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Abstract

Emergent phenomena in interacting fermionic systems often arise as collective many-body effects
whose formation can be understood by studying the interplay between geometry and symmetry.
Understanding such phenomena from first principles remains one of the central challenges of Math-
ematical Physics, particularly in regimes where perturbative methods fail and non-trivial phases
emerge through strongly correlated dynamics.

This thesis investigates a class of lattice fermionic systems exhibiting Spontaneous Symmetry
Breaking, Fluz ordering and Topological Order. Although the models considered belong to different
physical frameworks, including Euclidean lattice field theories formulated in terms of Grassmann
variables and Quantum Lattice Systems described by operators acting on Hilbert spaces, they share
a common mathematical structure. In each case, geometric features encoded by lattice Dirac oper-
ators, magnetic fluxes, and discrete gauge fields interact with Reflection Positivity properties that
allow for a rigorous non-perturbative analysis.

A central role throughout the thesis is indeed played by Reflection Positivity and one of its
most striking consequences: the Chessboard Estimates. These methods provide powerful tools for
converting geometric information into quantitative bounds on energies, correlation functions, and
phase stability.

The first part of the thesis, based on [FG26], is devoted to lattice Gross—Neveu models in two
dimensional Fuclidean Spacetime. After a Hubbard—Stratonovich transformation, the fermionic
theories are mapped to effective bosonic systems for which Reflection Positivity can be established.
Combining Reflection Positivity methods with Peierls’ Argument, we prove the existence of Chiral
Long-Range Order for a class of lattice regularizations and obtain quantitative bounds relating the
order parameter to the minimizers of the effective potential.

The second part, based on [GP26], focuses on fermions coupled to dynamical Zs-gauge fields.
We prove the stability of the m-flux phase under gauging by showing that monopole excitations pos-
sess a strictly positive energy cost. These results imply the emergence of effective Dirac fermions
at low energies and provide a rigorous characterization of the semimetallic phase of the model.

Finally, we investigate the topological phase obtained by introducing a fermionic mass gap in
the m-flux phase, following [BGP26]. We prove the existence of an almost four-fold degenerate low-
energy sector on the torus, separated from the rest of the spectrum by a uniform gap, and construct
quasi-local loop and string operators whose algebra exhibits the characteristic toric-code braiding
phases. This provides a rigorous realization of topological order emerging from interacting fermions
coupled to a dynamical gauge field.
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Taken together, these results illustrate how Reflection Positivity methods and spectral properties
of the Magnetic Laplacian can be combined to obtain rigorous information on the phase diagram of
interacting fermionic systems. They reveal a common mechanism underlying symmetry breaking,
flux stabilization, and topological order across a variety of lattice models.
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Chapter 1

Introduction

This thesis addresses three non-perturbative problems in lattice fermionic systems. The first is the
formation of chiral long-range order in Euclidean lattice Gross—Neveu models, studied in Chapter 4.
The second, discussed in Chapter 6, is the selection and stability of the uniform w-flux phase for
fermions coupled to a Zs-gauge field and their response property to external magnetic fields. The
third is the emergence of Topological order and Abelian anyons in a massive deformation of the
same gauge—Matter system, developed in Chapter 7. These problems represent three different forms
of collective organization: Spontaneous Symmetry Breaking detected through long-distance corre-
lations, Flux order selected by an energetic competition between gauge fields and fermionic Matter
and Topological order encoded in the global structure of the low-energy space.

The three problems belong to two mathematically distinct settings, introduced systematically
in Chapter 2. The Gross—Neveu models are Euclidean lattice field theories whose observables form
a Grassmann algebra and whose expectations are defined by Berezin integration. The two gauge—
matter models are Hamiltonian quantum systems defined on a spatial lattice, with fermionic ob-
servables acting on Fock space and gauge degrees of freedom associated with the lattice edges. The
Euclidean and Hamiltonian formulations are not identified with one another in the applications.
Instead, they are developed in parallel so that their common geometric features can be isolated
without obscuring the differences between their algebraic implementations.

The Hamiltonian coupling between fermionic Matter and lattice gauge fields is recalled in Chap-
ter 5. In the models studied in Chapter 6 and Chapter 7, the gauge field is dynamical in the
statistical-mechanical sense: the link variables are local degrees of freedom of the model and the
partition function contains a sum over their configurations, rather than being evaluated in a pre-
scribed external background. Since the electric-field term is absent, the Hamiltonian is block diag-
onal in the gauge configurations basis. The analysis can therefore be performed sector by sector,
after which the gauge configurations are summed and the Gauss-law constraint is imposed.

Reflection positivity A common methodological ingredient is reflection positivity, whose Eu-
clidean and Hamiltonian formulations are reviewed in Chapter 3. Its role, however, is different in
the three applications. In Chapter 4, Grassmann reflection positivity is transferred to the auxiliary-
field measure and, through chessboard estimates, controls the probability of disseminated defects; a
Peierls argument then yields chiral long-range order. In Chapter 6, the fermionic reflection positiv-
ity transformation is applied within fixed gauge sectors to compare partition functions in different
flux configurations, select the uniform 7-flux background, and obtain an extensive energy gap for
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magnetic defects. In Chapter 7, the strategy developed in Chapter 6 provides the starting point
for the construction of the topologically ordered phase. The proof additionally requires the spectral
analysis of the massive magnetic lattice Hamiltonian, a fermionic cluster expansion, the Gauss-law
projection, Lieb—Robinson bounds, and quasi-adiabatic flow.

In all three applications, the effectiveness of the chessboard estimate relies on the same mecha-
nism: repeated reflections replace an arbitrary local defect by a periodic configuration. The resulting
one-particle operators can then be analyzed using Fourier Transforms. In Chapter 4 these are lattice
Dirac operators coupled to periodic multiplication potentials, whereas in Chapter 6 and Chapter 7
they are discrete magnetic Laplacians with periodic flux background, with an additional periodic
mass potential in the latter case. The relevant energetic penalties are extracted by controlling the
eigenvalues of the corresponding finite-dimensional Bloch matrices.

Organization of the Thesis. The thesis is organized accordingly. In Chapter 2 we introduce
the Euclidean and the Hamiltonian descriptions of lattice fermionic systems. A general and quick
account on the method of reflection positivity and its main consequences are then presented in
Chapter 3. In Chapter 4 we discuss lattice regularizations of the Gross-Neveu model, and the proof
of chiral long-range order. The last part of the thesis begins with the introduction of the general
gauge-matter formalism of Chapter 5, which is the starting points for two applications: the stability
of the m-flux phase in Chapter 6 and the construction of the massive topologically ordered phase in
Chapter 7.

The following three sections present the original contributions in greater detail. For each work,
we describe the physical and mathematical problem, define the model, state the principal results,

outline the architecture of the proof, and discuss the main questions that remain open.

Contents
1.1 Chiral Long-Range Order in Three Euclidean Lattice Gross—Neveu Models. . . . . . 4
1.2 Stability of the m-Flux Phase . . . . . . . . .. ... ... .o 10
1.3 Anyons in the 7-Flux Phase . . . . . . . . . ... ... 16

1.1 Chiral Long—Range Order in Three Euclidean Lattice Gross—
Neveu Models

This section summarizes the results obtained in joint work with Simone Fabbri [FG26]. The problem
is to establish, by non-perturbative methods, chiral long-range order in two-dimensional Euclidean
lattice models of interacting fermions and to compare the resulting order parameter with its Large- IV
mean-field prediction.

The general problem. Relativistic quantum field theories with four-fermion interactions pro-
vide a natural framework for studying dynamical mass generation and spontaneous chiral Symmetry
Breaking. A prototypical example is the Nambu—Jona-Lasinio model [NJ61a; NJ61b|, originally in-
troduced as an effective theory of interacting nucleons and subsequently recognized as a precursor
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of modern mechanisms of chiral Symmetry Breaking. Such models have been investigated through
Large-N expansions [K1e92; HK94; Ber | 25|, Functional Renormalization Group Methods [BTW02;
Bral2], and Lattice Regularizations [BV93]. Rigorous results are much rarer; an important example
is [SS91], where chiral Symmetry Breaking was established by reflection positivity methods.

The Gross—Neveu model [GN74] can be viewed as a paradigmatic example within this framework,
retaining the essential features of Spontaneous Symmetry Breaking while offering a more tractable
setting for the analysis of non-perturbative phenomena. It describes N flavours of Dirac fermions
coupled through a local quartic interaction in the scalar bilinear v. In 1 + 1 dimensions it is
renormalizable and asymptotically free. Its formal Large-/N solution predicts the dynamical genera-
tion of a mass scale, a non-trivial bound-state spectrum, and the spontaneous breaking of a discrete
chiral symmetry [GN74; DHN75]. The corresponding order parameter is the scalar condensate (11)).

The Gross—Neveu model has also played a central role in the development of constructive and
renormalization group techniques for fermionic field theories. Its ultraviolet construction was carried
out rigorously in |Fel+85; GK85; DR02]; see also [DY24; Duc24; Dim25]. Its infrared behaviour was
analysed by Kopper, Magnen, and Rivasseau [KMR95| through a combination of cluster expansions
and Large-N estimates for a suitably regularized continuum model. A related strategy was used for
mass generation in non-linear sigma models in [Kop99]. Nevertheless, there is presently no rigorous
proof of chiral Symmetry Breaking for the Gross—Neveu model after removal of the ultraviolet cutoff.

At fixed ultraviolet cutoff, our analysis of the infrared regime is based on reflection positivity and
its associated chessboard estimates. Reflection Positivity is first verified separately for each lattice
discretization and is then used to control the probability of spatially disseminated defects. Combined
with a Peierls argument, these estimates yield quantitative bounds on the long-distance correlations
of the order parameter. This approach is more direct than the cluster-expansion method of [KMR95],
but it is also more sensitive to the microscopic form of the action, since reflection positivity is a very
fragile property. The reflection positivity framework used in this work is reviewed in Chapter 3.

The result and the role of the three discretizations. We address the infrared problem
at fixed ultraviolet cutoff. More precisely, we prove long-range order in three Euclidean lattice
regularizations of the two-dimensional Gross—Neveu model, for sufficiently weak coupling and a
sufficiently large, even number of fermion flavours. The models, originally considered in |[CERS8I;
CERR&3|, are:

1. the naive-fermion model, denoted by NN;
2. the staggered-fermion model with on-site interaction, denoted by SN;

3. the Staggered-fermion model with plaquette interaction, denoted by SP.

They have different Dirac operators, internal degrees of freedom, and ultraviolet interpretations.
The Naive model suffers from fermion doubling, the Staggered on-site model is particularly simple
but does not reproduce the standard Gross—Neveu continuum action, while the Plaquette model has
the appropriate formal continuum limit [CER83; HKK93|. Treating the three models simultane-
ously therefore tests whether the ordering mechanism depends on a special discretization or instead
follows from a common structural property.

To make this structure transparent, we introduce the common notation before recalling the
three actions. Their microscopic differences are encoded in the lattice Dirac operators and in the
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realization of the internal index J € J introduced in Subsection 2.1.1. Despite the differences at
the microscopic level, these lattice realizations of the Gross-Neveu model present a quartic inter-
action term admitting an Hubbard—Stratonovich representation. This separation also mirrors the
proof: establishing reflection positivity is model dependent, since it requires a detailed analysis of
the hopping terms and boundary signs, whereas the subsequent chessboard and Peierls arguments
depend only on the common effective bosonic structure.

Common lattice formulation. Following the conventions of the Euclidean formalism, we set
the lattice spacing equal to one and work on the two-dimensional discrete torus

L L]
r,=7*n(-=,=% L € 4N
L ( 2’ 2:| ) € )
For the plaquette model we further assume L € 8N and introduce the coarse lattice
~ L L]
Ip=(22)?°n(-=,=
L ( ) N < 97 2:|

We use the notation of the Gross—Neveu chapter

I';, a=NN,
I't =<7, a=SN,
fL, a = SP,

and Z = {A, B, C, D} for the four positions inside a 2 x 2 unit cell of the SP model. In terms of the
general internal index J € J, the three realizations are

($7j)> Oé:NN 36{177]\7} 86{172}7
J=13 a=SN je{l,...,N} (1)
(a,j), a=SP je{l,...,N} ael.

Thus 1), ; and Er,j are two-component spinors in the NN model, scalar Grassmann variables in the
SN model, and are written as v, 4,; and @z,a,j in the SP model, with z € I';, and a € 7.

The fermionic fields satisfy antiperiodic boundary conditions in both lattice directions. Equiv-
alently, one may use periodic Grassmann variables and an antiperiodic extension (]DQ)EL of the
corresponding lattice Dirac operator ID,. On the torus, antiperiodicity is represented by a Zo-
holonomy line. In the proof of reflection positivity, its position must be chosen compatibly with the
reflection plane: a change of reflection plane is accompanied by a Zs-gauge transformation moving

the holonomy defect.

We indicate the scalar fermionic bilinear appearing in the interaction by:

N 2 B
Z Z¢m,s,j¢x,s,ja o = NN7
7j=1s=1
. N .
(Wﬂ)x = Zwm,ij,]ﬁ a = SN7 (2)
J;l -
Z Zqﬁx,a,jwm,a,ja a = SP.
\ j=1 a€Z
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The three actions are:

A _
SNN ?l) ¢ Z Zd):p,] mNN)FL)$y¢y] 2N Z (w’(vb)?rv

,yEFL ] 1 Z‘GFL

A _
SSN(w ¢ Z Zqzz)x,] lDSN)FL)x ywyd 2N Z (¢¢)3¢’

zyelp j=1 z€l'y
SSP 7!) ¢ Z Z Z% a,j lﬁSP FL) (z,a) (y’b)iby,bj 2N Z ($¢)2
xyeFLabEIJ 1 :L“EFL

Each action is invariant under its corresponding discrete chiral transformation, under which (¢1)),
changes sign. We denote by (-), the Grassmann expectation associated with S,, according to the
general definition of Subsection 2.1.1.

Auxiliary-field representation and order parameter. The common interaction in Equa-
tion (2) allows us to apply at every site the Hubbard—Stratonovich identity

_ N +00 —
ean (V)2 _ “277)\/ A o~ 2592+ bs (V) (3)

After introducing the scalar field ¢ € R'Z and integrating out the Grassmann variables, the partition
function is represented by the effective bosonic measure

N .2 N
da(¢) = Zjeé H d(bze—ﬁ‘% det <(1Da)fL - M¢) : (4)
L \zel'¢

Here My is one of the following multiplication operators:

(M) (2,5),(y,s") = Oxy0s,5' Py = NN,
(M¢)x,y = 5x,yd)a:v o = SN,

(M¢)(x,a),(y,b) = 5$’y5a,b¢x, o = SP.

For every real ¢, the determinant in Equation (4) is real. We assume throughout that N is even,
so that its N-th power is non-negative and pu,, is a probability measure. The effective measure is
reflection positive for every N, however, even though in various parts of the proof we heavily rely
on the positivity of the measure. Whether this restriction can be removed would require different
techniques and will not be investigated here.

The Hubbard-Stratonovich transformation also identifies ¢ as the bosonic representative of the
chiral order parameter. Gaussian integration by parts gives the exact identity

2
<($¢)x(aw)y>a = (J)\\f> <¢x¢y>ua - %‘%,y- (5)

Consequently, after spatial averaging, the contact term is negligible in the thermodynamic limit.
Proving long-range order for the fermionic bilinear is therefore equivalent to proving that

> (bebyua #0.

z,yel'y

1
hm 1nf
N4k
Thus, the physical problem and the proof strategy meet precisely in the auxiliary-field representa-
tion: the discretization is encoded in the determinant, while the order parameter and the geometric
estimates are expressed through the same scalar field in all three models.
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Main result. The common formulation allows the principal theorem to be stated simultaneously
for the three discretizations.

Theorem 1 (Chiral long-range order). There exists A\g > 0 such that, for every o € {NN, SN, SP},
every X € (0, Ao], and every e € (0,1), there exist No(A,e) > 1 and Lo(X\, &) > 1 with the following

property. If
N € [Np(A,g),00) N 2N and L € [Lo(X €),00) N4(1 + da,sp)N,

then

2 2
A+ () (@) i S (@@, > 1 -a (X)) (@)’ =0 ©)
A A

Here ¢ (\) is the positive minimizer of the effective potential (see Figure 1.1)

o _ p* C d*p 1 2 .2 ) 7
v (p) = oy~ Ca s @) og (p” + sin” po + sin” p1 ), (7)

where .
Cny =1, Csn = ok Csp = 2.

¥
N — T N
—h(N) ALY
_Ka _Ca Ca Ka

Figure 1.1: Sketch of the effective potential v§ ()

The theorem proves long-range order for the scalar fermionic bilinear and quantifies its relation
to mean-field theory. In fact, the proof gives the stronger pointwise estimate

2 2
=) () (a0 < (@0)a@)y). < 1 +0) () ()
A A

uniformly in z,y € I'?, once N and L satisfy the assumptions of the theorem. Thus the Large-N
mean-field prediction is recovered at the level of individual two-point functions, without need for
spatial averaging. The argument does not use a formal saddle-point or 1/N expansion: it allows
to get matching upper and lower bounds for the finite-volume correlation function in terms of the
minimizers of the same potential that appears in mean-field theory.
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Structure of the proof. The proof separates naturally into a model-dependent and a model-
independent part. For each discretization, the coupled Grassmann—boson functional obtained from
Equation (3) is first shown to be reflection positive. The non-trivial step is the decomposition of
the kinetic terms crossing the reflection plane. It depends on the specific Dirac operator, on the
anti-multiplicative Grassmann reflection, and on the signs associated with the antiperiodic bound-
ary conditions. Reflection positivity then passes to the bosonic effective measure .

From this point onward, the three models are treated by a common argument. Reflection
positivity yields chessboard estimates for local events of the auxiliary field. The iterative ap-
plication of the reflection bound turns the corresponding local constraints. For such configura-
tions, Bloch—Floquet theory reduces (lDa)fL — My, or equivalently the associated positive operator
((lDa)fL — M¢)*((]DQ)EL — M¢), to a finite-dimensional matrix. Controlling its eigenvalues gives
the required lower bounds on the fermionic determinant and on the cost of the disseminated con-
figurations. The effective potential in Equation (7) has two symmetry-related minimizers 47 (\).
A Peierls-type construction shows that field configurations interpolating between neighbourhoods
of the two minima carry a free-energy cost proportional to N and are therefore exponentially sup-
pressed when N is large. The same estimates control Large-field configurations and configurations
that stay away from either minimum. Combining these bounds gives both sides of Equation (6).

This approach resolves a difficulty specific to fermionic formulations of geometric contour argu-
ments. A Peierls contour is not naturally defined directly in terms of Grassmann variables. The
Hubbard—Stratonovich field provides a genuine real configuration space on which contours, local
bad events, and chessboard patterns can be defined, while retaining exact information about the
original fermionic order parameter through Equation (5).

Relation to previous results. The conclusion is conceptually close to the infrared results of
[KMR95; Kop99|, but our proof uses reflection positivity and a Peierls argument rather than cluster
expansions. It should also be compared with the work of Goto and Koma on chiral Symmetry
Breaking in Hamiltonian Nambu—Jona-Lasinio models [GK23|. Their analysis is formulated in the
operator setting and uses infrared bounds, applying in spatial dimensions d > 3 at positive tem-
perature and in d = 2 at zero temperature. The present models are instead defined directly by
Grassmann fields on a two-dimensional Euclidean space—time lattice. Observe that, in our setting,
the strategy of [GK23] would not apply, due to the logarithmic divergence of the integral entering
the infrared bound. Instead of using infrared bounds, here we develop a Peierls’ type contour argu-
ment, which allows us to obtain a better control of the luctuations around the ordered phases, and

to establish the spontaneous breaking of chiral symmetry.

The three principal contributions may therefore be identified as follows:

1. reflection positivity is established for the three coupled Grassmann—boson lattice models and
transferred to their effective bosonic measures;

2. Chessboard estimates and a Peierls argument are adapted to the unbounded auxiliary field
arising from the Hubbard—Stratonovich representation;

3. Uniform pointwise upper and lower bounds are proved for the mass—mass two-point func-
tion, yielding chiral long-range order and a quantitative validation of the Large-/N mean-field
prediction.
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Scope and open problems. The estimates are uniform in the volume but not in the lattice
spacing. Accordingly, the theorem establishes chiral long-range order at fixed ultraviolet cutoff, or
along a combined regime in which the lattice spacing tends to zero scaling N as ~ £~¢ for some
power « > 0. A proof uniform in the lattice spacing would require combining the present infrared
argument with a multiscale analysis of the ultraviolet regime and remains a major open problem.

There are two further natural directions. The first is the construction of distinct extremal
infinite-volume Gibbs states associated with the two minimizers +¢% (\), together with a proof of
clustering in the corresponding symmetry-broken phases. The second is the derivation of a dynami-
cally generated mass gap from exponential decay of suitable truncated correlation functions. These
questions go beyond long-range order itself and are not addressed by the finite-volume reflection
positivity and Peierls estimates developed here.

The detailed construction of the three lattice models and the complete proof of Theorem 1 are
presented in Chapter 4.

1.2 Stability of the m-Flux Phase for Zs-Lattice gauge Theory Cou-
pled to fermionic Matter

This section presents the problem and the main results of the joint work with Marcello Porta [GP26].
The starting point is the flux-phase problem for lattice fermions: consider particles hopping on a
planar bipartite lattice at half filling, with phases in the hopping amplitudes representing a static
magnetic background. The flux-phase conjecture [AMS88] states that the fermionic energy is mini-
mized when the magnetic flux through each elementary plaquette is equal to 7. Lieb proved this
statement, at both zero and positive temperature and for a broad class of interacting models, by
means of reflection positivity; a more general formulation was subsequently given by Macris and
Nachtergaele [Lie94; MN9G6|.

The question addressed here is what remains of this flux-selection mechanism when the Zo-
valued link variables are themselves included among the degrees of freedom of the system. This
leads to a lattice gauge theory coupled to fermionic Matter. Numerical simulations [GRV17; AG16]
indicate that, at half filling, the w-flux phase persists when the fermions are coupled to a dynamical
Zo gauge field, provided that the hopping strength is sufficiently large compared with the plaquette
energy. This flux selection manifests itself in the fermionic sector through a semimetallic regime
with Dirac-like low-energy excitations. Our goal is to put this picture on rigorous grounds in the
case of vanishing electric-field strength. More precisely, for € = 0 we prove that the m-flux phase
is selected at half filling for sufficiently large ¢, uniformly in the volume, and we determine the

corresponding low-momentum magnetic response.

Notation for the Lattice Let
A = (Z1)?, L € 4N,

be the square lattice with periodic boundary conditions. We will denote with V(Ar), E(Ar) and
F(ApL) respectively the set of vertices, edges and faces of the lattice Ay. Their elements will be
written as ¢ € V(AL), (4,7) € E(AL) (with the convention that j and ¢ are respectively the starting



1.2. STABILITY OF THE n-FLUX PHASE 11

and arrival point according to the orientation shown in the picture) and p = (i,7,k,1) € F(AL).
Often, with a slight abuse of notation, we will identify the set of vertices V(Ar) with the lattice A,
itself. The set of vertices, edges and faces of the dual lattice I'] of Ay, (sketched with dotted lines)
will be likewise denoted with V(I'} ), E(A} ) and F(A7 ). Of course, there is a bijective correspondence
between F(Ar) ~ V(A}) and V(Ar) ~ F(A} ), which we denote with * and we shall sometimes use
without further mention. In particular, the four edges sharing one vertex can be thought of as the
dual edges bounding the corresponding dual face.

The Lattice Gauge Model. The fermionic degrees of freedom are described by the Fock-space
formalism reviewed in Subsection 2.2.3, whereas the Hamiltonian formalism for lattice gauge fields
and their coupling to fermionic Matter is recalled in Chapter 5. We recall here only the ingredients
needed to specify the present spinless model:

[ALl

f-'L = @/\n EQ(AL).
n=0

For every i € V(Ar), we denote by a; and a; the fermionic creation and annihilation operators on
Fr. The gauge-field Hilbert space and the total Hilbert space are

ny= & C Ho=FLeH.
(1.4 €B(AL)

On the factor associated with (i, j), the Pauli matrices &fj and &fj represent, respectively, the Zo
vector potential and electric field. The insertion of 67; in the hopping term is the Zs-analogue of
the Peierls substitution! briefly mentioned in Example 12.

For p € P(AL), define the plaquette-flux operator, represented graphically in Figure 1.2, by

B,= [ o3 (8)

(,5)€0p

The eigenvalues B, = 4+1 and B,, = —1 represent, respectively, zero flux and 7 flux through p.

Figure 1.2: The magnetic-field operator B, associated with the plaquette p.

The family of Hamiltonians is
Ho=— 3 By—t Y (afofe; +he)+= > o ©)
pEP(AL) (i,5)€B(AL) (4,5)€B(AL)

Here ¢ > 0 is the hopping strength and € controls quantum fluctuations of the electric field. The
model studied in [GP26] is H = Hj at chemical potential x4 = 0, which is the half-filling point.

Lwhich is the lattice counterpart of the minimal coupling in gauge theories
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The local gauge transformation acts jointly on the gauge and fermionic degrees of freedom.
Introduce the star operator, represented graphically in Figure 1.3,

A= [ &n (10)

(k,l)E*0*i

Figure 1.3: The operator A; acts on the four edges incident on the lattice site x € Ap,.

and the gauge transformations generator
Qi = A;(—1)", n; = aja.*.
Since [H., Q;] = 0 for every x, the Hamiltonian preserves the physical Hilbert space
lehys ={VeH:Q;V="VUforevery x € AL}.

This is the exponentiated Zo-Gauss’ law: the electric flux emanating from a vertex is tied to the
parity of the fermionic occupation at that vertex.

At € = 0, all the operators o;; commute with H, and the Hamiltonian can therefore be decom-
posed into sectors labelled by classical link configurations o = {o;;}. This does not turn o into a
prescribed external background. The gauge variables remain part of the Hilbert space, the trace
is restricted by the Gauss’ law, and the physical partition function contains a sum over all gauge
sectors. The problem is precisely to determine which sectors dominate this sum.

Competing Flux-Selection Mechanisms. The two terms in H favour different flux patterns.
At t = 0, the magnetic term — Zp By, is minimized by B, = +1 on every plaquette, that is, by the
zero-flux sector. At large ¢, instead, the fermionic hopping energy dominates and Lieb’s mechanism
favours B, = —1 on every plaquette. Thus the preferred flux sector must change between the two
regimes. The result below concerns the large-t region; it does not locate or characterize the transi-
tion at intermediate coupling.

On the torus, specifying B, = —1 for every plaquette does not determine a unique gauge-
equivalence class. There remain two Zs-holonomies (a,b) € {4-1}2, measured by Wilson loops along
the two non-contractible cycles. Consequently, there are four inequivalent m-flux sectors, denoted

by (7, a,b).

Stability of the m-Flux Phase. At y = 0, define the physical partition function by

: 1+Qi | _
ZB,L:TI"HL H 9 ! (& BH

i€V(Ar)
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We write Zg 1,(®,a,b) for the contribution of the gauge-equivalence class with plaquette-flux con-
figuration ® and holonomies (a,b). In particular, Zg 1,(7, a,b) denotes a sector with uniform 7 flux.
The full and restricted free-energy densities are

) 1 ) 1
far = —Wlog Zs.1, fo,L(m) = —Wlog Z Zg (7, a,b)
(a,b)e{£1}2

Here and below, a magnetic gauge-invariant observable is a gauge-invariant observable indepen-
dent of the electric-field operators (’}fj. For such an observable O, let O(m, a,b) denote its restriction
to the corresponding m-flux sector and set

- . (a,b)e{*1}2

<O>B,L = N
Y T |:e—/3Hf(7T,a7b) (H(_l))}
(a,b)e{=£1}2

(11)

_1\N
The factor # is the even-fermion-parity projection left by the Gauss-law constraint after the
gauge degrees of freedom have been resolved.

Theorem 2 (Stability of the 7-Flux Phase). Let L = 4¢, with ¢ € N. There exists tg > 0, indepen-
dent of B and L, such that the following statements hold for t > t.

There is a quantity Ag 1, satisfying, for large B and L,
A@L =kt + 0(1) (12)
with a universal constant k > 0, such that
L2
0 < BL*(f5,(7) — f5,) < log {1 +4 [(1 + e‘ﬁ(AﬂvL‘”) - 1} } : (13)
Moreover, for every magnetic gauge-invariant observable O and for sufficiently large 8 and L,
L2
‘<o> - <o>g,L‘ < Ko {(1 n e—mm-n) N 1] , (14)
where Ko depends only on a uniform bound for the sector restrictions of O.

Finally, let

1
Eo.p(m,a,b) = — lim —log Zs 1(m,a,b). 15
0 ( ) == Jim 5 108 5.L( ) (15)
Then
EO;L(TF7 a, b) Z EO;L(TF7 _17 _1)7 (16)
and, for every 0 < a < 1/3,
Ca

‘EO;L(Wa a, b) - EO;L(ﬂ—7 _17 _1)’ < m
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The quantity Ag 7 measures the fermionic free-energy penalty associated with replacing m-flux
plaquettes by zero-flux plaquettes. The numerical value of the constant obtained in the proof is
k ~ 0.036. Since the total estimate involves the entropy of possible defect locations, the comparison
with the 7m-flux state is uniformly effective in the low-temperature regime 8 2 log L. In particular,
it determines the ground-state expectations of magnetic gauge-invariant observables. The last part
of the theorem shows that the four torus sectors have the same thermodynamic ground-state energy,
with a finite-volume splitting bounded by a power of L~!.

Emergent Dirac Behaviour and Magnetic Susceptibility. Once the state has been reduced
to the four 7-flux sectors, the fermionic Hamiltonian can be diagonalized explicitly. In a convenient
periodic gauge, its two bands have dispersion

1 1
et(k) = :I:Zt\/l + 3 cos(2k1) + 3 cos(2ks), (18)

which vanishes linearly at the Dirac points (see Figure 1.4). The corresponding Fermi velocity is
v = 2t. This identifies the selected large-t regime as a gapless semimetal.

Figure 1.4: Energy bands associated with the 7w-flux phase.

The magnetic response is defined by coupling the fermions to an additional static U(1) vector
potential through the Peierls substitution. Let j#(p) and K wv (P, q) be, respectively, the param-
agnetic current and the diamagnetic term obtained from the first two derivatives of the perturbed
Hamiltonian. For p = (0, p2), set

X(p2) = = T lim %[ / s (Hp:0i0) + (K, —p>>5’L]. (19)

p% L—o0 f—00

Here the semicolon denotes the truncated imaginary-time correlation. The factor p; 2 converts the
response to the vector potential into the response to the magnetic field.

Proposition 3 (Ground-State Susceptibility). Under the assumptions of Theorem 2, as py — 0,

2
q°v 1

p2) = — +o<—), v =2t 20

xpz) 8|p2| 2| (20)
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This is the magnetic susceptibility of two-dimensional massless Dirac fermions and agrees with
the value found numerically for the semimetallic regime of the Zg-gauge theory [GRV17; KAA09|.

Structure of the Proof. The proof has three main ingredients. First, at ¢ = 0, the Gauss-law
projection can be resolved explicitly. For magnetic gauge-invariant observables, the physical trace
becomes a sum over Zo-link configurations of fermionic traces with the parity projector w
where N is the total fermion number. This reduction keeps track of the gauge constraint while

allowing each flux sector to be treated by fermionic methods.

Second, the Reflection-Positive transformation used by Lieb is applied to the fermionic Hamil-
tonian in a fixed gauge sector. Its reflected Cauchy—Schwarz inequality proves the optimality of
uniform 7-flux. To obtain stability rather than mere optimality, one must additionally control the
cost of an arbitrary collection of zero-flux defects. Iterating the reflection inequality yields a chess-
board estimate [Fro-+78; Fro+80; Tas20]: every defect configuration is compared with a periodic
pattern in which one quarter of the plaquettes carry zero flux. The crucial point is that the dissem-
ination produced by the chessboard estimate replaces an arbitrary flux configuration by a periodic
magnetic background. The corresponding one-particle Hamiltonian is therefore a periodic discrete
magnetic Laplacian and can be reduced, by Bloch—Floquet theory, to a finite-dimensional matrix
over the reduced Brillouin zone. Controlling its eigenvalues yields a strictly positive difference be-
tween the relevant band energies and hence a free-energy cost proportional to the number of defects.
This is the origin of the constant Ag 1, in Equation (12).

Third, after Theorem 2 reduces the ground-state expectations to the four w-flux sectors, the
susceptibility is computed from the exact band structure. Lattice conservation laws enforce the
cancellation between the paramagnetic and diamagnetic contributions, while the remaining non-
analytic term is fixed by the Dirac dispersion, as in the analysis of graphene and related lattice
semimetals [GMP12; Giu+16; GMP19].

The theorem addresses a restricted, but non-trivial, part of the phase diagram: ¢ = 0, half
filling, and sufficiently large ¢. It neither proves stability under a non-zero electric-field term nor
determines the location or the order of the change from the zero-flux regime. Moreover, the selected
m-flux phase is gapless, and the four holonomy sectors are shown here to be only power-law close
in energy. It also provides the flux-selection and defect-energy estimates on which the subsequent,
massive analysis of the topologically ordered regime is built.

Open Problems. The results leave four immediate questions open. First, the comparison be-
tween the full Gibbs state and its restriction to the m-flux sectors is not uniform in the volume at
fixed positive temperature. The present estimate becomes effective when 8 2 log L, and therefore
gives direct control of the ground-state regime, but not of the thermodynamic limit at fixed 3.

Second, one would like to prove that the m-flux phase remains stable for sufficiently small £ > 0.
The electric-field term then makes the gauge field genuinely dynamical: the operators 0;; no longer
commute with the Hamiltonian, and the decomposition into fixed gauge sectors is lost. More pre-
cisely, the individual plaquette-flux operators B,, are no longer conserved, and neither is the number
of zero-flux defects. This makes the identification and control of the m-flux phase considerably more
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subtle (see [KT94| for a discussion of the situation when an order parameter does not commute
with the hamiltonian) and, in particular, the reflection positivity argument used here does not ap-
ply directly.

Third, although the zero-flux configuration is the exact minimizer at ¢ = 0, the stability of the
zero-flux phase for small but positive hopping strength has not been established uniformly in the
volume. Proving both this small-¢ stability and the finite-temperature stability of the large-t m-flux
phase would provide a natural starting point for a rigorous analysis of the transition between the
two regimes.

A fourth question concerns the magnetic susceptibility in the presence of interactions. It would
be interesting to determine whether the leading low-momentum singularity found in the non-
interacting m-flux phase persists after adding a Reflection-Positive interaction, such as an on-site
Hubbard term, and whether its coeflicient satisfies a suitable non-renormalization or universal-
ity property. More precisely, one may ask whether the interacting susceptibility retains the same
asymptotic form once the bare Fermi velocity is replaced by its renormalized value.

The general Hamiltonian formalism for lattice gauge fields and their coupling to fermionic Mat-
ter is reviewed in Chapter 5. The specific model considered here, together with the results stated
above and their complete proofs, is presented in detail in Chapter 6.

1.3 Anyons in the 7m-Flux Phase of fermionic Matter Coupled to a
Zo-gauge Field

Historical Background and Motivation. In three or more spatial dimensions, the exchange of
two identical quantum particles leads to the familiar boson—fermion dichotomy. In two dimensions,
however, particle exchanges are described by the braid group rather than by the permutation group,
and more general statistics become possible. The theoretical possibility of such particles, now called
Anyons, was identified by Leinaas and Myrheim in a differential-geometric framework [LM77]|, by
Goldin, Menikoff and Sharp from an algebraic perspective [GMS80], and through the magnetic flux—
charge picture developed by Wilczek and collaborators [Wil82; WZ83|; related ideas were already
implicit in [Fro76]. Wu subsequently formulated the connection between particle trajectories, the
braid group, and the Feynman path integral [Wu84|. For abelian anyons a braid acts by a phase
that is not restricted to 41, whereas for non-abelian anyons it acts by a non-commuting unitary
transformation on a degenerate state space.

The discovery of the Fractional Quantum Hall effect provided ta physical setting in which these
ideas became central. Laughlin’s wavefunction [Lau83|, together with the subsequent description
of fractionally charged excitations and their statistics [Hal84; ASW84|, established the connection
between anyons and phases of Matter that cannot be characterized by a local order parameter. Such
phases are now understood as paradigmatic examples of Topological order. Relativistic quantum-
field-theoretic descriptions of anyons were developed in [Fr621; FM88] (see also [FST94] for a review
and [FRS89] for the operator-algebraic formulation in terms of superselection sectors with braid
statistics). On a finite torus, a characteristic manifestation of topological order is a ground-state
sector whose dimension reflects the topology of the underlying space and whose degeneracy cannot
be detected or split by local observables, up to corrections vanishing with the system size [WN90].
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The possibility of using such a ground-state sector as a stable quantum memory, and braiding
as a fault-tolerant implementation of quantum gates, renewed the interest in the subject |Fre+03].
The toric-code and honeycomb models of Kitaev [Kit03; Kit06], as well as the string-net models
of Levin and Wen [LWO05], provide exactly solvable lattice realizations of abelian and non-abelian
anyons. Their exact solvability makes the topological structure transparent, but it also relies on
rather special microscopic Hamiltonians. Deriving the same structure from a natural interacting
model, without reducing the problem to commuting projectors or to an explicitly diagonalizable
spin system, is in general a very difficult problem. Recent experiments succeded in probing anyonic
statistics in engineered quantum systems [le24], thus making the construction and the analysis of
more general microscopic models with exotic statistics particularly relevant.

This section presents the problem and the main results of the joint work with Sven Bachmann
and Marcello Porta [BGP26]. We study spinful complex fermions coupled to a Zs-gauge field on
the square lattice. Models of this kind have a rich phase diagram and have been investigated ex-
tensively by numerical methods, both for spinful [AG16; GRV17; Gaz+18] and spinless fermions
[Bor+22]. In the massless theory, the half-filled system has a semimetallic regime governed by
Dirac excitations [GP26; GRV17|, while away from half filling one encounters pairing phenom-
ena, including a BCS-BEC crossover and superconducting phases. Proposals based on cold atoms
[Bar+19; Hom 23|, together with quantum-computing and quantum-simulation studies of confine-
ment [Mil-+25; Keb25], further motivate the analysis of these gauge-Matter systems from first

principles.

Our purpose is to establish rigorous finite-volume signatures of Abelian topological order in a
natural member of this family. For a large finite torus, we identify an almost four-fold degenerate
ground-state sector, prove a uniform spectral gap above it, and establish local ground-state indistin-
guishability. We then construct quasi-local loop operators by adiabatic flux insertion and use them
to identify localized excitations and their braiding phases. The model is not exactly solvable once
the Hubbard interaction is present; nevertheless, all these conclusions are obtained without any
uncontrolled approximation. In particular, it provides one of the comparatively few non-exactly-
solvable lattice systems for which local topological order can be proved directly; see also [LMY24].
We do not construct all thermodynamic-limit superselection sectors or a complete braided tensor
category; the anyonic interpretation below refers to the finite-volume loop and string algebra that

is proved in the thesis.

The Massive Deformation of the m-Flux Model. The model studied in Chapter 7 is a massive,
spinful deformation of the ¢ = 0 theory introduced in Section 1.2. We retain the lattice Ay, the
gauge-field Hilbert space 7§, the link operators o;; and 67}, and the plaquette and star operators By,
and A; defined in Equation (8) and Equation (10). The Matter sector now contains two fermionic

species,

S={11} (21)
In this section, we denote the corresponding spinful Fock space by

2[AL|
Fr = @ /\n(EQ(AL)(X)(Cz), 'HLi]:L®’H%. (22)
n=0
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4A
2A f
2m
L 2,—cL
[O(z2et)
(a) fermion dispersion relation (b) Spectrum of the full Hamiltonian

Figure 1.5: (a) Effect of mass term on m-flux dispersion relations: the gap opened by the perturbation is proportional to %

Solid and dotted lines represent respectively lattice and continuum dispersion relations. (b) The spectral structure of the full
Hamiltonian: A is the energy necessary to create a monopole, while m is the minimal energy needed to create a fermion (for
U = 0). The ground state splitting is exponentially small. The picture is stable for |U| small enough.

For every i € V(Ar) and n € S, we denote by ajn and a;, the fermionic creation and annihilation
operators associated with the spin state 7, and set
iy = a;fna;n, ng = N4+ Ny . (23)

For t,m > 0 and U € R, consider

H=—t Z Z <a;fn&fjaj_’n + h.c.)

(i,§)EE(AL) nES

+m YN (1), U Y <nm - ;) (nm - ;) .

z€AL nES i€V(AL)

(24)

The first term is the nearest-neighbour hopping Hamiltonian coupled to the Zs-vector potential
through the lattice Peierls substitution. The second is a staggered mass, which opens a gap at the
Dirac points of the uniform w-flux Hamiltonian. The final term is an on-site Hubbard interaction,
repulsive for U > 0 and attractive for U < 0. Both the mass term and the Hubbard interaction
are compatible with the Reflection-Positive transformation used in the flux-phase argument. The
plaquette term appearing in Equation (9) may also be retained; the conclusions below continue to
hold when the hopping strength is sufficiently large relative to its coefficient.

The gauge transformation has the same geometric action as in the spinless model, but the Matter
parity at ¢ now includes both species. Thus,

Qi = Ay(—1)" = Ay(=1)rertre, (25)

The corresponding physical Hilbert space is

HEYS = 1T <1+2Qi>”HL. (26)

i€V(AL)

An interesting class of its elements are obtained by projecting product states 1) ® |o):

T (“5%) el (27)

1€V(AL
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This action creates a coherent superposition over gauge-equivalent configurations. This is the
loop-gas structure characteristic of the physical states used below [Kit06; KP06; LW06].

As in the model described in Section 1.2, no electric-field term is present. Hence the Hamiltonian
decomposes into fixed Zo-gauge sectors, and its spectral data depend only on the plaquette fluxes
and on the two holonomies of the torus.

From the Semimetal to a Fully Gapped Phase. At m = U = 0, the Matter Hamiltonian
consists of two identical copies of the massless hopping Hamiltonian analyzed in the preceding Sec-
tion 1.2. The results of Chapter 6 therefore provide the starting point of the present analysis: the
uniform 7-flux sector minimizes the energy, zero-flux defects have a strictly positive energy cost,
and the fermionic spectrum contains gapless Dirac excitations. The corresponding four holonomy
sectors have ground-state energies separated only by power-law finite-volume corrections.

The staggered mass changes the last two properties while preserving the flux-selection mech-
anism: it opens a fermionic gap and makes the dependence of the ground-state energy on the
holonomies exponentially small in L. For sufficiently small |U|, a convergent fermionic cluster ex-
pansion shows that the Hubbard interaction closes neither the fermionic gap nor the monopole
gap. The four holonomy sectors consequently form an almost degenerate spectral patch separated
uniformly from the rest of the spectrum.

To state the result, let Hy(o; el? €1?) denote the fermionic Hamiltonian in the background o,
with U(1) twists (e'?, ¢!?) along two independent cycles of the torus, and let Ep.z(07;e?, ) be its
ground-state energy. We write 7 for a uniform w-flux background.

Theorem 4 (Spectral Structure). Let L € 4N and t,m > 0. There exists Uy = Uy(t,m) > 0,
independent of L, such that, for |U| < Uy, the following statements hold.

1. For every 0,¢ € R, the ground state of
Hy(m; e, el?)
is unique, lies at half filling, and is separated from the rest of the fermionic spectrum by a gap
5, >m— C|U|3. (28)
2. There exist C,c > 0, independent of L and of the holonomies, such that
Eo.1(m; eig, ei¢) — Eo.p.(m; eiel, eid’,) < CLPe k. (29)

3. Let o contain 2k zero-flux plaquettes. Then
EO;L(U;eiG,ei‘z’) > Eo.r(m;—1,—-1) + 2kAp, Ap =Ax +or(1), (30)

where Ao > 0.
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The result proved in the cited work is slightly stronger than the ground-state formulation above:
the monopole estimate is first established for the finite-temperature free energy and only then passed
to the limit 8 — oco. The smallness condition on U is uniform in the volume, although it is not
uniform as m | 0. This is natural: the exponential estimate in Equation (29) relies on the fermionic
mass gap and degenerates when the Dirac points reappear.

The Topologically ordered Ground-State Sector. For (a,b) € {41}2, choose a uniform 7-
flux representative o 4 with holonomies (a,b), and let [¢; ) be the unique ground state of the
corresponding fermionic Hamiltonian. Define

1
‘Qab> = /\Tb thys (|¢7r,a,b> ® ‘O-W,a,b» ) (CL, b) € {i1}27 (31)

a

where N, is a normalization factor, and let P be the orthogonal projection onto their span. The
four labels are the two Zs- holonomies of the torus; equivalently, they describe the four cohomology
classes, or the four spin structures, relevant to the fermionic problem.

Theorem 5 (Ground-State Topological order). Under the assumptions of Theorem 4, let P+ denote
the orthogonal complement of P inside ’thys, and define

gr = inf Spec(P*+ HP*) — sup Spec(PHP). (32)

Then
gr > min{26y,2A.} — CL?e™ . (33)

Moreover, let O be a fixed observable which is local and gauge invariant. Then there exist Cop,c >0

such that
Tr(PO)

<Qabu OQa’b’) - 5aa’5bb’ m

< Cpe L. (34)

Equation (33) identifies the two elementary energy scales above the ground-state patch. The
quantity 207, is the cost of creating a pair of fermionic excitations, while 2A 7, is the cost of creating
a pair of monopoles. Equation (34) is the local ground-state-indistinguishability condition: after
restriction to the four-dimensional ground-state sector, every fixed local gauge-invariant observable
is asymptotically proportional to the identity. Thus the degeneracy is not associated with a local
order parameter and cannot be resolved by a local measurement.

Flux Threading and Loop Operators. The four ground states can be distinguished by Wilson
loops. If C is a closed path in the direct lattice, set

Ze= 1] 6% (35)

For the two non-contractible cycles, the eigenvalues of these operators are precisely the holonomies
(a,b). Since local observables act trivially on the ground-state sector, an operator connecting dis-
tinct ground states must necessarily be non-local.

Such operators are constructed by threading a U(1) flux through the torus. Let C* be a closed
path in the dual lattice and let He«(¢), 0 < ¢ < m, be obtained from H by multiplying every
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Figure 1.6: Picture of the flux threading procedure in a portion of the torus: the hoppings on the edges cut by the blue line
acquire an extra et (depending on the orientation).

hopping amplitude across C* by e®?, with the sign fixed by the orientation (see Figure 1.6). The
spectral gap stays open along this path by Theorem 4. Quasi-adiabatic continuation therefore gives
a quasi-local unitary Ve-(¢) satisfying

Fe«(¢) = Ve (9) Pex (0) Ve (9) (36)

where Pe«(¢) is the ground-state projection of the twisted Hamiltonian.

At ¢ = 7, the U(1) twist can be undone by the Zy-Large gauge transformation
Xe-.= [ o3 (37)
(i,)NC*#2

This leads to the loop operator
Wes = XexVex (). (38)
The U(1) symmetry of the complex fermions is essential here: it provides the continuous flux-

insertion path whose quasi-adiabatic transport dresses the bare Zs- string.

We write A £ B when |A—B|| =O(L™™) for every n € N. If Z(C,C*) € Z3 denotes the mod-2
intersection number, the loop algebra and its physical interpretation may be summarized as follows.

Theorem 6 (Loop Algebra and Braiding). Under the assumptions of Theorem 5, the following
statements hold.

1. The loop operators preserve the ground-state sector:
[We-, Pl £ 0. (39)
2. Direct- and dual-lattice loops satisfy
ZeWer = (—=1)FCCIWe Ze. (40)

For two generators C{,C3 of the first cohomology of the torus, Wer and Wey permute the four
states |Qqp) by changing the corresponding holonomy.
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3. The braiding of two dressed monopoles is trivial on the ground-state sector:

Qab> é |Qab>- (41)

4. Let x,y € Ar, be separated by a distance of order L, and let C,, be a path joining them. The
normalized state

o1 -
‘giéy> = at Zcryya;n,‘gaw (42)

NLy M

describes two gauge-invariant fermionic excitations localized near x and y. If C* winds once
around x but not around y, then

o'\ Werki') 1y (43)
<Qab’ WC*Qab> .
Opening a dressed dual loop creates a pair of monopoles at its endpoints, whereas the open
Wilson line in Equation (42) creates a pair of fermions joined by a gauge string. Equation (43)
is the universal Aharonov-Bohm phase acquired when a magnetic m-flux is braided around a unit
electric charge. The corresponding localized excitations therefore exhibit the mutual-anyon braiding
phase. The vanishing of the monopole-monopole phase in Equation (41) can be proved by relating
it to the (vanishing) Hall conductance of the fermionic 7-flux state [Bac-+20; KS20].

At the level of this finite-volume loop and string algebra, it is convenient to denote the dressed
monopole by m and the fermionic excitation by €, and to summarize their Zo composition laws by

mxm=1, exe=1, e=mXe. (44)

The corresponding loop relations assign trivial self-braiding to m and mutual phase —1 to m and
€, as in the toric code. Equation (44) is shorthand for these Zs composition rules and is not a
classification of superselection sectors. Thus the finite-volume algebra reproduces the characteristic
toric-code fusion and braiding relations, even though the microscopic degrees of freedom and the
construction of the excitations are different.

Comparison with Exactly Solvable Topological Phases. The comparison with Kitaev’s hon-
eycomb model in its gapped phase is particularly instructive [Kit06]. The finite-volume loop algebra
constructed here displays the same characteristic fusion and braiding relations as the toric-code sec-
tor of Kitaev’s model, but the microscopic degrees of freedom and the mechanisms producing the
topological phase are different. This comparison concerns the relations established by the loop and
string operators; it does not assert an equivalence of complete categories of superselection sectors.
Kitaev’s model is formulated in terms of spin degrees of freedom and becomes exactly solvable after
their fractionalization into Majorana fermions coupled to conserved Zs gauge variables. By contrast,
the present model is built from spinful complex fermions with a microscopic U(1) particle-number
symmetry coupled to a Zs gauge field (see Section 7.1). This continuous symmetry is essential
for defining the local flux-insertion unitaries and, through quasi-adiabatic continuation, the dressed
loop operators used to create, transport, and braid monopoles. Following Lieb’s flux-phase argu-
ment [Lie94], Reflection Positivity allows us to identify rigorously the uniform w-flux sector as the
ground-state sector, whereas the ground state of the honeycomb model belongs to the uniform zero-
flux, or vortex-free, sector. More strongly, proceeding as in [GP26], the chessboard estimate proves
both the positivity of the monopole mass and an energy lower bound proportional to the number
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of monopoles. The corresponding extensivity statement for Kitaev’s honeycomb model remains
conjectural and was investigated numerically in [Kit06, Appendix A]. Interestingly, the periodic
chessboard configuration that arises naturally from our Reflection-Positive argument also appears
in that numerical study as the flux configuration minimizing the energy density.

The microscopic distinction is also reflected in the construction of the excitations. In the present
model, a monopole is a dressed version of a pure Zs vortex: its creation and transport require the
microscopic U(1) symmetry together with quasi-adiabatic spectral flow. Fermionic excitations are
simpler and are created in pairs by bare gauge-covariant string operators. The staggered mass
term opens a gap for these charged fermionic excitations, while the chessboard estimate supplies
the monopole gap; together, these two estimates yield a fully gapped many-body system. Unlike
the static excitations of the exactly solvable toric code, the quasiparticles constructed here are
dynamical: they are not exact eigenstates localized at prescribed lattice sites, but localized wave
packets generated by quasi-local string operators. In this respect, the construction is related to the
dynamical analysis of [BNV23|, although that work is restricted to the Hilbert space spanned by
two-quasiparticle states, whereas the present analysis is performed in the full many-body Hilbert
space. Finally, the inclusion of a non-zero but sufficiently small Hubbard interaction shows that the
spectral gap, the low-energy topological sector, and the finite-volume loop and braiding relations
persist even when an explicit free-fermion diagonalization is no longer available. The model therefore
provides a fermionic, Reflection-Positive realization of local topological order with the characteristic
loop algebra of the toric-code phase [Sop25].

Structure of the Proof. The proof combines four ingredients. First, the staggered mass and
the Hubbard interaction are shown to be compatible with the fermionic Reflection-Positive trans-
formation used in Lieb’s flux-phase argument. reflection positivity and the chessboard estimate
then select the uniform 7w-flux sector and give a positive, additive free-energy cost for monopole de-
fects. A convergent fermionic cluster expansion controls the dependence of this cost on a sufficiently
small Hubbard coupling. As in the massless model, the configurations produced by the chessboard
estimate are periodic. Their quadratic fermionic Hamiltonians are discrete magnetic Laplacians
supplemented by the periodic multiplication operator defined by the staggered mass. A Bloch—
Floquet decomposition reduces them to finite-dimensional matrices, and the required monopole and
fermionic gaps are obtained by controlling the resulting eigenvalues.

Second, the massive m-flux Hamiltonian is analyzed uniformly in the U(1) holonomies. The
single-particle gap, exponential decay estimates and the cluster expansion yield both the interacting
fermionic gap and the exponentially small splitting in Equation (29). Combining this information
with the monopole estimate produces the many-body gap in Equation (33).

Third, the Gauss-law projection is used to construct the four physical ground states. Locality
and exponential clustering show that a local gauge-invariant observable cannot distinguish their
holonomies, which gives Equation (34).

Finally, the uniform gap along the flux-insertion path permits the use of quasi-adiabatic con-
tinuation. Lieb—Robinson bounds make the resulting spectral flow quasi-local [HWO05; Bac11;
Bac+19; NSY19]. Combining this locality with the Wilson-loop algebra proves the permutation
of the ground states and the mutual braiding phase. The monopole self-braiding is related to the
adiabatic curvature, equivalently to the Hall response, and is trivial in the present time-reversal-
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symmetric w-flux phase.

The general Hamiltonian formalism for gauge fields coupled to fermionic Matter is developed in
Chapter 5. The flux-selection and monopole estimates used here are discussed in Chapter 6. The
massive model and the complete proofs of the results stated above are presented in Chapter 7.

Open Problems. The most significant open question is whether one can find a gauge-invariant
mass term for which the occupied fermionic bands have a non-zero Chern number C. For such a
deformation, the spectral-flow argument would lead to the projective commutation relation

W, W, = 2 W, W, (45)
between vortex-line operators associated with two transverse directions. This conclusion is condi-
tional on proving that the spectral gap remains open along the entire flux-insertion path. Although
this property holds for the time-reversal-symmetric model studied here, its analogue for a chiral
deformation is presently missing since no known term with this property is reflection positive (and
it is not even clear whether such term can actually exist). Establishing both the existence of such
a mass term and the required uniform gap would provide a rigorous microscopic realization of a
family of chiral Abelian topological phases?.

A second direction is the extension from Zs to other finite cyclic gauge groups. The natural
candidates are the groups Zo,, which contain a distinguished element of order two representing m
flux. Preliminary computations indicate that the reflection positivity argument can again select
this flux and that the subsequent chessboard dissemination produces a periodic background with a
fundamental cell containing 16 sites. The enlarged cell makes the Bloch-space analysis and the nu-
merical verification of the resulting crossing estimates slightly more involved than in [GP26; BGP26].

2The relation with Kitaev’s sixteen-fold way must be understood with some care. If the global U(1) symmetry is
forgotten and a complex Chern band is regarded as a system of Majorana fermions, its Majorana index is v = 2C.
Thus only the even-v sector is accessible, and the Zs-vortices remain Abelian for every integer value of C, including
odd C. The preserved U(1) symmetry carries additional information, most notably the quantized Hall response,
so that the resulting U(1)-symmetric phases are not classified solely by C' modulo 8. Moreover, the projective
commutation relation above depends only on C' modulo 4; a complete characterization would also require control of
the vortex self-statistics and of the U(1) response.



Chapter 2

Fermionic Systems in Euclidean and
Hamiltonian Formalisms

This chapter is expository and claims no new theorem. Its purpose is to review the basic formalism
underlying lattice fermionic systems and to fix the notation used throughout the thesis. In partic-
ular, it provides a self-contained synthesis of the Euclidean and Hamiltonian frameworks needed
in Chapters 3-7, including the finite-volume lattice conventions and boundary conditions, Grass-
mann orientations and signs, lattice Dirac operators, Fock space and second quantization, locality
estimates, thermal correlation functions, and the passage from operators to a Euclidean functional
integral.

The Euclidean and Hamiltonian descriptions emphasize complementary aspects of the same
quantum system. The Hamiltonian formalism naturally describes real-time dynamics and spectral
properties, whereas equilibrium and ground-state quantities can be expressed in terms of imaginary-
time correlation functions. The latter representation connects quantum lattice systems with clas-
sical statistical mechanics and provides the natural setting for functional-integral methods. Since
the Gross—Neveu models studied in Chapter 4 are formulated directly in Euclidean space, we be-
gin with finite-dimensional Grassmann calculus and Euclidean lattice fermions. We then introduce
the one-particle and many-body Hamiltonian formalisms, review the dynamical tools used in the
later chapters, and finally derive the Euclidean path integral from the operator formalism through
fermionic coherent states.

The material reviewed here follows standard sources. The Euclidean lattice conventions, the
finite-dimensional Grassmann calculus of Subsection 2.1.1, the Gaussian identities, and the coherent-
state construction of Section 2.A follow treatments such as [Wegl6]. The discussion of lattice Dirac
operators collects the standard naive, Wilson, and staggered constructions [KS75; NN81]|, while the
one-particle, many-body, and second-quantized descriptions, including the Fock-space and CAR con-
ventions fixed in Subsection 2.2.3, follow standard operator and lattice-fermion formulations. The
dynamical material is likewise review: The Lieb—Robinson bounds reviewed in in Subsection 2.2.4
follows [Naal7; NSY19; NSY18|, the Gaussian-filter proof of clustering in Subsection 2.2.5 follows
[NS06; Has04b; HK06b| and the quasi-adiabatic continuation reviewed in Subsection 2.2.6 follows
[HWO05; Bac+11; Bac+19]. The thermal and imaginary-time conventions used in the coherent-
state derivation are introduced in Subsection 2.2.7. The thermal and imaginary-time conventions
subsequently used in the coherent-state derivation are introduced in Subsection 2.2.7.

25
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2.1 FEuclidean Formalism

In the Euclidean formalism, quantum systems are formulated on a finite (d 4 1)-dimensional space—
time lattice. The starting point is a discrete torus

Trepr = Ape x (T2/BZ) = (¢Z%/LZY) x (1Z/B7Z), L/l €?2N, B/t e2N.

The parameters £ and 7 represent the spatial and temporal lattice spacings, whereas L and (3
determine the spatial and temporal extents of the system.! We use the following notations

L d
VOI(FL’ZNBJ) = Ldﬁ ‘PL’E’Q’T - <€> <If>
L d
Vol(Az ) = L? ALl = <£>

For finite-temperature quantum systems, the inverse temperature is identified with the circum-
ference of the Euclidean time circle. The resulting Euclidean theory can be regarded as a classical

statistical mechanics model on a (d + 1)-dimensional lattice, where the dynamical degrees of free-
S

)

dom are associated with suitable cells of the lattice and are weighted by the Gibbs factor e~
with S the Euclidean action. Scalar and Grassmann fields are naturally attached to the vertices of
the lattice and gauge fields to its oriented edges, whereas the associated field strengths (or fluxes)
are assigned to plaquettes. Higher-form lattice models are similarly described by fields living on
higher-dimensional cells. We call I'y s g - and A, the space-time lattice and the space lattice,
respectively.

When the Euclidean measure satisfies suitable hypotheses, including reflection positivity, time-
translation invariance, and the regularity assumptions needed for reconstruction (see [OS73a; OS75]
and discussion below in Section 3.1), one may reconstruct a quantum theory at finite inverse temper-
ature § from its Euclidean correlation functions. This viewpoint underlies the Euclidean formulation
of quantum lattice systems and Lattice gauge theories [Wil74; OS78|, including lattice QCD, and

IThe spacings ¢ and 7 act as ultraviolet cutoffs, whereas L and 3 act as infrared cutoffs.
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is the standard framework used in numerical Monte Carlo simulations. Nevertheless, the Euclidean

Sas

formalism is perfectly meaningful in its own right: one may equally regard the measure e~
defining a classical statistical mechanics model, independently of whether a corresponding quantum

Hamiltonian exists.

Remark 1. In classical statistical mechanics, one often considers the isotropic case { = 7 and
L = (3. The designation of one coordinate as “Euclidean time” then becomes conventional, and all
directions are treated on an equal footing. Consequently, I'z ¢ 1o = I', s is naturally regarded as a
(d + 1)-dimensional Euclidean lattice rather than as a discretized space-time.

The finite lattice theory can be regarded as a regularized model. Different physical situations
are obtained by taking suitable limits of the cutoff parameters, such as:

1. Classical statistical-mechanics regimes

(a) Continuum limit £ =7 — 0 (with L = 3 fixed):
If a scaling limit exists, one expects to obtain a Euclidean field theory on the continuum
torus T‘é‘*‘l = (R/LZ)4+1.

(b) Thermodynamic limit L = 8 — oo (with ¢ = 7 fixed).

This corresponds to an infinite-volume lattice system on ¢Z*1,
2. Quantum statistical-mechanics regimes

(a) Continuous-time (or Hamiltonian) limit 7 — 0.
Under suitable assumptions, the Euclidean lattice model may admit a reconstruction as
a quantum statistical mechanical system on the finite spatial lattice (¢Z/LZ)? at inverse

temperature (.

(b) Quantum thermodynamic limit L — oo:

Assuming the continuous-time limit has been performed, this yields a quantum system
on the infinite lattice ¢Z% at inverse temperature f3.

(¢c) Zero-temperature limit 3 — oc.

Assuming that the continuous-time limit has been performed, this corresponds formally

to the ground-state regime of the quantum system.?

Remark 2. The continuous-time limit deserves particular attention. Establishing that a Euclidean
lattice theory admits a corresponding quantum mechanical interpretation is, in general, a highly non-
trivial problem. Reflection positivity provides a powerful sufficient criterion for such a reconstruction
and lies at the heart of the Osterwalder—Schrader reconstruction theorem, which was developed
precisely to establish a rigorous connection between Euclidean and quantum theories.

In most of this thesis, we will not be concerned with the continuum limit. Instead, we shall
either keep the space-time lattice fixed (except for a brief discussion of the lack of uniformity in the
lattice spacing ¢ = 7 for our Gross—Neveu results), or start directly from quantum lattice models in
which Euclidean time is already continuous.

2The thermodynamic and zero-temperature limits can also be considered simultaneously. A common order of
limits is first L — oo and then 8 — oo. In the isotropic specialization L = (3, sending the common extent to infinity
combines the spatial thermodynamic limit with the zero-temperature limit of a reconstructed quantum system.
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Accordingly, throughout the remainder of the Euclidean section we set

and use the simplified notation

i =T

In the Euclidean representation, partition functions and correlation functions of quantum fermionic
systems can be represented as finite-dimensional Grassmann integrals (for a complete treatment see
[Wegl6]). The Gaussian part of the Grassmann measure is determined by an appropriate lattice
Dirac operator, while interactions are encoded through local Grassmann polynomials. Beyond its
computational advantages, the Euclidean formalism plays a fundamental conceptual role. It pro-
vides the natural language for the study of thermodynamic limits, phase transitions, spontaneous
Symmetry Breaking, and long-range order. Moreover, several powerful techniques of mathematical
physics, such as reflection positivity, infrared bounds, renormalization group methods, and cluster
expansions, are most naturally formulated within the Euclidean framework. For these reasons, Eu-
clidean lattice field theories constitute the starting point of much of the modern rigorous analysis
of interacting fermionic systems.

2.1.1 Grassmann Algebras and Grassmann Integrals

Grassmann algebras. To each lattice site x € I';, we associate a finite-dimensional complex
vector space V' describing the internal degrees of freedom. After choosing a basis {e;}je7 of V, we
associate a pair of Grassmann generators

{a:v,th wm,J}Jej'

The index J € J labels the internal degrees of freedom, such as spin, flavour, colour, sublattice,
or any combination thereof (see for example Equation (1)). In particular,

gv =dimV = |J|.

