20, 21] (see section 4). While the modular flows related to the finite spatial
subsystem A have been mainly explored, in the case of the interval A and of the ground state
(see section 2) some results about its complement B have been also obtained.

As for the subsystem A, analytic expressions for the spacetime distance d
(
P1(τ1), P2(τ2)

)
between two points along distinct modular trajectories for generic values of the modular
evolution parameters τ1 and τ2 along them have been obtained in terms of the spacetime
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distance d(P1, P2) between the two initial points P1 and P2 of the modular trajectories.
When A is a single interval in the line, this distance is given by (2.67)–(2.70) for the CFT
in its ground state (see also figure 6) and by (3.28)–(3.31) for the CFT at finite inverse
temperatures β+ and β− (see also figure 10). In the former case, also the corresponding result
in the Euclidean signature has been discussed (see section 2.8). When A is the union of two
disjoint intervals and the underlying CFT is the free massless Dirac field, this distance is
given by (4.80)–(4.82) (see also figure 14). In this case, the harmonic ratio (4.18) allows to
write the modular flow of the Dirac field in the form (4.15) through (4.17) and (4.19). The
relativistic causality along these modular flows has been studied by considering the sign of
d
(
P1(τ), P2(τ)

)
with respect to the sign of d(P1, P2) in the special case of τ1 = τ2 ≡ τ . Since

these two quantities keep the same sign for any τ ∈ R, the relativistic causality is preserved
by these modular evolutions. Explicit expressions for the values of the difference τ1 − τ2 where
d
(
P1(τ1), P2(τ2)

)
changes its sign with respect to d(P1, P2) have been obtained (see (2.72)–

(2.73), (3.32)–(3.33) and (4.83)–(4.84) in terms of (2.25), (3.12) and (4.35) respectively),
finding for them a simple form in terms of the function determining the weight function of
the local term of the modular Hamiltonian (see (2.3), (3.2) and (4.7)).

The commutators (or anti-commutators in the case of fermionic operators) of certain
modular flows are interesting quantities to consider to explore the relativistic causality along
the modular evolution. They can be studied by taking their mean value first and then
employing the modular correlators involved in the resulting scalar quantities. For a CFT
in the ground state and the bipartition of the line given by an interval, in section 2.3 the
commutators of the modular flow of the chiral currents have been considered, finding (2.32)
(or (2.34) equivalently). For the massless Dirac field in the ground state and the bipartition of
the line given by the union of two disjoint intervals, in section 4.4 the anti-commutators of the
modular flow of the chiral field and the commutators of the modular flow of the chiral density
have been studied, finding (4.54) (or (4.56) equivalently) and (4.65) respectively. The latter
result, which has been obtained by first writing the modular correlators of the chiral density
fields in (4.32) (see also appendix D.3), provides the commutators of the modular flows of
the charge density and of the current density for the massless Dirac field (see (4.76)–(4.77)).

The main result of the comparison between the spacetime distance of points along two
distinct modular trajectories and the commutators of the corresponding modular flows is
about the massless Dirac field and the bipartition of the line given by the union of two disjoint
intervals; indeed, in this case the non-locality (bilocality, in particular) of the modular flow
induced by the bilocal term of the modular Hamiltonian (see (4.4)–(4.5)) provides some Dirac
delta contributions in the commutators also when the all the points of a modular trajectories
are spacelike separated from all the points of the other one, as discussed in the final part
of section 4.6 and represented in figure 13 and figure 14.

Another interesting case as been discussed in section 2 and involves, instead, the local
operator K in (2.2), associated to the ground state of a CFT on the line bipartite by an
interval. Considering a modular trajectory inside the diamond DA and another one in
BA (i.e. in the grey and light blue region in figure 3 respectively), the spacetime distance
d
(
P1(τ1), P2(τ2)

)
changes its sign with respect to d(P1, P2) when singularities occur in the

evolution in BA corresponding to the singularity of (2.7) (see (2.9)). This feature can be
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traced back to the singularity of the map employed in [11, 13] to obtain (2.2) from the
Bisognano and Wichmann modular Hamiltonian, as discussed in appendix A.1. Moreover,
focussing on primaries having h+ = h− ≡ h for simplicity, with h > 0, in section 2.6 we
have shown that, for h ̸= k/2 with k ∈ N, local fields with conformal dimension h can be
constructed whose commutator has a non vanishing support in the past and future cones
made by the points that are timelike separated from the points of DA. Hence, their modular
evolution outside the diamond DA is not the one generated by K in (2.2) and, as far as
we know, it is not available in the literature.

Our analyses can be extended in various directions. It is worth considering other cases
whose modular Hamiltonian is known explicitly, including the ones where non-local terms
occur. Considering the two-dimensional massless Dirac field in the ground state, besides the
case investigated in section 4, bilocal terms have been found also for the bipartition of the
half line given by an interval separated from the boundary [33] and for the bipartition of the
line with a point-like defect characterised by two equal intervals placed symmetrically with
respect to the defect [35]. They also occur for the same model on the circle and at finite
temperature, when the bipartition is given by a single arc [36, 37]. Another case that is worth
considering is the free chiral current of the massless scalar field in the ground state and on
the line bipartite by the union of two disjoint intervals, whose modular Hamiltonian contains
a genuine non-local term [38]. It is instructive to extend our analyses also in two-dimensional
inhomogeneous CFT, already in the cases of local modular Hamiltonians [39]. Let us also
mention prototypical CFT models like the compactified boson and the Ising model in their
ground state on the line bipartite by the union of two disjoint intervals and its complement,
whose entanglement entropies are known (see e.g. [40–47]) but analytic expressions for the
corresponding modular Hamiltonians are still not available.

An important arena to explore the relation between causality and modular evolution is
provided by the gauge/gravity correspondence. In this context, by employing the geometric
prescription on the gravitational side for the holographic entanglement entropy [48–50],
causality has been studied e.g. in [51]. When the subsystem in the gauge theory side on
the boundary is the union of disjoint regions, interesting transitions occur (see e.g. [52–
54]) coming from the limit of large degrees of freedom where the classical gravity picture
emerges. Relevant insights for these analyses could come from the connection with von
Neumann algebras recently discussed in [55–57] or from the reformulation of the holographic
entanglement entropy prescription through the bit threads [58]. In the latter framework, for
instance, an interesting flow provided by the geodesic bit threads has been explored [59],
finding a relation with the geometric action of the modular conjugation in the boundary
CFT [15, 60].

The invariance under the Lorentz transformation plays a crucial role in the notion of
causality and in the determination of the modular evolutions; hence it would be very insightful
to explore the questions addressed in this manuscript also in non-relativistic models (see
e.g. [61–63] for some results in the free fermionic Schrödinger model). Since the continuum
limit of lattice models typically provides non-relativistic quantum field theories, we remark
that it would be interesting to explore the notions of modular evolutions and causality also
in lattice models, where some entanglement Hamiltonians and the corresponding spectra
have been studied (see e.g. [19, 64–72]).
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A Mappings

In appendix A.1 we review the map [2, 11, 13] employed to obtain the modular Hamilto-
nian (2.2) from the one of Bisognano and Wichmann [6, 7], discussing also its singularities.
Inversions mappings sending DA onto WR ∪ WL in a bijective way are constructed in ap-
pendix A.2.

