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Abstract

In this paper, we consider systems of linear ordinary differential equations, with analytic coefficients
on big sectorial domains, which are asymptotically diagonal for large values of |z|. Inspired by [60], we
introduce two conditions on the dominant diagonal term (the L-condition) and on the perturbation term
(the good decay condition) of the coefficients of the system, respectively. Assuming the validity of these
conditions, we then show the existence and uniqueness, on big sectorial domains, of an asymprotic funda-
mental matrix solution, i.e. asymptotically equivalent (for large |z|) to a fundamental system of solutions
of the unperturbed diagonal system. Moreover, a refinement (in the case of subdominant solutions) and a
generalization (in the case of systems depending on parameters) of this result are given.

As a first application, we address the study of a class of ODEs with not-necessarily meromorphic coeffi-
cients, the leading diagonal term of the coefficient being a generalized polynomial in z with real exponents.
We provide sufficient conditions on the coefficients ensuring the existence and uniqueness of an asymptotic
fundamental system of solutions, and we give an explicit description of the maximal sectors of validity for
such an asymptotics. Furthermore, we also focus on distinguished examples in this class of ODEs arising
in the context of open conjectures in Mathematical Physics relating Integrable Quantum Field Theories and
affine opers (ODE/IM correspondence). Notably, our results fill two significant gaps in the mathematical
literature pertaining to these conjectural relations.
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Finally, as a second application, we consider the classical case of ODEs with meromorphic coefficients.
Under an adequateness condition on the coefficients (allowing ramification of the irregular singularities), we
show that our results reproduce (with a shorter proof) the main asymptotic existence theorems of Y. Sibuya
[80,81] and W. Wasow [94] in their optimal refinements: the sectors of validity of the asymptotics are
maximal, and the asymptotic fundamental system of solutions is unique.
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction
1.1. Asymptotically diagonal systems

Consider the linear ordinary differential equation

dy
d_zz(A(Z)+R(Z))Y’ zeU, (1.1)

where

(1) U € C is an unbounded simply-connected domain given by the union of lines, whose
distance from O is greater than a fixed a > 0 and whose slopes vary in an open interval
1Tmin: Tmax[ € R, see Fig. 1.1;

(2) A(z2), R(z) are analytic n x n matrix-valued functions on U;

(3) A(z) =diag(A11(2), ..., Aun(2)) is a diagonal matrix.

The arguments of points z of U vary in the interval Jtypin; Tmax + 7 [. The choice of a dg:iermi-
nation of the argument of points of U allows us to actually see U as a subdomain' of C*, the
universal cover of C* :=C \ {0}.

Assume that the summand R is “small” (in a sense to be defined) in the regime |z| — oc. In
such a case, equation (1.1) can be seen as a “perturbation” of the diagonal equation

dY
Y _ Ay (1.2)
dz

It is then natural to investigate up to which extent solutions of (1.2) approximate solutions of
(1.1) for big values of |z|. A fundamental matrix solution for the unperturbed equation (1.2) is

Z
Y, (2) := exp/ A(¢)d¢, for an arbitrarily fixed z, € U.

2o

In this paper, we address the following question:

Q: Under which conditions on the triple (U, A, R), does there exist a unique fundamental ma-
trix solution Y : U — G L(n, C) of (1.1) asymptotically equivalent to Y,, that is

Y@)Yo(2) ' =L +0(l), z—o00, zeU?

Inspired by the work of N. Levinson [60] for linear ODEs on the real line, our main result,
Theorem 2.6, will provide an answer to question Q. It will give, at the same time, sufficiently
general conditions on (U, A, R) to be applicable in a wide range of situations, as we are going
to expose.

' In the main body of the paper, the more general case U C C* will be considered. Here, for the sake of simplicity of
exposition, we limit ourselves to the case U € C.
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Fig. 1.1. The domain U, union of lines (some are represented) with natural orientation. Also an example of an oriented
segment [z7, zp] is represented.

1.2. Description of the main results

In order to formulate the main results of the paper, we need first to introduce two preliminary
definitions.

The first notion we want introduce is the L-condition for the pair (U, A).

Any line £ C U is the boundary of an half-plane H € U. Hence, the natural complex orien-
tation of H induces an orientation of £ = 9IH. We will refer to this orientation as the natural
orientation of £.

Given z1, z2 € U, denote by [z1, z2] the oriented segment {(1 — )z + 122, 0 < ¢ < 1}, with
orientation from z to z3. Let Py be the set of all oriented segments in U, obtained by truncating
the naturally oriented lines in U. See Fig. 1.1.

We will say that the pair (U, A) satisfies the’ L-condition if for any pair (i, j), with i, j =
1,...,nand i # j, the set of real numbers

A= {Re f (Ai(©) = A;j(2) &, [z1.22]€Py } CR

[z1,22]

has an upper bound and/or a lower bound.
The second notion we want to introduce is the good decay condition for the pair (U, R).
Given a line £ € U, denote by d, the distance of ¢ from the origin 0 € C. We will say that
(U, R) satisfies the good decay condition if (the restriction of) R is L! -integrable along any line
£ C U, and moreover

IRlell1 = 0, fordy — 400, | -] being the 1-norm on L'(¢,dz).
We are now able to state the main result of the paper.
Theorem 1.1 (Theorem 2.6). If (U, A) satisfies the L-condition, and (U, R) the good decay

condition, then the differential equation (1.1) admits a unique fundamental matrix solution
Y: U — GL(n, C) such that

2 Here L stands for Levinson, being the condition above our generalization to the complex domain of some simpler
conditions, due to N. Levinson, required in the real case, see [60], [32, Ch.1 and references therein].
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Y(z):(ln—i—o(]))exp/A(;)d{, z— 00, o<Largz<LP+m, (1.3)

20
for arbitrary o, B satisfying Tmin < @ < 8 < Tmax-

For short, we will refer to the fundamental matrix solution Y satisfying (1.3) as the asymptotic
solution of (1.1).

In Sections 2.5 and 2.6, we also obtain a refinement and a generalization, respectively, of the
main result above.

On the one hand, in Section 2.5, we focus on the study of those columns of Y (z) defining
subdominant solutions of (1.1) on U. These are vector-valued solutions ygup(z) of (1.1) corre-
sponding to the j,-th columns of Y (z), where j, € {1, ..., n} is such that all the sets A; ;, have
lower bound for any i =1, ...,n with i # j,. In particular, the solutions yg,,(z) are dominated
by any other non-zero vector-valued solutions y(z), in the sense that? |ysub(2)| = O(|y(2)]) for
7z — oo along any line £ C U. In our Theorem 2.13 we show that the validity of the asymptotic
estimate given by the j,-column of both sides of (1.3) is valid in a bigger domain U than U,
under mild assumptions on (U, A, R).

On the other hand, in Section 2.6 we address the case of equation (1.1) with coefficients holo-
morphically depending on further parameters varying in an open connected subset of C™, with
m 2> 1. Under uniform analogs of both the L-condition and the good decay condition, together
with a uniform integrability assumption, our Theorem 2.21 provides a parametric analog of The-
orem 1.1.

We assert that Theorem 2.6 introduces at least two significant innovations to the field. Firstly,
it addresses differential equations (1.1) with coefficients that may not be meromorphic, and, in
fact, does not require their analytic continuations to be single-valued, or even to exist at all around
the singularity. Secondly, it is important to emphasize that our result not only predicts the exis-
tence of asymptotic solutions but also establishes their uniqueness. The former innovation has
practical applications in addressing challenging open problems in mathematical physics: we will
explain how Theorem 2.6 can be used to fill gaps in the literature on the ODE/IM correspon-
dence.* The latter, when applied to the classical case of ODEs with meromorphic coefficients on
P1(C), allows us to derive more robust versions of classical results regarding the existence and
uniqueness of asymptotic solutions.

1.3. Applications

As a first application of our results, we address the study of a family of linear ODEs with not-
necessarily meromorphic coefficients on P!(C). These equations are indeed defined on U :=
{z € C*: |z| > a} and are of the form (1.1), with

h
A(R) = ZA(k)z”"_l, A® diagonal matrices, 1=o09>o0;>:-->0,>0, o0;€R.,
k=0

3 Here | - | is an arbitrarily fixed norm on the space of matrices M (n, C).
4 IM stands for “Integrable Models”.
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and R: U — M (n; C) analytic satisfying the good decay condition on U (this holds, for exam-
ple, if R=0(|z|~'~%) on U, for some § > 0).

For ODEs of such a form, a notion of Stokes rays can be defined, see Definition 3.1. In
Section 3.2, under adequate conditions® on A, we show that these Stokes rays can be used to
select the maximal sectors of U on which the matrix A satisfies the L-condition. Consequently,
for adequate A, on these maximal sectors the existence and uniqueness of the asymptotic solution
is guaranteed by Theorem 2.6, see Theorem 3.10. Moreover, we also specialize to this case our
results on subdominant solutions (Theorem 3.19) and to the case of equations depending on
parameters (Theorem 3.23).

Examples of equations of the form above arise in the context of the ODE-IM correspondence.
The ODE/IM correspondence is a mostly conjectural duality between Integrable Quantum Field
Theories (IM) and linear ordinary differential operators with analytic coefficients (ODE). It states
that every solution of the Bethe (Ansatz) Equations originating from a Quantum Field Theory can
be represented as the spectral determinant of a linear differential operator, see e.g. [23,24,27,26,
9,37,38,63,68,40]. Therefore, any state of any integrable quantum field theory should correspond
to a linear differential operator.

Oftentimes, quantum field theories come in families parametrized by moduli, one of which can
be identified with the degree at z = co of the coefficient of the corresponding linear differential
operator. As a result, this degree is not necessarily a rational number.

Because of this and due to the lack, prior to the present paper, of a theory of not-necessarily
meromorphic ODEs, the literature on the ODE/IM correspondence suffers of two fundamental
gaps: the first is the construction of a distinguished basis of solutions at z = 0o, and the second is
the description of the maximal sector for subdominant solutions (the latter solutions were indeed
constructed by ad-hoc methods [68]).

In Section 3.6, these gaps are filled by Theorem 3.26, deduced as a special case of the results
of Sections 3.1-3.5. Furthermore, we also apply this new result to the most studied instance of the
ODE/IM correspondence, the duality between quantum g"-Drinfeld—Sokolov hierarchy [8,36]
(also known as Quantum g-KdV) and £g("-opers on C*.

As a second application, we consider the classical case of linear ODEs with meromorphic
coefficients on P! (C) = C U {00}, namely

dy

y =7"1A()Y, A(z) analytic on P!(C)\ {|z] > a}, (1.4)
Z

where r € N is the Poincaré rank of the irregular singularity at z = oo. This equation admits
formal fundamental systems of solutions of the form

Yior(2) = F(2)G(2), (1.5)

where G(z) is a well-defined analytic function of some root® z!/?, and F(z) is a formal power
series of 77!, see e.g. [6,70,62]. Though the series F(z) typically is not convergent, the purely
formal solution Y (z) is well-known’ to prescribe the asymptotics (in the sense of Poincaré)

5 In particular A has to admit adequate tuples, as defined in Definition 3.9.

6 The irregular singularity z = oo is said to be ramified it p > 1, and p is called index of ramification. This is the Fabry
phenomenon [33].

7 In the monography [94] this result is referred to as the Main Asymptotic Existence Theorem. This result marks the
culmination of a very long sequence of investigations dating back to the 19th century. See the next section.
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of genuine fundamental systems of solutions of (1.4) in any sector of {z € C*: |z| > a}, with
sufficiently small angular opening, see e.g. [80,94,81,7,82]. On small sectors as such, however,
the uniqueness of these fundamental systems of solutions is not guaranteed by their asymptotics
(1.5) only. In the ramified case (p > 1), it is a difficult problem to give an a priori estimate of
the optimal angular opening guaranteeing both the existence and uniqueness of an asymptotical
fundamental matrix solution.

In Section 4.2, by replacing equation (1.4) with a gauge equivalent one (the gauge equivalence
given by an arbitrary truncation of the series F(z)), we recover an equation of the form (1.1).
Under adequate conditions® on the coefficient A, we show that it is possible to characterize the
maximal sectors on which the L-condition holds, and consequently Theorem 1.1 applies. This
leads to a very short proof of the Main Asymptotic Existence Theorem of [94], in its optimal
refinement (i.e. on maximal sectors), see Theorem 4.3. Hence, for these adequate systems (in-
cluding ramified cases), we prove the existence and uniqueness of a fundamental matrix solution
with asymptotics (1.5) on optimal sectors.

1.4. Some historical remarks

We would like to conclude this introduction by briefly contextualizing our results into a
historical perspective.” The study of asymptotic solutions for linear ODEs has its origins in pi-
oneering works focused on “approximate” solutions. Although the concept of “approximation”
was loosely defined, and the methods employed lacked rigor, the contributions of G. Carlini [17],
J. Liouville [61], and G. Green [41] represented the initial explorations in this field.

It was only with the works of G. Stokes [83-85] and H. Hankel [45] that these methods were
refined, leading to the introduction of series approximations for actual ODE solutions. Stokes,
on one hand, considered formal power series solutions as approximations, in the sense that their
arbitrary truncations almost satisfy the original ODE. Hankel, on the other hand, introduced
formal power series solutions that were deemed approximate because they were semi-convergent
(a concept previously defined by A.M. Legendre [59, pag. 13]) to true analytic solutions. Hankel
also pioneered the use of exact analytic solutions to compute their semi-convergent expansions,
establishing a direct connection between the two. Additionally, it is worth noting that both Stokes
and Hankel independently discovered the Stokes phenomenon during their research and provided
explanations for it, although they did not delve further into this topic.

