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Abstract

We study asymptotic behavior for the determinants of n x n Toeplitz matrices
corresponding to symbols with two Fisher-Hartwig singularities at the distance
2t > 0 from each other on the unit circle. We obtain large n asymptotics which
are uniform for 0 < t < to where ¢y is fixed. They describe the transition as
t — 0 between the asymptotic regimes of 2 singularities and 1 singularity. The
asymptotics involve a particular solution to the Painlevé V equation. We obtain
small and large argument expansions of this solution. As applications of our results
we prove a conjecture of Dyson on the largest occupation number in the ground
state of a one-dimensional Bose gas, and a conjecture of Fyodorov and Keating on
the second moment of powers of the characteristic polynomials of random matrices.
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1 Introduction

Consider Toeplitz matrices

- I 0 ,—ij
Tn(ft):(fm_k);?’kio, fm:% i fi(e9)e=%4p, (1.1)

where the complex-valued symbol f;(z) depends on a parameter ¢t and has the form

2
foz) = VO] |2 - 2P g, 6, ()5, z=¢P e(0.2n), (12)
j=1

where z; = e, 2y = 2™V 0 <t < T,

(2) = e hi 0 <argz < argz; (1.3)
9z3:85 el argz; <argz < 2m’ '
Rea; > —1/2, p;€C, j=1,2. (1.4)

The condition on o ensures integrability of f;. We assume V to be analytic in a
neighborhood of the unit circle, with the Laurent series

2w

0 1 . .
V(z)= ) Vst Ve = o ) V(e?)e ™0 dp.
k=—0oc0



The function eV (%) allows the standard Wiener-Hopf decomposition:

eV = b (2)bob_(2), bi(z) = ezzilv’ﬂzk, bop=¢e", b_(2)= DR (1.5)

The function fi(z) is a standard form of a symbol with 2 Fisher-Hartwig (FH)
singularities at the points z; = e and 2z, = et@m=t)  The parameters a; (at z1)
and ag (at z2) describe power- or root-type singularities, 51 and [ describe jump
discontinuities. We always assume below that the both singular points are genuine,
i.e., that either a; #0 or 3; #0, j = 1,2.

We are interested in the large n behavior of the Toeplitz determinant

D (fe) = det T (ft) (1.6)

when the distance between the singularities is small, i.e. ¢ is small.

A study of asymptotics of Toeplitz determinants as n — oo was initiated by Szeg6 in
1915 for symbols without singularities. Singular symbols, however, appear naturally in
applications such as exactly solvable models (most notably, the two-dimensional Ising
model), random matrices, etc. The large n behavior of Toeplitz determinants with
several FH singularities has been studied by many authors under various assumptions
on V and the values of the parameters «; and f;, see, e.g., [13, 37, 2, 3,4, 12, 7, 8]. A
recent historical account on Toeplitz determinants is given in [10].

If the weight has two singularities as in (1.2), the asymptotics of D,,(f;) are described
as follows. Following [7], define

BT = 11101, B2)lll = [Re (B = B2)l-

Let first
Bl <1, (1.7)
and assume that a; + 8; # —1,—2,... for j = 1,2 (we always assume this “nondegen-

eracy” condition throughout this paper). Then, the asymptotics of D,, as n — oo for a
fixed t > 0 are given by ([12]; see [8] for the estimate of the error term)

In Dy, (f;) = nVo + (of + o3 — B — B3) Inn + E(V, a1, a2, B1, B2, t) + o(1), (1.8)

where

E(V,a1,09,B1, B2,t) = > kViV_p+2(B1 Ba—10) In |2 sin t|-+i(r—2t) (o1 fo— 251 )
=1

_ a1(V(21) - VO) + ﬁ1 In Zig:; — a2(V(z2) _ VO) + 52 In btzz

Gl+ a1+ 81)GA+a1 —B1)G( + ag + B2)G(1 + as — B9)
G(l —|-2041)G(1 +2042) ’

S
~—

~—

+In

(1.9)

and where G(z) is Barnes’ G-function (it is an entire function; it satisfies the dif-
ference equation G(z + 1) = I'(2)G(z) in terms of the Euler Gamma function, with
the condition G(1) = 1; its zeros are z = 0,—1,—2,...). The error term in (1.8) is
o(1) = O(n=1lIIBlll). One of the results in the present paper is an extension of the va-
lidity of (1.8) (with the corresponding change in the error term estimate): see Theorem
1.11 below.



The case |||5]|| > 1 reduces either to |||5]|| < 1 or to |||5]]| =1 as follows.

If |[|B]]] > 1 and |||B]|| is not an odd integer, we can choose k € Z such that
BN = [11(Br + kB> — WII| < 1, where 8 = 1 + &, B} = f» — k. The change
of variable 3 — (3 leaves the symbol f invariant, except for multiplication by the
constant factor e 2%t

Fi(€) = fi(€”; 01, 0, B1, Ba) = €™ fi(€; a1, a0, B, BS). (1.10)
Since |||8||] < 1, the formula (1.8) can now be used for the symbol in the r.h.s. of
(1.10), if a;; = ﬂ;- # —1,—2,..., to compute the asymptotics for D, (f;):

If ||B]]| > 1is an odd integer, there exists k € Z such that |||3'||| = |||(B1+k, B2—k)||| =
1. Let (BY,B5) = (By + 4,8, — £), where ¢ = 1 if Reff] < Ref), and ¢ = —1 if
Re 3] > Re (). Then [|[3"]|| = 1 and we have [7] if oj + B}, 05 £ 8] # —1,-2,...:

Dn(f)) = e (Vo+2ikt) [na§+ag_giz_ﬁéz cE(Vian,02,81,85)
+ ezmgtna%"'a%—ﬁia—ﬁ?eE(V,ahaQ,ﬁi',ﬁé')](1 + O(n_l)), " o0 (1'11)

Note that Re {37 + B} = Re {B/? + B4?}, and therefore the 2 terms in (1.11) are of
the same order. As with (1.8), in this paper we also extend the validity of (1.11): see
the discussion following Theorem 1.12 below.

If we let t decrease towards 0, the symbol (1.2) reduces to

fo(z) = eV 3|z — 1| 2laatoz) frtbz o—im(Bathr) (1.12)
which has only one FH singularity at 1, with parameters a; + ao and 81 4+ 8. Then the
asymptotics of D,, as n — oo are given by (for Re (g +ag) > —1/2, ag+ag+(51+52) #
-1,-2,...)

In Dy, (fo) = nVo + ((a1 + a2)? — (81 + f2)?) Inn

RV = (@ 02)(V() = 16) + (B + ) D
L G+t Bt P)G(L + a1+ a2 — i — ) +0(n™Y. (1.13)

G(1+ 201 + 2a3)

Comparing (1.8) with (1.13), we observe that the terms proportional to Inn do not
match unless ajas = §153. Moreover we see that E(V, oy, a9, 51, f2,t) is unbounded
as t — 0. These observations indicate that as n — oo and at the same time ¢ — 0,
a transition occurs in the asymptotic behavior of the Toeplitz determinants, and so
the asymptotic expansion (1.8) is not uniformly valid for small values of t. Our goal
is to describe this transition between (1.8) and (1.13). We will obtain an asymptotic
expansion for D, (f;) as n — oo uniform for 0 < t < ty, where tg > 0 is fixed and
sufficiently small. In particular, this describes the double scaling limit where n — oo
and simultaneously ¢ — 0. In the scaling t = —5—, where s € —iR" is fixed and
n — oo, we will prove that D,(f;) can be expressed asymptotically in terms of a
particular solution o(s) of the Painlevé V equation. Using the expansion of o(s) in the
limits s — 0 and s — —ioo, we recover the large n asymptotics of D, (f;) for t = 0 and
t fixed, respectively.



For the transition we consider in this paper, the first observation of the appearance
of a Painlevé V solution in the particular case of the Toeplitz determinant with symbol
fipa(2) = |z — e''/2||z — e=™/2| and a study of these objects was in the work of Lenard,
Schultz, Dyson, Tracy and Vaidya, and Jimbo, Miwa, Mori, Sato in 1960’th-1970’th on
the one-dimensional gas of impenetrable bosons. We discuss this in more detail later
on in introduction (see the text around (1.50)).

Thus, the present paper describes the transition between the two different types of
FH asymptotics: one for Toeplitz determinants corresponding to symbols with 2 FH
singularities, and the other for symbols with 1 FH singularity formed by the original
ones merging together along the unit circle. This work is closely related to [5], where
the transition was described between the non-singular case (Strong Szegé asymptotics)
and the case with one FH singularity. The transition in that case was also described
by a solution to the Painlevé V equation, but with different parameters and different
asymptotic behavior. Critical transitions for Toeplitz determinants have also been
studied in [1, 30, 35, 38].

Statement of results

Before stating our results on Toeplitz determinants, we first describe the relevant
Painlevé V transcendents. Consider the o-form of the Painlevé V equation [19, Formula

(2.8)]
s%02, = (0 — 505+ 203)2 —4(os — 01)(0s — 02) (05 — 03) (05 — b4), (1.14)
where the parameters 61, 65,603,604 are given by

+ +
H_ﬂl 52’ 1+ﬁ1 ﬁz,

91 = —« 5 92 =« B (1.15)
932012—51—’_52, 04:_012_,814-,82‘ (1.16)
2 2
Theorem 1.1 Let ay, a9, B, P2 € C be such that
1 1
Reaj,Reas > —=, Re (a1 +ag) > —= 5]l < 1, (1.17)

2 2’

and assume that
a1 P, atfe, art+astfiEpr ¢ {-1,-2,-3,...}. (1.18)

If 2(c1 +ag) ¢ NU{0}, there ezists a solution o(s) of equation (1.14) with the following
asymptotic behavior as |s| — 0 along the negative imaginary azis:

o(s) =210 — %(51 + ) — (o ;(zf)j_ﬁ;:)_ 52)3 + 10| s| FR(@a+az)

+ O(Js]?) + O(|s|FFHeatraz)y 5 0, (1.19)

where
. _F(l +artas+ P14+ B2)T(1+ a1 +az— 51 — P2) (1 + 201)T(1 + 2a2)
0 270(1 + 2(0n + a2))? T(2+2(01 + a2))
o | pim(@r—a2) sinﬂ'(fh +as+ 1+ B2) 4 oin(ai—az) sinw(.oq +ag — 1 — B2) _ oin(Bi—p)
sin 2m(aq + aw) sin 27 (aq + ag)



and with the following asymptotic behavior as |s| — oo along the negative imaginary

aris:
o(s) = 5 3—5(51—52)2ﬂ:%+0(|8|_1+”|5), s — —ioo, (1.21)

where “+7 is taken for Re (81 — f2) >0, “” for Re (81 — f2) <0, and

|8|2(—1+ﬁ1—ﬁ2) e—ilslgim(en+oz) I(A+a1—p1)(1+as+8)
(s) =

Bo—p1 1

Tontf o —05) Re (81 — B2) > 0,

s gilslein(antaa) Moz Palitar th) - Re () — ) < 0.

If 2(aq + a2) € NU {0}, there exists a solution o(s) of equation (1.14) satisfying

(1.22)

o(s) = 2a1a0 — %(51 + B2)% + O(|sIn|s]]), s — —i0,, (1.23)

and satisfying (1.21) as s — —ioo.
Moreover, if aj,ay € R and f1,52 € iR, there exists a solution o(s) which is real
and free of poles for s € —iR™, and which has the asymptotics (1.19) (or (1.23) if
2(041 +ag) e NU {0}) and (1.21).

Remark 1.2 We will construct solutions o(s) satisfying the above properties in terms
of a Riemann-Hilbert (RH) problem which depends on the parameters aq, a9, 51, 52
and on s. The solutions constructed in this way will be the ones appearing in the
asymptotic expansion for the Toeplitz determinants D,,(f;). However, we do not prove
that there is only one solution o which satisfies the properties given in Theorem 1.1.

Remark 1.3 Equation (1.14) depends, through 6y,...,04, on the three independent
parameters a1, ag, and B1+ B2. On the other hand, the solutions described in the above
theorem depend not only on the sum 1 + B2, but also on #; and By independently.
This means that, given oy, a9, and 1 + 2, the asymptotics (1.21) and (1.19), (1.23)
specify a one-parameter family of solutions to the same differential equation (1.14).

Remark 1.4 The function o(s) has a branching point at zero (any other singularities
of o(s) are poles) and is defined on the plane with a cut from zero to infinity. The
assumption in the theorem that s is on the negative imaginary axis is not essential: it
is adopted for simplicity and in view of the application in Theorem 1.5 below. A simple
modification of the proof shows that the asymptotics (1.19), (1.21), (1.23) hold along a
path from zero to infinity in a neighborhood of the negative imaginary axis. This fact
is used in Theorem 1.8 below.

We now state the result about Toeplitz determinants for the case «;,18; € R.

Theorem 1.5 Let a1, a9, a1 + ag > —1/2 and B, P2 € iR. Let D, (f;) be the Toeplitz
determinant (1.6) corresponding to the symbol (1.2). The following asymptotic expan-
ston holds as n — oo with the error term uniform fort € (0,tg), where ty is sufficiently
small:

—2int 1

0 D,(f) = Do int(Ga =60+ [ % (o)~ 2enci + 505+ fu)?) s

0
+2 (5182 — az) In SlTnt + 2it(af1 — a1 Ba) — ar (V(e) — V(1))

by (e")b_(1) bs(e”")b_(1)

— V(e = V(1) + BiIn b (c)br (1) b_(e=)by (1)

+ B2 In +o(1), (1.24)



where the function o(s) satisfies the conditions of Theorem 1.1: it solves equation
(1.14), has the asymptotics (1.19) if 2(c; + a) ¢ N U {0} ((1.23) otherwise) and
(1.21), and has no poles for s € —iR*. Here In D,,(fo) is given by (1.13).

Remark 1.6 The integral in (1.24) is well-defined by (1.19), (1.23), and by the fact
that o has no poles on the interval of integration.

Remark 1.7 If oy = a9 = 1 = 2 = %, the function o(s) is identically zero, as we
show in Section 3.2. Note that in this case, the parameters 61,...,04 in the Painlevé
equation (1.14) are given by 61 = 03 =0, 03 =1, 4, = —1, and it is easily verified that
o(s) = 0 solves (1.14), and that it satisfies the asymptotic conditions (1.23) and (1.21).
Although f1, 52 ¢ iR in this case, the asymptotic expansion (1.24) holds and becomes
elementary.

An extension of the previous theorem to the generic case |||3]|| < 1 is the following.
Theorem 1.8 Let Reay,Reao,Re (a1 + a2) > —1/2, |||5]]| < 1, and
a1 £ B0 £ Br, 00 +ag £ B Py ¢ {-1,-2,-3,...}.

Let Dy,,(ft) be the Toeplitz determinant (1.6) corresponding to the symbol (1.2). There
exists a finite set Q = {s1,...,8,} C —iRT = (0,—i00) (with { = l(ay,az,31,52))
such that the asymptotic expansion (1.24) holds uniformly for t € (0,ty), where tg is
sufficiently small, provided —2int is bounded away from Q. The path of integration in
the integral on the r.h.s. of (1.24) is chosen in the complex s-plane to avoid the points
of Q. The function o(s) is a solution to (1.14) with the asymptotics (1.19) (or (1.23)
if 2(a1 + a2) € NU{0}) and (1.21).

Remark 1.9 The set €2 is the set of points where the Riemann-Hilbert problem as-
sociated to o(s) is not solvable.  contains the poles of o(s). A pole s; corresponds
to a zero in the asymptotics of the determinant D, (f;) for t; = is;/(2n). Different
choices of the integration contour in (1.24) correspond to different branches of In D,,.
For «;,i3; € R, we show in Section 3.4 that Q has no points on the half-line —iR™,
and hence a simpler formulation of the result in Theorem 1.5.

Remark 1.10 An estimate for the error term in (1.24) for both theorems is given in
the Proposition 8.1 below.

If ¢ — 0 sufficiently fast so that also nt — 0, we immediately obtain (1.13) from
(1.24). Let us check that we also recover (1.8) from (1.24) when ¢ is fixed, and so
nt — oo. Note first that it follows from the asymptotics for o that, given (1.17), (1.18),

—2int 1 1
/0 B <0(s) — 209 + 5(51 + 52)2> ds
= —int(Be — B1) — <%(5l — B2)? + a(o)> In(2nt) + O(1)
= —’int(ﬁQ — 51) — 2(0&10&2 — 5152) ln(2nt) + 0(1), nt — oo. (1.25)

Substituting this expression into the right hand side of (1.24), we obtain the terms with
n and with Inn in (1.8). Equality of the constant in n terms in both expressions for ¢



fixed gives the following integral identity for o(s):

T—~+o00 S

—iT .
lim (/0 1 <a(s) —2a109 + %([31 + [32)2) ds + %(ﬂz —B1) +2(a1ae — B132) 1nT>

G(1+a1 + a1+ B +ﬁ2)G(1+O¢1 + a1 — B —ﬁg)
G(l —|— 20[1 + 20&2)

Gl4+a1+61)GA+ a1 — 51)G(1+ ag + B2)G(1 + as — B2)

G(l + 20[1)G(1 + 20&2) '

=in(a1 B2 — apf1) —In

+ In

(1.26)

This identity is a deep result which contains global information about . We believe
that it is of independent interest in the study of Painlevé transcendents.

The following result extends the expansion (1.8), known for fixed singularities zq,
zo independent of n, to the case where the two singularities approach each other at a
sufficiently slow rate as n — oo.

Theorem 1.11 LetReay,Reas > —1/2, |||5]|| < 1, and a1 £61, aotpa ¢ {—1,-2,...}.
Let Dy,(ft) be the Toeplitz determinant (1.6) corresponding to the symbol (1.2); w(x) be
any positive, smooth for large x function such that w(n) — oo, w(n)/n — 0 as n — oo.

Then the expansion (1.8) holds as n — oo for w(n)/n <t < ty with ty sufficiently
small. The error term in (1.8) in this case is o(1) = O(w(n) = BIY  uniformly in t.

Moreover, there exist positive constants ng, so, co, depending only on «j, Bj, j =
1,2, and V(z), such that the expansion (1.8) holds for n > ny with the error term o(1)
replaced by a function v(s), s = nt, satisfying the estimate |v(s)| < cos " HIPII for
s> 80, T <tp.

To complete the analysis of the nondegenerate (by which we mean that the condition
(1.18) holds) situation it remains to consider the case |||3]|| = 1. We have

Theorem 1.12 Let Reay,Re ag, Re (a1+ag) > —1/2, and assume (1.18). Let |||5]|| =
0, and denote ﬁl_ = 51} ﬁ2_ = 52_1; ft_ = ft(z; 0417042751_752_); ft = ft(z; a17a27ﬁ17ﬁ2)-
Then |||B~]|| = 1. There exists a sufficiently large Cy such that the following asymptotic
expansion holds outside the set Q of Theorem 1.8:

Dy1(fy) = e_i(n_l)tbo_lDN(ft)
—r(—2int) Z;E}%t (%)2(514-52) em(—entdfitaxtfa) (1 4 O(t)), 0<t<Cy/n
n251—1zl—n+1 Z;EZ; F(Fl(:?—lkglﬁ)l) ci(m—2t)az (2sin¢) =20

x <(1+0((nt) ™)

—1,—n+1b-(22) P(14+ao—B2) i(— int)”
2y T e S T (2sin ) 2

(1 + O((nt)~1)), Co/n <t < to,
(1.27)

as n — oo, with the error term uniform for —2int bounded away from 2. Here the
asymptotics for Dy(fi) are given by Theorem 1.8, and r(s) is a Painlevé V function
defined in Section 3.3. In particular, r(s) is related to o(s) by (3.55), and has the
large-s asymptotics (9.16) and the small-s asymptotics (9.18).

Remark 1.13 The large-s expansion for r(s) implies, by Remark 9.2 below, that the
2 parts of the asymptotics (1.27) coincide in a neighborhood of the boundary ¢t = Cj/n.
Thus (1.27) is a complete analogue of (1.24).



Remark 1.14 If o = ap = 51 = 2 = %, the function r(s) is elementary, namely (as
we obtain in Section 9.2),
innt
r(s) = —%, s = —2int.

