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Abstract: For an N x N Haar distributed random unitary matrix Uy, we consider the
random field defined by counting the number of eigenvalues of Uy in a mesoscopic arc
centered at the point « on the unit circle. We prove that after regularizing at a small scale
en > 0, the renormalized exponential of this field converges as N — oo to a Gaussian
multiplicative chaos measure in the whole subcritical phase. We discuss implications of
this result for obtaining a lower bound on the maximum of the field. We also show that
the moments of the total mass converge to a Selberg-like integral and by taking a further
limit as the size of the arc diverges, we establish part of the conjectures in Ostrovsky
(Nonlinearity 29(2):426-464, 2016). By an analogous construction, we prove that the
multiplicative chaos measure coming from the sine process has the same distribution,
which strongly suggests that this limiting object should be universal. Our approach to the
L'-phase is based on a generalization of the construction in Berestycki (Electron Com-
mun Probab 22(27):12, 2017) to random fields which are only asymptotically Gaussian.
In particular, our method could have applications to other random fields coming from
either random matrix theory or a different context.

1. Introduction

1.1. Background and results for the CUE. The study of Gaussian fields with logarithmic
correlations has seen many recent developments in the last few years. One of those
concerns a relation to the eigenvalues of random matrices, which can be traced back to a
work of Hughes, Keating and O’Connell [37]. They studied the characteristic polynomial
of random N x N matrices Uy sampled from the unitary group according to the Haar
measure, also known as the Circular Unitary Ensemble (CUE). One of their key results
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was to prove that Zy () = V2 log | det(e’? —Uy) | convergesinlaw as N — ootoalog-
correlated Gaussian field which corresponds to the restriction of the two-dimensional
Gaussian Free Field on the unit circle. This field can be represented as the Fourier series:

1 o €7ik0
Z(G)zﬁRe{ZWZk}, (1.1)
k=1

where Z arei.i.d. standard complex Gaussian variables. In particular, almost surely, this
series does not converge in L*(T), and Z(6) only exists as a random distribution, or a
generalized random function with correlation kernel E(Z(9)Z(9')) = — log |e'? — el l.

More recent developments concern the extreme value statistics of the field Zy (6)
and on the related issue of making sense of its exponential in the limit as N — oo.
The authors of [26,27] gave a very precise conjecture for the maximum value of Zy (6),
which has recently seen significant progress [1,13,57]. This conjecture is intimately
related to the following! concerning the total mass of the field Zy (6).

Conjecture 1.1 (Fyodorov and Keating [27]). Let y > 0 and define
2
MY = fo e’ gg (1.2)

For any q € N such that y*q < 2, we have

2 . .
tim N BN = Cy [ € — %7 a6, ...da,
T o 1si<ksy (13)
r(—y%q/2)

~ I = y2)2)

= q Gy /N2 ; : :
where Cy, , = (21) Gy V2 and G () is the Barnes G-function.

The case ¢ = 2 of Conjecture 1.1 was solved by Claeys and Krasovsky [14] by
a rather delicate asymptotic analysis of Toeplitz determinants with merging Fisher—
Hartwig singularities.” For ¢ # 1, 2, this conjecture remains an open problem. On the

other hand, the normalization by N ~"2" on the left-hand side of (1.3) suggests that

N ZMX, might converge in distribution to a non-trivial limiting random variable as
N — oo, at least for some range of y values. This has been shown by Webb [70]
for any y < 1. The condition y < 1 is called the L?-phase because it is precisely
the regime where the second moment (case ¢ = 2 of (1.3)) is finite. Webb showed
that the limiting random variable can be described in terms of Gaussian multiplicative
chaos (GMC), a theory devoted to properly defining the exponential of a log-correlated
Gaussian field. These exponentials are interpreted as random measures and are naturally
linked to the geometric properties of the fields. This topic is currently under intense

1 For convenience we state Conjecture 1.1 for g € N. The full conjecture given by these authors involves
an analytic continuation to ¢ € C which allowed them to calculate the extreme value statistics of Zy (6) by
invoking the so-called ‘freezing scenario’ expected of log-correlated Gaussian processes.

2 Claeys and Krasovsky also obtain the asymptotics for the so-called critical and super-critical regimes of
the second moment (y = 1 and y > 1 respectively). For general ¢ with y2q > 2 the asymptotic order of
magnitude was conjectured by Fyodorov and Keating [27].
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investigation, partly because of its applications in subjects such as Liouville quantum
gravity, turbulence or mathematical finance, see [60] for a review. We provide a detailed
discussion of GMC in Appendix B, but the basic idea can be summarised as follows.
Consider a Gaussian field G («) on a domain 2 ¢ R¢ with mean zero and covariance

E(G)G(v)) = log +g(u, v) (1.4)

lu — vl

where g(u, v) is bounded and continuous. Because of the logarithmic singularity in (1.4),
G (u) is not an ordinary function, so one wishes to regularize it in some way, obtaining
G¢(u) which is a smooth Gaussian field for every finite ¢ > 0. Then one may consider
the exponential of the field G.(u) and remove the diverging part in order to take the
limit as € — 0. Typically, one finds that this limit does not depend on the regularization
procedure. This was first established by Kahane [41,42], using martingale methods and
more recently extended to other regularizations, such as convolutions.

Theorem 1.2 (Robert and Vargas [62], Berestycki [5]). Let G be a log-correlated Gaus-
sian field and ¢ a smooth probability density function (mollifier) on RY. For any € > 0,
let Ge = G % ¢ be the convolution of G with ¢c(x) = éq&(f). For any function
w € LYR?) uniformly bounded with compact support, define the family of random
variables

2
VY (w) = f eV Ge =" Var(Ge )y () gy (1.5)

Then for every y < /2d, vl (w) converges in L' (P) to a non-trivial random variable
vY (w) as € — 0. This limit does not depend on the mollifier ¢ and v¥ defines a random
measure which is called the GMC measure associated with the field G.

The aim of this paper is to establish proofs of this convergence for fields which are
only asymptotically Gaussian and log-correlated. Our main interest in such fields will
be those which naturally arise in random matrix theory, but our theory is likely to apply
in other situations.

We now define our main objects of study for the CUE. Let ¢!, ..., ¢V denote the
eigenvalues of a Haar distributed random unitary matrix Uy, with the convention that
01, ...,0y € [—m, m). We consider the random process u — Wy (1) which counts the
number of eigenangles in an interval centered around u:

N
Wn @) =Y xu(N%0)), (1.6)
j=1

where x,(x) = w1|x_y<¢/2 for some fixed £ > 0. We emphasize that throughout the
paper, the role played by u is that of the spatial variable of the random process under
consideration. The parameter « is called the spectral scale and the process (1.6) can be
studied in three different regimes. In the microscopic regime o = 1, the field Wy (u)
converges weakly as N — oo to a counting function for the sine process which is not a
Gaussian process, but we will come back to this in Sect. 1.3. On the other hand, either
in the mesoscopic regime® 0 < o < 1 or in the global regime o = 0, if centered, the
process Wy (1) will converge in a certain sense to a log-correlated Gaussian field. We

3 Mesoscopic means that the number of objects (zeroes, eigenvalues) that are being counted goes to infinity,
whereas the length of the interval, over which they are being counted, goes to zero.
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will focus on the mesoscopic regime where the geometry of the spectrum is unimportant,
although our theory also applies for « = 0 with minor changes. Inspired by Theorem 1.2,
we will work with the following family of regularizations instead of working directly
with the counting statistics (1.6). Let ¢ be a mollifier and define

N
Xn.e(@) =) (xu * ¢e) (N*0)) (1.7)

j=1

where ¢ (0) = é¢> (g) Throughout the paper, we use the notation X y ¢y := Xy ¢y —
[EXw ¢y todenote arecentering by the expectation. The smoothed fields (1.7) were intro-
duced in [55] in the context of counting statistics of the Riemann zeros. The parameter
€ > 0 controls the scale of regularization for Xy («#), which we will allow to converge
to zero as the dimension N — oo. Roughly speaking, the speed at which the sequence
ey — 0 controls how close the centered field X y ¢, is to a Gaussian process for large
N.

For fixed € > 0, (1.7) is a smooth linear statistic and by Soshnikov’s central limit
theorem (CLT) [68], for every u € R, we have the convergence in distribution to a
Gaussian random variable,

Xn.elu) =N (0, / |k||xm€(k>|2dk>, (1.8)
R

as N — o0, see formula A.1 for our normalization of the Fourier transform. A direct
calculation with the limiting variance in (1.8) easily shows (using e.g. the fact that
the Fourier transform of x, decays as 1/k for large k) that Var(Xy (1)) ~ logé
as N — oo followed by € — 0. In general, the covariance structure coming from
Soshnikov’s CLT is associated with an H'/? Sobolev space in the following way: for
any functions g, h € Cé ®),

N N

li N%9. ag. — 5 (VA (—
lim Cov j§_1g< e,),;_lﬁh(zv 0,) A k1§ (k) (—k) dk
1
=-— [ &'h'(y) log dxdy.
272 g2 |x — |
(1.9)

This is suggestive of a logarithmic covariance structure underlying the mesoscopic
statistics of CUE eigenvalues. Applied to the statistic (1.7), one can easily show that for
u,v € R fixed (u # v), we have

lim lim Cov(Xy.c(u), Xy.e(v)) = log +log [€2 — (u—v)}|'2. (1.10)
€0 N—oo |

lu —v

By analogy with (1.5), we are going to study the convergence of the following quantity
as N — oo, where € may converge to zero with N.

— 2 —
,uﬁ/v’(iUE(w) :=/ eV XN = Var(Xn.c) (1) dy, (1.11)
’ R

where w € L' (R) has compact support.
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Theorem 1.3. Consider the regularized statistic (1.7) with £ > 0 and mesoscopic scale
0 < o < 1 fixed. Suppose that ey — 0 in such a way that for some k > 0,

Netey! = NQOO(N—K). (1.12)

Then for every 0 < y < /2 and w € L'(R) uniformly bounded with compact support,
we have the convergence in distribution

piOEw) =07 (w), N — oo, (1.13)

where vY is the GMC measure defined in Theorem 1.2 with g (u, v) = log |2 —|u—v|?| /2
in the covariance formula (1.4).

Remark 1.4. The reader may observe that g(u, v) in Theorem 1.3 is not bounded below,
as in the hypothesis of Theorem 1.2. However, it is easy to see that precisely the same
steps carried out in [5] for constructing the multiplicative chaos measure show that this
assumption is not required, the main crucial point being that g(u, v) is bounded above.

Remark 1.5. In the following, we interpret v} in (1.5) and MZSUE in (1.11) as absolutely

continuous random measures and we will use the notation v (S) = v/ (1s) for any

compact Borel subset S C R? and similarly for M%ESE

The condition (1.12) is rather natural and we will discuss its meaning and necessity
in the next subsection, but we mention that its importance was first emphasized for
smoothed statistics of the Riemann zeros in work of the second author [55]. There it
is shown that (1.12) is the natural slow decay condition both for keeping the statistic
mesoscopic and for preserving its H '/?>-Gaussianity under smoothing.

It turns out that the appearance of the H !/?-Gaussian noise is remarkably universal in
the mesoscopic limit of one dimensional ensembles with random matrix type repulsion
and this problem has attracted renewed interest in the last couple of years. For instance,
the analogue of Soshnikov’s CLT (1.9) was obtained for the GUE [28], more general
invariant ensembles [12,46], Wigner matrices [23,34,47], B-ensembles [2,10] and for
zeros of the Riemann zeta function [11,63]. It is likely the counterpart of Theorem 1.3
continues to hold for these models as well. To add some weight to this assertion, we will
present the proof of Theorem 1.3 under some general criteria (see Theorem 1.7 below)
and provide an analogous result for the sine process, that is the random point process
which describes the microscopic limit of a wide class of Hermitian random matrices,
see Sect. 1.3. Thus, from the point of view of Gaussian multiplicative chaos, one may
view the different ensembles of random matrices as alternative ways of regularizing a
log-correlated Gaussian field.

We also prove a result establishing the convergence of the g-moments of (1.11) and
a relation to Selberg integrals. Although ¢ is fixed in Theorem 1.3, we now consider the
case where £ = L(N) — oo as N — oo. Similarly, the rate at which L(N) — oo is
naturally restricted by the mesoscopic scale,

L(N)log(N) = o (N%). (1.14)

Under this restriction we prove that the moments of the total mass are given by ratios of
Gamma functions in the limit N — oo.
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Theorem 1.6 (Moments of the total mass and Selberg integrals). Let 0 < o < 1 and
suppose that the conditions (1.12) and (1.14) are operative. Then for any r > 0 and
g € N such that y*q < 2, we have

Jim LN 7 OR [(M;VJ,ESE([O, r]))q]

= lim lim lim z—Vz(‘é)E[(va’iUE[O, r])q]

l—00e—->0N—>o0

2
:/[O " [A@)|7 duy ...dug
Na

qg—1 . .
e ] L0 DY /221 - jy*/2) 115)
j=0

A Tra=ra =g+ -y

where A(u) = H1§j<k§q (ug — uj).

This theorem may be viewed as a smoothed analogue of Conjecture 1.1 and solves the
case g € N of the conjectures posed by the second author in [55]. In the latter paper, the
double limit N — oo followed by € — 0 is referred to as the weak conjecture, while the
more fundamental single limit in the first equality is the strong conjecture. Theorem 1.6
demonstrates the equivalence of the strong and weak limits for positive integer g € N.
The full statement of these conjectures consist of assertions valid for any g € C; such
generality is beyond the scope of this paper, though one expects Theorem 1.6 to hold
for general g € C with the appropriate analytic continuation of the Selberg integral as

explained below, c.f. equation (49) in [55]. The exponent of the factor rqﬂ’z(g) in (1.15)
is known as the structure exponent and its quadratic dependence on g are associated
with the multi-fractal nature of the underlying random measures [60]. It is natural to ask
what happens if we take a different interval in (1.6); indeed in [55] the examples [0, u]
and [—L(N), u] are studied in detail and the analogous results conjectured there for
q € N follow easily with our approach. In fact the second example [—L(N), u] behaves
similarly to our interval [u — L(N)/2, u+ L(N)/2] with L(N) — oo. However, it turns
out that the random measures corresponding to these examples are not normalizable in
the usual GMC sense of (1.11). We leave it as an interesting open problem to find a
mathematically rigorous way of normalizing the GMC measures corresponding to these
interval statistics.

The integral on the second line of (1.15) is a particular case of a multi-dimensional
integral known as Selberg’s integral, due to its explicit evaluation by Selberg in 1944,
see [24] for a detailed historical review (similarly the integral in (1.3) is referred to
as the Dyson integral). It is known that the Dyson and Selberg integrals describe the
moments of the total mass of the Bacry-Muzy Gaussian multiplicative chaos measure on
the circle and the interval, respectively. Hence the problem of extending these integrals
to meromorphic functions of ¢ € C in such a way that the resulting function is the Mellin
transform of a probability distribution is of fundamental importance as the probability
distribution is then naturally conjectured to be that of the total mass. This problem was
solved by Fyodorov and Bouchaud [25] for the Dyson integral, heuristically by Fyodorov
et. al. [30] and independently and rigorously by the second author [52,53,56] for the
Selberg integral, see also [54] for the Morris integral. These analytic extensions are
fundamental in the theory of log-correlated Gaussian processes [25-27,29-31] as they
lead to precise conjectures about the explicit form of the extreme value statistics, by an
analogy with the so-called derivative martingale coming from branching processes. The
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connection between the derivative martingale and the distribution of the maximum has
been rigorously proved for a certain class of log-correlated Gaussian fields [21].

In view of our Theorems 1.3 and 1.6, it is reasonable to ask whether they tell us
anything new about eigenvalue statistics of the CUE. It turns out that Theorem 1.3 can
be used to obtain a lower bound on the maximum of the process Wy (u), (1.6). Namely, by
first proving a lower bound for the maximum of the field YN’G v (@) whereey = N~ L+
and ¥ > 0 is small and then by taking care of removing the regularization, it can be
shown that

lim P[max Wy (1) > ENl—‘”+(«/§—5)1og1\/1—“} =1, (1.16)
N—oo |[[ul=C 2
for any mesoscopic scale 0 < o < 1, any small § > 0, and for any large C > 0. Note
that E[Wxy(u)] = %N 1= and the constant /2 corresponds to the GMC critical value
in dimension 1. In the global regime, our method produces the same bound with ¢ = 0
and C = mr, providing a result analogous to [1, Theorem 1.2] about the leading order of
the maximum of the imaginary part of the characteristic polynomial. In this case, it is
known that the GMC critical value describes the leading order of the maximum of the
field in the sense that for any § > 0,

¢
lim P |:max Wy (u) < ENI_“ + (/2 +8)log N:| =1. (1.17)

N—oo lu|<mw

In general, it is a difficult task to establish a lower bound for the extreme values of
log-correlated fields. On the other hand, we will prove in a future publication that the
bound (1.16) follows from the convergence (1.13) provided that it holds throughout the
subcritical phase. The main idea is simple and relies on the fact that the random measure

,ux,igE lives on the set of y -thick points:

TV = [x €A Xy.ey(x) > yE [YN,EN(x)Z]] , (1.18)

for large N, so that if its limit is non-trivial, there must exist (random) points where the
field takes atypically large values. It is an interesting question whether the convergence
of the exponential measure in the critical case, y = +/2d, would yield some further
information about extreme value statistics and whether it is possible to extend the validity
of Theorem 1.3 to this case.