Remark 3. At this stage, V is an arbitrary finite-dimensional complex vector space; it need not
carry a representation of the Euclidean Clifford algebra Cly; 1. Such additional structure will be
imposed only for specific lattice discretizations.

For notational convenience, we introduce an additional index € € {+, —} and write
(z,6,J) — 95 with the convention: ¢:J = E%J, Y, =V

Whenever convenient, we shall also combine the lattice and internal indices into a single com-
posite index

a=(z,J)e A=T1 x J,
so that the Grassmann generators may simply be denoted by .

Definition 7 (Grassmann Algebra). Given a (finite) index set A, the Grassmann algebra G4 over
A is the unital C-algebra generated by the symbols {¢g }, subject to the anticommutation relations

YEVS +PEPE = 0 (1)

Remark 4.
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1. In physical applications, one is usually interested in the following two relevant cases

2 1
A=TpxJ, and A:ALx?ﬂ(Z—i—i) % J.

The first corresponds to the Euclidean space-time lattice together with the internal degrees of
freedom labelled by 7. The second arises in the continuous-time path integral formulation of
quantum lattice systems at finite temperature, where the imaginary-time direction is encoded
by the fermionic Matsubara frequencies %’r(ZJr %) The second case must be dealt with a little
bit of caution as A is not a finite index set in this case. Unless otherwise stated, all definitions
and results will be formulated for finite index sets and subsequently extended to this setting

whenever necessary.

2. By the anticommutation relations, a nonzero monomial contains each generator at most once.
Consequently, G4 ~ A(C214]),

3. The Grassmann algebra is graded by total degree:

2[4
G1=@Pay gy ~are)
k=0

4. It also has the Zs-grading
Ga =G &Gy, Gagh Cc G, abe {even = +,0dd = —},
where G’ and gjgdd are the subspaces of even and odd polynomials, respectively.

Grassmann Integrals Given (o, €) € A x {£}, define a functional:

[ v 64 6
as the unique map determined by the following properties:

1. Linearity: for any F'(¢), G(¢) in G4 and complex numbers a,b € C:

[ viiar) + 06wy =a [ dvirw) +b [ duicw)
2. Normalization: for any (a,€) € A x {£} we have:
/ dySs1=0 / AV )6 = baorbe.e
3. Graded Leibniz identity: for any monomials F(¢), G(v) in G4

Javsrwcw = | [avrw|ow + coterrw)| [acw)

with degF' denoting the degree of F.
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Notice that these are maps of degree —1, i.e. they send degree k monomials to monomials of degree
at most k — 1, for all k =1,...,2|A|. Also, one may check that any two such maps anti-commute,

e [avio [avs = [avsie [av (2)

and we shall write their composition using the short-hand

[ avsauis = [avso [ave.

Definition 8 (Grassmann Integral). The Grassmann Integral is the linear functional

/(dwdw)A : QA — C

that to each polynomial F' € G4 assigns

/ (dde) 2 F() = / T] (0 adval F(0) (3)

a€cA
Remark 5.
1. In the following, we will refer to (didi)) 4, with an abuse of nomenclature, as the Grassmann Flat

Measure.

2. The definition in Equation (3) is well posed as it does not depend on any choice of ordering of
A. Indeed, exchanging two pairs of differentials is an even permutation and hence produces

no sign.

3. The result is a complex number because Berezin integration has degree —2|A|. The integral
vanishes on monomials of degree strictly less than 2|A|, whereas

/ (dpdp)a [] tatia =1 (4)

acA

4. Using Equation (1), we have that any other monomial obtained from Equation (4) by an
even/odd permutation is mapped to +1 respectively.

On a finite lattice, a Euclidean fermionic theory is specified by a choice of action

S(ﬂ? w) = SU(@v 1/}) + ASint (Ea w),

where Sy is a quadratic form in the Grassmann variables, usually referred to as the free action,
while Siyt describes the interactions and A € R is the interaction strength. Expectation values of
observables and, more generally, fermionic correlation functions are obtained by integrating with
respect to the flat Grassmann measure in Equation (3) weighted by the Boltzmann factor e~ @),
More precisely:

Definition 9 (Grassmann Expectation Values). Given an observable F' € G4 and assume Z # 0,
we define the expectation value of F' as:

(Fla = [ PGw)e s,

where

7 = /(dwdw)A e SW®)
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Equivalently, one may introduce the normalized Grassmann measure

dpa(i, ) = %(d@ dip) 4 eSO,

so that expectation values take the compact form
(Fa= [ dua@ ) FG.0).

In particular, the fermionic n-point correlation functions are obtained by choosing F' to be a
suitable monomial in the Grassmann generators.

Remark 6. At first sight, one might worry that the partition function could vanish, making the
normalized expectation values ill-defined. However, on a finite lattice, the exponential truncates
and Z(A) is a polynomial in A. If this polynomial is not identically zero, for example, if the free
quadratic form is invertible (see Proposition 11), so that Z(0) # 0, it has only finitely many zeros.
The normalized expectation is well-defined away from those zeros. Furthermore, in all Gross-Neveu
models considered in this thesis, the partition functions admit an auxiliary-field representation from
which it follows that

Z(A) >0 forA>0.

The free action serves as the natural starting point for the study of interacting fermionic theories.
Being exactly solvable, it provides the reference Gaussian theory around which perturbative expan-
sions are developed and from which many non-perturbative constructions originate. In particular,
the Gross—Neveu models studied in this thesis will be reformulated, via a Hubbard—Stratonovich

transformation, in terms of Gaussian fermionic integrals coupled to an auxiliary bosonic field.

In the lattice setting, the free action is specified by a suitable quadratic operator acting on the
fermionic fields. We now describe the class of operators that will be considered throughout this
thesis.

2.1.2 Lattice Dirac Operators
The free fermionic action is determined by a lattice Dirac operator

D: ATV — CTL) eV,

designed so as to reproduce the Euclidean Dirac operator in the formal continuum limit £ — 0 while
preserving as many of its symmetries as possible. Among these, the vector and chiral symmetries
will play a central role in Chapter 4.

The continuum Euclidean Dirac operator is constructed from a collection of matrices? {'Yu}zzo -
End(V) satisfying the Euclidean Clifford relations

{Ys W} =26 1. (5)

3Equivalently, the matrices 7, arise from a complex representation of the Euclidean Clifford algebra Clyi1,o.

More precisely, if p : Clgy1,0 —> End(V) is such a representation and {eu}ﬁzo denote the canonical generators of
Clg+1,0 satisfying
EuEv +Evep = 201,

then {7, }i_o = {p(eu)}i—o satisfy Equation (5).
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The vector space V is called the spinor space. In the standard presentations of the Dirac Equation,
one always works with the smallest irreducible complex representation of Clg41 9, so that dim¢ V' =

da+1
ol %], Moreover, we always choose the representation to be Hermitian, namely

7;]::7u7 p=0,...,d.
The Euclidean Dirac operator is then defined by

d
d+m= Zyualﬁ—ml,
pn=0

and the corresponding Euclidean Lagrangian reads
L=V (@+m)7T,

where U(z), ¥(z) € V are two independent Spinor Grassmann fields.

For every space-time dimension, the Dirac Lagrangian is invariant under the global U (1) vector
symmetry
U —s 0y U — @671’9,
which corresponds to conservation of the fermion number of particles. When the space—time dimen-

sion d + 1 is even, one can further define the chirality matriz

d+1

Y4 = (—1)"2 Y71 Va,

which satisfies

v =1, v =4, {va,w} =0.

For m = 0, the Dirac Lagrangian is moreover invariant under the continuous chiral transformation
U — 917, T — Uel®ra

which defines the chiral U(1) symmetry.

Different discretizations of the continuum Dirac operator lead to different lattice fermion for-
mulations. The most common examples are described below. Any choice of discretization amounts
to a choice of the internal vector space V', together with a discretization of the continuum Dirac
operator @. Then one usually starts from an operator I) defined in the infinite lattice Z4! and
then restricts it to the finite torus I'y, by imposing suitable boundary conditions on the fermionic
fields 9., 1o. The two most common choices are periodic/antiperiodic conditions in each direction.
Given a vector a € {+}4F!, then:

Ea:—i—LeH,J = ay @z,J? Qbac—l—LeH,J = ay ¢m,J-

where here ¢, are defined on the full infinite lattice I's, = Z9*!. Since all lattice discretizations
considered in this thesis are invariant under translations by Le,,, the finite-volume operator with
boundary conditions specified by a € {£1}9*! may be obtained by the following signed periodization
of the infinite-volume kernel*:

d
(w%L)xy = Z GZH Ipx+Ln,ya z,y € 'L
0

nezZd+l \ p=

“Here we are implicitly assuming that our infinite volume operator is local meaning that it is finite range: ]ﬁw =0
whenever |z —y| > R. Here |z — y| means the £*-norm on Z%. In general one can allow for integrable decay of matrix
elements.
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In the rest of the discussion, we can then just specify the corresponding infinite-volume operators,
as their finite-volume versions are obtained by applying the above periodization procedure.

Example 10.

1. Naive fermions: In this discretization, the internal vector space V is taken to be the small-
est irreducible complex spinor representation of the Euclidean Clifford algebra Clgi1,, and
therefore

dime V = 215

The corresponding naive lattice Dirac operator on the infinite lattice I'sg = Z4H! is
1
wnaive = 527“ & (TN —T:;) +ml® 1,
n=0

where T}, denotes the right-translation operator in the u-th direction acting on (2(Z41). The

corresponding formal lattice action is

. d 2l%H NE==Y
Swaive =5 D D D Vasllss Gty = Vo) T D D7 Dt
zeZdt1l p=0 s5,s'=1 zeZdtl s=1

Passing to momentum space, the Fourier symbol of the naive Dirac operator is

d

Enaive(p) = m—}—zZyu Sinpua b € [_7‘—777]
pn=0

d+1

For m = 0, the symbol vanishes at exactly 24t points of the Brillouin zone. Consequently,
in the continuum (or low-energy) limit, the naive discretization describes 2%+ massless Dirac
fermions instead of a single one. This is the well-known fermion doubling problem [KST75;
NN81].

2. Wilson fermions: A natural strategy to remove the fermion doublers consists in adding to
the naive Dirac operator the so-called Wilson term,

d

r *
—QZO(T#JrTM —21) ® 1.
n=

The resulting Wilson operator is therefore

d
r *
ZDWilson = mnaive - 5 Z (TM + TM - 21) ® 1.
pn=0
In momentum space,
d d
lDWilson(p) =m-+1 Z YuSinp, + 7 Z(l - COSp,u)'
n=0 ©n=0

The Wilson term vanishes at the physical Dirac point p = 0, while giving the doubler modes
masses of order 1. As a consequence, the unwanted species decouple in the continuum limit.
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The drawback is that the Wilson term explicitly breaks the exact lattice chiral symmetry of
the massless naive action,

ix — Exeifb%q’ Py —> 6i¢7A¢x~

This trade-off is one manifestation of the celebrated Nielsen—Ninomiya no-go theorem [NN8&1],
which states that under suitable locality, regularity, translation-invariance, and symmetry
hypotheses, a lattice Dirac operator with exact chiral symmetry cannot describe a single
isolated relativistic fermion species.

3. Staggered fermions: A conceptually different strategy for reducing the fermion doubling
problem was introduced by Kogut and Susskind [KS75|. Instead of employing spinor-valued

Grassmann fields, one considers scalar Grassmann variables, namely
V ~C.

The role of the gamma matrices is replaced by the staggered phase factors (also known as
Kawamoto—Smit phases)

. #=0
FH(ZE) — {(1)330-"—"'4‘3“#1’ ,LL: 1,..-7da

where z = (zq, ..., 2zq) € Z*!. The staggered Dirac operator on the infinite lattice is
1
(lpstag)xy = 5 Z Fu(fE) (Teu - T:M)Iy-i-mla:y,
n=0

and the corresponding lattice action is

d
Sstag = % Z ZF“((I}> @x ("px—keu - wx—eu) +m Z @xwm

x€Z4+1 p=0 x€Zd+1

Unlike the naive discretization, the staggered Dirac operator is not invariant under ordinary
lattice translations. Instead, translations are realized projectively: a unit translation changes
the staggered phase factors, but this change can be compensated by a suitable local gauge
transformation. Equivalently, the symmetry group is generated by magnetic translations M,
defined as:

(—l)x”+1+'"+xd frte,s v=20,...,d

Myf)e =
(Mef) {ferey p=d+1

From this perspective, the staggered operator may be regarded as a magnetic Laplacian in
the presence of a background w-flux through every elementary plaquette. As a consequence,
magnetic translations in different directions anticommute,

MM, = =M, M, B # v,

and ordinary Bloch(/Fourier) theory is replaced by its magnetic analogue. Consequently, one
works with an enlarged magnetic unit cell containing 2¢ lattice sites. After Fourier trans-
formation, the staggered Dirac operator becomes a 2¢ x 2¢ matrix-valued function on the
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reduced Brillouin zone. In the continuum limit, this construction reduces the number of

d+1
fermion doublers from 2¢+1 to 2/ 5| , which are commonly referred to as the staggered tastes.
The discretization, in even space-time dimensions and m = 0, still possesses an exact U(1)

chiral symmetry, given by:

Py — 0@, Pp — €@y, e(x) = (—1)%0t ¥,

4. Modern chiral fermions Besides the discretizations discussed above, there exist lattice for-
mulations preserving an exact lattice realization of chiral symmetry while avoiding the fermion
doubling problem. The two most prominent examples are domain-wall fermions, introduced
by Kaplan [Kap92|, and overlap fermions, developed by Narayanan and Neuberger [NN93;
NNO95; Neu98|. The former embed the theory into one extra dimension, where light chiral
modes become localized on domain walls, while the latter provide an equivalent purely (d+1)-
dimensional formulation satisfying the Ginsparg—Wilson relation (in place of {y4, P(p)} = 0).
Since neither of these discretizations will play a role in the remainder of this thesis, we do not
discuss them further and refer the reader to the original literature.

Among the discretizations listed above, only naive and staggered fermions will play a direct
role in this thesis. They constitute the lattice regularizations underlying the Gross—Neveu
models discussed in Chapter 4. Wilson, domain-wall and overlap fermions are mentioned for
completeness, as they provide alternative approaches to the fermion-doubling problem.

2.1.3 Fermionic Gaussian Integrals

The simplest fermionic theories are those whose action is quadratic in the Grassmann variables.
Given a lattice Dirac operator IP, the associated normalized Gaussian Grassmann measure is then

_ 1 . . .
dpp (¥, ) = ZTZ,W dip) g e~ ZapeaValasis,

A fundamental feature of Grassmann integration is that Gaussian integrals can be evaluated
exactly.

Proposition 11. Assuming that the Dirac operator Ip € GL(C):
1. The partition function Zp is given by:
Zp=det P #£0 (6)

2. The two point function is given by:

(Vpady =D Vgar  (Bats)y=—(B"")pa. (7)

Remark 7. More generally, all higher-order correlation functions are completely determined by
the two-point function through the fermionic version of Wick’s theorem.

Proof.
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1. By expanding the exponential, the flat Grassmann Measure selects only degree 2|A| monomi-

als:
_ .1 1 — A —
/ (dpdy)ae™ Seseataloot = mop 3 / [ dadta [T 6. Passa,  (8)
Q10O A a€cA =1
Blv"'ng‘A‘

Because Grassmann variables are anticommuting and nilpotent, any monomial containing two

identical creation or annihilation variables vanishes. Consequently, the indices a, ..., a4 are
pairwise distinct, and so are f1,..., 4. Therefore, there exist a permutation o € S|4 such
that a; = (,(;) for each i € {1,---,|Al} and thus:

|A] |A] |A]

H wﬁz@at = H wﬁi@ﬁa(i) = (_1)|0'| H wﬁz@ﬁz
i=1 i=1 i=1

where (—1)'”| indicates the parity of the permutation o € 5|4. By plugging this expression
in Equation (8), we get:

4]

. _Za,ﬁ AEQB)QBT/JLK — L / \II P
[ ae s i, 2[4 vaPusdl
B1y-8) 4
1 _
=Tan > (—1)""/65‘1’ I vsDos)595
" BiF#Ba) €S| 4| BeA
|A! -
= Al Z (—1)l! H Dop)s
O'ES‘A| BeA

=det )

2. The connected correlation functions can be computed by differentiating the generating func-
tional W (J, J) = log Z(.J, J), where

Z(J,J) = /dﬂﬂ, exp <Z (Tata +1/)aJa)>,

a€A

and {Ja}aeca and {J4} aea are independent Grassmann sources (which anticommute among
themselves and with the other Grassmann generators). In particular, it holds

PW(I, )

57075 = (Yatg) — (Ya)(g) = (Yatp).

J=J=0

By completing the square and exploiting the translational invariance of the Grassmann mea-
sure, the generating functional can be evaluated exactly,

WT ) = S TalohJs
a,fEA
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Differentiating® with respect to the Grassmann sources immediately gives the connected two-
point function,

2w (7, J)

R
aja aJB J:j:o N lﬁaﬁ

<waiﬁ> ==

Remark 8. Notice, however, that the invertibility of ) depends on the choice of boundary con-
ditions. In particular, for the massless lattice Dirac operators considered in this thesis, periodic
boundary conditions in every lattice direction typically give rise to exact zero modes, implying

det Ip =0,

so that the normalized Gaussian measure is not well-defined. For this reason, it is customary to im-
pose antiperiodic boundary conditions along one distinguished direction, conventionally interpreted
as the Euclidean time direction. Besides removing the zero modes of the free theory, this choice
has a direct physical interpretation: in the Euclidean formulation of finite-temperature quantum
systems, fermionic fields are antiperiodic along the time circle of length 3, in accordance with the
Fermi—Dirac statistics. Moreover, under suitable positivity assumptions on the lattice action, this
Euclidean theory admits a Hamiltonian reconstruction through the Osterwalder—Schrader theorem.
The key ingredient underlying this reconstruction is the property of reflection positivity, which will
play a central role throughout this thesis and will be discussed in detail in the Chapter 3.

While the free theory can be solved exactly through the fermionic Gaussian formalism discussed
above, the presence of interactions gives rise to genuinely non-trivial many-body phenomena includ-
ing spontaneous Symmetry Breaking.

Several complementary approaches have been developed to study interacting fermionic systems.
When the interaction is sufficiently weak, one may regard Sj,t as a perturbation of the Gaussian
theory and construct the corresponding Schwinger functions through perturbative expansions. On
the other hand, many physically relevant models admit exact reformulations in terms of auxiliary
bosonic fields via Hubbard—Stratonovich transformations, reducing the fermionic sector to Gaussian
integrals. After integrating out the fermionic degrees of freedom, one obtains an effective bosonic
theory whose action typically contains the logarithm of a fermionic determinant. This latter point
of view will be adopted in Chapter 4, where all Gross—Neveu models considered will be analyzed
through their auxiliary-field representation, where the fermions can be integrated out exactly, al-
lowing the techniques of classical statistical mechanics to be combined with the algebraic structure
of fermionic Gaussian integrals.

2.2 Hamiltonian Formalism

The Euclidean functional integral discussed in the previous section provides a convenient framework
for the analysis of fermionic lattice models, particularly in connection with methods from classical
statistical mechanics. Nevertheless, many physical systems are more naturally formulated in the

5Throughout this thesis we adopt the convention of left Grassmann derivatives. Grassmann differentiation satisfies
the graded Leibniz rule and is algebraically equivalent to Grassmann integration:

9G(Y)
g

0 _ OF(y)

o PG = T 6w) + ()= F ()
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Hamiltonian setting, where the fundamental object is a self-adjoint operator H acting on a many-
body Hilbert space associated to the spatial lattice Ay = Z¢ / Lz

Unlike the Euclidean setting, the Hamiltonian formalism treats space and time on different
footing: in particular, for the lattice systems under study, the space is a discrete lattice while the
time is treated as a continuous evolution parameter. The purpose of this section is to briefly review
this formulation and to explain how the Euclidean Grassmann path integral naturally arises from it.

Remark 9. It is worth stressing that even continuous systems can be described, within certain
approximations, by lattice models. For example, one of the main physical situations described
by lattice fermion models is that of electrons moving in a crystalline solid. In the presence of
a periodic ionic potential, the electronic wave functions become localized around the atoms (or
molecules) forming the crystal. Within the tight-binding approximation [Fral3|, these localized
orbitals are taken as a basis for the one-particle Hilbert space, and the dominant contribution
to the kinetic energy arises from quantum tunnelling between neighbouring sites. This naturally
leads to Hamiltonians describing fermions hopping on a lattice, supplemented by interaction terms
accounting for the Coulomb repulsion and other many-body effects.

2.2.1 Single-Particle Quantum Mechanics

The mathematical description of quantum many-body systems begins with the quantum mechanics
of a single particle. Let V' be a finite-dimensional complex vector space describing the internal
degrees of freedom of the particle (such as spin, flavor, or sublattice indices). A notable example
for spin s € %N particles is V ~ C?$*1. The corresponding one-particle Hilbert space is

HY = (A @ V.
A single-particle Hamiltonian is a local self-adjoint operator
h:Hi — Hi, 9)
whose spectral properties determine the quantum dynamics. Local here means that the matrix
elements of h decay sufficiently fast. An example of such behavior is given by exponential decay:
h(i,j)| < ee il itjeA, €£>0

Here the distance | - | denotes the standard distance on the discrete torus:
|i — 7| = min |i — j — nL|;
nezd

Example 12. Many lattice Hamiltonians of physical interest are finite-range difference operators.
To illustrate the basic formalism, we first consider particles without internal degrees of freedom (i.e.
V ~ C). The extension to spinful cases and other internal quantum numbers is straightforward.

1. The simplest example is the discrete Schréodinger operator
() (i) ==t > (d) + p(i)(),
jGV(AL):
(i,5)€E(AL)

where t > 0 denotes the hopping amplitude, u : Ay — R is an external potential with
llttlloc < € with C' > 0 independent of L.
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2. The presence of a magnetic field is encoded through the so-called Peierls substitution [Pei33|.
One assigns to each oriented edge (i, j) the (exponential of the) Vector Potential A;; € [0,2m)

Uz'j € U(l), Uji = @, Uij = eiAij
and defines the magnetic Schrédinger operator

(hav)(@) = —t Y Uih(§) + p(i)p(i).
JEV(AL):
(1,3)EE(AL)

Important examples that are encompassed by the hamiltonian above include the Harper
[Har55], Hofstadter [Hof76] and m-flux Hamiltonians [AMS8S8; Lie94|, which play a central
role in the theory of quantum Hall systems [Tho-+82; DAZ85] and topological phases of Mat-
ter [HKO06a; HFA06].

As it is well known from a standard course in electromagnetism, the vector potential A;; is
defined up to a gauge transformation

Ay — Al = Aij + X — ) iy Aj € [0,2m)

which leaves invariant the holonomy W, along any closed curve v € Z(Ar, Z):

Wy = [[ Us
(z.y)Cy

In particular, the magnetic flux through an elementary plaquette p is

B, = H Usy,

(=,y)COp

where p is a 2-cell and dp € By(Ar;Z) is its oriented boundary. Gauge-equivalent link
fields give unitarily equivalent operators, and the gauge-equivalence class is determined by
its holonomies (see [LL93, Lemma 2.1] and the explicit proof of Proposition 66). In two
dimensions, the plaquette fluxes obey one global constraint. Hence one may specify the fluxes
through all but one plaquette, together with the holonomies around the two noncontractible
cycles of the torus.

2.2.2 Many-Body Formalism

Although the one-particle theory already exhibits a rich mathematical structure, it is insufficient for
describing systems containing an arbitrary number of interacting identical particles. The fundamen-
tal obstacle is that the Hilbert space (”Hi)@’N contains states with no definite exchange symmetry,
whereas quantum mechanics requires identical particles to transform according to irreducible rep-
resentations of the permutation group. Fermions satisfy the Pauli exclusion principle and therefore
occupy the antisymmetric subspace® AN H} of (H1)®N, defined by the condition

Qn(éa(l)v T ’€U(N)) = (_1)|U‘Qn(€lu T ’fN) Vo € Sy, V¢ € AL x T

5For a comprehensive account on the analogous construction of the Bosonic Fock space see [Lie+05].
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Remark 10. Since dimH} = |A7|dim V, antisymmetry implies

N
HY = /\”Hi = {0} whenever N > |Ar|dim V.

For a fixed particle number N, the dynamics is generated by an N-body Hamiltonian acting on
Hy. A typical example is

N
Hy =S 0@+ 3w,
a=1

1<a<b<N

where w is assumed to be a two-body self-adjoint operator invariant under exchange of its two
one-particle factors. Under these hypotheses, Hy preserves /\N H}J More precisely:

1. h(@ is a shorthand notation for

h(a) - 1®a—1 ® h ® 1®N—a

denoting the one-particle Hamiltonian in Equation (9) (see examples 12) acting on the a-th
particle.

2. w() is a shorthand notation for the lifting of the two-particle interaction potential operator

w:H} @H) — H @ H}, (10)

to (’HlL)®N , acting on the ¢-th and j-th particles and as the identity on all the remaining ones.

Example 13.

1. For particles without internal degrees of freedom, a natural class of two-body interactions is
given by multiplication operators. More precisely, let

(OB f2(AL) X EZ(AL) — EQ(AL) X €2(AL)
¥(i, j) > v(i = J)v (i, )

where v : A — R is a sufficiently fast decaying function. The corresponding interaction on
the N-particle Hilbert space is

(v“an)(azl, ce ,$N) = ’U(ia — ib)Qn(il, N ,iN), (11)

where v acts as the two-body operator v on the a-th and b-th particles and as the identity
on all the remaining factors. Notice that v is diagonal in the position basis of (H}), @ (H1)s
and translational-invariant and therefore depends only on the difference of coordinates of the
two particles.

2. When the particles carry spin 1/2, so that the one-particle Hilbert space is

Hj = (ML) ©C?
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one may also consider spin-dependent interactions. A paradigmatic example is the Heisenberg

exchange interaction ju; s, - Sp, where s, = %(ag, o4,02) and Jy, acts on the spatial variables

as

(jaan)(ilaalv s 7iN>0-n) = j(ia - ib)Qn(ilaalv s 7iN>JN)7

with j : A — R a sufficiently fast decaying coupling. As before, j,, acts on the a-th and b-th
particles and as the identity on the remaining ones.

At finite temperature, equilibrium states are described by the canonical density matrix

PELN =y e—BHN
HL

which corresponds to a fixed number of particles. This is sometimes called canonical ensemble
formalism”. Although this canonical formulation is mathematically natural, it is not well suited to
many-body systems in which the particle number is allowed to fluctuate, nor is it convenient from
a technical viewpoint, since one has to work separately in each sector ’H]LV .

2.2.3 Fock Space and Second Quantization

It is therefore preferable to adopt the grand-canonical formalism.2 In this formalism, all particle
sectors are treated simultaneously by introducing the fermionic Fock space:

dimHlL

N

Fi= @ Hi,
N=0

whose vacuum sector, corresponding to the only state with 0 particles, is

0
/\H1L = Cl0).

The decomposition in sectors with a fixed number of particles allows to introduce a particle
number operator

N : Fr, — Fi,
defined by

Nlyy =N1.

The eigenspace associated with the eigenvalue N is precisely the N-particle sector ”Hg . Conse-
quently, operators commuting with N preserve the particle number and describe many-body systems
which can be restricted in a fixed particle number sector.

The Fock space provides the natural setting for the second quantization formalism.

Definition 14 (Creation and annihilation operators). To every vector f € H}: one associates
creation and annihilation operators a®(f) acting on Fr, satisfying:

"See [L.S10; RS75] for further background on the first-quantized many-body formalism.
81n effective descriptions of superconductivity, particle number need not be conserved, although fermion parity
is. Such dynamics cannot be restricted to a fixed particle-number sector.
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L (= (f) =a*(f)

2. The canonical anticommutation relations (CAR)

{a”(f)a (@9} =0  A{a™(f).a™(9}=0 {a"(f).a’(9)} = (f9): 1.

Remark 11. Choosing an orthonormal basis {€s}aca of H}, one writes aX = a*(e,), so that

{ag,az} =0, {a?, azg =0, {ag, a,;} = 00B- (12)
The vacuum vector |0) is characterized by
a,|0) =0, Va € A.

Taking linear combinations of the resulting vectors, the entire Fock space can be obtained via
repeated applications of the creation operators over the vacuum state:

+ ..

aal

cat 10y =lai---an),

Notice that in this way the antisymmetry of the wave functions in Hg follows automatically from
the CAR.

Definition 15 (Algebra of Fermionic Observables). The (C*-) algebra Acagr of fermionic observ-
ables is the (C*-) algebra generated by the creation and annihilation operators by taking any possible
linear combination of monomials in the creation and annihilation operators.

Remark 12. Acag is normed by the operator norm:

[Ollop = sup /(O*¥|OY)
[Y)yEFL:
(Yly)=1

One can easily show that [laX||op < 1 as:

For any observable O € Acar, we define the parity automorphism as:
P(0) = (-n)NO(-1)" . (13)

Since P is an involution, its eigenvalues are 1. We denote its even and odd eigenspaces by AGRR
and AL, respectively. Thus Acar = ASSE @ AL is a Zs-graded algebra® (cf. Remark 4).
Physical observables will be taken in the even subalgebra AZXR}, in accordance with fermion-parity
superselection:

0 =P). (14)

Even fermionic observables satisfy the following locality property. If X, Y C Ay, are disjoint and
Ox, Oy are even observables localized'® in X and Y, respectively, then

[Ox,0y] = 0. (15)

We will denote the algebra of even fermionic observables localized in a set X C V(Ap) as
SR (X). Equation (15) says that:

9Note that A2 is a vector subspace, not a subalgebra.

10The support of an operator is given by the union of the supports of the creation/annihilation operators that
generates it. Alternatively, we can define the support of an operator as the set of the sites where it acts non trivially
(i.e. as the identity).
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[ACRR(X), ACAR(Y)] = {0} X NY =2.
One of the main advantages of the second quantization formalism is that any one-particle oper-
ator such those in Equation (9) admits a canonical lift to the fermionic Fock space. If
haﬁ = <ea, h€3>,

are the matrix elements of the one-particle Hamiltonian in an orthonormal basis {eq}aca of HlL,
its second quantization is

Hy = Z hoé,ga;rag. (16)
a,fEA
Similarly the second quantization of the number operator is

N = Zaaa;.

acA
The second quantization formalism also accommodates interactions in a natural way. Let w be
a two-particle operator as in Equation (10) with matrix elements

Wapys = <ea ® eg, w(e’y ® 65)>'

Its second quantization is defined by

1 -
W = 3 Z WaBys a;tagaé ay (17)
a,B,7,6
where : - - - : denotes normal ordering, namely all creation operators are placed to the left of all

annihilation operators, taking into account the signs arising from the canonical anticommutation
relations. Since the above monomial is already normally ordered, the colons may be omitted. More
generally, one does not necessarily start from a fixed N-particle Hamiltonian. Instead, the many-
body theory is usually formulated directly on the fermionic Fock space by considering self-adjoint
operators built from creation and annihilation operators. Such Hamiltonians naturally decompose
into a free and an interacting part,

H = HO + Hint7

where Hj is a quadratic operator as in Equation (16) and Hjy, contains normally ordered higher-
order monomials, the leading contribution being typically quartic and corresponding to effective
two-body interactions such as those in Equation (17). Although higher-order interaction terms may
also be considered, Hamiltonians consisting of quadratic and quartic terms already encompass the
vast majority of lattice models arising in Condensed Matter Physics and Lattice Quantum field
Theory. The following examples illustrate this general framework.

Example 16.
1. The second quantization of the magnetic Laplacian introduced in Example 12-Item 2 is
Second Quantization

h=—tAs+u - H=—t Z Uija;raj_ + Z w(i)ni,

’i,jGV(AL): ’iGV(AL)
(i,7)€E(AL)

where n; = a;’ai_ denotes the local number operator.
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2. For the two-body interaction introduced in Equation (11), the second-quantized interaction
reads

1 . -
V= 3 Z V(i —j)aja;'a. a; .
i:jGV(AL)

Similarly, the Heisenberg exchange interaction becomes

3
1
_ o - -
J = 1 g E E J(i —])aiyaafl‘bai’baj,cagdajvd.

i7j€V(AL) p=1ab,c,d=1,{

3. A paradigmatic example combining a quadratic kinetic term with a local quartic interaction
is provided by the Hubbard Hamiltonian,

_ . 1 1
Hup=—-t Y Y al,a,+ Y Uli)(nig— 5)(nz‘,¢ - 5) (18)

4,j€EV(AL): o=T,0 1€V(AL)

(4,5)€B(AL)
where U : A, — R is the on-site interaction strength with ||U||oc < C for some C' > 0 inde-
pendent of L. Despite its apparent simplicity, the Hubbard model captures the competition
between electron delocalization and Coulomb repulsion and constitutes one of the fundamental
models of condensed Matter physics.

From a mathematical perspective, second quantization is considerably more than a convenient
notation: it provides a unified language for describing free and interacting many-body systems, au-
tomatically incorporating the Pauli exclusion principle, and allows one to formulate Hamiltonians
independently of the number of particles in the system. Once a Hamiltonian on the fermionic Fock
space has been specified, the next natural step is to describe its equilibrium statistical mechanics.
This is achieved within the grand-canonical formalism by introducing the Gibbs density matrix,
which encodes the thermal equilibrium state at fixed temperature and chemical potential but arbi-
trary number of particles. As we shall see in the following sections, the grand-canonical partition
function and the corresponding correlation functions admit an equivalent representation in terms of
Grassmann functional integrals on the Fuclidean space-time manifold Ay x Sé. In particular, the
passage from Hamiltonian many-body systems to Grassmann functional integrals, and subsequently
to their discretization on Euclidean space-time lattices, establishes the conceptual bridge between
the Hamiltonian and Euclidean formulations.

2.2.4 Real-Time Evolution and Lieb-Robinson Bounds

Once a Hamiltonian H has been specified, one of the fundamental questions is to understand
how local observables, and possibly their correlation functions, behave under the time evolution
generated by H. In the Heisenberg picture, the dynamics of an observable O € Acar is given by

7(0) = Qe

In the remainder of this section, we restrict ourselves to local even fermionic observables and
to Hamiltonians generated by uniformly bounded finite-range even interactions. The presentation
below follows primarily the treatment of Lieb—Robinson bounds given by Naaijkens [Naal7] and
the general quasi-locality framework of Nachtergaele, Sims and Young [NSY19]. We specialize their
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discussion to even fermionic interactions and observables, for which ordinary locality is recovered
on disjoint supports; for the general fermionic formulation, including odd observables and the cor-
responding graded locality structure, we refer to [NSY18].

More precisely, we consider finite range Hamiltonians, meaning that they can be written as:
H= Y &X) &X)ecAZhX)

where:
1. &(X)* = o(X).

2. There exists R < oo, independent of L, such that

P(X)=0 if  /(X)= sup d(z,y) > R.
z,yeX

3. There exists Cg < oo, independent of L, such that

[2(X)[loo < Co| X].

where |X| is the cardinality of X C Ap.

The constant R is referred to as the range of the interaction. Notice that the restriction to even
interactions guarantees that the Hamiltonian preserves fermionic parity under the dynamics. The
Hamiltonians introduced in Example 16 - [tem 1 and [tem 3 are examples of finite-range interactions
with R = 1. With the normalization adopted there, one can choose Cp = max{|u/|,t} for the former
examples and Cp = max{|U|, 2t} for the Hubbard Hamiltonian.

Remark 13. The finite-range assumption is convenient but by no means essential. Lieb—Robinson
estimates continue to hold for interactions with sufficiently fast spatial decay, including suitable
exponentially or polynomially decaying interactions. This allows one, for instance, to treat long-
range interactions of the type introduced in Item 2, provided that the corresponding functions V'
and J decay sufficiently rapidly. We shall not pursue this more general setting here, since finite-
range interactions are sufficient for the applications considered below (see [NSY19; NSY18| for more
general formulations).

Let us first observe that the above assumptions imply a uniform local bound on the strength of
the interaction.

Lemma 17. Under the above assumption on the interaction ®, then:

1@[hoc = sup Y [X[[[S(X)]lop
(IJGAL XCAL
zeX

is finite uniformly in L.

Proof. Indeed, if z € X and ®(X) # 0, the finite-range condition implies X C Bpr(z). On the
d-dimensional lattice there exists a constant K4 > 0, depending only on the dimension, such that

|Br(z)| < K4R,
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where, without loss of generality, we take R > 1. Moreover, a ball containing N sites has exactly

2V=1 subsets containing a prescribed site z. Since

| X[[|2(X)[lop < Cal X[* < Co|Br()[,
we obtain the rough estimate
H(I)Hloc < C@f}dRQdQKdefl for some IN{d > 0,

which is independent of the volume L. The precise value of this estimate will play no role below;
its only purpose is to show that finite range together with the uniform bound on the interaction
implies ||®|]1oc < 00. |

Remark 14. The preceding estimate is deliberately crude, since it allows a non-vanishing interac-
tion term ®(X) for every subset of Br(z). It can be substantially improved when the interaction
has bounded body order. If ® is at most k-body, i.e.

®(X)=0 for | X| > 2k,
then, for fixed k,

#{X CArlzr € X, X C Br(z) and |X| < k} = O(R42k-1)),

Consequently [|®||1oc = O(CepR“*~1). In particular, for a uniformly bounded two-body interaction,
one obtains the natural estimate
[@]l10c = O(C<I>Rd)-

For nearest-neighbour Hamiltonians, R = 1, so that ||®||joc is bounded by a constant depending
only on the interaction strengths and on the spatial dimension.

We now turn to the dynamical consequences of locality. The natural question is not quite
whether the support of an observable remains finite under time evolution but rather to what extent
an initially local observable remains approzimately local. More precisely, given A € AZLK(X), one

would like to understand how strongly 74(A) can affect observables supported far away from X.

At t = 0, ordinary locality is recovered in the even CAR algebra (see Equation (15)). Since an
even Hamiltonian preserves fermionic parity, this observation allows us to use the ordinary com-
mutator throughout the present discussion. The additional graded structure of the CAR algebra
becomes relevant when one considers odd observables: this more general setting will not be needed
here. Eventhough non-relativistic lattice Hamiltonians do not possess a strict causal structure, local-
ity of the interaction nevertheless imposes an effective finite speed of propagation. This remarkable
fact is quantified by the Lieb—Robinson bounds:

Theorem 18 (Lieb-Robinson Bounds). Let
A€ AgiR(X), B e ACir(Y),

be two observables supported in two disjoint regions X and Y, then there exist three L-independent
constants C, p,vrr > 0, such that for a finite range Hamiltonian, the following holds:

174 Blll, < 2min{| X[ [¥ [} Allopl| Bllope Xm0 a(X,v) = int o~y

The constant vi,R is called Lieb-Robinson velocity and is defined as:

2eMR
ULR = TH@HIOC
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Remark 15.

1. Although 74(A) is in general no longer strictly supported in X for ¢ # 0, its non-local tails are
exponentially small outside the effective cone

d(X’ Y) S ULR|t|‘

In this sense, the Lieb—Robinson velocity vpr plays the role of an emergent maximal prop-
agation velocity for non-relativistic lattice systems. Equivalently, the dynamics maps local
observables into quasi-local observables. More precisely, if X (") denotes the r-neighbourhood
of X, meaning the subset of A; whose points have at most distance r from X, one can
construct a strictly local observable

A (1) € Ay
such that, schematically,

[7:(4) = AV @], < CllAllope 1Rl
Thus, outside the Lieb—Robinson cone, the time-evolved observable can be replaced by a
genuinely local one at the cost of an exponentially small error. We refer to [NSY19, Sect. 4.2]
for a systematic discussion of such local approximations.

2. Lieb-Robinson bounds were first established by Lieb and Robinson [LR72] for finite range
translationally invariant spin systems and provided the first quantitative formulation of this
effective finite propagation speed. Such bounds give a useful non-relativistic substitute for the
strict locality familiar from relativistic quantum field theory and have subsequently become a
fundamental tool in the analysis of quantum many-body systems. An important conceptual
development of these later formulations is that the mechanism behind Lieb—Robinson bounds
does not fundamentally rely on translation invariance, Fourier analysis, or even on the ex-
istence of a regular underlying lattice. Instead, the estimates can be formulated for general
quantum systems with finite dimensional local Hilbert spaces defined on rather general metric
spaces, provided that the geometry and the decay of the interaction satisfy suitable summa-
bility conditions [NS06; NSY19|. This metric formulation makes particularly transparent that
what drives the effective causal structure is the locality of the interaction itself.

3. An early application was given by Wreszinski, who used Lieb—Robinson estimates in the anal-
ysis of Goldstone-type results for non-relativistic quantum systems [Wre87|. Hastings later
exploited this notion of approximate locality in his higher-dimensional extension of the Lieb—
Schultz—Mattis theorem [LSM61; Has0O4a| and in establishing the connection between a non-
vanishing spectral gap and exponential decay of correlations [Has04b]. The latter implication
was subsequently developed in a general and rigorous form by Nachtergaele and Sims [NS06].
Lieb-Robinson bounds and the resulting notion of quasi-locality also play an important role
in the operator-algebraic description of topological excitations in non-relativistic quantum lat-
tice systems. Following the Doplicher-Haag—Roberts and Buchholz—Fredenhagen ideas from
algebraic quantum field theory, localized and transportable endomorphisms of the quasi-local
observable algebra can be used to describe superselection sectors corresponding to anyonic ex-
citations. This program was developed for the toric code and abelian quantum double models
in [Naall; FN15], where the fusion and braiding properties of the excitations are encoded in
the corresponding category of superselection sectors. In this context, Lieb-Robinson estimates
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become particularly important when strict localization is replaced by approximate localiza-
tion and one studies the stability of the sector structure under quasi-local deformations. In
particular, Cha, Naaijkens and Nachtergaele [CNN20]| used Lieb—Robinson bounds adapted
to cone-like regions to show that almost-localized endomorphisms, and hence the associated
braided tensor structure, are preserved under suitable quasi-local dynamics. More recently,
this operator-algebraic superselection framework has been extended to non-Abelian quantum
double models, where the full category of anyonic sectors can be recovered within a DHR-type
framework [Bol 26].

Proof. For a finite set X C Ay, define

CB(X,t) - sup H[Tt(fil)7B”|
ACAYRE (X) H H
AZ0

We first derive an integral inequality for Cg(X,t). Ordinary locality of the even CAR algebra (see
Equation (15)) implies:

%W‘):i 3 (@), 4)), B].

Q: ONX#£2
Using the Jacobi identity, we obtain
d . .
S n(A) =1 Yo @), f@l =i Y [m(A), [(®(Q), Bl
Q:ONX#2 Q:ONXH#2

Using variation of the constants formula and the applying the norm on both sides, we get the
following estimate:

I¢]
I17:(A), Blllop < I[4, Blllop + 21 Allop Y / [[[7s(2(2)), Blllop ds
Q:nx#o 0

It
<A, Blllop + 2l Allop Y / () opCB(E2 5) ds
Q:onx#£ 70

[]
oAl 3 /0 10(92) |opC(2, 5) ds.

Q:ONX#£0

Dividing by ||A|| and taking the supremum over A € AFLR (X) yields:

i
CoX,)<2 > [®Qlop [ CB(Q5)ds.
Q:QNX#£o 0

Iterating the recursive inequality therefore gives

L (2l
C(x.0) < 2By > AV, (x, 7).
n=1 '

where

n
an(X,Y) = Z H 12 (525) [lop-
Q1O j=1
O NX#£0
QjﬁQj_ﬁéQ,j:Q,..‘,n
0,NY £
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Thus a,(X,Y) is the total weight of all chains of interaction terms starting from X, overlapping
successively, and eventually reaching Y. We next estimate the total weight of such chains. Define

Qn(X) = > H 12(€25)lop-

Q1O
MNX#D
le"Iijl#@, 7j=2,..,n

We claim that Q,(X) < |X|||®||{.. For n=1:

QX)= > 12@lop <D > 12 Dlop < Y D QUL lop < 1X[[1@]loc-

Q:ONX A0 X Q:zeN zeX Q
e

Suppose now, inductively, that Q,—1(€) < |Q[[|®||{".", then:

Qn(X) < D 12(D)llopQu-1(9)

Q:ONX#D
<l Do 1P Q)]lop
Q: QNX#D
<L D2 D 120 12 lop
zeX Q>
< [X[[[®ffec-

The claim follows by induction. In particular a,(X,Y) < Qn(X) < | X|||®||it.. It remains to
use the finite-range assumption. If 1, ..., ), contributes to a,(X,Y), then

QlﬂX#Q, Qijjfl#Q, Q. NY # .

Since diam(§2;) < R for every interaction term contributing to the chain, the triangle inequality
gives

d(X,Y) <> diam(;) < nR.
j=1
Consequently,
an(X,Y) =0 whenever nR < d(X,Y).

Let now > 0. Whenever a chain contributes, nR > d(X,Y) and hence 1 < e #HXY)gunE Tt
follows that:
an(X,Y) < [X[[|@fee X ern

so that, by substituting this estimate into the expansion for C(X,t), we obtain:

2 (2]|®]10ce Pt
Cp(X,t) < 2|| B[] X[ 3™ (2l ||1oce )"
’n,:

= 2| B|| X|e 4T ( 2@ ocetRlt| _ ) (19)

< 2|| B||| X |~ XY )+ 2@ hoce Tt

Multiplying by || A||, we conclude that

[[m(A), B]|| < 2/ X[ [|A]| || B]|e XY )+2e# [ @lhoclt]
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Defining
L 2P

L

ULR
this can be rewritten as
[[7(A), B]|| < 21X [|All || Ble~ (A& vLrlt),

Finally, since the dynamics preserves the operator norm, |[[7:(A4), B]|| = |[[A, 7—+(B)]||, the same
argument can be applied with X and Y interchanged. Therefore the prefactor | X| can be replaced
by min{|X]|, |Y'|}. This concludes the proof. |

2.2.5 Exponential clustering from a spectral gap

One of the most important consequences of the Lieb—Robinson bounds is the exponential cluster-
ing of ground-state correlations in gapped quantum systems. The basic mechanism is remarkably
simple: the spectral gap suppresses contributions coming from sufficiently long times, whereas the
Lieb—Robinson bound controls the propagation of local observables at shorter times. Combining
the two estimates yields a finite correlation length.

The argument presented below follows the Gaussian-filter proof of Nachtergaele and Sims [NS06]
(see also [Has04b; HK06b]). The latter reference treats both quantum-spin and fermionic systems.
Since throughout this section we restrict ourselves to even fermionic observables, ordinary locality
holds on disjoint supports and the proof can be formulated entirely in terms of ordinary commuta-
tors.

We shall use the slightly sharper form of the Lieb—Robinson estimate obtained in the proof of
Theorem 18, namely (see Equation (19)):

17e(A), Blllop < 2min{ | X |, ¥ [H|Allop | Bllop e X (ermnldl —1) (20)

The factor e#trltl — 1 which is of order |t| as t — 0, will be useful below in compensating the
singularity of the spectral filter at the origin.

Theorem 19 (Exponential clustering). Let H be a finite-range fermionic Hamiltonian satisfying
the assumptions of Theorem 18. Assume that H has a unique normalized ground state |Qr), and
that the spectral gap above the ground state is bounded uniformly in the volume: there exists'! v > 0,
independent of L, such that

spec (H — Ey(L)) € {0} U [y, 00).

Then, for every p > 0, there exists Cy, m, < 0o, independent of L, such that

(QLIABQL) — (Q1]AQL) (Qr|BOL)| < Cumin{| X[, [V [} Allopl| Bllope ™41 (21)

for all A € AZSR(X) and B € AZYR(Y) with disjoint support. The constant m,, can be written
as:

_ Ky
2puLR + 7y
" The gap + can be defined as inf, vy, > 0 where 7y, is the gap of the hamiltonian Hy, on Ar. The statement is

my

that finite volume gaps don’t close as the volume is increased.
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Proof. By subtracting the ground-state energy, we can always assume that:
HIQ) =0, spec(H) € {0} U [y, ). (22)
By replacing B by B=B- (Qr|BQr), we have

(Qu|ABQL) = (UIABQL) — (| AQL) (| BOL)

Notice that B can still be regarded as an even observable localized in Y since it acts non-trivially
only in Y. The idea of the proof is to decompose B approximately into its positive-frequency part.
For oo > 0, define

~ 1 +o0 —at? _
BY = lim — B)dt. 23
o =20 2m /_Oo =B (23)

where the convergence is meant in operator norm. This is a Gaussian regularization of the pro-
jection onto positive frequencies. Indeed, if we consider the complete set of eigenvectors {|2,) }nen
of H such that:
H|Qy) = En|Qy) (1) = [21)),

then, using Sokhotski-Plemelj formula'?, we get:

(o[ Bren) =t L [ (0, B0,

1 oo g-at® _
= lim — / dt = e#t(Em=En) <Qm‘BQn>

el0 211 J_ o t— 1€
~ 1 [t i — 1
— (| BOw) </ dre-o SEn = En)t >
27 J_ o t 2

= (.| Ba.) (;TGQ(Em “ B+ ;)

The integral can be computed using Feynman’s trick. Let us first compute the derivative of

Go(w):
+o0o W2
Gl (w) = / dte="’ cos(wt) = \/Ze_éla

_ ST g = v
Ga(w)—Ga(O)—i—/O \/;e 1o dw' = mwerf (2\/a>.

Putting all together, we have:

<Qm‘§mn> - ;<1 +erf (W)) <Qm’§9n> = Fo(Ey — En) <Qm‘]§ﬂn> .

Let us notice a couple of properties of the function in the round brackets: there exists a numerical

so that:

constant C' > 0 such that, for every w >,

0<1—Fy(w) <Ce /U0 o< Fy(—w) < Ce /(o). (24)

2im__ o+ = =pv.] +ind(t)
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Since:

Blow) = (1= |0) () BIw) = Y [9) (2

n>1

Equation (22) and Equation (24) imply:

2

I(B - B)low)|? = Z\Q (o ><1‘1f8271r/2dtt—E>
- Z\Qn><9n >(1—Fa(En)> 2
n>1
:Zy< BOL) (1 - Fa(En))?
n>1
2 (25)
(Ce™ a ;IQ >
2
2] X ) (o)

n>0
2 ~

= (Cea)?|| BQL)||?
2 ~

< (Ce3)?|IB3,

and similarly,

190) (@0] BE (L= 1900 (QuDIZ, = sup 37 [ {Qulu) 21 (20| B ) PFE(~En)

[Y)EF, L n>1
(Wlv)=
2 ~
< (Ce )% sup ’<QL‘B¢>|2
[Y)eFL:
(Wlv)=1 (26)
2 -
< (Cemia)® sup | Bly)]
[Y)EFL:
(Yly)=1
= (Ce™1)?||B|13,

Moreover,

120) (| BEQL) (@] = 190) (] (2] BOL) Fual0) = 0.
We can now write:

<QL’A§QL> - <QL’AJ§:{QL> + <QL‘A(§ - B

(|4, B ) + (Qu| B AL ) + (9] AB - B
Using Equation (25) and Equation (26) together with ||§HOp < 2||B||op, we obtain:

[(Qu|ABL)| < 1A, B lop + 4C| Allop| Bllope™"/ ). (27)
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It remains to estimate the commutator. From Equation (23), we get:

- 1 +oo e—at2
A, B = || lim — A, (B)]dt
104, By = | tim 5 [ F— (A

op

1 1 +o0 6—04152
- |5 B+ gy [ A

op

H (28)

()

_1/
|27

1 e—at2
— dt——||1A4, 7(B)]||o
5 | S lA (B

o0
dt
—00
o0

where we removed the principal value because the integrand was regular for small ¢ due to Lieb-
Robinson bounds.

In order to bound the integral in Equation (28), given some T' > 0, we use Equation (20) for
short times, [t| < T, whereas for large times, |t| > t we use the trivial bound ||[A, 74(B)]|lop <
2[|Allop||Bllop- Let us split the integral accordingly:

B2, < o [ A B+ o [ 1 A (B
- TH - TH
e op  2m J_p t it °P " o [t|>T t it op

(29)

The first term can be bounded as:

T —at? ; T MULR[t] _
1/ dt& 1A, 7B, < ||A”0p”BHOPmm{|X’a’Y’}epd(X,Y)/ dte—at* & 1
2r ) |t P T T t]

2|[Allop | Bllop min{| X1, [¥']} _pacx,v) /T —atz € — 1
- T 0 t
2|[Allop | Bllop min{ |XT, [¥'1} _(ax,y)—onmt)
B ™
(30)
where we have used e~ < 1 and eng_l < £ef%. The second term can be bounded simply as:
1 e—ot® 2||A B 0o g-at?
o [ A, < Al Bl 7 gt T
27 |t|ZT ’t’ T T t
LA Bley [~ e 1
T aT? f (3 )
< HAHOPHBHope—aT2
- maT?

Therefore, using the bounds Equation (30) and Equation (31), we obtain:

bauation (29 < 2l Bloo DXLV iy | WAllol Bl o g
™ ye:;

We thus get:
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20 Allop | Bllop min{IX |, Y1} paxv)-ousr) , [AloplBllop e
T TaT? (33)
+ 40| Allop | Bllope /G

Equation (27) <

We now choose v and T so as to balance the three exponential contributions:

a=-L TZ*,ud(X,Y)'
2T HULR + 3
We therefore define
.y
m, = ———. 34
" 2uuir + (34

Since X and Y are disjoint subsets of the lattice, d(X,Y) > 1, and hence this prefactor is
bounded by a constant depending only on u, v and the interaction. Absorbing all numerical con-
stants into C),, we can conclude. |

The physical content of Theorem 19 can be summarized as follows. The inverse spectral gap
~~! provides a characteristic time scale, while the Lieb-Robinson velocity bounds the distance over
which information can propagate during such a time. The resulting correlation length is therefore
naturally controlled by a quantity of order £ ~ ”LTR. In this sense, a spectral gap together with an
effective finite propagation velocity produces a finite correlation length.

Remark 16.

1. Quasi-degenerate ground-state sectors with vanishing width. The uniqueness as-
sumption in Theorem 19 is essential if one wants to conclude exponential decay of the ordi-
nary connected correlation function. Indeed, a spectral gap above a degenerate ground-state
sector does not exclude long-range correlations arising entirely from matrix elements within
that sector.

More precisely, consider a sequence of finite-volume Hamiltonians Hy on Aj whose bottom

of the spectrum consists of ¢ eigenvalues Eéﬁ), e ,E(()fq),

PL0 denote the corresponding spectral projection. Assume that the width of this low-energy

where ¢ is independent of L. Let

sector,

)

N (L) _ (L)
o= o B - B

vanishes in the thermodynamic limit §; — 0 as L — oo, while the sector remains uniformly
separated from the rest of the spectrum: there exists v > 0, independent of L, such that

dist <{Eg§>, B} spec(H) \ {ESY, . ,Eéf}}) > 7.

Thus, the low-energy eigenvalues are allowed to be only quasi-degenerate at finite volume, but
their splitting has to disappear as L — co. If we introduced the averaged correlator:

(O)o, =

|

jz: <QJL‘OQJL> - ;Tr((’)PLO)

under the above assumptions, we the following exponential clustering inequality:
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(AB)o,r, — (APYB)o 1| < Cmin{|X|,|Y [} Allop|| Bllope ™Y,

for suitable constants C;m > 0. The object on the right-hand side reduces to the ordinary
connected correlation when ¢ = 1, recovering the form appearing in Theorem 19. See [HKOGb].

2. Low-energy spectral patches of non-vanishing width. A more general finite-volume

situation is considered in [Bac+21]. Let E%L) < EéL) < .-, be the eigenvalues of Hy,, counted
with multiplicity. Assume that there exist constants p € N, v, A > 0, all independent of L,
such that

(L) L L (L)
B —EP >y, EP-EY <A y>2A
Let P? denote the rank-p spectral projection associated with the low-energy patch {E{L), cee E;L)}.
In contrast with the previous setting, the width of the spectral patch is not required to vanish

as L — oco: the bound

EP - EM <A

may hold with a fixed A > 0. In this set-up, for any ‘QJL> € ran(P?), one gets the following
exponential clustering theorem:

(o} ]aBe]) - (24 APPBL) | < CllAllopll Bllopmin{ X1, Y }O (d(X, V) ™).

uniformly in the volume. Here A < BO (r~°°) means that, for every n € N, there exists a
constant C,, > 0, independent of L, such that:

< C,B
—(1+r)n

The weaker, superpolynomial spatial decay is the price paid for using a smooth spectral filter
separating, uniformly in the distance of the supports of A and B, transitions within the order
one low-energy patch from transitions connecting the patch to the rest of the spectrum. Such
an exact smooth cutoff has a Fourier transform that decays faster than any power, rather than
exponentially, and the corresponding quasi-locality estimate therefore yields O(d(X,Y)™)-
decay.

Notice that the assumptions of this second result also include spectral patches whose actual
width tends to zero. In that more restrictive situation, however, the superpolynomial bound
above is not necessarily optimal; when the splitting collapses sufficiently fast and the hy-
potheses of the exponential clustering theorem apply, one can recover exponential decay in
the appropriate projected correlation.

3. Odd fermionic observables. The restriction to the even CAR algebra allows us to use
ordinary commutators throughout the proof. For odd observables localized in disjoint regions,
the corresponding locality relation is formulated in terms of anticommutators. A version of
the exponential clustering theorem covering this situation is proved in [HK06b].
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2.2.6 Quasi-adiabatic continuation and spectral flow

The quasi-adiabatic continuation was introduced by Hastings and Wen as a tool to transport the
low-energy sector along a gapped path of local Hamiltonians while preserving locality. The presen-
tation below follows the finite-volume formulation used in [Bac-+19], in particular its application to
Thouless pumps, together with the original construction of [HWO05]. As in the previous discussion
of Lieb—Robinson bounds, all estimates are formulated uniformly in the volume.

Consider, at finite volume, a differentiable family of local Hamiltonians Hy,(s) with s € [0, 1]
and assume that, for every s, the spectrum admits a decomposition

spec(H[,(s)) = specy(s) Uspec(s) such that dist(specy(s),specy(s)) >~

for some v > 0, independent of L and s. The spectral patch specy(s) may consist of a single non-
degenerate ground-state eigenvalue or, more generally, of several eigenvalues separated uniformly
from the rest of the spectrum. In order to construct the flow, one defines an analogue of the gaussian
filter in Equation (23) with a different rapidly decaying odd!3 cut-off function W, € L*(R), whose
Fourier transform satisfies . ;

Ww)=-2 |27

Notice that under such hypothesis W, can be chosen to decay faster than any power (see
[Bac+11, Lemma 2.3| for an explicit choice of such filter function):

sup [t]"|[W,(t)] < oo for every n € N.
lt]>1

The quasi-adiabatic map is defined as:

T(A) = W, (6" (A)dt = W, (£)e () Ae= () gy
Proposition 20. Let PLO is the spectral projector on specy(s), then for any observable of the form
PYA(L — P?) and (1 — PY)AP?, the operator Is is an inverse of the Liouvillian —i[HL(s), ()]

—i[Hp(s). Z;(PLA(L = PD))] = PLAQL = P)  —il[H.(s), Z,((1 — PL)APL)] = (1 — P AP}
Proof. Let A= PYA(1 — P?), then:

[HL(s), T(A)] = =i D> [Q0(5)) (Qm(s)] /_ a1 <Qn(8))[HL(s)’eitHL(s) ge—z‘tHL(s)]Qm(s)>

n,m>0

=i D> [(s)) (Qm(s)] / AW (1) D (B, () — By ()

n,m>0

x <Qn(s)(ﬁgm(s)>
=—i Y 1Q(8)) ()| Wy (B () — En(9))(En(3) — Ein(5)) (2 (5)| A (5))

n,m>0:
E, (s)especy(s)
En(s)Espec (s)

=3 12(9)) ()] (R (5) [ AQun(s))

n,m>0:
En(s)€especy(s)
E(s)€specy (s)

=A

13The Fourier transform of an odd real function is purely imaginary and odd in w
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The proof for (1 — PY)AP} follows similarly. |

As a consequence, the spectral projection satisfies the exact differential equation:

P(s) = i |Z.(HL(s)), P(s) (35)
Proof.
PR(s) = EY()PY(s) + PR() PRs) 2% BR(s)PR(s) = 0
PR(s) = BY(s)(1 — PR(s)) + (1~ PR EYs) "% (1 — PR(s)) ER(s)(1 — PR(s)) = 0

we have that:

PL(s) = —i[HL(s), T,(PL(s))]
- ‘i/ AW, (1) [ (s), €1 P (s)e 11

— Z‘/dtW,Y<t)eitHL(S) [HL(S),PE(S)]G_itHL(S)

— =i [t (0 (PR [ (5), PR 1)

i / AW, (8)[e L) i (s)e—HHLE) | PO (s)]

= i [Z.(F1(5)), PL(s)]
|

Thus, unlike the physical adiabatic Schrodinger evolution, the quasi-adiabatic flow transports
the instantaneous spectral subspace exactly: no adiabatic parameter is involved in this identity.

The crucial additional property is locality. If Hy (s) and Hy(s) are generated by uniformly local
interactions, the Lieb-Robinson bound implies (with a similar proof of Remark 16) that Tts) (Hr(s))
spreads only inside an effective light cone. Since W, (t) decays faster than any power, contributions
coming from times large enough to propagate information over a distance R are superpolynomially
small in R. Consequently, Z,(Hp(s)) is itself generated by a quasi-local interaction.

In this sense, quasi-adiabatic continuation provides an exact spectral flow along the gapped
path Hp(s), while the Lieb-Robinson bound ensures that the corresponding generator remains
quasi-local uniformly in the volume. In particular, for a cyclic path Hy (1) = Hr(0), the resulting
quasi-local unitary implements an adiabatic cycle on the low-energy sector. This is the framework
used, for instance, in the description of Thouless pumps and in the definition of the many-body
charge-transport index of [Bac-+19]|, where the quasi-adiabatic flow allows one to relate the spectral
evolution along the cycle to a quantized transport of charge across the system.

2.2.7 Thermal States and Imaginary-Time Correlation Functions

Having introduced Hamiltonians acting on the fermionic Fock space, we now turn to their equi-
librium statistical mechanics. In the grand-canonical ensemble, both energy and particle number
may fluctuate, while their mean values are controlled by the inverse temperature 5 > 0 and the
chemical potential p € R (see Remark 17). We will assume that [H, N] = 0, as is appropriate for
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the standard grand-canonical ensemble. The corresponding equilibrium state is described by the
grand-canonical Gibbs density matrix

1 sur
popL = e T
B, L

and the expectation value of an observable O is given by

Tr(OQe AH=1N))
<O>5,#:L_ TI'( B(H— HN)) :

(36)

Remark 17. At fixed temperature, the chemical potential controls the mean particle number:

1
Eau log Zg .. = (N)g L

Besides the real-time dynamics discussed in Subsection 2.2.4, the Hamiltonian H induces another
automorphism on the observable algebra, called imaginary-time evolution:

75(0) - es(H—,u,N)Oe—s(H—,uN).

The name comes from the fact that ~4(O) is obtained from 7¢(Q) by formally substituting
t — —is. The imaginary-time evolution naturally gives rise to the so-called Fuclidean correlation
functions. Given two observables A, B € Acagr in a fixed parity sector, their two-point Euclidean
correlation function is defined by

Tr(e AH=N) T v (A)y(B))
Tr(e_B(H_#N)) ’

GA,B(Sa t) = <Ts Vs (A)’Yt(B»ﬂ#vL

where T'; denotes the imaginary-time ordering operator, defined by

[(s(An(B) s> 1,
Tovs(A)n(B) =
(~1) Bl 3 (B)yo(4) t> s,

with |A|, |B| € {0, 1} denoting the parity of the observables, i.e. |A| = 0,1 if A € A* respectively.
In particular, if both observables are odd (|A| = |B| = 1), one recovers the familiar minus sign,
PYS(A)’Yt(B)? 5> 1,
—v(B)ys(A), t>s.

Proposition 21 (KMS Idendity). For any A, B € A, it holds the Kubo-Martin-Schwinger Identity:

Tsvs(A)n(B) = {

(s(A)(B)) g = vts(B)ys(A))g . Vst €R (37)
Proof.

