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A B S T R A C T

Generative Adversarial Networks (GANs) aim to produce realistic samples by mapping a low-dimensional latent 

space with known distribution to a high-dimensional data space, exploiting an adversarial training mechanism. 

However, without an effective characterisation of the generative process, such models face significant challenges 

in training and architecture selection. In this work, we propose a Topological Data Analysis based approach, using 

persistent homology, which can provide such a characterisation, where topological information of a data mani-

fold is summarised by its Persistent Diagram and the evolution of its topological features is tracked throughout 

training. Our approach is applied across multiple GAN architectures using two benchmark datasets, where we 

demonstrate that conventional metrics such as Fréchet Inception Distance and intrinsic dimension estimates can-

not adequately capture the quality of generated samples. Instead, our results confirm that a topological description 

of the generative process within GANs successfully captures training convergence and mode collapse. Finally, the 

layer-wise topological analysis determines the role each layer plays in the generative process, and may provide 

future guidance for refinement of architectures. Code available at https://github.com/bcorrad/genfold25.git.

1. Introduction

Generative models are a class of unsupervised machine learning 

paradigms that aim to produce realistic and high-quality synthetic data. 

Such models are designed to learn a mapping G  

 

: Z → XΘ   from a

low-dimensional latent space Z with known distribution p toz  

 

a high-

dimensional space X where the true data distribution p x 

resides. Once 

this mapping is learned, new samples can be generated by sampling 

latent vectors z ~ pz and feeding them to the generator G Θ 

. 

Among generative models, Generative Adversarial Networks (GANs) 

[17] have achieved state-of-the-art results in synthetic image generation 

through their adversarial training strategy: two networks—a generator 

and a discriminator—are trained simultaneously to compete with each 

other in a min-max game. During the training process, the goal of the 

generator is to fool the discriminator by producing synthetic images 

that resemble the training data, while the discriminator must learn to 

distinguish between real and synthetic images.

An appropriate characterisation of the generative process in GANs is 

important for controlling the learning procedure and designing optimal

architectures. Providing a better understanding of the generative process 

can help address with several unsolved problems involving GANs [1]. 

For instance, how does the output space of the trained generator, or even 

its latent space, relate to the generated data distribution? What level of 

performance can be achieved by the GAN with respect to a specific train-

ing set? Is it possible to correctly identify the causes of mode collapse? 

Moreover, can we find some criterion to implement early stopping in 

GANs?

In this paper, we argue that the previous questions can be addressed 

by relying on the manifold hypothesis and Topological Data Analysis (TDA). 

Manifold hypothesis posits that certain classes of high-dimensional data, 

e.g., natural images, lie on or close to a low-dimensional sub-manifold 

embedded in the ambient space. This hypothesis has a long history in 

machine learning and was already implicitly adopted in both Principal 

Component Analysis [22,24,35] and Autoencoders [20]. Moreover, it 

has formed the basis of modern research in the field of manifold learn-

ing [23,30,41] and has often been used to explain the advantage of 

the high-level abstractions of data that are produced by deep learning
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architectures [4]. In the context of generative modelling, the manifold 

hypothesis implies that the generative task can be seen as twofold: (i) 

learning the low-dimensional structure that forms the support of the gen-

erated distribution, and (ii) learning the true distribution itself. Hence, 

if a GAN cannot successfully learn the low-dimensional structure, then 

it will not learn the true distribution [28].

This low-dimensional structure can be studied using various tools 

from Topological Data Analysis [11]. In particular, persistent homol-

ogy [15] captures fundamental geometric and topological features, such 

as connected components, holes and voids, as they appear and persist 

over different geometric scales. By analysing the persistence of these 

features, an effective characterisation of the data manifold can be con-

structed, obtaining its multi-scale, global, intrinsic properties that are 

often overlooked by other methods. While several studies apply TDA 

to discriminative models [7,8,18,32], very few works use persistent 

homology for the analysis of generative ones [10,21], where a robust 

TDA-based approach is still lacking.

This work presents an empirical study in which we exploit TDA to 

analyse how a GAN learns the underlying low-dimensional structure of 

a dataset, and its implications with respect to the generative capabil-

ities of the model. In particular, we investigate how a GAN learns by 

observing (i) changes in the topology of the generated manifold and 

(ii) transformations of the latent space manifold as it passes through the 

layers of the generator. Our approach suggests that TDA effectively iden-

tifies and characterises the learning dynamics as well as common issues 

observed in GANs. We also provide the trend of widely used evaluation 

metrics, such as the Fréchet Inception Distance (FID) [19] and the in-

trinsic dimension (ID) estimate [5], finding that these metrics are not 

always sufficiently informative to detect critical issues in GANs.

In particular, the following observations are derived.

• About convergence of the generated manifold to the target. If

the homology of the generated manifold fails to converge within 

an acceptable margin to that of the target, the generator will not 

successfully learn the true distribution.

• About FID score and ID. Neither the FID score alone nor its com-

bination with ID forms a sufficient metric to evaluate the quality of 

the generated distribution.

• About mode collapse. Mode collapse can be clearly identified as

a sudden increase in the distance between the target and the gen-

erated manifold of the 0-homology group, i.e., the one identifying 

connected components.

• About layer contribution. We observe that different types of layers

have a distinct impact on the manipulation of the generated man-

ifold. This offers insights into how each layer impacts the learning 

dynamics.

Our paper is structured as follows. Section 2 summarises topology-

based approaches to analyse different neural network architectures, as 

well as state-of-the-art applications in the domain of GANs. In Section 3, 

we present a brief introduction to persistent homology, used in this 

paper to characterise data manifolds. Section 4 outlines our methodol-

ogy and provides a detailed description of each experiment. We present 

our results in Section 5 alongside conclusions and future directions 

in Section 6.

2. Related works

The first work to investigate the relationship between topological 

concepts and computational capabilities of neural network architectures 

is proposed in [7]. By establishing a topological complexity measure 

using Betti numbers, the authors derive theoretical upper and lower 

bounds on both the necessary width and depth of a neural network for 

implementing functions of varying complexity. A natural extension of 

this work is given in [18], which introduces an empirical analysis of 

the topological complexity of a dataset and the minimal network capac-

ity required to classify it. The authors validate their methodology using

synthetic datasets whose topology is a-priori known and then extend 

their empirical analysis to real datasets. Fully connected architectures 

of different depths and widths with ReLU activation functions are con-

sidered and compared in turn. In [32], the authors provide a qualitative 

analysis of how the topological complexity of data manifolds changes 

when passing through different layers of a Multi-Layer Perceptron. They 

demonstrate that in shallow architectures topological transformations 

are performed in the final layers, whereas in deep architectures they are 

spread out across all layers. A qualitative study of the generative pro-

cess within Convolutional Neural Networks (as well as other generative 

model classes) is performed in [29]. The authors study the transfor-

mations of the internal representations of each structural block using 

homological descriptors known as life-span sums. In addition, persistent 

homology fractal dimension is used for estimating the ID of each embed-

ding space. Nevertheless, only GAN learning dynamics are considered 

through the study of convergence of topological and geometric features, 

and an evaluation of the quality of the generated samples is missing.

On the other hand, very few works focus on evaluating the perfor-

mance of GANs, as well as describing their generative process, through 

the lens of persistent homology. In [10], the authors study the evo-

lution and convergence of the estimated intrinsic dimension and the 

first three Betti numbers of the generated manifold during training. 

However, the work does not investigate how different model archi-

tectures influence these topological and geometric properties, nor how 

such properties could be leveraged to evaluate the generative process. 

In [21], the authors propose a new metric known as topology distance, 

which compares the 0-dimensional homology groups of real and gener-

ated manifolds. The main criticism of this approach is related to data 

representation: both manifolds are obtained using a pretrained feature 

extractor, which may introduce biases in the final evaluation. In [25], 

a probabilistic approach is proposed for comparing manifolds for the 

evaluation of GANs. By choosing subsets of landmark points to derive 

witness complexes, representations of manifolds are obtained in an ap-

proximate stochastic manner. Discrete probability distributions are then 

computed using vector representations of their topological information. 

Finally, the authors estimate the topological similarity of the training 

and generated manifolds as a distance between the empirical mean of 

these distributions.

In [37], the authors employ persistent entropy to quantify topologi-

cal complexity in generative models. Persistence diagrams are computed 

on cubical complexes built from image pixel intensities, yielding an 

image-level measure of structural diversity. Two theoretical results re-

late this entropy to the homological complexity and its mean value 

across samples, and the metric’s distribution highlights issues such as 

mode collapse. However, their approach focuses on the topology of in-

dividual generated images and their averages, and does not establish a 

connection with the topology of the true and generated data manifold.

