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Abstract

In this paper, we consider systems of linear ordinary differential equations, with analytic coefficients 
on big sectorial domains, which are asymptotically diagonal for large values of |z|. Inspired by [60], we 
introduce two conditions on the dominant diagonal term (the L-condition) and on the perturbation term 
(the good decay condition) of the coefficients of the system, respectively. Assuming the validity of these 
conditions, we then show the existence and uniqueness, on big sectorial domains, of an asymptotic funda
mental matrix solution, i.e. asymptotically equivalent (for large |z|) to a fundamental system of solutions 
of the unperturbed diagonal system. Moreover, a rfinement (in the case of subdominant solutions) and a 
generalization (in the case of systems depending on parameters) of this result are given.

As a first application, we address the study of a class of ODEs with not-necessarily meromorphic coeffi
cients, the leading diagonal term of the coefficient being a generalized polynomial in z with real exponents. 
We provide sufficient conditions on the coefficients ensuring the existence and uniqueness of an asymptotic 
fundamental system of solutions, and we give an explicit description of the maximal sectors of validity for 
such an asymptotics. Furthermore, we also focus on distinguished examples in this class of ODEs arising 
in the context of open conjectures in Mathematical Physics relating Integrable Quantum Field Theories and 
a˙ine opers (ODE/IM correspondence). Notably, our results fill two significant gaps in the mathematical 
literature pertaining to these conjectural relations.
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Finally, as a second application, we consider the classical case of ODEs with meromorphic coefficients. 
Under an adequateness condition on the coefficients (allowing ramfication of the irregular singularities), we 
show that our results reproduce (with a shorter proof) the main asymptotic existence theorems of Y. Sibuya 
[80,81] and W. Wasow [94] in their optimal rfinements: the sectors of validity of the asymptotics are 
maximal, and the asymptotic fundamental system of solutions is unique.
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

1.1. Asymptotically diagonal systems

Consider the linear ordinary differential equation

dY

dz
= (�(z) + R(z))Y, z ∈ U, (1.1)

where

(1) U ⊆ C is an unbounded simply-connected domain given by the union of lines, whose 
distance from 0 is greater than a fixed a > 0 and whose slopes vary in an open interval 
]τmin; τmax[ ⊆ R, see Fig. 1.1;

(2) �(z),R(z) are analytic n × n matrix-valued functions on U ;
(3) �(z) = diag(�11(z), . . . ,�nn(z)) is a diagonal matrix.

The arguments of points z of U vary in the interval ]τmin; τmax + π[. The choice of a determi
nation of the argument of points of U allows us to actually see U as a subdomain1 of C̃∗, the 
universal cover of C∗ := C \ {0}.

Assume that the summand R is ``small'' (in a sense to be dfined) in the regime |z| → ∞. In 
such a case, equation (1.1) can be seen as a ``perturbation'' of the diagonal equation

dY

dz
= �(z)Y. (1.2)

It is then natural to investigate up to which extent solutions of (1.2) approximate solutions of 
(1.1) for big values of |z|. A fundamental matrix solution for the unperturbed equation (1.2) is

Yo(z) := exp

z∫
zo

�(ζ ) dζ, for an arbitrarily fixed zo ∈ U.

In this paper, we address the following question:

Q: Under which conditions on the triple (U,�,R), does there exist a unique fundamental ma
trix solution Y : U → GL(n,C) of (1.1) asymptotically equivalent to Yo, that is

Y(z)Yo(z)
−1 = In + o(1), z → ∞, z ∈ U?

Inspired by the work of N. Levinson [60] for linear ODEs on the real line, our main result, 
Theorem 2.6, will provide an answer to question Q. It will give, at the same time, sufficiently 
general conditions on (U,�,R) to be applicable in a wide range of situations, as we are going 
to expose.

1 In the main body of the paper, the more general case U ⊆ C̃∗ will be considered. Here, for the sake of simplicity of 
exposition, we limit ourselves to the case U ⊆C.
3 
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Fig. 1.1. The domain U , union of lines (some are represented) with natural orientation. Also an example of an oriented 
segment [z1, z2] is represented.

1.2. Description of the main results

In order to formulate the main results of the paper, we need first to introduce two preliminary 
definitions.

The first notion we want introduce is the L-condition for the pair (U,�).
Any line ℓ ⊆ U is the boundary of an half-plane H ⊆ U . Hence, the natural complex orien

tation of H induces an orientation of ℓ = ∂H. We will refer to this orientation as the natural 
orientation of ℓ.

Given z1, z2 ∈ U , denote by [z1, z2] the oriented segment {(1 − t)z1 + tz2, 0 � t � 1}, with 
orientation from z1 to z2. Let PU be the set of all oriented segments in U , obtained by truncating 
the naturally oriented lines in U . See Fig. 1.1.

We will say that the pair (U,�) satifies the2 L-condition if for any pair (i, j), with i, j =
1, . . . , n and i �= j , the set of real numbers

Ai,j :=

⎧⎪⎨⎪⎩Re
∫

[z1,z2]

(
�ii(ζ ) − �jj (z)

)
dζ, [z1, z2] ∈PU

⎫⎪⎬⎪⎭⊆ R

has an upper bound and/or a lower bound.
The second notion we want to introduce is the good decay condition for the pair (U,R).
Given a line ℓ ⊆ U , denote by dℓ the distance of ℓ from the origin 0 ∈ C. We will say that 

(U,R) satifies the good decay condition if (the restriction of) R is L1-integrable along any line 
ℓ ⊆ U , and moreover

‖R|ℓ‖1 → 0, for dℓ → +∞, ‖ · ‖1 being the 1-norm on L1(ℓ, dz).

We are now able to state the main result of the paper.

Theorem 1.1 (Theorem   2.6). If (U,�) satifies the L-condition, and (U,R) the good decay 
condition, then the differential equation (1.1) admits a unique fundamental matrix solution 
Y : U → GL(n,C) such that

2 Here L stands for Levinson, being the condition above our generalization to the complex domain of some simpler 
conditions, due to N. Levinson, required in the real case, see [60], [32, Ch.1 and references therein].
4 
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Y(z) = (In + o(1)) exp

z∫
zo

�(ζ ) dζ, z → ∞, α � arg z � β + π, (1.3)

for arbitrary α,β satisfying τmin < α � β < τmax.

For short, we will refer to the fundamental matrix solution Y satisfying (1.3) as the asymptotic 
solution of (1.1).

In Sections 2.5 and 2.6, we also obtain a rfinement and a generalization, respectively, of the 
main result above.

On the one hand, in Section 2.5, we focus on the study of those columns of Y(z) defining 
subdominant solutions of (1.1) on U . These are vector-valued solutions ysub(z) of (1.1) corre
sponding to the jo-th columns of Y(z), where jo ∈ {1, . . . , n} is such that all the sets Ai,jo have 
lower bound for any i = 1, . . . , n with i �= jo. In particular, the solutions ysub(z) are dominated 
by any other non-zero vector-valued solutions y(z), in the sense that3 |ysub(z)| = O(|y(z)|) for 
z → ∞ along any line ℓ ⊆ U . In our Theorem 2.13 we show that the validity of the asymptotic 
estimate given by the jo-column of both sides of (1.3) is valid in a bigger domain Ũ than U , 
under mild assumptions on (Ũ,�,R).

On the other hand, in Section 2.6 we address the case of equation (1.1) with coefficients holo
morphically depending on further parameters varying in an open connected subset of Cm, with 
m � 1. Under uniform analogs of both the L-condition and the good decay condition, together 
with a uniform integrability assumption, our Theorem 2.21 provides a parametric analog of The
orem 1.1.

We assert that Theorem 2.6 introduces at least two significant innovations to the field. Firstly, 
it addresses differential equations (1.1) with coefficients that may not be meromorphic, and, in 
fact, does not require their analytic continuations to be single-valued, or even to exist at all around 
the singularity. Secondly, it is important to emphasize that our result not only predicts the exis
tence of asymptotic solutions but also establishes their uniqueness. The former innovation has 
practical applications in addressing challenging open problems in mathematical physics: we will 
explain how Theorem 2.6 can be used to fill gaps in the literature on the ODE/IM correspon
dence.4 The latter, when applied to the classical case of ODEs with meromorphic coefficients on 
P 1(C), allows us to derive more robust versions of classical results regarding the existence and 
uniqueness of asymptotic solutions.

1.3. Applications

As a first application of our results, we address the study of a family of linear ODEs with not
necessarily meromorphic coefficients on P 1(C). These equations are indeed dfined on U :=
{z ∈ C̃∗ : |z| > a} and are of the form (1.1), with

�(z) =
h ∑

k=0 
�(k)zσk−1, �(k) diagonal matrices, 1 = σ0 > σ1 > · · · > σh > 0, σi ∈R>0,

3 Here | · | is an arbitrarily fixed norm on the space of matrices M(n,C).
4 IM stands for ``Integrable Models''.
5 
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and R : U → M(n;C) analytic satisfying the good decay condition on U (this holds, for exam
ple, if R = O(|z|−1−δ) on U , for some δ > 0).

For ODEs of such a form, a notion of Stokes rays can be dfined, see Definition 3.1. In 
Section 3.2, under adequate conditions5 on �, we show that these Stokes rays can be used to 
select the maximal sectors of U on which the matrix � satifies the L-condition. Consequently, 
for adequate �, on these maximal sectors the existence and uniqueness of the asymptotic solution 
is guaranteed by Theorem 2.6, see Theorem 3.10. Moreover, we also specialize to this case our 
results on subdominant solutions (Theorem 3.19) and to the case of equations depending on 
parameters (Theorem 3.23).

Examples of equations of the form above arise in the context of the ODE-IM correspondence. 
The ODE/IM correspondence is a mostly conjectural duality between Integrable Quantum Field 
Theories (IM) and linear ordinary differential operators with analytic coefficients (ODE). It states 
that every solution of the Bethe (Ansatz) Equations originating from a Quantum Field Theory can 
be represented as the spectral determinant of a linear differential operator, see e.g. [23,24,27,26, 
9,37,38,63,68,40]. Therefore, any state of any integrable quantum field theory should correspond 
to a linear differential operator.

Oftentimes, quantum field theories come in families parametrized by moduli, one of which can 
be identfied with the degree at z = ∞ of the coefficient of the corresponding linear differential 
operator. As a result, this degree is not necessarily a rational number.

Because of this and due to the lack, prior to the present paper, of a theory of not-necessarily 
meromorphic ODEs, the literature on the ODE/IM correspondence suffers of two fundamental 
gaps: the first is the construction of a distinguished basis of solutions at z = ∞, and the second is 
the description of the maximal sector for subdominant solutions (the latter solutions were indeed 
constructed by ad-hoc methods [68]).

In Section 3.6, these gaps are filled by Theorem 3.26, deduced as a special case of the results 
of Sections 3.1--3.5. Furthermore, we also apply this new result to the most studied instance of the 
ODE/IM correspondence, the duality between quantum g(1)-Drinfeld--Sokolov hierarchy [8,36] 
(also known as Quantum g-KdV) and Lg(1)-opers on C∗.

As a second application, we consider the classical case of linear ODEs with meromorphic 
coefficients on P 1(C) = C ∪ {∞}, namely

dY

dz
= zr−1A(z)Y, A(z) analytic on P 1(C) \ {|z| > a}, (1.4)

where r ∈ N is the Poincaré rank of the irregular singularity at z = ∞. This equation admits 
formal fundamental systems of solutions of the form

Yfor(z) = F(z)G(z), (1.5)

where G(z) is a well-defined analytic function of some root6 z1/p , and F(z) is a formal power 
series of z−1, see e.g. [6,70,62]. Though the series F(z) typically is not convergent, the purely 
formal solution Yfor(z) is well-known7 to prescribe the asymptotics (in the sense of Poincaré) 

5 In particular � has to admit adequate tuples, as dfined in Definition 3.9.
6 The irregular singularity z = ∞ is said to be ramfied if p > 1, and p is called index of ramfication. This is the Fabry 

phenomenon [33].
7 In the monography [94] this result is referred to as the Main Asymptotic Existence Theorem. This result marks the 

culmination of a very long sequence of investigations dating back to the 19th century. See the next section.
6 
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of genuine fundamental systems of solutions of (1.4) in any sector of {z ∈ C̃∗ : |z| > a}, with 
sufficiently small angular opening, see e.g. [80,94,81,7,82]. On small sectors as such, however, 
the uniqueness of these fundamental systems of solutions is not guaranteed by their asymptotics 
(1.5) only. In the ramfied case (p > 1), it is a difficult problem to give an a priori estimate of 
the optimal angular opening guaranteeing both the existence and uniqueness of an asymptotical 
fundamental matrix solution.

In Section 4.2, by replacing equation (1.4) with a gauge equivalent one (the gauge equivalence 
given by an arbitrary truncation of the series F(z)), we recover an equation of the form (1.1). 
Under adequate conditions8 on the coefficient A, we show that it is possible to characterize the 
maximal sectors on which the L-condition holds, and consequently Theorem 1.1 applies. This 
leads to a very short proof of the Main Asymptotic Existence Theorem of [94], in its optimal 
rfinement (i.e. on maximal sectors), see Theorem 4.3. Hence, for these adequate systems (in
cluding ramfied cases), we prove the existence and uniqueness of a fundamental matrix solution 
with asymptotics (1.5) on optimal sectors.

1.4. Some historical remarks

We would like to conclude this introduction by briefly contextualizing our results into a 
historical perspective.9 The study of asymptotic solutions for linear ODEs has its origins in pi
oneering works focused on ``approximate'' solutions. Although the concept of ``approximation'' 
was loosely dfined, and the methods employed lacked rigor, the contributions of G. Carlini [17], 
J. Liouville [61], and G. Green [41] represented the initial explorations in this field.

It was only with the works of G. Stokes [83--85] and H. Hankel [45] that these methods were 
rfined, leading to the introduction of series approximations for actual ODE solutions. Stokes, 
on one hand, considered formal power series solutions as approximations, in the sense that their 
arbitrary truncations almost satisfy the original ODE. Hankel, on the other hand, introduced 
formal power series solutions that were deemed approximate because they were semi-convergent
(a concept previously dfined by A.M. Legendre [59, pag. 13]) to true analytic solutions. Hankel 
also pioneered the use of exact analytic solutions to compute their semi-convergent expansions, 
establishing a direct connection between the two. Additionally, it is worth noting that both Stokes 
and Hankel independently discovered the Stokes phenomenon during their research and provided 
explanations for it, although they did not delve further into this topic.

A significant milestone in this area of research was marked by the contributions of H. 
Poincaré. Building upon substantial advancements in the general theory of ordinary differential 
equations made between 1833 and 1886 by a multitude of mathematicians,10 Poincaré achieved 
a pioneering feat. He replaced the vague concept of an ``approximate solution'' with the precise 
notion of an ``asymptotic solution'' by introducing a theory of asymptotic series. Focusing on 
nth-order scalar ODEs with polynomial coefficients and an irregular singularity at z = ∞ of rank 
1, as detailed in [72,73], Poincaré accomplished the following:

8 In particular, the system (1.4) must admit r-adequate tuples, as dfined in Definition 4.2.
9 The interested reader can found a detailed historical analysis on the study of asymptotical solutions of ODEs, in the 

period 1817--1920, in the essay [79].
10 Among them we mention: A.-L. Cauchy, K. Weierstrass, C. Briot and J. Bouquet, L. Fuchs, L.W. Thomé, F. G. 
Frobenius, M.E. Fabry.
7 
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(1) He derived exact analytic solutions using a Laplace transform technique, resulting in integral 
representations applicable in the vicinity of z = ∞.

(2) He introduced a rigorous concept of asymptotic series and computed the asymptotic expan
sions of the aforementioned Laplace integrals for a fixed argument argz.

(3) He identfied these asymptotic expansions as formal solutions of the given ODE, as previ
ously described11 by L.W. Thomé [86,87] and M.E. Fabry [33].

Poincaré’s contributions marked a pivotal moment in the field, establishing the foundation 
for the study of asymptotic solutions in the context of ODEs, which quickly gained significant 
attention. From 1897 to 1910, J. Horn made substantial advancements in this field, drawing in
spiration from Poincaré’s ideas and producing a series of significant papers. Describing all of 
Horn’s technical innovations and rfinements concisely is a formidable task. However, it’s worth 
noting that Horn extended Poincaré’s findings to address higher rank irregular singularities, ini
tially focusing on 2nd-order linear ODEs [46], later expanding to arbitrary nth-order linear ODEs 
[49]. Most notably, he tackled the challenge of extending the validity of asymptotic solutions 
into angular sectors centred around irregular singularities, see e.g. [47,48]. Remarkably, Horn’s 
work in [49] established -- for nth-order scalar ODEs (with coefficients known only asymptoti
cally near an irregular singularity at z = ∞)-- the existence of a fundamental system of solutions 
whose asymptotics expansions are given by formal solutions along any ray in the z-plane, albeit 
with a finite number of exceptions. Horn’s contributions were central in broadening Poincaré’s 
ideas across a wide range of equations. His versatile techniques shed new light on the nature 
of asymptotic solutions. In the realm of ODE research spanning from the 1890s to the 1910s, 
Horn’s work distinctly stands out as superior to that of his contemporaries.

All the works discussed thus far have addressed the case of scalar differential equations. It is 
only through the work of G. Birkhoff that the theory of asymptotic solutions for systems of linear 
ODEs achieved a clear formulation. By extending the concepts of formal series solutions and the 
rank of an irregular singularity to systems of linear ODEs, Birkhoff’s primary interest shifted 
towards constructing asymptotic solutions in the vicinity of irregular singularities of arbitrary 
rank. He accomplished this through a suitable modfication of Poincaré’s and Horn’s techniques 
based on Laplace transforms.

More precisely, in [4], Birkhoff considered the class of systems of linear ODEs which are 
equivalent, for large |z|, to a canonical system of the form

z
dY

dz
= P(z)Y, P(z) matrix with polynomial entries, (1.6)

with an irregular singularity at z = ∞ of arbitrary rank. Initially, he constructed formal solu
tions Yfor(z) for equation (1.6), which can essentially be reduced to the form (1.5). Subsequently, 
he demonstrated the existence of fundamental systems of solutions Y(z), with asymptotic be
haviour Yfor(z), within any sector centred around z = ∞ and with a sufficiently small angular 
opening. Furthermore, Birkhoff provided a Laplace integral representation, similar to those used 
by Poincaré, for each entry of Y(z). Birkhoff also claimed that any system of linear ODEs is 
holomorphically equivalent to a canonical one: this is false, as shown later by F.R. Gantmacher 

11 In the theory of Thomé and Fabry, formal solutions, essentially always reducible to the form (1.5), were referred to 
as normal, logarithmic normal, or (in the ramfied case) anormal series solutions of the linear ODE.
8 



G. Cotti, D. Guzzetti and D. Masoero Journal of Differential Equations 428 (2025) 1--58 
[39], P. Masani [64] and H.L. Turritin [92]. This approximately represents the state of the art on 
asymptotic solutions as described in the monography [55].

In a further series of papers [50--53], the already mentioned J. Horn showed the following 
result for linear systems of ODE: if the leading term of the coefficient matrix, at a singularity 
of second kind, has all distinct eigenvalues, then for sectors with sufficiently large opening one 
has uniqueness of the asymptotic fundamental system of solutions, which can be represented as 
a Laplace integral. These are, to the best of our knowledge, the first references in the literature of 
ODEs where the uniqueness problem for asymptotic solutions has been addressed.