(S(H pN) pAe—s(H— MN)B(t) —B(H- MN))
Tr(e=BH-pN))
Tr(e —B(H=-pN) o B(H—pN) B B(t)e~ B(H—pN) S(H—MN)AE—S(H—MN))
Tr(e—BAUH-nN))

= <’Yt+,6(B)’Ys(A)>B,u7L

(vs(A(B)) gz =
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The KMS identity determines the continuation of the time-ordered function around the thermal
circle. This statement must be applied separately in the two ordering sectors. For example, if
0<t<s<p, then

Gap(t+08,8) = (v+s(A)7s(B)) gL
= (1s(B)n(A)) gL
= (—D)MIBIG, p(t, s).

If 0 < s <t< S, the equivalent relation is
Gap(t—B,s) = (—1)PlG, p(t, 5).

Using the KMS identity in Equation (37), we have thus shown that the values of G4 g(t,s) are
completely determined by their value for ¢, s € [0, 8] as a periodic/antiperiodic extension. In par-
ticular, a two-point function of two odd observables is antiperiodic, while it is periodic if at least

one observable is even.

Among the most relevant examples are the two-point creation—annihilation correlation func-
tions, obtained by choosing A = a_ and B = a;r,, which we denote by G(t, a|s,a’). This quantity,
commonly referred to as the (imaginary-time) fermionic Green’s function, plays a central role in
equilibrium many-body physics. Besides describing the propagation of single-particle excitations,
it constitutes the fundamental building block of perturbation theory through Wick’s theorem, de-
termines linear response functions via the Kubo formalism, and encodes spectral information after

analytic continuation to real time.

Remark 18. At coincident times this identity must be understood in terms of one-sided limits,
since time-ordered fermionic correlation functions are in general discontinuous across (t = s). In
particular, for A = a, and B = al’,, the canonical anticommutation relations imply

G(sT,als,d) — G(s7,als,d) = Squ- (38)
Accordingly, the antiperiodic boundary condition relates the corresponding one-sided limits,
G(B7,al0,a') = —G(0~, al0,a'), G(—B7,al0,a/) = —G(0T, al0,d).

Example 22. When H = Hj is a quadratic hamiltonian as in Equation (16), the model is ex-
actly solvable, which means that one can compute exactly correlation functions and the partition

function?.

1. Partition function:
23,1, = det (1 + eiﬁ(h7“1)>

Proof. In order to compute the partition function is convenient to use the basis of the
Fock space F, induced by the eigenstates of h. Indeed, let {i)} Aespec(h) D€ the complete
set of eigenstates of h with eigenvalues {€)}respec(n) and af\c = a™(¢y) the associated cre-
ation/annihilation operators. We denote with:

mo=( I

(aj)"*) |0) ny =0,1 VA € spec(h)
Aespec(h)

140ne should compare the following results with the analogous results in the case of quadratic Grassmann Integrals
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the corresponding occupation basis. Thus:

Zg 1, = Trg, (e PHo—1N))

:{%<m
- ¥ <m

{’I’L)\ })\Espec(H)

— H e~ Blex—pny

Aespec(H) nx=0,1

_ (14 e*ﬂ(ﬂ*#))

e~ B(Ho—pN)

o)

e~ B(Ho—pN)

o)

From the Partition function one can easily compute the average number of particles as:

1 1
i —Blex—w) ) — - -
(N) gL = 3 > o 10%(1 te ) = > 1+ Bl
A€espec(h) Aéespec(h)

The object on the right-hand side is the trace of famous Fermi-Dirac Distribution:

nep(h) = (1 + eﬂ(h—#l))—l

2. Two Point function:

o—(t=5)(h—p1)
<1+e—ﬁ(h—u1) t>s
G(a,t|8,5) = b
o—(B—(s—))(h—p1) ¢ <
“\ T A =S
af

As a consistency check, one can easily verify that G is discontinuous as it is prescribed by
anticommutation relation in Equation (38):

o o 1 o—B(h—p1) 5
(, 5718, ) — Gla, s7|B, 5) = <1+eﬁ<hm>aﬁ+(1+eﬂ<hm)aﬁ_ "

Proof. First let’s observe that:

Gl 1, 8) = (Tenlag)s(af)) = Y Dal@uu(B)(Tsvnlay)vs(a)))

A,pu€spec(h)

Thus, it is sufficient to evaluate the two-point Green’s function (T :(ay ) vs(a);)). This can
be done by considering separately the cases t > s and t < s:
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+
auny>

o (t=3)(Ho— )

(v(ay)vs(af)) =Y JJe O-tsDte ’”"”< in,
{no} v
e

55AN5 _Bley—
= 7ot )‘”ZH Blev—p)n

wL {ny} V£
e—(t=s)(ex—p)

1+ e-Blex—n) O

o~ (s—t)(Ho—puN)

<%(a;r)%(a;)> - Z He—(ﬁ—(s—t))(su—u)nu <a;ny
{nu} v

e (B==))ex-n)g,

- 301 B

7
B L {(mo} V£A
o= (B— (=1 (ex—1)
_ 5y,
1+ e_IB(GA_H) #

ay ny>

2.A Fermionic Coherent States and the Euclidean Path Integral

The finite-dimensional construction below follows the standard Grassmann conventions and coherent-
state trace formulas reviewed in [Wegl6]. It is adapted to the generator ordering fixed in Subsec-
tion 2.1.1 and to the Fock-space conventions of Subsection 2.2.3, and provides the functional-integral
representation of the thermal quantities introduced in Subsection 2.2.7.

The imaginary-time formalism admits a functional-integral representation in terms of Grass-
mann variables. This representation provides the bridge between the Hamiltonian formulation of a
fermionic system, in which observables act on the fermionic Fock space, and its Euclidean formula-
tion, in which thermal correlation functions are expressed as Grassmann integrals over fields defined
on the space-time cylinder [0, 5] x Ar. The construction is based on fermionic coherent states and

on a Trotter decomposition of the Gibbs operator.

fermionic coherent state creation operators can be defined rigorously as certain operators living
in an extension of the fermionic Observable Algebra A by a suitable Grassmann Algebra G4 asso-
ciated to the the index set A labeling one-particles degrees of freedom, i.e. spatial position in Af,
and internal degrees of freedom labelled by a basis of V.

Fermionic coherent states. For the remainder of this appendix, fix a total ordering of the finite
index set A. Products indexed by a subset I C A are always taken in the induced increasing or-
der. This convention is needed to define unambiguously ;7 and a]i and to track the associated signs.

For homogeneous elements, the multiplication on the graded tensor product is

(9@ A)(he B) = (-1)AlMgh & AB

where |A| and |h| denote the parities of A € Acar and h € G, respectively. We denote the

resulting graded tensor product G&Acar by ASAR.
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Definition 23 (Coherent-state operators). For a family of Grassmann generators ¢ = {14 }aca,
we define the coherent state operators (which belong to Ag)

+
aj}: — e? Za Ya®aq

Remark 19.

1. Since all terms in the exponent commute:
(Yo ® a2) (Vs ® a3) = — (Yt ® aZa3) = —(Yptba ® a5a) = (Y ® a3) (Yo ® aF)
the coherent state creation/annihilation operator can be written as:

==11 e Fa®ay
«
+

2. Notice that due to the nilpotency of both Grassmann variables and creation operators, a, is
actually a polynomial

=[[0®1F v ®al)

and no norms have to be introduced to define the convergence of the power series.

Define the G-bimodules Fy, g and Fy, g by applying ASAR to 1 ® [0) and (0| ® 1, respectively.
Here 1 € C C G, |0) € Fr, is the vacuum, and (0| € Fj is its dual. The actions on homogeneous
elements are:

g A(1®0) =g (4)0))  ((0j@1)ge A= (-1)(0[4) @ g
The action on general states is the following:
(h® B)(g® Al0) = (-1)PI9hg @ BAJ0) (0|4 ® g)(h® B) = (—=1)/PIMHD((0|4B @ gh)
Remark 20.

1. The actions of ASAR on Fr g and F 1,¢ are compatible with the graded product in ASAR.
Indeed:

(a) For any homogeneous vector g ® A|0) € Fr, g,
heB(g2A(0) = (heB)(g@A)12(0) = (-1)!F19(hg2 BA)18|0) = (-1)#l4hge B AJ0).

(b) For any homogeneous vector (0|A ® g € F1, g, we have:

AAA/-\

~DAll 0l 1)(9 @ 4)(h® B)
—1)l4rFaD (0@ 1) (gh ® AB)
_1)lAlAgD (1) (BHHADg D (0] AB @ gh)
1)|B| lg|+R]) ((0|AB @ gh)

((0|[A® g)h® B

2. Such spaces inherit the left /right actions of G from the Grassmann algebra itself as:

>(h@o) =ghel)  (hol)<ag=(-1)""ghe o)
(Wl@h)ag=(v]@hg  gv(|@h)= (=D ] ©gh
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Definition 24 (fermionic coherent states). The coherent ket and bra are the elements of Fr, g and
fgg defined by

¥) =a,(1®10))  (¥]=((0]® )a,

Remark 21. The coherent states satisfy

1@ay ) =vav )  W1®@af = (Y] <ta

in analogy with bosonic coherent states.

Proof. Let us first observe that for any a # 5:

10a))101F s ®ay) =10 af + o @afa,
:1®a§:|:¢a®a§ag
= (191 F¢a®ay)(1@af)

Therefore:

1@azv) = (1oay) [[0©1-¢a®al)(1®]0)

a

= <H(1®1—wa®a§)>(1®a5)(1®1—z/;/g@a;g)(l@|0>)
a#p

- ([ae1-vasa)wswaaas o)

a#fB

_ (H@@l_%@aaﬂ)(wﬂ@{aﬁ?ag )(1210))
a#p

- (Mao1-vasa))wasnaso)
a#p

=(wg®1)<ﬂ(1®1—wa®a;)>(1®0>)
a8

= (w5®1)<H(1®1—¢a®a;)>(1®|o>)

[0}

=g > |)

where we have used that we could add for free the term (1 ® 1 — 1, ® a) because:

s )(1®1-yseaf) = (Vs 1).

Similarly:
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Wl(lwa;)= (0o )][[1o1+ve®a;)(1@af)

[0

= (0@ )1e1+ysoa)1®a)) [[001+¢.®ay)
a#p

= (0l® D(ws @ azaf) [J1 @1+ e ®ag)
aFB

= ((0|® )(vs @ {ag.a5}) [TQ® 1+ 00 ® ay)
aFp

=(OeD)@@se1) [[0e1+va®a,)
a#p

- <<0|®1>( H<1®1+wa®aa>><w®1>
a#fB

— (0]& 1><H<1 ©1+ o @a;>)<wﬂ 1)

«

= (Y| (Yp®1)
= (Y[ <a¢p

We define a C-bilinear pairing between F 1.6 and Fr,g. On homogeneous pure tensors, set

(v @ g, h @ [w)) = (1)l W+EDgh (v]w) (39)
and extend by bilinearity.

Remark 22.

1. Notice that we could have chosen the sign to be (—1)I%IUg1+12) since (v|w) # 0 if and only if
(—1)ll = (=1)I. Indeed:

(=D (wfw) = (~1)olw) = (o[(~1)Vw) = (=)' (v]w).

2. The definition is given in order for the following property to hold:

((Wl®g. (@ A)(hew)) = ((v|@g)(l® A), (h®uw))) (40)
Indeed:
((v|®@g. (1@ A)(h®[w)) = (=) ((v] ® g,1h @ Alw)))
= (—1)AlIRl () lelAgl+UHRD grp, (0] A|w)
and:

(vl @ )1 ®A), (h® lw)) = (=)D (] A® gl h e |w))
= (—1)!AlIRl (1) llAglHUHRD gip, (9] A|w)

3. Restricting the property Equation (40) to operators of the form [ ® 1, we have:

(wl@g)al,(h@w)) = (({v]@g),l> (h & |w)))

If (—1)1 = 1, we have that:
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> (((v] @ g), (h@w))) = (((v] @ g), > (he|w)))

and similarly:

(vl @g), (h@ |w))) <l = (({o] @ g),1> (A |w)))

Proposition 25. The pairing of two coherent states is

(<§‘ ) W}» — e2aata

Proof. Using Equation (40), we can reduce the computation of the pairing to understanding;:

<H(1®1+5a®a;)) (H(l@l—%@ai))

« e}

-+
Qg Gy

[[ae1+e®a)1®1 - o @af)
(0%

(1®1+& ®a —ha ®al + Eathe ® aga))
(0%

By applying such expression to 1 ® |0), we get:

[[o®1+¢& ®a; —va®al +Eatbaagal)(1®1[0) = [J(1 + &arva) ® 0)

— 620‘ Eaa ® |O>

It is enough now to use the expression Equation (39) to each monomial of e2a $a¥a (no signs will
be generated because all terms are even) to compute the pairing. |

With an abuse of notation we will indicate:

({€l s 192) = (£l9)

Coherent states yield a resolution of the identity on Fock space and a convenient trace formula.

Proposition 26. The following identities hold as operators on Fy,:
1) = [ T[dbudvueZeFvn( (7

1() = /Hd%dz/}ae‘ Yo Pavalyh) g ({¥],1@)

1) > ()

Proof. Let us apply the operators to the occupation basis of Fr,, given by [I) = ([],c; ad)[0):
[ T dbadiue et (5
«

[ T dbudiae=eFeelw)a (5] 19 11)

1@ 1) > [¢)

The pairing can be easily computed’® Thus

15The first sign comes from moving all annihilation operators past the Grassmann variables:
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((¥], >):JZC%(«)’@L(g}¢a®aa)l®a}“]0))
= Z(—1)‘”(§_”(<0\® 1,9 ®ajaf|0))
G, et
5

Thus, we are left with:

/ [ dvadipae™>e b ((] 1@ 1)) &) = / [ déadipae™>e Vet o |g)

_ Z |J\<|J| ) (—1)! /Hd%d%e—za%wlwm /)

JCA

_ (_1)I(lg_l)(—l)m(/Hd¢ad¢a€Zaw“%¢1¢l>|f>

|I</Hd¢ dipge™ 2o Yo waH¢B¢ﬁ>|[

el
= 1)

and similarly:

/Hdwadw e~ ZaTatnly) o ((B], 12 |1)) :/Hdwadwaezawamwz

_ Z |J\(|J| 1) )lj‘ |I|J/Hd¢ dibge -2 @Z’a%q/;ﬂ/zl®|<]>

JCA

_ (_1)\1\<II§|—1)( Il(/HCw dipge -2 %%¢I¢I>u>

“</Hd¢ dipge S Vo %waﬁ)I

pel
= 1)

(Yo, @a0y) (Yo, ®aa) =—a, ®a,) @, Yay; @ a4 0ay)
= (Yo, ®ag,) @am—zaamflaam ® QoG Gy )

BV > e (B Wy - - - - - -
= (=1)7rrm (Yo, ® aay) - Yoy, Way Vg 1¢am ® oy, Qo g by Gay )

[dr=1 —

= ()T R @ay = (1) g, ®@ar

. : . . LAz -1
With the same ordering convention, (0|aa}|0) = (-1)" =2
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Proposition 27. The following identities hold as operators on Fp,g:

1o /Hdwadwaez¢¢a(<w\ > [9)

1 1( /Hd%dwae Eatavely) a ((],)

Proof. Apply the operator to a homogeneous vector g ® |I), where |I) = (I],c; al)|0).
J T atae B (g 1) o ),

/ [T dbatbac EeP i) < (7] 90 ).

The pairing can be easily computed as:

(7). >):J§C;(<o|®1,(1}]¢a®a )g ® a;|0))
_ Z m<m ? )IgI\J|(<0,® L,,;9® aja}r|0>)
JCA
-3 (- )= ()9l g (0]a7 a7 |0)
JCA
= g¢;

Thus, we are left with:

/ [ ddadae™ e bt ((9], g @ 1)) &) = / Hd%dwae—za Vate g > [1))

_ Z \J\(IJ\ |J| /HCW dipge” Yo Pa %gw vy @ |J)

JCA

_ (_1)\I\(Lél—l)(_l)lllgD (/Hdwad@bae‘za%%mw) > |1)

= (-1 fg»(/Hdwadw ™ 2 va %Hwﬁw)vm

Bel
=g®|I)

and similarly:

/ [Tt Fatolyy 4 (B

=/ [T dfatvae™ et ) g,

Sy YRUZ=D. g1yl /Hdz/) dipae™ TaVaverp g, @ |J)

JCA

1]

= (71)42—1) (71)|I\g|> (/Hd¢ad¢a€_ e %%wﬂzq) 1)

= (-1 '”g>< / Hdwadwa Z%%me>|f

perl
=g®|I)
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[ |
Proposition 28. Let O € AZRR. Then the following identities hold:
15(0) = [ [[dbadve ZeFvn (7], 16 O)10)
! — 1 - J— S
10(0%) = [ TTTT i itege™ o BeFostes (=], (1@ O))) (Bl (1 © O) i)
a j=0
n-l J— n—1 A J—
15(0") = [ T T gt ge S0 EeFotes (|, (1 O)fn) -
a j=0
(1], (1 ® O)[yo))
where, in the second and third identities, we have introduced an additional label j € {0, ..., n—1}

corresponding to the discretization of the imaginary-time direction (with n > 2). Equivalently,
the Grassmann variables are indexed by the extended set A x {0,...,n — 1}, and the Grassmann
algebra is naturally enlarged by requiring all generators to mutually anticommute. This construction
will naturally give rise to the Fuclidean space-time lattice appearing in the fermionic path integral

representation.

Remark 23. The minus sign appearing in the bra <—m can be interpreted as antiperiodic boundary
conditions in the time direction for the fermions: it is the functional-integral manifestation of the
fermionic KMS condition. Indeed, the minus sign in the coherent-state trace formula encodes the fact
that an odd operator acquires a sign when transported once around the thermal circle. Accordingly,
the Euclidean Grassmann fields naturally satisfy antiperiodic boundary conditions along the thermal
circle, corresponding to its nontrivial spin structure. In this sense, the coherent-state construction
translates the operator-algebraic thermal formalism into the Euclidean path-integral language.

Proof. We prove the three identities in order. The one-slice trace formula follows by evaluating both
sides in the occupation basis. The formulas for Tr ((’)2) and Tr(O") can then be obtained by inserting
the resolution of the identity between successive factors. Since O is even, each coherent-state
kernel appearing in the product is even and they may therefore be rearranged without additional
graded signs. The single minus sign occurs only on the link that closes the trace, yielding the
antiperiodic boundary condition. The explicit index computation below verifies these statements
with the conventions used here.

1. The pairing can be computed explicitly:

(=9, @@0)) = > eres (D) —1)R 45 (0]ap Oaf|0),

I,JCA

=1
2

where ¢y = (—1) . Furthermore,

/H i) pdipae™ VP s = b e (~1)1,
[0
Using the previous identity and setting J = I, we obtain

() (—1)lles (0]ay Oatl0) = (1]O]I),

which proves the first claim.
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2. Set Oy = (I|0|J). Then

(1@ O)|ih)) ((¥1

,(1® O)[4ho)) = Z cyep(—IHITIHILL o

1,J,K,LCA

s (=PRI ) ARG g 010, Ory Ok -

({~vo

By applying the Grassmann integral we obtain

/ TTT] 6 sbese o5y bnotnnBrcs  (—DMesesdindn.

CMJO

Therefore,

I|+|J
Z 01701(— ||+| |
I,JCA

To get rid of the signs, we observe that
(-pHro1g) = (1](-nYo(-1)N|1) = (-1)°l1|o)) = (110]J),

where we used that (—1)V|I) = (—=1)/|T) and the fact that O € AZH.

Hence:

> 000 = N 0,0, =Tr(0%).
,JcA ,JCA

3. Similarly,

((=to] . AR O)thp—1)) - ((1] Q@ O)ho)) = > ey, X
107"'7171—1
JosersJn—1

Io|l+S" =Y (1L |+ 1) J; - - -
X (_1)| ol 2=0 (71+1)] ]lofoJo T OfnflJnA¢IO,O¢Jo,n—1¢Il,nfﬂ/)Jl,n—Q T wln,1,1¢Jn7170'

Moving %7, _, o to the right of @1070 produces the sign

(,1)|Jn71\(|J0\+\1n71|+2?:_21 =+ Tn—j1)

The integration over the Grassmann variables gives
I
(*1)| 0‘Cfo T Cfn715107J7L71511,J0512,J1 o ‘6Jn72»1n71'

After imposing the constraints coming from the Grassmann integration, the only surviving
contributions are those satisfying

Jn—1 = Iy, Jo =1, ey Jn—2=1In 1.
Therefore, the product of matrix elements reduces to
010[1011]2 et Ofn_1]o7

which is precisely the standard expression for Tr(O™). This proves the third identity.
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Euclidean path-integral representation of the thermal partition function. The coherent-
state formalism gives a Grassmann representation of the thermal partition function and imaginary-
time correlation functions. Writing K = H — uN, the exact time-slicing identity is

e PEK — (eiﬁKﬁL)n .

which decomposes the imaginary-time evolution into infinitesimal steps. To obtain a local Grass-
mann action, we approximate each short-time factor by its first-order expansion.

Lemma 29. There exists a constant C = C(B, ||K||) such that, for everyn > 1,

6_6K>— (1}1 —-BI(>
n

C
Si
n

Proof. Set
X, =e PKn R, = PK/M_ (1;L — §K> .

The Taylor expansion of the exponential gives

62 K 2
IBal) < UL ot

Using the telescopic identity

n—1
X = (Xp— Rp)" =) _ X7 "Ry (Xy — Ry),
j=0

we obtain
-1
< nl| Ry max{[| Xp|, [ Xn — Rnll}"

- CBIKD

n

o2
n

Proposition 28 may now be applied to (1 — SK/n)™. If H is normal ordered, its coherent-state
matrix elements are obtained from its normal symbol (see Remark 21):

n—1 n—1
— n—1 YR YA X p— 1
ZppL = / [T ] d¥ajdtvajeXi=o EePasmibailios T] (1 — S(H - MN)(%H,%)) +0(-)

where Eam = —E%O and Yo, = —1a,0. For the quadratic-plus-quartic Hamiltonian in Equa-
tion (16) and Equation (17), its normal symbol is

_ _ 1 _ _
H(§j1,05) = Y haplajrits + 3 Y WapysPair1¥p, 1965
a,B a767776
Expanding the short-time coherent-state kernel shows that replacing each factor by its exponen-
tial changes one slice by O(n~2) and hence the full finite-dimensional trace by O(n~1):

8. —

1= 2R @n0) — o [ 2K @009
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Thus one obtains a Euclidean action on Ay, x ( gZ/ BZ):

1

13

n—1 n
Sﬂ(@? w) - - Z Z(Ea,j—l—l - @a,j)wa,j + g ‘ K(@j—f—l? %) (41)

J=0 « J

I
o

Before discussing the continuous time limit n — oo, let us consider the quadratic case
(H = pN) = (hap — pbap)agag,
a?ﬁ

for which the action becomes Gaussian and can be diagonalized by means of a discrete Fourier
transform in the imaginary-time direction. Setting

we define

o1 i - .1 T T
qpa’j:% Z e lw73¢a7w7 wa,j:ﬁ Z ezw‘rawmw

WEQE,TL weﬂg’n

where the antiperiodic boundary conditions imply that the frequencies belong to

2T 1 n n
Q, =X —(m+=-):m=——,...,——1
Byn {ﬂ( 2) m 2’ "2 }7

where we have assumed n to be even for simplicity. Plugging these expressions in the action
Equation (41), we get:

Sn(i/;, V) = Z Z Jja,w [(1 - eiws)]l + Eeiws(h - Ml)] afB V8w
WEQE,n OQB
Since the action is quadratic, Proposition 11 gives

Zg L = H ?{elt [1—e“*(1—e(h—pl))]+0O <71L> .

wGQE’n L

The numbers z, = e™¢, with w € an, are precisely the n roots of —1. Using

[T a-=2n=1+x",  xec
zn=—1
we get:

n 1
Dol = EiﬁLt [1+ (1 —eh—p1))"]+0(-).

Since € = 3/n, taking the limit n — oo yields:

(1—e(h—p1))" = <1 — g(h - M1)>n o Bh=p1)

which reproduces the grand-canonical partition function previously obtained by operator methods.

Remark 24.
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1. The previous construction extends to imaginary-time correlation functions. Indeed, inserting
local observables at the appropriate imaginary-time slices before taking the limit n — oo
yields the Grassmann-integral representation of Euclidean Green functions. The time-slicing
decomposition naturally endows the discretized imaginary-time direction with an ordering, so
that observables inserted at different time slices are automatically arranged according to their
Euclidean time. Consequently, the continuous-time limit produces the usual time-ordered
correlation functions. In particular, when two observables are inserted at the same imaginary
time, they necessarily belong to the same Trotter slice, and the coherent-state matrix elements
reduce to their normal symbols. Thus this particular discretization selects the normal-ordered
equal-time prescription. Other one-sided prescriptions differ by the contact terms dictated
by the CAR, as in Equation (38). Time ordering and the chosen equal-time convention are
therefore encoded by the underlying time slicing.

2. In the physics literature, one usually proceeds one step further by taking the continuous-time
limit directly at the level of the Euclidean action. Formally, the Riemann sums appearing in
the discretized action are replaced by integrals over the thermal circle, leading to:

B _ _
S, ) = /O dr [Z Ya(7) Otha(T) + (H — uN) (d(7), (7)) |,
where the Grassmann fields satisfy the antiperiodic boundary conditions

Ya(B) = —¥a(0),  Ya(B) = —a(0).
For the normal-ordered Hamiltonian considered above, this action takes the explicit form

B _ _
5(¢,1/1) = /O dr [Zd}a(T)arwa(T) + Z(haﬁ - Uéaﬁ)wa(T)wﬁ(T)
[e% a,f

+% > waﬂva%(T)%(TW&(TWW(T)]'

a,B,7,8

The antiperiodic boundary conditions naturally lead to the Fourier expansions

1 , _ 1 o
”%(7') = ﬁ Z eimﬂwa,wv wa(T) = ﬁ Z €ZWT1/}a,w7

wEQE wEQE

Qﬁ:{wm:;ﬂ(m—i—;):mEZ}

is the full set of fermionic Matsubara frequencies. In this representation, the quadratic part

where

of the action becomes

So(, ) = Z Zlﬁa,w [—iw dap + hag — 10a8] Vp.w-

The interaction term is instead given by

B 1 N
Sint (11), ¢) = % Z Z Wapys ¢a,w1 @Z}ﬁ,wg ¢6,w4¢'y,w3 5w1+w2,w3+w4a

w1,w2,w3,wi€Qg @,3,7,8
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where the Kronecker delta expresses conservation of the Matsubara frequency. The continuous-
time Gaussian functional integral formally involves an infinite product over Matsubara fre-
quencies and therefore requires a normalization prescription. Set

- _ R K 1
k=h 'ulHlL’ d=dim®H;,

and introduce the symmetric ultraviolet cutoff

ngy)i{wmzzr(m—l—;) :m:—N—l,...,N}.

The corresponding cutoff Grassmann integral is

(N) - :
Z,B, L= H gl{(%lt(—zlelL —I—k).
weQ(B{VB g

Its high-frequency part is divergent. A natural symmetric normalization is

N

C’Js\};mi H (}{elt(—iwmlﬂi)
m=—N-1 "L

[ (e )T

Pairing the frequencies wy, and w_,,_1 = —w,;,, one obtains

(N)
Z

lim —2 S;‘Hf = det cosh Pk .
N—oco CN H1 2

L

This symmetric expression is even in every eigenvalue of k£ and therefore does not by itself
retain the normal-ordering convention fixed by the Hamiltonian trace. Indeed,

k
1%1L + e Pk = 2¢7Pk/2 cosh <52> ,

and hence . "
—2Tr k
det(1H1 + efﬁk) =292 7M. " det cosh <B> )
Hy o L M 2

The symmetric determinant is naturally associated, up to the parameter-independent factor
2~ with the particle-hole-centered many-body Hamiltonian

. 1
Kyym = dD(K) = 5 Ty (k) 1.

If {eA}¢_, are the eigenvalues of k, then

d
1
Ksym = ZEA (n)\ - 2) )
A=1
and therefore

d
Trr, e Alsym — 9d )[[lcosh (ﬂ?) .
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Its ground-state energy is
d
1
B =5 leal
A=1

By contrast, for the normal-ordered many-body Hamiltonian
K = dI'(k),

one has

EGS == Z EN-

A:ex<0
The normalization compatible with the operator trace is therefore

E
Trys k

op - 9—d, 2 sym
Cy =2 % Cy -

Combining the preceding identities gives

(N)

. By, L —Bk —BdI(k
i, B = det(Lyy + € = e, €200,

Thus the continuous-time fermionic functional integral must be understood as an appropriately
normalized limit of finite-dimensional Grassmann integrals. The discrete-time coherent-state
construction selects the normalization compatible with the normal-ordered Hamiltonian and
removes the ambiguity contained in the formal infinite product over Matsubara frequencies.

For 0 < ¢t < (3, using the path-integral representation together with Equation (7), the two-
point function can be written as:

N
(Tsaz ()ay (0)), ,, = 3 Jim_ > et w1+ h— ], (42)
n=—N-1

The symmetric limit is understood away from the discontinuity. At ¢ = 0 the value depends

on the chosen one-sided prescription, consistently with Equation (38).



Chapter 3

Reflection Positivity for Fermionic Lattice
Systems

Reflection positivity is a positivity condition for a pairing between observables supported in two
complementary halves of a system related by a geometric reflection. This chapter is expository: no
independent new reflection-positivity theorem is claimed. Its contribution is a unified, thesis-specific
formulation of the Euclidean Grassmann and Hamiltonian CAR settings, in which the different
fermionic sign conventions and their roles in the reflected pairings are made explicit. The discussion
uses the two complementary frameworks introduced in the preceding chapter and recalls only the
geometric, algebraic, and functional-analytic structures needed for the applications developed below.

The first is the Fuclidean, or Lagrangian, formulation. It is defined on the Euclidean space—time
lattice I'y,, and its algebra of observables is generated by fields supported on I'f,. Ordinary classical
fields generate a commutative algebra, whereas fermionic fields generate a Grassmann algebra whose
homogeneous elements supercommute according to their parity. The corresponding functionals are
defined by integration against a Gibbs measure in the former case and by a Grassmann integral in the
latter (see Subsection 2.1.1). When the resulting model is studied as a problem in classical statistical
mechanics or Euclidean field theory, no coordinate of I'f, need be distinguished as the time direction.

The second is the Hamiltonian, or operator-algebraic, formulation. Its underlying geometry is
the spatial lattice Ap, and its observables belong to a local operator algebra. In quantum-spin
systems, local algebras associated with disjoint subsets of A7, commute. In fermionic systems, local-
ity is instead graded: homogeneous elements of disjoint CAR subalgebras supercommute, so that
two odd elements anticommute, whereas an even element commutes with every observable having
disjoint support (see Subsection 2.2.3). Expectations are given by states or trace functionals on the
operator algebra, as in Equation (36). Quantum-spin systems will be mentioned only as the un-
graded operator-algebraic counterpart of CAR systems, since the Hamiltonian part of this chapter
is concerned specifically with fermionic operator algebras. For background on reflection positivity
in quantum-spin systems, see [DLS78; Tas20; BU22|.

In both formulations, a reflection exchanges two half-lattices and induces a map between the cor-
responding spaces of local observables. Reflection positivity requires the resulting reflected pairing
to define a positive semidefinite sesquilinear form and therefore implies a Cauchy—Schwarz inequal-
ity. In commutative classical systems and quantum-spin systems, the two half-algebras commute,
and the reflected pairing is constructed using the ordinary product. Fermionic systems require
additional algebraic care. For Grassmann fields, the relevant signs are incorporated into the anti-

75



76 CHAPTER 3. REFLECTION POSITIVITY FOR FERMIONIC SYSTEMS

multiplicative Euclidean conjugation, the ordering of the generators, and the orientation of the
Grassmann integral. For CAR algebras, disjoint odd observables anticommute, and the reflected
pairing must consequently be formulated either on the even half-algebra or by means of an explicitly
twisted product.

The distinction between the Euclidean and Hamiltonian formulations should not be confused
with the distinction between two different uses of reflection positivity. Historically, the concept arose
in the Osterwalder—Schrader axiomatization of Euclidean quantum field theory [OS73a; OS73b;
FOT74; OS75; OS78|. In that setting, one Euclidean coordinate is interpreted as imaginary time,
and reflection positivity with respect to this distinguished direction is one of the ingredients used to
reconstruct a Hilbert space, a non-negative Hamiltonian, and the corresponding real-time dynamics.
This construction provides the conceptual converse to the coherent-state derivation of the preceding
chapter, which associates a Euclidean Grassmann functional with a given quantum Hamiltonian. We
recall this connection only briefly, since the reconstruction theorem itself is not needed in this thesis.

Here reflection positivity is used primarily as a statistical-mechanical tool. In the Euclidean
formulation, the functional defines a model on the full lattice I';, and reflections may be used in
every coordinate direction for which the action is reflection positive. In the Hamiltonian formu-
lation, reflections are defined directly on the spatial lattice Ay and its operator algebra and may
likewise be applied in every admissible spatial direction. These constructions are not obtained
from one another through Osterwalder—Schrader reconstruction; rather, they are distinct algebraic
implementations of the same reflection-and-inequality strategy. The statistical-mechanical use of
reflection positivity was pioneered by Fr'"ohlich, Simon, and Spencer in their infrared-bound proof
of phase transitions and continuous-symmetry breaking [F'SS76]. Fr"ohlich, Israel, Lieb, and Simon
subsequently systematized reflection positivity, infrared bounds, and chessboard estimates for lat-
tice systems [Fro-+78; Fro+80]. We shall not discuss Gaussian domination or the associated infrared
bounds, which form another major application of reflection positivity and provide a standard route
to proving spontaneous symmetry breaking of continuous symmetries. Recent applications and ex-
tensions of infrared-bound methods to fermionic systems can be found in [GK23; GK25].

Accordingly, after briefly recalling the Osterwalder—Schrader origin of the method, we develop
the two fermionic formulations separately and then discuss reflection inequalities and their prin-
cipal statistical-mechanical consequence used in this thesis, namely chessboard estimates. The
Osterwalder—Schrader discussion and its lattice transfer-matrix version in Section 3.1 and Subsec-
tion 3.1.2 follow [OS73a; OS73b; OS75; FO74]. The abstract reflected pairing, Cauchy—Schwarz in-
equality, and dissemination mechanism developed in Section 3.2 synthesize the statistical-mechanical
framework of [FSS76; Fro+78; Fro+80; FV17]. The Euclidean Grassmann reflection and action cri-
terion in Subsections 3.3.1 and 3.3.2 adapt the framework of [OS78|. The Hamiltonian charged-CAR
formulation, reflection inequality, and chessboard argument in Section 3.4, Subsection 3.4.1 and Sub-
section 3.4.2 follow [Lie94; MN96; Tas20]!. Finally, the flux theorem and its comparison with the
Majorana formalism are reviewed in Subsection 3.4.3 and Subsection 3.4.4, with the latter based
on [JP15; JJ16].

1[Fré')fé%()] sketches a fermionic application, but the particular transformation used there does not put the hop-
ping Hamiltonian in reflection-positive form. As pointed out explicitly in [MNO96], the hopping terms on the right
half acquire the opposite sign from those on the left. The Hamiltonian treatment developed here instead uses the
framework of Lieb [Lie94] together with the systematic Jordan—Wigner-type, particle-hole, and gauge transformation
of Macris—Nachtergaele [MN96]; none of the subsequent arguments relies on the problematic step in [Fro-+80].
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Within this general framework, the Euclidean action criterion is presented in the anti-multiplicative
Grassmann convention used in the joint work [FG26|, while the Hamiltonian reflection inequality
and chessboard symmetrization are stated in precisely the form required in the joint works [GP26;
BGP26|. These formulations are adaptations and technical preparations for the original applications
developed in Chapter 4, Chapter 6 and Chapter 7.
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3.1 Osterwalder—Schrader positivity and transfer matrices

3.1.1 Continuum formulation

Let 2 = (wg,x) € R x R? be a point of Euclidean space and 9% the reflection of the Euclidean-time

coordinate
9% (z0, ) = (—z0, ).

Let &4 be the algebra generated by fields smeared with test functions supported in the positive-
time half-space xg > 0. The geometric reflection, combined with complex conjugation, induces an
antilinear map ©Y from &, to the algebra associated with the negative-time half-space.

The Euclidean n-point correlation functions, conventionally called Schwinger functions, are the
moments of a Euclidean Schwinger functional Sg. For a scalar field, for instance, they are given
schematically by

Sn(fla .- vfn) = SE(CI)(fl) : q’(fn))

When the Euclidean theory admits a quantum interpretation, its Schwinger functions coincide with
the imaginary-time-ordered correlation functions of the corresponding quantum theory discussed
eg. in Subsection 2.2.7. Intrinsically, however, they are Euclidean correlation functions and can be
defined independently of whether a quantum reconstruction is available.

The Schwinger functional satisfies Osterwalder—Schrader positivity if

Se(O%(F)F) >0, Fe&,. (1)
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In the fermionic case, the notation in Equation (1) is understood with the appropriate Euclidean
conjugation and graded ordering which were already identified in the original formulation of Eu-
clidean Fermi fields [OS73b; FO74].

Osterwalder—Schrader positivity does not require the Schwinger functions, or their integral ker-
nels, to be non-negative pointwise. In general, such a requirement would not even be well posed,
since Schwinger functions may be distributions or may carry internal and spinorial indices. Rather,
Equation (1) is a quadratic positivity condition obtained after reflecting and smearing the field

insertions. Equivalently, for every finite family Fi, ..., F,, € &4, the matrix
(Se(O%(F)F));_, (2)

is positive semidefinite. Indeed, applying Equation (1) to F' =Y, ¢;F;, gives

> @icj, Su(O%(F)F;) > 0.

1,j=1

Individual off-diagonal entries of Equation (2) need not be non-negative; positivity concerns the
associated quadratic form. Consequently,

(F,G)os = Se(On(F)G)

defines a positive semidefinite sesquilinear form on £;. Quotienting £, by the corresponding null
space and completing the quotient yields the Osterwalder—Schrader Hilbert space Hog. Under
the remaining Osterwalder—Schrader assumptions, positive Euclidean-time translations induce a
strongly continuous contraction semigroup e~*0s for ¢ > 0, whose generator Hog is non-negative.
Reflection positivity therefore converts reflection in Euclidean time into Hilbert-space positivity and
provides one of the fundamental ingredients in the reconstruction of the corresponding quantum
theory [OS73a; OS75]. We shall not need the full reconstruction theorem; only this structural
relation between the reflected Euclidean pairing and the quantum inner product will be relevant.

3.1.2 Lattice formulation and the transfer matrix

The same mechanism has a direct lattice counterpart. Write the temporal coordinate in lattice
units as

xo GTZ/BZ, B:NTT7

where N is the number of temporal slices and 7 is the temporal lattice spacing. Reflection through
the hyperplane lying between the slices xp = 0 and zg = 1 is given by

% (z0, ) = (( — 29) mod B, x). (3)

For even N, this reflection exchanges two disjoint temporal halves of the Euclidean lattice.

Suppose that the action is local in the temporal direction and admits a transfer-matrix repre-
sentation meaning that the Euclidean partition function can then be written as

Zg = Try, TV, (4)

where T is some operator that evolves the system by one temporal lattice spacing. Under the
standard transfer-matrix hypotheses, reflection invariance gives self-adjointness of 7, while reflection
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positivity across the intervening hyperplane implies 7 > 0. This is the operator-theoretic content
of reflection positivity in the temporal direction. If 7 has trivial kernel, one may define

1
Hy =—=logT.
T
The operator Hy, is self-adjoint and bounded from below, and Equation (4) becomes
Zg = Try,, e M. (5)

Thus, the Euclidean partition function is identified with the thermal partition function of the re-
constructed Hamiltonian system. Multiplying 7 by a positive scalar amounts to adding a constant
to Hiy. One may therefore shift the zero of the energy so that Hy, > 0; this changes the partition

function only by an overall factor and leaves normalized correlation functions unchanged.

The reflected pairing also has a direct transfer-matrix interpretation. An observable F' sup-
ported in one temporal half determines an operator Br on Hi, obtained by composing its field
insertions with the appropriate powers of 7. Temporal reflection reverses the order of the insertions
and replaces them by their adjoints. After absorbing the transfer factors into Bp, one obtains

schematically
1

E ZE

The lattice Osterwalder—Schrader condition is therefore the Euclidean representation of an ordinary

(O%(F)F) Try,, (BpBr) > 0. (6)

positive operator pairing. In the fermionic case, the Euclidean conjugation and the graded signs are
precisely what is needed for the reflected Grassmann expression to reproduce the adjoint B7..

The converse construction was discussed in the preceding chapter. Starting from a self-adjoint
grand-canonical generator H — 1N, one has the positive one-step operator

T, = ¢ TH-#N)

and hence
ZB,M,L =Trr 7;NT =Trr €_BK. (7)

As shown in the preceding chapter, inserting fermionic coherent-state resolutions of the identity
between the factors of T converts this trace into a finite-dimensional Grassmann integral with the
discretized action given in Equation (41). The antiperiodic temporal boundary condition originates
from the trace in Equation (7), while the orientation of the Grassmann integral and the ordering
of the Grassmann variables encode the corresponding fermionic signs. In particular, the temporal
Grassmann reflection cannot in general be obtained by simply copying the spatial CAR reflection:
its precise form depends on the coherent-state conventions and on the lattice Dirac operator.

This discussion explains the Osterwalder—Schrader origin of reflection positivity and its relation
to the Euclidean representation of a quantum partition function. From the next section onward,
reflection positivity will instead be treated directly as a positivity property of lattice functionals
and used to derive statistical-mechanical inequalities.

3.2 General Structure of Reflection Positivity

We now turn to the statistical-mechanical formulation of reflection positivity. The settings consid-
ered below are organized by two independent distinctions: whether the observables are Euclidean
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Figure 3.1: Graphical representation of the cut torus ((© Davide Morgante)

fields or Hamiltonian operators, and whether their local algebra is ungraded or Zs-graded. This
gives the four realizations:

‘ Euclidean/Lagrangian ‘ Hamiltonian/operator-algebraic

ungraded | classical Gibbs Reflection Positivity | quantum-spin Reflection Positivity
Zo-graded | Grassmann Reflection Positivity CAR Reflection Positivity.
The two columns correspond to different realizations of locality, while the two rows distinguish

ordinary locality from graded locality. Despite these algebraic differences, all four cases implement
the same geometric reflection and inequality mechanism.

Let X denote either the Euclidean lattice I'y, or the spatial lattice Ay, and let ¥ : X — X be a
fixed-point-free reflection (see Figure 3.1) such as the reflection between vertices of X. Thus

X=X, UX_, 99Xy =X_, ¢ =id (8)

On a torus the reflection has two interfaces, therefore the boundary conditions and all terms crossing
both interfaces must therefore be included when reflection positivity is checked.

Denote by B the spaces of observables supported in X. In all the applications below, geometric
reflection induces an antilinear bijective involution

©: By — B (9)

So far we have not required any compatibility between the reflection operation © on the alge-
bras and their multiplicative structure: this point is essential. For classical observables and for the
operator algebras used for quantum spins and CAR fermions, the reflections usually chosen are mul-
tiplicative. The Euclidean conjugation used for Grassmann fields is instead an anti-homomorphism?.

*Notice, however, that a bijective (actually surjectivity is sufficient) antimorphism preserves the identity of the
algebra. Indeed, we have that ©(1) is both a left and a right identity on the image of O:

O(A) = O(14) = O(A)O(1)  O(A) = ©(A1) = O(1)0(A) VA € B,

Therefore if © is surjective, by unicity of the identity in an algebra we can conclude.
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Consequently, there is no model-independent algebraic expression that can be denoted by “the re-
flected square” before these conventions have been specified.

For each of these realizations, the reflection and the product between opposite half-algebras are
chosen (when possible) to define a normalized sesquilinear pairing

<A7B>9,UJ ZW(G(A) OB)7 AaB € B+7 (10)
where w is the relevant normalized expectation functional and o denotes the reflected product
appropriate to the setting under consideration.

Remark 25. If the reflected product is bilinear, antilinearity of © and the linearity of w imply
sesquilinearity:

(A+AB,CYo.w = (A,C)ou + MB,C)ow (11)

)

<C,A+)\B>@,w = <C, A>@7w+)\<C, B>@7w. (12)
Furthermore for normalized functionals w(1) = 1, since ©(1x, ) = 1x_:

(14,1)0, = 1.

In commutative and quantum-spin systems one simply has O(A) o B = ©(A)B. We shall use
the same notation in the Grassmann setting: there the fermionic signs are encoded in the anti-
multiplicative Euclidean conjugation, in the ordering of the generators, and in the orientation of
the Grassmann integral, rather than in an additional phase in the displayed product. For CAR
algebras, by contrast, the reflection is multiplicative and the product o must explicitly take the
grading into account (see [JP15]). However, it is worth stressing that the graded product o reduces
to the ordinary product for even observables.

Definition 30 (Reflection Positivity). The functional w is Reflection Positive, with respect to the
specified reflection and reflected product, if it is

1. Hermitian:

(A,B)ow = (B,A)g for every A, B € B (13)

,w

2. Positive Semi-Definite:

(A, A)ow >0 for every A € By. (14)

Remark 26. The hermiticity property in Equation (13) actually follows from sesquilinearity and
Equation (14). Since:

(A+ B, A+ B>9,w = (4, A>@,w + (A, B)@yw + (B, A>@’w + (B, B>@,w >0
<A + ZB>A + iB>@,w = <A7 A>@,w + Z<A7 B>@,w - ’L<Ba A>@,w + <B> B>@,w >0

it holds that both:
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<A7 B)@,w + <B, A>®,w eR <A7 B)@,w - <B, A>®,w eR
Therefore, by setting (A4, B)o ., = = + iy and (B, A)g = a + ib, we have:

r4+iy+a+ibeR=—=y+b=0 ir—y—ta+beER=2—-0a=0

so that:

(A,B)ew =z + 1y and (B,A)ow =2 —1y

Once the two conditions hold, the following consequences are independent of how the pairing
was constructed.

Lemma 31 (Reflected Cauchy—Schwarz inequality). For A, B € B,
(A, Blou|” < (4, A)6.u(B, Blo.u. (15)

Remark 27. From Equation (15), it follows that if (A4, A)e. = 0, then (A, B)g, = 0 for every
B € B,. Therefore, the set
Now={AeB;:(A Ao, =0}

is a linear subspace. The quotient By /Ng,, carries a positive definite inner product and its com-
pletion He, is an Hilbert Space.

The reflected Cauchy—Schwarz inequality in Equation (15) is a consequence of Reflection Posi-
tivity with respect to a single reflection. Chessboard estimates require instead a compatible family
of reflections and a precise procedure for transporting local observables across the lattice. We briefly
describe the standard block formulation; see, for example, [FV17].

Suppose we can divide our lattice X in blocks Qp of size B such that 2B divides the length of
the lattice L as in Figure 3.2.

>>
>>

QB

>
Figure 3.2: Division of the lattice X with blocks Qp with B=2 and L =4

= 74

Introduce the reference block Qp = {0,..., B — 1} and the block-index torus T¢ 1B

L/B
The torus then decomposes into the disjoint union

X = |_| QL. t, = Qp + Bt.

d
teTd g

The total number of blocks is therefore

. L\*
No =10/ = () -



3.2. GENERAL STRUCTURE OF REFLECTION POSITIVITY 83

— |~ | = | ~
S P B
~ | = | = | ~
—~ | = |~ | =
~ | = | = | ~
—~ | = |~ | =
~ | | = |~

Figure 3.3: Successive reflections transport the local function f from the block Qg to the block indexed by t. The shaded cells
indicate one possible path of reflections. From [FV17, Figure 10.3]

An observable f is called Qp-local if it is supported in the reference block Qp. For each t € ']I‘dL /B
its reflected copy in Q% is defined as follows. Choose a nearest-neighbor path

0=tg,t1,...,tp =1

in the block-index torus, and let ©; denote the reflection through the bond hyperplane separating
the adjacent blocks Q%‘l and Q%. We set

f[t] = Opo0---001(f).

where o denotes the composition of functions. For the standard coordinate reflections, the as-
sumption that L/B is even ensures that this definition is independent of the chosen admissible path.
More generally, path independence must be included among the compatibility requirements imposed
on the reflection maps. Notice that fI is supported in Ql;, but it need not be a simple translate of
f: depending on ¢, the orientation of the observable inside the block may be reversed (see Figure 3.3).

The Gibbs functional is called B-periodic if it is invariant under translations by one block,
(TBe,; (A)) = (A), j=1,....d.

Assume that it is B-periodic and Reflection Positive with respect to every bond reflection separating
two neighboring layers of blocks. Then, for any family of Qp-local observables { ft}teTCLl/B7 which

are either all bounded or all non-negative, the chessboard estimate states that

< 11 ft[”> S| < 11 fF}>1/NB. (16)

teTe teTd s€T4

/B L/B L/B

Each factor on the right-hand side is non-negative. It is obtained by placing the same block ob-
servable f;, with the appropriate reflected orientation, in every block of the torus. This operation
is usually called the dissemination of f;.

The proof consists of repeated applications of the reflected Cauchy—Schwarz inequality in Equa-
tion (15). At each step, the observables in one half of the torus are reflected into the other half.
Iterating over the relevant bond hyperplanes and coordinate directions eventually replaces every
local insertion by a configuration in which that insertion occupies all blocks. Consequently, the
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chessboard estimate is not a consequence of Reflection Positivity with respect to one fixed plane: it
uses Reflection Positivity for the entire family of block-reflection planes, block periodicity, and the
consistency of the transport maps.

Remark 28. In a graded system, Equation (16) applies in this form to even block observables,
since reflected copies with disjoint supports can then be reordered without producing signs. For odd
insertions, the ordinary product in the preceding formulas is not intrinsically defined independently
of its ordering. One must instead prescribe a graded ordering, track the signs produced by every
reflection, or formulate the estimate using an appropriate twisted product. None of this structures
will be needed in this thesis.

In the remainder of this chapter, the Grassmann and CAR realizations of these structures will
be developed systematically, while commutative classical systems and quantum-spin systems will
serve as ungraded reference cases.

3.3 Euclidean Reflection Positivity

3.3.1 Euclidean Reflections and Reversal of Products

Throughout this section, ¥, denotes a geometric reflection of the Euclidean lattice and ©,, its an-
tilinear action on fields and observables. The subscripts E and H will be restored only when the
Euclidean and Hamiltonian formulations are compared explicitly.

Let I';, be a Euclidean lattice and let ¥, be a reflection through a bond hyperplane orthogonal
to the coordinate direction v which gives the following decomposition:

I, =T;ur;, 9,(If)y=T7. (17)

Definition 32. Let (G4)+ be the Grassmann algebras generated by v, ; and 1, ; with = € F:Lt
respectively. The reflection (anti-)morphism is an involutive antilinear map:

@,, : (GA):I: — (GA>:F

defined on the generators as:

Oy (Va,s) =D (Au(@)) s Yo, ()0

J/
Oy (Pa,1) = Y Yy, (@), (Bul@)) 01, (18)
J/

for some |J| x |J| complex matrices A, and B, chosen so that ©2 = id3, and then extended as an
anti-homomorphism to the whole algebra:

0,(FG) = 6,(G)0,(F). (19)

Remark 29.

3Such condition can be easily recasted as two matrix equations:
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1. The action of reflection on the generators is model dependent.

2. ©, preserves Grassmann parity:

o, ((gA)j:ven/odd) _ (gA)fFven/odd

where we have denoted with (G A)j:en/odd

the right/left half-space algebra.

respectively denote the even and odd subspaces of

3. For a monomial of m odd generators,

Ou(91- - 9m) = Oulgm) ---Ou(g1). (20)

Reordering the right-hand side back to the original order gives a sign (—1)m(m_1)/2. In the
convention of Equation (19), this order reversal is precisely what makes the action criterion
below work without introducing the phase used in the twisted CAR product.

4. Generally one requires that @V(@J;’Ji/}x,‘]) = @ﬁy(x),Jwﬁy(x),Ja which imposes that 4, = B 1.
In the following, we will always deal with reflections that preserves this property.
3.3.2 The Action Criterion for a Reflection Positive Grassmann Measure

A Grassmann integral is not a positive functional in the sense that it maps positive elements of
the algebra into positive numbers?. Reflection positivity is instead a positivity property of the
complex-valued linear functional obtained by integrating reflected products of the form ©(F)F. We
can factor the flat Grassmann measure (di) dip) 4 (defined in Subsection 2.1.1) into two half-space
measures dv™, as:

dve = [] [ d¥e.s dipas such that (ddip)a = dvdy™

CIJGF% JEJ

We define the reflected measure ©(dry) as a "push-forward":

VG+ € Ga+ /@(dl/i)G:F = /dV:t@(G:F). (21)
Proposition 33. The following hold true:
1. O(dvy) = dvs

2. The quadratic form:

AB) = [0 0B YA BE G

is reflection positive

Proof.

4There is no non-trivial intrinsic notion of positivity on a Grassmann algebra analogous to the positive cone of a
C*-algebra. Indeed, with the natural involution one has

V=9, gy =P = ($)Y.

Thus a non-zero even element and its negative are both algebraic sums of squares. Consequently, the corresponding
cone is not proper, and every ordinary positive functional must annihilate the nilpotent Grassmann ideal.
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1. First, let us notice that we can restrict Equation (21) to observables of the form:

Gi = H Hax,Lﬂ/}m,J‘

+
z€l'y J

If G is not top degree, Equation (21) is trivially true as both sides of the equation are vanishing.

Recalling Item 4 of Remark 29, we have:

G(Gﬂ:) = G??

therefore:

/@(dyi)aqc = /din(GJF) = /duiGi =1

2. The quadratic form is clearly sesquilinear (recall Remark 25) and positive semi-definite:

2

/ (dfdi) 40(A) A = / dv_dv, O(A)A = ‘ / A Al AcGa,

The following proposition gives the sufficient condition on the exponent that will be used in the

Euclidean fermionic applications.

Proposition 34 (Euclidean Grassmann action criterion). Suppose that the even element —S €

(GA)+ admits the decomposition

~S=B+0O(B)+ Y C.,0(Cy),

weN

where ) is finite and
B e (G4)&", C, € (GA)idd, w € Q.

Then, for every F' € (G4)3",
/(d& dip) A O(F)F e > 0.

Remark 30. If°
2= [(@pdvaes >0,

then the normalized expectation
1 = _s
(F) = 7 (dipdip)aFe
is Reflection Positive on (G4)9", namely

(O(F)F) >0,  Fe(Ga)s™.

®Note that, if we assume that the unnormalized expectation value is Reflection Positive, Z > 0.

(22)

(23)

(24)
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Proof. Since:

Or) — 3 @(j)” i e(Z BT) — 0(cP),
: n. >0 n.

we are left with proving that:

/dy+du_eB+@(B)+Zw COC)g(FYF = /du+eB/dV_®(eB)eZw CuOC)Q(F)F > 0.
Expanding the mixed term, we find that

1 w W w w
eZwa@(Cw) :ZE Z C 1@(0 1)...C n@(C n)

n>0 'wl “Wn

_Z n(n 1) Z Cwl..-Cw"@(Cwl)"'@(Cw”)
= n! W1t

B Z ‘ n(n 1) Z C-..CUne(CYn - - C¥)
n>0n wimwn

YL Y onmeen oo
n>0 'wl “Wn

Thus:

/ dv, dy_BHOBIYE, .0

Z Z /dz/+eBC"“1- -C¥nF'x

n>0 n! w1 Wn

X /du@(eBCwl--.cwnF).

Due to Equation (21), we have

2

/du+dy_eB+®(B)+Zw COC)g(F)F = ‘/du,.eBC"‘” - C¥Fl > 0.

Usually even terms of the action S supported entirely in the two separate half-lattices are
included in B + ©(B). The substantive condition concerns the terms crossing the reflection plane:
they must admit a decomposition as a sum of C,0(C,,), with each C,, odd and positive coefficient.
The same argument applies when the Grassmann variables are coupled to commuting fields (see
Section 4.2 for details), provided that the commuting integration measure and all local even weights
factorize over the each half-spacetime lattice and are exchanged by the reflection. This is the
form used for the auxiliary-field representation of the Euclidean Gross—Neveu models. For each
a € {NN, SN, SP}, the corresponding fermionic exponent is decomposed as

Ko =Bao+0(Ba)+ Y CO(CY),  with By € (GA)T™,  C%e(Ga)Y™  (28)
wEN

The verification of this decomposition depends on the chosen Dirac operator and crucially on the
choice of antiperiodic boundary conditions. These model-dependent checks, together with the proof
of reflection positivity for the resulting bosonic measures, are carried out in detail in Chapter 4.
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3.4 Hamiltonian Reflection Positivity for Fermions

We now turn to the Hamiltonian formulation of reflection positivity for fermionic systems. The
observables now belong to the CAR algebra over the spatial lattice Ap. The fermionic signs arising
under reflection are organized in different way compared to the Euclidean case (see Remark 32).
Since the applications in this thesis use the formulation introduced by Lieb in the proof of the flux-
phase theorem [Lie94|, we take that formulation as our main framework. A more general treatment
in terms of Majorana generators will be metioned briefly at the end of the section.

3.4.1 Lieb’s Reflection Inequality

Let A be a finite spatial lattice and let 9 be a reflection through a bond hyperplane that decomposes
it into two disjoint halves,

A=A, UAT  9(A])=A;

Let A4 and A_ be the CAR subalgebras generated by the fermionic creation and annihilation
operators supported in the two halves.

Definition 35 (Reflection Operator). Let R be a unitary implementation of the geometric reflection
and let 7 implement particle-hole conjugation:

* +5 _ _+ * +__ _F
RaxR—aﬁ(x), Tay T =a,.

Lieb’s reflection is the antilinear involution defined on generators by:

@ : A:t — .A$
+ *_x _+ (29)
ay — R'77a; 7R = aj(x),
and then extended as an antilinear morphism on the whole algebra:
O(AB) =0©(A4)O(B). (30)

Remark 31.
1. By construction © preserves each parity sector, i.e. @(Ai’en/ Odd) = Ai’en/ odd
2. The operator order is preserved by the action of ©. This is different from the Euclidean
Grassmann convention used in Subsection 3.3.1, where the reflected conjugation reverses the
+ —

a

order of products. Notice that because of this convention the local number operator n, = a; a;

transforms as

O(ns) = 0(a;)0(a; ) = g, @,y =1 — Ny(a).

3. The action on an intra-half hopping term contains an additional sign. For distinct z,y € AT,

Olagay) = ay0)85(,) = ~5() o) (31)

This minus sign is the mechanism that produces the canonical flux under successive spatial
reflections.
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Consider the free Hamiltonian at half filling at u(z) = 0° introduced in Example 16-Item 1 for
d > 2. Then it can be written in the form:

H=H,+ H_+ Hiy, (32)

where H_ € A_ and H; € A, are even and self-adjoint. After a Gauge transformation, the hopping
amplitudes on the bonds crossing P can be set to 1

(@0 (x)): (@i (@)):
:EEAZ xGAZ
d(z)EA] d(x)eA,

The two summands transfer one particle across the reflection plane in opposite directions, and
both occur with a non-negative coefficient once the explicit minus sign in the second monomial is
retained. Certain classes of interaction can be taken into account as long as they respect reflection
positivity requirements. The simplest case is the on-site Hubbard-Interaction introduced in Equa-
tion (18) and the staggered mass term studied in Chapter 7 .

The notation
ZEZ’L(H_’ H+) =Trr, <(i1)N€75(H—+H++Him)> ,

will be used for the ordinary and parity-twisted traces, respectively. They should not be confused
with the partition functions projected onto the even and odd parity sectors, which are instead

1 _ 1 _
Zon=5 (2504 251),  Zowa=35 (28— Z51)-
Lemma 36 (Lieb’s Reflection Inequality). Assume that H_ and Hy are even, self-adjoint, and

number-conserving, and that H;y, has the form in Equation (33). Then, for every 5 >0,
+ 2 + +
|25, (H )| < 25, (H - 0(H.)) ZE (O(H,), Hy). (34)

Proof. We recall the argument because it shows precisely how the signs of the charged fermions are
handled. Introduce the Trotter approximation

M

T = [(1 — ]@Him) e_léfHe_lefH*} . (35)

Since the system is finite dimensional, Tay — e #H in norm as M — oco. At fixed M, expansion of
the crossing factors gives a finite sum of operator monomials.

The factors e PH-/M and e BH+/M are even. All left-half operators can therefore be moved to
the left and all right-half operators to the right without signs coming from the half-Hamiltonians.
A term has a non-zero trace only if the number of particle transfers from left to right equals the
number of transfers from right to left. Denote this common number by m. The term then contains
2m crossing monomials. Separating their left and right odd factors requires

O+1+---+2m—-1)=m(2m—1)

50ne can easily prove that such class of hamiltonians are unitarily conjugated to minus themself, therefore they
have a spectrum of the form (—A, \). Setting the chemical potential to zero, enforces the half-filling condition at zero
temperature.



90 CHAPTER 3. REFLECTION POSITIVITY FOR FERMIONIC SYSTEMS

fermionic transpositions and hence produces (—1)™(2m=1) = (—1)"™. The m monomials describing
transfer in the opposite direction carry the explicit minus sign displayed in Equation (33). Their
product contributes another factor (—1)™. The two signs cancel:

(_1)m(2m71)(_1)m _ (_1)2m2 — 1

Every non-vanishing term can therefore be written with a non-negative coefficient as X, X, where

both half-space factors are even.

The trace consequently factorizes over the two half Fock spaces, and the Trotterized partition

function takes the form
Z5p(Ho Hy) = anAi )BE(HL),  ca>0.
The antilinearity of © identifies the complex conjugate of a left-half amplitude with the correspond-
ing amplitude of the reflected right half. For the parity-twisted trace, the same statement follows
from:
O(—1)Y-) = (~1)Al N = (Arl ()N = (1),
where the last equality hold since L is even. Applying the Cauchy—Schwarz inequality to the

sum over o gives

’ZEL;M(H—vH”‘Q = <Z Ca \Ai(H—)F) <Z Ca \B§<H+)}2> :

(0% (0%
Reversing the preceding factorization identifies the two factors on the right with the Trotter approx-
imations of ZEL(H,, ©(H_)) and Z;L(@(HQ, H.). Taking M — oo proves Equation (34). [

Remark 32.

1. The centered density ¢, = n, — % is odd under the reflection ©(qz) = —qy(s), therefore the
partition function of any particle-hole symmetric Hamiltonian with non-vanishing chemical
potential p is not Reflection Positive. In particular there is on open conjecture which states
that in a 1/p-filled electron band, the optimal flux is 27 /p, which cannot be tackled for example
with reflection positivity methods.

2. The difference between the Fuclidean and Hamiltonian fermionic arguments is not exhausted
by the anti-multiplicativity or multiplicativity of the reflection. In the Euclidean models,
the two oriented terms of the anti-self-adjoint Dirac operator acquire the same sign after the
Grassmann variables are reordered and can therefore be written as reflected squares. On the
torus, however, the second interface carries the opposite sign: the antiperiodic Zs-holonomy
compensates this mismatch (see Section 4.2). The anti-multiplicativity of the Euclidean con-
jugation then guarantees that arbitrary products of crossing terms factorize without residual

Koszul signs.

In Lieb’s Hamiltonian argument, the two oppositely oriented hopping operators arise instead
as the two adjoint components of a self-adjoint Hamiltonian. Once both terms are written with
the left-half operator first, they carry opposite signs. Particle-number conservation implies
that every non-vanishing contribution to the trace contains the two hopping directions with
equal multiplicity. The resulting explicit sign cancels exactly the CAR sign produced by sepa-
rating the left and right factors. Thus Lieb’s multiplicative reflection relies on self-adjointness,
charge conservation, and trace factorization; it is not a general untwisted Reflection-Positivity
criterion for CAR Hamiltonians.
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3.4.2 The Abstract Chessboard Argument

The Reflection Inequality compares an arbitrary configuration with the two configurations obtained
by replacing one half by the reflected copy of the other. Iterating this operation disseminates a
local pattern throughout the lattice. The combinatorial content of the iteration is isolated by the
following lemma, adapted from [Tas20, Lemma 4.5].