A significant milestone in this area of research was marked by the contributions of H.
Poincaré. Building upon substantial advancements in the general theory of ordinary differential
equations made between 1833 and 1886 by a multitude of mathematicians,' Poincaré achieved
a pioneering feat. He replaced the vague concept of an “approximate solution” with the precise
notion of an “asymptotic solution” by introducing a theory of asymptotic series. Focusing on
n™-order scalar ODEs with polynomial coefficients and an irregular singularity at z = oo of rank
1, as detailed in [72,73], Poincaré accomplished the following:

8 In particular, the system (1.4) must admit r-adequate tuples, as defined in Definition 4.2.

9 The interested reader can found a detailed historical analysis on the study of asymptotical solutions of ODE:s, in the
period 1817-1920, in the essay [79].

10 Among them we mention: A.-L. Cauchy, K. Weierstrass, C. Briot and J. Bouquet, L. Fuchs, L.W. Thomé, F. G.
Frobenius, M.E. Fabry.
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(1) He derived exact analytic solutions using a Laplace transform technique, resulting in integral
representations applicable in the vicinity of z = co.

(2) He introduced a rigorous concept of asymptotic series and computed the asymptotic expan-
sions of the aforementioned Laplace integrals for a fixed argument arg z.

(3) He identified these asymptotic expansions as formal solutions of the given ODE, as previ-
ously described'' by L.W. Thomé [86,87] and M.E. Fabry [33].

Poincaré’s contributions marked a pivotal moment in the field, establishing the foundation
for the study of asymptotic solutions in the context of ODEs, which quickly gained significant
attention. From 1897 to 1910, J. Horn made substantial advancements in this field, drawing in-
spiration from Poincaré’s ideas and producing a series of significant papers. Describing all of
Horn’s technical innovations and refinements concisely is a formidable task. However, it’s worth
noting that Horn extended Poincaré’s findings to address higher rank irregular singularities, ini-
tially focusing on 2"-order linear ODEs [46], later expanding to arbitrary n-order linear ODEs
[49]. Most notably, he tackled the challenge of extending the validity of asymptotic solutions
into angular sectors centred around irregular singularities, see e.g. [47,48]. Remarkably, Horn’s
work in [49] established — for nM-order scalar ODEs (with coefficients known only asymptoti-
cally near an irregular singularity at z = oo)— the existence of a fundamental system of solutions
whose asymptotics expansions are given by formal solutions along any ray in the z-plane, albeit
with a finite number of exceptions. Horn’s contributions were central in broadening Poincaré’s
ideas across a wide range of equations. His versatile techniques shed new light on the nature
of asymptotic solutions. In the realm of ODE research spanning from the 1890s to the 1910s,
Horn’s work distinctly stands out as superior to that of his contemporaries.

All the works discussed thus far have addressed the case of scalar differential equations. It is
only through the work of G. Birkhoff that the theory of asymptotic solutions for systems of linear
ODEs achieved a clear formulation. By extending the concepts of formal series solutions and the
rank of an irregular singularity to systems of linear ODEs, Birkhoff’s primary interest shifted
towards constructing asymptotic solutions in the vicinity of irregular singularities of arbitrary
rank. He accomplished this through a suitable modification of Poincaré’s and Horn’s techniques
based on Laplace transforms.

More precisely, in [4], Birkhoff considered the class of systems of linear ODEs which are
equivalent, for large |z|, to a canonical system of the form

dy
zd— = P(z)Y, P(z) matrix with polynomial entries, (1.6)
Z

with an irregular singularity at z = oo of arbitrary rank. Initially, he constructed formal solu-
tions Yior(z) for equation (1.6), which can essentially be reduced to the form (1.5). Subsequently,
he demonstrated the existence of fundamental systems of solutions Y (z), with asymptotic be-
haviour Yfor(z), within any sector centred around z = oo and with a sufficiently small angular
opening. Furthermore, Birkhoff provided a Laplace integral representation, similar to those used
by Poincaré, for each entry of Y (z). Birkhoff also claimed that any system of linear ODE:s is
holomorphically equivalent to a canonical one: this is false, as shown later by F.R. Gantmacher

U 1n the theory of Thomé and Fabry, formal solutions, essentially always reducible to the form (1.5), were referred to
as normal, logarithmic normal, or (in the ramified case) anormal series solutions of the linear ODE.
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[39], P. Masani [64] and H.L. Turritin [92]. This approximately represents the state of the art on
asymptotic solutions as described in the monography [55].

In a further series of papers [50-53], the already mentioned J. Horn showed the following
result for linear systems of ODE: if the leading term of the coefficient matrix, at a singularity
of second kind, has all distinct eigenvalues, then for sectors with sufficiently large opening one
has uniqueness of the asymptotic fundamental system of solutions, which can be represented as
a Laplace integral. These are, to the best of our knowledge, the first references in the literature of
ODEs where the uniqueness problem for asymptotic solutions has been addressed.

Following Horn’s and Birkhoff’s contributions, the literature saw an abundance of results,
with a progression of refinements and generalizations. Notable works in this regard include those
by W.J. Trjitzinsky [88,89], J.A. Lappo-Danilevsky [58], M. Hukuhara [54], and H.L. Turritin
[90,91]. The most sophisticated formulations of these results, with complete proofs, can be found
in the subsequent references [22] and [80,94,81]. In all these works, the proof of the existence
of asymptotic solutions (with Poincaré asymptotics given by a formal solution) is given on small
sectorial domains. The details of the proofs are quite delicate, and to the best of our knowledge
the references [80,94,81] are essentially the only ones in which complete proofs are given.

On the one hand, in [22], E.A. Coddington and N. Levinson’s proof begins by establishing
the result on the positive real axis, building upon N. Levinson’s seminal work [60]. The latter
treats the perturbation to the diagonal part of the differential system as an inhomogeneous term,
with a solution given by variation of parameters, leading to an integral equation where a fixed-
point argument is applied. By showing that a solution of the integral equation is also a solution
of the differential equation with prescribed asymptotics (but not vice versa), the existence result
is proved. Subsequently, [22] extends the result to the complex sectorial case (under genericity
assumptions of the coefficients), applying the real argument radially. It is so shown that the
asymptotic behaviour of a solution along a radial direction can be extended to a small sector in
the z-plane. This extension relies on theorems of A.H. Phragmén and E.L. Lindelof, as described
in [22, Chapter 5, Sections 4 and 5].

On the other hand, Y. Sibuya [80,81] and W. Wasow [94] used a different approach to es-
tablish the existence result. The initial step involves formulating a nonlinear ODE for a gauge
transformation, which can be formally solved by F(z) in (1.5). This gauge transforms the origi-
nal equation (1.4) into a simpler differential equation, solved by the function G(z) in (1.5). The
subsequent step is to demonstrate the existence of a genuine solution F (z), with asymptotic be-
haviour F(z), for the nonlinear equation. Such a solution F (z) is constructed entry-wise, with an
integral equation for each matrix entry. In particular, each integral equation is set on a carefully
chosen z-dependent contour. In order to reach the final G(z), a finite sequence of intermediate
such gauge transformations is generally required, each of which essentially reduces the sector
of applicability of the existence result. As a consequence, in the general ramified case, one can
only assert that existence holds on a sufficiently small sector (see, for example, Theorem 19.1 in
[94]). The minimal angular opening of the sector was later established in [7, Sect. 4].

Our approach differs in the following way: after reducing (1.4) to the form (1.1) via a gauge
equivalence given by a truncation of F, we set an integral equation directly for the solution
Y (2) itself on z-dependent straight lines in a domain U (on which both the L-condition and the
good decay condition are satisfied). Contrary to the strategy in [22], these integration contours
do not respect the radial symmetry of U but instead “span” it. This allows us to deduce not only
the existence but also the uniqueness of Y (z) on U. Indeed, as in Levinson’s approach, a fixed
point argument of Banach—Caccioppoli type provides uniqueness for the solution of the integral
equation. However, the spanning of the domain by integration contours is crucial to prove the

9
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equivalence between the solution of the integral equation and that of the differential equation with
asymptotic conditions. Consequently, the uniqueness of solutions for the differential equation is
established. The above equivalence cannot be proved by the real or radial argument in Levinson’s
approach (see the proof of Lemma 2.9 and Remark 2.10 for further details).

In conclusion, our approach offers a shorter proof of the Sibuya-Wasow asymptotic existence
theorem and provides a stronger conclusion, namely the uniqueness of the asymptotic solutions.
Moreover, it is more general, as it applies to a broader class of equations with non-meromorphic
coefficients.

The approach introduced in the seminal paper by N. Levinson [60] has served as a wellspring
of inspiration for numerous subsequent works and developments, to which we direct the reader
for further details and references in [32]. It is worth noting that the Russian literature has fur-
ther elaborated upon this methodology in various specific instances, with ad hoc adaptations to
specific cases, see for example [77,34,35]. In particular, in [35, Chapter 5], it was applied to the
WKB analysis, which subsequently inspired a weaker and particular version of our results on
subdominat solutions in the ODE/IM literature, see [68].

Let us conclude by mentioning that, for linear meromorphic systems of ODEs, the existence
and uniqueness (on sufficiently large sectors) of asymptotic fundamental systems of solutions
has been subsequently proved with techniques of k-summability and multi-sommability applied to
formal power series solutions, see [74,75,31,14,1,70,62] and references therein. We stress that for
the wide class of differential equations considered in this paper the study of formal solutions is, at
present, unapproachable. Already the case of coefficients with an essential singularity represents
an interesting open problem: see the interesting paper [2], in which a first description of formal
solutions is given for several classes of such systems.

1.5. Structure of the paper

Sections 2.1-2.4 — In these sections, we establish our notations and introduce the L-decay and
good decay conditions. The main result of our paper, Theorem 2.6, is proven here.

Sections 2.5-2.8 — In this part, we both refine the main result for subdominant solutions and
extend it to the parametric case.

Sections 3.1-3.3 — Here, we delve into a family of ODEs with coefficients that may not nec-
essarily be meromorphic, specifically, generalized polynomials in z with real exponents. We
introduce the concepts of Stokes rays and adequate tuples and present and prove Theorem 3.10
as the first application of our main result.

Subdominant and parametric cases are addressed in Sections 3.4 and 3.5, respectively. Addi-
tionally, in Section 3.6, we explore the applications of these results in the context of the ODE/IM
correspondence.

Sections 4.1-4.2 — In these sections, we shift our focus to classical case of meromorphic
linear systems on P!. We review existing results on formal solutions, including ramified cases,
introduce the concept of r-adequateness of tuples, and establish the existence and uniqueness
of asymptotic solutions on large sectors. This provides a refinement of the main asymptotic
existence theorems of Y. Sibuya and W. Wasow.

Sections 4.3-4.4 — Finally, in these sections, we address the subdominant case and briefly
touch on the parametric case.
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2. A Levinson type theorem on the complex domain
2.1. Notations and preliminary notions

Let IT: C* — C* be the universal cover of C*. Points of C* can be uniquely represented in
polar form z = ,oe‘/__w, where p € R is the modulus |z| of z, and 6 € R is the argument arg z.

We call lines those curves on C* whose projection are straight lines on C*. These admit the
parametrisation

aj

p=——"—— a;,a,a R, a #0, (a2,a3) #(0,0).
apcosf + a3 sinf

Given ¢ € R and a € R, we define the closed half-plane H, ., and the line £, 4, by the for-
mulas

~ b4 T a
Hy,:=1z€C*: ,e] - = —[, >——— V. l,,:=0H,,.
0.a {z argz € ¢ — e+ |, Lzl COS((p_argZ)} ¢.a ¢.a

The half-plane H, , inherits the orientation of C*, and consequently its boundary £, , := 0H, 4
is oriented (with angular direction 7 := ¢ — 7 /2). See Fig. 2.1. This allows to introduce a natural
total order relation < on points of £, 4, and to distinguish two infinite points o0 on it.

For any continuous function f on £, , and any p > 1, we define the L”-norm || f||, € Ry U
{+00} as

— a N=rANk a
o= [ (i) e @] e

o=5i0+5]

The closure of the space of continuous L”-integrable (i.e. with finite L”-norm) functions, with
respect to the norm || - ||, is the Banach space L? (£, ), see e.g. [44, Ch. 1,§1.2]. These defi-
nitions naturally extend to functions with values in a finite dimensional normed C-vector space

V. 1-D.
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Fig. 2.1. The half plane Hy, . The angles are represented mod 27. Equivalently, the figure may be intended as the
representation of the projection onto C of the sheet of C* where H, 4 lies.

For any interval I C R, we define

Hy,:= U Hy.q (2.2)
pel

In particular, if [ is the open interval J¢min; ®max[s

~ 4 s
Hio={zeC*: wgze Jomin = Siomn+ 5[ EIZ0a@en}. @3

where 974 |@min — % ¢max + 5[ — R is defined by

a b
———————,  @min — = < ¢ < @min;
Ccos ((pmin - 90) 2
Vra(@) = {a, Omin < @ < Pmax,
a b
————————, Omax <@ < Pmax + .
€08 (¢ — Ymax) 2

See Fig. 2.2. In the paper, & will denote the sheaf of holomorphic functions on C1fQc Cris
an open subset, and V is a finite dimensional C-vector space, we set 0(Q2; V) := 0(Q) ®c V.
If C is not open, we define &/(C; V) as inductive limit @)1@(9; V), with € open sets containing
C,seee.g. [30, Cor. 1, Th. 3.3.1,pg.151].