Following Horn’s and Birkhoff’s contributions, the literature saw an abundance of results, 
with a progression of rfinements and generalizations. Notable works in this regard include those 
by W.J. Trjitzinsky [88,89], J.A. Lappo-Danilevsky [58], M. Hukuhara [54], and H.L. Turritin 
[90,91]. The most sophisticated formulations of these results, with complete proofs, can be found 
in the subsequent references [22] and [80,94,81]. In all these works, the proof of the existence
of asymptotic solutions (with Poincaré asymptotics given by a formal solution) is given on small 
sectorial domains. The details of the proofs are quite delicate, and to the best of our knowledge 
the references [80,94,81] are essentially the only ones in which complete proofs are given.

On the one hand, in [22], E.A. Coddington and N. Levinson’s proof begins by establishing 
the result on the positive real axis, building upon N. Levinson’s seminal work [60]. The latter 
treats the perturbation to the diagonal part of the differential system as an inhomogeneous term, 
with a solution given by variation of parameters, leading to an integral equation where a fixed
point argument is applied. By showing that a solution of the integral equation is also a solution 
of the differential equation with prescribed asymptotics (but not vice versa), the existence result 
is proved. Subsequently, [22] extends the result to the complex sectorial case (under genericity 
assumptions of the coefficients), applying the real argument radially. It is so shown that the 
asymptotic behaviour of a solution along a radial direction can be extended to a small sector in 
the z-plane. This extension relies on theorems of A.H. Phragmén and E.L. Lindelöf, as described 
in [22, Chapter 5, Sections 4 and 5].

On the other hand, Y. Sibuya [80,81] and W. Wasow [94] used a different approach to es
tablish the existence result. The initial step involves formulating a nonlinear ODE for a gauge 
transformation, which can be formally solved by F(z) in (1.5). This gauge transforms the origi
nal equation (1.4) into a simpler differential equation, solved by the function G(z) in (1.5). The 
subsequent step is to demonstrate the existence of a genuine solution F̂ (z), with asymptotic be
haviour F(z), for the nonlinear equation. Such a solution F̂ (z) is constructed entry-wise, with an 
integral equation for each matrix entry. In particular, each integral equation is set on a carefully 
chosen z-dependent contour. In order to reach the final G(z), a finite sequence of intermediate 
such gauge transformations is generally required, each of which essentially reduces the sector 
of applicability of the existence result. As a consequence, in the general ramfied case, one can 
only assert that existence holds on a sufficiently small sector (see, for example, Theorem 19.1 in 
[94]). The minimal angular opening of the sector was later established in [7, Sect. 4].

Our approach differs in the following way: after reducing (1.4) to the form (1.1) via a gauge 
equivalence given by a truncation of F , we set an integral equation directly for the solution 
Y(z) itself on z-dependent straight lines in a domain U (on which both the L-condition and the 
good decay condition are satified). Contrary to the strategy in [22], these integration contours 
do not respect the radial symmetry of U but instead ``span'' it. This allows us to deduce not only 
the existence but also the uniqueness of Y(z) on U . Indeed, as in Levinson’s approach, a fixed 
point argument of Banach–Caccioppoli type provides uniqueness for the solution of the integral 
equation. However, the spanning of the domain by integration contours is crucial to prove the 
9 
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equivalence between the solution of the integral equation and that of the differential equation with 
asymptotic conditions. Consequently, the uniqueness of solutions for the differential equation is 
established. The above equivalence cannot be proved by the real or radial argument in Levinson’s 
approach (see the proof of Lemma 2.9 and Remark 2.10 for further details).

In conclusion, our approach offers a shorter proof of the Sibuya-Wasow asymptotic existence 
theorem and provides a stronger conclusion, namely the uniqueness of the asymptotic solutions. 
Moreover, it is more general, as it applies to a broader class of equations with non-meromorphic 
coefficients.

The approach introduced in the seminal paper by N. Levinson [60] has served as a wellspring 
of inspiration for numerous subsequent works and developments, to which we direct the reader 
for further details and references in [32]. It is worth noting that the Russian literature has fur
ther elaborated upon this methodology in various specific instances, with ad hoc adaptations to 
specific cases, see for example [77,34,35]. In particular, in [35, Chapter 5], it was applied to the 
WKB analysis, which subsequently inspired a weaker and particular version of our results on 
subdominat solutions in the ODE/IM literature, see [68].

Let us conclude by mentioning that, for linear meromorphic systems of ODEs, the existence 
and uniqueness (on sufficiently large sectors) of asymptotic fundamental systems of solutions 
has been subsequently proved with techniques of k-summability and multi-sommability applied to 
formal power series solutions, see [74,75,31,14,1,70,62] and references therein. We stress that for 
the wide class of differential equations considered in this paper the study of formal solutions is, at 
present, unapproachable. Already the case of coefficients with an essential singularity represents 
an interesting open problem: see the interesting paper [2], in which a first description of formal 
solutions is given for several classes of such systems.

1.5. Structure of the paper

Sections 2.1-2.4 -- In these sections, we establish our notations and introduce the L-decay and 
good decay conditions. The main result of our paper, Theorem 2.6, is proven here.

Sections 2.5-2.8 -- In this part, we both rfine the main result for subdominant solutions and 
extend it to the parametric case.

Sections 3.1-3.3 -- Here, we delve into a family of ODEs with coefficients that may not nec
essarily be meromorphic, specifically, generalized polynomials in z with real exponents. We 
introduce the concepts of Stokes rays and adequate tuples and present and prove Theorem 3.10
as the first application of our main result.

Subdominant and parametric cases are addressed in Sections 3.4 and 3.5, respectively. Addi
tionally, in Section 3.6, we explore the applications of these results in the context of the ODE/IM 
correspondence.

Sections 4.1-4.2 -- In these sections, we shift our focus to classical case of meromorphic 
linear systems on P 1. We review existing results on formal solutions, including ramfied cases, 
introduce the concept of r-adequateness of tuples, and establish the existence and uniqueness 
of asymptotic solutions on large sectors. This provides a rfinement of the main asymptotic 
existence theorems of Y. Sibuya and W. Wasow.

Sections 4.3-4.4 -- Finally, in these sections, we address the subdominant case and briefly 
touch on the parametric case.
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2. A Levinson type theorem on the complex domain

2.1. Notations and preliminary notions

Let � : C̃∗ → C∗ be the universal cover of C∗. Points of C̃∗ can be uniquely represented in 
polar form z = ρe

√−1θ , where ρ ∈ R>0 is the modulus |z| of z, and θ ∈ R is the argument arg z.
We call lines those curves on C̃∗ whose projection are straight lines on C∗. These admit the 

parametrisation

ρ = a1

a2 cos θ + a3 sin θ
, a1, a2, a3 ∈ R, a1 �= 0, (a2, a3) �= (0,0).

Given ϕ ∈ R and a ∈ R>0, we dfine the closed half-plane Hϕ,a , and the line ℓϕ,a , by the for
mulas

Hϕ,a :=
{
z ∈ C̃∗ : arg z ∈

]
ϕ − π

2 
;ϕ + π

2 

[
, |z| � a

cos(ϕ − arg z)

}
, ℓϕ,a := ∂Hϕ,a.

The half-plane Hϕ,a inherits the orientation of C̃∗, and consequently its boundary ℓϕ,a := ∂Hϕ,a

is oriented (with angular direction τ := ϕ −π/2). See Fig. 2.1. This allows to introduce a natural 
total order relation � on points of ℓϕ,a , and to distinguish two ifinite points ±∞ on it.

For any continuous function f on ℓϕ,a and any p � 1, we dfine the Lp-norm ‖f ‖p ∈ R�0 ∪
{+∞} as

‖f ‖p =
⎛⎜⎝ ∫
]
ϕ− π

2 ;ϕ+ π
2 
[
∣∣∣∣f (

a

cos(ϕ − θ)
e
√−1θ

)∣∣∣∣p a

cos2(ϕ − θ)
dθ

⎞⎟⎠
1 
p

. (2.1)

The closure of the space of continuous Lp-integrable (i.e. with finite Lp-norm) functions, with 
respect to the norm ‖ · ‖p , is the Banach space Lp(ℓϕ,a), see e.g. [44, Ch. 1,§1.2]. These defi
nitions naturally extend to functions with values in a finite dimensional normed C-vector space 
(V , | · |).
11 
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Fig. 2.1. The half plane Hϕ,a . The angles are represented mod 2π . Equivalently, the figure may be intended as the 
representation of the projection onto C of the sheet of C̃∗ where Hϕ,a lies.

For any interval I ⊆ R, we dfine

HI,a :=
⋃
ϕ∈I

Hϕ,a. (2.2)

In particular, if I is the open interval ]ϕmin;ϕmax[,

HI,a =
{
z ∈ C̃∗ : arg z ∈

]
ϕmin − π

2 
;ϕmax + π

2 

[
, |z| � ϑI,a(arg z)

}
, (2.3)

where ϑI,a : ]ϕmin − π
2 ;ϕmax + π

2 
[→ R is dfined by 

ϑI,a(ϕ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

a

cos (ϕmin − ϕ)
, ϕmin − π

2 
< ϕ � ϕmin,

a, ϕmin � ϕ � ϕmax,

a

cos (ϕ − ϕmax)
, ϕmax � ϕ < ϕmax + π

2 
.

See Fig. 2.2. In the paper, O will denote the sheaf of holomorphic functions on C̃∗. If � ⊆ C̃∗ is 
an open subset, and V is a finite dimensional C-vector space, we set O(�;V ) := O(�) ⊗C V . 
If C is not open, we dfine O(C;V ) as inductive limit lim−→O(�;V ), with � open sets containing 
C, see e.g. [30, Cor. 1, Th. 3.3.1,pg.151].

2.2. The main theorem

Let n � 1. Denote by h(n,C) the Lie algebra of diagonal matrices in gl(n,C). We equip 
gl(n,C) with an arbitrary norm | · |. Let I ⊆ R an open interval, J ⊆ I a closed interval, and 
a ∈ R>0. For � ∈ O(HI,a;h(n,C)) and i, j ∈ {1, . . . , n}, we set

S
ij
J,a := sup

ϕ∈J

sup
b�a

sup
w�z

(w,z)∈ℓ×2

Re

z∫
w,ℓϕ,b

(
�ii(t) − �jj (t)

)
dt, (2.4)
ϕ,b

12 
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Fig. 2.2. The domain HI,a . The angles are represented mod 2π . Equivalently, the figure is the projection onto C. Two 
lines ℓϕ,b and ℓϕ′,b′ are also represented, with ϕmin < ϕ < ϕ′ < ϕmax.

I
ij
J,a := inf

ϕ∈J
inf
b�a

inf
w�z

(w,z)∈ℓ×2
ϕ,b

Re

z∫
w,ℓϕ,b

(
�ii(t) − �jj (t)

)
dt. (2.5)

Definition 2.1. A holomorphic function � ∈ O(HI,a;h(n,C)) satifies the L-condition on I if, 
for any i, j ∈ {1, . . . , n}, and any J ⊆ I closed interval, there exist K1,K2 ∈R, depending on J , 
such that one of the following mutually exclusive conditions holds:

• either

S
ij
J,a � K1 and I

ij
J,a = −∞, (L-1)

• or

I
ij
J,a � K2. (L-2)

Definition 2.2. A holomorphic function R ∈ O(HI,a;gl(n,C)) satifies the good decay condi
tion on I if for any closed interval J ⊆ I and any b � a, R is L1-integrable if restricted along 
any line ℓϕ,b, with ϕ ∈ J , and

lim 
b→+∞ sup

ϕ∈J

‖R|ℓϕ,b
‖1 = 0, (2.6)

where ‖ · ‖1 is the norm in L1(ℓϕ,b, dz).

Example 2.3. The function R ∈ O(HI,a;gl(n,C)) satifies the good decay condition if there 
exists δ > 0 such that R = O(z−1−δ) on HJ,a for any closed interval J ⊆ I , that is

sup
z∈HJ,a

|z1+δR(z)| < ∞. (2.7)

Remark 2.4. If R ∈ O(HI,a;gl(n,C)) satifies the good decay condition, then we have

MR,a,J := sup sup‖R|ℓb,ϕ
‖1 < ∞. (2.8)
b�a ϕ∈J

13 
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By (2.6), MR,a,J can be made smaller by increasing a, and MR,a,J → 0 for a → +∞.

Remark 2.5. Both the good decay condition and condition (2.8) can be easily adapted to C
valued functions dfined on a single half-plane Hϕ,a . The latter condition dfines the so-called 
Smirnov classes E1(Hϕ,a). These functional spaces, and the more general spaces Ep(Hϕ,a), are 
extensively studied in [29, Ch. 11]. The good decay condition, then, can be seen as defining a 
subclass of E1(Hϕ,a)

Theorem 2.6. Consider the differential equation

dY

dz
= (�(z) + R(z))Y, (2.9)

where the leading term � ∈ O(HI,a;h(n,C)) satifies the L-condition on I , and the perturba
tion term R ∈ O(HI,a;gl(n,C)) satifies the good decay condition on I . There exists a unique 
holomorphic fundamental matrix solution Y : HI,a → GL(n,C) with asymptotic behaviour, for 
any closed interval J ⊂ I and z → ∞ in HJ,a , given by

Y(z) = (In + o(1)) exp

⎛⎝ z∫
zo

�(w)dw

⎞⎠ ,

where zo is an arbitrary point of HI,a .

Corollary 2.7. In the same assumptions of Theorem 2.6, if R = O(z−1−δ) on HI,a , then the 
unique solution Y of Theorem 2.6 is such that

Y(z) = (
In + O(z−δ)

)
exp

⎛⎝ z∫
zo

�(w)dw

⎞⎠ ,

where zo is an arbitrary point of HI,a .

The proof of Theorem 2.6 will be given in the next sections. Before, we need to introduce 
some preliminary tools.

2.3. The space HJ,a , and the integral operators K±

Let I = ]ϕmin;ϕmax[ be an open interval. Given a domain HJ,a , with J ⊂ I a closed interval, 
we dfine HJ,a to be the space of continuous bounded function on HJ,a with values in Cn, 
whose restriction to intHJ,a is analytic. The space HJ,a is Banach if equipped with the norm 
[56, Th. 1.2]

‖f ‖∞ := sup |f (z)|.

z∈HJ,a

14 
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Let � ∈ O(HI,a;h(n,C)) be a diagonal matrix satisfying the L-condition. For any fixed 
jo ∈ {1, . . . , n} and an arbitrary i ∈ {1, . . . , n}, only one between conditions (L-1) and (L-2) hold 
for the pair (i, jo). Dfine a partition J+(jo) ∪ J−(jo) = {1, . . . , n} as follows:

• if (L-1) holds for (i, jo), then i ∈ J+(jo),
• if (L-2) holds for (i, jo), then i ∈ J−(jo).

For any fixed jo ∈ {1, . . . , n}, dfine the diagonal matrices W±,jo ∈ O(H×2
I,a;h(n,C)) by

W+,jo (ζ1, ζ2)ii := exp

ζ2∫
ζ1

(�ii(t) − �jojo(t)) dt, i ∈ J+(jo),

W+,jo (ζ1, ζ2)ii := 0, i ∈ J−(jo),

W−,jo (ζ1, ζ2)ii := 0, i ∈ J+(jo),

W−,jo (ζ1, ζ2)ii := exp

ζ2∫
ζ1

(�ii(t) − �jojo(t)) dt, i ∈ J−(jo),

(2.10)

where the integral can be taken along any curve in HI,a joining ζ1 and ζ2.
Given a function R ∈ O(HI,a;gl(n,C)) satisfying the good decay condition, and J ⊂ I a 

closed sub-interval, we introduce two integral operators K±,jo : HJ,a →HJ,a , dfined by

K+,jo [f ; z] :=
z∫

∞ 

W+,jo (t, z)R(t)f (t) dt, (2.11)

K−,jo [f ; z] :=
∞ ∫
z

W−,jo (t, z)R(t)f (t) dt, (2.12)

where

• the integral (2.11) is taken from −∞ to z along any line ℓϕ,b ⊆ HJ,a passing through z,
• the integral (2.12) is taken from z to +∞ along any line ℓϕ,b ⊆ HJ,a passing through z.

Lemma 2.8. For any closed interval J ⊂ I the following hold.

(1) The operators K±,jo are well-defined bounded operators on HJ,a . In particular, there exists 
a constant C > 0, independent on R, such that

‖K±,jo [f ; · ]‖∞ � C ‖f ‖∞ MR,a,J , (2.13)

where MR,a,J is dfined in (2.8). Moreover, for z → ∞ in HJ,a ,

lim K±,jo [f ; z] = 0. (2.14)

z→∞
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(2) If R = O(z−1−δ) on HI,a , then there exists a C > 0 such that for any f ∈HJ,a we have

|K±,jo [f ; z]| � C‖f ‖∞|z−δ|. (2.15)

Proof. To prove point (1), we need to prove that

(i) the integrals (2.11), (2.12) are finite for any z ∈ HJ,a ;
(ii) they are independent of the lines ℓϕ,b, with ϕ ∈ J , passing through z;

(iii) K±,jo [f ; z] are analytic functions of z ∈ intHJ,a and continuous at z ∈ ∂HJ,a .
(iv) K±,jo [f ; z] vanishes as z → ∞ in HJ,a .

Point (i) and (2.13) follow from conditions L and the good decay condition on R, since

∣∣∣∣∣∣∣
z∫

∞,ℓϕ,b

W+,jo (t, z)R(t)f (t) dt

∣∣∣∣∣∣∣�
⎛⎜⎜⎝ sup

t�z

(t,z)∈ℓ×2
ϕ,b

|W+,jo (t, z)|

⎞⎟⎟⎠‖R|ℓb,ϕ
‖1‖f ‖∞,

∣∣∣∣∣∣∣
∞ ∫

z,ℓϕ,b

W−,jo (t, z)R(t)f (t) dt

∣∣∣∣∣∣∣�
⎛⎜⎜⎝ sup

z�t

(t,z)∈ℓ×2
ϕ,b

|W−,jo (t, z)|

⎞⎟⎟⎠‖R|ℓb,ϕ
‖1‖f ‖∞.

As for point (ii), let ℓϕi ,bi
⊆ HJ,a , with i = 1,2, be two lines passing through z. Since J ⊂ I , 

there exists ϕ′ ∈ I and a line ℓϕ′,b′ transversal to both ℓϕi,bi
, i = 1,2, intersecting them respec

tively at the points wi ∈ ℓϕi ,bi
, i = 1,2, with wi < z. We have

0 =
⎡⎣ z∫

w1

−
z∫

w2

+
w1∫

w2

⎤⎦W+,jo (t, z)R(t)f (t) dt.

By taking the limit b′ → +∞, the term 
∫ w1
w2

goes to zero, by (2.6). Hence, point (ii) is proved for 
K+,jo [f ; z]. The case of K−,jo [f ; z] is similar.

To prove (iii), first let z and z1 be poins of intHJ,a . Consider K+,jo [f ; z] and K+,jo [f ; z1], 
respectively along lines ℓϕ,b and ℓϕ,b1 , with the same ϕ ∈ J . We claim that

K+,jo [f ; z1] − K+,jo [f ; z] =
z1∫

z

W+,jo (t, z)R(t)f (t) dt, (2.16)

where the integration in the r.h.s. is along any path joining z to z1. If the claim is true, then the 
following limit is well dfined and analytic w.r.t. z:

dK+,jo [f ; z] := lim 
K+,jo [f ; z1] − K+,jo [f ; z] = W+,jo (z, z)R(z)f (z).
dz z1−z→0 z1 − z
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Fig. 2.3. The lines ℓφ,b , ℓφ,b1 , and ℓφ′,b′ . 

Fig. 2.4. z goes to infinity along ̂ℓ. 

To prove the claim, as we did before, for suitable ϕ′ ∈ I we can take an arbitrary ℓϕ′,b′ transversal 
to ℓϕ,b and ℓϕ,b1 , intersecting them in w < z and w1 < z1 respectively. See Fig. 2.3. Then

0 =
⎡⎢⎣ z∫
w,ℓϕ,b

+
z1∫

z

−
z1∫

w1,ℓϕ,b1

−
w1∫

w,ℓϕ′,b′

⎤⎥⎦W+,jo (t, z)R(t)f (t) dt.

