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Introduction

This thesis is developed following two lines of research in analysis and applied mathe-
matics: the study of mixing phenomena arising in a non-smooth setting and dynamic
blocking problems of fire propagation.

The first part of this thesis is devoted to the study of mixing from the point of view
of Ergodic Theory and the one of Fluid dynamics. The major result achieved here is
the construction of infinitely many Exponential Mixers, that is divergence-free vector
fields that have strong mixing properties. Moreover we give an example of a vector
field which is weakly mixing but not strongly mixing.

The second part is devoted to the study of the Fire Problem first proposed by
Bressan in 2007 [14]. Here, we study the properties of Optimal Blocking Strategies,
proving Bressan’s fire conjecture for spiral-like strategies.






Properties of Mixing BV vector
fields

This part of the thesis will focus on the interplay between Ergodic Theory and Fluid
Dynamics. A common feature between these two fields is the study of Mixing. In
particular, in Ergodic Theory it is studied as a statistical behaviour of some dynamical
system and in Fluid Dynamics it refers generally to the property of the motion of an
incompressible fluid. Since the study of Mixing in Ergodic Theory has been widely
developed |4} 23, 130, |32}, 33, [36], the aim of this work is to understand the possible
connections between these two branches of Mathematics, showing indeed that some
ideas can be borrowed from Ergodic Theory in order to study the mixing properties
of incompressible fluids. There is a quite recent interest in quantifying the degree of
mixedness of an incompressible fluid and in producing deterministic examples of flows
that achieve the optimal mixing: two of the most challenging open problems in the
field are indeed Bressan Mixing Conjecture [1] and the deterministic Pierrehumbert
Model [41]. Many approaches going from Probability to Geometric Measure Theory
have been used in the recent years to solve some questions |3} 27, 37, 8|, while the
strong connection with Ergodic Theory could be a rich source of inspiration for new
results.

Now, we consider a divergence-free vector field b : Rt x T¢ — R¢ and the continuity
equation
8tpt + D - (ptbt) = 0, Pt=0 = PO- (001)

In recent year the following question has been addressed: is the solution p; approaching
weakly a constant as ¢ — 00? The meaning of ”approaching a constant” is usually
formalized as

pi — 4 poL? weakly in L?, (0.0.2)
t—o0
(£%is the d-dimensional Lebesgue measure) since ||p¢ || r» is constant (at least for positive
solutions and sufficiently regular vector fields) and this is referred to as functional
mizing (another notion of mixing is the geometric mizing introduced in [1], but for our
purposes the functional mixing above is the most suitable, since it is related to Ergodic
Theory).

Without any functional constraint on the space derivative Dby, it is quite easy to
obtain mixing in finite time: a well known example is [39]. A similar idea, used in a
nonlinear setting, can be found in [2]|. See also [finite] for completeness. The problem
is usually formulated as follows: assume that b € LS, N Li°W;", what is the maximal

speed of convergence in ((0.0.2))?

This question has been addressed in several papers. In [3] the 2d-case has been
throughly analyzed, and the main results are the explicit construction of mixing vector
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8 PROPERTIES OF MIXING BV VECTOR FIELDS

fields when the initial data is fixed: the authors are able to achieve the optimal expo-
nential mixing rate for the case WP, p > 1, and study also the case s < 1 (mixing in
finite time) and s > 1 (mixing at a polynomial rate). Recall that for s = 1,p > 1 the
mixing is at most exponential [24], while the same estimate in Wh! (or equivalently
BV) is still open [1]. In [YaoZlatos, 27| it is discussed the existence of universal mixers:
that is divergence-free vector fields that mix any initial data. In particular, in [27] the
authors construct a vector field which mixes at an exponential rate every initial data,
and it belongs to LW, for s < 1+—2‘/5, p € [1, 25+12_\/5). The autonomous 2d vector
field is special, having an Hamiltonian structure: indeed in [11] the authors show that
the mixing is polynomial with rate t~! when b € BV.

In this paper we consider the different problem: how many vector fields are mixing?
More precisely, we study the mixing properties of flows generated in the unit square
K =[0,1)? by divergence-free vector fields b : [0,1] x K — R? belonging to the space
L*>([0,1],BV(K)): to avoid problems at the boundary, we assume that the vector field b
is divergence-free and BV when extended to whole R?. In order to shorten the notation,
we will sometimes write BV(K), K = [0,1]? as the space BV(R?) N {suppb C K}.

All the results stated here can be extended to the case € T? with minor modifications;
our choice is in the spirit of [43].

In this setting, there exists a unique flow t — X; € C([0, 1], L}(K; K)) (called Regular
Lagrangian Flow (RLF)) of the ODE

{tht(y) = b(t, Xu(y)),
Xt:O(y) =Y,

which is measure-preserving and stable, see [6, |5] and Section m The idea here
is to consider the £2-a.e. invertible measure preserving map X;,—; : K — K as an
automorphism of the measure space (K, B(K), L2 k) and apply the tools of Ergodic
Theory. Here and in the following £2_ is the Lebesgue measure on K and B(K) are
the Borel subsets of K. We call G(K) the group of automorphisms of K. A non trivial
additional difficulty is to retain that the maps under consideration are generated by a
divergence-free vector field in L{® BV .

There is a rich literature in Ergodic Theory that has deeply investigated the gener-
icity properties of mixing for invertible and measure-preserving maps. We have to take
into account that here mizing behaviour, or mizing phenomena, refers to different notion
of mixing that are developed in Ergodic Theory (and recently they have been studied
also in a Fluid Dynamics context). More precisely, let T' € G(K) be an automorphism.
We say that

e T is ergodic if for every A € B(K)

T(A)=A = L*(A)=0o0rL*A)=1; (0.0.3)

o T is weakly mixing if VA, B € B(K)

n—1
lim % S [£(T9(4) N B) — £2(A)L3(B)]* = 0; (0.0.4)
=0

e T is (strongly) mixing if VA, B € B(K)

lim L*(T~"(A)N B) = L*(A)L*(B). (0.0.5)

n—oo



The genericity results concerning ergodic, weakly mixing and strongly mixing auto-
morphisms are due mostly to Oxtoby and Ulam [40], Halmos |30} 31], Katok and Stepin
[33] and Alpern [4]. They proved that the set of ergodic transformation is a residual (or
comeagre) Gs-set (i) in the set G(K) with the neighbourhood topologyﬂ [31], (ii) in the
set of measure-preserving homeomorphisms of a connected manifold with the strong
topologyﬂ [40, [33]. Moreover, the weakly mixing automorphisms are a residual G5 set
[31,133]. In 1976 Alpern showed that these problems are indeed connected by using the
Annulus Theorem [4]. A different result holds for strongly mixing maps. It was shown
firstly by Rokhlin in [42] (see [45] for an exposition of Rokhlin’s work) and then by D.
Ornstein [32] that (strongly) mixing maps are a first category set in the neighborhood
topology.

In these settings, the genericity properties of measure-preserving (weakly) mixing

or ergodic maps are fairly understood; to our knowledge a similar analysis has not
been done for flows generated by vector fields with additional regularity requirements
(e.g. b € LPBV,). The aim of our work is to extend the above genericity results
to divergence-free vector fields whose Regular Lagrangian Flow is ergodic and weakly
mixing (in dimension d = 2, but see the discussion below on the extension to every
dimension d > 3).
We remark that here we are looking to genericity properties of mixing in the topological
sense, and not a.e. mixing w.r.t. some probability measure in the space of vector fields
(e.g. ]9]): while there is some relation between the two notions, in general one result
does not imply the other.

We consider b € L>°([0,1], BV(K)) be a divergence-free vector field.

Definition 0.0.1. We say that b is ergodic (weakly mizing, strongly mizing) if its unique
Regular Lagrangian Flow evaluated at time ¢t = 1 is ergodic (respectively weakly mixing,
strongly mixing) as an automorphism.

0.0.1 Comparing weakly and strongly mixing behaviour

The definition of mixing vector fields was first given in [10], but there are examples of
strongly mixing vector fields in previous literature. For instance, in [27] the authors
give an explicit example of a strongly mixing vector field b € L>°(]0, 1], W*P(T%)) for
s < %j and p € [1, m) whose RLF at time ¢ = 1 is the Folded Baker’s map.
We should remark that the advantage of the rough regularity of the vector field, espe-
cially in the case of the BV regularity, is that it allows for rigid cut and paste motions,
since the flows originated by these vector fields do not preserve the property of a set to
be connected. These constructions would be hard to reproduce for vector fields with
higher regularity in time and space. Nevertheless, a stochastic approach (see for ex-
ample [8]) investigates mixing vector fields with higher regularity, but does not furnish
deterministic examples of vector fields with the desired mixing properties.

As we told above, the weakly mixing behaviour is typical, while strongly mixing vec-
tor fields are few in the sense of Baire Category Theorem (see also [4],[30],[32],]40],[42],
and [45]). Nevertheless it is hard to give examples of weakly mixing automorphisms/
vector fields that are not strongly mixing.

The example we give in Chapter [2| is based on a work of Chacon [21], who con-
structed a weakly mixing automorphism that is not strongly mixing, in the

'The neighbourhood topology is indeed the convergence in measure, see Subsection 1.1.1|.
2A sequence of maps T,, — T in the strong topology if T, — T and T,; * — T~! uniformly on K.
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Figure 1: The grid on the torus with £ = 4 and an enumeration of subsquares.
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Figure 2: The automorphism Uy sends the starting configuration into this final one.

one-dimensional space ([0, 1], B([0, 1]), |-|), where |-| is the one-dimensional Lebesgue
measure. The importance of his work is that a general procedure to build up weakly
mixing automorphisms that are not strongly mixing is given. Indeed his example easily
extends to multiple dimensions, but we will focus on the dimension d = 2 to avoid tech-
nicalities and to provide some wisual expressions of the vector fields under considera-
tion. In particular we will construct a divergence-free vector field b € L>([0, 1], BV(T?))
whose Regular Lagrangian Flow X (¢), when evaluated at time ¢ = 1, is a weakly mixing
automorphism that is not strongly mixing.

The general idea here is the definition of a setting (see Configurations in Section
that helps to relate an automorphism, call it U, to the vector field ¥ whose RLF
at timet =1is U.

A configuration v is a n X n matrix that takes values in the set {1,2,...,n2}. More-
over we ask that v;; = v iff i = h,j = k. Every configuration indeed represents an
enumeration of the subsquares of the torus of the grid N x N% (see Figures . A
movement T : C(n) — C(n) is a one-to-one map from the space of configurations C(n)
into itself, that is, it is a permutations of the subsquares of the grid N x N % Among
movements the following are relevant for Chacon’s example: simple exchange, sort,
rotation (Section [2.2)), and each one of them can be realized as the flow, evaluated at
time ¢ = 1, of some BV divergence-free vector field (see Subsection and Figure|(3]).

The key example that one has to keep in mind while approaching this problem is the 15
puzzle where one performs rigid movements on subsquares in order to reach the desired
configuration (see Figure |4)).

Chacon’s method provides a sequence of automorphisms {Uy} that are permutations of
the subsquares of the grid N x N % To give an intuition, we fix for example k = 4 and
we assume to enumerate squares as in Figure I, Chacon’s automorphism Uy € G(T?)
moves the previous enumeration of squares (the starting configuration) into the final
configuration in Figure 2] Then he considers the limit map U = limy_,o, Uy, which is a
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Figure 4: The 15 puzzle.

weakly mixing automorphism that is not strongly mixing (see Sections 2.3)).

Using Chacon’s construction and the setting of configurations, we prove in particular
the following result (Section [2.4]):

Theorem 0.0.2. There exists a divergence-free vector field bV € L BV, whose RLF
XY(t) when evaluated at time t = 1 is the Chacon’s map U, that is b¥ is a weakly
mizing vector field that is not strongly mizing.

We conclude remarking that all these constructions are possible assuming to work
in [0, 1]¢ instead of T¢.

0.0.2 Residuality results for mixing BV vector fields.

Before our work [10], only few examples of deterministic mixing vector fields were
known. In [10] we extended the genericity results mentioned above to divergence-
free vector fields whose Regular Lagrangian Flow is ergodic and weakly mixing (in
dimension d = 2, but see the discussion below on the extension to every dimension
d > 3). Moreover, we constructed infinitely many exponentially mixing vector fields.

In the original setting (0.0.1)), if ;41 = b (i.e., it is time periodic of period 1), then
it is fairly easy to see that if b is strongly mixing as in the above definition then (0.0.2)
holds, while for weakly mixing vector fields b it holds the weaker limit

T 2
Tlgr;);/o </K <pt—][p0£2>¢£2) dt =0, V¢ e L*(K).
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This gives a precise connection between the functional mizing and the notion of mixing
in Ergodic Theory.

The main result that we achieved is:

Theorem 0.0.3. There exists a Gs-subset U C L1([0,1]; LY(K))N{b: D -b= 0} con-
taining all divergence-free vector fields in L*°([0,1]; BV(K)) with the following proper-
ties:

1. the map ® associating b with its RLF X,
d:{bec LPBV,:D- b =0}— C([0,1], L}{(K)),
can be extended as a continuous function to the Gg-set U;
2. ergodic vector fields b are a residual Gg-set in U;
weakly mizing vector fields b are a residual Gg-set in U;

strongly mixing vector fields b are a first category set in U;

v S

exponentially (fast) mixing vector fields are a dense subset of U.

We will reasonably call the flow X; = ®(b), b € U, as the Regular Lagrangian Flow
of b, even if we are outside the setting where RLF are known to be unique: however X;
is the unique flow which can be approximated by RLF of smoother vector fields 0™ as
b" — bin L'. The existence of such a set I/ is due to purely topological properties of
metric spaces (Proposition .

Our proof adapts some ideas from [31] to our setting: we give an outline of Halmos’
analysis. First of all, both ergodic automorphisms and weakly mixing automorphisms
are a Gs-set |30, 31]. Next, it is shown that the mixing properties are invariant under
conjugation, i.e., if T : [0,1] — [0, 1] is weakly/strongly mixing and R : [0,1] — [0, 1]
is an automorphism, then R o T o R™! is weakly/strongly mixing too. It remains to
be proved that weakly mixing maps are dense: define a permutation as an automor-
phism of [0, 1] sending dyadic intervals (subintervals of [0,1] with dyadic endpoints)
into dyadic intervals by translation (in dimension greater than 1 the map translates
dyadic subcubes). Cyclic permutations (i.e., permutations made by a unique cycle) of
the same intervals are clearly conjugate. One of the key ingredients of Halmos’ proof is
that, for every non periodic automorphism (i.e., 7"z # x for all n in a conegligible set
of points x), there exists a cyclic permutation close to it in the neighbourhood topology,
and by the previous observation about conjugation of permutations one deduces that if
T is non-periodic then the maps of the form RoToR~! form a dense set. In particular,
the weakly mixing maps are a Gg-set containing a non periodic map, hence this set is
residual.

In our setting, the fact that ergodic/weakly mixing vector fields form a Ggs-subset
of U is an easy consequence of the Stability Theorem for Regular Lagrangian Flows
and the definition of the map ® (see Point and Proposition . Indeed, since
both ergodic automorphisms and weakly mixing automorphisms are a Gg-set |30, 31],
then by the continuity of the map ® associating b with the RLF X, ergodic and weakly
mixing vector fields are a Ggs-set also. Unfortunately, we cannot use conjugation of a

RLF X; with an automorphism R of K, since in general R o X;—; o R™! is not a RLF
generated by b € L°BV, (or even b € U). However, we are able to prove the density
in U of vector fields b € L BV, whose RLF is a cyclic permutation of subsquares of
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K, which is the natural extension of the permutation of intervals used in [31]. More
precisely, the map T = X;—1 sends by a rigid translation subsquares of some rational
grid N x N%, where D € N, into subsquares of the same grid (it will be clear later that
being dyadic as in [31] is not relevant, see Lemma and Remark [1.1.3)), and as a
permutation of subsquares it is made by a single cycle. The precise statement is the

following.

Theorem 0.0.4. Let b € L*([0,1], BV(K)) be a divergence-free vector field. Then for
every € > 0 there exist 1 < D € N, two positive constants C,Ce and a divergence-free
vector field b° € L*>([0,1],BV(K)) such that

16— 6Ny < € |[Tot.Var.(5)(K)||oo < C1|[Tot.Var.(b)(K)||e + Co  (0.0.6)

and the map X;{_ : K — K, where X7 : [0,1] x K — K 1is the flow associated with b°,
is a D?-cycle of subsquares of size %.

The above approximation is the most technical part of the work we did, and it is the
point which forces to state the theorem in ¢/ and not in the original space b € L° BV
indeed, while achieving the density in the L}vx—topology, the total variation increases
because of the constants C7,C5 in . (It is possible to improve the first estimate

of to [|[b — b°|| o1 < €, see Remark but to avoid additional technicalities
we concentrate on the simplest results leading to Theorem [0.0.3])

We remark that the above approximation result is sufficient to prove that strongly
mixing vector fields are a set of first category (Proposition : indeed, Theorem
[0:0.4] shows the density in U of divergence-free vector fields whose flow is made of
periodic trajectories with the same period D?. This observation is the key to obtain

Point of Theorem m

Looking at cyclic permutations of subsquares is an important step to obtain ergodic
(and then weakly mixing and strongly mixing) vector fields: indeed, instead of studying
the map X ; (the RLF generated by b¢ of Theorem above) in the unit square K
with the Lebesgue measure £2, it is sufficient to work in the finite space made of the
centers of the subsquares

ki —1/2 ko —1/2
0= = ki,ko=1,....D 0.0.7
{1’ ( D ) D y 1y V2 ) 3 ) ( )

where the measure-preserving transformation X ; reduces to a cyclic permutations.
In particular in 2 it is already ergodic.

Since we cannot use the conjugation argument as we observed above, the final steps
of the proof of Theorem differ from the ones of [31]. Indeed we give a general
procedure to perturb vector fields b¢ € L{° BV, (whose RLF X{ at t = 1 is a cyclic
permutation of subsquares) into ergodic vector fields b¢ (strongly mixing vector fields
b*) still belonging to L$° BV,: here the explicit form of X¢ plays a major role, allowing
us to construct explicitly the perturbations to b¢ (Sections .

The key idea is to apply the (rescaled) universal mizer vector field (introduced in [27])
whose RLF at time t = 1 is the Folded Baker’s map

_ Cy1 1
U—ve, =) (2L 2+ 2) w€ [?’ ) e (0.0.8)
(22 -1, +3) € (3:1],

to the subsquares of the grid N x N% given by Theorem m
In order to achieve ergodicity, it is sufficient to apply the universal mixer U inside
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a single subsquare, because the action of X ; is already ergodic in {2 being a cyclic
permutation. Together with the fact that ergodic vector fields are a Ggs-set, this gives
the proof of Point of Theorem The perturbation to achieve exponential mixing
is more complicated, since we need to transfer mass across different subsquares. The
idea is to apply the universal mixer U to adjacent couples of subsquares, a procedure
which assures that the mass of p is eventually equidistributed among all subsquares.
The exponential mixing is a consequence of the finiteness of {2 and the properties of U
(see Proposition [3.1.10)). This concludes the proof of Point of Theorem and
since strongly mixing vector fields are a subset of weakly mixing vector fields we obtain
also Point , concluding the proof of the theorem.

It should not be surprising that exponentially mixing vector fields are a dense subset
of U. Even if this G5 contains vector fields whose behaviour is far from mixing (as for
example horizontal shears) the key point is that any vector field can be approximated
by permutation vector fields, which are the building blocks for any mixing behaviour.
We point out that our construction does not provide any example of a smooth mixing
vector field: an interesting open question is the construction of a time-periodic vector
field with smooth regularity in space, since the one constructed in [9] does not satisfy
the periodicity in time.

A completely analogous result can be obtained in any dimension by adapting the
above steps, at the cost of additional heavy technicalities. In this work we decided to
sketch the proof of the key estimates (i.e., the ones requiring new ideas) in the general

case (see Subsection [4.1.1)).

0.1 Structure of the proof of Theorem [0.0.3

Approximations of flows by permutations

The approximation through divergence-free vector fields b whose flow at t = 1 is a
permutation of squares has been already studied in |43] in the context of generalized
flows for incompressible fluids. Indeed the starting point of Chapter [ is Lemma
whose statement is almost identical to Lemma 4.3 of [43]: it says that if T is a smooth
map sufficiently close to identity, there exists an arbitrarily close flow oy, t € [0, 1], such
that oy—9 = T and ;=1 maps affinely rectangles whose edges are on a dyadic grid into
rectangles belonging to the same grid. Even if the ideas of the proof are completely
similar to the original ones, we choose to make them more explicit (see also Remark
for some comments on the original proof).

At this point the proof diverges from [43], due to the fact that in his case one has
to control the L2-norm of the vector field while here we need to build a perturbation of
a vector field (not of a map) and to estimate its BV -norm. In Lemma we prove
that the perturbation oy constructed in the above paragraph (i.e., in Lemma can
be encapsulated inside the flow X; so that the resulting vector field is close in L{°L}
and remains in L{° BV, if the grid is sufficiently small, always under the assumption
that X} is close to identity.

We finally arrive to the approximation theorem through permutations (Theorem
4.4.1]), which we think that can have an independent interest:

Theorem 0.1.1. Let b € L*™([0,1]; BV(K)) be a divergence-free vector field. Then for
every € > 0 there exist §',C1,Co > 0 positive constants, D € N arbitrarily large and a
divergence-free vector field b¢ € L*°([0,1]; BV(K)) such that

1. suppb; cC KO =[¢',1 — &%,
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2. it holds

b=t e (1) < € [[Tot.Var.(b°) (K)o < Ci||Tot.Var.(b)(K)||o+Ca, (0.1.1)

3. the map XLy—1 generated by b at time t = 1 translates each subsquare of the grid
N x N% into a subsquare of the same grid, i.e., it is a permutation of squares.

We remark that in the statement of Theorem [.4.1] it is also assumed that there
exists & > 0 such that for £'-a.e. t € [0,1], supp b CC K°. This is for technical reason,
as standard approximation methods allows to deduce the Theorem [0.1.1] above from

Theorem .41

The starting point of its proof is to divide the time interval [0, 1] into subintervals
[ti,ti+1] and apply the previous perturbations (Lemma to by, t € [t;, ti—1]. We
however need an additional mechanism in order to obtain a permutation of subsquares
and not a piecewise affine map at ¢ = 1, as it would be the case if we only use the
perturbations above.

The introduction of this new perturbation is done in Section the idea is that if
a measure preserving map 1 is diagonal with rational eigenvalues, then there exists a
subgrid and a map R made by two rotations such that T o R maps subsquares of the
new grid into subsquares instead of rectangles (Lemma . The key point is that
the total variation of the new map is bounded independently on the grid size, while
the Li-norm converges to 0 as the grid becomes smaller and smaller. This gives better
BV estimates than the construction of [43]. In the proof of the theorem, this rotation
mechanism has to act differently in each subrectangle. The procedure illustrated in
Figure [5)) has to be done during the time evolution. The interesting part of the above
theorem is the form of the estimate for the Total Variation in . The constant
C1 comes out from the approximation argument of Shnirelman: it means that the
total variation of the piecewise affine approximation is, as expected, of the order of
Tot.Var.(b:): we believe that this constant C can be optimized, but it is not necessary
here, because the hard term is the one leading to C5. Indeed, the second constant
comes from the rotation mechanism: performing a rotation inside a rectangle costs, in
terms of the total variation, as the area of the rectangle see Lemma .

From permutations of subsquares to ergodic/exponential mixing

The advantage of having a flow X; such that X;—; is a permutations of subsquares is
that its action is sufficiently simple to perturb in order to achieve a desired property.
Nevertheless it requires some smart constructions, since in any case we need to control
the L!-distance and the BV norm.

The first step is to perturb a permutation of subsquares into a cyclic permutation of
subsquares, i.e., a permutation made of a single cycle: this is clearly a necessary condi-
tion for ergodicity. Roughly speaking, the idea is to exchange two adjacent subsquares
belonging to different cycles in order to merge them. We do this operation in two
steps. In Lemma it is shown that one can arbitrarily refine the grid N x N% into
N x N ﬁ so that each cycle of length k in the original grid becomes a cycle of length
kM? in the new one. Moreover the perturbation is going to 0 in L°LL as M — oo and
its L*° BV, is arbitrarily small when D is large.

The above result allows now to exchange sets of size (DM)~! when merging cycles:
this is done in Proposition This proposition faces a new problem: in the previous
case the exchange of subsquares of size (DM )~! occurs within the same subsquare of
size D™ the latter is only deformed during the evolution and hence the merging can
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t=10 t=1 t=ta

Jol_—— /—\

Figure 5: A graphic explanation of the action of rotations: the three top frames above
shows the evolution of curves at different times t;, where the perturbation of Lemma
takes care of transforming the green square affinely into the green rectangles. The
three bottom frames is the action of the rotation on a finer grid: the red rectangle is
chosen so that the action of the affine map X;—, coincides with a rotation by 7/2 (as
a set, but the black grid (image through an affine map) is not the image of the red grid
after a rotation), and then the red grid is mapped into itself when composed with a
rotation of 7/2 inside the red rectangle. At the next step, one chooses again a finer
grid (the light blue one) to perform the same transformation, so that the blue grid is
mapped into itself.

be done in the whole time interval [0,1]. In the case of Proposition instead,
we are exchanging subsquares of size (DM)~! which are then shifted away during the
flow, since they belong to different subquares of the grid D~!. This requires to do the
exchange sufficiently fast (i.e., during the time where they share a common boundary,
Remark [3.1.7), or to freeze the evolution for an interval of time [0, 6] and perform the
exchanges here and then let the flow permuting the subsquares to evolve during the
remaining time interval [d, 1]. We choose for simplicity this second line, being easier
and not changing the final result: notice however that now the constant M plays the
role of controlling the constant 6!, appearing because the exchange action occurs in
the time interval [0, J].

Once we have a cyclic permutation of subsquares, the perturbation to get an ergodic
vector field is straighforward.

