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n3 + n3} for general ¢ = p" and the (3,1)-cone when ¢ = 1
(mod 4). Moreover, we classify all the extremizers in both
cases. We note that the corresponding problem for the (2, 2)-
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1. Introduction
1.1. Background

Fourier restriction theory has been a major topic of research since the work of Stein
(see [14]), where the connection between curvature and decay of the Fourier transform
was first introduced. Later, in the work of Strichartz [15], Fourier restriction estimates
for quadratic surfaces, including cones, were studied. Let d > 3, given a pair of positive
integers a, b with a + b = d, we define the 2-sheeted (a, b)-cone as

a d
F?;;) =< (x1,...,24) €RY foz Z x?
i=1 j=a+1

We call the 1-sheeted cone the subset of this cone which consists of all points with the
last coordinate positive. Defining the measure

d:rl e dxd_l

|zl

)

dp(zy, ... xq) =

over Fi;;), Strichartz proved that there exists a constant CFr(i—l) such that for any func-
’ a,b

tion f defined on the (a,b)-cone the extension operator

Ef(x) = / Fw)e < du(w),

d—1
Ta

satisfies
1€ 51543 < Cray 1]z (1)

These inequalities are connected to the homogeneous wave equation (see [6]). Sharp
restriction theory has been developed since the work of Foschi [4], where the optimal
constant for the inequality (1.1) is achieved for the 1-sheeted (2,1)-cone and for the 2-
sheeted (3,1)-cone (see also [2]). In either case, it is crucial that the Lebesgue exponent
2+ % is an even exponent, since in such instances Plancherel’s theorem allows us to
translate the problem into a problem of convolutions. In such a context, considerable
effort has been made to understand: related sharp inequalities, existence and stability of
extremizers (see [3,5,7,11,12] and the references therein).

1.2. Fourier restriction in finite fields
Mockenhaupt and Tao [10] initiated the study of the Fourier restriction phenomenon in

the space Fj, where I, is a finite field with characteristic char(IF) > 2. Given 1 <r,s < 0o
and S C ]Fj, let us define Rg(r — s) as the smallest constant such that the inequality
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I(fo)"|

Le(Fé,da) < R5(r — s)| (1.2)

holds for every f : S — C; here da is the usual counting measure in Fg, and do is the
normalized counting measure in § and

(fo)" = S‘Zf

£es

where e : F, — S' is a non-principal character. A non-principal character is a non-
constant map e : F, — S! such that e(z + y) = e(z)e(y), these can be listed as: e,(-) =
exp (% Tr,(a )), where a € F; and Tr,, : F, — F,, is the F)-linear map given by

Tr, (z Z 2"

We say that we have the restriction property in & with exponents r, s if the constant
R3(r — s) is bounded independently of g. The restriction problem over finite fields asks
for a given S to find the complete range of exponents r and s, for which the restriction
property holds. In [10] the authors established the restriction property 2 — 4 for the
paraboloid in low dimensions (P! and P?). Let us define in ]Fj the cone with signature
(a,b) (with a,b € Zsg, a+ b =d) as:

a d
T = nyeoma) €FF 2 > mi= > n)
i=1

j=a+1

For the (2,1) and (3, 1)-cones, the 2 — 4 restriction property was studied in [10] and [9],
respectively.

Very recently, the study of sharp constants for Fourier extension inequalities was
inaugurated in the work of the first author along with Oliveira e Silva [8]. Here, the
authors compute the optimal constant R5(2 — 4) for S = P2, for general ¢, and S =

(3 1) \{0} when ¢ =3 (mod 4). Moreover, they compute the optimal constant Rpi(2 —
6). In all listed cases, constant functions are examples of maximizers of the extension
inequality, and it is shown that any maximizer must have a constant absolute value. The
complex phase of the maximizers is a more intricate issue that was settled only for P2
when ¢ =1 (mod 4). It is important to notice that the removal of the origin in the cone
is of major relevance (that is not the case in [10]), since constants are not maximizers
if it is not removed (see [8, Theorem 1.6]). This highlights the delicate nature of these
optimal inequalities: even small perturbations of the objects of study could change the
whole behavior of the problem. Notably, the case ¢ = 1 (mod 4) for RF3 \{0}(2 — 4)
was beyond the reach of the methods presented there. Another dlrectlon of research in
sharp extension inequalities of finite fields has been developed in the work [1], where
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optimal inequalities for the Fourier extension inequalities for the moment curve in finite
fields are achieved.

1.8. Main results

In the present manuscript, our main results are the following.