By taking the limit b′ → +∞, the term 
∫ w1
w

goes to zero, by (2.6). Successively, let z ∈ ∂HJ,a

and z1 ∈ intHJ,a . The equality (2.16) is proved in the same way, and implies continuity at z. The 
case of K−,jo [f ; z] is similar.

As for point (iv), we show that K+,jo [f ; z] vanishes for z → ∞ along any line ̂ℓ ⊂ HJ,a . By 
(ii), (2.11) depends only on z and not on ϕ, so we can take a line of integration ℓϕ′,b(z) transverse 
to ̂ℓ, with ϕ′ ∈ I and b(z) = |z| cos(ϕ′ − arg z). See Fig. 2.4. By (2.13),

|K±,jo [f ; z]| � C ‖f ‖∞ ‖R|ℓϕ′,b(z)
‖1, C > 0. (2.17)

Now, b(z) → +∞ when |z| →̂
ℓ

∞, and by (2.6), the right-hand-side goes to zero. The case of 

K−,jo [f ; z] is similar.
Point (2) follows from inequality (2.17). �
17 
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2.4. Proof of Theorem 2.6

Fix jo ∈ {1, . . . , n}, and zo ∈HI,a . Consider the change of variables

Y(z) = Z(z) exp

z∫
zo

�jojo (t) dt, (2.18)

in equation (2.9). The function Z(z) satifies

dZ

dz
= (

�̃(z) + R(z)
)
Z(z), �̃(z) = �(z) − �jojo(z)I. (2.19)

Denote by (e1, . . . , en) the standard basis of Cn, where ei = (0, . . . ,0,1i ,0, . . . ,0)T, for any 
i = 1, . . . , n. Theorem 2.6 will be proved if we show that there exists a unique Cn-valued solution 
Z(z) of (2.19) such that, when z → ∞ in HJ,a ,

Z(z) = ejo + o(1) in HJ,a, (2.20)

for any closed interval J ⊆ I .
Consider the integral equation

f (z) = ejo + K+,jo [f ; z] − K−,jo [f ; z], f ∈HJ,a. (2.21)

Lemma 2.9. The following conditions are equivalent:

(1) a function Z(z) is a solution of the integral equation (2.21);
(2) a function Z(z) is a solution of (2.19) satisfying (2.20).

Proof. Let us first re-write the integral equation (2.21) in a more convenient form. Set

W1(z) := W+,jo (zo, z), W2(z) := W−,jo (zo, z), W(z) = W1(z) + W2(z) = exp

z∫
zo

�̃(t) dt,

(2.22)
so that

W+,jo (t, z) = W1(z)W(t)−1, W−,jo (t, z) = W2(z)W(t)−1. (2.23)

The integral equation (2.21) is thus

f (z) = ejo + W1(z)

z∫
∞ 

W(t)−1R(t)f (t) dt − W2(z)

∞ ∫
z

W(t)−1R(t)f (t) dt. (2.24)

Notice that both the constant vector ejo and the matrices W1(z),W2(z),W(z) are solutions of the 
diagonal system
18 



G. Cotti, D. Guzzetti and D. Masoero Journal of Differential Equations 428 (2025) 1--58 
dT

dz
(z) = �̃(z)T (z). (2.25)

If Z(z) is a solution of the integral equation (2.21), then we can derive both sides of equation 
(2.24), with f = Z. We obtain

Z′(z) = W ′
1(z)

z∫
∞ 

W(t)−1R(t)Z(t) dt + W1(z)W(z)−1R(z)Z(z)

− W ′
2(z)

∞ ∫
z

W(t)−1R(t)Z(t) dt + W2(z)W(z)−1R(z)Z(z)

= (
�̃(z) + R(z)

)
Z(z). 

So, Z(z) is a solution of (2.19), and (2.20) holds by (2.14) of Lemma 2.8.
Conversely, if Z(z) is a solution of (2.19) satisfying (2.20), then the function

Z(z) − W1(z)

z∫
∞ 

W(t)−1R(t)Z(t) dt + W2(z)

∞ ∫
z

W(t)−1R(t)Z(t) dt

is a solution of (2.25), as follows by differentiation. By condition (2.20), it equals

ejo + o(1), (2.26)

where

o(1) =
∑
i �=jo

ciei exp
{ z∫
zo

(�ii(t) − �jojo(t))dt
}
, for some ci ∈ C.

Now, the L-condition on I implies that for every i �= jo there is a direction in HJ,a such that 

exp
{∫ z

zo
(�ii(t) − �jojo(t))dt

}
→ ∞. Hence, necessarily o(1) ≡ 0. So Z(z) it is a solution of 

(2.21). �
Remark 2.10. The ``conversely'' statement in the above proof does not hold under the original 
conditions given by Levinson. They are similar to our L-condition, but hold only along a half
line (or along rays within a small sector), preventing the conclusion that o(1) = 0 in (2.26). As 
a result, Levinson’s theorem does not guarantee the uniqueness of the solution to the differential 
equation with the prescribed asymptotics; it establishes only the existence of such a solution.

Equation (2.21) is (Id − Kjo)[f ] = ejo , with the operator

Kjo : HJ,a −→ HJ,a, Kjo := K+,jo − K−,jo .
19 
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For any J ⊂ I , by equations (2.6) and (2.13), and by replacing a with a′(J ) > a if necessary, 
the operator Kjo has norm less that one:

‖Kjo‖ := sup
f ∈HJ,a

‖Kjo [f ]‖∞
‖f ‖∞

� 2C MR,a,J < 1,

Hence, (2.21) has a unique solution, given by the Neumann series [76, Chapter VI]

Z = (Id − Kjo)
−1[ejo ] =

∞ ∑
m=0

Km
jo

[ejo ] ∈HJ,a.

Equivalently, Kjo is a contraction for any closed interval J ⊂ I . Then, by Banach–Caccioppoli 
fixed point theorem, the integral equation (2.21) admits a unique vector solution in HJ,a .

Finally, (2.14) implies the asymptotic behaviour (2.20). By Lemma 2.9, it is a solution of the 
differential equation (2.19) satisfying (2.20) for any HJ,a . Being a solution of a linear differential 
equation, it analytically extends to HI,a . Theorem 2.6 is proved.

Corollary 2.7 follows from the same argument and point (2) of Lemma 2.8.

2.5. The case of subdominant solutions

In this subsection, we consider a particular vector solution to the differential equation (2.9) 
corresponding to an index jo such that the condition (L-2) holds on I for all (i, jo). Such a 
solution, that we denote by yjo , is called subdominant since Theorem 2.6 and the condition (L-2)
imply that

∣∣yjo(z)
∣∣= O

(|y(z)|) as z → +∞ along ℓϕ,b for every ϕ ∈ I and b � a, (2.27)

if y is an arbitrary non-zero vector solution to the same differential equation.
We show that, in the case of a subdominant solution, the result of Theorem 2.6 can be im

proved. The validity of the asymptotic behaviour of the subdominant solutions can be extended, 
under certain conditions, to a larger domain than the one claimed by Theorem 2.6, namely a 
domain twice as ample.

In fact, for the index jo, the ‘natural’ domain on which to prove existence and uniqueness of 
solutions of the integral equation (2.21) is the ‘cut-plane’

H[ϕ],a := H[ϕ−π,ϕ],a,

instead of the half-plane Hϕ,a . The domain H[ϕ],a is foliated by (parametric) straight lines and 

half-lines whose tangent at any point is the unit vector of argument ϕ − π

2 
, see Fig. 2.5. We 

denote these curves by ιϕ with b ∈ R. Their support is given explicitly by
a,b
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Fig. 2.5. The domain H[ϕ],a . The angle ϕ is represented modulo 2π . 

ι
ϕ
a,b =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{z ∈H[ϕ],a, |z| = b

cos(ϕ − arg z)
,ϕ − π

2 < arg z < ϕ + π

2 }, if b � a

{z ∈H[ϕ],a, |z| = b

cos(ϕ − arg z)
,ϕ − π

2 < arg z � ϕ − π

2 + sin−1(b/a)}, if 0 < b < a,

{z ∈H[ϕ],a, |z| � a, arg z = ϕ − π

2 }, if b = 0,

{z ∈H[ϕ],a, |z| = b

cos(ϕ − arg z)
,ϕ − π

2 + sin−1(b/a) � arg z < ϕ − π

2 }, if − a < b < 0,

{z ∈H[ϕ],a, |z| = b

cos(ϕ − arg z)
,ϕ − 3π

2 < arg z < ϕ − π

2 }, if b � −a.

(2.28)

Before we state the theorem on subdominant solutions, we extend the condition (L-2) and good 
decay condition to the curves ιϕa,b.

Definition 2.11. Let I =]ϕmin, ϕmax[ be an open interval, and dfine Ĩ :=]ϕmin − π,ϕmax[ and 
HĨ ,a (see Fig. 2.6). The index jo ∈ {1, . . . , n} is said to be a subdominant index on I for the 
holomorphic function � ∈ O(HĨ ,a;h(n,C)) if for any J ⊆ I closed interval, there exists a K2 ∈
R such that 

inf
ϕ∈J

inf
b∈R

inf
w�z

(w,z)∈(ι
ϕ
a,b)

×2

Re

z∫
w,ι

ϕ
a,b

(
�ii(t) − �jojo(t)

)
dt � K2, ∀i ∈ {1 . . . n}. (2.29)

Definition 2.12. A holomorphic function R ∈ O(HĨ ,a;gl(n,C)) satifies the S-decay condition
if for any closed interval J ⊆ I

M̃R,a,J := sup
ϕ∈J

sup
b∈R

‖R|ιϕa,b
‖1 < +∞, (2.30)

and

lim 
a→+∞ M̃R,a,J = 0. (2.31)

Theorem 2.13. Consider the differential equation

dY = (�(z) + R(z))Y (z), (2.32)

dz
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Fig. 2.6. The domain HĨ ,a . The angles are represented mod 2π . Equivalently, the figure is the projection onto C. Three 
lines ιϕ

a,b
are also represented, with ϕmin < ϕ < ϕmax.

with � ∈ O(HĨ ,a;h(n,C)) and R ∈ O(HĨ ,a;gl(n,C)). Assume that jo is a subdominant index 
on I for � and that R satifies the S-decay condition on I . There exists a unique vector solution 
yjo ∈ O(HĨ ,a;Cn) with asymptotic behaviour,

yjo(z) = (
ejo + o(1)

)
exp

⎛⎝ z∫
zo

�jojo (w)dw

⎞⎠ , (2.33)

for any closed interval J̃ ⊂ Ĩ and z → ∞ in HJ̃ ,a , where zo is an arbitrary point of HĨ ,a .

Corollary 2.14. In the same assumptions of Theorem 2.13, if R = O(z−1−δ) on HĨ ,a , then the 
unique solution yjo of Theorem 2.13 has behaviour

yjo(z) = (
ejo + O(z−δ)

)
exp

⎛⎝ z∫
zo

�jojo (w)dw

⎞⎠ , (2.34)

for z → ∞ in HJ̃ ,a and any closed J̃ ⊂ Ĩ .

The proof of Theorem 2.13 closely follows the proof of Theorem 2.6. In this case the integral 
operator is of Volterra type [71,25]. This is the operator K̃jo : HJ̃ ,a → HJ̃ ,a , dfined by

K̃jo [f ; z] :=
∞ ∫
z

W−,jo (t, z)R(t)f (t) dt, (2.35)

where the integral (2.35) is taken from z to +∞ along any line ιϕa,b ⊆ HJ̃ ,a passing through z.
Repeating verbatim the proof of Lemma 2.8 points (1,2), we deduce the following analogous 

lemma.

Lemma 2.15. For any closed interval J ⊂ I the following hold.
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(1) The operator K̃jo is a well-defined bounded operator on HJ̃ ,a . There exists a constant C, 
independent on R, such that

‖K̃jo [f ; ·]‖ � C‖f ‖∞M̃R,a,J . (2.36)

Moreover,

lim 
z→∞ K̃jo [f ; z] = 0 in HJ̃ ,a .

(2) If R = O(z−1−δ) on HJ̃ ,a , then there exists C > 0 such that for any f ∈HJ̃ ,a we have

|K̃jo [f ; z]| � C‖f ‖∞|z−δ|. (2.37)

2.5.1. Proof of Theorem 2.13 and of Corollary 2.14
Reasoning as in the proof of Theorem 2.6, we deduce that yjo is a solution of the differen

tial equation (2.9) satisfying the asymptotics (2.33) if and only if (for each J ⊂ I closed, the 

restriction to HJ̃ ,a of) the vector-valued function Z := exp
(
− ∫ z

zo
�jojo (w)dw

)
Yjo satifies the 

integral equation

Z = ejo + K̃jo [Z]. (2.38)

Due to Lemma 2.15(1) and formula (2.31), K̃jo is of norm less than one if a is large enough. 
Therefore, the above integral equation admits the unique solution Z = (Id− K̃jo )

−1[ej0] ∈ HJ̃ ,a , 
given by a Neumann series [76]. This proves Theorem 2.13.

If R = O(z−1−δ) on HĨ ,a , then, due to Lemma 2.15(2), Zjo(z) − ejo = O(z−δ). This proves 
Corollary 2.14. �
2.6. The main theorem with parameters

Let � be a connected open set in Cm, with m ∈N�1. The analog of Theorem 2.6 holds when 
the matrices � and R in (2.9) holomorphically depend on a parameter ω ∈ � and satisfy the 
conditions below.

Definition 2.16. A holomorphic function � ∈ O(HI,a × �; h(n,C)) satifies the uniform inte
grability condition if there exist positive functions gi : HI,a → R�0, for i = 1, . . . , n, which are 
L1-integrable along the segments12 joining any two points ζ1 and ζ2 ∈HI,a , and

|�ii(z,ω)| � gi(z), for any ω ∈ �. (2.39)

The integrals (2.4)-(2.5) are dfined in the same way in terms of �(z,ω), and depend on ω.

12 For any ω ∈ �, a z-holomorphic �ii(z,ω) is L1-integrable along any curve joining ζ1 and ζ2, and the result does 
not depend on the curve.
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Definition 2.17. A holomorphic function � ∈ O(HI,a × �; h(n,C)) satifies the uniform L
condition on I if for any i, j ∈ {1, . . . , n}, and any closed interval J ⊆ I , there exist K1,K2 ∈ R, 
depending on J , such that one of the following mutually exclusive conditions holds:

• either

sup
ω∈�

S
ij
J,a � K1 and sup

ω∈�

I
ij
J,a = −∞, (L-1)

• or

inf
ω∈�

I
ij
J,a � K2. (L-2)

Definition 2.18. A holomorphic function R ∈ O(HI,a × �; gl(n,C)) satifies the uniform good 
decay condition on I if there is a positive function g, which is L1-integrable for any closed 
interval J ⊆ I along any line ℓϕ,b, for any b � a and ϕ ∈ J , such that13

|R(z,ω)| � g(z) almost everywhere in ℓϕ,b, for any ω ∈ �, (2.40)

and moreover

lim 
b→+∞

(
sup
ω∈�

sup
ϕ∈J

‖R(·,ω)|ℓϕ,b
‖1

)
= 0. (2.41)

Example 2.19. The function R ∈ O(HI,a × �;gl(n,C)) satifies the uniform good decay con
dition if there exists δ > 0 such that R = O(z−1−δ) on HJ,a , for any closed interval J ⊆ I , and 
uniformly on �, that is

sup
ω∈�

sup
z∈HJ,a

|z1+δR(z,ω)| < ∞. (2.42)

Remark 2.20. If R ∈ O(HI,a;gl(n,C)) satifies the good decay condition, then we have

MR,a,J := sup
ω∈�

sup
b�a

sup
ϕ∈J

‖R(·,ω)|ℓb,ϕ
‖1 < ∞. (2.43)

An analog of Theorem 2.6 reads as follows.

Theorem 2.21. Assume that � ∈ O(HI,a × �; h(n,C)) satifies both the uniform integrability 
condition and the uniform L-condition on I , and that R ∈ O(HI,a × �; gl(n,C)) satifies the 
uniform good decay condition on I . Then the differential equation

dY

dz
=
(
�(z,ω) + R(z,ω)

)
Y (2.44)

13 Therefore, R is uniformly integrable with respect to �. In particular, for any ω ∈ �, R(·,ω) is L1-integrable along 
any line ℓϕ,b .
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admits a unique holomorphic fundamental matrix solution Y : HI,a ×� → GL(n,C) which, for 
any closed J ⊂ I and z → ∞ in HJ,a , behaves as

Y(z,ω) = (In + o(1)) exp

⎛⎝ z∫
zo

�(t,ω)dt

⎞⎠ uniformly in �,

where zo is an arbitrary point of HI,a .

Corollary 2.22. In the same assumptions of Theorem 2.21, if R = O(z−1−δ) on HI,a uniformly 
in �, then the above unique solution is such that

Y(z,ω) = (
In + O(z−δ)

)
exp

⎛⎝ z∫
zo

�(t,ω)dt

⎞⎠ , uniformly in �.

2.7. Proof of Theorem 2.21

It is similar to that of Theorem 2.6, with the modfications below.

Lemma 2.23. If � satifies the uniform integrability condition of Definition 2.16, then W±,jo ∈
O(H×2

I,a × �;h(n,C)).

Proof. The functions W±,jo are dfined as in (2.10) in terms of the integrals exp
∫ ζ2
ζ1

(�ii(t,ω)−
�jojo(t,ω)) dt . For any i = 1, . . . , n,

Fi(ζ1, ζ2,ω) :=
ζ2∫

ζ1

�ii(t,ω) dt

is analytic w.r.t. (ζ1, ζ2), and by (2.39) it is continuous14 w.r.t. ω =: (ω1, . . . ,ωm) ∈ �. Take a 
section of � by fixing all the components except for ωk, and let γ be a closed curve, in this 
section, contractible to a point. Then

∮
γ

Fi(ζ1, ζ2,ω)dωk =
∮
γ

⎛⎜⎝ ζ2∫
ζ1

�ii(t,ω) dt

⎞⎟⎠ dωk =
ζ2∫

ζ1

⎛⎝∮
γ

�ii(t,ω) dωk

⎞⎠ dt = 0. (2.45)

The last equality is a consequence of the simple-connectedness of the domain bounded by γ
and of the holomorphicity of �ii(t,ω) on it. The exchange of order of integration follows from 
Fubini’s theorem, because by (2.39) we have

14 If f (x, y) dfined on Rn ×Rm is continuous in yo ∈Rm for almost every x ∈Rn, and |f (x, y)| � g(x) for every 
y and for almost every x, where g is L1-integrable, then F(y) := ∫

f (x, y)dx exists, and is continuous in yo .
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∮
γ

⎛⎜⎝ ζ2∫
ζ1

|�ii(t,ω)| d|t |
⎞⎟⎠ d|ωk| �

∮
γ

d|ωk| 
ζ2∫

ζ1

gi(t) d|t | < +∞.

By (2.45) and Morera’s theorem, Fi(ζ1, ζ2,ω) is then analytic with respect to ωk . The lemma is 
proved by invoking Hartogs’s theorem on separate holomorphicity. �

Let ĤJ,a be the space of continuous bounded function on HJ,a × � with values in Cn, 
whose restriction to intHJ,a × � is analytic. It is a Banach space with norm ‖f ‖∞ :=

sup
ω,∈� z∈HJ,a

|f (z,ω)|. The following operators, analogous to (2.11)-(2.12), act on ĤJ,a :

K+,jo [f ; z,ω] :=
z∫

∞ 

W+,jo (t, z,ω)R(t,ω)f (t,ω) dt, (2.46)

K−,jo [f ; z,ω] :=
∞ ∫
z

W−,jo (t, z,ω)R(t,ω)f (t,ω) dt. (2.47)

Lemma 2.8 is then generalized by the following one.