To achieve the exponential mixing, instead, we need to transfer mass across different
subsquares, and hence we face again the problem of Proposition [3.1.5| above: we let
the mixing action occurs in an interval of time where the evolution is frozen, and then
let the cyclic permutation to act in the time interval [4,1] (see also Remark [3.1.11]).
The idea is again to use the universal mixer to exchange mass across to nearby
subsquares. The additional difficulty here is that in order to avoid resonant phenomena
we mix all squares with 2 neighboring ones, so that by simple computations the Markov
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Shift obtained through this map is exponentially mixing, Proposition [3.1.10

To collect all the above results into a proof of Point of Theorem is not
difficult at this point, and we devote a section (Section and Corollary [1.1.11)) to
shows how to merge these result and get the desired statement.

0.1.1 Structure of The Thesis

In this section we indicate how the material presented in the introduction is organized
in the thesis.

In Chapter |1} after listing some of the notation used in the paper, we give a short
overview of BV functions (Section and Regular Lagrangian Flows (Section ,
proving the extension of the continuous dependence to a complete set I/ in Proposition
(providing the proof of Point of Theorem and stating some technical
estimates on composition of maps (Theorem|1.0.4|and (1.0.3)), (1.0.4))) and on the vector

field ([2.2.5)) generating a rotation (Lemma [2.2.13)).

In Section [1.1] we collect some classical results in Ergodic Theory which are needed
for Theorem [0.0.3] and also give the proof of the Gg-properties of the set of er-
godic/weakly mixing vector fields of Theorem m First we introduce the basic def-
initions, then in Section [1.1.1] we clarify the relation with the neighborhood topology
and the L'-topology used in Theorem m
In Section [1.1.2] we restate in our setting the well known fact that weakly mixing are
a Gs-set, as well as the first category property of strongly mixing vector fields (Propo-
sition . The proof of the remaining parts of Theorem is a corollary of the
previous statement (Corollary , if we know that the strongly mixing vector fields
are dense.

The construction of exponential mixing vector fields is based on the analysis of Markov
Shift: in Section [1.1.3] we give the results which are linked to our construction.

In Chapter [2] we give an example of a weakly mixing vector field which is not
strongly mixing. Here the construction is based on the work of Chacon [2.1.3] who gave
a general method for constructing weakly mixing automorphisms.

In Chapter [3| we present the proof of the the density of exponentially mixing vector
fields, under the assumption that permutation flows are dense in L; BV, w.r.t. the Lt{m—
norm. We decide to put first this construction because it is in some sense independent
on the proof of the density of permutation flows: the idea is that different functional
settings can be studied by changing this last part (i.e., the density of permutation flow),
while keeping the construction of approximation by permutations more or less the same.
The first statement is Lemma which allows to partition the subsquares of a given
cycle into smaller subquares still belonging to the same cycle. The usefullness of this
estimate is shown in Proposition [4.1.4] where we need to exchange mass only on an
area which is of order M2, and hence obtaining that the perturbation is small in Lt{x
and L°BYV, (Proposition of Remark addresses the problem of exchanging
two subquares during the evolution, a refinement not needed for the proof of Theorem
0.0.3). The last two subsection address the density of ergodic vector fields (Proposition
3.1.9) and of exponentially mixing vector fields (Proposition : the basic idea is
the same (i.e., perturb the cyclic permutation). Section shows at this point how
the assumptions of Corollary are verified, concluding the proof of Theorem [0.0.3
under the assumption of the density of vector fields whose flow is a permutation of
subsquares.

The last Chapter [4] proves the cornerstone approximation result, i.e., the density of
vector fields whose flow at t = 1 is a permutation of subsquares, Theorem m (whose
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statement is the same of Theorem .

In Section [4.1] we approximate a smooth flow close to identity with a BV flow which is
locally affine in subrectangles: Lemma considers the 2d-case as in [43], while the
needed variations for the d-dimensional case are in Section [£.1.1]

The BV estimates for such perturbed flow are studied in Section [£.2] A preliminary
result (Lemma takes care of the conditions that the area of the subsquares has
to be a dyadic rational, while the key estimates are in Lemma [£.:2.3} an important fact
is that as the grid becomes finer the perturbation becomes smaller.

An ingredient for obtaining a flow which is a permutation of subsquares is the use of
rotations: in Section we study these elementary transformations.

The main approximation theorem, Theorem is stated and proved in Section [4.4
Its proof uses all the ingredients of the previous sections, and an additional argument
on how to encapsulate rotations in order to control the total variation.



Chapter 1

Preliminaries and notation

In this chapter we collect some preliminary and technical results that will
be used in the main body of this thesis. More in details, we will introduce
BV functions and Ambrosio Theory [6] on the existence and uniqueness of
flows of weakly differentiable vector fields in the subsections and
In Section we will present the group of automorphism and the sketch
of the proof of genericity of weakly mixing automoprhisms. Finally, in the
subsection we will present some tools from the theory of Markov shifts
that will be used to prove the density of strongly mixing vector fields.

First, a list of standard notations used throughout this paper.

2 C R™ denotes in general an open set; B(£2) denotes the o-algebra of Borel sets
of ;

dist(z, A) is the distance of z from the set A C €, defined as the infimum of
|z — y| as y varies in A;

VA C Q, A denotes the interior of A and 9A its boundary, moreover, if € > 0,
then A€ is the e-neighbourhood of A, that is

A ={z € Q: dist(z,04) < €};

M;y(2) bounded Radon measures;
if v € My(Q) then ||v|| denotes its total variation;

BV(Q) is the set of functions with bounded variation, and if u € BV(Q) we will
use instead Tot.Var.(u) to denote ||Dulf;

£ denotes the d-dimensional Lebesgue measure on R?, and H* the k-dimensional
Hausdorff measure;

K =10,1)? is the unit square;

all vector fields b are divergence-free and BV when extended to the whole R2. In
order to shorten the notation, it will sometimes be written BV(K), K = [0,1]
as the space BV(R?) N {suppb C K};

L?_k denotes the normalized Lebesgue measure on K;

19
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e let b:[0,1] x R? — R2, and let ¢, s € [0, 1] then we denote by X (¢, s, ) a solution

of
(t) = b(t, (1))
x(s) =z,
moreover we will use X (t)(x) or (alternatively X;(z)) for X (¢,0,z) (in our setting

as a flow the function X (¢, s, z) is unique a.e.);

e (S,%, 1) denotes a locally compact separable metric space where p is a normalized
complete measure;

e G(S5) denotes the space of automorphisms of S.

1.0.1 BYV functions

In this subsection we recall some results concerning functions of bounded variation. For
a complete presentation of the topic, see [7]. Let u € BV(£2; R™) and Du € M,(Q)™*™
the n x m-valued measure representing its distributional derivative. We recall the
decomposition of the measure Du

Du = Dcontu 4 DJumpu — Da.c.u + Dcantoru 4 DJumpu’

where Dty Da-Cqy DCANLOTy  DIUMPy, are respectively the continuous part, the abso-
lutely continuous part, the Cantor part and the jump part of the measure. We also
recall that for v € BV (Q) the following estimate on the translation holds: for every
C C Q compact and z € R" such that |z| < dist(C, 992)

n

Z ZZ'DiU

=1

/C lu(z 4 2) — u(x)|dz < (Cl#). (1.0.1)

1.0.2 Regular Lagrangian Flows

Throughout the paper we will consider divergence-free vector fields b : [0, 1] x K — R?
in the space L([0,1];BV(K)) (in short b € L BV,) such that supp(b;) cC K for
Ll-ae. t € [0,1]: it is standard to extend the analysis to divergence-free BV-vector
fields in R? with support in K. When the velocity field b is Lipschitz, then its flow is
well-defined in the classical sense, indeed it is the map X : [0,1] x K — K satisfying

{;txt(;g) = b(t, X¢());
Xo(z) = =.

But when we allow the velocity fields to be discontinuous (as in our case BV regular
in space) we can still give a notion of a flow (namely the Regular Lagrangian Flow).
These flows have the advantage to allow rigid cut and paste motions, since they do not
preserve the property of a set to be connected. More in detail, we give the following

Definition 1.0.1. Let b € L'([0,1] x R%;R?). A map X : [0, 1] x R? — R? is a Regular
Lagrangian Flow (RLF) for the vector field b if

1. for a.e. x € R? the map t — X;(z) is an absolutely continuous integral solution

of
{jtm@) = b(t, 2(1));
z(0) = x.



21

2. there exists a positive constant C' independent of ¢ such that

LE(X7HA) <CLYA), VA e BR?).

DiPerna and Lions proved existence, uniqueness and stability for Sobolev vector fields
with bounded divergence [26], while the extension to the case of BV vector fields with
divergence in L' has been done by Ambrosio in [6]. When dealing with divergence-free
vector fields b the unique Regular Lagrangian Flow ¢t — X; associated with b is a flow
of measure-preserving maps, main objects of investigations in Ergodic Theory. In the
sequel we will build flows of measure-preserving maps originating from divergence-free
vector fields; more precisely, if a flow X : [0,1] x K — K is invertible, measure-
preserving for £l'-a.e. ¢ and the map ¢t — X; is differentiable for £l-a.e. t and X; €
L'(K), then the vector field associated with X, is the divergence-free vector field defined
by .

bi(z) = b(t, ) = X (X (x)). (1.0.2)

Theorem 1.0.2 (Stability, Theorem 6.3 [5]). Let b,,b € L>°([0,1], BV(K)) be divergence-
free vector fields and let X™, X be the corresponding Regular Lagrangian Flows. Assume
that

|bn = blls — 0 asn— oo,

then

lim sup | X' (z) — Xy(x)|dx = 0.

n—=o0 JK tel0,1]
In this setting we can extend the family of vector fields we consider to a Polish subspace
of L%}x in which we still have a notion of uniqueness. This extension allows us to apply
Baire Category Theorem for the results of genericity that we will give for weakly mixing
vector fields.

Proposition 1.0.3 (Extension). Let
®:{bc LBV, :D-b =0} {be L'(0,1],LYK)),D b =0} — C([0,1], L} (K))

the map that associates b with its unique Regular Lagrangian Flow Xy. Then ® can be
extended as a continuous function to a Gs-set U containing {b € L BV, : D -b, = 0}.

This proposition proves Point of Theorem m

Proof. We recall that for every f: A — Z continuous where A C W is metrizable and
Z is a complete metric space, there exists a Gs-set A C G and a continuous extension
f: G — Z (Proposition 2.2.3, [35]). Thus we have to prove the continuity of the map
® which follows by

[2(") = ®()llcyrs = sup [ |XP(2) - Xi(2)|dw
tel0,1] J K

§/ sup |Xf(x)—Xt(:c)‘dx.
K tel0,1]

This concludes the proof. ]

We will also use the following tools to prove the main approximation theorems of the
paper. The first one gives a rule to compute the total variation of the composition of
vector fields, while the second one is a direct computation of the cost, in terms of the
total variation of the vector field whose flow rotates rectangles.
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Theorem 1.0.4 (Change of variables, Theorem 3.16, |7]). Let 2,9 two open subsets
of R™ and let ¢ : Q — Q' invertible with Lipschitz inverse, then Yu € BV () the
function v =w o ¢ belongs to BV () and

Tot.Var.(v) < Lip(¢~1)" ' Tot.Var.(u).

Corollary 1.0.5. Let 9,9 C R" be two open sets where 9Q' is Lipschitz and let
¢ : Q — Q invertible with Lipschitz inverse, then Yu € BV (R") the function

{uoqb x €,
v =

0 otherwise,
belongs to BV (R™) and
Tot.Var.(v)(R") < Lip(¢~")" " (Tot.Var.(u)(2') + | Tr(u, 0Q) || 1 (3n-1,,))
= Lip(¢~1)" ! Tot. Var.(uLq ) (R™).

In the following, we have often to study the properties of the vector field b3 associated
with the composition Y3(¢) of two smooth measure preserving flows ¢ — Y;(t), i = 1,2,
with associated vector fields by, bs. By direct computation

bs(t, Ya(t, y)) = O1(t, Ya(t,y)) = ba(t, Y3(t,y)) + VYi(t, Ya(t, y))ba(t, Ya(t,y)),
bs(t,x) = bi(t, @) + VYi(t,Ya(t, Y3 1 (t,2)))ba(t, Ya(t, Yy 1(t,2)))
= by(t,x) + VY1 (t, Y (8, 2))ba(t, Y7 (L, 2)).
Hence using Theorem we conclude that (being Y; o Y2 measure preserving too)
Tot.Var.(b3) < Tot.Var.(by) + Lip(Y1)™ ' Tot.Var.(DY7 (t)bs)

< Tot.Var.(by) + || VY|, Tot.Var.(bs) + || VY1 ]| |b2|eo Tot. Var.( DY (2)).
(1.0.4)

(1.0.3)

Throughout the paper we will extensively use a flow rotating rectangles and the vector
field associated with it. More precisely we define the rotation flow ry : K — K for
t € [0,1] in the following way: call

1 102
V(az):max{q:l—2 , 1:2—2‘} , (x1,29) € K.
Then the rotation field is r : K — R?
r(z) = VV+(x), (1.0.5)

where V+ = (—0,,,0:,) is the orthogonal gradient. Finally the rotation flow r; is the
flow of the vector field r, i.e., the unique solution to the following ODE system:

{ft(:v) = r(re(z)), (1.0.6)

ro(x) = x.
This flow rotates the cube counterclockwise of an angle 7 in a unit interval of time.
Lemma 1.0.6. Let R C R? a rectangle of sides a,b > 0. Consider the rotating flow
Ry =x"'oriox,

where x : R — K is the affine map sending R into the unit cube and 7+ is the rotation
flow defined in (2.2.5)). Let bl the divergence-free vector field associated with Ry;. Then

Tot.Var.(b?)(R?) = 4a”® + 4b?, ¥t € [0, 1].
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Proof. The potential V' generating the rotation of 7/2 in this case is the function

V(z) = max{Z(:vl — ;>Z,Z<m2 - 1;)2}’

where we assume that R = [0, a] x [0,b], so that the vector field is given by
T‘(CC):VJ_V: (Oa%b($1_%)) |l’1|2§|$2|,0§1’1§a,
(=% (2-3),0) o] < 2lwal,0 <mp <B.
Hence by elementary computations
||Dcontr|| — CL2 + b2, HDjumpT.H — 3&2 + 3b2,

and then we conclude. Recupera dim di questo. 0

1.1 Ergodic Theory

We will consider flows of divergence-free vector fields from the point of view of Ergodic
Theory. Even if we apply the results to the case (K, B(K), L2 k) in this section we will
give the notions of ergodicity and mixing in more general spaces |23, Chapter 1]. More
precisely, let (2, %, 1) be a locally compact separable metric space where i is complete
and normalized, that is u(Q2) = 1.

Definition 1.1.1. An automorphism of the measure space (€,%, 1) is a one-to-one
map 7T : 2 — € bi-measurable and measure-preserving, that is

p(A) = (T (A)) = w(T~H(4)), VAeX.
We call G(2) the group of automorphisms of the measure space (2, %, ).

Definition 1.1.2. A flow {X;}, t € R, is a one-parameter group of automorphisms of
(Q, X, 1) such that for every f : Q — R measurable, the function f(X;(x)) is measurable
on ) x R.

Definition 1.1.3. Let T": 2 —  an automorphism. Then

e T is ergodic if for every A € 3

T(A)=A = p(Ad)=0o0rpull) =1 (1.1.1)

o T is weakly mixing if VA, B € 3

n—1

lim 3 [(T9(4) N B) — u(Au(B)]® = 0; (1.1.2)

n—00 N 4
Jj=0

e Tis (strongly) mixing if VA, B € %

lim u(T~"(A) N B) = u(A)u(B). (1.1.3)

n—oo

Remark 1.1.4. It is a well-known and quite elementary fact that strongly mixing =
weakly mixing = ergodic.

We can give the analogous definitions for the flow:
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Definition 1.1.5. Let {X;} a flow of automorphisms. Then
o {X,;} is ergodic if for every A € ¥
Xi(A)=A = pu(A)=0orpu(A) =1, (1.1.4)

o {X,;} is weakly mizing if VA,B € &

t 2
lim L/XMXﬂ@mXM@MM—MAMﬂﬂ ds = 0; (1.15)
0 Q

t—ro0
o {X;}is (strongly) mizxing if VA,B € X

lim o xa(X—(@))xp(@)dp = p(A)u(B). (1.1.6)

t—o00

Let now T € G(T?), then the Kolmogorov Koopman operator (see Chapter 1 in
123]) Ur : L*(T?) — L%*(T?) is defined as

Urf(z) = f(T(@)), Vf e LX(T). (1.1.7)

We observe that any operator Ur of the form considered has eigenfunctions f = const
corresponding to the eigenvalue 1. Then we have the following:

Theorem 1.1.6 (Mixing, Theorem 2 [23]). T is weakly mizing iff Ur has no eigen-
functions which are not constants.

1.1.1 The neighbourhood topology as a convergence in measure.

To get a genericity result it is necessary to identify the correct topology on G(f).
Following the work of Halmos [31] we define the neighbourhood topology as the topology
generated by the following base of open sets: let T' € G(2) then

N(T) = {S € G(Q) : [T(A)AS(A)| < e, i=1,...,n},

where € > 0 and A; € ¥ are measurable sets.
Since for our purposes we will consider the L' topology on G(£), we recall the
following

Proposition 1.1.7. Let {T,,},T C G(2) and assume that T,, — T in measure. Then
T, — T in the neighbourhood topology. Conversely, if T,, — T in the neighbourhood
topology, then T,, converges to T in measure.

Since in our case €} is a compact set, then the convergence in measure is equivalent to
the convergence in L': hence we will use the L' topology for maps as in Proposition
T.0.3]

We will be concerned with flows of vector fields extended periodically to the real line,
that is b(t + 1) = b(t). Even if X; is not a flow of automorphisms, the quantities in the
r.h.s. of , can be computed and are related to the mixing properties of
T = X;—1. Also the ergodic properties of T' = X are equivalent to an ergodic property
of Xt.

Let {Xs}sep,1) be a family of automorphisms of  such that s — X; is continuous
(hence uniformly continuous) with respect to the neighborhood topology of G(2). Let
T = X;—1 and define

Xi=Xs0T"=T"0X,s, t=n+s,s€]0,1).
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Lemma 1.1.8. The following hold

1. if T is ergodic then for every set A € ¥
t
]é Xx,(a)ds =1 |Al;

2. T is weakly mizing iff for every A, B € 3

t
lim  [|X,(4) N B| - |A||B|]ds = 0;

t—o0 J
3. T is mixing iff VA, B €
lim |X;(A) N B| = |A|B|.

t—o0
The proof of this lemma is given in Appendix since we believe it is standard
and not strictly related to our results.

Definition 1.1.9. Let b € L*°([0, 1], BV(R?)), supp b: C K, be a divergence-free vector
field. We will say that b is ergodic (weakly mixing, strongly mixing) if its unique RLF
X; evaluated at t = 1 is ergodic (respectively weakly mixing, strongly mixing).

1.1.2 Genericity of weakly mixing

Let U be the Gj-subset of L%’x where the Regular Lagrangian Flow can be uniquely

extended by continuity (Proposition [1.0.3]). The first statement has the same proof of
[Theorem 2, [31]] and [Page 77,[32|]:

Proposition 1.1.10. The set of ergodic/weakly-mizing vector fields is a Gs-set in U,
the set of strongly mizing is a first category set.

We repeat the proof for convenience only for weakly/strongly mixing, the case for
ergodic vector fields is completely analogous [30].

Proof. Since the map ®(b)(t = 1) = T'(b) defined in Propositionis continuous from
U into L' (K, K), it is enough to prove that the set of weakly mixing maps is a G. For
simplicity we define a new topology on G(K) that coincides with the neighbourhood
topology known as Von Neumann strong neighbourhood topology. Given T € G(K),
define a linear operator T : L?(K,C) — L?(K,C) by

(Tf)(z) = f(Tz) Vfe L*(X,C)

such that ||T'f||z2 = ||f||z2 (being T" measure-preserving). Consider f; a countable
dense subset in L?: a base of open sets in the strong neighbourhood topology is given
by

N(T)={SeGK):||ITfi—Sfilla2<e i=1,...,n}.

Then we define
E(iajam>n) = {T € G(K) : ‘(Tnfhf]) - (f27 1)(1>f])| < 2—m},

where (-,-) denotes the scalar product in L?. Simply observing that T — (T'f,g) is
continuous in the strong neighbourhood topology then by Proposition [I.1.7] it follows
that E(i,j,n,m) is open in L'(K, K), and then

G = ﬂ UE(i,j,m,n)

%,7,m N
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is a Gs-set. By the Mixing Theorem [Theorem 2, page 29, [23|] G coincides with the set
of weakly mixing maps in L!(K, K). Indeed if T is not mixing, then there exists f # 0
and a complex eigenvalue A € {|z| =1,z # 0,1} such that Tf = Af. We can assume
that f is orthogonal to the eigenvector 1, that is (f,1) = 0, and also that ||f|]2 = 1.
Now choose i such that ||f — fi|| < € for some € to be chosen later and take f; = f;.
Then

L= |(T"f, ) = (£, (£ 1)]
<NTFF) = (T F, f)l + (T fs fo) = (T fis £l + (T i, fi) = (fi, (L, i)
+ (i, DL fi) = (£ D DI+ G DA, fi) = (F D)
< 2[|f = fill2 + 2[fill2llf = fill2 + [(T" fi, i) — (fi; DL, fi)l,

so since || fill2 < 1+ e we get that
1 <2e+2(1+e€)e+ [(T"fi, fi) — (fi, D, fi)l.

With the choice of € > 0 small enough we get that 3 < [(T™f;, fi) — (fi,1)(1, f;)|, that
is T' ¢ G. This concludes the proof of the first part of the statement.

We next prove that the set of strongly mixing vector fields is a first category set. Let
A C K be a measurable set such that [A| = 1. Then define the F,-set

F=JN {TeG(K) : '(Tk(A)mAn _ le‘ < ;}

n k>n

Clearly strongly mixing maps are contained in F' by definition and therefore strongly
mixing vector fields are contained in F' = ®~!(¢t = 1)(F). This F is a set of first
category: indeed consider the set

Hé—l(t — 1) ({T € G(K): ’](T‘k(A) N 4) - i' < ;}) (1.1.8)

By our main result (Theorem [4.4.1) Vb € U for all n € N there exists k& > n and
b’ € L°(BV,) such that the RLF X! | associated with b evaluated at ¢ = 1 is a
permutation of subsquares of period k. Hence

U {b € Ly*(BV,) permutation of period k}

k>n
is dense and contained in (1.1.8)), so that we conclude that ([1.1.8)) is open and dense
for all n, i.e., F'is of first category. O

Corollary 1.1.11. Assume that the set
SM = {b €U : b is strongly mixmg}
is dense in U. Then the set of weakly mixing vector fields is residual.
Proof. Elementary. O

Our aim will be to prove the assumption of the above corollary, which together
with Proposition [I.1.10] will conclude the proof of Theorem [0.0.3] once we show that
the dense set of strongly mixing vector fields are actually exponentially mixing.

Remark 1.1.12. The above situation, namely
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e ) strongly mixing is dense in U,
e b weakly mixing is second category in U,

is in some sense the best situation we can hope in Y. Indeed, the strongly mixing vector
fields are a set of first category and then it is not a "fat” set. On the other hand, the
weakly mixing vector fields would be a ”fat” set once we know their density, which one
deduces from the density of the strongly mixing vector fields.

1.1.3 Markov Shifts

When dealing with finite spaces X = {1,...,n} and processes whose outcome at time
k depends only on their outcome at time k — 1 it is easier to determine some statisti-
cal properties of the dynamical system, as ergodicity and mixing (see for a reference
[36],]44]). More precisely let B(n) = {6 : Z — X} the space of sequences and define a
cylinder

C(m,kl,...,kr):{HEB(n):G(m—i—i):kiH, i:O,...,r—l}

where m € Z and k; € X. Therefore, since the Borel o-algebra on B(n) is generated
by disjoint union of cylinders, we can define a probability measure p on B(n) simply
determining its value on cylinders. A Markov measure j is a probability measure on
B(n) for which there exist p; >0, P;; >0, 4,j =1,...n, with

Zpi = Zpij =1, Zpipz’j = Dj,
i J i

such that
p(C(m, ki, ... k) = Py Pryky - - - Py 1k

for every cylinder C'(m, k1, ..., k). The Pj; are called transition probabilities and P =
(Pi;) is the transition matriz. The transition matrix is a stochastic matrix, that is

> ; Pij =1 for every i. Now define Pigm) the coeflicients of the matrix P™.

Definition 1.1.13. A matrix P with positive coefficients is irreducible if Vi, j there

exists m such that Pi(Jm) > 0.

Definition 1.1.14. A matrix P with positive coefficients is aperiodic if there exists m
such that Pi(]m) >0 Ve, 3.

A Markov shift is a map o : (B(n),u) — (B(n), u) such that
o(0)(i) =60(i+1), V8e B(n).

Then it can be proved that oyu = p. We conclude this subsection with the following
results on ergodicity and mixing properties of Markov shifts (see [44], Chapter 7).

Proposition 1.1.15 (Ergodicity). The following are equivalent:
1. o0:(B(n),u) — (B(n), ) is ergodic;

2. P s irreducible;
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Proposition 1.1.16 (Mixing). The following are equivalent:
1. 0:(B(n),n) — (B(n),p) is strongly mizing;
2. P is aperiodic;

3. lim PU™ =p,.

m—oo



Chapter 2

Mixing BV vector fields

In this chapter we present the construction of a divergence free BV weakly
mixing vector field (see [46]) that is not strongly mixing. The example is
based on the fact that the Canonical Chacon map, which is a weakly mixing
automorphism that is not strongly mixing, can be connected to the identity,
that is it is the time-1 map of the flow of some divergence-free vector field.

Before [10] only few examples of divergence-free vector fields with good mixing proper-
ties were known. A fundamental example was provided in [27] where the authors con-
structed the time-periodic divergence-free vector field u € L°([0, 1], BV, (R?)) whose
flow T : [0,1] x K — K of measure-preserving maps realizes at time ¢t = 1 the folded
Baker’s map, that is

_ y1 1
o7, =2t 2t 3) @€ [?’2)’ y e 0,1, (2.0.1)
(22— 1,5 +3) v € (3:1],

(see Theorem 1, [27]). In reality, the construction in [27] gives a Sobolev Regular
vector field, but for our analysis we need simply the BV regularity. The action of this
automorphism can be represented as in Figure [2| The fundamental idea of the authors
is to prove that the map 7' is the time-1 map of the RLF of some divergence-free vector
field. A similar analysis can be performed for more complicated automorphisms, as
the Canonical Chacon’s automorphism. Here the vector fields that play a role perform
more complicated movements in order to obtain the precise behaviour of the map. We
remark that the analysis, that we perform in dimension 2, can be easily extended to
any dimension. In the next section we present the Canonical Chacon’s Transformation
in dimension 1: this is the starting point of our analysis. In Section we present

T 2
I

Figure 2.1: The action of the automorphism U on the unit square K.