A.1 Mapping the wedge into the diamond

In the Minkowski spacetime parameterised by the coordinates X̃ = (x̃, t̃ ), consider the double
wedge domain W̃R ∪W̃L made by the right and left Rindler wedges sharing the origin, denoted
by W̃R and W̃L respectively (in the left panel of figure 15, see the green and the orange
domains respectively). We are interested in the following map [2, 11, 13]

t = (b−a)
[
t̃−
(
X̃·X̃

)
C0
]

1−2 X̃·C+
(
X̃·X̃

)
(C·C)

+ b−a
2 C0 = (b−a) t̃(

x̃+t̃+1
)(
x̃−t̃+1

)
x = a+b

2 + (b−a)
[
x̃−
(
X̃·X̃

)
C1
]

1−2 X̃·C+
(
X̃·X̃

)
(C·C)

+ b−a
2 C1 = a+(a+b) x̃+b

(
x̃2−t̃ 2

)(
x̃+t̃+1

)(
x̃−t̃+1

) (A.1)

where C = (C1, C0) ≡ (−1, 0) is a constant vector and the scalar products in the spacetime
given by X̃ · X̃ ≡ − t̃ 2 + x̃2, X̃ · C ≡ − t̃ C0 + x̃ C1 and C · C ≡ −C2

0 + C2
1 occur.

In terms of the light-cone coordinates ũ± ≡ x̃± t̃ and of the ones defined in (2.1), the
map (A.1) takes the following simple form

u± = a+ b ũ±
ũ± + 1 (A.2)

whose inverse reads

ũ± = u± − a

b− u±
. (A.3)

The map (A.1) sends W̃R and W̃L into DA and BA respectively ( in the right panel of
figure 15, see the light grey and light blue region respectively), described in section 2.5 (see
figure 3). In particular, (A.1) relates the spatial axes parameterised by x and x̃; indeed we
have t|t̃=0 = 0 and x|t̃=0 = (a+b x̃)/(x̃+1). The latter expression, which is singular at x̃ = −1,
satisfies x|t̃=0 = a when x̃ = 0 and x|t̃=0 → b∓ as x̃ → ±∞. Moreover, x|t̃=0 = (a + b)/2
when x̃ = 1. Consider also ũ± = 1 (see the dashed black straight lines in the left panel of
figure 15), whose images through (A.2) are the dashed black straight lines in the right panel
of figure 15. These lines identify the partition DA = DR ∪DL ∪DF ∪DP (see section 2.5), that
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Figure 15. Modular trajectories in the double wedge domain W̃R ∪ W̃L (left panel) and their images
in DA ∪ BA under the map (A.1) (right panel).

corresponds (through (A.3)) to the partition of W̃R identified by the dashed black straight
lines in the left panel of figure 15; indeed, the red curve in DA belongs to DF ∪ DP.

The singularity in (A.2) corresponds to ũ± = −1, i.e. to the straight lines t̃ = ±x̃ ± 1
(see the dashed grey lines in the left panel of figure 15, whose intersection is the black
rhombus). These lines provide a partition of W̃L that is mapped through (A.2) into the
partition BA = WR ∪WL ∪VF ∪VP described in section 2.5. As consistency check, notice that
the green curve in BA belongs to VF ∪ VP. This picture is described also in figure 11 of [57].

Combining (A.3) with the Bisognano-Wichmann modular Hamiltonian (i.e. the generator
of the Lorentz boosts), one obtained the parabolic weight function (2.3); indeed

V (u±) =
2π ũ±
∂u± ũ±

(A.4)

where the transformation law of T±(u±) under conformal transformations has been employed.
It is well known that the geometric action of the modular conjugation in W̃R ∪ W̃L is

given by (x̃, t̃ ) 7→ (−x̃,−t̃ ), namely ũ± 7→ −ũ±. This inversion map commute with (A.1), or
with (A.2) equivalently. Indeed, along each chiral direction, from (A.2) and j(u) in (2.12),
we have

a+ b (−ũ±)
(−ũ±) + 1 = j

(
a+ b ũ±
ũ± + 1

)
. (A.5)

In a Rindler wedge (either W̃R or W̃L), a modular trajectory whose initial point has
light-cone coordinates (ũ0,+, ũ0,−) is the branch of hyperbola described by

ũ± = ξ̃(±τ, ũ0,±) ξ̃(±τ, ũ0,±) ≡ ũ0,± e±2πτ (A.6)

as shown in the left panel of figure 15, where the various solid curves have different ini-
tial points.

A modular trajectory (A.6), either in W̃R or in W̃L, is mapped through (A.1) into a
modular trajectory, either in DA or in BA respectively, that belongs to the hyperbola IP

– 52 –



J
H
E
P
0
6
(
2
0
2
5
)
1
8
5

introduced in section 2.5 (see (2.46) and (2.51)). Indeed, plugging (A.6) into (A.2), one
obtains (2.7), namely

u±
∣∣
ũ±=ξ̃(±τ,ũ0,±) = ξ(±τ, u0,±) (A.7)

where the initial values ũ0,± are related to u0,± through (A.3). In figure 15 we show various
modular trajectories either in W̃R or in W̃L and their images under the map (A.1), which
are modular trajectories either in DA or in BA respectively. In figure 15, a specific colour is
associated to any pair of modular trajectories related through (A.1). Notice that the initial
points for the red and the green curves could be X̃ = (1, 0) and X̃ = (−1, 0) respectively,
in W̃R and W̃L respectively.

The spacetime distance d(P1, P2) = −t212+x2
12 between two events P1 and P2 (the notation

y12 ≡ y1−y2 for the differences of certain coordinate y is adopted) can be written through the
spacetime distance d

(
P̃1, P̃2

)
≡ − t̃ 2

12 + x̃2
12 between their pre-images under (A.1) as follows

d(P1, P2) =
(b− a)2

d
(
P̃1, P̃0

)
d
(
P̃2, P̃0

) d(P̃1, P̃2
)

(A.8)

where the spacetime coordinates of P̃0 are X̃ = (−1, 0). Since P̃0 ∈ W̃L, the ratio multiplying
d
(
P̃1, P̃2

)
in the r.h.s. of (A.8) is strictly positive (and therefore causality is preserved) for

any choice of P̃1 and P̃2 in W̃R. However, this ratio is singular when P̃1 or P̃2 is lightlike
separated from P̃0 (i.e. when at least one of them belongs to the grey dashed lines in the
left panel of figure 15) and it does not have a definite sign as P̃1 or P̃2 spans W̃L. This
observation highlights the asymmetric role played by W̃R or in W̃L in (A.1).

A.2 Alternative inversion maps for the diamond

Motivated by the results discussed in section 2.6, in the following we construct two inversion
maps sending the diamond DA onto WR ∪WL (i.e. the domain of the Minkowski spacetime
made by the points that are spacelike separated by all the points in DA) in a bijective way.