Theorem 1 (Optimal constant). We have that

q5+4q4—4q3—6q2+3q+3>‘1‘
(g+1)5(¢—1)° '

Theorem 2 (Classification of the extremizers). The function f : 1"?2,2) \{0} = C isa
mazimizer of (1.2) if and only if f is given by

R;gg)\{o}(? —4)=q (

271
J(n1,m2,m3,m4) = A - exp (? Try,(a1m1 + azne + aznz + 04774)>7 (1.3)

where A € C* and a; € Fy.

We emphasize that these results are not available for the (2,2)-cone in the euclidean
space, while for the (3,1)-cone (in R*) it was established by Foschi [4] (as mentioned
before). This evidences the big distinction that can exist between these two geometric
objects. We aim, by our results in this discrete setting, to shed light on the problem in
the euclidean setting.

Moreover, our results imply the remaining case which has not been established before
for the (3,1)-cone. Noticing that 1":(”2,2) = 1"%3,1) when ¢ =1 (mod 4) (given that in this
case there exists w € [y such that w? = —1), we have the following.

Corollary 3. We have that, when ¢ =1 (mod 4),

1
q5+4q4—4q3—6q2+3q+3>4

R;?3,1>\{0}(2 —4)=q < (g + 1)S(q— 1)3

where this optimal constant is achieved by f : F:(}&l) \ {0} — C if and only if f is given
by

27
F(n1,m2,m3,m4) = A - exp (? Tr,, (a1 + aane + asns + a4774)>,

where A € C* and a; € Fy.

These results complete the analysis of sharp constants for the analogues of Strichartz’s
estimates for cones in IF;‘. Henceforth, we write
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2,2) \ {0} = re.

By using [8, Proposition 2.1], the claims of Theorem 1 and Theorem 2 are equivalent to
establishing that the smallest constant Crs(2 — 4) such that, Vf : I'* — C

Z‘ Yo f)f(m) <Cr32%4(2|f ) (1.4)

2

€eFy ‘mymyer? £ers
n1+M2=€
holds, is
54 4¢* —4¢® —6¢> + 3¢ +3
Cra(2 »4)= L 120 — 2 — 00 + 54+

(g+1)%*(¢—1) ’

and that the extremizers for this inequality are characterized by (1.3).
In [8] the method used for proving the analogue of (1.4) for the (3, 1)-cone when ¢ = 3
(mod 4) depends heavily on the fact that in that case, given £ € F(3 1y \ {0}, the set of

pairs (§,,€&5) € ( G\ {O}) such that &, + &, = £ are pairs of points in the same line
{A¢§ : A € F/}. That rigid and simple structure, along with the fact that these lines
provide a disjoint partition of the cone, turns out to be very useful for the estimates
required there. In contrast, this property does not hold when ¢ = 1 (mod 4) or the cone
has signature (2,2). Here, the structure of those pairs is more intricate and does not
provide a partition of the set. Therefore, a more refined analysis is required.

Our approach consists of, first, describing the cone in a way that is more amenable to
our purposes. Then, determine precisely, for a given £ € IF;, the cardinality of the sets

Ye = {(51752) € (F?2,2)>2 &+t = ﬁ}-

After that, for a given € € '3, to completely characterize the structures of X¢. These sets
can be understood as the union of two punctured planes having a common punctured

line. The union |J X¢ describes a foliation of the cone. Following this, we observe that
gers

the value of |Z¢| depends only on whether £ is in I'3, {0} or F \ (I3 U {0}). All this is

described in Section 2.

After that, in Section 3, we use the symmetries of the problem in order to reduce the
question to the even and non-negative functions f. Then, we estimate the contribution
of a generic € on the LHS of (1.4) by using Cauchy—Schwarz on the inner term of the
sum. Then we use the appropriate algebraic manipulation in order to concentrate the
problem into estimates of points in the set 3¢ for £ on the cone (and 0). To estimate the
contribution of these remaining points is what constitutes the main technical challenge
of the present manuscript. For this, the already mentioned structure of ¥¢ for points in
the cone plays a crucial role.
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In Section 4, we provide the classification of the maximizers stated in Theorem 2. For
this, we use the characterization of each of the inequalities used in Section 3, and it allows
us to prove that the maximizers are constant in absolute value and that their complex
phase must fulfill a functional equation: the product of the phases of a pair of points
in the cone only depends on the sum of these points. This rigid structure enables us
to demonstrate that, over the planes contained in the cone, these phases behave almost
like characters. To conclude our results, we study the interaction of disjoint punctured
planes contained in the cone.

Notation

For a finite set A we denote its cardinality by |A|. Real and imaginary parts of a
given complex number z € C are denoted by Re(z) and Im(z), and the principal value

of the argument is Arg(z) € (—m, 7). If F is a finite set of variables, then C'(F) denotes

d

4> We use the notation

a quantity that only depends on elements of F. For any p € F

P = (p17p25 s >Pd)~
Throughout this manuscript, we assume p is an odd prime and ¢ = p" for some
positive integer n.