Our approach moves away from data representation issues by ex-

tracting encodings from the last layer of the GAN’s generator, avoiding 

the use of auxiliary networks. In addition, we avoid introducing a-priori 

assumptions on the choice of points and parameters when computing 

simplicial complexes. Contrary to previous works, our analyses com-

pare different descriptors of the generative process: persistence diagrams 

of the first three homology groups of a given manifold; the FID score 

between real and generated distributions; and the ID of both real and 

generated manifolds.

3. Preliminaries

This section introduces essential concepts from TDA for character-

ising the topology of a manifold using only a finite collection of data 

points. For a more comprehensive treatment, see Appendix A.

3.1. Homology 

Simplicial complex. A k-dimensional simplex, or simply k-simplex, 𝜎 on

a vertex set V is any subset consisting of k + 1 elements contained in
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V . A simplicial complex K on a vertex set V is a collection of non-empty

subsets of V such that: (i) for every u ∈ V then {u} ∈ K, and; (ii) if τ and

𝜎 are both simplices where τ ⊂ 𝜎 and 𝜎 ∈ K, then τ ∈ K. The dimension 

of a simplicial complex K is given by dim(K) := max{dim(𝜎) | 𝜎 ∈ K}.

Simplicial homology. Simplicial complexes are topological spaces that

can be characterised by their homology groups, i.e., algebraic ob-

jects that are invariant under topological transformations known as

homeomorphisms. These groups encode the presence of k-dimensional 
homological features of the topological space – e.g the number of con-

nected components (k = 0), holes (k = 1), voids (k = 2) and other higher 

dimensional analogues. In order to compute the homology groups of a 

simplicial complex K, one constructs a sequence of vector spaces whose 

elements represent formal combinations of k-simplices. These are linked 

by linear maps called boundary operators, which encode how simplices 

are connected across dimensions. Studying the algebraic structure of 

these operators allows for the computation of the homological features 

of K.
(Let K be a simplicial complex and K k  

       

) = {𝜎 1,... , 𝜎 m} be the 

  

col-

lection of all k-simplices in K. Then the k-th chain group of K over 

a coefficient ring F, denoted C (F; K) or simplyk  Ck ,  

  

is a vector space 

whose 

( )basis elements  

 are the simplices K 

k . Every k-chain 𝛾 ∈ Ck  

can 

be uniquely expressed as:

𝛾 =
m
∑ 

i=1
𝛾𝜎𝜎i where 𝛾 𝜎 ∈ F.

The k-th boundary operator, 𝜕  

 

, acting on an arbitraryk   k-chain 𝛾 ∈ Ck  

is defined as:

𝜕k𝛾 =
m
∑ 

i=1

k
∑

j=0
𝛾𝜎i (𝜎 i) -j ,

where (𝜎 i)- isj  the (k - 1)-simplex obtained by removing the vertex u j 

from 𝜎 .i  Hence, 𝜕 k 

: Ck  

→ C is a linear map with the propertyk -1       

𝜕 “ak𓏸𝜕 k+1 = 0, i.e.,   

 

boundary of a boundary is trivial”. For each dimension

k the following holds:

B k := Img
(

𝜕k+1
) 

⊆ Ker 

( 

𝜕 k 

) 

=: Z k, 

where elements of Bk are called k-boundaries  

 

and elements of Z k 

are

called k-cycles.
With boundary operators and chain groups on the m-dimensional 

simplicial complex K, one can construct the following chain complex:

0
𝜕 m+1
-------------------→ C m

𝜕 m
-----------→ C m-1

𝜕 m-1
-------------------→ ... 

𝜕 1
----------→ C 0

𝜕 0
----------→ 0,

and define a quotient vector space called the k-th homology group of K 

as:

H k := 

Z k
B k

= 

Ker 

( 

𝜕k 

)

Img 

( 

𝜕k+1
) for k = 0, 1, ... , m.

Hence, H  

 

represents the k-cycles that are not boundaries ofk   higher 

dimensional chains and therefore capture “non-trivial” homological fea-

tures within K. The rank of the k-the homology groups is known as the 

k-th Betti number:

𝛽 k 

:= rank 

( 

H k 

) 

for k = 0, 1, ... , m,

where 𝛽k  

counts the number of k-dimensional voids in K.

3.2. Persistent homology

Let P be a point cloud that is either drawn from or close to a mani-

fold M whose topological structure cannot be directly studied. Instead, 

one could consider a surrogate topological space, such as a simplicial

complex, whose homology is equivalent to that of the manifold [33]. 

However, in the absence of certain a-priori knowledge about M – such 

as its condition number – it is not possible to guarantee this equivalence 

using a single complex. Alternatively, one can construct a sequence of 

nested simplicial complexes from P at varying geometric scales, forming 

what is known as a filtration. Studying the persistent homology of this fil-

tration enables the inference of homological features of the underlying 

manifold.

Vietoris-Rips filtration. Given a metric δ on P and a geometric scale

𝜌 ≥ 0, the Vietoris-Rips complex VR 𝜌 

(P) is given by the set of simplices:

VR 𝜌(P) := {{u 0 

,... , u k 

} : δ(u i 

, u j 

) ≤ 2𝜌

for all i, j ∈ [k], where u 0 

,... , u k 

∈ P}.

For any sequence of scales 0 ≤ 𝜌 1 ≤ 

 

𝜌 2  

 

≤ … ≤ 𝜌m 

the Vietoris-Rips

filtration is given by the following chain of inclusions:

VR 0(P) ⊆ VR 𝜌 1 

(P) ⊆ VR 𝜌 2 

(P) ⊆ … ⊆ VR 𝜌 m 

(P), 

where 𝜌 i 

is the filtration parameter. 

Persistent homology. The inclusion maps that define the filtration in-

duce linear maps between the k-th homology groups of each complex. 

Hence, one can track the geometric scales at which each homological 

feature appears (its birth, 𝜌 ) (itsb  and disappears   

 

death, 𝜌 d 

) within the 

filtration, representing the feature by its persistence interval (𝜌 b 

, 𝜌 d 

). The 

length of this interval is the persistence of the corresponding feature and 

reflects its significance – features with greater persistence are typically 

considered more representative of the homological structure of the un-

derlying manifold. In contrast, features with short persistence are often 

interpreted as topological noise within the filtration.

Persistence diagram. A graphical representation of the persistent ho-

mology of a filtration is given by its persistence diagram (PD). A PD 

is a 

2multiset  

 of points in R , where the persistence interval of the i-
th non-trivial feature, (𝜌 i,b, 𝜌 i,d         

  

), is a point that lies above the diagonal
Δ = {(c, c) | c ∈ R}. Δ is also included in the PD, where each of its points 

has infinite multiplicity. Features with a short persistence lie close to Δ. 
An example of a PD is shown in Fig. 1.

Fig. 1. A persistence diagram showing the evolution of topological structures 

across different scales for the first three homology dimensions. The H 0 

features 

(orange) represent connected components, H 1 (green) represents loops, and H 2 

(blue) represents voids. According to theory, only one connected component has 

infinite persistence, represented by a point on the top border of the diagram.
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It is possible to compare the homological features of two PDs, D 1 

and D2  

, using various distance metrics. A popular choice is the p-th
Wasserstein distance:

W p(D 1, D 2 

) = inf
Ø:D 1 

→D2 

(

∑

a∈D 1

|| a - Ø(a) || 

p
q

)
1
p

, (1)

where Ø : D →1  D 2 is a bijection known as a matching and q ∈ N\{0} ∪ 

  

∞; in this work, we use the Euclidean distance by setting q = 2. Each 

matching has a cost based on the distance required to move a point a ∈
D 1 

to a point b = Ø(a) ∈ D2 . Hence, the Wasserstein distance between 

two diagrams is the minimum-cost matching among all possible Ø.

4. Material and methods

The ability of a GAN to replicate a given dataset strictly depends on 

the architectural features and the complexity of the dataset’s manifold 

it aims to reproduce [18]. If the architecture of a GAN has sufficient 

expressive capacity to model a manifold with homological complexity 

similar to that of the real data, we expect that training can produce ef-

fective results. Inspired by those works exploring discriminative models 

using TDA, in this study we explore foundational GANs to infer a re-

lationship between the generation capabilities and the topology of the 

training manifold. We pose the following question: is it reasonable to re-

late GAN failures and, more generally, the quality of training to the evolution 

of the manifold throughout the training process?

This section presents details of the experimental setup used to eval-

uate the performance and capabilities of selected GAN architectures. 

The experiments investigate each model’s ability to replicate and gen-

erate realistic data across widely used datasets, such as MNIST [13], 

CIFAR-10 [26] and CelebA [27], as briefly described in Section 4.1. 

In Section 4.2, the implementation details are presented, providing: the 

hyperparameters of each GAN (see Appendix B for further details), the 

training configurations, and details for the FID, ID and persistent ho-

mology calculation. Each dataset presents different challenges in terms 

of data complexity, resolution, and class variety, providing a robust basis 

for assessing the expressive capacity of each model.