Consider the partition DA = D̃R ∪ D̃L of the diamond DA into the triangular spacetime
regions D̃R ≡

{
(x, t) ∈ DA ; x ⩾ (a + b)/2

}
and D̃L ≡

{
(x, t) ∈ DA ; x ⩽ (a + b)/2

}
. This

bipartition of DA is identified by the vertical dashed brown segment in figure 16.
We introduce the mapping (x, t) 7→

(
x̄(x, t), t̄(x, t)

)
sending the generic point (x, t) ∈ DA

in the point in the spacetime whose spatial and temporal spacetime coordinates are respectively

x̄(x, t) ≡ j(x) t̄(x, t) ≡


− (b−a) t

2
(
x−a+b

2
) x ∈ D̃R

(b−a) t
2
(
x−a+b

2
) x ∈ D̃L

(A.9)

where the chiral inversion map (2.12) has been employed for the spatial coordinate. The
map (A.9) sends D̃R onto the right wedge WR and D̃L onto the left wedge WL in a bijective way.
Notice that x̄(x, t) → ±∞ as x→ (a+b

2 )± and that t̄(x, 0) = 0 for any x ∈ (a, b). Furthermore,
the map (A.9) is idempotent. Given a point in D̃R, its image under (A.9) is obtained by
first imposing the spatial coordinate x̄(x, t) through the chiral inversion map (2.12) and then
t̄(x, t) is found by constructing the two right-angled triangles that share the vertex of DA in
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Figure 16. Inversions of the modular trajectories in DA (red and blue solid curves) through
either (A.9) (magenta and yellow solid curves respectively) or (2.49)–(2.50) (black and green dashed
curves respectively). The latter inversion has been already represented in figure 3.

(x, t) = (b, 0), with one side along the x-axis and their hypotenuses along the straight line
passing through the initial point in D̃R and the vertex in (b, 0). For the red dot in figure 3, this
construction provides the magenta dot in WR and the orange dot-dashed segment connecting
them is made by the two hypotenuses of the two above mentioned right-angled triangles.
A slight modification of the above geometric construction, which consists in just replacing
the vertex in (x, t) = (b, 0) with the one in (x, t) = (a, 0), allows to send D̃L onto WL in a
bijective way (in figure 3, see e.g. the blue dot and its image denoted by the yellow dot, that
are connected by the orange dot-dashed segment).

A different map that also sends D̃R onto WR in a bijective way can be written by
imposing the same spatial coordinate x̄(x, t) and considering, instead, the two right-angled
triangles that share the vertex of DA in (a, 0) and having one side along the x-axis again
but their hypotenuses along the straight line passing through the initial point in D̃R and
the vertex in (a, 0). Then, D̃L is sent onto WL in a bijective way by replacing the vertex in
(a, 0) with the one in (b, 0) in the previous construction. Two examples correspond to the
dark yellow dot-dashed segments in figure 3. This geometric construction provides the map
(x, t) 7→

(
x̄(x, t),− t̄(x, t)

)
. In figure 3, the images of the red and the blue dots under this

map are the magenta and the yellow squares respectively.
We remark that these inversion maps cannot be written in terms of a chiral map, and

therefore are not conformal; in contrast with the inversion map in the spacetime given by
(u+, u−) 7→ ( j(u+) , j(u−)), i.e. by applying (2.12) along each chiral direction, which has
been discussed in section 2.5.

It is worth comparing the images in the spacetime of a modular trajectory in DA

(see (2.46)) under (A.9) and under (u+, u−) 7→
(

j(u+) , j(u−)
)
. In figure 16, two modular

trajectories in DA are shown (see the red and blue solid lines), whose initial points are the
dots having the corresponding color. The geometric construction discussed above for the
inversion map (A.9) and illustrated by the dot-dashed orange segments in figure 16 for the
initial points can be extended to the whole red and blue solid lines, finding the solid magenta
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Figure 17. Modular trajectories in the left Rindler wedge W̃L (left panel) and their images in
WR ∪WL under the map (A.11) (right panel).

line and the solid yellow line respectively. The dashed black and dashed green curves in
figure 16 denote the images of the red and blue solid lines respectively under (2.49)–(2.50)
and their initial points are the black and green dots respectively (see also figure 3).

These examples show that, remarkably, the image of a modular trajectory in DA un-
der (A.9) coincides with the branches of the curve obtained from (2.49)–(2.50) and contained
in WR ∪WL (see either the red dashed arc or the purple dashed arc in figure 3). Indeed, the
image of a modular trajectory in DA with initial point P ∈ DA under (A.9) belongs to the
corresponding hyperbola IP (see (2.51)–(2.52)); namely (2.46) and (A.9) satisfy

[
x̄
(
x(τ), t(τ)

)
− x0

]2 − t̄
(
x(τ), t(τ)

)2 = κ2
0 . (A.10)

The inversion map (A.9) does not preserve the sign of the spacetime distance. For
instance, consider for simplicity the points in DA having t = x− (a+ b)/2, which are lightlike
separated and belong to the black dashed segment in figure 16 with positive slope. Given
the points P1 and P2 in this class, with spatial coordinate x1 and x2 respectively, and lying
either in D̃R or in D̃L, their images under (A.9), denoted by P̄1 and P̄2 respectively, are
spacelike separated; indeed d(P̄1, P̄2) = x2

12.
The maps discussed in appendix A.1 and in this appendix can be employed to construct

a map sending the left Rindler wedge W̃L (see the green region in the left panel of figure 15)
onto WR ∪WL in a bijective way. Consider the bipartition of W̃L given by W̃L = W̃ <

L ∪ W̃ >

L ,
where W̃ <

L and W̃ >

L are identified by the branch of the hyperbola x̃2 − t̃ 2 = 1 in W̃L (see
the solid green curve in the left panels of figure 15 and figure 17) and correspond to the
region respectively on the left and on the right of this curve. A map sending W̃ <

L and
W̃ >

L onto WR and WL respectively in a bijective way can be constructed by composing
(in this order) the reflection (x̃, t̃ ) 7→ (−x̃,−t̃ ), the map (A.1) and (A.9); hence it act as
W̃L → W̃R → DA → WR ∪WL. This composition provides a map acting on a given point
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(x̃, t̃ ) ∈ W̃L as follows

x
(
x̃, t̃

)
≡ b− (b− a) (x̃− 1)

x̃2 − t̃ 2 − 1
t
(
x̃, t̃

)
≡

− (b−a) t̃
x̃2−t̃ 2−1 x ∈ W̃ <

L
(b−a) t̃
x̃2−t̃ 2−1 x ∈ W̃ >

L .
(A.11)

In figure 17 we show some modular trajectories in W̃L (left panel) and their images in WR∪WL

(having the same colour of the original curve) under the map (A.11). This mapping does not
preserve the sign of the spacetime distance because (A.9) is involved in its construction.

B Interval in the circle, vacuum state: modular inversion

In this appendix we consider a finite volume case (with periodic boundary conditions),
extending the results discussed in section 2.1 and section 2.5 for the infinite line.