An interesting consequence of the lower-bound (1.16) concerning eigenvalue rigid-
ity* is that for any § > 0 and scale @ < 1, when N is large there exists an arc A of size
N7% so that

#0; € A} > E[#{0; € A} + (V2 — &) log (N|A]), (1.19)

with high probability. That is the eigenvalues are over-crowded in this arc, since one
typically expects the second term in (1.19) to be of order /log N. We are planning
in future work to further discuss the consequences of our results for extreme value
statistics of log-correlated fields and eigenvalue rigidity in the random matrix context.
In particular, for the sine process using the results of Sect. 1.3.

4 By rigidity, we mean that the number of CUE eigenvalues contained in any (mesoscopic) arc A on the
unit circle concentrates near its mean \AI% with high probability when the dimension N is large.
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1.2. Strategy of the proof. In order to prove Theorem 1.3, we develop a general method
for constructing multiplicative chaos measures in models where the log-correlated fields
are only asymptotically Gaussian. In general, this requires asymptotics for the exponen-
tial moments of the field, which is much stronger than the usual approximation given
by a CLT such as (1.8). The precise assumptions of our theory are rather technical and
we present them in full detail in Sect. 2 together with the proof of Theorem 1.7 below.
In this introduction, for the sake of transparency, we formulate our results in a simpler
setting which is closer to that described in Sect. 1.1, but remains rather general.

Theorem 1.7. As in Theorem 1.2, let G be a log-correlated Gaussian field with covari-
ance (1.4), ¢ be a mollifier, and G = G * ¢ for any € > 0. For each N € N, let
(X N,e(W))uecu,ec(0,1] be a centered random field on A C RY (not necessarily Gaussian).
Suppose that there exists a sequence 8y — 0 as N — 00 so that for any g € N and
y eRY,

q 1
108E[GXP(ZVJ'XN,5,(M/‘)>} =3 Z VivkE[Ge, uj)Ge ()] + o(1)  (1.20)

j=1 jk=1 N=co

uniformly for allu € A9 and € € (8, 119. Then, forany 0 < y < ~/2d and w € L' ()
uniformly bounded, the sequence of random variables

2
,ui/v(w) = /e”XN-‘SN(“)*yTE[XN*‘SN(”)z] w(u) du (1.21)

converges in distribution to the random variable v¥ (w) where v¥ is the GMC measure
defined in Theorem 1.2 associated with the field G.

Let us note that in the above, the field X y ¢ (1) need not be defined on the same proba-
bility space for different N. Theorem 1.7 establishes the convergence to a GMC measure
in the whole subcritical phase y < ~/2d. The proof is inspired by the elementary argu-
ment introduced by Berestycki [5] for establishing Theorem 1.2. Our main contributions
are to single out the assumptions needed to apply these ideas in a setting where the fields
are only asymptotically Gaussian and find a way to replace the Gaussian techniques (like,
for instance, the use of Girsanov’s theorem) with other estimates using the strong asymp-
totics® (1.20). The strategy of the proof of Theorem 1.7 consists in constructing a (ran-
dom) set & C 2 which depends on the parameters 0 < y < +/2d and N € Nin such a
way that ML (wlg) is uniformly bounded in L*(P) andlimy— o0 E [ML (u)]lgl\g)] =0.
This second moment computation makes essential use of the uniformity of the error term
in the asymptotics (1.20). These properties show that the sequence of random variables
,u% (w) is tight and we identify its limit by showing that

. d ;. . d
lim w% (w) = lim lim u% (w) = vY (w).
N—>oo'uN( ) e—>0N—>ooMN’6( ) ( )

By «L» e mean that these random variables have the same law. This last idea is
taken from the work of Webb, [70], on the convergence of the characteristic polynomial
of the CUE. However, Webb only established the convergence in the L>-phase, y <

Vd, by showing that in this regime, u%(w) is uniformly bounded in L%(P) and is

5 Infact, the argument presented in Sect. 2 does not require that the asymptotics (1.20) hold in full generality.
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therefore uniformly integrable—see Sect.2.1. In the so-called L'-phase, vd < y <
V2d, E [,uyN(l)z] — o0 as N — oo and, in effect, we need to restrict the random
measure u}’\, to the set of points which are not a-thick, see (1.18), for some parameter
« slightly bigger than y, to restore the uniform integrability property. This is the main
idea to construct the set &.

As we already mentioned, Theorem 1.3 follows from an application of Theorem 1.7
to the random field (1.7) where G is a stationary Gaussian field on R with covariance
structure:

E[Gw)GW)] = Qu —v) = log +log |0 — (u — v)?|/2, (1.22)

lu — vl

see formula (1.10). For the CUE, since the random variables X y . («) are linear statistics,
the strong Gaussian asymptotics (1.20) can be checked by exploiting the connection
between the CUE and Toeplitz or Fredholm determinants. In particular, we use the
following remarkable formula.

Theorem 1.8 (Borodin—Okounkov—Case—Geronimo formula). Let g be a function on
the unit circle satisfying the regularity condition

0 2
1 . .
o%(g) = Zk|§(k)|2 < o0, where §(k) = E/o g(@e ™ go.  (1.23)
k=1

Then we have the exact formula

N
) 1
]E|:exp< Zg(e’ef)>:| = exp (Ng(O) + Ecﬂ(g)) det (1 + RNV(g)V(g)*RN)
j=1
(1.24)
where V (g) is a certain Hilbert—Schmidt operator acting on 02 (N, C) (see Sect. 3.2 for
full details) and Ry is the orthogonal projection onto the subspace €2 ({0, . .., N—1}, C).

For a comprehensive account of this formula, which originally appeared in [33], see
the monograph of Simon [67]. The first factor on the RHS of formula (1.24) corresponds
to the Laplace transform of a Gaussian random variable with mean N g(0) and variance
o2(g). The second factor is a Fredholm determinant of an operator acting on the sequence
space 02 (N, C). For fixed g, the operator Ry V (g)V (g)* Ry converges to zero in the trace
norm which implies the Strong Szeg8 limit theorem. In the context of obtaining estimate
(1.20), we have®

N

q

2. 0.
> viXyow) =" gn(”)
P

j=1

where gy is a smooth function on the unit circle varying with N. Hence, in order to
obtain the asymptotics (1.20), the main challenge is to show that, uniformly in the various
parameters, limy_, o det(1 + Ry V(gN)V(gN)*RN) = 1. This is precisely where the
condition (1.12) comes into play. Namely, there is a transition in the asymptotics when
the regularization scale €y becomes of the order of the mean eigenvalue spacing N~ 1.

6 Here X 557? is an appropriate periodization of Xy ¢ which does not change the Gaussian asymptotics

(1.20), see Sect. 3.2.
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When ey = O(N%1), the Fredholm determinant on the RHS of formula (1.24) does not
converge to 1 and we enter the so-called Fisher—Hartwig regime characterized by the case
ey = 0. In fact, if we consider the counting statistics (1.6) and set Wy =Wy —EWn,
we deduce from [44, Theorem 2.2] that for any ¢ € Nand y € (—1, o0]4,

q q
— 1 . -
E|:exp<2 )/jWN(Mj)>:| = exp 3 Z yj2 log N — Z y;vk log|e't — e

j=1 j=1 Jj<k
q
ViYk ( iuk—0)  iugyyi(ug+l) m~) ‘ Vi ‘4
+ —~1 k — et kTE) et G(1l+= 1+0(1)),
D5 log (e el 1) [ T1{ea+Zp| (o
j<k Jj=1
(1.25)

for fixed parameters 0 < u; < --- < u, (the error term is no longer uniform). For
the proof of Theorem 1.7, it is crucial that the asymptotics (1.20) are uniform when the
points u ; merge. When g = 2 this merging has been studied by Claeys and Krasovsky
[14] and very precise asymptotics are known in the various regimes.

However, for ¢ > 2, there are no results about merging singularities and this is
known to be a complicated problem. This lack of uniformity is the main obstacle in
establishing the analogues of Theorems 1.3 and 1.6 without the regularization procedure
(en = 0). Therefore, the condition (1.12) simplifies the asymptotics by assuring that the
regularized field remains in a Gaussian regime and prevents the technical complications
due to the emergence of Fisher—Hartwig singularities. Nevertheless, as (1.16) shows,
such a condition still allows us to recover a sharp lower bound for the leading order
behavior of the maximum of the field.

Finally, let us remark that the Barnes G-functions in (1.25) seem to indicate non-
Gaussianity of the process Wy beyond the leading order for large N. However, we
eV W W)

W and the usual

expect that for a fixed y the normalization used by Webb [70]
— 2

normalization e? W~ = EWx@)?) converge to the same limiting random variable up

to a constant factor depending only on y.

1.3. Results for the sine process. In this subsection, we explain how to apply Theorem
1.7 to regularized counting statistics of the sine process. The results are analogous to
those stated for the CUE in Sect. 1.1. Hence, we expect that similar results hold for
well-behaved unitary invariant ensembles as well, but we leave the task of proving the
sufficient asymptotics open for a future project. The sine process, denoted by A y, is the
determinantal point process on R with correlation kernel

sin (nN(u — v))

Ky, v) = 7(u—v)

(1.26)
We refer to Sect. 1.5 below for some background on determinantal processes. This is a
translation invariant point process whose density is N times the Lebesgue measure on R.
Recall that, given a mollifier ¢, we denote ¢¢ (x) = € '¢p(x/€) and x, (x) = w1 Ix—u|</2
for all u, x € R. Let us consider the linear statistics:

XneW) =" Xu*$e(/N). (1.27)

rEA
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As N — oo, the random variable (1.27) gives an approximation of the number of
eigenvalues in a mesoscopic box in the bulk of the GUE, or say of another unitary
invariant ensemble. To see the parallel with the CUE, note that the scaling property of
the sine kernel implies that

Xne@) £ D xux g, (1.28)

rEAN

We will focus on the strong regime where € = ey — 0 as N — oo and, viewing
Xn.e as an asymptotically Gaussian field on R, we will construct its chaos measure in
the subcritical phase. The advantage of working with the random variables (1.27) instead
of the RHS of (1.28) is that it introduces a natural coupling which allows us to obtain a
stronger mode of convergence than for the CUE. For technical reasons, we will restrict
ourselves to the following class of real-analytic mollifiers.

Assumption 1.1. Suppose that the function ¢ is analytic in |Jz| < ¢ and that |J¢| < /¢

in this strip. We also assume that ¢ > 0 on R, / ¢(x)dx =1, and sup { AN L1 (Reis)
R
sfc/2}=C¢ < 00.

For any y > 0, we now consider the random measure:

R (w) = f X = N ) (129)
’ R

where, as for the CUE, YN,E := Xn.e — EXn . We also define a space of mollifiers

that will enter into the regularized field (1.28): For any o > 0, let

Dy = {¢ eL'NL*R): ¢ >0, f ¢(x)dx =1 and / Ix|%p (x)dx < oo} (1.30)
R R

and D = |, D For instance, the functions ¢ (z) = e‘zz/z/\/ 2w or ¢(z) = 111—2”2
satisfy Assumption 1.1 and belong to the set D. Finally recall that G is the stationary
Gaussian field on R with zero mean and covariance kernel (1.22). As in the case of the

CUE, we let v¥ be the GMC measure associated to the field G.

Theorem 1.9. Letw € L'NL®(R), ¢ € D be a function which satisfies Assumption 1.1,
and let €y be a sequence which converges to 0 as N — 00 in such a way that €y >

N_l(log N)+ for some k > 0. Forany 0 < y < V2, uxii;e(w) converges in Li(P)
as N — oo to a random variable (¥ (w) which has the same law as v (w), where vV

is the GMC measure defined in Theorem 1.2 and g(u, v) = log |E2 —(u— v)2|1/2.

This shows that, in the subcritical phase, the law of the random measure p©? does
not depend on the mollifier ¢ and it is the same GMC measure as for the CUE and
as for Theorem 1.2. The proof of Theorem 1.9 is given at the end of Sect. 2.2 and
is a direct consequence of our general result, Theorem 2.6. The main assumption to
obtain Theorem 1.9 is again the strong Gaussian approximation (1.20). The needed
exponential moments of (1.28) can be expressed in terms of a Fredholm determinant;
see formula (1.39) below. In Sect. 1.5, we explain how the asymptotics of this Fredholm
determinant can be related to a 2 x 2 Riemann—Hilbert problem. Then, the condition
en > N~ !(log N)'** guarantees that we can straightforwardly apply the Deift—Zhou
steepest descent method to this problem.
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Assumption 1.2. Let 0 < o < 7. Suppose that & is a function which is analytic and
satisfies
ISh(2)] < a,

in a strip |Jz| < 8. We also assume that 4 : R — R, that #’ € L'(R), and that the
following constants are finite:

Coo = sup{exp lh(2)] : |ISz] < 8/2} and Ci
= sup {11l Lo i) V 12l L1 Rais) = 8 < 8/2}. (1.31)

We need to work with real-analytic mollifiers in order to apply the Riemann—Hilbert
machinery. In principle, it could be possible to work with a more general class of mol-
lifiers by using an argument analogous to the one in [7]. It is based on constructing an
N-dependent approximation ¢ of the mollifier ¢ which is real-analytic so that we
can solve the Riemann-Hilbert problem for qb(N ). ¢.f. Lemma 3.1, and argue that the
Laplace transform of the two regularizations are sufficiently close as N — oo.

Proposition 1.10. If & is a test function which satisfies Assumption 1.2, then

L (SN -
logE [exp | Y hW) || = N/h(x)dx+§||h||H,/2(R)+Ngoo ((msim'e .
}\EAN
(1.32)
where ||h ||%11 2R is defined in Appendix A, equation (A.8). The implied constant in the

big-0 term of (1.32) does not depend on h, § or N.

The proof of Proposition 1.10 is given in Sect.3.1. This is a classical result, [17],
but we need to take extra care to control the error term uniformly, especially because
we will consider N-dependent test functions. Specifically, we can consider any regime
where §(N) — 0 as N — oo almost as fast as N~ (i.e. up to the critical regime
where the Gaussian approximation fails). In fact, our asymptotics are sufficiently strong
to strengthen the convergence of the measure ,ul)(,”séme when the parameter y is suffi-

ciently small. In particular, motivated by the conjectures of [55], beyond the L?-phase,

we establish the convergence of all the existing moments of the multiplicative chaos

y,Sine
measure /,LN €

Theorem 1.11. Under the same assumptions as Theorem 1.9, if q is an even integer
and y > 0 so that gy* < 2, then the random variable ,u?’v’e(w) converges in L1(P) to

w” (w). Moreover, for any g € N and y > 0 such that gy* < 2, we have

. q
Jim [M,yv’i‘“e(w)q] = /Rq exp (;ﬂ > 0wy — uk)> [[wwodur. (1.33)

l<j<k<q k=1
where the correlation kernel Q is given by formula (1.22).

The proofs of Theorems 1.9 and 1.11 are given at the end of Sects. 2.2 and 2.1
respectively. Finally, let us mention that the main challenge to extend Theorem 1.3
beyond the CUE or sine process boils down to obtaining the strong Gaussian asymptotics
(1.20). This is an interesting problem, also of independent interest, for both Hermitian
unitary invariant or Wigner ensembles.
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1.4. Overview of the paper. The paper is organized as follows. In Sect. 1.5, we begin
with a brief review of determinantal point processes associated with integrable operators,
of which the CUE and sine process are special cases. In Sects.2.1 and 2.2, we develop
the multiplicative chaos theory for random fields which satisfy the strong Gaussian
approximation (1.20) and prove Theorem 1.7. In Sect.2.3, we analyze the covariance
structure of the regularized field G () arising from the H 172 noise (1.9), proving some
preparatory results to apply the general theory to the CUE and sine process. In Sects. 3.1
and 3.2, we establish the required asymptotics (1.20) for the sine and CUE point pro-
cesses, using a Riemann—Hilbert problem and formula (1.24), respectively. Finally, in
the appendix (Sect. B), we provide a review of some of the recent developments in the
theory of Gaussian multiplicative chaos of relevance to the present article.

In what follows, C > 0 denotes a numerical constant which may change from line to
line and we use the notation a <« b to specify that the quantity a < Cb. We also define
forallx e R,

log*(x) =log (1 Vv |x|), (1.34)

where throughout the article we use the notation x A y := min{x, y} and x V y :=
max{x, y}.

1.5. Determinantal point processes and integrable operators. The aim of this section
is to provide, in a general context, a short introduction to the theory of determinantal
point processes which focuses on the connection between linear statistics and Fredholm
determinants. We also briefly review the concept of integrable operators introduced
in [38] and how this relates the Laplace transform of a linear statistic to a Riemann—
Hilbert problem.