4.1. Datasets 

MNIST. The MNIST dataset [13] is a collection of 70,000 grayscale

images of handwritten digits (zero to nine), each of size 28 ⨯ 28 pixels. 

It is split into 60,000 training images and 10,000 test images. MNIST is 

widely used in image generation due to the low resolution of the images 

and their simple semantic and graphical content. Hence it is a useful 

benchmark for understanding the basic expressive power of a generative 

model.

CIFAR-10. The CIFAR-10 dataset [26] is a ten classes benchmark 

composed of 60, 000 RGB images of size 32 ⨯ 32 pixels. It is generally 

considered more complex when compared to MNIST, with higher vari-

ability in terms of objects, textures, and colour schemes. This dataset 

challenges a model’s ability to capture and reproduce nuanced features, 

including colour dynamics and object structures. Hence, it is used to as-

sess the performance of generative models on more diverse and complex 

data.

CelebA. The CelebA dataset [27] is a large-scale face attributes dataset

containing over 200, 000 RGB images of celebrity faces, each annotated

with 40 binary attribute labels. The images are usually resized to 64 ⨯
64 or 128 ⨯ 128 in generative modeling tasks. CelebA poses a greater

challenge compared to object-centric datasets like CIFAR-10 due to its

focus on fine-grained facial features, variations in expression, pose, and

illumination. It is widely used to evaluate the capacity of generative

models to synthesize realistic and identity-preserving human faces while

capturing subtle attribute-level variations.

4.2. Implementation details

GAN architectures. We perform experiments across four different GAN 

architectures: two linear models (a standard GAN and a WGAN-GP 

with a linear structure) and two convolutional models (a DCGAN and 

a WGAN-GP with a convolutional structure). Each model is trained for 

400 epochs with a batch size of 32 and generates RGB images with a 

resolution 32 ⨯ 32 pixels. The input for each model is a noise vector with 

100 components. For optimisation, we apply the Adam optimiser with 

learning rates and beta parameters tailored to each architecture. The 

implementation details of each architecture are provided in Appendix B.

Training configurations. Each architecture is trained on MNIST and 

CIFAR-10 datasets, using a single-class configuration (the digit 3 and 

the cat class, respectively) and a dual-class configuration (digits 3 and 

7, and cat and horse classes, respectively). In the multi-class case, we 

consider only two classes in order to balance interpretability of results 

with the complexity of the target manifold. We additionally train models 

on the CelebA dataset, with all images rescaled to a resolution of 32 ⨯ 32 

pixels.

Evaluation of generated samples using FID. The Fréchet Inception Distance

score [19] is a widely-used metric for assessing the quality of images 

produced by a generative model. Specifically, it calculates the distance 

between the statistics of the feature representations of both generated 

and real images, as encoded by a pretrained Inception network. In each 

experiment, we compute the FID score for each epoch to quantitatively 

evaluate how closely the generated images resemble the target dataset 

during training. In order to ensure a fair comparison across epochs and 

architectures, the FID score is calculated using a sample of generated 

images, whose number matches the size of the target dataset.

Evaluation of dataset complexity by intrinsic dimension. We implement

a maximum likelihood estimation approach to approximate the intrin-

sic dimension of data [5,36]. Due to computational constraints, the ID

of each dataset is estimated on a representative fraction of the sam-

ples, determined by the dataset’s complexity. We show in Appendix F 

that this subset is sufficient to capture the data characteristics without 

a significant loss of generality.

Persistent homology calculation. We characterise the shape of generated

and target manifolds by computing their persistent homology as PDs 

using the Ripser library [38].

To reduce the computational complexity of persistent diagram calcu-

lations while preserving the essential topological features of the data, we 

employed a greedy permutation algorithm [9] to subsample the point 

cloud. This method, implemented in the Ripser library, selects a sub-

set of points that are maximally dispersed using a “furthest point first” 

strategy [3], ensuring representative coverage of the original dataset. 

This approach is commonly used in TDA to enable scalable computation 

without significant loss of structural information.

We retain the first n = 100 points in the greedy ordering. This choice 

represents a practical trade-off: it reduces the time complexity of PD 

calculation while still providing a reasonably informative topological 

representation (see Appendix D for further details). While including 

more points would yield a finer-grained filtration, doing so would make 

our computations prohibitive based on the available hardware.

We evaluate the distance between PDs using the 2-Wasserstein dis-

tance, as defined in Eq. (1), and denote it for notational convenience as 

W(., .), omitting the explicit reference to the parameter p. Instead, we re-

fer to W i 

as the 2-Wasserstein distance between the homology features 

of dimension i = 0, 1, 2 in the PDs. This distance is leveraged in three 

different scenarios:

• Training stability. We compare consecutive PDs of the generated

data across epochs by evaluating the Wasserstein distance between 

them. In this scenario, PDs are computed for each epoch using the
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GAN’s final feature layer. For completeness, we include the PD of the 

initial noise vector in the comparison. By monitoring this distance 

over consecutive epochs, we gain insights into how stable the train-

ing of a given model is: large variations imply that the homology of 

the generated manifold may have changed drastically and hence that 

learning has become unstable; small variations imply stable training 

or that training may have stalled altogether.

• Convergence of the generated manifold to the target. An epoch-

wise comparison of the generated manifold, however, is not suf-

ficient for understanding how capable a GAN is in learning the 

underlying structure of the target manifold. For this reason, we pro-

pose comparing the PD of the generated manifold at each epoch with 

that of the target by computing the corresponding Wasserstein dis-

tance. Monitoring whether or not this quantity converges to either 

zero or a non-zero value may indicate the capacity of a GAN to learn 

the underlying structure of the target manifold.

• Topological changes across layers. We compute the mean and

standard deviation of the Wasserstein distance between PDs of con-

secutive layers using all training epochs. This analysis may provide 

guidance for refinement, as well as selection, of model architectures 

that better capture the underlying structure of the target data.

5. Results and discussion

In this section, we present and discuss the results of our analysis, 

highlighting key findings and their implications for GAN behaviour and 

training dynamics. Specifically, we track the evolution of topological 

features of the generated manifold during training, as well as the trans-

formations of the latent space manifold across layers. To this end, we 

evaluate multiple classes of GANs trained on subsets of widely-used 

datasets: MNIST, CIFAR-10 and CelebA.

By training and analysing the models across these datasets, we seek 

to identify and characterise several well-documented issues common to 

GANs, including mode collapse and training instability. Typically, these 

phenomena are assessed through qualitative examination of the gener-

ated samples, as they manifest visually in the output images. To deepen 

our analysis, we also examine trends of statistical (FID) and geometrical 

(ID) evaluation metrics for assessing generated images.

In the following, the notable case studies are presented to show 

how we visualise the results and derive the corresponding discussion. 

Additional experiments which mirror the same behaviors described in 

the section, are reported in Appendix C.

5.1. Convergence to the target manifold reflects proper training dynamics

The training dynamics of Linear WGAN-GP (Class 3 MNIST) show 

that the training is stable across all epochs (Fig. 2c), and that the 

generated manifold converges to that of the target (Fig. 2d). Moreover,

W 0 seems to play a critical role in shaping the manifold, showing the 

most prominent changes. On the other hand W 1 

and W 2 

distances re-

main relatively low and stable, suggesting limited contributions from 

loops or higher-dimensional features.

The ID of the generated manifold is initially less than that of the tar-

get, after which it steadily increases approaching true value (Fig. 2b). 

We first observe (Fig. 2a) a dip in the FID progression followed by a 

slowly decreasing trend that seems not to converge. This behaviour 

can be explained by looking at the generated images (Fig. 2f) in the 

following way:

1. After epoch 0, the model generates samples with noisy pixels, lead-

ing to very high FID and ID scores (Fig. 2a and b). In addition, 

large initial values are reported for W 0 

, confirming that the topol-

ogy of the generated manifold does not match that of the target 

(Fig. 2d);

2. The model then refines edges, removes noise and artifacts, improv-

ing FID and ID scores while reducing W 0 

between the generated 

and the target manifold. Additionally, the decreasing topological

distance between generated manifolds across consecutive epochs 

indicates stable training progression;

3. The Wasserstein distance progression through layers (Fig. 2e) re-

veals that linear layers have the greatest impact on the value of

W 0 

, highlighting their role in shaping lower-dimensional topolog-

ical features of the latent space, while normalisation layers likely 

focus on refining the geometry of the manifold.

We observe an overall analogous convergent behaviour in the train-

ing of Linear WGAN-GP (Classes 3 and 7 MNIST), as reported in 

Appendix C.