Lemma 2.24. Assume that � ∈ O(HI,a × �; h(n,C)) satifies both the uniform integrability 
condition and the uniform L-condition on I , and that R ∈ O(HI,a × �; gl(n,C)) satifies the 
uniform good decay condition on I . For any closed interval J ⊂ I the following statements hold.

(1) The operators K±,jo are well-defined and bounded on ĤJ,a . In particular, there exists a 
constant C > 0, independent of R and ω, such that

‖K±,jo [f ; ·, ·]‖∞ � C ‖f ‖∞ MR,a,J , (2.48)

where MR,a,J is dfined in (2.43). Moreover, for z → ∞ in HJ,a , we have

lim 
z→∞

(
sup
ω∈�

K±,jo [f ; z,ω]
)

= 0. (2.49)

(2) If R = O(z−1−δ) on HI,a uniformly on �, then there exists C > 0 such that for any f ∈ ĤJ,a

we have

sup
ω∈�

|K±,jo [f ; z,ω]| � C‖f ‖∞|z−δ|.

Proof. The structure of the proof is similar to that of Lemma 2.8. In particular, for point (1), 
the proof that the facts (i), (ii), (iii) and (iv) hold uniformly in ω ∈ � is exactly the same as in 
Lemma 2.8. It remains to prove that:

(v) K+,jo [f ; z,ω] analytically depends on ω ∈ �.
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We study the case of K+, the one for K− being analogous. The function K+,jo[f ; z,ω] contin
uously depends on ω. Indeed, the L-condition and (2.40) imply the uniform integrability∣∣W+,jo (t, z,ω)R(t,ω)f (t,ω)

∣∣� C‖f ‖∞ g(t) ∈ L1(ℓϕ,b, dt).

As in Lemma 2.23, consider a closed curve γ , contractible to a point, in a section of � where 
only ωk varies. Then, the analyticity of K+,jo [f ; z,ω] w.r.t. ωk is a consequence of Morera’s 
theorem, since

∮
γ

⎛⎜⎝ z∫
∞,ℓϕ,b

W+,jo (t, z,ω)R(t,ω)f (t,ω) dt

⎞⎟⎠ dωk

=
z∫

∞,ℓϕ,b

⎛⎝∮
γ

W+,jo (t, z,ω)R(t,ω)f (t,ω) dωk

⎞⎠ dt = 0. 

The last equality follows from the simple-connectedness of the domain bounded by γ and 
from the holomorphicity of the integrand w.r.t. ω (see assumption on R and Lemma 2.23). The 
exchange of order of integration follows from Fubini’s theorem, since

∮
γ

⎛⎜⎝ z∫
∞,ℓϕ,b

∣∣∣W+,jo (t, z,ω)

∣∣∣ |R(t,ω)| |f (t,ω)| d|t |
⎞⎟⎠ d|ωk|

� C‖f ‖∞
∮
γ

d|ωk|
z∫

∞,ℓϕ,b

|R(t,ω)| d|t | < +∞. 

By Hartogs’s theorem on separate holomorphicity, we deduce (v).
Point (2) is similar to point (2) of Lemma 2.8. �
The change of variables Y(z,ω) = Z(z,ω) exp

∫ z

zo
�jojo (t,ω) dt , for fixed jo ∈ {1, . . . , n}, 

and zo ∈HI,a , yields

dZ

dz
= (

�̃(z,ω) + R(z,ω)
)
Z, �̃(z,ω) = �(z,ω) − �jojo(z,ω)I.

The proof that the equation above has a unique holomorphic vector solution Z(z,ω) such that, 
for any closed interval J ⊆ I and z → ∞ in HJ,a , one has

Z(z,ω) = ejo + o(1) uniformly in �, (2.50)

is essentially unchanged compared to the parameter-less case. Indeed, for the integral equation

f (z,ω) = ejo + K+,jo [f ; z,ω] − K−,jo [f ; z,ω], (2.51)
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the proof of Lemma 2.9 is unchanged (it does not involve ω). Now, (2.51) is the equation (Id −
Kjo)[f ] = ejo , with operator Kjo : ĤJ,a −→ ĤJ,a , where Kjo := K+,jo −K−,jo . For any J ⊂ I , 
it follows from (2.41) and (2.48) that, by replacing a with a′(J ) > a if necessary, Kjo has norm 
less that one. Hence, (2.51) has a unique solution, given by Z = (Id − Kjo)

−1[ejo ] ∈ ĤJ,a , 
expandable in Neumann series. Finally, (2.49) implies the behaviour (2.50).

2.8. Subdominant solutions with parameters

We consider the case when � ∈ O(HĨ ,a ×�;h(n,C)) and R ∈ O(HĨ ,a ×�;gl(n,C)), where 
� is an open connected set as in Section 2.6.

Definition 2.25. In the same notations of Definition 2.11, an index jo ∈ {1, . . . , n} is subdominant
on I for the holomorphic function � ∈ O(HĨ ,a × �;h(n,C)) if for any J ⊆ I closed interval, 
there exists a K2 ∈R such that

inf
ω∈�

⎛⎜⎜⎝ inf
ϕ∈J

inf
b∈R

inf
w�z

(w,z)∈(ι
ϕ
a,b)

×2

Re

z∫
w,ι

ϕ
a,b

(
�ii(t,ω) − �jojo(t,ω)

)
dt

⎞⎟⎟⎠� K2, ∀i ∈ {1 . . . n}.

(2.52)

Definition 2.26. A holomorphic function R ∈ O(HĨ ,a;gl(n,C)) satifies the uniform S-decay 
condition if there is a positive function g which, for any closed interval J ⊆ I , is L1-integrable 
along any line ιϕa,b, for any b ∈ R and ϕ ∈ J , such that for any ω ∈ �

|R(z,ω)| � g(z) almost everywhere in ιϕa,b. (2.53)

Moreover, for any closed interval J ⊆ I ,

M̃R,a,J := sup
ω∈�

(
sup
ϕ∈J

sup
b∈R

‖R|ιϕa,b
‖1

)
< +∞, (2.54)

and

lim 
a→+∞ sup

ω∈�

M̃R,a,J = 0. (2.55)

The following results are proved as in Sections 2.5 and 2.6.

Theorem 2.27. Consider the differential equation (2.44) with � ∈ O(HĨ ,a × �;h(n,C)) and 
R ∈ O(HĨ ,a × �;gl(n,C)). Assume that jo is a subdominant index on I , that � satifies the 
uniform integrability condition (2.39) on Ĩ , and that R satifies the uniform S-decay condition 
on I . There exists a unique vector solution yjo ∈ O(HĨ ,a × �;Cn) with asymptotic behaviour,

yjo(z,ω) = (
ejo + o(1)

)
exp

⎛⎝ z∫
�jojo(t,ω)dt

⎞⎠ uniformly in �, (2.56)
zo
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for any closed interval J̃ ⊂ Ĩ and z → ∞ in HJ̃ ,a , where zo is an arbitrary point of HĨ ,a .

Corollary 2.28. Under the same assumptions as in Theorem 2.27, if R = O(z−1−δ) on HĨ ,a

uniformly with respect to �, then the unique solution yjo of Theorem 2.27 has behaviour

yjo(z,ω) = (
ejo + O(z−δ)

)
exp

⎛⎝ z∫
zo

�jojo (t,ω)dt

⎞⎠ , uniformly in �, (2.57)

for z → ∞ in HJ̃ ,a and any closed interval J̃ ⊂ Ĩ .

3. An ODE with not-necessarily meromorphic coefficients

3.1. Setup and Stokes rays

Let Ca := {|z| > a > 0}, and C̃a := �−1(Ca) (in the notations of Section 2.1). We apply 
Theorem 2.6 to an important case of equation (2.9), with

�(z) =
h ∑

k=0 
�(k)zσk−1, �(k) ∈ h(n,C), 1 = σ0 > σ1 > · · · > σh > 0, σi ∈ R>0, (3.1)

and R ∈ O(C̃a;gl(n,C)), satisfying the good decay condition of Definition 2.2 on any open 
interval I (for example, R = O(|z|−1−δ) on C̃a). This equation is the model to which a wide 
class of differential equations, such as those of Section 4, can be reduced. We arrange a block
diagonal partition dfined up to permutation:

�(z) = �1(z) ⊕ · · · ⊕ �ℓ(z), �i(z) =
h ∑

k=0 
σkλ

(k)
i zσk−1Isi , λ

(k)
i ∈C, (3.2)

where Isi is the identity matrix of dimension si ∈N>0, with s1 + · · · + sℓ = n, and

λi �= λj for i �= j, with λi := (λ
(0)
i , λ

(1)
i , . . . , λ

(h)
i ), i, j = 1, . . . , ℓ. (3.3)

Let

Q(z) :=
z∫
�(ζ)dζ = q1(z)Is1 ⊕ · · · ⊕ qℓ(z)Isℓ , qi(z) :=

h ∑
k=0 

λ
(k)
i zσk . (3.4)

For any i, j = 1, . . . , ℓ, with i �= j , set

kij := min{k | λ(k) − λ
(k) �= 0}, λij := λ

(kij ) − λ
(kij )

. (3.5)
i j i j
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Definition 3.1. For each pair (i, j), with 1 � i �= j � ℓ, the Stokes rays of (3.1) at z = ∞ are the 
half lines in C̃∗ dfined by

Reλij z
σkij = 0, Imλij z

σkij < 0.

Hence, all the Stokes rays for (i, j) have directions

arg z = τij + 2πm

σkij

, where m ∈ Z, τij := 1 
σkij

(
3π

2 
− argλij

)
, (3.6)

and argλij is a chosen determination of the argument.

Remark 3.2. For any i, j = 1, . . . , ℓ, with i �= j , let Tij ⊆ R be the complement of the discrete 
set of real numbers τij + kπ/σkij

, with k ∈Z. We have

qi(z) − qj (z) = λij z
σkij (1 + o(1)), (3.7)

where o(1) → 0 when |z| → ∞, uniformly with respect to arg z varying in a closed interval in 
Tij .

We enumerate the Stokes rays as follows. Let η ∈ R be such that η �= argλij modπ for any 
i �= j . Consider all the distinct values taken by the determinations argλij , for 1 � i �= j � ℓ, 
lying in the interval ]η − π,η[, and denote them by

ημ̃−1 < · · · < η2 < η1 < η0, μ̃ ∈ N�1. (3.8)

The directions τij , corresponding to the determinations argλij ∈ {η0, · · · , ημ̃−1} will be labelled 
in increasing partial order

τ0 � τ1 � · · · � τμ−1, where μ̃ � μ ∈ N, (3.9)

according to the following rules. Let (i, j) �= (c, d), with 1 � i �= j � ℓ and 1 � c �= c � ℓ.

(1) If τij < τcd , we label them as τρ and τρ+1 respectively, for some ρ ∈ {0,1, · · · ,μ − 2}.
(2) If τij = τcd , and σkij

= σkcd
, we label both of them as τρ (i.e. τρ = τij = τcd ), for some 

ρ ∈ {0,1, · · · ,μ − 1}.
(3) If τij = τcd , and σkij

�= σkcd
, we label them as τρ and τρ+1 respectively, or equivalently as 

τρ+1 and τρ , for some ρ ∈ {0,1, · · · ,μ − 2}. In this case the equality τρ = τρ+1 holds.

Note that μ = μ̃ if and only if there are strict inequalities in (3.9), namely when argλij =
argλcd only if σkij

= σkcd
.

Example 3.3. If argλij = argλcd = 3π/2 ∈]η − π,η[ for (i, j) �= (c, d), but σkij
�= σkcd

, then 
τij = τcd = 0, and τρ = τρ+1 = 0 in (3.9) for some ρ ∈ {0, . . . ,μ − 2}.

Definition 3.4 (of the exponent σ (ρ)). If τij is labelled as τρ in (3.9), where 0 � ρ � μ − 1, then 
the corresponding σk will be denoted by σ (ρ).
ij
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Proposition 3.5. All directions of the Stokes rays are given by

arg z = τρ + kπ

σ (ρ)
, ρ ∈ {0, . . . ,μ − 1}, k ∈ Z. (3.10)

Proof. Since λji = −λij , all the possible determinations of the argλij , for i �= j ∈ {1, . . . , ℓ}, 
are the numbers ηα + mπ , for α = 0, ..., μ̃ − 1 and m ∈Z. Then, the statement follows straight
forwardly from (3.6) and the labelling previously introduced. �
Remark 3.6. It is clear now why in the rule (3) above we must label differently τij and τcd even 
though τij = τcd . This is because if τρ = τρ+1 with σ (ρ) �= σ (ρ+1), then τρ and τρ+1 generate 
different Stokes directions (3.10). See also Example 4.10 below.

The simplest to describe is the following generic case.

Definition 3.7. � in (3.1)-(3.2) is generic if λ(0)
i �= λ

(0)
j for all 1 � i �= j � ℓ.

Example 3.8. If in (3.1) we have �(k) = ck�
(0), with ck ∈ C, for all k = 1, . . . , h, then � is 

generic.

For generic �, we have kij = 0, σkij
= σ0 = 1, and λij = λ

(0)
i −λ

(0)
j , for all i �= j . In this case, 

σ (0) = · · · = σ (μ−1) = 1 and

τρ = 3π

2 
− ηρ, ρ = 0,1, · · · ,μ − 1 (= μ̃ − 1). (3.11)

In this case, all the directions (3.10) can be conveniently labelled as

τν = τρ + kπ, ρ ∈ {0, . . . ,μ − 1}, ν := ρ + kμ, k ∈Z. (3.12)

They satisfy the strict inequality

τν < τν+1 ∀ ν ∈Z. (3.13)

3.2. Adequate tuples, and first application of the main theorem

Definition 3.9. We say that k = (k0, · · · , kμ−1) ∈ Zμ is adequate with respect to (σ (ρ); τρ)
μ−1
ρ=0

if the open interval

�k :=
μ−1⋂
ρ=0 

]
τρ + kρπ

σ (ρ)
− π; τρ + kρπ

σ (ρ)

[
(3.14)

is non-empty.

Geometrically, adequateness means that the Stokes rays with directions argz = τρ + kρπ

σ (ρ) , for 
ρ = 0, . . . ,μ − 1, are in an open interval of angular amplitude less than π . Applying Theo
rem 2.6, we will prove the following theorem.
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Theorem 3.10. Consider the differential equation (2.9) with �(z) as in (3.1), and a perturbation 
term R ∈ O(C̃a;gl(n,C)) satisfying the good decay condition on any open interval I . Let k ∈
Zμ be adequate with respect to (σ (ρ); τρ)

μ−1
ρ=0 . Then, there exists a unique fundamental matrix 

solution Yk : HI,a → GL(n,C), with I = �k + π
2 , with behaviour

Yk(z) = (In + o(1)) exp
{
Q(z)

}
, (3.15)

for z → ∞ in HJ,a , in any closed interval J ⊂ I . Here, Q is dfined as in (3.4). Equivalently, 
the behaviour (3.15) holds for z → ∞ in any closed subsector of

Sk := {z ∈ C̃∗ | ak < arg z < bk + π}, where �k = ]ak;bk[ .

Corollary 3.11. Consider the differential equation (2.9) as in Theorem 3.10. If � is generic, then 
for every ν ∈ Z there exists a unique fundamental matrix solution Yν : HI,a → GL(n,C), with 
I =]τν−1, τν[+π

2 , such that

Yν(z) = (In + o(1)) exp
{
Q(z)

}
,

z → ∞ in HJ,a , in any closed interval J ⊂ I . Equivalently, the above behaviour holds for 
z → ∞ in any closed subsector of

Sν := {z ∈ C̃∗ | τν−1 < arg z < τν + π}.

Here, the direction τν of a Stokes ray is dfined in (3.12).

Proof of Corollary 3.11. For generic �, σ (ρ) = 1 for any ρ. Thus, (3.14) becomes

μ−1⋂
ρ=0 

]
τρ + (kρ − 1)π; τρ + kρπ

[
. (3.16)

It is always possible to find k such that (3.16) is non-empty. Indeed, for any arbitrary k ∈ Z, we 
have the following choices

k = (k0, . . . , kμ−1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(k, . . . , k, k),

(k, . . . , k, k − 1),

(k, . . . , k − 1, k − 1),

...

(k − 1, . . . , k − 1, k − 1).

The above, together with definition (3.12), proves that the non-empty (3.16) are the intervals 
]τν−1, τν[, with ν ∈Z. Then, Corollary 3.11 follows form Theorem 3.10. �
32 



G. Cotti, D. Guzzetti and D. Masoero Journal of Differential Equations 428 (2025) 1--58 
Remark 3.12. Adequate k may not exist. Consider a case with μ = μ̃ = 2 and η0 = 2π , η1 =
3π/2. Then σ (0)τ0 = −π/2, σ (1)τ1 = 0. If σ (0) = σ (1) = 1/2, the Stokes rays have directions 
τ0 + 2k0π and τ1 + 2k1π = 2k1π . Then (3.14) dfines the intervals

](2k0 − 2)π; (2k0 − 1)π[ ∩ ](2k1 − 1)π;2k1π[ = ∅.

3.3. Proof of Theorem 3.10

Take λ ∈ C and σ ∈R. An oriented line ℓb,ϕ has equation b = |z| cos(ϕ − arg z) and direction

τ := ϕ − π/2.

Hence,

Re(λzσ )

∣∣∣
ℓb,ϕ

= |λ||b|σ cos(σθ + argλ)

sinσ (θ − τ) 
, θ := arg z.

Lemma 3.13. Take τ∗, τ ∈R, 0 < σ(∗) � 1 and dfine η∗ := 3π

2 
− σ (∗)τ∗. The function

f∗(θ) := cos(σ (∗)θ + η∗)
sinσ (∗)

(θ − τ) 
≡ sin(σ (∗)(θ − τ∗))

sinσ (∗)
(θ − τ) 

, (3.17)

is monotonic w.r.t. θ ∈]τ, τ + π[ if and only if there is k ∈ Z such that

τ < τ∗ + kπ

σ (∗)
< τ + π. (3.18)

Proof. Take θ ′ := θ − τ , 0 < θ ′ < π . Then

df∗
dθ

= −σ (∗) cos((σ (∗) − 1)θ ′ + σ (∗)τ + η∗)
sinσ (∗)+1 θ ′ (3.19)

The denominator in (3.19) is positive. The argument in the numerator satifies the inequalities

σ (∗)τ + η∗ + (σ (∗) − 1)π < (σ (∗) − 1)θ ′ + σ (∗)τ + η∗ < σ (∗)τ + η∗.

Hence, the numerator has constant sign if and only if there is k ∈Z such that

σ (∗)τ + η∗ + (σ (∗) − 1)π >
π

2 
+ kπ and σ (∗)τ + η∗ <

3π

2 
+ kπ.

This is exactly (3.18). �
Lemma 3.14. In the notations of Lemma 3.13, let τ satisfy

τ �= τ∗ + kπ
and τ + π �= τ∗ + kπ

, for any k ∈Z. (3.20)

σ (∗) σ (∗)
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Only one of the following mutually excluding cases occurs.
1) The function (3.17) is monotonic, limθ→τ+ f∗(θ) and limθ→τ−+π f∗(θ) are ifinite with 

opposite signs.
2) The function (3.17) is not monotonic and both limits are ifinite with the same sign.

Proof. The denominator of (3.17) is positive and vanishes as θ → τ, τ + π . By (3.20), the nu
merator does not vanish for θ → τ, τ + π . Therefore,

lim 
θ→τ+

|f∗(θ)| = lim 
θ→τ−+π

|f∗(θ)| = +∞.