Let ¥ be a Polish space equipped with a Radon measure 5. A point configuration
T C X is a discrete set which is locally finite (i.e. the set Y N B is finite for any
compact set B C X). A point process is a probability measure on the space of point
configurations. This definition can be made mathematically precise, see for instance
[8,40,69], and a point process can be described by its intensity measures or correlation

functions {p,};° ; which are defined by the formulae:

El Y [laew :/: 1 /i Gomm@n,....dx,  (139)
k=1

Ay Ap)CY k=1

for any functions f1, ..., f, € L®°(X — R,) with compact support. Note that the LHS
of formula (1.35) consists of a sum over all ordered subsets of the random configuration
T of size n € N. A point process is called determinantal if all its intensity measures are
of the form

on(dxy, ..., dx,) = rgixe}l[K(x,',x]')]n(dm) < n(dxy). (1.36)

The function K : ¥ x ¥ — C is called the correlation kernel. It is obviously not
unique, but it encodes the law of the random configuration Y. There are many interesting
examples of determinantal processes coming from probability theory, combinatorics,
and mathematical physics such as the eigenvalues of unitary invariant random matrices,
free fermions, zeros of Gaussian analytic functions, non-intersecting random walks,
uniform spanning trees, random tilings, etc. We refer to the surveys [8,35,40] for further
examples. Let us just mention the following criterion which goes back to the beginning
of the theory, [48], and describes a natural class of correlation kernels.
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Theorem 1.12 (Macchi [48], Soshnikov [69]). If a kernel K determines a self-adjoint
integral operator acting on L*>(X) which is locally trace-class, then K defines a deter-
minantal point process if and only if its spectrum is contained in [0, 1].

In the following, we shall assume that the kernel K is a continuous function on £ x X
and satisfies the hypothesis of Theorem 1.12. In this case, this kernel defines an operator,
also denoted by K, which is locally trace-class if and only if for any compactset B C %,

TrK=/ K(x,x)dx < o0;
B

see [67, Theorem 2.12]. We let T be the point configuration of the determinantal process
with kernel K and for any function ¢ € L*°(X — R;), we denote

Ky(x,x") = Jo(X)K (x, x" )/ p(x'). (1.37)

The condition that the function ¢ > 0 is not necessary but rather convenient. In particular,
this implies that the operator K, is also self-adjoint, non-negative, and it is trace class if

TrK, = / K(x, x)p(x)dx =E {Z (p(k):| < 0. (1.38)
)

reY

Note that this condition holds if for instance ¢ has compact support. The last equality
in (1.38) follows from the definition of the first intensity measure and the function
x — K(x,x) is called the density of the point process Y. The reason to consider
the kernel (1.37) is that, using formulae (1.35) and (1.36), it is a simple combinatorial
exercise to show that if K, is trace-class, then for any ¢ > 0,

E []‘[ (1+ w(x))} =det[I+1Ky],2(5). (1.39)

reY

where the RHS is a Fredholm determinant; c.f. [40]. In particular, taking the usual
logarithm, we obtain

logE []‘[ (1+ w(x))} = Trlog(I+1K,), (1.40)

reY

and this function is differentiable for all ¢ > O:

dTrlo (I+tK,) =Tr Ky
dr 08 T I+ tK, |

. K C
Hence, if we define L, := #, this implies that
4

1
10gIE|:l_[ (1 +¢(x))} =/O Tr[L,]dt. (1.41)

reY

For instance, taking ¢(x) = 1,cp for some compact subset B C X, one can inves-
tigate the distribution of the random variable | N B| and in particular the probability
that there are no points in the set B. More generally, if h € L®(X — R;), taking
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@(x) = "™ — 1, this gives an explicit formula for the exponential moments or Laplace

transform of the linear statistic ), ., (). As the density of the point process con-
verges to infinity, this reduces the question about the statistical properties of the random
variable ), . () to a question about the asymptotics of the resolvent operator L;.
There is a special class of determinantal processes, those for which the correlation kernel
gives rise to an integrable operator, which are particularly interesting because computing
the resolvent L, turns out to be equivalent to solving a Riemann—Hilbert problem; see
Proposition 1.13 below. In particular, it allows to use the so-called Deift—Zhou steepest
descent method introduced in [20] to obtain the asymptotics of formula (1.41). The the-
ory of integrable operators and the auxiliary Riemann—Hilbert problem originates in the
context of statistical field theory [38], but this approach has also been used to answer
different types of questions about the statistics of eigenvalues of unitary invariant matrix
ensembles. For instance, one can find a proof of the Strong Szegd limit theorem in [17]
and, in [7], the authors extended Deift’s method to investigate a transition for smooth
mesoscopic statistics of the so-called thinned CUE and thinned sine process. Mesoscopic
statistics were also studied using a Riemann—Hilbert problem in [28].

In this paper, we will use an analogous method to derive the necessary estimates to
construct a multiplicative chaos measure which arises naturally from the sine process.
In particular, we will make use of the following result from [38], see also [17].

Theorem 1.13. Suppose that ¥ is a closed (oriented) curve on the Riemann sphere. Let
Y be a determinantal process on X with Hermitian correlation kernel of the form

f(2)*g(2)
K(z,7) = ———=">, 1.42
(z,2) i —2) (1.42)
where f : ¥ — CKand g : ¥ — CK are continuously differentiable functions so
that £(2)*g(z) = 0 forall z € . If ¢ : L°°(X — R) is a test function so that both
Jof, Jog € L%(), then we have

ng[[](1+¢a)} an/ /m<d“FE()> (¢5&73(m)dxdt(14a

reY

where F; = m,f and G; = (mIl)*g and the matrix m is the (unique) solution of the
Riemann—Hilbert problem:

e m(2) is analytic on C\ X.
o Ifwe let v =1+ tofg*, then m(z) satisfies the jump condition:

my(z) =m_(2)v(z), z€X. (1.44)
em(z) > lasz — ooin C\X.

For instance, when ¥ = R, mi(x) = lims_om(x + i§) denotes the boundary
value of the matrix m and are typically assumed to be continuous functions. In practice,
¥ = {|z| = 1} for the CUE, or ¥ = R for the sine process and the eigenvalue pro-
cesses coming from unitary invariant ensembles of Hermitian matrices. Moreover, the
correlation kernels of these processes all give rise to integrable operators. According to
formula (1.42), we may choose for the CUE:

N+1 N+1
ﬂm=61> mdgmch), lz2l =1
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and for the sine process:

eian eian
f(x) = (e—ian) and g(x) = (_ —ian) ’ x eR.

e

For this example, the Riemann—Hilbert problem (1.44) is solved in Sect. 3.1 for a large
class of analytic test functions ¢; see in particular Proposition 3.1 for the asymptotics of
the solution. As a last comment about universality, if one considers the eigenvalues of
an N x N Hermitian random matrix sampled according to the weight e~V TV (H) for 3
real-analytic external field V : R — R, then, by the Christoffel-Darboux formula, the
correlation kernel of the eigenvalue process is also integrable with

_ 7N (x) _NV(x)/2
fy(x) = <—27TiV]%/]JTN—1(X)> e and

. —27Ti]/1%,_17TN—1(x)> —NV()/2
gv(y) = ( () e : (1.45)

where 7y and 7y_ are the monic polynomials with respect to the measure e~V ) dx
on R of degree N and N — 1 respectively and

v =fRJTN71(x)26_NV(x)dx.

Observe that, apart from the weight e NVN/2, fy is exactly the first column of the

solution Yy of the orthogonal polynomial Riemann—Hilbert problem, whose solution
is derived in great detail in [19]. In particular from their results, one can extract the
universal oscillatory behavior of the functions fy and gy in the bulk, which indicates
strongly that the approach we present for the sine process could be generalized and
would provide a way to show that the limiting chaos measure has the same law for a
large class of potentials V. However, turning this heuristic into a rigorous computation
is rather technical and we leave it as an open problem for future work.

2. Proof of the Main Results

Even though the applications discussed in this paper are concerned with random pro-
cesses defined on R, we will formulate our convergence results in an abstract setting
under some general assumptions. Let 2 be a compact set in R?, d > 1. In certain cases,
such as the sine process, one might also consider the case where 2 is not compact, this
requires only slight modifications of our proof. We consider a real-valued generalized
Gaussian process G defined on 2 with a covariance kernel:

T(x,y)=—loglx —yl+g(x,y),

where the function g : A% — R U {—o0} is continuous and such that there exists a
constant C > 0 so that for all x, y € R,

glx,y) —log"(x —y) < C.

We also consider a family of real-valued random fields Xy (#) defined on 2{ which
are centered, depend on two parameters N, ¢ > 0, and behave asymptotically like the
Gaussian process G. Specifically, we should assume that for any N > 0, (u, € >



Subcritical Multiplicative Chaos for Regularized Counting Statistics 17

XnN.e (u))uEQl <~ are random processes defined on the same probability space and that

they satisfy Assumptions 2.1-2.4 below. For any y € R, we consider the normalized

process
2

o 14
R o) = yXne ) = T [ Xy c@?]. @1
and our goal is to construct the limit of the random measure

iy (du) = exp (X}, (w))du

when ey — 0as N — oo sufficiently slowly. To begin with, in Sect. 2.1, we shall prove
that “?v . converges to a GMC measure in the L*-phase (y < +/d) and compute the
limit of its moments in view of proving Theorem 1.6. Then, in Sect.2.2, we tackle the
more challenging task of showing that I’L}/V,e converges in the whole subcritical regime

(y < +/2d), thus establishing the proof of Theorem 1.7.

2.1. Convergence of the multiplicative chaos measure in the L*-phase.

Assumption 2.1 (Finite-dimensional convergence in the weak regime). For any given
€, > 0, we have

lim E[Xy.e)Xn,s()] = Tesu, v),
N—o0

and the field u — Xy (u) converges in the sense of finite-dimensional distributions to
a mean-zero Gaussian process G with covariance structure:

Te 5(u,v) = E[Ge(u)Gs(v)], (2.2)
forany u,v € Aande, § > 0.

In the context of random matrix theory described in the introduction, Assumption 2.1
follows from the CLT for smooth linear statistics and G, = G *¢, for some nice mollifier
¢. In this abstract context, G¢ is a d + 1 dimensional Gaussian field which is a smooth
approximation of a log-correlated G coming from a possibly different regularization
procedure. To construct a multiplicative chaos measure out of the field Xy ¢, one also
needs the existence of the GMC measure v¥ associated with the field G. As discussed
in the proof of Proposition B.1 and Remark B.2 below it, the convergence follows from
the following conditions for the correlation kernels.

Assumption 2.2 (Covariance kernel asymptotics). Suppose that for all (u, v) € A2,
T. 5(u, v) < log* <|u A /\3—1)+c, (2.3)

and that for almost all (u, v) € A2,
Tes(m,v) > T(u,v) ase, § — 0. 24)

We also suppose the bound (2.3) is sharp, in the sense thatif ¢ > 6 > 0 and |u — v| <
exp(—e‘l), then
Tes(u,v) =loge ' + 0 (D). (2.5)
€E—>
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For any y, € > 0, let
2
v! (dx) = exp (yGe(x) — %E [GE (x)z]) dx.

The Assumption 2.2 guarantees that for any ¢ € N such that y2¢g < 2d and for any
w € L' N L>® (), the random variable v/ (w) converges in LY(P) as € — 0. The
purpose of the next assumption is to identify the limit.

Assumption 2.3 (Convergence of the GMC measure). For any y < +/2d, let v¥ be the
GMC measure associated with the field G as defined in Theorem 1.2. Then, v} = v¥
ase — 0.

Finally, in order to apply the second moment method considered by Webb in [70],
we will also need to control some exponential moments of the field (u, €) = Xy (®).
The idea of [70] consists in proving that both in the weak regime (when we consider
successive limits as N — 0o and € — 0) and in the strong regime (when ey — 0 as
N — 00), the limiting random measures coincide and have the same law as the GMC
measure v”. In particular, we will need the following asymptotics. For any ¢ € N and
§ > 0, define

NB)={e R e > >¢5 >3} (2.6)

Assumption 2.4 (Exponential moments asymptotics). Let g € N. We suppose that there
exists a sequence 6y — 0 as N — oo so that for any € € A,;(Sy) and for any t € R,
we have uniformly for all u € 9,

q
logE |:exp (Z ;?;@,Gk(uk)ﬂ = > ttjTe; e () ug) +A</;(1). (2.7)

k=1 I<k<j=<q

In the CUE case (Theorem 1.3), at any mesoscopic scale 0 < « < 1, one may
choose the parameter §y = N%~!** for some small x > 0 so that the condition (1.12)
is satisfied. On the other hand, for the sine process with density N, we may choose
8y = N~(log N)'** for any x > 0.

Theorem 2.1. Suppose that Assumptions 2.1-2.3 hold, as well as Assumption 2.4 for
g = 1,2. If y* < d, then for any w € L' N L®(), the random variable u}/\,’aN (w)
converges in distribution as N — oo to vY (w). Moreover, if Assumption 2.4 is also
satisfied for ¢ € N and y*q < 2d, then

q
Nli_r)nooE I:ML,SN (w)q] = /exp (y2 Z T(uj, uk)> 1_[ w(ug)duy. (2.8)

1<j<k=<q k=1

As mentioned in the introduction, the condition y2¢ < 2d for the existence of the
limiting moments (2.8) is sharp and is related to the convergence of certain multiple
integrals, which in case d = 1 are related to Selberg integrals. The remainder of this
section is devoted to the proof of Theorem 2.1 and of an extension, Lemma 2.5, in the
case where there is a coupling of the fields Xy ¢(u) for different N > 0. This applies
to the sine process discussed in Sect. 1.3. Note that to prove the convergence of the
measure M%, 5, and its moments in the L?-phase, it is clear from our assumptions that
one can use the same argument as in the proof of Proposition B.1. However, to identify
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that this measure has the same distribution as v”, it is simpler to first establish that /JL% c
converges in distribution in the weak regime and then to show that the strong and weak
limits coincide; c.f. Lemmas 2.2 and 2.4 respectively.

Lemma 2.2. Suppose that U is compact in RY. Let w € L'() and fix € > 0. For any
y > 0, the random variable MVN,E(U)) converges in distribution as N — o0 to vl (w).

Proof. By Assumption 2.1 and continuity of the exponential function, the finite di-
mensional distributions of the process &y () = exp (X I’de(u)) converge to those of

£c(u) = exp (GY () as N — oo where

- 2
G (u) = yGeu) — %E(Ge(u)%.

We also claim that £y ¢ () is tight in L', |w(u)|du), so that, by Prokhorov’s theorem,
EN.e = & as N — oo. The tightness follows from a criteria established in [15] which
shows that when 2{ is compact it suffices that there exists a constant Cc > 0 so that

sup E[lén.e )] < Ce. 2.9)

Notice that, since G, is a Gaussian process, E[|&.(#)]] = 1 and the estimate (2.9)
follows directly from Assumption 2.4. Since the functional £ — f Ew)wu)du is
obviously continuous on LY, lw(u)| du), we conclude that as N — oo,

Iy (W) = f%'zv,e(u)w(u)du = v/ (w) = f%'e(u)w(u)du-

O

Remark 2.3. This proof relies on the fact that the sequence (§y.)ny-0 1S tight in
L', |lw(u)|du) for any € > 0 and that the condition (2.9) is straightforward to check.
However, for the CUE or sine statistics (c.f. (1.7) and (1.27) respectively), using the
specific form of the test function x, * ¢, it is also possible to verify that the criterion
(4) of [43, Theorem 16.5] holds, which implies that Xy . = X as random elements of
CEl — R).

Lemma 2.4. Let g be an even integer such that y>q < 2d. Then, for any w € L' N
L),

lim ]EHMVN,SN(W) —u}/\,,e(u))‘q] =0.

e—>0,N—>o0

Proof. Suppose that §y < €. Forany 0 <i < g, define

and let for any u € 29,
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By Fubini’s theorem and Assumption 2.4 witht = (y, ..., y), we obtain
y y 4
B[ |10y @) = 1y )]

q q
= Z(_ni(?)/m exp (;ﬂ@iw(u) + o(1) ) [Twwodur,  (2.10)
i=0 !

N—o0 k=1

where the error term is uniform. Moreover, the condition (2.4) implies that forany i € [¢]
and for almost all u € 9,

lim Ol yw) = > T, up).

e—>0,N—>o0 /
I<k<j<n

Finally, the condition (2.3) shows that for all u € 9,

. 2
exp <y2®’€’N(u)) < ]_[ 1V uj — w77 2.11)
1<j<k=q

Hence, since the RHS of (2.11) is locally integrable on (R?)? when y2g < 2d, by the
dominated convergence theorem, the integrals on the RHS of formula (2.10) converge
for all i € [¢] to the same finite value while taking the limit as N — oo and then as
e — 0. Since >-7_(—1)/(?) = 0, this proves the claim. O

Proof of Theorem 2.1. By Lemma 2.2, for any € > 0, we have /‘L [(w) = vl (w) as

N — oo and Assumption 2.3 guarantees that v} (w) = v¥ (w) as € — 0. Hence, by
[43, Theorem 4.28] and Lemma 2.4 with ¢ = 2, this implies that /JLQSN (w) = v¥(w) as
N — oo. To complete the proof, it remains to establish convergence of the moments of
the random variable /,Ln, Sy (w). We proceed as in the proof of Lemma 2.4. By Fubini’s
theorem, for any ¢ € N and € > 0, we have

q q
E [u,yv,é(w)q] - /R E |:exp (Z )N(,}(,,E(uj))j| [ [wodu. (2.12)
! k=1 k=1

Then, Assumptions 2.2 and 2.4 imply that for almost all u € 209,
q
: T 2
Jim E |:exp (ZXN,E(MJ-))] = exp <y Z E [G(uj)G(uk)]> (2.13)
e—0 k=1 1<j<k=q

in both the weak and strong regime (as long as e (N) > d,). Moreover, the condition (2.3)
guarantees that for all u € R?,

q
E |:exp <Z)~(K,’E(uj)):| <C l_[ IVijuj— el 7"
k=1 I<j<k=q

Hence, if y2g < 2, formula (2.8) follows directly from (2.12)—(2.13) and the dominated
convergence theorem. 0O
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Note that in the context of Theorem 2.1 we did not require that the fields Xy ¢,
XN+l ... are defined on the same probability space. However, if such a coupling
is available, as in the case of the sine process, then we can upgrade the topology of
convergence in Theorem 2.1 by replacing Lemma 2.2 by the following result.