5.2. Non-converging W 0 

and low ID reveal limitations in model complexity 

and diversity

Taking into account the scale of the y-axis, the Wasserstein distances 

for consecutive epochs in the training dynamics of DCGAN (Class 3 

CIFAR-10) suggest training stability (Fig. C.11a). However, the con-

sistently high W 0 

distance between generated and target manifolds 

(Fig. C.11b) reveals that the DCGAN also struggles to learn the target 

manifold’s topological structure. The downward trend of the ID estimate 

(Fig. C.10b) suggests that the model generates overly simplified images, 

whereas the lack of FID convergence (Fig. C.10a) likely corresponds to 

the appearance of artifacts such as faded textures and saturation in the 

generated samples (Fig. C.11d). At epoch 380, a sudden increase in W 0 

indicates a worsening in training stability as the model struggles to learn 

the correct topology of the target manifold (Fig. C.11a). Peaks in W 0 

dis-

tances in transposed convolutional layers (Fig. C.11c) suggest that their 

contribution is greatest in shaping the manifold, while activation and 

batch normalisation layers focus on refinement.

This experiment provides evidence for two key claims: (i) the non-

converging W 0 

distance suggests that the model cannot capture the 

target dataset’s complexity, and (ii) the low value for ID indicates that 

the model generates overly simplified images.

The Linear WGAN-GP on CelebA exhibits significant challenges. 

The Wasserstein distances for consecutive epochs indicates training 

stability (Fig. 5c). However, inspection of Fig. 5d shows the model’s 

inability to converge to the target manifold’s topological structure. 

Furthermore, the ID progression (Fig. 5b) does not show clear con-

vergence, and despite a decreasing FID score (Fig. 5a), the gen-

erated samples (Fig. 5f) consistently display artifacts and low vi-

sual fidelity. This suggests that the model struggles to capture the 

complexity of the CelebA dataset, leading to simplified and unrealistic 

outputs.

We observe an overall analogous non-convergent behaviour in the 

training of vanilla GAN (Class 3 MNIST) and architectures trained on 

CelebA, as reported in Appendix C.

DCGAN on CIFAR-10 (Class 3)

See Figs. 3 and 4. 

Linear WGAN-GP on CelebA

See Fig. 5.

5.3. Manifold topology supports the evaluation of training beyond 

FID and ID

From the training of DCGAN (Class 3 MNIST), we observe that train-

ing is stable until epoch 330, where there is a sharp increase in W 0 

(Fig. C.13a). The same change is observed with respect to the target 

manifold (Fig. C.13b), where a plateau is recorded until the end of train-

ing. The ID (Fig. C.12b) shows a decreasing trend, reaching the target 

value and then diverging. Examining the generated samples (Fig. C.13d), 

they display a high black-white contrast (epoch 50) when the ID esti-

mate matches that of the target, but appear increasingly faded by epoch 

310. Finally, at the plateau (Figs. C.12a and C.13b, epoch 320 onwards),
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Fig. 2. Case-study of a good training. Top: (a) FID score and (b) ID progression evaluated on the generated manifold. Bottom: Wasserstein distance between PDs 

of the generated manifold for (c) consecutive epochs, (d) with respect to the target manifold, and (e) through layers across homology dimensions W 0 

(orange), W 1
(green), and W 2 (blue). Training performed on a Linear WGAN-GP on MNIST dataset (class 3) for 400 epochs.

the model experiences mode collapse, generating only a single mode of 

images. The convolutional layers seem to be primarily involved in mod-

ifying the topology of the latent space manifold, which could be related 

to the change in the number of channels that they introduce. Hence, 

such layers may potentially influence the overall shape and complexity 

of the generated manifold.

During the first half of training of DCGAN (Classes 3 and 7 MNIST), 

we observe a stable (Fig. C.15b) and convergent behaviour (Fig. C.15a). 

However, around epoch 210, the model drastically changes the topol-

ogy of the generated manifold and then plateaus. The beginning of a 

new plateau corresponds to a sudden change in the training dynamics, 

as well as a new phase of mode collapse. Generated samples (Fig. C.15d) 

display repetitive patterns and a loss of diversity. This trend is repeated 

several times until the final epoch. This pattern is reflected in the anoma-

lies observed in both the FID score and the ID progression (Fig. C.14a

and b). As already noted, convolutional layers are primarily involved 

in the topological changes of the latent space manifold. However, when 

training involves multiple classes, the system’s complexity increases sig-

nificantly, as evidenced by the larger layer-wise distances compared to 

the single-class scenario (Fig. C.15c).

DCGAN on MNIST (Classes 3 and 7)

See Figs. 6 and 7.

5.4. Topology reveals training instability hidden by FID and ID in GAN 

training

Both FID (Fig. C.20a) and ID (Fig. C.20b) progression in 

Convolutional WGAN-GP (Class 3 CIFAR-10) training seem to imply
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Fig. 3. Generated image quality assessment. The FID score (a) and intrinsic dimension (b) progression provide insights into the model’s ability to generate realistic 

images and capture data complexity. The model is trained over 400 epochs.

Fig. 4. Topology-based analysis. The progression of Wasserstein distances across homology dimensions W 0 

(orange), W 1 (green), and W 2 (blue) reveals how closely

the generated manifold aligns with target topological structures (a), offering insights into the stability and quality of the training process (b). The model is trained 

over 400 epochs.

that the model discovers a good parameter configuration after a small 

number of epochs, even if the ID estimate is slightly above that of the 

target. However, it is clear that training is unstable (Fig. C.21a) result-

ing in the generation of data manifolds whose topology does not match 

that of the target (Fig. C.21b). Inspecting the generated samples, it is 

clear that the model has failed to learn the target dataset (Fig. C.21d). 

We observe that the convolutional and upsampling layers contribute 

most to transforming the topology of the latent space manifold 

(Fig. C.21c).

Convolutional WGAN-GP on CIFAR-10 (Class 3)

See Figs. 8 and 9.

5.5. Topology-informed insights into layer contributions during training

From the experiment performed on Linear WGAN-GP (Classes 3 

and 7 MNIST), we observe stable training (Fig. C.19a) and effective 

convergence of the generated manifold to the target (Fig. C.19b). The 

ID progression (Fig. C.18b) gradually aligns with the target, while the 

steadily decreasing FID score (Fig. C.18a) reflects convergence. These 

observations, combined with the qualitative results (Fig. C.19d), confirm 

that the model trains effectively, producing stable and realistic samples 

while successfully capturing the target manifold’s topological structure. 

Significant variations in W 0 

within the linear layers emphasise their crit-

ical role in global manifold transformations. In contrast, activation and 

normalisation layers focus on refining the geometry of the latent space 

manifold.
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Fig. 5. Case-study of non-convergent behaviour. Top: (a) FID score and (b) ID progression evaluated on the generated manifold. Bottom: Wasserstein distance between 

PDs of the generated manifold for (c) consecutive epochs, (d) with respect to the target manifold, and (e) through layers across homology dimensions W 0 (orange),

W 1 (green), and W 2 (blue). Training performed on a Linear WGAN-GP on MNIST dataset (class 3) for 400 epochs.
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Fig. 6. Generated image quality assessment. The FID score (a) and intrinsic dimension (b) progression provide insights into the model’s ability to generate realistic 

images and capture data complexity. The model is trained over 400 epochs.

Fig. 7. Topology-based analysis. The progression of Wasserstein distances across homology dimensions W 0 

(orange), W 1 (green), and W 2 (blue) reveals how closely

the generated manifold aligns with target topological structures (a), offering insights into the stability and quality of the training process (b). The model is trained 

over 400 epochs.
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Fig. 8. Generated image quality assessment. The FID score (a) and intrinsic dimension (b) progression provide insights into the model’s ability to generate realistic 

images and capture data complexity. The model is trained over 400 epochs.

Fig. 9. Topology-based analysis. The progression of Wasserstein distances across homology dimensions W 0 (orange), W 1 (green), and W 2 (blue) reveals how closely 

the generated manifold aligns with target topological structures (a), offering insights into the stability and quality of the training process (b). The model is trained 

over 400 epochs.

Neurocomputing 661 (2026) 131976 

10 



B.T. Corradini, B. Cullen, C. Gallegati et al.

6. Conclusion

In this work, we provide strong empirical evidence for the critical 

role that the manifold support of the true data distribution plays in the 

overall behaviour of GAN models. Leveraging the manifold hypothesis, 

we motivate a TDA-based approach for characterising and studying the 

generative process within these models. In particular, this characterisa-

tion captures both training instability and mode collapse which are often 

observed within GAN architectures but typically identified only through 

visual inspection of generated samples.

We used persistent homology as a tool for characterising the struc-

ture of the generated and true data manifolds, providing topological 

signatures of both in the form of PDs. We tracked the topological evo-

lution of these manifolds during training (epoch wise) by computing 

the Wasserstein distance between (i) PDs of the generated and true 

data manifold, and (ii) consecutive PDs of the training data mani-

fold. Furthermore, we explored the role that different layers play in 

transforming the topology of the latent manifold across various GAN 

architectures.