2.2. The main theorem

Let n > 1. Denote by h(n, C) the Lie algebra of diagonal matrices in gl(n, C). We equip
gl(n, C) with an arbitrary norm | - |. Let / € R an open interval, J C [ a closed interval, and
aeR.g.For Ae O(Hj 40, C))andi, je{l,..., n}, weset

z
Gijj,a :=sup sup sup Re / (Aii () — Ajj () dr, 24

pel b>a  w<z
(w,z)éf;f_%, w,ly. b

12
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Fig. 2.2. The domain IH; ,. The angles are represented mod 2. Equivalently, the figure is the projection onto C. Two
lines £y, 1, and £, 5 are also represented, with ¢pmin < @ < ¢’ < Pmax-

Z
37, = inf inf inf Re / (Aii(6) — Aj; (1)) dr. (2.5)
= <
(w,Z)GZ;,Zb wserpl;

Definition 2.1. A holomorphic function A € O(Hj ,4; h(n, C)) satisfies the L-condition on I if,

forany i, j € {1,...,n},and any J C I closed interval, there exist K1, K> € R, depending on J,
such that one of the following mutually exclusive conditions holds:

e cither
&Y <K d 77 =— -
Ja S A1 an Ja=— o0, (L-1)
> K. (L-2)

Definition 2.2. A holomorphic function R € O'(H/ ,; gl(n, C)) satisfies the good decay condi-
tion on I if for any closed interval J C I and any b > a, R is L'-integrable if restricted along
any line £, 5, with ¢ € J, and

lim supl|Rle, 1 =0, (2.6)
J

b—+400 e
where || - ||; is the norm in Ll(ﬂ(p,;,,dz).

Example 2.3. The function R € O(H, 4; gl(n, C)) satisfies the good decay condition if there
exists 8 > 0 such that R = O(z~'~%) on H, 4 for any closed interval J C I, that is

sup |2 R(2)| < 0. 2.7

ZGH‘Lu
Remark 2.4. If R € O(Hy 4; gl(n, C)) satisfies the good decay condition, then we have

MR.a,7 := sup sup||Rlg, ,lI1 < oo. (2.8)
b>a pel

13
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By (2.6), Mg 4, can be made smaller by increasing a, and Mg 4, ; — 0 for a — 4o0.

Remark 2.5. Both the good decay condition and condition (2.8) can be easily adapted to C-
valued functions defined on a single half-plane Hy, ,. The latter condition defines the so-called
Smirnov classes E' (Hy, ). These functional spaces, and the more general spaces E” (H,, ), are
extensively studied in [29, Ch. 11]. The good decay condition, then, can be seen as defining a
subclass of E!(Hy 4)

Theorem 2.6. Consider the differential equation

dy
— =A@ +R@R))Y, 2.9
dz

where the leading term A € O(Hj 4; b(n, C)) satisfies the L-condition on I, and the perturba-
tion term R € O(Hj 4; gl(n, C)) satisfies the good decay condition on 1. There exists a unique
holomorphic fundamental matrix solution Y : H; . — GL(n, C) with asymptotic behaviour, for
any closed interval J C I and z — oo in H; 4, given by

Y(z) = (I, + o(1)) exp /A(u))du) ,

0

where z, is an arbitrary point of Hj 4.

Corollary 2.7. In the same assumptions of Theorem 2.6, if R = O(z~'7%) on Hy 4, then the
unique solution Y of Theorem 2.6 is such that

Y(@) = (I, + 0(z™%)) exp fA(w)dw :

0

where z,, is an arbitrary point of H 4.

The proof of Theorem 2.6 will be given in the next sections. Before, we need to introduce
some preliminary tools.

2.3. The space Hj 4, and the integral operators K +

Let I = ]¢min; ¥max[ be an open interval. Given a domain H; 4, with J C I a closed interval,
we define #;, to be the space of continuous bounded function on Hy , with values in C”",
whose restriction to intH , is analytic. The space H , is Banach if equipped with the norm
[56, Th. 1.2]

[ flloo := sup |f(2)].

ZEHJY,,
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Let A € O(Hy4; h(n,C)) be a diagonal matrix satisfying the L-condition. For any fixed
Jo €{l,...,n}and an arbitrary i € {1, ..., n}, only one between conditions (L-1) and (L-2) hold
for the pair (i, j,). Define a partition J4(j,) U J_(j,) = {1, ..., n} as follows:

e if (L-1) holds for (i, j,), theni € J(j,),
e if (L-2) holds for (i, j,), theni € J_(j,).

For any fixed j, € {1, ..., n}, define the diagonal matrices W ;, € ﬁ(HXZ' h(n, C)) by

lLa>

9]
Wior, L2)ii 2= efo(Aii(’) — A, (O)dr, i€ T1 (o),
&
W+’j0(§17 ;2)” = O, l' c Jf(jo),
. . (2.10)
fojo(é‘l’ CZ)ii = O, 1 € J+(J0),
l¢)
W j, (€1, £2)ii = exp / (Aii (6) = A, () dt, i € J_(jo),
S|

where the integral can be taken along any curve in H; , joining ¢ and ¢».
Given a function R € O(Hj 4; gl(n, C)) satisfying the good decay condition, and J C I a
closed sub-interval, we introduce two integral operators K+ ; : Hj.a = H.q, defined by

Ky j,lf:2] :=/W+,,-0(t,z)R(t)f(r)dt, @2.11)
K_jlf:2] :=/W_,,-a(t,z)R(t)f(t)dt, (2.12)

where

o the integral (2.11) is taken from —oo to z along any line £, , € H , passing through z,
o the integral (2.12) is taken from z to +oo along any line £, , € H , passing through z.

Lemma 2.8. For any closed interval J C I the following hold.

(1) The operators K+ j, are well-defined bounded operators on Hj . In particular, there exists
a constant C > 0, independent on R, such that

1K+, j,[f5 - Moo S Cll flloo MR.a,J5 (2.13)

where MR 4. is defined in (2.8). Moreover, for z — oo in Hy 4,
lim K4 ; [f;z]=0. (2.14)
7—>00
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@) IfFR=0(z"""%) on H; 4, then there exists a C > O such that for any f € Hj, we have

Kt j,[f: 2]l S Cll flloolz™) (2.15)
Proof. To prove point (1), we need to prove that

(1) the integrals (2.11), (2.12) are finite for any z € H; 4;

(ii) they are independent of the lines £, 5, with ¢ € J, passing through z;
(iii) K+ j,[f;z] are analytic functions of z € intHl; , and continuous at z € 9l j 4.
(iv) K+ j,[f;z] vanishes as z — oo in Hy 4.

Point (i) and (2.13) follow from conditions L and the good decay condition on R, since

Z
/ Wi, 2R@) f()de| < | sup  [Wy j, (2, 2] | 1Rl 1111 lloos

) 1<z
Lo,b X2
v (t.2els;

/W—,ju(l,Z)R(t)f(t)dt < osup [Wo i, (0, D) | IR]eg 111 llco-

¢ o<t
»Lo,b x2
¢ (r2)ety]

As for point (ii), let £y, », € Hy 4, with i =1, 2, be two lines passing through z. Since J C I,
there exists ¢’ € I and a line Ly transversal to both £y, p,, i = 1,2, intersecting them respec-
tively at the points w; € £y, p;, i = 1,2, with w; < z. We have

0= /_/+/ Wy (&, 2)R() f(t)dt.
1 wy w2

By taking the limit b’ — +o0, the term || ulf’z ! goes to zero, by (2.6). Hence, point (ii) is proved for
Ky i [f;z]. The case of K_ ; [ f;z] is similar.

To prove (iii), first let z and z; be poins of intH; ,. Consider K ; [ f;z] and K ; [ f; z1],
respectively along lines £, , and £, 5, , with the same ¢ € J. We claim that

<1

K+,ju[f;zl]_K+,jo[f§Z]Z/W+,jg(t»Z)R(t)f(t)dta (2.16)

<

where the integration in the r.h.s. is along any path joining z to z;. If the claim is true, then the
following limit is well defined and analytic w.r.t. z:

dKy ;,[f;z] — lim Ky i lfiz1]l— Ky j,1f52]
dz TN 71— 2

=Wy, (2, 2R f(2).
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Fig. 2.4. z goes to infinity along Z.

To prove the claim, as we did before, for suitable ¢’ € I we can take an arbitrary £, 5 transversal
to £y p and £, p,, intersecting them in w < z and w; < z; respectively. See Fig. 2.3. Then

< <1 21 wi
0= / +/_ / - / Wy, (&, 2)R@) f(t)dr.
w’eﬁﬂvb z wlserp,bl w,éw/_h/

By taking the limit b’ — o0, the term ["' goes to zero, by (2.6). Successively, let z € 0H 4
and z; € intH; ,. The equality (2.16) is proved in the same way, and implies continuity at z. The
case of K ; [ f;z] is similar.

As for point (iv), we show that K ; [ f; z] vanishes for z — oo along any line ic Hy .. By
(ii), (2.11) depends only on z and not on ¢, so we can take a line of integration £y ;) transverse
to £, with ¢’ € I and b(z) = |z| cos(¢’ — argz). See Fig. 2.4. By (2.13),

|K+ j, L2l S C Nl flloo IR, 11, € > 0. 2.17)

Now, b(z) — 400 when |z| — oo, and by (2.6), the right-hand-side goes to zero. The case of
‘

K_ j [f;z]is similar.
Point (2) follows from inequality (2.17). O
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2.4. Proof of Theorem 2.6

Fix j, € {1,...,n}, and z, € Hy ,. Consider the change of variables

Z

Y(@)=Z(2) exp/ Aj,j, () de, (2.18)

2o

in equation (2.9). The function Z(z) satisfies

dzZ  ~ ~
= (AR +R(@) Z@), AR =A@ —Aj,j,@]I. (2.19)

Denote by (ey, ..., e,) the standard basis of C”, where ¢; = (0,...,0,1;,0,...,0)T, for any
i=1,...,n. Theorem 2.6 will be proved if we show that there exists a unique C"-valued solution
Z(z) of (2.19) such that, when z — oo in H 4,

Z(z)=ej,+o(l) inHy4,, (2.20)
for any closed interval J C I.
Consider the integral equation
f@=ej, +Ky [ fiz2l=K_;[f;2, feHia- (2.21)

Lemma 2.9. The following conditions are equivalent:

(1) afunction Z(z) is a solution of the integral equation (2.21);
(2) afunction Z(z) is a solution of (2.19) satisfying (2.20).

Proof. Let us first re-write the integral equation (2.21) in a more convenient form. Set

Wi(2) =Wy ,(20,2), Wa(2):=W_ ,(z0,2), W(2)=Wi(2)+ Walz) = eXp/ INOES

2o
(2.22)
so that

Wi, (6,0 =Wi@QWO™,  W_ (t,2) =WaW@)™". (2.23)

The integral equation (2.21) is thus

f@)=ej, +W1(z)/W(t)_lR(t)f(t)dt— Wz(z)/W(t)_lR(t)f(t)dt. (2.24)

Notice that both the constant vector e, and the matrices W1(z), W2(z), W(z) are solutions of the
diagonal system

18
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aT ~
— (@) =ADT (2). (2.25)
dz

If Z(z) is a solution of the integral equation (2.21), then we can derive both sides of equation
(2.24), with f = Z. We obtain

Z'(z) = W{(z) / WO 'RMOZ @) dt + Wi ()W (2) ' R(2)Z(2)

— W3(2) / WO 'ROZ(6)dt + W)W (2) ' R(2)Z(2)

= (A@) +R(©) Z().

So, Z(z) is a solution of (2.19), and (2.20) holds by (2.14) of Lemma 2.8.
Conversely, if Z(z) is a solution of (2.19) satisfying (2.20), then the function

Z(z) — Wl(z)/W(t)*lR(t)Z(t)dt—i-Wz(z)/W(t)*lR(t)Z(t)dt

is a solution of (2.25), as follows by differentiation. By condition (2.20), it equals

ej, +o(l), (2.26)
where
Z
o(l)= Z cié; CXp[/-(Aii(l‘) — Ajgj()(t))dt}7 for some ¢; € C.
i#Jo o

Now, the L-condition on I implies that for every i # j, there is a direction in Hy , such that
expifzzo(Ail-(t) —Ajj, (t))dt] — 00. Hence, necessarily o(1) = 0. So Z(z) it is a solution of
2.21). O

Remark 2.10. The “conversely” statement in the above proof does not hold under the original
conditions given by Levinson. They are similar to our L-condition, but hold only along a half-
line (or along rays within a small sector), preventing the conclusion that o(1) = 0 in (2.26). As
aresult, Levinson’s theorem does not guarantee the uniqueness of the solution to the differential
equation with the prescribed asymptotics; it establishes only the existence of such a solution.
Equation (2.21) is (Id — K )[ f] = ¢}, with the operator
Kj:Hja— Hja K=Ky —K_j,.
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For any J C I, by equations (2.6) and (2.13), and by replacing a with a’(J) > a if necessary,
the operator K j, has norm less that one:

1K, [f 1Moo

1K, Il :=
fetra  Iflleo

§2CMR’(1,J < 1,

Hence, (2.21) has a unique solution, given by the Neumann series [76, Chapter VI]

o0
Z=0Ud-K;) "[e;1=>_ K7lej,] €Hya.

m=0

Equivalently, K ;, is a contraction for any closed interval J C I. Then, by Banach—Caccioppoli
fixed point theorem, the integral equation (2.21) admits a unique vector solution in H ,.
Finally, (2.14) implies the asymptotic behaviour (2.20). By Lemma 2.9, it is a solution of the
differential equation (2.19) satisfying (2.20) for any H ; ,. Being a solution of a linear differential
equation, it analytically extends to Hy ,. Theorem 2.6 is proved.
Corollary 2.7 follows from the same argument and point (2) of Lemma 2.8.

2.5. The case of subdominant solutions

In this subsection, we consider a particular vector solution to the differential equation (2.9)
corresponding to an index j, such that the condition (L-2) holds on I for all (i, j,). Such a
solution, that we denote by y; , is called subdominant since Theorem 2.6 and the condition (L-2)
imply that

|ij(z)| = O(Iy(z)l) as z — +oo along £, j, forevery p € [ and b > a, 2.27)

if y is an arbitrary non-zero vector solution to the same differential equation.

We show that, in the case of a subdominant solution, the result of Theorem 2.6 can be im-
proved. The validity of the asymptotic behaviour of the subdominant solutions can be extended,
under certain conditions, to a larger domain than the one claimed by Theorem 2.6, namely a
domain twice as ample.