Lemma 2.5. Using the notation (1.27)—(1.29) where Ay is the sine process. For any
y,Sine

w € L' N L®R) and for any g > 1, the random variable My (w) converges in
L4(P) as N — oo to a limit Y (w) whose law is the same as v! (w).
Before proving Lemma 2.5, let us first use the previous results to obtain Theorem 1.11.

Proof of Theorem 1.11. Let Sy = N~ (log N)!** where « > 0, ¢ be a function which
satisfies Assumption 1.1, and define for any t € R*,u € R" and € € A,,(6y),

n
huye()=m Ztk /R T —up<e/2 G (2 — x)dx.
k=1

This function is analytic in |Jz| < ¢Sy and we claim that it satisfies Assumption 1.2 in
this strip with

Coolhue) = €™M and  Cy(hye) = TCylt|(£ V 1),

where |t| = |t1] + - - - + |t,]. To check this assumption, we can use the bounds:

‘ / Lix—uie2 e (z — x)dx
R

5/ | (x +i32)|dx
R
and
// Ljx—uj<e)2 |¢€(t—x+is)]dxdt52/ |p(x +is)|dx,
RxR R

which hold for any # € R and ¢ > 0. This implies that we can apply Proposition 1.10.
Moreover, since the sine process has constant density N on R, the leading term in
formula (1.32) corresponds to the expected value of the linear statistic ) _, eAn hu,e(A),

and by definition of the H'/? Gaussian noise E (see Appendix A), the second order term
corresponds to the variance of the Gaussian random variable & (hy ¢). Thus, we get

E[E(hu,e)?
logE | exp | Y hue@ | [=E| D hue +%
reAN AEAN

+ 0 (8;3/2(|t|£)26n(6c¢|t|—5NN))'
N—o0

By definition of the random field (1.27) and using the scaling property (1.28), we have
the equality in law

37 hue() £ 5 Xy ),

rEAN k=1
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and using the representation (A.14), we also have E (hy,¢) 4 22‘:1 Gy,¢ (ur). Hence,
in the regime where |t| and £ > 0 are independent of the parameter N, this implies that
forany § < 1 + «k and for any € € A, (§y) with §y = (log N)** /N, we have

logE[exp<ZrkiN,€k(uk>>]= > wtjE[Gpe; u)Gpe 0]

k=1 I<k<j<n

+ 0 (f“"gm") : (2.14)

N—oo

uniformly for all u € R”. In particular, this immediately shows that the random field
u — Xy ¢(u) satisfies Assumptions 2.1 and 2.4 for all ¢ € N. Moreover, if the mollifier
¢ € D, by Corollary 2.13, Assumption 2.2 holds too. Consequently, by Theorem 2.1, we
obtain the convergence of the moments, formula (1.33). Then, if w € L' N L®(R) and

q is an even integer, according to Lemma 2.5, we have for any given € > 0, ,uy Slne( )

converges in LY (IP) as N — oo to the random variable pLE (w). In addition, if y q <2,
by Proposition B.1 and Remark B.2 below it, the random variable MZ (w) constructed
above converges in L7(P) as € — 0 to a random variable u¥ (w) which has the same
law as vY (w). In other words, we have

tim B [|wl S w) - a)['] =o.

e—>0,N—>o0

On the other hand, by Lemma 2.4 and the triangle inequality, this implies that
lim E HMV*Si“e(w) - uy(w)‘q] —0
N—o0 N.dy
which concludes the proof of Theorem 1.9. O

Proof of Lemma 2.5. To keep the notation simple, we will prove the Proposition when
q = 2 which is the most interesting case. It is straightforward to generalize the argument
to any even g. As in the proof of Theorem 1.9 (c.f. formula (2.14)), it is easy to check
that the asymptotics of Proposition 1.10 implies that for any 5, n” € {0, 1},

- B
togE [exp (X, 00+ Ky (0)) ] = 1P Teclut, )+ 0y (70"
N—o00

uniformly for all u, v € R, where T¢ (4, v) = E [G¢,€(u)G¢,€(v)] and 8 < 1 +«.By
expanding the square, this implies that

E 2w - e |
/R V2 Teeu, v){ Z (— )™ exp 0 ( —(logN)ﬂ) }w(u)w(v)dudv. (2.15)

. €{0,1}

Note that the leading terms on the RHS of formula (2.15) cancel and the error terms are
uniform. Moreover, by (2.3), T¢ (1, v) < 10g+(6_1) + C on R? and since w € LI(R),
we obtain for any € > 0,

E[‘ R (w) — e (w )‘ ] = 0, ( —(logN)ﬁ).

N—>oo
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Thus, since we may choose the parameter § > 1, by the triangle inequality, this shows
that (,uK,”Seme(w)) N0 is a Cauchy sequence in L?(P). Let us denote by ;LZ (w) its limit.
We will use Lemma 2.2 to identify the law of this limit. For any M > 0, we let wys (1) =
w ()1, <pyand wi, (u) = w(u) 1, >y Onthe one hand, by formula (2.12) and using
Assumption 2.4 and the bound (2.3), we obtain

. ,Si 2 2 —1
Jim B[S wip?] =B [l wip?] < e [WM w()w()dudv.
lv|>M
In addition, we easily check that MZ (w) = /LZ (wpr) + MZ (w},) so that by taking the
limit as M — oo,

wl (wy) = pl (w).

An analogous computation shows that for the regularized GMC measure: v (wy) =
vl (w) as M — oo. On the other hand, since the functions wj; have compact support,

by Lemma 2.2, we know that 1) (wpy) 4 v (wpyy) for any M > 0. Hence, we conclude
that pLZ (w) 4 v/ (w). O

2.2. Convergence of the multiplicative chaos measure in the L'-phase. We work in the
same context as in the previous section and the goal is to establish the convergence of
the random measure ,u% (du) = exp (X X, 6(u))alu throughout the subcritical phase

0<y<+2d.

Theorem 2.6. Suppose that Assumptions 2.1-2.5 hold for ¢ < 3 in 2.4. Ifw € L' N
L>®®0) and y < +/2d, then for any sequence €y — 0 in such a way that €y > Sy, the
random variable /,LL’ . (w) converges in distribution to v¥ (w) as N — o0.

The condition y < +/2d is sharp in the sense that we expect that /JL}/\, (du) — 0 for

any y > +/2d. The proof of Theorem 2.6 follows the elementary argument introduced
[5] to prove convergence of the GMC measure in the L'-phase. In fact, the asymptotics
(2.7) are so strong that Berestycki’s method can be applied to the field u = Xy (u)
modulo a few technical issues. The main idea stems from the fact that the measure un c
is supported on the so-called y-thick points, (1.18). More specifically, we will proceed
to show that, if the parameter o« > y, the mass

X
/JLVN’EN (u e #Z(_ul) > o for some € € {e_k L <k< logaNl})

converges to 0in L'(P)as N — ooandthen L — o0o. Then we will show that the random

measures u% ex restricted to the good set {u e: % <aforalle € {e—k L <k

< log 8;,1}} form a Cauchy net in L?(P) (in the sense of Proposition 2.9) if « is suf-

ficiently close to y and y < +/2d. Like in Sect.2.1, we will rely on the fact that the
weak and strong limits coincide to identify that the law of the random variable ©" is the
same law as the GMC measure v? . First of all, we need to introduce further notation and
establish some preparatory lemmas. Then, we will give the proofs of Theorems 2.6, 1.7
and finally of Theorem 1.9.
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Foranyu € Aand N > 0, let Z¥ (1) be the random variable taking values in RN
(measurable with respect to the process (Xy ¢)e~0) given by

ZY () = Xy o+ (). (2.16)

Here, RN is equipped with the usual product topology and its Borel o -algebra. For any
u € AU letPy, bethe probability measure with Radon-Nykodym derivative proportional

to exp (} N.e (u)) with respect to the probability measure P. Finally, for any (u, v) € >
such that u # v, let Py’ be the probability measure with Radon-Nykodym derivative
proportional to exp (}?Kne(”) + 3(#1’(]’6(11)) and, in the mixed regime, let ﬁ';\,vs be the
probability measure with Radon—Nykodym derivative proportional to exp (i ]):, sy (W) +
X K, . (v)) with respect to P. We make the following assumption:

Assumption 2.5 (Weak convergence of finite-dimensional distributions under the biased
measures). For any (u, v) € A2 such that u # v, one has

Lawpo (zVw), " (v)) > Guy as N — oo,
N
Lawpu (z¥ ), z" (v)) > Gy, as N — oo and then € — 0,

Lawy\}v (ZN(u), ZN(v)) — Gy, as N — ooandthene — 0,

where the convergence holds weakly for finite dimensional marginals and G, , is a
Gaussian measure on RY x RN with mean

Eg, ,[Zk(x)] = )/(To’e—k (x, x) + Ty ok (u, V), Vx € {u, v}, (2.17)
and covariance structure:
(Zi(x); Zj(ONG,,, = Tok i (x,y),  Vx,y €{u, v} (2.18)
For any « > 0 and 0 < L < M, we define the following events:
Al w(2) = ﬂ,iw:L{Zk < ak} and A%fM(Z) ={Jk e[L,M]: Z; > ak}. (2.19)
Observe that one has A} | (Z) = (=, A} ) (Z) and forany0 < L < L' < M,

A% L (Z)NAY(Z2) = AY | (Z) N A 1,(2). (2.20)

Lemma 2.7. Let My = |log (SX,IJ. If y < «a and L is sufficiently large, one has for any
€ >0,
—)?

lim sup Py, [A?MN (ZN(u))] e T,

N—o00

Proof. By a union bound,

Py . [A%’,‘MN (ZN(u))] < i Py . [Z,iv (u) > ock] .
k=L
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By Assumption 2.1, under the law P, , Z,iv (u) converges weakly to Gaussian random
variable with mean y T, ,—«(u, u) and variance T,—« ,-«(u, u) for any k € N. Therefore,
by the Portmanteau Theorem and a Gaussian tail-bound, we obtain

— k—yT a(u,w)
timsup By [A%7, (2V@)] = 3 exp (_ (k= y T, ot (1, ) )
k=L

N—oo 2Tk ok (u, u)

Thus, by Assumption 2.2, if « > y and the parameter L is sufficiently large, we can
assume that forall k > L,

ak —yT, o u) > V3@ —y)k/2 and T, ,u(u,u) < 3k/2.
This implies that for any u € 2,
2
lim sup Pl . [A7", (Z¥@)] = " exp ( N y) )
N—o0 k>L

which completes the proof. O

Lemma 2.8. Let My = |log 8;,” and suppose that y < a < 2y. One has for any
ue

lim lim PY [Ai*MN(ZN (u))]

L—oo N—>oo

Similarly, one has for any points u, v € A and x € {u, v},
N
Jlimgim P [Agj‘MN(z (x))] —0.

Proof. By a union bound and Markov’s inequality, we obtain for any ¢ > 0,
Pl ey [AL iy 2V @) = Z Pl ey [ 20 @) = k]
- XN: efzak+%IE[XN_e,k (u)Z}E [eig\,,e_k @+ (u)i|
k=L
Using the assumptions, in particular the asymptotics (2.7), this implies that

My 2
PN ey [Ai*MN(ZN (u))] < YT ek k0 Tk g ()
k=L

Using the upper-bound (2.3) and choosing t = o — y, this shows that

lim sup Py, en [Az*MN z (u))] < Ze (“ )= ’/2)
N—o0 k=L

< e"Lerr
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Letting L — o0, this completes the first part of the proof. Now, for the second estimate,
an analogous argument shows that

Pyl [A%TMN@N(x»]

2
Z e—totk+’7 Te’k,e*k (u,u)+ty (Te’k,eN (x,u)+Te,k’€N (x, v))+y2T€N,EN (u,v) )

k=L

Then, if L > ¢ =log|u — v|_1, still choosing t = o — y < y, we obtain

oo
lim sup P;" ey [A%TMN (ZN(x))] < o2 Z e—tk((a—y)—t/Z)
N—o0 =L

&« e~ Lla=p)?/242p%
which convergestoQas L — co. O

Proposition 2.9. Let My = |log BX,IJ and 0 < y < +/2d. There exists y < a < 2y so
that, under the assumptions of Theorem 2.6, one has

e—>0N—o00

2
llm hm E I:‘M}/VaEN (w]lA%,MN(ZN)) — M%’V’G(U)]IA;Y”MN(ZN))‘ } = O

Proof. Inthis proof, the parameter L is assumed to be large but fixed. For any (u, v) € 2,
€ > 0and N > 0, let us define

Wl =Elexp (Xn.ew) + Xy.e()] and ! =E[exp (Xn.ey ) + Xn.e()].
We also let

Ine = // PVUIAY 3 (ZY ) N AY 4 (ZN o)A L ww)w(v)dudy
and

Ine = // IP" CIAY i ZN @) NAY (zN(v))W“ Yww)w(v)dudv.

As for the proof of Proposition 2.4, we may expand

2 ~
E [(szv,eN(wnAzMN () = Wi Wlag (ZN))‘ } = Tyey +Ine —2Ine 221)

and we would like to prove that all the terms converge to the same limit when N — oo
and then ¢ — 0. We will focus on computing the limit of the integral Zy ¢, as N — o0.
On the one hand by (2.20) and elementary algebra, we obtain forany L < L’ < My,

P?\/vﬂv [A% My (Z (u)) N AL My (ZN(U))] ]P)L;VUEN I:AZL’(ZN(M)) N A%,L’(ZN(U))]
—Py (AT @M @y nag Lz o) 0 AT, 2N @)]

— P (AL LN @) N A Y ) N ATy, (2 @),
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The Assumption 2.5 implies that, under the law PY°. . (ZV (), Z)¥ (v)),f/_ con-
. . JEN T "Jk=L
verges weakly to a certain Gaussian vector. Then, by Lemma 2.8, this implies that for
any u # v,

lim 4" [Az, iy (ZV @) N AL, (2N (v))]

N—o0

= Gu [AY L (ZW) NAS L (Z)]+ o() .

L'—o00

Consequently, by the monotone convergence theorem, we obtain

lim P4 [Ai’ iy (ZV @) N AYL L, (2N (u))]

N—o0

= Gu [A] o(ZW) NA] (Z(v))]. (2.22)
On the other hand, Assumption 2.4 implies that for all (u, v) € A2,

7/,\',4:1\] ~ exp (széN,eN (u,v)) as N — oo. (2.23)
So, in the regime where y > +/d, we expect the limit of the integral IN,ey to be finite

only if the probability G, ,, [Ai 0o (Z (1)), AZ oZ (v))] converges to 0 sufficiently fast

a; |u — v| — 0. In order to prove this, we use that A%,MN(Z) C {Z; < al} where we
choose

logu —v|™' if L <log|u —v|™! flogeg,l
=1L if loglu —v|~!' <L
loge;,1 if lu—v| <en

so that
Pht AL iy Z¥ @) AL Z¥ o] < PR [ 28 ) < ]
By Markov’s inequality and the asymptotics (2.7), this implies that for any ¢ > 0,
Pyt [V @ = at]

- E [exp (y Xn,ey () + Y XN.ey (V) — 1 Xy e ()] s
= E [exp (¥ Xn.ey () + ¥ Xn,ey (V)]

2
t
= exp <at§ — yt (TeN,e_; (w,u) + T, -~ (u, v)) + ETe—f,e—f (u,u) + A?(l) ) .
—>00

i YT, e )y T, (u,0)—ag
Then’ ChOOSIHg I =1 (N’ Y,o, u, v) = x Tf_;',(’_g Z‘,M) , WE have
N 12
Piie |28 = at] <o (‘%Teae: (u, u)) : (2.24)

Note that by definition of ¢, Assumption 2.2 implies that Tey ec(u,v) =¢ +L o)
—00

when |u — v| < e~L. In particular, in the regime |u — v| < e~ L, by (2.5), we see that
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t. = 2y — a) + o(1) . Hence, if the parameter L is sufficiently large and o < 2y, the
L—o0

parameter t* > 0 so that the bound (2.24) holds and we obtain

iu,v 2y — 2
Pl\},eN [Zév < oeg“] <K exp (—%{) .

This shows that for all u, v € 2 such that |u — v| < e L,

Qy—a)?