Lemma 37 (Abstract chessboard symmetrization). Let X be a set and let F : X*" — R satisfy
cyclicity,

F(fi,..., fan) = F(fon, f1, - s fon-1), (36)

and the reflection bound

F(flv"‘7fn7fn+17"'7f2n) > %F(fla"'vfnvfna"'afl)_‘_%F(fén?'"afn+1afn+17"'af2n)'

Then
1 2n
F(fisos fon) > %Zlﬂfj,...,fj). (37)
]:
Proof. Set
2n
. 1
G(fr,- o fom) = F(fro o fon) = 52 D F(Fjn o fi): (38)
j=1
The function G satisfies the same cyclicity and reflection bound. Fix fi,..., fo, and minimize G
over the finite set of all strings whose entries are chosen from these 2n elements. If (g1, ..., g2,) is a

minimizing string, both reflected strings on the right-hand side of Equation (36) must also minimize
G. By cyclicity, one of them can be chosen with its first two entries equal to g;. Repeating the
argument makes successively four, eight, and eventually all entries equal to g;. Since G(g1,...,91) =
0, the minimum is zero. Hence G > 0, which is Equation (37). |

To apply the lemma to partition functions, incorporate the action of © into the definition of an
oriented layer datum and set

F(fla"')on)i_IOgZ(flw"?an)a (39)

whenever Z > 0. Lieb’s inequality gives Equation (36), while translation invariance gives cyclicity.
Exponentiating Equation (37) yields

2n
Z(fla"'vaTL) < HZ(fj#)l/(Qn)v (40)

j=1

where fj# denotes the pattern obtained by disseminating f; by successive reflections. Applying
Equation (40) successively in every coordinate direction gives the usual multidimensional chess-
board estimate. In a fermionic Gauge problem the copies appearing in f]# are reflected copies as it
will be discussed in Lemma 70.
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3.4.3 The m-Flux Theorem

Let us now discuss the key consequence of the bound in Equation (34), discovered in [Lie94]. Let:
Z* (o) = Z5 (H(0)) . (41)

As discussed in Example 12-Item 2, the partition function only depends on the fluxes enclosed by
the plaquettes, and by the non-contractible loops. In particular, without loss of generality we can
assume that Equation (33) holds. Let us denote by:
ZF = max Z% (o) , (42)
fluxes

where the maximization is over the fluxes over all plaquettes and over the non-contractible cycles.
The next result proves the optimality of the m-flux phase.

Theorem 38 (Optimality of the w-flux phase). Under the same assumptions of Lemma 56, the

following is true:
Z: =7%(ox) (43)

where o, is a gauge field configuration realizing the w-fluz phase.

Proof. Tt easily follows from Lemma 36. Let us denote by o a spin configuration that attains the
maximum Equation (42), and let HY = H (o). Using the bound Equation (34) and the maximality
of ZF, we have that:

7E = 7%, (HF)_,O((HE).)),  2F = 2%, (0((H),), (HE)S) . (44)

The resulting spin configuration &F has fluxes 7 in every square cut by the plane used for the
reflection due to Equation (31). Iterating this procedure one finds a minimizing pattern of spins
with fluxes equal to —1 in all plaquettes. [ ]

Remark 33.

1. If L = 2n, the minimizing 7-flux phase has flux (—1)"~! along non-contractible cycles. To see
this, observe that, after a reflection, the flux along non-contractible cycles orthogonal to the
cut is [[1 (07 - —0y) = (=1)" L.

2. In the limit 8 — 0, the optimality of the m-flux phase for the odd partition function ZE’L(U)
proved in Theorem 38 implies that |det H(o)| < |det H(ox)|, with o the m-flux gauge field
configuration produced in the proof of the theorem. This recovers a result of Lieb and Loss
[LL93|, which was obtained without using reflection positivity.

3. One has to take a little bit of care for the odd partition function Z~ has in principle it does
not need to be positive. However, for particle-hole symmetric hamiltonians on Ay, one can
explicitly check it always holds that Zﬁj 1 = 0. Therefore the same procedure can be applied
also whenever Z~ > (0 and holds trivially for Z— = 0.

3.4.4 Relation with the Majorana Formalism

Lieb’s argument is especially efficient for the charged, number-conserving systems considered in this
thesis. Charge conservation is used in the proof of Lemma 36 to match the two directions of particle
transfer and cancel the fermionic signs. It is therefore not, by itself, a model-independent criterion
for arbitrary CAR Hamiltonians.
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A systematic treatment of reflection positivity for general CAR systems is most naturally ob-
tained by passing to Majorana generators. For each complex fermionic mode, define two self-adjoint
operators

ni = a; +a;, & =i(al —ay).

They satisfy
{mimit ={& &y =265 {ni,&} =0

Jaffe and Pedrocchi developed a general Reflection-Positivity criterion for Hamiltonians written in
these variables [JP15]. In that formulation the reflection is multiplicative on Majorana monomials,
while the signs associated with odd monomials are encoded by a fixed parity-dependent phase, or
equivalently by a twisted reflected product. A positive-semidefinite condition on the matrix of cou-
plings across the reflection plane then provides a general sufficient criterion, without assuming U(1)
charge conservation. The corresponding abstract characterization was further developed in [JJ16].

The Majorana and Lieb formulations are compatible, but they do not use the same reflection
map on the charged generators and they do not place the fermionic phases in the same part of the
construction. In the Majorana formalism the phase is included locally in the reflected product; in
Lieb’s proof no factor 7 appears, because the relevant signs cancel globally in the number-conserving
trace expansion. Since the flux-phase results proved later in this thesis use the transformations
in Equation (29), we retain Lieb’s formulation in those applications and use the Jaffe-Pedrocchi
construction only to indicate how the theory extends beyond the number-conserving setting.
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Chiral Symmetry Breaking in Euclidean
Field Theory
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Chapter 4

Chiral LRO 1n Euclidean Lattice Gross—Neveu
Models

The three Euclidean Gross—Neveu models considered in this chapter and the main long-range-order
result were introduced in Section 1.1. This chapter, based on joint work with Simone Fabbri [FG26],
provides their precise lattice formulation and the complete proof of that result. The three models
and the theorem are formulated in Section 4.1 in the notation used throughout the proof. We adopt
the Euclidean Grassmann and Gaussian conventions introduced in Subsection 2.1.1 and Proposi-
tion 11, while the model-specific reflection-positive decompositions apply the general criterion of
Subsection 3.3.2 extended to fermion-boson models.

The original results of the joint work are the finite-volume, pointwise two-point bounds and the
resulting chiral long-range order, established uniformly for all three discretizations in the stated
regime of weak coupling and a sufficiently large, even number of fermionic flavors. Hubbard—
Stratonovich transformations, reflection positivity, chessboard estimates, Peierls arguments, and
Bloch—Floquet theory have standard antecedents and their use here is adapted to the particular
algebraic and spectral structures of the three Gross—Neveu discretizations. The formal analysis in
Section 4.C identifies the continuum Gross—Neveu theories formally associated with the three lattice
discretizations, but does not establish a rigorous continuum limit. The weak-coupling analysis in
Section 4.B and Subsection 4.B.3, instead, determines the structure of the effective potentials used
in the finite-lattice proof.

The proof separates into two main parts. First, reflection positivity is verified separately for each
lattice Dirac operator. This step is model-dependent and requires careful control of the Grassmann
signs and of the antiperiodic boundary conditions. Once reflection positivity has been established,
the three models are treated by a common chessboard-estimate and Peierls strategy. Dissemination
replaces local field constraints by periodic configurations, which can be analyzed through Bloch—
Floquet theory. The resulting spectral estimates provide the energetic suppression of large fields,
fields close to the local maximum of the effective potential, and configurations interpolating between
its two minima.

More precisely, the model-dependent reflection-positivity arguments are given in Section 4.2,
while the common two-point decomposition and the classification according to field size are devel-
oped in Section 4.3 and Subsection 4.3.1. The quantitative suppression bounds are then proved in
Section 4.4. The main technical ingredients specific to the joint work are the proof of reflection
positivity in the fermion-boson model, the control of large fields and fields near the local maximum
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in Subsections 4.4.1 and 4.4.2, the Peierls estimate and the spectral cost of alternating field config-
urations in Subsection 4.4.3 and Subsection 4.4.4 and the final quantitative estimates assembled in
Subsection 4.3.2 and Section 4.D.
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4.1 The Euclidean Gross—Neveu Lattice Models

4.1.1 Naive Fermions with Naive Interaction (NN)

The first model we consider is the lattice version of the Gross—Neveu model originally introduced
in [CERS81], formulated in terms of naive lattice fermions (see Example 10- Item 1) and therefore
subject to the usual fermion—doubling phenomenon. This formulation provides the simplest dis-
cretization of the fermionic action and serves as a natural starting point for our analysis.
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Spinors. At each lattice site z € I'p, we introduce 2N independent Grassmann-valued spinor
fields 1), ; and Ew‘ (j =1,---,N) with 2 entries, where 1), ; is regarded as a column vector and

¥, ; as a row vector:

b @iﬁ;ﬁ) | Vos = (Fang Buns).

Gamma matrices. We choose two self-adjoint matrices {v,},=01 C M2(C) as a possible irre-
ducible representation of the 2-dimensional Euclidean Clifford algebra {v,,v,} = 26,, 12. The
Axial matrix v4 is defined as v4 = iv9y1 and satisfies:

Ya=1z, {maw}=0,  h=1a (GA)

We adopt the following choice for the y-matrices:

o = oY = 0 —1 v = o7 = 0 1 A= oF = 1 0 .
i 0 )’ 10 )’ 0 -1

Dirac operator. The Lattice Dirac operator is chosen to correspond with its naive discretization,
acting on ¢%(Z2%,C?) according to:

1
1
Dy = B Z’m ® (T —T,),
pn=0
where T}, is the right translation operator in the p-th direction, namely:

(T;ﬂ/])x = @bz—&-éu NATRS 62(22)-
The Fourier representation for the Dirac operator is
. D e .
(DNx)ay = —i Z // omn2¢ (e y)% sin(py.)- (1)
,LL:O,I (—71",7'(']2 ( 7T)

The fermionic fields are taken to satisfy anti-periodic boundary conditions in both directions.
This is implemented by using the anti-periodic extension of the lattice Dirac operator!, denoted by
(lDNN)I?L, as the kernel of the kinetic term:

((DNN)ry) 0y = Z (=)™ (DNt Lny-

n€z?

Lemma 39 (Properties of the NN Dirac operator). The operator (ZDNN)ITL has the following prop-
erties, for every ¢ € RI'L,

1. Anti—self-adjointness:

(Pxv)r,)" = —(Dxn)r, - (PND1)

!There are in general two equivalent ways to implement anti-periodic boundary conditions: either one considers

anti-periodic Grassmann variables and a periodic kernel (both restricted to the finite lattice I ) or periodic Grassmann
variables and an anti-periodic kernel. In this thesis we adopt the latter formulation.
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>>

>

o_(If) 0.}

Figure 4.1: Distribution of Phases of the Anti-symmetrized Forward Dirac Operator v, ® T}, in L = 2 Lattice. Solid Links
represent a —1 sign. Notice that the set of edges intersecting 0— (FE) are opposite of those intersecting 6_;_I‘JLr because we
have chosen an anti-symmetrization convention where the Zs-twisting is localized on 90— (FZ) By means of any Za-Gauge
Transformation, we can move such line wherever we desire, without changing the physical properties of the system.

2. Chirality under adjoint:
((Pan)r, — My)™ = (va @ 1)((Pxn)p, — M) (7a @ 1), (PND2)
where yA®1: C?®2(T1) — C? ® (2(T'L) acts as multiplication by y4 on the spinor indices.
3. Spectrum of the adjoint:
spec[((wNN)fL - M¢)*] = spec[(lDNN)fL - M¢}. (PND3)
4. Reality of the determinant:

det ((Pxn)p, — My) € R. (PND4)
The proof of Lemma 39 is discussed in Subsection 4.A.1.

Lattice action. The Dirac fermions are coupled through a local four-fermion interaction of Gross—
Neveu type:

_ N . )\ N . 2
SN Y) = D D e (PN, ),y ¥ui — 53 Do ( m,j%,j) LoA>0, (2
j=1

zyel'y j=1 zel'g

where all spinor products have to be understood as row times column products, such as:

2
Vujg = Y D jUns
s=1

Chiral symmetry. The action is invariant under the discrete Zo-Chiral symmetry defined by:

{¢x,]’ — VA%,J', (3)

1/15(;,]' — _1/}557]'7147

while the fermion bilinear Emsz’j obviously changes sign as one can easily infer from the first
two of (GA).
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Remark 34. Alternatively to the transformation shown in Equation (3), one can consider the
following transformation:

{%,j — €Yy = iy aYn,
wx,j — wx,jezi’YA = Z/l/}xJ’YA

Such transformation seems apparently a Z4-symmetry. However, when restricted to even polyno-
mials (which are the actual observables) it reduces to a Zs-symmetry.

Effective bosonic measure. By applying the general Hubbard-Stratonovich construction (see
Equation (3)) to the action in Equation (2), and integrating out the fermionic fields (recall Equa-
tion (6)), we obtain the effective bosonic measure on RI'Z:

1 N 2 _ N
dunn (o) = 7NN H doze %z det((leN)rL - M¢) .
'y zel'p

Issues, strong coupling and scaling limit. As anticipated above, the naive lattice formulation
of the Gross—Neveu model suffers from the well-known fermion—-doubling problem [KS75; NN81],
implying that the number of low-energy (long-wavelength) Dirac fermions described by the free
action is four, rather than one as suggested by the continuum theory. It has been pointed out that
such a proliferation of fermionic degrees of freedom in free lattice theories may lead to significant
difficulties once interactions among the long-wavelength modes are introduced [Sus77|. These issues
were analyzed in detail in [CER83, Sect. 3.1], where it was argued that the interaction spoils Lorentz
invariance at the quantum level. Nevertheless, at least heuristically, this model is still expected to
exhibit asymptotic freedom and infrared properties analogous to those of the continuum Gross—
Neveu model, up to an overall factor of four arising from the additional poles in the free propagator
|GK80; CERS83].

Motivated by these difficulties, alternative lattice formulations based on staggered fermions
|[KS75] were introduced in [CER83]. These models exhibit different behaviour in the strong-coupling
regime. The SP model, introduced below as the third lattice realization studied in this chapter, has
the appropriate formal continuum limit. Before turning to it, we introduce the simpler SN model,
which does not reproduce the standard Gross—Neveu continuum action but retains the infrared
ordering mechanism (see [HKK93, Sect. 3| and [Jol86]) relevant to the present analysis.

4.1.2 Staggered fermions with Naive Interaction (SN)

The second model we consider is formulated in terms of staggered fermions (See [KS75] and Ex-
ample 10-Item 3). Compared with the naive discretization, spin degrees of freedom are encoded in
site-dependent phases, while the interaction remains on-site and of Gross—Neveu type.

Staggered Fermions. At each lattice site x € 'y, we introduce 2NN independent Grassmann
variables 1, ; and @w, with j=1,..., N.

Gamma matrices. Gamma Matrices are represented by phases:
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The role of the Axial matrix 4 is played by the multiplication operator:
cla) = (~1) .

Dirac operator. The Lattice Dirac operator in the Staggered Fermions formalism is an operator
acting on ¢%(Z?,C) according to:

1
1
D =5 > Tl —T).
pn=0

By labeling the sites of I';, by (z,a), with = € ', such that xg is even and a € {1,2}, so that
every y € I'p can be written as (mo + %(a - 1), 331), we recover translation invariance of the Dirac

operator, which can be therefore expressed by Fourier transform:

d? - 10 2ipo _
&P —ip(e—y) isinp; AG 1)
(Dsn) // Py Y - - (4
(@a),(4:0) (—2,Z]x(~ 27T) —2(e7?P0 —1)  —isinp b

)

Again, we impose anti-periodic boundary conditions by considering an anti-periodic extension
of the above Dirac Operator:

((lﬁSN)EL)xy = Z (=)™ (D) at Ly

nez?

Lemma 40 (Properties of the SN Dirac operator). The operator (ﬁSN)EL has the following prop-
erties, for every ¢ € RI'L,

1. Anti-self-adjointness:

((Psn)r,)” = —Dsn)r, - (PSD1)

2. Chirality under adjoint:

(Psn)r, — My)" = e((Psn)p, — My)e, (PSD2)

where ((lDSN)I?L — M¢) = ((lDSN)l:L)x,y — @0,y and € is the multiplication operator by

ela) = (=1,

$7y

3. Spectrum of the adjoint:
spec| ((Psw)r, — My)"| = spec|(Dsx)r, — My). (PSD3)
4. Reality of the determinant:
det (Psn)p, — My) € R. (PSD4)

The proof of Lemma 40 is discussed in Appendix 4.A.2.

Lattice action. The Dirac fermions are coupled through a local four-fermion interaction of Gross—

Neveu type:

Ssn (9, ) = Z ZI/JW ((Psn) FL)xy¢y,J 2N Z <Z¢x]¢z,g> ; A>0. (5)

zyel'p j=1 zel'r =1
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Chiral symmetry. The action is invariant under the discrete Zo-Chiral transformation defined
by:

g — €2y
am,j — ei%e(w)ax’j_

Indeed, under this transformation, we have that

@x,j ((ZDSN>EL)$,y¢y,j - eig(6(1)+€(y))ax,j ((]'DSN)EL)x,ywyvj - @Lj ((]DSN)EL)x,ywyﬂj
where we used the fact that ((ESN)EL)Z‘,:U

—e(y). Conversely, under this transformation the bilinear (1)1), changes sign:

is non-zero only if |x — y| = 1, in which case €(z) =

@) = €O (W@)y = —(W)a-

>>

>

o-(r})  o.T}

Figure 4.2: Distribution of Phases of the Anti-symmetrized Forward Dirac Operator I';,(z)T}, in L = 2 Lattice. Solid Links
represent a —1 sign. Notice that the set of edges intersecting d_ (Fzr) are opposite of those intersecting (9_;,_1_‘{ because we
have chosen an anti-symmetrization convention where the Za-twisting is localized on 09— (FZ) By means of any Zg Gauge
Transformation, we can move such line wherever we desire, without changing the physical properties of the system.

Effective bosonic measure. By applying the general Hubbard—Stratonovich construction to
the action in Equation (5), and integrating out the fermionic fields, we obtain the effective bosonic

measure on RIZ:

1 _N - N
dusn (@) = s [] deoc 259 det ((Dsn)r, — My)"
rp zel'p

4.1.3 Staggered Fermions with Plaquette Interaction (SP)

The third model, originally introduced in [CER83]|, is widely considered as the proper lattice dis-
cretization of the Gross-Neveu model, as after performing the formal continuum limit one gets
exactly the usual Gross-Neveu action [CER83, Sect. 3.2], see also Appendix 4.C.

The model is most naturally formulated by partitioning the original lattice I'f, into four-site unit
cells, as illustrated in Figure 4.3. This construction gives rise to the reduced lattice
202

2
fL:2Z2m< L L] ,
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so that I'y, = {A, B,C, D} x r;. Here, a € A, B,C, D = T labels the position of a site within each
unit cell. The model is constructed along the same lines as the SN model described above, but with
a different interaction structure. We therefore retain the same notation, suitably adapted to the
present labeling.

o

>>
>>

>

Figure 4.3: Blocking of the lattice I';, (L = 4 in this example) in terms of the unit cell with points indexed by Z. Lighter (resp.
heavier) lines are used for denoting hoppings with a phase +1 (resp. —1).

Staggered fermions. At each lattice site (z,a) € fL x I, we introduce 2N independent Grass-
mann variables v , ; and Jx,a,j'

Gamma matrices. The staggered phases are now encoded in

+1 p=0,
Fﬂ(a) = -1 n= ]-a CL:A,B,
+1 pu=1,a=0C,D.

The analogue of the axial matrix is the multiplication operator

+1 a=A,D,
e(a) =
-1 a=B8B,C.

Dirac operator. The lattice Dirac operator acts on 62(fL x I,C) as
1
Dsp = 3 Zru(a)<Tu —T,)-
n=0

Note that it is translationally invariant on the reduced lattice r L

0 —14e?P1 1 — 2P0 0
(Dgp)? = & i@y | 1 e 2 0 0 1 — e
SP Ty (7%7%}2 2(27’[’)2 _1 + e—leO 0 O 1 _ 621}71 9
0 —1+e 2P0 1 42 0

a,b

for every z,y € Az and a,b € T (the matrix row and columns are indexed in the order
A, B,C, D). Anti-periodic boundary conditions are imposed as in the previous models by defin-
ing the anti-periodic extension

((lDSP)EL)(z,a),(y,b) = Z (_1)n0+n1 (lDSP)(m—&-Ln,a),(y,b)v T,y € KLv a,bel. (6)

nez?
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Lemma 41 (Properties of the SP Dirac operator). The operator (]DSP)EL has the following prop-

erties, for every ¢ € RI'L,

1. Anti-self-adjointness:

((Psp)p,)” = —Dsp)r, - (PSDP1)

2. Chirality under adjoint:

((Psp)r, — My)" = e((Psp)r, — My)e, (PSDP2)
where € is the multiplication operator by €(a).

3. Spectrum of the Adjoint:
spec[((lﬁsp)i — M¢)1 = spec [(IDSP);L — M(b}. (PSDP3)

4. Reality of the determinant:

det ((Psp)p, — Mg) € R. (PSDP4)

Remark 35. The properties stated in Lemma 41 follow from their analogue related to the SN
Dirac operator, Lemma 40. This is straightforward since every field configuration ¢ associated with
the plaquette interaction, can be regarded as a field configuration of the SN model (considered in
Lemma 40) which is constant within each unit cell.

Lattice action. The third model is similar to the previous one but differs for the interaction,
which couples degrees of freedom within the same unit cell:

SSP ¢ ¢ Z Z Zd}xa] lDSP FL)(xa yb)wyb,J 2N Z (Zzwxa,jwiaj) ’ ( )

xyely, a.bel j=1 zel'y J=lacl

where again A > 0.

Effective bosonic measure. Applying the general Hubbard—Stratonovich construction to the
action in Equation (7) and integrating out the fermionic fields, we obtain the effective bosonic
measure on RI'Z:

dusp(¢) = zr H dpe™ 5% det (Bsp)p, — My) ™.

$EFL

This formulation makes it natural to view ) as an operator on the reduced lattice r L, endowed
with four internal degrees of freedom per site. Equivalently, the SP model may be regarded as
a restriction of the SN model to Hubbard—Stratonovich fields that are constant within each unit
cell. This restriction, however, has significant consequences for the (formal) continuum limit (see
[CER83; HKK93]) and Appendix 4.C.
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4.1.4 The Chiral Long-Range-Order Theorem

Having defined the three models precisely, we now restate the main result, Theorem 1, previously
introduced in Section 1.1.

Theorem (Chiral Long-Range Order). There exists A\g > 0 such that for each o € {NN, SN, SP},
the following holds. For every A € (0, \o] and € € (0,1), there exist No(\,e) > 1 and Lo(\,e) > 1
with the property that, for all N € [No(/\,g), oo) N2N and L € [Lo()\,s), oo) N4(1 + dasp)N,

1
1Nk

ST (@0)a(@0),), = (1 —2) (¥)* h(N)? > 0. (8)

z,yel'¢

(1+e) (¥)7eh(V)? 2

Here @} (\) denotes the (strictly) positive minimizer of the effective potential:

S =& —c /l LD 1og(? + sin(po) + sin(p)) ©)
A 2\ « [,ﬂ.,ﬂz (271')2 ’

where Cy = 1, %, 2 for a = NN, SN, SP respectively.
Remark 36.

1. Interpretation of the Result. Theorem 1 establishes Long-Range Order for the scalar
fermionic bilinear (Y1), in the regime of sufficiently weak coupling and sufficiently large
flavor number. Actually, the proof yields a stronger pointwise statement than the spatially
averaged formulation of the theorem: for every € € (0, 1) there exists Ng = No(A, €) such that,
for all N > Ny,

(1—e) ()" en N2 < (@0)a@v)y), < (1 +e) (X) ¢h(N? ¥,y e TS,

Thus the mean-field prediction for the fermion condensate is recovered uniformly at the level
of individual two-point functions of the fermion bilinear, and not only after spatial averaging.
Remarkably, this conclusion is obtained without relying on a large- N expansion or on a saddle-
point approximation. Instead, our rigorous upper and lower bounds are formulated directly
in terms of the minimizers of the effective potential, namely the same quantities that arise in
the heuristic mean-field analysis (similarly to what is done in [GN74]). As a consequence, the
fermion bilinear two-point function is uniformly trapped, up to controlled errors, between its

corresponding mean-field predictions.

2. Current Limitations and Future Directions. A notable feature of our analysis is that
it is carried out entirely at finite volume, with estimates that are uniform in the lattice size.
Consequently, any thermodynamic-limit point of the finite-volume Gibbs states considered
in this work would automatically inherit the Long-Range Order established in Theorem 1.
The existence and characterization of such infinite-volume Gibbs states will be investigated
elsewhere.

A natural next step is the rigorous construction of extremal infinite-volume Gibbs states
<~>§°’i, corresponding to the two symmetry-related minima of the effective potential. One
would then like to prove that these states satisfy the clustering property and, more strongly,
that the truncated correlations decay exponentially, namely:

(@) (P),) 0% = (Xeh(V)* = 0 ), >0,

up to the accuracy already controlled by the finite-volume estimates. From this perspec-
tive, the main remaining challenge is not the identification of the order parameter itself, but
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rather the rigorous construction and characterization of the corresponding pure infinite-volume
phases.

. Asymptotic Expansion for ¢ ()). The positive minimizer of the effective potential v§ ()

can be implicitly written [GK80, Sect. 5| as the (non-trivial) solution of the gap equation
d ,«

a5 (¢%) = 0, which in turn can be rewritten as
U Sy ] (Y ——— 10
5= e () 1o

where K is the Complete Elliptic Integral of the first kind? [AS64, Sect. 17.3]. Using [AS64,
Eq. 17.3.26], it is possible to obtain the precise asymptotic of % (\) as A — 07, In fact:

Ca 1 2V2
1+(@2)2K< 1+(90&>2> Co log< o )( Felt))

(with o(1) denoting quantities which vanish as ¢} — 07) which leads to

Pr(A) = 2v2e10x (1 + o(1)) (11)

(here instead o(1) denotes quantities which vanish as A — 07). It is worth observing that this
expression is closely related to the dynamically generated mass predicted by the continuum
Gross—Neveu gap equation. The only difference lies in the numerical coefficients appearing in
the exponent, which reflect the larger number of effective fermionic degrees of freedom arising

from lattice fermion doubling.

. Extension to Lattices with Arbitrary Mesh Size. Theorem 1 extends immediately to

lattices I'y 1, = 072 N ( é, é] with arbitrary mesh size ¢ such that L/¢ € 4N. Indeed, the
dependence on the lattice spacing can be completely absorbed into a rescaling of the fermionic

fields. We illustrate this observation for the NN model on I'y 7, described by the Gibbs state
()f;ﬁ given by

oyt = J 40y O, w) S ()
NN fdwdwe K@) ’

where?

- N . by N _
Sﬁﬁ(wvw):£2 Z Z¢x,j((mNN)Ez,L)x,ywyvj_ﬁ€2 Z (wa’j¢x’j)2’

z,yely,p j=1 zelpr j=1

and

1
1
((lDNN)FE L) Ty = ?E Z'Y,u (6ac+€eu,y - 6:v—€e,“y) .
n=0

ZNotice that [AS64] and [GKS80] adopt different conventions for the complete elliptic integral of the first kind.

Throughout [AS64] the argument is the parameter m, whereas [GK80] uses the modulus k. The two conventions are
related by m = k2.

3The extra normalization factor ¢2 is chosen in order for the action to scale as the volume of the system LZ.

Alternatively, one can think that such factor allows to reconstruct a Riemann Integral in the limit £ — 0.
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Introducing the rescaled spinors

gx,s,j = el/zw&c,s,ja Ez,s,j = gl/zafz,s,jv YIS Fl,L/Zv s € {172}7

a direct computation shows that
0L L/ 7
SNN(waw) = SNN/ (fag)v

and thus? we obtain

o 6L _ 1,L/¢
(@ehe@w)y) = 2 (€are@yre) -
The same rescaling argument applies in the same way to the SN and SP models. Since the
rescaled theories coincide exactly with the unit-lattice-spacing models studied throughout
this chapter, Theorem 1 applies verbatim for all three cases under study. Hence, for A < Ag,

L/f > Lo()\,E) and N > No()\,c?),
NN2 1 _ _ 4L N\2 |
(1+9)(55) P> p3 (@Bea@e)) = (1=2)(7) a2,

yEFzL

where recall that |[I'y ;| denotes the cardinality of the lattice. It is worth stressing that the
sole effect of the mesh size is the dimensional prefactor /=1 in the condensate and ¢~2 in its
two-point function. A noteworthy feature is that, for fixed bare coupling A, the dynamically
generated mass scale grows like £~ as the lattice spacing is sent to zero. More precisely, if
all bare parameters are kept fixed, the order parameter diverges proportionally to £~! in the
limit £ — 0. This behavior can be compensated by allowing the bare coupling to run with
the cutoff according to

M= — MO

1+ =22 A(4o) log(T‘))

(12)

where (j is a fixed reference lattice spacing and A(¢p) is the corresponding physical coupling.
By substituting this expression into Equation (11), one obtains

‘F;}f > (o) s029(3) @007

xvyEFzL

= () (5) @) 1+ o(1),

where o(1) denotes quantities tending to zero as A({p) — 07, showing that the order parameter
expectation value can be kept fixed as the ultraviolet cutoff is removed. In this sense, the
scaling of the bare coupling compensates exactly for the divergence induced by the shrinking
lattice spacing and yields a finite continuum value for the order parameter.

Nevertheless, our results should not be interpreted as a genuine ultraviolet construction of the
model. Indeed, the assumptions of Theorem 1 are imposed directly at the ultraviolet scale and
the corresponding estimates are not controlled uniformly in the lattice spacing ¢, as the choice
of bare coupling in Equation (12) forces the number of flavors N to diverge as £ — 0%. This

4Since the Jacobian of the change of Grassmann variables cancels between numerator and denominator in the
definition of the Gibbs state
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limitation is not surprising: our proof establishes Symmetry Breaking directly at the cutoff
scale, without performing a Renormalization Group analysis. A true continuum limit would
require a multiscale argument capable of tracking the relevant estimates uniformly across
scales and proving that the symmetry-breaking mechanism persists along the Renormalization
Group flow.

5. Continuum Limit and Relation with the Gross—Neveu beta function.

The scaling relation in Equation (12) also suggests a natural Renormalization Group inter-
pretation. Indeed, after upgrading £ to a continuum variable, the unique solution to

d\  4C,

i 7)\ . (13)
is given by Equation (12). This turns out to be exactly the one-loop beta-function equation for
the standard Gross—Neveu model, with a model-dependent coefficient reflecting the number
of effective low-energy fermionic species. Let us stress, however, that this interpretation is
most transparent for the SP model (see Appendix 4.C). In this case the low-energy degrees
of freedom are expected to reproduce the Gross—Neveu interaction without extra spurious
quartic terms due to the fermion doubling (similar e.g. to the Umklapp—Scattering effects).
Such interactions (which are not of the standard Gross-Neveu form) are instead generated
at intermediate scales within the NN and SN models, yielding some extra difficulties, as it is
not a priori clear whether they are compatible with Lorentz invariance or whether they can
be renormalized without introducing additional counterterms (even though it is claimed to be
the case, at least formally: see [CER83, Sect. 3.1] for the NN model and [HKK93, Sect. 3],
where the reader is referred to [Jol86], for the SN model).

Thus, while the one-loop running coupling constant, extracted from the scaling of the or-
der parameter, has the expected Gross—Neveu form, a complete continuum Renormalization
Group analysis for the NN and SN discretizations would require controlling these additional
effective interactions and their Reflection Positivity properties.

Even for the SP model, despite being a natural candidate for reproducing the correct Gross-
Neveu model (see Appendix 4.C), a detailed multiscale analysis would be required in order
to constructively prove its renormalizability and to establish the rigorous connection with the
flow equation (see Equation (13)). Allin all, the above comparison with the continuum Gross—
Neveu beta function should be, at least for this moment, regarded as a heuristic indication,
rather than as a solid mathematical argument.

4.2 Reflection Positivity of the Effective Measures

We aim to show that the three bosonic measures pq(¢), @ € {NN,SN,SP}, constructed in the
previous section, are reflection positive [Fro-+78] with respect to reflections across bond planes of
the underlying lattice I'}, where:

rN_N=r;, 1¥=r,.
As a very first step towards the notion of Reflection Positivity, we need the precise definition of

reflections on 'Y, regarded as a torus, with respect to some fixed cut plane.

Definition 42 (Cut Plane). For o € {NN, SN, SP}, a “cut plane” on I'? is a couple (v,r), with
v e {0,1} and
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Figure 4.4: Graphical representation of the cut torus, with the cut plane highlighted in red (Credits: Davide Morgante)

o re(~ Ll L2 L), i = NN,SN.
ere(—hot-bes ka1 ita=sP,

which, from a geometric viewpoint, identifies the axis {z, = r}. We call “canonical” the cut plane
with r = %, if « = NN,SN or r = 1, if @« = SP. Notice that the canonical cut plane is the only axis
that preserves the fundamental domain presentation of each lattice®.

Definition 43 (Reflection on the Discrete Torus). For av € {NN, SN, SP}, to any cut plane (v,r)
on I'?, we associate a “full-plane reflection” 4, : I'Y, +— I'S, defined as:

2r — ) ) :0’
9 (z) = (2r — zp,x1), v
(zo,2r —x1), v=1.

Consequently, we define the “torus reflection”, ¥Z : I't = I'¢, as:
0 =Tlpe 01,
with ITre : %+ I'¢ the unique map such that Ilre () — 2 € LZ? for every x € I'%,.

Any cut plane (r,v) induces the splitting I't = (I'7 ) U (I'7 ), where (see Figure 4.4):
(Yt = {w €l¢: (zy,—r)modL € (— %,0)}
and 'Y~ =T9 \ (I'Y)T. It is straightforward to check that 9Z((T'¢)1) = (I'Y) .

The reflection 9% induces an action on field configurations ¢ € R'Z given by:

(09)s = dyL()-

In the following, in order to avoid cluttering of the notation, we will denote 9% simply by 9, as
reflections on the plane will not play any role in the main text. In Appendix 4.A we will restore the

5In other words it preserves the open square lattice
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double notation as we will need both reflections. Besides, we will possibly drop the index v € {0, 1}
for the reflection, whenever its role will not be essential.

Let A¢ be the algebra of complex polynomials on RI'Z. We define the Osterwalder—Schrader
reflection © : A} — A7 by
(OF)(¢) = F(O9).

With this definition, © satisfies the following properties discussed in the following proposition.

Proposition 44 (Properties of ©). O is an anti-linear algebra homomorphism of A :

)-

1. Additivity: ©(F + G) = ©(F) + O(G);
2. Anti-homogeneity: O(AF) = \O(F);
3. Involutivity: ©(O(F)) = F;

4. Multiplicativity: O(FG) = O(F)0(G).

Let (A¢)+ C A¢ denote the subalgebra of observables depending only on {(bx}xe(l“%) .- We
define the pairing:
(Mo + (AL)+ X (AL)+ = C,

(4B [ dua(é) (©4)(0) B(o),
Theorem 45 (Reflection Positivity of the bosonic measures). For each o € {NN,SN,SP}, the

pairing in Equation (14) defines a positive semidefinite sesquilinear form on A$. In particular, for
all A, B € (A})+,

1. (A,B),, = (B, A),.,

(14)

2. (A, A),, >0.

Remark 37. Without loss of generality, we can always assume the cut plane to be the canonical one.

The canonical cut plane has two important properties:
o 9,(y) =Tg;

e the holonomy line, where the Zo twisting for anti-periodic boundary conditions is imposed,
corresponds to the boundary d_(I'¢)™ (see Figure 4.1).

Indeed, if one wishes to implement reflection with respect to an arbitrary reflection plane, one
may first perform a Zg-gauge transformation® so that the corresponding holonomy defect coincides
with the boundary 0_(I'¢)*. After a suitable relabeling of the lattice coordinates, the problem
is reduced to the canonical reflection plane considered above. In other words, the change of the
reflection plane can always be complemented with a gauge transformation which moves the holonomy
line over the boundary corresponding to d_(I'¢)™ (see Figure 4.5). For this reason, the proof of
Theorem 45 will be carried out for reflections with respect to the canonical cut planes only.

Proof. The proof follows the same general strategy in all three cases a € {NN, SN, SP}. Therefore,
we first outline the common argument in an abstract setting and then proceed to the specialization
to each model.

5Such a transformation leaves the multiplication operator My invariant, since it acts by conjugation with a
diagonal multiplication operator which clearly commutes with My (see [LLI3]).
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+ - + -
NN
model
A A A A
o-(TF)  04(T}) 0-Tf)  o,Tf
+ - + -
xo —1 1—\L I\L o I_‘L 1—\L
SN
model
A N A A
0_(T)  04(T}) o)) o.T}

Figure 4.5: By means of a Z3-Gauge Transformation supported on one side of the holonomy line, we can translate such line to
the left making it overlap with the left boundary of FI. An example of this construction for the NN and SN models is shown
in the upper and lower panels, respectively.

1. Let A, B € (A¢)+. Then:
(A By, = [ diial0) (©4)(0) B(@) = [ dua(s) A[69) B(6).
Performing the change of variables ¢ — ©¢ and using the reflection invariance of the measure:

Mo © @_1 = Ha;

we obtain:

<AEM=/WM@(@B@@=/WM@B@@M@=@AM-

The reflection invariance of the measure holds in each model as a consequence of the following
identity (see Lemma 54 and Lemma 55):

det ((Po)r, — Me(g)) = det (Da)r, — My). (H1)
2. Let A € (A})4, then:

MAMz/@M@@M@M@

The key idea is to represent the determinant appearing in the bosonic measure pq(¢) by
reintroducing auxiliary fermionic fields, thereby recovering a local fermionic action. One then
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exploits the reflection covariance properties of the Dirac operator to decompose the action
into a sum of terms supported on the positive and negative halves of the lattice, together with
mixed boundary contributions. Using the Osterwalder—Schrader reflection and the specific
structure of the cross terms, one shows that the pairing (A, A),, can be written as a sum of
absolute squares and is therefore non-negative.

Step 1: Reintroduction of the fermionic variables. Using the Grassmann representa-
tion of the determinant, we rewrite the bosonic measure as the marginal of a local measure
on (¢,v,v) and thus it factorizes over (I'¢)*. Writing I'¢ = (I'¢)" U (I'¢)~ and splitting the
bosonic and on-site fermionic factors accordingly, we obtain:

(@) = [ 6.5 0005 0ew (- X X osBar) L b))
J,J' z,yel’'f

where:

dl/:t<¢ 17/} w H Hd¢zd¢$ Jd¢$ Je 2)\¢Ie¢z ZJ wz J'wz J

zergt J

and the integral is meant to be taken only on the fermionic part. Notice that the term
e 2y Vagte ig actually a polynomial in the bosonic field due to the nilpotency of the Grass-

mann Variables.

Step 2: RP Decomposition of the fermion kinetic term. Using the notation intro-
duced in Section 4.1, we write the fermionic kinetic term as

Z Z wa FL)xJ)(yJ/%J’
J,J! :Jc,yGF

The reflection ©,,, across the canonical axis orthogonal to e,, acts on fermions depending on
the specific formulation”:

{@V(¢m,s,j) = ZS/ (/71/)575’ ¢19,,(w),s’,j (RNF)
@V(ww,s,J) = Zs’ Eﬁy(x),s’,j (PYI/)S/,S
{@V(wz,j) = FV(SC) wﬁy(m),j (RSF)
@1/<w:v,j) = @ﬁu(x),j Fl/(x)

"Notice that these definitions are the correct ones only for reflections across the canonical cut plane (see Defini-
tion 42). For reflections across generic cut planes, Equation (RNF), Equation (RSF) and Equation (RSFP) must be
accompanied with the multiplication of the right-hand side by an extra sign:

ol (z) = (=1)Zn=01 £ @ =07 @)y

See also Appendix 4.A for a discussion of reflections across generic cut planes.
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_ (RSFP)

{@u(%,a,j) =Tw(a) Yy, (2),0,(a).j
Ou(Vz,a,5) = V9, ()0, (a).; Lv(@),

for « = NN, SN, SP respectively. In the third case 9, also acts on the internal index J = (j, a)
because a describes a position within unit cells®. We will show that each such transformation
is an involution. In the following, in order to lighten the notation, we will omit the index v
wherever is not needed (i.e. whenever no explicit computation is performed).

The Reflection operator is then extended to the full algebra of Polynomials in the Grassmann
variables G¢ as an anti-linear anti-homomorphism, namely ©(AA) = AO(A) and O(AB) =
©(B)O(A) as discussed in Definition 32.

Let us suppose that each fermionic kinetic term has the form:
Ko = Bao+6(Ba) + Y _ CLO(CY), (H3)
w

with w an index running over a suitable finite set, B, € (G%)%*" and C¥ € (G%)%4. Then, by
Proposition 34, such condition is sufficient to ensure (A, A>ua > 0.

The remaining part of the proof consists of checking Equation (H1), Equation (H2) and
Equation (H3) for each lattice formulation.

4.2.1 Naive Fermions with Naive Interaction

Lemma 46. Properties in Equation (H1), Equation (H2) and Equation (H3) hold for canonical
reflections, within the NN model.

Proof.
(H1) See Lemma 54 in Appendix 4.A.1.
(H2) By a simple computation.

(H3) Let us first show that the reflection in Equation (RNF) is an involution, as claimed right after
its definition.

8Explicitly:

S
I

I
O = Q

S
Il

91 (a) =

2 = 9
Il

O Q=

)
I

Qo W
e
I

O QW

S
Il
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@V(G)V(ax,s,j)) = @V( Z (fYV)S,S’wﬁu(x),s/,j)

s'=1,2

= Z ("}/V)S7Sl Z Ex,s”,j(r)/l/)s”,s’
s'=1,2 s""=1,2

= Z ('Yu)s”,s/('7;)5’73@1,5”,]'
s’,8"=1,2

= Z (’YV)S”,S’(71/)8/,8@37,3”,]'
s’,s""=1,2

= Z ('Yg)s”,sax,s",j
s'"=1,2

:Ex#s:j.

We need now to show that the kinetic term:

K=— Z @x,j((wNN)fL)xy@by,j

(with K = Knn in this subsection) fits the decomposition in Equation (H3). This is not
quite true. However, with a simple staggered phase transformation (which preserves the local
bilinears and the fermionic measure):

a@j =1, ® (_1)x0+x1@x’j
Yo = Lo ® (=)0 14y ;5.

we get:

K-> K = Z Yy ((]DNN)FL)I,ywa'

z,yel'y
j=L N

Let us split the sum in the following way:
K=K, ,+K _+K._+K (16)

where:

Kl. = Z Jx,j((lDNN)EL)W%,j’ e, € € {£}.

zers yers
Let us analyze the four terms in the right—hand side of Equation (16).

(a) Let us begin by discussing K’, | and K’ _. We want to show that ©,(K’, ) = K’ _. By
a direct computation:
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O,(K!\ )= Z @u(az,j((mNN)fL)x’y¢yJ)

x,yel"z'
j=1 N

= Z aﬁy(y),s&j(’yV)S&SQ((ENN);L)(le),(y’sQ)(’YV)817841/)19(x),54,j

m,yel"z
81,82,83,84=1,2
j=1,,N

= Z @ﬁ(y),sw’ (% ((lﬁNN)EL);y%) 83754%9(3@),544‘

zyelr'}

s3,54=1,2

j=1,--,N
- Z %‘(y),j((lDNN)fL)ﬂ(y),ﬁ(x)w(w),j

a:,yGF‘L"
j=l N

= D Cui((Pxnr,) sy Yu

z,yel'y
j=1,,N

:K__,

where we have used Equation (RND1) to pass from the fourth to the third line from the
end.

(b) The terms K’ _, K’ are more tricky and show where the anti-symmetric boundary
conditions are needed. We will show that:

Ko_+K, = 3 ( Y e Y wz,s,j@w;,s,j)),
j:L':i:.l’N a?GFz: .TEFZ:
s=12  (zaten)€d(T]) (z—ev,2)€0_(T'])
(17)

with w;&j = ¢$7S,j and 1/}:7:3,]‘ = ¢z,s,j'

Let us consider the subset of cross terms localized around the right boundary &J‘}f (or
in general on the boundary of the region Fz where we have not inserted the Zo-twisting):

, _ _
K—i—— - Z <¢m,sl,j (71/)81,82¢$+eu,827j - wm-&-ey,su‘(VV)S1,S2¢$,S27j>
:L“EI”LL:
(z,2+e,)€01(IT)

s1,52=1,2
]:]-y 7N

= Z <1/}a:751,j (’Yu)s1 ,52 ww—i-ey,sg,j + wx,SQ,j (’YV)& ,52 1/’90-1—@,,,51 ,j)
wEFI:
(z,2+e,)€01(T'T)
s1,52=1,2
j=1,,N

= Y (i) + s Oy,
xEFI:

(:v,ac+ey)€8+(lﬁg)
s=1,2

j=1,-1,N

where the Grassmann variables 1, are understood with periodic boundary conditions.
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The terms on the other boundary of I'f, d_(T'}), come with an extra minus sign which
is compensated by the Zs-holonomy (see Figure 4.1):

K/—+ = Z ( - ﬂxfey,sl,j ('YV)SLSQ ¢x7827j + Ex,sl,j (7V)81782¢I—8u,527j>

3361"2':
(z—ev,z)€0— (Ft)

s1,52=1,2
=1 N

= Z <¢x,32,j(’VV)Sl,Szwxfeu,sl,j + ¢x,sl,j(/71/)81,527:&36*61/,52,3')
wEFz:
(w—ey,x)eaf(F‘L")
s1,52=1,2
J:17 7N

= Z <wx,s,j®(¢x,s,j) +$m,s,j®(@m,s,j))'
xEFJLr:
(z—ey,z)€0— (FJL“)
s=1,2
3:17 7N

4.2.2 Staggered Fermions with Naive Interaction

Lemma 47. Properties in Equation (H1), Equation (H2) and Equation (H3) hold for canonical
reflections, within the SN model.

Proof.
(H1) See Lemma 55 in Subsection 4.A.2.

(H2) By a simple computation.

(H3) Let us first show that the reflection in Equation (RSF) is an involution:

@I/(@V(@z‘,j)) = @V (FV(w)wﬁu(x):J)
r

0u(O(¢a,5)) = O (Tu () ¥y, (x).5)
=Ty (@)L (90 ()5
= FV(@Q%CJ

where we have used that
1 v=20 1 v=20
Ly (z)) = = =TI, (z).
(=1)h@o) =1
We need now to show that the kinetic term:

K=- Z @m((lDSN)EL)xﬂ’yJ

z,yel'y,
]:17 7N
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(with K = Kgn in this subsection) fits the decomposition in Equation (H3). Again this is

not strictly true; however it can be fixed by a simple staggered phase transformation (which

preserves the local bilinears and the fermionic integration):

Ez,j - (_1)%”1@9:,3'
o = (—1)%0T ey 5,

K- K = Z J%j((lpSN)l:L)x’ywa'

$7y€FL
j:]-v'“vN
Let us split K’ in the following way:
K=K\, +K _+K, +K _, (18)

where:

Kée’ = Z am,j ((lDSN)EL)m’yd}y,ja €, 6, € {:l:}

!
zel's ,yel'y

Let us analyze the terms in the right-hand side of Equation (18).

(a)

Let us begin by discussing K’ , and K’ _. We want to show that ©(K, ) = K’ _. By
a direct computation:

Z O(ty) ((¢SN)1:L)w,y@(¢x)

z,yel'}

= Z FV(x)iﬂ(y)((lDSN)EL);IFV(y)¢19(x)

,y€F+

= Z % ESN I‘L)ﬂ(y),&(x W

zyel'f

= > Vo (Dsn)r, ) 4y ¥
z,yel'y

=K'

——

(K, )

where we have used Equation (RSD1) to pass from the second to the third line.

In analogy with the NN model, for the terms K”, _ and K’ | we will show a decomposition
of the form:

N
Kok =Y (08wl X w,es)
Jj=le==£1 zGF}f: a:EFz:
(x,x+e,,)€8+(1"z) (z—ev,z)€0— (Fz)

with @ZJ;] = 1), ; and 1#;] = E%j.
Let us consider the subset of cross terms localized around the right boundary 9. (I'}) (or
in general on the boundary of the region Fz where we have not inserted the Zs-twisting):
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Kg—— = Z (aw,jrl/(x)ww-l-eu,j - aa:—i-e,,,jr‘v(:n)wld)
xef‘z:
(v,0+e,)€0: (TF)
j=1,,N
= Z (ax,jru (x)warey,j + wx,jru (x)¥m+eu,j>

:cEFJLr:
(ac,x-l—e,,)e&r(FI)
=1y N
= Y (300 + O,
JJEFI:
(z,2+e,)€04 (TF)
=1, N
where again the Grassmann variables 1,1 are understood with periodic boundary con-
ditions.

The terms on the other boundary of I'f, d_(T'}), come with an extra minus sign which
is compensated by the Zs-holonomy (see Figure 4.2):

= > ( ~ Vpe, Lo (@) haj + @,jrv(x)%—ewj>
xEFi:
(z—ev,r)ED— (FJLF)
j=1,,N
D DR (2 Cor R ¥ o Ly
IEF}
(z—ev,r)E0— (Fzr)
j=1, N
= Z (¢x,j®(wm,j) +Ew,j®(@x,j))‘

xEFf:
(z—ev,z)E0— (F‘L")
Jj=1,- N

4.2.3 Staggered Fermions with Plaquette Interaction

Lemma 48. Properties in Equation (H1), Equation (H2) and Equation (H3) hold for canonical
reflections, within the SP model.

Proof. The Lemma is a corollary of the related lemma for the SN model. Indeed, one can think of
the SP model as a particular case of the SN model where the bosonic field is constant within each
unit cell Z. Since reflections are performed between cells, the structure is preserved under reflections
and every consideration made above can be easily translated here. |

4.3 Decomposition of the Bosonic Two-Point Function

In this section we establish Long-Range Order for the bosonic field with respect to the effective
measures i (¢) and, by the Hubbard—Stratonovich identity in Equation (5), for the fermionic bi-

linear ).
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v ()
¥
\‘V’/—.\\\U'/ >
—pa(A) Pa(N)
-K, —C, Co K,

Figure 4.6: Sketch of the Effective Potential v§ ()

In each model, the effective bosonic measure can be written in Gibbs form as:

dpta(@) = [ doreVEr®

ze€l'¢

where the effective potential is given by

VEA®) = o5 3 62— log | det (Pa)r, — My)| (EP)
z€l'
Remark 38. The determinant appearing in the definition of V! 1(¢) may vanish for certain con-
figurations ¢ € R'Z. However, since it is a polynomial in the field variables, its zero set has
zero Lebesgue measure (and hence also zero Gaussian measure). We adopt the convention that
VE\(¢) = 400 on such configurations. In particular, V*, takes values in R U {+o0}.

The strategy of the proof is dictated by the structure of the effective potential. Although Vi is
highly non-local and does not admit a simple closed expression, Reflection Positivity implies that,
among configurations constrained to lie in a given interval, its minimizers are spatially constant and
can therefore be computed explicitly via Fourier transforms. The corresponding infinite-volume
effective potential density:

1
(&4 - : (o]
vi(p) = Jlim 5] V() st (TDEPD)

has a symmetric double-well structure, with minima at £¢%(X) # 0 for any A > 0 (see Fig-
ure 4.6). Long-Range Order is then proved by decomposing the configuration space into regions
around the two minima ¢ = ¢} (\), the local maximum ¢ = 0, and the large-field regions, and by
estimating the contribution from each region separately.

The following facts about the effective potential will be repeatedly used.

Proposition 49 (Structural properties of the effective potential). For each oo € {NN,SN,SP} and
every interval I C R, the following hold.

1. The constrained infimum of V¥, over I UL is attained among constant configurations:

inf Vi,\(¢) = inf V2, (¢)

19
pel'L pel (19)

re
¢:(p L
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2. There exists a constant cg > 0 such that:

o CO
VA" E) ()| < 2, (20)
uniformly with respect to ¢ € R, where the infinite-volume potential density vy admits the
explicit representation:

v () = g C, // I log (¢* 4 sin®(po) + sin®(p1))
A o ) e (2m)2

with Cy, = 1, %, 2 for a« = NN, SN, SP respectively.

3. The function v§ has exactly two non-zero global minima at 5 (X\) and a local mazimum at
0. ¢t is a C™ function of X € (0,00) and satisfies, for A < 1,
by b2
ae” x < @r(N) <age” X, (21)
for suitable constants ay,ag, by, by > 0. Besides, v is strictly decreasing over [0, o} (N)] and
strictly increasing over [pk(N), 00).

The proof of Proposition 49 is discussed in Appendix 4.B.

4.3.1 Field-size decomposition

By Proposition 49 we have that the minima of the finite-volume energy density are asymptotically
determined by those of v{. The latter exhibits a symmetric double-well structure (see Figure 4.6),
with absolute minima at +¢7(\). This suggests partitioning the configuration space according to
the position of the field relative to the minima, the local maximum at the origin, and the large-field
regime. Configurations belonging to energetically unfavorable regions, namely large fields or fields
near the local maximum, are exponentially suppressed in N. This suppression is quantified by
comparing the energy of configurations constrained to a given region with that of optimal constant
configurations, using chessboard estimates together with Equation (19). For completeness, let us
recall the statement of chessboard estimates in Equation (16) adapted to the present case:

Theorem (Chessboard Estimates). Let u be a reflection-positive probability measure on R'L with
respect to reflections between neighboring blocks Qg + Bt with t € Z%/B (where both L,L/B € 2N).

Then for any positive set of functions f1,..., fn supported in cubes of size Qg and for any set of
vectors ti,- -+ ,t, € Z%/B, the following inequality holds:
n n T'pl
Tzl
(TIest) <II( II esn)™ (CE)
- poo Iz
J=1 J=1 tez? g

where Oy is the composition of reflections that brings the block I'g in the block Qp + Bt
Proof. See |[FV17, Pag. 444-449|, [Bis+09, Pag. 43-46]| or |[Fr6+78, Pag. 19-20] |

The contributions which are not a priori suppressed arise from configurations where both fields
lie near the minima. Configurations in which the field at different points lies around different min-
ima can be shown to be again exponentially suppressed in IV, via a Peierls-type argument combined
with Reflection Positivity, in the spirit of [FL78] (see also [Bis+09; FV17]). While this strategy
applies to all our three models, the explicit estimates depend on the specific lattice realization of
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the Dirac operator and will be treated separately in the following subsections.

To implement this strategy, we introduce a quantitative partition of the configuration space at
the level of single-site variables. Fix parameters C,, K, > 0 such that:

0<Co <pn(N) < K.
We then split the single-site field values into the following five regions:
1. Large positive fields: ¢, € (K, o0);
2. Large negative fields: ¢, € (—o0, —K,);
3. Neighborhood of the local maximum: ¢, € (—C,, C,);
4. Neighborhood of the positive minimum: ¢, € [C,, K,];

5. Neighborhood of the negative minimum: ¢, € [-K,, —C,].

Accordingly, introduce the following indicator functions:

LR (@) = 1 {ag, oK) IS GO () = D4, 1<cats LE(9) = Lo <tdo<Ka}-

The lower bound on the two-point function is obtained by isolating the contribution in which
both fields lie near the same minimum, and by estimating all the remaining contributions in terms
of three errors: large-field events, local-mazximum events, and opposite-minimum events. Following
the decomposition carried out in Appendix 4.D, we obtain:

inf (G, = C2 — (2(1{3 +C2) sup ([FI7) +4Ca(Ca+ Ka) sup (IL70C))
oY o

z,yel'y x,YyEAT zEAG

A §h) s (15, (0 25 +215) p (602, )

TEAG T€AY
(22)
Similarly, see again Appendix 4.D, for the upper bound we find:
SUp (Grdy) e < K2 + 2K, Sup <¢21+Ka> +4 sup <¢2I+KO‘>M : (23)

z,yel'

Thus, the proof reduces to estimating the following three expectation values:

e WUt S v

Ha

whose bounds are discussed in Proposition 50 below. The first two correspond to large-field
and local-mazimum events and will be controlled directly by Chessboard Estimates together with
Proposition 49. The third one corresponds to configurations in which the field fluctuates near
different minima at two distant sites and its control requires a Peierls-type argument combined
with Reflection Positivity.

Proposition 50. There exists A\g > 0 such that the following holds. For every 0 < I' < Ao and

every choice of parameters
0< Cy < @n(N) < K,

with ¢} as in Proposition 49, there exist N1(Kq, Co, A) and Li(Ky, Co, X) such that, for all

N > Ni(Kq,Coy M), L>Li(Kq CaoyN),
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we have:

sup (@21} Ke), < em B (24)
zel'¢

sup ([~ 0, < ™23 (25)

z€l¢
sup (I 13 ), < e 150 (26)
z,yel'¢

where:

1. () is the “large-field energy gap” associated with configurations where ¢p > Ky

'(A) = 1R (Ka) — o5 (pa(A) > 0;

2. ¢§(N) is the “local-mazimum energy gap” associated with configurations —Cy < ¢y < Cy:

3 (A) = vR(Ca) = v (05 (A) > 0;

3. ¢§(X) > 0 is the “Peierls gap” associated with alternating-sign configurations obtained by

reflection of elementary blocks:
(6% . : « * « * 1 (0% @Z()\)W‘a
c§(A) = min (U,\ (%SOa()\)) — v (pa(A), —7108 (1 - ¢ W) ;
where ng = 4,2,8 for « = NN, SN, SP respectively and €§ > 0 are suitable constants.

Assuming Proposition 50 for the moment, we first derive Theorem 1. The proof of Proposition 50

is given in Section 4.4.

4.3.2 Derivation of Chiral Long-Range Order

We now show how Proposition 50 implies the main theorem. By Equation (5), we have that

1 - N\? 1 N 1
W Z <(¢¢)m(¢¢)y>a— </\> W Z <¢m¢y>ua_y‘r%"

z,yel'¢ z,yel’'¢

Therefore:

<N>2<min (Gobidie — 23) < morm O <<ww>x<ww>y>05(f)z max (dedy)u,- (27)

A z,yel'¢ NL? |F%|2 vyele z,yel'
Given any € € (0,1), we apply Proposition 50 with

Ca=[1=S¢t(N),  Ka= /14200,

Using the upper and lower bound for the bosonic correlator, Equation (23) and Equation (22)

respectively, we find that
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Sup (@0} < (145 )00 +E(N. A ),

z,yel'¢
inf (bpdy) . > (1 - E)go* (V)2 = &(N, A €)
z,yel¢ Yo = 2/7¢ T

for every N > Ni(K4,Cq,A) and L > Li(K,,Cqy, A), where £ and & are suitable quanti-
ties, which are exponentially small in N for any A € (0, \o] and ¢ € (0,1) fixed. Going back to
Equation (27), we have that

<§Y[@—§>%QF—&ﬂmx@—§%4§H%QE:(W@h@@ﬁa

Finally we require N, L to be large enough (depending on A and ¢), in order to satisfy:

1 €
< A% )\ 2
NL2 — 8)\8001( ) Y

E(N N e) S SeaVh &N AE) £ Sen (VP

so that Equation (8) follows.

4.4 Suppression of Subdominant Field Configurations

This section is devoted to the analysis of the three main subdominant contributions to the two-point
bosonic correlator (¢, ¢y) ., , namely the large-field, the local-mazimum and the Peierls-like term.
These will be shown to satisfy the bounds in Equation (24), Equation (25) and Equation (26) respec-
tively, which are the main building blocks for the proof of LRO, as discussed in Subsection 4.3.2.
The first two estimates will be proved in Subsection 4.4.1 and Subsection 4.4.2. The third es-
timate, treated in Subsection 4.4.3, requires a separate analysis of explicit, alternating, periodic
configurations, discussed in Subsection 4.4.4.

4.4.1 Large-field terms

We prove the large-field bound in Equation (24), namely we show that configurations with ¢, > K,
are exponentially suppressed in N.

The proof combines Chessboard Estimates with the fact that, for K, > % (), the mean-field
potential in Equation (9) is strictly larger than its minimum. Applying the chessboard estimate
(CE) to the single-site observable I %« (), we obtain:

dx2 _NVLA((ZS)@
/[m) (I doxe2)e

z€l'¢

<¢21+KQ> <

fia / (Hd‘%)e VEA(

z€l'¢

(28)

We will proceed by looking for an upper and a lower bound for the numerator and denominator
of Equation (36) respectively.
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Upper bound for the numerator of Equation (28). We proceed via the following interme-
diate steps.

1. We first rewrite the effective potential as:

VEA(o %N SV Av =

N
xEFa

2. As a second step, we extract the infimum of V-

L5y OVer the constrained set {¢, > K, Vx € T'¢}

and we integrate over ¢:

1 1

il _bz\ —NVe (¢)\ T
(I aonstye @)= ([ (T] docti) i)
</[VK047 ¢ [KOHOO ¢

zel' z€l'

(WAz)exp< T inf VLC‘/\N(gZ))).

¢E[Ka,00)"L
3. By Proposition 49-Item 1, the infimum of V', is attained for constant field configurations,

whose large L asymptotics can be controlled, in force of Proposition 49 -Item 2, by the infinite-
volume potential density v§:
1 (19) 1 (20)

inf VO‘ (¢) > inf VY (p) > inf ¢ (¢) —

29
\FLWe[KQ, jAg o LAN T | pe[Fao0) LAN 0€[Ka,00) N (29)

€
T
4. Since K, > ¢4(A) and the map A — ¢} (A) is continuous over (0,00) (see Proposition 49-

[tem 3), for N sufficiently large one has K, > @2(5\ ~). Hence, since vgN is increasing over

[0 (An),00) (see Proposition 49-Item 3), the infimum over [Kq,o0) is attained at ¢ = K,
and (29) yields:

a > o ¢
|IQJ ¢e“é3f) o LQHAN(¢0 _’UAN(}(Q) L

All in all:

(o

Upper bound for the denominator of (28). The strategy for bounding from below the de-

(T dews?) e NV )' < (\/ﬂx) exp ( - N (0 (Ka) - tg)). (30)

z€l'¢

nominator of (28) (a.k.a. the partition function) goes through the following steps.
1. First, we restrict the integral over ¢ to a neighborhood Qf =~ of the homogeneous minimizer

(X)) > 0, where

a

a - * * r
(25N ::[¢Q(A)<_'%¥’WQ(A)<+ %%] v

with dy > 0 to be specified. Since the integrand is pointwise non-negative for N even, such
restriction produces a lower-bound:

(ZgL)'Al > [/ [ déw e 5% det (Do) —Md,)N}T‘i‘. (31)

QéereFa
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2. In the second place, we perform a change of variables ¢, — @%(\) + ¢, and we use the

following bound (holding for ¢ € Q5 = [ %, %X ]IE):

e B T ea N H6)? = S (PO ITE 205 N Ty 0045, 62) s = 251081 (08 ()2 4205 (Von+53,)

to obtain:
(22 )P > 0TI VEARGOD) = X (205 (Ndn+6%) 5

mer (32
PR

>< [
«,
Qsy zehe

Remark 39. Observe that the Dirac operator is invertible since a non-vanishing, constant
background field opens a gap in the dispersion relations (see Appendix 4.B). More precisely,

introducing the operator norm:

'y x{1,2} a = NN
| llop = (CsquH ) |- vllezxy with X =T a = SN
veCn,||v||= ~
A x{A,B,C,D} o= SP
one has that
_ _1 1
(@), = a10) 7 <2

for any ¢ # 0. Indeed, it is readily checked (see Appendix 4.B.2) that the operator

is normal and has eigenvalues:

2z + 1?0 (=, 72 a = NN

iy/sin? po + sin? p1— where (T9)"_ = { F(2+3)°n ((- 53] x (-m7]) a=5sN
ey

pe(r®) 2 (74 120 ((— 5,2 x (—m,7]) a=SP

3. In order to find a lower bound for the determinant in the right-hand side of Equation (32),
we use the following standard fact: letting A be a linear operator on a vector space V of

dimension n < oo, then

| det(Tly + A)[ = (1 — [[Allop)"- (33)

In our case, setting A = ((lDa)l?L - gpgé()\))flM¢,7 with ¢ € Q?}’\?, we see that, in force of
Remark 39,

| (P, = ea0) "My

=@z, =0 1, <

Therefore, for any choice 0 < dn < ¢4 (A), we have that
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| det (]1 — ((Pa)r,, — Msoa(A))flM¢>| z (1 - %)Mﬂ

e

Plugging the above bound in the right—hand side of Equation (32) and performing the integral
over Q?}’\?, we find the following lower bound for the partition function:

1 6
(28 )7 > ¢ N[0 o8 00)= 5 2o 00+ a2 210 (1- 5285 ) - ]

(34)

Proof of the bound (24). By plugging Equation (30) and Equation (34) into the right-hand
side of Equation (28), we find:

(82 I+Ka>|r:g| < e N[ E) =22 -RYL W] = ~N[et)-REL 0] (35)

where

RGO = (08 (Ka) — 0§ (Ka)) + 2 (205(N) + 0n) — & log(26n)+
—2log (1 — o (A))—i—iN( (27) +310g)\)+2c0

The main observation is that

vR (Ka) = vX(pa(N) = ¢ () >0,

for every choice of K, > ¢} ()), since the potential v§ is strictly-increasing in the interval
[p%(A),00). Furthermore, due to the smoothness of the map A — ¢%(\), for every ¢ > 0 fixed, we
have that v§(Ka) — v?N(Ka) — 0 as N — oo. In this way, by also fixing dy = dn(N\) = %()‘), we
readily see that

R ) 0,

for every A > 0 and K, > @5 () fixed. Therefore, for N, L sufficiently large (depending on A
and K,), we can assume that |Rg\1,)L( A)| < 2¢8(N), yielding the bound in Equation (24).