A well known way to compactify a chiral direction is based on the Cayley map, which
relates the real line to the unit circle with one point removed (see e.g. [21]). This map can be
defined as u 7→ z = 1+iu

1−iu where u ∈ R and z ∈ S \ {P0}, being P0 the point corresponding
to θ = π on the unit circle S. Parameterising S through the complex number z = e2πiv/L

with v ∼ v + L, where L corresponds to the compactification parameter, the Cayley map
and its inverse become respectively

e2πiv/L = 1 + iu
1− iu u = i 1− e2πiv/L

1 + e2πiv/L = tan(πv/L) ≡ C(v) . (B.1)

Alternatively, following the standard approach to two-dimensional CFT in Euclidean sig-
nature [73], one first introduces the periodic identification v ∼ v + L on the real line and
then employs the exponential map v 7→ e2πiv/L.

In the following analysis both the chiral directions are compactified in a circle of length
L. The rhombi in both the panels of figure 18 represent the entire spacetime and the
dashed edges having the same color are identified. Considering along each chiral direction
the bipartition given by the interval A and its complement B on the circle of length L

parameterised by v± ∈ (−L/2 , L/2), the modular Hamiltonian of A and the corresponding
full modular Hamiltonian read respectively [16, 17]

KA =
∫
A
VL(v+)

[
T+(v+) +

πc

12L2

]
dv+ +

∫
A
VL(v−)

[
T−(v−) +

πc

12L2

]
dv− (B.2)

and

K ≡ KA ⊗ 1B − 1A ⊗KB

=
∫ L/2

−L/2
VL(v+)

[
T+(v+) +

πc

12L2

]
dv+ +

∫ L/2

−L/2
VL(v−)

[
T−(v−) +

πc

12L2

]
dv− (B.3)

where the weight function VL(v) is

VL(v) = 2L sin[π(b− v)/L] sin[π(v − a)/L]
sin[π(b− a)/L] = 1

w′
L(v)

v ∈ A (B.4)
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Figure 18. Modular trajectories (red and magenta solid curves) generated by (B.3) and related
through the inversion map constructed by applying (B.11) along each chiral direction.

being wL(v) defined as

wL(v) ≡
1
2π log

(
−sin[π(v − a)/L]
sin[π(v − b)/L]

)
. (B.5)

The weight function (B.4) is related to the corresponding weight function for the interval
on the line given in (2.3) as follows

VL(v) =
Ṽ
(
e2πiv/L)

∂v
(
e2πiv/L) =

V̂
(
C(v)

)
C′(v) (B.6)

where in the first equality we have employed the exponential map and Ṽ (v) is defined as (2.3)
with a and b replaced by e2πia/L and e2πib/L respectively, while the last expression is obtained
through the Cayley map (B.1) and V̂ (v) is defined as (2.3) with a and b replaced by C(a)
and C(b) respectively.

The bipartitions induced by A in each chiral direction determine the partition of the
compact spacetime provided by the black solid thin straight lines in each panel of figure 18.
The light grey domain corresponds to the diamond DA. Since periodic boundary conditions
are imposed along each chiral direction, the two panels in figure 18 are equivalent.

The modular evolution generated by (B.3) are described through the following func-
tion [33]

ξL(τ, v) ≡
L

2π i log
(eπi(b+a)/L + e2πib/L e2πwL(v)+2πτ

eπi(b−a)/L + e2πwL(v)+2πτ

)
(B.7)

whose infinite volume limit L → +∞ gives (2.7), as expected. Notice that

e2πiξL(τ,v)/L =
(
e2πib/L − e2πiv/L) e2πia/L +

(
e2πiv/L − e2πia/L) e2πib/L e2πτ(

e2πib/L − e2πiv/L)+ (e2πiv/L − e2πia/L) e2πτ (B.8)

= eπi(a+b)/L eπia/L sin
[
π(b− v)/L

]
+ eπib/L sin

[
π(v − a)/L

]
e2πτ

eπib/L sin
[
π(b− v)/L

]
+ eπia/L sin

[
π(v − a)/L

]
e2πτ (B.9)
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where the r.h.s. of (B.8) can be obtained as the r.h.s. of ξ(τ, v) in (2.7) by replacing a, b
and v with e2πia/L, e2πib/L and e2πiv/L respectively.

A modular trajectory in DA whose initial point at τ = 0 has light-cone coordinates
(v+, v−) can be written through ξL(τ, v) in (B.7) and its spacetime coordinates are

x(τ) = ξL(τ, v+) + ξL(−τ, v−)
2 t(τ) = ξL(τ, v+)− ξL(−τ, v−)

2 . (B.10)

The solid red and magenta curves in both panels of figure 18 are two modular trajectories
whose initial points correspond to the black dot and to the square dot respectively.

In this setup, the inversion map along each chiral direction is defined as follows [15]

jL(v) ≡
L

2πi log
(
e2πib/L + e2πia/L

2 +
[(
e2πib/L − e2πia/L)/2]2

e2πiv/L −
(
e2πib/L + e2πia/L)/2

)
(B.11)

which is a bijective and idempotent function sending A onto B with negative derivative

j′L(v) = − sin2[π(b− a)/L]∣∣ sin[π(b− v)/L]− eπi(b−a)/L sin[π(v − a)/L]
∣∣2 . (B.12)

The expressions in (B.4), (B.11) and (B.12) are related as follows

j′L(v)VL(v) = VL( jL(v)) . (B.13)

We remark that the maps (B.7) and (B.11) commute, namely they satisfy

jL
(
ξL(τ, v)

)
= ξL

(
τ, jL(v)

)
(B.14)

whose infinite volume limit gives (2.14), as expected.
In the compact spacetime introduced above, the inversion map is obtained by apply-

ing (B.11) along each chiral direction, i.e. (v+, v−) 7→ ( jL(v+) , jL(v−)). This map relates the
two modular trajectories corresponding to the red and magenta solid curves in figure 18.

Taking the infinite volume limit L→ ∞ in the right panel of figure 18, DA remains fixed
and one obtains the setup described in figure 3. Instead, taking the infinite volume limit
L→ ∞ in the left panel of figure 18, DA and the light blue diamond become the right and
the left Rindler wedges respectively (see e.g. the left panel of figure 15).

We remark that in the above analysis the universal covering discussed in [8, 12, 22] and
mentioned in the final part of section 1 has not been considered.

C A formula for the derivative of the Dirac delta

In this appendix we report a derivation of the following formula about the derivative of
the Dirac delta function

G(x) ∂

∂f(x) δ
(
f(x)

)
= G(x)
f ′(x)

∑
j

1∣∣f ′(xj)∣∣ ∂xδ(x− xj) (C.1)

=
∑
j

(
G(xj)

f ′(xj)
∣∣f ′(xj)∣∣ ∂xδ(x− xj)−

G′(xj) f ′(xj)−G(xj) f ′′(xj)∣∣f ′(xj)∣∣3 δ(x− xj)
)
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which has been used to explore the commutation relations of the modular evolutions of the
chiral components of the conserved current in CFT (see section 2.3) and of the chiral density
operators for the free massless Dirac field (see section 4.4).