2. Geometric structure of X

First let us observe that, by the change of variables (n1,72,13,m4) — ()1 — N3, +
N3,7M4 — N2, M4 + 72), we can use the definition

03 = {(0, 72, m3,74) € FE\ {0} = o = mama}

The first thing we need to observe is that there are exactly (¢ — 1)(¢ + 1)? points in I'®.
This follows immediately by considering two cases: 71 = 0 and 7; # 0, and then counting
all the possible values for the remaining coordinates.

As mentioned in the introduction, one of the key points of our argument is to provide
a clear description of a certain collection of points that appear in the estimate. It turns
out there is a natural parametrization of the cone I'®* which gives exactly that.

Lemma 4. There is a bijection between I'® and the Cartesian product FJ xPIxP!, where
P'={(1,y) €F} |y € Fg} U{(0,1)}
denotes one-dimensional projective space over Fy.

Proof. Consider the map 7 : F* xP1xP! — I'? given by

T(A, o, ) = (A1 f1, Aaafa, Aa1 B2, AaaB1), (2.1)
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for every (A, a, 8) € F ¢ xP1xP! where a = (a1, ) and B = (81, f2). We claim that 7
is a bijection. Note the following identities,

(A (1, a2), (1, B2)) = (A, A2, AB2, Adaz);
(A, (1, a2),(0,1)) = (0, Aag, A, 0);

m(A, (0,1), (1, B2)) = (0,AB2,0,A);

7(A, (0,1),(0,1)) = (0, ,0,0).

Using these identities we conclude that if 7(\, o, 8) = w(u,,d) for some (A, «, 8) and
(1,7,6) in F* x P! xP!, then o =, # = ¢ and A = . Consequently, 7 is an injective
function. In the other direction, since the order of I'3 is (¢ —1)(q+ 1)?, which is the same
as [F xP!x P, it can be concluded that 7 is bijective. O

Remark. This parametrization is a special case of a general family of maps known as
Segre embeddings of projective spaces [13].

Now, let us proceed with the study of the sets ¥¢.

Proposition 5. For each £ € }F; the cardinality of the set ¢ can be expressed as follows

Xel =< 2¢° —q—2, if&€er?,

“+q, otherwise.

Proof. First of all, when £ = 0 we see that X9 = {(p, —p) : p € I'*}, which clearly has
the same order as I'%, i.e. [Xo| = (¢ — 1)(¢ + 1)%. Now, suppose & # 0. It is natural to
consider the sets H¢ given by

He={nel®: (&4 —m)(&—m)= (& —ns)(&—m)}. (2.2)

If £ € T then we see that & € He. Since (€,0) is not an element of X, it should be
omitted in the count of ¥¢. Since that is the only point we need to omit, we have the
relation |Xg| = |He| — 1. This is one of the points where the parametrization (2.1) has a
clear advantage over the Cartesian coordinates. Suppose &,1 € I', then £ = 7(\, a, 3)
and 1 = w(u,"y,0). Hence, the condition in (2.2) is equivalent to the following

o1 17202 + afay161 = a1 fay2d1 + aafiy162.

By factoring out this equation, we see that it is satisfied if and only if at least one of
the following identities holds: o = v or 3 = 4. Since |P!| = ¢ + 1 we conclude that
|He| = (¢ — 1)(2¢ + 1) for each € € 3. Thus, |X¢| =2¢% —q—2if £ € I3,
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Now, suppose € ¢ I'> and € # 0. Notice that & & Hg in this case, therefore |S¢| = |He|.
It is not restrictive to assume & = 1 due to the symmetries of the equation in (2.2).
Hence, we can isolate 1y in the equation and deduce

N2 = &z + &a3na — Lo + &o — £384.

We need to plug this into the equation 7172 = 1374 to ensure that the solution 7 belongs
to the cone. The resulting equation is the following

(&3 —n3)na = m(§am1 — Eamz + €360 — &2)

If m3 = &3,y then, the equation simplifies to n1(n1 — 1)(&2 — €3€4) = 0. Since € ¢ T3 we
see that m; = 0 or 7, = 1 and for each case 774 can be arbitrary number in F,. Hence, we
get 2¢ different solutions in this situation. If n3 # £31; then, for each ¢ different values
of 11, the coordinate n3 can take g — 1 different values. Hence, in this situation we have
¢ — ¢ many solutions. Combining both situations we deduce that the set He has exactly
¢%> + ¢ elements. O

Remark. Note that the set Hg has a structure easier to deal with when & € I'* compared
to the other situation. In such a case, the following properties of the set H¢ must be
noted.