In fact, for the index j,, the ‘natural’ domain on which to prove existence and uniqueness of
solutions of the integral equation (2.21) is the ‘cut-plane’

Hig,a := Hip—n,¢l,a>

instead of the half-plane H, ,. The domain H , is foliated by (parametric) straight lines and
half-lines whose tangent at any point is the unit vector of argument ¢ — %, see Fig. 2.5. We

denote these curves by LS’ » With b € R. Their support is given explicitly by
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Fig. 2.5. The domain H) . The angle ¢ is represented modulo 27.

s s
H =2 _,-I T, ith>
(e Higpa 2l = o 0= 5 <wmz<o+3) itb>a
reHi ozl —— o—E cargz < — = +sin~\ (b/a)) if0<b<a
b4 [¢l.a> 121 = cos(gofargz)’(p ) gIS¢Q 5 TS , ,
g .
tﬁf,b= {zeHg)a Izl > a,argz =9 = 2, itb=0, (2.28)

T b4 .
{zeHy) a2l = 7§+sm 1(b/a)gargz<(p7§}, if —a<b<0,

cos(p —argz)’ ¢

3
(p——n<argz<(p—%}, ifb< —a.

H =
{z € Hyp,as 2l 2

cos(p —argz)’
Before we state the theorem on subdominant solutions, we extend the condition (L-2) and good
decay condition to the curves tz b

Definition 2.11. Let I =]@min, ¥max[ be an open interval, and define T *=]®min — 7, max[ and
Hy , (see Fig. 2.6). The index j, € {1,...,n} is said to be a subdominant index on I for the
holomorphic function A € & (H7 45 b(n, C)) if for any J C I closed interval, there exists a K> €
R such that

inf inf  inf R Ai()—A; . ®))dt =Ko,  Viefl...n). 2.29
inf inf  inf e / (Aii (1) = Aj, j, (D) 2 ief{l...n} (2.29)
(w, )€l ,)*? w.l,

Definition 2.12. A holomorphic function R € O(Hy ,; gl(n, C)) satisfies the S-decay condition
if for any closed interval J C [

M., :=sup suplRly ll1 < -+oo, (230)
peJ beR @
and
lim Mgy =0. (2.31)
a——+00

Theorem 2.13. Consider the differential equation

dy
P (A(2) + R(2)) Y (2), (2.32)
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Fig. 2.6. The domain Hy - The angles are represented mod 2. Equivalently, the figure is the projection onto C. Three

lines LZ) », are also represented, with gpin < ¢ < gmax.

with A € O(Hy ,;h(n,C)) and R € O(Hy ,; gl(n, C)). Assume that j, is a subdominant index
on I for A and that R satisfies the S-decay condition on I. There exists a unique vector solution
yj, € O(Hy ,; C") with asymptotic behaviour,

Z

v, (2) = (ejo —l—o(l)) exp /Ajojo(w)dw , (2.33)

2

for any closed interval JcTandz— ocin Hy ,, where z, is an arbitrary point of Hy .

Corollary 2.14. In the same assumptions of Theorem 2.13, if R = O(z~ %) on Hy ,, then the
unique solution y;, of Theorem 2.13 has behaviour

Z

vj,(2) = (ej, + 0(z7%)) exp / A, wydw |, (2.34)

Jorz— oo in Hy , and any closed JcT.

The proof of Theorem 2.13 closely follows the proof of Theorem 2.6. In this case the integral
operator is of Volterra type [71,25]. This is the operator K j,: Hj , — Hj ,, defined by

K lf;zl:= / W__j,(t, D) R(t) f (1) dt, (2.35)

where the integral (2.35) is taken from z to +oc along any line Lf’ » © Hy , passing through z.
Repeating verbatim the proof of Lemma 2.8 points (1,2), we deduce the following analogous
lemma.

Lemma 2.15. For any closed interval J C I the following hold.
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(1) The operator K jo is a well-defined bounded operator on H7 . There exists a constant C,
independent on R, such that

UK, Lf5 1 < Cllf lloo MR - (2.36)

Moreover,

lim fjo[f;z] =0 in nga.

—>

) IFR=0(z"1"%) on Hy ,, then there exists C > 0 such that for any f € H7y , we have

|Kj,1f: 2l < Cli flloolz ™. (2.37)

2.5.1. Proof of Theorem 2.13 and of Corollary 2.14
Reasoning as in the proof of Theorem 2.6, we deduce that y;, is a solution of the differen-
tial equation (2.9) satisfying the asymptotics (2.33) if and only if (for each J C I closed, the

restriction to H 7 , of) the vector-valued function Z := exp (— /. Zi A, (u))dw) Y;, satisfies the

0

integral equation

» + K, [Z]. (2.38)

Due to Lemma 2.15(1) and formula (2.31), K j, is of norm less than one ifN a is large enough.
Therefore, the above integral equation admits the unique solution Z = (Id — K jo)_l lejle Hy,,
given by a Neumann series [76]. This proves Theorem 2.13.

IfR=0(z""% on Hy ., then, due to Lemma 2.15(2), Zj,(z) — ¢, = O(z™%). This proves
Corollary 2.14. O

2.6. The main theorem with parameters

Let 2 be a connected open set in C™, with m € N> 1. The analog of Theorem 2.6 holds when
the matrices A and R in (2.9) holomorphically depend on a parameter w € €2 and satisfy the
conditions below.
Definition 2.16. A holomorphic function A € O(H; , x ; h(n, C)) satisfies the uniform inte-

grability condition if there exist positive functions g; : H; , — R, fori =1, ..., n, which are
L'-integrable along the segments'” joining any two points ¢; and ¢, € Hy 4, and

[Aii(z, w)| < gi(z), forany we Q. (2.39)

The integrals (2.4)-(2.5) are defined in the same way in terms of A(z, ), and depend on w.

12 For any w € €, a z-holomorphic A;;(z, w) is Ll-integrable along any curve joining ¢1 and ¢», and the result does
not depend on the curve.
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Definition 2.17. A holomorphic function A € O(H; , x Q; b(n, C)) satisfies the uniform L-
condition on I if forany i, j € {1, ..., n}, and any closed interval J C I, there exist K|, K; € R,
depending on J, such that one of the following mutually exclusive conditions holds:

e cither
sup Gij{a <K; and sup jijj’a = —00, (L-1)
weR we2
e Or
inf 37 > K>. L2
Jnf 374 2 (L-2)

Definition 2.18. A holomorphic function R € O(H; , x 2; gl(n, C)) satisfies the uniform good
decay condition on I if there is a positive function g, which is L'-integrable for any closed
interval J C [ along any line £, p, for any b > a and ¢ € J, such that!?

|R(z, w)| < g(z) almost everywhere in £ 5, for any w € 2, (2.40)
and moreover
lim | sup supl|R(-, w)le,,lI1 | =0. 241)
b—+00 \ weQ peJ '

Example 2.19. The function R € 6(H; , x ; gl(n, C)) satisfies the uniform good decay con-
dition if there exists § > 0 such that R = O(z~'7%) on H J.a» for any closed interval J C I, and
uniformly on €2, that is

sup sup |z'TPR(z, w)| < 0. (2.42)
weQ zeH, ,

Remark 2.20. If R € O(H/ ,; gl(n, C)) satisfies the good decay condition, then we have

MR qa,7 := sup sup sup|[R(-, w)lg, ,[l1 < oo. (2.43)
we b>a pel

An analog of Theorem 2.6 reads as follows.

Theorem 2.21. Assume that A € O(H; , x 2; h(n, C)) satisfies both the uniform integrability
condition and the uniform L-condition on I, and that R € O(H; , x Q; gl(n, C)) satisfies the
uniform good decay condition on 1. Then the differential equation

Y
‘jl_z = (A(z, o) + R(z, w))Y (2.44)

13 Therefore, R is uniformly integrable with respect to . In particular, for any w € @, R(-, w) is Ll-integrable along
any line £y p.
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admits a unique holomorphic fundamental matrix solution Y : Hj 4, x Q — G L(n, C) which, for
any closed J C I and z — oo in Hy 4, behaves as

Z
Y(z,w) = (I, + o(1)) exp / A(t, w)dt uniformly in Q,

0

where z, is an arbitrary point of Hj 4.

Corollary 2.22. In the same assumptions of Theorem 2.21, if R = O (z~'=%) on H; 4 uniformly
in 2, then the above unique solution is such that

Z
Y(z,0) = (I, + O(Z_‘s)) exp /A(t, w)dt |, uniformly in Q.

.0

2.7. Proof of Theorem 2.21
It is similar to that of Theorem 2.6, with the modifications below.

Lemma 2.23. If A satisfies the uniform integrability condition of Definition 2.16, then W4 j, €
O(H[2 x Q:b(n, C)).

Proof. The functions Wy ;, are defined as in (2.10) in terms of the integrals exp f ;12 (A (t, w) —
Aj (@t w))dt. Foranyi=1,...,n,

e
Fi (51,82, w) 2=/Aii(t,w)dt
g1

is analytic w.r.t. ({1, £2), and by (2.39) it is continuous'* w.rt. w =: (w1, ...,wy) € Q. Take a

section of Q by fixing all the components except for wy, and let y be a closed curve, in this
section, contractible to a point. Then

l¢) ¢}

?{Fi(gl,gz,a))dwk =j£ /A,-,-(t,a))dt dowy =/ %Aii(t,a)) dwyp | dt=0. (2.45)

14 4 &1 & 14

The last equality is a consequence of the simple-connectedness of the domain bounded by y
and of the holomorphicity of A;; (¢, ) on it. The exchange of order of integration follows from
Fubini’s theorem, because by (2.39) we have

14 1f f(x,y) defined on R" x R” is continuous in y, € R for almost every x € R”, and | f (x, y)| < g(x) for every
y and for almost every x, where g is L! -integrable, then F(y) := [ f(x, y)dx exists, and is continuous in y,.
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9] l¢)

f /|A,-i(r,w>|d|r| d|wk|<fd|wk| /gi(r>d|r|<+oo.

Y \&1 4 &1

By (2.45) and Morera’s theorem, F; ({1, ¢2, @) is then analytic with respect to wk. The lemma is
proved by invoking Hartogs’s theorem on separate holomorphicity. O

Let 7 J.a be the space of continuous bounded function on Hj;, x Q with values in C",
whose restriction to intHj;, x Q is analytic. It is a Banach space with norm | f|s =

sup | f (z, w)|. The following operators, analogous to (2.11)-(2.12), act on I}/'Zj’a:
w,eQ ZE]H[]_a

Ky ilf;z,0]:= / Wi, z, 0)R(t, o) f(t, w)dt, (2.46)
K_lf;z,0]:= / W_ ,(t,z, 0)R(t, w) f(t, w)dt. 2.47)

Lemma 2.8 is then generalized by the following one.

Lemma 2.24. Assume that A € O(Hj , x 2; b(n, C)) satisfies both the uniform integrability
condition and the uniform L-condition on I, and that R € O(H; , x Q; gl(n, C)) satisfies the
uniform good decay condition on I. For any closed interval J C I the following statements hold.

(1) The operators K4 ;, are well-defined and bounded on H J.a- In particular, there exists a
constant C > 0, independent of R and w, such that

1K+, j,[f5 5 oo SC Nl flloo MRa, 7 (2.48)

where MR 4.7 is defined in (2.43). Moreover, for z — oo in Hj 4, we have

lim (sup Ky lfs z,w]) =0. (2.49)

Z—> 00 weD

() If R = 0(z~'7%) on Hy., uniformly on Q, then there exists C > 0 such that for any f € ﬁj,a
we have

sup [K+ j,[f; 2, ©]] < Cll fllcolz™®].
weR

Proof. The structure of the proof is similar to that of Lemma 2.8. In particular, for point (1),
the proof that the facts (i), (ii), (iii) and (iv) hold uniformly in @ € €2 is exactly the same as in
Lemma 2.8. It remains to prove that:

(v) K4 j,[f;z, ] analytically depends on o € Q.
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We study the case of K, the one for K_ being analogous. The function K j,[ f; z, w] contin-
uously depends on w. Indeed, the L-condition and (2.40) imply the uniform integrability

| Wy ), (t, 2, 0)R(t, ) f (t, @) | < Cl fllos g(t) € L' (€y ., d1).

As in Lemma 2.23, consider a closed curve y, contractible to a point, in a section of £ where
only wy varies. Then, the analyticity of Ky ; [f;z, w] w.r.t. @y is a consequence of Morera’s
theorem, since

Z
§£ f Wi j,(t. 2, )R, 0) f(t, w)dt | dog
Y \0y

Z

= / %W+,j,,(t,Z,a))R(t,a))f(t,a))da)k dr =0.

OO,ZW,}, 14

The last equality follows from the simple-connectedness of the domain bounded by y and
from the holomorphicity of the integrand w.r.t. @ (see assumption on R and Lemma 2.23). The
exchange of order of integration follows from Fubini’s theorem, since

Z

% / ’W—hju(fasz) [R(t, )| | f(z, w)|dlf] | dlewk]
Y\ Lyp

Z

<C||f||oofd|wk| f IR(t, )| dlr] < +oc.

Y OO,Zwa

By Hartogs’s theorem on separate holomorphicity, we deduce (v).
Point (2) is similar to point (2) of Lemma 2.8. O

The change of variables Y (z, w) = Z(z, w) expfzi Aj,j,(t, w)dt, for fixed j, € {1,...,n},
and z, € Hy 4, yields

dzZ  ~ ~
d_z:( (z.w)+ Rz, w)Z, Az, 0) =A@z, 0)—Aj,j,(z, o).

The proof that the equation above has a unique holomorphic vector solution Z(z, w) such that,
for any closed interval J € [ and z — oo in H; 4, one has

Z(z,w) =ej, +0o(1) uniformly in €2, (2.50)
is essentially unchanged compared to the parameter-less case. Indeed, for the integral equation
flz.o)=ej,+ Ky [fiz,0] - K_j[fiz, 0] (2.51)
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the proof of Lemma 2.9 is unchanged (it does not involve w). NOW, (2.51) is the equation (Id —
K;)[f]1=ej,, with operator K j, : ﬁ]a — ﬁ]a, where K ;=K ;, —K_ ; .Forany J C I,
it follows from (2.41) and (2.48) that, by replacing a with a (J ) > a if necessary, K j, has norm
less that one. Hence, (2.51) has a unique solution, given by Z = (Id — K )~ 1[ejo] € Hja,
expandable in Neumann series. Finally, (2.49) implies the behaviour (2.50).