In Section 9.2 we then show that, in this case, the part of (1.27) for Cy/n < t < tp
holds uniformly for the whole range 0 < ¢t < ty. This fact was used in [9] to analyze
the eigenvalues of the Toeplitz matrix T, (g) with a smooth real-valued symbol ¢ in a
small neighbourhood of the edge of the spectrum. The rest of the eigenvalues of T,(g)
were analyzed in [9] using the results of [7] for FH singularities at a nonzero distance
from each other.

Finally, let us verify that (1.27) reduces to (1.13) as |s| — 0, and to (1.11) as
|s| — oo. In the former case, we substitute the small s asymptotics (9.18) of r(s) and
the formula (1.13) for D, (f;) into (1.27) and obtain by a straightforward calculation
which uses the property G(z +1) = I'(2)G(z) of the Barnes G-function that D,_1(f;")
is given by (1.13) with n replaced by n — 1 and with Sy replaced by (5. Consider
now |s| — co. We have f/ = 7, and 8 = 8] —1 =61 —1, By =65 +1 = fo.
Using the expansion (1.8) for D, (f;) and the second part of (1.27), we obtain (1.11)
for Dy,—1(f, ). In particular, this extends the validity of (1.11) (with the appropriately
changed estimate for the error term): cf. Theorem 1.11 above.

Applications

In view of the applications we discuss below, consider a special case V(z) = 0, f; =
Bo =0, a1 = as = a € R. We first prove the following.

Theorem 1.15 Let
fi(2) = |z — €?¥|z — e P, a>—— tekR. (1.28)

Let 0 < t1 <m. Then, as n — oo,

" Ch(t1, a)n®® (1 4 o(1)) if 202 <1,
Dy (f)dt = ¢ Conlnn(1l+ o(1)) if 20% =1,

" S Da(f)dt(1+ 0(1)) = Cy(@n 11+ 0(1)) if 207> 1.
(1.29)

Here w(x) is any positive, smooth for large x function such that w(n) — oo, w(n)/n — 0
as n — o0o; Cy, Co, Cs are positive constants

G(l + ()[)4 /tl . 2 2
Ch(t = )72 dt 1.30
1( 1 Oé) 22a2G(1 + 204)2 0 (Sln ) 9 ( )
G(1+ L)
Cp= — V2 (1.31)
2G(1 + 1/2)2

C3(a) = % [/01 exp {/0—2iu Mds} du

+exp{/0_2iMds} /loo exp{/_;jm @ds}u—wdu] , (1.32)



where o(s) (real-valued for s € —iR, ) is the solution to the Painlevé V equation ap-
pearing in (1.24) with the parameters ay = ag = «a, f1 = P2 = 0.

Remark 1.16 In the case 2a? < 1, the leading order asymptotic term for the integral
comes from the expansion (1.8), i.e., from the integration outside of a contracting
neighborhood [0,w(n)/n), whereas in the case 2a? > 1, the leading order asymptotic
term comes from the integration over this neighborhood.

Proof. Note first, as follows from (1.24) and the positivity of D,(f;) for real-valued
symbols fi, that o(s) is real-valued for s € —iR with our choice (1.28) of f;. Moreover,
we have by Theorem 1.1,

a(s) = 0O(|s|™), s — —i00, (1.33)
o(s) = 202 + O(|s|"*) + O(|sIn|s]|), s — —i0. (1.34)
We divide the interval of integration ¢ € (0,¢1) into 3 regions, 0 < nt <1, 1 < nt <
wn), wn)/n <t <t.
For 0 < nt <1 (and, in general, for 0 < ¢ < ty), we obtain from Theorem 1.5 setting
o] = g = @, 51 = 52 = 0, V(Z) =0in (1.24) and (1.13):
G(1+ 2a)? /_zi"t o(s) —2a?

sint

In D, (f;) = 40 Inn+In ds—2a? In —=-o(1), (1.35)

s
as n — oo. Note that both fo_%m(a(s) - 2@2)% and In 2% are uniformly bounded for
0<nt<1.

For 1 < nt < w(n), we write the above formula in the form:

1 ) 2 —21 —9 2
G(1+ 2a) / o(s) : O ot
0

InD,(f;) = 221 1
8 Dnlfi) =207 Inn+Inma=mrs

—2int
/ @ds — 20 Insint + o(1), (1.36)
—23

as n — oo, and note that f:;jm U(ss) ds is uniformly bounded for 1 < nt < w(n).

For w(n)/n <t < t1, by Theorem 1.11, we can use the expansion (1.8) for In D, (f;).
We are now ready to compute the integral. First, using (1.35), replacing (sint)/¢
by 1 to the leading order, and changing the integration variable ¢ = u/n, we obtain

1/n 2 1 G(1+2a)? ! 2 5(s) — 202
_ da—1
[ Dutgyae = = G [ { / fds} du(1 + o(1)).

(1.37)

Next, using (1.8) and Theorem 1.11 (uniformity of the error term in the interval (o, 1)
follows from the analysis in [8]), we obtain

f G(l+a)t [h )
Do(fy)dt = n2 / (sint)2%dt(1 + 0(1)).  (1.38)
/w(m/n ' 2202 G(1 + 20)2 Jus(my/m

Finally, by (1.36),

w(n)/n > G(1 + 2a)2
/1/ Dn(ft)dt = n2a G((l—:- 40;))
—2i O’(S) — 9202 w(n)/n o2
X exp {/0 fds} /1/n B2 dt (1+0(1)), (1.39)
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where

(1) :eXp{ /_ ;“ @ ds} <Sl_?t>_2

is bounded and bounded away from zero, uniformly for 1/n < t < ty. The integration
region (%, %) is the most interesting one. If 2a? < 1, the rightmost integral in (1.39)

converges at zero, and we can write (1.39) as follows:

w(n)/ o2 )
/ D, (fr)dt = o(n“*"), 207 < 1. (1.40)
1/n
This formula together with (1.37) and (1.38) proves the theorem in the case of 2a? < 1.
We see that the contributions of (1.37) and (1.40) are only subleading.

If 2a? > 1, the rightmost integral in (1.39) does not converge at zero. We write

w(n)/n w(n)
/ w(t)t_zo‘2 dt = 21 / w(u/n)u_zo‘2 du, (1.41)
1/n 1

where the integral in the r.h.s. converges at infinity. We have

/1W(n) (u/n)u=2" du = /:J(n) exp {/_Ziu %S)ds} w2 du(1 + O([w(n)/n]?))

—21

_ /100 exp {/_zw @ds} w2 du(1 4 o(1)). (1.42)

—2i
Substituting this into (1.41), and that into (1.39), and adding the contribution of
(1.37), we obtain (1.29) for 2a? > 1: a simple analysis of (1.38) shows that it gives only
a subleading in n contribution.
If 2a? = 1, the integral (1.37) is

1/n
[ Dupyat = 000 (1.43)

We rewrite the integral (1.38) for 2a? = 1 (by adding and subtracting 1/t in the integral
on the r.h.s.) as follows:

For 2a? = 1, the integral in the r.h.s. of (1.41) does not converge at infinity. We then
add and subtract from the integrand u=! exp{ [, o(s)s 'ds}. Substituting the result
into (1.39) and using the identity (1.26), we obtain

w(n)/n G+ %)4

[ o220 ) 2.

Adding (1.43), (1.45), and (1.44) together, we obtain the statement of the theorem for
the case 2a? = 1. (Note that the contribution of the terms of order nlogw(n) cancels
in the sum.) This completes the proof of (1.29). O
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Theorem 1.15 is relevant for some problems in random matrices, number theory,
and statistical physics.

Let p,(0) = det(U —eI) be the characteristic polynomial of an n xn matrix U from
the circular unitary ensemble of random matrices, i.e., the distribution of U is given
by the Haar measure on the unitary group. There exists a large body of conjectural
evidence (see [21] and references therein, see also [26]) which relates p, () for large n
to the Riemann (-function on the critical line {(1/2 + ix). First was an observation of
Keating and Snaith [25] that the averages fOT |C(1/2 + ix)|**dz behave for large T in a
similar way as the expectation

E {Ipn ()"} (1.46)

does for large n (note that it does not depend on 6 due to the rotational symmetry).
It follows by the Heine-type multi-integral representation for Toeplitz determinants

Dy(f) = %/Ozw. .. /027r H ‘e’iej _ ik 2Ef (eiﬁj) ‘;_i? (1.47)

0<j<k<n—1
that the expectation (1.46) is the Toeplitz determinant D, (f) with symbol f(z) =
|z — 1|?>*, and therefore its large n behavior is given by a particular case of (1.13).
The observation of Keating and Snaith enabled them to make a remarkably detailed
conjecture on the large T asymptotics of the averages of the (-function, in particular,
to predict the appearance of Barnes’” G-function in the formula.

In a similar vein, it is argued in [21] that maximal values of |((1/2 + ix)| over
an interval of the critical line, a classical problem, are related to the distribution of
large values of |p,(#)|. The characteristic polynomial p,(#) also models [21] extreme
properties of the Gaussian free field and the 1/ f-noise, and is related to the question
of the so-called freezing transition in statistical models. In this connection, one would
like to estimate the moments (cf. (1.46)) [21, formula (67)]:

L L
M= [Capy [COE @0 0P k=23
The expectation inside the integrals is the Toeplitz determinant D, (f) with symbol
f(z) = H?:l |z — e®i|?* Let k = 2 and fix L > 0. Then, using Theorem 1.15 and the
invariance of the determinant with respect to rotations of the circle, we immediately
obtain that the second moment My = O(n2*”) for 2% < 1, and My = O(n***~1) for
202 > 1. This behavior of My was conjectured by Fyodorov and Keating [21]. Note
that there are further interesting conjectures in [21] about the asymptotics of a general
moment M}, and about the distribution of large values of |p,(#)], but we do not address
them here.

Another application of Theorem 1.15 is to the problem of Bose-Einstein condensa-
tion. Consider the one-dimensional gas of impenetrable bosons. This particle system
was introduced by Girardeau [22] in 1960. It is one of a very few many-body systems
which allow exact analysis without any approximations. (It is a limiting case of the
one-dimensional Bose gas with J-function interactions, a model introduced later by
Lieb and Liniger [28]). Namely, consider the following system of n > 2 particles in one
dimension in a box of size L: the wavefunction t(z1,...,z,) obeys the free-particle
Schrodinger equation, 1 satisfies the periodic boundary conditions with period L,

12



is symmetric with respect to interchange of particles, v» = 0 whenever two particle
coordinates coincide. Then the wavefunction of the ground state of the system is the
following:

71)0(51717---751%) _ (n!Ln)—l/2 H |e27rixj/L _e2m':ck/L|‘
1<j<k<n

The one-particle reduced density matrix is given by

L L
p("’L) (x—y) = n/ dxy--- / drp—1vo(x1, .y Tp—1, )0 (X1, .., Tp_1,y). (1.48)
0 0

Let R, (t) be defined by the identity

pL) (g) = %Rn (2%£> . (1.49)

It follows from (1.48) and the Heine representation (1.47) that R, (t) is the Toeplitz
determinant

R (t) = Dn-1(fi/2)s fepo(2) = |2 — etl2)|z — e, (1.50)

This fact was first noticed by Lenard [27] in 1963. He used it to prove the absence of
Bose-Einstein condensation in the ground state (and thus to confirm a result of Schultz

[33] who showed the absence of condensation by another method) as follows.
The Fourier coefficient of p(™1)(¢)

L
k= / pE (€e 2R Lde | =0,£1,..,
0

is the expectation value of the number of particles with momentum 27k/L. According

to the criterion of Penrose and Onsager, there is no Bose-Einstein condensation if the

largest eigenvalue of the density matrix is less than of order n as n = L — oco. Since

plm) (x — y) is translationally invariant, its eigenvalues are the Fourier coefficients py.

The largest eigenvalue is pg. Thus, by (1.49), (1.50), Lenard had to evaluate the integral
1 2 1 2

R,(t)dt = — | Dn_1(fipp)dt,  fijal2) = [z—€"/?||z—e /2|, (1.51)

Po = o A

At that time, in 1963, even (1.8) was not known. However, Szeg6 obtained the bound
(see [10] for a historical account):
en |2

R,(t) < W

Substituting this into (1.51), Lenard observed that py = O(n!/?), which implies, in
particular, that there is no Bose-Einstein condensation in the ground state.

The question of precise large n asymptotics of the largest (zero-momentum) occu-
pation number py was addressed by Dyson [11]. Using a Coulomb gas interpretation of
Dy, —1(fi/2) and physical arguments (see [10] for details), Dyson conjectured that

1/2 1\ 2
po=Cpn'/2(1+0(1)), Cp= (%) 9=5/6 4=6p <Z> , (1.52)
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where A = e13¢=¢'(=1) is Glaisher’s constant.

We are now in a position to verify this conjecture. Indeed, it follows from (1.51),
from Theorem 1.15 with a = 1/2 (202 = 2(1/2)?> = 1/2 < 1), and from well-known
formulae for Barnes’ G-function that

1 2
0 Dn 1 ft/2 dt / Dn 1 ft

" 27 o

= £G(1+1/2) / " (sint)"Y2dt(1 + o(1)) = @F(1/4)2G(1/2)4(1+0(1))

0
— (@)1/2 275/6 A=6p (if (1+0(1)), (1.53)

™

which proves Dyson’s conjecture (1.52).

For further related conjectures, which can now be approached by similar methods,
see the work of Forrester, Frankel, Garoni, and Witte [18].

In [33], Schultz made his conclusion about the absence of Bose-Einstein condensa-
tion by relating the system to the XY spin-1/2 chain, another exactly solvable model.
Manipulating resulting formulae, Lenard [27] obtained an expression for the double-
scaling limit p(€) = lim,_,o0 p™(€) in terms of a Fredholm minor with a sine-kernel.
The small and large & behaviors of p(§) were analyzed by Vaidya and Tracy in [36]
by identifying p(§) with a 2-point correlation function of the XY spin chain. Jimbo,
Miwa, Mori, and Sato [24] then showed that p(§) satisfies Painlevé V. Let us compare
the formulae of [24] with our results. We obtain from (1.49), (1.50), using (1.24) with
VEO, a1:a2:1/2, ﬁlzﬁgzo,tha‘c

p(€) = Tim pm) () = exp{ / " a(sc)d—”“}, 5(x) = o(~2iz) — 1/2,

n— 00 x

and we have that 5(z) = 24 Inp(z/7). Now it is easy to verify that (1.14) for a; =
ag = 1/2, p1 = B2 = 0, reduces to [24, Formula (2.22) with changed notation: o — 7],
and that the small and large s expansions of Theorem 1.1 in the case a; = ay = 1/2,
B1 = P2 = 0 are consistent with [24, Formula (2.23)] and the expansions of [36]. Note
that the latter are much more detailed than Theorem 1.1 in this case. Theorem 1.5
completes the analysis of the scaling limit for p(™™ (¢) ((1.49), (1.50)) in [27, 33, 36, 24]
by providing uniform asymptotics for 0 < ¢t < tq.

Outline

In Section 2, we relate the Toeplitz determinants D, (f;) to a system of polynomials
orthogonal with weight f(z) on the unit circle and characterize those polynomials in
terms of a Riemann-Hilbert (RH) problem. We obtain an identity for 4 InD,(f;) in
terms of the solution Y to the RH problem for the orthogonal polynomials.

In Section 3, we characterize the Painlevé V transcendent o(s) in terms of a RH
problem, and we show that this RH problem is solvable for certain values of the param-
eters. In Section 4, we state an auxiliary RH problem for the confluent hypergeometric
function; we use this RH problem in Section 5 and Section 6 to obtain large s and
small s asymptotics, respectively, for the Painlevé RH problem and for the Painlevé
function ¢. This gives the proof of Theorem 1.1. The asymptotics for large s are built
out of 3 parametrices: a global one given in terms of elementary functions and 2 local
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ones around zg, in terms of confluent hypergeometric functions. The asymptotics for
small s are built out of 2 parametrices: the global one, in terms of a confluent hyper-
geometric function, and the local one, in terms of a hypergeometric function (we have
2 singularities in the same neighborhood in this case).

In Section 7, we solve the RH problem for the orthogonal polynomials for large n
uniformly for 0 < ¢t < g, and in Section 8, we use this solution to prove Theorem 1.5
and Theorem 1.8. In Section 9, we prove Theorem 1.12.

The outline of the present paper is similar to that of [5]. However, all the details
are different, and the analysis here is considerably more involved. The main reasons
for this are as follows: (a) the transition studied here is between 2 different power-
law behaviors of the determinant whereas in [5] it was between an exponential and a
power-law behavior; (b) the “interaction” of 2 jump-type singularities on the unit circle
leads to larger error terms to control, especially in the case of |||3]|| > 1/2. One of
the consequences of (a) is that we have to construct different local parametrices near
z = 1 for the orthogonal polynomial RH problem: for ¢ less than of order 1/n, and for
t larger than that, see Section 7.5.

2 Riemann-Hilbert (RH) problem for a system of orthog-
onal polynomials and a differential identity.

2.1 RH problem for orthogonal polynomials

Assume that D, (fi) # 0, Dny1(fi) # 0. Let /z > 0 for z > 0. Define the polynomials
®n, ¢n by the formulae:

fto ft-1 o ften
1 Jta Jto oo ftent1
oOn(z) = : : : = xn2"+..., (2.1)
1) i) : : :
\/ n(ft) n+1(ft) ft,n—l ft,n—2 s ft,—l
1 z . z"
where the leading coefficient y,, is given by
Dn(ft)
— =Y 2.2
Xn Dy (ft) 22)
and
Jro fe-1 oo frentr 1
~ 1 fta o fto oo ftent2 2
gbn(z) = . . = ann +..., (2.3)
VDo (ft)Dnia(fe) | : : :
Jtn Jtn-1 oo fra1 2"
i.e., up to a constant, ¢,(z) is the determinant of a Toeplitz matrix with the last row
replaced by the monomials 1,..., 2", and ¢,(2) is the determinant of a Toeplitz matrix
with the last column replaced by the monomials 1, ..., 2".

If fi(e') is positive (or V() is real-valued and ay,iB; € R, k = 1,2) then as
follows, e.g., from the integral representation for a Toeplitz determinant, D,(f;) # 0
for all n € N, so that ¢, (2), ¢n(z) are defined for all n.
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The above polynomials satisfy the orthogonality relations

3 | o O E = 3 [ BTG E =G (24)

for k =0,1,...,n, where C denotes the unit circle oriented counterclockwise.

If Dy, (ft), Dp—1(ft), and Dy,41(ft) are different from zero, then (as first observed by
Fokas, Its, and Kitaev [15] for orthogonal polynomials on the real line (see, e.g., [6])),
the matrix-valued function Y (z;n,t) given by

_ fe(§)dg
Y(2) = ( an(bil\(z) lfc g z 27rz§” ) (2.5)

_ _ n— d
—Xn—12" 1¢n—1(z 1) —Xn —1fC¢ il —z )ft2(7§256

is the unique solution of the following Riemann-Hilbert problem:

RH problem for Y
a) Y :C\ C — C?*2 is analytic.
(a) y
(b) Let 2z = €', 25 = €/®™1) The continuous boundary values of Y from the inside,

Y., and from the outside, Y_, of the unit circle exist on C' \ {z1, 22}, and are
related by the jump condition

Yi(2) =Y_(2) <(1) z‘"{t(z)> , for z € C'\ {z1, 22}

(©) Y(2) = (I +0(1/2) 2%, g3 = (é _01> as 7 = 00.
(d) Asz — 2z, 2€ C\ C, k = 1,2, we have

~(01) O1) + O]z — z,|?*) .
Y(Z) o <O(1) 0(1) -+ O(|Z _ Zk|2ak)> s if oy, 7& 07

and

(o) o(ml=xl)y .
Y”‘(O(l) omn\z—zkm)’ bo=0

The uniqueness of the solution and the identity det Y (z) = 1 are standard facts
which easily follow from the RH problem and Liouville’s theorem.

In the next section 2.2, we will show that % In D,,(f;) can be expressed exactly in
terms of the RH solution Y for all n (see (2.9) below). In Section 7, we will solve
this RH problem asymptotically for large n. In Section 8, we then substitute these
asymptotics into (2.9), and integrate over t, which produces (1.24).

2.2 Differential identity

In this section, we will express % In D,,(f;) in terms of the entries of the solution Y of
the above RH problem.