We demonstrated that calculating the Wasserstein distance between 

the PDs of the generated and target manifold across epochs can be an 

effective tool in determining whether or not a model has sufficient capac-

ity for correctly learning the support of the true data distribution. This 

epoch-wise analysis allowed us to identify the presence of mode collapse, 

which is otherwise often deduced visually using generated samples.

By comparing the PDs of the generated manifold over consecutive 

epochs, we were able to track the evolution of its topology during train-

ing. In particular, we showed that sufficiently large spikes in W 0 

values 

corresponded to episodes of training instability, where the model at-

tempted to drastically change the structure of the generated manifold. 

This resulted in worsening topological distance from the target and 

severe degradation of the corresponding generated samples.

Our approach demonstrated that traditional metrics for determining 

sample quality, such as FID and estimated ID, are not sufficiently in-

formative as they are unable to capture important properties that are 

otherwise encoded in the homology of the data manifold. Moreover, all 

experiments demonstrated that the homology group H 0 

played the most 

important role in determining training stability, convergence in topol-

ogy of the generated manifold to the true one, and existence of mode 

collapse. This is to be expected since H 0 

(the number of connected com-

ponents) often corresponds to structures with larger geometry than those 

of higher dimensions.

Our layer-wise analysis provided interesting insights into the con-

tribution of different layers in transforming the latent space manifold 

across various architectures. We noted that the vanilla GAN architecture 

concentrates topological transformations in its final layers, mirroring 

what was observed in MLPs for classification tasks [32]. On the other 

hand, we observed that WGAN-GP spreads topological transformations 

across both shallow and deep layers, resulting in a more controlled topo-

logical transformation of the latent manifold. Convolutional models are 

more difficult to interpret. It is clear that convolutional layers play an 

important role in modifying the latent manifold’s topology, where the 

number of channels changes with each convolution operation. However, 

determining their precise role in transforming the overall topology of 

the latent manifold remains difficult due to the inherent complexity of 

the operation. Nevertheless, these insights imply a strong dependency 

between the specific layers in a given architecture and its capacity to 

produce generated manifolds of a given topological structure. An in-

depth, dedicated study on this topic may prove useful for understanding 

the minimal architectural requirements for a GAN.

Finally, methods for computing the persistent homology of a set of 

points often require large computational resources. In particular, stan-

dard TDA libraries such as GHUDI, Ripser (as implemented here), and

giotto-tda are computationally prohibitive for large data sets, as high-

lighted in [34]. Recently, the authors of [39] introduced a scalable 

topological regulariser for GANs based on Principal Persistent Measures 

(PPMs). These are computed over multiple small subsamples of the 

original dataset, enabling efficient homological computations through 

parallelisation. While PPMs generalise persistence diagrams, the au-

thors emphasise that they are not intended as replacements. Adopting 

a similar strategy could provide a computationally efficient topological 

perspective on how GANs learn and offer additional insights into their 

generative processes.

This work aims to provide a strong motivation for the inclusion and 

exploration of TDA-based methods for the improvement and efficiency 

of generative model training, such as an effective early stopping criterion 

or guidelines for architecture refinement based on the generative task.
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Appendix A. Topological data analysis

This appendix provides a more in-depth discussion of essential con-

cepts introduced in Section 3. In particular, it presents the essential 

theory of persistent homology that allows for the study of topological 

features at multiple scales. See the following for a comprehensive in-

troduction to TDA [11], persistent homology [15], and computational 

topology [16].

A.1. Simplicial complexes

Simplex. A k-dimensional simplex—or simply a k-simplex—𝜎 on a vertex

set V is any subset consisting of k + 1 elements contained in V . For 

example, a 0-simplex consists of a singleton {u}, a 1-simplex is a set of 

two vertices {u 0 

, u 1 

} that represents an edge, a 2-simplex is a set of three 

vertices {u 0 

, u 1 

, u 2 

} that represents the face of a triangle, and so on.

Simplicial complex. A simplicial complex K on a vertex set V is a col-

lection of non-empty subsets of V such that: (i) for every vertex u ∈ V , 

the singleton {u} is an element of K, and; (ii) if τ and 𝜎 are both sim-

plices such that τ ⊂ 𝜎 and 𝜎 ∈ K then necessarily τ ∈ K. The dimension 

of a simplicial complex K is given by dim(K) := max{dim(𝜎)|𝜎 ∈ K}. 
A simplex τ is a face of a simplex 𝜎, denoted τ ≤ 𝜎, if every vertex in

τ is also a vertex in 𝜎. An orientation o : K0 → N on K is a function 

that assigns unique natural numbers to the vertices K0 of  

 

the simplex 

K. Then, every k-simplex 𝜎 ∈ K can be uniquely written as an ordered

k + 1-tuple (u 0 

,... , u 

 

) ∈ K 0 

⨯ … ⨯ K0  

,k  known as an ordered k-simplex, 
where o(u 0 

) < o(u 1 

) < … < o(u k 

).

Geometric realisations of simplicial complexes. The above definitions 

only refer to abstract simplices and simplicial complexes. As will be 

seen in the following, one would like to construct geometric versions 

of  

 these objects from points in R 

d . Let u d
0  

,... , u  

 

∈ R  

 be a collection ofk  

k + 1 affinely independent points. Then, the geometric realisation of the 

k-simplex 𝜎 := {u 0 

,... , u k 

} is given by the convex hull:

 {

x ∈ Rd
| x =

k
∑ 

i=0
𝜆 i 

u i 

where

k
∑ 

i=0
𝜆 i 

= 1 

}

. (A.1)

Hence, the geometric realisation of an abstract 0, 1, and 2-simplex in 

R  

 

d is a point, a line segment, and a solid triangle, respectively. The 

geometric realisation of a m-dimensional simplicial complex for m ≤ d 

consists of the geometric realisations of all its constituent simplices in 

R 

d glued together.

A.2. Simplicial homology

Algebraic topology aims to characterise topological spaces by assign-

ing them algebraic objects such as groups, chains, and other constructs. 

Two topological spaces can then be compared using these algebraic ob-

jects, determining whether or not they are topologically equivalent to

one another. Homology is one such method, where a topological space 

is characterised by its homology groups H 

 

. Thesek   groups encode the 

presence of k-dimensional topological features such as the connected 

components (k = 0), holes (k = 1), voids (k = 2), and higher dimensional 

analogues of the space.

In order to construct the homology groups of a simplicial complex K, 
one first constructs a chain of vector spaces where each vector space can 

be mapped to the next via a linear map known as a boundary operator. 

To simplify the following discussion, only vector spaces over the coeffi-

cient ring F 2 

= {0, 1} are considered. For a more extensive treatment of 

homology theory, see [40].

(Chain group. Let K be a simplicial complex and K 

k) = {𝜎 1 

,... , 𝜎 m 

} 

be the collection of all k-simplexes in K. Then the k-th chain group of

K over F 2 

, denoted C  

 

(F 2 

; K), is a basisk  vector space whose  elements

are the simplexes K 

(k) and whose coefficient ring is F 2 

. Every element

𝛾 ∈ Ck           

 

(F2 

;K)—known as a k-chain—is a unique linear combination of
elements  

 in K 

(k) and can be expressed as:

𝛾 =
m
∑ 

i=1
𝛾𝜎𝜎i where 𝛾 𝜎 ∈ F 2 

. (A.2)

For simplicity, C (F 2  

 

; K) will be denotek  d as Ck  

(K) from now on.

Boundary operator. Let K be an ordered simplicial complex and C k 

(K)
be its k-th chain group. The k-th boundary operator acting on a basis 

k-chain 𝜎 = (u 0  

 

,... , uk 

) is defined in the following way:

𝜕Kk 

𝜎 =
k
∑

i=0
(u 0 

,... , u i-1 

, û i 

, u i+1 

,... , u k 

) =
k
∑ 

i=0
𝜎 -i, (A.3)

where û  

 

indicates the i-th vertex of 𝜎 is removedi   to form a (k - 1)-
simplex 𝜎 - known asi   the i-th face of 𝜎. Now, taking any arbitrary k-chain
𝛾 ∈ C 

 

(K), one has:k

𝜕Kk 

𝛾 =
m
∑ 

i=1
𝛾𝜎i𝜕

K 

k 

𝜎 i =
m
∑ 

i=1

k
∑

j=0
𝛾𝜎i (𝜎 i) -j . (A.4)

Hence, 𝜕K : C ( ) → C -1( ) is a linear map with the property k  k K   k K        

𝜕 k 

𓏸𝜕 +1  

 

= 0, i.e., “a boundary of a boundary isk   trivial”
(

. This
)

 property sug-
  

(

 

 ) 

gests that, for each dimension k, Bk (K) := Img 𝜕K Ker K
k+1 ⊆  𝜕 =:k  

Z 

 

(K), where elements of B (K) are calledk k   k-boundaries and elements 

of Zk (K) are called k-cycles. Both Bk (K) and Zk (K) form subspaces of

C k 

(K).