2.8. Subdominant solutions with parameters

We consider the case when A € O(Hy , x Q2; h(n,C)) and R € O(Hj , x 2; gl(n, C)), where
2 is an open connected set as in Section 2.6.

Definition 2.25. In the same notations of Definition 2.11, anindex j, € {1, ..., n} is subdominant
on I for the holomorphic function A € O(Hy , x €2 h(n, C)) if for any J C I closed interval,
there exists a K, € R such that

Z

inf | inf inf  inf R At o) — A i (fw))dt | > Ky,  Vie{l...n).
Jof | inf inf  inf e/ (Aii (1, ) — Aj,j,(t, @) 2 ief{l...n}

Y \x2 @
(w,2)€(t, ;) w,t

(2.52)

Definition 2.26. A holomorphic function R € O(H7 ,; gl(n, C)) satisfies the uniform S-decay

condition if there is a positive function g which, for any closed interval J C I, is L'-integrable
along any line Lﬁ’ > forany b € R and ¢ € J, such that for any w € Q2

|R(z, w)| < g(z) almost everywhere i in? ab (2.53)

Moreover, for any closed interval J C 1,

Mp.a,; = sup (sup sup||R| ¢ ||1> < +o0, (2.54)
we \¢geJ beR
and
lim sup Mg 4,5 =0. (2.55)
a—>+ooweQ

The following results are proved as in Sections 2.5 and 2.6.

Theorem 2.27. Consider the differential equation (2.44) with A € O(Hy , x €;h(n, C)) and
R e ﬁ(HT,a x ; gl(n, C)). Assume that j, is a subdominant index on I, that A satisfies the

uniform integrability condition (2.39) on T, and that R satisfies the uniform S-decay condition
on 1. There exists a unique vector solution y;, € O (Hy , x Q; C") with asymptotic behaviour,

Z
yj,(z,w) = (ejo + 0(1)) exp /Ajojn (t, w)dt uniformly in Q, (2.56)

0
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for any closed interval J C I and z — oo in Hy ,, where z, is an arbitrary point of Hy .

Corollary 2.28. Under the same assumptions as in Theorem 2.27, if R = O(z~'7°%) on Hz,
uniformly with respect to 2, then the unique solution y;, of Theorem 2.27 has behaviour

V4
yj,(z,w) = (eja + O(Z_B)) exp fAjnjo (t,w)dt |, uniformly in <, 2.57)

for z— oo in Hy , and any closed interval JcT
3. An ODE with not-necessarily meromorphic coefficients
3.1. Setup and Stokes rays

Let C, :={|z] > a > 0}, and @a := IT~'(C,) (in the notations of Section 2.1). We apply
Theorem 2.6 to an important case of equation (2.9), with

h
A@R) = ZA@Z""*], A® € b(n,C), l=o9g>01>--->0,>0, o0;€R.9, (3.1
k=0

and Re 0 (@a; gl(n, C)), satisfying the good decay condition of Definition 2.2 on any open
interval I (for example, R = O(|z|~'%) on C,). This equation is the model to which a wide
class of differential equations, such as those of Section 4, can be reduced. We arrange a block-
diagonal partition defined up to permutation:

h
ARD =M@ @ ® Au(2), A=Y oV, aPec, (2
k=0

where Ij; is the identity matrix of dimension s; € N, with s1 + - -- + s¢ = n, and

M#EA fori#j,  withd =020 W), =1, e (3.3)
Let
Z h
0(z) = f A =@y & B gDy, (@)=Y A% (34
k=0

Foranyi, j=1,...,¢, withi # j, set

kij r=minfk |40 = 2% 20y, gy =a a0 (3.5)
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Definition 3.1. For each pair (i, j), with 1 <i # j < ¢, the Stokes rays of (3.1) at z = oo are the
half lines in C* defined by

Re ;2" =0, Im;z™% <O0.

Hence, all the Stokes rays for (i, j) have directions

2w 1 3
argz:rij—l-?m, wherem € Z, 1t;j :=5<7—arg)\ij>, 3.6)
ij ij

and arg };; is a chosen determination of the argument.

Remark 3.2. For any i, j =1,..., ¢, with i # j, let T;; € R be the complement of the discrete
set of real numbers 7;; + ki /oy, with k € Z. We have

qi(2) — q; (@) = 1275 (1 + 0(1)), (3.7)

where o(1) — 0 when |z| — oo, uniformly with respect to argz varying in a closed interval in
Tjj.

We enumerate the Stokes rays as follows. Let n € R be such that n # argA;; mod 7 for any
i # j. Consider all the distinct values taken by the determinations argl,;;, for 1 <i # j <,
lying in the interval ]n — m, n[, and denote them by

Nii—1 < -+ <12 <N <no, weNx. (3.8)

The directions t;;, corresponding to the determinations argA;; € {no, - - - , nj—1} will be labelled
in increasing partial order

o<t < <11, Wwherer<peN, (3.9)
according to the following rules. Let (i, j) # (¢, d), with 1 <i# j<{fand 1 <c#c <L

(1) If 7;; < 1cq, we label them as 7, and 7,11 respectively, for some p € {0, 1, ---, u —2}.

(2) If 7;j = tca, and Oki; = Okyg> WE label both of them as 7, (ie. T, = 7;; = Tcq), for some
pe{0,1,---, u—1}

(3) If 7jj = Tcq, and oy, i # 0y, we label them as 7, and 7,4 respectively, or equivalently as
7p+1 and 7, for some p € {0, 1, -- -, u — 2}. In this case the equality 7, = 7,41 holds.

Note that u = i if and only if there are strict inequalities in (3.9), namely when argl;; =
arg Aq only if Okij = Okeyy-

Example 3.3. If argA;; = argAcq = 37/2 €]n — 7, n[ for (i, j) # (¢, d), but oy,; # ok, then
Tjj =T =0,and 1, = 7,41 =01n (3.9) for some p € {0, ..., u —2}.

Definition 3.4 (of the exponent o?). If 7;; is labelled as 7, in (3.9), where 0 < p < 1 — 1, then
the corresponding oy,; will be denoted by o,
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Proposition 3.5. All directions of the Stokes rays are given by

k
argz=rp+0— pe{0,....,u—1}, keZ. (3.10)

Proof. Since X j; = —A,;;, all the possible determinations of the argl;;, for i # j € {1,..., ¢},
are the numbers 1y +ma, fora =0, ..., it — 1 and m € Z. Then, the statement follows straight-
forwardly from (3.6) and the labelling previously introduced. O

Remark 3.6. It is clear now why in the rule (3) above we must label differently 7;; and 7.4 even
though 7;; = 7.4. This is because if 7, = 7,41 with 0® # ¢ ®*D  then 7, and 7,11 generate

different Stokes directions (3.10). See also Example 4.10 below.

The simplest to describe is the following generic case.
Definition 3.7. A in (3.1)-(3.2) is generic if 1* # AE.O) forall 1 <i#j<{.

Example 3.8.If in (3.1) we have A® = ¢, A© | with ¢, € C, for all k =1,...,h, then A is
generic.

For generic A, we have k;; =0, Ok;; =00 = l,and A;; = )\50) _ )\(/0)’ for all i # j. In this case,
c®—...—gWw=D_—1and

Ipz%T—np, p=0,1,---,u—1(=pm—1). (3.11)
In this case, all the directions (3.10) can be conveniently labelled as
nw=T,+kn, pef0,....,u—-1}, vi=p+ku, kelZ. (3.12)
They satisfy the strict inequality
Ty <Tyt] YVELZL. (3.13)

3.2. Adequate tuples, and first application of the main theorem

Definition 3.9. We say that k = (ko, - -- , k;,—1) € Z* is adequate with respect to (@, rp)f;;(l)
if the open interval

n—1

' ko _ ko
Ek.—q:|rp+m—n, rp—i-m[ (3.14)
p:

is non-empty.
Geometrically, adequateness means that the Stokes rays with directions argz = 7, + %, for
p=0,...,u—1, are in an open interval of angular amplitude less than w. Applying Theo-

rem 2.6, we will prove the following theorem.
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Theorem 3.10. Consider the differential equation (2.9) with A(z) as in (3.1), and a perturbation
term Re O ((Ea; gl(n, C)) satisfying the good decay condition on any open interval 1. Let k €
Z* be adequate with respect to (o?; rp)ﬁ;é. Then, there exists a unique fundamental matrix
solution Yy: Hy 4 — GL(n,C), with I = Xy + %, with behaviour

Yk (2) = (I, + o(1) exp{ Q(2)}, (3.15)

for z— oo in Hj 4, in any closed interval J C 1. Here, Q is defined as in (3.4). Equivalently,
the behaviour (3.15) holds for z — oo in any closed subsector of

Ski={zeC* |ay <argz < by + 7}, where Sy = lag; byl .
Corollary 3.11. Consider the differential equation (2.9) as in Theorem 3.10. If A is generic, then

for every v € Z there exists a unique fundamental matrix solution Y,,: Hj , — GL(n, C), with
I =]ty_1, ©y[+7%, such that

Yy (@) = (In + o(1)) exp{ Q(2)}

z — oo in Hy 4, in any closed interval J C 1. Equivalently, the above behaviour holds for
7 — 00 in any closed subsector of

Sy :={ze C* | Ty—1 <argz <71, + 7}
Here, the direction 1, of a Stokes ray is defined in (3.12).

Proof of Corollary 3.11. For generic A, o =1 for any p. Thus, (3.14) becomes

n—1
() Jeo + (kp — Ds 75+ kpr . (3.16)
p=0

It is always possible to find k such that (3.16) is non-empty. Indeed, for any arbitrary k € Z, we
have the following choices

(k,...,k,k),
k... kk—1),

k=(ko,....ky—1)= k,....k—1,k—1),

k—=1,....k=1,k—1).

The above, together with definition (3.12), proves that the non-empty (3.16) are the intervals
ltv—1, T[, with v € Z. Then, Corollary 3.11 follows form Theorem 3.10. O
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Remark 3.12. Adequate k may not exist. Consider a case with u = =2 and n9 =27, n; =
3m/2. Then 0 Vg = —7/2, 0 W1y = 0. If 6@ = 6 = 1/2, the Stokes rays have directions
10 + 2kom and 7| + 2k;r = 2k. Then (3.14) defines the intervals
1Q2ko — 2)7; kg — D[ N 12k — V) 2kyx[ = 0.

3.3. Proof of Theorem 3.10

Take A € C and o € R. An oriented line ¢, , has equation b = |z| cos(¢ — arg z) and direction

Ti=¢p—m/2.

Hence,

6 +arg )
Re(rz")| = ppe SO FARY e

beo sin? (0 — 1)
() 3w ;
Lemma 3.13. Take 7., 7 € R, 0 < o' < 1 and define ny := - - o™ t,. The function

cos(c™®O +n,) _ sin(c™ (O — 1))

f+(0) = - = - 3.17)
" s -7 sin””(0—1)
is monotonic w.rt. 6 €]t, T + [ if and only if there is k € Z such that
k
r<t*+—n<r+n. (3.18)
o‘(*)
Proof. Take 0’ :=0 — 1,0 <6’ < . Then
dfs ___weos(@® —1)0' + oW1 +n.) (3.19)

do sin® '+ g/
The denominator in (3.19) is positive. The argument in the numerator satisfies the inequalities
e+ + 0P - < @Y =10 +6¥r 4+, < ¥t 41,

Hence, the numerator has constant sign if and only if there is k € Z such that
b4 3n
o(*)r+n*+(o(*)—1)n>5+kn and oWt 4, < T_HWT'

This is exactly (3.18). O

Lemma 3.14. In the notations of Lemma 3.13, let T satisfy

k k
t;ét*—i-% and T47 £+~ foranyk e Z. (3.20)
o2 o

(%)’
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Only one of the following mutually excluding cases occurs.

1) The function (3.17) is monotonic, limg_, ¢, fi(0) and limg_, . 15 f«(0) are infinite with
opposite signs.

2) The function (3.17) is not monotonic and both limits are infinite with the same sign.

Proof. The denominator of (3.17) is positive and vanishes as 8 — 7, t + 7. By (3.20), the nu-
merator does not vanish for & — t, T + 7. Therefore,
lim [f.(0)|= lim [f(0)|=+o0.
0—14 O—>1_+7

Since 0 < 0™ < 1, there can only be one zero § = 1, + knr/o™ of the numerator lying in
|z, T + [, for a suitable k € Z. If follows form Lemma 3.13 that there exists such a zero if
and only if f,(6) is monotonic. In this case limg—, ¢, f(0) and limg_,;_1 5 f«(8) have different
signs. Otherwise, f, has no zero. By Lemma 3.13 it is not monotonic, and therefore both limits
have the same sign. O

Theorem 3.10 follows from Theorem 2.6 and the following result.

Proposition 3.15. The conditions (L-1), (L-2) for (2.9) with matrix (3.1) hold on an open interval
I if and only if there exists an adequate' k € Z* such that Ly = 1 — /2.