29
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Ifa'n
loa(l)  Toa(2) Toa(3)  So — 'T'
. Ing(1 In (2 To1(3
0 :i 1 ha(l) ,1(2) 0, 1(3)
Cy=1Ip; Ry T

Figure 2.2: In the left figure the Column CY, in the right figure the geometric repre-
sentation of the action of the automorphism 77.

the vector fields that act on the 2-dimensional torus as simple movements (rotation,
sort, exchange). In Section we present the two dimensional version of the Chacon
map, and finally, in Section [2.4] we give the explicit construction of a weakly mixing
BV vector field which is not strongly mixing, providing a proof of Theorem [0.0.2

2.1 Canonical Chacon’s Transformation

We present here the one dimensional canonical Chacon’s Transformation [21], that
can be easily extended to higher dimension (see for example Section for the two
dimensional): indeed, this construction is based on a general geometric approach which
consists in mapping subintervals of the same length linearly onto each other (see also
[22] for further reference). Let us consider I = [0, 1] and let || be the Lebesgue measure.
The aim is to construct a weakly mixing automorphism 7" € G(I) which is not strongly
mixing.

Definition 2.1.1. A column C is a finite sequence of disjoint subintervals J C I called
levels. The number of levels in a column is its height h.

We define a family of automorphisms {T;}r C G(I) by induction. Let Cp be the
column Cy = Iy = [0, %), and let the remaining set be Ry = [%, 1]. The height of the
column Cy is hg = 1, since it has a unique level Iy ;. We divide Cj into three disjoint
subintervals with same length: Io1(1) = [0,2), Io,1(2) = [2,5), Lo1(3) = [5.2). We
call spacer the interval Sy = [%, %) and R; = Ry \ So. We observe that the spacer has
the same length of Ip(j) for j = 1,2,3. We put the spacer on the top of the middle
interval o 1(2) (see Figure [2.2). We define the piecewise linear map T3 : I — I in the
following way:

Ty(Toa (1)) = Toa(2),

T1(1o,1(2)) = So,

T1(So) = 1o,1(3).

In the set I\ (Lo,1(1) UIp1(2) USp) the map 77 is defined in such a way that 7} is
invertible and measure-preserving (for simplicity we can assume 17 (Ip1(3)) = Io1(1)
and T} = id otherwise). A useful notation to represent 7} in a simpler way is using the
language of permutations, that is

Toa(l) Ioa(2) Ioa(3)  So >

T = 2.1.1
1L[0,1]\ Ry (IO,1(2) Sy 10’1(1) 10’1(3) ( )

We construct the column C; of height h; = 3hg + 1 = 4 putting one on the top of
the other the intervals in the order I 1(1), Io,1(2), So, L0,1(3): the intervals are arranged
so that each point is located below its image (see Figure . We rename the levels
Iy =1o1(1), 112 =10,1(2), 113 = So, 11,4 = 1p1(3).
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.|'||'_|-'|-| —.|"_|

So= I3
'

.Il"'_l;ll —.II'__:-

.|'||'_||| —.|"_'_

Figure 2.3: The column €' in which the levels are arranged one on top the other.

1t fo

Figure 2.4: A column C), and the action of the automorphism 7T, 1.

The inductive step is performed in the following way: we start with a column C,, made
of hy, = 3hy—1 + 1 levels I, 1,1,2,..., I 5,. We divide each level into three disjoint
consecutive subintervals of the same length, that is I,,; = I, (1) U I, ;(2) U I, ;(3)

for j = 1,...,h,. We consider the set R, = [%,1} and we construct S, =

%, 37;7151}, with [Sp| = 52 = [In;(i)] for j =1,... hy, i € {1,2,3} and we put
it on the top of the middle interval I, 5, (2) of the bottom level Iy, (see Figure [2.4).
We finally define the piecewise linear map 7,41 in the following way:

Tht1 In,j(i) = In7j+1(l') Vi=1,...h,—1, Vi€ {1,2,3},

([ Tns1 = id otherwise.

The new column C), 11 of height h,,+1 = 3h,+1 is obtained arranging the levels starting
from the bottom In,l(l), In72(1), .. In,hn (1), In71(2), In72(2), ... In,hn (2), Sh, In71(3), e In,hn (3)
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We rename them as I;,11; j = 1,..., h, 1 following the same order of the levels and

we define R, 11 = Ry, \ Sp.
Definition 2.1.2. The Canonical Chacon’s map is the automorphism 7" = lim,, o T},.

Observe that the limit map 7' is well defined, invertible and measure-preserving, indeed
C
one can easily check that 7,11 =T, on (U?QIILW') .

Theorem 2.1.3 (Chacon [21]). T is weakly mizing but not strongly mizing.

We will give a proof of this theorem in the case of two dimensional examples (see
Proposition [2.3.2)).

2.2 Configurations and movements

In this subsection we introduce the notion of rows, columns and configurations. The
advantage of this abstract description is to simplify the action of two-dimensional au-
tomorphisms on the torus as the composition of a finite number of movements, where
each one can be described as the flow (evaluated at time ¢ = 1) of a divergence-free BV
vector field.

Definition 2.2.1. A row r(¢) of length n € N and index i € N is a integer-valued 1 x n
matrix
r(@) = (1 4,52 .. i,4n),

where j1,j2,...,jn € N.
Definition 2.2.2. A column c¢(j) of length n € N and index j € N is a integer-valued
n x 1 matrix

(@)= (1,5 i2j - ind)
where i1,19,...,1, € N.
Definition 2.2.3. A configuration « of size n € N is a integer-valued n x n matrix,
where the entries v;; € {1,2,...,n%} and v; ; = Y iff i = h,j = k. We can denote
7 both by rows as v = (r(1),7(2),...,7(n))T and by columns v = (c(1),¢(2),...,c(n)).
We call C(n) the space of configurations of size n.
Remark 2.2.4. One can easily observe that #C(n) = n?!, being « all possible permu-
tations of {1,2,...,n%}.

Definition 2.2.5. Let v € C(n) be a configuration. Two entries v; j, vy j are adjacent
if|i’ —il=1and jy=jori =iand|j —j| =1

Definition 2.2.6. A movement is a bijective map S : C(n) — C(n).

Definition 2.2.7 (Simple exchange). Let v € C(n) and let ~; ;, vy ;7 be two adjacent
entries. For simplicity we can assume i’ = i + 1,5 = j according to Definition A
simple exchange is a map Es(i,7;i+1; ) : C(n) — C(n) that exchanges the two entries,
that is

EsGiiit i) [0 1 . 4414 .. i+ln
il . i+l ... in

i+1,1 ... 4§ ... i+1ln
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Definition 2.2.8 (Sort). Let v € C(n) and let ¢ € N be some fixed row index. Let
7,7 € N with j < j/. Then the sort operation on columns is S.(i;7,j") : C(n) = C(n)
defined by

-/

Se(isg, i)\ 4,7 d,5+1 .. =1 i ... ] =

i i i+l ... dj—1

Similarly, if 4,4',7 € N and i < i’ S,.(4,7';j) : C(n) — C(n) is defined by

i il
RUVEUNN DR S B A RT3 B
sy | T = Y] (22.1)
ii. i =1,

Example 2.2.9. We give the example of some configuration v and the new configura-
tion S¢(1;2,4)(y) obtained by exchanging rows:

1 2 3 4 1 4 2 3
5 6 7 8 5 6 7 8
T 19 10 11 12 S22 )M =19 19 11 12
13 14 15 16 13 14 15 16

Remark 2.2.10. We observe that if j = 1 and j/ = n then the sort operation is simply
a shift. Since we will work on the torus, the shifts are easier to perform than sort
movements. In particular we will see that the cost of a shift, in terms of the total
variation, is lower than the cost of a sort movement.

Definition 2.2.11 (Rotation). Let v € C(n) and let ¢ > 2 and j < n. Then the
counterclockwise rotation R, ; : C(n) — C(n) is the following map

i—1,7 i—1,j+1 ... o i—1+1 Q41

R i, ii+1 ... | ... -1, ' T
(2.2.2)
while the clockwise rotation R;fj :C(n) — C(n) is the following map
[ O T L b I L b UTRN I PP i— 1,7
VA i, ] iji+1 ... s i+l i—1,541
(2.2.3)

Example 2.2.12. We give the example of some configuration v and the new configu-
ration R, 3(7) obtained by a counterclockwise rotation:

1 2 3 4 1 2 4 8
(5 6 7 8 Rey= |2 8 37
T l9 10 11 12 23 = 9 10 11 12

13 14 15 16 13 14 15 16
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2.2.1 Flows of vector fields associated with movements

From now on we will consider the two dimensional torus T? = [0, 1]? with periodic
boundary conditions. The idea of this subsection is to apply the previous description
via configurations, rows and columns to the two dimensional torus. In particular our
aim is to find vector fields whose flow acts on the torus as the movements previously
defined (Sort, Exchange, Rotation) and we want to give some estimates on their total
variation. We remark here that the BV regularity of the vector fields make possible all
these constructions, allowing for rigid cut and paste motions, in the spirit of [10] and
[27].

Following the notation introduced in [10] we define a flow that rotates subrectangles of
T? and the vector field associated with it. More precisely we define the rotation flow
¢ : T2 — T? for t € [0, 1] in the following way: call

1 102
V(x)—max{xl—Ql, 1‘2—5 } ; (wl,J}Q)ETQ.
Then the rotation field is r : T? — R?
r(z) = VIV (x), (2.2.4)

where V+ = (—0y,,0z,) is the orthogonal gradient. Finally the rotation flow r; is the
flow of the vector field r, i.e. the unique solution to the following ODE system:

(2.2.5)

This flow rotates the unit square [0, 1]? counterclockwise of an angle 5 in a unit interval
of time. We recall here Lemma 2.6 in [10] that gives the cost, in terms of the total
variation, of the rotation of a rectangle:

Lemma 2.2.13. Let Q C [0,1]? be a rectangle of sides a,b > 0. Consider the rotating
flow on the torus

(RQ)(t,J}) - ngl o T(t) © XQ(x)7 if v € Q.
where xg : @ — [0,1)% is the affine map sending Q into [0,1) and r(t) is the rota-
tion flow defined in (2.2.5). Let b(t)FQ the divergence-free vector field associated with
(RQ)(t) (extended to O outside the rectangle Q). Then
Tot.Var.(b%(t))(T?) = 4a® + 4b%, Vt € [0,1].

Let us fix now some k € N giving the size of the partition, and let us consider
the grid given by N x N% made of squares of side % We consider the subsquares

Qij = [%, %] x [E=E B=EEL] and we identify each subsquare with an entry -;; of some

configuration v € C(k). A horizontal stripe H; = [0,1] x [£%, 2=E1] is a row, while
a vertical stripe V; = [%, 7] x [0,1] is a column. We observe that if Q;; and Qg j

are adjacent subsquares (that is, they share a common side), then v;; and ~; j; are
adjacent entries (Definition . From now on we will identify every v € C(k) with
an enumeration of the subsquares of the torus, and any movement 7" : C(k) — C(k) with
an automorphism 7 : T? — T?that sends rigidly every subsquare of the grid N x N %
into another one of the same grid. We start introducing the vector fields whose RLF,
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200 T I O P /2 e I I

[ Ky

Figure 2.5: A transposition between two squares is an exchange.

when evaluated at time t = 1, are movements.

We first recall the transposition vector field, first introduced in [10]. Let &;, x; be two
adjacent squares of size % and let @@ = k; U k;, then the transposition flow between
Kiy k55 18 T(t)(Ki, k5) : [0,1] x T? — T? defined as

x tor(4t)ox xEQ,tE[O,%],
-1 o 1
X; or(dt)ox; xe€kR;, te|s,1],
T(t)(/iz,:‘i]): Z_l ( ) 7 OZ [21 ]
X; or(dt)ox; w€EkKj, te (5.1],
x otherwise,

(2.2.6)

where the map y : @ — T? is the affine map sending the rectangle Q into the torus
T2, xi, X; are the affine maps sending &;, x; into the torus T? and r is the rotation flow
. This invertible measure-preserving flow has the property to exchange the two
subsquares in the unit time interval (Figure . Moreover, by the computations done
in Lemma we can estimate the total variation of the vector field bT (¢)(k;, £;)

associated with T'(t)(ks, x;) (recall as

Tot.Var. (67 (£) (ks 1)) (T?) < 4%2. (2.2.7)

We also observe that also L°° estimates on the vector field are easily available: indeed

2
167 (ki 1) ge, < 4o (2.2.8)

Definition 2.2.14 (Simple exchange vector field). Let us fix 4,7 < k with [i —¢'| =1
and j < k (or alternatively ¢ € N and j, 7' € N with |j — j’| = 1). The simple exchange
vector field is b(t)(i,j;4',7) € LY BV, such that, if X (¢, j;4',7) is its RLF evaluated at
time t = 1, then

X (i, j; @', §)(T?) = Es(i, 557, 5)(7), Vv € C(k). (2.2.9)

The construction of this vector field is easy: fix for example i = ¢ + 1. Then take

the two adjacent subsquares ();; and ();11,; and perform a transposition between them
T(t)(Qi,j, Qi-&-l,j)- Then define

b(t) (i, 730+ 1,5) = b" (£)(Qsj, Qiv1,)-
Clearly one has

o . 8 o ‘ 20
16(¢, 734+ 1,5) || Lge, < 7 Tot.Var.(b(t)(i, j;i + 1,7))(T?) < 4?' (2.2.10)

Similarly we have
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L2134 = 11214 3/—/11]4]2|3

Figure 2.6: An example of a sort vector fields on a horizontal stripe of the torus. Here
j = 2,5 = 4. The transpositions to be performed are j' — j = 2.

Definition 2.2.15 (Sort vector field). Let ¢ < k be some fixed row index. Let j,j" < k
with j < j'. Then the sort vector field (on columns) is b5 (i; 4, j')(t) € L BV, such
that, if X5¢(i; 4, /) is its RLF evaluated at time ¢ = 1 then

X% (65 4, ) (T%) = Se(is 4, 5) (7)., Vv € C(k). (2.2.11)

Remark 2.2.16. Similarly one has the sort vector field on rows b (i, i; 7)(t) for some
i<i <k j<k.

To construct a sort vector field (on columns, but the construction for rows is identical),
we fix 7 € C(k), a row index i and two columns indices j < j'. The idea is to perform
j' — j exchanges between squares (recalling that an exchange is a transposition). For
clarity see Figure [2.6] and compare with Example 2.2.9 We define the flow in the

following way:
T(j/—j)t (Qi(j’—l)’ Q’L]/) for t € [O L ]:| )
Tiir— -1 (Qigjr—2), Qigjr—1 for t € |:]/1—J 3’ —J} ’

"

X5 (i5 5, §)(t) =

T(j’—j)t—(j/—j—Q) (Qi(j-i-l)v Qi(j+2 for t € [ Jj2’ j] ]Jl} ’
Tr—jyi—(—i—1) (Qijs Qijr1y)  fort € []1 ' 1} ’

x otherwise.

By definition one has

b (i5 4, 3) (t) = X5 (45 4, §")(t) o X5 (354, 5") 7L (1), (2.2.13)

so that
<3,

W\OO

smﬂﬁﬁljjﬂt@|<TmLY%@JJ)U$N<(J—J)

t,x

being the rotation vector field of the order of the side of subsquares. This implies that
155 (35 4, 57) | Lo Lo < 8. (2.2.14)

Similarly one has, for every t € [0, 1]

Tot. Var. (5% (£)(i; j, 7)) (T2) < (' — j) - 4- 4 (;2 + kg) < % (2.2.15)

Remark 2.2.17. Recalling Remark [2.2.10| we observe that for the shift operation (that
is j/ = k and j = 1) we can consider another vector field, exploiting the structure of
the torus. We will still denote it as the sort vector field, but

L ifz e H;
b@xﬂ@Lk}:{k’ noe (2.2.16)

0 otherwise.
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A2 DI, 2 | 4
Wy A L3

Figure 2.7: Action of the counterclockwise rotation vector field, where k = 2, i = 2,
j=1

So we have instead the following estimates:
1 1
b(i,1,k)|[pee < — -
101, Bz, < !
This tells us that both the shift vector field and the sort vector field have total variation
of the order of the side of the squares of the grid.

Definition 2.2.18 (Rotation vector field). Let 2 < i < k and j < k — 1. Then the
counterclockwise rotation vector field is b~ (i,j) € L{° BV, such that, if X~ (4, ) is its
RLF evaluated at time ¢t = 1, then

X7 (1,5)(T?) = R;(v), Vv €C(k). (2.2.18)

The clockwise rotation vector field is b"(i,7) € L BV, such that, if Xt (4,7) is its
RLF evaluated at time ¢ = 1, then

X*(6,5)(T%) = R5(7), Vv €C(k). (2.2.19)

|| Tot. Var.(b(i, 1, k) (T?)|| s < 2 (2.2.17)

We write here just the counterclockwise case since the other one is identical. Here we
have that, if we fix 7, j as in the definition, we call Q = Q(;_1);UQi;UQ;(j+1)UCQ(i—1)(j+1)s
then
Xg'oraoxg, wEQte[0,3],
X0 = xptoryt o Ximy € Qunyt € [3,1],l=d,m=j,j+1, orl=i—1,m=jj+1,
x  otherwise,
(2.2.20)

where y is the affine map sending @ into T? and Yy, is the affine map sending Qjm,
into T2. Again, one has
. 2
(X7 2)] < ¢ (2.2.21)
from which one gets
. 2 g 9 4 4

167 (6, )l Lge, < 7 Tot.Var.(b™ (t)(i,5))(T?) < 2-4 72 + 7z ) Vi, (2.2.22)
In the Figure an example of the action of a clockwise rotation vector field.
Remark 2.2.19. If X : [0,1] x T? — T2 is one of the flows previously considered
(simple exchange, sort/shift, rotation), then, if k is the side of the squares in which the
torus is tiled, one has

- 8 (j—j)8 2
”XHL?OLgO S max <k, T, E (2223)
We remark also that, if b is a vector field associated with a movement, then, V¢ € [0, 1],
it holds 20 <0 64
| Tot.Var.(b)(T?)||oc < max <k2’ (j— j/)ﬁ’ k2> ) (2.2.24)

which follows by the second of (2.2.10)),(2.2.15)) and the second of ([2.2.22)).
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2.3 Two dimensional construction

Our aim is the construction of a weakly mixing vector field which is not strongly mixing,
that is a divergence-free vector field b € L>([0, 1], BV(T?)) whose RLF Xi;—; when
evaluated at time ¢ = 1 is a weakly mixing automorphism of T? but not a strongly
mixing automorphism. The idea is to adapt Chacon’s one-dimensional construction of
Subsection and decompose the map into simple movements (Section , described
as the flow of some divergence-free BV vector field (Subsection . Also in this case
the fundamental idea is to define U as the limit of a family of automorphisms {Uy}.

Let us consider the two dimensional torus T? as the unit square Q1 = Q1,1 = [0, 1]? with
the canonical identification of boundaries. Using the notation via configurations (see
Section we say that (1 can be identified with the configuration v, = (1) € C(1).
We define hy = 0 and we divide the square ()1 = Q1,1 into four identical subsquares
each one of side 1 2 more precisely: Q11 = Q1,1(1) U Q1,1(2) U Q1,1(3) U Ry where

Qll_[?%] [ 1], Qll()Z[%,l]X[,]andQll():[O’é]x[o’é]. Clearly
=[3,1] x [0, ] We define U; on these subsquares in such a way that
Ur(Q11(1)) = Q1,1(2), U1(Q1,1(2)) = Q1,1(3) (2.3.1)

and U; is measure-preserving and invertible on ()1 1. More precisely, we define Uy as

z + (%,0) if z¢€ 6021,1(1)7
iz = | 2T 1) i 2 €Qu) 2.32)
1 T+ (07%) if z€ @171(3), .

r otherwise.

We put hy = 4h; + 3 and we rename the subsquares Q1,1(7) as Q2,1 = Q1,1(1), Q22 =

)

Q1,1(2), Q23 = Q1,1(3). We look at this via configurations: let us take v2 € C(2), for

example
1 2
Yo = (3 4> ) (2.3.3)

Then we can easily represent Ui (72) as

Ui(y2) = <g i) : (2.3.4)

Here we see the advantage of the representation via configurations, which is more
immediate. We continue our construction dividing each subsquare Q2 ; with i € {1,2, 3}
into 4 subsquares of side equal to i: Q2 = Q2,i(1) UQ21(2) UQ2,1(3) UQ2,:(4) and
we divide also Ry = R1(1) U R1(2) U R1(3) U Ry into 4 subsquares (see Figure 2.8). We
define the map U; in the following way

Ui(z) if o€ Qa1UQay,

4 (13 i 7€ QD)

x + (%,0) if ze Q273(2),

x—l—(%,i) if ze€ @2,3(3),

Us(xz) =< x + (i,O) if z¢ Qg 3(4), (2.3.5)

T+ (—%, %) if ¢ Rl(l),

x—+ (—%, i) if x¢ }021(2),

a:—i—(—%,%) if acef%l(S),

x otherwise,
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Q21| Q2a(2)| Qzz(1)| Qz22(2)

Q2.1 Q22

Q2.1 (3)| Qz.1(4)| Qz.2(3)| Gz2(4)

Qza(l)| Q2.a(2)] Ri(l)| Ri(2)

Q23 Ry

Gza(3)| Qza(d)| Ri(3) Rz

Figure 2.8: Subdivisions of the two dimensional torus.

or, via configurations, fixing some 74 € C(4) we get

1 2 5 6 5 9 1 2
3 4 7 8 13 14 3 4

U2lg 1013 4|5 6 10 11| (2.3.6)
11 12 15 16 7 8 12 16

We put hg = 4hs + 3 = 15 and we rename the squares as

Q31 =Q21(1) = Q32 = Q22(1) = Q33 = Q23(1) —
= Q34 =Q21(2) = - = Q314 = Q23(3) = Q3,15 = Ri1(3),

with the property that if Q3; — Q3,41 then Us(Q3,) = Q3,i+1-

The inductive step is the following: at the n-th step we have Q. 1,...Qp p, subsquares
each one of area 47},1 and side [,, = %%1 We divide each subsquare into 4 identical
subsquares: Qpn; = Qni(1) U Qni(2) UQni(3) UQn,i(4) and we divide also R, into
4 identical subsquares R,_1 = R,_1(1) U R,,—1(2) U R;,—1(4) U R,,. We put hpq1 =
4h, + 3 = 4™ — 1 and we define the map U, in the following way:

,

Up—1(z )ifm‘EQonJU"'UQQn,hnfla
( 1, 2n11) if:UG@n,hn(l),
(4 T )lf:L'Ethn()
+ (52 4n1)1fxEthn()
Un(2) = { &+ (541,0) if 2 € Qi (4), (2:3.7)
+(—1+ 2n1,4n1)1f:v€Rn 1(1),
(2n11 4n_§) if v € Ry_1(2),
x+(2n1—1,4n1)lfx€Rn 1(3)
| © otherwise .

We underline that, by definition, we have that

Un(l‘) = Un_l(l‘) if x € le J---u Qn,hn—l- (238)

Finally we rename the squares as follows:

Qn+1,1 = Qn,l(l) — Qn+1,2 = Qn,?(l) — ... Qn+1,hn = Qn,S(l) —

— Qn+1,4hn+2 = Qn,hn (3) — Qn+1,hn+1 = Rn<3)7

with the property that if Qn41: = Qni1,i+1 then Uy (Qni1i) = Qnti it

finally we define U = lim,,_,~ Uy, (well defined by condition [2.3.8). Then the following
propositions hold:
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Proposition 2.3.1. The map U is measure-preserving and ergodic.

The proof of the proposition relies on the notion of sufficient semi-rings, that can be
taken from [22].

Proposition 2.3.2. The map U is a weakly mizing automorphism of T? that is not
strongly mixing.

Proof. The idea of the proof is the same of Chacon (see [21]). Indeed: take for example
a subsquare @), = Q,; with n sufficiently large. We will prove that

UM (Qn) N Qn| = ilQn| >|Qnl?, VE>n. (2.3.9)

We first recall that U = lim,_, U, and that U,41 = U, on Qpnt1,1 U Qpi12U -+ U
Qnt1,hns1—1- We remember that Q, = Qn (1) U@ i(2) U Qni(3) U Qni(4), so

U (Qni(1)) = Qni(2),

UM (Qni(2)) = Qni-1(3),
Upm(@n.i(3)) = Qni1(4),
Upm(@n.i(4)) = Qni-1(1)

This implies that
U2 (@u) N @ul = 110,
for any @), sublevel of the n-th column. Since holds and also U (Q,,.i(1)) =
(n,i(2), one has
U@ nQl> el

In particular, if one considers k > n and takes a sublevel Qj of the k-th column, one
gets similarly

U7 (Q) 1 Qi1 > 11l

We observe now that any level Q,, of the n-th column has 4*~™ copies into the k-th

column. For example, if k =n + 1 one gets Qn, = QL. UQ2,, UQ>,, UQ}L, ;. But
then

|U +1 an Z|U +1 n+1 an| >Z|U +1 n+1)an+1|
j=1

>Z |Q+1|— Q|-

More in general

U (Qu) N Qul= > U™(@)N@Qnl> D [U™(@Q)NQ

Q' copies Q' copies
1 1
> Z Z'Ql| = Z'Q"
Q' copies

This gives a diverging sequence {k} and a set ),, for which the strongly mixing condition
does not hold (if one simply requires that |Q,| < %), therefore U cannot be strongly
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mixing (see Definition . Whereas U is weakly mixing. Indeed, by the previous
proposition, U is measure-preserving and ergodic. By Theorem [1.1.6| we have to prove
that if f € £2(T?) is an eigenfunction of Uy of eigenvalue A, with |A| = 1, then f = c
for some constant ¢. By Lemma 2 of [23] (chapter 1, page 14), we need only to prove
that A = 1. Since f is non-zero on a set of positive measure, for every € > 0 there exists
a constant k£ such that the set

A=A{z:[f(z) - k] <€}

has positive measure. By the property of sufficient semi-rings (see again [22]) there
exists a subsquare ) = @), ; such that

QN A
Q|

As in the previous computations, since Q = Q. i(1) U Qp,i(2) U Qp i(3) UQp i(4), using
that U is measure-preserving, U™ (Q,,.i(1)) = Qn.i(2), U T1(Q,.:(1)) = Q,.:(3) and
that the inequality holds, we obtain that there exists a point x € AN Q such
that UM (x) € AN Q, and that there exists y € AN Q such that U?»*l(y) € ANQ.
Indeed, by we have that [@n,i(2) N A| > 1|Q| and for the same reason that

7
—. 2.3.10
> (2:3.10)

1
Qui1) N 4] > [Q
therefore, by applying the map U™ one gets

1
Qni MU (4)] > [Q

which implies that
(QNA)NTU™ QN A)| > 0.