Since 0 < σ(∗) � 1, there can only be one zero θ = τ∗ + kπ/σ (∗) of the numerator lying in 
]τ, τ + π[, for a suitable k ∈ Z. If follows form Lemma 3.13 that there exists such a zero if 
and only if f∗(θ) is monotonic. In this case limθ→τ+ f∗(θ) and limθ→τ−+π f∗(θ) have different 
signs. Otherwise, f∗ has no zero. By Lemma 3.13 it is not monotonic, and therefore both limits 
have the same sign. �

Theorem 3.10 follows from Theorem 2.6 and the following result.

Proposition 3.15. The conditions (L-1), (L-2) for (2.9) with matrix (3.1) hold on an open interval 
I if and only if there exists an adequate15 k ∈Zμ such that �k = I − π/2.

Proof. The L-condition involves integrals Re
∫ z

w
(�αα(ζ ) − �ββ(ζ ))dζ , 1 � α,β � n and α �=

β , whose computation reduces to

Re(qi(z) − qj (z)) − Re(qi(w) − qj (w)) = (Re(λij z
σkij ) − Re(λijw

σkij ))(1 + o(1)),

along a line ℓb,ϕ , where o(1) vanishes for |z| and |w| → ∞, when τ = ϕ − π/2 satifies (3.20)
with ∗ = 0,1, . . . ,μ − 1. The study of the above expressions reduces to that of

fρ(θ) − fρ(θ̃), ρ = 0, . . . ,μ − 1,

where

fρ := sin(σ (ρ)(θ − τρ))

sinσ (ρ)
(θ − τ) 

is as in Lemma 3.13 for ∗ = ρ, and θ = arg z, θ̃ = argw along ℓb,ϕ . Only two cases may occur 
by Lemma 3.14. Namely, when fρ is monotonic, then fρ(θ) − fρ(θ̃) has constant sign and is 
either bounded from above with inf = −∞, or bounded from below with sup = +∞. When fρ

is not monotonic, and has ifinite limits at τ and τ + π with the same sign, then fρ(θ) − fρ(θ̃)

is unbounded and inf = −∞, sup = +∞. Thus, by Lemma 3.13, the L-condition holds only if 
and only if the conditions (3.18) hold for all ρ = 0, . . . ,μ − 1. �
15 The term is used here in the sense of Definition 3.9.
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3.4. Subdominant solutions

In the notations of Section 3.1, the block diagonal partition (3.2) of �(z) induces a partition 
of the set of indexes

{1, . . . , n} =
ℓ ⋃

j=1

Aj , Aj = {s1 + · · · + sj−1 + 1, . . . , s1 + · · · + sj−1 + sj }.

If an index i ∈ {1, . . . , n} is subdominant on I , as in Definition 2.11, and if i ∈ Ajo , then all the 
elements of Ajo are subdominant on I . In total we have sjo subdominant vector solutions.

Definition 3.16. We say that the block index jo ∈ {1, . . . , ℓ} is subdominant on I if the elements 
of the set Ajo are subdominant on I .

Fix a jo ∈ {1, . . . , ℓ}. Then, for all i ∈ {1, . . . , ℓ} \ {jo} and argλijo ∈]η − 2π,η[, we consider 
the directions of Stokes rays given by

τij0 = 1 
σkijo

(
3π

2 
− argλijo

)
.

We label them as

τ [0] � · · · � τ [μo−1],

with the same rules as for (3.9). It is important to notice that here, differently form (3.9), the 
lower bound for the determinations of argλijo is η − 2π . We denote as σ [β] the exponent σkijo

appearing in τ [β].
The analogous of Proposition 3.5 holds.

Proposition 3.17. The directions of all Stokes rays associated with the pairs (i, jo), with i ∈
{1, . . . , ℓ} \ {jo}, are equal to

arg z = τ [β] + 2kπ

σ [β] , k ∈ Z, β = 0, . . . ,μo − 1.

In the generic case (see Definition 3.7), all σkij0
= 1 and the above description simplfies 

as follows. The Stokes rays have directions labelled as in (3.12). In particular, we consider the 
consecutive directions

τ0 < · · · < τμ−1 < τμ < · · · < τ2μ−1,
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which correspond to all the determinations argλij ∈]η − 2π,η[, for 1 � i �= j � ℓ.16 The direc
tions τ [β] dfined above form a subset {τρ0, . . . , τρμo−1} of {τ0, . . . , τμ−1, τμ, . . . , τ2μ−1}, with 
ordering

τρ0 < · · · < τρμo−1 .

Proposition 3.17 has an immediate corollary.

Corollary 3.18. The directions of all the Stokes rays associated with the pairs (i, jo), where 
i ∈ {1, . . . , ℓ} \ {jo}, are equal to

arg z = τργ + 2kπ, k ∈ Z, γ = 0, . . . ,μo − 1. (3.21)

For simplicity, we state a theorem on subdominat solutions only in the generic case

Theorem 3.19. Consider the differential equation (2.9) with generic �(z), with partition (3.2), 
and with a perturbation term R ∈ O(C̃a;gl(n,C)) satisfying the good decay condition on any 
open interval I . Fix jo ∈ {1, . . . , ℓ}, and let τρ0 < τρ1 < · · · < τρμo−1 , be μo consecutive direc
tions of the Stokes rays associated with the pairs (i, jo) for any i ∈ {1, . . . , ℓ}, i �= jo. If

τρμo−1 − τρ0 < π,

then, for any k ∈ Z, there exist sjo vector solutions

y(k)
α ∈ O(C̃a;Cn), α = s1 + · · · + sjo−1 + m, m = 1, . . . , sjo ,

each of which is uniquely characterized by the asymptotic behaviour

y(k)
α (z) = (eα + o(1)) exp

⎛⎝ h ∑
q=1 

λ
(q)
jo

zσq

⎞⎠ ,

for z → ∞ in any closed subsector of the sector

S
(jo)
k :=

{
z ∈ C̃a

∣∣∣ τρμo−1 − π < arg z − 2kπ < τρ0 + 2π
}
.

The proof is based on Theorem 2.13 and the following lemmas.

16 If we denote the determinations argλij ∈]η − 2π,η[ as η0, . . . , η2μ−1 with ordering

η − 2π < η2μ−1 < · · · < ημ < η − π < ημ−1 < · · · < η0 < η,

then τρ = 3π − ηρ , with ρ = 0,1, . . . ,2μ − 1.
2 
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Lemma 3.20. The index jo ∈ {1, . . . , ℓ} is subdominant on an interval I if and only if there exists 
k := (k0, . . . , kμo−1) ∈ Zμo such that

⎛⎝μo−1⋂
β=0 

]
τ [β] + 2kβπ

σ [β] ; τ [β] + 2kβπ

σ [β] + π

[⎞⎠
∩ 

⎛⎝⋂
i �=jo

]
τ [β] + (2kβ + 1)π

σ [β] − π; τ [β] + (2kβ + 1)π

σ [β]

[⎞⎠
= I − π

2 
. (3.22)

Proof. The quantity 
∫ z

w
(�αα −�ββ)dt , with α,β ∈ {1, . . . , n}, in Definition 2.11, is replaced by

Re(qi(z) − qjo(z)) − Re(qi(w) − qjo(w)), where z � w along ιb,ϕ, i ∈ {1, . . . , ℓ}\{jo}.

Suppose that ιb,ϕ is not in the direction of a Stokes ray of either (i, jo) or (jo, i), so that (3.7)
holds. If ϕ − π

2 < arg z < ϕ + π
2 in (2.28), then Lemmas 3.13 and 3.14 apply, and

Re(λijoz
σijo ) − Re(λijow

σijo ) > 0, z > w, (3.23)

if and only if fijo , dfined as in (3.17) by the relation

fijo(θ) := cos(σijoθ + ηijo)

sinσijo (θ − τ) 
, ηijo := argλijo ∈]η − 2π,η[,

is monotonically decreasing for τ < θ < τ + π . This holds because (3.23) reduces to fijo(θ) −
fijo(θ̃ ) > 0, with θ < θ̃ along ιb,ϕ , with θ = arg z, θ̃ = argw and w < z. Monotonic decrease of 
fijo(θ) occurs if and only if the cosine in the numerator of the analog of (3.19) for dfijo/dθ is 
positive. In other words, kπ is replaced by (2k + 1)π in (3.18), namely if and only if there exists 
k ∈Z such that

τ < τijo + (2k + 1)π

σijo

< τ + π, τijo := 1 
σijo

(
3π

2 
− ηijo

)
. (3.24)

Using as before τ = ϕ −π/2, if ϕ − 3π
2 < arg z < ϕ − π

2 in (2.28), we get that b = |z| cos(ϕ −
arg z − π) along a line ιb,ϕ . Hence,

Re(λzσ ) = |λ||b|σ cos(σθ + argλ)

sinσ (τ − θ) 
, τ − π < θ = arg z < τ.

The analogs of Lemmas 3.13 and 3.14 are proved by replacing (3.17) and (3.19) respectively 
with
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g∗(θ) := cos(σ (∗)θ + η∗)
sinσ (∗)

(τ − θ) 
, (3.25)

dg∗
dθ

= σ (∗) cos((1 − σ (∗))θ ′ + σ (∗)τ + η∗)
sinσ (∗)+1 θ ′ , θ ′ := τ − θ, 0 < θ ′ < π. (3.26)

Again, (3.23) reduces to gijo(θ) − gijo(θ̃ ) > 0, with θ > θ̃ , where

gijo(θ) := cos(σijoθ + ηijo)

sinσijo (τ − θ) 
.

Hence, gijo must be monotonically increasing w.r.t. τ − π < θ < τ . Namely, the cosine in the 

numerator of 
dgijo

dθ
must be positive. The numerator of (3.26) is positive if and only if for some 

k ∈Z,

π

2 
+ (2k + 1)π < σ (∗)τ + η(∗) < (1 − σ (∗))θ ′ + σ (∗)τ + η(∗) < (1 − σ (∗))π + σ (∗)τ + η(∗)

<
3π

2 
+ (2k + 1)π,

that is τ −π < τ(∗) + 2kπ

σ (∗)
< τ . Hence, gijo is monotonically increasing in the interval ]τ −π, τ [

if and only if there exists k such that

τ − π < τijo + 2kπ

σijo

< τ. (3.27)

The last case is argz = τ (= ϕ − π/2) in (2.28). In this case Re(λzσ ) = |λ||z|σ cos(στ +
argλ). Then (3.23) is

|λijo |
(
|z|σijo − |w|σijo

)
cos(σijoτ + ηijo ) > 0, |z| > |w|.

The above is true if and only if for some k ∈ Z,

τijo + 2kπ

σijo

< τ < τijo + (2k + 1)π

σijo

. (3.28)

Now, apply (3.24), (3.27) and (3.28) to all pairs (i, jo). �
Lemma 3.21. If � is generic as in Definition 3.7, then jo is a subdominant index if and only if 
τρμo−1 − τρ0 < π . In this case, jo is subdominant on the intervals

Ik :=
{
ϕ = τ + π/2 

∣∣∣ τρμ −1 < τ − 2kπ < τρ0 + π
}
, k ∈ Z.
o
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Proof. The l.h.s. of (3.22) equals

μo−1⋂
γ=0 

]
τργ + 2kγ π; τργ + (2kγ + 1)π

[
.

This set is non-empty if and only if k0 = k1 = · · · = kμo−1 = k ∈Z, and the resulting intersection 
equals

μo−1⋂
γ=0 

]
τργ + 2kπ; τργ + (2k + 1)π

[= ]
τρμo−1 + 2kπ; τρ0 + (2k + 1)π

[
. �

Proof of Theorem 3.19. The conditions on the Stokes rays are given in Lemma 3.21. The ex
istence and uniqueness of vector solutions follow from Theorem 2.13, the sectors follow from 
Lemma 3.21. �
3.5. Parametric case

We consider equation (2.9) with � as in (3.1), depending on the parameter

ω := (λ1, . . . ,λℓ) ∈ � ⊂ Cm, m = ℓ × (h + 1),

where λi is dfined in (3.3). In order to apply Theorem 2.21, we assume that:

a) the open connected domain � is bounded;
b) λi �= λj for any i �= j , and moreover λij �= 0 on the closure �, see (3.5);
c) σ0, . . . , σh are independent of the parameters.
d) R = R(z,ω) satifies Definition 2.18 on any open interval I .

Under assumption a), the uniform integrability condition of Definition 2.16 is satified.17 In b), 
the condition λij �= 0, for all i �= j , allows to use Definition 3.1 of the Stokes rays. By (3.7), this 
is equivalent to the requirement that the degrees of qi(z,ω) − qj (z,ω) are constant on �. For 
example, if � is generic on �, this is satified. Notice that argλij depends continuously on ω. In 
order to label the Stokes rays we also assume that:

e) the numeration (3.8) is preserved on �, for a fixed η.

The directions of Stokes rays continuously depend on ω, and e) above implies that if τρ < τσ

(or τρ = τσ ) at ωo ∈ �, then τρ(ω) < τσ (ω) (or τρ(ω) = τσ (ω)) for every ω ∈ �. Notice that 
condition e) is always satified if � is sufficiently small.

Definition 3.9 is substituted by the following

Definition 3.22. A vector k ∈ Zμ is called adequate with respect to (σ (ρ); τρ)
μ−1
ρ=0 on � if the 

open interval

17 For any i, take gi(z) = C
∑h |z|σk−1, where C := max (maxi=1,...,ℓ

∑
k λ

(k)
).
k=0 � i
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�k :=
⋂
ω∈�

⎛⎝μ−1⋂
ρ=0 

]
τρ(ω) + kρπ

σ (ρ)
− π; τρ(ω) + kρπ

σ (ρ)

[⎞⎠
is non-empty.

The uniform L-condition of Definition 2.17 is satified if and only if there is an adequate 
k. Under the above assumptions, Theorem 2.21 implies the following generalizations of Theo
rem 3.10, Corollary 3.11 and Theorem 3.19.

Theorem 3.23. Consider the differential equation (2.44) with �(z,ω) as in (3.1) satisfying a), 
b), c) and e) above, and a perturbation term R ∈ O(C̃a × �;gl(n,C)) with uniform good de
cay conditions on C̃a (Definition 2.18). Let k ∈ Zμ be adequate with respect to (σ (ρ); τρ)

μ−1
ρ=0

on �. Then, there exists a unique holomorphic fundamental matrix solution Yk : HI,a × � →
GL(n,C), where I = �k + π

2 , with asymptotic behaviour

Yk(z,ω) = (In + o(1)) exp
{
Q(z,ω)

}
, uniformly in �, (3.29)

for z → ∞ in any closed subsector of

Sk := {z ∈ C̃∗ | ak < arg z < bk + π}, where �k = ]ak;bk[ .

Corollary 3.24. Under the assumptions of Theorem 3.23, if � is generic, then for every ν ∈ Z, 
there exists a unique holomorphic fundamental matrix solution Yν : Sν × � → GL(n,C), where

Sν :=
⋂
ω∈�

{z ∈ C̃∗ | τν−1(ω) < arg z < τν(ω) + π},

with asymptotic behaviour

Yν(z) = (In + o(1)) exp
{
Q(z)

}
, uniformly in �,

for z → ∞ in any closed subsector of Sν .

Corollary 3.25. Assume that � is generic, and fix jo ∈ {1, . . . , ℓ}. In the same notations of The
orem 3.19, if sup

ω∈�

(τρμo−1 − τρ0) < π , then for any k ∈ Z, there exist sjo vector solutions

y(k)
α ∈ O(C̃a × �;Cn), α = s1 + · · · + sjo−1 + m, m = 1, . . . , sjo ,

characterized by the uniform asymptotic behaviour y(k)
α (z,ω) = (eα +o(1)) exp

(∑h
q=1 λ

(q)
jo

zσq

)
, 

for z → ∞ in any closed subsector of

S
(jo)
k :=

⋂{
z ∈ C̃a

∣∣∣ τρμo−1 − π < arg z − 2kπ < τρ0 + 2π
}
.

ω∈�
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3.6. Applications to the ODE/IM correspondence

The following result is a special case of the results developed in Sections 3.1--3.5.

Theorem 3.26. For M > 0, let C̃M = {z ∈ C̃∗, |z| > M}. Consider the differential equation

dψ(z)

dz
=
(
−A p(z;ω) + R(z;ω)

)
ψ, (3.30)

where

• A ∈ gl(n,C) is a constant diagonalisable matrix with eigenvectors ψj and eigenvalues νj , 
j = 1, . . . , n, which are not necessarily pairwise distinct.

• p(z;ω) = zβ0 +∑H
k=1 ck(ω)zβk , where the exponents βk’s are real and ordered so that

β0 > β1 > · · · > βH = −1.

Moreover, the coefficients ck(ω) are bounded analytic functions of the parameter ω, which 
belongs to a domain � ⊂ C. Dfine the primitive

P(z;ω) := zβ0+1

β0 + 1
+

H−1∑
k=1 

ck(ω)
zβk+1

βk + 1
+cH (ω) ln z. (3.31)

• R ∈ O(C̃M ×�; gl(n,C)), with behaviour |R(z;ω)| = O(z−1−δ) at ifinity, uniformly with 
respect to ω ∈ �, in any arbitrary closed sector of C̃M .

(1) Assume that for an interval [a, b] the following condition holds:

∀τ ∈ [a, b], Re
(
(νj − νj ′)e

√−1τ
)

= 0 if and only if νj = νj ′ . (3.32)

Then, there exists a unique basis of solutions ψj(z;ω), analytic in C̃M ×�, with the asymp
totic behaviour

ψj(z,ω) = (
ψj + O(z−δ)

)
e−νj P (z;ω),

when z → ∞ in the sector 
a

β0 + 1
� arg z � b + π

β0 + 1
, (3.33)

uniformly with respect to ω ∈ �.
(2) Assume that j0 is a subdominant index for an interval [a, b], namely

∀τ ∈ [a, b] and j �= j0, Re
(
(νj0 − νj )e

√−1τ
)

> 0. (3.34)

Then, there exists a unique solution �(z;ω), called subdominant, such that
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�(z;ω) = (
ψj0 + O(z−δ)

)
e−νj0P(z;ω),

as z → ∞, in the sector 
a − π

β0 + 1
� arg z � b + π

β0 + 1
, (3.35)

uniformly with respect to ω ∈ �. Moreover, the function �(·, ·) is analytic in C̃M × �.

Proof. The proof follows from two observations. The first one is that equation (3.30) is a partic
ular case of the more general equation

dY

dx
=
( H∑

k=0 ̂
�(k)(ω)xβk + R̂(x,ω)

)
Y,

where �̂(k) ∈ O(�,h(n,C)), with exponents β0 > β1 > · · · > βH = −1, and R = O(x−1−δ̂ )

uniformly in ω, with ̂δ > 0. By the change of variables z = xβ0+1, the above is transformed to an 
equation (2.44). In partcular, � has form (3.1) (with h = H − 1), but for an additional term with 
power z−1. More explicitly, we get

� =
H−1∑
k=0 

�(k)zσk−1 + �(H)

z
,

where

σk := βk + 1

β0 + 1 
(for 1 � k � H − 1), 1 = σ0 > σ1 > · · · > σH−1 > 0,

�(k) := �̂(k)

β0 + 1
, 1 � k � H, R(z,ω) := R̂(z1/(β0+1),ω)

zβ0/(β0+1)
.