Py (A% g (2N ) VAL 4y, (Z¥ @) < (1= vl ven)

Moreover, in the regime |u —v| > e~ %, the RHS of (2.23) remains bounded as N — oo.
Hence, using the bound (2.3), these estimates show that

Qy-a?_ >

PULIAT by (ZN @) VAT 4y ZN NI < (lu—vlvey) =7

2, Qy—a)?

Llu—v|7Vr T (2.25)

The LHS of (2.25) is locally integrable on R? x R? if 2 — M < d. Hence, as

long as y2 < 2d, it is possible to choose o > y so that this condition is satisfied. By
the dominated convergence theorem, formulae (2.22)—(2.23) and (2.4), we conclude that

. L
lim Zyey = ¥ where
N—o0

%t = // Guw [AY o (Z@) NAY (Z@)] e TV wuyw(v)dudy < oo.
R2 ' '
We can apply the same argument in the weak and mixed regimes as well and obtain

. . . .o L
lim lim Zy. = lim lim Zy,.=Zk".
e—>0N—>oo e—>0N—>oo

In the end, combining these limits with formula (2.21), we have completed the proof.
O
Proof of Theorem 2.6. Recall that by Lemma 2.2, for any € > 0, /JLVN’E(w) = vl (w)

as N — oo and, according to Assumption 2.3, if y < +/2d, the random variable
vl (w) = v¥ (w) as € — 0. Therefore, by [43, Theorem 4.28], it suffices to establish
that

lim sup lim sup E UMVN&N (w) — M;’\,’g(w)‘] =0.

e—>0 N—->oo

By the triangle inequality, we have for any L, « > 0 and € > O,

E HMK/QGN(U)) - M}/V,e(w)‘:l <E UM%,SN <w]lA‘Z,MN(ZN>) — e (w]lAZMN(ZN)) H
y
FE [ ey (whagey, )]

Y
vk (g )]
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Then, by Proposition 2.9, if y < +/2d, by choosing the parameter & > y appropriately,
we obtain

limsuplimsup E UML»EN(U)) — u%»e(w)’] <limsupE HM%,GN (w]lAZ’.FMN(ZNOH

e—~>0 N-—>oo N—o00
+ lim sup lim sup E H,u% c (U)]]_Aa* (ZN))H . (2.26)
e>0 N-ooo ’ L.My

Since the LHS of (2.26) does not depend on the parameter L > 0, in order to complete
the proof, it suffices to show that

. . Y
i tm Bl (9, o0) ] =0 @)
. . . '}/ _
Jim, i Jim B {5 (g om)[] =0 @29

By definition of the probability measure P}, _, one has for any € > 0,
E [| ne (w]l AQLTMN(ZN)) |] < /91 Py . [A‘gTMN zV (u))] E [eXN~‘(")] lw(w)|du.

Note that by Assumption 2.4, E [evaf(“)] — las N — oo and € — 0 uniformly for

all u € 2, so that by Lemma 2.7, one obtains (2.28). Finally, (2.27) follows from an
analogous argument using the estimate of Lemma 2.8. O

In principle, it is possible to verify Assumption 2.5 without knowing the asymptotics
of all exponential moments of the random field X y (u). However, if the Assumption
2.4 holds for all g € N, then the Assumption 2.5 follows from a routine computation. In
particular, as a consequence of the asymptotics obtained in Sects. 2.3 and 3, this applies
to the CUE and sine process.

Proof of Theorem 1.7. Tt suffices to check that the fields in question satisfy the assump-
tions of Theorem 2.6. First of all, the strong Gaussian asymptotics (1.20) implies directly
Assumption 2.4 as well as the fact that, for fixed € > 0, the fieldu — Xn (1) converges
in the sense of finite-dimensional distributions to a mean-zero Gaussian process G¢. In
addition, one has for any t € R? and u € {u, v}?,

q
EP?\),UeN |:exp (Z Xy ok (uk))j|

k=1
E [exp (y Xw .5y ) + ¥ X5y (0) + 20 tk Xy o (1)) ]
E [exp (¥ Xn.sy () + ¥ XN .5y (V)]

q q
1
= exp E tEg, [ Zk (ur)] + 3 E ttj(Zi(ur); Zj(uj))G,, +1§)i120
k=1 K j=1

according to (2.17)—(2.18). This establishes, the first part of the Assumption 2.5; the
other assertions in the weak and mixed regimes are checked in a similar fashion. Fi-
nally, when G, = G * ¢, we check in Sect.2.3 that the covariance kernel satisfies
both Assumptions 2.1 and 2.2 (the computation is given for the stationary field G with
correlation kernel (1.22) but they can be easily generalized in other situations—see for
instance [5]). In this context, the condition 2.3 (which, in general, is a non-trivial issue)
follows from Theorem 1.2 presented in the introduction. O
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Proof of Theorem 1.9. If ¢ € D is a mollifier which satisfies Assumption 1.1, formula
(2.14) shows that the random field Xy ¢ given by (1.27) satisfies the strong Gaussian
asymptotics of Assumption 2.4 with G¢ = G * ¢.. In this context, by Theorem 1.2,
we know that for any w € LY(R) N L®(R) and y < /2d, the random variable vl (w)
converges in LY(P) to v” (w) as € — 0. In addition, we have already checked (see the

proof of Theorem 1.7 above) that the Assumptions 2.1-2.5 are also satisfied. Then, by

Y, Slne

Lemma 2.5, for any € > 0 my . (w) converges in L'(P) to some random variable

,ue (w) and, since ,ue (w) = V¢ (w) this shows that for any y < +/2d, there exists a

random variable u (w) 4 vY (w) so that by taking successive limits, we obtain

lim lim E H WS () — uy(w)u —0. (2.29)
e—>0N—>00
Then, using Lemmas 2.7, 2.8 and Proposition 2.9, proceeding exactly as in the proof of
Theorem 2.6, we can show thatif y < +/2d and €y > 6y N (log N+ for some k > 0,
we have . s
tim fim B [ |} ) — w3 )] = 0 230
lim fim B |2 @) - (w) (2:30)
Using the triangle inequality and combining the limits (2.29) and (2.30), we conclude

that the random variable p}; Slne(w) converges in L'(P) to u”(w) as N — oo and

wY (w) 4 vY(w). 0O

2.3. Asymptotics of the covariances. Let G be the stationary Gaussian process on R with
covariance function Q, (1.22), and recall that, for any mollifier ¢, we denote Gy =
G * ¢.. In this section, we derive the asymptotics of the covariance

E[Gge )Gy 5(v)] = /Re*2”i<"*”>%(e;<)q§(5;<)Q(K)dx, (2.31)

ase, 8 — 0, forall u, v € R and for a large class of mollifiers. This is relevant to check
that the conditions (2.4), (2.3), and (2.5) are satisfied and apply Theorems 2.1 and 2.6
to conclude that the multiplicative chaos measures associated with counting statistics of
the CUE and sine process exist and have the same law. For any £, ¢ > 0, we define the
function

0c(x) = —log (% v |x|> +log (% vz = x2|> . (2.32)

In the following, we will use the notation U, to specify a function of the variable u
e—0
and the parameter ¢ > 0 which is uniformly bounded (by a universal constant) and

converges to 0 as € — 0 for almost all u € RY.
Recall that we defined D = Ua>0 Dy, c.f. (1.30), and recall also the definition of
the cosine integrals:

Cin(w) = / “1oc0s@ o Cieo = /  oost) .
0 1

< t

The function Cin is entire, while the function Ci is even on R with the value +o00 at 0,
and it turns out that for any w € R\{0},

Cin(w) = Ci(w) +log|w| + v,
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where y is the Euler constant. In particular, since lim Ci(x) = 0, we have for any
X—> 00

w e R,
Cin(w/€) = log* (w/€) +y + U, . (2.33)
e—0
Lemma 2.10. Let ® € L'(R,), continuous with ®(0) = 1, and so that the function
K % is integrable on R.. Then, the function

(k) = Le<i
K

Ep (W) :/ (1— cos(a)fc))(I> dk
0

is continuously differentiable on R, and lim & (w) =

w—> 00 K

/Oo Q) — ezt
0

Moreover, for all w € R,
o
1 —
/ 17008 4 ) dic = Cin(@) + & (o). (2.34)
0 K
Proof. All the properties of the function &y are easy to check. In particular, we have

Ep () = / sin(wk) (P (k) — Le<y) dk,
0

and the limit of & (w) as @ — oo follows directly from the Riemann—Lebesgue lemma.
Finally, the identity (2.34) is an immediate consequence of the definition of the cosine
integral. O

Proposition 2.11. For any functions ¢, ¥ € D, we have for allu,v € R,

E [G¢,e(”)61/f,e(v)] =Qc(u—v)+ Uu,v-

e—0

Proof. Let ® = ‘ﬁ{(ﬁg}, V= ﬁ‘s{(fﬁ@}, and €’ = €/2m. We claim that the function ®
satisfies the assumption of Lemma 2.10. Namely, by the Cauchy—Schwarz inequality,
® e L'(R) and by Plancherel’s formula, for any « € R,

d(k) = f/ cosmix)p(x + )y (t)dxdt.
R2

In particular, the bound |ei“’ — 1] < 2|w|* valid for all w € R and 0 < « < 1 implies
that
D) —1
K

' <27kt //2 Ix|%p (x + 1)y (1)dxdt
R

< 2! / x| (0)dx / 1y (1)t

Since both ¢, ¥ € D, for some o > 0, this shows that the function L -Les1 g jnte-

grable on R,. Similarly, the function W (x)/k is also integrable on R;. By the Riemann—
Lebesgue lemma, this implies that for any w € R,

/ sin(ea)/c)\IJ(/c)d—K = 0,. (2.35)
0 K
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By formula (2.31) and by definition of Q, we have

00 -2
E[Gpe()Gy ()] =2 / 9N {e—h"("—v)"é(ex)x/}(e/c)} ST b (2.36)
0
00 _ 12 1
:/ 2COS((M /v)/c) sin (ZK/26)¢)(K)dK
0 € K
=1 (u,v,€)
0 _ 12 ’
¥ / 2sm<(” ,”)"> sin” (/2€) ey (237)
0 € K
= DL(u,v,€)

Using the trigonometric identity

1—cos(b+a)+1—cos(b—a)
2 b

—2cos(a) sin?(b/2) = 1 — cosa —

witha = (u — v)x /€' and b = Lk /€', we see that we can apply Lemma 2.10. We obtain
forall u,v e R,

— 1 _ .
Il(”vv,é/)=—Cin<u U)+—{Cin<£+u U)+Cin<£+v u)}
€’ 2 L —6/
- 1 £ — ¢ —
_‘%(u U>+—{£¢<—+” U)+£¢<—+U ”)} (2.38)
€ 2 € <

and the terms in (2.38) combine as the error term U, ,. Moreover, by formula (2.33),
e—>0

this implies that

- 1 L+u— £+v—
Li(u,v,€) =—log* <u - U> + - {log+ (#) +log* (#)} + U0y,
€ 2 € € €0

By definition of the functions log* and Qc, (2.32), this may be written as

Li(u,v,€) = Qc(u —v) + Uy y. (2.39)

e—0

We can also evaluate the integral I (u, v, €’) using a similar argument. Since
2 sin(a) sinz(b/Z) = sina — sin(a + b)/2 + sin(a — b) /2,
the estimate (2.35) shows that I (u, v, €’) = Uy, ,. Combining this fact with (2.39) and
e—>0

formula (2.37), this completes the proof. O
Proposition 2.12. Let ¢, v € D, we have for all u, v € R,

E [Gd),e(u)Gw,(S(U)] = Qevs(u —v) + Uu,v s

8,e—0

where we can consider the limit as the parameters € and § converge to 0 in an arbitrary
way.
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Proof. We let € = ¢/2m and §' = §/e. Without loss of generality, we suppose that
8 — B € [0,1] as € — 0 (in particular, 8 = 0 if we consider successive limits as
8 — 0 and € — 0). By formula (2.36), we have

o] —_— 1 oin2 /
ra L /2
E[Go.cGys@)] =2 [ 9 fe e G| D
0 K
In particular, this implies that

oo, N ~ood
[E[Gp.c)Gy.s()] = E[Gp.c)Gy.epw)]| <2 fo | cB) = 8 o] ==

Since ‘&(Kﬁ) — Y d)| < dn|k|®|B = 8% [ |x|%y¢ (x)dx forany 0 < < 1, there

exists a constant C > 0 which depends only on € D, sothatif 0 < o < 1/2is
sufficiently small, then

dk
1—a”

[e¢)

E[Gy.e)Gys)] —E[Gype)Gy.ep)]| < CIB 8" /O ¢~

(2.40)
Since ¢ € L'n L2(R), by the Cauchy—Schwarz inequality, the RHS of (2.40) is finite
and converges to 0 as € — 0 (by assumption, lim §’ = B). Thus, it suffices to prove that
given g € [0, 1],
E[Gg.c)Gyep(v)] = Qeltt — v) + Uy . (2.41)

e—0

If B > 0, this follows directly from Lemma 2.11, since Gy, g = GW,G. If B =0, since
1}(0) = 1, we have

[e9] 2 /
E[Gp.c()Gy.ep(w)] = _/0 N [67(”7”)"/6913(/()} Sm(iﬂd&

and the same computations as in the proof of Proposition 2.11 shows that the function E)’tqg
satisfies the assumptions of Lemma 2.10 and the function ¥ +— J¢(«)/k is integrable
on Ry, so that the asymptotics (2.40) hold. O

Corollary 2.13. Let £ > 0, G be the stationary Gaussian process on R with covariance
function (1.22), and let ¢ € D. Forany u,v € R, let T (u, v) = Q(u — v), and for any
€,8 > 0, define

Tes(u,v) =E[Gg )Gy s(v)].

Then, the function T¢ s satisfies Assumption 2.2.

Proof. By formula (2.32), lirr%) Qc(x) = Q(x) for almost all x € R, so that the condi-
€—>

tion (2.4) follows directly from Proposition 2.12. Similarly, (2.5) is also an immediate
consequence Proposition 2.12. To get the upper-bound, we check that if € < £ A 1,
directly from (2.32) we obtain

Qc(x) < —log (e V |x|) +log(2m /€2 + |x]?).
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We now use the identity — long(e_l A |x|_1) = log(e V |x]) + log(|x|)1}x|>1, which
follows from the definition (1.34) of log* and the condition € < 1, to derive

0c(x) —log* (¢~ A lxI™")
< sup {1og(zm/62 P gl < 1}
\/sup{—log x| + log 2/ + x[2) : |x| = 1].

Since the function x > — log |x| +log(2mw /€2 + |x|?) is decreasing on the set |x| > 1,
we have

Qevs(x) < log* (le‘l Ae Tl A 8‘1) +1og(2/ €2 + 1)

and the condition (2.3) also follows from Proposition 2.12. O

3. Asymptotic Analysis

3.1. Proof of Proposition 1.10. The goal is to deduce the asymptotics of Proposition 1.10
from Theorem 1.13 by performing the asymptotics of the solution to the Riemann—
Hilbert problem (1.44). Recall that for the sine process, we have

imtNx imtNx
f(x) = <eeian> > glx) = (_eian> ’ (3.1

e

so that we look for the asymptotics of the solution to the problem:

e m(z) is analytic on C\R.
e m(z) satisfies the jump condition:

_ L+o()  —p(x)e N
my(x) =m_(x) ((p(x)eZ”iNx 1 — p(x) ) , x e€R 3.2)
e m(z) > lasz — ooin C\R.

Note that we do not emphasize that the matrix m depends on the dimension N to keep
the notation simple. Moreover, the solution of (1.44) can be obtained from the solution
of (3.2) simply by replacing ¢ by ¢; = t¢ for all ¢t € [0, 1]. Finally, we will generalize
slightly the setting of Proposition 1.10 and work with the following assumptions.

Assumption 3.1. Suppose that ¢ is a function which is analytic in the strip |Jz| < 8, so
thatg : R — Rand ¢ € L' N L®(R + is) for all |s| < §/2. In particular, we define

Cyp = sup{ll@llzo@sis) V 19111 Reis) 05 < 8/2}.
Let us also assume that there exists a constant ¢ > 0 so that

inf lp(z) — x| = c. (3.3)

[Jz]<8,x<—1

In particular, the function ¢ = log(1 + ¢) is also analytic in the strip |Jz| < §. Finally,
we assume that ¢ € L' N L>°(R) and we let Cy = c lexp I llLoo(R)-
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Lemma 3.1. Suppose that the function ¢ satisfies Assumption 3.1 and that C,C ie‘”‘w —

0 as N — oo. Then, the solution of the Riemann—Hilbert problem (3.2) satisfies for all
x €R,

ecg(W)+(x) _ Me%(¢)+(x)+2niNx
T+o(x) , (3.4

_ (
my(x) R(x)< 0 ‘”ef%(wmx)

where € (V) denotes the Cauchy transform of the function = log(1+¢) and the 2 x 2
matrix R(z) is analytic in the strip |3z| < §/4 and satisfies the bound:

IR(z) — 1|l < 871/2C,Cle ™ (3.5)
for the matrix supremum norm.