An analogous argument proves that
(QNA)NU*M QN A)|>o0.
Therefore
[f(z) =kl <e Nflx)—kl<e [fly)—kl<e NMFlfQy)—kl<e (23.11)
So by the previous equations we have that

)\hn_k+52 )\2hn+1:k+54

k46 k+ 03
with |0;] < e for every i. That is
(k + 64)(k + 61)?
A= , 2.3.12
(k + 03)(k + d2)? ( )
and since this hold for every € > 0, we conclude that A = 1. O

The maps U,, can be decomposed into simple movements, using the notations of con-
figurations.

We have the following
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Proposition 2.3.3. For every n > 2 the map Uy, can be expressed as

Un =Up-10° Vn, (2313)
where V,, : C(2") — C(2"™) and
Vy, =E4(2",2" — 3;2",2" —2) o RT(2",2" — 3) o RT(2",2" — 3)o
082" —1;2" —3,2") o R™(2",2" — 3) 0 S.(2";2" — 3,2" — 1). (2.3.14)

Proof. For understanding the situation we first fix n = 1, and the starting configuration

1 2 5 6
3 4 7 8
T 19 10 13 14l
11 12 15 16
We first apply Vi finding
1 2 5 6 1 2 5 6 1 2 5 6
304 7 8|sway |3 4 7 8|R@Ay([3 4 T 8|s@E
9 10 13 14 9 10 13 14 10 11 13 14
11 12 15 16 15 11 12 16 9 15 12 16
1 2 5 6 1 2 5 6 1 2 5 6
4 7 8|1 ®B@2|3 4 T 8 Es(ﬂlz) 3 4 7 8
13 14 10 11 15 9 10 11 15 9 10 11
9 15 12 16 14 13 12 16 13 14 12 16

Then by applying U; to the last configuration

1 2 5 6 15 9 1 2
3 4 7 8 U, 13 14 3 4
15 9 10 11 5 6 10 11)°
13 14 12 16 7 8 12 16

to compare with (2.3.6]). For a generic n € N, one has to observe that, recalling ([2.3.8)),
one has

Un(ZL‘) = Unfl(l‘) if x € Qn71 y---u Qn,hn—l' (2.3.15)
with h,, =471 — 1. We list a series of useful observations:

e consider a configuration v € C(2"), then the map V,, acts only on the subsquares

Qnt1,hn > Q1,20 @nt1,20 41> @nt1,3hn+15 @nt1,30+25 Qnt1,4h+25 Qnt1,4h+35 Bns
(2.3.16)

® Qni1U---UQpyn,—1 in equation [2.3.15] correspond to the following subsquares of
the refined grid

Qn+1,1, Qn+t1,2, - -

Qn+1,2hn+2s Qni1,2h,+3) - - -

s Qni1hn—1, Qni1,hn+1, @it 25 - -+ Qu1 20— 1,

y Qnt1,3h, -1 Qns1,3h s - - - @nt1,3h,+3

Qnt1,3h,+4s -+ - Qnt1,dhn+1;
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Qn+]._h,, Qn+L2h,, Qn+ 1,2h, +1 Qn+l..;3h,.+2

Qn+]..iih;.+]. Q:J+L.~1h;.+2 Qn+ 1,4hn+3 RH

Figure 2.9: The adjacent subsquares @y, ,, and R,_; and their refinement.

e therefore we have to check U,,_1 o V,, only on the subsquares of (2.3.16));

e we recall that, by the enumeration chosen, Uy, (Qn+1,i) = Qn1,i+1 and Up (Qns1,hyr) =
Qn+11;

e we recall also that

Un-1(Qnh,) = Qni = Qnt1,1 U Qnit b1 UQnii2hn+2 U Qnit sh,+3, (2.3.17)

and
U,—1LR,,—1 = Id. (2.3.18)

That is, since Qn = Qni1,h, Y Qni1,2h, Y Qnt1,30,+1 U Qnt1,4h,+2, then

Unfl
Qn—i—l,hn - QnJrl,la

Un
Qnt1,2h, > Quithot1y (2.3.19)

Unfl
Qnt13h+1 — Qni12n,42,

Un—l
Qnt14hn+2 — Qnii13h,+3-

Finally, we consider the adjacent subsquares @), 5, and R,_1 in Figure 12 and their
refinement (equation [2.3.16|) on which V;, acts.
Then the action of V,, is the following

Qnt1,h, = Qni12h,,
Qnt1,2h, = Qnt1,2hn+1,
Qnt1.2hn+1 — Qnt1,3h0+15
Qnt13hn+1 = Qnt1,30,425
Qni13hn+2 = Qni1,4hn+25
Qnt14hn+2 = Qnt14h,+3

Qn+1,4h,+3 = Qntihn>
R, — R,,

as described in Figure 13. Thus the map V,, acts only on the sublevels @41, of the
n + 1-column, not on the sublevels @), ; of the n-th column. Finally we recall that, by
the enumeration chosen, by using the observation (2.3.17) and the definition of U,,_1

in equations ([2.3.19)) one finally has

Vn U7 —1
Qnt1.hn — Qnti12h, — Qnithnt1 = Un(Qni1 b ),
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Qn+L4h,|+li

QJJ+L.h,,

Qn+]..2h,,

Qn+]..;ih;| +1

QJJ+L.2h;.+L

QJJ+L.Lih;.+2

Qn+ L4hn+2

RH

Figure 2.10: The action of V;, on the refinement of @, , and R,.

QJJ+L.4h,.+3 Qu+l..h,, Qn+]..2h,, Qn+l..3h,.+l.
Qn+L2h;.+L Q14+L.iih;|+2 Q14+L.4h;|+2 RIJ
(2 T .an'”
Vn Un—l
Qn+1.2h, — Qni12h4+1 — Qni12hn+1 = Un(Qnt1,2n,)s
Vn Unfl
Qn+12hn+1 — Qnt13hn+1 — Qnt12h,+2 = Un(Qn1,20,+1),
Vn Unfl
Qn+1,30n+3 — Quatdhn+2 — Qni13hn+3 = Un(Qnt1,30,+3);
and so on. O

We will use similar ideas to recover the flow of the weakly mixing vector field in the
next section.

Remark 2.3.4. The interested reader can observe that Vn the map U, is a cyclic per-
mutation of subsquares of the same area (see [10] for the definitions). This observation
is in the spirit of the result proved by Halmos in |31] that states that weakly mixing au-
tomorphisms are a residual Gs-set in G(T?) with the L'-topology. A key ingredient for
the proof is to show that cyclic permutations of subsquares are dense in G(T?) with the
L'-topology. In [10] similar ideas are used to recover that weakly mixing vector fields
are dense with respect to the L} Ll-topology. In this paper we are doing a different
thing: we are considering those automorphisms/vector fields that are weakly mixing
but not strongly mixing, fixing a specific cyclic permutation. Therefore we cannot
deduce from the previous computations the density of weakly mixing automorphisms.

2.4 The weakly mixing vector field

In this final section we provide a weakly mixing vector field bV € L° BV, whose RLF
XU(t) evaluated at time ¢ = 1 is the map U constructed in the previous section.

Our aim is to construct a flow X™ with n > 2 that, evaluated at time ¢t = 1, gives the
map V;, introduced in (2.3.14). We first consider v2 € C(2): we can take to fix the ideas
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the configuration (2.3.3]). We start defining the following flow X! : [0,1] x T? — T? as

X(t) = {5(275)(622,17@2,2)7 teo,3], 1 (2.4.1)
(2t = 1)(Q2,1,Q23) o T(1)(Q2,1,Q2p2), € [5,1].

where the QQ2; 7 = 1,2,3 are the subsquares defined in the previous section. One can
easily see that X1(1)(y2) = Ui(72).

Building block flow. Let us consider the two adjacent subsquares @, ,R,—1 of
side 2% for some n € N and consider their subdivisions into the sublevels (0,41 as in
Proposition We look for a flow X™(Qp.p,, Bn—1)[0,1] x T?> — T? that moves the
subsquares within the time interval [0, 1] with the property that X™(Q p,., Rn—1)(1) =
V. We define therefore X" (Qp p,, Rn—1)(t) as

XSC (2n+1; 2n+1 _ 37 2n+1 — 1)(7t> t e [07 %]’

X (201 2mH — 3)(Tt — 1) o X™( Qo Bno1)(3) € [3, 2],

XSc (2n+1 . 1; 2n+1 o 3’ 2n+1)(7t o 2) o Xn(anhn’ Rnfl)(%)
2 3
t S [77 7]7
. XSe(2ntl — ;27 — 3 271 (7t — 3) o X™(Qun,, Ru1)(3)
X (Qn,hnan—l)(t) = ’ 3 Z
t S [7) 7]5
X+(2n+17 2n+1 - 3)(7t - 4) © Xn(thn?Rn—l)(%) te [%7 %]7
XF(2ntt 2n 1 — 3)(7t — 5) o X™(Qppn, Rn—1)(2) t€ (2,8,

X(2n+1’ 2n+1 _ 3; 2n+17 2n+1 _ 2)(7t _ 6) o Xn(Qn,hna Rn—l)(g)
te[g1].

\

Let us call

b (Qnps Bn1)(t, ) = X" (Qnp, Ru1) (8, (X™) 7 (2, ).
Then we have the following

Proposition 2.4.1. There exist two positive constants Cy,Co > 0 such that the fol-
lowing estimates hold:

c
X7 < 5 (2.4.2)
n 2 Csy
[TV (O")(T%) || < (2.4.3)

o

Proof. Let us fix t € [0,1], then by (2.2.23)), since the sort operation occurs for a
maximum of 4 adjacent subsquares, that is 7 — j' = 3, we have that

. 7-24 (O
X 2oz < 0 = 5



46 CHAPTER 2. MIXING BV VECTOR FIELDS

To prove the second estimate we observe that, by ([2.2.24]), since again the sort operation
occurs between at most 4 squares, one has

240 Oy

|Tot. Var.(b™)(¢)(T?)| < 7 - S = a

(2.4.4)

which concludes the proof. O

Finally we can define the flow XU (t) as

(X2t = 1o XY(3) e[}

X*(Q28 R1) (4t —2) 0 XV(3) te€[f,35],

XVt)y=+{... (2.4.5)
X™(Qnahy Rao1)(2" = 2" +2) 0 XY(27") te 277,277,

One can observe that the map XV : [0,1]xT? — T? is well-defined, XV € C([0, 1]; L*(T?))
and differentiable £!'-a.e. t and for every t € [0,1] it is an invertible and measure-
preserving map from the torus into itself. We also remark that for every z € T? we
have that limy_ 0 XY (t,2) = z, which tells us that XV is a flow. Therefore, by
one can define the divergence-free vector field bV (¢, z) = XU (¢, (XV)~1(t, x)).

Proposition 2.4.2. The divergence-free vector field bV lives in the space L BV,.
Moreover, its RLF XY (1) when evaluated at time t = 1 is the map U, that is bV is a
weakly mizing vector field that is not strongly mizing.

Proof. Let us fix t € [27",27"F1]. Then
bV (t, 2) = 2" X" (Qnan,_y+3, Rn—1)(2"t — 2" + 2, (XY) 7 (¢, 2)).

Therefore

b7 ()llzy = 2" /T XM (@Quanr 3 Bamn) (2 = 27+ 2, (XY) 7Nt )| da

=2" ) | X™(Qnahy 143, Bno1) (27 — 2" + 2,y)|dy (2.4.6)
T
< 2"1Qnahy 143 YU Rt | X" (Qnahy 143, Rn1) || Lzo Lo (2.4.7)
_,C1
<2"-2.27"o1 <20y, (2.4.8)

where (2.4.6)) follows by the fact that XY (¢) is measure-preserving, (2.4.7) by the fact

that X™ acts only on Q 4n, U R,—1 and (2.4.8) follows by (2.4.2). To compute the
total variation of bV, we observe that, for every ¢ € [0, 1] one has

XY, (XU~ Ht, x)) = 2" X™(2™ — 2" + 2, (X™) 71 (2"t — 2™ + 2, 7)),
so that |Tot.Var.(bV (t)(T?)| = 27| Tot.Var.(b"(¢)(T?)|. By using (2.4.3)), one has that,

if t € 277, 27"

n mn n C
|Tot.Var.(bY (t)(T?)| = 2"|Tot. Var.(b"(t)(T?)| < 2 271

which implies that
| Tot. Var.(bY ) (T?)|| g < Co.
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To conclude the proof we have to show that the map XY (1) = U is the Chacon’s map
introduced in Section More precisely, we have to prove that

X'(1) o X*(Qa3, R1)(1) 0+ 0 X (Qnan, 1+3 Bu1)(1) = Uy

This easily follows by Proposition observing that the map X!(1) = U; and
X™(Qnhy1+3: Bn-1)(1) = Va. -






Chapter 3

Density of Strongly Mixing
vector fields

In this chapter we present the approximation result by cyclic permuta-
tion vector fields: that is, every vector field can be approximated by a
divergence-free vector field whose RLF at time ¢t = 1 is a cyclic permutation
of subsquares. This is the content of Section In subsection we
prove the density of ergodic divergence-free vector field by perturbing any
cyclic permutation vector field with the Universal Mixer [27|. Finally In
Section [3.1.2] we prove the density of strongly mixing vector fields, combin-
ing the previous result on ergodic vector fields with the theory of Markov

Shifts.

3.1 Cyclic permutations of squares

We start by recalling some basic facts about permutations. Denote by .S, the set of
permutations of the elements {1,...,n}.

Definition 3.1.1. Let 0 € S,, be a permutation and k < n € N. We say that o is a
k-cycle ¢ (or simply a cycle) if there exist k distinct elements ay,...,ax € {1,...,n}
such that

o(a;) = aj+1, olax) =ai, o(z)=x Vr#ay,...,a.
We identify the permutation with the ordered set ¢ = (ajaz...ay). The number k is
the length of the cycle. We say that c is cyclic if K = n. We call transpositions the
2-cycles.

Definition 3.1.2. Let ¢, co be the cycles ¢; = (a;...a;) and cg = (b1 ...bs). We say
that ci, co are disjoint cycles if a; # b; for every i =1,...,t,j=1,...,s.

Recall the following result.
Theorem 3.1.3. FEvery permutation o € Sy, is the product of disjoint cycles.

From now on we will address flows X; of divergence-free vector fields such that X;—; is

a permutation of squares of size %.

Let us fix the size D € N of the grid in the unit square K. We enumerate the D?
subsquares of the grid and we consider Sp2 the set of the permutations of {x1,...,kp2}.
We say that two squares (ore more in general two rectangles) are adjacent if they have
a common side. We will use also the word adjacent for cycles: two disjoint cycles of

49
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2 T I P I/ e I R

[ My

I

Figure 3.1: The action of the transposition flow T;.

squares c1,cy are adjacent if there exist k1 € c1, k9 € co adjacent subsquares. Two
adjacent squares can be connected by a transposition, which can be defined simply as
an exchange between the two squares: let x;, x; two adjacent squares of size % and let
R = k; U kj, then the transposition flow between k;, k; is Ti(ki, k5) : [0,1] x K — K
defined as

x torgyoyx xe]-gi, te [0,%],
X; orsoxi TEki t€|

)

’I}/(I{i,fij) = (311)

1

2
-1 o
Xjloraox; x€ky tes,1],

T otherwise,

where the map x : R — K is the affine map sending the rectangle R into the unit
square K, x;,x; are the affine maps sending r;, x; into the unit square K and r is
the rotation flow . This invertible measure-preserving flow has the property to
exchange the two subsquares in the unit time interval (Figure . Moreover, by the
computations done in Lemma [2.2.13| we can say that

Tot.Var.(T(ki, ;) ) (R) < . (3.1.2)
Lemma 3.1.4. Let b € L{°(BV,) be a divergence-free vector field and assume that its

flow at time t = 1, namely Xvi—1, is a k-cycle of squares of the grid N x N% where
k,D € N. Then for every M = 2P, there exists b¢ € L°(BV,) divergence-free vector

field such that
B 1
=¥l < 0 ( 5y )

[ Tot.Var. (5 — b)(K)|joo < O (;) ,

and the map X¢_; : K — K is a kM?-cycle of squares of size ﬁ, where X7 1 [0,1] x
K — K is the flow associated with b°.

Here and in the following we will write T'(k;) = x; meaning that 7" is a rigid translation
of k; to kj. This to avoid cumbersome notation.

Proof. Let us call T = X;—1: being a cycle, there exist {x1,..., s} C {1,..., D?} such
that
T(ki) = kit1, T(kn)=r1, T(x)=2x otherwise.

Now fix some M = 2P and divide each subsquare x; into M? subsquares K,‘Zj with
j=1,...,M?. Since T is a translation of subsquares and choosing cleverly the labelling
j— Hg, then we have also T(ﬁg ) = K,g 41 o that T' is a permutation of subsquares h‘,g .
More precisely, it is the product of M? disjoint cycles of length k. The idea is to connect
these cycles with transpositions in order to have a unique cycle of length kM?: we will

need a parturbation inside k.
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M2
» T2

P . L 2 .
k1, K] are adjacent squares. In the time interval [0, %] perform MT transpositions, one
in each RZ, that is

Divide the M? subsquares of s into MTQ couples R% = /{{ U K,{ with h =1,... and

1
Xi(a) = X0 Ta), e [0.3].

where the flow T2 : [0, %] xK— K
TELR}%i Ty (K], H{,) and T?(x) = z otherwise,

is the transposition flow 1} between 7 and /ﬁ;{ as defined in (3.1.1) above. Then
for t € [O, %} fixed,

M? 20
Tot.Var.(bf — bt)(/{,l) S 0(1)27W7
where we have used (3.1.2). We observe that at this time step we have obtained MTQ
disjoint 2k-cycles.

In the time interval [%, %] we divide the unit square into squares R: = RJQ- U R?, with

2 . . . . j i
h=1,..., MT where RJQ-, R?, are adjacent (in particular there exist k] C R?, K C RJQ-,
adjacent squares). Now we perform MTQ transpositions of squares connecting the two

rectangles RJQ-, R?, as in Figure More precisely we define for ¢t € [%, %]

13
Xi(w) = XioTi(2), te [2’4] ,

-
Tt4'—R§£ Ty—2(k), k1) and T} (z) =z otherwise,

is the transposition flow 1} between H{ and /{ji/. Again,

. M? 20
TOt.Var.(bt - bt)(/il) < 0(1)4TW

Repeating the procedure (see Figure ,

1. at the 2¢ — 1-th step we divide our initial square k; into 2]2‘24—,21 rectangles (made
of two squares of obtained at the step 2(i — 1)) so that we perform 2?P~% trans-

positions of subsquares /@{ in the time interval [Z?SZ %, Zj:ll 2%} :
2. at the 2¢-th step, we divide our initial square k1 into ]2\/‘[—; squares (made of 2 rect-
angles of the previous step) so that we perform 22P~% transpositions of subsquares

s L 2i-1 1 2 1
1 in the time interval [ijl 375 D el f}

In both cases we find in the interval [Z;;ll %, 22:1 2%} that

M? 20
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n

R,

~
M
| s |
=
b=
[

te [l

b=
=l
—

fe[_‘_.

L)
Gal=r
[ E—

Figure 3.2: Subdivision of the initial square k; into subrectangles/subsquares where
7

(dotted lines). Notice that at the first/third step the initial square ki is divided into

rectangles (see Point of the procedure), while at the second step it is divided into

squares (see Point (2)).

s J 2 .0 2i : 1
transpositions (the bars) occurr between subsquares x; C R}, k; C Rj/ of side 5p;

Call t; = Zl 277. We will prove that the map X (1,#;) o X€_;—, is a permutation

j=1
AQ{-Q disjoint 2*k-cycles simply by induction on 3.

given by the product of

The case i = 1 is immediate from the definition. So let us assume that the property is
valid for ¢ and call ¢1, ¢z, . . ., ¢ 2 the disjoint 2'k-cycles made of rectangles of subsquares

2'L
as in Figure n where we have ordered them in such a way that co_1,cop with h =
1,..., 2%21 are adjacent along the long side. Then fix a couple of adjacent cycles, for
simplicity ¢, co. Then

cr= (Kl .. Kaip)s
o= (K] ... Kip)

and assume that there exist 7, 7/ such that Kjl, /132., are the adjacent subsquares in which

we perform the transposition. By simply observing that
tit1
Xttt (o) = Xm0+ [ 05, XE())ds,
t;

we deduce that, when restricted to ¢; Ucg, the map X (1,¢;41) o XLy, is the following
permutation

1 1 1 1 2 2 2 2

K1 ijl Hj ce HQik K1 ... K]j,_l /ij/ . /‘D2ik
1 2 1 1 2 1 2 2
/€2 e ﬁj/ ’ij-i-l e K/l I€2 N Hj K’j/+1 e K}l

Clearly this is a single cycle of length 20+Dk and it is supported on a rectangle.
The procedure stops at t = ZQP L when we have obtained a unique M?Zk-cycle.

j=1727
Summing up, for ¢ fixed

20

Tot.Var.(bf — b)(K) < O(l)ﬁa
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that is

1
|| Tot. Var.(bf — b;) (K)o < O <D2>
We conclude with the L{°L! estimate of the vector field: to do this computation it
is necessary to observe that b; and bf differ only in the couples of adjacent squares
in which we perform the transpositions. Using ([1.0.3)) and simple estimates on the
rotation ([2.2.4]) we obtain, for t € [t;_1, ;] fixed,

M2 2 2 1
by — bel|1 < < E——
| dh = OS2 5 oo < © (D3M> ’

which concludes the proof. O

We state now the approximation result by vector fields whose flow at time ¢ = 1 is a
unique cycle.

Proposition 3.1.5. Let b € L°(BV;) be a divergence-free vector field and assume that
by =0 fort €[0,6], § >0, and its flow at time t = 1, namely X14—1, is a permutation
of squares of the grid N x N% where D € N. Then for every M = 2P > 1 there exists
a divergence-free vector field b¢ € L{°(BV,) such that

1 . 1
[ <<9<DM3) | Tot. Var. (b — by) (K )y|oo<o<5M2)

and the map X§{: K — K, being X7 : [0,1] x K — K 1is the flow associated with b, is
a M?D?-cycle of subsquares of size ﬁ.

Proof of Proposition[3.1.5 Let us fix ¢ > 0 and consider M = 2P to be chosen later.
Let C'= X;—1 be a permutation, which we write by Theorem (3.1.3|)

C=(K1...050) (K] ... K)o (KT .. KR ) =c1...cp,

where Z?:l k; < D?. Define Cntls---CNy, N = D?— > ki+n, the 1-cycles representing
the subsquares that are sent into themselves. By the previous lemma we can also as-
sume that C., ¢ =1,..., N is a cyclic permutation of subsquares aé.k,, j=1,...,M?
of the grid N x Nﬁ. To find a D?M? cycle we should consider all the couples of
adjacent subsquares (of size ﬁ), and then we should connect them by transpositions
in a precise way.

Fix ¢; and consider
C!' = {cp, # 1 s.t. ¢, adjacent to ¢} = {ci, .. -ac|lcl\}'
Now for every cjl- € C! define by induction the disjoint families of cycles
C’]2 ={en ¢ {c}uctuciu---u C]Z_l s.t. ¢p, is adjacent to cjl«},

and call
CQ — C% U UC|ZCV1‘ = {C%,...,C‘chl}.

At the i — 1-th step we have

= {Czi_lw ‘Zczl|}
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and, for every 62-71 € oY
C’; ={en ¢ {cyuctuc?u.-..uct-tuciu. .. C;_l s.t. ¢p, is adjacent to c;-_l}.

The procedure ends when we have arranged all ¢; into sets C?, and hence for some
K € N we obtain CK*! = ) (see Figure . Indeed, by contradiction assume that
{c1}uCtUC?U---UCK| < N. Then this set has a boundary, i.e., there exists a cycle
cg {ciyUCtUC?U---UCK adjacent to a cycle of {c;}UCTUC?U---UCK, which
is a contradiction by definition.
The partition
Cley) ={c1}uC?u...CK

has the natural structure of a directed tree: indeed every two cycles ¢; € C%, ¢j € CV
are connected by a unique sequence of cycles: the direction of each edge is given by
the construction c}_l — ¢p, whenever ¢, € C’;. This tree-structure gives us a selection

of the N — 1 couples of subsquares /ig of disjoint cycles ¢; in which we can perform
a transposition among the subsquares aé’k to connect all of them in a unique D?M?-
cycle. More precisely, for every connected couple c;-_l, cp, such that ¢, € C]’:, there exist
cubes Kk € c;._l,m’ € ¢y, and hence there are adjacent subsquares a C k,a’ C k' of
size 1/(MD): assuming M > 4, we can take a,a’ not being on the corners of k, x/,
respectively.