Proof. The L-condition involves integrals Re fuz) (Aaa(C) — App(2)dE, 1 <o, B <nand o #
B, whose computation reduces to

Re(qi(2) — ¢;(2)) — Re(gi(w) — gj(w)) = (Re(h;jz”1) — Re(hijw” 1)) (1 + o(1)),

along a line ¢, ,, where o(1) vanishes for |z| and |[w| — oo, when T = ¢ — 7/2 satisfies (3.20)
with x =0, 1,..., u — 1. The study of the above expressions reduces to that of

Fo®) = £,0), p=0,...,n—1,

where

__sin(@ (0 — 1))

P )
sin®” (0 — 1)

is as in Lemma 3.13 for %« = p, and 0 = arg z, 6 = argw along £ . Only two cases may occur
by Lemma 3.14. Namely, when f, is monotonic, then f,(6) — f, (9) has constant sign and is
either bounded from above with inf = —oo, or bounded from below with sup = +o00. When f,
is not monotonic, and has infinite limits at T and T 4 7 with the same sign, then f,(0) — f} (5)
is unbounded and inf = —oo, sup = +oo. Thus, by Lemma 3.13, the L-condition holds only if
and only if the conditions (3.18) hold forall p =0,...,u—1. O

15 The term is used here in the sense of Definition 3.9.
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3.4. Subdominant solutions

In the notations of Section 3.1, the block diagonal partition (3.2) of A(z) induces a partition
of the set of indexes

¢
{1,-.-,n}=UAj, Aj={si+-+sj—1+1, ..., s14+--+sj_1+5,}.
j=1
If anindex i € {1, ..., n} is subdominant on /, as in Definition 2.11, and if i € A}, then all the

elements of A, are subdominant on /. In total we have s, subdominant vector solutions.

Definition 3.16. We say that the block index j, € {1, ..., £} is subdominant on / if the elements
of the set A, are subdominant on /.

Fixa j, €{l,...,£}. Then, foralli € {1, ..., €} \ {jo} and arg;;, €]n — 27, n[, we consider
the directions of Stokes rays given by

We label them as

01 <L plmoml

with the same rules as for (3.9). It is important to notice that here, differently form (3.9), the
lower bound for the determinations of arg A;;, is n — 2. We denote as o!P1 the exponent Okij,

appearing in t!#1,
The analogous of Proposition 3.5 holds.

Proposition 3.17. The directions of all Stokes rays associated with the pairs (i, j,), with i €
{1,....2}\ {jo}, are equal to

2k
argz:r[ﬁ]+m, keZ, B=0,...,1u—1.
o

In the generic case (see Definition 3.7), all oy, =1 and the above description simplifies

as follows. The Stokes rays have directions labelled as in (3.12). In particular, we consider the
consecutive directions

< < Ty < Ty <+ - <Top—1,
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which correspond to all the determinations argA;; €]y — 27, n[, for 1 <i # j < £.'% The direc-
tions t!f! defined above form a subset {Togs -+ > rpuo_]} of {zo, ..., Tu—1, Ty, ..., T2u—1}, With
ordering

Tpp <" < Tpuy_1-
Proposition 3.17 has an immediate corollary.

Corollary 3.18. The directions of all the Stokes rays associated with the pairs (i, j,), where
ie{l,....2}\ {jo}, are equal to

argz =71y, +2kn, keZ, y=0,...,p,—1L 3.21)
For simplicity, we state a theorem on subdominat solutions only in the generic case

Theorem 3.19. Consider the differential equation (2.9) with generic A(z), with partition (3.2),
and with a perturbation term R € O(Cy; gl(n, C)) satisfying the good decay condition on any
open interval 1. Fix jo € {1,..., £}, and let Ty, < Ty <--- <7y, |, be u, consecutive direc-
tions of the Stokes rays associated with the pairs (i, j,) foranyi € {1,...,£}, i # jo. If

T,Oug—l - Tp() <,
then, for any k € 7, there exist s, vector solutions
YW eoCu;C, a=sit+otsjmitm o m=1,...5s,
each of which is uniquely characterized by the asymptotic behaviour

h
YO @) = (e +o(exp | Y 2Pz |,
g=1

for z — oo in any closed subsector of the sector

s = [z e,

Tpu,_1 — T <argz —2kmw < tp, + 2n}.
The proof is based on Theorem 2.13 and the following lemmas.
16 1f we denote the determinations argh;j €ln — 2w, nl as no, ..., n2,,—1 with ordering

N=2m < mu-1<-<fu <N—T < N1 <--<ny <0,
then 7, = 3% —n,, with p=0,1,.... 2 — .
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Lemma 3.20. The index j, € {1, ..., £} is subdominant on an interval I if and only if there exists
= (ko, ..., kyu,—1) € Z" such that

/Ln_l
2kgm 2kgm
(8] Bt . 8] B
M } T Tt +”[

2kg + D kg + )
g1, (Ckp . B B
N D }’ t T
L7F Jo

—1-L 322
= 5 .
Proof. The quantity fuz) (Aaa — App)dt, with o, B € {1, ..., n}, in Definition 2.11, is replaced by

Re(gi(2) — qj,(2)) —Re(qi(w) —qj,(w)), wherez>walong e, i€{l,....¢00{jo}.

Suppose that Lb .o 1s not in the direction of a Stokes ray of either (7, j,) or (jo,1), so that (3.7)
holds. If ¢ — 5 < argz < ¢ + 7 in (2.28), then Lemmas 3.13 and 3.14 apply, and

Re()»,-joz”"-fﬂ) — Re()»ijowgi-io) >0, z>w, (3.23)
if and only if f;;,, defined as in (3.17) by the relation

cos (0,0 + nij,)
sin%io (6 — 1)

fij,(0) = , nij, = argA;j, €ln — 2w, nl,

is monotomcally decreasmg fort <0 <t+m. Th1s holds because (3.23) reduces to fi;, (0) —
fij, 0) >0, with6 <6 along ¢p o, with 6 = argz, 6= argw and w < z. Monotonic decrease of
fij, (@) occurs if and only if the cosine in the numerator of the analog of (3.19) for df;;,/d0 is
positive. In other words, k7 is replaced by (2k + 1) in (3.18), namely if and only if there exists
k € Z such that

2k + D 1 3
‘L’<‘L’ij0+(7)<‘t+7[, Tij, = - — Nij, ) - (3.24)
oij, ij, \ 2

Using asbefore t = ¢ —n/2,if o — 5 <argz<¢p— % Z in (2.28), we get that b = |z| cos(p —
arg z — ) along a line ¢; ,,. Hence,

cos(o6 +argi)

Re(Az%) = |A||b|°
e(2”) =MD" =2 T

, T-m<f=argz<r.

The analogs of Lemmas 3.13 and 3.14 are proved by replacing (3.17) and (3.19) respectively
with
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cos(a ™0 + 1)

8x(0) := . ,
i sin" )(r —0)

(3.25)

d 1 = o™’ (%)
d8s _ oS =0 N0 +oTTHn) o g g <n (326)
do Sind(*)+l o’

Again, (3.23) reduces to g;j,(6) — gij,(@) > 0, with 6 > &, where

g1 (0) = COS(U,']‘OQ + nijo)

Mol i (v — 0)
Hence, g;;, must be monotonically increasing w.r.t. T — 7 < 6 < 7. Namely, the cosine in the
dgij,
numerator of
kelZ,

must be positive. The numerator of (3.26) is positive if and only if for some

% +k+ D7 <@+ <1 =" +0Pr+7® <1 —6®)r + W1 4™

3
< - + 2k + D,

. 2k . . . .. .
thatist — 7 < 7™ + — < T Hence, g;j, is monotonically increasing in the interval |t — 7, [
o

if and only if there exists k such that

2k
T—7 <Tj,+ U.—?T <T. (3.27)
ijo

The last case is argz =t (= ¢ — /2) in (2.28). In this case Re(Az?) = |A||z|? cos(oT +
argA). Then (3.23) is

hago | (I217 = | ) cos(03, T +mij,) = 0, [2] > [w

The above is true if and only if for some k € Z,

2k 2k + Drm
<T<Tj,+——.
Oijo Oijo

Tj, + (3.28)

Now, apply (3.24), (3.27) and (3.28) to all pairs (i, j,). O

Lemma 3.21. If A is generic as in Definition 3.7, then j, is a subdominant index if and only if
Tpu,—1 — Tpg < 7. In this case, j, is subdominant on the intervals

Iy = {(p:‘[—l—f[/z Tppy—1 <T—2k7‘[<fp0+7'[}, kelZ.
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Proof. The L.hs. of (3.22) equals

Ho—1
ﬂ Jtp, +2ky7; T, + 2k, + D[
y=0
This set is non-empty if and only if kg = k1 = - - - = k,,—1 =k € Z, and the resulting intersection
equals
Mn_l
() Jro, + 2km: 7y, + 2k + D[ =15, -1 + 275 Tpy + 2k + D[ O
y=0

Proof of Theorem 3.19. The conditions on the Stokes rays are given in Lemma 3.21. The ex-
istence and uniqueness of vector solutions follow from Theorem 2.13, the sectors follow from
Lemma 3.21. O

3.5. Parametric case
We consider equation (2.9) with A as in (3.1), depending on the parameter
®w:=QRQ1,...,A)eQCC” m=LxMh+1),
where A; is defined in (3.3). In order to apply Theorem 2.21, we assume that:

a) the open connected domain €2 is bounded,

b) A; # A, for any i # j, and moreover A;; # 0 on the closure Q, see (3.5);
¢) 09, ...,0y are independent of the parameters.

d) R = R(z, w) satisfies Definition 2.18 on any open interval .

Under assumption a), the uniform integrability condition of Definition 2.16 is satisfied.!” In b),
the condition A;; # 0, for all i # j, allows to use Definition 3.1 of the Stokes rays. By (3.7), this
is equivalent to the requirement that the degrees of q;(z, w) — q;(z, w) are constant on Q2. For
example, if A is generic on €, this is satisfied. Notice that arg A; ; depends continuously on w. In
order to label the Stokes rays we also assume that:

e) the numeration (3.8) is preserved on , for a fixed 1.

The directions of Stokes rays continuously depend on w, and e) above implies that if 7, < 7,
(or 7, = 175) at w, € L, then 7,(w) < 75 (w) (or T,(w) = 75 (w)) for every w € Q. Notice that
condition e) is always satisfied if €2 is sufficiently small.

Definition 3.9 is substituted by the following

Definition 3.22. A vector k € Z* is called adequate with respect to (o *; zp)g;é on  if the
open interval

17 For any i, take g;(z) =C ZZ:O 12|61, where C := maxg(max;—p,...¢ >k A;k)).

yeees
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n—1
kom kom
Xk = rl m :|Tp(w)+m -, ‘L'p(a))‘i'm[
weQ \P=0

is non-empty.

The uniform L-condition of Definition 2.17 is satisfied if and only if there is an adequate
k. Under the above assumptions, Theorem 2.21 implies the following generalizations of Theo-
rem 3.10, Corollary 3.11 and Theorem 3.19.

Theorem 3.23. Consider the differential equation (2.4144) with A(z,w) as in (3.1) satisfying a),
b), ¢) and e) above, and a perturbation term R € O(C, x Q; gl(n, C)) with uniform good de-
cay conditions on C, (Definition 2.18). Let k € Z"* be adequate with respect to (o *; I,,)Z;é

on Q. Then, there exists a unique holomorphic fundamental matrix solution Yy: Hy, x Q —
GL(n,C), where I =X + % with asymptotic behaviour

Yi(z, ®) = (In + o(1)) exp{ Q(z. )},  uniformly in Q, (3.29)
for z — oo in any closed subsector of
Sk :={zeC* | ay <argz <bp +m}, where X = lag; bil .

Corollary 3.24. Under the assumptions of Theorem 3.23, if A is generic, then for every v € Z,
there exists a unique holomorphic fundamental matrix solution Yy, : S, x Q@ — GL(n, C), where

Sy = ﬂ{z e C* | Ty—1(w) < argz < 7y (w) + 7},

weQ
with asymptotic behaviour
Y, (z) =, +0(1)) exp{ Q(z)}, uniformly in Q,

for 7 — oo in any closed subsector of S,.

Corollary 3.25. Assume that A is generic, and fix j, € {1, ..., £}. In the same notations of The-
orem 3.19, if sup(zy, | — Tpy) <7, then for any k € ZZ, there exist s j, vector solutions
weQ

yo([k)eﬁ(@a x ; C"), a=s+--+s,_1+m, m=1,...,5j,

characterized by the uniform asymptotic behaviour yé,k) (z, w) = (eq +0(1)) exp (Zzzl K%)z% )

for z — oo in any closed subsector of

U= N {Z eC,

wed

Tpu,_1 — T <argz —2km <1y, +271}.
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3.6. Applications to the ODE/IM correspondence
The following result is a special case of the results developed in Sections 3.1-3.5.
Theorem 3.26. For M > 0, let @M ={ze€ (@v*, |z| > M}. Consider the differential equation

d
PO~ (~ap@ o+ R@ o)y, (3:30)

where
o A e gl(n,C) is a constant diagonalisable matrix with eigenvectors \; and eigenvalues v;,

j=1,...,n, which are not necessarily pairwise distinct.
o p(z;0) =z + Z,f’zl cr(w)zP%, where the exponents By’s are real and ordered so that

Bo>pB1>--->PBp=-—1.

Moreover, the coefficients cx(w) are bounded analytic functions of the parameter w, which
belongs to a domain Q2 C C. Define the primitive

Bo+1  H-1 B+l

z z
P(z; w) := + cr(w +cyg(w)Inz. 3.31
(z; ) ot kE=1k()ﬁk 1 H(w) (3.31)

e Re ﬁ(@M x §2; gl(n, C)), with behaviour |R(z; w)| = O (z~'=%) at infinity, uniformly with
respect to w € Q, in any arbitrary closed sector of Cyy.

(1) Assume that for an interval [a, b] the following condition holds:
V1 € [a,b], Re((vj — vj/)e‘/__”> =0ifand only ifv; =vj. (3.32)

Then, there exists a unique basis of solutions ¥ ;(z; ), analytic in Cy x Q, with the asymp-
totic behaviour

vz 0)= (v, + O(Z_‘S)) e ViP@o)
b+m

when 7 — o0 in the sector <argz < , 3.33
o+ 1 £ Bo+1 (3:33)
uniformly with respect to w € Q.
(2) Assume that jo is a subdominant index for an interval [a, b], namely
Vt € [a,b]and j # jo, Re((v,-0 - vj)e“/__“) ~0. (3.34)

Then, there exists a unique solution V(z; w), called subdominant, such that
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\IJ(Z, C()) — (1//“]0 + O(Z—S)) e—v.,'OP(ZQw)’

a—7 b+m
Largz <
Bo+1 Bo+1

as z — 00, in the sector s (3.35)

uniformly with respect to w € Q. Moreover, the function V(- -) is analytic in C M X Q.