(7) If m € Hg then An € Hg, for each A € F¢; Also, Hg = Hyg, for any A € F*.

(i) m e He \{&} < &—mn¢c He\{&);
(i) ne€ He <— §€ H,

We are going to look closely at the sets He. Recall that for each & € I'® we established
in the proof of Proposition 5 that Hg is made of two parts. If £ = 7(\, o, 3) then we
have seen that

He = {m(p, o y) : (,y) €FSxP YU {m(p,2,8) : (p,x) € FXxP}.

Since these sets have geometric interpretations and are very crucial for our estimates,
we further denote the following disjoint subsets:

Hg ={r(ma,y): peFS, yeP"\{}},
Hy ={n(p,z,B): peFy, zeP'\{a}},

and the line
Le={n€: peFS}={n(pa,p): peF;}.

It is now clear that He = Hg‘ UHg ULg and |H£i| =¢q(¢g—1) and |L¢] =¢— 1.
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Look at the sets Hg U Le and Hg U L¢ in Cartesian coordinates for the case & #
0,i=1,2,3,4.

HEULe ={m(u,0y) : (u,y) € FY xP'}
= {(t&1, s&2, €3, t&4) : t,s € Fy and (¢,5) # (0,0)},

and similarly

Hg U Le = {(t&1,882,183,884) 1 t,5 € Fg and (¢, 5) # (0,0)}.

Note that this parametrization will be slightly different if some of the coordinates of &
are zeros. However, one can see that in all cases, the sets H - UL¢ and H . UL¢ are almost
closed under the addition of IF4 we need to include 0 to achleve this property Therefore,
geometrically, they represent punctured planes in IF;*. For simplicity, we denote these sets
by Ag and Ag, respectively.

Proposition 6. For points & and m in the cone I'3 the following statements hold

(i) HE = Hy, a,ndAi_ A, for all X € F);
(i) ne Hf < &€ H
(ii7) 77€HjE = £—|—7]€Hi,
(iv) The sets AT and Ai are either disjoint or they are the same;
(v) The sets A£ and A;F always intersect along a punctured line, where the punctured
point is 0 in IF;‘.

Proof. Part (i) follows immediately from the definitions of the sets Hg =. In the rest of
the proof, we only focus on the cases Hy +and /fr the other cases follow in an analogous
way. Now, let & = w(\, o, 8) and assume n e H+, this means n = w(u, o, ) for some
(1,0, 7) € FxP!'xP! such that v # 3. Since £ and 1 have a common second coordinate
in this parametrization, it concludes the proof of (ii). To prove (iii), consider the sum

E+n=n\a,pB)+m(ua,)

= (041()\51 + 1), a2(AB2 + py2), a1 (AB2 + pye), az(AB1 + lWl))

APz + .
7T<)\51+/~Wl,04,( M)), fABL+puy #0
"AB1L+

77()\52 + py2, @, (0,1) )» if ABL +py =0

It shows that, in both cases, £ +n belongs to the set Hg‘ Now suppose that £+n € ng
for some 1 € I'3, then —€& — 7 also belongs to the same set. By what we have already
proved, we obtain that —m =€+ (—€ —n) € Hg’ = ne€ Hg‘
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For part (iv), note that all the elements in Ag have the same second coordinate as &
in the parametrization w. Therefore, if there is at least one element in the intersection
AJr N A+, we deduce that all of the elements in each of the sets have the same second
coordlnate hence they coincide.

Finally, for point (v), assume that & = m(\, o, ) and n = 7(u,, 6). For a point p € I'®
to be an element of A+ N A, it is both necessary and sufficient that p = (o, , d) for
some o € Flf This collectlon of points is precisely a punctured line, as stated in the
assertion. 0O

Proposition 7. The following identity holds

2 (5 ) 5 o) -wn(S ) o

£er® “qieaf ny€Ag gers

Proof. One can rewrite each of the sums on the left-hand side using the parametrization
m. Consider the terms that correspond to & = 7(\, a, )

o fm)P =Y f(r(p o)

n, AL peF s
yeP?

and

ST tm)? =Y fwlpw, 8)?

mEAL peF s
zeP?!

Thus, the sum on the left of (2.3) could be written in the following form

> ( > (s ) >< > fx uz,x,ﬂ))2>

Ae]FqX uleIFqX e]FqX
o,BeEP!  yeP! zGIP’l

S Y il (s, . 5))

AeF S pa,pz€F S
o,BeP? m,yGIP’l

=3 X X Sl 0n)*frlue, v, 5)7

AeF S MlE]FqX qu]FqX
a,yeP! z,BcP?

It is now clear that the two inner sums can be separated, and they are identical sums.
Therefore, we can conclude the desired identity. O
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3. Proof of Theorem 1

In this section, we provide the argument that allows us to conclude the sharp constant
n (1.4).