Let T} : [0, 6] x K — K be the transposition flow acting in the selected N —1

couples of subsquares a,a’ reparametrized on the time interval [0, d] and define (being

X; =id for t € ]0,4])
Xe(@) = Ty(z) teo,9], (3.1.3)
! X;oTs(x) tels1]. o

The transposition is well defined: indeed it can happen that ¢;, ¢;, ¢;, are adjacent cycles
and the couples of adjacent squares (of size %) are K;, k;j and K4, K (where k; € ¢;, K €
¢; and Ky € c), that is: k; is in common. But since the transposition occurs between
subsquares of size ﬁ nor belonging to the corners, it is always guaranteed that the
transpositions act on disjoint subsquares. By using the explicit formula we get

that for ¢t € [0, 4]
. O1) (N-1\ _0@1)/ 1
16 = bl = =5 (D3M3> =5 \oas)

while for t € [, 1] it clearly holds bf = b;. Coupling these last two estimates we get the

L} L. estimate:
c 1
1=l <O (373 )

for § << 1 and M sufficiently large.
Next we compute the total variation for ¢ € [0,4]: by using (3.1.2]), we get

Tot. Var. () (K) < %% < %%
while for ¢ € [§,1 — ¢] we find

Tot.Var.(bf)(K) = Tot.Var.(b;)(K),
therefore

c 1
|| Tot. Var.(bf — b;) (K)o < O (6]\/[2) .
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Figure 3.3: Concatenation of cycles in a specific example, Remark The orange
subrectangles are the couples of aj; on which the transposition T; of (3.1.3) acts.

To conclude we have to prove that X{ is a unique cycle, which follows by the tree-

structure of the selection of adjacent cycles. The end points of the tree are clearly
cycles. By recurrence, assume that c;._l is connected to cycles 7y, each one made of all
squares belonging to ¢, € Cj and all subsequent cycles to ¢p. It is fairly easy to see
that the transposition merging cj-_l to each ¢p, € CJZ: generates a unique cycles ’y;'-, made
of the cubes of cg._l and all v,. We thus conclude that the map X{ is a cycle of size

M2D2, O

Remark 3.1.6. An example of how the proof works is in Figure[3.3} the decomposition
in cycles is

C=(ki... n}))(ka% .. n%)(n? . ng)(/ﬁl . né)(/i‘;’ k) (RS /s;%Q)(F;I) (K)?)(KZ%O).

The black arrow indicates the adjacent subsquares where the exchanges are performed:
the tree of concatenation is then

(s R
T TT—
(kD) ) k) (KD
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K1 K2

K1

Cy, Ca

Figure 3.4: The two adjacent cycles ¢; (light green) and ¢ (blue) touch in k1 and ko,
which exchange their mass during the time evolution.

Note that in the subsquares (k3, k%), (ki, 53) and (ki, k1), (ki, K3) the exchange occurs

actually in the subsquares (ab;, ay), (a3, aly) and (agy, alp), (ady, af pn), so that it is
always acting on different couples of subsquares.

Remark 3.1.7. The construction of the cyclic flow gives us only the L}L!
estimate on the vector fields, which is what we need for our genericity result. We can
get the more refined estimate in L{°L! allowing for mass flowing (when performing the
transposition) during the time evolution of the flow X, (see Figure . In this case,
the time spent by the squares of size (M D)~ to transfer the mass is of order (M D)™},
so that the vector field moving it should be of the order

length N-—-1

O(1), acting on a region of area (MD)? < M2 (3.1.4)

time
Hence the L°L! estimate can be obtained by as
16 = belli < O(1)M2,
while the total variation estimate becomes

Tot.Var.(bf — b) = (’)(1)%.

The statement one can prove is then the following.

Proposition 3.1.8. Let b € L°(BV,) be a divergence-free vector field and assume
that its flow at time t = 1, namely XvL¢—1, is a permutation of squares of the grid
N x N3 where D € N. Then for every € > 0 there exist M = 2P and b° € L*(BV,) a
divergence-free vector field such that

16 — be|| 2 < O(M~2) <€, Tot.Var.(b§ — b;)(K) < O(D/M),
and the map X{, : K — K, being Xf : [0,1] x K — K the flow associated with b, is

a M?D?-cycle of subsquares of size ﬁ.

3.1.1 Density of ergodic vector fields

Starting from the cyclic permutation we have built in the previous section, we construct
an ergodic vector field arbitrarily close to a given vector field in L$® BV . The density
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of ergodic vector fields is not strictly relevant for the genericity result of weakly mixing
vector fields, but it can be considered as a simple case study for the construction
of strongly mixing vector fields. Moreover it will give a direct proof of Point of

Theorem [0.0.3]

We will use the universal mizer that has been constructed in [27]: it is the time
periodic divergence-free vector field u € L ([0, 1], BV,(R?)) whose flow Uy : [0, 1]x K —
K of measure-preserving maps realizes at time ¢t = 1 the folded Baker’s map, that is

-9 1,-441 0,3),

U, =2 2 ¥ ) v€03) oy (3.1.5)
(22 -1,%+3) 1

(see Theorem 1, [27]).

Proposition 3.1.9. Let b € L{°(BV,) and let Xy be its RLF, and assume that X;—1 is
a cyclic permutation of squares of the grid N x N%. Then there exists b € L°(BV,)
divergence-free ergodic vector field such that

o 1
o= ¥l <0 (52 )
1

(3.1.6)
|| Tot. Var.(b%)(K)||so < || Tot.Var.(b) (K)||o + O <> .

D2

Proof. Let us call T = X ;1 and k1,...,Kkp2 the subsquares of the grid where the
numbering is chosen such that

T (ki) = Kit1, T(kn) = k1.

Let us define

Xy otherwise,

Xe = {XtoUt1 T € Ky,

where the flow U}l = 07! o U; 0 0 and 6 is the affine map from x; to K, i.e. ,0(x,y) =
(Dx, Dy).

We first prove the ergodicity of T¢ = X®_;—;. Assume by contradiction that T is not
ergodic, then there exists a measurable set B such that 7°(B) = B and 0 < |B| < 1.
We claim that |B N k1| > 0. Indeed, since |B| > 0 there exists ¢ such that |B N k;| >
0. If i = 1 we have nothing to prove, if not, since T° is measure-preserving, then
|T°(B N ki) > 0. But

0 < |T°(BN k)| = |T9(B) N T(k:)| = |B N ka1

we have used that the set B is invariant) and re-applying the map 7T sufficiently man
ymg y y

times we have the claim. Moreover, |B N k1| < %. If not, that is |[B N k1| = #, then
|BNKi| = % for every i = 1,..., D?, again by using the fact that B is invariant and

that T¢(k;) = kiy1 and T¢(kp2) = k1. But now

D? D? 1
Bl = |BN&il :Zﬁzl’
=1 =1

which is a contradiction, since |B| < 1. Now, the fact that 0 < [B N 1| < 77 implies
that Ui (B N k1) # B N k1 because Ul is mixing (and thus ergodic). But this is a
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contradiction because T¢(B N k1) = B N ke and applying to both of them TP*1 we
find that

UNBNk) =T " HTB k) =T " HBnky) = (TN (BNky) = BNk,

where we have used that TP = Id. To prove the estimates (3.1.6) we have to observe
first that U; acts only on K1, then that it is the composition of two rotations (see [Figure
1, [27]]), that is Tot.Var.(Uy(U7 1)) (R1) < O (p2) (see again Lemma [2.2.13)). O

3.1.2 Density of strongly mixing vector fields

As in the previous section, we use the density of cyclic permutations to show that the
vector fields whose flow is strongly mixing are dense in I with the L%,I—topology. Again
we use the universal mixer constructed in [27]. The main result here is the following

Proposition 3.1.10. Let b € L{°(BV,) and let X; be its RLF, and assume that by =0
fort €[0,20] and Xy=1 is a cyclic permutation of squares of the grid N x N%, D =727,
Then there exists b° € L°(BV,) divergence-free strongly mizing vector field such that

1
b— b <o(—=—),

|| Tot. Var.(b*) (K)||s < ||Tot.Var.(b)(K)||ss + O (571

In the proof it is shown that the mixing is actually exponential, in the sense that
for every set in a countable family of sets { B;}; generating the Borel o-algebra it holds

\T‘I(Bi) N Bj\ — |Bi||Bj| = (9(1)c§j, cij < 1.

Proof. Let us call T = Xiy=1 and Ki,...,kp2 the subsquares of the grid where the
numbering is chosen such that

T (ki) = Ki+1, T(kp2) = k1.

If {1,...,D%} 30— j(¢) € {1,...,D?} is an enumeration of ; such that ;(), 5j(e41)

. . . . 00+1 . . .
are adjacent, consider the rescaled universal mixer U, o acting on kg, k¢41 in the time

interval [0, §], whose generating vector field bV satisfies the estimates
£,0+1 11 £,0+1 11

The idea is to define the a new vector field as in (3.1.3])

X2(x) = M,(z) t e [0,24],
e X, 0 Mys(z) te[20,1],

where the map My, t € [0, 2], is defined as follows:

Mt([]j‘) e Uf7€+1(x) t € [07 6}76 eVen’
UL @)t e 16,26, € odd,

The estimates follows as in Proposition so we are left with the proof that
T° = Xj is strongly mixing.

The map T is the composition of 3 maps T35 o T o T acting as follows (all indexes
should be intended modulus D?):
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1. 77 is the folded Baker’s map U acting on the couples £,£+ 1, £ =0,2,... even;
2. Ty is the folded Baker’s map U acting on the couples £,/ + 1, £ =1,3,... odd;
3. Ty is a cyclic permutation £ — j=1(5(¢) + 1).

We first compute the evolution of a rectangle a of the form

/ ]_ /
a=2"Pk k+1]x277 [k’,k’+1]5, k=0,...,2°D—1, k' =0,...,2° D—1, p,p’ € N.

By definition of U (3.1.5) we obtain that if p > 1 then the map 77 does not split a into
disjoint rectangles, i.e.

> / o B 1 =~ =~ /
Tia = 2Pk, k+1] x 277 7Lk, k’+1]5, k=0,...,27'D—-1,k =0,...,22 "' D—1,
and the same happens for T5:

Toa =2 Pk, k+1]x 277 [k K +1] k=0,....,227'D-1,k' =0,...,22F'D—1.

S|~

Hence if

/ 1 /
a=2"Pk k+1]x2" %[k, k’+1]5, k=0,...,22?D—-1, k' =0,...,22' D—1, p,p’ €N,

(3.1.8)
then

TyoTya = 220 P, k4+1]x27 2P+ [E/ I%’+1]%, k=0,...,220-Up_1F =o0,...,220+Vp_1,

and being the action of T3 just a permutation, the final form T%a = T35 0 T3 o Tia is
again a rectangle.

When p = 0, instead the rectangle a is mapped into two rectangles belonging to two
different subsquares x, x’

_ R 1 - - R 1
Tia = [k, ki +1] x 277 7Lk K} +1]5 U [k, ko + 1] x 277 7L [KS, K, + 1]5,

and the action of T divides Tja into 4 rectangles of horizontal length 1/D belonging
to 4 different subsquares. As before, T3 just shuffles them into new locations.

The same happens when considering (7%)~!: if p’ < 1 and a is glven by - then
(T%)'a is still a rectangle of side 272 +1) x 2—2(' _1)— while for p’ = 0 it is split into
4 rectangles with vertical size equal to 1/D.

In particular, starting from two squares a,a’ of side (272?D)~2, for ¢ > p the set
(T*)%a is made of disjoint rectangles whose horizontal side is D!, and (T%)"%’ is
made of disjoint rectangles whose vertical side is D~!. Hence if the masses of (T*)%a,
(T%)~7d inside k; are m;(q), m}(—q'), then by Fubini

L2((T%)%an (%)~ ZD2ml ).

In order to prove the strong mixing it is enough to show that

2 2.7
20 gy £
Actually, we will show that the above convergence is exponential, which implies that
the mixing is exponential. We prove the above exponential convergence for m;(gq), the
other being completely similar.

Once (7*)%a has become a rectangle of horizontal side 1/D, the distribution of mass

by T is computed by the action of the following matrices on the vector (m;);:

q,q’ — 00.

mi(q) =
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1. the matrix A; corresponding to the map 77,

1 (600 +8pyy £ =0,2,...,
(g = 5 o0 Do
2 5g/(g+1) +pp 0 =1,3,...;

2. the matrix A corresponding to the map To,

1 Sy + 60 r=002,....
(Ag)pe =54 0T 7D
2 \Gere—1y + 00 =1,3,...;

3. the permutation matrix Az corresponding to 713.

Being the Markov process generated by the matrix P = A3AsA; finite dimensional,
exponential mixing is equal to strong mixing, and we prove directly that P has a
simple eigenvalue of modulus 1 whose eigenvector is necessarily the uniform distribution
(1/D?,1/D?,...): in particular this gives that P is aperiodic (Definition and
Proposition |1.1.16)). Indeed, for v € CP one considers the functional |v|, and by simple
computations it holds |Azv| = |v| and

|Av| = |v] iff vy =wp4q for £=0,2,...,

|Agv| = |v] iff vy =wpq for £=1,3,....
Hence the unique v such that |Av| = |v| is v = (1/D? 1/D?,...), and 1 is a simple

eigenvector. [

Remark 3.1.11. As in Remark one could let the Bakers map to act during the
time evolution of X;, but in this case the distance in L°L! would be of order 1. The
problem is that the maps 71,75 are acting on the whole set K = [0,1]?, and the vector

field by — b; is of order 1 as in (3.1.4).

3.1.3 Proof of the density of strongly mixing vector fields

We are now ready to prove the density of strongly mixing vector fields in U/, which
implies the statement by Corollary [1.1.11] It will be obtained through the following
steps.

1. Let b € U: by the very construction of the set U (Proposition [1.0.3), we can
assume that b € L° BV,. Fix € > 0.

2. By the continuity of translation in Ll7 we can take 0 < & < 1 such that defining
p— 0 t e 0,36),
1_71351?@_35)/(1_35) t € [30,1],
it holds
€

§
I6° = bl < 5

Since )
g —
| Tot. Var.(b°)|lec = T 36HTot.Var.(b)Hoo

then b° € U. Clearly we can also assume that b’ is compactly supported in K.
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3. Use Theorem m to approximate b° in [36, 1] with a vector field b € L BV, C

U such that .
o €
167 — b HL}J <7
and such that its RLF is a permutation of squares of size D~!. We can assume
that ]
D> —. 3.1.9
> = (3.1.9)

Apply Lemma together with Proposition to b for t € [26,1] obtaining
a new vector field b¢ € L3° BV, C U such that

1 €
€ edc
16 = 6y, < O(DM) <1

for M = 27 > 1, and such that its RLF is a single cycle of squares of size
(DML,

Finally, apply Proposition [3.1.10| to 5% in ¢t € [0, 1] obtaining a strongly (expo-
nentially) mixing vector field b°¢* € L$° BV, C U such that

1 €
edc _ pedcs < —
o5 ey <055 ) <

by using (B-19).

We thus conclude that for every b € LBV, and € > 0 there is a vector field

b® € L° BV, exponentially mixing such that

Ib— bl <e

which is our aim.






Chapter 4

Permutation Flow

In this Chapter we prove the key tool of this paper, namely the approxima-
tion in Lim of any BV vector field with another BV vector field such that
its flow at ¢ = 1 is a permutation of subsquares, i.e., it is a rigid translation
of subsquares of a grid partition of K = [0, 1]2. The approach is inspired by
[43], with the additional difficulty that we need to control the BV norm of
the approximating vector field. We will address also the d-dimensional case,
explaining the additional technicalities needed to prove the same approxi-
mation result in the general case. In Section we prove the Shnirelman
Lemma and we correct a mistake in [43]. In Subsection we analyze the
construction in any dimension. In Sections 7?7 we prove some BV estimates
useful for the main theorem, whose proof is given in Section

This chapter is divided into two parts: in the first one we collect some preliminary
estimates which will be used as building blocks in the proof of the main theorem, while
in the second part we state the main approximation theorem and give its proof.

4.1 Affine approximations of smooth flows

The next lemma is almost the same of [43, Lemma 4.3]. In order to follow the original
Shnirelman’s Lemma we require the subrectangles in the next lemma to be dyadic (i.e.,
their corners belong to a dyadic partition, see Remarkhowever), but we notice that
the proof of the main theorem works in the same way just asking subrectangles with
rational coordinates to be mapped affinely onto subrectangles with rational coordinates.
At the end this section we will address the same lemma in the general case d > 2, which
in the original paper is not proved.

Let T be a measure-preserving diffeomorphism T : [0,1]2 — [0, 1)2 of class C® and such
that 7' = id in a neighborhood of 9]0, 1]2. Assume that it is close to the identity, i.e.,
there exists § > 0 sufficiently small such that ||T — id||c1 < 4.

Lemma 4.1.1. There exists N € N, N = 2P, and a path of measure-preserving in-
vertible maps t — o piecewise smooth w.r.t. the time variable t such that o9 =T and
o1 maps arbitrarily small dyadic rectangles P;; € N x N% = Kn (meaning that their
boundaries are in the net Ky ) affinely onto dyadic rectangles ]3ij € Ky.

Moreover, the map o is of the form

or =T o&3M1/3(t) + Cat—10T 0§11}y /39/3(t) +m3t—20C1 0T 0 &1 Xjg/3qy(2). (4.1.1)

63
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where £,m: [0,1] x [0,1]% — [0, 1] are piecewise smooth and ¢ : [0,1] x [0,1]? — [0, 1]? s
smooth, so that for everyt € [0, 1], the map o is piecewise smooth on each subrectangle
Kk and it extends continuously on K.

Finally, the space differential Doy of o1—1 is a constant diagonal matriz in each sub-
rectangle.

The number N is used in the next results in order to have that the perturbation is
arbitrarily small in L;x.

Proof. The proof is given in 3 steps:

1. first by an arbitrarily small perturbation of the final configuration we make sure
the area of the regions which will be mapped into rectangles is dyadic;

2. secondly we perturb along horizontal slabs in order to have that vertical sections
of the slabs are mapped into vertical segments;

3. finally we perturb vertical slabs so that the image of particular rectangles are
rectangles and vertical segments remains vertical segments.

The composition of all 3 maps with 7" as in (4.1.1) will be the movement oy. We will
use the notation

[0, 1]2 > (1’1,%’2) — T(acl,xg) = (Zl,ZQ) < [0, 1]2

to avoid confusion between the final coordinates and the initial ones. When piecing
together maps which are defined in closed sets with piecewise regular boundaries, we will
neglect the negligible superposition of boundaries for simplicity: this slight inaccuracy
should not generate confusion.

Step 0: initial grid and perturbation. For Ny = 2P0 > 1 define the horizontal and
vertical slabs

H;=[0,1] x27Pj —-1,5], Vi=2"P[—1,4x[0,1], ¢,j=1,...,2P.
The image of the horizontal lines
x1 = T(x1,22)
can be written as graphs of functions
21— g(z1,x2),
and divides every vertical slab V; into Ny = 2P° parts

wij = {(i — 12770 <2 <0277, g(21, (f - 1)277) S 22 < g(zhj?_po)}-

Let ¢ : [0,1]> — [0,1]? be a measure preserving flow, moving mass across the
boundary of w;;: we can assume w.l.o.g that the mass flow ¢;;;;» across the boundary
from @;; to Wy occurs in the relative interior of 0w;; N 0wy ;. The measure preserving
condition requires that

Pij i-1)j + Dij (i+1)5 T PigiGi+1) + Diji-1) = 0-
Set T" = (1 o T and consider the new curves

21+ g'(21,72), Graphg =T'([0,1] x {z2}).
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Let &}, be the new regions

% {(Z —1)27 <z <277, g2, (- 1)27) S 2 < g/(zl,ﬂ*po)},

ij —
whose new area is
20~/
L5 (@i5) = bijia-1) + Piji(j+1)-
Starting with @/, we move a mass ¢1112 < 27P0"P1 < 1 so that
£2(LD/11) = 27P07PIp, g 27POTPIN,
Hence a mass —¢11,21 is flowing to the region wp;. Assuming that we have
52(@41) — 97POTPlp, € 2TPOTPIN,
and that the mass flowing by ¢i1,i2, @i1,(i+1)1 18 < 27P*, we consider two cases:

L if @1 5411 € 27P07PL[0,1), then we flow a mass @i 1)1,(i41)2 € 27727 P1[0,1) so
that
£2(‘1}&4-1)1) = 27poipln(i+1)1 € 27N,
and the flow to the right is then
Blit1)1,(i42)i = Pil,(i+1)i — Pli+1)1,(i+1)2 € (—=1,1)27FP07PL,

by the balance and because they have different sign;

2. if ¢i1,(i+1)1 S 2*p07p1(_1’ 0), then we flow a mass ¢(i+1)1,(i+1)2 € 2*p07p1(_170)
and obtain the same estimate.

The last term d’?\m is computed by conservation: indeed

> iz =0,
5

and then
2P0 —1
L2(T'([0,1] x [0,2770]) = 2770 = > " L2(@f) =277 Y~ my + L2 @yy1),
i=0
so that
2P0 —1
52((:}?\701) — 9—P0—p1 (21?1 _ Z nﬂ) € 9~ Po—PIN.
i=0

The estimate of ¢n;1,n,2 is automatic from the flow ¢(ny—1)1,n8p1-
The above procedure is then repeated for each region

No
7((0,1] x 277 —1,5)) = | J @,
i=1

and the flow across each boundary is < 27P07PL: the conservation of the measure of
T([0,1] x [0, j]27P0) yields that the last element Wy, ; is again dyadic.
From now on we work with the map T/ = (; o T.

Step 1: perturbation along horizontal slabs. Consider the curves

29 (T/)fl(zl, ZQ),
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which can be parameterized as
/
T9 f (21, 1‘2)

being T” close to the identity in C'. In each H; we can determine uniquely the value

j2-r0
1,5(21) = ][ f'(21,x9)dzs, (4.1.2)
(-1)2-70

and since 1" is close to identity, again every map z1 — x1,;(21) is invertible: denote its
inverse by z1 j(z1).
In particular, we consider the values

1,05 = 1,5(6277°). (4.1.3)

By (4.1.2)) it follows that
(21,55 — @1, i-1)7) 2770 = L2((T") 1 (@j;)) € 27P7PIN, (4.1.4)

so that we deduce that the elements z1 ;; are dyadic, i.e., 1 ;; € 27P'N (being z1 o; = 0).
Consider the family of ordered curves parametrized by x; € [0, 1]

0,1] x [j = 1,7]277° > t,wo = fi (w1, 22) = (1 = t)zy + tf (21,5(21), 22),

and let &, : [0,1]x[j—1,4]27P0 — [0, 1] x [j—1, j]27P° be the unique measure preserving
map mapping each segment {z1} x [j —1,]277° into the image of (f],(z1,72),72),
x9 € [j — 1,7]27P0. This map is uniquely defined by the balance of mass, which reads
as
(&j,6)2(x1,72)
/ Oy [ (w1, w)dw = 9 — (j — 1)27F°. (4.1.5)
(j—1)2770 7

Being fj/‘,t close to the identity, §;; is smooth and close to the identity.

Let & : [0,1]2 — [0, 1]? be the measure preserving map obtained by piecing together
the maps &;;. By construction the map T” = T’ o & maps each vertical segment
{z1} x [j — 1,4]27P0 into the vertical segment

{z15(x1)} x [¢'(z15(21), (5 — 1)277°), ¢ (21,5 (21), 52770)] -
Step 2: construction of the affine maps. The next step is to rectify the pieces of curves
[i —1,i]277° 2 21— gj(21) = ¢'(21,5277°), (4.1.6)

which are the horizontal slab of the sets (D;j Fixing a vertical slide v;, one considers
the unique measure preserving map 7; : [¢ — 1,4] x [0,1] — [i,4 — 1] x [0, 1] such that
the segments (4.1.6) are mapped into vertical segments and such that maps the curve
gj ([t — 1,4]27P0) into the curve
i27P0
/ / y— / cy—
g .:(z1) = (1 —t)g (21,5277 —I—t][ g (w, 72779 dw
L) = (=00 G ™) ki f w2 i
= (1 — t)g/(zl,j27p°) + t2’27ij.

In each dz,’m- this map is uniquely determined by the balance

(13,£)2(21,22) . )
/ (Qt,ij(w) - gt,i(j_l)(w))dw = constant,
(i—1)2—P0
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K T'(K)

- e »
L1, | ! —

2
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Sy
Sy
s

. [ o
P i - R-:'.

Figure 4.1: The action of o; in Lemma first the map & moves the mass in H;
in order to map the vertical green segments into the counterimages of the vertical red
segments; then the map 7T acts and the horizontal black boundaries of H; becomes the
black curves, but vertical segments remain vertical; finally the action of 7, rectifies the
horizontal boundaries, while keeping vertical segments vertical.

while the vertical coordinate is affine in each vertical segment.
Let n; : [0,1]? — [0, 1] be the measure preserving map obtained by piecing together
the maps 7; ;.

Conclusion. Up to a time scaling, the map we are looking for is

or =T o &I (t) + G—10T o0& Xy g)(t) +m—20Ci 0T o0& 1p 5 (t).

It is clearly measure preserving and at ¢ = 3 it maps affinely the rectangles with dyadic
coordinates

Pij = [z1,6-1)j,2145] x [7—1,]277
into the rectangles with dyadic coordinates

Py =1[i—1,i277 x [ZQ,i(j—1)722,ij]~

The values 1 ;;, 224 are given by (4.1.3)), (4.1.7) and belong to 27P*N. Thus N; = N
is the number of the statement.

The fact that oy is piecewise smooth and it extends continuously to the boundary of
each P;; are immediate from the construction, and its smallness follows by observing
that as pg, p1 diverge the maps &, (,n converge to the identity. O

Being the rectangles dyadic in the grid N x N+, then we have the following

Corollary 4.1.2. Every subsquare of the grid N x N% is sent by o1 affinely by a
diagonal matriz onto a subrectangle with rational coordinates.
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Remark 4.1.3. The previous lemma also tells us that the map oy is piecewise affine,
in particular there exists N = 2P' € N refinement of the grid such that o¢; maps each
k subsquare of the grid N x N% affinely by a diagonal matrix onto a subrectangle ¢
with rational coordinates. It’s false, in general, that ¢ has dyadic rational coordinates
as stated in |43, Lemma 4.3]. More precisely, the previous lemma states that each

Pij = [z 215) X [J — 1, 51277

is sent into

Pij =i —1,i]277 x [Zz,i(jq),zz,ij],

where @y (;_1)j, T1,i5, 22,i(j—1), 22,5 are dyadic. Call Az = z1;; — x1(;_1); and Az =
225 — %2;i(j—1)- Then by (4.1.4) Az = 27Pin;; with n;; € N. Up to translation the
perturbed map o1 (4.1.1) can be written as

2P0
— Ax 0
O1LPy = ( 0 2p0(Az)> '

Take a subsquare x = [h — 1,h]27P1 x [k — 1,k]27P1 C Py, then ¢ = o1up,; (k) =

2;&, 2P0—Pp1 (Az)} , which is dyadic only with further requirements on n;;. For a more
ij

detailed analysis consider Hj; and call Az; = w15 — oy j_1); = 27 P'ny;, where i =
1,...2P0, If we assume that every subsquare of the grid N x N% is sent into a dyadic
rectangle then we find the conditions

n,-j = Qmij, \V/l,']

This condition tells us that, being measure-preserving,

92—Po+P1—M;j 0
O1Lp;= 0 gpo—p1t+mij | o

that is, all possible matrices are of the form
1
7 0
0 4

b)) (o)

This condition is not compatible with the fact that o1 is an approximation of the
original map T, which has been chosen to be close to the identity.