The proof of Lemma 3.1 will be given at the end of this section and it follows closely
the proof of the Strong Szeg6 theorem given by Deift in [17, Example 3]. Given this
result, let us first complete the proof of Proposition 1.10.

Proof of Proposition 1.10. First of all, we claim that, if the function i (z) satisfies As-
sumption 1.2, then the function ¢;(z) = 1(e"® — 1) satisfies Assumption 3.1 for all
t € [0, 1]. Indeed, we have
h(z)
f edw
0

/ los(x +is)|dx < coo/ |h(x +is)|dx < CoC. (3.6)
R R

lgr (2)] < = CoC

and for all |s| < §/2,

On the other hand, the condition |3/ (z)| < o guarantees we can choose ¢ = | sin«|/2
in (3.3). Thus, for all # € [0, 1], the functions ¥, (z) = log(1 — ¢ + re"@)y are analytic in
the strip |3z| < 8, and since the log function is increasing on R, we have for all x € R,

Yr(x) VO <log(e"™@ v 1) =h(x)v0 and — ¢, (x) A0 < —log(e"™ A1)
< h(x) AQ.

These inequalities show that
[V (0)] < |h(x)] (3.7

and it follows that i € L'n L*>(R) (in fact there is equality in (3.7) if and only if
t = 1, in which case ¥; = h). The bottom line is that, for any ¢ € [0, 1], the function
@i () = t(e"® — 1) satisfies Assumption 3.1 with

2Cs

Cyp =CxCy and Cy, = Sinal’

(3.8)

In the rest of the proof, we will denote for all ¢ € [0, 1] and for all x € R,
Vi (z) = log(1 +t¢) = log(1 —t +1e"@) and  H;(x) = € ()4 (x).
By Theorem 1.13, formula (3.4) implies that

" " eiJrN,H»Hl(x)
Fi(x) = my(x)f(x) = Ry(x)F;(x) where F;(x)= (e_,-;j\;f(_x},[(x)> ,
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and

- - in Nx+H;(x)
Gi(0) = my)* (0g@) = (Ri(x)")*Cr(x)  where G,<x)=<_eimﬁ,<x>>.
1+t (x)

Since the function 4’ € L'(R), the function H, is continuously differentiable on R for
all r € [0, 1]. Moreover, by the Plemelj-Sokhotski formula (A.6), we obtain

/

, g .
2H) = T+ +iA (¥). (3.9)

So, if we differentiate the expression of 13, (x), we obtain for all x € R,

- : _ 19X 1 | Nx+H,
F/(x) — (T”N + Ht,(x) 1+t(p(x)) 1+t<p(x)€m ) X
' —(TiN + H](x))e mINx=Hi(x)

Since, F}G; = 0, this shows that

d k
( i m) (VoG = p@F)(07Gy (x)

1 +tp(x)

@(x)

= ——— | -27iN +2H/(x) —
1+tp(x)

) + () (U (0)F, (x))" G, (x),
(3.10)

where U, (x) = R, (x)! R/ (x). Since the matrix R;(z) is analytic in the strip |Jz| < §/4,
by Cauchy’s formula, || R](x)| < 87 VR;(x) — I||. Thus, the estimate (3.5) and (3.8)
show that

3
C.Ci —78N

-3/2 —8N
UG < 873/2C, Cye N < e

On the other hand, N{H,;} = % log(l +tp) = % so that, by the estimate (3.7), for all
x e Randallz € [0, 1],

IF,0)Il < VCoo and G, (0)]| < CI2.

This proves that the last term in formula (3.10) is bounded by

CS G —78N
[0 U F0) Bt < eIt e ™ @

By (3.6), the RHS of (3.11) is integrable on R x [0, 1] and its L'-norm contributes to
the error term in formula (1.32). Therefore, by formula (1.43) and (3.10), in order to
complete the proof, it remains to show that

f / v <2m'zv “2H () + M) dxdt
1 +tp(x) 1+1tp(x)

= ZniN/h(x)dx+in||h||§{./2(R). (3.12)
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This is a rather easy computation that we aligned in two steps. First observe that, since
o(x) = "™ — 1, we have

1
p) L
/0 Trrpm ' = [log(1 +1p(x))],_y = h(x).

By Fubini’s theorem, this yields the first term in formula (3.12). Secondly, by formula

(3.9), we have
/
PR S ETAY
1+1t¢ 1+1t¢ dt dx

By Plancherel’s formula and the linearity of the Fourier transform, this implies that

d d dv, ——
/ﬁ( w( w,>( )dx —2n/R|K|%(x)w,<x>dx

= n% (/R |K|@<K>@<x)dx>

2
= sz ”HI/Z(R)

Note that we can pull the differential < out of the integral because both functions

dr
Yy, d% € L?(R) by our assumptions. We conclude that

@(x) , ¢’ (x) . 2 2
/ / 1 +tg0(x) (2Ht (-x) - m) dxdt =im (||W1||H1/2(R) - ||1//0||H|/2(R)) .

Since Y1 = h and ¢ = 0, this yields the second term in formula (3.12). O

In order to get the uniform estimate (3.5) in Lemma 3.1, we will need the following
correspondence between a well-posed RHP and a singular integral equation.

Theorem 3.2 (Kuijlaars [45], Theorem 3.1). Let X be an oriented contour in the complex
plane and let A € L* N L®(X) be a n x n matrix. Suppose that R is a n x n matrix
which is analytic in C\'Z and satisfies

(3.13)

R.=R (I+A) ons
R(z) = 1 asz — oo

We associate to A an operator €a acting on n x n matrices in L>(X) and defined by

1 [y
CAY(D) = lim — [ YW2E) 0
w—z 2w Jy, s —w

Suppose that || Al L () is sufficiently small so that the equation
X —CaX =Cal (3.14)

has a unique solution X € L2(X). Then, there exists a constant C > 0 which only
depends on the contour % such that

CllAl 2 (s

, (3.15)
1 — CllAllL=(z)

1X12(z) =
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and the RHP (3.13) has a unique solution which is given by

R =14 [ LXXEDAE) |
2wi Jy s —z

forany z € C\X.

Armed with the above theorem, we can construct the solution of the Riemann—Hilbert
problem (3.2) and check the estimate (3.5).

Proof of Lemma 3.1. If ¥ (x) = log(1 + ¢(x)), then we can rewrite the jump matrix as

B ew(x) _(p(x)eZm‘Nx
v = (co(x)e—h“vx a- ¢(x)2)e—w<x>)'

In order to apply the Deift—Zhou steepest method, we use the decomposition:

1 0 eV ) 0 1 _(p(x)e—il/(x)+2rriNx
v(x) = <(p(x)e_‘/’(x)_2”iNx 1) < 0 e_l/f(x)> (0 1 . (3.16)

— A'(x) = W(x) = A(x)

By assumption, the matrices A and A are analytic in the domain |Jz| < 8 and we
can define a matrix M on C\{R U I'1} by setting:

M(z) = m(z)

I, =R+i8/2
M(z) =m(2) A7 (2)
6 R
M(z) = m(2)A(Z)

_=R—-i§/2
M(z) = m(z)
We deduce from the Riemann—Hilbert problem (3.2), that the matrix M has the following
properties:
e M(z) is analytic on C \ (I'+ U R).

e M(z) satisfies the following jump conditions

M,(z) =M_(2)A(2), zely
M (x) =M_(x)¥(x), xeR 3.17)
Mi(z) =M_(2)A(x), =zeTl_

e M(z) > lasz — oo.

Since ¥ € L'(R), its Cauchy transform is well-defined, c.f. (A.5), and we claim that
the global parametrix is given by

cEQ) 0
PR=("y e ) (3.18)

Indeed, it is straightforward to check using formula (A.6), that it solves the RHP:
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e P(z) is analytic on C\R.
e P(z) satisfies the condition P, = P_ W on R
e P(z) > lasz — oo.

The matrix P(z) is invertible on C\R and, if we let R = M P! then the matrix R
solves the RHP:

e R(z)isanalyticonC\ (RUTy). y
eIfwelet A = PAP™! —Tand A = PAP~! — 1, then R(z) satisfies the jump
conditions

{R+=R_(I+A) onT, .19)

Ri=R_(I+A) onTl_
e R(z) > lasz — oo.

Moreover observe that by formulae (3.16) and (3.18),

_ — Y (2)H2wiNz+2E (¥)(2)
Az) = (8 v(2)e 0 ) , VzeTl,

< 0 0
A(z) = <g0(z)e_W(Z)_Z”iNZ_Z%('/’)(Z) 0> , VzeTl_.

The function v is real valued on R and for any z € "1, we have

R(EW) ()} = / e _ﬁ;ﬁ) el

so that
@)@} < IVl /2.

Combined with Assumption 3.1, this implies that for any z € Ty,

©(z)
1+ 9(2)

so that the matrix A € L' N L>(I"y) and

IA@) = ‘

em{ZNiNZ+2cg(W)(Z)} < |(P(Z)|C5,€77T5N,

IAl Loy VI ALy < C1CEe™ N, (3.20)
T4) 2

Note that, since A(z) = —A(Z)* for any z € I'_, the matrix A also satisfies the estimate
(3.20). Hence, by Theorem 3.2, we obtain that the solution of the RHP (3.19) is unique
and is given by

R =14 - [ LXODA® 0 T [ AEXEAG ;0 55y
2mi Jr, s —2z 2mwi Jr_ s —z

where the 2 x 2 matrices X and X solve appropriate singular integral equations, c.f. (3.14).
Moreover, a simple estimate using the Cauchy—Schwarz inequality shows that for any
z € C such that [Jz| < §/4,

L/ L+ X()AG)

; =<
2mi s —2z

[AllL2r,y + 1ALy I XN L2ry)) -
zm( L (F+) ( ) L (F+))
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Hence, as ||Alper,) — 0as N — oo, combining the bounds (3.15) and (3.20), we
have proved that

A similar estimate holds for the integral over I'_ and, by formula (3.21), this proves the
bound (3.5). Going back to the original problem, we see that for all x € R, m,(x) =
M, (x)A(x) where M, (x) = R(x) Py (x). Finally, we deduce (3.4) from formulae (3.16)
and (3.18). O

1 (I+X(s))A(s)dS

2mi Jr, s—z

H << 8_1/2CIZPC¢@_JTBN.

3.2. Strong Gaussian approximation for the CUE. The goal of this section is to prove
the Gaussian asymptotics (1.20) for the CUE. We work with the statistic (1.7) and it will
be convenient to use the notation

q up+e/2
hue(x) =ym Y 4 / e, (x — 1) dt (3.22)
k=1 up—+2/2
We shall suppose that the mollifier ¢ belongs to the Schwartz class, i.e. ¢ is a smooth

function such that for all > 0 we have ¢ (x) = O(]x|™") as x — F00. The main goal
of this section will be to prove

Proposition 3.3. Consider a CUE matrix U of size N x N with eigenangles6y, ...,0y €
[—7, ) and mesoscopic scale 0 < o < 1. Take €* = min{eq, ..., €} Let 56 > 0 and
suppose that we have the following bound N® /(Ne*) = O(N ~%). Then for all Schwartz
@, the following Gaussian estimate holds as N — oo

N N
E | exp Zhu,e(Naej) —E Zhu,e(N“e)j)
j=l1 j=1
lu,e
= exp (% (1+ES)eEN (3.23)
where for any n > 0, the smoothing error term satisfies the bound
€81 = Cr2IENexp (212N ) (3.24)
for some 1y > 0, while the global error term satisfies
IEX"1 < eI} log(e/e™)eN ™ (3.25)
uniformly in compact subsets of the parameters uy, ..., us € R.

With the Gaussian approximation above we may complete the proofs of the main
theorems for the CUE.

Proof of Theorems 1.3 and 1.6. Proposition 3.3 shows that the regularized statistic (1.7)
satisfies the strong Gaussian approximation as in Assumption 2.4 for all ¢ € N (hence
Assumption 2.5 holds as well). The fact that the associated covariance kernel satisfies
Assumption 2.2 is a consequence of the computations carried out in Sect. 2.3, namely
Theorem 2.11. Therefore we deduce Theorems 1.3 and 1.6 as corollaries of Theorems
2.6 and 2.1 respectively. O
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Remark 3.4. The error (3.24) is called the smoothing error because it fails when € — 0
quickly enough that ¢ ~ N*/N. Beyond this regime the asymptotics in (3.23) are no
longer valid and one enters the transition regime of Fisher—Hartwig asymptotics, see
[18,44] for a review. On the other hand, (3.25) is controlled by the relative numbers
of eigenvalues sampled by the statistic and is only small in the mesoscopic regime
O<a<l.

As for the sine process and Proposition 1.10, the proof of Proposition 3.3 is also
based on the existence of integrable and determinantal structures in the CUE. In fact the
Laplace transform of (1.7) could also be written as a Fredholm determinant which could
then be analysed with an appropriate Riemann—Hilbert problem (as was done in [17] for
the global scale « = 0 and € > 0 fixed). However, for the CUE we will give a more
elementary proof that does not involve Riemann—Hilbert techniques, but instead relies
on an ‘algebraic miracle’ known (for historical reasons) as the Borodin—Okounkov—
Case—Geronimo formula. Unlike our Riemann—Hilbert computation, the proof we give
here does not impose any analyticity condition on the mollifier ¢, but we do require it
to be smooth in general. Another crucial difference is that the CUE has a macroscopic
regime (defined by (1.7) with @ = 0) which has no analogue for the sine process.

When working with the CUE it is convenient to expand such functions in a Fourier
series. Therefore in what follows we are going to work with the periodisation

het @) = Y hue(N*(O +27a)). (3.26)

a=—0o0

Then hf,%f)(e +2m1) = hff?(@) is 2m-periodic. The periodisation has the convenient
property that its Fourier coefficients are given explicitly in terms of the Fourier transform
of hy,e.

1 [ . o
3 / h$T ©)e K0 4o = N=@ f hu.e(Qmx)e 2PN gy (3.27)
v R

—7T

Furthermore, the linear statistics of hf,%?(@) are uniformly close to those of Ay ¢(0).
This follows from the rapid decay of ¢, since the difference between the two is deter-
ministically bounded by

Xj—up+l/2

N ¢q
PIDII / 517" ds < lileN (ex/N)" (3.28)

la]>0 j=1 k=1 Xj—ue=l/2

where x; = N*(6; + 2 a) and we used that [N™* — 0 as N — oco. Choosing n > 0
large enough we can always ensure that (3.28) goes to 0 as N — oo. Hence it will
suffice to always work with the periodisation.

Proposition 3.5 (Macroscopic approximation). Define the quantity

N™*> kN ™y, (k/Q2aN))|* (3.29)
k=1

1
ue€ -

T @n?
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and suppose that the hypotheses of Proposition 3.3 are satisfied. Then we have the
Gaussian estimate

N N

E|exp| Y hae @) —E|Y i) =exp (Eue) 1+EY)  (3.30)
j=1 j=1

where the error term 51% satisfies (3.24) and is uniform in the variables uy, ..., u,

varying in compact subsets of R.

To prove Proposition 3.5, the main idea is to exploit the fact that for the CUE, the left-
hand side of (3.30) can be written exactly as an N x N Toeplitz determinant involving the

Fourier coefficients of the periodic function wy ¢ (6) = eh'(f?(g). The representation as a
determinant follows from the following well known but remarkable chain of equalities
for the (un-centered) left-hand side of (3.23):

q
E|exp | Y Xn.eyu) 3.31)
j=1
1 T x N . .
= m/ / ]—[w(ej) 1"[ le'% — %1240, ... doy (3.32)
B =l I<p<q<N
1 i g i(k—1)0;\N i(k—1)0;:\N
= m[ﬂ...[ﬂ det{w(8))e' “~ DY | detfe™ CDUYY _ d6r ... doy
(3.33)
1 [~ o N
:det{— / w(O)e k—i=20 de} (3.34)
27 J_ 4 k=1
= det Ty (w) (3.35)

where Ty (w) is the N x N Toeplitz matrix {wk,j,z}?{kzl. That (3.31) equals (3.32) is
a consequence of the Weyl integration formula for the unitary group. Then (3.33) writes
the product of differences in (3.32) as a product of two determinants and finally (3.34)
is a consequence of the Andrejeff identity.

Thus our task will be to calculate the asymptotics of the Toeplitz determinant in (3.35)
as N — oo. The function w(0) is called the symbol. For smooth and N-independent
symbols, such asymptotics are well known from the strong Szegd limit theorem. How-
ever, our symbol is N-dependent and furthermore the quantity Ey . is divergent in the
limit N — oo. This is due to the fact that our symbol becomes discontinuous as ey — 0
and therefore does not belong to the H '/?-space. The following formula is our main tool
for establishing the strong Gaussian approximation in the CUE.