Homology group. With boundary operators and chain groups on the m-
dimensional simplicial complex K, one can construct the following chain 

complex:

0
𝜕 

K
m+1

-------------------→ C m 

(K)
𝜕 

K
m

------------→ C m-1(K)
𝜕 

K
m-1

-------------------→ ...
𝜕 

K
2

------------→ C 1(K)
𝜕 

K
1

------------→ C 0 

(K) 

𝜕 

K
0

------------→ 0,

and define a quotient vector space called the k-th homology group of 

K—denoted H k 

(K)—as:

H k(K) := 

Z k 

(K)
B k 

(K)
= 

Ker 

( 

𝜕Kk
)

Img 

( 

𝜕Kk+1
) for k = 0, 1, ... , m. (A.5)

Hence, H arek(K) represents the k-cycles that   

 

not boundaries 

of higher dimensional chains and therefore capture “non-trivial”
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topological features within K. The rank of H k 

(K) corresponds to the 

number of such topological features present in K and is known as the 

k-th Betti number:

𝛽 k 

(K) := rank 

( 

H k 

(K) 

)

for k = 0, 1, ... , m, (A.6)

where 𝛽k  

(K) counts the number of k-dimensional voids present in K. 

Simplicial maps. In order to develop the theory of persistent homology,

one last ingredient is needed: simplicial maps. A simplicial map f : K →
L is a map that assigns the vertex set of one simplicial complex K to 

that of another L such that simplices in K are sent to simplices in L. If
K ⊆ L, then the inclusion map g : K ⤷ L sends each simplex in K to the 

same simplex in L. A simplicial map f : K → L induces a linear map 

between the chain complexes Ck (K) and C k 

(L):

f : Ck(K) → C k 

(L) where 𝛾 :=
m
∑ 

i=1
𝛾 𝜎 

𝜎 i 

⟼
m
∑ 

i=1
𝛾 𝜎f (𝜎 i 

) =: f (𝛾), (A.7)

which in turn induces a linear map H (f ) : H  

 

(K) → H between 

 

(L) thek k k  

k-th homology groups of K and L. Finally, given two simplicial maps

f 1 : K → L and f → →2 : L  M , their composition f2   

𓏸f1  

 

: K  M is

also a simplicial map, and hence also induces a linear map H k 

(f 2 

𓏸f1 )
between the homology groups of K and M .

A.3. Persistent homology

In many applications of TDA, a finite point cloud of data P is as-

sumed to be either drawn directly from, or close to, a manifold M ⊆ R 

d .

The difficulty then lies in determining a simplicial complex whose ho-

mology meaningfully reflects that of M. The authors in [33] proved the 

following proposition:

Proposition A.1 (Niyogi-Smale-Weinberger). Let M ⊆ R 

d be a com-

pact Riemannian manifold with condition number
√

 τ, and P := {u 1 

,... , u n 

} ⊆
R 

d be ∈/2-dense in M 3
 

. Then, for any ∈ < τ/5, the
ሀ

 union of balls

U :=
 

 u∈P B∈          

 

(u) deformation retracts to M. Hence, the homology of U
is equal to that of M.

The above proposition implies that under certain geometric and topo-

logical conditions of the manifold M, there exists a geometric scale ∈ 

such that the homology of U and M are equivalent. Although a remark-

able result, it is not possible to ensure these conditions on M nor on P 

a-priori. Hence, one must resort to a different method for estimating the 

homology of the unknown manifold.

Instead, persistent homology [14] is employed: a blended topological-

geometric method that tracks the evolution of topological features of 

a point cloud over different geometric scales. This method requires the 

construction of a filtration on P , i.e., a sequence of nested simplicial com-

plexes whose vertices are the points in P . For each simplicial complex in 

the filtration, its corresponding homology groups are computed and then 

tracked over the entire duration of the filtration using a series of inclu-

sion maps. This allows one to study at what scales different topological 

features appear and for how long they persist. With this information, 

properties of the underlying manifold M can be inferred.

Vietoris-rips filtration. In order to construct a filtration, one first needs 

a way to build simplicial complexes from a point cloud of data P ⊆ 

R 

d . Since many different constructions exist, the following discourse is 

restricted to a popular choice: the Vietoris-Rips complex. Given a point

cloud P , a metric δ on P , and a scale 𝜌 ≥ 0, the Vietoris-Rips complex 

VR 𝜌(P) is given by the set of simplices: 

VR 𝜌(P) := 

{ 

{u 0 

,... , u k 

} : δ(u i 

, u j 

) ≤ 2𝜌 for all i, j ∈ [k],

where u 0 

,... , u k 

∈ P 

} 

. (A.8)

Intuitively, the filtration starts by considering centred balls around 

each point u i with radius equal to zero. Then by slowly expanding the 

radius until balls of at least two points intersect, its corresponding sim-

plicial complex is added to the filtration. The reader may convince 

themselves that Eq. (A.8) is indeed a simplicial complex by noting that: 

(i) the isolated vertices are always included in VR P since ,𝜌   

 

( ) δ(u i 

, u i 

) = 0  

and (ii) for any pair of simplices 𝜎 and τ where τ ≤ 𝜎, 𝜎 ∈ VR 𝜌(P) implies

τ ∈ VR (P). 𝜌
For any sequence of scales 0 ≤ 𝜌 1 

≤ 𝜌 2 ≤ … ≤ 𝜌 m 

, we have the

following chain of inclusions:

VR 0(P) ⊆ VR 𝜌1 

(P) ⊆ VR 𝜌2 

(P) ⊆ … ⊆ VR 𝜌 m 

(P). (A.9)

Eq. (A.9) is known as a Vietoris-Rips filtration of P and will form the basis 

for the following presentation of persistent homology. Often 𝜌 is referred 

to as the filtration parameter since it determines a Vietoris-Rips complex 

within the filtration.

Persistent homology. In order to compute the persistent homology for

a point cloud P , one first constructs a Vietoris-Rips filtration:

K 0 ⊆ K 1 ⊆ K 2 ⊆ … ⊆ Km where K l = VR 𝜌 l 

(P). (A.10)

We let gj : Kj ⤷ K  thej+1 be   

  

inclusion map that sends the simplices in 

K to the samej  simplices in Kj +1. Since g is map,j  a simplicial   

 

it induces a 

linear map Hk (g thej ) between   

 

homology groups H k 

(Kj  

) and Hk  

(K j+1 

).
The image of H containsk(gj )   

 

precisely the elements of the homology 

group H k 

(Kj ) that are also present in Hk  

(K j+1 

).
Now, consider the composition of inclusion maps gj ,j+p := 

gj +p𓏸 … 𓏸gj for j = 0, 1, ... , m and p = 1, 2, ... , m - j. It also induces a 

linear map between the homology groups H (K 

 

) 

 

and .k j  H k  

 

(Kj+p 

)  Hence, 

the image of H tk  

 

ofj  

(g ,j+p) consists  all he elements of the homology 

group H .k(Kj ) that persist in the interval (𝜌 j , 𝜌 j+p)  

 

Similarly,  

  

the kernel

of H 

 

(g + ) consists of all the elements in ( diek j,j p  H k Kj ) that   

 

in the interval

(𝜌 j 

, 𝜌 j+p).
The following section presents how this result can then be used 

to track the persistence of each homological feature, across the entire

filtration rather than just the interval 𝜌 ∈ (𝜌 

 

, 𝜌 .j j+p)

A.4. Measuring persistent homology

The induced linear maps H k 

(g j,j+ contain crucial information forp)     

connecting the k-th homology groups of each of the complexes appearing 

in a filtration. Consider the following chain of vector spaces:

H k(K 0 

)
H k(g 0)
------------------------→ H k 

(K 1)
H k(g 1 

)
------------------------→ ...

H k 

(g m-2 

)
-------------------------------→ H k 

(K m-1)
H k 

(g m-1)
-------------------------------→ H k(K m). (A.11)

For each pair of integers i, j, the sequence in Eq. (A.11) allows us to 

determine the associated persistent homology group, which is defined as

the subset of H k 

(K j ) given by
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PH k 

(g i,j ) = Img(g i,j ). (A.12)

In particular, PH 

 

(g set 

 

) is the of allk i,j   homological features that ap-

pear in H (K  

 

) and also appear in H is, 
 

(K it 

 

)—that contains allk i k j   

k-dimensional elements that persist over the interval (i, j).
However, we are not interested in the elements that persist over an 

interval (i, j); we would like to consider the elements that appear at fil-

tration index i and then disappear after filtration index j. In particular, an 

element u ∈ H k(K ) is said to be born at filtrationi   

 

index  

 

i if u ∉ Img(gi -1)
and is said to die at filtration index j ≥ i which is the smallest j such 

that u ∈ Ker(H k(g i,j )). By convention, if such a j  

  

does not exist then the 

death index of u is considered to be +∞.
The persistence of u is defined as death minus birth, i.e., (j - i), and 

PH k 

(gi,j ) consists precisely of those homology classes in  

 

Hk 

(Ki ) that con-

tinue to generate nontrivial homology in the larger complex H k 

(K .j  

)  

From a geometrical point of view, they correspond to the equivalence 

classes of k-cycles that do not become k-boundaries in Hk (K j ).