= O

Remark 4.1.4. From the previous lemma it easily follows that, if IV is the size of the
grid, then every rectangle contained in the unit square K is sent by the perturbed flow
into a union of rectangles.

Remark 4.1.5. To use Theorem we observe that in our case the change of
variables ¢ is given by the flow X;. In particular, since X; is close to the identity with

all its derivatives, the costant C'x, given by the previous theorem, is Cx, < (1 4 §)%~1
(d = 2 here).

4.1.1 The d-dimensional case

The analysis of the general case can be done as follows.
The starting point is the following approximation assumption in d — 1-dimension.
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Assumption 4.1.6. If the £9!-measure-preserving diffeomorphism 7 : [0,1]¢ 1 —
[0,1]97! is sufficiently close to the identity and equal to id in a neighborhood of
0[0,1]%71, then there exists N € N, N = 2P, and a measure-preserving piecewise

smooth invertible map o close to T' such that T'o o maps dyadic rectangles P;; € %

onto dyadic rectangles ﬁij € % by a diagonal linear map (up to a translation).

The above assumption is true for d = 3: indeed if o, is the map of Lemma and
T is any L£2-measure-preserving diffeomorphism 7 : [0,1]2 — [0, 1], as in the previous
assumption, then ¢ = T~ o oy—; does the job.

Now let T : [0, 1]¢ — [0, 1]¢ be a diffeomorphism sufficiently close to the identity and
equal to the identity near 9[0,1]¢ (Figure . We will not address the perturbation
¢ used to obtain dyadic parallelepipeds (Step 0 of the proof above), being the idea
completely similar to the 2d-case. We will also neglect the time dependence (i.e., how
to split ¢ € [0, 1] into time intervals where the different maps are acting), because it is
a fairly easy extension of the 2d case.

Step 1. Consider the curves
24— Tﬁl(zl, Ceey 2d)-

The first step is to perturb 7' to a map 7" in order to have that the above curves are
segments along the z4-direction in each slab x4 € [kq, kg + 1]/N (Figure [4.3)).

Being T close to the identity, the surface T-1({z4_1 = const.}) is parameterized by
ri,...,T4—9,xq, and then in each strip

1
(x1,...,2q_2) = const., x4_1 €[0,1], x4 € [kq,kq + HN

one can use the same measure preserving map &; defined in Step 1 of the proof of
Lemma above to obtain a perturbation T'= T o £ such that

T ({241 = const.}) N {zq € [kq, kg +1]/N}

is independent of x4, in the sense that it is the graph of a function depending only on
xi,...,T4—o times the segment x4 € [kq, kg + 1]/N.
Disintegrate the Lebesgue measure £? as

EdL{xde[kd,kd+1]/N}:/[a(xlu”-7xd—2,zd—1)d$1d$d—2dﬂfd dzq-1,

according to the partition 77!(z4_; = const) (the density a does not depend on x4
because the surfaces contains the segments along x4), and consider the 2-dimensional
surfaces

T (241 = const) N {x1,...,24_3 = const}.

We use the same map & of Step 1 of the proof above to rectify the curves

zg = f(21, . Taog, Zd—2, 2415 2a) = (T) " (2a—2, 2a—1 = const)
N{x1,...,xq9-3 = const} N{x4 € [kq,kq + 1]/N}.

The main difference w.r.t. the maps , is that instead of the Lebesgue
measure we use the density a(xi,...,24-2,24-1). Eventually, the composition of the
two maps above gives a new map 7' such that (7) ' (zq_, 24— = const) is a (d — 2)-
dimensional surface made of the graph of a function depending on z1,...,z4_3 times
the segment z4 € kg, kg + 1]/N.
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The argument is then repeated in the d—2-regions (T) ™! (z4_2, zg—1 = const) (i.e., disin-
tegrate the Lebesgue measure and shift along the x4_3 direction to rectify (7)~!(z4_3, ...
const), and so on until we obtain that a new map 7" such that

(T ({z1,...,24—1 = const.}) N {zq € [ka,kqa +1]/N}

is independent on x4. This means that lines along the z; are mapped back into N
segments of length 1/N along .

Step 2. Differently from the 2d case, it is not enough to perturb the vertical slab
as in Step 2, since the sets (1")71({z, = const.}) are not of (piecewise) the form
{z}, = const.}. Observe however that in each slab {z4 € [kq, kg + 1]/N} the map

(:L'l, ceny xd,l) = (T,éd)_l(zl, e 7Zd71)

is well defined, where (7" )I;dl denotes the first (d — 1)-components of (T")~! restricted
to {4 € [kq, kq+1]/N}: we have used the property that segments along z; are mapped
back into segments along xg.

We use Assumption to get a map oy, : [0,1]971 — [0,1]971 such that T =
T,;d oo, maps affinely parallepipeds of a grid N¢=1/(NNy), Ny = 2P, into cubes of the
same grid: we can take N; > 1 in order to be independent of k (Figure [4.4).

Hence the map Té'd maps parallelepipeds of the form

1:[ kz,k + 1] [kaka+1]
i N

into regions for the form

kL kL +
{zd € [g(z1,...,24-1,ka/N),g(x1,...,xa-1, (kg + 1)/N)], z € H[Z]V}\fl]}7

and up to a translation it is a linear diagonal map in the first d — 1 coordinates and
segments along xy remains along 4.

Step 3. Piecing together the maps T,;’d , we obtain a measure preserving map T close
to T with the properties listed at the end of the previous step. We will use the fact
that it is affine in the first (d — 1) coordinates to use a map similar 7; of Step 2 of the
proof of Lemma to rectify the set

T({za € [ka,ka +1]/N}) N {z € [k}, Kk} + 1]/(NN1),j=1,...,d —1}.

It is defined as the unique measure preserving map G(z1, ..., z4_1) of the form

Glo1, ... za 1) = (Gl(zl, ooy zae1), Galzay ooy 2a1)s -y Gac (2d-1), Glz1, - .,zd)).

Note that since zg enters in the last component, segments along z; are mapped into
segments along z4, and the triangular form of the map assures its uniqueness (Figure
)

The last part of the analysis is to deduce that if a measure preserving transformation
T=GoT:[0,1]* — [0,1]¢ is such that T is of triangular form then it is the identity:
we have rescaled every rectangle to a cube by linear scaling.

If the map has this triangular form, we conclude that the measure preserving condition

reads as
d

6ZTZ(x,, ey Xg) = 1,
I1 )

i=1

y Zd—1 =
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21 = codkt

25 = const

oK+ 1] 0

NN

Figure 4.2: Starting point: the map 7 : [0,1]3 — [0, 1] maps the slap z3 € [k3, k3+1]/N
into a 3d-set with purple intersections, and T~!(z1, 22) is the red curve at the left.

T(z2) d

W

# T = const
- - y N IAT
n Iy € ”\lgﬁ{ t 1]. N

Figure 4.3: First move the mass in the yellow 2d-rectangle x1 = const so that its
intersection with T!(z2) is vertical in x3 € [k3, k3 + 1]/N, next move the mass along
T~1(29) so that T~1(z1, 20) is vertical in a3 € [k3, k3 + 1]/N.
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(T') oo

¥ i (T")"Y(z1)

— (T} (z2)

| |

Figure 4.4: The recurrence assumption yields a map o which maps affinely subsquares
into rectangles: in the picture it is shows how it acts before the composition with T”

(see also Figure [4.1]).

z; = const

1%

Figure 4.5: The last step is to map the subcubes deformed in the direction z3 into
parallelepipeds such that the Lebesgue measure is preserved and the map G is of tri-
angular form: these conditions imply that T'= G o T is affine.
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which together with

gives 0;T;(x;,...,xq) =1, i.e., that the map is the identity.

4.2 BV estimates of perturbations
Let X; : K — K be a smooth flow of measure-preserving diffeomorphisms and assume
1X: — idfl s, 12X = idlles < g, (4.2.1)

with p < 1. Call T'(z) = X;—1(x), and let N = 2P0 € N be the dimension of the grid
given by Lemma In this section we compute the BV norms of the perturbations

of the form (4.1.1)) constructed in Lemma

We first address the action of the map ¢; on X (t). Define the perturbed flow
t— X, (x) = ¢ o Xy(x).

Lemma 4.2.1. There exists a perturbation ; as required by Step 0 of Lemma [{.1.1]
such that if v is its associated vector field then

I6e = idllcy + 2771V —id]l ¢, + 270 VGl < O(1)277,

lolleo + 2770 Vollc, + 27 [V20]|go < O(1)27P.
for p1 sufficiently large.
Proof. The request of Step 0 of Lemma [£.1.1]is that the flow across the each region @;;
is 0 (plus the dyadic condition on the new region &;;). Hence the problem reduces in
finding a suitable incompressible flow with a given boundary flux: we will construct a

flow generated by a vector field constant in time.
Consider a function v, on Ow;; such that

e its support is at distance 2770~2 from the corners of @;;,
e the integral on each of the regular sides is the required flux ¢;; ;/;,
o |lvnlloo, 2770 |00 ||, 27 2P0 ||0]| < O(1)27P, where v/, is the derivative of vy,.

Its existence follows from the fact that w;; is close to a square of side 2770, being X
close to the identity. The last point is a consequence of the fact that [¢;; ;| < 27P07P1,

The integral of v on dw;; is a potential function p, which is constant in the 2 Po—2_
neighborhood of every corner and such that

lplice, 272 10 llcy, 27270 10" lco, 2720 19" llcy < O(1)27P0 72,

where p/, p” are its first and second derivative.
Extend p to a C%-function inside wj;: since this extension can be required to vary
in a region of size 27072, we get

o 2—Po—p1 B
Ipllco = O@)2777, [ Vplle, < O) 5= = O(1)277,
9 2—Po—p1
IVopllic, < O(1) = O(1)277 .

- 2—2p0—4
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9—Po—p1

3
1Vpllc, < O(l)m

= O(1)2%07 71,

In particular the vector field v = V-'p satisfies the statement, and if ¢; is the flow
generated by v then the same holds by the estimates

¢ —id]lco < [lollegts V¢ —id]lco < elV¥leot —1,
IV*¢(#) o < elVelent || V2016, | VC 12,
with p; > 1. ]
orollary 4.2.2. 18 the vector field associated wit = (+ o0 X¢, then
C 11 4.2.2. If v is th field jated ‘hX{ Co Xy, th
18 = belle, < 027,

Proof. From the formula (1.0.3)

b (t,x) = b(t,x) = v(x) + (VG(t, ¢ (@) —id)b(t, z),

where v(z) is the time independent vector field associated with ;. Hence from the
previous lemma

1) = b(®)ller < Nlvlier + O)IIG —id]lc2 bl e
< O(1)2%0 P, Ul

Define the perturbed flow ¢ — X, as

fy(a) = X'(t,0,&(x)) te0,3],
! X'(t,1,n(t, 1, w(z))) te[L1],

where & and 7, are given by formula (4.1.1)) of Lemma (here since the map ( is
not needed we rescale &, n; with ¢ € [0,1/2]) and

w(z)=moT ofy(x). T'=GoT,

Call l;t the vector field associated with Xt.

Lemma 4.2.3 (BV estimates). There ezists a positive constant C' = C(gp) such that

_ C . C
1o = Bll o (1) < W@, | Tot. Var. ()| s < C||Tot. Var.(b)|s + W@. (4.2.2)

Proof. From Corollary we have that (for p; > 1)

b — V|1 < O(1)22P0 P < %,

so that we are left to prove (4.2.2)) with " in place of b:

5 C _
¥ = Bll ooy < =2 [ Tot.Var. (bl < Cop.
We will prove the above estimates for ¢ € [0,1/2], i.e., only for X[o&;, being the analysis
of X'(t,1,n(t,1,w(x))) completely analogous.

We start by observing that there exists a constant C' > 0 such that

Cp

' < =¥
[€elloo < N
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Indeed, the map & = &y, is given by the formulas (see Step 1 of the proof of Lemma
4.1.1))

& (w1, 2) = flo(@1, & (w1, 2)) = (1= 2021 + 2t (21,4(21), & (21, 22)),

ﬁé,t(mlvxz)
/ Dy fi o (1, w)dw = 9 — (1 — 1)27F°,
(i—1)2—Po ’

Since it holds by (|4.2.1])
£ e =idll s, [l21s = idlles < O(p), (4.2.3)

then
1fi2e(z1,w) = 21]loy < O(p).

Hence the function

&2
Fltaonon = [ 0 fiulorw)dw - o + (i - D27
(i—1)2-Po
satisfies
&2 10)
Pt~ (@ - alor = | [ (Onsialorw) - Dau| < A2,
(i—1)2—Po Cs
By the Implicit Function Theorem we deduce that
~ O
b — aallc < 22,
and in particular
1€5 41l c0, [[VE2 tllco < N
Similarly
~ O
e~ iz < A,
and then O(0)
1€ e, IVEL llor < 2.
We next estimate the total variation of the vector field
ve = &€ (2),
We will use the following elementary formulas:
1
62 f/(Zl,ZL‘Q) = — (4.2.4)
! 822X2 1(21,22(21,552))
0 (X1) " (21, 22(21, 22))
O, f (21, 22) = =2 P TR Xo(21, 20(21, 2)) = T, 4.2.5
of (21,2) 9., (Xg)‘l(zl, 22(217:62)) 2(21, 22(21,22)) = 2 ( )

1
i iypro O f(21(2), w)dw

8x121 =

from which it follows

> 0 F (211, 22)02y 201 — Ulpagmy + D 0ws f (i1, 22) || L1,y < C|Tot. Var. (b) ()] oo-

)
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Indeed
10z ' (2i1, 22)0y 20t — Ulprea,) < N0y Zitllool |02y f (201, w2) — 1| o)
+ 110s, 20 — o,
< C|0, f' (215 2) — Ulpmy)
127 P0
]{ azl f/(Z@l, iL'Q)dw -1

+0
i~1)27P0

LY(H;)
< Cl|0z f'(zi152) — UlLi(m,),

therefore, by (4.2.4), we get
> 00 F (ziaw2) = Ulpicmy + Y 10w £ (zi1s 22) |l £ sy
i i

1
<CIV(X! = Id)| < c/ Tot.Var. (bs) (K)ds < C||Tot.Var.(b)(K)|se.
0
By the Implicit Function Theorem we recover the following estimate for |VE|:

. [P
V¢ < C(‘axlf/(zl,i(xl)a€2) —1 +/( 102 f'(z1,i(21), w)|dw

i~1)27P0

IV as(an), €2)len (1] + V€] + \suva))

< Ol £/ (1), €2) — 1]+ O,
Hence ) )
VE|lL < €| Tot. Var. (b) (K)o + ](V@'

For the jump part, we estimate the vector v; at the boundaries of H;: from the
definition

&z, (i —1)2770) = (1 = 2t)aq + 2t f' (21,3 (z1), (i — 1)277°),

&(w1,i2770) = (1 — 2t)zy + 2t f' (21,(21), i277°),

We consider only the second one, being the analysis of the first completely similar.
Differentiating & (x1,4277°) w.r.t. ¢ and using the definition of 21 ;(x1) we have

ét(.%'l,lgfpo) = 2(f’(217i(x1),i2*p°) — 331)

i/N
= 2<f/(21,z‘(371),2'2p°) —][ f’(zl,i(%%w)dw)-
(i—1)/N
and then
. i/N
far i £2 [ o i) w)ldu
(i—1)/N
i/N
S C ‘822(X1)_1(217¢(x1),22(zl,i(x1),w))‘dw.
(i—1)/N
Hence, by (4.2.3) and from the definition of z9(z1,x2) in (4.2.5) we have that

|era(en), 2o (a0(wn),2)) i o < 52,
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so that using
{(z1i(21), 22(21,(21), 22)), (21, 22) € Hi} = X1(H,),

we have

1
/ €y(ay, i/ |dey

< C/ /( 025 (X1) M (21,6(x1), 22(21,4(21), 22) ) |da1 daa (4.2.6)
i—1)/
S C ‘822(X1)_ (2’1,2’2)|dz.
Xl(HL)

Again, since the change of variable which associate ¢,y with its position w; on the
jump line [0,1] x {i/N} is given by

t,r1 — w1 = (1 — Qt)l‘l + 2tf/(zlyi(:c1),z'/N),

up to a constant 14 O(p)/N (again by ([4.2.3)) the first integral in corresponds
to the jump part of {(x1,7/N) on [0, 1] x {i/N} when extended to 0 outside H;.
The same estimate holds for the jump of & (z1, (i — 1)277°) on [0,1] x {(i — 1)/N.
We conclude that

|| DIwmPy | < CZ/ 0., (X1)™ zl,ZQ)]dz < C||Tot.Var.(b) || oo-

We thus deduce

Tot.Var.(v;) < C||Tot.Var.(b)|| + (’)](Vp)

Collecting all estimates we have:
L' estimate. Fix t € [0,1]. From (1.0.3) it follows that

(@) = @) < [T XU @] < 52

BV estimate. Again from ([1.0.3))
Tot.Var.(b; — by) < Tot.Var.(VXt(Xt_l(x))ét(Xt_l(x))),

so that we have to compute the total variation of

VXX (@))€ (X, (@)
By using Theorem we have
Tot.Var. (VX (X, Hé(X; 1)) < Lip(Xy)Tot.Var. (VX:€ (1)
< Lip(X¢) Tot. Var.(VX1)||€]| oo
+ Lip(X;) ||V X{ |0 Tot. Var. (& o &1)

= Lip(X;)Tot.Var.(VX,)||& s
+ Lip(X?) ||V X¢|| oo Tot. Var.(vy).

The first term can be estimated by

Tot. Var.(VX) [|&]leo < (zi,p),
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while the second term is controlled by

|V X, || oo Tot. Var.(v;) < C||Tot.Var.(b)||so + O](VP)

This is the statement. O

Remark 4.2.4. The above estimates can be obtained also for the d-dimensional case,
since the maps used in that case is a composition of maps of the 2d case: the estimates
are completely similar (but a lot more complicated).

Remark 4.2.5. We notice here that the constant C' in front of the total variation is
larger than 1: this fact is one of the reasons why we need to work in the Gs-set U.

4.3 BV estimates for rotations

In this part we address the analysis of rotations: these are needed because the map
of Lemma maps affinely subrectangles into subrectangles, while we need squares
translated into squares.

The approach here differs from the one of [43| Lemma 4.5], because the rotations used
in that paper have a BV norm which is not bounded by the area (Lemma and
instead it depends on the size of the squares (actually it blows up when the size of the
squares goes to 0).

Let N = 2P0 pg € N, and o1 : K — K be respectively the dimension of the grid and
the map given by Lemma

Lemma 4.3.1. There exists M € N and a flow Ry : K — K invertible, measure-
preserving and piecewise smooth such that the map o1 0 Ry translates each subsquare of
the grid N x Nﬁ into a subsquare of the same grid, i.e., it is a permutation of squares.

In particular note that V(oq o R1) is the identity inside each subsquare k.

Proof. Fix k a subsquare of the grid N x N% and call ¢ = 01(k) its image. Since oLk
is an affine measure-preserving map of diagonal form, then, up to translations,

oi(x) = (i\)l )(\)2> x, V& € K,

where A1, Ao € Q<o and Ao = 1. Therefore the rectangle ¢ has horizontal side of
length % and vertical side of length ﬁ Decompose now the square x into rectangles

R;j withi=1,..., % andj=1,..., i with horizontal side of length ZNI and vertical side
1

of length ZWQ The numbers %,% € N are chosen such that \; = %, ie., o1(Ri;) = R;;,

where Rf-j is the rotated rectangle counterclockwise of an angle 7.
In each R;; we perform a rotation given by the flow

ij . -1
Ry =x""orioy,

where x : R;; — K is the affine map, up to translation, sending each R;; into the unit

square K, namely
Noo
Xxr = 8 N |z, Vz€ Ry,

lo
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whereas r; : K — K is the rotation flow (2.2.5). Finally define R; : K — K such that
Ry g,;= R}’. This flow rotates the interior of each rectangle R;; by 7/2 during the
time evolution.

Now we choose M € N large enough to refine the grid N x N% in such a way that
for every subsquare Kk € N x N %, Vi, j, each rectangle R;; C & is the union of squares
of the grid N x N ﬁ and each rectangle ¢ = o1(k) is union of subsquares of N x N ﬁ,
which is possible since the vertices of the squares and rectangles we are considering are
all rationals.

We claim that the map o10R; : K — K is a flow of invertible, measure-preserving maps
such that o1 o Ry : K — K is a permutation of subsquares of size ﬁ up to a rotation
of m/2. Indeed, fix R;; and assume that it contains a;; subsquares /-c?j of size ﬁ X ﬁ
along the horizontal sidhe and b;; subsquare}? along the Verti?al one. The rotzlition )]\%1

1 1

. S la AL
stretches each square £;; into a rectangle r;; whose size is 35 X 3y Ve xoar X A

sk A i ) . 1 1
Now it is clear that oq(r}) is a square of size 77 X 3;.

RS
JR1—</\1 ; >

Thus the composition of the two maps acts in each square r

The Jacobian of R is

h

A0 0 X\ (0 -1
0 Ao At 0 1 0 )
i.e., a rotation of /2.

Define then the map R; as
Rtl_f‘ilhj: Rt o Tt_ﬂ'/27

/

each square /ﬂfj This is the map of the statement. O

where r, " ? is the rotation of the square /{?j of —7/2: now the map has Jacobian id in

Remark 4.3.2. A completely similar construction can be done in dimension d > 3:
in this case, in each cube k € N¢ /N the piecewise affine map o has the form (up to a
translation)

U:diag(/\l,...,)\d), )\1)\2...Ad:1.

Hence the subpartition of « is done into parallelepipeds 1 x o X --- X £4 such that

lita
i =
¢

The action of ¢ transform each of these parallelepipeds into the new ones £5 X f3 X - - - X
L4 x f1, which is the range of the rotation

10 0 0 0 -1 0 0

0O -1 0 0
e A KR B B
. = coooid S : : id :
) 0 0 0 -1 o 0o ... 1 0
1o 0 0 0 0 1 0 O 0o ... 0 1

(The above formula is the decomposition into 2d rotations.) Hence, as in Lemma
above, a rotation of the parallelpipeds ¢1 x --- x ¢4 and a counter-rotation of the
subcubes of the parallelepipeds gives the transformation.
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4.4 Main approximation theorem

We are ready to prove our main result.

Theorem 4.4.1. Let b € L>=([0,1]; BV(K)) be a divergence-free vector field and as-
sume that there exists § > 0 such that for L'-a.e. t € [0,1], suppb; CC K. Then for

every € > 0 there exist &', C1,Co > 0 positive constants, D € N arbitrarily large and a
divergence-free vector field b¢ € L*°([0,1]; BV(K)) such that

1. suppbf CC K,
2. it holds

[6=b o1y <€, |[Tot.Var.(b)(K)||oc < C1|[Tot.Var.(b)(K)||ec +C2, (4.4.1)
3. the map XL4—1 generated by b at time t = 1 translates each subsquare of the grid
N x N% into a subsquare of the same grid, i.e., it is a permutation of squares.

Remark 4.4.2. Observe that the theorem can be easily extended to vector fields
b € L*([0,1],BV(R?)) such that suppb; C K. We keep here the original setting of
[43].

Remark 4.4.3. By inspection of the proof one can check that C1,Csy are independent
of b. This is in any case not needed for the proof of the main theorem.

Remark 4.4.4. A possible approach would be to divide the time interval [0, 1] into
sufficiently small time steps ~ 7 in order to apply Lemmas , and hence to
compose the resulting maps as done in [43], however by Lemma [2.2.13

|| Tot. Var.(R) (k)]s ~ ArL(K)

-
so that the total variation blows up as the time step goes to zero.
Proof. We divide the proof into several steps.
Step 1. Let p € C°(R?) be a mollifier, and define
by = by * pq,
where po(z) = a?p(Z) and o << 1 is chosen such that suppba CC K.

z
a

By well known estimates (see ([1.0.1])) we obtain

|6 — be|| 1 < aTot.Var.(b)(K), Tot.Var.(by)(K) < Tot.Var.(b;)(K).

then if « is chosen such that o < o we conclude that

QHTot.Varf(b)(K)\
1168 — by|ly < % Tot. Var.(b%)(K) < Tot.Var.(b;)(K)
and we have to prove the theorem for b®. Moreover b® satisfies the estimates
(67 1 npo Cn
1681l < —5l1belle, V"8 lloo < 257 [|Tot. Var. (be) (5) [l oo-

From now on we will call b* = b to avoid cumbersome notations.
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Step 2. Let us consider a partition of the time interval 0 = tg < t; < --- < t, =1
wheren € Nand ¢; = %, where n will be chosen later on. Let us call X; = X (¢;,tj—1,x)
and X;(t) = X(¢t,tj_1,z) defined for t € [t;_1,t;]. Then each flow X;(t) is close to the
identity with its derivatives, indeed

t
X;(ta) =z + / b(s, X (s, t;1,))ds, (4.4.2)
ti—1

so that
1 X;(t) —id|[en < C(k)(E —tj—1)[|bl[cx-

More precisely, if @ is the constant of (4.2.1)), there exists n € N such that
1X(8) — idlln, |X L —idlles < 9, VEE [to0rti], Wi=1,...n.