In order to be able to derive a differential identity in the case where the symbol f
is unbounded, i.e. if Re o < 0, we need to use the notion of a regularized integral over
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the unit circle. Let F' be an analytic function in a neighborhood of the unit circle, and
let f be the symbol defined by (1.2), with —% < Reay < 0. Then

/ PETE) g2 — of.F)(C - 2™ +00), ¢ (2:6)
c 2=C
We define the regularized integral for { near zp by the expression:
(r) F(Z)f(z) i F(Z)f(Z) 2a
[, s [ SR e - =0

This object is bounded (although not analytic) in a complex neighborhood of z;. From
the analysis of similar integrals in [26], [8], it follows that

/“) F(2)f(2) ;.

c Z = 2k

e—0 Z— Zk

= lim [/ F)f(2) dz — F2(Zk) {f(zpe™) — f(zxe®)}|, (2.8)
C\C: ag

where
Ce =Ug=12{z € C: |arg z — arg z;| < e}.

We set Y (z) = Y (2) in a neighborhood of z if Reay, > 0. If Re ay, < 0, the second
column of Y has an expansion at zg containing a growing term of order (z — zk)%‘k we
set le =Y for j =1,2, and ng =Yjo—cj(z— zk)2°‘k with ¢; such that Y is bounded
in a neighborhood of z;. This is the same as replacing the integrals in the definition
of Y, see (2.5), by their regularized versions. With this definition of Y, we have the
following.

Proposition 2.1 Let t > 0 and n € N. Suppose that the RH problem for Y (z;n,t)
is solvable. Then D,(fi) # 0, and the following differential identity holds for oy # 0,
k=1,2:

-1

1d 2 dy—!
o In D, ( 2:1 [ a + Br) — 20,2k < 7 Y> » (Zk):| , (2.9)

2 = ezt7 29 = ez(27r—t)7

1~
dy Y

where (%?) (z) = lim,,, (7 >22 (z) with z — z non-tangentially to the

unit circle.

22

Proof. Solvability of the RH problem at ¢ (i.e., the fact that D,, # 0, Dy+1 # 0)
implies the solvability in a neighborhood of ¢, and hence the existence (and by (2.1),
(2.3), differentiability in t) of the corresponding orthogonal polynomials. We start with
the identity (3.5) of [8], which, as is easy to see from the arguments in [8], holds for
any parameter ¢ of the polynomials with respect to which they are differentiable:!

o 3Xn 2 o dAn -1 R . n
5 Dy(f(2) = 2n +% o <¢n(z)% — (2 1)%(2)> 2f(2)df,

'In [8], (2.10) was derived under a stronger assumption that Dy # 0, k = 1,2,...,n + 1. However,
a simple continuity argument shows that (2.10) holds true if only Dy, Dp+1 # 0.

17



(2.10)

where z = €, f = f;. We would like to move the differentiation in the integral over to
f noting that

2w n 1 N
I = % ; <¢n(2)% _ (Zﬁn(z—l)%z(@) Zf(Z)d@ — o

by orthogonality, and therefore % = 0. However, because of the case —1/2 < Reay <0

for which % is not integrable, care needs to be taken.
As before, let

Ce =Ug=12{z € C: |arg z — arg z;| < e},

and assume that F'(z) and 8Fagz) are analytic functions in a neighborhood of the unit

circle C. Then

/cagiz)ﬂz)“:/c\c 8giz)f<z>dz+0<ezal“>+0<62°“2“>, €= 0. (211)

NOte that (Zl = eit7 22 — ei(zﬂ'—t))

9 / F(2)f(2)dz = / OF(2) ¢ 2ya + / F 2@,
ot Jovc. oc. Ot O\C: ot
) (2.12)
i ()M F(z){f (zre ™) — f(ze™)} + 02 ) + O )
k=1
as € — 0. On the other hand,
9 / F)f(2)de = 2 / F(2)f(2)dz + Oy 4 0202+ (2.13)
ot C\C: ot C
as € — 0 by estimation of the integral of F'f over C..
Combining (2.11), (2.12), and (2.13), we can write
0F (2) 0
— = — — 2.14
ot f(2)dz p /CF(z)f(z)dz G, (2.14)
0f(2) : - -
G = lim [/ F(Z) dz —|—iZ(_1)k+1sz(Zk){f(zke_w) _ f(zkeza)} )
e—0 O\C ot
\Ce k=1
(2.15)
Let us now compute 6];(;). Since |z — zj|?* = |2sin WPO"C, we have
9, e, B O+ (-DF . z+z
Eln]z—zk\ =(-1) akcotf—z(—l) akz—zk’
Therefore,
of(z) 2 " Z+ 2, , B 2 K 202\ .
0 = > (1) o + B ) if(2) =D (~1)F (an + B + o if. (2.16)



So we can write

2
G =3 -0 ((n+ 80 [ PG
(2.17)

k=1
2ak/ F)f(2) dz — F(z){f(zpe™®) — f(zpe®)}
C\C:

42z lim
e—0

Z — Zk
The limit in the last line is exactly 2ay times the regularized integral (2.6) evaluated

at zk, by (2.8). -
By (2.14), (2.17), and (2.8) with F(2) = (¢n(2)22z) — 3, (271)%2C)) e obtain
from (2.10),
o Mxn 2
9 10Dy (f(2)) = 202 +z'§j<—1>k<2n<ak L)~ 20p(lg— Dp)) (218)
ot Xn —
Z‘En z1
Ilk—2— On(2) gz n )zkf(z)dz,
i Jo z— 2k
1 [0 (") Lo (z
2k = 5 (7 ) gz 9 )zkf(z)dz.
i Jo z— 2k
6, ~1)|,=, from the numerator of

Let us simplify I; . Adding and subtracting d%(bn(
the integrand, and observing that
%(bn(z_l) - d%(bn(z_l)‘ZZZk

-1 _ -1
z Zk

is a polynomial in 27+ of degree n with the leading coefficient —ny,, we obtain by
orthogonality that
(r)
) (ot ) ()0

d ~
Il,k:n"i'_gbn( )|z Zk27r/ Z— 2

g z,?_l)z_("_l)de

_n+2kd ¢n ’Z Zk27r/ z—zk i

d~ -
—n+2’"+1xn£¢n(2 Dlozs Yio(z).  (2.19)

Before a similar simplification of Iy, it is convenient first to use the following

recurrence relation (see, e.g., (2.4) in [7]):
(2.20)

Xn¢n(z_l) = Xn—lz_lﬁbn—l(z_l) + ¢n(0)z_n¢n(z)-
Substituting this into I, and then arguing in a similar way as for I j, we obtain
dY;
1 (2.21)

(21) Yoo (21)-

L = 2k = 0n(2) =2, On (0)Vi2(2k) — 2~
Applying (2.20) once again to the corresponding term in (2.19) and subtracting (2.21)

we obtain:

dY; ~
Liy—Iop=n+z dzll (21) Y22 (2x)
dYs ~
21 (zk)> Yia(z). (2.22)

+ <nY21(Zk) — X (0)Yi1 (21) — 2k P
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Furthermore,

dz I - 0f (z) dz

Do 9 ~ -
gl _ L /C )55 000N T = =5 = [ onl2)da(z )52

Xn 27 z

2
= —i > (=D¥ag + B + 205 T3], (2.23)
k=1
where

Zkf(z)d—z

s - (2.24)

I3

_ 1 /(’") bn(2)fn(27")

" 2mi

can be analyzed as the other such integrals above, in this case first adding and sub-
tracting ¢, (2, 1) from the numerator of the integrand. We then obtain

Iy = =1+ Xnon (25 1) 20 Via(25).-
Using again (2.20) gives
Iyg = —1 — Ya1(2)Yi2(21) + Xn®n (0) Y11 (2k) Yiz (21). (2.25)

Substituting (2.25) into (2.23), and the latter with (2.22) into (2.18), we finally obtain
the differential identity (2.9) as detY(z) = 1.
O

Remark 2.2 A differential identity for % In D,,(f(z)) in the case when one of (or both)
ay’s is zero is now also easy to obtain. Either one can derive it directly using (2.17),
or one can observe that both the left and the right-hand side of (2.9) are continuous in
ay, so that the differential identity for ay, = 0 is obtained from (2.9) by letting oy — 0.

3 Model RH problem

In this section, we state a RH problem which will be used afterwards to construct
the local parametrix P near 1 in the asymptotic analysis of the RH problem for the
orthogonal polynomials. We will prove the solvability of this model RH problem for
certain values of the parameters, obtain asymptotics for it for large and small values of
a parameter s in the problem, and relate the problem to the o-form of the fifth Painlevé
equation. We assume here that Reay, Reay > —1/2.

3.1 Formulation of the problem
RH problem for ¥
(a) ¥:C\TI — C?*2is analytic, where

I =uUl_,T}, Iy =i+eiRY, Ty=i+edRY,
T3=—it+eTRT, Ty=—iteRY, Ts = —i+R",
g =1i+RT, I = [—i,1,

with the orientation chosen as in Figure 1 (the “-” side of a contour line is the

right-hand side of it).
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—1 > 827riﬁ2a'3
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v

1 0 1 e —2mi(a2—p2)
—e2mi(a2—P2) 1 0 1

Figure 1: The jump contour and jump matrices for V.

(b) W satisfies the jump conditions

V(@) =V_(O)Jy, (€T}, (3.1)
where
1 e27rz'(a1—61) 1 0
1 0 1 6_27ri(a2_52)
J3 = <_e27ri(oc2—62) 1) ) J4 = <0 1 ) , (33)
J5 — e27ri5203’ JG — e27ri6103’ (34)

Jp = <_01 D . (3.5)

(¢) We have in all regions:

() = <I + % + % + O(C‘3)> P (¢)em 108 as ¢ — 0o,  (3.6)
where
is —(B1+B2)03
P = () (¢ i) s 4 i) 7)

with the branches corresponding to the arguments between 0 and 27, and where
s € —iRT.

The RH solution ¥ = W((;s) depends on the complex variable ¢ but also on the
complex parameter s. We will be concerned with the case where s € —iR™ or s in a
small neighborhood of the negative imaginary axis. Without additional conditions on
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the behavior of ¥ near the points +¢, the RH problem will not have a unique solution.
If 207 ¢ NU {0}, Reag > —1/2, define F;(¢) by the equations

V(¢ s) = Fi(¢;8)(C —1)M73G;, ¢ € region 7, (3.8)

where j takes the values j = I,II,III,VI, and where (¢ — i)*?% is taken with the

branch cut on ¢ + e%RJF, with the argument of ( — i between —57/4 and 37/4. The
matrices (; are piecewise constant matrices consistent with the jump relations; they
are given by

_ (1 g _ 1 2mia; _ —2mif
G = <0 1) C 9T T smEnan e, (3:9)
_ 1+ -1
Gvr=GJ; ' = ( 1 g 0 > ; (3.10)
Gr = GyrJs, Grr =GrJq. (3.11)

It is straightforward to verify that £} has no jumps in a vicinity of ¢, and it is thus
meromorphic in a neighborhood of i, with possibly an isolated singularity at i.

Similarly, for { near —i, if 2as ¢ N U {0}, Reas > —1/2, we define Fy by the
equations

V(G s) = Fa(Gs)(C +4)*7 Hj, (€ region j, (3.12)

where (¢ + )*273 is defined with the branch cut on —i + e%RJr, with the argument
of ( + ¢ between —3n/4 and 57 /4, and where H;, j = I11,IV,V,VI is a piecewise
constant matrix:

1 h 1 omite i
H — h=— Tify 2T 1
" <0 1> ’ 2isin(2mar) (e ¢ ) (3.13)
Hyy = HrrpJ; Hy = HpvJy ', Hyr = HyJs. (3.14)

Similarly as at ¢, one shows using the jump conditions for ¥ that F» is meromorphic
near —¢ with a possible singularity at —i.

If 2cc; € NU {0}, the constant g and the matrices G; are ill-defined, and we need a
different definition of F:

U((;s) = Fi(¢;8) (¢ — i)™ <(1) Jint ln{( B Z)> Gy, ¢ € region j, (3.15)

where
e—27ri61 _ e27ri041

Gint = ) (3 16)

27”'62#72011
and Gy = I, and the other G;’s are defined as above by applying the appropriate
jump conditions. Thus defined, F7 has no jumps in a neighborhood of i. Similarly, if
2a9 € NU {0}, we define F» by the expression:

6727“'&2 _62777162 ln

V(G s) = Fo(G; 8)(CH+i)*7 (é e (Cﬂ)) Hj, ¢ €& region j, (3.17)

with Hyrr = I, and the other H;’s expressed via Hyrr as in (3.14). Then F5 has no
jumps near —i.

We are now ready to set an additional RH condition for ¥ in order to ensure
uniqueness of the solution. We complement the RH conditions (a)-(c) with:
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RH problem for ¥ - extra condition

(d) The functions Fy and Fy given in (3.8), (3.15) and (3.12), (3.17) are analytic
functions of ¢ at ¢ and —i, respectively.

Given complex parameters s, aq, s, 81, B2, the uniqueness of the function ¥ which
satisfies RH conditions (a)-(d) can be proved using standard arguments in the following
way. If U satisfies the RH conditions (a) and (b), it is straightforward to show that
det ¥ is a meromorphic function in ¢, with possibly isolated singularities at +i. By
condition (d), the singularities of det U are removable, and det ¥ is an entire function,
which tends to 1 at infinity by condition (c). Thus det ¥ is identically equal to 1 by
the Liouville theorem, and W(() is invertible for every (. Now, assuming that there are
two solutions ¥ and U satisfying (a)-(d), one shows in a similar way that ¥~ = J.

Existence of a RH solution W is a much more subtle issue. If ay, ag, a1 + g > —1/2
are real and (1,52 € iR, we will prove later on that the RH problem is solvable for
any s € —iRT. In the more general case where Reay, Reas,Re(a; + ag) > —1/2
and |||8]|| < 1, we will analyze the RH problem asymptotically as s — —ioo and as
s — 0. Our analysis will imply that the RH problem is solvable for s € —iR™ and
|s| sufficiently small or |s| sufficiently large, but it is possible that, given a1, ag, 81, B2,
there is a finite number of values of s € —iR™ for which the RH problem is not solvable.

3.2 Special case a1 =ay =1 = [l = %
foi=0=0 =p= %, the RH problem for ¥ can be solved explicitly. Let

_1

= () iyt e, 3.15)

with the branch cuts of the square roots (¢ F z')_%“3 along +i+R™ as in (3.7), and let

1, in regions II and IV,
. _S S 1 0
_ 2 [e 2 _ e2 , i 1 IIL
W) = <1 2 (= 4_2-)) L)x{ \ -1 1) e (3.19)
0 1
1 -1
0 1) in regions I, V, and VL.

It is straightforward to verify that U satisfies the RH conditions (a)-(c). To verify the
extra condition (d), note that the terms with logarithms in (3.15) and (3.17) vanish.
Then it is easily verified that F} and Fy, given by (3.15) and (3.17), are analytic near
+i by substituting (3.19). We also see that the 1,1 entry of the matrix ¥; in (3.6)
vanishes. Using the formulae (3.23) and (3.51) below, we obtain that o(s) = 0 in this
case, as announced in Remark 1.7.

If 2a1,2000,281,2682 € N and oy = (1, as = (2, the RH solution can also be
constructed explicitly, but the function L has to be modified in a straightforward way
to satisfy (3.6). Furthermore, the upper-triangular matrix in (3.19) has to be modified
in order to preserve the conditions (3.15) and (3.17); it can have higher order poles at
+1i.
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3.3 Lax pair

In this section, we assume that s is such that the RH problem for ¥ is solvable. Let

_(d 1 _ (4 1
A‘(dgq’>q’ , B_<dS\I/>\I/ . (3.20)

It follows from the RH conditions that A is a rational function with simple poles at 43
and bounded at infinity,

Ai(s)  Aa(s)

A@w)zAm@%+C_i+—C+i. (3.21)
and that B is a polynomial of degree 1,
B(¢;s) = Bi¢ + By(s). (3.22)

Note that ¥, is traceless by (3.6) since det ¥ = 1, and write the matrix ¥; = ¥;(s) in
(3.6) as

q(s) (s) >
v = . 3.23
= (30 st (329
Substituting (3.6) into (3.20) and (3.21), one derives that
Ao = — 2o, (3.24)
4
and that
—(Br+ ) B >
A+ Ay = o, 2 ). 3.25
e ( —£ B1+ Bo (3:25)

Expanding A as ¢ tends to infinity, we obtain that the coefficient of the (~2-term is
equal to i(4; — A2) by (3.21). Since this must be equal to the (~%-term of U U1, we
obtain by (3.6) the identity

. . 18 18
Al —Ay =i (‘I’l +i(B1 — B2)oz + (B1 + B2)[V1, 03] + Z[\I’z,ff?,] — Z[\I’la 03]‘I/1> ,
which gives

T i A L e R I

ip+ 2B+ Ba)p — F + 7 —ig+ (B Bo) +

where h = Wy 12,7 = ¥a91. By (3.25) and (3.26), we obtain

M=1( S s i — 2i(By + Bo)r + R +
2 \—5p+ip+2i(B1+ P)p— 3 + 3 20 + 20,
(3.27)
Ay— 1. T 200426 +25 — B i = 2i(By + Bo)r + R+
2\ B2 +ip+2i(B1 + Po)p— Z + L % + 201 — 261 — 265,
(3.28)
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where v is given by

—1 s
v=—q+-rp—a+ B (3.29)
2 4
Now we can use (3.8) and (3.12) to derive that
det A1 (s) = —a?, det Ay(s) = —ad. (3.30)

It follows that we can write A; and A in the form

—v—a  —uyv
4 = ( i ) | (3:31)
% v +Oél
vtar— B =P ylv+ar—ay— B — o)
Ay = e , 3.32
2 <_U+a1+a; B1—B2 —v—aq + B+ By ( )

for some functions u,y depending on s.
For B; and By, we can again use (3.6) to derive

ios _ B1tpe ir

By = VR By = < _é 613_52> . (3.33)
2 s

The 1/¢ term in the asymptotic expansion of %\If U~ at infinity must vanish, and this
implies

qs = %rp, h = 2ir —rq—|—4z'7‘ﬁ1 + 52, J = —2ips +qp+4ip61 i 527 (3.34)
S S
so that by (3.29),
)
v = __(qu + q) — a1 + B1. (335)

2
The compatibility condition of the linear system ¥, = AV with ¥, = B¥ gives

A, — B¢ +[A,B] =0, (3.36)

the vanishing of the term of O(1) as ¢ — oo in (3.36) gives an expression for the
off-diagonal elements of By in terms of u, v, and y: we have

1< —B1 — B —uvy+y(v+a1—a2—51—52)>.

By=-
0=\ 1y g oy — B - fo) L+ B

(3.37)
Writing down the residues at £i in (3.36) and using (3.31), (3.32), and (3.37), we obtain

sug = su— 20w —1)2 + (u— 1) [u(—ay — ag + 1 + f2) + 301 — ag — 1 — fa]
(3.39)

SUg = —%(v +20q)(v+ a1 —ag— 1 — P2) +uv(v+ag +as— B — f2)  (3.39)

1
SYs =y <E(U +201) — 2v — 209 — % + uv> . (3.40)
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The system (3.38)-(3.40) is an alternative form of the Painlevé V equation: in
particular (3.38)-(3.39) implies that u solves the Painlevé V equation

1 1 1 u—1)2 asu u(lu + 1
Ugs = <—+ >u§—;us—|—( 2 ) <a1u+ u>+i+a4g, (3.41)

2u  u-—1 S u—1

with the parameters a; given by

1 1
a; = §(a1 +ag — B — B2)?, ag = —§(a1 + ag + B1 + B2)?, (3.42)
1
az =1—2a1 + 2a09, ay = —5. (343)

For us, it is more convenient to relate (3.38)—(3.39) to the so-called o-form of the fifth
Painlevé equation. Let

1
w(s) = 5sq(s) + (a1 = Bu)s. (3.44)
By (3.35), it follows that

ws = —v. (3.45)

By (3.39),
SWes = %(U +2a1)(v+ a1 —ag— B — B2) —uv(v+ a1 +ag — B — B2).  (3.46)

We also have by (3.44), (3.45), (3.29), and (3.33) that w — sws = %rp. Furthermore,
%rp can be expressed by (3.33) and (3.37) in terms of u,v,y. We obtain

§2

w— Sws = er

v+ 2« 1
! —§(v+a1+a2—61—62))

= (~uyv+y(v+ar —az — B — B2))(

= <uv(v+a1+a2—ﬂl—ﬂz)+v+u2a1(’u+041—a2—51—52)>

+ (—2’[)2 + 2(51 + By — 20[1)11 + Oé% — (011 — B — 52)2) . (3.47)
By (3.46) and (3.47),
s2w?, — (w — sws + 20?7 — 2(B1 + P2 — 201)v — a2 + (a1 — B1 — 52)2)2
= —4dv(v +2m)(v+ a1 +az — 1 — B)(v+ a1 —az— B — B2). (3.48)
Now we substitute (3.45), which gives

sPw?, = (w — sw, + 2w? 4 2(8y + Bo — 200 )ws — a3 + (o — By — 52)2)2
—dws(ws — 201 ) (ws — a1 — ag + B1 + B2)(ws — a1 + azg + f1 + B2).  (3.49)

We set
o(s) = w(s)+ Ws —a -t 4 < (61 + Bo)? (3.50)
= Soals) ~ A - ad - ok 55+ ) (351)
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Then the equation (3.49) becomes

s?0%, = (0 — sos + 203)2 —4(os — 01)(0s — 02) (05 — 03) (05 — 04), (3.52)
where

91:—0z1—|—51;52, 92:a1+ﬁ1;ﬁ2, (3.53)

03 = ag — w, 04y = —ag — w (3.54)

Equation (3.52) is the o-form of the Painlevé V equation as given in [19, Formula (2.8)].
The function r defined in (3.23) can be expressed in terms of o. Substituting (3.34)
and (3.27) in the first equation of (3.30), we obtain an identity for the logarithmic
derivative of r in terms of o:

s _251 + B2 _404% + 404% - 8(51 + 52)0'3 + 33033

ro s s2(—204 — 203 + (B1 + B2)? — 20 + 2s0,)

(3.55)

The following two results relate the Painlevé transcendent o to the functions Fj
and Fy, defined in (3.8), (3.12), (3.15), and (3.17), evaluated at +i.