Step 1: Symmetrization. To begin, we utilize the method of antipodal symmetrization,
which appeared in works [3,5]. Note that right-hand side of (1.4) does not change if we

replace f(£€) by f4(§) =4/ W, for each & € T'3. Moreover, one can show this
change does not reduce the left-hand side of the inequality. Indeed,

3 ‘ S ) f(n)

kg my myer?

2

"71+"72:§
= / f(1)f(n2) f(=n3) f(=n4) (01 + mg + m3 + ny)dnydnednzdn,
(r8)4 dx
— [ TR g FEnds = QU 1. 1.9),
(3)4
where

Qs fou o f1) = / ) Fa o) fa(ms) Fa (=) A

(r3)*

Symmetry of the measure d¥ allows us to write

QUL F) =QU™ I 1, ),

where f*(€) := f(—&). Hence, we take the average of these two expressions

(r3)+
_ fm)f(=n2) + f(=m1)f(n2) TRy
_ Re(F /) ( ! )i

Using the inequality Re(z) < |z| and then Cauchy-Schwarz we get

‘f n3)f 774)‘(1E

QU 1, [ f) / ’fnl —"2) f( n1).f(n2)

(1'3)4

c-S

< /fu(m)fu(nz)\f(ng)\If(—n4)\d2=Q(fu7fﬂ’|f\7\f|)-

(r3)*
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Note that the equality is attained if and only if the following conditions are satisfied

. (f(m)f(*nz) + f(*m)f(nz)) F(n3)f(=my4) = 0, for all m; € % such that n, +n,+
N3 +n4=0.

o f(m) = Cn,m2)f(=n2) and f(—n,) = C(n1,n3)f(ny), for some C(ny,n,) € C,
for all n,,m, € T'3;

Also notice that Q(f, f, f, f) = Q(f, f, f*, [*), therefore, in the same way we can show

Q(f7 fu f?f) < Q(fﬁvfﬁv |f" ‘f|) < Q(fﬁvfﬂvfﬁ7fﬁ)' (3'1)

The equality in the last inequality also occurs if f satisfies the previous conditions.
Henceforth, we may assume that the function f is even and takes only non-negative
values.
For simplicity, we introduce the following notation for expressions that appear fre-
quently throughout the proof. Let g be a function on I'* for any A C I’ and £ € F; we
set

dg=> g,
A
dgg= Y, gma&—mn).

A€ neA
(§—m)er?®

Step 2: Mass transport. We split the sum on the left side of (1.4) into three parts: I'3
and {0}, and the rest of the points in F,

Z(fo> Z(fo) (S o) Z(fo)

€eFd 13, €€rs T3, gers £gT3 I3,

where '3 = I3 U {0}.

To begin with, we estimate the terms outside the set I's by employing the Cauchy-
Schwarz inequality alongside the precise formula laid out in Proposition 5. Subsequently,
we complete the expression by strategically adding and subtracting suitable terms as

follows
2
s (5 ) S (55w s (500)
£gry IS¢ &gy NI € 3, ¢ £¢ry NI €
=(q2+qz<2f2 ) (¢®+9q) Z(Zfz-f2>
geFy T3, ¢ gerd “I3, ¢

=(q2+q)<2f2)2—(q2+q) S (Z /) - oy s
s s

gers I3, ¢
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where the first term in the last line comes from the change of the order of summation
in the corresponding sum above. Observe that equality is achieved when, for every fixed
&€ ¢ T3, the identity f(¢€ —n) = C(€)f(n) holds for every n € I'® with £ —n € '3, where
C(&) is a constant depending solely on &.

Based on this estimate, we deduce that to show (1.4) it suffices to prove the following
inequality

> ( Zf~f)2—q(q+1) o> e

¢eld “He, & g€l He, €
(3.2)

4 2¢* f5q —5q? 4+ 5q + 4
q+1Zf (q—1)(g+1)2 <Zf2> =0

Now we utilize the geometric information about the sets H¢. Rewrite the first term
by separating the following sets in the inner sum L := L¢ \ {¢}, H}, and H, .

()

g€el® “He, €

:Z{(Zf-f)2+( > f'f)2+( 2. ”)2}

gers L Nrg g € Hg . €
Y () )+ (Z )X )}
gers * ML HSUH , € H € He €
Similarly

szz_fQ ZZfoQJFZ Z £ p2

€€T He, & €era L3, ¢ €€T° HEUHL €

Step 3: Application of Proposition 7. This is an important part of our argument. We

can apply Proposition 7 for the last term on the left-hand side of the inequality (3.2).
2¢*—5¢°—5¢°+5q+4
(g—1)(q+1)?