Theorem 3.6 (Borodin—Okounkov—Case—Geronimo formula). Let w(0) a periodic func-
tion on the interval 6 € [0, 21r) and that log w(0) has Fourier coefficients Ly. Suppose
that we have the expansion

o0 o0
logw®) = Y Lee®. Y kILi* < 00 (3.36)
k=1

k=—o00
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In terms of the quantities b(0) = 1/c(0) and

0]

oo
c(0) = exp (Z Lie*? — Z i_ke_ik6> (3.37)
k=1

k=1
we have the following identity
det(Ty (w))
exp (Nio + o k|ik|2)

=det(I — RyH((b)H(C)RN) (3.38)

where Ry is the projection operator on ¢*(N +1, N+2, ...) and H (b), H (€) are infinite
Hankel matrices corresponding to the sequence of Fourier coefficients of b(9) and c(6),

by by bs... c_1CpC_3...
| b2 b3 bs... ~ _ |c2c3ca...
H(b) = by by bs... |’ H@) = C_3C_4C_5... (3.39)

Proof. There are many proofs in the literature, for example the one of Borodin and
Okounkov [9] led to an increased interest in the formula. For a comprehensive proof under
the conditions mentioned here see Simon [66, Theorem 6.2.14], which also provides a
detailed historical discussion of (3.38) and its original discovery in [33]. O

Note that here log w(9) = hl(lzz) and the quantity Y .2, k|lA,k|2 in (3.38) is precisely

Ey,e in (3.29). Furthermore, an easy computation shows that N Lo= IE(Z;V:] hff) ;)

which corresponds to a re-centering by the expectation. Hence formula (3.38) implies

N N
E|exp| Y hoe©)—E|Y i)
j=1 j=1

= exp (Eu,e) det(/ — Ry H(b)H () Ry). (3.40)
The next lemma gives us the necessary estimate on the above determinant, thus con-
cluding the proof of Proposition 3.5.
Lemma 3.7. Suppose the hypotheses of Proposition 3.3 are satisfied. Then foranyn > 0,
there exists ny > 0 such that we have the following estimate

|det(1 = Ry HBH@RN) — 11 = Cy2EN exp (VIITENTT) - (34D

uniformly for variables uy, . .., ugq belonging to a compact subset of R.

Proof. The following inequality is an easy consequence of standard properties of the
Fredholm determinant

|det(1 + A) — 1] < elAlh — 1 (3.42)
In our case A = —RyH(b)H(E)Ry = —|H(@RN|> <0 using the fact that H (b) =
H@),so—Aisa positive operator. Thus we can write the bound (3.42) in terms of the
Hilbert—Schmidt norm

det(I — RvHBH@Ry) = 1] < el TORE — 1 < || H @) Ry |3l ORI
(3.43)
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which can be computed explicitly (see 6.2.57 in [66])

o0
IH@RN3 =) Klewn . (3.44)
k=1

We now proceed to estimate the Fourier coefficients of the function ¢(0) in (3.37), which
clearly satisfies |[c(0)| = 1. We have

ChaN = 2i / T N0 2000) g (3.45)
T
where
S . e A .
u(®) = x{ D L =Y L e } (3.46)
k=1 k=1

The idea is to exploit cancellations in the integral (3.45) for large N coming from rapid
oscillations of the factor e ~/**)_ To this end, we integrate by parts p times, obtaining

2° 1 T dP .
- = —i(k+N) ,—u@®) [ = _u(9) 2iu(0) do 3.47
KN = ot k+ N)P /,,,e ¢ <d91’e )e (347)
The function e ~#® ”(9)) is a polynomial in #(6) and all its derivatives up to order

p. We have the exphclt formula

p
—u(®) u(®) O ok
¢ <d91’ > Z Yo o[ ®" (3.48)

m=1k+2ky+...+pkp=p =1
ki+ko+...+kp=m

where ¢, i are some combinatorial coefficients. We now proceed to estimate u(l)(e).
Clearly the interchange of derivative and sum in (3.46) is valid as the partial sums of
all derivatives are uniformly convergent. To calculate the coefficients ¢4y, note that by
(3.27) and the convolution theorem, we have

o0
u® @) <23 KLl

k=1

27‘[]/ 00 ; q efzin(uj+l/2)kN’°‘ _efzin(ujfl/Z)kN’”‘ R N
< W;" ;w T |§(ek/@2m N®Y)|
(3.49)

q o0

<2y Y Y /o) eI/ rp ) (3.50)
j=l1 k=1
q 00

~ 2yZ|t,-|p_‘,-/0 K=Y (k/2m))| dk (3.51)
j=1

where p; = N%/e; — o0o. Hence there exists a constant C > 0 such that

q q
u®@) < €Y phltjl < CN*/e9)' D 1t (3.52)

j=1 j=1
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uniformly in uy, ..., u4. Inserting (3.52) into (3.48) yields the estimate
P
—~u(6) Q) ik _ .
e (dg,, : ) Z > cpr [ JUeINe /e = C(ItIN*/e¥)
m=1k+2ka+...+pkp=p =1
ki+ko+...+kp=m
(3.53)
Inserting this into (3.47) gives the following bound on the Fourier coefficients of c(6)
1IN /e*\P
<Cy|—— 3.54
lcken | < V( TN (3.54)

and the corresponding bound on the Hilbert—Schmidt norm

N“ o0 NO[ * 2[7
Zk|c‘k+1\/| <Cy Zk(”tn /6) 5C/1 k<”tL|+]\/76> ak (3.55)

= O(N?([lt|N*/(€*N))*P).
This completes the proof of the lemma. O

The quantity (3.29) is close to a Riemann sum. We need good estimates on the error
in the approximation, which is the purpose of the next lemma. This error is generically of
order N ¢ in the mesoscopic regime. More generally, for the case of diverging interval
length = L(N) — oo the error becomes of order log(L(N))L(N)N~¢.

Proposition 3.8 (Macroscopic to mesoscopic). Consider the quantity (3.29). We have
the uniform approximation

1 R
Eye=—— f k| (k)|* dk + O (log(L(N))L(N)N %) (3.56)
2m)2 Jo
Proof. We use the fact that the error in a Riemann sum approximation is given by the
step size (here N ~%) multiplied by the total variation norm of the function in question.
Hence we have to estimate the quantity

—2ik(u; o 5
£ N /000 4, the 2mk(u_,+1/2)2;ke 2mik(u; 1/2)43(k6j) ‘dk
(3.57)
Using the identity
< 2
Z(lg(kej)tj(e—2nik(uj+l/2) — o 2mikiuj=1/2)
- (3.58)

= 8sin>(2kl/2) Y titep(kejy)p(—ke ) cosQmk(uj, — ujy))

J1<)2
and changing variables k — k/e*, we see that it is sufficient to bound the quantity

Lo /00 d sin?(wkl) cosQuk(uj, —uj,))
S o ldk k

b (ke ) (—kej,)dk (3.59)
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uniformly in u as € — 0. Computing the derivative yields four terms I = I1 + I + I3 +
14 coming from differentiating 1/k, the two trigonometric terms and the functions ¢,
respectively. The contribution coming from the derivative of 1/k is bounded by

2

% sinZ(rrkl) b1
L < ——dk = —1 (3.60)
0 k 2

To compute the contribution coming from the trigonometric terms we change variables
k — k/€* so that the argument of the Fourier transform is diverging for k > 1. Then

the contribution is dominated by the interval k € [0, 1] due to the rapid decay of qg(k)
and we get the bounds

1
]2§Cl/
0

Usin? (ki /e*)
I < C2rluj, — u,-1|/0 T/dk = O(luj, — uj, | log(l/€"))

sin(2wkl /e*)

. dk = O(llog(l/€*))

(3.61)

A similar estimate yields
1 oin2 kl/e*
L < max{ejl,ejz}f wclk = O(maxe;,. €;,}log(l/€*))  (3.62)
0

Multiplying these estimates by the step size N ~* we get the error in the Riemann sum
approximation

E<CN™™ Z 2,211 log(l/€*) (3.63)
J1<h2

which completes the proof of the Proposition. O

A. Properties of the Hilbert Transform, H Y 2_Noise, and a Log-Correlated
Gaussian Process

We define the Fourier transform of any function f € L!(R) by
F () = fk) = / eI f(x)dx. (A.1)
R

The operator % can be extended to a unitary transformation on L?(R) with the Plancherel
formula:

/ F)g()dic = f fx)gm)dx,
R R

for any functions f, g € L>(R — C).
We define the Hilbert transform of any function f € L!(R),

S

X —U

1
A x) = ;]% du, (A2)

where the integral is defined in the principal value sense. The Hilbert transform can also
be extended to a bounded operator on L?(R) which satisfies:

H(F)(k) = —i sgn(i) f (k) (A3)
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where sgn(-) is the sign function. In particular, the identity (A.3) implies that JZ is
invertible on L%(R) and /#~! = —.#. Moreover, let us mention that if f € L' NL?(R)
is absolutely continuous (i.e. f* € L!(R)), then the Hilbert transform of the function f
is differentiable on R and

A (f)

T = H(f). (A4)
K
We define the Cauchy transform of any function f € L'(R),
1 (X)
(@ = [ L (AS)
2mi RX — Z

This function is analytic in both the lower and upper half planes, denoted C.. Moreover,
its boundary values are given (in L or pointwise if the limits make sense) by the Plemelj-
Sokhotski formula, for all x € R,

C(f)e(x) = i& +SH (). (A.6)
‘We define the Sobolev space
H'2(R) = {f eL’R—R): / |K||f(/<)|2d;c < oo} . (A7)
R

This is a Hilbert space equipped with the inner-product

i g)pe = /R el (08 (—)de. (A8)

There are other formulae for the inner product (A.8) which do not involve the Fourier
transform. For any functions f, g € C'(R) such that f, g € L?>(R), we claim that

i @i = // flx) — f(y) glx) — g(y)dxdy (A.9)
R2 X — X =Yy
= Z/Rf’(u)jf(f)(u)du. (A.10)

It can be checked that formula (A.9) holds for any functions f, g € H 1/2(R), while
(A.10) holds as long as .Z (') € L*(R) and .Z (f')(x) = Zm/cf(K)

We define E to be the Gaussian noise associated with the Hilbert space H 1/2 (R), see
for instance [39]. That is & = {E(f)} rep1/2(r) 1s @ Gaussian process with covariance
structure:

E[E(NHEM@] = (f; g 2. (A.11)
Observe that, if x, (x) = 7 1|x_y|<¢/2, then
Tu(k) = e~ 2miue sintrée) (A.12)
K

So that, if we define Q(K) = sz‘f(#, it is easy to check that despite the fact the
functions x, ¢ H 1/2(R), we have

(Xu: Xv) g1z = Q(u —v) (A.13)
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for all u # v. Hence, in a formal sense, the log-correlated Gaussian field G with zero
mean and covariance function Q can be realized as G(u) = E(x,). This is only formal
because the function x, does not belong to the domain of the noise E. However we may
rigorously define regularizations of the field G using this procedure. For any ¢ € Dy as
in (1.30), and € > 0, we let

Go.e(u) = E(Xu * Pe). (A.14)

Then, by formulae (A.8), (A.12), and the definition of Q, the field G ¢ has the correlation
structure:

E[Gg.e), Gy s)] = (xu * b xv * Vs) 172

= / e W=V (Si)d(e) O (i) dc (A.15)
R

for any ¢, ¥ € Dy, €,8 > 0 and u, v € R. Note that by Plancherel’s formula, we may
also rewrite formula (A.15) as

E[Gp.ew), Gy s(v)] = /fmz G — x)Ps(v — y)Q(x — y)dxdy.

Then, when it is convenient, we shall also denote the field G by G * ¢.. Moreover,
the log-correlated field G can be realized as G = lim¢_,9 G4 ¢ in the sense of random
distributions. It is not difficult to make this convergence rigorous, e.g. by using the
asymptotics of Sect. 2.3 for the covariance kernel (A.15), but we do not pursue this here.

B. Gaussian Multiplicative Chaos

In this section, we review in further detail the theory of Gaussian Multiplicative Chaos
(GMC) with respect to the Lebesgue measure on a compact subset 2 C R?. This theory
which originates in the work of Mandelbrot and Kahane [41,42,49,50] aims at defining
the exponential of a log-correlated random field G, denoted formally by

W (dx) = 7 GO EGW?) g (B.1)

The original motivation to study such an object goes back to the work of Kolmogorov,
who proposed that the measure v¥ should describe the energy dissipation in a turbulent
fluid; c.f. [58] for a modern reference. Another motivation comes from the fact that
v can be interpreted as the Boltzmann—Gibbs measure associated with the random
Hamiltonian G. Then, this measure describes the equilibrium configuration of a particle
in a very rough landscape and y > 0 plays the role of the inverse-temperature and is
usually called the intermittency parameter. In fact, sampling from the measure v¥ gives
information about the points where the field G takes unusually high values known as
y-thick points, see [36]. In particular, there exists a critical value of y above which no
such points exist and the measure (B.1) needs to be renormalized in a different way
and becomes purely atomic. This is known as the freezing transition in the theory of
spin glasses and it has been observed that the behavior of v? at criticality is related to
the law of the maximum of the field G [25,27]. Recently, there have also been intense
developments in the case where G is the Gaussian Free Field associated to a domain in
the complex plane. Then, the chaos measure (B.1) is known as the Liouville measure
and it has been one of the key inputs in a program aiming at giving a mathematically
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rigorous construction of Liouville quantum gravity and Liouville quantum field theory,
c.f. the recent results of [16] and [51]. The latter paper is concerned with developing
an important program of imaginary geometries and Liouville quantum gravity and the
Brownian map which aims at proving that the Liouville measures are central objects
which arise, for instance to describe the scaling limit of random planar maps. In addition
various KPZ relations have been established [3,22,59]. For a more detailed introduction
and further references to these topics, we refer to the lecture notes [4,32,61] or the survey
[60]. Measures of the type (B.1) also started to play an increasingly important role in
random matrix theory [6,70] and in statistics of the Riemann zeta function high up on
the critical line [64].

Usually, the random measure v? is defined by first regularizing the field G in some
way and then by taking a limit as the regularization tends to zero.

There have been many important developments in understanding this procedure and
the so-called subcritical case is now well understood for Gaussian regularizations [5,41,
62,65]. To be specific, let G be a Gaussian process on 2 with a covariance kernel:

T(x,y)=—loglx —y|l+g(x,y)

where the function g : A% — R U {—oo} is continuous as an extended function and
there exists a constant C > 0 so that for all x, y € 2,

g(x,y) —log" |x —y| < C. (B.2)

We introduce this general setting since our main example is a stationary Gaussian process
on R with covariance kernel Q given by (1.22). Note that one usually assumes that g
is a continuous and bounded function, but these assumptions can be relaxed without
changing the general theory, as long as a condition such as (B.2) holds. Because of
the singularity of the kernel 7 on the diagonal, G is not defined pointwise and needs
to be interpreted as a random generalized function. Formally G = {G(f)} rec(2) is a
Gaussian process with covariance structure:

E[G(f)G(g)] = / fR F@ROIT (. vdxdy.

In general, the definition of G can be extended to a more general class of test functions
than C(2l), or even to certain classes of measures. To define the exponential measure
(B.1), one can consider a regularization of the process G coming from the convolution
with an approximate delta function. This approach was introduced by Robert and Vargas
in [62] and developed further by Berestycki in [5]. Namely, given € > 0 and a mollifier ¢
(i.e. a sufficiently smooth and light-tailed probability density function on R), we define

Gype=Gx¢p. where ¢(x)= e_l¢>(x/e),

and for any y > 0,
)/2
V7 (dx) = exp (yGe(x) -LE I:Gé(x)Z]) dx. (B.3)

Then, for any function w € L (&l — R;) uniformly bounded, if y2 < 2d, we let

vi(w) = lin}) v? (w). (B.4)
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The random measures v are called the multiplicative chaos measures associated to
the Gaussian process with covariance kernel 7. The major achievements of the GMC
theory are that the limit (B.4) exists in probability (and almost surely in certain cases)
and that it does not depend on ¢ for a large class of mollifiers. Moreover, the measure
VY is non-trivial if and only if y> < 2d. In the critical (y = +/2d) and supercritical
(y% > 2d) regimes, one needs different normalizations than (B.3) to make sense of the
GMC in a non-trivial way, c.f. [60, Section 6] and reference therein. In this paper, we
will focus on the subcritical regime, in which case by Theorem 1.2, the limit (B.4) holds
in L'(P) and the normalization is such that

]E[vy(w)] =/w(u)du.

Moreover, for any g € N such that gy? < 2, it is not difficult to show that

q
E [vy(w)q] = €11_1}10E [vZ(w)q] = /w exp (y2 Z T(uj, uk)> 1_[ w(ug)duy,.

1<j<k=<q k=1
(B.5)
In particular, in dimension d = 1, by a change of variables, this implies that for any
X0 € R,
E [ ([xo — 5, %0+ 51)°]

q
2 .2 1 _1
— ré(q)/ 1_[ luj —ug| ™" e” g(xo+r(uj 3) X0+ (ug 2)) Hduk’
[0,1]¢ 1<j<k<q k=1

where £(q) = q — yzw, so that

E [v7 (Ixo — 5. x0 + 51)7] ~ r¥@S(g: y?/2)e”” D000 a5y 5 0,

where

n n—1 . ~\2 ~ .~

. 7 FA+jy) TA+y+j7)
S(n;y):/ |||u‘—u|y||du:|| . _ -
oar s T T A T@H e = DT+ 7)

(B.6)

is a Selberg integral. The quadratic function £(g) is called the structure exponent and it
describes the multi-fractal properties of the random measure v?, c.f. [60, section 2.3].
Finally, since the Selberg integral converges if and only if R{ny} < 1, this shows that
the condition g2 < 2 in (B.5) is sharp.