Consider the integral representation of the Dirac delta and its derivative given by∫ ∞

−∞
e−ipx dp = 2π δ(x)

∫ ∞

−∞
p e−ipx dp = 2π i δ′(x) (C.2)

respectively, where the second expression can be found by taking the derivative with respect
to x of the first one. By employing the first identity in (C.2) for δ(f(x)) and then taking
the derivative with respect to x of the resulting expression, one gets

∂

∂f(x) δ
(
f(x)

)
= 1

2πi

∫ ∞

−∞
p e−ipf(x) dp = 1

f ′(x) ∂x δ
(
f(x)

)
= 1
f ′(x)

∑
j

1∣∣f ′(xj)∣∣ ∂xδ(x− xj)

(C.3)
where we used the second expression in (C.2) in the first equality and the well known formula
δ
(
f(x)

)
=
∑
j

1
|f ′(xj)| δ(x−xj) (where the sum is over the zeros xj of f(x) such that f ′(xj) ̸= 0)

in the last equality. The last expression in (C.3) provides the first equality in (C.1).
For a generic test function g(x) we have that∫ ∞

−∞
g(x)F (x) ∂xδ(x− y) dx = −

∫ ∞

−∞
g′(x)F (x) δ(x− y) dx−

∫ ∞

−∞
g(x)F ′(x) δ(x− y) dx .

(C.4)
The final expression in (C.1) is obtained by applying (C.4) in the special case where F (x) =
G(x)/f ′(x) to each term of the sum over j in the expression found through the first equality
of the same equation.

D Two intervals: modular flow and modular correlators

In the setup described in section 4, we revisit the derivations of the modular flow of the chiral
fermions (appendix D.1) [18] and their modular two-point functions (appendix D.2) [20], by
adapting the analysis described in appendix C of [33] to the case of a generic configuration
of two disjoint intervals on the line. The modular two-point functions for the chiral density
fields ϱ± ≡ : ψ∗

±ψ± : are also derived (appendix D.3).

D.1 Modular flow of the chiral fermionic field

Consider the massless Dirac field in its ground state and on the line bipartite by A = A1 ∪A2,
where Aj = [aj , bj ] with j ∈ {1, 2}. The modular flow of this field is generated by (4.1); hence
it can be obtained as the solution of the following system of PDE’s

d

dτ


ψ+(τ, u+)
ψ+(τ, u+,c)
ψ−(τ, u−)
ψ−(τ, u−,c)

 =
[
V (u+)⊕

(
− V (u−)

)]

ψ+(τ, u+)
ψ+(τ, u+,c)
ψ−(τ, u−)
ψ−(τ, u−,c)

 (D.1)

where the matrix operators in the r.h.s. are

V (u) ≡
(
Vloc(u) ∂u + 1

2 ∂uVloc(u) −Vbiloc(u)
− Vbiloc(uc) Vloc(uc) ∂uc + 1

2 ∂ucVloc(uc)

)
(D.2)

in terms of the weight functions (4.7) and u±,c ≡ C(u±) (see (4.8)).
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The block diagonal structure of (D.1) allows to focus separately on the chiral fields ψ±,
whose modular evolutions can be written in terms of the following doublet

Ψ(τ, u) ≡
(
ψ(τ, u)
ψ(τ, uc)

)
(D.3)

where the notation ψ = ψ± is adopted throughout this analysis to enlighten the formulas. Let
us recall that, since −V (u−) occurs in the r.h.s. of (D.1), the modular evolution parameter
to employ when u = u− is −τ . The doublet (D.3) solves the following system of PDE’s

d

dτ
Ψ(τ, u) = V (u)Ψ(τ, u) Ψ(τ = 0, u) = Ψ(u) (D.4)

where Ψ(u) is the initial field configuration.
The first relation in (4.12) implies Vloc(uc) ∂uc = Vloc(u) ∂u, that leads us to write (D.4) as

[
∂τ − Vloc(u) ∂u

]
Ψ(τ, u) =

( 1
2 ∂uVloc(u) −Vbiloc(u)
− Vbiloc(uc) 1

2 ∂ucVloc(uc)

)
Ψ(τ, u) . (D.5)

This system can be studied by introducing the following redefinition of the field

Ψ(τ, u) ≡ M(u) Ψ̃(τ, u) ≡ M(u)
(
ψ̃(τ, u)
ψ̃(τ, uc)

)
M(u) ≡

(
G(u) 0
0 G(uc)

)
(D.6)

where G(u) is defined by imposing the vanishing of the diagonal terms in (D.5). This
requirement gives

Vloc(u) ∂uG(u) = −1
2 G(u) ∂uVloc(u) (D.7)

whose solution is

G(u) = G0√
Vloc(u)

(D.8)

for some constant G0. The function G(u) in (D.8) satisfies the following properties

G(ξc) =
|ξ − q0|
r0

G(ξ) G(u)
G(ξ) =

√
Vloc(ξ)
Vloc(u)

. (D.9)

From (D.7), the system (D.5) can be equivalently written in terms of the field in (D.6) as

[
∂τ − Vloc(u) ∂u

]
Ψ̃(τ, u) = −

( 0 Ṽ (u)
Ṽ (uc) 0

)
Ψ̃(τ, u) (D.10)

where
Ṽ (u) ≡ Vbiloc(u)

G(uc)
G(u) =

√
Vloc(u)Vloc(uc)
u− uc

. (D.11)

Since Ṽ (uc) = − Ṽ (u), the system of PDE’s in (D.10) becomes[
∂τ − Vloc(u) ∂u

]
Ψ̃(τ, u) = Ṽ (u)J Ψ̃(τ, u) (D.12)
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in terms of the constant symplectic matrix J defined as follows

J ≡
( 0 −1

1 0

)
= U−1

( i 0
0 −i

)
U U ≡ 1√

2

(−i 1
i 1

)
(D.13)

where also the unitary matrix U diagonalising J has been reported.
The diagonalisation of J in the r.h.s. of (D.12) leads to the decoupling of the two PDE’s

in the system (D.12) through the following field redefinition

Φ̃(τ, u) ≡
(
φ1(τ, u)
φ2(τ, uc)

)
≡ U Ψ̃(τ, u) (D.14)

where φ1 and φ2 are not distinct fields; indeed, this definition implies that φ2(τ, u) = iφ1(τ, u).
This is consistent with the fact that the same field ψ̃ occurs in the two components of Ψ̃
(see (D.6)). The field redefinition (D.14) leads to write (D.12) as

[
∂τ − Vloc(u) ∂u

]( φ1(τ, u)
φ2(τ, uc)

)
= Ṽ (u)

( i 0
0 −i

)(
φ1(τ, u)
φ2(τ, uc)

)
(D.15)

By using Vloc(uc) ∂uc = Vloc(u) ∂u and Ṽ (uc) = − Ṽ (u) again, we find that the two decoupled
PDE’s given by the first and the second component in (D.15) take the same form expressed
in terms of either u or uc respectively, which is given by the following linear PDE[