Proposition 3.1 We have the identities

[e%1 (Fl (i; S)_ldgFl(i; S))22 = —O’S(S) + b _g 52, (356)
(%) (FQ(—i; S)_lUgFQ(—i; S))22 = O'S(S) + b —;52 . (357)

Proof. Ifwe use (3.8) and (3.12) to compute A = U U~! (as defined in (3.20)-(3.21)),
we obtain that A; = a1 Fy(i)o3F (i), and that Ay = agFy(—i)o3Fy '(—i). By (3.31),
(3.32), (3.45), and (3.50), the 2, 2-entries of A; and Ay give us the identities

. 1. +
a1 (Fi (D)3 Fy L (i), = —0s + b 5 b2 (3.58)
. _ . +
(%) (FQ(—Z)03F2 1(—1))22 =0s+ w (359)
—1 i — . —]_ . . . _ O
Note further that (FJ 03F]>22 (17]0'317] >22, which implies (3.56)-(3.57).

Proposition 3.2 There exist complex constants c1, ca, which may depend on o, as, B, PBo,
but not on s, such that

ar (Fu(iss) 7 Fe(iss)) gy = ia(s) - é(ﬂl + B2)s + c1, (3.60)
i

oy (Fo(—1; $) Py o (—i; s))22 = _ZU(S) (81 + B2)s + co. (3.61)

!

8
Proof. By (3.20) and (3.8)-(3.12), we have Fj = BFj, j = 1,2. Let us expand
F;(¢;s) as ¢ — +i as

Fy(Gis) = F{(s) (1 + V()¢ F 1) + O(C ¥1)?). (3.62)
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Substituting this into Fj ¢ = BFj, we obtain by (3.22),

F\” = (By£iB))F.”, (3.63)

,S

1 0\ 1 0 { o .
FO = (Fj( >) B P =~ (Bi(iis) Loy Fj(+i; 5)) - (3.64)

Here j = 1 corresponds to the upper symbol in + or F, and j = 2 to the lower one.
Also by (3.62), we have F]-_l(:lzi)F’]-7¢(:|:i) = Fj(l), which shows that

B1 + B2
2

_ . . 7
o (Fj l(iZ)Fj,c(iz))m =1+

) (3.65)

by Proposition 3.1. Integrating, we obtain (3.60)-(3.61). 0

Remark 3.3 To find the explicit expressions for the constants c1, co, one can use either
the large s or the small s asymptotic solution of the W-RH problem presented in the
following sections. In this way, we obtain

cl = —Cy = %(,@1 + ,82)2. (3.66)

3.4 Solvability of the RH problem for a;, € R, ;2 € iR

From the general theory of the RH problems related to the Painlevé equations, it
follows that the RH problem for ¥((;s), s # 0, is solvable except for certain isolated
values of s. At those values, o(s) can have a pole. It will follow from our asymptotic
analysis below that the RH problem for ¥ is solvable for sufficiently large |s|, s in a
neighborhood of —iR™, and therefore, there are at most a finite number of values for s
in a neighborhood of —iR™ where the RH problem is not solvable.

If oy, 09 > —1/2 are real and (31, 2 are purely imaginary, we can prove that there
are no poles on —iR™ and that the RH problem for ¥ is solvable for all s € —iR™. For
this, we use the technique of a so-called vanishing lemma, which consists of proving that
the homogeneous version of the RH problem for ¥ has only the trivial zero solution.
By [39] and [14, 16, 17], such a vanishing lemma is equivalent to the existence of a
solution to the original, non-homogeneous, form of the RH problem.

Lemma 3.4 (Vanishing lemma) Let s € —iR™, i31,i82 € R and ai,as > —1/2,
and suppose that W satisfies the conditions (a), (b), and (d) of the RH problem for ¥
in Section 3, with condition (c) replaced by the homogeneous asymptotic condition

To(0)e 198 =0y, as ¢ — . (3.67)

Then ¥y = 0.
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Proof. Suppose that U satisfies the above homogeneous RH conditions. Let

N() = ‘PO(C)JflJﬁ_le%CUS, in region II, Re¢ > 0,

N(C) = Wo(C) Joe 773, in region II, Re¢ < 0,

N(¢) = \I’O(C)J?,G%CJB, in region IV, Re ¢ < 0,
N(¢) = ‘PO(C)JZIJw%C@, in region IV, Re ¢ > 0,
N(¢) = ‘PO(C)JW‘%CUS, in region V,

N(¢) = ‘PO(C)Jﬁ_le%CUS, in region I,

N(¢) = \I’O(C)e%c(m, in regions IIT and VI.

Then N satisfies the following RH problem

RH problem for N
(a) N is analytic in C\ iR.

(b) On iR, N satisfies the jump conditions

NL(C) = N_(C)e— 5608 Jp¢56os, ¢ € (—i,i), (3.68)
Ni(Q) = N-(Q)e™ 1478 g5 Ty Jpe 5 €, ¢ € (—ico, —i), (3.69)
N (¢) = N—(()E_%CmJﬁJlJze%CUB, ¢ € (+1, +i00). (3.70)

(c) For a fixed s € —iR™,

N({) =0,  as(— oo (3.71)

Set

H(¢) = N(QN*(=0). (3.72)

From the asymptotics for N, it follows that H(() = O(¢™2) as ( — co. H is analytic
in the left half plane Re( < 0, and it has singularities at +i. Because of (3.8) and
(3.12), it follows that the singularities are weak enough for H to be integrable along
the imaginary line, as a1, a3 > —1/2. Using Cauchy’s theorem, we then have

+i00
/_' H,(¢)d¢ = 0. (3.73)

Because of the jump conditions for IV, this implies that
—i

N_(¢O)e™ 1673 SV Tz 1€ N* ()¢ + [ N_(C)e™ 1678 Jre 1603 N* ()¢

—100 —1

+100 s s
+/ N_(C)e 748 Jo Ty Joe 178 N* (()dC = 0. (3.74)
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Summing up this expression with its Hermitian conjugate and using the form of the
jump matrices Jj,, we obtain for s € —iR™, for real o, ag, and purely imaginary 1, 32,

- 0 0 . ’ 0 0 re
N0 () gt ) V210 + [ 800 (3 §) M0

—100 -t

+ /i+i°° N_(¢) <8 262?n51> N*(¢)d¢ = 0. (3.75)

As (12 € iR, it follows that the second column of N_ is identically zero on iR. From
the jump conditions (3.68)—(3.70), it then follows that the first column of Ny is zero
on iR as well. From the identity theorem, it follows that N;»(¢) = 0 for Re{ > 0, and
N;1(¢) =0 for Re¢ < 0. Let us now define

Nio(¢), for Re( <0,
9O =17 © (3.76)
le(C), for Re¢ > 0.
Then, g; is analytic in C\ i{R. On iR, g has the following jump relations:
e_zﬂiO‘Qe_%C, ¢ € (—ioo, —i),
i ls| CoL
95 +(C) = gj,—(¢) x { e¥rivie= 3¢, ¢ € (+i, +ic0), (3.77)

e_%c, ¢ € (—1,1).

Now we write g; for the analytic continuation of g; from the left half plane to C\ {( :
Re(>0,-1<Im¢ <1},

9;(€)s Re( <0,
50 = { gj(Q)eme=5¢ Re¢>0,Im¢ > 1, (3.78)
gj(g)e_%’me_‘iz‘g, Re(>0,Im(¢ < —1.

Set
hi(¢) = Gi(—(C +2)*?), (3.79)

where we choose (¢ 4 2)%/2 with the branch cut on (—oc, —2] and corresponding to
arguments between —m and 7. It is easy to verify that h; is analytic and bounded for

Re({ > 0, and that h;(¢) = 0(6_%‘4‘) for ( — +ioco. By Carlson’s theorem (see, e.g.,
[34]), this implies that h; = 0 if |s| > 0. It follows that g; = 0 and consequently N = 0
and ¥y = 0, which proves the lemma. O

4 Auxiliary RH problem

We assume in this section that « £ 8 # —1,—2,..., and Rea > —1/2. In [5, Section
4.2.1], see also [23, 7, 32], a function M = M5 was constructed explicitly in terms
of the confluent hypergeometric function, which solves the following RH problem.

RH problem for M

(a) M:C\ <ei%RUR+) — C?*2 is analytic,
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eﬂ'i(a_ﬁ)
1 1

eQTriﬁUg

_ewi(a5)>
1 5

Figure 2: The jump contour and jump matrices for M.

(b) M has continuous boundary values on et TRURY \ {0} related by the conditions:

1 67”;(0‘_5) i
Mi(N\)=M_()\) <O ! > , as A € e1 RT, (4.1)
M,y (\) = M_(\ ! 0 A€ TR 4.2
"r( )_ —( ) _e—ﬂi(a—ﬁ) 1/’ asAced ) ( : )
My(\) = M_(\ L 0 A€ e TRY 4
+( )_ —( ) em’(a—ﬁ) 1/ as Ace ) ( 3)
_ _7ri( _B) i
Mo(\) = M_(\) <(1) ¢ . > : as A € e T RY, (4.4)
My (X) = M_(\)e¥rihos, as A € R, (4.5)

where all the rays of the jump contour are oriented away from the origin, see
Figure 2.

(¢) Furthermore, in all sectors,
M) = (T+MA " +ON ) A P7e7308 a5 X = oo, (4.6)

where 0 < arg A < 2w, and

2 02 _—2mip(1+a—p)
_ (@B a”—f € T(a+B)
My = M, = < g T(1+ats . (4.7)
o2 %(a_ﬁ)) —a2—|—52

The function M was used in [5] to construct the global parametrix for an analogue of
the W-RH problem for small values of a parameter in the problem. In the present paper,
we will make use of M twice: in the construction of the local parametrices at +i in
the study of the large |s| asymptotics, and in the construction of the global parametrix
for the small |s| asymptotics. In the latter case, we will need, in addition to the RH
conditions, more precise information on the local behavior of M at zero in the region
between the lines e R+ and ¢’ R*, which we call region 3. Write M = M®) in this
region. It is known (see ([5, Section 4.2.1]) that M) can be written in the form

MO \) = L)X Gy,  20#£0,1,..., a+tf#-1,-2,..., (4.8)
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with the branch of A*® chosen with 0 < arg A\ < 27. Here

—im(a I'(l14+a—p
L(\) = M2 e | ( +5)ng(a + 8,1+ 20, \)
—e A LD o1+ a + B, 1+ 20, 4)

T'(1+2a)
i7r a— I'(2a)
(@=8) 2 s o(—a + 8,1 —2a,\) > (19)

z7r(oe+5) I(‘( ))90(1 —04-1—5, - 2a, )\)

is an entire function, with

o0

a(a (a+n—1)z2"
o(a,c;z _1+Zc c+n_1) — o e#0, 1,2, (4.10)

and ég is the constant matrix

~ (1 g - __sinw(oH—B)

Gi=(y §).  T=dles - - ER (111)
If 2« is an integer, we have

MP(\) = LA (é mg”) , (4.12)

(_1)2a+1 )
m(\) = ———sinw(a + 8) In(Ae™™), if 2a=0,1,..., (4.13)
i

where E()\) is analytic at zero, and the branch of the logarithm corresponds to the
argument of A between 0 and 2.

5 Asymptotics for ¥ as s -+ —i100

We will perform a series of transformations of the RH problem for ¥(¢) in order to
obtain a small norm RH problem for which we can derive asymptotics as s — —ioo.
The asymptotic solution will be built out of 3 parametrices: 2 local ones (at z; and z3)
given in terms of the function M of the previous section, and a global one at infinity
in terms of elementary functions. The asymptotic solution will be valid uniformly in (.

We assume in this section that s € —iR™, |s| is large, Re oy, Reag > —1/2, ap+8; #
—1,-2,..., k = 1,2, and that |[|5]|| < 1. The results of this section can be easily
extended to s in a neighborhood of —iR™T.

5.1 Normalization of the problem and opening of lens

Consider the contour shown in Figure 3, and set

V(¢ )e%c"?’, outside the region delimited by I'}, and I'7,
1 1 s
v e7%9in the right part of this region,
v =40 1 B & (5.1)
10 sl ¢, . . .
v ((Q) - e 1573 in the left part of this region.

Then we have the following RH problem for U:
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+1,

I

Figure 3: The jump contour for U.

RH problem for U
(a) U:C\ (US_ ;T UTLUTY) — C*>*? is analytic.

(b) U satisfies the jump conditions

UL(Q) = U_(Q)e™ T8 Jye 1675, (ETphk=1,....6,  (5.2)

(0 = Ut (1) D) e, Cers, (53

U (0) = U (¢)e5<on (é }) o, CeTr.  (5.4)
(c) We have

¢ ¢
where P(®)(¢) is defined in (3.7).

U(¢) = <1 + ki + P + 0(4—3)> P)(() as ¢ — 0o, (5.5)

The local behavior of U near +i can be deduced from the local behavior for ¥ (see the
condition (d) of the RH problem for ¥) and (5.1).

5.2 Global parametrix

As s — —ioo, the jump matrices for U tend to I exponentially fast on I'y, s, '3, 'y, T, T,
except in the vicinity of +i. Ignoring those parts of the contour, we are left with a
RH problem with jumps only on I's U I'g, which can be solved explicitly. It is indeed
casily verified that P(>)(¢) given by (3.7) (the choice of the branches of (¢ —4)~#173
and (¢ 4 1) 75298 is described following (3.7)) satisfies the same jump condition as U on
I's UTs. In addition, U(¢)P©)(¢)~" tends to I as ¢ — oo.
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5.3 Local parametrices

Let Uy and Us be fixed nonintersecting open discs centered at ¢ and —i, respectively.

5.3.1 Construction of a local parametrix near 1

Set
]Tj(/\) — plenf) ()\)e—%i(m—ﬁﬂos, (5.6)

in terms of the solution of the auxiliary RH-problem of Section 4 with parameters
a = aq, B = B, and let P; be of the form

P©) = B (Bc-0) e, cew (5.7

If F1 is an analytic function in Uj, one verifies directly that P; satisfies the same jump
conditions as U in U;, and the singularity of U(¢)P; L(¢) at i is removable. Moreover,
as s — —ioo, we have by (4.6), (5.6), and (5.7) that

ils B20o3 .
PUOPEQ) " = B(O(I+O(s| e 57 (U) 5 @B (¢ 4 j)os (5.8)

2
for ¢ € OU;. Set

H —B2os -
Ei(¢) = (C+ Z‘)—Bzcrs <7> e~ 1 O3¢5 (a1—P1)os (5.9)

This function is analytic in U;, and by (4.6)—(4.7),

roreo = ()7 (1 2o vous) (),

s — —ioo, ¢ € oy, (5.10)

with
1 N\ —Boos — sl
QI(C):—C_Z'(CJ”) 2030~ "1 03
2 _ 92 _ im(a1—381) F'(1+a1—pB1) _
ai — B € T(a1+p1) el gy N\ B
X , o e T 3(¢C+1)?%. (5.11)
R e P

5.3.2 Construction of a local parametrix near —:

Similarly, we set

]/\4\(/\) — ]\4(012,ﬁ2)(/\)e7r7i(042—ﬁ2)037 (5.12)
and
P6) = O (e +0)) e, cetn (5.13
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If E5 is analytic in Us, then it is straightforward to verify that P, has the same jump
conditions as U has near —i, and the singularity of U(¢)P; ! (¢) at i is removable. Set

5|\ P17 sl mi
Ey(¢) = (¢ — Z‘)—Blcrs <?> e T 03— 5 (a2—P2)03 (5.14)

We have that

ror=io = ()77 (14 Zawo vous ) ()™, (
s —ico, ¢ €Uy, (5.15)

with
Qa(C) = 1 ¢ — Z')—ﬁlcrge%f‘crs
C+1i
2 92 _—im(ca+B2) T(1+a2—PB2) i
x <i7r(a +O;2)1“(15—|2ra2+62) ) s )e‘T”S(C—z’)Bl"S. (5.16)
€ 2Tz T(az—52) _O‘2+52

5.4 Solution of the RH problem and the asymptotics of o(s) for large
s

Using the global parametrix P(>) and the local parametrices P; and Py, we define a
function R as follows:

B vQp(Q)™, (e,
R(Q) = (U™,  (E€lb, (5.17)
UQOPNO)™, ¢eC\ (hulh).

Next, define R by the expression:

s, Cbuesa,
R(C)=<§> 2 ﬁ(é)(%) S (5.18)

Then R has no jumps inside U; and Uo, ani Ris analytic in C \ I'g, where I'g =
O UOU U[(T1 UTo UT3 Uy UTLUTY) \ (U Ull)]. Except on 9l U OUs, R has
exponentially small jumps in s on the contour as |s| — oco. We choose the clockwise
orientation for olU; and OUs. We have the following:

RH problem for R
(a) R:C\Tp — C?*?is analytic.

(b) R satisfies the jump conditions

Ri(Q)=R_(Q)I+0(e ),  ¢el\ (0 Udly), (5.19)
R.(¢) = R_(O(I + %Al«;; 9 +o(s Ay cean,  (5.20)
R.(¢) = R_(O(I + ,%,Az«;; 9 +0(s Y Ceoy,  (.21)
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where

mco=m0-(5) 7 Tao () T (5.2
By, NE
mc=m@=(5) 7 a0 () T (5:23)
(¢c) As ¢ — oo, we have
R()=1+0(¢1). (5.24)

If |||5]]] < 1, ﬁA]—(C) = O(|s|~ 1Bl = o(1), all the jumps are close to the identity
matrix, and this is a small-norm RH problem. Following the general theory for small-
norm RH problems, we can conclude that the RH problem for R is solvable for |s|

sufficiently large, and that
R(¢) =1+ O(|s|~ 117/ (|¢] + 1)), (5.25)

uniformly for ( € C\I'r as s — —ico. Formula (5.25) is sufficient to obtain the
leading (linear) term in the large-s expansion of the Painlevé solution o using (3.23)
and (3.51). However, for our analysis of the determinant D,,(f;), we need to compute
the asymptotics of o(s) up to the terms decreasing with s. This requires a more
detailed analysis, because the standard expansion of R contains terms with powers of
]s]‘“’mﬁ Il and to obtain o, we would need to multiply these series by s, thus obtaining
the asymptotic expansion of o(s) with terms of order |s|_k+1+k|”5m, k=1,2.... So
the closer |||8]|] is to 1, the more terms in this expansion we would have to compute
before we encounter the terms decreasing with s.