5 (5A)(2r)

For simplicity, we denote by M, = and we write

gers
as the last term on the left of (3.2), which we can write as

2 (S (20 S A(EAE)

+
H UHg,
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Step 4: Separation of the sums over Hg and Hg We have rewritten the expression
on the left of (3.2). In this rewritten version, there are only two expressions where sums
over H 2‘ and H ¢ are multiplied by each other. We want to replace such terms with terms
where there are no mixed products, using the AM-GM inequality. Grouping them, we
have

2 (X )(Z ) - 2 () (27)

e S (Z ()

§ET3

£er® “Hf ¢ Hg, €&
- 2 2
) 2 ) (2 ) )
4 gers H € Hg €

It is crucial to note that 2 — % % > 0 for all ¢ > 2. In the first inequality

above, equality occurs if and only if f(§ —n) = f(n)CT (&) for all g € HF vEeT3 In
the second inequality, equality occurs if and only if the factors

S ff and Y f-f

HE ¢ Hg €

are equal.
Putting all the terms obtained from the previous inequalities, we get

LHS of (3.2 Z(fo)Jr(z—%)Z((fo)

gers 2 gers

+(Z f~f>2>+22(2ff)( > f-f)

— 3 o + —
He € gel HfUH; ¢

—qlg+ 1)) f*—alg+1) Z{Zﬂf? > f2-f2}
l"3

Sz{Ee) (202 )

(3.3)

Hence, it suffices to prove that the quantity on the right of the above inequality is non-
positive. Now, we will divide the expression into several parts in a meaningful way and
show that each part we consider is non-positive.
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Step 5: Regroup terms of the same plane. We examine each plane AEjE separately. It
follows from Proposition 6 that there are exactly ¢+ 1 pairwise disjoint planes of the form
Ag; the same conclusion is true for Ag. We enumerate them as AZ:-'E, for 1 <i<g+1.
Thus, we have the following identity

q+1 q+1
Dg@=>> 9&=> > 9
gers i=l gcAf i=l¢cA;

Now, we pick a plane A among the planes Aj', and analyze the following expression

=S 5 s B (5 )

+z§4(2ff>(m2£ff) aa £ ;“Zf vE
ag+1)> Z - Zf‘*
D &ZA(Zf) XE g;(zf?)(;f?)-

Note that some of the terms in (3.3) appear in two different places, which are S(A])
and S (AJ_) for appropriate ¢, j. Hence, we are taking such terms with the coefficient 1/2
in the definition of S(A).

To estimate the quantity S(A), we use the following inequalities

( 3 f-f>2 <=2 Y L
L£2,¢ Lg, €
( )3 f-f>2 <qla—1) S 2L

HE € HE €

(;gﬁf) (Hggf-f> < (;ﬁ) (;jﬁ),

where the first and the second follow from the Cauchy-Schwarz inequality, and the last
one can be deduced from the AM-GM inequality. Therefore, the equality in these in-
equalities occurs if and only if the following conditions are satisfied, respectively:

(i) f(n) = C1(§) for all n € Lg;
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(m) = Ca€) for all n € H;
(n) = f(&—mn) for allnGEEUHg.

(i)
(i)

f
f
Thus, we have the following

q—2 2 2 M, 2. f2
S(A)STZZf'f +<2—2(q—) DY > s

E€ALL € EeAnS ¢
+25§4<%f2)<11;f2) q+1 gﬁz 2
—qq+1)> > - Zf‘*

€eAmS ¢
‘2(%1)%(%” i gZA(ZfXHZf)

At this moment, we are able to apply Fubini’s theorem for the iterated sums and simplify
the expression on the right. Using the facts from Proposition 6, one can see that the
following identities hold:

g(gﬂ@@ngngz)wf @;)
CEsEE)

From these identities, it follows that

€A N g
! (2q B Q(QA{ql) B Q(qq+11)) & <Zg fz) (; f2)
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+(q?+q(q+1)qq+1 )Zf4

2 2
¢® +3¢* —4¢> —4¢> +3g + 2 ( 2>2
- f
2(¢2—1)° ; %:
q(q® +3¢* — 3¢ —4) ( 2>( 2> 4= 2 4
f )= )> f
2(¢2 - 1) ; Z % 2 ZA:

Finally, we need one more identity to make the expression simpler

Z(Zf)(gfz)-Z(Zf)@f?)-i(;ff

geA £cA gcA
2
0(3r) -x(2r)
€EA © Le
Hence, the above estimate simplifies to the following

¢*+3¢3 —4¢2 -3¢ +2 qg—2
S < = T TR T Z<Zf>‘72f4

¢cA

q(¢® +3¢ —3q— (Zf)