Notice that R = O(|z|−1−δ), with δ = δ̂/(β0 +1). The theory developed above for equation (3.1), 
in the parametric case, immediately applies to the above case, provided that kij dfined in (3.5)
satifies18

kij � h. (3.36)

In this case Theorem 3.23 applies, with

Q(z,ω) = q1(z,ω)Is1 ⊕ · · · ⊕ qℓ(z,ω)Isℓ + �(h+1) ln z, qi(z,ω) :=
h ∑

k=0 
λ

(k)
i zσk ,

and Corollary 3.24 holds if � is generic. Notice that (3.36) holds for generic �.
The second observation is that Corollary 3.24 also holds for a generic � with the particular 

structure

18 Here �(H) = λ
(H)

Is ⊕ · · · ⊕ λ
(H)

Is , and the definition of kij is obviously extended.
1 1 ℓ ℓ
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�0 constant, �k = ck(ω)�0, 1 � k � h,

where c1, . . . , ch are bounded holomorphic functions on a domain �. Indeed, in this case λij =
λ

(0)
i − λ

(0)
j �= 0 are constant and the numeration (3.8) is preserved.

The two observations above apply in case of equation (3.30). As a consequence, Corol
lary 3.24 holds and proves point (1). Point (2) follows from Corollary 3.25. �

We apply the above theorem to the most studied instance of the ODE/IM correspondence, 
the duality between quantum g(1)-Drinfeld--Sokolov hierarchy [8,36] -- also known as Quantum 
g-KdV -- and Lg(1)-opers on C∗, where g(1) is the untwisted a˙inisation of a simple Lie algebra 
g and Lg(1) its Langlands dual algebra. Here for sake of simplicity, we restrict to the case of 
simply-laced g, so that Lg(1) = g(1).

To provide some further context, we recall that, on one side of the correspondence, Quantum 
g-KdV is a family of theories, depending on rankg complex moduli, which parameterise the 
boundary conditions of the theory, and one real modulus, the ``central charge''. On the other 
side, g(1)-opers are gauge-equivalence classes of linear g(1)-connections (on a smooth algebraic 
curve), which generalize the notion of scalar linear differential operator, see [3]. The opers 
that we consider are not meromorphic because, the exponent of one of their coefficients (the 
parameter k in (3.41) below) is identfied with the central charge. Hence, it takes real values.

Lie algebra preliminaries Here we collect well-known facts about simple Lie algebras that we 
need in the sequel. We refer to [57] for all the details.

Let (g, [−,−]) be a simply-laced simple Lie algebra of rank m over C. We have a Cartan 
decomposition

g= n− ⊕ h⊕ n+, (3.37)

where h is a Cartan (i.e. a maximal commutative) subalgebra and n± are maximal positive/neg
ative nilpotent subalgebras. The algebra g has Chevalley generators {ei, fi, hi}i=1,...,m, with 
ei ∈ n+, fi ∈ n−, hi ∈ h.

We denote by ρ∨ ∈ h the dual Weyl vector, which is uniquely dfined by the relations

[ρ∨, fi] = −fi, i = 1, . . . ,m. (3.38)

The element ρ∨ induces the principal grading

g=
h−1 ⊕

l=−h+1

g(l), g(l) = {g ∈ g, [ρ∨, g] = l g}, (3.39)

where h is the Coxeter number of the algebra (an integer greater or equal than 2).
We have h= g(0) and n± = ⊕h−1

l=1 g
(±l). The top-graded subspace g(h−1) is a one-dimensional 

subspace and it is spanned by the highest weight vector eθ of the Lie algebra, which is the unique 
(up to a scalar multiple) element annihilated by all ei’s, that is

[ei, eθ ] = 0, i = 1, . . . ,m. (3.40)
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Feigin-Frenkel connections According to [37,68,67], the family of connections corresponding 
to the g(1)-Drinfeld--Sokolov hierarchy -- sometimes called F-F (Feigin–Frenkel) connections -- 
are dfined by the following differential operators

L = ∂z + f + ℓ

z
+
(

1 + ωz−k
)

eθ +
∑
j∈J

−θ∨ + X(j)

z − wj

, f =
m ∑

i=1 
fi, (3.41)

where J is a possibly empty finite set, z is a global coordinate on C̃M with M > max{|wj |, j ∈
J }, and the parameter ω takes value in C. The differential operator L acts on sections of the 
trivial bundle C̃M × V , with V any finite dimensional g-module.

The parameters ℓ ∈ h and 0 < k < 1 are free parameters, corresponding to the moduli of 
Quantum g-KdV theories. In particular, k is identfied with the central charge. On the contrary, 
the parameters θ∨ ∈ h, wj ∈ C∗ and X(j) are constrained by the requirement that the mon
odromy at wj ’s is trivial.19 However, for the sake of our discussion they can be considered as 
additional free parameters since the asymptotic properties of solutions are independent of their 
values.

Reduction to the normal form We notice that the dominant term of the F-F connection at z = ∞
is the nilpotent element eθ ∈ n+. Therefore, in order to apply Theorem 3.26, we need to transform 
L into an equivalent connection with a semi-simple dominant term. We achieve this by means of 
the gauge transform

G = exp
(
p(z;ω)−1ñ

)
◦ (p(z;ω)

)−ρ∨
, (3.42)

where

p(z;ω) = z
1 
h

⎛⎜⎝1 +
� 1 

(1−k)h
�∑

l=1 
cl ω

l zl(1−k)

⎞⎟⎠ , cl = 1 
l!
(

∂l

∂wl
(1 − w)

1 
h

)
|w=0

, (3.43)

and ñ is the unique element in C{e1, . . . , em} such that [ñ, f ] = ℓ + ρ∨
h∨ ρ∨ − |J |θ∨. The action 

of the gauge G on the F-F connection L can be computed using the following rules, see [68, 
Section 2]:

• If g ∈ g(l) and q is a meromorphic function, not identically zero, then

(q(z))ρ
∨
∂z = ∂z − q ′(z)

q(z) 
ρ∨, (q(z))ρ

∨
g = (q(z))lg, (3.44)

• If g ∈ g, n ∈ n+ and p is a meromorphic function, then

exp{p(z)n} ∂z = ∂z − p′(z) n, exp{b(z)n} g =
∑
j�0

bj (z)

j ! ( adn)
j g, (3.45)

19 For example, θ∨ is the co-root dual to the highest root of the algebra.
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where adng = [n,g]; we stress that the latter series terminates, since n is nilpotent.

Taking into account (3.44)-(3.45), we deduce that there exists δ > 0 such that

L′ := G.L = ∂z + z−1 p(z;ω)� + R(z;ω), � = f + eθ , (3.46)

where R(z;ω) is analytic in C̃M × C and R(z,ω) = O(z−1−δ), uniformly with respect to ω in 
any compact subset of C; see [68] for details.

The element � = f + eθ is called the cyclic element of g, see [57]. It is well-known that � is 
a regular semi-simple element of the Lie algebra and it is therefore diagonalisable in every finite 
dimensional g-module V .20

The following theorem is a direct corollary of Theorem 3.26 and formula (3.46).

Theorem 3.27. Given a F-F connection L as in (3.41) and a finite dimensional g-module V of 
dimension n, we consider the linear ordinary differential equation

Lψ = 0, ψ : C̃M → V. (3.47)

We denote by ψ1, . . . ,ψn an eigenbasis, for �, by ν1, . . . νn the corresponding eigenvalues, and 
we let P be the primitive of z−1p(z,ω), as dfined in (3.43), given by

P(z;ω) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

h z
1 
h

⎛⎜⎝1 +
� 1 

(1−k)h
�∑

l=1 

clω
lz−l(k−1)

1 − l
h(1−k)

⎞⎟⎠ , 
1 

h(1 − k)
/ ∈ N,

h z
1 
h

⎛⎝1 +
q−1 ∑
l=1 

clω
lz−l(k−1)

1 − l q

⎞⎠+ cq log z, q := 1 
h(1 − k)

∈ N.

(3.48)

(1) Assume that an interval [a, b] is such that the following condition holds:

∀τ ∈ [a, b], Re
(
(νj − νj ′)e

√−1τ
)

= 0 if and only if νj = νj ′ .

Then, there exist δ > 0 and a unique basis of solutions ψj(z;ω), j = 1, . . . , n, analytic in 
C̃M ×C, with the asymptotic behaviour

ψj (z;ω) =z
1 
h
ρ∨ (

ψj + O
(
z−δ

))
e−νj P (z;ω),

as z → ∞, ha � arg z � h(b + π).
(3.49)

Moreover, the above estimate holds uniformly with respect to ω, as ω varies in any compact 
of C.

20 While the exact nature of the spectrum of �, which was computed in [68,69], is important for the ODE/IM corre
spondence, for what concerns the mere existence of distinguished solutions at z = ∞ it is sufficient to know that � is 
semi-simple.
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(2) Assume that j0 is a subdominant index for an interval [a, b], namely

∀τ ∈ [a, b] and j �= j0, Re
(
(νj0 − νj )e

√−1τ
)

> 0.

Then, there exist δ > 0 and a unique (subdominant) solution ψj0(z;ω), analytic in C̃M ×C, 
such that

�(z;ω) =z
1 
h
ρ∨ (

ψj0 + O
(
z−δ

))
e−μj0P(z;ω),

as z → ∞, h(a − π) � arg z � h(b + π).
(3.50)

Moreover, the above estimate holds uniformly with respect to ω, as ω varies in any compact 
of C.

Proof. After (3.46), we have that

L′ϕ(z) = 0, ϕ := Gψ, (3.51)

where L′ and G are as in (3.46) and (3.42). We notice that

G = z− ρ∨
h 
(
In + O(z−δ′

)
)

, for some δ′ > 0, (3.52)

where In is the identity matrix. In fact, on the one side 
(
p(z;ω)

)−ρ∨ = z− ρ∨
h 
(
In + O(z−1+k)

)
; 

on the other side, since ñ is nilpotent, exp
(
p(z;ω)−1ñ

)
is a finite sum, whence exp

(
p(z;ω)−1ñ

)
= (In + O(z− 1 

h )). Applying Theorem 3.26 to (3.51) and using (3.52), we obtain the required 
result. �
Remark 3.28. While item (1) of Theorem 3.27 is completely new, a weaker version of item 
(2) is already available, see [68, Theorem 3.4]. In [68], it is shown that if τ0 is a subdominant 
direction for the index j0, the subdominant solution exists with asymptotic (3.50) is the small 
sector | arg z − τ0| � hπ

2 .

Remark 3.29. For the sake of definiteness, we have concentrated here on the study of F-F 
connections for g simply-laced. However, Theorem 3.26 can be applied to study the case g not
simply-laced (in which case they are called F-F-H connections, see [38,69,66]) as well as other 
families of opers that have been proposed in the ODE/IM literature, as for example in [63,40,65].

4. The case of ODEs with meromorphic coefficients

4.1. Preliminaries on formal solutions

We consider the classical asymptotic problem for the differential equation

dY = zr−1A(z)Y, A ∈ O(Ca;gl(n,C)), (4.1)

dz
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where r ∈ N is called Poincaré rank at ifinity and A is analytic at ifinity. Theorem 2.6 can 
be applied to obtain the existence and uniqueness result of fundamental matrix solutions, with 
asymptotic behaviour in a ``wide'' sector. The uniqueness issue and the characterization of the 
sector are the main achievements of our approach.

Let C�z−1� be the algebra of formal power series in z−1. It is well known [6, Th. I] that 
equation (4.1) admits formal fundamental matrix solutions

YF (z) = F(z)G(z), (4.2)

where

F(z) = zN
∞ ∑

k=0 
Fkz

−k ∈ zN ·C�z−1� ⊗ gl(n,C), N ∈ Z,

with detF(z) �= 0 and F0 �= 0 (though detF0 = 0, in general), and

G(z) = zJ UeQ(z). (4.3)

Here, J is a matrix in Jordan form, U is a matrix constructed using integer powers of 
exp(2π

√−1/p), and

Q(z) =
pr−1∑
k=0 

Qkz
αk = Q0z

r + · · · + Qpr−1z
1/p

is a diagonal matrix whose entries are polynomials in z1/p, without constant term and maximal 
degree r , being

p ∈N>0, αk := r − k

p
∈ Q>0.

A concrete algorithm for computing Q(z) is described in [93]. In particular [93, pag. 398], the 
eigenvalues of rQ0 are the eigenvalues of A0 = limz→∞ A(z), with the same multiplicity. The 
matrices Q,J,U do not mutually commute. We can modify N and F by substituting J with 
J − K̃ and F with F · zK̃ , where K̃ is a diagonal matrix with integer entries. In this way, without 
loss of generality, we may assume that 0 � Re(eigenvls. of J ) < 1. Although N can be fixed in 
such a way, F(z) may not be unique. On the other hand, G is determined by A(z), and it is a 
formal invariant of the differential equation.21

Each F(z) has a unique factorization [6, Sect. 4]

F(z) = Fa(z)P (z)zK, Fa(z) =
∞ ∑

k=0 
F

(a)
k z−k, detF (a)

0 �= 0,

21 Having fixed N , two differential equations are formally meromorphically equivalent if and only if they have - up to 
permutation - the same Q and J (U always has the predetermined structure) [6, Sect 3].
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with a formal series Fa(z), a lower triangular matrix P(z) polynomial in z, P(0) = diagP(z) =
In, and K is a diagonal matrix with integer entries.

4.2. r-adequate tuples, and second application of the main theorem

Given a formal series F(z), the standard approach in the literature [80,94,81] is to prove 
the existence of a fundamental matrix solution of (4.1) holomorphic at ifinity on a small sec
tor, where it has asymptotic behaviour F(z). This approach requires the repeated application of 
shearing transformations and block diagonal reductions a finite number of times. At each step, 
the Sibuya-Wasow asymptotic existence theorem applies to a precisely specfied sector, but the 
sector varies at each step. As a result, the final angular opening cannot be determined, and it 
can only be shown that a fundamental asymptotic solution corresponding to F exists on every 
sufficiently narrow sector (see for example theorem 19.1 in [94]). Furthermore, this solution is 
not unique. The minimal angular opening is provided by the normal sectors dfined in [7, Sect. 
4].

Using our approach based on Theorem 2.6, we will establish the existence and, most impor
tantly, the uniqueness of fundamental matrix solutions with a prescribed asymptotic behaviour 
F(z) on explicitly determined sectors with optimal angular opening. This will be done in Theo
rem 4.3, under the r-adequate condition (Definition 4.2 below).

Up to a permutation, Q(z) is partitioned into blocks

Q(z) = q1(z)Is1 ⊕ · · · ⊕ qℓ(z)Isℓ , qi(z) :=
pr−1∑
k=0 

λ
(k)
i zαk , λ

(k)
i ∈ C, i = 1, . . . , ℓ,

where Isi is the identity matrix of dimension si , with s1 + · · · + sℓ = n, and

λi �= λj , ∀ 1 � i �= j � ℓ,

where λi := (λ
(0)
i , λ

(1)
i , . . . , λ

(h)
i ), and h := pr − 1.

Let λij := λ
(kij )

i − λ
(kij )

j , with kij := min{k | λ(k)
i − λ

(k)
j �= 0}, and label the distinct values of 

argλij ∈]η − π,η[, for 1 � i �= j � ℓ as in (3.8). In complete analogy with Definition 3.1, the 
Stokes rays of Q(z) for the pair (i, j), are the half lines in C̃∗ dfined by Reλij z

αkij = 0 and 
Imλij z

αkij < 0. The Stokes rays for the pair (i, j) have directions

arg z = τij mod
2π

αkij

, with τij := 1 
αkij

(
3π

2 
− argλij

)
.

The directions τij for all argλij ∈]η−π,η[ are label as in (3.9), with the same rules (with symbol 
σ replaced by α).

Let α(ρ) be the αkij
appearing in the τij labelled as τρ . We obtain the analog of Proposition 3.5.

Proposition 4.1. The directions of all Stokes rays are given by

arg z = τρ + kπ
, ρ ∈ {0, . . . ,μ − 1}, k ∈Z. (4.4)
α(ρ)
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Definition 4.2. We say that k ∈Zμ is r-adequate with respect to (α(ρ); τρ)
μ−1
ρ=0 if the open inter

val

ϒk :=
μ−1⋂
ρ=0 

]
τρ + kρπ

α(ρ)
− π

r
; τρ + kρπ

α(ρ)

[
(4.5)

is non-empty.

Adequateness means that all Stokes rays with directions τρ + kρπ/α(ρ), for 0 � ρ � μ − 1, 
lie within a sector of angular opening less than π/r .

Theorem 4.3. Let F(z) = Fa(z)P (z)zK be the formal series associated to a formal solution (4.2)
of equation (4.1). Consider the following truncations of F(z) and Fa(z) respectively:

F (M)(z) := zN
M∑

k=0 
Fkz

−k, F (M)
a (z) :=

M∑
k=0 

F
(a)
k z−k, M ∈ N>0.

Let k ∈ Zμ be r-adequate with respect to (α(ρ); τρ)
μ−1
ρ=0 . There exists a unique fundamental ma

trix solution Yk : C̃a → GL(n,C) of (4.1), with asymptotic behaviour

Yk(z) =
(
F (M)(z) + O(zN−M−1)

)
zJ UeQ(z) (4.6)

=
(
F (M)

a (z) + O(z−M−1)
)
P(z)zKzJ UeQ(z), (4.7)

for z → ∞ in any closed sub-sector of the sector

Sk := {z ∈ C̃∗ | ak < arg z < bk + π/r}, where ϒk = ]ak, bk[ .

Remark 4.4. If arg z = ak and arg z = bk +π/r are not directions of Stokes rays, then the sector 
Sk can be extended up to the closest Stokes rays by a standard argument.

Before proving the theorem, we state some consequences for the generic case.

Definition 4.5. A in (4.1) is generic if λ(0)
i �= λ

(0)
j for all i �= j .

The definition makes sense, because the eigenvalues λ(0)
i are the eigenvalues of A0/r =

limz→∞ A(z)/r [93, pag. 398]. In the generic case, λij = λ
(0)
i − λ

(0)
j �= 0, and αkij

= α(0) =
· · · = α(μ−1) = r . It follows form (4.4) that all the possible directions of Stokes rays can be 
labelled as

τν = τρ + kπ

r
, ρ ∈ {0, . . . ,μ − 1}, ν := ρ + kμ, k ∈Z.

They satisfy the strict inequalities

τν < τν+1 ∀ ν ∈Z.
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Remark 4.6. In the general case, a labelling of the Stokes rays was introduced in [7]. Thought 
the notation τν appears in [7], it coincides with ours only in the generic case.

Corollary 4.7. If A is generic, then for any ν ∈ Z system (4.1) admits a unique fundamental 
matrix solution Yν : C̃a → GL(n,C), with behaviour (4.6) for z → ∞ in any closed sub-sector 
of the sector

Sν :=
{
z ∈ C̃∗ | τν−1 < arg z < τν + π

r

}
. (4.8)

Proof. We claim that ϒk = ]
τν−1; τν

[
for some ν ∈ Z. Indeed, any sector τ < arg z < τ + π/r

(with arg z = τ not being a Stokes ray) contains exactly μ Stokes rays with directions τν <

τν+1 < · · · < τν+μ−1, for some ν ∈ Z. Notice that τν+μ = τν + π/r , for any ν ∈ Z. The largest 
sector which contains τν, . . . , τν+μ−1 is Sν . �

As a corollary of Theorems 2.6 and 4.3, we also recover the following classical result [5]:

Corollary 4.8. Assume that A0 := limz→∞ A(z) has pairwise distinct eigenvalues. Fix F (a)
0 such 

that rQ0 := (F
(a)
0 )−1A0F

(a)
0 is diagonal. For any ν ∈ Z, equation (4.1) admits a unique funda

mental matrix solution Yν : C̃a → GL(n,C) with asymptotic behaviour

Yν(z) =
(
F (M)

a (z) + O(z−M−1)
)
zJ eQ(z), J ∈ h(n,C),

for z → ∞ in any closed sub-sector of the sector Sν in (4.8), where F (M)
a (z) = ∑M

k=0 F
(a)
k z−k

is uniquely determined by A(z) and F (a)
0 . Moreover, A(z) uniquely determines Q(z) and J by

F (r)
a (z)−1A(z)F (r)

a (z) =
r−1 ∑
k=0 

(r − k)Qkz
−k + Jz−r + O(z−r−1), z → ∞. (4.9)

In order to prove Theorem 4.3, we need the following

Lemma 4.9. For sufficiently large M∗ ∈ N , the gauge transformation Y = F (M∗)(z)zJ UŶ trans
forms (4.1) into the equation

dŶ

dz
=
(

dQ(z)

dz
+ R′(z)

)
Ŷ , (4.10)

where R′ ∈ O(C̃a;gl(n,C)) has behaviour R′(z) = O(z−1−δ′
), δ′ > 0, for |z| → ∞ and 

bounded argz.