Therefore we can apply Lemma to each Xj(t) finding N; = 2P/ dyadic and X o

[tj—1,t;] x K — K with the property that, at time ¢ = t;, the map Xj(¢;) sends

subsquares of the grid N x Nﬁ into rational rectangles with vertices in 5. In
J J°1

particular, the eigenvalues of all affine maps o for Xj(tj) belongs to Rﬁj' We can
moreover assume that N; = N for all maps Xj(tj) by taking N sufficiently large.
Finally from Lemma we have that in each interval [t;_1,t;] it holds

Cp

N

Cp
N b
so that for NV > 1 we have

16— Bj | oo (1) < | Tot. Var.(b;)] e < C||Tot.Var.(b;)]|o +

16— bjllpoo(z1y < €, || Tot.Var.(b;)(K)||oe < C||Tot.Var.(b)(K)||o + €,

where I;j is the vector field associated with X e
We define t — Xy the perturbed flow

(X1(¢) 0<t<t,
Xo(t) o X1(t1) t <t <ty
Xy =14 ) )
Xl'Jrl(t)OXi(ti)O-~-OX1(t1) tz St Sti+1,
([ Xn(t) 0 Xpo1(tn1) 0 0 Xi(t1) to1 <t <1

The map is clearly piecewise affine, and the eigenvalues of each affine piece o belong to
N
Hj R;"

Step 3. The map X (1) has the property of sending subsquares of the grid N x N%
into union of rational rectangles. Let D = N(]; R;)?: we now show that X (1) maps
subsquares of the grid N x N % into rational rectangles.

Let R = []; R; and assume that the map X(1,tj41) maps the subsquares of the
grid .

NRTIj—; 1 Rr

into rational rectangles. Since X ; maps affinely the subsquares of Nx N% into rectangles
of the grid

N x N

1 1
NXxN— CNxN - )
NR; NRHk:jJr1 Ry,
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t=0 t =t

™
Il

~—+
(S}

F‘
-

Figure 4.6: A square is sent into a union of rectangles by the map X (1).

then
1

NRITp; Re’

~ 1

X! (N x N ) CNxN
! NR HZ:j-i-l By

In particular we obtain that

1
NR?

_ 1
X <N X NNR) CNxN
We rename the flow X/ to indicate the size of the grid on which it acts as a piecewise

affine map. Note that the above estimates (as well as the next ones) improve whenever
N becomes larger, so that the size of the grid D can be taken arbitrarily large.
Step 4. To conclude the proof we want to modify the flow XtD slightly in such a way
that the new flow XtD evaluated at ¢ = 1 sends subsquares into subsquares by trans-
lations. The key idea is to perform rotations as in Lemma balancing two effects:
one one hand the cost of a rotation is at least of the order of the area (Lemma,
on the other hand if the squares are too much deformed the cost is exponentially large
w.r.t. the total variation used to deform the square. The idea will be to use these
rotations only when the deformation reaches a critical threshold.

First let us fix kg a subsquare of the grid N x N% and call k; its images through the
maps k; = )N(tD:ti(f@o). Since each map X;(t;) is affine and measure-preserving on r;_1,
up to a translation it can be represented as

(5 1)
0o L

where 0; € Q and |o; — 1], |J% — 1] < p < 1, where g is the one given by the partition.
Moreover, being
2 %D _
V2XP, (2) =0 (4.4.3)

whenever x belongs to the interior of the subsquares, we deduce that for the same x

VX (2)] < p.
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We can also observe that, by (4.4.2)

C ti D
-1 < . . .
1' < 20m0) /til Tot.Var.(bg ) (ko)ds

1
o5 — 1], _
3

By elementary computations one can prove that

7

1:[@—1‘,

H;_l‘ Smax{a,i}z]ai—ﬂ.
%

Hence if we have the bound

1
3 < <Uj+1'---'0i+> <4,
Oj+1 ... 04
then
3 b
§£2(/$j) < /t Tot. Var.(b?) (ko )ds. (4.4.4)
i
The idea is to find now a new sequence of times {t;;} C {t;}, j = 1,...,n/ and i =
1,...,n, in which we perform the rotations of Lemma [2.2.13]in order to have both the

total variation is controlled be the total variation of b and the property of sending
subsquares into subsquares by translation.
Let us start defining ¢;, = 0 and

ti1 = min To,

where

1
TOZ{ti>O:3§ (Ul""‘0i+> §4}.
0’1....-0'7:

Then two situations may occur.

1.

The set Ty is empty, that is (01 o ) < 3 for all 7. In this case we

01...05
perform a rotation in [0,1], that is R' : [0,1] x K — K (as in Lemma |4.3.1)
where Rll_K\,%O (r) = x and it is such that X” o R'L;—; sends subsquares of kg
into subsquares of x,. In this case

XD XD o !
bY (x) = b (2) + VXL o (XP) (@) RH(XP o Ry) ' (2)) @ € o
(where we have recalled that all functions can be extended smoothly to k) and
Tot. Var. (b = b”) (o) < VXY 1TV (Ru(B ) (ko)

IV XP oo Bl oo Tot. Var. (VL) (x0)

o 4 1 O(p) (4.45
g\vxﬂ\wm@...aﬁalma )+ o (4.4.5)

~ 12 O(p)
< HVXtDHooﬁ"i' D3

We have observed that

VX2, (x) =0 forx € ko by (E43),
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so that for t € [tjfla tj]

O(p)
D2 -

~ t ~
VXLl < O(1) / V2b(s, XP)|ds =

tj—1

Since |[VXP|loc < C by the assumptions that these are sets with small deforma-
tions, we obtain

o)

iD _ 1D

= O(1)L*(ro),

where we have used (4.4.4)).

. The set Tp is non empty. Then if ¢;, = 1 the procedure stops and you perform a

rotation as in Lemma in [0, 1] finding

b — el 1 O(p
Tot.Var.(bf — b)) (ko) < HVXtDHﬁ <01 o op+ — .'0n> + D3)
1
<OWITEP| [ Tot:Var. () (ro)ds + 252,
0

where we have used (4.4.4) and we have estimated the higher order term as in
@13).

If t;, <1 we compute
ti, = minTy,
where

1
fi={t> ta 235 (oot ) <l
Oi14+1---04

If 71 = 0 we stop the procedure and we perform a rotation in [t;,—1,1] = [0,1]
finding, for ¢ € [t;;—1,1]

N ~p 41 1
Tot.Var.(bP — bP) (ko) < [[VXP|| (%_1 on+ )
Cig++-0On

D21 —ty,
O(p)
o (4.4.6)
1 tiy N O(p) 4.4.6
<0(1) e /t Tot.Var.(b?)(ko)ds + D3

10

< (’)(1)]€1 Tot.Var.(b?) (ko )ds + Olgf)

()

If T} is non empty we perform a rotation in [0,¢;] finding for ¢ € [0,¢;,] the
following estimate

- o 41 1 O(p)
D _iD D
Tot.Var.(by” — by ) (ko) < [|[VX ||D2 P— <01 N p— -'Uz‘1> + D1,
O(np)

D3

t; -
< (9(1)][ ' Tot. Var.(b?) (ko)ds +
0

Again if t;, = 1 the procedure stops and we perform another rotation in [¢;,, ¢;,].
If not we consider the set T, and we proceed.
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The general step if the following: we consider the set

1
Tj+1:{tz‘>tij:3§<Ul"“‘0i+w>§4}-
(]

If Tj11 is empty, then we perform a rotation in [t;;_,,1] finding for ¢ € [t;,_,,1] the
same estimate as (4.4.6). If 7,1 is non empty, we perform a rotation in [t;,_,,;,] and
we consider

1
j}+2:{ti>tij+ll3§<0'1 """ 01+M>§4}

At the end of this procedure there are two possible scenarios: let n' = sup{j : 7; # 0}.
If t; , = 1, the procedure ends by performing a rotation in [t; , ,1]. If we find t; , <1

with the property that
1
O'in/—&-l--'o'i—'_i <3
Uin/+1 ...0q

for all i = i,y +1,...,n, the construction ends with a rotation in [t; , ,1] (as in the

case of the estimate (4.4.6)).

In particular, for each subsquare xq we find a sequence of times {t;, (o)}, j = 1,..., n'(Ko),
where we are performing a rotation. There are two cases to be considered: if Ty(rkg) is
empty then
o)

D2’

Tot.Var.(bP — bP)(kg) <

otherwise

O(np)

Tot.Var.(bP — bP) (ko) < O(1)|| Tot.Var.(b”) (ko) ||so + 3

Summing over all possible k¢ we find that

O(n o1
(), O

< Tot.Var.(b?)(K) + C} + Cso| Tot.Var.(bP)(K) ||

Tot.Var.(bP)(K) < Tot.Var.(bP)(K) + D2< ) + Cy|| Tot. Var. (b)) (K)|| oo

if D > 1, therefore we can conclude the proof finding a positive constant C' > 0 such
that .
| Tot. Var.(b”) (K) |leo < C1 + Co|Tot.Var.(b?)(K)]|s

which is the desired estimate. O

Remark 4.4.5. The same result can be obtained for the d-dimensional case, by using

the maps of Section and Remarks and






Appendix Mixing

Proof of Lemma[1.1.8. By the Ergodic Theorem, T' = X, is ergodic iff

n—1

> Xriga) —r |A]
=0

1
n

In particular, if T' is ergodic, then by writing

1 ln—1/ 1 &
n/o XXt(A)dt_/O " (n_liz:;XTi(Xs(A))>ds

we see that .
][ XXS(A)dS — 1 |A’
0

It is immediate to find a counterexample to the converse implication: just consider
rotation of the unit circle with period 1.

The proof of the implication = in the second point is analogous. For the converse,
let A, B € % such that

1 < . 2
~> [T A) N Bl - |A||B]" > «
i=0
By the continuity of s — X in the neighborhood topology we have that there exists §
such that for 0 < s < 5 it holds
_ €
| Xs(B)AB| = |BA(X,) H(B)| < 3

Hence we can write

n n 51 n-1 )
][ [|Xt(A)mB|—|A|yB|]2dt2T/:L [\XS(T’(A))mB\—yAmBy]st
0 0 =0
g 4 n—1
_/0 %Z [|T(4) N (X)"\(B)| — |An B|]%ds
=0
i € €
2/0 71%0 [|T%(A) N B| - |AN B|]ds — 55> 55

for n > 1. Hence .
liminf][ [|X:(A) N B| — |A||B|]dt # 0.
0

Finally, if T is strongly mixing, the continuity of s — X in the neighborhood
topology gives that s — X' = X; 071" is a family of equicontinuous functions, and
since for all s fixed

lim |X,(T"(4)) N B| = |A||B

n—oo

87
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we conclude that X' converges to 0 uniformly in s. The opposite implication is trivial.

O]



Dynamic blocking problems of
fire propagation

In this part of the thesis we study a dynamic blocking problem first proposed by Bressan
in [12]. The problem is concerned with the model of wild fire spreading in a region of
the plane R? and the possibility to block it constructing some barriers in real time. If
we denote by R(t) C R? the region burned by the fire at time ¢, then we can describe
it as the reachable set for a differential inclusion. More precisely, one considers the
Cauchy Problem

& € F(x), z(0) € Ry, (4.4.7)

where the set Ry C R? represents the region burnt by the fire at the initial time ¢ = 0
while the function F describes the speed of spreading of the fire. The set Ry C R?
is assumed to be open, bounded, non empty and connected with Lipschitz boundary,
whereas the standard assumptions on F' are:

1. there exists r > 0 such that B.(0) C F(z) Vx € R
2. F(z) is compact and convex Vx € R?;

3. © — F(x) is continuous in the Hausdorff topology.

If no barriers are present the reachable set for the differential inclusion is
R(t) = {m(t), x(-) abs. cont.,z(0) € Ry, %(7) € F(x(7)) for a.e. 7€ [O,t]}.

When the fire starts spreading, a fireman can construct some barriers, modeled by a
one-dimensional rectifiable set ¢ C R?, in order to block the fire. More in detail, we
consider a continuous function 1 : R? — R, together with a positive constant vy > 0
such that ¢ > y. If we denote by ((t) C R? the portion of the barrier constructed
within the time ¢ > 0, we say that { is an admissible barrier (or admissible strategy) if

1. (H1) C(t1) C ((t2), Vi1 < to;
2. (H2) fC(t) PpdH <t, Vt>0,
where H! denotes the one-dimensional Hausdorff measure. Once we have an admissible
strategy (, then we define the reachable set for ( at time ¢ the set
RS(t) = {x(t) :x abs. cont.,#(7) € F(x(7)) for a.e. 7 € [0,t],2(7) & {(7) V7 € [O,t]}.
(4.4.8)

Definition 4.4.6. Let t — ((¢) be an admissible strategy. We say that it is a blocking
strategy if

RS, = JR(t)

t>0

is a bounded set.

89
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We call isotropic the case in which the fire is assumed to propagate with unit speed in
all directions, while the barrier is constructed at a constant speed o > 0, namely

F=B(0), Ry=DB(0), ¢=-=, (4.4.9)

Q|

where B1(0) denotes the closure of the unit ball of the plane centered at the origin. The
existence of admissible blocking (or winning) strategies for the isotropic blocking prob-
lem is a very challenging open problem and it has been addressed mainly in [12],[15]H
In particular, the following theorems hold:

Theorem 4.4.7. Assume that (4.4.9) hold. Then if o > 2 there exists an admissible
blocking strategy.

Theorem 4.4.8. Assume that (4.4.9) hold. Then if o < 1 no admissible blocking
strateqy exists.

The two theorems are proved in [12] and they motivate the following Fire Conjecture
[1):

Conjecture 4.4.9. Let (4.4.9) hold. Then if ¢ < 2 no admissible blocking strategy
exists.

For a survey of results related to the previous conjecture, see |13].

Equivalent formulation. Throughout the paper we will use the following equiv-
alent formulation of the dynamic blocking problem (for a proof of the equivalence, see
[18]): let Z C R? be a rectifiable set. We denote by

RZ(t) = {x(t) : = abs. cont.,&(7) € F(z(r)) for a.e. 7 €[0,t],2(1) & Z V1 € [0,1]}.

(4.4.10)
We say that the strategy Z is admissible if
HY(Z N RZ(t)) < ot. (4.4.11)
Similarly to the previous formulation we denote by
RZ = JR?(t) (4.4.12)

>0

the burned region and we say that Z is an admissible blocking strategy if RZ is
bounded. The advantage of this description is that the barrier is fixed and it does
not grow while the time evolves.

One can easily prove that if the strategy Z consists of a simple closed curve, then
it is not admissible for o < 2, but only partial results are present in the literature if
the strategy has more complicated structures, as for example the presence of internal
barriers that slow down the fire. One possible idea to prove the conjecture would be
to investigate the shape of a strategy which is optimal among admissible strategies,
allowing for the presence of some internal barriers.

Optimization problem. To define an optimization problem one introduces the
following cost functional

J(Z):/ md£2+//-@2d7-ll, (4.4.13)
RZ z

'One can prove that the existence of blocking strategy does not depend on the starting set Ro but
only on the speed o [13]
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among all possible admissible blocking strategies, where 1,y : R? — R, are two
non-negative continuous functions. In |17] it is proved that, if the class of admissible
blocking strategies is non-empty, then there exists an optimal strategy. Moreover, there
exists an optimal strategy Z* which is complete:

Definition 4.4.10. Let Z C R? be a rectifiable set. Z is complete if it contains all its
points of positive upper density, that is, let 2 € R? such that

1
lim sup H(Z05(2) (ZN Br(@))

>0=2x€ Z
r—0+ 2r

The following corollary also holds [18]:

Corollary 4.4.11. If there erxists an admissible blocking strateqy Z with H'(Z) < oo,
then there exists an optimal blocking strateqy Z* such that

Z* = (UzZz) UN,
where Z; are countably many compact rectifiable connected components and H*(N) = 0.

We mention also the recent result in |[16] where it is proved that the optimal strategy
is nowhere dense. Giving necessary conditions for optimality is a hard question. Some
results are obtained in [19] assuming some further regularity on the optimal strategy.

Minimum time function and Hamilton-Jacobi formulation. The propaga-
tion of fire can be described also in terms of the minimum time function

u(z) =inf{t > 0; z € R?(t)}. (4.4.14)

The function « is the time needed for the fire to reach the point x in the burned region,
without crossing the barrier. The minimum time function can be computed by solving
an Hamilton-Jacobi equation with obstacles, namely

{yw(x)y <1 z¢Z (4.4.15)

u(z) =0 x € Ry.

For the properties of the solution of (4.4.15) we refer to [25].

4.5 Optimality conditions and a case study

The aim of this first part of the work is to present some new techniques that help to
determine the shape of the optimal strategy Z without asking any further regularity
assumption. These techniques can be used to prove the conjecture in the specific case
the optimal Z is assumed to be the union of an external barrier Z? which is a simple
closed curve and an internal barrier Z! which is a segment. We remark that our analysis
is independent of the regularity of the barrier Z, which is assumed to be only rectifiable
and complete, differently from what has been derived in [12], [19] where the C! and
C? regularity were respectively required. For our result will be of key importance to
assume that ¢ < 2, but this is enough. Indeed one can prove that if no admissible
blocking strategy exists for ¢ < 2, then it cannot exist for ¢ = 2. To be more precise,
if by contradiction there exists a blocking strategy for o = 2, we can always consider a
new strategy for the starting set Ry = B 1 (0) which is constructed with a speed o’ < 2.

Therefore, by using a rescaling argument, the confinement could be achieved for o’
starting from Ry = B1(0). We remark that we will address mainly the optimization
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Figure 4.7: The new barrier obtained replacing the old one with the blue portion is
still admissible and star shaped (left picture) and convex (right picture).

problem with a = 0,8 = 1, that is we will find necessary conditions for optimal
strategies that minimize the length functional.

Techniques. We start our analysis with the assumption of having an admissible
blocking strategy Z (not necessarily optimal). As written above we will always write
Z = 7207 (see Chapter for further details). We look for some deformations (Z?2)" of
the external barrier Z? that keep the new barrier admissible, but with shorter length.
In particular we prove in Chapter |§| the following two results (see Figure :

o If Z = Z?2 U Z" is an admissible blocking strategy, then there exists an admissible
blocking strategy Z' = (Z')? U (Z")! with the following property: (Z2)' is star-
shaped with respect to the direction of fire rays. Moreover H!(Z") < H(Z) and
L2(RZ) < L2(RZ), where L2 is the two-dimensional Lebesgue measure.

o If Z = 72U Z' is an admissible blocking strategy, then there exists an admissible
blocking strategy Z' = (Z2) U Z' with the following property: (Z?2)’ is convex
with respect to the direction of fire rays in the points of (Z2)’ where it does not
touch the internal barriers Z'. Moreover H!(Z') < H'(Z).

For the definitions of star-shaped/convex w.r.t. the direction of the fire rays we refer
the reader to Chapter [6] Anyway, the main idea that will be used to derive some
new interesting features of the optimal strategy is the following homotopy argument:
assume that Z is an optimal blocking strategy. Then, if two portions of the external
barrier Z? are burning simultaneously, they are two segments. With portions of the
barrier we mean arcs 7 : [0, 1] — R? whose images are subsets of the strategy Z. Two
disjoint boundary arcs n1,m2 (that is, subsets of the external barrier Z2) are burning
simultaneously (see for example Figure if

7:([0,1]) N RZ(7) \ Uz, RZ(7) # 0, i=1,2, V7 € [to,t1], for some tq,t; € [0,T].

The homotopy argument (Proposition[6.0.5) states that every perturbation of 7;([0, 1])
with endpoints 7;(0) and 7;(1) and with shorter length is still admissible, therefore it
yields a strategy with shorter length. The reason of this fact can be heuristically under-
stood in the following way: when one considers the function ¢t — H!'(Z N RZ(t)) which
describes the length of the set Z which is burned up to the time t, if two portions of
the barrier are burning simultaneously, then the burning rate

%Hl(m RZ(t)) > 2 > o,
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Figure 4.8: The two arcs Z’', Z" are burning simultaneously.

HYZ N RZ(H)

i

fo §

Figure 4.9: If a perturbation of the barrier that shortens the length is not admissible,
then the burning rate should be lower than ¢ in some time interval, yielding a contra-
diction.

since the fire moves with speed 1 (this is the reason why we are focusing on the case
o < 2). Consider now a perturbation of the barrier (homotopy) that shortens the length
(the red curve in Figure . If by contradiction the new curve is not admissible, then
its burning rate should be lower than o for some time interval, which contradicts the
fact that we are still burning two branches of the barrier, thus with burning rate greater
than 2 (which is strictly greater than o).

Clearly the homotopy argument cannot be used on internal walls, since we have no
way to take control of the admissibility of the barrier. This idea simplifies the under-
standing of the shape of the external barrier for the optimal strategy (where optimal
refers to the curves with minimum length), but yields also an interesting byproduct.
Let us assume that Z = Z2 U Z! is the optimal strategy, where Z?2 is a simple closed
curve and Z! is a single internal barrier. Then Z must be connected (see Lemma.
One conjectures indeed that the optimal strategy should be connected, since construct-
ing disconnected portions of walls seems a bad strategy, but this question is still wide
open for more complicated strategies.
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-
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h ts t t ta Tt

Figure 4.10: Shape of the optimal strategy, if the first point burning on Z? P is reached
in a time u(P) < t;.

A A

Figure 4.11: A segment and a branch of logarithmic spiral vs a segment, a branch of
logarithmic spiral and two segments.

With these simplifications at hand we can treat a first case study in which the
optimal strategy Z = Z2 U Z' is the union of a single closed curve and of a segment
Z' that touches Z? in some point O. Here the assumption is to work with the optimal
strategy for the optimization problem o = 0 and § = 1, allowing us to assume the
convexity of the strategy and to use the homotopy.

It will be of key importance the following observation (which is valid not only in the
assumption Z! is a segment but assuming Z! is a single curve): call Z2(t) = Z2N{u =
t}, where u is the minimum time function. Then we will prove (Chapters that

173(t) < 2.

This observation is fundamental: indeed, if one call ¢ : [0,27] — R? a parametrization
for the external barrier Z2, the only possibilities that one can have are the two of Figure
The analysis of Chapter [10] shows that the left picture consists of a segment and
a branch of logarithmic spiral, while the right configuration is associated to a curve
which is a union of a segment, a branch of logarithmic spiral and two segments, as in
Figure The analysis in Subsection shows that the optimal barrier cannot
have two segments joining at some points, excluding therefore the case of the second
picture. Once we know exactly the shape of the optimal strategy, we can easily verify
if it is admissible or not. In particular, the computations of Section [7.1| show that the
branch of the spiral cannot close, giving a contradiction. Extending this analysis to
the case in which Z! is any single curve is far from trivial and it is object of the next
section.
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4.6 Non admissibility of spiral-like strategies

This second part is devoted to the study of spiral-like strategies: namely, admissible
barriers that are constructed putting all the effort on a single branch. The study of
spiraling strategies is of key importance in the study of Bressan’s Fire conjecture, indeed
there is a strongly belief that these strategies are the best possible barriers that can be
constructed when o < 2. To be more precise,

Definition 4.6.1 (Spiral-like strategy). Let Z = (([0,5]) € R? be an admissible
strategy, where ( is a parametrization by length. We say that it is a spiral-like strategy
if it satisfies:

e [0,5] > 5~ ((s) € R? is a Lipschitz curve, and CLjo,s) is simple;
e s+ uo((s)is increasing.

Finally, we say that Z is an admissible spiral if it is a spiral-like strategy, the curve
is locally convex, in the sense of Definition [8.0.2| and moreover it is admissible according
to (H1) and (H2). In addition to the parametrization by arc-length, it is possible to
parametrize any admissible spiral by (r(¢), ¢), where ¢ denotes the angle of rotation on
the spiral, which is defined in Lemma (see Equation ) while 7(¢) represents
the length of the final segment of the fire ray reaching the point (r(¢), ¢), as explained
in Figure See also Remark

The only results known on these barriers can be found in [15] and [34]. In the two
papers it is proved independently and with different techniques the following

Theorem 4.6.2. Let o > 2.6144.. (critical speed). Then there exists a spiral-like
strategy which confines the fire.

The proof of this result is obtained by the study of a particular spiral, that we will
call saturated spiral. Let S be an admissible spiral. We say that S is a saturated spiral
if

S(S)={t<[0,T]: H (SN RS(t)) = ot} = [0,T]. (4.6.1)
Saturated spirals (or portions of it) are thought to be building blocks for optimal
strategies. Indeed, it has been proved in [20] that, if ¢ > 2, the optimal strategy
(that minimizes the cost functional ) among simple closed curves is made by
an arc of circle and two branches of logarithmic spirals. One can prove that there are
intimate relations between logarithmic spirals and saturated spirals. Also, referring
to the previous discussion, we will prove that for o < 2, if a strategy Z is optimal
(k1 = 0, k9 = 1) and its internal barrier is a segment, then the boundary ORZ, is made
by a segment and a branch of logarithmic spiral.

The proof of Theorem [4.6.2] relies on the following fact: consider the parametrization
of a saturated spiral S given by (r(¢),¢) (Remark [8.0.3), where 7(¢) represents the
length of the fire ray that does not coincide with a portion of the barrier (see Figure
. Then the radius of .S satisfies the following Cauchy Problem

dr r(¢ — (27 + )
7 r(¢) cot v —

4.6.2
sin ’ ( )

with initial data

&) = ecot ag Vo € [0, 2],
(e2meota _ 1)ecota(d=2m)  vg e 91 27 + a.
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where « satisfies

1
Q. = arccos () , (4.6.3)

g

(this is precisely the approach followed by [34]). Observe that for ¢ < 27 the solution
is r(¢) = e©°t®® which is the logarithmic spiral. A study of the eigenvalues of the
operator associated to the previous RDE (Section gives the proof of Theorem m
(see also Subsection . Actually, if a player constructs any admissible spiral and
at some point it decides to construct a saturated spiral, that is a branch that satisfies
the length constraint of Definition then for ¢ > 2.6144 it manages to block the
fire. This is the content of Proposition and is due to the complex spectrum of the
operator of (8.1.8). We are interested in the converse of Theorem namely

Conjecture 4.6.3. If 0 < 2.6144... then no spiral-like strategy is admissible.

A partial answer to this conjecture has been given in [34] where the authors use a
geometric argument to prove the following

Theorem 4.6.4. Ifo < % then no spiral-like strategy is admissible.