4.4.2 Local-maximum terms

In this subsection we prove the second inequality in Equation (25), namely

sup <Ia(;_c“’c‘*)> <e TEM),
$€F% Mo

This estimate controls configurations in which the field lies in a neighborhood of a local maximum of
the potential. Such configurations are energetically unfavorable and hence exponentially suppressed
in N. The proof relies on Chessboard Estimates, combined with the fact that, as established by
Proposition 49, the potential v§ is strictly larger than its minimum whenever ¢, € (—Cq,Co) C
(—pk,©r). Applying the chessboard cstimate (CE) to the single-site observable, we obtain:

1
/ re ( H d¢a¢)€7NVI?,>\(¢) I'Z]
(=Ca,Ca) L

(1) < i . (36)

/ H doy) e NVEA(®)

z€l'
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Upper bound for the numerator of Equation (36). The bound of the numerator is a straight-
forward application of Proposition 49.

1. First, we extract the infimum of VLOj y over the constrained set —C, < ¢, < U, and perform
the integral over ¢:

Al,

F
dos) e NVL, ) < (2C,) exp < — & inf V[ (gb))
</( CarCa)" xga L e (a0t o

2. By Equation (19), the infimum of V}*, is attained over constant field configurations, whose
large-L asymptotics can be controlled, due to Proposition 49 -Item 2, by the infinite-volume
potential density v§:

: I N N R L 10 O C
’FL’ ¢€( Cl’il,ca) LA = ‘F%’ we(jga’ca) LA @ el m ’l)>\ © L

3. Since v§ is strictly decreasing on [0, ¢} ()] (see Proposition 49-Item 3) and Co < @} (A), the
right-hand side of Equation (37) is larger than v§(Cq) — 3.

Therefore, we find the following upper bound for the numerator of Equation (36):

</(—ca,ca)r%

Proof of the bound Equation (25). Plugging equations Equation (30) and Equation (38) into
the right—hand side of Equation (36), we find:

1

[ déw)e ™% *(¢> < eenebse-t), (38)

zel'¢

—_ i

< Ig(c—ca,ca>> < o~ N(5(Ca) =05 (ea (N -RY,L (V)
Ha

where

RYLO) = 20 (265(0) + 0n) + 4 ( — log(20n) + og(2Ca)) — 2log (1 — 255) + 2.
We observe that

VR (Ca) = vR(05(A) = 5(A) >0,

for every choice of C < ¢} (A), since the potential v§ is strictly decreasing in the interval
[0, 0% (M) (see Proposition 49-Item 3). By fixing iy = “0%\9), we see that for every A > 0 and
0 < Cq <N,

R () 30,
Therefore, for N, L sufficiently large (depending on A and C,,), we can assume that ]R%)L()\H <

$¢5(N), yielding the bound in Equation (25).
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4.4.3 Peierls-like terms

In this subsection we prove the bound in Equation (26), namely

N .«
sup (Iy+1- >u <e TEW),
z,yel¢ @

This estimate controls configurations in which the field takes values near opposite minimizers of
the potential at two distinct sites. Such configurations necessarily contain an interface separating
regions of opposite sign, and are therefore expected to be exponentially suppressed in V.

In contrast to the previous cases, this contribution cannot be handled directly by means of
the chessboard estimates alone. Its analysis requires a more detailed control of the energy cost
associated with configurations interpolating between the two minima. This is achieved via a Peierls-
type argument (see e.g. [FV17, Sect. 3.7.3]), combined with reflection positivity, which allows us
to control the weight of contours separating regions with opposite sign of ¢ by relating them to the
energetic penalty of suitably constructed periodic configurations generated through reflections.

General Peierls’ argument.

1. For any z,y € I'?, we have that

(L), (L),

where I7-(¢) = T14,50)-

2. Since If + I =1 almost surely, we have that

iy, = [Tud+m)y = > (1) - (39)

1 1
z#a,y C O eqnyTE. z€lg «
z:+7Cy:*

3. To each sign configuration ¢ € {£}'Z, we associate its set of Peierls’ contours, namely
the closed curves in the dual lattice (I§) = A% + (1 1) crossing precisely those edges
(«',y") C I'} for which (v # (. As usual, crossings are resolved according to the deforma-
tion rule (see [FV17, pag. 111]) shown in Figure 4.7, so that the contour set is a collection of

disjoint loops including the information of the values of the spins on both “sides”.

4. A standard Peierls argument (see [F'V17, pag. 453-457]) then gives:

(ero), <23 ( I1 mi) (40)
Y

(z’.y)EE(7) He

where the sum runs over all dual contours 7 separating = and y, and E() denotes the set of
crossed primal edges, ordered so that 2’ lies on the “left hand side” of v and 3 on the “right
hand side” (with respect to some fixed orientation of the contour 7).
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Figure 4.7: deformation rule adopted for associating a set of Peierls’ contours to every sign configuration ¢ € {i}rg.

Reduction to contour estimates. The main bound for controlling the Peierls’-like contributions

is provided by the following lemma.

Lemma 51. For every contour -y, the following bound holds true:
( I zr >u < e iNEhl, (41)
(' y")EE(Y) °
with c§(X\) > 0 defined in Proposition 50.

In this way the estimate can be reduced to a simple contour-counting argument. It is readily
checked that the sum over contours «y as in the right-hand side of Equation (40) can be bounded as

2.t > D

~varound x vy around y  :|y[>L
where “v around x” means that the contour v is contained in a square patch of the torus I'? with

side L and centered around x. Therefore, assuming the bound Equation (41), we readily obtain
that

<I;+I;*> <2 Z e~ 1Nl 4 9 Z e~ 1Sl 4 9 Z e~ 1Nes (W (42)

7 around x ~ around y v |vI>L

Mo
Using the standard contour counting bounds:

k
#yaromd z: =k} <23, #{y: bl =k} < 1%

we easily find, for N and L sufficiently large:

[y

S e il ¢ Lo-dve, S e iNEWhl <
=3 >
~aroundx v: |y|>L

Substituting into the right-hand side of Equation (42), we obtain the bound written in Equa-
tion (26).
Proof of Lemma 51. We now prove (41) by combining Chessboard Estimates with an energetic
analysis of alternating-sign periodic configurations.

1. For any contour =, its crossed edges can be partitioned into four classes:
E(Y) = Ene(7) U Eno(7) UEye(7) UEyo(7),

(here “h”/*v” stands for horizontal /vertical and “e”/“0” stands for even/odd) corresponding to
the four disjoint tessellations (v,e), (v,0), (h,e), (h,0) of the torus made of 2 x 1 rectangles
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(vertical, even) (vertical, odd)
| | \ | =
\ . ! —— -
| | \ | =
\ 1 \ —— [ ——
A | A | \ (
\ . ! —— -
| | \ | | =
\ 1 \ —— [
(horizontal, even) (horizontal, odd)

Figure 4.8: 4 Tessellation Patterns Used to Cover Lattices I'}: notice that using all such covering one is able to recover all
edges crossed by the contour v. (In the Lattice FEP all spacings are doubled)

as in Figure 4.8.

By Cauchy—Schwartz’s inequality:

( I =) =(II II =)

<II¢ 1II I;Iy—>1/4. (43)
(2,9) €E(7) a=h,v (2,4) €, () e o=

b=e,o b=e,o

2. Applying the chessboard estimate (CE) to each factor produces, up to translations, one of the
four periodic patterns shown in Figure 4.9. Therefore:

_ ‘Ev,e(i’YM _ |E'u,o(§’7)|
1Ep.e ()] [Ep. ()] <4+r> i <I> A
H [;[y—> < <](—++—)> 20T <[(——++)> AT <[ - > <I + >
(2.9 €E) a a o f "
44
where (see also Figure 4.9):
H Iw I:;Zre z+2ef Ix+36 __++ H Iw Ia;re x+2€0 I::r+330"

a,h a,h
x€AD x€AD

L T I

z Txtef :c+261 z+3ef T “xtef x+261 z+3ef”
,'I,’EAQ’U xeAa’U

with e§ = 20287 (1,0), e = 2%.57(0, 1), and

ACh Z e (4Z) x Z, o € {NN, SN}
L (82)) x (2Z), o =SP

AO _ 1o Z x (4Z), « € {NN,SN}
L —ok (2Z) x (8Z), a=SP
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Y
Y

Yt
Y1

sy
7

%

. >
— 44— — =+
Figure 4.9: Periodic patterns generated by chessboard reflections of the gray boxes representing the covering configurations

(h,e), (h,0), (v,e), and (v,0).

3. By translation and rotation invariance of pq, the four expectations coincide? and thus, using
also that |Ep ()] + [Eno()] 4 [Ev.e (V)] + [Evo(2)] = 17,

( I =n)

(z,y)EE(7)

. < <I(—++—)>2‘F%| ) (45)

4. Following the strategy used to bound the numerator in the right—hand side of Equation (28),
we obtain:

ol

(—++-)\ 2TET bl 1 B ) o
<I >Na < (27A) 7 7 exp { N¢esum1)1}fi++i> VL)\N(gb) , (46)

with Ay = A(1— 4) 7%

5. A further RP argument, closely analogous to Proposition 49, shows that the infimum over
supp I(-+*7) is attained by periodic configurations of the form:

(o= P4, P4, 0-), 0 >0, p_ <0,

® One can verify that the same conclusion holds for staggered fermions by observing the following facts. Any
geometric transformation of the field ¢ is implemented by conjugation with a suitable unitary operator U. Since we
are only interested in spectral properties, one may equivalently regard this transformation as acting on the Dirac
operator, because
det((]ﬁa)_ —UMyU" — )\1) = det(U(]ﬁa)_U* — My — )\1).

Now, the Zz-holonomy background is invariant under translations and rotations, since every plaquette carries flux
—1. Moreover, the spectrum of a magnetic Laplacian, of which the staggered Dirac operator is an example, depends
only on the holonomies of the background Gauge field (see [LL93, Lemma 2.1]). In the proof of that result, the
unitary conjugation relating two magnetic Laplacians with the same fluxes is constructed explicitly and shown to be
a gauge transformation, namely multiplication by site-dependent phases. Such transformations commute with the
multiplication operator My, and therefore do not affect it.
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depending only on two real parameters (¢4, ¢—). Accordingly:

inf VO (¢) =

pesupp [(—++-)  LAN (4, 0-) (47)

0 o

go+25],a<p_§0 LAn

where, by abuse of notation, V*s (¢4, p—) denotes the potential Vs (¢4, p—) evaluated at
AN AN

the periodic configuration corresponding to the repetition of the pattern (p_, o4, o+, p—).

Moreover, for any A > 0 and ¢, p_ € R, the finite-volume potential density \I‘%]”Vﬁ Aex,0-)

is well approximated by its infinite-volume limit, to be denoted by w§ (¢4, ¢—) (in full analogy
with Equation (20)):

‘1
| VEA (e 9-) — (e 0o)| < 5. (48)
It is possible to write down an explicit expression for wﬁ:
03 + 2
wi(p4, ) = =7 — Na // logA“(p,w,w ); (49)

where N, is a multiplicity factor (N, = }1, T 5 for « = NN, SN, SP respectively) and A%(p; o1, p_)

is an explicit function (see Equation (51), Equation (54) and Equation (59)), related to the
determinant of the Dirac operator in alternating background.

Therefore we have that

v [~

(—++0)\ TR _ Nk
<I >,ua (27[-)\) |:Fa| exXp ( N((p+>(l)n£ <0 )\N (904” Q)O*) L>>:|

6. Plugging the lower-bound on the partition function Equation (34) in Equation (50), we get:

(50)

< I(_++_)>29% < o V(g Ceren) =g (R ON)-RL )

Mo

I

where

RE?L(A) = (v (5 (N) = 08 (Pa(Aw))) + BT 4 8 (205 (V) + o)

log(26N) — 2log ( (pjl(v/\)) + Lz”.

7. Since ¢}, is a smooth function of A € (0,00) (see Proposition 49 and v§(¢p) is smooth with
respect to A and ¢ € (0,00), we easily get that

lim o2 (gh(w) = 5 (23 (N).

N—oo

Using this information, we can follow a similar reasoning as before: by fixing dy = %]\(,)‘), we

see that for every A > 0:

R () V220,

)

The crucial input, about the energetic penalty associated with the Peierls-like terms, is provided
by the following lemma.
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Lemma 52. There exists A\g > 0 such that, for every 0 < A < Ag,

: o' O, K > o0
b uf(erpn) — (G0N 2 () > 0.

where ¢§ () as in Proposition 50.

Remark 40. As clear from the incoming analysis, the assumption that the coupling constant A is
sufficiently small ensures that the effective potential w§ (¢4, ¢_) does not develop stationary points
in the interior of the region {4+ > 0,_ < 0}. In fact, a direct inspection of the effective potential
suggests that, for sufficiently large values of A, this condition is violated and nontrivial stationary
points appear (whose energy gap is not easily controlled via our method). This behavior is consistent
with the expected phase structure of the model, where no spontaneous breaking of Chiral symmetry
occurs at strong coupling due to the approximate product structure of the measure [CER81; CERS&3].

8. If A < Ag, for N large enough, v < Ao as well. Therefore, we can apply Lemma 52 to obtain:

(1) T N3 (@ Cn)-RYL M)
Mo

Also, for N, L large enough (depending on \), we can assume that ]R%?L()\)\ < 1c§(N), leading
to

<I(++)>2|3%| < N3 (SCm -5 ).
122"

9. Furthermore, by the very definition (cf. Proposition 50), ¢§ is a continuous function of A > 0,
so that Impy_yo0 ¢§ (An) = ¢§(N). Therefore, noting also that ¢§(\) > 0, for N large enough
we can assume that

|5 (A) = S (Aw)] < 35 (V)

which yields the bound Equation (26).

4.4.4 Spectral Cost of Alternating Field Configurations

We discuss the proof for the three models, a € {NN, SN, SP}, separately. We prefer to start by
discussing the SN model, which involves slightly simpler computations than the other two models.

Proof for the SN model. Using the periodicity of the alternating field configurations ¢, which
depend only on the two independent variables ¢4 and ¢_ (see Figure 4.10), one readily obtains the
following expression for the potential VL81§(QO+, —) introduced after Equation (47):

Il +¢2 o 1o _
VLS}:\I(‘PJH‘P—) = ‘2‘"‘2)\_ Z logASN(p; 04, 0-) B = (f (Z—|—§) )ﬁ((—17 Z]X(_Wﬂr])
PEET
where:
isin(p1) — p— _% 0 %641';70
1 . .
2 - - —2 0
AN (p; oy, p-) = det 2 isin(pr) — ¢+ T3
) °. 2 isin(p1) — ¢4 -3
_%e—lﬂpo 0 % i Sin(pl) o
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>

—_ S

R i s o5

Figure 4.10: Graphical Representation of the Dirac Operator with periodic pattern produced by Chessboard’s Estimates. In
Grey we have drawn the unit cells used to perform Fourier Transforms

It follows that

2 2 2
SN I dp SN/, .
WX (P p-) = M G Vi (s, ) = I —//(_W ] (2T log A™ (p; o+, o)

474

where:
1 1 . .
AN (p g, p-) = 75in?(2po) + (01 +9-)7 + (0r0-)? +sin’(p1) (1+ 93 + @2 +sin’(p1)). (51)

Note that due to the periodicity of ASN(-: ., ¢_) under translations of 5L X, we can rewrite

wN in Equation (49) as:

2 2 2
v+ d*p
Wi (g, p-) = T - 2// S log ASN(prpL o),
(-2,2)x(-3,2] (27

so that within the latter domain of integration, ASN(-; ¢, »_) is singular only at (p, o4, p_) =
,0,0). We are interested in finding the minimizers of wy" and understanding their properties. By
0,0,0). We are interested in finding the minimi f wiN and understanding thei ties. B
computing derivatives, we get:

O, w4, 0-) = £ 2// p (s +02) + 20,07 + 2sin’(pr) o+
P+ A +> reula 5 ST 7
~5.30x(-5.3 (27) AN(pipr, o)
d’p (o1 + ) + 20 3 + 2sin’ -
Dp_ X" (4, - )— — 2// 27:))2 2P+ + ¢ )ASN(‘P‘ v : (p1)e
Dalx(=3, g Do+, -

Since we are looking for the minimizer over th constrained region {¢4 > 0, o_ < 0}, looking at
the zeros of Vw) is not enough. However, we observe the following:

dp -2 _ +2sin?(p
(1,-1) - VuSN (o4, 0-) = (o1 — ¢ <—2// — Land ( 1)>.
< (—

= o (2m)2 ASN(pyoy, o)
(52)

The expression in brace can be shown to be positive for A small enough, say A < A\g with g a

suitable constant (recall also the discussion in Remark 40). Indeed, since!®

)

J,

Alpspg =) 2 men(or o= )2 +p* Ype (=%, %] x (-

wola
ol

%The notation a > b means that a > €b, for some universal constant € > 0).
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with mgn(¢+, p—) = |@+e—|, it follows that

/ / d°p | =2¢1p- + 2sin’(p)
(czmx(x,x (2m)2 | ASN(pi ¢y, 6-)

T T
4’4

<// ’p |p| + msn (e, o-)
~ 2
(7

= x oz x) (2m)2 [pl? + msn (o4, o)

<l R
~ s ax-g.5 22 VIR +msn(e4 9o )?

As a consequence, for A small enough, the right-hand side of Equation (52) is always non-
negative on the domain of our interest {¢4 > 0,p_ < 0}, so that wy(¢4, ¢—) is minimized on the
boundary of the region {¢4 > 0,¢p_ < 0}. Furthermore, by Zo-invariance of wy (¢4, ¢—), it suffices
to look for the minima on the set {4+ > 0,¢p_ = 0}. In order to proceed, we note the following.

1. By construction:

with v{N minimized by ¢ = @&\ () (see Proposition 49).
2. Explicitly, we have that

ASN(p; i, ) = % sin®(2po) + ¢ + ¢* + sin®(p1) (1 + 2% + sin®(p1)),
ASN(p; »,0) = isin2(2po) + %@2 + sin2(p1)(1 + g02 + sinz(pl)),

from which we see that:
AN (p; ,0) = AN (p; 50, J50) — 97 — §.

Therefore, we have that

2 1 1 2
_2// dp2log(1— S§¢(+<P) )
(-3.5x(-5.3 (27) ASN(p; J500 75)

= oSN (L // p log (1 19’ (Lt ¢°) )
o .

SCi ) EN(p, 19, )
= o (J5) + 6uN(e).

Observe that:

AN(pip, ) S1+¢% +¢* < (14?2,

therefore:



4.4. SUPPRESSION OF SUBDOMINANT FIELD CONFIGURATIONS 137

) 2
1 2(1 + ¢?
> _——log|1-— Q:290(7+3Z) (53)
1 g02
=1 1—
1 0g< (’321+¢2>,

for a suitable constant €§N > 0. Note that the right-hand side of Equation (53) is positive and
monotone increasing for ¢ > 0. We deduce the following:

o if p € [0, 5\ (N)], we have that:

wiN(p,0) > oSN (

=l
&
V
Sty
Z
—
S
S
wn*
z
=
~—

(recall Proposition 49 for the form of ’U§N);

o if p € [&y(A), 00), then

1 1 )’ N
W (0,0) = —log (1— € 25 ) 408 () > —log (1 - ¢<(<(>>))) Y ().

Since:

1 * 2
. SN SN . SN SN SN _(psn (M)
min wy (,0) = 3" (p$n(A)) = min (U,\ (5980 (N) = oX (98n (V) —7 108 (1-¢; 1&2&@)2))

and

. SN SN/ * . SN SN/ *
m _) = A)) =m 0) — A
G0+2071%{17§07J),\ (o4, 0-) —v3 (‘PSN( )) wzl{)lw,\ (0,0) — vy (SOSN( )),

we can conclude that:

min ™ (¢.0) = o5 (i (V) = ) > 0.

Proof for the NN model. Proceeding in analogy with the case of the SN model (see Figure 4.11
for a graphical understanding of the field configuration), we find that

2 2 2
NN _ Pty d°p NN/, .
Wy (904-7 90—) - 4\ //(ﬂ_ %]X(iﬂ_’ﬂ] (271')2 IOgA (p7 P+ 90—)7 (54)

4 9
where:
1

2
6l [8+4¢p 1 p_+60% +602 +8p% p? —cos(4pg) —4(2+¢3 +¢2 ) cos(2p1)+cos(4p1)] .

AN o4 o)

Note that due to the periodicity of ANN(-; ¢y, p_) under translations, we can write:

2 2 2

3+ d°p

Wi (e, p-) = T —4// )2 log VANN(p; o ),
(—%%}X(_g%] T
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>

>>
>>

>

Figure 4.11: Graphical Representation of the Naive Dirac Operator with periodic pattern produced by Chessboard’s Estimates.
In Grey we have drawn the unit cells used to perform Fourier Transforms

so that, on the latter domain, the integrand has only one singularity at p = 0, if o4 = @_ = 0.
Some basic but cumbersome algebraic manipulations lead to the following rewriting:

1 1. . :
VANN(pi gy 0o) = S(pr +0)" + @l + sin(2po) + (1 + @3 + 92 +sin’(p1)) sin®(py).
(55)
We are going to adapt the same arguments used in the proof for the SN model. As a first step,

we shall show that 8¢+w§N(<p+, w_) — a%wﬁN(m, ¢_) > 0, implying that the minimum of wNN
is attained on the set {¢+ = 0} U {p_ = 0}. An explicit computation shows that:

d2p —prp- +sin’p
(1,-1) - VuyN = (o1 — ¢ ( —8// ) (56)
(—T,T)x (-1, g )2 \/W(P; S0+>807)

Since in the integration region, we have that:

VANN(pr ) 2 Ipl* + mn (94, 9-) with man (4, ¢-) = \/(w +o-)?+ 02 > lpre-|,

it follows that the integral in the right—hand side of Equation (56) is uniformly bounded:

// p | —pip- +sin’py <// d*p mnn(p+,9-) + Ipl?
(= mx(—x,1] 27)% [ VAN (p o 0 )| T S (e mx-z ) (27)2 man (4, 9-)% + [pl?
d? 1
< // b _ _+1
(-2,21x(-2,2] (2m)% \ /Ip?> + man(p4, 0-)
<1.

With a similar reasoning as before, due to Equation (56) and symmetry considerations, we can
conclude that for A small enough:

. NN : NN
)= 0).
o, oin_ wy (P45 -) min wy (¢,0)

Following the strategy used for the SN model, we compare wTN(go,O) with wNN(\%ap, %gp)

From Equation (55), it is straightforward to check that

VAN (p; Jsp, J50) = VANN(p,0) + § (0° + ).
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This allows us to rewrite:

2 2
wiN(p,0) = 2 —4// ! p2 log VANN(p; ¢, 0)
_m my_x ) (2m)
(=1 1Ix(=%,3]

d’p P+ ot
NN/ 1 1

— YN (Lo, L _4//10 1-

» (59 %) @2 P\ T AN (p 79 75%)

Noting that

VANN(p; S5, Z50) S1+¢%,

it is easy to get the following lower bound for dwNN:

d2p (p4 1 904
Sw\N >_4// it 1 _ ¢NN __ 5 | _ @NN .
w (@) > =2z (27 og 2 14 o0 5 log 2 14pt)0 (57)

for a suitable constant €N > 0. Note that the right-hand side of Equation (57) is positive and
monotone increasing for ¢ > 0. All in all:

1 cp4
W (,0) > 3N (J59) — 5 log (1 — QN @4) :

By replicating the same reasoning presented at the end of the previous paragraph, we find that
1 NN NN/ * NN
=)= A) = A).
s 200 <0 A (15 0-) —vx (AN (N) = 57 (V)

with:
NN = i (NN (L _ NN R NN (‘PEN()‘))4
3 (A) = ( \ (\/QSDNN()\)) N (PRn(V), 1108 (1 ¢ T3 (o) (‘Pl*\IN(A))4> )

Proof for the SP model. Again we follow the same ideas used for the SN model (see Figure 4.12
for a graphical understanding of the field configuration). An explicit computation leads to

2 2 2
Sp oL+ d“p sp
wy (o4, 0-) = —— — 4// log A" (p; o4, o), (58)
’ A (% 5lx(-ma] (27)?
where
AP (prpr,p )=
1
2—56{16[@1 + % +20_(pr +20%) + 40 (4 +20%) + 0% (1 + 1092 + 1207 )+

. . . 59
+ o (14 12903_ + 16(pi)] + 4sin?(4pg) + 64sm2p1(1 + ¢ + (pz_ + sm2p1)- (59)

1+ 20-p4 + 305 + 92 (3+8p%) +4sin®pr (1 + ¢ + ¢ + sin2p1)]>.
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SR Sl e

—_— s e Ie N N Do
A A
—_=C \ / Dt

-To ® ® ® L4 @ ® L o

BRI S I i s S s <

Figure 4.12: Graphical Representation of the Staggered Dirac Operator with Plaquette Interaction with periodic pattern
produced by Chessboard Estimates. In Grey we have drawn the unit cells used to perform Fourier Transforms.

Note that due to the periodicity of ASP(-; ¢4, ¢_) under translations of ZZ x nZ, we can either
rewrite w5 in the form of Equation (49), or alternatively

2 2 2
SP py ez d°p SP
=" _ log A : _).
wy (SO-‘M()D ) AN 8[/(_7r Ty(ox T (271')2 0g (p7 P+ P ) (60)

8’8 272
In this way, if o+ = ¢_ = 0, the integrand has only one singularity at p = 0. Trivial though
cumbersome algebraic manipulations lead to

1
AP (pror,p )= 16 160502 + 8020 (02 + 03) + (0 + 92)7 + (14 20-04) (9 + 1))+
1 1
+ 61 sin2(4p0) + 1 sin? p; (1 + ¢+ goi + sin? p1)~
1+ 204 + 305 + 02 (3+8p%) + 4sin® pi (1 + 2 + ¢ +sin’py)].

Notice that since 2p_p4 + 3@% + o2 (3+ 8<p2+) >20_p4 + tpi +? >0, we have that

I, (62)

SIE]
ol

AP (pior, o) Zmsp(or, o= )2 +p> Ype (—5,%] x (—

where we have introduced

)

msp(p4.0-) = /oot + 02 P62 +03) + (9% + 622

Once again our goal is to replicate the reasoning from the analysis of the SN model. An explicit
computation shows that

1 d*p T (p; o4, )
1,—1) - Vi (g4, 0-) = (o4 — _< —8// O+ > 6
( ) A ((p—l- 2 ) (‘P-&- 2 ) (—g,g]x(—g,g] (271')2 ASP<p; ‘10-&-;90—) ( )

where
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1
T (s, o) = 5 ( — oo [14 303 + 02 (3+8p1)]+

+5in®(p1)[3 = 8p o + 507 + 02 (5 4 8¢%) — 1 (6 + 85%)]

+2sin®(p1) [5 + 4(p% + @1 — p_py) + 4sin2(p1)}>-

Observe that [TSP(p; o4, )| < mgp(vy, o) + msp(p4, )% + [p|?; therefore the integral in
the right-hand side of Equation (63) is uniformly bounded:

//
(-z,7)x(-3,3] (2m)?

As an immediate consequence of Equation (63), we have that for A small enough, (1,-1) -

VuwiP (g4, 0-) > 0on {gs > 0,0 <0} Using also the symmetry wy (¢4, o) = wr(—p—, —p4),
it follows that

ISP (ps o4, o ‘ // dp mgp (¢4, p—) + msp (s, o) + [p[?
ASP(ps oy, o T x) (-, (2m)2 P[4+ mgsp (4, p-)?

jus
27

. S
. min_uR (e o) = minwi(p,0). (64)

Again we aim to compare w3 (p,0) with w/S\P(%go, %gp), keeping in mind that wSF (p,¢) =

W3 (). From Equation (61) we have that

1 1 1 . .
Asp(p, »,0) = [(,0 + @ ] + — Sln2(4p0) + 1 sin? pl(l + g02 + sin? pl)

16 64
1
+1 sin® p1 (1 + ¢ + sin® p1) [3¢? + 4sin® py (1 + * + sin’ p1)],

while

1 1
2 4 — sin?(4
16[@ +50% + 4 +s0]+64sm(po)+

1
+ 5 sin?pr(1+ " +sin’ pr) - [1+ 4 + 26 + 4sin py (1 4+ 9% + sin” p1) ]

Therefore we see that ASF (p; %cp, %cp) = ASP(p: 0, 0) + ASP(p; ©), where
A (pip) = 15 (0" + 40" + 4% + %) + fsin? pr (14 & +sin’ p1) (0° +2¢%). (65)

This allows us to rewrite

ASP :
wi’ (p, 0) = v}" \/@ - 8// log (1 " ASP (). Ep (p)l )
T T)x (-2, ) (2%%%07%%0)

272

—v/\ (fcp)—i-éfw ().

In order to get a lower bound for §wSF (), we observe that:
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~ 1
ASP . > - 8
(pi9) 2 1%
SP( . 1 1 8
Therefore

d*p ©® 1 ®
(5wSP<p 2—8// log(l—QSP >——log<1—€SP ),
) (3.3x(-3.5 (27)° Tlaet) 2 Sl

8

for a suitable @SP > 0. Note that the right-hand side is positive and monotone increasing for
@ >0. All in all:

1 o8
wiF (p,0) > va(%ap) b log (1 — Qigpl " <,08> .

Finally, the same argument applied to the SN and NN models yields

o, min i (o) = o) (95 (V) 2 &7 (V).

where we have set:

SPONY) = min [ 0SP (Lo _ WSP (L L (1 esP (@gp(k))fs
3 (A) = <,\ (\/590813()‘)) x (p&p(V), 41 g(1-¢; 1+(%0§P()‘))8)>

4.A Algebraic Properties of the Lattice Dirac Operators

In this appendix, we collect and prove several technical results concerning the Dirac operators asso-
ciated with the three lattice fermion models used in the main body of the chapter. These results are
repeatedly employed in the proof of Reflection Positivity for the corresponding measures du,(¢),
but are of a purely operator-theoretic nature and can therefore be isolated from the main exposition.

For each model, we analyze the algebraic and spectral properties of the associated Dirac opera-
tors, with particular emphasis on adjointness relations, symmetry under reflections, and the reality
and invariance of the fermionic determinant.

In order to avoid cluttering the notation, in Subsection 4.A.1 and Subsection 4.A.2 we will use
the symbol IP to denote Pny and Dgy, respectively. On the other hand, we will need to distinguish
between reflections on the full plane and reflections on the torus (cf. Definition 43), which will be
denoted by 9, and Y%, respectively.

4.A.1 Naive Dirac Operator

Proof of Lemma 39.
(PND1): Anti-self-adjointness. Let us consider first the Infinite Plane Naive Dirac Operator I:

1

1
1 . x 1 *
]D:§§:'Yu®(Tu_Tu)v D :_§§ ’Yl®(Tu_Tu):_lD§
pn=0

pu=0
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thus:

(lD;L)(y,s’),(:c,s) = Z (_1)n0+n1 (m)(y+nL,s’),(z,s)

nez?

(PND2): Chirality under adjoint. Since y47,74 = —7, and 74 = 15, we have that

(va® 1) P, (va®1) = =D, (YA ® 1) My(va ® 1) = My,

so that

(Pr, — Mg)* = (yva @ 1)(Dr, — My)(ya ®1).

(PND3): Spectrum of the adjoint. Since 74 = 1 and 'yL = Y4, YA IS a unitary matrix. Thus,
Equation (PND2) implies that (Pp, — My)* and ., — My are unitarily conjugated through
74 ® 1 and thus have the same spectrum.

(PND4): Reality of the determinant. By applying the determinant to Equation (PND2), we get:

det (E;L . M¢> - det((w;L _ M¢)*> (PAD2) 4ot (m;L - M¢).

We now analyze the properties of the Dirac operator under reflections. To this purpose we will
need the notion of the Reflection Operator.

Definition 53 (Reflection Operator). Given a cut plane (v,7) on 'z, and letting ¥, and 9% be its
related reflections on the full plane and on the torus respectively (cf. Definition 42 and Definition 43),
we define the linear operators v, : £2(Z2) — (2(Z?) and 9% : £2(D1) — (2(T') as:

90f)z = fo, () Vf e (27,
~ 1
(DL f)y = (1) Zum0n tOv@=00@e o, 0 e 2(Ty),

ok ()

where note that 9, (z) — 9% (x) € LZ2.

Lemma 54 (Properties under the Reflection Operator). The following identities hold, for every
reflection v, on I'f,.

1. Reflection Covariance of the Dirac Operator:
(12 ® )BT, ) (12 © %) = (3 © DT, )0 @ 1) (RND1)

2. Reflection Covariance :

Dr, — Mo, (g) = (1o ® 0) (% ® 1)(Br, — My) (3 @ 1))" (12 @ 97). (RND2)
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3. Determinant Invariance:

det(Dr, — Mo, () = det (P, — My) = det(Br, — My). (RND3)

Proof.
(RND1). Let us first analyze the action of the reflection on the infinite-plane Dirac operator.
1

2 ZO(’YM)S s/ (T T*) 8 (2),90 ()
u=

((112 ® éu)w(]lQ X lgV))(x7S)7(y’Sl) =
1
=3 D W)sst (69, (@).00 () —ere = G0, ()00 (1))
0

1
- 5 Z(Vﬂ)s,s’ (6x7y_(_1)6“l/6p« o (5I7y+(_1)6:‘“’6u)

*Z W (Va)s,s' (T = T )ayy-

With a simple manipulation with y-matrices, we get:

1

1
1 * 1 *k
) Z(_l)(sw (Vu)s,s (T — Tu)x,y D) Z('YV'YMYV)S,S’(T;L - TH)Z,y

n=0 e
= ((weD=D)weD) ;4 4

Therefore, we get that (1o ® J,)P(1s @ J,,) = —(7, ® 1)IP(y, ® 1). From this identity, first
note that

= ol

(L @ 9L (Pr,) (12 ® 195))(175) ( L (@)o ) (W) Pr,) (9L (2).5). (9L (4).)

(y,8")

= (w;L)(ﬂV (I),S),('&y (y),S/)7

essentially by the definition of the reflection operator and the anti-periodicity of IPp - Fur-
thermore, notice that

(DT, (9, (2),5),(00 (1),5) = Z(_1)n0+n1lD(ﬂ,,(x)+nL,s)7(19y(y),s/) = Z( D)™F MDD (g, (w+nL),s), (90 (1),5') -

nez? nez?

Therefore:

((12 ® ﬁg)(lD;L)(]l? ® qgl5))(5,;,5,,),(‘%5/)

— Z (=1)"F™ (1 ® 9,) (D) (12 ® ﬁu))(HnL,s),(y,s')

nez?

_ Z n0+n1 ’Y ® 1)%(’)/,, & 1))(I+nL,s),(y,s/)
nez?

_((’y,, ® 1)(1211)('711 ® 1))(:c,5)7(y»5’)
= ((fy,, ® 1)(121:L)('YV ® 1))?@5),(3/78’)’
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where we have also used that, by Equation (PND1), (r,)* = —Ip, . By the arbitrariness of
z,y € T and 5,5 € {1,2}, it follows that

(L2 ®97)(Pr, ) (L2 ®07) = ((w © D)(Pr, ) (3w © 1))

(RND2). Since Mg, () = (12 ® GL)My(19 ® 9L) and, as one can easily check, (91)% = 1, we have:

Dr, — Mo, (s = (12 ® 07) (12 © 97) (Pr, ) (L2 ® 9;)) — My) (12 @ 97), (67)
which, using Equation (RND1), implies Equation (RND2).

(RND3) readily follows by taking the determinant at both sides of Equation (RND2), using the fact that

LN\ 2
det(v, ® 1)* = det (]12 ® 195) = 1 and exploiting the reality of the determinant, established
in Equation (PND4).

4.A.2 Staggered Dirac Operator

Proof of Lemma 40.
(PSD1): Anti-self-adjointness. The infinite-volume operator I = 1T ,(T, — T};) is anti-self-adjoint
by direct inspection. About P ,» we have that

((Pr,) )y = Pr,) = > (1D s

nez?
1 1
= 5 2 (LS Ty + Ln) Byt Lakeyo = Sy Lneyr)
neZ? u=0
a5 Z Z no+n1F )(5y,fonfe# - 5y,x7Ln+e#)a

n€Z2 n=0

where we used the fact that I',(x — Ln+e,) = T'y(x+e,) = I'y(x). From the previous formula
we recognize that

1
((lDEL)*)z,y = % Z Z(*l)n0+nlru($)(5w,y+Ln+e# - 5w,y+Lnfe#)
neZ? p=0
1
DD (=)L = nL)(Ty = Tp)eniy = —(Pr, ey

nez? p=0

(PSD2): Chirality under adjoint. It is convenient to first check the properties for the Infinite Plane
Dirac Operator I), whose only non-vanishing entries have different parity, because they are
related by a single translation in the u-th direction:

(6¢6)£,y = (_1)x1+x2 Z F“(x)(ér"‘eu’y - 5x—eu’y)(_1)y1+y2

p=0,1

= Z Fu(x)((sa:—keu,y - (5:5—6,“3/) = _ww,y'

©n=0,1
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Thus, for the anti-periodic operator:

(Eﬁ;Le):p,y = Z (_1)”0"!‘”1 (EEE):BJrnL,y - Z (_1)n0+7“m$+nlﬁy = _(ﬁgL)m,y

nezZ? nez2

This shows, after Equation (PSD1), that e)p e = —r, = (r,)*. Besides, the fact that
eMge = Mg = M, is obvious since €2 =1and eM, = Mgye.

(PSD3): Spectrum of the adjoint. Since ¢ =1 and €* = ¢, Equation (PSD2) shows that (P, —
My)* and Dr , — My are unitarily equivalent, so, in particular, they share the same spectrum.

(PSD4): Reality of the determinant. Taking the determinant at both sides of Equation (PSD2),
we get:

det (zp;L — M¢) — det (By, — My)*) = det (e(Py, — My)e) = dette) det (wn )
[ |

Lemma 55 (Properties under the Reflection Operator). The following identities hold, for every
reflection ¥, on I'p.

1. Reflection Covariance of the Dirac Operator:
Oy P, 0 = (TuPr, 1), (RSD1)

where T', denotes the multiplication operator by I',(z).

2. Reflection Covariance :
Dr, — Mg, 4) = 95 (Tu(Pr, — My)T,) " IL. (RSD2)

3. Determinant Invariance:

det(Dr, — Mo, () = det (P, — My) = det(Br, — My). (RSD3)

Proof.
(RSD1). Let us first analyze the action of the reflection on the Infinite Plane Dirac operator.

Il
S
<

Z Lo (90(2)) (69, (2) +e,0 (5) — 090 (2)— 00 (1))
u 0,1

(éylp’éy)x,y
1
2 Pu(ﬁV(x))(‘Ser(fl)éWemy - 590*(*1)5“”%@)‘

Using the fact that T',(9,(z)) equals (—1)%++1T (), if v = 0, and T',(2), if v = 1, we find
that
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where we also used the fact that, for y =« £ e, I'o(z)['g(y) =1 and T'y(2)I'1(y) = (—1)m0,
Now, for the anti-periodic operator:

(00 Pr,00),, = ot (@)ol ()P, )o@ .00 @)

(lDrL) 9y (y)
=> (—1)”°+"1lpﬁy(x)+nL,z9u(y)
nez?
= Z (=1)" "™ Dy, (ztnL) 0, () (68)
nez?
B Z no+n1 r, T, )z+nLy
nez?
= —Fy(l')(lDEL)x,yFV(y)
_(FV(JDEL)FV)

Since (Ir, )* = —r, and the I', operators are self-adjoint, it follows that

Epp, 9L = (0, pr,T,)"
(RSD2). It is clear that
(07 Moy),,, = Por) 00k @05 ) = (Men())ey

and also that My = I'y MyI',. Combining these two identities with the self-adjointness of My,
the fact that (9£)2 = 1 and with Equation (RND1), we get:

D;L - M@u(¢) = éf(ﬁfﬂ;Léf - M¢)1§5 = 55(&(%& - ¢))1—‘V)*191€

L\ 2
(RSD3). Taking the determinant at both sides of Equation (RSD2), and using that det <19£> =
det (F,%) =1, we get:

det (P, — Mo, (s)) = det (0% (T, (IPr, — My)T,)"0F)

Combining Equation (RSD3) with Equation (PSD4), Equation (RSD3) follows.

4.B Analysis of the Bosonic Potential

This appendix is dedicated to the proof of the main properties, stated in Proposition 49, of the
bosonic potential:

1
VEA®) = o5 D ¢ —log | det (Pa)r, — My)|
z€l'

and its infinite volume limit: v§(¢) = limz 0o ﬁvg(@uwpg, with ¢ € R.
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4.B.1 Minimization over Constant Field Configurations

Here we shall prove that the potential V;*, is minimized by constant field configurations, namely,
given any interval I C R,

inf Vi = inf V¥ - 69
ke TA() it TA() " (69)
The key tool is again Reflection Positivity, which implies the following lemma.

Lemma 56. Given any cut plane of TS, with 9 : (T$)* — (I'9)¥ being the related reflection operator
(see Definition 42 and Definition 43), and given any ¢ € RVL, it holds true that

(e—NVﬁ)\((z)))Q S e—NVEiA(q—S_")e—NVﬁ/\(d)_)’ (70)

where ¢F is the configuration obtained from ¢ by reflecting, respectively, the left/right configu-
ration (with respect to the cut plane) to the right/left:

ot {% v e ()
’ Pozy =€ (I'7)x

Before proving Lemma 56, let us show how it readily implies the validity of Equation (69). The
idea is to prove that, for any given field configuration ¢ € I'Z, there exists a uniform configuration,
¢ = ¢'L for some ¢ € I, with a smaller energy. First of all observe that, since e NVEA(9) >0 and
e NVEA@) 5 0F as [8ll¢2(re) — oo, we have that

1 o o
inf V'\(¢) = —— log sup e NVENS) — _ log max e_NVL,A((z’),
pel'L N eI’ T N pel' L
where T denotes the closure of the interval. If we denote by ¢ the maximizer of e NVEx over

TF%, then by Lemma 56 we have that

(e—NVLO")\(qB))Z < e_NVfé,)\(é+)e_NVf‘,A(qB7) < e_NVLa,A(‘i;Jr)e_NVLa,A(GSf)

— )

implying that e NVEA®) — o=NVEA(T) | In other words, we have shown that a configuration
obtained by reflections from the minimizing one has the same energy as the latter. We can repeat
this argument first for all the horizontal and then for all the vertical cutting planes, so that we
end up with a constant field configuration ¢'Z, with ¢ € I, which has the same energy as <;~5, thus

proving Equation (69).

Proof of Lemma 56. We must employ Reflection Positivity for the fermionic integration. Recall
that

e NVEA(D) _ ( H 62]\;(]%) det ((ma)i N M¢)N

zel'¢

N B N

_ ( I e—éiasz) < [ dia er,ywz(wa)m)—Mdzy%) .
zel'¢

)

The idea is to think of the determinant det ((lDa)fL — M¢) as a bilinear product <€A, eB>

where, given two functions F, G over the Grassmann algebra generated by 1, 1,

Po

(F,G), = / 0pal(T. ) (F O(G)) (@, ).
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with the reflection operator © as in Equation (RNF), Equation (RSF), Equation (RSFP) and:

ze(T¢)+ ze(lg)+ (71)
o) = e (X T(D)r,), 0 )
z,yel'¢

Notice that here ¢ has to be understood as a fixed static, external field (versus the dynamical
field in the full measure du,, as in Equation (4)). The Grassmann integration dp, (1, 1) has already
been (implicitly) shown to be reflection positive, in proving Theorem 45, so that the sesquilinear
form (-, ) po 18 actually semi-positive definite. As a consequence, by the Cauchy-Schwartz inequality:

det ((Ba)f, = My)° = (e,eP)?,
< <6A,6A>pa <eB,eB>pa (72)
= det (Do), — My+) det (Do), — My-),

with A and B as in Equation (71). Observe that each factor in the right-hand side is non-
negative, being of the form HeAH%a > 0. Therefore, if either of the two determinants on the
right—hand side vanishes, the left—hand side. must vanish as well. Furthermore, since the left—hand

side. is manifestly non-negative, we also have, for any N € N,
— 2N — N — N
det (Da)g, — My)™" < det (Ba)r, — Mg+ )" det (Da)p, — My-)
Finally, by multiplying both sides by HIQ% e~ 2% and noting that
2
( H em) - ( H eﬁ<¢¥>2>< H eﬁw;)?),
z€l'¢ z€l¢ zel'¢

we find the validity of Equation (70), hence proving Lemma 56. |

Remark 41. It is interesting to observe that inequality Equation (72) implies that det ((ZDQ)EL —
M¢) is positive whenever the configuration ¢ is symmetric under reflection around some cut plane,
as it can be written as:

det ((lDa)EL — My) = <6A, eA>pa >0,

with A as in Equation (71) and Fz the right half portion of I'f, determined by the cut plane.

4.B.2 Uniform-Field Potentials and the Thermodynamic Limit

Computation of the uniform-field potential. Since ¢ is constant, namely ¢ = @'z, the
spectrum of the operator (lDa)I?L — My can be explicitly obtained using Fourier transforms. Such
operation actually depends on the specific model under consideration, thus we will work out the
three cases & = NN, SN, SP separately.

e NN model. The model has a full translational invariance by Z?, thus the space of allowed

momenta with anti-periodic boundary conditions is

(FEN)i, = 2%(Z + %)2 N (—77,7r]2.
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The determinant of the finite-volume Dirac operator is computed starting from Equation (1):

det ((lDNN)EL — M¢) ‘qﬁ_ re = H det ( —ivpsin(pg) — i1 sin(py) — llggp)

I pe(TFN)* _

= JI (&% +sin’(po) + sin*(p1)),
pe(TFM)*
from which:
1 - 1 2 2 .2
e 1o | det (Pxw)r, —M¢)‘¢_ =75 D log(¢? +sin’(po) +sin’(p1)).

L I pe(TYN)* _

e SN model. The model has a reduced translational invariance by (2Z) x Z. It is therefore
convenient to considered an enlarged 2 x 1 fundamental cell. The resulting lattice is drawn in
Figure 4.13.

o

>>
>>

>
Figure 4.13: Fundamental Cells: In absence of twistings of the boundary conditions one gets a manifestly translation invariant

system.

The set of allowed momenta is given by the dual of this reduced lattice:

5= 2@+ 0 ((-55) x (-na)).

Again the determinant can be computed starting from Equation (4):

S _ 1(o2ipo _
_ isinp; — ¢ (e 1)
det ((Dsx)7, — M, ‘ .= det | 2
(( SN)FL ¢>) 4):901‘[/ pe(g)* (_é(e—szo o 1) —isinp; — SO>
L —_—
= H ((p2 + sin?(pg) + sinz(pl)).
pe(TIN) _
Thus:
1 _ 1 . .
’ASN| log ’ det ((wSN)FL - M¢) ‘d’_‘PF% ’ = 2 Z 10g(902 + Sln2(p0) + Sln2(p1))-
2 =

pe(TfN)* _

e SP model. The analysis is identical to the one for the model SN. Indeed, when the field
¢ is constant, the models SN and SP are actually the same, as well as the set of momenta:
(AFP)* _ = (AFN)* _. The only difference comes from the fact that [ATF| = 1|AN|, so that
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4
gl =173 Do log(¢” +sin’(po) +sin’(p1)).

log ‘ det ( .ZDSP) M¢) ‘df o
= pe(TiF)* _

IASPI

Notice that, due to the periodicity of f(p; ) = log (@2 + sin?(po) + Sin2(p1)) with respect to
translations of &7 in both directions, it is possible to rewrite:

1 o @ 902 1 P 902 Ca A
|F |VL,\(90F) ﬁ_iﬂ“ | E f(P;SO)Zﬁ—ﬁ E f(p; )
E(Fa)*

2
% 4C, 5
pE (Z+3)*N(-5,5)?

where C, = 1, 5,2 for o = NN, SN, SP respectively.

727

Convergence to the infinite-volume limit. By standard arguments (e.g. the Dominated

Convergence Theorem), we have the convergence, in the limit L — oo, of the Riemann sum in

Equation (73) to the respective integral C,, ff( a2 @ (djr) f(p; ©), so that

(74)

af .\ — rey _ 90 Pp 5
R(6) = Jim e Vin(e') = 5y C‘“//(m e (5:¢)
_e

2\

1c, //_ o).

The representation in the second line of Equation (74) is convenient because in the domain

E
2

(=%, %)%, the integrand f(p; ) has only one singularity at p = (0,0), if ¢ = 0. Observe also that

the Riemann sum in the right—hand side of Equation (73) can be rewritten as follows:

DS o=l

PeE EHPN(-5.5)?

S (mL(0)i),

where 7, : ( T %)2 — ( T %)2 N 2%(Z + %)2 is the projection defined by the following

condition (see Figure 4.14):

2 2 1 1
ifp e —W([ng,ng +1) x [n1,n1 + 1)) thenny(p) = —W(no +—,n1 + *)
L L 2 2
In this way:
Vi — )| <4 [ S frmore) - ) ™)
|F | L)\ A = a (7%’g]2 (271')2 ) )

In order to proceed, observe that for any p € (=%, %)% and p € {0,1}, |71(p)u| > |pu|- Note

also that for any p € (=%, Z)?, we can write:
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il ™ N
2 2!
TL
A A
>
_z s _z s
2 2 2 2

Figure 4.14: Picture of the action of the projector 7y : each cell is sent to its center

1
7 . 3 . 2 sin(qu) cos(qu)
f(ﬂ-L (p)’ SO) f ‘ uzo:l |7TL pu‘ /0 s [¢2+sin2(go)+sing(m)] q=smr(p)+(1—s)p
1
< 7L(P)p — D / ds { - 2 _ ]
MZOI| #‘ 0 Vsin® (q0)+sin®(q1) g=smr(p)+(1-s)p
4r 9 872

R < ,
- L sin2(lp0)+sin2(%p1) - L|p’

where we also used that for [¢| < Z, [sint| > 2|t|. Therefore from Equation (75) we find:

d’*p 8n? 322
—V — <8 <
|P | Eal#™) ‘ // @m2Lpl = L

EE
22

concluding the proof of Item 2.

4.B.3 Non-Zero Minima and their Weak-Coupling Asymptotics

Existence of non-zero minima. It is clear by inspection that, for any A > 0, the mean-field
potential v, as a function of ¢, is even and C' over R. In order to find its minima it is convenient
to analyze its derivative:

dv§ 1 d’p 1 .
Ny = |~ —4C, = g% (p). 76
dp (p)=¢ ()\ //(_575}2 (2m)2 ©2 + sin? pg + sin? pl) #93(#) (76)

We see that v has a local maximum at ¢ = 0. Moreover, as it is easy to check, for ¢ > 0

the function g§ is monotone increasing and limg, 1o g5 () = 0. Besides, lim,,_,o+ g5 (¢) = —oo,
indeed:

1 d’p 1 1 d’p 1 1 1 1
s <! f] Slaff Bl Ly
RS 4C [z @mr @ a b =X 2y CrE T~ 3 2w B (T 5)
(77)
Since g§ is also obviously continuous over (0,00), it follows that there exists a unique value

¢ (X) € (0,00) such that g§ (¢} (X)) = 0. Such point is of course an absolute minimum for v.
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Regularity of the minima. As we just argued, the minimum ¢% () can be interpreted as the
unique positive solution to the gap equation:

95(p) =0, e (0,00). (78)

The solution of such equation can be characterized by the Implicit Function Theorem. The map
(A, ) = g() is clearly C* over (0, 00)?. Besides, since the function

g3 p !
S (p) = —8Cap /
dp -z, =2 (2m)? (¢2 + sin? pg + Sin2p1)2

T202

is never zero, we can apply the (global version of the) Implicit Function Theorem, which implies
that the (unique) solution ¢%(\) to Equation (78) is actually C°° with respect to A € (0, 00).

Exponential smallness of the minima. Finally we prove Equation (21). Using that g§ (gag()\ ) =
0, from Equation (77) we have that 0 < 1 — 5= log (1 + ¢ (A) %), which implies that ¢%()) > e .
In order to provide an upper bound, we observe that

1 d*p 1
N o (- 112 (27)2 @2 + sin? po + sin® py

)

1 d’p 1 1 =

—8// =———log(1+ %),
A Ip|<m (271—)2 @24‘%’]7‘2 A 2 ( WQ)

where again we used the fact that |sint| > 2[¢| for [t < 2. The condition ¢§(¢%5(\)) = 0 then
yields, for A <1,

v

4.C Formal Continuum Limit of the Staggered Plaquette Model

In this appendix we derive the formal continuum limit of the Staggered Plaquette model and identify
the corresponding continuum Gross—Neveu theory. We will show that:

1. after a suitable change of fermionic variables, the non-interacting lattice theory converges to
one describing N.g = 2N non-interacting Dirac fermions;

2. the plaquette interaction becomes the standard Gross—Neveu quartic interaction.

Lattice Action. We consider a two-dimensional lattice of linear size L and mesh ¢ > 0, Iy, =

072 N ( — %, %}2, with L/¢ € 4N. We partition I'y ;, into 2 x 2 plaquettes and introduce the coarse

lattice: f&L = 207°N (— %, %] % and we consider the set of internal plaquette sites Z = {A, B, C, D},

so that we can identify Ay with 'y, X Z (see Figure 4.3). The action of the Staggered Plaquette

0L 0L obL
model reads Sgp' = Sy + S;", where
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N
SS’L = 62 Z Z Z ax,a,j((wSP)X&L)(:U,a),(y’b)@/)y,b,p (79)

a?,yET\z,L 7j=1la,bel

A(20)2 N ?
Slér;f/ = - (82]V) Z (Zzwx,a,j¢x,a,j> (80)

zely,, \e€l j=1

and ((]DSP)/_\e,L)x,y = ¢! ((lep)XL/Z)x/&y/g, with the latter defined in Equation (6).

- 2 2
Fourier Representation. We define, for p € (I'y )" _ = 2% (Z + %) N (— 20> %) )

~ . 2 . A~ . 2 e —
wpva‘mj = (28) Z ezp I¢x7a7‘j’ Q]Z);anj = g Z € * xq’Z)x?amj’

IG/K[,L ﬁeKZ,L

so that

1 N — 1 N
- —ipa, )~ — +
wx,a,j - ﬁ Z e lpx’lpp,aJ? 1/}1'7a7j — ﬁ Z 62p$¢p7a7j.

peTo )" _ peTen)* _

By introducing the four-component spinor:

Tlfp,A,j
N P ) ) ) ) .
— »,B,j + + + + +
Y= gm0 Ve T (%AJ UpBj Ypog %DJ)’
"p,C.j

Vp.p.j

the free action takes the form

Jj=1
where, letting o, (p) = # 7
0 —io1(p) ico(p) 0
R —io1(p) 0 0 io(p)
D)= | -
mo(P) 0 0 Wl(p)
0 ioo(p) ioi(p) 0

Spin—Taste Basis. To identify the proper fermionic degrees of freedom suited for the continuum
limit, we perform a standard spin-taste transformation |GL10, pp. 243-248]. Namely we define:

o 1 A . 1 .
Swsi = T2 Nohai Glss = 722 Vnas T e

a€l a€l

with w € {£} the taste indez, s € {1, ]} the spin index and, letting e4 = (0,0),ep = (1,0),ec =
(0,1),ep = (1,1) be the normalized displacement within the unit cell (see Figure 4.3),
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112, a = A,
(a) (a) _
F(a) = FT7+ FTy* = ~fa€l Ca€0 _ Oz a= B’
- F(a) F(a) ’Yl 7o
wL7+ ~L77 O-y7 a= C’
10,, a=2D.
Alternatively, after introducing
$ptit.i
A & . ~
= — | e+l =+ — (¢t + + +
up7] - - T 3 ’ HPJ - (§p7+7T7j7 5 7+7~I/7j’ £p7_7T7j, gpv_wldj) ’
P,—5 150
& .
pv_wl/vj

the change of basis reads \IJ =ytz Ep and \Il+ = :+ U, where

10 0
o Lo o
V2| 01 i 0

10 0 —i

is a unitary matrix. Hence:
1 N
6L~ St G(p) B
Sp = 412 Z Z P S(p) P’
J=1 pE(Ag,1)* _

with S(p) = UD(p)Ut. A direct computation gives:

8(p) = Liasie ® (= ip0r0 — i;171 ) + O(¢lpf?). (81)
Equation (81) shows that the taste sector becomes asymptotically diagonal and survives as an
additional independent fermionic species. Note also that
det S(p) = det D(p) = E_Q(Sing(ﬁpo) + sinQ(Epl)),

showing that 5’(10)_1 has a pole only at p = 0.
Observe also that, in the spin-taste basis, the interaction term in Equation (80) becomes

= A0 g (g oyl MO S e

.’EGFe’L (EEFAL j=lw=+

[1]]

Continuum Gross—Neveu Theory. The formal limit ¢ — 07, L — oo is obtained by replacing

Riemann sums by the corresponding integrals:

(20%) Z w//RQd%, L2 Z //R2 d2

xEAeyL AZ L

and neglecting the remainders in the rightfhand side of Equation (81). We obtain:

N
Sé’; ~ Ssp :/ d2$[_ %ZZ Z Z zw,j'yua,uﬁx w,j — 8N Z Z = Jw,J = xw,])z :

j=1w==%p=0,1 j=lw=%
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The kinetic term contains an overall factor 1/4, which is easily removed by a trivial rescaling

s = =1

5=. In this way we get:

N N
1. E E = = A = —_
SSP - //de [ B ZZ Z :;3:%]'7“811:;7%]' o 2]5;2 (Z :;,w,j:/x,w,j)2 ’ (82)
7j=1 €

w=zk :u:071 ]:1 w==+

with Neg = 2N and Aeg = 8. We therefore conclude that the Staggered Plaquette model, after
performing the formal continuum limit, reproduces the standard Gross-Neveu model with coupling
Aer and Ng flavors.

One-Loop Running Coupling. The Renormalization Group equation, for the running coupling
constant A (f) at energy scale /=1, reads:

d)\eff o
ac p
with S(Aesr) the Beta Function of the Gross-Neveu model, whose one-loop expression is [TV90]:

14

(Aeﬂ),

B0un) = 1 (1= - ) M + 00

The integration of the Renormalization Group equation truncated at order )\gﬁ, yields

_ Aeft (£0)
1+2 (1 — N%ﬁ) Aeft (€0)2 log (%2)

After writing Neg = 2N and Aeg(¢) = 8A(¢), we obtain:

et (£)

_ A(fo)
I ) \on(B)

At the lowest order in %, this expression coincides with Equation (12) for o = SP.

A(f)

4.D Quantitative Bounds on the Two-Point Function

4.D.1 Lower Bound on the Two-Point Function

Since:
1= Lo g 1Ko [7C0Ce) 4 o g 12

the two-point function can be decomposed as:

(Geby)ua = Y (Dot I (83)

1,JER

where the sum runs over the five regions R listed in [tem 1-Item 5 in Subsection 4.3.1. These
contributions can be naturally grouped into the three following classes.

e DT (dominant term). The two fields lie near the same minimum:

(Gaby)pr = (Guby (IH I3 + I3 157)),
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e PT (Peierls’ term). The two fields lie around different minima:

(Gay)yn = (Gatry (Lt Iy~ + I I+))

Ha”

e EUT (energetic unfavorable term). At least one of the two fields lies in an energetically
unfavorable region:

(s = (Buty (LRe 4 I 4 1700 )

+ <¢z¢>y(f§* ) (I e I R4 Iéfcavca))>u ,

First, it is convenient to perform a preliminary bound of the two-point function as:

(Gady) . > (Duty)y — ‘ (Do) | —

‘ <¢x¢y>EUT )

(84)
The bound in Equation (22) is then obtained by estimating separately the three terms in the

right-hand side of Equation (84).

Dominant Term (DT). We shall derive the following lower bound:

8C2

(Gaby) s > Ca — <¢2 L)~ &

(21377 302 (100} —2C2(I1y),

Mo
(85)
where notice that, due to the translation invariance of the model (see Footnote 9), averages of
the form (f(¢z))u, are actually constant with respect to x € I'.

Proof of Equation (85). Since ¢ppy > C? on the support of I;ilgi, we obtain:
<¢x¢y DT <¢x¢y I*+[*+ _I_I* I* > > 02<I*+I*+ +I* I* >
Moreover, using the identity:

L+ I I = (I + D) I+ 1) — (I I + I I,

we find that

(Gaty)r = Cal(L Iyt + I L))
> Co(Ir + L)y + 1y7)), = 2Ca (I L)

= O3 (1o = [FHe = e =[O O (1, = e — [ Ko [C0C)) G2 (1)

Mo

= C2 4 C2 (Lo o I 4 10O (e o [ I§*Ca’0a))>#a

— 202 (I 4+ IR 4 1 Ca70a>)>#a — 202 (LI
> 02 - (2 <(I+Ka I Ka 4 [(~CaCa)y ([HKe 4 [-Ka +I§fca,ca))>ﬂa
— 262 (I 4 I; Ko 4 (7O Co >)>#a —2C2 (I Iy

{e3
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This estimate yields a strictly positive lower bound on the dominant contribution, up to addi-
tional subdominant terms of the form PT and EUT, which can be controlled as follows, using the
Cauchy-Schwartz inequality and the invariance of u, under the transformation ¢ — —d.

<(I;Ka + I Ko 4 O Co)) (L Ke 4 Ko 4 IZS*C%C&))%Q
(L4 ) (e 4 7)), 4 (OO Oy (K 4 [ Ke) e
—Ca,Co) ( T+ Ka —Ka
< 1 IR 4+ 1 )>M
2

(A 2 ), A, 4 (),
2

Mo

IN

< F<|¢x||¢y|( L R T <¢:v )+ (L)

< o (GR), +  (BIE)) <f;—0a70a>>ya ,
and

<(I;-Ka 4K 1;—0a70a>)> Ki (6I3") + <I§—ca,ca)>ua <¢21+K >§a n <Ig(c_ca,0a)>“a.
Collecting together all the contributions above, Equation (85) follows. [ |

Energetically Unfavorable Terms (EUT). We shall prove the following upper bound:

(Gady)p | S 4(GLTR) , +4(Co+2Ka) (S2175)

+ (4K.Cy + C2) <I§;cha>> . (87)

1
2
Ha s

Proof of Equation (87). We can rewrite

(Dady) " = (Baby)i ™+ (Dady) i+ (Bady) i + (Dxy) " + ($ay) 0,

where:

9

(Gady) i = (Gatby (LT + LK) (e 4 1))
<<z>m<z>y>KC = (o [ 4 I o) 170 o) g IO O (K 4 7]
(Gady)p’ = (Gady (LK + IR Iy + L) + (I + L) (IR + 1, 5)])
<¢>w¢>y>ff;* = (000, (IO O (I ) 4+ (I3 + I 0]
<¢$¢y>cc : <¢x¢ [{~CoCo) (= Oa,ca)>ua

We are going to bound the several terms above separately.