2(q=1) (¢ +

Note the following implication of the Cauchy-Schwarz inequality

2
Zf4zq2 1(Zf2) :
A A

where the equality happens if and only if f is a constant function on A.
Thus, it follows that

q* +3¢% —4¢> — 3¢ +2 C a3’ 49— 3¢ +2 2
S < e (Zfz) 2(¢—12(g +1) g;@;ﬁ)

() (e

A £cA

We know that the first factor is a non-negative number for all ¢ > 2. Moreover, notice
that

(£r)-GHEE) FimE(Er)

£€A £cA
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g+1 ’
-5z (Tr)

g€A N Le
Therefore, we conclude that S(A) < 0. The equality happens if and only if all the
inequalities above are equalities, which occurs if and only if f is a constant function on
A. To complete the proof, we note that the choice of A was arbitrary; we can argue for
any plane Af in a similar way. Combining all such inequalities, we deduce that (3.2)
holds. Equality in (3.2) is attained if and only if f is constant on each of the planes A;t.
By Proposition 6, we know Aj and A; have a non-trivial intersection; therefore, the

constants are the same. Varying ¢ and j, we see that f has to be a constant function on
rs.

4. Classification of the extremizers: proof of Theorem 2

In this section, we will give a complete classification of the functions f on I'® for which
the inequality (1.4) becomes equality. We assume henceforth that the extremizers are
not constantly zero. We begin with the following observation.

Lemma 8. Let f # 0 be a function on I'3 for which (1.4) becomes equality. Then the
following must hold:

(i) |f] s a constant function;

(i) If p(&) = f(&)/1f(&)], then

for all x,y,z,w € I' such that z +y = z + w.

Proof. Since the estimate (1.4) becomes an equality, it must be true that the inequality
(3.1) also becomes an equality, and the symmetrization fy of the function f has to be a
constant function on I'*. Thus, we got the necessary condition on the magnitude of the
extremizers. i.e. | f(n)|> +|f(—n)|?> = const # 0 for all n € I'®. Combining the conditions
for the equality of (3.1) and the fact that f; = const, we deduce that we must have the
following identities,

f(ny) = C(my,m2) f(=m2);
f(=m1) = C(ny,m3) f(n2),

for all §;,m, € I'® and for some number C(n,,n,) € C. Looking at the sum of the
squares of these two equations, we deduce that |C(n,,m,)| = 1, therefore, | f| is constant.
Using this fact, we conclude that f(p) # 0 for all p € T'®; otherwise we see f = 0.
Therefore, extremizers never vanish and we define the phase function ¢ : I'® — S! as

w(p) = f(p)/If(P)]-



C. Gonzdlez-Riquelme, T. Ismoilov / Journal of Functional Analysis 291 (2026) 111478 19

The other condition for the equality in (3.1) is the following

C(’ha772)fﬁ("72)f(773)f(—774) =0, (4.2)

for all §; + my +n5 + 14 =0, m; € T'3. First of all, we observe that each of the factors
in the expression above is non-zero by the previous deductions; therefore, the inequality
must be strict. Hence, the condition in the equation (4.2) is equivalent to

Arg (C(Wp??z)f(??s)f(_?u)) =0 (mod 27),

for all §; +my +m3 +m4 = 0, n; € 3. Clearly, by varying the elements n; and n, in
this condition we conclude that

v (P T, ) = s (PTG ) (mod 20),

for all 5 +mn4 = 15 + njy # 0. If we write this equation in terms of the phase function,
we get

wms)  p(ng)

o(=n4) (=)

After we shuffle the terms and rename the variables, we arrive at the functional equation
(4.1) for . O

In the rest of this section, we study the solutions to the functional equation (4.1).
Proposition 9. Let p be an odd prime and ¢ = p™. If a map 1 : Fq2 \ {0} — C* satisfies
V(@) d(y) = P(2)Y(w) (4.3)

for all non-zero x,y, z, and w such that x +y = z + w, then it must be a multiple of a
character. More precisely, there exists A € C* and (a1, a2) € IF(? such that

o
Y(w1,22) = X - exp (% Try, (ayz1 + a2x2)>, (4.4)

for all (x1,x2) € qu \ {0}.

Proof. From (4.3) it follows that ¢ (x)y(—x) = const, for all  # 0. Since every non-
zero scalar multiple of ¢ satisfies the functional equation (4.3), we may assume (up to a
constant factor) that

Y(x)yY(—x) =1, forall z#0. (4.5)
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Under these conditions, we still have two choices for the sign of ; thus, we can try to
identify the solutions up to a factor of £1.

Step 1: ¢(x)?? =1, for all x # 0.