Graphical representations. In order to provide a graphical representa-

tion of how homological features persist during a filtration, different 

methods exist. One such method is the persistence diagram (PD). A

PD is a  

 

2finite multiset of points in the cartesian plane R , where 

each point (𝜌 i  

 

, 𝜌j 

) corresponds to a homological feature—trivial or 

otherwise—whose birth occurs at scale 𝜌 i 

and whose death occurs 

at scale 𝜌 j 

. The multiset Δ = {(c, c) | c ∈ R} corresponds to the

trivial elements along the diagonal of the PD, whereas off diagonal 

elements correspond to those of the homology groups H . Hence,k(  

 

Ki )
points that are far from the diagonal represent features with greater 

persistence.

Other representations of the persistent homology of a filtration are 

barcodes and Betti curves. The first keeps track of birth and death of 

the features in the form of persistence intervals. Indeed, the plot draws 

these intervals by means of bars, whose lengths represent the lifespans of 

the corresponding features within a specific filtration range. The latter

Table B.1 

Architectural description of the four generative models evaluated in this work. All generators take as input a latent vector z ∈ R 

d . “ConvT” denotes transposed 

convolution, “BN” is Batch Normalisation, and “LReLU” is LeakyReLU with slope 0.2. Models differ in both architectural style (MLP vs convolutional) and training 

objective: standard GANs use binary cross-entropy loss, while WGAN-GP models use the Wasserstein loss with gradient penalty (GP). The presence of GP is indicated 

in the last column.

Model Generator (G) Discriminator / Critic (D) Loss GP

GAN (MLP) z → Linear(128) → LReLU →

Linear(256) → LReLU → 

Linear(512) → LReLU → 

Linear(img) → Tanh

x → Linear(512) → LReLU → 

Linear(256) → LReLU → 

Linear(1) → Sigmoid

BCE Loss ✘

DCGAN z → Linear(256⨯7⨯7) →

Reshape → ConvT(256→128) → 

BN → ReLU → ConvT(128→64) → 

BN → ReLU → ConvT(64→1) → 

Tanh

x → Conv(1→64) → LReLU →

Conv(64→128) → BN → LReLU → 

Flatten → Linear(1) → Sigmoid

BCE Loss ✘

WGAN-GP (MLP) z → Linear(128) → BN →

LReLU → Linear(256) → BN → 

LReLU → Linear(512) → BN → 

LReLU → Linear(img) → Tanh

x → Linear(512) → LReLU → 

Linear(256) → LReLU → Linear(1)
Wasserstein + GP ✓

WGAN-GP (Conv) z → Linear(256⨯7⨯7) →

Reshape → ConvT(256→128) → 

BN → LReLU → 

ConvT(128→64) → BN → 

LReLU → ConvT(64→1) → Tanh

x → Conv(1→64) → LReLU →

Conv(64→128) → BN → LReLU → 

Flatten → Linear(1)

Wasserstein + GP ✓

represents the evolution of Betti numbers of each homology group with 

respect to increasing the filtration parameter 𝜌.

Metrics. In theory, a PD is a finite multiset of points in R 

2 above the

diagonal Δ, jointly with a countably infinite set of points along the 

diagonal. In practice, however, the most meaningful part of a PD is char-

acterised by the points on the off-diagonal. Therefore, when considering 

a metric for these representations, it is important to bear in mind that a 

point near the diagonal (c, c + ∈) represents a feature that has persisted 

for a short time ∈. A diagram with this point of short persistence should 

be intuitively ‘close’ to the same diagram without that point, as if the 

feature had never appeared. Consequently, the distance between two 

diagrams is considered to be the minimum cost required to make their 

points coincide, matching off-diagonal to off-diagonal, or off-diagonal 

to the nearest point on the diagonal, with respect to a cost function for 

the correspondence [6]. Two closely related options for a metric on PDs 

are the Wasserstein distance and the bottleneck distance.

The p-th Wasserstein distance, p ≥ 1, between two diagrams X, Y is 

defined as:

W p(X, Y ) = inf
Ø:X→Y

(

∑

a∈X
|| a - Ø(a) || 

q
p

)
1
q

, (A.13)

where the infimum is taken over all bijections Ø between X and Y . For 

historical reasons, q = ∞ is used in the majority of applications. The 

limit case of p going to infinity, also known as the bottleneck distance, is 

defined as:

W ∞ 

(X, Y ) = inf
Ø:X→Y

sup
a∈X

|| a - Ø(a) || ∞ 

. (A.14)

Appendix B. Implementation details

Table B.1 provides a more precise description of the implementation 

details for GAN architectures presented in Section 4.
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Appendix C. Results and discussion 

DCGAN on CIFAR-10 (Class 3)

See Fig. C.10 and C.11.

Fig. C.10. Generated image quality assessment. The FID score (a) and intrinsic dimension (b) progression provide insights into the model’s ability to generate realistic 

images and capture data complexity. The model is trained over 400 epochs.

Fig. C.11. Topology-based analysis. The progression of Wasserstein distances across homology dimensions W (orange), W (green), and W (blue) reveals how0 1  2    

closely the generated manifold aligns with target topological structures (a), offering insights into the stability and quality of the training process (b). The model is

trained over 400 epochs.
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DCGAN on MNIST (Class 3)

See Fig. C.12 and C.13.

Fig. C.12. Generated image quality assessment. The FID score (a) and intrinsic dimension (b) progression provide insights into the model’s ability to generate realistic 

images and capture data complexity. The model is trained over 400 epochs.

Fig. C.13. Topology-based analysis. The progression of Wasserstein distances across homology dimensions W (orange),0  W (green),1  and W2 (blue) reveals how 

closely the generated manifold aligns with target topological structures (a), offering insights into the stability and quality of the training process (b). The model is

trained over 400 epochs.
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DCGAN on MNIST (Classes 3 and 7)

See Fig. C.14 and C.15.

Fig. C.14. Generated image quality assessment. The FID score (a) and intrinsic dimension (b) progression provide insights into the model’s ability to generate realistic 

images and capture data complexity. The model is trained over 400 epochs.

Fig. C.15. Topology-based analysis. The progression of Wasserstein distances across homology dimensions W (orange), W (green), and W (blue) reveals how0 1 2  

closely the generated manifold aligns with target topological structures (a), offering insights into the stability and quality of the training process (b). The model is

trained over 400 epochs.
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GAN on MNIST (Class 3)

See Fig. C.16 and C.17.

Fig. C.16. Generated image quality assessment. The FID score (a) and intrinsic dimension (b) progression provide insights into the model’s ability to generate realistic 

images and capture data complexity. The model is trained over 400 epochs.

Fig. C.17. Topology-based analysis. The progression of Wasserstein distances across homology dimensions W 0 

(orange), W 1 (green), and W 2 (blue) reveals how

closely the generated manifold aligns with target topological structures (a), offering insights into the stability and quality of the training process (b). The model is

trained over 400 epochs.
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Linear WGAN-GP on MNIST (Classes 3 and 7)

See Fig. C.18 and C.19.

Fig. C.18. Generated image quality assessment. The FID score (a) and intrinsic dimension (b) progression provide insights into the model’s ability to generate realistic 

images and capture data complexity. The model is trained over 400 epochs.

Fig. C.19. Topology-based analysis. The progression of Wasserstein distances across homology dimensions W (orange), W (green), and W (blue) reveals how0 1 2  

closely the generated manifold aligns with target topological structures (a), offering insights into the stability and quality of the training process (b). The model is

trained over 400 epochs.
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Convolutional WGAN-GP on CIFAR-10 (Class 3)

See Fig. C.20 and C.21.

Fig. C.20. Generated image quality assessment. The FID score (a) and intrinsic dimension (b) progression provide insights into the model’s ability to generate realistic 

images and capture data complexity. The model is trained over 400 epochs.

Fig. C.21. Topology-based analysis. The progression of Wasserstein distances across homology dimensions W 0 

(orange), W 1 (green), and W 2 (blue) reveals how

closely the generated manifold aligns with target topological structures (a), offering insights into the stability and quality of the training process (b). The model is

trained over 400 epochs.
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DCGAN on CelebA

See Figs. C.22 and C.23.

Fig. C.22. Generated image quality assessment. The FID score (a) and intrinsic dimension (b) progression provide insights into the model’s ability to generate realistic 

images and capture data complexity. The model is trained over 400 epochs.