Proof. The formal gauge transformation Y = F(z)G takes (4.1) to the normal form [6, Sect. 
3 d.]

dG = zr−1P(z)G, P(z) = P0 + P1 + · · · + Pr−1
r−1 + J

r
. (4.11)
dz z z z
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From (4.3) it follows that

zr−1P(z) = zJ U
dQ(z)

dz
U−1z−J + J

z
.

Hence, we can take M∗ ∈ N sufficiently big to ensure that the gauge transformation Y =
F (M∗)(z)Ỹ satifies

dỸ

dz
=
(
zr−1P(z) + R̃(z)

)
Ỹ ≡

(
zJ U

dQ(z)

dz
U−1z−J + J

z
+ R̃(z)

)
Ỹ ,

with R̃ ∈ O(C̃a;gl(n,C)) of order O(z−�−1) for some � � 1. Another gauge transformation 
Ỹ = zJ UŶ yields

dŶ

dz
=
(

dQ(z)

dz
+ R′(z)

)
Ŷ , R′(z) := U−1z−J R̃(z)zJ U.

If M∗ is sufficiently big, we can arrange so that R′(z) = O(z−1−δ′
), δ′ > 0. �

Proof of Theorem 4.3. With the change of variables x = zr , r arg z = argx, equation (4.10)
becomes

dŶ

dx
= (�(x) + R(x)) Ŷ ,

�(x) :=
pr−1∑
k=0 

σkQkx
σk−1, σk := αk

r
= 1 − k

pr
, R(x) := 1

r
x1/r−1R′(x1/r ).

(4.12)

Since R(z) = O(x−1−δ̂ ), δ̂ := δ′/r , Theorem 3.10 can be applied to equation (4.12) and, using 
the above change of variables, we conclude that (4.10) has a unique fundamental matrix solution 
with behaviour

Ŷ (z) = (In + O(z−δ′
))eQ(z), z → ∞, z ∈ Sk.

Recalling the proof of Lemma 4.9, we see that Ỹ = zJ UŶ has the behaviour

Ỹ (z) = 
(
In + zJ UO(z−δ′

)U−1z−J
)

zJ UeQ(z) = (In + O(z−�))zJ UeQ(z).

Then,

Y(z) = F (M∗)(z)Ỹ (z) = 
(
F (M∗)(z) + F (M∗)(z)O(z−�)

)
zJ UeQ(z).

Now, F (M∗)(z) · O(z−�) = O(zN−�). Consider an additional truncation F (M) of F (M∗), with 
0 < M � M∗. The smallest exponent in F (M) is zN−M . Then, we take M∗ sufficiently big so 
that � > M . For such M∗, (4.6) holds. In an analogous way, we prove (4.7). �
51 



G. Cotti, D. Guzzetti and D. Masoero Journal of Differential Equations 428 (2025) 1--58 
Proof of Corollary 4.8. Fix F (a)
0 such that �0 := (F

(a)
0 )−1A0F

(a)
0 is diagonal.22 Then F (M)

a (z) 

=∑M
k=0 F

(a)
k z−k can be uniquely determined23 with M � r , such that the gauge transformation 

Y = F
(M)
a (z)Ŷ gives

dŶ

dz
=
[
zr−1F (M)

a (z)−1A(z)F (M)
a (z) − F (M)

a (z)−1 dF
(M)
a (z)

dz

]
Ŷ

=
[
zr−1

(
�0 +

r∑
k=1 

�kz
−k
)

+ R̃(z)

]
Ŷ ,

(4.13)

with uniquely determined diagonal matrices �k and remainder R̃(z) = O(zr−M−2) analytic 
at ifinity. System (4.13) is in the form (4.10), with p = 1, U = I , Qk = �k/(r − k) for 
k = 0, · · · , r − 1, and J = �r . Then, the first part of Corollary 4.8 follows from Corollary 4.7. 
Moreover, letting M = r , (4.13) implies (4.9). �
Example 4.10. We apply Theorem 4.3 to the equation

dY

dz
=
⎛⎝z3

⎛⎝√−1 0 0
0

√−1 0
0 0 −√−1

⎞⎠+
⎛⎝√−1 0 0

0 0 0
0 0 0

⎞⎠+ R(z)

⎞⎠Y.

It is already in the form (4.10), with

Q(z) = z4

4 

⎛⎝√−1 0 0
0

√−1 0
0 0 −√−1

⎞⎠+ z

⎛⎝√−1 0 0
0 0 0
0 0 0

⎞⎠ ,

so that

α0 = 4, α3 = 1, α1 = α2 = 0, p = 1,

and

λ1 = (
√−1/4,0,0,

√−1),

λ2 = (
√−1/4,0,0,0),

λ3 = (−√−1/4,0,0,0).

Hence,

22 There is a freedom F(a)
0 �→ F

(a)
0 C, C ∈ h(n,C).

23 It is a standard formal computation. Writing the Taylor expansion A(z) = ∑∞
k=0 Akz−k , the coefficients F(a)

k
of 

F
(M)
a (z) are uniquely determined step-by-step in terms of F(a)

0 and the Ak . Uniqueness depends on the fact that A0 has 
distinct eigenvalues.
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k12 = 3, k13 = k23 = 0.

Le us take η = 2π . The determinations of argλij in ]η − π,η[ are only the determination of 
arg(−√−1) equal to 3π/2. It follows that

τ0 = 1

4

(
3π

2 
− 3π

2 

)
= 0, with 4 = α0 =: α(0),

τ1 = 1

1

(
3π

2 
− 3π

2 

)
= 0, with 1 = α3 =: α(1)

All the Stokes rays have directions

τ0 + kπ

α(0)
≡ kπ

4 
, τ1 + kπα(1) ≡ kπ, k ∈ Z.

To check adequateness of k = (k0, k1), it sufficies to check if there are sectors of amplitude less 
than π/4 containing two rays arg z = k0π/4 and arg z = k1π . This happens only for the rays 
whose projection onto C∗ is either the positive or the negative real axis. Hence, Theorem 4.3 and 
Remark 4.4 imply that there is a unique fundamental matrix solution in each sector

{z ∈ C̃∗ | − π

4 
< arg z + mπ <

π

4 
}, m ∈Z,

with asymptotic behaviour for z → ∞ given by

YF (z) = (I +
∞ ∑

j=1 
Fjz

−j )eQ(z).

On the other hand, Theorem 4.3 does not hold on the sectors

{z ∈ C̃∗ | 0 < arg z + mπ

2 
<

π

2 
}, {z ∈ C̃∗ | π

4 
< arg z + mπ <

3π

4 
}.

Uniqueness genuinely fails in these sectors. If Y(z) is a fundamental matrix solution asymptotic 
to YF (z) in {0 < arg z + mπ

2 < π
2 }, or in {π

4 < arg z + mπ < 3π
4 }, then any matrix solution of the 

form Y(z)C has the same asymptotics, for every

C =
⎛⎝1 c 0

0 1 0
0 0 1

⎞⎠ or C =
⎛⎝1 0 0

c 1 0
0 0 1

⎞⎠ , c ∈ C.

D. Guzzetti thanks prof. T. Mochizuki for suggesting this example.
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4.3. Subdominant solutions

We state a result on subdominant vector solutions only in case of distinct eigenvalues. The 
indices i and jo below refer to matrix entries. The following corollary is a direct application of 
Theorem 3.19, the proofs of Lemmas 4.9, of Theorem 4.3 and of Corollary 4.8.

Corollary 4.11. In the assumptions and notation of Corollary 4.8, fix an index jo and let f (M)
jo

(z)

be the jo-th column of F (M)
a (z). Moreover, let τρo < · · · < τρμo−1 be consecutive directions of the 

Stokes rays of the pairs (i, jo), i ∈ {1, . . . , n}, i �= jo. If τρμo−1 − τρ0 < π
r

, then there exist unique 

subdominant vector solutions y(k)
jo

, k ∈Z, with behaviour

y
(k)
jo

(z) = (
f

(M)
jo

(z) + O(z−M−1)
)

exp

⎧⎨⎩
pr−1∑
q=0 

λ
(q)
jo

zαq + Jjojo ln z

⎫⎬⎭ , z → ∞

in every closed subsector of the sector

S
(jo)
k :=

{
z ∈ C̃a

∣∣∣ τρμo−1 + (2k − 1)
π

r
< arg z < τρ0 + (2k + 2)

π

r

}
.

The above has a practical consequence, which improves [94, pag. 86-87].

Proposition 4.12. In the case of Corollary 4.8, let y(z) be a column vector solution with be
haviour

y(z) =
(

M∑
k=0 

fkz
−k + O(z−M−1)

)
exp

⎧⎨⎩λ
(0)
j zr +

pr−1∑
q=1 

λ
(q)
j zαq + Jjj ln z

⎫⎬⎭ , z → ∞ in S,

fk ∈ Cn, f0 �= 0, in a sector S not containing Stokes rays, such that Re((λ(0)
i − λ

(0)
j )zr ) > 0, 

i ∈ {1, ..., n}\{j} and z ∈ S. Then, y(z) is unique and the behaviour holds on a wider sector 
characterized as follows. If τν−1 and τν are the nearest Stokes rays outside S, the wider sector 
contains

{z ∈ C̃∗ | τν−1 − π/r < arg z < τν + π/r}.

4.4. Remark on the parametric case

The results of Section 3.5 can be applied to equation (4.10), after the change of variables 
x = zr . However, the reduction of the initial equation (4.1) to (4.10) involves constructing the 
truncation F (M∗)(z,ω) of a formal solution and the computation of J . These objects are obtained 
through a finite repetition of consecutive shearing transformations and diagonalizations [94], 
where the analytic properties of the quantities involved are not generally well controlled. For this 
reason, we will not further explore the parametric case of (4.1), which lies beyond the scope of 
this paper.
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The case of ramfied irregular singularities with parameters remains an open area of research. 
The reader may refer to [16,78], where some sufficient conditions for the existence of holomor
phic formal solutions with respect to the parameters are provided. In particular, the condition 
that the degrees of qi(z,ω) − qj (z,ω) are independent of ω is imposed. This condition is called 
“well behaviour'' in [78].

Remark 4.13. In [21,18], the reader can find a detailed treatment of both formal and asymptotic 
solutions, in the parametric case, for possibly non-generic systems with irregular singularities of 
Poincaré rank 1. More precisely, in [21,18] the leading term of the coefficients at an irregular 
singularity is assumed to be diagonal, with not-necessarily simple spectrum. See also [28,20, 
19] for geometrical applications. In the isomonodromic case, the dependence of solutions on 
parameters has been extensively studied in the literature. In addition to [21,18], readers may 
refer to [10,15,11--13,42,43].

Data availability

No datasets were generated or analysed during the current study.

References

[1] W. Balser, Formal Power Series and Linear Systems of Meromorphic Ordinary Differential Equations, Springer, 
New York, NY, 1999.

[2] Moulay A. Barkatou, T. Cluzeau, A. Jalouli, Formal solutions of linear differential systems with essential singulari
ties in their coefficients, in: Proceedings of the 2015 ACM on International Symposium on Symbolic and Algebraic 
Computation, 2015.

[3] A. Beilinson, V. Drifled, Opers, arXiv:math/0501398v1 [math.AG].
[4] G.D. Birkhoff, Singular points of ordinary differential equations, Trans. Am. Math. Soc. 10 (1909) 463--470 (Col

lected Works, 1, 201--235).
[5] W. Balser, W.B. Jurkat, D.A. Lutz, Birkhoff invariants and Stokes’ multipliers for meromorphic linear differential 

equations, J. Math. Anal. Appl. 71 (1979) 48--94.
[6] W. Balser, W.B. Jurkat, D.A. Lutz, A general theory of invariants for meromorphic differential equations. I. Formal 

invariants, Funkc. Ekvacioj 22 (1979) 197--221.
[7] W. Balser, W.B. Jurkat, D.A. Lutz, A general theory of invariants for meromorphic differential equations. II. Proper 

invariants, Funkc. Ekvacioj 22 (1979) 257--283.
[8] V. Bazhanov, S. Lukyanov, A. Zamolodchikov, Integrable structure of conformal field theory II. Q-operator and 

DDV equation, Commun. Math. Phys. 190 (2) (1997) 247--278.
[9] V. Bazhanov, S. Lukyanov, A. Zamolodchikov, Higher-level eigenvalues of Q-operators and Schrödinger equation, 

Adv. Theor. Math. Phys. 7 (2004) 711.
[10] M. Bertola, M.Y. Mo, Isomonodromic deformation of resonant rational connections, Int. Math. Res. Pap. (11) (2005) 

565--635.
[11] P. Boalch, G-bundles, isomonodromy, and quantum Weyl groups, Int. Math. Res. Not. (22) (2002) 1129--1166.
[12] P. Boalch, Simply-laced isomonodromy systems, Publ. Math. Inst. Hautes Études Sci. 116 (2012) 1--68.
[13] P. Boalch, Geometry and braiding of Stokes data; fission and wild character varieties, Ann. Math. (2) 179 (2014) 

301--365.
[14] B.L.J. Braaksma, Multisummability and Stokes multipliers of linear meromorphic differential equations, J. Differ. 

Equ. 92 (1991) 45--75.
[15] T. Bridgeland, V. Toeldano Laredo, Stokes factors and multilogarithms, J. Reine Angew. Math. 682 (2013) 89--128.
[16] D.G. Babbit, V.S. Varadarajan, Deformations of nilpotent matrices over rings and reduction of analytic families of 

meromorphic differential equations, Mem. Am. Math. Soc. 55 (325) (1985), iv+147 pp.
[17] F. Carlini, Ricerche sulla convergenza della serie che serve alla soluzione del problema di Keplero, Milan. Translated 

into German by Jacobi in Astron. Nachr. 30 (1850) 197--254 (Werke 7, 189--245).
[18] G. Cotti, B.A. Dubrovin, D. Guzzetti, Isomonodromy deformations at an irregular singularity with coalescing eigen

values, Duke Math. J. 168 (2019) 967--1108.
55 

http://refhub.elsevier.com/S0022-0396(25)00098-1/bibD93594CE31D3748A505C94ED32262361s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibD93594CE31D3748A505C94ED32262361s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib41F60FAB28FCB07B067173DAD0CAF944s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib41F60FAB28FCB07B067173DAD0CAF944s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib41F60FAB28FCB07B067173DAD0CAF944s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibE4AF8DE02B96CAC92E8C25332753B2F3s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib7C807497AC78222DC230759EEF04F622s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib7C807497AC78222DC230759EEF04F622s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibE42AF1FED76228590F7ABEC62CAE39B1s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibE42AF1FED76228590F7ABEC62CAE39B1s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibBEBF33B6F0004B70FCE742A741116226s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibBEBF33B6F0004B70FCE742A741116226s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib1B4E665CEA384ACB229D97CBAF07F37Cs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib1B4E665CEA384ACB229D97CBAF07F37Cs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibDB3A8049475E67B13FB91BE4F9F09E8Cs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibDB3A8049475E67B13FB91BE4F9F09E8Cs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibA5562A93DC6211F36280DA084C282EBBs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibA5562A93DC6211F36280DA084C282EBBs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibE2D2CFDE89058FD6BF02F158DDAED298s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibE2D2CFDE89058FD6BF02F158DDAED298s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib8745FDE5DFAA150C24B0116A7312A684s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibE5C5BF0B59A8B7EDF6B026D4EC9E823Bs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibEB7B91595591D859999F7A82E0848BF0s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibEB7B91595591D859999F7A82E0848BF0s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibB2D232E6192245AA28C50884E87BCD2Es1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibB2D232E6192245AA28C50884E87BCD2Es1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib217338FDD2E737AE91CB2B74118DD1FDs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib1555366C980C77683D451680CBE71216s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib1555366C980C77683D451680CBE71216s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib316A18C29DDB6B86AA65EAD4990CC7CDs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib316A18C29DDB6B86AA65EAD4990CC7CDs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib7FA21668DA4F48E994203F126A259ABBs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib7FA21668DA4F48E994203F126A259ABBs1


G. Cotti, D. Guzzetti and D. Masoero Journal of Differential Equations 428 (2025) 1--58 
[19] G. Cotti, B.A. Dubrovin, D. Guzzetti, Local moduli of semisimple Frobenius coalescent structures, SIGMA 16 
(2020) 105.

[20] G. Cotti, D. Guzzetti, Analytic geometry of semisimple coalescent Frobenius structures, Random Matrices: Theory 
Appl. 6 (4) (2017) 1740004.

[21] G. Cotti, D. Guzzetti, Results on the extension of isomonodromy deformations with a resonant irregular singularity, 
Random Matrices: Theory Appl. 7 (4) (2018) 1840003.

[22] E.A. Coddington, N. Levinson, Theory of Ordinary Differential Equations, McGraw-Hill, 1956.
[23] R. Conti, D. Masoero, Counting monster potentials, J. High Energy Phys. 02 (2021) 059.
[24] R. Conti, D. Masoero, On solutions of the Bethe ansatz for the quantum KdV model, Commun. Math. Phys. 402 

(2023) 335--390.
[25] E. Copson, Metric Spaces, CUP, 1988.
[26] P. Dorey, C. Dunning, R. Tateo, The ODE/IM correspondence, J. Phys. A, Math. Theor. 40 (32) (2007) 1.
[27] P. Dorey, R. Tateo, On the relation between Stokes multipliers and the TQ systems of conformal field theory, Nucl. 

Phys. B 563 (3) (1999) 573--602.
[28] B. Dubrovin, Geometry of 2D topological field theories, in: Integrable Systems and Quantum Groups, in: Lecture 

Notes in Math., vol. 1620, Springer, Berlin, 1996, pp. 120--348.
[29] P.L. Duren, Theory of Hp Spaces, Academic Press, 1970.
[30] R. Godement, Topologie algébrique et théorie des faisceaux, Hermann, Paris, 1998.
[31] J. Ecalle, Les fonctions résurgentes I–II--III, Publ. Math. d’Orsay, Université Paris Sud, 1981--1985.
[32] M.S.P. Eastham, The Asymptotic Solution of Linear Differential Systems. Applications of the Levinson Theorem, 

Cladendon Press, Oxford, 1989.
[33] M.E. Fabry, Sur les integrales des equations différentiellles linéaires à coefficients rationnels, Gauthier–Villars, 

Paris, 1885.
[34] M.V. Fedoryuk, Asymptotic methods in the theory of one-dimensional singular differential operators, Trans. Mosc. 

Math. Soc. 15 (1966) 333--386, in the Am. Math. Soc., translation.
[35] M.V. Fedoryuk, Asymptotic Analysis, Springer-Verlag, Berlin, 1993, viii+363 pp.
[36] B. Feigin, E. Frenkel, Integrals of motion and quantum groups, in: Integrable Systems and Quantum Groups, 

Springer, Berlin, 1996, pp. 349--418.
[37] B. Feigin, E. Frenkel, Quantization of soliton systems and Langlands duality, in: Exploring New Structures and 

Natural Constructions in Mathematical Physics, in: Adv. Stud. Pure Math., vol. 61, Math. Soc. Japan, Tokyo, 2011, 
pp. 185--274.