For definiteness, let us assume Re (81 — B2) > 0. The case Re (81 — f2) < 0 can be
treated similarly. Following [8], where a similar situation arose, we proceed as follows.
We have

2
sl

2
5]

As(C38) = ha(Cs)o— + O(|s| 1),
(5.26)

A1(C55) = hi(Cs8)or + O(Is| ),

as s — —i00, Where

(0D, (0 0). o)

and
1 o, _@ ﬁ —14+B1— P2 m(al—351)r(1+0‘1_51)
(5.28)
o L e g il ﬂ>_1+61_ﬁ2 in(as+ps) L (L + a2 + B2)
ha(¢;s) = C+z’(C 1) 7te <2 e -5 (5.29)
Write R in the form
R(¢) = R(O)X(0), (5.30)

where X is a solution to the following RH problem, which is the RH problem for R,
but all the jump matrix elements of order less than the highest in |s|, except 1 on the
diagonal, are set to zero.
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RH problem for X
(a) X :C\ (0U; UdUy) — C?*2 is analytic.
(b) X satisfies the jump conditions

X4 (Q) = X-(QU +m(Qoy), ¢ €ah, (5.31)
Xo(O) = X_(QU+h(Qo), ¢ €y, (5.32)
(¢) As ¢ — oo, we have

X)) =T+0(™). (5.33)

This RH problem can be solved explicitly as follows. We look for the solution X in the
form

1 1 —

X(<)=I+C_Z.W1+<+Z.W2, CeC\ (U Uly), (5.34)
X(Q) = <I+ CiiW1 + C_lH.W2> (I = h1(C)oy), CelUr, (5.35)
X(Q) = (1+ Z5Wit =) (- ha()o) Ceth, (530

where the 2 x 2 constant in ( matrices W7 and W5 will now be determined. By the
analyticity of X at =i, the singular terms on the right hand side of (5.35) and (5.36)
must vanish. The vanishing of the term with (¢ —4)~2 in U and with (¢ + )72 in Uy
gives

Wi =Wio1 =0, (5.37
Wa12 = Wa 2 = 0. (5.38)
Similarly, the vanishing of the terms with (¢ F4)~! gives
~ W-
Wi12 = ha (i) <1 + %) : (5.39)
1~ .
Wi = 2_ih1(Z)W2’21’ (5.40)
~ %
Wa 21 = ha(—1) (1 — %) , (5.41)
1~ .
Wai1 = —EIM(—Z)WLH, (5.42)
where
h(Q) = (C=DM(Q),  ha(¢) = (C+)ha(C). (5.43)
This system of equations is solved explicitly, in particular,
- (s)
Wai1 = -2 ; 5.44
i THA(s) (5.44)
1~  ~ L
’Y(S) — _Zhl (Z)hQ(—Z) — ’3’2(_1+61_62) e—Z‘S|eZ7T(Oll+O!2) (545)
I'(1 — I'(1
(1+ a1 — p1)I( +a2+62)‘ (5.46)

(o + B1) (o — B2)
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Let us now derive the RH conditions for R, defined in (5.30). Using the jump
conditions for R and X, the form (5.34) of X (z), and the fact that o is nilpotent, we
obtain

Ry=R.X7'=R_ <I +hi(Q)oy + ,;2,&1(0 + 0<|s|‘2+'”5>> X

=R_ (1 + 3&(@“) + 0(|s|—2+ﬁ|”)> . (5.47)

sl
on OUy, where

2 ~ 2
ZA() = 2
O =

and similarly on 0ls, with hsy instead of h; and Eg instead of 81, where

A1(¢) = hi(Q)o+, (5.48)

2

2 Ro(0) = [182(0) ~ ha(CJo (5.49)

5]

Thus, we have the following RH problem for R:

RH problem for R
(a) R:C\Ty is analytic.
(b) R satisfies the jump conditions

2
5]

Ro(0) = B_(Q (1+ ﬁj<<>+0<|s|—2+"'ﬁ>>, s —ico,  (5.50)

for ¢ € oU;, j =1,2.
(¢) As ¢ — oo, we have

R =T+R (T +0(C72). (5.51)

This is a small-norm RH problem, and as before, we can conclude that it is solvable
for |s| sufficiently large, and since A;/|s| = O(]s| 1),

~ 1
R()=1+0———— 5.52
© =1+ (5res) (%52
uniformly for ¢ € C\ T'g as |s| — co. More precisely,
5 L v~ [ A .
g i, 2418l ,
RO =1+ ;/@uj F2 e+ O(1s I (1) + 1), (55)

and Ry in (5.51) is given by

Ry = 2 (Res(ﬁl; i) + Res(Ay; —z')) + O(|s|2F Al (5.54)

5]
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By inverting the transformation U — R and using (5.30), we obtain

B1+B2 . B1+B2

U(C):<§>_ 2 UJ@(C)X(O <’i2’> 2 ng(“)(o, ¢ € C\ (U Uly). (5.55)

Substituting the explicit formula (5.34) for X and the asymptotic expansion (5.51), we
obtain

U(c)= @)_M (I ¥ % ¥ 0(4—2>> (142 o)

B1+82
|s|

X<7> 2 USP("‘”(C), (eC\ (U Ulh), (556)

as ¢ — oo. Comparing this with (5.5), we conclude that

_Bi1t6a B1+82

_ (sl TS ERNEE
xyl_(? <R1+W1+W2) = , (5.57)

and therefore by (5.37), (5.45), and (5.54),

2
5]

_ _ X o) 2 ) 2418l
a(s) = W11 = = (Res(B11131) + Res(Boni =) 45 1 oS ), (5.58)
as |s| = oo. By (5.48)—-(5.49), (5.22)—(5.23), we obtain

2 2
q(s) = o] (ai 403 — 87 — 53) + =1 z(jzs) + O(|s|7 2Bl (5.59)
By (3.51), we find
B2 — P
2

a(s) =

s—%<51_52>2+811(§23> +O(s[ 7P, s = —ioo. (5.60)

Recall that y(s) is given by (5.46), and thus 8% is of order |s| =218l This proves

(1.21) if Re (81 — B2) > 0. The case Re (81 — B2) < 0 can be studied similarly.

6 Asymptotics for ¥ as s -+ —i0

In this section we will construct an asymptotic solution for ¥({) as s — —i0; out of
2 parametrices: the local one (at ¢ = 0) will be given in terms of the hypergeometric
function, and the global one at infinity, in terms of the confluent hypergeometric func-
tion. The asymptotic solution will be valid uniformly in (. The results of this section
can be easily extended to s in a neighborhood of —iR™.

We assume here that Reaj,Reag,Re (a1 + ag) > —1/2, ap £ B # —1,-2,...,
E=1,2, (a1 +az) £ (B1+ P2) #—1,-2,....
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~ 1 0 ~ 1 ermiloataz—p1—p2)
Jo = (_eﬂi(a1+a26162) 1) Ji = (0 1

II
I
> j5 — 2mi(B1+B2)o3
0
~ 0 e—iﬂ'(al—ﬂl—az—ﬂz)
III Jo = (_eiw(a151a2ﬁ2) o—2mifs

~ 1 0 v ~ N e—Ti(a1toz—B1—p2)
J3 = _emilartaz—B1—B2) | Ja = 0 1

Figure 4: The jump contour and jump matrices for 0.

6.1 Modified RH-problem
It is convenient to consider the following transformation of W: let
2
Js|

~

T(N) = e~ 13— 5 (1 —Pr—az2+B2)03 < A+ Z) 03 (@1=f1—az+B2)03 ,—2mif203 (6.1)

for ReA > 0, —|s| < Im A < 0, and
T(\) = e~ 193¢~ 5 (1 —Pr—aatfa)osy <%>\ + z> ¢'s (c1=Pr—axtB2)os (6.2)
s
elsewhere. Recall that s € —iR™, and note that the interval of the imaginary axis [i, —1]
in the ( = %)\ + i-variable is mapped onto [0, s] in the A-variable. The function ¥ has

jumps for A on e TRT, e F R, (s,0), s+e FR* and s+e TRT. The 4 semi-infinite
jump rays can be deformed freely by analytic continuation of the RH solution ¥ from
one region to another, as long as they do not intersect and as long as they tend to
infinity in a sufficiently narrow sector containing the original ray. It is convenient to

deform the lines s + e~ *FR* and s + e~ TR* in such a way that they coincide with
e~ *FR* and e_%R*', except in a fixed neighborhood Uy of 0. We choose Uy so that it
contains the interval [0, s], and a jump contour as indicated in Figure 4.
Then W satisfies the following RH conditions.

RH problem for v

(a) U:C\T — C2*2 is analytic; I is the contour depicted in Figure 4.

(b) U satisfies the jump conditions

Uy (\)=T_(\Je,  AeTy, (6.3)

where jk, k=1,...,6 are the matrices given in Figure 4, and fk are the corre-
sponding parts of the contour.
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(¢) As A — oo, we have in all regions:
U \Ijl —(B1+B2)03 ACfs
U\ =T+ ~ +ONH | A e 2 (6.4)

where 0 < arg A < 27 and

(171 — % <e—%(01—51—a2+52)036—203\I,leiaae%(al—ﬁl—aﬁﬁz)ag _ 22'520’3) . (6.5)

6.2 Global parametrix

We note that ¥ defined in (6.1)—(6.2) has the same condition at infinity and the same
jumps in C \ Uy as the auxiliary function M (@B) of Section 4 with parameters a =
a1+az, B = B1+B. The function M(\) = M(@1+e281+82) (\) will serve as a parametrix
for ¥ in C\ U.

6.3 Local parametrix

We look for a function Py satisfying the following conditions

RH problem for F,
(a) Po:Uo \f — C?*? is analytic,
(b) Py satisfies the same jump conditions as U for A\ € Uy N I‘
(c) for A € Uy, Py(A\) = M(N) (I +0(1)) as s — —i04,
)

(d) U(A)Py(A) ! is analytic at 0 and s.
Since (I\’()\) has 2 singular points inside U, it makes sense to try to construct Py in
terms of the hypergeometric functions, similarly to [5].

Recall that for ¢ # 0, —1, -2, ..., the hypergeometric function is represented by the
standard series

9

o0
1)--- —1Dbb+1)---(b —-1)z"
e =14 300D atn Db+ o=y
—~ cle+1)---(c+n—1) n!
converging in the disk |z| < r < 1 of any radius r < 1, and is extended to an analytic
function in the plane with the cut [1,+00). We choose the argument of z between 0
and 27. The hypergeometric function we need here is the following;:

F(ns) EF<1,1+2a1,2+2(a1 +a2),;>. (6.6)
This function of A is thus defined on the plane with the cut on the interval of the
imaginary axis [0, s] = [0,e~""/2|s|]. (The jump of F()\) on [0, s] can be obtained using
the transformation of the hypergeometric function between the arguments z and 1/z.)

We now let

1 |s|it2(aa+a2) P(1 4+ 20 )1(1 + 2
J(A;s):__ISI (14 2a1)I'(1 + 2a2)

T ) T(2+2(a; + a2)) Fl%s). (6.7)
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By a standard integral representation of the hypergeometric function, J(A;s) can also
be written as follows:

0 g2l — s
J(N; = d¢. 6.8
(ns) = = [ e (63)
This representation implies that on the cut [0, s] oriented upwards,
JN)e =T\ + 202N — 5?2, X e(0,s). (6.9)

We are now ready to construct the parametrix Fy. First, consider the case where
2(aq + az) ¢ NU{0}. Then set

Pé3)()\) _ L(/\) <(1) COJ(l)\; 3)> /\01103()\ _ S)agage2m'oqagé3, = Z/[O, (610)

with the cut of A*! along the line fg, the cut of (A — s)*2 along the line fg, and their
arguments Ja; on iR™ (i.e., with the same choice of branches in Uy as for (¢ —4)** in
(3.8), and (¢ +i)*2 in (3.12)). Here L is given by (4.9), the matrix G5 by (4.11) with
a=a;+a, B =P+ B2, and

co = lezﬂ(aﬁaﬂ [eiﬂ(al‘az)smﬂ(o‘l +ag + B1 + B2)

2 sin 27 (g + a2)

+e—i7r(a1—oe2)8inﬂ—(‘al + o — ’81 _ /82) — ein(ﬁ1—52) . (6'11)
sin 27w (o + a2)

With PO(B)()\) given by (6.10) set

B(A) = P(g3)(A)7 in region III,
I, in region II,
G 03 (3, 7 I, in region I, (6.12)
Py(\) = Pé?’)()\)Ggle_zmo‘l"?’GgJQ_l /\1_1 . Tn reg%on
Jl J5 ) in region V,

,71_1%_1@, in region IV.
We then have the following.

Proposition 6.1 Let 2(o; + a2) ¢ NU{0}. Then the function (6.12) solves the RH
problem for Py.

Proof. Condition (a) of the RH problem for P is satisfied by construction, as well as
the jump relations on Fl, F4, F5 The jump condition on Fg follows from the definition
of Py in regions II and III, and from the fact that Pé ) has a jump on Fg because of
the branch cut of A*193: for A\ € fg,

-1 . ~ ~
Py ) P (V) = Jo (Gle2mimm Gy Gyte 2 Gy = .

On fg, we have after a similar calculation using (6.10), taking into account the branch
cut of (A — s)*278, and using the value of g(ag + ag, 81 + f2) in (4.11),

Po (W) Py (V) = Ty s i oGy e s Gy P (0 TR ()

— j':l—lj‘\sj‘;j‘;égleQﬂ'i(al—l—az)o’gég — j‘g
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On the interval T's = [s,0], by (6.10), (6.8), and (6.11), we obtain

Po- (N Ry (V) = Js 1 Gy e Gy PP ()7 R ()
0 eTi(artaz+p1+p52)

i
= (_e—m(a1+a2+61+52) o—2mi(B1+52) >G3 e MGy

1 2606—7ri(3a1+a2)
0 1

In fact, it is the requirement that here Py _(\)"1Py +(\) = Je which fixes the value
(6.11) of co.

Now we prove the matching condition Py(A)M (A)~! = I + O(|s|) on the boundary
(0Up) Nregion I1T as s — —i04. Here we use (4.8) with o = a1 + g, 8 = 1 + Po.
The branch of A*1722 = A1} in (4.8) was chosen with arguments between 0 and
2. On the other hand, the branch of A* = A%' in (6.10) was chosen with arguments
between —5m/4 and 37 /4. Therefore A§} = A3'e?™1 for ) in region III. Taking this
into account, we obtain

)

= Js.

1 cod(N;s)

POA)M\)™t =L\ <0 )

> AT\ — 5)*2 7 L(N) 7!

for A € (OUy) N region I1I. Here we can (and do) choose the branch of \™%2 with
arguments between —m/2 and —57/2, and that of (A — s)*? with arguments between
—7/2 and 37/2. Note that this expression can be extended to the whole plane as an

analytic function outside the cut [0,s]. As s — —i01, we obtain uniformly on the
boundary 0lUy:

PAMN) ™ = T+A (V) +0(|s)+0(|s|PTHerta2)y = T4 0(1), X e dldy, (6.13)

where

Ar(N) = a2 L)L) !

_ C_O‘S‘1+2(a1+a2)r(1 +2a1)0(1 + 209
A I'(2+2(a1 + az))

L)) (8 (1)> L)Y (6.14)

Here we used (6.8) and the connection between Beta and Gamma functions. Alterna-
tively, we can use (6.7). R

Finally, we need to prove condition (d) of the RH problem. Since ¥ and Py have the
same jump relations, the possible singularities of W(\)Py(A\)~! at 0 and s are isolated,
and it is easily verified by the construction of Py and the behavior of ¥ at 0 and s
that the singularities cannot be essential. Therefore, to conclude that the singularities
are removable, it suffices to check that W(\)Py(A)~! is o(|]A|7!) as A — 0 in region
ITI, and that it is o(|A — s|71) as A — s in region III. Let us consider the behavior of
U(AN)Py(A)~! as A — 0 in region III. From the conditions (3.8), (3.15), we obtain as
A — 0 in region III:

() =F (A)A*13 (1 ((N)e—imlor—Fi—azt /32>> |

0 ! (6.15)

2 @103
ﬁl()\) :e—iage—i%(a1—51—a2+52)03F1 <W)\ —l—i> eig(a1—61—a2+52)03 (W) :
S s
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where ¢ = g, with g given by (3.9) for 2a; # 0,1,...; and £ = g In(2)\/|s|), with g
given by (3.16) for 204 =0,1,....

Multiplying (6.15) on the right by Py(A)~! and substituting (6.10), we obtain after
a straightforward analysis of (6.8) that

(I\’(/\)PO(/\)_l _ F\l()\) (1 O(|)‘|2a1) + O(|1n)‘|) + 0(1) > L()\)_l,

0 h (6.16)

as A — 0 in region III. Since 131 and L are analytic at 0 and Rea; > —1/2, this implies
that W(A)Py(\)~! is analytic at 0. In a similar way we obtain

~ ~ 20
\I’(/\)Po(/\)_l — F2(>\) ((1) O(|>\| 2) + (9£|ln>\|) + 0(1) > L()\)_l, (6.17)
as A — s in region IIL. Hence ¥(A)Py(A)~! is analytic at s.
O

Remark 6.2 The representation (6.7) allows us to obtain the full expansion of Py(\)
near its singularities without much effort (cf. [5]). The exact cancellation of singular
parts of Py(\) and W()) at 0, s, in the expression W(\)Py(\)~! gives an alternative
way to fix the value (6.11) of the constant ¢g. Consider, for example, the case of A near
0 and 2a7 # 0,1,2.... Then we can use the following standard transformation of the
hypergeometric function:

B ™ ['(2+2(c1 + ag))
sin 2oy T'(1 + 209)T'(1 4 2a2)

, 1420 1) 22
x (emz 1) ! <1 - —> (6.18)

z

F(1,1+ 20,2+ 2(a1 + a2),2) =

142 :
A2 ) i ip 90y + a9),1 — 201,1/2),
20[1
to write J(A;s) in the form
ei7r(3a1—a2)
N (X —5)? 6.19
1sin 2mon ( s, ( )
A
Fl1,-2(a; +a2),1 —2a1,— |,
s

(6.20)

T 8) = Tsing(N) + Jan(A), - Jsing(N) =
1

I‘(2a1)F(1 + 20[2)
n )\ - _ 2(a1+a2)
an(A) = =18l T(1 + 2(c1 + a9))

with the branch of A*! corresponding to the arguments between —7/2 and —57/2, and
the branch of (A — $)*2, to the arguments between 37/2 and —7n/2. Since Jun(N) is
analytic at A = 0, this representation shows the form of the singularity of J(\) at zero.
Note that in region III, the branches in (6.19) coincide with those in (6.10). We now
write Py as A\ — 0 in region III in the form

Py(X) = L(\) <(1) COJaln(/\)> (A — 529 <(1) conmg(/\)(l)\ _ s)—2a2>

w \Q103 2mia103 ((1) g(al + a217 B +/82)> , (6.21)

where g(«, §) is given by (4.11).
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_ Comparing this expression with (6.15), we see that the condition of analyticity of
U(A\)Py(A)~! at zero is the condition of vanishing of the term with A2%t in W(\)Py(\) 71,
which is

ge Moz t) _ Glay + ag, b1 + B2)
e—iw(al—l—ag)

_ COJsmg()\)()‘ _ S)—20¢2)\—2a1e—47ri0¢1 =c m

Solving this condition for ¢g, we again obtain (6.11).

We now construct the parametrix in the remaining case 2(a; +a3) € NU{0}. (Note,
in particular, that the constant ¢y in (6.11) is not defined in this case.) Set

=L a1 O — s In ]
TOus) = 55T = = / — e, (6.22)

and then set

ﬁég)(/\) _ E()\) <1 erJ(A\;s) + €2J()\§3)> )\a103(/\_s)a203627fi04103 <1 m()\)> , (6.23)

0 1 0 1
where
e = %e_i“(a1+az) sinm(ay + az + B1 + B2) sin 2may, (6.24)
€2 = % <i7TC1 + eim(FRaatith) _ (_1)2(a1+a2)ei7r(51—52)> ’ (6.25)

the matrix L and m()) are as in (4.12) and (4.13), respectively, with a = a; + g,

B =1+ Po.
With Pég)()\) given by (6.23) set

Py(\) = ]Ség)()\), in region III,
_ p® 1 _m()‘) —2mia o3 1 m()‘) -1
PO =P (o )6 L g
j{l, in region II, (6.26)
" j2—1j1—17 in region I,
(—1)2(0‘1+a2)@_1, in region IV,

(—1)2(0‘1+a2)%_1,j:1_1, in region V.