Proof. The proof follows from two observations. The first one is that equation (3.30) is a partic-
ular case of the more general equation

d—Y = (i X(k)(a))xﬂ" + i?\(x w))Y
X - 9 9

k=0

where A® ¢ O(L, hn, C)), with exponents By > B > --- > By = —1, and R = O(x~'17%)
uniformly in w, with §>0. By the change of variables z = x#*1, the above is transformed to an
equation (2.44). In partcular, A has form (3.1) (with h = H — 1), but for an additional term with
power z 1. More explicitly, we get

._.

H- (H)
A= S Aoty AT
k=0 <
where
o 1= ﬁki (for1 <k<H-1), l=0y>01>->0y_1>0,
0
A R/ BotD) | g)
(k) .__ ._ ’
A '_—ﬁo+1’ 1<k<H, R(z,w) := YT

Notice that R = O(|z]~!7?%), with § = ;S\/ (Bo+1). The theory developed above for equation (3.1),
in the parametric case, immediately applies to the above case, provided that k;; defined in (3.5)
satisfies'®

kij <h. (3.36)
In this case Theorem 3.23 applies, with

h
0z.0)=qiz. o)y & ®q o), + A"z, giz.0):=Y 2%,
k=0

and Corollary 3.24 holds if A is generic. Notice that (3.36) holds for generic A.
The second observation is that Corollary 3.24 also holds for a generic A with the particular
structure

18 Here AU = A%H) Is; - )‘((Z )Isl , and the definition of k;; is obviously extended.
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Ag constant, Ap =cr(w)Ag, 1<k<h,

where c1, ..., ¢; are bounded holomorphic functions on a domain £2. Indeed, in this case A;; =

AEO) —20 # 0 are constant and the numeration (3.8) is preserved.
The two observations above apply in case of equation (3.30). As a consequence, Corol-
lary 3.24 holds and proves point (1). Point (2) follows from Corollary 3.25. O

We apply the above theorem to the most studied instance of the ODE/IM correspondence,
the duality between quantum g")-Drinfeld—Sokolov hierarchy [8,36] — also known as Quantum
g-KdV — and g -opers on C*, where g(! is the untwisted affinisation of a simple Lie algebra
g and Lg™ its Langlands dual algebra. Here for sake of simplicity, we restrict to the case of
simply-laced g, so that Lg() = g(1).

To provide some further context, we recall that, on one side of the correspondence, Quantum
g-KdV is a family of theories, depending on rank g complex moduli, which parameterise the
boundary conditions of the theory, and one real modulus, the “central charge”. On the other
side, g(1-opers are gauge-equivalence classes of linear g'1-connections (on a smooth algebraic
curve), which generalize the notion of scalar linear differential operator, see [3]. The opers
that we consider are not meromorphic because, the exponent of one of their coefficients (the
parameter £ in (3.41) below) is identified with the central charge. Hence, it takes real values.

Lie algebra preliminaries Here we collect well-known facts about simple Lie algebras that we
need in the sequel. We refer to [57] for all the details.

Let (g, [—, —]) be a simply-laced simple Lie algebra of rank m over C. We have a Cartan
decomposition

g=n_@hodny, (3.37)

where § is a Cartan (i.e. a maximal commutative) subalgebra and n are maximal positive/neg-
ative nilpotent subalgebras. The algebra g has Chevalley generators {e;, f;, hi}i=1,...m, With
e;eny, fien_,h;ebh.

We denote by p" € h the dual Weyl vector, which is uniquely defined by the relations

", fill=—=fi, i=1,....m. (3.38)
The element p“ induces the principal grading
h—1
o= P .  ¢P=leealp’. gl=lg) (3.39)
I=—h+1
where £ is the Coxeter number of the algebra (an integer greater or equal than 2).
We have h = g© and ny. = @'~ g*. The top-graded subspace g"~! is a one-dimensional

subspace and it is spanned by the highest weight vector ey of the Lie algebra, which is the unique
(up to a scalar multiple) element annihilated by all e; s, that is

lei,epl=0, i=1,...,m. (3.40)
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Feigin-Frenkel connections According to [37,68,67], the family of connections corresponding
to the g‘V-Drinfeld-Sokolov hierarchy — sometimes called F-F (Feigin-Frenkel) connections —
are defined by the following differential operators

fte _ —6Y + X (j) S
E:E)Z—i-T—i—(l—i—wz k)eg+zz_7wj], f=i§fi, (3.41)

jelJ
where J is a possibly empty finite set, z is a global coordinate on C m with M > max{lw;|, j €
J}, and the parameter o takes value in C. The differential operator £ acts on sections of the
trivial bundle Cj; x V, with V any finite dimensional g-module.

The parameters £ € hh and 0 < k < 1 are free parameters, corresponding to the moduli of
Quantum g-KdV theories. In particular, k is identified with the central charge. On the contrary,
the parameters 0¥ € h, w; € C* and X (j) are constrained by the requirement that the mon-
odromy at w;’s is trivial.'” However, for the sake of our discussion they can be considered as
additional free parameters since the asymptotic properties of solutions are independent of their
values.

Reduction to the normal form We notice that the dominant term of the F-F connection at z = 0o
is the nilpotent element ey € n.. Therefore, in order to apply Theorem 3.26, we need to transform
L into an equivalent connection with a semi-simple dominant term. We achieve this by means of
the gauge transform

G=exp(pz0) i) o (pzi @) (3.42)
where
| L 1/ 9 |
p(w)=2 | 14+ Z qo R = 7 <W(1 - w)”) . (3.43)
I=1 w=
and 7 is the unique element in C{ey, ..., e, } such that [72, f]=£ + %pv — |J|8Y. The action

of the gauge G on the F-F connection £ can be computed using the following rules, see [68,
Section 2]:

o If g € g¥) and ¢ is a meromorphic function, not identically zero, then

Vv ,(Z) \Y
(q(2)? 0;=09;— Z](—Z)pv, (@@)" g=(q)'g, (3.44)
e If g € g,n eny and p is a meromorphic function, then

b’ (2)

- (ad))g, (3.45)

exp{p(2)n}d; =9, — p'()n, expib(nyg=
j=0

19 For example, 6" is the co-root dual to the highest root of the algebra.
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where ad, g = [n, g]; we stress that the latter series terminates, since »n is nilpotent.

Taking into account (3.44)-(3.45), we deduce that there exists § > O such that
L:=GL=03+7"'p(z0)A+R(zw), A=f+ep, (3.46)

where R(z; w) is analytic in (6;1 x C and R(z, w) = O(z~'7?), uniformly with respect to e in
any compact subset of C; see [68] for details.

The element A = f + ey is called the cyclic element of g, see [57]. It is well-known that A is
a regular semi-simple element of the Lie algebra and it is therefore diagonalisable in every finite
dimensional g-module V.?

The following theorem is a direct corollary of Theorem 3.26 and formula (3.46).

Theorem 3.27. Given a F-F connection L as in (3.41) and a finite dimensional g-module V of
dimension n, we consider the linear ordinary differential equation

Ly =0, ¥:Cpy—V. (3.47)

We denote by 1, ..., y, an eigenbasis, for A, by v1, ... v, the corresponding eigenvalues, and
we let P be the primitive of z~' p(z, ), as defined in (3.43), given by

Lo k)hJ ol z—1k=1) |

heh |1+ Z ) h(l—k)¢N’

h(l k)
P(z;w) = (3.48)
—I(k—1) 1
1 cla) Z
Ell logz, =—FEc
hz +Z 1—igq +cqlogz, g n(—k)

(1) Assume that an interval [a, b] is such that the following condition holds:
vz €a, b, Re((vj — vj/)eJ—_“) =0 ifand only if v; = vj:.

Zhen, there exist § > 0 and a unique basis of solutions V;(z; w), j = 1,...,n, analytic in
Cuy x C, with the asymptotic behaviour

Vi@ w)y =zt (Y + 0z %)) e P @),

asz — 00, ha <argz < h(b+m).

(3.49)

Moreover, the above estimate holds uniformly with respect to w, as w varies in any compact

of C.

20 While the exact nature of the spectrum of A, which was computed in [68,69], is important for the ODE/IM corre-
spondence, for what concerns the mere existence of distinguished solutions at z = oo it is sufficient to know that A is
semi-simple.
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(2) Assume that jo is a subdominant index for an interval [a, b], namely
Vr € [a,b]and j # jo, Re((v,-0 —vj)e‘/_“) ~0.

Then, there exist § > 0 and a unique (subdominant) solution ¥ j(z; ), analytic in @M x C,
such that

Y(z; w) :z%/’v (Wjo + 0(2_8)) e*MjoP(z;w)’

asz—> o0, h(a—m)<argz < h(b+m).

(3.50)

Moreover, the above estimate holds uniformly with respect to w, as w varies in any compact

of C.

Proof. After (3.46), we have that

L'9)=0, ¢:=Gy, (3.51)

where £’ and G are as in (3.46) and (3.42). We notice that

\%

G=7T (In + O(Zf‘s/)) ,  for some 8’ >0, (3.52)

\%

RV,
where 1, is the identity matrix. In fact, on the one side (p(z; w)) " = T (I + Oz~ 11h));
on the other side, since 7 is nilpotent, exp (p(z; @) ~'71) is a finite sum, whence exp (p(z; )~ '71)

=, + 0(2_%)). Applying Theorem 3.26 to (3.51) and using (3.52), we obtain the required
result. O

Remark 3.28. While item (1) of Theorem 3.27 is completely new, a weaker version of item
(2) is already available, see [68, Theorem 3.4]. In [68], it is shown that if 7o is a subdominant
direction for the index jg, the subdominant solution exists with asymptotic (3.50) is the small
sector |argz — 1o| < th

Remark 3.29. For the sake of definiteness, we have concentrated here on the study of F-F
connections for g simply-laced. However, Theorem 3.26 can be applied to study the case g not-
simply-laced (in which case they are called F-F-H connections, see [38,69,66]) as well as other
families of opers that have been proposed in the ODE/IM literature, as for example in [63,40,65].
4. The case of ODEs with meromorphic coefficients

4.1. Preliminaries on formal solutions

We consider the classical asymptotic problem for the differential equation

dy

i 7 A)Y, A€ 0(Cq;gl(n, C)), 4.1

46



G. Cotti, D. Guzzetti and D. Masoero Journal of Differential Equations 428 (2025) 1-58

where r € N is called Poincaré rank at infinity and A is analytic at infinity. Theorem 2.6 can
be applied to obtain the existence and uniqueness result of fundamental matrix solutions, with
asymptotic behaviour in a “wide” sector. The uniqueness issue and the characterization of the
sector are the main achievements of our approach.

Let C[z~!] be the algebra of formal power series in z~!. It is well known [6, Th. I] that
equation (4.1) admits formal fundamental matrix solutions

Yr(2) = F(2)G(2), (4.2)

where

(o)
F(z2) =ZNZsz_k e V. Clz7']®gln,C), NeZ,
k=0

with det F(z) # 0 and Fy # 0 (though det Fp = 0, in general), and
G(z) =7/ Ue2W. (4.3)

Here, J is a matrix in Jordan form, U is a matrix constructed using integer powers of

exp(2r+/—1/p), and

pr—1

Q@)=Y 0™ = Q0+ + Qpr12"/?

k=0

is a diagonal matrix whose entries are polynomials in z'/?, without constant term and maximal
degree r, being

k
pE€Nsg, o :ZV_;€Q>O'

A concrete algorithm for computing Q(z) is described in [93]. In particular [93, pag. 398], the
eigenvalues of r Q¢ are the eigenvalues of Ag = lim;_, o A(z), with the same multiplicity. The
matrices @, J, U do not mutually commute. We can modify N and F by substituting J with
J — K and F with F - zX_ where K isa diagonal matrix with integer entries. In this way, without
loss of generality, we may assume that 0 < Re(eigenvls. of J) < 1. Although N can be fixed in
such a way, F(z) may not be unique. On the other hand, G is determined by A(z), and it is a
formal invariant of the differential equation.”!
Each F(z) has a unique factorization [6, Sect. 4]

o]

F)=Fa@P@K,  Fu@=Y FY% % detFy® #0,
k=0

21 Having fixed N, two differential equations are formally meromorphically equivalent if and only if they have - up to
permutation - the same Q and J (U always has the predetermined structure) [6, Sect 3].
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with a formal series F,(z), a lower triangular matrix P(z) polynomial in z, P(0) = diag P(z) =
I,,, and K is a diagonal matrix with integer entries.

4.2. r-adequate tuples, and second application of the main theorem

Given a formal series F(z), the standard approach in the literature [80,94,81] is to prove
the existence of a fundamental matrix solution of (4.1) holomorphic at infinity on a small sec-
tor, where it has asymptotic behaviour F(z). This approach requires the repeated application of
shearing transformations and block diagonal reductions a finite number of times. At each step,
the Sibuya-Wasow asymptotic existence theorem applies to a precisely specified sector, but the
sector varies at each step. As a result, the final angular opening cannot be determined, and it
can only be shown that a fundamental asymptotic solution corresponding to F exists on every
sufficiently narrow sector (see for example theorem 19.1 in [94]). Furthermore, this solution is
not unique. The minimal angular opening is provided by the normal sectors defined in [7, Sect.
4].

Using our approach based on Theorem 2.6, we will establish the existence and, most impor-
tantly, the uniqueness of fundamental matrix solutions with a prescribed asymptotic behaviour
F(2) on explicitly determined sectors with optimal angular opening. This will be done in Theo-
rem 4.3, under the r-adequate condition (Definition 4.2 below).