∂τ − Vloc(u) ∂u
]
φ(τ, u) = i Ṽ (u)φ(τ, u) . (D.16)

The solution of the PDE in (D.16) for the initial field configuration φ(u) at τ = 0 reads

φ(τ, u) = ei θ(τ,u) φ
(
ξ(τ, u)

)
θ(τ, u) ≡ Γ

(
ξ(τ, u)

)
− Γ(u) (D.17)

where ξ(τ, u) has been defined in (4.23) and

Γ(ξ) ≡
∫

Ṽ (ξ)
Vloc(ξ)

dξ =
∫ 1
ξ − ξc

√
Vloc(ξc)
Vloc(ξ)

dξ = sign(ξ − q0) arctan
(
ξ − q0
r0

)
+ const

(D.18)
(we remind that Vloc(ξ) ⩾ 0 for ξ ∈ A) where the notation ξc(ξ) ≡ C(ξ), in terms of (4.8),
has been adopted. Since q0 ∈ (b1, a2) (see (4.9)), we have that sign(ξ − q0) = +1 for u ∈ A2
while sign(ξ − q0) = −1 for u ∈ A1. Moreover, the relation ∂ξξc = Vloc(ξc)/Vloc(ξ) implies
that Γ(ξc) = −Γ(ξ).

Combining (D.6), (D.14) and (D.17), we find that (D.3) becomes(
ψ(τ, u)
ψ(τ, uc)

)
= M(u)

( cos(θ) − sin(θ)
sin(θ) cos(θ)

)
M(ξ)−1

(
ψ(ξ)
ψ(ξc)

)
(D.19)

where we used that

U−1
( eiθ 0

0 e−iθ

)
U =

( cos(θ) − sin(θ)
sin(θ) cos(θ)

)
. (D.20)

Since the second component of (D.19) can be obtained from the first one by replacing ξ with
ξc and u with uc; we can focus only on the first component of (D.19).
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By employing (D.9), the explicit expression of the first component in (D.19) reads

ψ(τ, u) =
√
Vloc(ξ)
Vloc(u)

[
cos(θ)ψ(ξ)− r0

|ξ − q0|
sin(θ)ψ(ξc)

]
(D.21)

where, by using that sign(ξ − q0) = sign(u− q0) (notice that sign(u− q0) = (−1)j for u ∈ Aj
with j ∈ {1, 2}), the functions cos(θ) and sin(θ) are given respectively by

cos(θ) = cos
[
arctan

(
ξ − q0
r0

)
− arctan

(
u− q0
r0

)]
= (ξ − q0) (u− q0) + r2

0√[
(ξ − q0)2 + r2

0
][
(u− q0)2 + r2

0
]

(D.22)

sin(θ) = sign(u− q0) sin
[
arctan

(
ξ − q0
r0

)
− arctan

(
u− q0
r0

)]

= sign(u− q0)
r0 (ξ − u)√[

(ξ − q0)2 + r2
0
][
(u− q0)2 + r2

0
] (D.23)

which give

tan(θ) = sign(u− q0) tan
[
arctan

(
ξ − q0
r0

)
− arctan

(
u− q0
r0

)]

= sign(u− q0)
r0 (ξ − u)

(ξ − q0) (u− q0) + r2
0
. (D.24)

By using the expressions in (D.22) and (D.23), the modular flow (D.21) becomes

ψ(τ, u) =
√
Vloc(ξ)
Vloc(u)

 (ξ − q0) (u− q0) + r2
0√[

(ξ − q0)2 + r2
0
][
(u− q0)2 + r2

0
] ψ(ξ) (D.25)

− r2
0√[

(ξ − q0)2 + r2
0
][
(u− q0)2 + r2

0
] ξ − u

ξ − q0
ψ(ξc)

 .

Longo, Martinetti and Rehren [20] have introduced the parameters

LLMR ≡ b1 − a1 + b2 − a2 MLMR ≡ b1b2 − a1a2 NLMR ≡ (b1 − a1) a2b2 + (b2 − a2) a1b1
(D.26)

which are related to the parameters defined in (4.9)–(4.10) as follows

LLMR√
LLMR NLMR −M2

LMR

= 1
r0

MLMR√
LLMR NLMR −M2

LMR

= q0
r0
. (D.27)

In particular, the relations in (D.27) tell us that the argument of the first arctan function
in the r.h.s. of eq. (3.12) in [20] corresponds to (ξ − q0)/r0 in (D.22)–(D.24).

We find it worth expressing the modular flow (D.25) in terms of the four-point harmonic
ratio defined as follows

η(ξ, u) ≡ (ξ − ξc) (u− uc)
(ξ − uc) (u− ξc)

=
[
(ξ − q0)2 + r2

0
][
(u− q0)2 + r2

0
][

(ξ − q0) (u− q0) + r2
0
]2 (D.28)
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(which has been introduced also in (4.18) in terms of other variables), where the last
expression, obtained by employing (4.8), is symmetric under exchange ξ ↔ u. From (D.28)
it is straightforward to observe that

η(ξ, u)− 1 = −(ξ − u) (ξc − uc)
(ξ − uc) (ξc − u) =

[
r0 (ξ − u)

(ξ − q0) (u− q0) + r2
0

]2
(D.29)

hence η(ξ, u) ⩾ 1 for any choice of u and ξ in A, which is saturated when ξ = u. Com-
bining (D.24) and (D.29), one finds

tan(θ) = sign(u− q0)
√
η(ξ, u)− 1 . (D.30)

The expression in (D.28) satisfies the following relations

η(ξc, uc) = η(ξ, u) η(ξc, u) =
η(ξ, u)

η(ξ, u)− 1 (D.31)

It is worth exploring the possible occurrence of an upper bound for (D.28) with u, ξ ∈ A.
When u ∈ Ai and ξ ∈ Aj with i ̸= j, an upper bound does not exist because η(ξ, u) → +∞ as
ξ → uc (see (4.22)). Instead, when u and ξ belong to the same interval η(ξ, u) ⩽ ηmax, where

ηmax ≡ (a2 − a1)(b2 − b1)
(a2 − b1)(b2 − a1)

ηmax = η(a1, b1) = η(a2, b2) (D.32)

which can be equivalently written in terms of (D.30) as follows [74]∣∣ tan(θ)∣∣ < √ηmax − 1 . (D.33)

When both u ∈ Aj and ξ ∈ Aj with j ∈ {1, 2}, we can focus on ξ ⩾ u without loss of
generality because (D.28) is symmetric under exchange ξ ↔ u. By introducing ξ0 ≡ ξ − q0
and u0 ≡ u − q0, from (D.29) we get

1
η(ξ, u)− 1 = 1

r2
0

(
ξ0 u0 + r2

0
ξ0 − u0

)2

= 1
r2

0

(
u2

0 + r2
0

ξ0 − u0
+ u0

)2

⩾
1
r2

0

(
u2

0 + r2
0

bj,0 − u0
+ u0

)2

(D.34)

where bj,0 ≡ bj − q0 in the last expression, which can be bounded as follows

1
r2

0

(
u2

0 + r2
0

bj,0 − u0
+ u0

)2

= 1
r2

0

(
b2
j,0 + r2

0
bj,0 − u0

− bj,0

)2

⩾
1
r2

0

(
b2
j,0 + r2

0
bj,0 − aj,0

− bj,0

)2

= 1
η(bj , aj)− 1

(D.35)
in terms of aj,0 ≡ aj − q0. The upper bound η(ξ, u) ⩽ ηmax for ξ and u in the same interval
is obtained by combining (D.32), (D.34) and (D.35).