Then the jump conditions hold (the jump condition on I'g fixes the values (6.24), (6.25)
of the constants ¢; and ¢z). One verifies conditions (c¢) and (d) in a similar way as above.
In particular, we obtain

PoAMN) T =1+0(sn|s|)), A€y,  s— —i04. (6.27)
Thus, we have

Proposition 6.3 Let 2(a; + ag) € NU{0}. Then the function (6.26) solves the RH
problem for Py.
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6.4 Solution of the RH problem and the asymptotics of o(s) for small
s

We define as usual

3 -1
UML), AeC\U.

We then have that H is analytic in C \ dUy with the jump (see (6.13), (6.27))
Py(AN)M~Y(X\) = 1+ o(1) uniformly for A € Uy as s — —i0.. As X — oo, we have
H(\) = I+ O(\7!) for any fixed s. Therefore, this RH problem for H is a small-
norm problem solvable in the standard way by a Neumann series. Consider the case
2(aq + az) ¢ NU{0}. We have

H(\) =1+ HY )+ O(|s]?) + O(|s|FFHataz)y, (6.29)
1 Aq(p)

H(l))\:—,/ D du, 6.30

(\) 27 Jogse = A H (6.30)

uniformly in C\ 0y as s — —i0, where A; is given by (6.14). Here 0l is oriented
clockwise.

From the asymptotics for H, we can obtain the asymptotics for (I\’(/\) as s — —i04,
and hence we can compute the asymptotics for the Painlevé function o(s) in this limit.
By (3.51) and (3.23), we need to compute W; 11(s), which is the coefficient of 1/X in
the large \ expansion (3.6) of W(\). First, we observe by (6.5) that

2

|S|{I;1’11 + 2i3. (6.31)

Ui =

To compute @1,11 for small |s|, we use the asymptotic solution of the T problem. We
have as A — oo,

BN = HOM() = <1 % + o(ﬂ)) (1 N % N (9()\—2)> A~ (Bt B2)as o~ Ao

(6.32)

where M; is given by (4.7) with o = ag + g, = 1 + B2, and where, by (6.29),

1
Hy=—5— | Ai(p)dp+ O(|s*) + O([s[ T4 F2)), (6.33)
T Ay

Comparing (6.4) and (6.32), we obtain
@1,11 = (Hy + Mi)11 = Hi11 + (a1 + a2)® — (B1 + Ba2). (6.34)

Computing the residue of A;j(u) at zero, we obtain by (6.33), (6.14), and (4.9) with
a=ai+ay, =P+ 0,

51+52S_C_0F(1+041+042+51+52)F(1+041+042—51—52)

a1 + ag 7T L1+ 2(a1 + a2))?

XF(l + 20(1)F(1 + 20[2)
F(Z + 2(0[1 + 012))

Hi1=an
(6.35)

e—27ri(a1+a2)’S’1+2(a1+a2) + O(‘SF) + O(‘S‘2+4(a1+a2)).

46



Therefore, by (6.34), (6.31), (3.23), and (3.51), we finally obtain the small s expansion
(1.19) of o(s). In the case where 2(a; + ) € NU {0}, the estimate (1.23) is obtained
similarly by (6.27).

Using the small s asymptotic expansion (6.29) for H and inverting the transforma-
tions (6.28) and (6.1), one obtains small s asymptotics for F and F» defined in (3.8),
(3.12), (3.15), and (3.17). These lead to a proof of (3.66).

7 Asymptotics of the orthogonal polynomials

We now use the model problem for ¥ of Section 3 to obtain asymptotics for the solution
of the Y-RH problem for the orthogonal polynomials of Section 2, for large n uniformly
in 0 <t <ty with a fixed sufficiently small t5. We assume that Rea;,Reag > —1/2,
apEtPr #—-1,-2,...,k=1,2, and that |||S]|| < 1. For the small s = 2int asymptotics,
we require furthermore that Re (a1 +a2) > —1/2 and (a1 +a9) £ (f1+62) # —1,-2,....
7.1 Normalization of the RH problem

Set

—nosg
T(2) = Y(2)z ,  for |z| > 1, (7.1)
Y(2), for |z| < 1.

Then, by the RH conditions for Y, we obtain (recall that z; = e, zy = !27—)):

RH problem for T
(a) T:C\ C — C?*? is analytic.

(b) T (2) = T (2) (Zon JZE’?) L forze O\ {z1,2).

(c) T(2) =I+0(1/z2) as z — 00.

(d) As z — zx, T(z) has the same singular behavior as Y (z), see Section 2.1.

7.2 Opening of lens

The function f;(z) admits the following factorization on the unit circle:

fle®) = Dy (DTN P), 0 £+, (7.2)
where Dy, D_ are the boundary values from the inside and the outside of the unit
circle, respectively, of the Szegé function D(z) = exp ﬁ fC %ds, which is analytic
inside and outside of C'. We have (see (4.9)—(4.10) in [7]):

o /. J 2 Z— Zk ak+6k
D(z) = ezo Jj= H (W) = Din’t(z), |Z| < 1, (73)
k=1
and
-1 STV L (2 2\ -1
D(z) ' = eV k]:[l . = Dours(2)™Y, |2/ > 1. (7.4)
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Figure 5: The contour Xg = 3;, UC U X,y¢.

The branch of (z— z;,)**P% in (7.3), (7.4) is fixed by the condition that arg(z—z;) = 27
on the line going from z; to the right parallel to the real axis, and the branch cut is
the line @ = ), from z = z, = €% to infinity. In (7.4) for any k, the branch cut of the
root 2% Pk is the line 6 = ), from z = 0 to infinity, and 65 < argz < 27 + 6.

By (7.2),

ft(ew) = Din,t(eig)pout,t(eig)_:l? (7.5)

and this function extends analytically to the complex plane with two branch cuts e®*R™
and e"”R*. Orienting the cuts away from zero, we obtain for the jumps of f;:

fry = fo_e2milei=b)) on z;(0,1),

frp = fr_e2milag+B;) on z;j(1,00).

We can factorize the jump matrix for 7' if |z| =1, t < arg z < 2w — ¢ as follows:

(5 )= (gt D) (it ™) (opor 3)- 9

We fix a lens-shaped region as shown in Figure 5, and define

T(z), outside the lens,
1 0
T(z) , in the part of the lens outside the unit circle,
S(z) = 2 f(2)7 1
1 0 ) . o
T(z . , in the part of the lens inside the unit circle.
—2"fi(2)

(7.7)

The following RH conditions for S can be verified directly.

RH problem for S
(a) S:C\ Xg — C?*2 is analytic.
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(b) Si(z) =5S_(2)Js(2), for z € Xg, where Jg is given by

1 0
) on Eouta
2 f(2)7t 1
0 . fi2) ., on the arc (e, (?m=1),
—ft(Z) 0
Ts2) = 10
) on Zin,
2" fi(2) 71 1>
2" fo(2) , on the arc (e!7=1) ¢it),
{ 0 =z

(c) S(z)=1+0(1/z) as z — 00.
(d) As z — z, k =1,2, and z in the region outside the lens, we have

O1) O1) + O(|z — z|2*) .
S(z) = <O(1) O(1) +0O(|z — 22‘2%)) ) if ay #0,

and

(o) O(ml-u) . .
S<Z>‘<O<1) ooln\z—zkr\))’ box=0

The behavior of S(z), z — 2, in the other sectors is obtained from these expres-

sions by application of the appropriate jump conditions.

Let us now fix a small complex neighborhood U of 1, for example a small disk such

that for ¢t < tg, the singularities e’ and e~%

n

are contained in Y. Noting that 2",

resp. z~ ", is exponentially decaying as n — oo for |z| < 1, resp. |z| > 1, one observes
by (7.8) that the jump matrix Jg(z) converges to the identity matrix as n — oo for

2 € (Zin UXou) \ U, uniformly in z and ¢ < tg.

7.3 Global parametrix

Define the function

0 1
Dint(2)73 ,  for |z] < 1,
N(z)={ ™ 10

Dout,t(2)7?, for |2] > 1.

It is straightforward to verify that N satisfies the following RH conditions:

RH problem for N
(a) N:C\ C — C?*2is analytic.

(b) Ny(2) = N_(2) (—ft(oz)—l ftéz)> L forze 0\ {etit),

(¢c) N(z)=1+0(1/2) as z — 00.
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7.4 0<t<w(n)/n. Local parametrix near 1

Let w(z) be a positive, smooth for large = function such that w(n) — oo, w(n) = o(n)
as n — oo. In order to obtain the asymptotic solution to the Y-RH problem with
“good” uniformity properties in 0 < ¢t < tg, we will have to construct different local
parametrices for the cases 0 <t < 1/n, 1/n <t <w(n)/n, and w(n)/n <t < ty. First,
we consider 0 < ¢t < 1/n and 1/n <t < w(n)/n. For general 5’s we have not excluded
the possibility that there is a finite set 2 of the points s = —2int away from zero where
the RH problem for ¥ is not solvable. In order to integrate the differential identity
for D, (f) later on, we will need uniform asymptotics for the polynomials in a complex
neighborhood of the interval 0 < t < w(n)/n away from Q. For simplicity of notation,
we consider only the case of real ¢, 0 <t < w(n)/n, in this section, assuming that this
interval is disjoint from Q. The extension to a neighborhood of 0 < t < w(n)/n with
small neighborhoods of the poles removed can be carried out easily by the reader.

For 0 <t <1/nand 1/n <t <w(n)/n, we will now construct a local parametrix in
U which satisfies the same jump conditions as S inside U, and which matches with the
global parametrix on the boundary of U for large n. More precisely, we will construct
P satisfying the following conditions.

RH problem for P
(a) P:U\ Xg — C**? is analytic.
(b) Pi(z) = P_(2)Js(2), for zeUNXg.
(¢) As n — oo, we have
P(z) = n~B1tB2)os (1 4 o(1))p1tB2)os N () for z € U, (7.10)
uniformly for 0 < t < ¢y, where
7 = min{n, \/n/t}. (7.11)

(d) As 2z — 2z, k=1,2, S(2)P(2)~! = 0(1).

7.4.1 Modified model RH problem

The RH problem for ¥ was convenient to prove solvability, to derive the Lax pair, and
to obtain the asymptotics for ¥ as s — —ioco and s = —i04. In order to construct the
local parametrix near 1 for the RH problem for the orthogonal polynomials, we use an
equivalent, but a more convenient form of the model RH problem for . Set

(¢), ~1<Im¢ <1,
D((;8) = @(¢) = W(Q)emln=Bos  Im(¢ > 1, (7.12)
U(C)e mio2=F2)os  Im (¢ < —1.
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emi(a1—p1)as > _ > emi(ai+p1)os
7
A
0 1
(53)
A
emilaz—p2)o3 > ! > emi(az+pB2)os

(%) t

Figure 6: The jump contour ¥ and the jump matrices for ®.

RH problem for ¢
(a) ®:C\ X — C?*2is analytic, with

R+

(7.13)

(7.14)
(7.15)
(7.16)
(7.17)

(7.18)

(7.19)

S = U, %, S =i+ eTRT, Sy =i+e R,
3
Y3 =1i—RT, Yy = —i—RT, V5= —ite 1
Se=—i+eiRT,  Y;=—i+RT, Sg =i+ RT,
Y9 = [—i,1].
(b) The jump conditions are:
q>+(<) = <I>_(§)Vk, for C € Eka
where

1 1 1 0
Vl_(o 1)’ V2_<—1 1)’
Vi = ewi(al—ﬁl)ag’ Vi = eﬂ'i(az—ﬁg)a’g’

1 0 1 1
‘/E’_<—1 1)’ Vﬁ_(o 1)’
V? — eﬁi(ag—l—ﬁg)O’g’ ‘/8 — eﬂi(al—l—ﬁl)O’g’

0 1
o= (%)

(c) As ¢ — oo, we have
v v = ls|
Q) = I+ 7+ 5 T 0PN Qe e,
where
1, —1<Im({<1

ﬁ(oo)(C) - P(OO)(C) % em’(a1—ﬁ1)03’ Im¢ > 1 7

e~mila2=F2)os ¢ < —1

with P(>) given by (3.7).
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® has singular behavior near +¢ which is inherited from W. The precise conditions
follow from (7.12), (3.8), (3.12), (3.15, and (3.17).

7.4.2 0<t<w(n)/n. Construction of a local parametrix near 1 in terms of
o

We search for P in the form
1
P(z) = E(z)@(z In z; —2int) W (z), (7.21)

which means, in particular, that we evaluate ®({;s), and thus ¥((;s), at ¢ = %lnz

and s = —i|s| = —2int. The singularities z = e** correspond to the values ¢ = +i. In
(7.21), E has to be an analytic matrix-valued function in ¢, and W is given by
n g3
—229 fi(2)" 2 03, for |z|] <1, 1
W(z) =4 a, ft(r;a 7 i o1 = (0 > . (7.22)
2298 fi1(2) 2 o7, for |z| > 1. 10

Choose Xg such that %ln(ES) C Y UiR in Y. Then one verifies, using the jump
conditions (7.13) for ® and the jump matrices (7.8) for S, that P satisfies the jump
relation P = P_Jg on U N Xg, and that P is meromorphic in U \ Xg with possible
singularities at 21, zo. By the condition (d) of the RH problem for S, (7.12), and the
condition (d) of the RH problem for ¥, the singularities of S(z)P(z)~! at 2; and 23 are
removable, so the condition (d) of the RH problem for P(z) is satisfied.

It remains to choose E in such a way that the matching condition (7.10) for z € oU
as n — oo holds, uniformly for 0 < ¢ < ty. Define

E(2) = 01 (Ding(2) Doure(2)) 727 13(°°>(% Inz)~L. (7.23)

It is straightforward to verify that E is analytic in ¢ (in particular, the branch cuts for
Din,t and Dyye ¢ cancel out with those of P(OO)).

Proposition 7.1 Let n = min{n, \/n/t}, and assume that |||B||| < 1. We have
P(z)N(z)" ! = ﬁ—(ﬁl—i—ﬁz)os(I+O(t(nt)—lﬂllﬁ\H))ﬁ(ﬁﬁ-ﬁz)c’s7 n— oo, z € U, (7.24)
uniformly for 0 <t < tg with ty sufficiently small and uniformly in z € OU.

Proof. Let us first consider the case where ¢y < nt < Cj, with some ¢y > 0 small
and some Cjy > 0 large. The constants ¢y, Cy will be fixed below. Then |% Inz| > dn
for z € OU, so s = —2int remains bounded and bounded away from zero, and by (7.21)
and (7.19), we have

P(2)N(2)™ ! = E(z)([—i—(?(n_l))ﬁ(oo)(% Inz)z"2%W(z)N(2)™', zedd, n— .
(7.25)

Recall that we assume that the problem for ¥ is solvable for ¢y < nt < Cjy. Therefore,
by general properties of Painlevé RH problems, the estimate for the error term here is
valid uniformly for all ¢y < nt < Cj. By (7.9) and (7.22), we obtain

ZTEBW(2)N(2) ™" = (Dins(2)Dours(2))2% 01, for z € AU. (7.26)
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Substituting this into (7.25), we see the reason for the definition of E in (7.23). Fur-
thermore, we set

E(z) = n(B1452)7 B(2) (7.27)

so that E is bounded in n (uniformly for z € OU and uniformly for ¢ < ¢y): this follows
easily from (7.20) and (3.7). In particular,

E(z) =0y (Din,t(z)Doum(z))_%Us (In z —it)P193 (In 2+ it)P293 —1<(¢<1. (7.28)
We can now write (7.25) as follows:
P(z)N(2)™t = n~BFRBECG) T + On™))E(2) tnlfithos
n-BtBos (1 L O )Rt s e gu, n - oo, (7.29)

This proves that (7.24) holds (uniformly) for ¢y < nt < Cy, z € IU.

Next, suppose Cy < nt < w(n). In this case we cannot use the expansion (7.19)
since the argument s of W;(s) is not bounded. Instead we use the large |s| = 2nt
asymptotics for ¥. For that, we need Cy to be sufficiently large. The asymptotics will
be valid for the whole region Cy < nt < ty. Note that, for z € U and t sufficiently
small (i.e., t <tg), (= %lnz is sufficiently large in absolute value to lie outside of the
regions U; and Us defined in Section 5.3. By (7.21), (5.1), (5.17), and (5.18), we have

P(z)N(z)™t = E(z)@(%lnz; —2int)W (2)N(2) ™ (7.30)
= B(2)(n) H O R In 2 i) () O+
><J3<°°>(% Inz2)z" 2% W (2)N(2)"}, zedl. (7.31)
Using (7.27), and (7.26), we obtain for z € U:

P(z)N(z)"! = n—(61+52)03E(z)(nt)—%(ﬁﬁﬁz)o:aR(% In z; _th)(nt)%(ﬁﬁﬁz)as

% E‘(z)—ln(ﬁl-l—ﬁQ)Us

<n)—%(ﬁ1+ﬁ2)03 ~
t

) L(B1+B2)0
E(Z)R(%IHZ;—m'nt)E(z)—l <E)2 1+ha)es

t
(7.32)

Therefore, by (5.25), we have (uniformly for Cy/n <t < tg, z € OU)
P(2)N(z)~t = = BrtB2)os (1L O(t(nt) " HIBI)gB+B2es 5 0o, 2 € 0U. (7.33)

If nt < ¢y, we can use the small |s| asymptotics for ¥((;s) for large values of
(= %ln z. We need to consider this case separately from ¢y < nt < Cj since s =0 is a
branching point for the Painlevé functions. By (6.1), (6.28), (6.32), and (4.6), we have
for z € OU and arg z ¢ (t,2m —t),

\II(% In z; —2int) = (I +O(n™1)) ]3(00)(% Inz)z"2%. (7.34)
This implies that
P(z)N(z)~t = n=Brt52)os (1 4 O(n=1))nArth)os - a5 n — . (7.35)

For 2mr —t < argz < 27 and 0 < argz < t, the same estimate can be proved similarly.
O
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For later use, we note that

E~'(2)E'(2) = h(z)o3, (7.36)
+o00 —00
1 i1 i B B
- _Z L J=1 4 = i1
M=) 2]'2::1 G +2j;1]‘/jz c— e Zlns—its
B2 B2 a; — B +as— B
z— e + zlnz 4 itz 22 i (7.37)
7.4.3 0<t<w(n)/n. Final transformation
Let the boundary ol be oriented clockwise. Define
nB1+B2)o3 § (VN (2) 17— (B1+B2)os cC\UUX
T(Z — T (Z) (Z) z:l‘ ) z \( S)7 (738)
nP1+P2)os §(2)P(z) "t~ Brthos  » e\ X,

where n is given in the Proposition 7.1.

Then, from the RH conditions (b) and (d) for S, and from the conditions (b) and
(d) for P, it follows that Y is analytic inside ¢/. Similarly, on C, the jumps for S and
N are the same, so T is analytic on C. On (3, U Xoy) \ U, we have an exponentially
small jump as n — co. Indeed, on these contours

Ti(z) = T—(Z)ﬁ(ﬁl+B2)USN(Z)JS(Z)N_1(Z)ﬁ_(ﬁl+ﬁ2)03.
Therefore, for z € Loy \ U,

T+le) =1-(2) (z—"/<z>m,t<z>z>jum<z>ﬁ2<ﬁl+ﬂz>> (1)> = 1-EI+O[E™), (7.39)
and, for z € ¥, \ U,

1 —zn'Dm,t(Z),Dout,t(z)ﬁ2(51+62)> =T_(2)({+0(e ")), (7.40)

142 = 1) g 1

with some € > 0, uniformly for 0 < ¢t < t;.

For z € 9U, T has, as n — oo, a uniformly in ¢ and z small jump by Proposition
7.1

Ty (2) = Y_(2)aBr 8209 p( )N (2)a~Frtha)os — v (2)(I + O(t(nt) 1IN,

By the standard theory for normalized RH problems with small jumps, it follows that

dY(z)

T(z) = I+ O(t(nt)~ I8, -

= O(t(nt) " FIIBIN, (7.41)

as n — oo, uniformly for z off the jump contour for T, and uniformly for 0 < t < tp.

7.5 w(n)/n <t <ty Local parametrices

The parametrix of the previous section is valid for the whole region 0 < t < ty. However,
the structure of the large n expansion for Y which follows from it is too cumbersome
for the detailed analysis in the next section. Therefore, we will now construct a more
explicit solution for the case w(n)/n <t < ty. In this case ( = %lnz is not necessarily
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large on OU. However, |s| = 2nt is large, and we will construct the large s asymptotic
expansion for Y. The construction here is very similar to that of Section 5.