Fix a # 0. Since there are at least 3 elements in F2 \ {0} one finds y € F? \ {0} such
that y # +x. Therefore, using (4.5) and (4.3) consecutively, we deduce

st =vepwptve =v (T5) 6 (F78) <u (D) ue

If we assume p # 3, again using (4.5) we can obtain the relation

U (3z) = Y(3z) Y (—x)y(x) = Y(x)’.

Repeating similar argument several times we show that ¢((p —2)z) = ¥ (z)?~2, which is
also equivalent to the identity ¢(2z) = 1 (x)?~P. Combining the last identity with (4.6)
we get

v(@)' = (2x)? = P(a)' 7,

which implies that 1(x)?” = 1 for the case p # 3.

Now suppose p = 3. In this case, we cannot use the previous argument simply because
3z = 0. What we can use is the fact that 271 = 2 and (4.6). Employing these facts, one
can show

Y(@)? = ¢(2x)! = Y(dz)® = ¥(z)®.

Therefore, 1(x)® = 1. It completes the proof of step 1.

Step 2: 1(2x) = +1)(x)?, where the choice of + is independent of x.

From (4.6) it is immediate that 1 (2z) € {+¢(x)?}. We argue by contradiction, sup-
pose there are two elements @,y such that (2x) = ¢ (x)? and ¥ (2y) = —(y)?. In such
a case, using the conclusion of step 1, we are led to the following identity

—1= (-1 = (—v(@)*(y)?)" = v(22)P(2y)? = (@ +y)* = 1,

which is absurd. Thus, the choice of the sign in the identity is uniform.
Using step 2, we can assume that 1)(2z) = 9 (x)?; otherwise, we work with —, which
is also a solution to the equation (4.3) with (4.5). Define an extension ¥ of the function

1) given by

x), « IF(? 0};
w):{fu ;0\{}

From this definition, it is immediate that ¥ (x)¥(y) = ¥(z)¥(w) holds for all z+y =
z + w. In particular, € + y = (x + y) + 0, implies
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U(x)¥(y) =¥(x+y),
for all «,y. Thus ¥ is a character on the additive group (FZ2,+). Now it is clear that

there exists (a1, az) € F? such that

o
\IJ(CL') = exp <% Trn(a1$1 + a2x2)>7

for all = (x1,22) € F2. In particular, ¢(z) has the same representation for all  # 0.
Since we have done several reductions on the scalar factor, the general solution to the
functional equation (4.1) is given by (4.4). O

Now, using this result, we can classify all the extremizers. We know that they are
constant in absolute value; therefore, we can assume f(x) = A ¢(x), for some A\ € C*,
and here ¢ is the phase function of f. We first observe that any map f : I'* — C which
acts as follows

21
(n1,m2,m3,M4) = A - exp (? Tr,, (a1m + agne + asns + a4n4)>

for given a1, az,as,as € Fy and A € C* is an extremizer for the inequality (1.4). Indeed,

2

S

2

Z Z fm)f(ny)

RGN

§€Fg "y myer? §eFg "y myer?
n1+m,=¢ n1+m,=¢
Y e = o T ir@r)
gclFy gcly
Now, we prove that these are the only extremizers with |f| = |A|. Since the

phase function ¢ has modulus 1 by (4.1) and the previous proposition, we know that
0la = cx, where ¢ € S! and x is a character on the complete plane A U {0},
for any punctured plane A C I'3. Up to a constant factor, we may assume ¢ =
1. Hence, we have that ¢ acts as a character in any punctured plane contained
in the cone. In particular, for A; = {(0,772,0,774) 2 (m2,m) € IF(?\{O}} and Ay =

{(nla 0777370) : (7717773) € IF(? \ {0}}7 we have: @(05 12, 07774) = €xXp (% Trn(a‘Q’r,Q + CL4’I’}4))

and ¢(n1,0,73,0) = exp (% Try, (a1m +a3n3)>, for some aq,as,as,as € F,. Consider
the function ¢ : I® — S! given by

1

11)(771,772,773,774) = —"-—
%0(7717 12,73, 774)

2me
exp ? Try(a1m + az2ne + azns + asma) | -
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Note that also 1) must satisfy (4.1). Observe that 1(0,712,0,74) = 1 and ¥(m1,0,73,0) = 1

for any (n1,m3), (n2,14) € ]Fq2 \ {0}. Now, take any (n1,72,73,74) € '3\ (A; U A3) and
take a nonzero (ps, pg) # (—n2, —n4); then we have that

(11,2, 13, M4) =(11, M2, 13, M14)Y (0, p2, 0, ps)
=(n1,0,n3,0)¢(0,m2 + p2,0,mn4 + ps) = 1.

From this, we conclude that ¢(n) is exactly given by exp (% Try(a1m1 + asne + aszns +
asna)).
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