Up to a permutation, Q(z) is partitioned into blocks

pr—1

k k .
0 =@y & & q@ly. q@:=y 2 aPec, i=1...1¢
k=0

where Ij; is the identity matrix of dimension s;, with s1 + --- 4+ s¢ =n, and
AiF#Eh;, VI<Ki#j<L,

where A; := (AEO), k;l), e )»fh)), and h:= pr — 1.
Let 1 i= A7 — 257 with kij := min{k | A% — 2% %0}, and label the distinct values of
argAjj €ln —m, [, for 1 <i# j <L asin (3.8). In completg/analogy with Definition 3.1, the
Stokes rays of Q(z) for the pair (i, j), are the half lines in C* defined by ReA;; 7*ii =0 and

Ima; jZakif < 0. The Stokes rays for the pair (i, j) have directions

2 . 1 (37
argz =71;; mod —, with 71;;:=—|— —argl;;|.
ki Ok 2

The directions 7;; for all arg A;; €]n— 7, n[ are label as in (3.9), with the same rules (with symbol
o replaced by «).
Let o' be the o, ; appearing in the 7;; labelled as 7,. We obtain the analog of Proposition 3.5.

Proposition 4.1. The directions of all Stokes rays are given by

argz =71, + pe{0,....,u—1}, keZ. “4.4)

T
a(ﬂ) ’
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Definition 4.2. We say that k € Z* is r-adequate with respect to (a'®; rp)g;é if the open inter-
val

n—1
kom w k,m
Ti:=[) }rp +L= -+ a—p(p)[ 4.5)

is non-empty.

Adequateness means that all Stokes rays with directions 7, + k7 /oe(f’), for0<p<<u—1,
lie within a sector of angular opening less than 7 /r.

Theorem 4.3. Let F(2) = F,(2) P(2)zX be the formal series associated to a formal solution (4.2)
of equation (4.1). Consider the following truncations of F(z) and F,(z) respectively:

M M
FMg) =Ny "Fe* FM™():=) FYz7* MeN.,.
k=0 k=0

Let k € Z* be r-adequate with respect to (aP); ‘L’p)Z;é. There exists a unique fundamental ma-
trix solution Yy : ((~ja — GL(n,C) of (4.1), with asymptotic behaviour

Vi@ = (FM @) + 0N M)z Ue® (46)
= (F;M)(z) + O(Z_M_l))P(z)szJUeQ(Z), 4.7)
for z — o0 in any closed sub-sector of the sector
% :={z€@:k | ax <argz < by +m/r}, where Yy = lag, by[ .

Remark 4.4. If arg z = ay, and arg z = by + 7/ r are not directions of Stokes rays, then the sector
% can be extended up to the closest Stokes rays by a standard argument.

Before proving the theorem, we state some consequences for the generic case.
Definition 4.5. A in (4.1) is generic if " # 1 forall i # j.

The definition makes sense, because the eigenvalues )\EO) are the eigenvalues of Ag/r =
lim; 00 A()/r [93, pag. 398]. In the generic case, A;; = A{" — A #0, and ay,, =@ =

i
<o =a® D =7 Tt follows form (4.4) that all the possible directions of Stokes rays can be
labelled as
km
‘L'U=Tp—|—7, pef0,....,u—=1}, vi=p+ku, kel.
They satisfy the strict inequalities

T, <Tyy1 VVELZ.
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Remark 4.6. In the general case, a labelling of the Stokes rays was introduced in [7]. Thought
the notation 7, appears in [7], it coincides with ours only in the generic case.

Corollary 4.7. If A is generic, then for any v € Z system (4.1) admits a unique fundamental
matrix solution Y,,: C, — GL(n, C), with behaviour (4.6) for z — o0 in any closed sub-sector
of the sector

Ly = {Ze@k|r\,_1<argz<ru+z}. (4.8)
r

Proof. We claim that YT} = ]rv_l; r,,[ for some v € Z. Indeed, any sector T < argz <t 4+ 7/r
(with argz = 7 not being a Stokes ray) contains exactly u Stokes rays with directions 7, <
Tygl <+ < Tyqu—1, for some v € Z. Notice that 7,4, = 7, + 7/r, for any v € Z. The largest
sector which contains t,, ..., Ty4,—1is A, O

As a corollary of Theorems 2.6 and 4.3, we also recover the following classical result [5]:

Corollary 4.8. Assume that Ao :=lim,_, o, A(2) has pairwise distinct eigenvalues. Fix Fo(a) such
that r Qg := (Féa))_leFéa) is diagonal. For any v € Z, equation (4.1) admits a unique funda-
mental matrix solution Y,,: C, — GL(n, C) with asymptotic behaviour

Y@= (FM @+ 0 M) 9@, Jebn,©),
for 7z — o0 in any closed sub-sector of the sector ., in (4.8), where FCSM)(z) = Z/iw:o Fk(a)z_k
is uniquely determined by A(z) and Fo(a). Moreover, A(z) uniquely determines Q(z) and J by
r—1
FPQTAQF @ =) =k +71z77+ 0@, 200 (49)
k=0

In order to prove Theorem 4.3, we need the following

Lemma 4.9. For sufficiently large M* € N, the gauge transformation Y = FM Nz'U Y trans-
forms (4.1) into the equation

— = R Y, 4.10
5 (2, i
where R' € ﬁ(@a;g[(n,(C)) has behaviour R'(z) = 0(z~'=%), § > 0, for |z| = oo and
bounded arg z.

Proof. The formal gauge transformation ¥ = F(z)G takes (4.1) to the normal form [6, Sect.
3d.]

dG P
—:Zrilp(Z)G, P(Z):P()—i—?l—i—_i_

Pr_1 J
dz -

+ = @11

1 7"

Zi’

50



G. Cotti, D. Guzzetti and D. Masoero Journal of Differential Equations 428 (2025) 1-58

From (4.3) it follows that

Hence, we can take M * € N sufficiently big to ensure that the gauge transformation Y =
FM) (7)Y satisfies
dy _ ~ N\ do@ .. _; J 5 \s
(o Ro)T = (v EE v L R T
dz dz Z

with Re Aﬁ ((Ea; gl(n, C)) of order O(z=2~!) for some A > 1. Another gauge transformation
Y =7/ UY yields

dY [(dO(z - 1

ar _ (492G +R ()7, R'(2):=U"'277R2)7’U.
dz dz

If M* is sufficiently big, we can arrange so that R'(z) = 0z 17%),8>0. O

Proof of Theorem 4.3. With the change of variables x = 7", rargz = argx, equation (4.10)
becomes

dy -
—=(AK)+RKx))Y,
dx
pr—1 (4.12)

k 1
A) =Y onQix™7' opi=—=1——, R@):=-x""TR).
pr r
k=0

Since R(z) = O(X_l_g), §:= 8'/r, Theorem 3.10 can be applied to equation (4.12) and, using

the above change of variables, we conclude that (4.10) has a unique fundamental matrix solution
with behaviour

Y@=+ 00D, 2500, z€HA.
Recalling the proof of Lemma 4.9, we see that Y =z’ UY has the behaviour
V@ = (L+2' 00U 27) 20629 = U, + 0 ) Uel®.
Then,
Y@ =FM@F @ = (FM @+ FM 0@ ™)) 2 Uel.
Now, FM) (). 0(z72) = 0(z"~2). Consider an additional truncation F™) of FM" | with

0 < M < M*. The smallest exponent in F™ is zN=M_ Then, we take M* sufficiently big so
that A > M. For such M*, (4.6) holds. In an analogous way, we prove (4.7). O
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Proof of Corollary 4.8. Fix F\*) such that A := (F,”) ' AgF\* is diagonal.2 Then F{ ()
= — z " can be unique etermined” wit 2 r, such that the gauge transtormation
M F27% can be uniquely determined”® with M > h that the gaug formati
_ (M) NV o
Y =F;" ' (2)Y gives

ay

dz

diFM )] -
— [z’—lF;W @ AQFM @)~ FM @7 (Z)} ¥

4.13)

= [z’_l (Ao + 2’: AkZ_k) + ﬁ(z)} Y,

k=1

with uniquely determined diagonal matrices A and remainder ﬁ(z) = 0(z"~M=2) analytic
at infinity. System (4.13) is in the form (4.10), with p =1, U =1, Qr = Ay/(r — k) for
k=0,---,r —1,and J = A,. Then, the first part of Corollary 4.8 follows from Corollary 4.7.
Moreover, letting M =r, (4.13) implies (4.9). O

Example 4.10. We apply Theorem 4.3 to the equation

V-1 0 0 =1 0 0
dYy 3
d_: z 0 V-1 0 + 0 0 OJ+R@@® )Y
. 0 0 —/—1 0 0 0
It is already in the form (4.10), with
A V=1 0 0 =1 0 0
Q(Z)ZZ 0 V=1 0 +z 0 0 0],
0 0 —/—1 0 0 0
so that
ag=4, az3=1, ar=a2=0, p=1,
and
A’lz(\’_]/49070’\/_1)5
A=(—1/4,0,0,0),
A3 =(—-+v—1/4,0,0,0).
Hence,

22 There is a freedom Fé“) — Fé‘”C, Cebhn,C).
23 It is a standard formal computation. Writing the Taylor expansion A(z) = Z}?io Akz_k, the coefficients Fk(a) of

F;M) (z) are uniquely determined step-by-step in terms of Féa) and the Ay. Uniqueness depends on the fact that Ag has
distinct eigenvalues.
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k12 =3, kiz=kx3z=0.

Le us take n = 27r. The determinations of argA;; in ]n — 7, n[ are only the determination of
arg(—«/—1) equal to 37 /2. It follows that

All the Stokes rays have directions

km km

WET, 71 + kraV = kn, kel.
o

T +

To check adequateness of k = (ko, k1), it sufficies to check if there are sectors of amplitude less
than 7 /4 containing two rays argz = ko /4 and argz = kym. This happens only for the rays
whose projection onto C* is either the positive or the negative real axis. Hence, Theorem 4.3 and
Remark 4.4 imply that there is a unique fundamental matrix solution in each sector

~ T T
{z e C*| -7 <argz+mm < Z}’ meZ,

with asymptotic behaviour for z — oo given by

Oo .

Ye@) =+ Fjz 1)el®.

j=1

On the other hand, Theorem 4.3 does not hold on the sectors
~ T w ~ 7 37
{ze(C*|O<argz+mT <5}, {zeC*| 1 <argz+mmw < T}'

Uniqueness genuinely fails in these sectors. If Y (z) is a fundamental matrix solution asymptotic
to Yr(z) in {0 <argz+ "5+ < 5}, orin {§ <argz +mm < 3T”}, then any matrix solution of the
form Y (z)C has the same asymptotics, for every

)

I
S O =
S =0
— O O

o

=

@)

I
S0 =
o = O

D. Guzzetti thanks prof. T. Mochizuki for suggesting this example.
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4.3. Subdominant solutions

We state a result on subdominant vector solutions only in case of distinct eigenvalues. The
indices i and j, below refer to matrix entries. The following corollary is a direct application of
Theorem 3.19, the proofs of Lemmas 4.9, of Theorem 4.3 and of Corollary 4.8.

Corollary 4.11. In the assumptions and notation of Corollary 4.8, fix an index j, and let f ](UM) (2)

be the j,-th column of FéM) (2). Moreover, let Ty, < --- < 1,, | be consecutive directions of the
Stokes rays of the pairs (i, jo), i € {1,...,n}, i # jo. If T, —1 — Tpy < T, then there exist unique

subdominant vector solutions yj(.{]f), k € Z, with behaviour

pr—1
W= @+0eM N)expd 3 a0 + 5,2, 00
g=0

in every closed subsector of the sector

S,Ej”) = {z € @a

i bid
T, T 2k — 1)7 <argz < T, + (2k ~|—2)7].
The above has a practical consequence, which improves [94, pag. 86-87].

Proposition 4.12. In the case of Corollary 4.8, let y(z) be a column vector solution with be-
haviour

M pr—1
y(2) = <Z fiz k4 O(ZMI)) exp{ APz + )" )»;q)z“‘f +Jjjlnzy, z—>o0ins,
k=0 g=1

fx € C", fo #0, in a sector S not containing Stokes rays, such that Re((kgo) — A;O))z’) >0,
ie{l,...,n\{j} and z € S. Then, y(z) is unique and the behaviour holds on a wider sector
characterized as follows. If t,_1 and t, are the nearest Stokes rays outside S, the wider sector
contains

{zeC* |ty —m/r<argz <1, +7/r}.
4.4. Remark on the parametric case

The results of Section 3.5 can be applied to equation (4.10), after the change of variables
x = 7. However, the reduction of the initial equation (4.1) to (4.10) involves constructing the
truncation F™") (z, w) of a formal solution and the computation of J. These objects are obtained
through a finite repetition of consecutive shearing transformations and diagonalizations [94],
where the analytic properties of the quantities involved are not generally well controlled. For this
reason, we will not further explore the parametric case of (4.1), which lies beyond the scope of
this paper.
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The case of ramified irregular singularities with parameters remains an open area of research.
The reader may refer to [16,78], where some sufficient conditions for the existence of holomor-
phic formal solutions with respect to the parameters are provided. In particular, the condition
that the degrees of g; (z, @) — ¢ (z, ®) are independent of w is imposed. This condition is called
“well behaviour” in [78].

Remark 4.13. In [21,18], the reader can find a detailed treatment of both formal and asymptotic
solutions, in the parametric case, for possibly non-generic systems with irregular singularities of
Poincaré rank 1. More precisely, in [21,18] the leading term of the coefficients at an irregular
singularity is assumed to be diagonal, with not-necessarily simple spectrum. See also [28,20,
19] for geometrical applications. In the isomonodromic case, the dependence of solutions on
parameters has been extensively studied in the literature. In addition to [21,18], readers may
refer to [10,15,11-13,42,43].

Data availability
No datasets were generated or analysed during the current study.
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