In (4.17) we have introduced a specific notation to denote the ratio multiplying the field
ψ(ξ) within the curly brackets in the r.h.s. of (D.25). From (4.16), it is straightforward to get

∂uξc =
(

r0
ξ − q0

)2
∂uξ (D.36)

and, as for the numerator and the denominator in the r.h.s. of (4.17), we find respectively

[
(ξc − q0)2 + r2

0
]
=
(

r0
ξ − q0

)2 [
(ξ − q0)2 + r2

0
]

(ξc − q0) (u− q0) + r2
0 = ξ − u

ξ − q0
r2

0 .

(D.37)
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Combining (4.26), (D.36) and (D.37), we observe that√
Vloc(ξ)
Vloc(u)

r2
0√[

(ξ − q0)2 + r2
0
][
(u− q0)2 + r2

0
] ξ − u

ξ − q0
=

√
∂uξc

η̃(ξc, u)
. (D.38)

Thus, by employing (4.26) again, (4.17) and (D.38), the modular flow (D.25) becomes

ψ(τ, u) =
√
∂uξ

η̃(ξ, u) ψ(ξ)−
√
∂uξc

η̃(ξc, u)
ψ(ξc) (D.39)

which satisfies the initial condition ψ(τ = 0, u) = ψ(u), as expected, because η̃(u, u) = 1 and
η̃(ξc, u) diverges as ξc → uc. It is useful to write (D.40) in the following form

ψ(τ, u) =
√
∂uξ

η̃(ξ, u)

[
ψ(ξ)− η̃(ξ, u)

η̃(ξc, u)

√
∂uξc
∂uξ

ψ(ξc)
]
≡

√
∂uξ

η̃(ξ, u)
[
ψ(ξ)−M(ξ, u)ψ(ξc)

]
(D.40)

where we have introduced

M(ξ, u) ≡ η̃(ξ, u)
η̃(ξc, u)

√
∂uξc
∂uξ

= (ξc − q0) (u− q0) + r2
0

(ξ − q0) (u− q0) + r2
0

(D.41)

= r2
0 (ξ − u)

(ξ − q0)
[
(ξ − q0) (u− q0) + r2

0
] = (ξc − q0)

[
(ξc − q0) (u− q0) + r2

0
]

r2
0 (ξc − u)

(D.42)

whose explicit expressions are obtained from (4.16), (4.17), (D.36) and (D.37). The expres-
sion (D.42) is employed in a crucial way to investigate the modular correlators of the chiral
fermionic fields and of the chiral density fields in appendix D.2 and appendix D.3 respectively.

We find it worth concluding this analysis by observing that the expression (4.15) for the
modular flow of the chiral field provides a useful starting point to explore the flow of the same
field generated by the negativity Hamiltonian. Indeed, since this operator is given by (4.1) with
a2 and b2 interchanged when the partial transposition of A2 is considered [75, 76], according
to the procedure discussed in [77–79] to study the entanglement negativity in quantum
field theory (see also [80, 81]), the corresponding flow can be obtained by interchanging
a2 and b2 in (4.15) as well.

D.2 Modular correlators of the chiral fermionic fields

The modular flow of the fermionic chiral fields ψ± derived in appendix D.1 allows to construct
the corresponding modular two-point functions satisfying the proper KMS condition, which
have been first obtained by Longo, Martinetti and Rehren in [20].

In the following, to avoid confusion with (4.24), we adopt the notation ξr̃ ≡ ξ(±τr, ur,±)
and ξr̃,c ≡ C(ξr̃) for r, r̃ ∈ {1, 2}, in terms of ξ(τ, u) defined in (4.23). Combining (D.40) and
the two-point function of the chiral fermionic fields ψ± given by ⟨ψ∗

±(u)ψ±(v)⟩ = 1
2π(±i) (u−v)

(see (2.16) with h± = 1/2), for the modular correlator of ψ± we find

⟨ψ∗
±(τ1, u1)ψ±(τ2, u2) ⟩ =

√
∂u1ξ1̃ ∂u2ξ2̃

η̃(ξ1̃, u1) η̃(ξ2̃, u2)
Mψ±(τ1, u1; τ2, u2) (D.43)
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where uj means uj,± with j ∈ {1, 2} and we have introduced

Mψ±(τ1, u1; τ2, u2) ≡ ⟨
[
ψ∗
±(ξ1̃)−M(ξ1̃, u1)ψ∗

±(ξ1̃,c)
][
ψ±(ξ2̃)−M(ξ2̃, u2)ψ±(ξ2̃,c)

]
⟩ (D.44)

= Nψ±

{
1

ξ1̃ − ξ2̃ ∓ iε − M(ξ1̃, u1)
ξ1̃,c − ξ2̃ ∓ iε − M(ξ2̃, u2)

ξ1̃ − ξ2̃,c ∓ iε + M(ξ1̃, u1)M(ξ2̃, u2)
ξ1̃,c − ξ2̃,c ∓ iε

}

in terms of the normalisation constant Nψ± = 1/[2π(±i)], that depends on the chirality of
the field. By employing (D.42) into (D.44), for the modular correlator (D.43) one obtains

⟨ψ∗
±(τ1, u1)ψ±(τ2, u2) ⟩ =

√
∂u1ξ1̃ ∂u2ξ2̃

√
η(ξ1̃, ξ2̃)
η(u1, u2)

Nψ±

ξ1̃ − ξ2̃ ∓ iε = Nψ±W±(τ12;u1, u2)

(D.45)
(we remind that uj must be replaced with uj,±) in terms of the distributions W±(τ ;u1, u2)
introduced in (2.21). Further comments about (D.45) have been reported in section 4.3,
where the relevant properties of the function provided by this modular correlator which are
relevant for the chiral distance along the modular evolutions (see section 4.5) are discussed.