Mo’ (88)

1. Bound on K,K term. Using the Cauchy-Schwartz inequality and the invariance of . under
the transformation ¢ — —¢, we get:

sup
z,yel'y

<¢x¢y>fff‘ <2 sup (Gay LI I7E)  +2 sup (|@ady| L)
z,yely “ z,yel'y “

<4 sup <¢2I+K‘l>ua .
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2. Bound on K,C term. Similarly to the previous item:

sup
z,yel’'f

<¢m¢y) ' <4 sup <y¢m\|¢y‘];&[@(/—ca,ca)>

Mo

1 i 1
<4C, sup (G27Ne): (70N <uC, sup (621752
z,yel'¢ Ho z€l'¢

3. Bound on K,* term:

sup
xgEF%

O

4 sup <¢z¢yI;KaI;+>H +4 sup (|gady| LTI~ >
waF% myEFa

< 8K, sup <¢2I+K°“>
zel'¢

4. Bound on C,x term:

sup
myeF%

(Buty)s”

< 4<\¢x¢yu§—0w%>g+> < 4K, C,, sup <I§,—0avCa>> .
Mo IEF% Ha

5. Bound on C,C term:

sup
z,yel'¢

(Buty)

< sup <|¢z¢y’-’a(cfca’ca)[z(fcmca)> < C7 sup <Ig(fcavca)> :
z,yere fo pere .

Collecting all the contributions, we find the claimed inequality shown in Equation (87)

Peierls’ terms (PT). Using again the invariance of p, under ¢ — —¢, we get that

' (Guy)h

< 2A|batyl 3 1y7), < 2K L), (89)

Plugging Equation (85), Equation (87) and Equation (89) into the right—-hand side of Equa-
tion (84), we finally get:

. 2 2 2 *p Th— ( Ca,Ca)
inf, <¢x¢y>ua > 2 (2(Ka +C2) sup (IFI;7)  +4Ca(Ca + Ka) sup < >Ma

zvyEA% IEAa
a ) ’

+4(1+ G5) sup (G2I7Ke) 1+ 4(Co + 258 +2Ka) sup (921750
o’ zeAy €AY

BN

which is nothing but Equation (22).

4.D.2 Upper Bound on the Two-Point Function

In order to perform an upper bound, we can decompose the two-point function as

(Guuly, = (Bu (L H) [ Hn ) ([ Kok) | Kok
tha
where Ig(”iKayKa) =1 r.<¢.<K.} and I;EfK‘“K")C = 1—Ig(cha’K°‘)

. Proceeding as in the previous
subsection, we can decompose the correlator as:
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_ (—Ka,Ka) [(—Ka,Ka)
(6204}, = (820, 1L KA LI

+ (Gup I KoKl Ko

+2 <¢x¢yI§*KmKQ)I§*KmKH)C> +
Ha (90)
Ha ‘
The three terms appearing in the right-hand side of Equation (90) can be upper-bounded as
follows.

' (e LK [ 1K)

< ([l oy |1 150) =) )
< <I;—KQ,KQ)IZS—KQ,KQ)>
KZ;
< ([6allgy e Ko 1R K

K (1550
= 2K (¢ 1)

e

Mo

Ha

IN

[ (satyrirti s

[e3

Ha

Ha

:u'oc
< 2K <¢2I+Ka> z

'<¢Z¢y —Ko,Ka)° I( Ko, Ka) >

<|¢x||d>y|l —Ka,Ka)® (= KQ,KQ)>

<%%ﬁ%ﬁ%>

Ha

+2 <|¢m¢y|I—Ka1+Ka>

Ha Ha

< <¢QI+KQ> <¢QI+KQ>; _|_2<¢2]—Ka> <¢2I+Ka>
— <¢2I+Ka> <¢2[+KQ>

Therefore, going back to Equation (90):

/\

sup <¢m¢y>ua < sup
x,yEF‘z x,yEF‘E

(Dady) . ‘ < K2 42K, Surp <¢21+Ka> 14 sup <¢2I+Ka>ua’
S

which is nothing but Equation (23).
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Chapter 5

Fermions coupled to Z,-Gauge Fields

This chapter introduces the common Hilbert-space formalism underlying the two quantum models
studied in Chapter 6 and Chapter 7 and developed in the joint works [GP26; BGP26]. In both
models, fermionic matter on the vertices of a square lattice is coupled to Zs-valued gauge degrees
of freedom carried by its edges. The coupling is implemented by dressing each fermionic hopping
term with the vector-potential operator on the corresponding edge, while the physical Hilbert space
is selected by a local Gauss-law constraint.

The purpose of the chapter is to formulate these common ingredients once, independently of the
particular matter Hamiltonian. We first describe the pure Zs-gauge sector, including its Hilbert
space, star and Wilson operators, gauge transformations, Gauss law, and decomposition into flux
sectors. These are standard lattice-gauge constructions originating in works such as [Weg71; FS7§|
and reviewed, for example, in [Fral3] (see Section 5.1). We then couple the gauge field to fermionic
matter by gauging fermion parity. The construction of Section 5.2, including the physical observ-
ables and Gauss-law constraint defined in Definition 64 and Definition 65, uses standard ideas
specialized to the finite square torus and to the models without an electric-field term considered in
Chapter 6 and Chapter 7.

The final part of the chapter concerns the physical Gibbs state and its decomposition over fixed
vector-potential backgrounds. The gauge variables are local degrees of freedom of the model, rather
than prescribed external fields, and must therefore be included in the physical trace. This remains
true when the vector-potential operators commute with the Hamiltonian because no electric-field
term is present. In this case, the dynamics does not produce transitions between distinct back-
grounds, but the partition function still sums over all of them subject to the Gauss-law constraint.
This observation makes it possible to reduce the spectral and thermal analysis to fermionic Hamil-
tonians in fixed Zo backgrounds.

The chapter does not claim a new general gauge-theory formalism. Its contribution is a reusable
and internally consistent implementation of the fixed-background reduction in precisely the form
required by the two subsequent applications. In particular, the isospectrality of gauge-equivalent
backgrounds in Proposition 66, the resolution of the Gauss-law projector in Proposition 67, and the
resulting parity-twisted trace formula are proved in the form used later. These technical proposi-
tions should therefore be understood as thesis-specific synthesis and infrastructure for the original
results of Chapter 6 and Chapter 7, rather than as stand-alone foundational advances.
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Figure 5.1: Oriented lattice Ay and its dual A}

Notations. The lattice Ay, is bipartite, meaning that it consists of two sublattices Aé and AE
which are represented with white and black dots respectively. We will denote with V(Apr), E(Ar)
and F(Ar) respectively the set of vertices, edges and faces of the lattice Ay. Their elements will be
written as ¢ € V(AyL), (4,7) € E(AL) (with the convention that j and ¢ are respectively the starting
and arrival point according to the orientation shown in the picture) and p = (i,7,k,1) € F(Ar).
Often, with a slight abuse of notation, we will identify the set of vertices V(A ) with the lattice Af,
itself. The set of vertices, edges and faces of the dual lattice A} of A, (sketched with dotted lines) will
be likewise denoted with V(A7 ), E(A}) and F(A}). Of course, there is a bijective correspondence
between F(Ar) ~ V(A}) and V(Ar) ~ F(A}), which we shall sometimes use without further
mention. In particular, the four edges sharing one vertex can be thought of as the dual edges
bounding the corresponding dual face.

Homology of the torus: basic definitions and notations We recall that A = Z7 is the square
lattice with periodic boundary conditions, and that V(A),E(A),F(A) are the sets of all vertices,
oriented edges and oriented faces of A. By construction |[V(A)| = |F(A)| and |E(A)| = 2|V(A)|. This
structure is naturally understood as a CW-complex, and we briefly recall the basic constructions of
cellular homology. Since orientation does not play a role in the analysis of this thesis, we do not
insist on it here.

Definition 57 (Chains). For i = 0,1,2, the i-chain group C;(A) is a free abelian group with
coefficients in Zy generated respectively by V(A), E(A) and F(A).

Geometrically, a 1-chain C is a string along the edges of the lattice, or a collection thereof. The
fact that the coefficients are Zy simply means (in the example of i = 1) that an edge may appear
at most once.
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The boundary maps 9; : C;(A) — C;_1(A) associate to a i-chain the (i — 1)-chain that forms its
boundary. For example, if A is a 2-chain, namely a collection of plaquettes, then JA is the 1-chain
made of all the boundary edges. As usual, 9; 0 9;1+1 = 0, namely Im(9;+1) C Ker(9;).

Definition 58 (Cycles and Boundaries). The i-cycle group is Z;(A) = Ker(9;). The i-boundary
group is B;(A) = Im(0;11).

In other words, a 1-cycle is geometrically a loop or a collection thereof. A 1-boundary is the
geometric boundary of a collection of plaquettes. As pointed out above, B;(A) C Z;(A): For the
case 7 = 1, any boundary is indeed a collection of loops.

Definition 59 (homology groups). The homology groups are defined as:

= B @

The group Hj(A) is made up of equivalence classes of loops, where two loops are equivalent if
they differ by a boundary (one could say: they can be ‘deformed’ into each other). On the torus,
H;(A) has four elements: It is generated by the two types of loops that wind once around the torus
in either direction. In this thesis, they are associated with the holonomies (Chapter 4, Chapter 6,
and Chapter 7) or large gauge transformations (Chapter 6 and Chapter 7).

Cohomology. The regular square lattice has a natural dual obtained by identifying each face
with a dual vertex, each edge with a dual edge (which is geometrically perpendicular to it) and
each vertex with a dual face. The construction above can be repeated with this dual complex,
yielding cochain groups C;(A*), cocycles Z;(A*) and coboundaries B;(A*), and cohomology groups.
For example, a 1-cochain C* is a string in the dual lattice or a collection thereof.

5.1 The Pure Zs,-gauge Sector

The gauge-field Hilbert space To every edge (i,7) € E(AL) of the lattice, we associate the
two-dimensional Hilbert space

HE; = ClZy] ~ C?,
representing the local gauge-field degree of freedom. Its canonical basis is

H_l)ij? ’_1>ij'

Z.

These vectors are the eigenstates of the vector-potential operator 05

GF| L), = 1),

The electric-field operator 67; exchanges the two vector-potential eigenstates. Thus, on each edge,
the vector-potential and electric-field operators satisfy the Zs-analogue of the Weyl relations:

o50h = ~0%eh.  (05) = (63)" =1

These relations provide the finite-dimensional counterpart of the canonical commutation relations
between vector potential and electric field.
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Definition 60 (The total Hilbert space of the gauge sector). The total Hilbert space of the gauge

sector is

H= Q H (2)

(i,7)€E(AL)

The algebra of operators acting on ’H% is generated by the vector-potential and electric-field
operators associated with all edges. Operators supported on distinct edges commute; in particular,

AT ~AZ

AZ AT ~Z AZ ~T AT
030kl = Oki04j>

~Z oAZ AL AT
0ii0ki = Oki0ij> 00kl = Oki0ij>

whenever (4,7) # (k,1). We denote this algebra by A%, in order to distinguish it from the CAR
algebra describing fermionic matter.

Star operators, gauge transformations and gauge-invariant operators For every vertex
i € V(Ap), introduce the star operator (see Figure 5.2)

A= IT eh (3)

(k1) Exdxi

where *0 * i denotes the set of edges incident on 1.

Figure 5.2: The operator A; acts on the four edges incident on the lattice site i € Ap,.

The star operators are self-adjoint unitaries and mutually commute. Moreover, since every
edge has two endpoints, each electric-field operator occurs exactly twice in the product of all star

II&:L

1€V(AL)

operators. Consequently,

In particular, spec(A4;) = {£1}. Conjugation by A; implements the local gauge transformation at
1
—0%,, 1€ {k,l},
Ao Ai=4 M Ai6TA; = 67,
or, ¢k,

The star operators therefore allow us to identify the gauge-invariant operators. Let A denote the
group generated by the A;’s. The following definition expresses gauge invariance as commutation
with every local gauge transformation.

Definition 61 (Pure-gauge physical observables). The algebra of gauge-invariant observables in
the pure gauge sector is the commutant

Caz (A) = {O € A} [0, 4] =0 for every i € V(AL)}.
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We next introduce string operators associated with chains of the direct and dual lattices:

Z:C1(AL) — A8, C—Ze= [] o3
(i,9)eC

X :Cy(A}) — A5, Crr—Xee= || &5
(4.4)€B(AL)
(i.))NC* £2

Here the chain groups are understood to have coefficients in Zs. Consequently, these maps are
group homomorphisms:
Zey+e, = Zey Zey,,  Xertey = Xey Xey (4)

For every plaquette p € P(Ar), define the magnetic-field, or plaquette-flux, operator
B,= [] o1
(4, edp

By construction,
Zop = By,

More generally, if C =0} s p is a boundary in Ar, then
Ze =[] By
peS
Likewise, if C* = 9 Ep* cs- P is a boundary in the dual lattice, then
XC* = H Ai)
i€V(AL)
>p*eS*

where the dual face p* is identified with the corresponding vertex ¢ of the direct lattice.

Figure 5.3: The magnetic-field operator B, associated with a plaquette p.

On the torus, every edge belongs to the boundaries of exactly two plaquettes. Hence the
plaquette-flux operators satisfy the global constraint

Il B.=1 (5)

pEP(AL)

The electric string X¢+ is gauge-invariant for every dual chain C* € €} (A7), since it is constructed
entirely from mutually commuting electric-field operators. A magnetic string is gauge-invariant
precisely when every vertex belongs to an even number of edges of its support, namely when its
support is a cycle. Thus,

CreCi(A) = Xe- €Cus(A), (6)
CeZi(Ar) = ZceCu(A) (7)
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Gauge orbits and holonomies A Zs-vector-potential configuration is a collection

o = {0ij}(i,j)eB(AL)> o5 € {1} (8)

The corresponding vector-potential eigenstate is

o) = Q) o)y

(i,)€E(AL)

Two configurations o and o’ are gauge-equivalent if there exists a collection {Ti}iev(AL), with
7; € {£1}, such that

O"Z,j = Ti04T; for every (i,7) € E(AL). (9)

At the operator level, this transformation is implemented by

o= T A7) o). (10)

i€V(AyL)

Since Ay, has no boundary, the simultaneous choice 7; = —1 at every vertex is the only non-
trivial choice of the 7;’s that acts trivially on every edge. Consequently, the gauge orbit of any

configuration contains
9lV(AL)[-1

distinct configurations. Since there are 2/E(AL)l vector-potential configurations altogether, the num-

ber of gauge-equivalence classes is
9lE(AL)|=IV(AL)+1

For the square torus, |[E(Ar)| = 2|V(AL)|, and therefore this number becomes

2|V(AL)|+1.

The gauge-equivalence class of a configuration is completely determined by its Zs-holonomies
along closed circuits. A basis of the Zs-cycle space may be chosen as the boundaries of all but one
elementary plaquette, together with two non-contractible cycles C, and C, generating the homology
of the torus. We denote the corresponding Wilson-loop operators by

Zo=Ze., 2= 7,
Thus, a gauge-equivalence class is specified by the plaquette fluxes ®, = B,(o), subject to the
global constraint in Equation (5), together with the two global holonomies measured by a = Z, (o)
and b = Zy(a).

The physical gauge-field Hilbert space Since the star operators mutually commute, the gauge-
field Hilbert space decomposes into simultaneous eigenspaces:

n= @ M (11)
ac{£1}V(AL)
[[;ai=1

where

HE® = {|W) € HE : A;|T) = a;|T) for every i € V(AL)}.

The restriction [ [, a; = 1 follows from the identity [[, A; = 1. The eigenvalues a; may be interpreted
as a distribution of fixed background Zy-charges: a; = +1 represents the absence of a charge at ¢,

whereas a; = —1 represents its presence.
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Remark 42.

1. For every compatible collection a, the orthogonal projector onto H%’a is

2. By definition, every physical observable leaves each superselection sector invariant. Indeed, if
O € C 4z (A), then, for every |¥) € HEY,

Thus, the algebra of physical observables is block diagonal with respect to the decomposition
in Equation (11).

3. Since only |V(Ar)| — 1 of the conditions A;|¥) = a;|¥) are independent,

dim HE® = 2IBADI- VAL

For the square torus this becomes
dim HE* = 2lVAL)IHL
which are precisely the inequivalent classes of vector potentials.
We define the physical Hilbert space as the sector containing no background charges.

Definition 62 (Gauss’ law). A state |U) € H$ satisfies the vacuum Gauss law if
A;|T) = |T) for every i € V(Ap).
The corresponding simultaneous eigenspace is denoted by
HEPS - gy
and is called the physical pure-gauge Hilbert space.

The relation between the physical Hilbert space and the gauge orbits described above can be
made explicit. For each gauge-equivalence class [o], define the normalized orbit state

) 1 ,
o)) = sweora 2o o)

o'~o

Every such state satisfies the vacuum Gauss law, and the collection of orbit states forms an or-

phys

thonormal basis of H$P™®. The number of gauge orbits therefore agrees with the dimension of the

physical Hilbert space.

A simple gauge-invariant Hamiltonian We finally introduce a simple Hamiltonian for the
pure gauge sector of the Zo-lattice gauge theory:

Hy=— > B, (12)

pEP(AL)
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The Hamiltonian is gauge-invariant and preserves every superselection sector. On the physical
Hilbert space, its ground states satisfy the flux-free condition

B,|¥) = |¥) for every p € P(Ap).

Ounly |P(AL)|—1 of these conditions are independent, because of the global relation in Equation (5).
The dimension of the ground-state space is therefore
olE(AL)]
2IV(AL)|-19|P(AL)|-1

=9 X(A0)+2 — g (13)

where

X(AL) = [V(AL)| — [E(AL)| + [P(AL)[ =0

is the Euler characteristic of the torus. The conditions B, = 1 fix all contractible holonomies, while
the holonomies around the two non-contractible cycles remain unconstrained. Consequently, the
four ground states are uniquely labeled by the joint eigenvalues

(a,b) € {£1} x {£1}

of the Wilson-loop operators Z, and Zy.

5.2 Gauging Fermion Parity

We now couple the pure gauge sector introduced above to fermionic matter by promoting the global
fermion-parity symmetry to a Zs-gauge symmetry. This construction provides the common frame-
work for the two models studied in the following chapters.

The fermionic degrees of freedom are described by the Fock-space formalism introduced in
Subsection 2.2.3. We only recall the notation needed here. Let S be the set of internal fermionic
labels and let F7, be the Fock space over £2(A;) ® C®. The spinless case corresponds to |S| = 1, in
which case the internal label will be suppressed, while for spin—% fermions we take S = {1,]}. We
write

N - -
Nig = G 0y s n; = g N, N = g,
nes i€V(AL)

and denote the local and global fermion-parity operators by

(" and  (-)V= J] (v

respectively.

The Hilbert space of the coupled system is
Hi =HE @ Fr. (14)

The tensor product is the ordinary tensor product of Hilbert spaces. Accordingly, gauge-field and
fermionic operators act on different factors and commute. We denote by A;, the algebra generated
by A%auge and by the fermionic creation and annihilation operators.
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5.2.1 Local charges, physical observables and Gauss’ law

The global fermion-parity transformation is promoted to a local Zo transformation acting simul-
taneously on the fermionic degrees of freedom at a vertex and on the gauge fields carried by the

incident edges.
Definition 63 (Zs-charge operators). For every i € V(AL), we define
Qi = A;(—1)™. (15)

The charge operators are mutually commuting self-adjoint unitaries. Their action on the gener-
ators of Ay, is

or, 1 ¢k},

Thus, if 7; € {1}, a local gauge transformation acts as

+ . .
N ~ ~ + —a i, J=1
Qi0rQi = { QiopQi =0 Qia;,Qi= { LT

@ j #i.

+
i,

I @ =Y.

i€V(AL)

+ ) A~z Az
aim — T;Q Uij — TzaijT]'

Using [ [, A; = 1, we also obtain

Consequently, an operator commuting with all the local charges is automatically even under global
fermion parity.

Definition 64 (Physical observables). Let Q be the group generated by the operators @;. The
algebra of physical observables is the commutant

Ca (Q)={O0 € AL : [0,Q;] =0 for every i € V(AL)}.

A physical observable will be called magnetic if it belongs to the subalgebra generated by the
vector-potential operators 6;; and by the fermionic operators.

The pure-gauge string operators introduced in the preceding section remain physical observables
of the coupled system. In addition, open Wilson lines can be used to dress fermionic bilinears. If C
is a lattice path joining j to i, then
a;,rnZCaj_,n’
is gauge-invariant: the signs generated at the endpoints by the fermionic operators are compensated
by those generated by the open Wilson line.

Since the @;’s commute and have spectrum {£1}, the total Hilbert space decomposes into charge
sectors,
Hy = @ HY, HL = {|¥) € Hp : Qi|¥) = ¢;| ) for every i}.

ge{+1}VAL):
Hi ¢i=1

The corresponding orthogonal projector is
. 1+¢iQ;
i€V(ApL)

The relation []; @; = (—1)" implies that the total fermion parity in the sector ’H% is

(_1)N"HZ = H qi-

i€V(AL)
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Figure 5.4: Graphical representation of some gauge-Invariant Operators

Definition 65 (Gauss’ law). A state |U) € H, satisfies the vacuum Gauss law if
Qi|¥) = |¥) for every i € V(Ap).

The physical Hilbert space of the coupled system is

1+2Qi) . (16)

,H;L)hys = PphysHLu Pphys = H (
i€V(AL)

Every physical state has even total fermion parity. Moreover, Gauss’ law identifies the star
operator with the local fermion parity:

AiPopys = (—=1)" Pohys. (17)
For spinless fermions this becomes

A =1-—2n; on ’thys,

while for spin-% fermions it gives

1 1
Aj=(1=2n43)(1 —2n;)) =4 (nm - 2) <nz‘,¢ - 2) on HYM.

The latter identity explains why, after imposing Gauss’ law, a Hubbard interaction can be inter-
preted as a star term.

5.2.2 Gauge-Invariant Hamiltonians and fixed backgrounds

The two models considered in the following chapters have no electric-field term. Their Hamiltonians
belong to the common class
H = H,(6%) + H¢(67), (18)

where H, is given in Equation (12) and

Hi(6%) =t Y (a;fn&fjajjn n h.c.) V.
(i.d)€B(AL)
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Here V' denotes a polynomial in the density operators encoding possible mass terms and self-
interactions. Notice that different spins are possibly coupled only through the interaction term V.
The spinless hopping model we study in Chapter 6 is obtained by taking |S| =1 and V' = 0, while
the spinful model we will consider in Chapter 7 staggered masses and Hubbard interactions.

The insertion of 67; in the hopping term is the lattice analogue of minimal coupling. A local
gauge transformation at an endpoint of an edge changes the signs of both the fermionic operator
and the vector potential, and the two signs cancel. Therefore,

[H,Qi] =0 for every i € V(Ap).

Since no electric-field operators occur in H, [H, 6@-] = 0 for every (i,j) € E(Ar). Thus the vector-
potential configuration is conserved. In this sense the gauge background is frozen; it nevertheless
remains a local degree of freedom that must be summed over in the partition function.

Let o = {Uij}(i,j)eE( Ap) be a joint eigenvalue configuration of the vector-potential operators.
The total Hilbert space and Hamiltonian decompose as

M= (Clo)oFL), H=EPH(o), (19)

where H (o) acts on Fp, and is obtained by replacing each &7; with its eigenvalue o;;.

5.2.3 Gauge-equivalent backgrounds and fluxes

The following result is the form of gauge covariance used in both applications. It shows that a fiber
Hamiltonian does not depend spectrally on the choice of vector potential representing a fixed flux
configuration.

Proposition 66 (Gauge-equivalent backgrounds are isospectral). Suppose that o and o' have the
same plaquette flures and the same holonomies around the two non-contractible cycles of Ay,. Then
there exists a unitary operator U : Fr, — Fr, such that

UH(o)U* = H(d'). (20)

In particular, the spectrum of H (o) depends on the vector-potential configuration only through the
plaquette fluzes and the two global holonomies.

Proof. For every edge (i, ), define

w;j = aijagj.
Since o and o’ have the same plaquette fluxes and the same global holonomies, the product of the
wj;’s along every closed circuit is equal to 1. Indeed, every cycle on the torus is the sum, with Zo

coefficients, of plaquette boundaries and of the two chosen non-contractible cycles.

Fix a reference vertex ig. For every i € V(Ap), choose a path C; from ig to i and set

The preceding observation implies that 7; is independent of the chosen path. Applying it to the
closed circuit obtained by following C;, then the edge (7, ), and finally the reverse of C;, gives

TiwijTj =1.
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/

Since all factors take values in {=1}, this is equivalent to oj;

= 7;04;7j. Thus the two backgrounds
are gauge-equivalent.

Consider now the unitary operator
v= [[ =
i€V(AL)

It acts on every fermionic flavor at ¢ as

+ rrx &£
UaimU = Tia; .

Consequently,

= a%r O'/- Q.

+ ogaT L
U(ai’nama )U = T;Tja; 00 in0ij V-

Jm' in Jm'

The interaction V is gauge-invariant and is therefore left unchanged, while Hy(o) = Hy(o") because
the two backgrounds have the same plaquette fluxes. This proves Equation (20). [ ]

Remark 43. The same conclusion holds for the ordinary and parity-twisted thermal traces because
U commutes with N and therefore with (—1)". Thus, both twisted /untwisted partition functions
depend only on the plaquette fluxes and the two global holonomies.

5.2.4 Resolution of the gauge constraint

Let O be a magnetic physical observable and set
O(o) = (0| O|o).

Its Gibbs expectation on the physical Hilbert space is

<O>phys - Try, [PphySOG_B(H_HN)}
Bm,L Try, [pphysefﬂ(H*uN)] '

Proposition 67 (Resolution of the gauge constraint). For every magnetic physical observable O,

ST, [(1+ (<)) Ofe)e A 1)]

(o) = 2 (21)
By, L ZTTJ-'L |:(1 + (_1)N>e—,8(H(cr)—uN)}
In particular, the partition function on the physical Hilbert space is
_ 1 N\ ,—B(H(o)—uN)
2B L = SV ZTT]-‘L [(1 +(-1) )e (@)= } . (22)

Proof. We evaluate the trace in the occupation-number basis of Fj, and in the joint eigenbasis of
the vector-potential operators. For Q C V(Ar), define

Ao =]J4s  Na=> n

S 1€Q)

Expanding the projector in Equation (16) gives

1 N,
Pphys = m Z AQ(—l) (2'
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The operator Ag flips the vector potentials on the edges in the boundary of 2. Since A, is connected,
the diagonal matrix element (o| Ag|o) is non-zero only for Q = @ and Q = V(Ar). The former
contributes the identity, whereas in the latter case we get (—1)~. Therefore,

14+ (DN
(o] Ponys|o) = oA

as an operator on Fr. Since H and O contain no electric-field operators, they are diagonal in
the vector-potential basis. Inserting the last identity in the trace gives Equation (22); the same
computation with the insertion of @, followed by cancellation of the common factor 27 1V(AL)I gives
Equation (21). |

Using Proposition 66, the sum in Equation (22) can be organized directly in terms of fluxes. Let
® = {®p}, (with [],®, = 1) be the set of magnetic fluxes thorugh each plaquette and a,b € {£1}
the two global holonomies. By the counting performed in the preceding section, each choice of
(®, a,b) has 2IVAL)I=1 vector-potential representatives.

Consequently,
1 —_ —
ZBuL =5 > > Trp, [(1+(_1)N)6 BH(@,a,b)—uN)]|
de{+1}P(AL) ab=%1
I, ®p=1

Thus the Gauss-law constraint produces the projection onto even total fermion parity, while the
remaining sum runs over the independent local and global Zs fluxes.

Remark 44 (Flux notation). In the following chapters, we identify the flux through a plaquette
with the corresponding eigenvalue ®,,. Thus ®, = 1 denotes zero flux, whereas ®, = —1 denotes 7
flux. The same convention is used for the global holonomies a and b.

Remark 45 (Observables containing electric fields). The restriction to magnetic observables in
Proposition 67 does not lose the information carried by diagonal Gibbs expectations. Consider a
monomial containing the electric-field factor

Xp = H &%
(i,j)€B

After expanding Pphys, its diagonal matrix element in the vector-potential basis can be non-zero
only if
X = Aq

for some 2 C V(ApL). If no such 2 exists, the expectation vanishes. If it does exist, Gauss’ law gives
AQPphys = (_I)Nﬂpphy&

so that the expectation can be rewritten as that of a magnetic observable.

Remark 46. Observe that the twisted partition function can be viewed as a partition function for
a modified Gibbs state, with complex chemical potential p + i7/8. The presence of this imaginary
shift in the chemical potential introduces an twisted version of the KMS identity (see Equation (37)
in Proposition 21). Let:

1(0) = !H=N) O HH=1N), (23)
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be the imaginary-time evolution of O, for ¢ € [0; ). Then:

Trr, (—1)Nu(a; )af e PN Trp, 5y (a;)(—=1)Ntaf e AU @) =0N)
Z,@T,M,L ZiM,L (24)
Tl"]—'L(*1)Na;r%_g(a;)e_ﬁ(H(a')—uN)

Zﬁiu,L

This relation will be used, later on, to introduce periodic or antiperiodic time extension of the
time-ordered correlation functions, for the modified Gibbs states.

There is an alternative way of understanding the emergence of periodic boundary conditions in

the twisted partition function. Using the path integral representation introduced in Section 2.A,
one sees that the trace formulas in Proposition 28 in presence of (—1)" are modified to:

(1@ O)|h))

Tr((-1)NO) = / [] d¥adiae SePate (G

1 —
Tr((-1)NO?) = / TTT] e jdtbaje 020 Pasboi (G|, (1 ® O)eh1)) ( (1], (1 ® O)l¢))
a j=0
n—1 _
Tr((-)VO") = /H H dipg, jdipa,je” )20 Xa Voo ((Po|,(1® O)|gon-1)) - -
a j=0

(], (1 ® O)lth))

Therefore, the path integral representation of the twisted partition function and the associated
correlation functions involve periodic boundary conditions in the time direction. One can immagine

the operator (—1)" as defect /monodromy for the fermionic trajectories in time.



Chapter 6

Stability of m-Flux phase

The spinless Zg-gauge model studied in this chapter and its main results were introduced in Sec-
tion 1.2. This chapter is based on joint work with Marcello Porta [GP26] and provides the precise
formulation of the model together with the complete proofs of the stability and susceptibility results.
We specialize the framework of Chapter 5, Section 5.2 and the resolution of the Gauss-law constraint
established in Proposition 67. The resulting spinless model, its fixed-background decomposition,
and its main statements are presented in Section 6.1.

The model exhibits a direct competition between its gauge and matter energies. The plaque-
tte term favours uniform zero flux, whereas the hopping energy of the half-filled fermions favours
m-flux. The first main result proves that the fermionic mechanism dominates when the hopping
strength is sufficiently large. More precisely, the uniform m-flux phase is quantitatively stable: zero-
flux plaquette defects have a strictly positive energy cost, and the total penalty admits a lower
bound proportional to the number of defects. This estimate suppresses all non-w-flux sectors in the
low-temperature Gibbs state and reduces magnetic observables to the four uniform w-flux sectors
distinguished by their torus holonomies. The ground-state energies of these four sectors become
degenerate in the thermodynamic limit, with a quantitatively controlled finite-size splitting.

The second main result concerns the magnetic response of the model. Once stability has reduced
the ground-state expectations to the uniform w-flux sectors, the translation-invariant fermionic
Hamiltonian can be analyzed explicitly by Bloch—Floquet theory. Its spectrum has conical intersec-
tions and therefore produces the response characteristic of two-dimensional massless Dirac fermions.
The resulting rigorous low-momentum asymptotics of the magnetic susceptibility justifies, for the
present Zo-lattice gauge theory, the numerical Dirac-fermion response observed in [GRV17].

The proof of stability separates into two main steps. First, the reflection-positive inequality is
verified in every fixed Zs-background, with careful control of the half-filling condition and the torus
holonomies. Second, the chessboard estimate disseminates an arbitrary collection of flux defects into
periodic magnetic configurations. Their fermionic energies can then be computed by Bloch-Floquet
reduction, yielding the spectral cost that produces the extensive defect bound. The susceptibility is
treated afterwards by using the stability theorem to restrict the zero-temperature state to the four
m-flux sectors and evaluating the corresponding current response through the free-fermion represen-
tation and the lattice conservation laws.

The general ingredients of this argument are standard. The reflection inequality descends from
Lieb’s half-filled flux-phase method [Lie94], reviewed in Subsection 3.4.1 and Subsection 3.4.3. The

177
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dissemination step adapts the reflection-positivity and chessboard framework of [Fro+478; Fro+80;
Tas20|, reviewed in Subsection 3.4.2. The model-specific reflection and dissemination arguments
are developed in Section 6.2 and Subsection 6.2.2, while the holonomy-resolved Bloch analysis is
carried out in Subsection 6.2.1. The stability theorem is proved in Section 6.3, the susceptibility
is computed in Section 6.4 and the finite-size expansion of the ground-state energies used in both
arguments is collected in Section 6.A.
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6.1 The Spinless Z,-Gauge Model and Its Main Results

We now specialize the general Gauge—Matter framework of Chapter 5 to the spinless model studied
in this chapter. Throughout, L € 4N, the internal Fermionic label is suppressed, the chemical
potential is fixed at 4 = 0, and the electric-field strength is set to zero. Thus, using the plaquette
operators B, introduced in the preceding chapter, the Hamiltonian is

H=H,+ H; = — Z B, -1t Z (a?&fjaj_ + h.c.) ) t>0. (1)
peP(AL) (4,7)€E(AL)
This is the ¢ = 0 member of the family Equation (9). The first term favours zero flux, whereas the
Fermionic hopping energy favours « flux at half filling. The purpose of the chapter is to prove that
the latter mechanism dominates for sufficiently large ¢.

The total Hilbert space, the local charges @;, and the physical Hilbert space ’Hihys are those
defined in Section 5.2, with |S| = 1. Since H contains no electric-field operators, it decomposes
into the fixed vector-potential fibers H (o) of Equation (19). Gauge-equivalent backgrounds give
unitarily equivalent fiber Hamiltonians by Proposition 66. Their spectra therefore depend only on

¢, = H 0ij

(i,5)€0p

the plaquette fluxes

and on the two holonomies (a,b) € {4-1}? around the non-contractible cycles of the torus. We use
®,, = 1 for zero flux and ®, = —1 for 7 flux, and write 7 for the uniform 7-flux configuration. This
convention will also be used for the holonomies a and b.

Remark 47 (Flux notation). The symbols ®,, a, and b denote Gauge-invariant flux data, not a
particular choice of vector potential. Any representative may be used inside a fiber trace, because
different representatives are related by unitary conjugation.
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For a physical observable O, its Gibbs expectation is

Terhys (Oe‘ﬁH)
O = L
< >B7L 'I‘I'thys C_BH ’
L

Zp,1. = Tryppnss e PH. (2)

For magnetic Gauge-invariant observables, the resolution of the Gauss-law constraint is exactly
Proposition 67. We denote by Zg 1,(®, a,b) the contribution of a fixed flux sector in Subsection 5.2.4,
and by O(®, a, b) the corresponding restriction of O to the Fermionic fiber. The Gauge field is there-
fore frozen within each fiber but remains a local degree of freedom summed over in the physical
partition function.

6.1.1 Stability of the m-Flux Phase and Magnetic Response

Stability of the m-Flux Phase We restate, without renumbering, the main Theorem 2 an-
nounced in the Introduction.

Theorem (Stability of the m-flux phase). Let L = 4¢, £ € N. There exists ty > 0 independent of 3
and L such that for t > to the following is true. Let fg 1 be the free energy of the gauge theory, and
let fa.1(m) the free energy of the w-flux phase,

fﬁ,Li_ﬁigng&L s fg’L(ﬂ') i—ﬁlelog<ZZ5,L(7r,a,b)> . (3)
a,b
Then:
0< BL2(fo,0(m) — fo,0) <log (14+4((1+ e B2y 1)) | (4)

where, for B, L > 1, and for a suitable universal constant k > 0:
Ag =A0Ax+0(1), As = Kt . (5)
Furthermore, for any magnetic gauge invariant observable O, and for B, L large enough:
()L — (O 1| < Ko((1+ e PBar=D)L% 1) (6)
where the constant Ko only depends on maxge qp [|O(P, a,b)| and:

> (apyezz Trry e P mab O(, a,b)(1 4 (=1)N)

0)5, = : !
O D (apery Trr, e PHimab) (1 + (—1)N) v

Also, let:

1
—log Zg 1(m,a,b) (8)

EO;L(T‘—7a7 b) =— ﬁli)ngo B

be the ground state energy of He¢(mw,a,b). Then,
E();L<7T,a,b) ZEO;L(W,—I,—l) . (9)

Furthermore, the ground state of the w-flux phase is almost degenerate, in the sense that, for any
0<a<1/3:

C
EO;L(T(,CL,b) _EO;L(ﬂ_v_l?_l) < .

< ro (10)
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The proof of Theorem 2 is based on reflection positivity methods. It relies on the key result of
Lieb [Lie94], that proved that the optimum, energy minimizing magnetic flux for a half-filled band
of electrons hopping on a planar, bipartite graph is 7 per square plaquette. A few remarks are in
order.

Remark 48.

(i) The quantity Ag s can be thought as a lower bound on the monopole’s mass: it quantifies
the energetic penalty due to the removal of one monopole from the system. The number & is
given by the integral of a suitable trigonometric function, that will appear in the proof of the
theorem. Its numerical evaluation with the software Mathematica gives k ~ 0.036.

(ii) The error terms in Equation (6) are exponentially small for 5 large, however non uniformly
in L. Thus, the result allows to compare the Gibbs states of the lattice gauge theory and of
the m-flux phase for L > 1 and 8 2 log L. In particular, the result allows to study the ground
state of the gauge theory.

(iii) The result of Lieb [Lie94| implies that the smallest energy of H¢(o) is attained in correspon-
dence of configurations realizing the m-flux phase. The result of [Lie94] is actually much more
general than this, since it does not require the background gauge fields to be Zs valued, and
it also applied to certain non-abelian gauge groups. See also [MN96] for a further general-
ization of |Lie94|. Here we prove that the ground state energy of Hamiltonians H¢(o) not
associated with the m-flux phase are separated by the ground state energy of the m-flux phase
by a positive gap. Furthermore, we provide a lower bound for this gap, that increases with
the number of monopoles’ removals, that is plaquettes with zero flux. The proof is based on
reflection positivity, as [Lie94]. More precisely, to prove the bound for the gap, we rely on
the chessboard estimate, see [Tas20| for a pedagogical review and The chessboard estimate
allows to bound the gap from below, in terms of the ground state energy of a “chessboard
configuration” of plaquettes with 0 and 7 fluxes, which we explicitly compute.

A
7 fluxes ———— i
Figure 6.1: Schematic representation of the ground state energies of the fermionic Hamiltonians H¢ (o), for L = 4¢. The grey
box contains the ground state energies of H¢(o) with at least one zero-flux plaquette. A numerical computation shows that
Eo,r(m,—1,-1) < Ey,.(7,1,-1) < Eg,r(m,1,1) (and Ey,r(7,1,-1) = Ey,r.(7,—1,1)). The difference of the m-flux ground
state energies vanishes as L — oo.

(iv) The fermionic ground state energy is minimized by the m-flux phase also for L = 2(2¢ + 1).
In this case, however, the optimal choice of a,b is (a,b) = (1,1). The restriction to L = 4/ is
technical, and it comes from the argument used to prove a lower bound for the monopole’s

mass.

Remark 49 (On the 7-flux phase). There are only four inequivalent 7 flux phases, labelled by the
fluxes (a, b) corresponding to non-contractible loops of the torus. As discussed in Subsection 6.2.1,
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for the four 7w-flux phases it is possible to choose gauge field configurations o that preserve trans-
lation invariance, paying the price of considering a fundamental cell formed by two lattice sites;
we refer the reader to Figure 6.3 and Figure 6.4 for graphical representations. To be more precise,
the m-flux phases can be described in terms of translation-invariant fermionic Hamiltonians, with
periodic/antiperiodic boundary conditions, according to the value of (a,b). The choice a = 1 cor-
responds to periodic boundary condition on the horizontal direction, while a = —1 correspond to
antiperiodic boundary conditions; the same holds for b, for the vertical direction.

Remark 50 (Decay of fermionic correlations). As the proof of Theorem 2 shows, all Euclidean
(that is, imaginary time) ground state correlation functions of the gauge theory can be computed
explicitly, via the fermionic Wick’s rule. In particular, since the fermionic Hamiltonian with the
m-flux background has no spectral gap, it turns out that Euclidean correlation functions decay
algebraically, at an integrable rate in space-time. Let us denote by x the location of the fundamental
cell of the m-flux phase, with elements labelled by i = A, B; see Figure 6.3. Let us denote by aii the
fermionic creation/annihilation operators, associated with the creation/annihilation of a particle in
the fundamental cell labelled by x, and occupying the lattice site i = A, B in the cell. Then, we
have, for |x —y| # 0 and ¢ > 0:

lim lim (ea} a0t an Vs = —gii((2,0); (3, 0)85:((y, 0); (1)) (11)

L—o0 f—o0

where g(+;-) is:

dk / dw ew(t—s)+ik(z—y)

9((z,1); (y, 5)) = / L 21 Th(k) )

12
0,27 x[0,7] (27)? (12)

with Bloch Hamiltonian:

T R
h(k) = —t ( e ke ity 4 gmiky | (13)
The left-hand side of Equation (11) is the Euclidean and time-ordered density-density correlation
function, whose decay properties are ultimately determined by the spectrum of h(k). The eigenval-
ues of h(k), also called energy bands, are given by:

1 1
etr(k) = :I:Qt\/l + 3 cos(2ky) + B cos(2ks) . (14)

In particular, ey (k) = 0 if and only if k = (7/2,7/2) = kp or k = (3n/2,7/2) = kj. In
correspondence with these points, the energy bands display conical intersections, see Figure 6.2: for
a = *,

ex(kf +q) = ¢~ Voex(kr) + O(la*) = F2t|g| + O(lal*) ., for g < 1. (15)

This implies that the function g(x;y), with = (z,t) and y = (y, s), decays as |z — y|~2, and
hence that the ground-state density-density correlation function Equation (11) decays as |x —y| =%,
which is non-integrable in 2 4+ 1 dimensions.

Susceptibility Theorem 2 opens the way to explicitly compute observables for the lattice gauge
theory. Here, we shall consider the magnetic susceptibility, following [GRV17]. We anticipate that
this quantity is defined as the response to an external U(1) gauge field, rather than a Zs field. This
might look unnatural from a physics viewpoint. We stress however that the role of the magnetic
susceptibility is computational: it is used in the literature, see e.g. [GRV17], as a tool to probe
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Figure 6.2: Energy bands associated with the m-flux phase.

different regions of the phase diagram of the model. Our goal will be to rigorously justify the nu-
merical findings of [GRV17].

We shall couple the system to an external, time-independent vector potential, which generates
a static magnetic field. The vector potential only couples to the fermionic Hamiltonian, and it
does so via the Peierls’ substitution. Denoting by H; the Fock space Hamiltonian associated with
a single-particle, nearest-neighbour Schroedinger operator h, we define:

Hi(A) = > abh(zyy)e e 4O 4 he. (16)

z,yeEAL

with ¢ the electric charge, and where the integral is over the bond connecting x to y. The external
potential is defined in the continuum, over R?/LR2.

By Theorem 2, we know that the ground state of the lattice gauge theory is represented by a
m-flux phase; this corresponds to a periodic arrangement of spins on the lattice bonds, as anticipated
in Remark 48 and as discussed later in Subsection 6.2.1. Thus, we find it convenient to rewrite the
Hamiltonian Hf(A) using the fundamental cell that accommodates for the periodicity of the m-flux
configurations, see Figure 6.3. Let A‘”Led be the sublattice of A; generated by the basis vectors e;
and 2e5. We have:

Hf(A) _ Z Z hij (SC, x/)eiq fol A((m’-l—rj)(l—s)-l-s(m—i-ri)){dsa-f— a (17)

z,i 7z’ j
z@’ eAted i,j€l

where I = (A, B) collects the labels in the fundamental cell, and h;j(x, z") are the matrix elements
of the single-particle Hamiltonian, labelled by the points x, 2’ of the reduced lattice ArLed and by
the points in the fundamental cell. We denote by r4 = es and rp = 0 the relative coordinates in
the fundamental cell. The displacement vector £ is directed along the bonds of the lattice, and it
is { = o +r; — 2’ —r; (and it can take values +e;, +es). Next, we represent the vector potential in

terms of its Fourier coefficients,

1 A ; )
Awtr) =25 3 A =12 we (1)
pe?r(2?/L22)
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where here and below the sum runs over the independent momenta compatible with L-periodicity
in space. The momentum-space current operator is then:

. . OH(A)
TN (p) = —L? ; 19
o) =17 T (19)
by expanding the Hamiltonian Equation (17) in A, we get:
1 R A N
Hi(A) = Hr— 25 3 3 ) Aup) — 57550 S Au(-n)Kun(p ) Au( ) +O(47)
p p=1.2 p,q p,v=1,2
(20)
and hence: )
TN (p) = u(p)+ﬁz > Kuw(p @) Au(—q) + 0(4%), (21)
q p,r=1,2
where:
Ju(p) = _q Z e—ip‘(r’+7"j)(h (z,2)al.a, . — hi(2',2)a’, a ) (p)éu
p\P) = 92 ] i x ] Jt ’ ac]acznf
z,2’ €Ated
1,5€l
2
2% . q —1 (' +r; —
Kuu(p,q) = 5 Z e ipta) (2'+7j) (hij(:p,x )aizax St hji(a, x)a;jax’i)ng(p)ng(q)fuﬁu
x,z’EArLed
i,j€l
(22)
with: -
e "Ps—1
_ —ip€ p- 6 7£ 0 23
ne(P) { 1 otherwise. (23)

We are now ready to compute the average of the current operator in presence of the external gauge
field, at first order in the perturbation. Let H(A) be the total Hamiltonian of the gauge theory,
coupled to the external gauge field. We have, by Duhamel formula:

Tr e—BH(A)j(A)( ) Tr efBHj( ) ) R R
<ﬂ(eﬂH:4))p> - <Tr(€_5,1,)p) = % > [/Oﬂds <Jy(q, S)Sjl(p)>ﬁ7LAu(Q)+

v=1,2
q

+(Rupa)), Adla)] + 002

)

where O(s) = v5(0O) is the imaginary-time evolution of the operator O. By Theorem 2, as f — oo
the Gibbs state average reduces to the linear combination of averages on the four m-flux phases.
Since all m-flux configurations are translation-invariant, we can use momentum conservation to
write:

(24)

with d.. the periodic Kronecker symbol (of period 7 in both momentum components). Let us
consider a vector potential A(p) = (A;(p),0), with A;(p) nonzero for p = (0,ps). By Maxwell’s
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laws, the associated magnetic field is B(p) = —ip2/11(p) + ip1As(p). We define the magnetic
susceptibility from the variation of Equation (24) at first order in the.vector potential. That is:

B
Mo = 5 gt 75| [Cas(hnsnh), + (Ruen), |- )
The factor 1/p3 takes into account the fact that we are interested in the variation with respect
of the magnetic field B((0,ps)) = —ipaA;i((0,p2)), and the fact that we are actually measuring
the variation of the magnetization: for a (classical) conserved current J(p), we can write J(p) =
ipaM (p) and Jo(p) = —ipy M (p), where M (p) is the Fourier transform of the local magnetic moment
[GRV17; KAAO09]. The next result provides the explicit form of the magnetic susceptibility, at small
external momenta.

Proposition 68 (Ground state susceptibility). Under the same assumption of Theorem 2, the

) =~ o ). (26)

_8\192\ @

where v = 2t is the Fermi velocity of the fermionic sector in the m-fluxr phase.

following is true:

Remark 51. Equation (26) is the same obtained for non-interacting 2d massless Dirac fermions and
for graphene [KAAQ09]. Equation (26) puts on rigorous grounds the numerical evidence of [GRV17],
for the Zo-lattice gauge theory.

The proof of Proposition 68 follows from an explicit calculation of the transport coefficient on
the m-flux phase, which correspond to a semimetallic system. The final expression for the suscepti-
bility is completely determined by the Dirac-like excitation spectrum of the w-flux phase, and lattice
conservation laws.

The rest of the chapter is devoted to the proof of Theorem 2 and of Proposition 68.

6.2 Reflection Positivity and Chessboard Estimates

The Hamiltonian formulation of Reflection Positivity, Lieb’s Reflection Inequality, and the Abstract
Chessboard Argument were developed in Chapter 3. We use those results here without repeating
their proofs. The model-dependent work has two parts. First, one must verify that every fixed
Gauge sector has the crossing structure required by Lieb’s inequality. Second, after the chessboard
estimate has replaced an arbitrary collection of 0-flux plaquettes by periodic flux patterns, the
corresponding one-particle Hamiltonians must be diagonalized and their spectral gaps estimated
explicitly. The latter step turns the abstract reflection bound into a volume-uniform energy cost
per defect.

6.2.1 Analysis of the 7-Flux Phases

The argument of the Subsection 3.4.3 shows that the twisted /untwisted partition functions are
maximized by a gauge field configuration with flux 7 in all plaquettes, and with flux 0 or 7 along
the non-contractible cycles, depending on whether L/2 = ¢ is odd or even, respectively. These
configurations are of course far from being unique, due to the fact that all equivalent gauge field
configurations produce the same partition function, recall Proposition 66.
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One can produce different m-flux phases, choosing different fluxes on the non-contractible cycles:
we can think of the m-flux phases as equivalence classes of gauge field configurations, parametrized
by four integers, labelling the product of the spins over two inequivalent, non-contractible loops of
the torus. The argument of Lieb shows that the partition function is maximized in correspondence
with one particular m-flux phase (see Remark 33 - Item 1) it leaves open the possibility that the
other m-flux phases might have the same energy. This is the question that we will address in the
present section, via an explicit computation of the matter partition functions associated with the
four inequivalent m-flux phases.

Let us introduce the ground state energies associated with the twisted /untwisted partition func-
tion as: .
Eg (o) = - an.lo 3 log Z5 (o) . (27)
The reader might be worried about taking the log of Z[;, » due to the lack of positivity of the
argument of the trace. However, it is not difficult to see that the twisted partition function is
non-negative at half-filling. Being the lattice bipartite, we can represent it as Ay = Af + AP, with
Af a translate by Af of a basis vector. Let h(o) be the single-particle Hamiltonian, and let us
denote by U the unitary operator that changes sign of a function f on Ay, in correspondence with
one of the two sublattices and acts as the identity on the other sublattice. Then, it is easy to see
that U*h(o)U = —h(o). This implies that the spectrum of h(o) is symmetric around zero, and
that the multiplicities of the eigenvalues A, —\ are the same. Let (\;);—; 12 be the eigenvalues of
h(o). The twisted partition function is:

L2
Ziule) = [ —e). (28)
=1

The existence of zero modes implies that the twisted partition function is zero, and in particular
non-negative. Suppose now that there are no zero modes. Using the equality of the multiplicities
of the eigenvalues of h(o), we can rewrite the twisted partition function as:

Zy o) =[] 1 —e ™) —e). (29)

i:X; <0

The function (1 — e #)(1 — eP2¥) is non-positive. However, the right-hand side of Equation (29)
is non-negative, since it involves the product of L?/2 terms, which is even for L even. This shows
that Z5 ; (o) > 0, which implies that E; (o) in Equation (27) is real.

Taking the zero-temperature limit in the Reflection-Positivity inequality above gives
+ +
Eo;L(O') 2 Eo;L(O'ﬂ) ’ (30)

where o is a configuration with flux equal to 7 in every plaquette. In this section we shall consider
all such phases; these are parametrized by (a,b) € Z3, which correspond to the fluxes along two non-
contractible cycles of the torus (recall Remark 47). We shall denote by ngL (a,b) the corresponding
energies. The next proposition proves the energetic closeness of these phases. It proves, in particular,
the statement Equation (10) in Theorem 2.

Proposition 69 (Almost-degeneracy of the m-flux phases). Let L = 2¢. For { = 2n:

7=

5r(m1,1)=0, Zg (m;a,b) >0 for (a,b) # (1,1). (31)
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Furthermore, for (e,a,b) # (—1,1,1), and 0 < a < 1/3:

15 s ,0) — By (1, D) < 7o (32)
For ¢ =2n+1:
Zgp(m—1,-1)=0, Zg i (ma,0) >0 for (a,b) # (—1,-1). (33)
Furthermore, for (e,a,b) # (—1,-1,—1), and 0 < o < 1/3:
Cq
Biu(mia.b) - By (ms—1,-1)| < oo (34)

Remark 52.

(i) We stress that bounds Equation (32) and Equation (34) estimate the difference of extensive

quantities.
(ii) From reflection positivity, we know that:
Eg.p(m;—=1,-1) < Eg p(m;a,b) for £ even, FEg (m1,1) < Egp(m;a,b) for £ odd,  (35)

as follows from the Reflection-Positivity argument above. The estimates Equation (32) and
Equation (34) do not rule out possible degeneracies; however, they show that the energy
variation due to the change of fluxes on non-contractible cycles is bounded by a vanishing
quantity as £ — oc.

Proof. We shall only discuss the case L/2 = 2n, as the case L/2 = 2n + 1 is completely analogous.
The proof of Proposition 69 is based on the Bloch diagonalization of the Hamiltonian associated with
the four inequivalent m-fluxes. Let us start from the m-flux phase parametrized by (a,b) = (1,1). A
convenient gauge field configuration associated with this phase is represented in Figure 6.3. Clearly,
the corresponding Hamiltonian is not translationally invariant with respect to all lattice translations;
however, it becomes translation invariant after having introduced the appropriate fundamental cell.
We introduce a fundamental cell formed by two lattice sites, labelled by A, B, as in Figure 6.3. The
position of the cell is defined by the coordinate of the B-lattice site. We shall denote by ArLed the
two-dimensional lattice formed by the positions of the fundamental cells. The number of lattice sites
contained in Afd is L2 /2. Observe that the lattice spacing between nearest-neighbours fundamental
cells in Afd is 1 in the horizontal direction, and 2 in the vertical direction.

Using these coordinates, the Hamiltonian of the matter sector is:

. — + = + = + - +
Hf(ﬂ’ L, 1> = Z (aA,xaB,x+2eg B aA,xaA,a:+el + aB,xaA,x + a’B,za’B,erel) +h.c. (36)
zeAid

Let us introduce the Brillouin zone By (1,1) as:

2
Bu(1,1) = {ke T(ni,ny) [0<m <L—1,0<mp < L/2-1}, (37)

and let us define the momentum-space creation/annihilation operators as:

. 1 .
~t +ik-x + + 2 : Fik-x »+
aa,k - € a aoe,x € aa,k ) (38)

a,T = ’Ared|
ceAmed L VkeBr(1,1)
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v

Figure 6.3: On the left, graphical representation of the spin configurations associated with the (1,1) 7w flux phase. The thin
bonds correspond to spin +1, while the solid bonds correspond to spin —1. On the right, definition of the fundamental cell.

for a € {A, B}. In terms of these operators, the Hamiltonian in Equation (36) becomes:

1 R -
Hf(ﬂ-;]-al) = W Z (azrah(k)ak) )
keBr(1,1)
where (f,9) = >, faga, and the Bloch Hamiltonian h(k) is
_eik1 _ gmiki 1 4 o2k
h(k) =—1 ( 1 + 6—2i/€2 6ik§1 + e—ikl ’ (39)

Its eigenvalues are:

et(k) = :|:2t\/1 + %cos(2k1) + — cos(2ks) . (40)

1
—C
2
™
2

3T 7). The partition function is:

The eigenvalues are vanishing if and only if k = (5, 5), (5,

Zi(mu) = J[ JJa+e?=®) [T @+ P® 4efey),
keBL(1,1) 7=+ Br(1,1)

From this expression, we see that Z; L(7r 1,1) = 0, due to the presence of zero modes at k =
(5, %),(37”, 5), which belong to BL( 1) since L/2 is even. Instead, the ground state energy
E;, (m;1,1), defined as in Equation (27), is:

Ef (mLl)= > e (k). (41)
keBr(1,1)

Let us now consider the ground state energy associated with the 7-flux phases with (a,b) # (1,1).
The representative spin configurations associated with the remaining cases are illustrated in Fig-
ure 6.4.

Consider the case (a,b) = (—1,1). In order to deal with this case, we just need to do the

following replacement:

(1,1) case — (—1,1) case
- - — ot — + — N —
O 1 20 2y T h.c. = R h.c. — R T h.c. = —G7 4 5,00z, T h.c.

Thus, the Hamiltonian of the case (—1, 1) can be rewritten as the Hamiltonian of the case (1,1)

if one reabsorbs the minus sign imposing the new rule af = —aF _, which is equivalent to enforc-
L,x2 0,227

ing anti-periodic boundary conditions in the z; direction.
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Figure 6.4: All possible w-flux phases, for L = 4.

The Brillouin zone corresponding to anti-periodic boundary conditions in x1 and periodic bound-

ary conditions in xo is:

2 1
BL(—1,1)i{ke%(n1—§,n2) 10<n <L-1, ognQSL/2—1}. (42)

Thanks to the —% shift, the system does not admit any zero mode here, which means that the
twisted partition function is non-zero. The untwisted/twisted state energies are:

Ey (m—1,1)= > e (k).

keBr(-1,1)
More generally, defining, for a,b = +1,
2 -1 b—1
Bu(ab) = {ke T (m- -2 2)[0Sm <L-1, 0 <L/2-1},  (43)

the untwisted/twisted ground state energies of all m-flux phases are, for (¢,a,b) # (—1,1,1):

Eio(mab) = > e (b= Y e,<k1—%(a—1),k2—%(b—l)). (44)

kEBL (a,b) keBL(1,1)

Therefore, for these choices of labels:

‘E’S;L(w;a, b) — Efy(m 1, 1)\ - [e, (k1 T 1),k — %(b - 1)) —e_(ki, k:g)]

2L
k€BL(1,1)

)

as shown in Section 6.A; one has, for 0 < a < 1/3:

3 [e_ (k1 T a—1), ks — %(b - 1)) - e_(kl,kz)} ‘ < % , (45)

2L
keBL(1,1)

which concludes the proof of Equation (32). The case L/2 = 2n + 1 can be studied in the same
way, we omit the details. ]
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It is interesting to observe that, as L — oo, the energy bands of h(k) have conical intersections

at energy zero, and hence describe a semimetal at half-filling. Let ki, = (5, %), k}r = (37“, 5). In
proximity of these points, we can linearize the dispersion relation as, for w = =+:
ex(kf +q) = q- Vgesr (k) + O(lg]?) = F2t|q| + O(|qf?) - (46)

Equation (46) describes an isotropic cone, with slope 2¢. This means that the low-energy excitations
of h(k) are effectively described by massless Dirac fermions, with Fermi velocity 2¢. This fact will
play an important role in the evaluation of the susceptibility, Proposition 68.

6.2.2 Chessboard Estimates

We now adapt the abstract Chessboard argument to the present model. The following version
incorporates the columns —1 forced by the m-flux interfaces; we include the proof because this
additional structure is used explicitly below.

Lemma 70 (Column Chessboard Estimate). Let L = 4¢ and write F(X,,..., X ), with X; € zk.
Suppose that

Xy, X)) =F(X, X,,.... X ) (cyclicity)
1
F(Xy,...,.Xp) 2 §<F(Xla--~vXL/z_h;l,XL/z—lw-wlh;l)

+ F(XL’ cee 7XL/2+1’;1’ XL/2+17 s a&Lv;]-)) (TeﬂeCtion bound)

where —1 is the column with all entries equal to —1. The conclusion of the abstract argument is

L/2
F(Xlﬂ s ’XL) > T/Q Z F(XQJ'—DLLX%—I?;L s al2j—17;1) : (47)
j=1

Proof. The proof follows Lemma 37, with minor differences. Let us define the function:

L/2
. 1
G(Xla s ’XL) = F(Klv cee vXL) - T/2 ZF(X%—I’;LXQ]'—D;L tee aKQj—la;l) . (48)
j=1

We claim that this function satisfies both properties above. The cyclicity of G follows from the
cyclicity of F', and from the fact that the second term is invariant under permutations X,; ; —
Xoo(j)—1 for all o € Sp /5. Let us now check the reflection bound. Applying the reflection bound
for the first term in G, we have:

1
G(Xy,.,Xp) > §(F(X17 s X1, =L Xp a0 Xy, 1)

+F( X X, =L X oy - aXL,;l))
1 L/2
- m;ﬂxzj_l,—l,xzj_l,—l, e Xpj g, =)
Let:
N | L
F(Xla s aXL) = L/szlF(XQj—h_l?XQj—lv_la s aXQj—l’ll) )
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from:
ﬁ’(ila X)) = %(ﬁ(ip s JXL/Zflv;lviL/Zfla Xy, 1)
+F(Xy,... X =L X, 7§La;1)> ;
and Equation (49), we have:
Gy, X0) 2 5 (G Xpgp1 =L, Xy Xy, =)
+G(KLa--~7XL/2+17;LXL/2+17---alm;l)) ;

which proves the reflection bound for G. Next, we shall prove Equation (47). Let us define:

Xy, X, ELE
Let X7,..., X} be a minimizing configuration. Then, by the reflection bound:
* * 1 * *
G(X5,....X7) > 5(6‘(71,... X1 =L X755, X5, =1)
+G(XL, o XY o= XL/2+17---,X*L,;1)> ;

and since { X7} is a minimizing configuration:
G(XT,...,X7) =G(XT, ..., L/2 =L XL/Q e X1, =1)
Now, by cyclicity,
G(XT,...,X7) = G(XT], =1, X7, .. XL/2 et § XL/2 1,--.,55) :
Iterating the argument, we ultimately get:
G(Xy,...,X7) = G(Xy, =1, X7, -1,..., X5, 1),
and recalling the definition of G, Eq. Equation (48), we find:
G(X3,...,X3)=0.

Therefore, since G(X;,...,X;) > G(X],...,X}), we obtain:

L2
F(Xla"wz ) L/2 ZFX2j 1= -1 XQ] 17_ ) XQJ la_l)a
which concludes the proof of the lemma. ]

We will apply this argument to the twisted /untwisted partition functions of the matter sector.
To do this, let us denote by ¢; ; the flux associated with the plaquette (i,7) with 1 < i < L; the
labelling of the plaquettes coincides with the coordinates of the vertex of the plaquette sitting in
the up-right corner. Recall that, see Remark 47, we are identifying the flux through a plaquette
with the product of the spins around the same plaquette (same for the non-contractible loops). Let
us denote by @; € Z% the collection of all magnetic fluxes with column label j. We define:

FE®,, ..., ®;) = —H;zleogZEL(Ql, o, ®55a,b) (50)
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where Zf{ 1 (@1,...,®;:a,b) is the twisted /untwisted partition function associated with the given
configuration of magnetic fluxes, and with fluxes (a,b) on the non-contractible loops. In case zero
modes are present for a given (a,b), log Z~ is understood as —oc.