First, we need to modify the S-RH problem. Namely, in addition to the lens around
the arc (t,2m — t), we now open the lens around the complementary arc in the same
way as well. Thus z1, z9 are the end-points of the lenses. The jump conditions on
the new lens for S are easily written down. We obtain the same S-RH problem as
considered for the case of 2 separate FH singularities (see [7]). We now surround the
points z; = e, zp = €271 by small neighborhoods ZTII , Zj{; , resp., which are the images
of the neighborhoods Uy, Us of the points +4 from section 5 under the inverse of the
mapping ( = %ln z. The neighborhoods U} are fixed in the ¢ plane. Thus, in the
z-plane, i{vl , Zj{; contract if ¢ decreases with n — oo.

For a parametrix outside these neighborhoods, we take N(z) of section 7.3 as before.
We now construct parametrices in Z//{vj matching with N(z) to leading order at the
boundaries. .

We look for a parametrix in i/, in the form:

Pu(z) = Br(=) M8 (mt(C(2) — i) (=)W (2), €= %lnz, (7.42)

where

iZ (a1 —PB1)o3 Im(¢ > 1
ez , md¢ >
O (2) = {e_ig(al_ﬁl)@’ Ime <1’ (7.43)

W (z) is given by (7.22), and M(®1:51)()) is the solution to the RH-problem of Section
4 with o = a1, 8 = 1. The matrix El(z) is analytic in Z:{vl and will now be determined
from the matching condition. We now use the large argument expansion (4.6) for
M @08 (nt(¢(2) — 1)) for z € Uty Recalling also (7.26), we can write for z € U,

- _ e
Py(2)N(2)7" = Eq(2) (1 toe 0<<nt>-2>)
x (nt(¢ — 1)) T3P0 (Dig y Dour,t) /201, (7.44)
We now let
Ey(2) = 01(Din tDour) /207 (nt(¢ — 1)) P178e 787175, (7.45)

It is easy to check that El(z) is analytic in U. Furthermore, since
Di(2) = DintDout,t(z — 21)_251(2 — 22)_252
is uniformly bounded in i{: , j =1,2, we can write
Ey(z) = tP93n= P19 B (2), (7.46)

where

B203 -\ B1o3 )
~ t Inz — 1t i
Er(2) = 01Dy(2)"7/? (_—2> ( — Zf ) Qlemznt (7.47)
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is bounded in n uniformly for w(n)/n <t < to, z € Uy. Therefore,

E ()M VB (2)7
nt(¢ —1i)

]31 (Z)N(Z)_l = tP203=Pros <[ + + O((nt)_2)> nProay—Paos

(7.48)

uniformly for w(n)/n < t < to, z € OU,.

Furthermore, one easily verifies that 151 has the same jumps as .S in Z;[vl , and ]31 S—1
is bounded at z1. Thus, P gives a parametrix for S in 171 with the matching condition
(7.48) with N(z) at the boundary of that region.

Similarly, we obtain that the following function gives a parametrix for S in Z[; :

~ ~ 1
Py(2) = Eo(2) M2 (nt(¢(2) + 1)) Q(2)W(2), ¢ = ~Inz, (7.49)
where
i5(a2—p2)03 Im¢ > —1
e'2 ) m( >
Qy(2) = {e_ig(az_ﬁz)m’ Ime < —1° (7.50)
with the prefactor
Ey(z) = t9193n P20 By (2), (7.51)
where
Bios -\ B2o3 .
=~ e t Inz 4+ it 1 inte
Ey(2) = 01Di(z) 7/ <z —2’1> ( % ) 0y tezntos (7.52)

is analytic in Uy and bounded in n uniformly for w(n)/n < t < to, z € Us.
The matching condition with N(z) is

By ()M By ()~
nt(¢ +1)

ﬁg(Z)N(Z)_l = thosp =203 <I + + O((nt)_2)> nP2osg=hios

(7.53)

uniformly for w(n)/n <t < ty, z € s,

7.5.1 w(n)/n <t <ty. Final transformation

Let the boundaries U}, j = 1,2 be oriented clockwise. Set

SR, el
S(2)Ps(2)7Y, 2z €Uy, o (7.54)
S(z)N(2)"!, zeC\ (Eua;)

Next, define T by

B1+8 Bi1+8
n 28254 1+52

r(z):<?) =TT () (?)_ =7 (7.55)
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Then Y is analytic and, in particular, has no jumps inside Z//{\;, j=1,2, and on C.
Exactly as in Section 7.4.3, we see that the jumps of T on the rest of the lenses are
identity plus an exponentially small in nt addition (I + O(e™*™), ¢ > 0), uniformly in
w(n)/n <t < tg. Furthermore, using (7.48), (7.53), we obtain:

Yi(2) =Y_(2))1(z), =z € o,
stag, (1, BLM M E(2)
nt(¢ — 1)

1*52

o3

J1(z) = (nt)”

+ O((nt)_2)> (nt)
(7.56)
and
Ti(z) = T_(2)J2(2), 2 € O,

- o) P (c2,B2) 7 ) =t
Ja(z) = (nt)BlzﬁzU3 <I+ By ( )]\2“4_;)52( ) +(’)((nt)_2)> (nt)- 81-8 ”.

(7.57)

uniformly for w(n)/n < t < ty, and for z € 85{;, j = 1,2, resp. We also have that
T(0) =1.

Again, by the standard theory, but now for RH problems on contracting contours,
it follows that

dY(z)

T(z) = I 4 O((nt)~1HII8I, -

= O(t—l(nt)—lJrIIIB\H)’ (7.58)

as n — oo, uniformly for z off the jump contour for Y, and uniformly for w(n)/n <t <
to.

These estimates would be sufficient to obtain the asymptotics for the Toeplitz deter-
minants Dy, (f;) if |||B]]] < 1/2, but to extend the results to the full range of |||3]|| < 1,
we need a modification of the T-RH problem similar to the modification of the R-RH
problem in Section 5. We assume for definiteness that Re 81 > Re 8. Then the jump
matrices (7.56) and (7.57) behave for large n as

Ji(2) =T+ 01(2)o_ + O((nt)™h), Jo(2) = T+ Ly(2)oy + O((nt)™h), (7.59)

where
nt)~1HBi—B2 o ~ nt)~1HBi—B2 o ~
El(Z) _ ( 1) : ElMl( l,ﬁl)El 1)21, £2(z) — ( 1) : (E2M1( 2752)E2 1)12.
N ln z—1 1 ln zZ 4+
(7.60)
Let (cf. (5.30))
T(z) = Y(2)Z(2), (7.61)

where Z(z) is the solution of the normalized at infinity RH problem with Jumps I+
l1(z)o— on Uy and T+ ly(z)o4 on Oy oriented clockwise. As in section 5 for R, we
conclude that

T(z) =I+0(nt)™h),  Y'(2) =0 (nt)™"), (7.62)
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uniformly for w(n)/n <t <ty and z off the contour for Y(z).
Just as the X-RH problem of Section 5, the Z-RH problem is solved explicitly, and
in particular, we obtain for z € Uj:

2(2) = <1+ ﬁ <Z 8) 4 ﬁ (8 ;)) (I— (=)o), (7.63)

where

o L 0y (e) by (e i)
_ it — 2 = —\" JrEAT  J = —
b=1{1(e")9, c=1ly(e™")o, a= 5 s 1 J, d a, (7.64)

4sin?t

SN fa—ity\
h(z) = (=) (z—eh),  Ta(z) = bo(z)(z—e), 5:<1_M> ,

We can expand (7.63) further as follows:

Z(z) =1 —1(2) <fl 8) P (8 2) —r(z)o_, zelh, (7.65)

z—e

where

m(z) = ;(a(z) — (™), 7(2) = 1 ( hz) El(e’t)> ‘

z — et z—et \ z—e % 2¢sint
Note that
. d ~ . 1 d? ~
ﬂ-(elt) = Eél(z)z:ei% ﬂ-/(en) = §ﬁgl(z)z:e“7

and similarly, 7(z) and its derivatives at e can be expressed in terms of Zl(z).
Using (7.60) we then obtain:

Ui(z5) = O(t(nt) "IN - 2 (eity = O(t(nt) =IO,
7 (et) = O(t(nt) BN ey = O (nt) TN,
7 (e) = Ot~ 2(nt) "B, § =1+ O((nt)~2+21I811Y,
¢ = O(t(nt) PN a = O(t(nt) 211N, jjg)[| < 1, (7.66)

as n — oo uniformly for w(n)/n <t < tg. Therefore, using (7.65), we can write

Z(e") = I + O((nt)~1FIAIN (7.67)
and
(nt) 27 03(2—12—5)(6“)(7115)—"1;"2 o3
(nt)ﬁl B2

= s+ @(n—lHHﬁlll) + O(t—l(nt)—2+2\\\ﬁlll)7 (7.68)

uniformly for w(n)/n <t < tg. Here we explicitly wrote the 12 matrix element as we
will need to analyse it in more detail below.
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8 Asymptotics for D,(f;)

8.1 Asymptotic form of the differential identity. Proof of Theorem
1.11

In the previous section, we performed a series of transformations ¥ — T — S +— T
for 0 < t < w(n)/n, where T can be expressed explicitly in terms of S (and hence,
of Y) and in terms of the local parametrix P as in (7.38), for z near z1,z9. Since
the asymptotics for T are known, see (7.41), we can obtain the asymptotics for the
right hand side in the differential identity (2.9) in terms of the local parametrix P, for
0<t<w(n)/n. N

For w(n)/n <t < ty, we have the series of transformations Y +— T +— S +— T — T,
where the asymptotics are known for T, and where T can be expressed explicitly in
terms of Y and the local parametrices P;, P». Thus, we can obtain the asymptotics for
the right hand side of (2.9) in this case as well.

Combining the asymptotic behavior for %% In D, (f;) in those two cases, we obtain
the following result.

Proposition 8.1 Suppose that Re a1, Re ag, Re (o +ag) > —%, aptfr #—-1,-2,...,
E=1,2, (g + a2) £ (B1 + B2) # —1,—2,..., and that |||B]|| < 1. Let o(s) be the
solution to (1.14) analyzed above, and let P be an open subset of the s = —2int plane C
containing the set Q of all the (finitely many) nonzero points where the W-RH problem
is not solvable. Let w(x) = w(x;|||B]]]) be a positive, smooth function for x sufficiently
large, with the following behavior:

2

w(n) = oo, w(n)=o(n), € =min {1’ 1+2[18]]|

} , asn — oco. (8.1)

There holds the following asymptotic expansion:

1d In D, (fi) = n(B2 — 1) + di(t; o1, Br, a2, B2) + da(n, t; a1, B, oo, f2)

idt
+d3(t7 a17ﬁ17a2752) +€n7t, (82)

as n — oo, where &, ; is such that

t
‘/ Enpdx
0

uniformly for 0 < t <ty and —2int € C\ P (the path of integration in (8.3) avoids the
points of Q2), and where

dy(t; 00, B, 02, B2) = —a1 Y Vi +an Y jVie T (0 — 1) (Br + B2)

— @(w(n)—HIIIBH\) + @(n—2w(n)l+2\\\ﬁlll) = o(1), (8.3)

J#0 J#0
+oo
+i(By+ B2) Y §(V; — V) sin(jt), (8.4)
j=1
cost 1

da(n,t;on, By, a0, B2) = ((B1 + ﬂ2)2 —dajag) + —o(—2int), (8.5)

2isint it
+0o0o
ds(t; an, B, 2, B2) = 205 | — Y j(Vj + V- ) cos(jt)

=1
B1— B2 [cost 1
o e 1) T (8:6)
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Proof. In the derivation below, we assume o # 0, k = 1,2, so that we can use
Proposition 2.1. Once (8.2) is proved under this assumption, the general result follows
immediately from the uniformity of the error term in «y, ao. This uniformity is easy
to verify from the constructions above. Alternatively, one can consider the case o, =0
separately using the corresponding differential identity: see Remark 2.2.

For simplicity of the notation, we also assume below that Reay, > 0, k = 1,2 (in
this case, Y =Y in the Proposition 2.1). The extension to the case —1/2 < Reay < 0
is an easy exercise.

The plan of the proof is as follows. First, we express the differential identity of
Proposition 2.1 in terms of the parametrices of the previous section (separately for
the regions 0 < t < w(n)/n, w(n)/n < t < ty) and estimate the error terms. The
error term estimation is especially involved in the latter region. To show that (8.3) is
o(1), we use, in particular, large oscillations of &, ;. This difficulty is caused by the
presence of B-singularities, the situation in the case of 8, = 0, k = 1,2, and even in the
case |||B]|| < 1/2, is simpler. Second, we compute the leading asymptotic terms in the
differential identity from the parametrices.

Transformation of the differential identity and estimates for the error terms
Using the transformation Y — T +— S, we can write the differential identity (2.9) in
the form

2

1d
zdlnD Z

n(ag + Br) + 202, (5 1§> (Zk)] ; (8.7)

where the limit (S~! ds a5 L2 (z) is taken as z — z;, from the inside of the unit circle
and outside the lenses

Consider the case 0 < t < w(n)/n. For simplicity, we again assume that there are
no points of Q on 0 < t < w(n)/n: cf. the first paragraph of section 7.4). By (7.38),
we obtain for z € U:

(s—lg)m () = (P—l‘fl—f)m (2) + Angl2),

Ans(z) = (Pt Ereey 1 D gemep) (1) (38)
’ dz 29

By (7.21), (7.22), (7.27), and (7.37), this can written for |z| < 1 as

P 125 - __° t P 1 L o 1 o '
< dz>22(2) +2ft( )+< dz>22+ (2) (27 o )22’ (8.9)
—(B1+B2)o3 ~ dY ~ /n\ (Bi+B2)0s
= -1(Z —l~n—1 n
Anelz) = <CI) <7~1) BT dz E (ﬁ) (I)> 22 ),

(8.10)

where ® = ®(1 In z; —2int).

We now show that the integral fot | Ayt (21)|dt, 0 < t < w(n)/n is small for large n
and k = 1,2 if |||8]|| < 1.

By (7.41), we have, uniformly in z and 0 < t < tg, that

)T = 0PI, 0 oo, (s.11)
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and we obtain by the fact that E(z;) is bounded in n (uniformly for 0 < ¢ < to):

An,t(zk):<<1>—1 (2)‘“”52)"3O(t(nt)_unwm) (2)“”62’”3@) (). (8.12)

n n 22

Now take the constants ¢y, Cy from the proof of Proposition 7.1.
If ¢y < nt < Cy, both n/n and ® are bounded, and we obtain

An(zr) = Oty I8N, =12, (8.13)

uniformly for %0 <t < %
If 0 < t < ¢p/n we use the small s asymptotics for ®. By (6.1)—(6.2), (6.28), (6.29),
and (6.14),

Ana(zr) = (B Q00mn PR O) L k=12, M=0 X =s

uniformly. By (6.12) and (6.26), this implies the estimate (8.13) after a straightforward
calculation. Thus, (8.13) holds uniformly for 0 < t < Cy/n as n — oo.

Finally, we set Cy/n < t < w(n)/n. Let us consider the case z — z; as the case
of z — 29 is dealt with similarly. Combining (3.21) with (5.1), (5.17), and (5.18), we
have in the neighborhood z(U;) C U, where z(U;) is the image of U; under the inverse
of the map ¢ = %lnz,

Ana(2) = (PO mt) 2O RO (t(mt) I RO () 2O 207 Py (Q) )

(= %lnz. (8.14)

Note that by (5.25), R(¢) = I + O((nt)~ 8l for 2 € 2(U) uniformly in t > Cy/n.
By this observation and (5.7), we can write further in z(U ):

Ani(z) = (M(O‘l,ﬁl)(nt(c _ i))_lEio)(C)_l(nt)_%(61_52)03O(t(nt)_l"'mﬁm)
x(nt) 3O B QM P (¢ - 1)) (8.15)
where E(©)(¢) = (nt)?273 E1(¢), with E; given by (5.9). Note that E©(¢) is uniformly
bounded in n for any ¢ > Cy/n and for z € z(U).

Substituting (4.8) if 2a; # 1,2,... or (4.12) if 207 = 1,2,... into this expression
gives for z; uniformly in ¢ (the same estimate for zy is obtained similarly):

Aps() = O(=12IBI2NBIY 19, % i< # (8.16)

Recalling (8.13) we conclude that the contribution of this term to the logarithm of the
determinant is, uniformly in ¢,

/t | At (z2)|dt = O(n~2w(n)F2IAIN 0 <t <w(n)/n. (8.17)
0

This is small for |||5]]| < 1 if w(n) = o(n®) with e = 2/(1 4 2|||5]|])-
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If w(n)/n <t < to, we consider only the neighborhood of z; as the contribution of
z9 is dealt with similarly. For w(n)/n <t < ty, z € Ui, we obtain instead of (8.8):

_,dS ~ ,dP
<S 1@) (Z) = <P1 1d—21> (Z) + Amt(Z),
22 29
B1+B82 o3

= (7 (2 (1

with Y(z) from Section 7.5.1. By (7.42) and (7.22), this can written out for |z| < 1 as

131> (z) (8.18)
22

~ . dP n o 1f _,dM ~ _
—1a47 t 1 1
<P1 dz>22(z) 2z+2ft(Z)+< dz >22—|—h1(z)( 7sM)z2.
(8.19)
Api(z) = Zli_}n; Api(2)
. - dr by~
= lim <M_1E1_1(nt) P U3T_1—(nt)_61262"3E1M> ,
z—21 dZ 22
(8.20)
where M = M(©1:8) (nt(11In 2 — 7)), E is given by (7.47), and
hi(z)o3 = E—l(z)iﬁl(z) hi(z) = h(z) — __b (8.21)
! dz ’ zlnz +itz’

in terms of h(z) given by (7.37).

We now estimate the error term (8.20). A straightforward estimate by (7.58) shows
the smallness of the error term only for |||3]|| < 1/2. Therefore, we will use (7.61). We
assume (for simplicity only) that Re 8; > Re fs.