D.3 Modular correlators of the chiral density fields

The modular flow of the fermionic chiral fields ψ± discussed in appendix D.1 can be employed
to study also the modular two-point functions of the chiral density fields ϱ± ≡ :ψ∗

±ψ± :, which
provide the modular two-point functions of the charge density and of the helicity density
for the massless Dirac fermion. Indeed, from (D.40) we find

⟨ ϱ±(τ1, u1) ϱ±(τ2, u2) ⟩ =
∂u1ξ1̃ ∂u2ξ2̃

η̃(ξ1̃, u1)2 η̃(ξ2̃, u2)2 Mϱ±(τ1, u1; τ2, u2) (D.46)

where uj must be understood as uj,± (like in (D.43)) and we have introduced

Mϱ±(τ1, u1; τ2, u2) ≡
〈 {

:ψ∗
±(ξ1̃)ψ±(ξ1̃) : +M(ξ1̃, u1)2 :ψ∗

±(ξ1̃,c)ψ±(ξ1̃,c) : (D.47)

−M(ξ1̃, u1)
[
:ψ∗

±(ξ1̃,c)ψ±(ξ1̃) : + :ψ∗
±(ξ1̃)ψ±(ξ1̃,c) :

]}
{
:ψ∗

±(ξ2̃)ψ±(ξ2̃) : +M(ξ2̃, u2)2 :ψ∗
±(ξ2̃,c)ψ±(ξ2̃,c) :

−M(ξ2̃, u2)
[
:ψ∗

±(ξ2̃,c)ψ±(ξ2̃) : + :ψ∗
±(ξ2̃)ψ±(ξ2̃,c) :

]} 〉

– 65 –



J
H
E
P
0
6
(
2
0
2
5
)
1
8
5

which is an algebraic sum containing 16 terms. Indeed, performing the various contractions,
we obtain

Mϱ±(τ1, u1; τ2, u2)
Nϱ

= (D.48)

= 1
(ξ1̃ − ξ2̃ ∓ iε)2 + M(ξ1̃, u1)2

(ξ1̃,c − ξ2̃ ∓ iε)2 + M(ξ2̃, u2)2

(ξ1̃ − ξ2̃,c ∓ iε)2 + M(ξ1̃, u1)2M(ξ2̃, u2)2

(ξ1̃,c − ξ2̃,c ∓ iε)2

−2M(ξ1̃, u1)
[

1
(ξ1̃ − ξ2̃ ∓ iε) (ξ1̃,c − ξ2̃ ∓ iε) +

M(ξ2̃, u2)2

(ξ1̃ − ξ2̃,c ∓ iε) (ξ1̃,c − ξ2̃,c ∓ iε)

]

−2M(ξ2̃, u2)
[

1
(ξ1̃ − ξ2̃ ∓ iε) (ξ1̃ − ξ2̃,c ∓ iε) +

M(ξ1̃, u1)2

(ξ1̃,c − ξ2̃ ∓ iε) (ξ1̃,c − ξ2̃,c ∓ iε)

]

+2M(ξ1̃, u1)M(ξ2̃, u2)
[

1
(ξ1̃ − ξ2̃ ∓ iε) (ξ1̃,c − ξ2̃,c ∓ iε) +

1
(ξ1̃ − ξ2̃,c ∓ iε) (ξ1̃,c − ξ2̃ ∓ iε)

]

where the normalisation constant is Nϱ = 1/(4π2). Plugging the expression for M(ξ, u)
(see (D.42)) into (D.48), a remarkable simplification occurs and the modular correlators (D.46)
become

⟨ ϱ±(τ1, u1) ϱ±(τ2, u2) ⟩ = ∂u1ξ1̃ ∂u2ξ2̃
η(ξ1̃, ξ2̃)
η(u1, u2)

Nϱ

(ξ1̃ − ξ2̃ ∓ iε)2 = NϱW±(τ12;u1, u2)2

(D.49)
where any uj means uj,±, according to the notation adopted in (D.43) and (D.46), and the
distributions W± are (2.21) with w(u) given by (4.6). We remark that (D.49), which has been
discussed further in section 4.3, displays an intriguing formal similarity with (2.20) for h± = 1.

It is tempting to introduce the following ansatz for the modular flow of ϱ±

ϱ̃±(τ, u) ≡
∂uξ

η(ξ, u) ϱ±(ξ)−
∂uξc
η(ξc, u)

ϱ±(ξc) . (D.50)

However, evaluating ⟨ ϱ̃±(τ1, u1) ϱ̃±(τ2, u2) ⟩ through this ansatz and taking into account the
proper subset of terms in (D.48), we find that the resulting correlators do not coincide with
the modular correlators (4.32); hence (D.50) is not the correct modular flow of the chiral
density fields. It would be interesting to find the analytic expression for the modular flow
of the chiral density fields ϱ± providing the modular correlators (4.32).

D.4 Details on the chiral distance

In the following we derive the relation (4.67) that provides the chiral distance (4.68).
Let us adopt the notation ξj ≡ ξ(τj , uj) for j ∈ {1, 2} in order to shorten the expressions

occurring below. From (4.34), (4.33), (4.17) and also (4.24), which implies w(ξj) = w(uj)+ τj ,
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the relation (4.67) is obtained as follows

W (τ12;u1, u2) =
1

u1 − u2

e2πw(u1) − e2πw(u2)

e2πw(u1)+π(τ1−τ2) − e2πw(u2)−π(τ1−τ2) (D.51)

= 1
ξ1 − ξ2

ξ1 − ξ2
e2πw(ξ1) − e2πw(ξ2)

e2πw(u1) − e2πw(u2)

u1 − u2
eπ(τ1+τ2) (D.52)

= 1
ξ1 − ξ2

(u1 − q0)(u2 − q0) + r2
0

(ξ1 − q0)(ξ2 − q0) + r2
0
B1,2

√
e2π[w(ξ1)+w(ξ2)]

e2π[w(u1)+w(u2)] (D.53)

= 1
ξ1 − ξ2

η̃(ξ1, ξ2)
η̃(u1, u2)

B1,2

√√√√[(u1 − q0)2 + r2
0
][
(u2 − q0)2 + r2

0
][

(ξ1 − q0)2 + r2
0
][
(ξ2 − q0)2 + r2

0
] e2π[w(ξ1)+w(ξ2)]

e2π[w(u1)+w(u2)] (D.54)

=
√
∂u1ξ1 ∂u2ξ2
ξ1 − ξ2

η̃(ξ1, ξ2)
η̃(u1, u2)

(D.55)

where we have introduced

B1,2 ≡ (b1 − ξ1)(b2 − ξ1) (b1 − ξ2)(b2 − ξ2)
(b1 − u1)(b2 − u1) (b1 − u2)(b2 − u2)

(D.56)

which is strictly positive because (bj − ξk)/(bj − uk) > 0 for any choice of j and k, with
j, k ∈ {1, 2}. Notice that in (D.52) and (D.54) we have used

ξ1 − ξ2
e2πw(ξ1) − e2πw(ξ2)

e2πw(u1) − e2πw(u2)

u1 − u2
= (u1 − q0) (u2 − q0) + r2

0
(ξ1 − q0) (ξ2 − q0) + r2

0
B1,2 (D.57)

and
e2π[w(ξ1)+w(ξ2)]

e2π[w(u1)+w(u2)] =
∂u1ξ1 ∂u2ξ2

B 2
1,2

[
(ξ1 − q0)2 + r2

0
][
(ξ2 − q0)2 + r2

0
][

(u1 − q0)2 + r2
0
][
(u2 − q0)2 + r2

0
] (D.58)

respectively, that can be found from (4.6), (4.9)–(4.10) and the second relation in (4.26).
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