Let us now check that the functions F* satisfy the hypotheses of Lemma 70, starting from
cyclicity. Let 7, be the unitary operator implementing the lattice translation by a € Ap:

7;*@?5‘:7; = aa:thra :
Calling o a gauge field configuration associated with the configuration of fluxes ®;,®,,...,®;_4,
we have:
Fi(@u@h ey @p 9, @y ) = — Hﬁ)ﬂog ZEE,L(QLa v @y 9, @y 45a,b)
= —max log Tr (+1)N e AHi(@)
a,
= — max logTr 7~ (il)Ne—BHf(a)']:el

=— ma})xlog Tr (£1)Ne PHi(@)
a

)

where & is a Gauge-field configuration associated with the configuration of fluxes ®,,®,,..., 2
(the periodicity of the torus has been used). This proves cyclicity in Lemma 70. Concerning the
reflection estimate, this follows from Equation (34), after taking logarithms. We have, for suitable
(ai,bz-), 1= 1,2:

1
_logZEL(@h o ®riab) > 5( - 10gZéE,L(@1, cee »@L/Q—la;la@L/Q—b s @y, =101, 1)

108 25, (@ Pryp1s =L o, D =i az, b))

v

1 +
5( - H;%Xlog Z5 (@1 Rryp1, =1, @p 0y, 2y, =15 a,D)
- H;%Xh)g Z;JE,L(QLa cee a@L/Q—‘,—l’;vaL/Q—i-la s agLa;l; a, b)) :

Minimizing the left-hand side over a, b, we see that the function Equation (50) satisfies the reflection
bound in Lemma 70.

Thus, we may apply Equation (47) to the twisted /untwisted free energies of the Matter sector.
This bounds the energy cost of the 0-flux plaquettes by the cost of periodic flux configurations. To
this end, let (¢; ;) denote the Chessboard flux configuration,

o= 1 if ¢ and j are odd
A | otherwise.

See Figure 6.5 for a graphical representation. The next proposition is a key consequence of the
chessboard estimate.

Proposition 71 (Removing monopoles). Let L = 4¢. Given any configuration ® of magnetic fluzes,
let k € N be the number of plaquettes with magnetic flux equal to zero (i.e. By = 1). Then, the
following bound holds true:

1 1
—Zlog ZE , (®;a,b) > kAT, — Zlog ZF 51
B 6,L( ) B8,L ,8 ( )
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Figure 6.5: Graphical representation of the flux configuration corresponding to ¢; It The white plaquettes correspond to ¢; i= 1
while the dark plaquettes correspond to ¢} i= —1.

with ZF the twisted/untwisted partition functions of the w-flur phase with boundary conditions
(a,b) = (=1,-1) and:

1
+ _ + *, . +
L= gLz <I%%x log Z; ; (®%;a,b) —log Z; ) (52)

where ®* = {d)* -} is the chessboard flux configuration (see Figure 6.5).

Remark 53. This bound is particularly useful, because the quantity AT 5.1 can be explicitly com-
puted as f — oo, see Proposition 72. We will refer to Ay = limy, 11m5_>OO Aﬂ 1, as the monopole’s
mass (the limit is the same for twisted /untwisted partition functions).

Proof. The formula Equation (47) has been obtained via iterative reflections across vertical planes.
We could have of course obtained a similar estimate, reflecting across horizontal planes. We do so
for all entries of the sum in Equation (47). The final result is:
L2
F(Xy,...,X;) > L/2 (@/2)7? Z (Yoj 19i-1,=L, Yo q19i1,=1, ..., Yo 101, =1), (53)
,j=1

where we introduced the vectors:

YT = ((X])’M _17 (X])Zv _17 R (X])za _1) :

=72

Graphically, the argument of F' in the right-hand side of Equation (53) has a Chessboard structure,
as in Figure 6.5, with 0 replaced by 0,7 according to whether (Xy;_1)2;-1 = 1, —1, respectively.
Observe that the right-hand side of Equation (53) only depends on the values (X,),, for odd
£, m. This reflects our choice of planes intersecting plaquettes with even column label in the first
application of Lemma 70. To include all four choices of the parities of rows and columns, we write:

1
F(Kl?"'a&L):le ZF(le"'aiL)

and apply Equation (47) to the four functions (1/4)F(-), using cuts associated with even columns—
even rows, even columns—odd rows, odd columns—even rows, and odd columns—odd rows. Using
cyclicity, the result is:

L
F(X,,. X)) > — S F(Y, 1Y) (54)

2,97
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~

Figure 6.6: Left: gauge field configuration associated with the chessboard flux arrangement ®* in Figure 6.5. Solid bonds
correspond to spin —1, while light bonds correspond to spin +1. Right: fundamental cell associated with the periodic spin
configuration.

Let us now use this estimate to prove Equation (51). Let us choose F' as in Equation (50). Denoting
by k the number of elements of ® such that ¢; ; = 1, Equation (54) implies:

L2 —k

1 + k + (@ +
_BnﬁxlogZ@L(ga,b) > _WH;%XIOgZB,L(@ ;a,b) — e log Z;,
k + g +) 1 +
> — g (maxlog 75, (2710,6) ~log 25 ) — Slog 22,
where ®* is the staggered magnetic flux configuration as in Figure 6.5. |

We conclude the section by computing the asymptotics of Af; ; as L — 00,3 — oo.

Proposition 72 (Asymptotics of the monopole’s mass). Let L = 4¢. For 3,/ large enough,

t 21 2T 1 1
+
A@L = 47r2/0 /0 dk1dko \/1 + 3 cos(k1) + 3 cos(ka)

t 2 2 1
- / / dkydks \/ 1+ =/1 4 cos?(ky) + cos? (k) (55)
87'(' 0 0 2

t 2T 2w 1
- 87r2/ / dkydko \[1 — 5\/1 + cos? (k1) + cos?(ka) + o(1)
o Jo

Remark 54. Calling A, the sum of the three integrals in Equation (55), numerical evaluation
shows that:

Ao ~ 0.036t . (56)

Proof. Let us consider the Hamiltonian Hg(®*;1,1) associated with a gauge field configuration
corresponding to the periodic flux configuration ®* depicted in Figure 6.5. Consider the case
(a,b) = (1,1); the final result will not depend on the choice of a,b. A configuration associated
with this flux arrangement is depicted in Figure 6.6, together with the corresponding fundamental
cell of the fermionic Hamiltonian. The fundamental cell contains eight lattice points, labelled as
in Figure 6.6. We denote by de the lattice of the centers of the fundamental cells, corresponding
with the position of the a sites on the original lattice. Using Fourier transforms, we can diagonalize
H¢(®*;1,1) by diagonalizing the corresponding Bloch Hamiltonian h(k):
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0 1 0 etk ] 4 o2k 0 0 0
1 0 1 0 0 —1 4 e 2k 0 0
0 1 0 1 0 0 —1 + e 2k2 0
elik 0 1 0 0 0 0 1 4 e~ 2ik2
1 + e2ik2 0 0 0 0 -1 0 —e 4k
0 —1 4 e%ik2 0 0 -1 0 -1 0
0 0 —1 + e%ik2 0 0 -1 0 -1
0 0 0 14 e¥k2  _plika 0 -1 0

Its eigenvalues are doubly degenerate, and are given by:

1
e+ (k) = i2t\/1 + 5\/1 + cos(2k1)2 + cos(2k:2)2

1
ez+ (k) = iQt\/l — 5\/1 + cos(2k1)? + cos(2k2)? .

The quasi-momentum k = (ki, k2) is a point on the Brillouin zone,

2
Br(1,1) = {ke %(nl,ng) 1 0<n <Lj/4-1, OSnQSL/2—1}.

More generally, for any (a,b) € Z3, the energy bands are given by Equation (57), evaluated over
the Brillouin zone:

By(a,b) = Br(1,1) — 5 (@~ 1), (b - 1)) . (58)
We are now ready to compute A?i 1, as given by Equation (52). Let us denote by el (k) the
eigenvalues of the Bloch Hamiltonian associated with the m-flux phase, as given by Equation (40).
In order to perform the computation, it is convenient to adapt the energy bands Equation (57) to
the Brillouin zone of the 7-flux phase, Equation (43), using that the functions in Equation (57) are
periodic with period /2 in the variable k1. We get:

1 log ZEE’L(@: a,b) _ 1 Y g ( [L_o(1 e BeE(h)) 1 > |

Zs AL keBr(-1,~1) | Y G = e~Peau(R))z
where the factor 1/4 in the right-hand side is introduced in order to avoid overcounting, due to
the fact that every quasi-momentum k in Equation (58) is now counted 4 times. As 3, L — oo the
expression in the right-hand side can be approximated by an integral, independent of the choice of
the parity of the partition function, as follows:

1 Z5(®%5a,b) ¢ g2 \/ 1 1
_ 1 : - 14 = -
og 7= 2 /0 ; dkyidks + 5 cos(k1) + 5 cos(kz)

2T 2w 1
— 87572 / dkydko \/1 + =v/1 + cos2(ky) + cos2(ky)
™ 0 0 2

27 2 1
- 752/ / dkydko \/1 - *\/1 + cos?(ky) + cos?(ka) + o(1) .
81 Jo 0 2

This concludes the proof of the proposition. ]
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6.3 Suppression of Flux Defects and Stability of the m-Flux Phase

Let us start by proving the statement about the free energy, Equation (4). The lower bound simply
follows from:

Zgp =Y Zgr(®,a,b) > Zgp(m a,b).

d ab a,b

To prove the upper bound, we proceed as follows. We have:

L2/2 —BH,(®)( 7+ -
BL2(f5 L(W) _ fﬁ L) — log ( Z Za,béZ% Zn(fb)ZQk € BHg( )(Z@L(q),a, b) + Z@L((I),Ch b))) (59)
’ , k=0 Za,bGZ% eilBHg(ﬂ-) (Z;L(ﬂ-a a, b) + ZgL(Wa a, b))

where n(®) is the number of 0-fluxes in the flux configuration ®; observe that this number is even,
due to the constraint Equation (5), and to the fact that the number of elementary plaquettes is

even for L even. By Proposition 71, we have:
Z5(®,0,b) + Z5 [ (®,a,b) < e PG L gt PG L g < BB (g 4 7Y (60)

with Ag 7, the minimum between A;L and Ag ;. and we used that n(®) = 2k. Furthermore (recall
Equation (12)), using that:

H,(®) = Hy(r) - 4k = [P(A)| — 4k, (61)

and the positivity of the twisted partition function, we have:

(5L2)(fB,L — fa.r(m)) <log <1 +4 Z <§Z> eﬂ2k(A5,L2)> < log (1 + 4((1 + e*IB(AB,L*Q))[J _ 1)) ,

where the first inequality follows by dropping at the denominator all but the largest partition
functions, and the factor 4 arises from the sum over boundary conditions at the numerator. This
proves the Equation (4). Let us now prove the statement about expectation values, Equation (6).

We rewrite the expectation value of the gauge-invariant observable O(o) as:
! L+ (=DY _pH(®
(O)p,L = - > Trp (2 O(®; a, b)eHH(®0.b) (©2)

where: ® = (¢; ;) is the collection of fluxes in the lattice plaquettes; O(®;a,b) is the observable
evaluated over a given gauge field representative of the flux configuration @, a, b; and:

= 1+ (DY su@an
Zgp=>_ > Trr, — e : (63)
(a.b) @
Let us consider the partition function in Equation (63). From Equation (60), we obtain the estimate:

* _ N _ a
> (a) 2o TP, (HEUT) e ~BH(®iab)

<A4((1+ e*ﬁ(AB,rz))LQ _, 60
Z(a,b) Trr, (w)e—ﬁﬂ{(mu,b)

where the asterisk denotes the constraint n(®) > 2. This estimate allows to prove that:

= 1+ (=1)N _

Zi= (D Ter, <+(2>>e‘“(”’“”’)) (14+€5.)  with 0< &gy < 4((14e PBoL=D)E 1),
(a,b)

(65)
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Similarly, we can divide the contribution to the numerator in Equation (62) in a 7 and non 7 part:

L+ (-DN

Numerator of Equation (62) = Z Trr, < 5

>(’)(7r; a,b)e PH(mab)
a,b

Y T, (1 + (2_1)N>O(<I>;a, b)e—PH(®ia) (66)

ab P

1+ (1N _BH(x:
= ZTrfL ((2))0(71'; a,b)e PH(mab) 4 EEL.
a,b
Proceeding as for the partition function, we estimate the last term in Equation (66) as:

: * L+ (=D —BH(®;a,b)
‘gﬁ,L‘ S ZZ HO(@,Q’ b)HTI'].‘L # e sy
ab P (67)

+ —
< Co((1+ e*B(AB,L*m)LQ _ 1)675119(#)% _

Therefore, coming back to Equation (62):

L (SasTom (14 (C)N)O(mia, e 700 + €9,

o | (68)
< >5,L 1+ E,B,L Za,b Tr]__L (1 4 (_1)N)e—ﬁH(7r,a,b)

Using the estimate in Equation (67), we get:

£9 7t +7-
B,L <C ((1 —B(Ag,L—2)\L% _ * *
) = Colll+e )© = 1) =
Yap Trry, (14 (=1)N)emPHme0) Sap(Z5 (ma,b) + Zg p (m30,b))

< Co((1+ e P2 _ 1)

(69)
Combining the estimates in Equation (69) and Equation (65) with Equation (68), we have:
(O)s.L = (05 L+ EBs.L (70)
with:
Es.L Co((1 + e PBar-D)I* _9)
gt 1< Bl ax o m,a,b)| +
O’ﬂ’L| -1 +55,L a,b H ( )H 1 +S/B,L (71)

< Ko((1+ e Plsr=2)L% _ 1y,
The energetic closeness of the m-flux phases, Equation (10), has been proved in Proposition 69,

therefore the proof of Theorem 2 is concluded. [ ]

6.4 Low-Momentum Magnetic Susceptibility

6.4.1 Rewriting of the susceptibility

Let us introduce the density operator in Fourier space:

n(p) = Z Ze_ip.(x—’—”)nx,i ) Ny = ag—:iax_,i : (72)

xeArLed el



6.4. LOW-MOMENTUM MAGNETIC SUSCEPTIBILITY 197

Let us derive the lattice continuity equation for 7(p), in imaginary time. We have!:

_ansﬁ(p7 S) = _ZQ[H7 ﬁp](s)
= —iq Z efip'(erT’“)hij(x,x )[aizax oMyl (8)

x,m’,yEArLed
ij kel

recall the definition of the function n¢(p) in Equation (23). Recalling Equation (22), Equa-
tion (73) can be recast as:

iq0sn(p, s Z zpu =0. (74)
n=1,2

iady (.5 7)) = P pu(up. s hw)

Let us use the identity in Equation (74)) to rewrite in a more convenient way the right-hand side
of Equation (24)). Choose p = (p1,0). We have:

Therefore,

Afds<£(—n8%fﬂm>&L=q ;1kas@ﬂ—%8%jﬂm>

b1

:_ngﬂmh@Dmg

b1

67L

where the last step follows from the KMS identity?. The commutator is (for general values of p):

2
LA 2 q iD- (4
Z(I[n(—p), Jl(p)] = E Z ezp (7 (ac +TJ)) (hlj(aj €T )[ny,k:, ;7, x! ]]nf( )5
x,x’,yEAfd
Za]vkel
— hji(2', 2)[ny k, ai,ja;,i]ﬁf(l?)&)
2
q in- (s
=5 Z (e (@tre=(z"+r5)) _ 1) (hij(a:,x )a;ax g + hji(a, x)a;j zl)ng( S|
z,z’'eAted
i,j€T
= Z ipufﬁ,“(p, -p) ,
pn=1,2
'Recall the identity:
[a;iaz/,j,a;ka;k} = a;r’ia;k5 1y0j.k — ay. ka / k5z y0ik -

2It is easy to check that the KMS identity holds true for the Gibbs state in Equation (2), for physical observables.
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recall Equation (22). Thus, for p = (p1,0):

(Brilp.)) | = (i )], = - /Oﬁds<fl<—p,s>;fl<p>>m (75)

8L p1 B8,L

We are interested in the choice of external momenta p = (0,p2). To begin, observe that, for
p = (0,p2), from Equation (22):

<k1,1(p7 —P)>BL = <k1,1(070)>5

) 5

As we will see in the next section, the 5, L — oo limit of the left-hand side of Equation (75) is
continuous in p, thus, we have:

R R AR S (R
fim Jim 75 (Rua(0.0),0.0)) = lim i Jim 75 [ ds (Fi(p1,0).9% (1,00

B.L
(76)

Therefore, we can express the magnetic susceptibility x(p2) (see Equation (25)) as:

lim lim L12/Bds<<j1((0 ), 8): Fu((0, p2))>“—

p2 L—o00 f—o0 0

(310,09 1((0,00) )+ (77)

) 57

To obtain Equation (77), we implicitly assumed that in the last step of Equation (76) we can first
set p1 = 0 in the current-current correlation, and then take 3, L — oo, which will be shown later.
The rewriting of Equation (77) will be a convenient starting point for the explicit evaluation of the
susceptibility.

6.4.2 Evaluation of x(ps)

In order to evaluate the susceptibility, as given by Equation (77), we shall use Theorem 2. We have:

(hpsyih@) = (hpah®)] +o (79)

where: eg 1, is an error term that vanishes as L, 5 — oo; the average over the m-flux phases can be

(D) > =3 Y (hpih®) e (79)

written as:

e= :I: (a,b) €Z2 w
with, for (¢,a,b) € Z%:
o), = T e O0ma @Y oz, e PHrel () (80)
g,a,b = r]:\r]__L e—BH(m;a,b) (g)N » Peab = Z(a,b)EZ% TI'].‘L efﬁH(ma’b)(l + (_1)N) .

As we will see, taking the limit 8 — oo and then the limit L — oo, all (O), ,, converge to a
value independent of a,b. In the same order of limits, also ((’)>77 a,p CONVerge to this value, provided
no zero mode is present in the spectrum of the single-particle Hamiltonian. Instead, for choices
of a,b for which a zero mode is present, <(’)>77a7b Z_qp = 0, provided the order in the fermionic
creation/annihilation operators appearing in O is not too high. This is a consequence of the next
lemma.

Lemma 73. Let O be an operator in the fermionic algebra, and let H be the second quantization
of a Hamiltonian h. Suppose that O has the following form:

0= Z O(@';l’)az'--a;a}r---a; (81)
i1 yeenyin
jl7"’7jT
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where a; and a;-'r, i=1,..., L%, are the fermionic annihilation and creation operators expressed in
the basis of h. Suppose that h has k > 0 zero modes, and suppose that k > r. Then,

Tr(-1)Ne PO =0.
Proof. Let us rewrite the trace as:

YD (myZestspieT R (i ({g;}, {p;}), Ov({ai}: {p})
{ai} {ps}

where: {g;} are the eigenvalues of h; {¢;} are the occupation numbers of the non-zero modes of h,
and {p;} are the occupation numbers of the zero modes of h; and ()({g;}, {p;}) is the corresponding
eigenstate of H (a Slater determinant). We claim that, if the number of zero modes k is larger that
T

>_ (D= W ({aik {psh), Ov({ai {ps}) = 0.

{pi}

To see this, it is enough to prove the statement for O = ny, - - - nyp,, with n, = agLab_; the general
claim follows by linearity. Let B = {b1,...,b.}. We have:

S DE W ak Aps ), Ovaik dpsh) = (0= | T ao| | [T »r]
{p;} {p;} (eB reB

=( X =) (3 [TLaf[TI0m])

{p;}:i¢B {p;}:jeB t€B reB

which is zero if the set of zero modes is strictly larger than B, true if £k > r. This concludes the

proof of the lemma. [ ]

Remark 55. Using the path integral representation of non-normalized correlation functions, one
can infer the same result by a counting argument. Since the Grassmann measure associated to
0-th Matsubara frequency and the hamiltonian zero modes is flat, in order for the integral to be
non-vanishing we need to insert a couple of 1) for any flat differential dipdi. If h has k zero modes,
then there are k flat differentials and therefore any r point correlation function is vanishing for
r<k.

Let us now consider the special case in which the Hamiltonian h is the lattice Laplacian as-
sociated with the m-flux phase, with fluxes a,b on the non-contractible cycles. As discussed in
Subsection 6.2.1, zero modes are present if and only if (a,b) = (1,1). The zero modes take place
at k = (7/2,7/2),(37/2,7/2), and each has degeneracy 2 (the 2 x 2 Bloch Hamiltonian in Equa-
tion (39) vanishes for this choice of momentum). Thus, Lemma 73 applies, with r < 4. In particular,
the operators Ji(—p,s), Ji(—p, s)Ji(p) are of the form written in Equation (81) with 7 = 1 and
r = 2, respectively.

The plan will be to show that, for these operators,

(O),0p = (0) o + LF (82)

€,a,b

with (O)_ independent of €, a,b and e?fb = 0r,(1) as f — oo. Therefore, from Equation (79):

(0)51 = (0)y + ¢, (83)
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with
—BH(ma.b) ()N

Trr e

‘ B,L’ _ ’ B,L b
¢ - Ccab - ,
(a,a,b)g(:—l,1,1) o Z(a,wezg Trg, e PHma) (1 4 (~1)N)

L
S Z ’ef,a,b‘ = OL(l) )
(Evavb);é(il’l:l)

(84)

where we used the positivity of the twisted partition functions and the vanishing of the partition
function associated with (g,a,b) = (—=1,1,1).

Let us now show Equation (83). To this end, we start by considering:
B8 . . s . .
| s (B0 =) hi0m) = [Cas (R0 hir) 69

where the identity follows from the fact that the average of J;((0, —p2), s) is zero for pa # 0. In order
to evaluate this quantity, it is convenient to extend periodically the argument of the integral to all
s € R. Setting agg(s) = e’ ale=sH  let us introduce the fermionic time ordering as, for s; € [0, 5):

r ﬂﬂ' ﬁﬂ' T
Taf (s1) -~ aff () = sgn(m)az ) (1) - 4z (7)) - (86)
where 7 is the permutation such that s;) > sp@) > -+ > Sg). Equal times ambiguities are

solved via normal ordering (they are not important, since they involve a zero measure set of times,
and the fermionic operators are bounded). The action of T is extended to all the fermionic algebra,
by linearity. Using this definition, we have:

B/2 . .

Equation (85) = / ds {TA((0, ~p2), ) 1 ((0.p2))) (87)
—B/2 i

where the argument of the integral is a periodic function over R, with period f; in [0, 8], it agrees

with the argument of the original integral in Equation (85).

The factor (—1)" in the definition of (-)_ , can be taken into account introducing an imaginary
chemical potential g = im/f in the definition of the Gibbs state. The state is quasi-free, and all
correlations can be computed using the fermionic Wick’s rule. To do this, let us represent the
current operator in momentum space, using Equation (38), with k € Br(a,b). Observe that, in
general, the current operator depends on the gauge field configuration; here, we are considering it
evaluated on the periodic configuration that represents the m-flux phase with fluxes (a,b) on the
non-contractible cycles. From Equation (22), we have:

- 1 R ) .
Ju0) =t Do Gy (b — b k)i (88)
AL |k€BL(a,b)

Let u = 1. Recalling that (r;); = 0 for i = A, B, we have, for p = (0, p2):

—ip2(__ —i(k1—p1) ikq
e "2 (—e + ') 0 ) ‘ (89)

J1(k —p, k) = itgm (p) < 0 e—ilki—p1) _ pik

The expression in Equation (87) can be computed using the expression for the Euclidean two-point
function (see Equation (42)), for ¢t # s:

1 . 1
a;. : ot — red| = 13 E : —iw(t—s)
<T’Yt(a’k‘,z)’)/5(aq7])>_ua7b 5k7Q|AL ‘ﬁ ]\/}E)noo GMF € (7““) + h(k) . Zﬂ-/ﬁ)'bj (90)
WM

|w|<M
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where Mg is the set of fermionic Matsubara frequencies, Mg = %TF(Z + 1/2). Thus, applying the
fermionic Wick’s rule, and using that MF +7/8 = M , with Mg the set of bosonic Matsubara
frequencies, we get

1
Equation (87) Z Z ik k—p)— (k= p. k)
kEBL(a b) weMB (_Z"" + h(k) —iw + h(k —p) )

© g [ oms [ e (S k- D )
(91)

where B = [0, 2] x [0, 7], and the o(1) error terms are due to the approximation of the sums with
integrals, which are vanishing as  — oo and L — oo, irrespectively of the order.

The main term in Equation (91) is independent of a, b; the choice of a,b only affects the sub-
leading error terms. The same computation can be reproduced for all (-). 45, such that no zero
modes are present; for € = +, the two-point function is given by Equation (90), omitting the term
—im/f at the denominator. All these choices give rise to the same L, — oo limit. This proves
Equation (82) and hence Equation (83).

Observe that, for (¢,a,b) # (—1,1,1), the momentum-space two-point function is never singular
at finite 8, L. Also, the integral in the argument of the right-hand side of Equation (91) is continuous
in p, thanks to the almost-everywhere continuity and the absolute integrability of the integrand.
Similarly, for these choices of (g, a, b), the explicit expression of the two-point function shows that the
limits p — (0,0) and L, 8 — oo of Equation (87) commute. This allows to check all assumptions we
made to obtain the rewriting Equation (77). Thus, for p = (0, p2), we get, using that |[A¥d| = L2/2,
recall Equation (77):

1 dk dw 1 . 1 .
x(p2) :pg/B (zﬂ)g/R(%){Tf (mjl(kak*P)_iw_i_h(k_p)Jl(k*Pak))

—Tr (Mjl(k,k)le(k,k))] (92)

= 5 (Alp2) = A(0)

[\

In order to evaluate this quantity, we proceed similarly to what has been done for the conductivity
of graphene, see e.g. [GMP12]. We preliminarily observe that the function:

b /IB (2d7r]'§)2 Tr (—iw —il- h(k‘)jl(k’ k=) —iw + flL(k - p)jl(k b k)) (93)

is even (use the change of variables k + p — k, and the cyclicity of the trace). Therefore, if
the function A(py) was differentiable, the limit lim,, .o p2x(p2) would be zero. As for graphene,
differentiability at zero momentum does not hold; nevertheless, the parity of A(p2) can be used to
simply the computation of the susceptibility. For § > |pa|, we write:

Alpa) // dk dw r<_iwih(k)jl(k’k_p)—iw—i-fll(k—p)jl(k_p7k))X6(k)+R1(p)

= As( P2)+R1( )

(94)

where xs(k) = 1(|k1 — /2| < 0)1(|ke — /2| < )+ 1(|k1 — 37/2| < 0)1(Jke — /2] < §) and Ry (p2)
is an error term, which takes into account the integration region associated with k£ away from the
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singularity points kn = (7/2,7/2),kf = (37/2,7/2). It is easy to see that the function Ri(p2)

is differentiable in ps at ps = 0. Next, in As(p2), we compare the integrand with its relativistic
approximation. To do this, we use that, for k = k% + £/, a = £ and |k'| < 4:

‘ ae”P2 ()
jl(k—p,k):2tq< 0 —a) +ej(k—p, k)

‘ ae®r 0
Ji(k,k —p) = 2tq ( 0 _a> +¢j(k.k —p) (95)
—ak] —ik}
(kg + k) =2t 070 T2 k
(kg + 1) (kz ) ).
where, for k such that |k — k%[ < 24:
lej(k —p. B)I < Clk = k|, llej(k, k= p)ll < Clk—kgl,  llen(k)ll < Clk = kE[*.  (96)

In As(p2), we replace ji, h with their leading contributions for k close to either k;,: or kp, as given
by Equation (95). Correspondingly, we write:

As(p2) = A5 (p2) + Ra(p2) ; (97)

the function Agel (p2) takes into account the relativistic approximation of the integrand, while Ro(p2)
is an error term. The relativistic propagator entering in Agel(pg) is, for k = k' + k¢, |K'| <6 and
recalling that v = 2t:

< 1 )rel B 1 iw + vak) vk, (98)
—iw+h(k)) W2k 2 N\ —ivkh  iw—wvak) )

Concerning the error terms, due to the extra factors |k — k%| in the estimates in Equation (96), one
can check that Ro(ps) is differentiable in p at p = 0. All together:

A(p2) = A (p2) + R(p2) R(ps) = Ri(p2) + Ra(p2) ; (99)

the function Af;el(pg) is even in po, and hence E(pg) is also even in po. In particular, by differentia-

bility at zero,
1 ~ ~

(Bp) = RO) =0 aspp >0, (100)
which implies:
X(p2) = = (45%(p2) — A50) 4 o). (101)

Thus, we are left with evaluating the first term in the right-hand side of Equation (101), which is
fully determined by the relativistic approximation at low energy. We will reduce this term to an
integral that can be explicitly computed, plus error terms of the form (1/p3)(R;(p2) — R;(0)), for
suitable R;(p2) that are even and differentiable; hence, arguing as before, they give a subleading
contribution to x(p2). We have, dropping all primes from now on:

k[ dw 1
Al (pa) = 16t7 2/ /
o) =160 | ome | @) @ 1 R+ 2Tk )
. ( —w?+ UQIC% — U2k2(k2 —p2)) + R3(p2) »

(102)
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where R3(ps) takes into account the replacement of e*®2 with 1 in Equation (95), and:
1
?‘33@2) - 33(0)] < C|logps| - (103)
2

Consider the main term in Equation (102). We rewrite it as:

dk dw 1
16132q2
ky1<s (2m)2 ) (2m) (w? 4+ 02[k[?)(w? + 02k — p|?)
. ( — w2 + Uzk% — ’021’62(1’62 —p2)>

o, dk [ dw 1
i |, o | o TR TR (101
. ( — w2 + k% — kz(kz — Upz))

4q2/ dk / dw 1
kl<vs (21)% Jiwj<os (27) (w2 + [K[?) (w2 + |k — vpl?)
: ( — w? + k7 — ko (ko — Up2)) + Ry(p2) ,

where Ry(p2) takes into account the contribution of |w| > vd, and it is smooth and even in ps.
Concerning the main term, observing that the integration domain is symmetric under exchange of

w and ki1, we have:

4q2/ dk / dw —ka(ka — vp2)
kl<vs (27)% Jiwj<os (27) (w? + [K[?)(w? + |k — vpl?)

dw dkl dkg —kg(kg — Q}pg)
=4q2/ o / + Rs(p2) ,
w05 27 Jiatcos 27 Ju 2m (@24 R 4 [k — opf®) T o)

(105)

where Rs(p2) takes into account the contribution of |k2| > vd, which we added and subtracted; this
error term is smooth and even in py. Let us come back to Equation (101). We have:

( ) 4(]2/ dw dkil / dk‘g ( ]{32(]{32 — Upz) k% )
p = — —_— —_— —_— —
X0 s 27 Jiajzos 27 Jr 20 \@2 R W2+ [ —vpl?) (@ + [K2)?

5
= LS (Rip) - B;(0)) -
D3 =

(106)

The integral over ko can be evaluated explicitly using residues; it has been done, for instance, in
[GMP12, A.9]. We have, replacing po in [GMP12, A.9] with —uvpa:

[ (e KBy v'p, (107)
R 21 \(w? + k2 (W + [k —opl?) (0 + [k[)? A(w? + k2)2 (02p2 + 4(w? + k2))

Thus, we can rewrite the main term in Equation (106) as:

4¢* dw dkl/ dksy ( ko (k2 — vpa) k3 )
R (

P3 Jioj<us 2 Jipyj<os 27 Jr 21 \(W2 4+ [K2) (w2 + [k —vp?) (W +[K[2)?
B 4¢? dw dky v2p3
T D3 Jiwizes 27 Sy <es 2T A(w? + k2)2 (02p2 + 4(w? + k2))
B 4vg? dw dk 1 (108)
p2l |w|<8/|p2| 2m /|k1|§5/p2| 2m 4(w? + k%)%(l + 4(w? + k2))
_ 4vg? dw dk; 1 +E(p)

Pl Szt 1) (27) 402 + k2)3 (1 + 40 + £2))

2
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where E(p2) takes into account the change of integration domain, and it is o(1/|p2|). The main
term in Equation (108) can be evaluated explicitly, using that:

/ dw dky 1 e
w2+k2<62 (2m) (27) 4(w? + k%)%(l +4w?+k2)  2mJo 4z(1 4 422)

(109)
1 [26/Ipz] 1 1
= — dy arctan(2d/|p2|)
167 Jo 1+92 ~ 167
Thus, putting together Equation (106), Equation (108) and Equation (109), we have:
2
vq 1 ~
x(p2) = = > (Rj(p2) = R;(0) + E(p2) , (110)
8|p2| b3 =

where F(p2) takes into account the replacement of the arctan with its limit, and it is o(1/|pa|).
Thus, since all R;(p2) are even and differentiable, we have:

2

N
X(p2) = Sl + (|p2|). (111)

This concludes the proof of Proposition 68. ]

6.A Asymptotic Expansion of the Ground State Energies

We will treat the cases L/2 = 2n and L/2 = 2n + 1 separately, since Lieb’s theorem gives different
minimizing holonomies in the two cases. Let:

1

o (112)

e_(Kla,b) = e_ (kl - %(a 1),k — 2L(b - 1))
The quasi-momentum k belongs to the Brillouin zone By, (1, 1), Equation (37); that is, k = (27 /L)(n1,n2),
with 0 <ny; < L—-1,0<ng <L/2—1. Using that e_(k1, k2) = e_(k1 + 7, k2), we can assume that
0<mn; <L/2-1, and we count twice the energetic contribution of every quasi-momentum in the
evaluation of the total energy. Suppose that L/2 = 2n. The parametrization of the lower energy
band as function of nq,ns is, for 0 < n; < 2n — 1:

1 7m1 T 1 ™o T
1+ = — = —(a—1 - — - —(b-1 11
_(kla,b) \/ + 5C 4n(a )> + 2cos< - 4n(b )) (113)

For these values of (n1,n2), the energy band is vanishing if and only if (nq1,n2) = (n,n). To begin,
we separate the values of (nj,ng) close to (n,n) from the values far from this point. That is, for
0 < a < 1 to be chosen:

> e_(k|a,b) = > e_(k|a,b) + > e_(k|a,b)

n1,m2:0<n; <2n—1 n1,n2:|(n1,n2)—(n,n)|<n> ni;n2:|(n1,n2)—=(n,n)|>n®

(114)
where here and in the following |(n1,n2) — (n,n)| is the Euclidean distance defined mod 2n. Also, in
what follows we will always assume that (n1,n2) are summed over the range 0 < n; < 2n — 1. We
will show that the second term in the right-hand side of Equation (114) is essentially independent
of (a,b), up to subleading terms as n — oo, while the first is small.

Consider the first term in the right-hand side of Equation (114). Here we use that, for the
considered values of ni,ng, it holds |e_(k|a,b)| < Cn®~!, for an a-dependent constant. In what
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follows, we will not keep track of this dependence, and we will use the symbol C to denote general
multiplicative constants appearing in the estimates, that might change from line to line. Therefore:
nSoz
> e~ (kla,b)| < C=— (115)
n1,ng: |(n1,n2)—(n,n)|<n>
which is o(1) for @ < 1/3. Consider now the second term in Equation (114). Let us expand
e_(k|a,b) around e_(k|1,1), as follows:

1x

e (Klab)? = e (k|1,1)? + {24”((@ ~ 1) sin(rny/n) + (b — 1)sin(rng/n))

e (116)

-3 <4n>2((a — 1)2 cos(mny /n) + (b —1)° cos(mz/n))] +0 <,33> :

Observe that, for n large enough, |e_(k|a,b)|?> > C(|n — n1|? + |n — na|?)/n?, for all a,b, while the
argument of the square brackets in Equation (116) is bounded above as C(|ny — n| + |ng — n|) /n?;
thus, for the considered values of ni,ns and for a > 0, the first term in the right-hand side of
Equation (116) is much larger than the other ones. Taking the square root of Equation (116), we
have:

T (agl) sin(mny /n) + @ sin(mng/n)
4n. 1+ §cos(mny/n) + & cos(mna/n)

_<7T)2(“21)2008(7”11/71)+(b21)2608(7m2/n)+ O(ez< 1 )n3>>é

e_(k|a,b) = e_(k|1,1) <1 +

an 1+ 3 cos(mny/n) + & cos(mna/n) k1,1
e . (117
T 24n 14 5 cos(mny/n) + 1 cos(mna/n)

B 1(71)2 ("T_l)2 cos(mny/n) + (b_Tl)2 cos(mngy/n)
2\ 4n 1+ 3 cos(mny/n) + & cos(mna/n)

1 (L)Q <(a21)sin(7rn1 /n) + &L sin(m2/n)>2> kD),

8 1+ §cos(mny/n) + & cos(mna/n)

where the error term r(k|a,b) collects the Taylor remainder, and it is bounded as, for |(ny,ng) —
(n,n)] >n%and 0 < v < 1/3:

< C(ln1 — n)® + |ng — n|?)

S GO T e (WL 1P (118)
= ri(kla,b) + ro(kla,b) .

| (Kla, b)]

Consider 71 (k|a, b). Using the lower bound for e_(k|1, 1), we have:
1
kla,b) < C
> r1(kla, b) < 2 n2(ln — 1| + [ — na))

ni,n2:(n1,n2)—(n,n)|[>n* n1,n2:(n1,n2)—(n,n)|>n (119)

< Clogn .

n
Consider now r3(k|a,b). We have:

S ra(kla,b) < > Ot —nf -+ |y -l

n(jn1 — n|® 4+ |n2 — n|5)

n1,n2:|(n1,n2)—(n,n)|>n ni,n2:[(n1,n2)—(n,n)|>n

¢y : (120)

|n1 —n|? + |ng — nl?

ni,n2:|(n1,n2)—(n,n)|>n

< C'logn '

n
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All together,

1
S k) < S8 (121)
ni,n2:|(n1 ,n2)_(n7”)|>na "

Observe that all the error terms we accumulated so far, namely the ones in Equation (115) and
Equation (121), are o(1) as n — oco. Our next task will be to show that the sum over nj, ng of the
main three terms in Equation (117) is also o(1). We rewrite:

e_(kla,b) —e_(k|1,1)

1 @ sin(mny/n) + @ sin(mng/n)

~2an \/1 + % cos(mny /n) + & cos(mna/n)
B 1<ﬂ>2(a21)2cos(m1/n) + (%51)% cos(mna/n) (122)
2 \dn \/1 + 3 cos(mny/n) + & cos(mng/n)

1 ( ™ )2 (@ sin(mny/n) + @ sin(mng/n))?
8\4n/) (14 3cos(mni/n)+ L cos(mna/n))3/2

+ r(k|a,b) .

Let us now consider the sum over all (n1,ns) such that |n —n;| > n®, for i = 1,2, of the first three
terms in the right-hand side of Equation (122). We start from the first term. We have:

T (a;) sin(mny/n) + (b21) sin(mng/n)
™ 1 na=0, 2n—1 \/1 + § cos(mny/n) + & cos(mna/n)
[n—n;|>n (123)
~ m(a+b—2) sin(wnl/n) _o
- 16n Y

n1,m2=0,- 2n \/1 + $ cos(mny /n) + & cos(mna/n)

[n—n; \>n

where we used that the integer n; belongs to the summation range if and only if n] = 2n —ny does
so, and that the summand evaluated on n; is minus the summand evaluated in nj (observe that we
could freely add n; = 2n to the sum, since the argument of the sum is vanishing). Consider now
the second term in Equation (122). We have:

m? Z (251)2 cos(mny /n) + (552)2 cos(mna /n)
T 3992
32n n1,n2=0, 2n—1 \/1 + £ cos(mny /n) + & cos(mna/n)
[n—n;|>n*
B _Wz((%)2 + (54)?) Z cos(mny/n)
B 32n2 1 1 (124)
n1,n2=0,,2n—1 \/1 + 5 cos(mny/n) + 5 cos(mna/n)

[n—n;|>n®

((71 L cos(x n®
_ U5 2 /_W/_Wd:vdy\/l_i_ e () cos(y)+0(n>'
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Finally, consider the third term. We get:

2 ((afl) sin(7ny/n) + ¢-1) sin(mng/n))?

- 128n2 Z - )

g0 2n1 (1+ & cos(mny/n) + 5 cos(mna/n))3/2

|[n—n;|>n®
_ _WQ((GTAF + (%)% Z sin(mny /n)?
128n? g ey (L % cos(mny/n) + & cos(mna/n))3/2
|[n—n;|>n® (125)

e e e e O

_ (e b? /W/ﬂdxdy 1+c§:8(x) v~ +o<7”:>.

Observe that the main term in Equation (125) exactly cancels the main term in Equation (124).
Thus, all together we proved Equation (45), for L/2 = 2n.

Next, consider the case L/2 = 2n + 1. Here, we compare e_(k|a,b) with e_(k| — 1,—1), using
that:

2
Cos<2k1 - %(a - 1)) = cos<2k1 + % - %(a + 1))

_ _ (126)
= COS<2n+ 1(2111 +1)— m(a+ 1)) .

The dispersion relation e_ (k| — 1, —1) vanishes for (n1,n2) = (n,n). As before, we study differently
the contributions |(n1, n2) — (n,n)| < n®, |(n1,n2) — (n,n)| > n®. The former are estimated as in
Equation (115). Let us consider the latter. We Taylor expand:

e_(kla,b)? =e_(k| —1,-1)
1 T . 2n1 +1 . 2n9 +1
T = — 1)s b1
+ [22(2n+1)<(a+ )bm<w2n—|—1>+( + )Sm<7r2n+1>)

- i<2(2nﬁ+1)>2 <(a + 1) cos (W227:;:11) + (b4 1) cos (7r227;2_:_11))] (127)

of3)

The analysis of the error terms is performed as before, and we omit the details. We have, for
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|(n17n2) - (nvn)’ > n:

(a+1) 2n1+1 (b+1) o 2n+1

T g S Mo ) + TSI T
2n2+1>

e_(kla,b) =e_(k| —1,-1) (1 +
S 7 () + o

1 2 1 b 2 1
< . fﬁfm@%ﬂ+®Wm@%w
22n+1) 1+ 5 cos (W2273f11) + 3 cos (ﬂzﬁf 111)

1 3
+O<e2_(k\—1,—1)n2)>
+1 . 2 1 b+1 . 2 1
(k1] — 1 1)(1+1 xS ) - Glan(eB) o)
= €E_(K,t| — 1, — o
R )

% . )wwﬁm@%ﬁyu%VmG%ﬁ)
2N 1)1 eos(rgt) + §eos(n )

(a+1) o 2n;+1 (b+1) 2no+1
g S\ TH 07 ) + g s Ty )2>

2
_ 1( m (
8\22n+1) 1+ 3 cos (W 227;114—:11) + 3 cos (Wngfll)

+ ’F(k|a7 b) )
where the error term 7(k|a,b) is bounded as in Equation (121). Therefore:
1 p ten(ei) + Slain(rie)
e_(kla,b) —e_(k|] —1,-1) = =
2202n+1) 141 2n1+1 1 2na+1
+ §Cos(w il ) + 5cos<7r i )
1 < T )2((1—51)2 cos(w%ﬂ) _|_(b+?1)2 Cos(w%)
2\2(2n+1
| | \/1 + 5008 (7r 2221111) + 5 cos (7T 22734—5)

(at1) sin( 2”1“) 4 O (W%ﬁrll)y

(129)

1( 0 )2( 2 T on+1 2
8\2(2n+1) (1+ %COS<7T2277L;$11> N %cos(w%’ffff))?’ﬂ
+ (K|, b) .

Let us evaluate the sum over all (n,ng2) such that |(ni,n2) — (n,n)| > n® of the first three terms

in the right-hand side of Equation (129). Consider the first term. We have:

. 2nq+1 (b+1) s 2no+1
e sm(w et > + Sm(” o )
42n 4+ 1) Z \/1 " %cos( 2n1+1) + %cos(w?ﬁf)

n+

n1,n2=0,-,2n T et
. 2n1+1
Sl (W 2n+1 )

(a+1)
2

(130)

|n;—n|>n®

_methiz) g
- 8(2n+1
( ) ni,n2=0,-,2n \/1 + % cos <7T 2221;“11) + %COS (77 227;2;“11)

[n;—n|>n®

where we used that n; belongs to the summation range if and only if n] = 2n —n; does so, and the
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argument of the sum takes opposite values at n; and nj. Consider the second term. We have:

. > (412 cos (st ) + (%512 cos (n 32 )
8(2n + 1)?

ni,ne=0,---,2n 1 2ni+1 1 2no+1
1,12 12 \/1+200s<772n+1 + g cos( TG AT

[n;—n|>n
, 2n1+1>
o7 ((%) + (il)Z) Z cos<7r Tl (131)
n+1
v : m\nnii?mf " \/ 1+ 3 cos <7T 22%3) + 3 cos (” 227;2++11>

- /7r /w dxdy\/1 c:j:S(x) 1 cos(y) +O<T:> '

Finally, consider the third term. We have:

+1 2 1 b+1) . 2 1
2 Z <(a )Sm( Qraﬁrl) + 2 )Sm(7r 22?1 ))2
- 2
200+ 12 S an (143 COS(WQJE#) + 3 cos <7T227Z‘2 :11>)3/2
[n;—n|>n®

_ (G B sin(z) e\ (3)
N 32 /—71' /_ﬂ ey (1+ 1 cos(z) + 5 cos(y))3/2 T O< n >

a=1 (=1)2 cos(x n®
NESaT fw[#”@¢1 C%();amw+0<”>'

Again, the main terms in Equation (131) and Equation (132) cancel out. This concludes the proof
of Equation (45) for L/2 = 2n + 1.
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Chapter 7

Topological order and Anyons

This chapter brings together three ingredients developed in the preceding chapters: the gauge—
matter Hilbert-space formalism, Gauss-law constraint, and fixed-background decomposition of Chap-
ter 5 and Section 5.2, the reflection-positive selection and quantitative stability of the w-flux phase
established in Chapter 6 and finally the locality and quasi-adiabatic tools reviewed in Subsec-
tion 2.2.4 and Subsection 2.2.6. These ingredients are applied here to the massive spinful Zs-gauge
model introduced, together with its main results, in Section 1.3. The chapter is based on joint work
with Sven Bachmann and Marcello Porta [BGP26]. The precise model and the statements proved
below are presented in Section 7.1 and Section 7.2.

Relative to the spinless model of Chapter 6, the staggered mass opens a gap at the Dirac points
of the uniform m-flux phase, while the spin degree of freedom allows the inclusion of a weak Hubbard
interaction. The original results of the joint work establish that the uniform m-flux sector remains
stable and that flux defects have a strictly positive, extensive energy cost. Within this sector, the
four low-energy states distinguished by their torus holonomies have an exponentially small energy
splitting, are separated from the rest of the spectrum by a uniform gap, and satisfy local topological
quantum order. These conclusions persist at sufficiently weak non-zero Hubbard coupling, where an
explicit free-fermion diagonalization is no longer available. Finally, the construction of quasi-local
loop operators identifies their action on the almost-degenerate ground-state sector and establishes
the characteristic Zo loop algebra and braiding phases of the toric code. These finite-volume state-
ments do not, by themselves, constitute a construction or classification of thermodynamic-limit
superselection sectors, nor of a complete braided or modular tensor category.

The characteristic new idea behind the loop operators is to combine continuous U (1) flux thread-
ing with the dynamical Zs-gauge structure. For a dual cycle C*, the microscopic particle-number
symmetry defines a uniformly gapped path of flux-threaded Hamiltonians He«(¢) with 0 < ¢ < m,
whose low-energy projections are transported by the quasi-adiabatic propagator Ve=(¢). At ¢ =,
the inserted holonomy is —1 € Zsy and can therefore be reabsorbed into the dynamical gauge field
by applying a large gauge transformation. Consequently, We« = X Ve (m) closes the flux-insertion
path and defines a quasi-local transformation of the almost-degenerate ground-state sector. For a
non-contractible dual cycle, this operator changes a Zs holonomy and maps one ground state into
another. The construction is conceptually related to Oshikawa’s flux-insertion argument [Osh00]
and to its extension by Paramekanti and Vishwanath to Zo-fractionalized phases [PV04], where
threading a 7 flux can insert a vison and move in the ground state manifold. Opening these dressed
loops creates monopole pairs, and their algebra with the fermionic string operators yields the any-
onic braiding relations.

211
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The proof follows the same hierarchy of ingredients. The massive fixed-background Hamiltoni-
ans and their holonomy dependence are analyzed in Section 7.3, and the estimates are extended
to weak Hubbard interaction in Subsection 7.3.3. The reflection-positive argument of Chapter 6 is
adapted in Subsection 7.3.4 to select the uniform w-flux sector and prove the monopole gap. The
Gauss-law projection and the spectral estimates then yield the physical almost-degenerate sector
and its local indistinguishability in Section 7.4. Finally, the quasi-local loop operators and their
braiding algebra are constructed in Section 7.5 and Subsection 7.5.1. The reflection-positive esti-
mates build on [GP26], the interaction analysis uses standard fermionic cluster-expansion methods
such as [Sall0], and the spectral-flow construction follows [HWO05; Bac+11]. These general tech-
niques are inputs, however their model-specific combination and the resulting spectral, topological,
and braiding statements constitute the original contributions of the joint work.
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7.1 The Massive Spinful Z,-Gauge Model

We now specialize the Gauge-Matter construction of Chapter 5 to the massive spinful model studied
in this chapter. The lattice is the square torus Ay, with L € 4N, and the set of internal Fermionic
labels is

S = {14,
We retain the notation

+ - - -
in @i n; = Nit++n;, N = E ;.

i€V(AL)

nm =a

The Fock space, the Gauge-field Hilbert space, the charge operators @; = A;(—1)"™, and the physi-
cal Hilbert space thys are precisely those of Section 5.2.
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For fixed t,m > 0 and U € R, we focus on the Gauge-invariant Hamiltonian

H=—t Z Z (a 105i% . h.c.)

(i,7)€EE(AL) NES

(1)
+m )t +U <n — 1> (n — 1) .
16\;L 77;9 iEVZ(AL) ! 2 " 2

This is the massive spinful deformation of the hopping model considered in Chapter 6. At m =U =
0, the Matter Hamiltonian consists of two identical copies of the massless model. The staggered
mass opens a gap at the Dirac points, while the Hubbard term tests the stability of the resulting
phase under a genuine many-body interaction. The analysis below is carried out for |U| sufficiently
small, uniformly in L.

No electric-field term is present in the Hamiltonian described by Equation (1). Consequently,
H decomposes into the fixed-background fibers H (o) as in Equation (19). By Proposition 66, their
spectral data depend only on the plaquette fluxes and on the two global holonomies. We write —1
for a representative of the uniform m-flux sector; the notation refers to the plaquette fluxes and does
not mean that every link variable is equal to —1.

For later use, if Q C V(ApL), set

Qu=][Q: Aa=]]4  Nao=> n.

1€Q 1€0Q2 1€Q
Gauge invariance gives
RoHQq = H, (2)

and, using Qo = Aq(—1)V2, equivalently
AgHAq = (-1)Ne H(—1)Ne, (3)

These are the only model-specific forms of the Gauge transformation needed below; the general
discussion of physical observables, Wilson and 't Hooft strings, Gauss’ law, and the resolution into
Gauge sectors will not be repeated here.

7.2 Spectral Structure, Local Topological Order, and Braiding

7.2.1 Spectral structure of the model and local topological order

The three main results were announced in Section 1.3. As in the preceding application, we restate
them here without renumbering before giving their proofs.

From now on, we shall refer to a fluz for plaquettes and more generally (contractible) boundaries
and a holonomy for (non-contractible) cycles that are not boundaries. For any configuration o, we
can add additonal holonomies (¥, ¢/?) € U(1)xU (1) with the replacement of; = o€ i respectively
o5 = 0; e’¢, along any two non- homologous cocycles that are not coboundarles We denote the
correspondlng Hamiltonian H (o, e, e'?), and we shall denote by Fy 1(a, e, e?) its ground state

energy which can be expressed as

Eor(o,e? e?) = — lim BlogTrfL —BH(o € e'?) (4)

B—r00
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Figure 7.1: The flux configuration corresponding to o* is that of a lattice of monopoles, represented here in white, carved on
the uniform background of w-fluxes, the dark plaquettes.

Theorem (Spectral structure of the model). Let L € 4N. For |U| small enough uniformly in L the

following is true.

1.

For any holonomies (¢, e'®) € U(1) x U(1), the ground state of H(—1,e" e'%) on Fy is
unique and it is at half-filling. Furthermore, the ground state enerqy is separated by the rest
of the spectrum by a gap 61, > m — C|U|Y/3.

There exist constants C,c > 0 depending on t, m, but not on the size of the system, for which:

‘EO,L(_L e, ei¢) — Eor(—1, ew/,eid’/)‘ < CL? L. (5)

Let o be a background with 2k 0-fluzes and holonomies (e, e'?) € U(1) x U(1). Then, there
is a constant Ag > 0, depending on t,m,U, such that:

1 0 i 1
—~log (Tr;L(e—ﬂHW Y ¢>)) > 2kAg — = log(Tr]:L (e_BH(_l’_l’_l))>. (6)
) B
The constant Ag 1, is given by:
1 ﬁf e_/BH(a*vavb)
B,L BL2 (aybg%th o (Tl"]-'L o—BH(—1,—1,-1) +o(1) (7)

as B, L — oo, where As, > 0. Here, o is a particular the chessboard fluz configuration (see
Figure 7.1) with holonomies (a,b) € Zy X Zy. In particular, as f — oo:

Eor(o,e? e'?) > 2kAL + For(—1,-1,-1) (8)

where A, = As + 0r,(1).

In other words, the global ground state lies in w-flux sector, and monopoles are again massive,

as in the case m = 0, provided |U] is small enough uniformly in the system’s size (but nonuniformly

in m). These results are closely related to the massless stability result stated in Theorem 2 and

proved in [GP26]. While the monopoles were already shown to be massive there, the presence of

the fermionic mass term in the Hamiltonian:

1.
2.

yields a global spectral gap above the ground state energy,

causes the splitting (see Equation (5)) of the ground state energies to be exponentially small
in the system size (rather than power law, recall Equation (45) for the massless of Chapter 6),
and indeed the proof will show that ¢ — 0 as m — 0, see Equation (51).
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We now turn to the ground states and the spectral gap within the 7w-flux sector.

Theorem (Ground state topological order). Let L € 4N, and let |U| be small enough so that
Ay > 0. Let P be the projection onto the span of the four states

b= 1T (F5%)cra sl-tat, (@b eZaxzy )

i€V(AyL)

where |_1,4p) is the ground state of the fermionic Hamiltonian H(—1,a,b) on Fr, and N is a
normalisation factor. Then:

1. Let gr = inf Spec(P+HP~+) — sup Spec(PHP). Then
gr, > min{20y,2Ap} — CL?e ¢k (10)
where 61, > m — C|U|'/3.

2. For any fized gauge-invariant observable O, there are constants C,c > 0 such that

Tr(PO)

Q Q) — 10 —————
< ab’o ab> 5aa 5bb TI‘(P)

< Cpe L. (11)

In 2. above, a ‘fixed’ observable is meant in the following sense. The tori Aj, are identified with
squares [—L/2,L/2] x [—L/2,L/2] (recall that L € 2N) with periodic boundary conditions. There is
Lg such that O € Ar,, and therefore O € Ay, for all L > L using the natural embedding Ar, — Ap,
given by tensoring with the identity. One may also call such an observable a ‘local’ observable, since
its distance to the boundary of the cut torus is of order L.

We note that by Theorem 4 - Item 2, the vectors |€,) correspond to an almost degenerate eigen-
value. From now on, we shall refer to P as the ground state projection and the theorem shows
that P is gapped, this is Equation (10), and topologically ordered, which refers to the property in
Equation (11). The ground state energy is (almost) fourfold degenerate and isolated from the rest
the spectrum by a gap, which remains open in the infinite-volume limit. This degeneracy is not
associated with a local order parameter since all local observables are multiples of the identity when
restricted to the ground state space. In order to have a concrete picture in mind, we draw in Fig-
ure 7.2 below one representative of ([—1],a,b) for all choices (a,b). Here, [—1] is the equivalence
class of m-flux backgrounds.

* *
& G
> >
N N A N
* | * I
> ’ > Ci Cl
(171) (_171) (_17_1) (17_1)

Figure 7.2: A representative [—1] for all possible w-flux backgrounds, for L = 4. A thick line represents an edge with Ufj =—1,

while thin lines correspond to o =1

Remark 56.
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1. The spectral gap gz, above the ground state energy is twice the minimum of the (renormalized)
monopole mass Ay and of a quantity 7, which plays the role of renormalized mass for the
fermions. For |U| small enough, it is strictly positive for all L large enough. While the
former quasi-particles are neutral, the latter are charged. Following [Lem+2// (and the vast
literature therein on gaps in the quantum Hall and anomalous Hall effect) one may ask for
the relationship between the two gaps. The exact expression in Equation (104) in the non-
interacting limit U = 0 indicates a crossover in our model (see Figure 7.3): while the monopole
mass remains finite as m — 0, see [GP26|, A — 0 as m — oo since the three terms of
Equation (104) cancel out in the limit. This is not in contradiction with [Lem-+24| since our
model does not have an analog of the dipole symmetry.

2. Unlike in the toric code, the map C — Z¢ does not descend to Hy (A). Indeed, the condition
B, = —1 for any plaquette p means that the Zy background is not flat: ground states have
different eigenvalues with respect to 25 and ZC+8A since

Zeron|Qa) = (—1)M Ze|Qqp). (12)

As pointed out in [CRO7], any m-flux background defines in a canonical way a spin structure
on the torus. The spin structure space on a given Riemann surface ¥, is an affine space whose
translation space is given by Hi(X4, Z2): in other words, any two spin structures differ by a Zs
flat connection. Similarly, here two ground state backgrounds differ by the insertion of a Zg
holonomy around a non-contractible cycle, but it cannot be defined as the background with
a given parallel transport independently on the choice of the representative of the homology
cycle.

Masses

0.1

A (m)

m

,
,
.
’,
A (0) \
,
,
‘
,

'

I I I I I I I m
0 0.2 0.4 0.6 0.8 1 1.2 1.4

Figure 7.3: Crossover between the monopole and the fermion mass gap (in the thermodynamic limit) as a function of m for
0<m<15and ¢t=1,U = 0. See Figure 7.9 for the behavior of A (m) for a larger range of m.

7.2.2 Loop operators and braiding properties

We have established that the Hamiltonian has a gapped, topologically ordered ground state space.
The elementary excitations come in two types: magnetic monopoles obtained by carving out a 0-flux
in the uniform 7-flux background on the one hand, and fermionic excitations upon the half-filled
fermionic ground state.

We now turn to adiabatic insertion of a flux or a holonomy through the system. We rely on
Hastings’ quasi-adiabatic evolution reviewed in Subsection 2.2.6 (see also [Bac+11; HW05]) and
used here in the context of flux threading as in [Bac+19; Bac+21]. This will allow us to describe
the mapping of different ground states onto each other. As is typical in the presence of anyons,
this is closely related to the process of creating a pair of monopoles, moving one of them along a
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non-contractible loop and fusing them back again cycles through the ground states.

The intersection number 7 between two edges e € E(Ar) and e* € E(A}) is the map:
Z:E(AL) xE(A7) —{-1,0,1} (13)

defined by the convention in Figure 7.4. The intersection number can then be extended to a map

Figure 7.4: Convention for the definition of the intersection number.

on Ci(Ar) x C1(A}) by adding up the contributions coming from every single edge.

Let now C* € Z;(A}). The twisted Hamiltonian is defined as (see Figure 7.5):

He(¢)=—t > Y (e—iﬂ[(ivj)’c*]a;fn&fjagn + h.c.) +m Y (Dt (14)

(4,7)€E(AL) n="4 ieAr
+U Z (nm - %) (nm — %) (15)
1€ENL

As we shall see later, see Lemma 78, the flow H +— He+(¢) is just a unitary transformation whenever

C* = OA is a trivial cocycle, namely it is a coboundary. As such, it does not affect the spectrum.
The case of a non-trivial cocycle C* is different and it is described by Theorem 6: the ground state
manifold undergoes a non-trivial spectral flow, along which the spectral gap does not close. This
‘parallel transport’ of the ground state space is given by a unitary propagator (see Equation (18)
and Equation (19)) generated by the so-called quasi-adiabatic generator.

Definition 74 (Quasi-adiabatic generator). Let C* € Z1(A}). The quasi-adiabatic generator Ke-
is the family

Ke-(0) = 77 (He-(9)) = /R F(s)estler D Hee (p)e e @ds, (16)

~

where f € L®(R) such that [|f|[;1 =1, f(w) = L for |w| > g and [f(¢)] < lfﬁ for any k € N.
Here g is gap of H, see Equation (10).

i

Figure 7.5: Graphical representation of twisting the hamiltonian inserting a flux ¢ inside C*, oriented counterclockwise. Each
bold edge is twisted with a phase of e~i®.
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Remark 57. By definition, the operator He- (¢) is supported on the edges intersecting C*. With
this, it is a standard argument that Kc«(¢) is almost supported on C* in the sense that K¢+ ()
can be approximated by an observable strictly supported on a ribbon of width R around C*, with
an error O(R™>°). Indeed, this is true for e**He*(9) He.(¢)e **He*(9) for times s of order 1 by
the Lieb-Robinson bound (recall Equation (19)), while the contribution to the integral for longer
times is small by the decay of f. We refer to [Bac+11, Lemma 4.7| and the review [NSY19| for
additional details on the Lieb-Robinson bound (see also to Subsection 2.2.4) and the spectral flow
(Subsection 2.2.6) and to [Bac+19] specifically for the locality of K¢« (o).

Besides its locality, the operator K¢«(¢) generates a parallel transport on the bundle of ground
state projections Pe«(¢) of Hex(9):

Pe-(¢) = i[Kex(¢), Pex (9)] (17)

provided the spectral gap remains open, see [Bac+ 11, Proposition 2.4|. This is a consequence of the
more general fact that the map O — T?(O) is an inverse of —i[He«(¢), O] on the set of off-diagonal
operators O = POPL + PLOP, applied here to O = Pp- ().

Let now Ve« (¢) be the solution of

—iVe-(¢) = K+ () Ver (0) (18)
such that V«(0) = 1. It is the propagator of parallel transport, namely
Fe+(¢) = Ve (0) Fe+(0) Ve (). (19)
Definition 75 (Loop Operators). Let C* € Z;(A}). We define
Wer = Xex Ve (). (20)

Theorem (Braiding). Under the same assumptions of Theorem 5 the following is true. Let {|Qqp) :
(a,b) € Zy x Za} be the four ground states of Theorem 5, let Py, be the corresponding orthogonal
projectors, and let P = Z(a b)eZox s Fab-

1. For any C* € Z1(A})
W+, P £ 0. (21)

where = means that the equality holds up to terms that are smaller, in operator norm, than
any power of the system size.

2. For any C € Z1(Ar),C* € Z1(A}),

ZoWen = ei”I(C’C*)WC*ZC. (22)

3. If {0,C¥,C5,C; + C3} are representatives of each of the cohomology classes, then

Puy (Wes JPH(Wey P2 £ (Wes )P (Wey P2 Py, (23)

where a’ = (—1)Pra, b’ = (—1)P2b, for any p1,p2 € Z.

4. For any (a,b),
* * L
(We: )" (Wes ) Wer Wey Qab) = 1Qab)- (24)
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5. Leti,j € A be such that dist(i,j) is of order L and let C; j € C1(Ar) be a 1-chain such that
(i,j) = 0C;j. Denote ‘f;jb> = N_lajZAciyja;ﬂQab), where N~ ensures that ||§;jb\| = |||l
Then . .

(EapWerap) L
<Qab|WC*Qab>

where C* is the circle of radius 3dist(i, j) centred at i.

-1 (25)

With topological order, all local observables act trivially on the ground state space. Theo-
rem [tem 3 exhibits non-trivial global observables, namely the large loop operators WC;, 7 =1,2.

When the loops are opened up, a string operator Wex creates a pair of monopoles while a string
+
J
braiding phase —1 characteristic of toric-code anyons. The commutation in Equation (24) is inde-

operator a;rZAci,ja creates a pair of fermions at their endpoints, and Item 5 establishes the mutual
pendent of any choice of phases in the definition of the loop operators or ground state vector and
gives trivial monopole-monopole braiding.

For any even local observable O supported away from sites ¢ and j,
(ElO&L) =~ (Qap| ODa) (26)

up to errors that decay superpolynomially in the distance between the support of O and the sites
1,7, and in the system size L. This should be interpreted as the fact that |£;Jb> describes (fermionic)
excitations that are localized at the sites ¢,j. In order to derive Equation (26), we first note that
for any path éij from i to j and such that C;; — C~Zj is a boundary,

ZeQay = 225, Qi (27)

where |z] = 1 and it depends on the paths. If O is a local observable, we can pick (i-j that lies away
from its support. The corresponding string operator then commutes with O and so

(€41063) — N Saleses0u a2, .