Fig. C.23. Topology-based analysis. The progression of Wasserstein distances across homology dimensions W 0 

(orange), W 1 (green), and W 2 (blue) reveals how

closely the generated manifold aligns with target topological structures (a), offering insights into the stability and quality of the training process (b). The model is

trained over 400 epochs.
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GAN on CelebA

See Figs. C.24 and C.25.

Fig. C.24. Generated image quality assessment. The FID score (a) and intrinsic dimension (b) progression provide insights into the model’s ability to generate realistic 

images and capture data complexity. The model is trained over 400 epochs.

Fig. C.25. Topology-based analysis. The progression of Wasserstein distances across homology dimensions W (orange),0  W (green),1  and W2 (blue) reveals how 

closely the generated manifold aligns with target topological structures (a), offering insights into the stability and quality of the training process (b). The model is

trained over 400 epochs.
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Convolutional WGAN-GP on CelebA

See Figs. C.26 and C.27

Fig. C.26. Generated image quality assessment. The FID score (a) and intrinsic dimension (b) progression provide insights into the model’s ability to generate realistic 

images and capture data complexity. The model is trained over 400 epochs.

Fig. C.27. Topology-based analysis. The progression of Wasserstein distances across homology dimensions W 0 

(orange), W 1 (green), and W 2 (blue) reveals how

closely the generated manifold aligns with target topological structures (a), offering insights into the stability and quality of the training process (b). The model is

trained over 400 epochs.

Neurocomputing 661 (2026) 131976 

23 



B.T. Corradini, B. Cullen, C. Gallegati et al.

Appendix D. On the choice of n for persistent homology 

calculation

In this appendix we clarify how we select the number of points n 

used by the greedy permutation algorithm for computing persistence 

diagrams (PDs) (see [3] for Ripser algorithm details). Our goal is to 

identify an n that maximizes the informativeness of the resulting PDs 

while keeping the computation time within a reasonable budget.

To quantify informativeness we use the normalised persistence en-

tropy [2,12,31] (PE) of each homology class E i 

. We normalise each PE 

value as in [31] by dividing it by the sum of lifespans for the same 

homology class, so that values lie in [0, 1]. By construction, E i = 1 

corresponds to maximal entropy (all intervals of equal length 1/n) and

E i = 0 to minimal entropy (a single long interval, with others negligible).

Infinite-persistence features are excluded to avoid trivial zero-entropy 

dominance.

Since E i ∈ [0, 1] and our smallest feasible increment is δn = 1, the
empirical derivative δE i 

/δn lies in [0, 1]. A derivative on the order of 10 

-3

therefore indicates only a very small change in normalised entropy as n 

increases, i.e., the addition of points contributes essentially redundant 

topological information. We use this derivative to detect the saturation 

point of informativeness with respect to n.
We carry out this analysis on the MNIST and CIFAR-10 training sets 

(both single- and two-class scenarios). For each dataset, we compute PE 

for each homology class i using between 10 and 500 points sampled with 

the greedy permutation (in steps of 10, i.e., n = 10, 20, ... , 500). For each

n we also measure the corresponding PD computation time. Fig. D.28 

shows: the normalised PE E i 

as a function of n, the derivative δE i 

/δn, 
and the computation time ΔT per PD.

Across all datasets and homology classes, E i 

increases with n initially 

but plateaus beyond n ⋍ 100. Correspondingly, δE i 

/δn drops to O(10 

-3 ) 

or less, indicating that additional points beyond n = 100 add negligible 

new topological information. In contrast, computation time continues to 

grow sharply with n, with n = 500 already at the limit of our hardware 

capacity.

Fig. D.28. Persistent entropy and its derivatives as a function of the number of used by the greedy permutations (n perm 

) for different datasets and class selections. The 

computation time (ΔT ) is also shown.
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We therefore set n = 100 as a trade-off point balancing topologi-

cal informativeness and computational feasibility. This value reflects (i) 

saturation in normalised PE, (ii) a derivative δE i 

/δn indicating trivial 

topological gain beyond this threshold, and (iii) manageable compu-

tation time on our available hardware. In other words, while larger n 

could in principle refine the PD slightly, the marginal gains in persistent 

entropy are negligible compared to the cost.

This procedure ensures that our PD calculations retain essentially 

all topological signals of the sampled data manifolds while remaining 

computationally practical.

D.1. Persistence entropy

Persistence entropy is a scalar statistic derived from a persistence 

diagram D = {(b i 

, d i 

)}n ,i=1  where each pair (b i, d  

 i 

) encodes the birth and

death of a topological feature identified via persistent homology. The 

lifespan of a feature is given by its persistence p i 

= d
∑

i  

 

- b i 

, and the total

persistence is 

ndefined as S = i=1 p i 

. 

Assuming S > 0, we define the normalised persistence values as

~p i = 

p i 

S
, for i = 1, ... , n,

which induces a discrete probability distribution over the lifespans. The 

persistence entropy is then defined in analogy to the Shannon entropy as

follows: 

E(D) = -
n
∑ 

i=1
~p i 

1og ~p i 

.

This measure quantifies the information content, or disorder, in the 

distribution of topological features.

In the presence of numerous low-persistence features, persistence en-

tropy shows a plateau behaviour that indicates saturation in topological 

complexity: additional features cease to provide significant new infor-

mation. Consequently, the plateauing of entropy serves as a practical in-

dicator of structural noise and can be employed to guide model selection, 

thresholding, or scale sensitivity analysis in topological data pipelines.

Appendix E. Computation time versus estimation accuracy

We analyse the problem of choosing the number of samples n to bal-

ance computation time and estimation accuracy for intrinsic dimension 

(ID). We evaluate the scaling of ID estimation across multiple datasets 

to analyse the trade-off between computational cost and statistical accu-

racy. Our analysis considers the training sets of MNIST (60, 000 images), 

CIFAR-10 (50, 000 images), and CelebA (over 160, 000 images), for both 

full datasets and restricted subsets, i.e., single classes and groups of 

classes. For each experimental condition, we repeated the computa-

tion three times and report the averaged results for both the estimated 

ID and the runtime. Figs. E.29 and E.30 display the resulting curves, 

showing the average intrinsic dimension (blue) and the correspond-

ing computation time (grey) as a function of the number of images 

considered.

Discussion. The results show that ID estimation exhibits strong dimin-

ishing returns: additional samples reduce estimation error at a slow rate, 

while the runtime grows super-linearly. CelebA is particularly demand-

ing, with halving the ID estimation error requiring more than an order 

of magnitude increase in time. This suggests that, in practice, selecting a 

moderate fraction of the dataset (20–30 % for MNIST or CIFAR-10, 15 % 

for CelebA) is a reasonable compromise between estimation stability and 

computational efficiency.

Fig. E.29. Comparative analysis of intrinsic dimension and computation time for specific subsets of CIFAR-10 and MNIST reveals that increasing the number of images 

leads to higher intrinsic dimensionality and longer computation times. The highlighted baseline points (stars for intrinsic dimension, crosses for time) at 50 % and 

100 % dataset sizes provide clear reference points for evaluating model scalability and performance.

Fig. E.30. Average intrinsic dimension and computation time are plotted against the number of images (and dataset percentage) for CIFAR-10, MNIST, and CelebA. 

The intrinsic dimension shows a gradual increase, indicating richer feature representation with more data. Computation time scales roughly linearly, with baseline 

markers (orange star/gray cross at 50 %, red star/gray cross at 100 %) emphasizing the trade-off between dataset size and resource requirements.
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Appendix F. Computation time versus estimation accuracy

We analyse the problem of choosing the number of samples n to bal-

ance computation time and estimation accuracy for intrinsic dimension 

(ID). We evaluate the scaling of ID estimation across multiple datasets 

to analyse the trade-off between computational cost and statistical accu-

racy. Our analysis considers the training sets of MNIST (60, 000 images), 

CIFAR-10 (50, 000 images), and CelebA (over 160, 000 images), for both 

full datasets and restricted subsets, i.e., single classes and groups of 

classes. For each experimental condition, we repeated the computation 

three times and reported the averaged results for both the estimated ID 

and the runtime. Figs. E.29 and E.30 display the resulting curves, show-

ing the average intrinsic dimension (blue) and the corresponding com-

putation time (grey) as a function of the number of images considered.

Discussion. The results show that ID estimation exhibits strong dimin-

ishing returns: additional samples reduce estimation error at a slow rate, 

while the runtime grows super-linearly. CelebA is particularly demand-

ing, with halving the ID estimation error requiring more than an order 

of magnitude increase in time. This suggests that, in practice, selecting a 

moderate fraction of the dataset (20–30 % for MNIST or CIFAR-10, 15 % 

for CelebA) is a reasonable compromise between estimation stability and 

computational efficiency.

Data availability

Benchmarks are already available. 
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