Let us conclude this section by stating a result about the convergence of the GMC
measure in the so-called L2-phase (y?> < d). In particular, we will need this result in
Sect. 2.1 in order to identify the law of the multiplicative chaos measure coming from
counting statistics of the CUE or sine process. In addition, the strategy of the proof
will be re-used and generalized in Sects. 2.1 and 2.2 to construct multiplicative chaos
measures for the asymptotically Gaussian fields discussed in the introduction.
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Proposition B.1. Let g be an even integer and y > 0 so that qy*> < 2d. For any
w e LY Q) uniformly bounded, the random variable vé < (w) given by (B.3) converges

as € — 0in L1(P) to a random variable vg(w) which does not depend on the mollifier

¢ subject to the conditions that ¢ is smooth and ¢ € D, for some sufficiently large
a > 0, (1.30).

Proof. This follows from a standard argument; c.f. for instance the proof of [61, Theo-
rem 2.3]. First, given a mollifier ¢, one can prove that v! (w) is a Cauchy sequence in
L4(P). When g is an even integer, this just boils down to checking that

E[Gge@x)Gger(x)] = T(x,x") (B.7)

as €, ¢/ — 01n such a way that we can apply the dominated convergence theorem. To
prove that the limit does not depend on ¢, if véy is the measure associated to the Gaussian
process G ¢ for a second mollifier v, then it suffices to show that

lir%E [V (w) = vY (w)]?] = 0.

This limit follows in a similar fashion by checking that as € — 0,
E[Gaﬁ,e(x)Gw,e(x')] — T(x,x).
O

Remark B.2. In what follows, the condition (B.7) is replaced by Assumption 2.2. In fact,
by going carefully through the proof in [5], it is not difficult to check that if

Tes(x,x") =E[Gge(x)Gg,s(x")]

satisfies Assumption 2.2, then for any y < V2d, v (w) converges in L'(P) to vY (w)
as € — 0. Moreover, for the stationary Gaussian process on R with covariance kernel
Q given by (1.22) which arises in Theorem 1.3 for the mesoscopic CUE, as well as in
Theorem 1.9 for the sine process, it is proved in Sect. 2.3 that Assumption 2.2 holds for
any mollifier ¢ € D, for any o > 0.

Acknowledgements. We thank Christian Webb for his interest in our work, for useful discussions and carefully
reading the first draft of this paper which helped fix typos and mistakes in the proofs and greatly improved
the presentation. G. L. thanks Juhan Aru for stimulating discussions about Gaussian multiplicative chaos. N.
S. would like to thank Yan Fyodorov for suggesting to study the conjectures of [55] in the context of random
matrix theory. Finally, we express our gratitude to the anonymous referees for their detailed comments and
suggestions.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Inter-
national License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the source,
provide a link to the Creative Commons license, and indicate if changes were made.

References

1. Arguin, L.-P., Belius, D., Bourgade, P.: Maximum of the characteristic polynomial of random unitary
matrices. Commun. Math. Phys. 349, 703-751 (2017)

2. Bekerman, F., Lodhia, A.: Mesoscopic Central Limit Theorem for General S-Ensembles.
arXiv:1605.05206 (2016)


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/1605.05206

52

20.

21.

22.
23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

G. Lambert, D. Ostrovsky, N. Simm

Benjamini, I., Schramm, O.: KPZ in one dimensional random geometry of multiplicative cascades. Com-
mun. Math. Phys. 289(2), 653-662 (2009)

Berestycki, N.: Introduction to the Gaussian Free Field and Liouville Quantum Gravity. http://www.
statslab.cam.ac.uk/~beresty/Articles/oxford.pdf. Accessed 18 Jan 2018 (2016)

Berestycki, N.: An elementary approach to Gaussian multiplicative chaos. Electron. Commun.
Probab. 22(27), 12 (2017)

Berestycki, N., Webb, C., Wong, M.D.: Random Hermitian matrices and Gaussian multiplicative Chaos.
Probab. Theory Relat. Fields (2017)

Berggren, T., Duits, M.: Mesoscopic fluctuations for the thinned circular unitary ensemble. Math. Phys.
Anal. Geom. (2017)

Borodin, A.: Determinantal point processes. In: The Oxford Handbook of Random Matrix Theory, pp.
231-249. Oxford University Press, Oxford (2011)

Borodin, A., Okounkov, A.: A Fredholm determinant formula for Toeplitz determinants. Integral Equ.
Oper. Theory 37(4), 386-396 (2000)

Bourgade, P, Erdos, L., Yau, H-T., Yin, J.: Fixed energy universality for generalized Wigner matrices. Com-
mun. Pure Appl. Math. 69(10), 18151881 (2015)

. Bourgade, P., Kuan, J.: Strong Szeg6 asymptotics and zeros of the zeta-function. Commun. Pure Appl.

Math. 67(6), 1028-1044 (2014)
Breuer, J., Duits, M.: Universality of mesoscopic fluctuations for orthogonal polynomial ensembles. Com-
mun. Math. Phys. 342(2), 491-531 (2016)

. Chhaibi, R., Najnudel, J., Madaule, T.: On the Maximum of the CSE Field. arXiv:1607.00243 (2016)

Claeys, T., Krasovsky, L.: Toeplitz determinants with merging singularities. Duke Math. J. 164(15), 2897—
2987 (2015)

. Cremers, H., Kadelka, D.: On weak convergence of integral functionals of stochastic processes with

applications to processes taking paths in Lg. Stoch. Process. Appl. 21(2), 305-317 (1986)

David, F., Kupiainen, A., Rhodes, R., Vargas, V.: Liouville quantum gravity on the Riemann sphere. Com-
mun. Math. Phys. 342(3), 869-907 (2016)

Deift, P.: Integrable operators. In: Differential Operators and Spectral Theory, Volume 189 of American
Mathematical Society Translations: Series 2, pp. 69-84. American Mathematical Society, Providence
(1999)

Deift, P., Its, A., Krasovsky, I.: Toeplitz matrices and Toeplitz determinants under the impetus of the Ising
model: some history and some recent results. Commun. Pure Appl. Math. 66(9), 1360-1438 (2013)
Deift, P.,, Kriecherbauer, T., McLaughlin, K.T.-R., Venakides, S., Zhou, X.: Uniform asymptotics for
polynomials orthogonal with respect to varying exponential weights and applications to universality
questions in random matrix theory. Commin. Pure Appl. Math. 52(11), 1335-1425 (1999)

Deift, P, Zhou, X.: A steepest descent method for oscillatory Riemann—Hilbert problems. Asymptotics
for the MKdV equation. Ann. Math. (2) 137(2), 295-368 (1993)

Ding, J., Roy, R., Zeitouni, O.: Convergence of the centered maximum of log-correlated Gaussian
fields. Ann. Probab. 45(6A), 3886-3928 (2017)

Duplantier, B., Sheffield, S.: Liouville quantum gravity and KPZ. Invent Math. 185(2), 333-393 (2011)
Erdés, L., Knowles, A.: The Altshuler—Shklovskii formulas for random band matrices II: the general
case. Ann. Henri Poincaré 16(3), 709-799 (2015)

Forrester, P.J., Warnaar, S.0.: The importance of the Selberg integral. Bull. Am. Math. Soc.
(N.S.) 45(4), 489-534 (2008)

Fyodorov, Y.V., Bouchaud, J-P.: Freezing and extreme-value statistics in a random energy model with
logarithmically correlated potential. J. Phys. A 41(37), 372001, 12 (2008)

Fyodorov, Y.V., Hiary, G.A., Keating, J.P.: Freezing transition, characteristic polynomials of random
matrices, and the Riemann zeta function. Phys. Rev. Lett. 108, 170601 (2012)

Fyodorov, Y.V., Keating, J.P.: Freezing transitions and extreme values: random matrix theory, and dis-
ordered landscapes. Philos. Trans. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 372(2007), 20120503,
32 (2014)

Fyodorov, Y.V., Khoruzhenko, B.A., Simm, N.J.: Fractional Brownian motion with Hurst index H = 0
and the Gaussian unitary ensemble. Ann. Probab. 44(4), 2980-3031 (2016)

Fyodorov, Y.V., Le Doussal, P.: Moments of the position of the maximum for GUE characteristic poly-
nomials and for log-correlated Gaussian processes. J. Stat. Phys. 164(1), 190-240 (With Appendix I by
Alexei Borodin and Vadim Gorin) (2016)

Fyodorov, Y.V., Le Doussal, P., Rosso, A.: Statistical mechanics of logarithmic REM: duality, freez-
ing and extreme value statistics of 1/f noises generated by Gaussian free fields. J. Stat. Mech. Theory
Exp. 2009(10), P10005, 32 (2009)

Fyodorov, Y.V., Simm, N.J.: On the distribution of the maximum value of the characteristic polynomial
of GUE random matrices. Nonlinearity 29, 2837-2855 (2016)

Garban, C.: Quantum gravity and the KPZ formula [after Duplantier-Sheffield]. Astérisque (352):Exp.
No. 1052, ix, 315-354 (2013). Séminaire Bourbaki. Vol. 2011/2012. Exposés 1043-1058


http://www.statslab.cam.ac.uk/~beresty/Articles/oxford.pdf
http://www.statslab.cam.ac.uk/~beresty/Articles/oxford.pdf
http://arxiv.org/abs/1607.00243

Subcritical Multiplicative Chaos for Regularized Counting Statistics 53

33.

34.

35.

36.
37.

38.

39.

40.

41.
42.

43.

44.

45.

46.
47.
48.
49.
50.
S1.
52.
53.
54.
55.
56.
57.
58.
59.
60.
61.

62.
63.

64.

Geronimo, J.S., Case, K.M.: Scattering theory and polynomials orthogonal on the unit circle. J. Math.
Phys. 20(2), 299-310 (1979)

He, Y., Knowles, A.: Mesoscopic eigenvalue statistics of Wigner matrices. Ann. Appl. Probab. 27(3), 1510—
1550 (2017)

Hough, J.B., Krishnapur, M., Peres, Y., Virdg, B.: Determinantal processes and independence. Probab.
Surv. 3, 206-229 (2006)

Hu, X., Miller, J., Peres, Y.: Thick points of the Gaussian free field. Ann. Probab. 38(2), 896-926 (2010)
Hughes, C.P., Keating, J.P., O’Connell, N.: On the characteristic polynomial of a random unitary ma-
trix. Commun. Math. Phys. 220(2), 429-451 (2001)

Its, A.R., Izergin, A.G., Korepin, V.E., Slavnov, N.A.: Differential equations for quantum correlation
functions. In: Proceedings of the Conference on Yang—Baxter Equations, Conformal Invariance and In-
tegrability in Statistical Mechanics and Field Theory, vol 4, pp. 1003-1037 (1990)

Janson, S.: Gaussian Hilbert Spaces, Volume 129 of Cambridge Tracts in Mathematics. Cambridge Uni-
versity Press, Cambridge (1997)

Johansson, K.: Random matrices and determinantal processes. In: Mathematical Statistical Physics, pp.
1-55. Elsevier B. V., Amsterdam (2006)

Kahane, J-P.: Sur le chaos multiplicatif. Ann. Sci. Math. Québec 9(2), 105-150 (1985)

Kahane, J-P., Peyriere, J.: Sur certaines martingales de Benoit Mandelbrot. Adv. Math. 22(2), 131-
145 (1976)

Kallenberg, O.: Foundations of Modern Probability. Probability and Its Applications (New
York). Springer, New York (2002)

Krasovsky, I.: Aspects of Toeplitz determinants. In: Random Walks, Boundaries and Spectra, Volume 64
of Progress in Probability, pp. 305-324. Birkhéduser/Springer, Basel (2011)

Kuijlaars, A.: Riemann—Hilbert analysis for orthogonal polynomials. In: Orthogonal Polynomials and
Special Functions (Leuven, 2002), Volume 1817 of Lecture Notes in Math., pp. 167-210. Springer, Berlin
(2003)

Lambert, G.: Mesoscopic fluctuations for unitary invariant ensembles. Electron. J. Probab. 23 (2018),
Paper no. 7. arXiv:1510.03641 (2016)

Lodhia, A., Simm, N.J.: Mesoscopic linear statistics of Wigner matrices. arXiv:1503.03533 (2015)
Macchi, O.: The coincidence approach to stochastic point processes. Adv. Appl. Probab. 7, 83-122 (1975)
Mandelbrot, B.B.: Possible refinement of the log-normal hypothesis concerning the distribution of en-
ergy dissipation in intermittent turbulence. In: Rosenblatt, M., Van Atta, C. (eds.) Statistical Models and
Turbulence, vol. 12, pp. 333-351. Springer, New York (1972)

Mandelbrot, B.B.: Limit lognormal multifractal measures. In: Gotsman, E.A. et al. (ed.) Frontiers of
Physics: Landau Memorial Conference, pp. 309-340. Pergamon, New York (1990)

Miller, J., Sheffield, S.: Liouville Quantum Gravity and the Brownian Map III: The Conformal Structure
is Determined. arXiv:1608.05391 (2016)

Ostrovsky, D.: Mellin transform of the limit lognormal distribution. Commun. Math. Phys. 288(1), 287—
310 (2009)

Ostrovsky, D.: Selberg integral as a meromorphic function. Int. Math. Res. Not. IMRN 2013(17), 3988—
4028 (2013)

Ostrovsky, D.: On Barnes beta distributions and applications to the maximum distribution of the 2D
Gaussian free field. J. Stat. Phys. 164(6), 1292-1317 (2016)

Ostrovsky, D.: On Riemann zeroes, lognormal multiplicative chaos, and Selberg integral. Nonlinear-
ity 29(2), 426-464 (2016)

Ostrovsky, D.: On Barnes beta distributions, Selberg integral and Riemann xi. Forum Math. 28(1), 1-
23 (Published electronically in 2014) (2016)

Paquette, E., Zeitouni, O.: The maximum of the CUE field. International Mathematics Research Notices
(2017)

Pereira, R.M., Garban, C., Chevillard, L.: A dissipative random velocity field for fully developed fluid
turbulence. J. Fluid Mech. 794, 369-408 (2016)

Rhodes, R., Vargas, V.: KPZ formula for log-infinitely divisible multifractal random measures. ESAIM
Probab. Stat. 15, 358-371 (2011)

Rhodes, R., Vargas, V.: Gaussian multiplicative chaos and applications: a review. Probab. Surv. 11, 315-
392 (2014)

Rhodes, R., Vargas, V.: Lecture notes on Gaussian multiplicative chaos and Liouville Quantum Gravity.
arXiv:1602.07323 (2016)

Robert, R., Vargas, V.: Gaussian multiplicative chaos revisited. Ann. Probab. 38(2), 605-631 (2010)
Rodgers, B.: A central limit theorem for the zeroes of the zeta function. Int. J. Number Theory 10(2),
483-511 (2014)

Saksman, E., Webb, C.: The Riemann Zeta Function and Gaussian Multiplicative Chaos: Statistics on the
Critical Line. arXiv:1609.00027 (2016)


http://arxiv.org/abs/1510.03641
http://arxiv.org/abs/1503.03533
http://arxiv.org/abs/1608.05391
http://arxiv.org/abs/1602.07323
http://arxiv.org/abs/1609.00027

54

65.
66.

67.

68.

69.
70.

G. Lambert, D. Ostrovsky, N. Simm

Shamov, A.: On Gaussian multiplicative chaos. J. Funct. Anal. 270(9), 3224-3261 (2016)

Simon, B.: Orthogonal Polynomials on the Unit Circle. Part 1, Volume 54 of American Mathematical
Society Colloquium Publications. American Mathematical Society, Providence (2005). Classical theory
Simon, B.: Trace Ideals and Their Applications, Volume 120 of Mathematical Surveys and Monographs.
American Mathematical Society, Providence, second edition (2005)

Soshnikov, A.: The central limit theorem for local linear statistics in classical compact groups and related
combinatorial identities. Ann. Probab. 28(3), 13531370 (2000)

Soshnikov, A.: Determinantal random point fields. Uspekhi Mat. Nauk 55(5(335)), 107-160 (2000)
Webb, C.: The characteristic polynomial of a random unitary matrix and Gaussian multiplicative chaos—

the Lz—phase. Electron. J. Probab. 20(104), 21 (2015)

Communicated by P. Deift



	Subcritical Multiplicative Chaos for Regularized Counting Statistics from Random Matrix Theory
	Abstract:
	1 Introduction
	1.1 Background and results for the CUE
	1.2 Strategy of the proof
	1.3 Results for the sine process
	1.4 Overview of the paper
	1.5 Determinantal point processes and integrable operators

	2 Proof of the Main Results
	2.1 Convergence of the multiplicative chaos measure in the L2-phase
	2.2 Convergence of the multiplicative chaos measure in the L1-phase
	2.3 Asymptotics of the covariances

	3 Asymptotic Analysis
	3.1 Proof of Proposition 1.10
	3.2 Strong Gaussian approximation for the CUE

	A Properties of the Hilbert Transform, H1/2-Noise, and a Log-Correlated Gaussian Process
	B Gaussian Multiplicative Chaos
	Acknowledgements.
	References