If O is even, then (Qab|ajai(’)a;ra;r9ab> = (Qab|(9ajaia;ra;r§2ab>. Since the spectral gap implies fast
decay of correlations (see Remark 16 - Item 2 and [Bac+21, Appendix A]) and O is supported
away from the sites i, j,

(ElOgs) =~ N=(Qu|OPajaia af Qup) (29)

up to an error that decays with the distance between the support of O and {i,j}. Finally, local
topological order implies that P can be replaced by the one-dimensional projection onto the span
of |Q4) up to an error that decays fast in L, namely

(EHlOE) = N7Qup|OQap)llaif af 1Qa)] 1. (30)

This is the claim since the last factor is equal to N2.

Overall, the finite-volume loop and string algebra reproduces the characteristic toric-code rela-
tions. If m denotes a monopole excitation and € a fermionic excitation, the Zs composition laws may
be summarized formally as m x m = 1 = € x €, with e = m X €, while the proven loop algebra gives
trivial monopole self-braiding and mutual phase —1 between the magnetic and fermionic excitations.
These statements establish the toric-code fusion and braiding relations visible in the low-energy sec-
tor. They do not, however, amount to a construction or completeness proof of thermodynamic-limit
superselection sectors, or to the identification of a full modular tensor category. The model is thus a
fermionic reflection-positive realization of local topological order with toric-code loop and braiding
relations; see also the discussion in [Sop25].
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>
>

SRS U U AR
Figure 7.6: On the left, graphical representation of the gauge field configurations associated with the (1,1) 7 flux phase.
The thin bonds correspond to 0 = +1, while the solid bonds correspond to spin 0 = —1. On the right, definition of the

fundamental cell.

7.3 Spectral Structure of the Massive Fermionic Hamiltonian

7.3.1 The Non-Interacting Spectrum

We start by diagonalizing the w-flux Hamiltonian at U = 0 with (1, 1) holonomies. A particularly
simple gauge field configuration associated with this phase is represented in Figure 7.6. Clearly, the
corresponding Hamiltonian is not translationally invariant with respect to all lattice translations.
In order to recover translation invariance, we introduce the appropriate fundamental cell formed
by four lattice sites, labelled by A, B, C, D, as in Figure 7.6. The position of the cell is defined by
the coordinate of the B-lattice site. We shall denote by Alfd the two-dimensional lattice formed by
the positions of the fundamental cells. The lattice spacing between nearest-neighbour fundamental

cells in Afd is 2 in both directions.

For vanishing Hubbard interaction, the spin does not play any role and we discuss the compu-
tation in the spinless case. If spin was included, all energy levels would simply be doubly degenerate.

Using these coordinates described in Figure 7.6, the Hamiltonian can be rewritten as:

. — + 4 + 4= + = + =
H(_la L 1) =t Z <a’B,za’A,x + B 40 + @A29B,242e5 ~ YA,29D 2 <31)
zeATd

+ - + - _— + -
TAD 20 A 2 42¢, + Op 200 z+2es + A 20D o + A0 20B 1+2¢; + hC) (32)

+m Z (nA,x +NCx —NBax — nD,a:) . (33)

d
TEN

The Brillouin zone By (1,1) is defined as

2
Br(1,1) == {k c %(nl,ng) 10<m <L/2—1,0<ny<L/2— 1} , (34)
and the momentum-space creation/annihilation operators as:
A 1 A
~t kx + kx =t
Q=D Mg, = ag, = [ATed] > TG, (35)
zeAred L " keBr(1,1)
for « € {A, B,C, D}. The Hamiltonian in Equation (33) becomes:
1 R -
H(—-1;1,1) = > (af mk)ay) (36)

red
AT keBr(1,1)
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.
™
1

Figure 7.7: Energy bands associated with the m-flux phase with a staggered mass Equation (38).

0

where (f,9) =, faga, and the Bloch Hamiltonian h(k) is given by

m —t(1 4 e**2) 0 t(1 4 e %)
—t(1 + e~ 2ik2) -m —t(1 + e~ 2k1) 0
h(k) = X . . 37
(k) 0 —t(1+ eZZkl) m —t(1+ 6_2”“2) (37)
t(1 4 e%ikr) 0 —t(1 + e%k2) —m

The above Bloch Hamiltonian coincides with the one found in [Lud+94]. Its (doubly degenerate)
eigenvalues are

m 2 1 1
es(k) = i2t\/(2_t) + 1+ 5 cos(2ky) + 3 cos(2ks), (38)

and they vanish nowhere in the Brillouin zone whenever m # 0 (see Figure 7.7), leaving a gap equal
to 2m. The ground state of the system is the Slater determinant obtained by occupying all the
Bloch states below energy zero. Since the cardinality of Brillouin zone is equal to L?/4, see Equa-
tion (34), the rank of the Fermi projection, namely the number of particles, is equal to L?/2. If the

two spin states are reintroduced, the number of particles equals L?. In both cases, this corresponds
to half-filling.

The case of more general holonomies around non-contractible cycles can be analysed via a change
of the boundary conditions, and thus of the allowed momenta in the Brillouin zone. Namely, the
Brillouin zone is given by

. 2T 0 10)
0 _i¢ _ “n - R
Br (e, i) {ke T (m o ma o

From there, the discussion proceeds exactly as in the (1,1) case. This concludes the proof of

)|0§n1§L/2—1,0§n2§L/2—1}. (39)

Theorem 4 - Item 1, for non-interacting fermions.

7.3.2 Dependence on the Torus Holonomies

The ground state energy of the system for general holonomies is, using the short-hand notation
B(0,¢) = Br(e”, "), Eo(—1,0,¢) = Eo.1(—1,¢",¢"):

Eo(-1,0,4) =2 > e (k). (40)

keB(0,9)

In order to prove the bound in Equation (5), we will rewrite Equation (40) using Poisson’s summa-
tion formula:

% S e )= 3 et (0L, 060) (41)

keB(6,0) 0 02€T
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where

2 . .
€oo (£1L7 EZL) = /Ez (;iﬂ];QEZkth—HMbLe(k) (42)

is the infinite volume ground state energy density (which is independent of the boundary conditions).
In this way, we can conveniently rewrite the energy difference as:

E()(—]., 01, ¢1) — E()(—l, 0o, (;52) =217 Z (6i€191+i£2¢1 — 6M102+i€2¢2)600(£1[/,EQL). (43)
(£1,£2)€Z2\(0,0)

Note that the /1 = 5 = 0 term vanishes because the exponentials cancel out.

Proposition 76. There exist two constants C,c > 0 depending only on m and t, such that

d*k ik —c(|z1]+|z2)
(27T)2€ e_(k)| < Ce , (44)
TZ

Hence, by Poisson summation formula in Equation (41),

|Eo(—=1,61,61) — Eo(—1,02,¢)] <4L* Y~ Ce lalEDE < gp2e=2el  (45)
(£1,62)€Z2\(0,0)

uniformly in ¢1, 01, ¢2,65. This concludes the proof of Item 2 of Theorem 4 for non-interacting
fermions. It remains to prove Proposition 76.

Proof. We first note that .
e (k) = 5 Te(h(k)p- (k) (46)

where the trace is over the fundamental cell and the factor 2 stands for the rank of p_(k). The
Bloch Hamiltonian h(k), which is explicitly given in Equation (37), and the ground state projections
p(k) are by definition

h(k) = Y h(z,00e7* % p_(k)= Y p-(z,0)e ", (47)

a:GAfd :cEArLEd

where h(z,y),p—(x,y) are the 4 X 4-matrix-valued functions given by

H(-L;1,1)= Y (af bz, y)ay), (48)

m,yGArLed

see Equation (33). With this, the integral (see Equation (44)) can be computed as

2
/11‘2 'k eFe (k) = L Z Tr (h(z — y,0)p—(y,0)). (49)

2
(2r) G

[\

By translation invariance, h(x—y,0) = h(x,y) and it vanishes whenever |z —y| > 4. Since the Fermi
energy lies in a spectral gap, the Riesz formula for the spectral projector p_ = ﬁ J Alh — 2)"tdz

together with the Combes-Thomas estimate for the resolvent [AW15, Theorem 10.5] imply:
[p-(y,0)] < Ce=W. (50)

This bound combined with the identity in Equation (49) yields the claim in Equation (44). Finally,
the constant C, ¢ > 0 can be estimated explicitly in terms of the spectral gap, which is proportional
to m and the ‘hopping amplitude’ ¢ of h(z,y):

C i, ¢ E, (51)

m t
see again [AW15, Theorem 10.5]. |
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7.3.3 Stability under Weak Hubbard Interactions

We now extend the results of Subsection 7.3.1 and Subsection 7.3.2 to the case of weakly interacting
fermions. This will be done using fermionic cluster expansion. The method provides a convergent
expansion for the ground state energy,

1

- Bli_>n;o 3 logTrr, e PH(-1,e,e) (52)

Eo(-1,0,¢) =
for |U| small enough, uniformly in L. Inspection of the convergent expansion will allow us to
prove items 1 and 2 of Theorem 4 for weakly interacting fermions. In the context of topological
phases of matter, these methods have been used in [GMP17] to prove the universality of the Hall
conductivity. See also [Giu+16; GMP19; FGR25] for the analysis of Hall transitions, via cluster
expansion and renormalization group methods. In our setting, inspection of the expansion will
allow us to prove the exponential closeness of the approximate ground state energies described in
Equation (5). Furthermore, the same technique allows to prove the stability of the fermionic spectral
gap, following [DS18, Theorem 1].

Analyticity of the free energy. Here we will discuss the convergent expansion for the free
energy, which will be the starting point for the proofs of item 1 and item 2 of Theorem 4 for
interacting systems. From now on, we shall write H(—1,¢%, e'®) = Hy 4+ UV + (U/4)L?, where:

o U
Hy=H(-1,€", em)‘U:O Y ;nza : V= zi:”i,T”i,i ; (53)

observe that we included the interaction-dependent quadratic term due to the presence of the —1/2
factors in the Hubbard interaction in the definition of the quadratic Hamiltonian Hy. The additive
constant term in the Hamiltonian does not have any relevance for the Gibbs state of the model, and
it will be omitted in what follows. The starting point is the Duhamel expansion for the free energy:

Trr, e~ B(Ho+UV) B . 8
L e oy [

n>1 0 0

Cdty - /0 "t i (V)1 (V) (V) (54)

where <)% 1, is the Gibbs state of Hy at half-filling, and ~;(-) is the imaginary-time evolution,

(V) = oy etHo (55)
Equation (54) can be rewritten as:
Tl"]-‘L e—B(Ho+UV) (_U)n 0
=1 dty - - - dty (T, (V
e I e [ T 00 W 66)

where T is the time-ordering operator. It acts on fermionic monomials as, at non-equal times:

n Ex(1) Ex(n
T7t1 (a;:117<71> e Fyt” (a/?nygn) = Sgn(ﬂ-)fytl <aiﬂ((11)’07r(1)) o ’th(n) (aiﬂ'((n))vo'ﬂ'(n)> (57)
where 7 is the permutation such that ¢ (;y > tr(;11). Whenever two times coincide, the time-ordering
operator acts as normal-ordering. Taking the logarithm of the left-hand side and of the right-hand
side of Equation (56) one gets:

Trr, e—B(Ho+UV) (—U)"

] — dt, - - - dt, (T . 0
S = DI [ ) 6V VD 39
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where the argument of the integral is the n-th order cumulant. It is well-known that the cumulant
expansion can be represented as an expansion over connected Feynman diagrams, by application of
the fermionic Wick’s rule (see e.g. [Sall0] for a review of fermionic perturbation theory). The main
ingredient of the expansion is the fermionic two-point function, defined as, for 0 < ¢, ¢ < f3:

g((t,i,0), (¢ 7', 0") = (Tyela; )y (al ,)) 5L
7(t7t/)h0

€ T A "€
W(Z,U,ZJ)—ﬂtSUil_i_egho

—(t=t")ho (59)
= Q(t > t/) (Za o; ilv 0/)

with hg the single-particle Hamiltonian associated with Hy. It is not difficult to see that g((0,4), (t',7)) =
—g((B,1),(t', 7)), which allows to extend antiperiodically the two-point function to all times ¢ and

t" in R.

The problem with the naive diagrammatic expansion in Equation (58) is that it involves too
many addends. In fact, the number of diagrams contributing to the n-th order grows as (n!)2, which
beats the 1/n! in Equation (58)), and does not allow to prove absolute summability of the series.
Observe that this apparent factorial divergence of the series is insensitive to the fermionic nature
of the particles.

This issue can be avoided using a different expansion, that allows to exploit the anticommuta-
tivity of the fermionic operators. Let us rewrite:

(V) =D w(Vi)  with Vi = nipm. (60)
The Battle-Brydges-Federbush (BBF) formula states that:

(Tt (Vi) s 92 (Via) 5 - 5 e (Vi1 = ZO‘T[HW} / dpr(s) det [syp)p(sn9(rn] 3 (61)
T LeT

see |[DS18, Theorem 6|, [GMR21, Appendix D], [GMO01, Appendix A3.2| for reviews, proofs, and
further references; see also [Che 25, Theorem 4.4| for a recent application in the context of compu-
tational quantum physics. Let us explain the meaning of the various objects involved in the identity
Equation (61). Every fermionic operator appearing in ~;(V;) is graphically represented by an ori-
ented line, which exits or enters a vertex labelled by the space-time coordinates (t,%), depending
on whether the fermionic operator creates or destroys a particle, respectively. The lines are further
decorated by the spin labels of the corresponding operators. In this way, every operator v(V;) is
graphically represented by a vertex with four incident lines, two incoming and two outgoing. The
sum in the right-hand side of Equation (61) is over the spanning trees T' connecting the n vertices
associated with the interaction terms, obtained contracting lines with opposite orientations. The
pairing of an incoming line associated with the vertex (¢,4) and of an outgoing line associated with
the vertex (t',4"), labelled respectively by spin labels o and o', forms an edge ¢ = ((¢,4,0), (t',i',0")).
Associated with every edge, we have a propagator gy,

ge = g((taiaa)’ (t,)ilaal)) (62)

as given by Equation (59). The product in Equation (61) involves the propagators associated with
the edges of the tree. In the determinant, g s is the entry of a (n + 1) x (n + 1) dimensional
matrix representing the contraction of lines that do not belong to 7', where f is the label for a
generic incoming line, and f’ is the label for a generic outgoing line. From the point of view of
Feynman diagrams, these are the loop lines. This matrix element is then multiplied by a number
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su(f)p(1) between 0 and 1, an interpolation parameter, where b(f),b(f’) are integers in [1, n], which
return the labels of the vertices associated with the lines f, f’. The measure dur(s) is a probability
measure, supported on sequences s whose entries sys) (/) can be written as the scalar product of
two vectors in R"™, up(p) and up(pry, with unit norm. Finally, ar is either +1 or —1, and it will not
play any role in what follows.

Thus, thanks to the BBF formula in Equation (61), we have:

(T, (Viy) s e (Vi) 5 -+ ’Ytn(V%n»%,L‘ < Z {H !9@\} /duT(S) ‘ det [Sb(f),b(f’)g(f,f’)]‘ ; (63)
T ier

we will use this bound to show that

1 n
3 > /[Oﬁ]n dz‘(I%l(Vil); Yoo (Vi) 5 o5 %n(Vin»%L) < L*C"n! (64)
T1yeenyln ’

an estimate which allows to prove analyticity of the specific free energy in Equation (58) for small
|U| (observe that the two-point function depends analytically on U), uniformly in 8 and L. The
existence of the limits as § — 0o, L — oo follows from the uniform convergence of the series, and
from the existence of the pointwise limit of the two-point function, which can be proved easily.

The factorial growth of the bound comes from counting the number of trees connecting the
n vertices (observe that this number is much smaller than the number of n-th order Feynman
diagrams). The proof of Equation (64) is a consequence of two main ingredients: a good bound for
the ¢! norm of the two-point function, and a good bound for the /> norm of the determinant. Let
us first discuss the bound for the two-point function. For L fixed, and for any 6, ¢, the two-point
function associated with Hy can be represented as, using Poisson summation formula:

g((t ), (i) = > €O m2g ((t,i+ eymiL + eamal), (¢, 1)) (65)

my,me€”Z

where eq, ey is the standard basis of R? and g¢o is the two-point function on Z2. By the spectral
gap of hg, a standard Combes-Thomas estimate (see e.g. [DS18, Appendix B]) allows to prove that,
for all ¢, in R and for all 4,4 in Z?:

lgoo (£, 8); (&', 8)) || < Ce=elED=E0ls (66)
with the time-periodic distance:
I1(t,4) = (8,5 = min |f — ¢’ + nB + i — ' (67)

Thus, this bound, combined with Equation (65) allows to prove that the finite-volume two-point
function satisfies the estimate (with different constants):

lg((¢,2); (¢, )| < Cem b=z (68)
with the space-time periodic distance:

1t,4) — ()5 = min [t —t' +np|>+ min |[i — i +nie L 4+ ngesL||* . (69)
’ ne ni

,nQEZ

This decay estimate immediately implies the finiteness of the £! norm of the two-point function,

B
max / at S (6,05 (¢, )] < K (70)

1 57
t'
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uniformly in 8, L. Let us now discuss the bound for the determinant in Equation (63). The key
tool we shall use is the Gram-Hadamard inequality: if M = (m;j)1<; j<k is a Gram matrix, that is
if all matrix entries are of the form m;; = (u;, w;) for u;, w; in a Hilbert space with scalar product
(+,-), then:

K
| det[M]| < [T luilllwil (71)
i=1

with || - || the norm induced by the scalar product. This bound is useful if the vectors u; and w;
have norm independent of K. It is well-known however that the two-point function does not have
a good Gram representation, due to the discontinuity of the indicator functions in Equation (59),
introduced by the time-ordering. The easiest way to solve this issue is to observe that the two factors
multiplying the theta functions in Equation (59) do have a good Gram representation, separately;
see e.g. [SS08, Lemma 4.1] and [DS18, Lemma 10]. As shown in [SS08, Theorem 2.4|, this fact
allows to prove a bound on the determinant in Equation (63), of the form:

| det [sup)a90.00]| < " (72)

where the constant C' depends on the Hamiltonian hgy (and it is finite uniformly in (3, L, thanks
to the spectral gap). Putting together Equation (63), Equation (70), Equation (72), the bound
Equation (64) easily follows.

Proof of item 1 of Theorem 4. Following [DS18, Theorem 1|, it is known that the convergence
of the above expansion, combined with the spectral gap of the single-particle Hamiltonian hg, implies
that the many-body Hamiltonian H has a spectral gap, bounded below by 2m — K \U!l/ 3 for some
K > 0, uniformly in L. The same methods allow to prove that, for small U, the many-body ground
state is unique and it is at half-filling. These claims are true at U = 0, as proved in Subsection 7.3.1.
The uniqueness of the ground state follows from the continuity of the eigenvalues of the Hamiltonian
as a function of U, and from the stability of the spectral gap for U small. Let us now prove that
the ground state is at half-filling. Since the Hamiltonian commutes with the number operator, the
unique ground state of H must be an eigenstate of the number operator IN. Furthermore, by the
convergence of the cluster expansion, (¢, Nty) is continuous in U for |U| small (in fact, analytic).
Thus, since (1o, N1yg) is integer valued, it must be constant in U, and hence equal to its value
at U = 0, which is L?. This concludes the proof of Item 1 of Theorem 4 for weakly interacting
fermions.

Proof of item 2 of Theorem 4 Let us now apply the previous strategy to prove the expo-
nential closeness of the approximate ground state energies, in presence of many-body interactions,
Equation (5). The proof is based on the BBF formula in Equation (61) combined with the Poisson
formula for the two-point function in Equation (65). Let us write:

5 a0 V) ()

7,17 Jn [O,B]n
5 2 / dat or| [] / dur(s) det [su(p) b7 9(1,7)] (73)
$1 eyl [0'8 T le

_ZaT Z / / dpr(s) det [sy() () 9(5.57)] -
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Using the translation-invariance of the 7-flux phase, we can rewrite Equation (73) as

1
(LQ/C!)ZT:QTB Z / o dt } / dper(s) det [sp(p) b0 9(1,57)] (74)

U1,.0in ZGT
iec(L/2,L/2)
where |C| is the number of sites in the fundamental cell, and C(L/2,L/2) is the fundamental cell
containing the site (L/2, L/2). We then break the innermost sum as:

Z /W dt | TT o] / dur(s) det [so(p).b(7)9(1.7)]

ng / dpr(s) det [su(p) () 9(1.7)] (75)

(eT
i1 eC(L/2 L/2)

" Z /[omﬂ ng]/ dpr(s) det [su(p) () 9(1.41)] -

i1,.0sin LeT
iec(L/2.L)2)
where the first sum involves vertices with coordinates such that ||i; —41|| < L/3 forall j =2,...,n,
while in the second sum at least one vertex is such that |i; — 1| > L/3. Observe that! this also
implies ||i; —41||z > L/3, where || - || denotes the Euclidean distance on the torus. Consider the
second term in Equation (75). Let 77 C T be the subtree of T" which connects 4; to ;. Consider
the product of propagators associated with 7”. Denoting by (i1,%,,...,1f,,?;) the path connecting
i1 to ¢; in the tree, we have the following:

liv =iplle 4o+ llig, =il > lli; —alle = L/3 . (76)

Combined with the exponential decay of the two-point function (see Equation (68) ), this allows
to extract an exponentially small factor after summing over all vertex coordinates compatible with
the constraint in the sum. Repeating the argument used to prove the analyticity of the free energy
discussed in the previous paragraph, we obtain:

DL S A

11€C(L/2 L/Q

I1 4] / dpr(s) det [syp)pygis ) | < CmlBe . (77)
EeT

Consider now the first term in Equation (75). Observe that the constraint in the sum implies that
lig —ip|| < 2L/3 for all branches of the tree. The idea is to replace every propagator in the sum
with its infinite volume limit, g, and controlling the error using the Poisson summation formula
in Equation (65). By Equation (65), we have:

g((t,3), (t',1)) = goo((¢,4), (¢', ) + r((t,0), (¢, ) (78)
where, if ||i —d'|| < 2L/3,

17 ((t,4), (¢, )] < Ce (/DL (/O Ds.r (79)
Next, let us define the interpolating propagator as, for A € [0; 1]:

ga((£,1), (t1,1) = Ag((£, ), (¢, ) + (1 = N)goo((t,4), (',4)) - (80)

IThis is due to the fact that, as vector in R27 i; — i1 has norm bounded by L/\/§ The norm of this vector does
not decrease after adding niei L + naeaL for integer ni, na.
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Let

fr) = > dt | [[ oxe| | dur(s)det [syipypiengns.m] s (81)
[0,8]"

i1y0yin eT
i1€C(L/2,L/2)

for A = 1, this is our starting point, computed with a certain choice of holonomies. For A = 0, the
function fr(\) does not depend on the boundary conditions. We are thus interested in quantifying
the difference:

1
d
FrV) = Fr(0) = [ AT, (52)
0
Whenever the derivative hits the product of propagators on the spanning tree, we get:
Z[HQAZ}W[HQAZ}- (83)
leT U<t

The sum over all space-time coordinates of this expression can be performed as before, using Equa-
tion (68) and Equation (79)). The only difference is the presence of the extra factor e~(¢/6L in the
final estimate, coming from Equation (79). Suppose now that the derivative hits the determinant.
To begin, observe preliminarily that, as for g and g, the interpolating propagator gy can also be
represented as the sum of two terms admitting a Gram representation. To see this, we write:

aa((t,4), (t',1")) = 0(t > )AL ((¢,4), (t',i")) — O(t < ) AL ((t,9), (7)) (84)

where:

AT (), () = AAF((t4), (1) + (1= NAZ (@, 0), (¢, 1)) - (85)

Following [SS08, Lemma 4.1] or [DS18, Lemma 10| (for a more general setting), we have:

Ai((tv i)? (t/7 Zl)) = (u Aoio((t7 i)? (t/, z/)) = (u;to,(m)? w;to,(tﬁil))hoo (86)

~H

=

=

<H

=

N
~

=

for vectors of unit norm in suitable Hilbert spaces h and h,, whose definitions will not be important
in what follows. Then, the interpolating functions in Equation (85) inherit the Gram representation:

+ +
A5 (1), (¢, 1) = (VA @ VT =i, o VR ) @ VI=w .,))h@bm @)
From now on, one can proceed as in [SS08, Theorem 2.4| to show that:
| et [y 00901 < €™ (88)

Next, we have to estimate the derivative of the determinant. Let us denote by Gx(s) the argument
of the determinant. By Jacobi’s formula:

d

Ty detGa(s) = Tx <adj(G,\(§))%G/\(§)> , (89)

where adj(-) denotes the adjugate matrix, that is the transpose of the matrix of the cofactors. We
have:

d
(&), , = snaerss (90)

with 77 ¢ satisfying the bound in Equation (79). Therefore:

’(dd)\G’\( )>f,f’ -

—(e/O)L (91)
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Concerning adj(G(s)), its matrix entries are, up to a sign, the determinants of the minors of
the original matrix G,(s) after deleting a column and a row. They can all be estimated as in
Equation (88). All in all, we have:

% det GA(§)‘ < n2Cne (/oL (92)

We are now in the position to estimate Equation (82). From the above considerations we easily get,
for suitable constants C', ¢ > 0:

(1) = fr(0)] = /0 Lx \%fm)( < nIBCmeL | (93)

Coming back to Equation (75), we proved that:

1
FD N BT NUAIEAUATESERUATY
Tl yeenylin, >

= (L2/ICI)l z*: / At (Tye, (Vi) s o (Vin) s -+ 3 Y0 (Vi) Boo + €8,2(n) o
b 0.4 B ’

T1yeenyln

i1€C(L/2,L/)2)

where the first term does not depend on the holonomies, while the error term is bounded as:
leg.r(n)| < C™nlL%e el (95)
Thus, from Equation (56):

ﬁH(7176i976i¢) 7BH(71767:9’767:¢’)

logTrr, e —logTrr, e
,1767&9761'45) fl,eiel,eid’,)

=logTrr, e~ PHo( —log Trr, e~ PHo(

+Z( n!) /[om“ dt1...dtn(<Tfytl(V);fth(V); A (V)0

n>1

(P (V) (V)5 2, (V)55

)

where <~>%;9L’¢ is the Gibbs state of the quadratic Hamiltonian Hy(—1,6, ¢). By Equation (94) and
Equation (95)), the sum in Equation (96) can be estimated as:

e

n>1

[t (P 900, (0557

(T (V)5 (V)5 - 5, (V)07 ) | < cUBL2e

where we used that the main term in Equation (94) cancels in the difference. Furthermore, the
difference of the non-interacting free energies has been studied, in the limit 8 — oo, in Subsec-
tion 7.3.2:

1 / /
lim —<log Trz, e PHO(=109) _jog Ty, e AHO(=1.0'0 )) ‘ < CL?ek . (98)
B—00 ,3

In conclusion, the exponential closeness of the many-body ground state energies (see Equation (5))
follows from Equation (97) (in the 8 — oo limit) and from Equation (98). This concludes the proof
of part of Theorem 4 for weakly interacting fermions.
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7.3.4 Stability of the m-Flux Sector and the Monopole Gap

The proof of Equation (6)-Equation (8) uses the Hamiltonian Reflection-Positivity framework of
Chapter 3 and the model-specific Chessboard construction developed in Chapter 6. We do not
repeat those arguments. The new point is to verify that both the staggered mass and the Hubbard
interaction are compatible with the Lieb reflection; after that verification, the remaining task is the
spectral evaluation of the periodic comparison Hamiltonian.

Compatibility of the mass and Hubbard terms with reflection Let P be a bond hyperplane
dividing the torus into Azr and A, and let 6 be the corresponding geometric reflection. We use
the antilinear Lieb reflection © defined in Equation (29) (recall the discussion Subsection 3.4.1), so
that:

O(niy) =1 —ng@)m- (99)

Introduce the half-space mass and interaction terms

Me=m »  (=1)12n,, (100)
i€AT
We=U>" (nm—1> (nu—1>. (101)
T2 + 2
i€AT

Lemma (Reflection of the local perturbations). The mass and Hubbard terms satisfy
O(M_) = M,, eoW_)=Ww,.
Proof. The reflection exchanges the two sublattices of the square lattice. Hence

OM_)=m Y Y (1) (1= nga,) =2m > (=D 4m Y Y (1) 2 ny

i€Ay NES i€A, i€Ay NES

The first term vanishes because each half contains the same number of sites of the two sublattices.
Since (—1)01 402 — _(_1)i1+%2 | the second term is M. Moreover,

1 1
@ (nm — 2) = — <n9(i),n — 2> .

The two minus signs cancel in the product of the two spin components, which gives O(W_) =
Wi [ |

In a fixed vector-potential configuration, decompose
H(o) = H(0) + Hy (o) + Hig(0),

where the first two terms include the corresponding restrictions of the mass and Hubbard interac-
tions. As in Chapter 6, a Gauge transformation makes all vector potentials on the bonds crossing
the cut equal to +1, so that

: - _ + - + -

Hing(0) =—t ) Z(aimaHem+ai+€1,nai,n)' (102)
i€AL: NES
Z'-i-ele/\z



7.3. SPECTRAL STRUCTURE OF THE MASSIVE FERMIONIC HAMILTONIAN 231

>>

>>
——

Figure 7.8: Left: gauge field configuration o* associated with the chessboard flux arrangement ®*. Solid bonds correspond
to 0% = —1, while light bonds correspond to ¢ = +1. Right: fundamental cell associated with a translation-invariant
configuration.

The crossing term is therefore exactly of the form required by Lieb’s Reflection Inequality, while
the lemma shows that the two additional local terms are exchanged correctly. Thus

(250 (H_, HO)? < Zs.0 (H-, O(H_)) 25,1 (O(Hy), O(Hy)).

In particular, the partition function remains maximized by the uniform m-flux background in the
presence of the staggered mass and the Hubbard interaction. Applying the Chessboard Estimate
as in Subsection 6.2.2 reduces the monopole-energy bound to the free energy of the periodic flux
configuration ®*. It remains to evaluate the corresponding quantity Ag , for the massive interacting
model, which is the content of the next paragraph.

Lower bound on the monopole mass By Proposition 71, the monopole mass is bounded
from below by the free-energy difference between the uniform m-flux background and a periodic
Chessboard flux configuration. Let ®* denote the latter configuration, depicted in Figure 7.1.
Choosing the vector-potential representative o* with holonomies (1,1) as in Figure 7.8, we select
a unit cell that makes the system translation invariant; this is possible because L € 4N. If the

corresponding reduced lattice is denoted de, the Hamiltonian reads

x _ -+ - + - 4 - v o— o+ -
H(o™;1,1) = —t E (aa,iab,i+aa,iaA,i+ab,iac7i Api0p; t Qg5 — G300
ieAred s {1}
+ - + - + - + - + -
ta30p ;T 0930 5440, 9439851 T 4300 5120, — OB %
+ - + - + - + - + -
t B i12e, 4% T 0% i42e ~ ODi%Ait4e; T D i% i 426, T h-C'>

+m Z (nA,i —nBi+NCci—NDi— Nai+Nbi— Neit nd,i)

s Ared
ieA®

1 1
+U Z Z ("p,i,T - 5) (np,i,T - 5)
ieAed pel
where I collects the labels of the fundamental cell and we introduced the notation i = (¢,7). The

Brillouin zone is:

~ 2
Br(1,1) := {k € %(nl,ng) 10<m <L/4A—1,0<ny<L/2— 1} . (103)

For U = 0, the quantity Ag can be computed by exact diagonalization. Let us consider the
spinless case; the presence of the spin will eventually amount to a factor 2 in the final expression.
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The Bloch Hamiltonian is:

-m 1 0 e~k ] 4 g2k 0 0 0
1 m 1 0 0 —1 4 e %ik2 0 0
0 1 — 1 0 0 —1 4 e 2k 0
h(k) = 64““‘ 0 1 m 0 0 0 1+ e‘?ik?
1 + e2ik2 0 0 0 m -1 0 —e Yk
0 —14 ek 0 0 -1 —m -1 0
0 0 —1 + e%ik2 0 0 -1 m -1
0 0 0 14 e2ik2 _elik 0 -1 -m

Its eigenvalues are doubly degenerate, and are given by:

2
1
e1,+(k) = i2t\/<7;> +1+ 5\/1 + cos(2k1)? 4 cos(2ks)?

2
1
e2.+ (k) = iQt\/<Z> +1-— 5\/1 + cos(2k1)? 4 cos(2k2)? .

We are now ready to compute Ag 1, as given by Equation (7). Let us denote by €7 (k) the eigenvalues

of the Bloch Hamiltonian associated with the w-flux phase, as given by Equation (38). Proceeding
as in the proof of [GP26, Proposition 3.13|, we have:

1 Zg1(®*5a,b) o) t [F [T m\ 2 1 1
_6L2 log ZI[;’L(—]_, a, b) = 477r2 /0 o dkldk’Q ?t + 1+ 5 COS(k‘l) + 5 COS(]{'Q)
27 27 2
1
! / dkydks \/<m) + 14 =+/1+ cos?(ky) + cos?(ks)
o Jo 2t 2

82
2T 2T m 2 1
/ dk1dky <) +1 = =+/1+ cos2(kp) + cos?(kz) .
o Jo 2t 2

(104)

t
82

1 _ . .
where =" means that the equality is true up to terms that vanish as L — co. Numerical evalu-
ation shows that the sum of these three dominant terms is positive (see Figure 7.9).

Finally, let us discuss the effect of many-body interactions. By cluster expansion, one could
actually prove that Ag is analytic in U for |U| small. This is actually not needed to prove the
stability of the monopoles’ gap. It is enough to use the general estimate:

e_B”V”lU‘Zg,L(QD;a, b) < Zg (P;a,b) < eBHVH|U|Zg7L(<I>;a, b) (105)
where Zg 1, is the partition function for U = 0 and UV is the Hubbard interaction. This bound

follows from the operator inequalities Ho(o) — |U||V|| < H(o) < Hp(o) + |U|||V|| and from the
fact that, for any two self-adjoint operators A, B

TreAgTreB if A<B,

(106)
a bound that can be proved using the min-max characterization of the eigenvalues; see e.g. |Tas20,

Corollary A.8]. The bound in Equation (105), combined with the expression Equation (7), imme-
diately implies that:

Agr > A%,L - C|U|.

(107)
This concludes the proof of Item 3 of Theorem 4, for holonomies a, b equal to +1.
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Figure 7.9: Numerical plot of the monopole’s mass As(m) as a function of m (¢t =1, U = 0).

Remark 58. The bound displayed in Equation (107) is useful for small U only. For U — oo, we
expect that Ag(U) — 0, as the dominant part of the Hamiltonian is background independent
(similarly to what happens in m — oo limit, where the computation can be done exactly).

Extension to twisted Hamiltonians To conclude the proof of Theorem 4, it remains to treat
general holonomies. Let H (o, e'?, eie) denote the Hamiltonian with Zs-valued plaquette fluxes spec-
ified by o and additional U(1) holonomies e** and e'? along two generating non-contractible cycles.?
Up to unitary equivalence, this Hamiltonian is obtained by inserting the two phases on the bonds
crossed by the corresponding dual cycles, as in Figure 7.10. This changes the global holonomies
without changing the plaquette fluxes.

We apply the Chessboard procedure of Subsection 6.2.2, keeping track of the two holonomies.
After a horizontal reflection whose plane does not intersect Ay along C;, the holonomy along C;
becomes —1, while the one along Co is unchanged. Indeed, the Lieb reflection reviewed in Chap-
ter 3 contains both complex conjugation and a particle-hole transformation. The latter contributes
one minus sign for every reflected pair of hopping terms, and the two bonds crossing the cut con-
tribute the signs fixed by the Gauge choice in Equation (102). The resulting holonomy is therefore
(—1)%/2=1 = —1, because L/2 is even. A subsequent vertical reflection similarly changes the holon-
omy along Cy to —1 and leaves the first equal to —1.

After this pair of reflections, the comparison partition functions have Zs-valued holonomies and
can be represented by Zs vector-potential configurations. The remainder of the argument is exactly
the model-specific Chessboard construction of Subsection 6.2.2. This proves Item 3 and concludes
the proof of Theorem 4. [ ]

7.4 The Almost-Degenerate Low-Energy Sector and Local Topolog-
ical Order

Ground states in the physical Hilbert space. The Hamiltonian in Equation (1) has four-fold
almost degenerate ground states characterized by the four possible w-flux backgrounds of the torus.
Each ground state is obtained by acting with the projection that imposes the Gauss’ law on the

2Plaquette fluxes and the two global holonomies are independent Gauge-invariant generators.
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Figure 7.10: Possible o background with €% and e?® holonomies around a and b cycles

ground state of the many-body Hamiltonian in the m-flux phase, for a given choice of holonomies:

= ] <1+Qz>|¢_1ab> |—1,a,b) 2|A| > Ao(-1)M2|_100) ® [—1,a,b) (108)

1€V(AL) QCAr

where |—1,a,b) are a set of common eigenstates of all o;; satisfying: Bj, = —1 for any plaquette
p € P(AL), Z¢, = a and Zg, = b and |¢p_14p) is the ground state of H(—1,a,b) acting on the
fermionic Fock space.

The following proposition states some basic properties about these states. Recall that thys is
the physical Hilbert space, where Gauss’ law is satisfied on each vertex, see Definition 65.

Proposition 77. The states |Qqp) satisfy the following properties:
1 |Qu) € MO

2. |Qqp) depends only on the choice of the background holonomies

3. ’Qab> 7£ 0

Proof.
This is immediate since HieV( Ar) HQZ projects onto the eigenspace +1 of each Q);.

2. Let 0,0’ be two different gauge equivalent backgrounds. There exist a subset @ C Ap
such that Ay|o) = |o’), and the Hamiltonian in the new background is given by H(o’) =
(—1)NeH(o)(—1)N2. Thus the ground state of H (o) is

W)o") = (_1)NQ|¢U> (109)
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Hence,
1
%) = g7 > ()N Ay|iher) @ |67, a,b) (110)
TCAL
1
TCA

since AvyAq = Ayyq, Ny + Ng = Nyyq (where the sum of subsets is understood in the
Zs-valued chain group) and the sum is translation invariant.

3. Using again the right expression of the ground state in Equation (108)), we have

1
HQabH2 = W Z <—1,CL,b AQ‘ —1,q, b> <¢—1,a,b (_1)NQ T/J—l,a,b> (112)
QCAp
1

where we have used that the diagonal matrix elements of Ag in the 0;;-basis vanish unless
Q=0 or Q= Ap. Since the ground states are at half-filling by Theorem 4 and L € 4N,
|V_1,4,) has an even number of particles and so the matrix element is 2. This shows that
|Qab> 7& 0.

|

Remark 59. The argument used in the computation of the norm of 2., can be repeated to rewrite
in a convenient way the energy of €,;,. We have:

(Qan| H|2ap)

OaE = (V-1aH(=LaD)lv-1as)

= EO,L(_]-7 a, b) .

(114)

Spectral gap estimate. Let us prove the spectral gap estimate used in Equation (10). In view
of Equation (114),

supSpec(PHP) = max_Eyr(—1,a,b). (115)
a,bEZa X Lo

Then, we write, for any normalized vector |£) in the total Hilbert space:

5> - <£1 51> + <5‘PLHPL

where |{_1) is the orthogonal projection of |£) on the subspace associated with flux 7 in every

<g‘P¢HPL PPt

£> (116)

plaquette, and ‘£> = |¢) —|¢-1). Consider the second term. By Equation (8), we have:

<£‘P¢HPL

5> > ||5H2(2AL +min Bor(—1.a. b)) . (117)

Consider now the first term in Equation (116). We have:

(e

where Fy 1(—1,a,b) is the first eigenvalue above the ground state for the Hamiltonian H (-1, a,b)

PLHPt

“1) > lEca)? mi -
€1) 2 €alP min, Fru(-Lab), (119)

acting on Fr. For U = 0, the Hamiltonian is gapped, and the spectral gap is m, recall Equation (38).
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For U # 0, the stability of the spectral gap follows from the convergence of the cluster expansion
method reviewed in Subsection 7.3.3, see discussion after Equation (72). One has:

Eir(—1,a,0) > Eor(=1,a,b) + 20, 6, >m—C|UY3. (119)

Therefore, putting together Equation (115), Equation (116), Equation (118) and Equation (119),
we have, using that [|£]| = 1:

<§’PHLIPL

§> — sup Spec(PHP) > 2min(é,Ar) + mibnEoyL(—l, a,b) — m%XE07L(—1,a, b)
> 2min(dy, Ap) — CL?e™

where in the last step we used the exponential closeness of the approximate ground state energies
in Equation (5). This concludes the proof of Equation (10).

Local topological order. Let us now prove topological order defined by the condition in Equa-
tion (11). Recalling Definition 64, the algebra of gauge-invariant observables is the centralizer C4, (Q)
of Q. It is generated by

{67+ (i,§) € B(AL)YU{Zc : C € Zi(Ap)y U{a;, Ze, a5, i 5 € A, o € {1, 4}, (120)

where C; ; is any cycle such that 0C; ; = {4, j}, with the convention that C;; = 0 for all i € A. We
will now show that all these local gauge-invariant observables are first of all diagonal on the ground
state space, and secondly that they have the same expectation value in all of the ground states, up
to exponentially small errors. But then,

L1 1
Q = - -
(20| OQa) = > Q| 004) T p Tr(PO) (121)
(a,b)EZQ X Lo
since {|Qap) : (a,b) € Zy X Zg} form an orthonormal basis of the range of P.
A monomial in 0;; is naturally identified with Xe+ where C* is the sum of all edges in the
monomial (seen in the Zy-valued cohomology group). If 9C* = 0, then C* is a coboundary C* = 0A

since otherwise it would not be a local observable, and so
Xe+|Qap) = (1) Q) (122)

namely, it acts as a purely fermionic observable, and it is therefore diagonal, on the ground state
space. As proved below, local observables that are diagonal in the &fj basis have diagonal elements
in the ground-state space that are approximately independent by (a,b). If dC* is not empty, then
the observable changes the flux from 7 to 0 at each boundary plaquette and so <Qa/b/|Xc* Qup) =0
for all (a’, V'), (a,b) € Za X Zs.

We are left with discussing gauge invariant observables that are diagonal in the 0;; basis. These
observables do not change the background, and hence they are diagonal in the ground state space.
We must only prove that the expectation values in all four ground states are equal as L — .
For the Z observables with C being a boundary, we write C = 0),p; for a set of plaquettes
{pi:i€{l,...,M}} and note that Z¢|Qup) = [1; Bp|Qub) = (—1)M|Qqp) for all (a,b) € Zs.

It remains to consider the algebra generated by the ‘open lines’ al?’thAci,]. afn,. Since the states

‘a7, vanish on the ground state space,

Qup have a definite number of fermions, the operators a;rani L.
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and so do their adjoints. So we turn to a+ Zc”aj e Commuting the operator through the Gauss’
law projection, the operator ZC then becomes a phase *+1 that depends on the background, see
Figure 7.2. Hamiltonians in the m-flux phase, differing by the value of the holonomies, can be
viewed as being the same Hamiltonian but endowed with different boundary conditions (periodic or
antiperiodic). The +1 phase produced by the observable is compensated by the change of boundary

conditions.

We are left with the evaluation of fermionic monomials in the 7-flux state, with (a, b) holonomies.
For U = 0, this can be done via the application of the fermionic Wick’s rule, whose outcome is com-
pletely specified by the two-point function in Equation (59) as 8 — oo, which is the Fermi projector.
The exponential closeness of the expectation values for different (a,b) follows the representation of
the finite-volume Fermi projector via Poisson summation formula:

Py (zy)= Y a™b™P(z + mierL + maesLiy) (123)

mi,mo€ZL?

where Péa’b) is the Fermi projector for the model in a finite volume and with (a, b) holonomies, while
P, is the Fermi projector for the model on Z2. As in the proof for the exponential closeness of the
ground state energies, expectation values for different holonomies are then compared by inspection
of the corresponding Wick’s rules, using that the term with m; = mg = 0 in Equation (123) is
independent of (a,b), and using that the terms with m; # 0 are exponentially suppressed, thanks
to the exponential decay of the Fermi projector.

Let us now discuss the case of weakly interacting fermions, U # 0. The starting point is the
Duhamel expansion for the expectation value of the observable,

(O)p,L = (0)3

dty - dtn Ty, (V)5 9,(V) 55 7, (V)5 O>%,L (124)

[0,8]"

n>1

The ground state expectation value is the § — oo limit of the above expression. The convergence of
the series for small |U|, and uniformly in L, follows from fermionic cluster expansion, analogously to
what has been reviewed in Subsection 7.3.3 for the free energy. Furthermore, similarly to what has
been done in Subsection 7.3.3 to compare energies associated with different boundary conditions,
the term-by-term comparison of the cumulants in Equation (124), computed using the BBF formula
in Equation (61), combined with the Poisson formula for the two-point function in Equation (65),
allows to compare Gibbs states of Hamiltonians with different boundary conditions:

(0) 57 —(0) "] < Coet (125)

for small |U| uniformly in 3, L. Taking the § — oo limit, the claim in Equation (11) follows. This
concludes the proof of Theorem 5. |

Remark 60. The bound in Equation (125) is effective for observables that are L-independent, or
more generally for which the constant Cp depends on L sub-exponentially; e.g. extensive sums of
local operators. It does not allow us to consider observables O that are exponentials of extensive
observables (not surprisingly).

Remark 61. Excited eigenstates of H can be constructed by replacing [¢_1 4) in Equation (108)
with an excited state of H(—1,a,b). If U = 0, these excited states are explicit. For instance,

Cfék/>= I1 <1+2QZ) @ [ 0—1.a) © =1, a,b) (126)

i€EAL
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+
km
tonian in Equation (36) with quasi-momentum k, with appropriate boundary conditions. Due to

are exact many-body excitations, where a; creates a particle in an eigenstate of the Bloch Hamil-

the fact that the vacuum state is obtained filling all the negative energy eigenstates of the Bloch

+
k.n
ergy. More generally, one can generate a family of eigenstates of H by acting on |¢)_1 4p) with an

Hamiltonian, the Pauli principle implies that the operator a; creates a particle with positive en-

even number of momentum-space fermionic operators. These states are completely delocalized in
configuration space. Instead, if one acts with an odd number of fermionic operators on [¢_1 44),
the resulting vector is annihilated by the action of the projector imposing the Gauss’ law.

7.5 Quasi-Local Loop Operators and Anyonic Braiding

7.5.1 Adiabatic flux insertion and braiding

We turn to Theorem 6, starting with the properties of the loop operators Wex, see Definition 75.

Threading a 7-Flux through a Contractible Cycle We consider the twisted Hamiltonians
as in Equation (15), first in the case of C* = OA being a 1-coboundary.

Lemma 78. Let C* = 0A be a 1-coboundary. Then
He-(¢) = €N He 10N, (127)

Proof. Since both left and right hand sides equal H at ¢ = 0, it suffices to prove that they satisfy
the same differential equation. On the right hand side, we observe that for any (j,¢) € E(AL),

1 ifi=j

. d idn. —idn. .o ibn. —idn. .o .
_1%(6 ¢n1,"a,j:na/£m€ ¢n1,71) — 6(2;], ]{;)e ¢nz,7laj:na/&ne ¢nl,n’ G(Z;], k) = —1 ifz= g) (128)

0 otherwise.

Summing these up, we conclude that the only non-vanishing terms in the derivative of the right
hand side are those such that Z[(,j),C*] = £1, which is exactly what arises from OyHc+(¢) as
defined by Equation (15). [ |

The observation in Equation (127) implies that Pe«(¢) = i[Na, Pe«(¢)] and therefore
[Ke= () — Na, Pe=(¢)] = 0 (129)
by Equation (17).

Lemma 79. Let C* = OA be a 1-coboundary. Then We+ preserves the ground state manifold of H
exactly:
We-PWi. = P. (130)

Proof. Definition 74 and Lemma 78 imply that
Ke+(¢) = MM Ko (0)e 79N, (131)

From now on, we will use the notation K¢+ = Ke«(0). It follows that the unitary family Ve« (¢) =
el ?Na g =16(Na—Kex) golves the initial value problem

—i0yVer () = Kew (9)Ve- (¢),  Ver(0) =1, (132)
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Figure 7.11: If C is a non-trivial cycle, the number of intersections between C* and C is even if C* is a boundary (left) but
odd if it is a non-trivial cocycle (right). Notice that the curves’ orientation is irrelevant here since el™ = ™™ so positive and
negative intersections give the same contribution mod 27

and therefore Ve« (¢) = Ve« (¢) by uniqueness, see Equation (18). Hence Wes = Apel™Vae=in(Na=Kex),
Moreover, [Ny — K¢+, P] = 0, see Equation (129), implies that

[e7m(Na=Kex) p) = 0. (133)

With this, the identity ™V = (—1)™* and the definition of charge in Equation (15) yield
We« PWie = QaPQp =P (134)
since P is a spectral projector of a gauge invariant Hamiltonian, see Equation (2). |

While the usefulness of the identity Ve«(¢) = e®Nae=1?(Na=Ke+) was pointed out in [Bac +20]
because the unitary simplifies at ¢ = 27 by integrality of the spectrum of Ny, we are interested in
applying it here up to only ¢ = mw. Physically, this corresponds to a process in which we insert a
m-flux with an external U (1) gauge field which is absorbed by the system as a Zy gauge transforma-
tion, leaving thus the ground state space invariant. This justifies the inclusion of a Zs pure gauge
transformation Ay = X¢+ to Ve+ (@) in Definition 75. Of course, this cancellation of the two types
of ‘gauge transformation’ is possible only at ¢ = m, since the gauge field is Zo-valued, see also the
proof just below. This concludes the proof of Item 1 of Theorem 6 in this case.

Since the ground state manifold is degenerate, an adiabatic process preserving such subspace may
in principle shuffle its basis in a non universal way. However this does not happen as a consequence
of the protection given by topology. As Theorem 5 shows, see Remark 56(2), ground states of H
are labelled by pairs (a,b) € Zg X Zg of holonomies around two fixed cycles C1,Co € Z1(A) that
are not boundaries:

Ze, 1) = alQap), Ze,|Qap) = b|Qap). (135)

With this, we first recall that ch is gauge invariant because C; are cycles, see Equation (7), and

note further that they commute with e 17(NVa—Kex)

since this term is diagonal in 05 basis. Hence
they commute with We«. This proves [tem 2 of Theorem 6 in this case of ‘contractible cycles’ since

the intersection number between C and C* must be even, see Figure 7.11. Moreover,

Ze,Wer Q) = aWer |Qap), Ze,We-

Qup) = bWee| Q). (136)

Since We- preserves the ground state manifold and the eigenvalues (a,b) uniquely determine the
state |Qqp), we conclude that

Wer|Qup) = ¢ Q) (137)
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for some phase wgi’ which is in principle dependent on the curve and specific ground state we are
acting on, and on the system’s size. This concludes the proof of Item 3 of the Theorem 6 for the
trivial cohomology class.

With the triviality of We+ associated with 1-coboundaries in hand, we now turn to the case of
where C* are cocycles that are not coboundaries. This will allow us to derive braiding relations.

Threading a w-Holonomy through a Non-Contractible Cycle In differential geometric
terms, Equation (17) along non-trivial cocycles describes parallel transport of the Fermi projector
around the Jacobian manifold of the (twisted) boundary conditions on the torus since inserting
an holonomy around a non-contractible cycle corresponds to changing boundary conditions to the
fermions (see Figure 7.2).

In this case, Lemma 78 cannot be used and the proof of Lemma 79 does not hold. We claim
nonetheless that We+ still preserve the ground state space: This is the content of the lemma just
below. Although its proof is a little technical, the idea is simple: We consider another C'* € Cy(A%)
such that C* — C’" is a coboundary and such that dist(C*,C’*) is of order L. Then, by locality, we
prove that (see Equation (144) below)W. gz Z We«Wer. Since the left hand side preserves the
ground state space, and all operators are unitary, decay of correlations yields the claim, which is
that of Item 1 of Theorem 6:

Lemma 80. For any C* € C1(A}), the operator We= satisfies ||[We-, P|| Lo.

Proof. Let C™* be another cycle such that
1. dist(C*,C"™) = pL for some 0 < p < 1,

2. C* — C™ is a coboundary, namely C* — C"™* = A for some A C Ay.
see Figure 7.12. Lemma 79 implies that

[Wen_crm, P] = 0. (138)

Since He«_cr(¢) = He(¢) + H_cr(¢), Definition 74 of the quasi-adiabatic generator yields
. . L
Kee—cr(6) = 7§ (He+(9)) + 7§ (H_c) () = K= (9) + K_c=(9). (139)

The second identity amounts to replacing riler-cr(9) (Hex(¢)) with 77¢ 9 (Feu (4)) and similarly
with the second term. Here and in the following, we use the notation 74(0) = e*40e™*4 for any
self-adjoint operator A and observable @. This is a consequence of the fact that He« is supported
on the sites adjacent to C* and of the following corollary of the Lieb-Robinson bound (see for
example [Bac+18, Lemma 2.2| and the discussion in Remark 15 - Item 1):

7 (0) — 7™ (0 < /0 t H[(HAL ~ Hyr), i ((’))]Hds < C(O)ecr—), (140)

where C(O) depends on the norm of O and the size of its support X C Ay, for any O and any r > 0,
where X" = {x € Ay, : dist(xz, X) < r}. In the current application, ® = He- whose support has
volume 2L. This linear growth is however controlled by the exponential decay obtained by choosing
r proportional to L, which is the reason for Property 1 of C"*. Note that the error in Equation (139)
is only superpolynomial because it is dominated by the tail of the integral defining 7'¢, see [Bac+18,
Section 3.2| for details. By the Lieb-Robinson bound again, the operator K¢+ is almost localized on
C* which implies that

B

[Kew, K_er] £ 0. (141)
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Figure 7.12: The coboundary dA = C* — C’*. The sign is given by the orientation of the dual lattice A} .

Recalling in Equation (18) that Ve«(¢) is the propagator generated by Ke«(¢), Equation (141)

yields that [Ve«, K_cr] L ) and in turn that
d o L 1«
—ldi(Zs (VC*—C/* VC* Vf(j’*) - VC*—C’* (’Cc*fc’/* - ]CC* - /C,C/*)Vc* Vfcl* . (142)

This relation and identity in Equation (139) then imply

Ver e () £ Ver (9)Vocr (). (143)

Since, moreover, Xc* — Xe» X_C/*,We immediately conclude that
L & L
Wes_emn = Xex X_on Vs (m) Ve (1) = WexW_gre. (144)

In the second equality, we used that Xfc,* and Ve« (m) almost commutes because of their almost
disjoint supports.

It remains to prove that this and [We«_¢n, P] = 0 implies that each of the unitary factors
Wex, W_c+ almost commutes with P. As we shall explain just below, this follows from the fact that
C*,C* are separated by distance of order L and by clustering:

|PAB|Q) — PAPBIQ)| < C(A, B)f(d(X,Y)) (145)

which holds for any normalized ground state €2 in the range of P and any observables A and B
supported on X and Y, respectively. Here, d(X,Y) is the distance between the two sets and f is
a superpolynomially decaying function (see Remark 16 - Item 2 and [Bac+21, Proposition 3.1]).
Since [P, We+] = ((1 — P)Wg.P)* — (1 — P)We+ P, it suffices to show that ||(1 — P)We«P)|| L0 and
similarly for the adjoint. For this, we note that

L2 [[PWe Q)| = [|PW_cr || PWe- ) || = [[PW_cr PWe-

ol (146)
L L
= [PW_crWe- )| =1, (147)

where we used clustering, Equation (145), in the second line. More precisely, we applied Equa-
tion (145) for A = W_¢gn, B = We+, approximately localized in C"*, C*. This implies that Equa-
tion (145) holds with a constant C(A, B) that grows quadratically with L, which is however con-
trolled by the superpolynomial decay of f(-) and by the order L distance of the two sets. Since this
holds for all |©2) = P|Q2), we conclude that ||(1 — P)We-P|| Lo Repeating the argument with the
adjoint yields the claim. |
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We turn to the commutation relations. Let C € Z;(Ar). Since
ZcXC* = eiTrI(C,C*)XC*Za (148)

we have that the operator Be e« (¢) = ZeWe= (¢)* ZcWe= () satisfies the equation

—idd(bBc,c*(ﬁb) —0 (149)

since Zc commutes with K¢+ because the latter contains only 6% operators. Moreover, Be ¢+(0) =
ZCXC* ZcXc* = eiﬂ-I(C’C*), so that

ZeWe(9) = & CCWe. (9) Z (150)

for all ¢, a fortiori at ¢ = 7 (which is the only case of interest here since We+(¢) preserves the
ground state space only at that particular value). This concludes the proof of Item 2 of Theorem 6.
The remaining cases of [tem 3 of Theorem 6 follow immediately from this and from the fact that the
intersection number of a non-trivial cycle and a non-trivial cocycle is necessarily odd, see Figure 7.11.

Therefore
Ze,Wes |Qap) = —aWes [Qap) (151)

from which we conclude that \
L iwgs
ch ‘Qab> =e |Q(fa)b>- (152)

The argument is similar with the other possible combinations of cycles and cocycles.

Monopoles are bosons For this section, we denote H(¢1,¢2) the Hamiltonian twisted by ¢;
along C} and by ¢9 along C5. By Item 1 of Theorem 4, this family is uniformly gapped for (¢1, ¢2) €
T2, with ground state projection P(¢1, ¢2). We let

Ki(¢1,¢2) = /f(t)eitH((m’@)a@H(%,¢2)€_itH(¢1’¢2)dt- (153)

where f is the function introduced in Definition 74. We denote X j = Xc;. Then X1 H (¢1, ¢2)X 1=
H(¢p1 + m, ¢2) so that
X1Kj (1, ¢2) X1 = Kj(h1 + 7, d2) (154)

and similarly for X, with respect to ¢o. Let v : [0,1] — T2, s — (y1(s),72(s)) be a path and let
V4 (s) be the unitary solution of

Vy(s) =1 —i—i/os K(y(r) -~ (r)Vy(r) dr (155)
where
K(v(s)) -7 (s) = Ki(v(s))m(s) + Ka(v(s))15(s)- (156)

Moreover, Equation (154) implies that

XV (8) = Viej 4 (8) X (157)

where (meq +v)(s) = (7,0) + v(s) and similarly for j = 2.
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Figure 7.13: In blue, the path 9y corresponding to the braiding of monopoles on the ground state space (see Equation (161)).
Changing the holonomies amounts to changing the initial condition with the grey path corresponding to the vector 2_1 _1,
starting at (¢1, p2) = (m, 7).

For any path 7, we shall denote V, = V,(1). With this, we recall the Definition 75 of loop
operators, observe that Wes = XjVaj, where aq(s) = (sm,0) and aa(s) = (0, sm) and conclude that

(We)*(Wer )*Wes Wes = Vi Xo Vi X1 X5V, X1 Ve, (158)
= VOTQVT:€2+Q1 V7T61+a2voc1 = Vaa, (159)

where we used Equation (157) and observed that V* = V_, as well as V,V,» = V,,.,» to conclude
that the product reduces to the propagator along the boundary of the square A drawn in Figure 7.13.

By the gauge invariance of the Hamiltonian,

1+Q;
2

Vo (9)|s) = ]

V2SN an) © 08, (160)
i€EAL

where v%°(s) = (3(1 — a)m, 3(1 — b)m) + (s) is the shifted path, o is any configuration in the
class [—1] and V;Lb(S) is defined as V,(s) but with the Hamiltonian in a fixed flux configura-
tion o. Since V,(s) is the spectral flow and [1g ) is the unique, gapped, fermionic ground
state, the vector szb(5)|¢a,a,b> is a fermionic ground state at fluxes y%°(s). By Equation (152),
(Qap|(Wez )" (Wer )*Wes Wes Qap) is a phase, which we denote e, and

iwar L (Qap|(Wez )" (Wey ) Wes Wey Qab) = (Vo0 Vy av Vo ab) (161)

Let P%(¢1,¢2) be the ground state projection of H(o;¢1,¢2). On the cut torus, there is

a smooth family 457 (1, ) of vectors such that P7 (61, ¢2) = [0 (61,62))(¥° (61, 62)]. Upon
possibly redefining their phases, we can assume that [t ) = [¢(3(1 —a)7, (1 —b)7)). Let now

)
l7(s)) = Vg, (s)|[¥7(0)), (162)

where we have now dropped the index ab since it amounts to a choice of one of (0,0), (w,0) (0, )
or (m, ) as initial condition 0y(0). The phase of Equation (161) is now given by

e = (17(0)|¢” (1)) (163)
For any s € [0, 1], there is a ¢(s) € C, |¢(s)| = 1 such that

07 (s)) = c(s)[97 (s))- (164)
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Taking the derivative along the path yields

K7 (5) - 09()” () = ¢ ()7 () + el5) - [97 (5)). (165)

We now take (107 (s)|-) to get

0=2c(s)+c(s) <w"(s)

d o
£¢ (3)>7 (166)
where we used (¢7(s)|K7(s)y?(s)) = 0. Equivalently,

loge(s) = - <w“<s>

d o
P (8)> : (167)

Hence, since w is the total change of argument of the function ¢(s) along the path OA,

w=- [ 0ld7). (168)
Oy
We are now in the setting of [ASS83| and so an application of Stokes’ theorem yields
| welas) = [ awelav) = [(asmiave) = [ 1apepoap) (169)
oy Y ol Y
= /TT(P"dP” A dP7) (170)
~

namely the braiding phase is the integral of the adiabatic curvature, or equivalently the Hall con-
ductance, over the quarter torus. Since dP? = i[K?, P?], we conclude that

w— —i/ Te(P? (KT, K3)) (171)
A

By [HM15; Bac | 18], the curvature is constant. Since the initial fermionic ground states are all time-
reversal invariant, the Hall conductance vanishes and so w = 0, concluding the proof of Theorem 6,
Item 4.

Remark 62. The calculation above is in fact completely general under the assumption of a spectral
gap. Interestingly, it relates the braiding phase of the dressed monopoles to the Hall conductance
of the fermion sector, see also [Bac+20; KS20].

Braiding statistics between monopoles and fermions Let

(€3 | We-€9)

B = .
<Qab’WC*Qab>

(172)

As discussed above |£2Jb> is obtained creating two fermions on €2, and B is the braiding between
one of the fermions and a monopole, see also Figure 7.14.
Since C* is a coboundary, the denominator has already been shown (see Equation (137)) to be
a phase:
(Qup| We Qup) = €798 (173)
We claim that

5 L
H{WC*,a;nZ i,jajfn,}H Lo (174)
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o]

<.

C*
Figure 7.14: A representation of the braiding B. Any choice of the curve connecting 7 and j crosses C* an odd number of times
giving a — sign.

With this and We« |Qg) = ee"

Qup), we have that

Lo (ED)ED)
= e Wex ___22a0 2abf ] 175
Ous | We- ) (175)

indeed. To prove Equation (174), we recall that We+ is a fermion-even operator and almost localized
along C*, so that
L

Hence,

L
Wc*a+ Zc”a” a Wc ZC”aM —a+ Zc WC* r,= —a+ Zc”a]?7 Wes (177)

where we used Equation (148) and the fact that Z¢, ; commutes with Ke«(¢) in the second equality.
This concludes the proof Theorem 6-Item 5. |

Remark 63.

1. Up to a phase, the vector ]fﬁfb) can be represented as:

1+ @i
< H —|—2Q> zn ]T]|1/} 1,ab> | 1,(1,b>. (178)

i€V(AL)

Indeed, ZC”W 1ab>®| 1,a,b) = Zc, ;[—1,05)®|—1,0a,b), where Zg, . is just a phase. While

+
J

through the prOJectlon onto the physical Hilbert space yields the claim.

neither a a; nor Zc - commute with the Zo-charges @);, their comblnatlon does. Pulling ZC

2. The braiding is the same if one or both of the creation operators are replaced by annihilation
operators, because the braiding only takes into account the fermion parity of the excitation,
not its U(1) charge.

3. The proof shows explicitly that the braiding is independent of the choice of (a, b) as one would
have expected from the topological order condition and the locality of the braiding operation.
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