Substituting (7.61) into (8.20), we obtain

An,t = Bn,t + Cn,ty

where
N _ 7 N
By, = lim (M_lEl_l(nt)Bl2ﬁ2”32_1d—(nt)_61 ﬁ2"3E1M> (8.22)
’ z—21 dz 29
and
_ _ $ -
C,; = lim (M‘lEl‘l(nt)ﬂl 205 17191 -2 ﬁ2"3E1M> . (8.23)
’ z—21 dz
22
The estimates (7.62), (7.67) give
Cpi = Ot (nt) "1 HIAINY, (8.24)
and therefore, uniformly in ¢,
t
/ Cotldt = O(w(m) AN, w(n)/n < t < to. (8.25)
w(n)/n
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For By, ;, we obtain from (7.68):

B1—B2
_ p() . p® (1) _ clnt) 7 1p-1F it
Bu=BY+B®, B0 =T lim (v E; U+E1M)22(e ),

IB@| = 0(n~HIBI 4 0@ (ne) 22118111 (8.26)

Here, uniformly in ¢,

t
/ 1B@|dt = O(n= I 4 O(w(n) 228N win)/n <t <to. (8.27)
w(n)/n

Now using the definition of ¢ in (7.64) and of E5(z) in (7.52), we can write:

c(nt)ﬁl—ﬁQ (nt)—1+2(51—52) PPN ~ »
4sin? ¢ - 4sin? ¢ te Zté(E2M1E2 1)12(6 Zt)
£)~1+2(B1—pB2) ) .
_ ) te_”éD(e_’t)<
4sin“t

—2isint
t

261 ) .
> e—zztﬁze—mt(glgz_lMlﬁzUl)lz

(nt)—1+2(51—ﬁ2)

— e—int

de(t), (8.28)

where £(t) is independent of n and analytic in 0 < ¢ < tg (as follows from the uniform

boundedness of D(z)).
Let

Br(t) = e 57 By () = 01Dy (2) /2 (ﬁ)ﬁm et (8.29)
where E (2) is given by (7.47). So defined El is independent of n. Substituting (8.28),
(8.29), and (4.8) (or (4.12)) into (8.26), we obtain

BM = —e‘zintw&—:l(t), (8.30)
where (see (4.9))

e1(t) = (t)(B1 () L(0))a1 (B () L(0))as

is independent of n and analytic in 0 < ¢ < t.
Note that, as is established by an easy calculation using the definition of § in (7.64),
6 =1+ O((nt)~2+28I1Y and its derivative dé(t)/dt = Ot~ (nt)~2+2IIBI) | uniformly

in t. Moreover, we obtain from (8.29) that both E1(¢) and its derivative are uniformly
bounded. Now the estimate (8.30) implies by integration by parts that, uniformly in ¢,

t
/ BWat
w(n)/n

Combining (8.27), (8.31), and (8.25), we finally see that the integral of (8.20) is
estimated as follows, uniformly for w(n)/n <t < tg,

= O(w(n)~2F2MBIN - wn)/n <t < to. (8.31)

t t

/ A ()it / (BY + B + €, )dt| = Ow(n) I8, (8.32)
w(n)/n w(n)/n

Together with (8.17), this will imply below that the contributions of the £ terms to

the integral from 0 to ¢, 0 < t < tp of the differential identity (8.7) are uniformly small
for [[|B]I] < 1.
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Calculation of the main asymptotic terms

We now turn to computing the contribution of (8.9) and (8.19). Consider first (8.9).
This corresponds to the case 0 < t < w(n)/n. We use (7.12), (3.8)—(3.17), and (7.36)
to obtain

_1dpP n . f, (e7"
p1= — " 4 im t .
( dz>22’+(zk) 2zk+zl>zk <2ft( ) - zlnz—zlnzk>

+ é (F le)Qg (Ck) + h(zk) ( O';),Fk)22 (Ck) (833)

where we wrote (x = % In z, = +i. Using (7.5) we obtain
7

im < ft( - 0 ) _ EV’(zk)— ow—P—B  _aw (8.34)

z—=zp \ 2 fi zlnz — zIln 2z 2 22y, 2L — 2

Here k' is equal to 1 if k = 2, and equal to 2 if £ = 1. Substituting (8.33) into (8.8)
and that, in turn, into (8.7), we obtain

2
1d 2 _
T In D, (ft) = Z [nﬁk + apze V' (2) + ar(B1 + B2) + 0% (F7 1 FY) 5 (Gr)
k=1
1 . cost
+20nzkh(z) (Fy o3 F) g (G)] + 21a1a2m + Enty (8.35)
where

~ 2
Ent =2 (—DFapzpAns(zr). (8.36)

Now we use the identities from Proposition 3.1 and Proposition 3.2 to conclude that

1d . cost 2
—ElnD nw(ft) =n(B2 — 1) + 2za1agﬁ + 2(62 —)

+%0“ + 20, [z1h(21) + 22h(22)] — (B1 + B2) [217(21) — 22h(22)] (8.37)

—ary Vil fazy Vit (az — an)(By + B2) + En.
J#0 J#0

From (7.37), we note that

B 2 ke B
= —— V; k — (=1
Z]V ity ];1‘7 Zk 2isint ( ) 2t

_041—|-042—,8]/g

5 (8.38)
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Substituting this into (8.37), we obtain

1d ) cost 2 1
PR In D, (ft) =n(B2— p1) + 2za1a2m + Z(CQ —c)+ 7
—ar Y jViedt +a Y jViem T 4 (ag — an)(B1 + Ba)
J#0 j#0
+o0o 2
) } oy (61 + B2)® [cost 1
+i(B +ﬂ2);J(VJ V_j)sin(jt) + ~——- i
oo » .
. . Bie=™ — Boe™ By — i B+ B2
20, | — . - t _ . _ _
o ;‘KVJ_FVJ)COS(] )+ 2is8int + 21t ap— ozt 2
+ & (8.39)

Substituting here the values (3.66) of ¢ and ¢y, and simplifying further, we obtain the
differential identity (8.2) for 0 < ¢t < w(n)/n. Set

Ent = gn,t, 0<t<w(n)/n.
From (8.17) and (8.36), we have the estimate (8.3) uniformly for 0 < t < w(n)/n.

Let us now consider the region w(n)/n < t < to, i.e., consider (8.19). We assume
for simplicity that ag, k = 1,2 is not half integer. The case 2« integer can be treated
similarly by (4.12)—(4.13). For z approaching z; from the inside of the unit circle and
outside the lens, we use the representation of M = M8 (n1n z — int) in region 111
of Figure 2, i.e. (4.8), and obtain:

M L
(%) = e e - S 2 A=amainn 220
22

(8.40)

up to the terms of order A\2®! that disappear (or would be removed if we considered the
case Rea < 0) in the (“regularized” for Rea < 0) limit z — z;. Substituting here the
explicit formula (4.9) for L and setting z = 21 in the terms which are not unbounded
as z — z1, we obtain:

_1dM 51 a1 n
Mol - |/ e 41
< dz >22 [2041 + )\] z (8.41)

in the vicinity of z; inside the unit circle, outside the lens. Similarly, we have in the
same limit

_ B

(M~'osM),, = (L7(0)a3L(0)),, o

(8.42)

To evaluate hi(z) at z1, we use its definition (8.21) and (8.38). Collecting our results
together, we can write

_ dM ~ _ 51 (651
M1 h M leaM) =— |22 4 1
“ < dz >22 + 2k () ( 7sM) [2a1 Tz —int

B = xr — . J Baz1
- — Z]ijl— Z]ijl—Fm-FOq—l-Oég—ﬁQ . (8.43)
j=1 j——1

65



This formula holds in the vicinity of z; inside the unit circle, outside the lens. Now
substituting it into (8.19) and using (8.34), we obtain:

L dPy

_ d Qlanz
_2a1z1 <P1 a2 >+22 (Zl) = n(a1+51)—a1z1£V(z1) Laihe

+Oé1(042 B1—PB2)

“+oo —00
Zjij{ — Z szl 5 —|—oz1+oz2—ﬁ2 . (8.44)
i=1

i=1

The analysis of the neighborhood of z5 is similar, and we obtain

1029

_ dP. d
200929 P 122 (22) = —n(a2+ﬁ2)+a222—V(22)— —ag(al—ﬂl—ﬂg)
dz o dz

)

1sint

“+oo —00
_52 Z]V}Z%—Z]V]% 512—1—0&14—0[2—51 . (8.45)

j=1 j=—1
Substituting (8.44) and (8.45) into (8.7), we finally obtain that, for w(n)/n <t < to,
1d =
Td InD, =51+ 8 +&: (8.46)
i

where En,t is given by (8.36),

S1=n(f2 — p1) — a1Z1d%V(Z1) + 012226%‘/(22) + (ag — a1)(B1 + B2), (8.47)

and

—+00 —00 —+00
—n(By—B1)+ B | D iVird = D Vil | =B [ D iVizd - Z iV;z
Jj=1 Jj=-1 j=1 j=-1

cos? -+ (041 + 042)(51 — 52) (8.48)

2 —
+ 2 (p152 a1a2)isint

Let us compare these expressions with (8.2) obtained for 0 < ¢t < w(n)/n. First, we see
that S coincides with the sum of n(y — 1) and a part of d;. Now consider dy + ds
for large s = —2int. Substituting there the expansion (1.21) for o(s), we obtain that

n(fB2 — 1) +dy +dy +d3 = S1 + 52+ Oy, w(n)/n <t <t.

where O, ; is a term arising from the error term and from 7(s) in (1.21) and which,
in particular, because of the oscillatory factors e*'*|, becomes of order w(n)_2+2m6|”
after integration w.r.t. ¢ (cf. (8.31)):

t
/ Oy, +dT
w(n)/n

uniformly in ¢. Set

= O(w(n) 2281, wn)/n <t <to, (8.49)

Ent = gn,t + Ont, wn)/n <t <tp.

Thus, expressions (8.2), (8.4), (8.5), (8.6) remain valid also for the region w(n)/n <

t < tg. It remains to verify the smallness of the error term in this region. This, however,
follows immediately from (8.36), (8.32), similar estimates for A, +(22), and from (8.49).
O
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Remark 8.2 Integrating (8.46) between ¢ and tg with w(n)/n < t < tg and using
the expansion (1.8) for D, (f: ), we obtain the same expansion for D, (f;) with the
error term O(w(n) A, and w(z) such that w(n) — oo, w(n) = o(n) as n — occ.
(Further limitations for the order of w(n) at infinity in Proposition 8.1 came from the
interval 0 < t < w(n)/n that we do not need in this case.) Thus, the formula (1.8)
remains valid in the region w(n)/n <t < tp. The uniformity of the error term is easy
to verify. Furthermore, as is clear from our constructions above, the function w(n) can
be replaced by a sufficiently large constant sg, and the error terms containing w(n) or
nt, by appropriate estimates. We therefore proved Theorem 1.11.

8.2 Integration of the differential identity. Proof of Theorems 1.5,
1.8.

Integrating (8.2) between 0 and ¢ gives

t
In Dy (f2) = In Dy (0) + int(By — By) +i /O dy (751, B1, a9, Bo)dr

t

t
+i/ dz(naT;Oéhﬁhaz,@)dT—i-i/ ds(n, 501, B1, oz, B2 )dr + O(n~ 1 FIAINY,
0 0
(8.50)

uniformly for 0 < ¢t < tg. If 81, B2 are not zero or purely imaginary, then the contour

of integration in (8.50) is chosen to avoid possible poles of o(s). This is the reason for

the remark at the beginning of Section 7.4. Note that, by Theorem 1.1, there are no

poles for 0 < t < ¢g/n and t > Cy/n if ¢¢ is sufficiently small, and Cj, sufficiently large.
Using the definitions (1.5), we obtain

t
i/o di (101, Br, a2, Bo)dr = (ag — a1)(B1 + Ba)it — aq (V (™) — V(1))

—as(V(e™™) = V(1) + %(51 + B2) In % +(Pr+B2)In Z;g;
(8.51)

To integrate dsz, we add and subtract to it o(0)/(it), and recall from (1.19) that

o(0) = 2019 — %(51 + 52)2.

We then obtain:

—2int 1

t
i [ datnrian o i = [ (a(s) — 200+ 5051+ ) ds

s
sint

# (5060 + 2 — 20 ) m T 852

To integrate d3, write it first in the form

B2 — 1

dg(n, t;aq, B, ao, 52) = O'S(S)A(t) TA(t)7 (853)

Il
N
Q
V)
|
sy
(V)
N
>
S~
=
=
_|_
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where the expression for A(¢) is clear from the r.h.s. of (8.6). Note that A(¢) is uniformly
bounded in ¢. Using this fact and the large s expansion (1.21) (which is differentiable
in s), we can estimate the integral of the first term in the r.h.s. of (8.53) as follows

t 52 _ 51> ‘ Const —2int
(s) - 2=,
/0 <a () -2 (1)t < = /0

For the second term in the r.h.s. of (8.53), we easily obtain

B2 — P

os(s) — — ds = O(n™b). (8.54)

(B1— B2)? . sint B — B, by(e)b_(e™¥)
> Mt M e ey
(8.55)

B t
w/o A(T)dr = (a1 +a2) (1 —P2)it—

Substituting (8.51), (8.52), and (8.53) into (8.50), we obtain (1.24) and thus prove
both Theorem 1.5 and Theorem 1.8.

9 Toeplitz determinant for |||5||| =1

9.1 Proof of Theorem 1.12

Let Reag,Reas, Re (a1 + ag) > —1/2. Assume that s = —2int is bounded away from
the set Q where the W-RH problem is not solvable. Let

Re 1 = Re 32,
and define
i =05, Py =p—1L
Then for the symbol f~ = fi(z; a1, 0,01, 55 ), we have [[|57||] = 1. We will now find

an asymptotic formula for D, (f~) for large n uniform for 0 < t < ty. Our approach is
based on the following identity (see [7], Theorem 1.18):

n(0)

n

D, (f7) =2 D, (f), n=12 ...,

which, since D, (f) = H;L:_& Xj_27 can be written in the form

D1 (f7) = 257 6n_1(0)xXn-1Dn(f), (9.1)

convenient for us. Here QASn_l(O), Xn—1, refer to the polynomials orthogonal w.r.t. f =
fi(z; a1, a0, B1, B2), i.e., corresponding to |||5]|| = 0. Theorem 1.8 can be used to write
the asymptotics for D, (f), so it remains to estimate the prefactor in the r.h.s. of (9.1)
as n — oo using the results of Section 7.

Note that the parametrix/solution constructed in Section 7.4 for 0 < t < 1/n
remains valid for the case 0 < t < Cy/n, where Cy is a constant. Moreover, the
parametrix/solution of Section 7.5 for w(n)/n < t < tp remains valid for the case
Co/n < t <ty where Cy is sufficiently large. Both give expansions uniform in ¢. In the
present section, we adopt this choice of solutions. Accordingly, fix Cy sufficiently large.
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First, consider 0 < t < Cp/n. Then, using (2.5), (7.38) with n replaced by n, and
(7.4), we have

~

Gn—-1(0)Xn-1 = — Zlgglo 27"y (2)
= — Z]ggo ,ntl (n_(51+62)03T(Z)n(ﬁl'i'ﬁQ)US'Dwm(2)032"03>21
= _p2Bits) <li_)m 21 (2) + O(t2\112(s))) . (9.2)

Here T 21(%) is the first term in the asymptotic expansion (7.41), which (as well as the
estimate O(t2Wy(s)) for the error term) is obtained by the standard theory from the
jump conditions for Y. Namely, first, using (7.21), (7.26), (7.27), and eventually (3.6),
we write (as t < Cy/n)

n(ﬁ1+52)03p(z)N—1(Z)n—(ﬁrl-ﬁz)crg _ E(z)\l’(g, s)z%USP(OO)(C)_IE(z)_l

= E(2) <I + fllii)z + O(t2x112(s))> E(z)~',  zedUu, (9.3)

and then

E(u) Uy E(u)™!
lim 2T 91(z) = lim i/ (E(u) L (u) )21 du
e 200 2mi Jau t~'nu u—z

1 (E(u)¥ E(u)™Y)
—2—m,/aU T du. (9.4)

Here W;(s) are the coefficients in the large ¢ expansion (3.6). Computing the residue
at the simple pole z = 1, we obtain

lim 21 01(2) = ¢ (Eamﬁu)—l)

Z—00

. (9.5)

Thus, we have to evaluate E(1). We use the expression (7.28). First, from (7.3),
(7.4), remembering the definition of the branches given after (7.4), we obtain by a
straightforward analysis of triangles that

Din7t(1)pout7t(1) — bO Z"‘Eig (2 SiH t)2(51+52)e7;(7r+t)(051_062)‘ (96)

Substituting this into (7.28), and recalling the definition of the branches of ¢ + i, we
obtain

D b ()N (NPT iy ananas 2 im(3504 )2
— —u(mT a1 —Q2)03 1T 1 2)03
E(l) =01 <b0b_(1)> <sint> e e . (97)

Therefore, substituting (9.7) into (9.5), and that, in turn, into (9.2), and recalling the
definition (3.23)

Uy 12 =7(s),

we obtain uniformly in ¢

e—i(7r+t)(a1 —a2) ei7r(361 +82)

) ) b)) nt \ 2(B1+62)
Pn-1(0)xn-1 = =7 (s)bg () (@)

+ O(Wyg 19(s)t2n2P1152)), 0<t<Cy/n, s=—2int.

(9.8)
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Since ¥(s) is bounded for 0 < t < Cy/n, we obtain by (9.1) the first part of the
r.hes. of (1.27).

Now, let Cy/n < t < tp and consider a more general case |||5]|| < 1. As before, but
now using (7.55), we have

Gn-1(0)xn_1 = — lim 27"1¥y (2)

Z2—00
B1+B82 B1+B2
. _ n\— o3 n o3
= — lim 7! ((—) ’ T(z) <—> ’
2—+00 t t

B1+5
=— <%> o (li)m 2V 191(2) + Ot =2 (nt)1=P2) 4 O(t_ln_2(nt)_51+62)> :
(9.9)

Dout,t (2)03 ZmTS >
21

and we also have from the jump conditions (7.56), (7.57) in Section 7.5.1 that

o) (c1,p1) & 1
i #Vian(z) =~y [ PO BU g )0
2300 ’ 271 J o, t~llnu—1
i/ (E2(U)M1(a2752)E2(U)_1)21du(nt)_1_51+52
2mi o0, t~llnu+1

’I’L2Bl_1
1262

n262—1

A t2681

(Ba(z0) M%) Ey(29) )1
(9.10)

(El(21)M1(a1’Bl)El(Zl)_1)21+z2

Here M1(a1,ﬁ1) is given by (4.7), and E4, Es, by (7.47), (7.52), resp. Let z — 21 in such
a way that ¢ > 1. Then we obtain

Dt(zl) — b() Z"rgzi; 21—261 22—052 —Bze—iﬂ(al +B1+az+32) (Zl 627”:)0{2_52, (911)

and, by (7.47),

E1(21) = 01Dy(21) 77/ (7%%/2 Sint>6m P8 snton g jml—Bos (9.19)
Similarly,
Dy(2) :bOZJ_rEZ;ZQ_% LB gim(en 41+ B2) Jon—F1 (9.13)
and, by (7.52),
~ ; Bros
Ey(z9) = O'lDt(ZQ)_U3/2 (72637”'/2 sint> 22_ﬁ2036 ntog ,—5m(a2—PB2)0s (9.14)

Substituting (9.12), (9.14), into (9.10), and that, in turn, into (9.9), we finally
obtain uniformly in ¢

261-1,-n 10-(2) (A + g — 51)m2ta CN—2

51— 2 + ) T + B0 ( 2(2 sin t) B2
(22) D(L+ a2 = B2) i(—nt20)

+(z2) T(az + Ba)

+ O(n~2H2=17262) L O(n 72412 Oy /n < t < to.

(Zn—l(O)Xn—lbo =n

S

b (9.15)

4 p2P2=1, ol (2sint) 2%

S
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Remark 9.1 We obtained the expansion (9.15) only under the condition [||5]|| < 1,
Rea; > —1/2. For a fixed t > 0 this expansion coincides with the result which follows
from Theorem 1.8 in [7].

Remark 9.2 Let Re ;7 = Re 82 as this is the case we need here. Using the large s
expansion for r(s) (obtained similarly to that of ¢(s) from (5.57)):

-8y —i (a1 —381—po) L (1 + a1 — 1)
r(s) = — 9|g|~1=P2—ilsl/2gim(a1=3B1—P2)
_ || -1 gilsl/2mim(aa+351+62) L1+ oy — o) (9.16)
I'ag + B2)
+O(|s|727%7), 5 — —i00, Re 81 = Re P,
where ay, + B # —1,—2,..., Reay > —1/2, and the estimate
O(Uz,15(s)) = O(Js|7272%), § — —i00, Re 81 = Re f32, (9.17)

the reader can easily verify that (9.15) agrees with (9.8) for ¢t € (C{/n,C{//n), C| <
Cy < C(/]/.

Formulae (9.15) and (9.1) yield the second part of (1.27).

Remark 9.3 Similar to the derivation of the small s asymptotics for o, we obtain from
(6.32) that

r(s) = _ 2 /2 imer—ar-38—p) L1+ a1 + 02 — B1 — By)
|s| I(on + az + 1+ B2)

X (1 +O(|sIn]s||) + (9(|s|1+2<al+az>)) . s —i0g, (9.18)

for ap£0r # —1,-2,..., (c1+a2)E(B1+52) # —1,-2,..., Reay, Re (a1 +ag) > —1/2.

9.2 Special case oy = =] =, +1=1/2

In the case a1 = ag = 51 = 2 = 1/2 (i.e,, f; = B +1 = 1/2) relevant for the problem
of Toeplitz eigenvalues [9], the situation simplifies. The problem for ¥ is then solved
in Section 3.2 in elementary functions , and we obtain from (3.19) that

21 / _s s sin nt .
7‘(3) = _3_2 (e 2 — 62) = _W’ s = —2int. (919)
Therefore, using (9.1), (9.8), we obtain
. byt [b_(1)
-\ — —i(n=1)t 70 : -1 2
D,_1(f7)=e e [—b+(1) sinnt + O(n )] Dy(f), (9.20)

with the error term uniform for 0 < ¢t < Cp/n. On the other hand, (9.1) and (9.15)
give in this case

- —i(n—1)t3—1 1| a1 0=(21) (22 12 —im/2
Dpa(f7)=ce by |21 — 2o 21 TN 2_1 e

+22—n+1m (ﬁ) ’ eim/2 | (’)(n_l)] D, (f), (9.21)

with the error term uniform for Cy/n < t < ty. Note that for ¢ of order 1/n or less, the
formula (9.21) reduces to (9.20). Therefore, (9.21) holds uniformly for all 0 < t < t.
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