[38] E. Frenkel, D. Hernandez, Spectra of quantum Kdv Hamiltonians, Langlands duality, and a˙ine opers, Commun. 
Math. Phys. 362 (2) (2018) 361--414.

[39] F.R. Gantmacher, Theory of Matrices, vol. 2, Chelsea Pub. Co., NewYork, 1959.
[40] D. Gaiotto, J.H. Lee, B. Vicedo, J. Wu, Kondo line defects and a˙ine Gaudin models, J. High Energy Phys. 2022 

(2022) 175.
[41] G. Green, On the motion of waves in a variable Canal of small depth and width, Trans. Camb. Philos. Soc. 6 (1837) 

457--462.
[42] D. Guzzetti, Isomonodromic Laplace transform with coalescing eigenvalues and cofluence of Fuchsian singulari

ties, Lett. Math. Phys. 111 (3) (2021) 80.
[43] D. Guzzetti, Isomonodromic deformations along a stratum of the coalescence locus, J. Phys. A 55 (45) (2022) 

455202.
[44] E. Hebey, Nonlinear Analysis on Manifolds: Sobolev Spaces and Inequalities, vol. 5, American Mathematical Soc., 

2000.
[45] H. Hankel, Die Zylinderfunktionen erster und zweiter Art, Math. Ann. 1 (1868) 467--501.
[46] J. Horn, Ueber das Verhalten der Integrale von Differentialgleichungen bei der Annäherung der Veränderlichen an 

eine Unbestimmtheitsstelle, J. Reine Angew. Math. 118 (1897) 257--274.
[47] J. Horn, Verwendung asymptotischer Darstellungen zur Untersuchung der Integrale einer speciellen linearen Dif

ferentialgleichung. I & II, Math. Ann. 49 (3--4) (1897) 453--472, 473--496.
[48] J. Horn, Über eine Klasse linearen Differentialgleichungen, Math. Ann. 50 (1898) 525--556.
[49] J. Horn, Über die asymptotische Darstellung der Integrale linearer Differentialgleichungen, Acta Math. 24 (1900) 

289--308.
[50] J. Horn, Fakultätenreihen in der Theorie der linearen Differentialgleichungen, Math. Ann. 71 (1912) 510--532.
[51] J. Horn, Integration linearer Differentialgleichungen durch Laplacesche Integrale und Fakultätenreihen, Jahresber. 

Dtsch. Math.-Ver. 25 (1916) 74--83.
[52] J. Horn, Integration linearer Differentialgleichungen durch Laplacesche Integrale I, Math. Z. 49 (1944) 339--350.
56 

http://refhub.elsevier.com/S0022-0396(25)00098-1/bibB3115BB55B43BDDBBF9607835B5E8B2Fs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibB3115BB55B43BDDBBF9607835B5E8B2Fs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib1480E39E1F1B711E057EEE2821CDA761s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib1480E39E1F1B711E057EEE2821CDA761s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibB8109E07D9E9A82C85A98A7422C5929Ds1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibB8109E07D9E9A82C85A98A7422C5929Ds1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib1F218F3A00C026E5971BD2CC43600143s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib90D22BADF1F3808247933D2037C3B335s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib89FFA304AB48C17FB7A5421A3E9C57A0s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib89FFA304AB48C17FB7A5421A3E9C57A0s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib5CEE15BA4858D5BBD8FE7779BB813F90s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib2889F869E88D1919414FDED5D8EFB1E0s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib4D63EC1AA4C46738107033714ADF7189s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib4D63EC1AA4C46738107033714ADF7189s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib7F583FC209BE67EFA3004A6B0EFE8C95s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib7F583FC209BE67EFA3004A6B0EFE8C95s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib3C934E46540C3DE5AF00DB85A87D3566s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibB4728101E6E2B29551B322305516FEF4s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibB1BAFB3F3A86A4988F34ECEB2FDD92EEs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibA059B8BC6F83EF2ED98151115E60FF2Es1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibA059B8BC6F83EF2ED98151115E60FF2Es1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib2751D24B3428F948A1959898C0315B57s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib2751D24B3428F948A1959898C0315B57s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib022F45D8BD89F3420C9FA9605A73F7DCs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib022F45D8BD89F3420C9FA9605A73F7DCs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibD282AE8B598F61B64D7BC61EA28BD084s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibA170F6DE49CD33F15C16655C38BCDDFCs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibA170F6DE49CD33F15C16655C38BCDDFCs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib1FD406685CBDEE605D0A7BEBED56FDB0s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib1FD406685CBDEE605D0A7BEBED56FDB0s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib1FD406685CBDEE605D0A7BEBED56FDB0s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib29A42EEE21608E6C4E85903B70051B60s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib29A42EEE21608E6C4E85903B70051B60s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib833FF5E41191B098E761ADD1E6A90FF6s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib024EF3FCC728316D6FD2B85711BCA6A5s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib024EF3FCC728316D6FD2B85711BCA6A5s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib73F0B1F2E2AF1CF1EEE1A9A475E7BC8Cs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib73F0B1F2E2AF1CF1EEE1A9A475E7BC8Cs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib75BB66B2CC18235631EF21F5C4D12E2Cs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib75BB66B2CC18235631EF21F5C4D12E2Cs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibFF8F5974B12BD64B206CB8FE4DB68256s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibFF8F5974B12BD64B206CB8FE4DB68256s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib985E01035558597DD8CD5762D11773FAs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib985E01035558597DD8CD5762D11773FAs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib80362D13BB934EEE84F97350D55B92D7s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib65832A0B8ABE1D3B573C4E810715B85Cs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib65832A0B8ABE1D3B573C4E810715B85Cs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib41176302E941F69D2BC5D8954B9732ABs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib41176302E941F69D2BC5D8954B9732ABs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib07A6C31F893E4717B2AF6AB4936E9B36s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib2141A5238BE0D1457E0C940DD9544C08s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib2141A5238BE0D1457E0C940DD9544C08s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibE20F164A1054EC8CF5A7C9435560A17Cs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib9B0A10ABB151D3BF0F3E91233766EC93s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib9B0A10ABB151D3BF0F3E91233766EC93s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib440749A48E259201AB314621D11DFE79s1


G. Cotti, D. Guzzetti and D. Masoero Journal of Differential Equations 428 (2025) 1--58 
[53] J. Horn, Integration linearer Differentialgleichungen durch Laplacesche Integrale II, Math. Z. 49 (1944) 684--701.
[54] M. Hukuhara, Sur les points singuliers des équations différentielles linéaires II, J. Fac. Sci., Hokkaido Univ. 5 (1937) 

123--166.
[55] E.L. Ince, Ordinary Differential Equations, Dover, 1926.
[56] Y. Ilyashenko, S. Yakovenko, Lectures on Analytic Differential Equations, A, vol. 86, American Mathematical Soc., 

2008.
[57] V. Kac, Ifinite Dimensional Lie Algebras, Cambridge University Press, Cambridge, 1990.
[58] J.A. Lappo-Danilevsky, Mémoires sur la théorie des systèmes des équations différentielles linéaires, vol. I–III, 

Chelsea, 1953, Individual volumes first published in Trav. Inst. Stekloff, 1934, 6--8.
[59] A.M. Legendre, Essai sur la théorie des nombres, Courcier, Paris, 1798.
[60] N. Levinson, The asymptotic nature of solutions of linear systems of differential equations, Duke Math. J. 15 (1) 

(March 1948) 111--126.
[61] J. Liouville, Sur le développement des fonctions ou parties de fonctions en séries dont les divers termes sont assujétis 

a satisfaire à une meme equation différentielle du second ordre, contenant un paramètre variable, III, J. Math. Pures 
Appl. 2 (1837) 418--436.

[62] M. Loday-Richaud, Divergent Series, Summability and Resurgence II, Lecture Notes in Mathematics, Springer, 
2016.

[63] S. Lukyanov, A. Zamolodchikov, Quantum sine (h)-Gordon model and classical integrable equations, J. High Energy 
Phys. 7 (2010) 1--40.

[64] P. Masani, On a result of G.D. Birkhoff on linear differential equations, Proc. Am. Math. Soc. 10 (1959) 696--698.
[65] D. Masoero, E. Mukhin, A. Raimondo, The Q-functions for lambda opers, arXiv:2312.08842.
[66] D. Masoero, A. Raimondo, Feigin–Frenkel--Hernandez opers and the QQ--system, Commun. Math. Phys. 405 

(2024) 193, https://doi.org/10.1007/s00220-024-05064-w.
[67] D. Masoero, A. Raimondo, Opers for higher states of quantum KdV models, Commun. Math. Phys. 378 (1) (2020) 

1--74.
[68] D. Masoero, A. Raimondo, D. Valeri, Bethe ansatz and the spectral theory of a˙ine Lie algebra-valued connections 

I. The simply-laced case, Commun. Math. Phys. 344 (3) (2016) 719--750.
[69] D. Masoero, A. Raimondo, D. Valeri, Bethe ansatz and the spectral theory of a˙ine Lie algebra–valued connections 

II. The non simply–laced case, Commun. Math. Phys. 349 (3) (2017) 1063--1105.
[70] C. Mitschi, D. Sauzin, Divergent Series, Summability and Resurgence I, Lecture Notes in Mathematics, Springer, 

2016.
[71] B. Pogorzelski, Integral Equations and Their Applications, Pergamon Press, 1966.
[72] H. Poincaré, Sur les équations linéaires aux différentielles ordinaires et aux différences finies, Am. J. Math. 7 (1885) 

1--56 (Oeuvres 1, 226--289).
[73] H. Poincaré, Sur les intégrales irrégulières des équations linéaires, Acta Math. 8 (1886) 295--344 (Oeuvres 1, 

290--332).
[74] J.-P. Ramis, Dévissage Gevrey, Astérisque 59--60 (1978) 173--204.
[75] J.-P. Ramis, Les séries k-sommable et leurs applications, in: D. Iagolnitzer (Ed.), Complex Analysis, Microlocal 

Calculus and Relativistic Quantum Theory, in: Lecture Notes in Physics, vol. 126, Springer, 1980, pp. 178--199.
[76] M. Reed, B. Simon, Methods of Modern Mathematical Physics I: Functional Analysis, Academic, INC, 1980.
[77] M.I. Rapoport, On the asymptotic behavior of solutions of linear differential equations, Dokl. Akad. Nauk SSSR 

(N. S.) 78 (1951) 1097--1100 (Russian).
[78] R. Schäfke, Formal fundamental solutions of irregurar singular differential equations depending upon parameters, 

J. Dyn. Control Syst. 7 (2001) 501--533.
[79] A. Schlissel, The development of asymptotic solutions of linear ordinary differential equations, 1817-1920, Arch. 

Hist. Exact Sci. 16 (4) (1977) 307--378.
[80] Y. Sibuya, Simplfication of a system of linear ordinary differential equations about a singular point, Funkc. Ekvacioj 

4 (1962) 29--56.
[81] Y. Sibuya, Perturbation of linear ordinary differential equations at irregular singular points, Funkc. Ekvacioj 11 

(1968) 235--246.
[82] Y. Sibuya, Linear Differential Equations in the Complex Domain: Problems of Analytic Continuation, Transl. Math. 

Monographs, vol. 82, Amer. Math. Soc., Providence, R.I., 1990.
[83] G. Stokes, On the numerical calculation of a class of definite integrals and ifinite series, Trans. Camb. Philos. Soc. 

9 (1856) 166--187 (Math. and Phys. Papers 2, 329--357).
[84] G. Stokes, On the discontinuity of arbitrary constants which appear in divergent developments, Trans. Camb. Philos. 

Soc. 10 (1864) 106--128 (Math. and Phys. Papers 4, 77--109).
57 

http://refhub.elsevier.com/S0022-0396(25)00098-1/bibD27105335ECFA8EC03D363261DB2F987s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibE098537B0F6192D99AF8A0DBAFC6BF2As1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibE098537B0F6192D99AF8A0DBAFC6BF2As1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibE6167AF55686798AD9EF1B1B40B35F65s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibB975C174D527C648049EFE5AC2C5EFFCs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibB975C174D527C648049EFE5AC2C5EFFCs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibA5F3C6A11B03839D46AF9FB43C97C188s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib68D56F2C46683F9427CEF70932DAEF9Fs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib68D56F2C46683F9427CEF70932DAEF9Fs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibD7C20D549B23C160EA0799BEF8CF87FFs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibC78E20002CDD6C889EE8919CDE4BDD4Cs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibC78E20002CDD6C889EE8919CDE4BDD4Cs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib75B62AE3C29CC157292EA27BB6C37EB8s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib75B62AE3C29CC157292EA27BB6C37EB8s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib75B62AE3C29CC157292EA27BB6C37EB8s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib5799C489221C172EF2F3F741FA545075s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib5799C489221C172EF2F3F741FA545075s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib435AEBF33C2947893BC8AE2A2B0F8B3Bs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib435AEBF33C2947893BC8AE2A2B0F8B3Bs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib29359693CF961E4F69044B2A3596298Ds1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibDA27331778ABA3D85176F2C76F49BCC8s1
https://doi.org/10.1007/s00220-024-05064-w
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibB0104FDEE2813F432FBBF65502073071s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibB0104FDEE2813F432FBBF65502073071s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibA401A35D008EF76FE387578408378C9Ds1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibA401A35D008EF76FE387578408378C9Ds1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibA590D21BE4D384199C57BC1D175F87FBs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibA590D21BE4D384199C57BC1D175F87FBs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibEC5AFBABF7771B36727F7627A74F341Es1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibEC5AFBABF7771B36727F7627A74F341Es1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibD70CEFBD14D68506F040ED6565945789s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibDB4F4F5521383A068CF654F9551B488Es1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibDB4F4F5521383A068CF654F9551B488Es1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib7CEE8F8D7FFBF544F19843931F860C73s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib7CEE8F8D7FFBF544F19843931F860C73s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib75AE0A345B624184C7283DD077FC8E3Bs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibCAF83AA29B979F9AF4EECB89E770EB13s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibCAF83AA29B979F9AF4EECB89E770EB13s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib2ADD82491727F542B0EBD0D3DA501839s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibF990A0B5FA480FD82D66ECF614DD20E2s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibF990A0B5FA480FD82D66ECF614DD20E2s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibBCBA2C9FFFAAFD681774D2E50256DD62s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibBCBA2C9FFFAAFD681774D2E50256DD62s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib6C66D627BA6B6399EBB4CAFFFC7D597Es1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib6C66D627BA6B6399EBB4CAFFFC7D597Es1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib24256E64506B80B58537BE427F089E32s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib24256E64506B80B58537BE427F089E32s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibA059239714716BD7FE1133B71B1B2FA8s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibA059239714716BD7FE1133B71B1B2FA8s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib2A5C8D170D803C2C0E3ADC952B095E62s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib2A5C8D170D803C2C0E3ADC952B095E62s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib5EEB100A1556B5014788E0C61F715EF3s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib5EEB100A1556B5014788E0C61F715EF3s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib10DE50CAD6106A2F6D1AB18FDB983B76s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib10DE50CAD6106A2F6D1AB18FDB983B76s1


G. Cotti, D. Guzzetti and D. Masoero Journal of Differential Equations 428 (2025) 1--58 
[85] G. Stokes, Supplement to a paper on the discontinuity of arbitrary constants which appeared in divergent develop
ments, Trans. Camb. Philos. Soc. 9 (1871) 412--425 (Math. and Phys. Papers 4, 283--298).

[86] L.W. Thomé, Zur Theorie der linearen Differentialgleichungen, J. Reine Angew. Math. 83 (1877) 89--111.
[87] L.W. Thomé, Zur Theorie der linearen Differentialgleichungen, J. Reine Angew. Math. 96 (1884) 185--281.
[88] W.J. Trjitzinsky, Analytic theory of linear differential equations, Acta Math. 62 (1933) 167--226.
[89] W.J. Trjitzinsky, Laplace integrals and factorial series in the theory of linear differential and linear difference equa

tions, Trans. Am. Math. Soc. 37 (1935) 80--146.
[90] H.L. Turrittin, Asymptotic Expansions of Solutions of Systems of Ordinary Linear Differential Equations Contain

ing a Parameter, Contributions to the Theory of Nonlinear Oscillations, vol. II, Princeton University Press, Princeton, 
N.J., 1952, pp. 81--116.

[91] H.L. Turrittin, Convergent solutions of ordinary linear homogeneous differential equations in the neighborhood of 
an irregular singular point, Acta Math. 93 (1955) 27--66.

[92] H.L. Turrittin, Reduction of ordinary equations differential to the Birkhoff canonical form, Trans. Am. Math. Soc. 
107 (1963) 485--507.

[93] E. Wagenfürer, On the computation of formal fundamental solutions of linear differential equations at a singular 
point, Analysis 9 (1989) 389--405.

[94] W. Wasow, Asymptotic Expansions for Ordinary Differential Equations, Dover, 1965.
58 

http://refhub.elsevier.com/S0022-0396(25)00098-1/bib6F0F071C0BC5D12ED967F46BB2747A48s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib6F0F071C0BC5D12ED967F46BB2747A48s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib9EDAB1CFDD4C097E3DA6DE8504820486s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibE265A9134FE9F19F85F089131AB848BFs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib0817C7EFDE1C06D48B629461A730F0BFs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib6311D48039FFF9E70F48A012E95FB13Bs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib6311D48039FFF9E70F48A012E95FB13Bs1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibCB9F64E8E4610A0EA9B0470C78785945s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibCB9F64E8E4610A0EA9B0470C78785945s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibCB9F64E8E4610A0EA9B0470C78785945s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibCA8774A9BF1AAE05E676409DD6106405s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibCA8774A9BF1AAE05E676409DD6106405s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib3A3EC640A80AAF012E0C54F7035412C6s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib3A3EC640A80AAF012E0C54F7035412C6s1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib557B179A854EB14CAD56E5B239641A7As1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bib557B179A854EB14CAD56E5B239641A7As1
http://refhub.elsevier.com/S0022-0396(25)00098-1/bibAA77D8C3A6E5CCA7C6D6C12E0369E381s1

	Asymptotic solutions for linear ODEs with not-necessarily meromorphic coefficients: A Levinson type theorem on complex doma...
	1 Introduction
	1.1 Asymptotically diagonal systems
	1.2 Description of the main results
	1.3 Applications
	1.4 Some historical remarks
	1.5 Structure of the paper

	2 A Levinson type theorem on the complex domain
	2.1 Notations and preliminary notions
	2.2 The main theorem
	2.3 The space HJ,a, and the integral operators K±
	2.4 Proof of Theorem 2.6
	2.5 The case of subdominant solutions
	2.5.1 Proof of Theorem 2.13 and of Corollary 2.14

	2.6 The main theorem with parameters
	2.7 Proof of Theorem 2.21
	2.8 Subdominant solutions with parameters

	3 An ODE with not-necessarily meromorphic coefficients
	3.1 Setup and Stokes rays
	3.2 Adequate tuples, and first application of the main theorem
	3.3 Proof of Theorem 3.10
	3.4 Subdominant solutions
	3.5 Parametric case
	3.6 Applications to the ODE/IM correspondence

	4 The case of ODEs with meromorphic coefficients
	4.1 Preliminaries on formal solutions
	4.2 r-adequate tuples, and second application of the main theorem
	4.3 Subdominant solutions
	4.4 Remark on the parametric case

	Data availability
	References