The aim of this part of the thesis is to extend the previous theorem to higher values
of o and to provide a general framework for the study of spirals (or more complicated
strategies). We will prove the following

Theorem 4.6.5. No admissible spiral-like strategy confines the fire if o < 2.3.

We do not know if the bound 2.3 is sharp since it is obtained by purely numerical
computations. We believe that a slightly different variation of the approach we propose
may allow us to reach even higher values of o: this is currently under investigation.
The critical case o = 2.6144.. at the present time seems out of reach and very delicate.
We underline that Theorem proves Bressan’s Fire Conjecture in the case of spiral
strategies.

We discuss here the general idea of our approach: let Z = ([0, S]) be an admissible
spiral-like strategy and let (r(¢), ) be its parametrization by angle (see Section
Remark . Assume that for every point ((s) of the barrier you can assign an
element of the following family of generalized barriers, that is

Definition 4.6.6 (Family of Generalized Barriers). We say that fs € SBV([0, +00); R),
with s € [0,5], is an element of the family of generalized barriers F if:

e fo(¢) >0 for ¢ € [0, +00);
o fs(¢) = r(¢) for every ¢ < ¢ whenever ((s) = (r(¢), ).
Moreover, we say that it is a diverging family if, calling

h—0 h ’

then fs(¢) > 0 for every ¢ € [0,00).

See Figure We remark that the parametrization (¢, 7(¢)) of the optimal barrier
Z chosen at the beginning is an element of any family of generalized barriers, since it
is fg accordingly to the previous notation. A family of generalized barriers is NOT
in general a family of admissible barriers, but it is a family of functions parametrized
by the length parameter s. We are currently not able to write the right guess for the
barrier of minimal radius at fixed s € [0, S], which would satisfy the definition naturally.
Our main theorem is:
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Figure 4.12: At every point an element of the family of generalized barriers is assigned.

Theorem 4.6.7. Let Z be as before and assume that there exists a family of generalized
barriers { fs} = Fz which is diverging. Then Z does not confine the fire.

The proof of this fact is very easy and relies on the following observation: by the
fundamental theorem of calculus we have that

£2(6) = folé) + /O ().

By the diverging condition on the family F it holds then that

fs(@) = fo(¢), Vo =0,Vs€[0,5],

therefore

fs(¢) = fo(¢) >0,

by the first assumption on the family. But since fg(¢) is r(¢) one concludes that the
radius of Z is always positive. This also proves that fy(¢) is the best strategy we can
do (even if it could be non-admissible, thus living in the family 7). By Theorem
the proof of Theorem follows by exhibiting a diverging family of generalized
barriers for o < 2.3.

The motivation for this construction can be explained as follows: given a spiral
Z defined up to an angle ¢, corresponding to a point ((s) = (¢,7(¢)), the strategy
(¢, fs(#)) with ¢ > ¢ represents the best spiral-like barrier that a player can place in
order to enclose the fire. This gives a lower bound on the radius of any admissible
spiral r(¢) > fo(¢) > 0 which is strictly positive by definition of family of generalized
barriers. Being 7(¢) > 0 strictly positive for every choice of ¢, for every admissible
spiral-like strategy, then no spiral can confine the fire.
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Setting this framework for the study of spirals has been extremely hard. One
of the main issues of this procedure is that, in general, finding a diverging family
of generalized barriers is a difficult task. First of all, we did many guesses for the
shape of fs and the most reasonable failed to be correct (here the need to introduce
the concept of generalized barriers). Moreover, the proofs of these results are based
on numerical computations, which make hard to take under control how the strategies
evolve. The possibility to perform an analytical proof of these results is currently under
investigation, but we strongly believe that at some point one needs to use machine-based
computations. Anyway, we are strongly convinced that this new method to prove the
non-admissibility of strategies could be promising in the study of the fire problem and
could be adapted to more general cases.

4.6.1 Construction of the family of generalized barriers.

Summarizing, in order to prove the non-admissibility of spiral-like strategies, we need
to find a diverging family of generalized barriers. Let Z be an admissible spiral, then
for every P € Z we define the Admissibility Functional A as

1

A(P) = u(P) = —L(P) = 0,

o
where L(P) is the length of the spiral from the starting point until P. This is precisely
the admissibility condition (H2) for spirals. Then we have the following geometric
result (which is the content of Chapter [J)):

Proposition 4.6.8. Let Z be an admissible spiral-like strategy and let (r(¢),d) be its

A

parametrization by angle. Fix any ¢ and consider the following strategy Z parametrized
by (7(4), @) such that:

7(¢) = r(¢) for every ¢ < ¢;
(r(9), ¢) C {u=u((r(¢),d)} for ¢ € [p, ¢+ AP| (it is a subset of the level set of

the minimum time function u);

(r(¢), @) for ¢ E_[q@_—}- Ap = ¢1, 2] is a segment of endpoints Py, P such that
Py € {u = u((r(¢),0)} and P is saturated, that is A(P2) = 0. Moreover the
segment Py Py is tangent to {u = u((r(4), ¢)} in Pr.

o (@) is solution to the following RDE
r(p — 21 — «)

sin o

7(¢) = cot ar(¢) —

for ¢ > ¢o (or, in other words, it is a saturated spiral).
Then we have that, for ¢ € [¢, ¢ + 27] it holds
(@) > (o).

This result states that, for fixed Z admissible spiral and fixed angle ¢, the following
optimization problem

_min _7;(¢), for some ¢ > ¢, (4.6.5)
ZEAS(Z7¢)

where 7.,45(2, qg)~ denotes the class of admissible spirals that coincide with Z up to the
angle ¢, and if Z € A5(Z, ¢), (r;(¢), ¢) will denote its parametrization by angle, admits
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a minimizer if ¢ € [¢, ¢ + 27]. In particular, it is possible to write down explicitly the
shape of this minimizer, which is precisely given by the proposition. It is not clear at
all if it is possible to determine the existence/uniqueness of the minimizer for bigger
angles ¢, and also to exhibit the explicit shape of it.

The above proposition is the main reason why we considered at the beginning
the following family of generalized barriers: at each point P = ((s) of the spiral the
element of the family fs(¢) is the length of the radius of a spiral-like strategy Zs (not
necessarily admissible), with parametrization by angle given by (fs(¢),¢) with the
following properties: it is a subset of the level set {u = w(P)}, then it continues as
a segment whose last endpoint is saturated (in the sense the admissibility functional
is zero at that point) and then it is a saturated spiral, in the sense it satisfies the
RDE (8.1.8) (see again Figure . Actually, this construction did not produce a
diverging family of generalized barriers since there was always a tiny region in which
fs < 0. Inspired by this (negative) result, we found out instead that the best strategy
a player can do in order to confine the fire is to speed up the construction up to the
critical value, that is: from the point ((s), the strategy Z is an an arc (subset of the
level set of u), a segment (whose last point is saturated for the admissibility functional
defined in ) and then it is a saturated spiral, but this time for the critical value
o = 2.6144.... We remark that this is not a family of admissible barriers, since we are
using a construction speed which is higher than the one available (< 2.3), but every
element is a generalized barrier. Computations show that in this case fs > 0, therefore
this family is diverging and it is the right one to consider for proving Theorem [4.6.5)

The construction of the diverging family of generalized barriers is provided in Chap-

ter [[11

4.6.2 Plan of the discussion

In Chapter [5| we set the fire problem, giving some useful preliminaries and definitions.
In Chapter |§| we study the problem of optimal barriers for the Length functional (see
the Optimization Problem ) and we prove some qualitative properties of the
optimal strategy (as being star-shaped and convex). We describe also how to perform
homotopies in order to derive some important properties of the boundary of the burned
region (see Subsection . Connectedness of the optimal strategy and properties of
the external barriers are discussed. Differently from what was previously done, we do
not use any further regularity assumption on the barrier. In Chapter we study in
detail the case of an optimal strategy whose internal barrier is a segment. In chapter
we give the definition of admissible spirals, and we study their description via an ODE
formulation (Section . In Chapter |§| we present the geometric motivation for the
study of family of generalized barriers. Instead in Chapter [10| we prove that the first
element of the family of generalized barriers for the critical speed & = 2.6144.. does not
confine the fire. Finally in Chapter [L1] we construct a diverging family of generalized
barriers which gives the proof the main theorem [4.6.5] The numerical computations
can be found in the Appendix [11.2.2]






Chapter 5

Setting of the Fire Problem

In this chapter we set the fire problem and we give some basic definitions
on barriers. For a survey of the results related to Bressan’s Fire Conjecture,
see [|13].

We consider the following objects:

e 7 is a rectifiable set with finite length (our admissible strategy).

e Ry C R? is an open set, we will assume that Ry = B,(0) with » << 1 (being
equivalent to assume Ry = B1(0)). We will call it the starting set.

e The set I" of admissible curves (trajectories of the fire) is given by
I = {v € Lip([0,1],R?),7((0,1)) N Z = 0,5(t) € B1(~(t)) ae. t}.  (5.0.1)
e The distance of two points is
d(z,y) = inf{L(7),y € I,7(0) = z,7(1) = y}. (5.0.2)
The function v (minimum time function) is defined as
u(z) = inf {L(y) : v € T,7(0) € Ry, ~(1) = z}. (5.0.3)
is the minimum time function for reaching a point z € R? from the starting set Ry.

Definition 5.0.1 (Optimal ray). Let us fix a point € R%2. An optimal ray from
the starting set Ry to the point x is a path 4 : [0,1] — R2, v € Lip([0, 1];R?) with
the following property: there exists {v,} C I', a minimizing sequence for with
~v(0) € Ry and ~(1) = x such that -y, — ¥ uniformly. We will denote by 7, an optimal
ray starting from Ry and reaching some point x € R?. We call T' the set of optimal
rays.

We give the following

Definition 5.0.2 (Complete Strategy). Let Z C R? be an admissible strategy, then
we say that Z is complete if it contains all its points of positive upper density, that is,
if € R? is such that

1
lim sup HZ05 () (20 B,(z))

>0 = z€Z (5.0.4)
r—0 2r

In |17] it is proved that for any admissible strategy Z there exists a complete strategy
Z O Z such that H'(Z \ Z) = 0. One of the advantages of this assumption is the
Corollary 2.5 in [17]. We recall that a set A C R" is a continuum if it is compact and
connected.

101
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Corollary 5.0.3. Let E be a set with H'(E) < oo, and let E be its completion with
the points of positive upper density. If C C E is a connected component of E, then C
18 a continuum.

From now on we will assume that, if Z is an admissible strategy, then Z is complete.

5.0.1 Classification of arcs

Here and in the following we will always write Z = Z2 U Z! where Z? = ORZ is a
simple closed curve (blocking barrier) and Z! = Z \ Z?2 are the internal barriers (or
delaying arcs). This decomposition is general.

We call arc any (Jordan) curve Z’, that is the image of a continuous injection
¥ :[0,1] — R2, which is contained in Z.

Definition 5.0.4. Let Z be an admissible strategy. We say that an arc Z’ C Z compact
is burning within the time interval [s, ¢] C [0, T] if $Z'NR% (7)\Us<R%(7) = 1 V7 € [s,1]
, where

s =inf{r :u(x) = 7,V € 7'}, t =sup{r:u(z) = 1,Vz € Z' \ Uz, RZ(7)}.

Moreover there exists 7 : [s, ] — R? parametrization such that n(7) = Z' N RZ(7).

This definition tells us that we are considering arcs burning only on one side. The
following lemma establishes the rate at which every arc is burned by the fire. As it is
intuitive, since the speed of the fire is 1, this rate is greater than 1.

Lemma 5.0.5. Let Z be an admissible strategy and assume that an arc Z' C Z is
burning within [s,t] C [0,T]. Then

HYZ' NREZ(H')\ RZ(s")) >t — 5/, W' >s,t s st (5.0.5)

Proof. This is an easy consequence of the fact that |Vu| = 1, where u is the minimum
time function. O

The previous lemma gives as an immediate result the following corollary, that states
that the burning rate of n portions of the barrier burning simultaneously is greater than
n.

Corollary 5.0.6. Let Z be an admissible barrier and let Z1, . .., Z, disjoint arcs of the
barrier burning simultaneously within the time interval [s,t]. Then

HY Z U---UZ, N RZ(t')\ RZ(s)) > n(t' — &), V' >st' s c[st]. (5.0.6)

We will call burning rate the function

b(t) = %Hl(Z N RZ(t)) (5.0.7)

in the points of differentiability of H'(Z N RZ(t)). Then, if n portions of the barrier
are burning simultaneously, b(t) > n.

Thanks to the next lemma, we can imagine the fire as a point source F' and we can
assume that the admissible strategy Z is at a positive distance from it. Indeed, the
following holds:

Lemma 5.0.7. Let Z = Z?> U Z' be an admissible strateqy. Assume that Z> N F # 0,
then the strateqy Z is not admissible.
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Proof. The proof of this lemma relies on the condition o < 2. Let € > 0 and let B (F)
be some closed ball centered at F. Then H!(Z N B.(F)) > 2¢, since Z2 is a continuum
that intersects B¢(F') in F' and two points of 0B(F') (see Lemma 3.4 |28]). But this
contradicts the admissibility of Z, since H!(Z2 N RZ(€)) > 2¢ > oe. O

Remark 5.0.8. We observe first that, given an admissible barrier for the any open
set Ro, then this barrier is admissible for any ball contained in Ry (and viceversa, if a
strategy is admissible for any ball, then it is admissible for any bounded open set Ry).
Therefore one can consider the problem for Ry = B1(0) or even for Ry = (0,0) with
the barrier at a positive distance (Lemma. A simple rescaling of the barrier then
allows us to work in the following framework: we will always assume that the fire starts
spreading in the point (0,0) and the barrier is constructed in the point (1,0) and

F=B0), Ro=1{(0,0}, o= % (5.0.8)

Burning rate of segments
In this subsection we compute the burning rate of segments, that is we compute the
quantity b(t) if a portion of the barrier Z is a straight line. The following holds:

Lemma 5.0.9. If Z is a straight line and the level sets of uw are convex, then the
burning rate is decreasing.

Proof. Since Vu = n, where n is the outer normal, we have that the burning rate b(¢)
is computed as

b(t) = \/1 + 1212 = (Z - Vu)?,
in particular L . .
Z2-Z—-Z-Vu-V*u:ZQ07Z
V14122 (2 Vu)?

We have denoted by Z a parametrization for the segment. In the case of straight line,

Z =0, and

b(t)

1
Viu=—tat,
U R®

t being the tangent vector to the level set and R the radius of curvature: we thus obtain
in general for any strategy without requiring to be a segment that

Vzu:Z®Z+Vu-Z:ﬁ(t~Z)2—|—n-Z,

and observing that for 6 angle w.r.t. n and Rz curvature of Z

cosf

Rz’

where the plus depends if bends toward n or on the other side, we write

t-Z=sinf, n-Z=+=+

sin 92 " cose.
R Ry

Vu:207+Vu-7Z =

For the straight line case we conclude

sin 92

b(t) =

= — ‘ ‘ < 0.
R\/1+ |22 — (Z- Vuy?

O]

Remark 5.0.10. These computations show that the level sets of the minimum time
function are convex in the points where they do not intersect the barrier.






Chapter 6

Qualitative Properties of the
Optimal Strategy

In this chapter we study the qualitative properties of strategies minimizing
the length functional in the optimization problem . Some geometric
properties as being star-shaped and convex are analyzed, moreover it is
given an homotopy argument to study the external boundary of the burned
region. It is proved that among strategies with a single internal barrier
the optimal one is connected and some further properties, as the number
of intersections with the level sets of the minimum time function w are
discussed.

Let Z = Z2UZ!' C R?\ Ry be an admissible barrier. Let ¢ : [0, 1] — R? be a clockwise
parametrization of Z2. We are interested in those perturbations of Z2 that keep the new
barrier admissible with shorter length. We fix two points w1 = ((t1), w2 = ((t2) € Z>
with t; < to. Assume also that ((t1,t2) N Z 1 = (). Here and in the following we assume
that the points w € Z are reached by an optimal ray %,. We recall that the main
assumption here is to work with o < 2.

Lemma 6.0.1 (Star-shaped). Let 7, be an optimal ray to wa, and assume that wy €
Auwy- Call (Z')? the closed curve obtained by replacing (([t1,ts]) with the optimal ray
from wy to wy. Then the barrier Z' = (Z')? U (Z')!, obtained by intersecting Z N
RZ | where RZ = int((Z')?) is an admissible strateqy. Moreover, H'(Z') < HY(Z),

L*(RZ) < L*(RZ).

For this result see also the proof in [20] for strategies where Z! = ().

Proof. Clearly H'(Z') < H'(Z), being the optimal ray by definition the shortest path
from w; to we. The inequality for the area is immediate since we are cutting out some
portions. For the proof we need to prove only the admissibility of the new strategy.
We have that

RZ(t) c R%(t) Wt,

therefore

HY(Z' N RZ' (t)) < HY(Z' N RZ(1)).

We remark the following thing: we know that 7y, (t1) = w1 and Ju, (t2) = wa. Then,
for every ¢t € [t1,%2], Juw,L|o, 15 an optimal path from w; to Fu,(t). In particular,

L(Fuwstysy ) = t — t1. Therefore, H'((([t1,t2]) N RZ(t)) > H' (G, ([t1, 12]) N RZ(2)),
which implies that

HYZ' N RZ(t)) < HY (Z N RZ(t)) < ot,

105



106CHAPTER 6. QUALITATIVE PROPERTIES OF THE OPTIMAL STRATEGY

T

F

F

Figure 6.1: Cutting out a portion of the barrier yields the new strategy admissible.

where the last inequality follows by the admissibility of the barrier Z. O

This analysis tells us that, in the optimal strategy, if the optimal ray touches the
external barrier Z2 in more than one point, then the external barrier coincides with it.
Therefore, from now on, we can assume Z2 to be star-shaped as in the previous lemma.

Definition 6.0.2. Let Z be an admissible blocking barrier. We say that Z2 is convex
in the region not touching the internal barrier Z1 if Ywy = ((t1), we = ((t2) € Z*, such

that Z' N ((t1,t2) = 0 the segment of endpoints w1, ws is contained in RZ.

Lemma 6.0.3 (Convexity). Let Z be an admissible strategy, star-shaped. We fix wy =
C(t), ws = (ta) € Z2 as in Definition [6.0.9. Let us call S the segment of endpoints
w1, ws, and we assume that S C (intRZ)¢. Then the strategy Z' = (Z')2>U Z' obtained
by replacing C([t1,t2]) with S is still admissible, moreover H(Z') < HY(Z).

Remark 6.0.4. If one considers an optimal strategy Z for the optimization problem
(4.4.13) with x1 = 0, this result tells us that, up to increase the area burnt, we can
consider Z convex in the sense of Definition This result does not give the con-
vexity for the optimization problem for k1 # 0. In the case of the area functional the
optimal among simple closed curves [20] is not convex.

Proof. The inequality H!(Z') < H(Z) is immediate, so one has to prove only the
admissibility of the new strategy Z’'. Assume that (([t1,t2]) burns within [s,¢]. Then
for every 7 € [s,t] consider the set RZ'(7) and call z(t), z2(t) the endpoints of the
intersection of Z N R%'(7). We have that

H(C([tr,t2]) N RZ (7)) = H(C([tr, t2]) N RZ' (1)) 2 21 (1) 22(1),

where the last quantity is the length of the segment of endpoints 21 (¢) and zo(t). If 21 (¢)

and z}(t) are instead the endpoints of the intersection of the barrier Z’' with R%'(t),
then it holds 22(t)z1(t) > 25(t)2](t). This concludes the proof (Figure . O

6.0.1 Homotopy.

We present here one of the main tools that will be used throughout the paper. We
are interested in those portions of the external barrier that can be shortened keeping
the new barrier admissible. We saw that a barrier can be shortened cutting out some
portions (Lemma or replacing some regions in which it is concave (Lemma.
Another important step towards this direction is the following: let 21,20 € Z? and
assume that the arc Z’ C Z of endpoints 21, 25 is burning within the time interval [¢1, to]
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/

Figure 6.2: The selection of points z1(t), z2(t) and 2/ (t), 25(¢) in the proof of the con-
vexity.

(recall Definition|5.0.4)), with the assumption that z; € Z/NRZ(t1) and 2o € Z'NRZ(ty).
Call 7 : [0,1] — R? an injective parametrization of Z’, with n(0) = 21,7(1) = 2o. Let
now h : [0,1]> — R? be a Lipschitz homotopy with fixed points, that is

h(r,0) = z1, h(r,1)=2z Vre|0,1],

and
h(0,s) =n(s) Vse[0,1].

We call Z" = Z%" U Z' the perturbed barrier obtained replacing 7([0, 1]) by h(r, [0, 1])
(see Figure . Moreover we assume that

1. the homotopy does not affect the internal barrier, that is h(r, (0,1)) N Z* = () for
every r;

2. the burning rate of the barrier burned within [¢1,¢9] is greater than o, that is

HYZ" N RZ(t)\ R? (s)) > o(t —s), Vre[0,1],Vt> s, with t,s € [t1,ta];
(6.0.1)

3. the homotopy shortens the lengths, that is

HY(Z") < HY(Z") v <, (6.0.2)

4. the set Z" N RZ"(t) = Z N RZ(t) for every t < t1, and Z" N RZ"(t) \ R? (t2) =
Z N RZ(t)\ R?(to) for t > to.

Proposition 6.0.5 (Homotopy.). Let z1, 20 € Z% and h be as before satisfying ,,,.
Then Z" is admissible for every r € [0, 1].

Proof. Assume by contradiction that there exists some r € [0, 1] for which Z" is not
admissible. Therefore there exists ¢ € [0, T] such that H!(Z" N RZ"(t)) > ot. We claim
that t € (t1,t2). Indeed, if t < t1, by we have that

HY(Z"NRZ(t)) = H (ZN RZ(t)) < ot,
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Figure 6.3: An example of some portion of the barrier that can be shortened by the
homotopy remaining admissible.

since Z is admissible. If ¢ > t5 we have that, always by ,
HYZ" N RZ(t)) = HY(Z" N RZ (t5)) + HY(Z" N RZ" (t) \ R?" (t3))

<HYZ"NR7 (1)) + H'(Z N RZ(t) \ R” (t2)),

but since the homotopy shortens the lengths ,
HY(Z" N RZ (t2)) < H'(Z N RZ(Ly)),

being

HY(Z" N RZ" (ty)) = H (h(r,[0,1])) + H (Z" \ h(r,[0,1]) N RZ(ts))
< #H!'(n([0,1])) + H'(Z \ n([0,1]) N RZ(t2))

=HYZ N RZ(ty)) < oty.

So, since t € (t1,t2) we have that

HYZ"NRZ (ty) \RZ (t)) = HY(Z"NRZ" (ty)) —HY(Z"NRZ (t)) < oty —ot = o(ty —t),
which contradicts . ]

Remark 6.0.6. We observe that if two arcs Z/, Z” C Z are burning simultaneously,
that is they are burning within a time interval [to, 1], then their burning speed should
be strictly greater than o (being o < 2) as proved in Corollary In this case
condition is satisfied for »r = 0. If we shorten the lengths of both Z’, Z” with a
continuos homotopy h, we are still burning two arcs of the barrier, so condition is
satisfied for any other r (see Figure .

Remark 6.0.7. What is really crucial in the proof is that the last point (in the previous
case z2) remains admissible. One could also think to homotopies with no fixed points
but that have this property, and the proposition would work in the same way. We will
use this observation to prove the connectedness of the optimal strategy if Z! is a single

internal barrier (see Lemma [6.1.2)).

We remark also that thanks to the convexity proved before the homotopy allows to
reduce the total burned area. This argument is powerful for the external barrier,
since does not require any regularity assumption on Z2, but it can not be used in the
shortening of the internal barriers, since this would affect the barrier not only within
the time interval [t1,?2] as in the previous result, but also for later times.
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Figure 6.4: The new barrier obtained by substituting Z’, Z” with the red segments is
still admissible by Proposition

Figure 6.5: A single curve can be shortened remaining admissible since from the first
point on the barrier P there are always at least two branches burning simultaneously.

Corollary 6.0.8. Let Z be an admissible strategy and assume that Z is a simple curve,
that is Z = Z?. Then Z cannot be a blocking strategy.

Proof. Any simple closed curve is characterized by the following property: let P be the
first point on the curve Z reached by the fire, and let @ be the last point: then for
t > u(P) there are always at least two branches of the barrier burning simultaneosuly.
If Z is admissible then any shortening of the curve that remains a simple closed curve
passing through the point @ is still admissible (by Homotopy and Remark ,
since it has shorter length and the property that the burning rate[5.0.7|is always greater
than o (Proposition . In particular the segment QF is still admissible, which is a
contradiction (Lemma [5.0.7)). O

6.1 Further Properties of Optimal Strategies

We consider an optimal strategy Z = Z2? U Z! for the optimization problem
with k1 = 0,62 = 1. We assume here that Z! is a single rectifiable curve. By the
results of the previous section, we can assume Z being star-shaped and convexr with the
meaning of Lemmas Moreover we can also assume that, if T is the time at
which the fire is confined,

TeS(Z). (6.1.1)

Indeed, if not, consider {u = T — €} for ¢ << 1. Consider the new barrier Z =
ORZ(T —e) U Z' N RZ(T —¢). Tt has shorter length (since the level sets of u are
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Figure 6.6: The new strategy given by the convex envelope is still admissible.

convex) and it is admissible, since T' ¢ S(Z) and € << 1. But this contradicts the
hypothesis that Z is optimal.

Remark 6.1.1. The optimal strategy Z is not unique in general. If the initial burnt
set Ry is a ball, as in this case, then every rotation of Z is an optimal strategy.

6.1.1 Connectedness of the Optimal set.
Thanks to the homotopy argument, we can prove the following statement:

Corollary 6.1.2. Let Z = Z?U Z' be an admissible blocking strategy and assume that
Z?% and Z' are two (disjoint) connected components. Then Z cannot be optimal.

Proof. The proof of this result exploits the same idea of Let us consider the first
point P; reached by the fire on the external barrier, burning at time ¢;, and the last
one, let us say P, reached by the fire at time 7. We claim that the burning rate of
the strategy Z within [t1,T] is always strictly greater than o. Indeed, when the fire
reaches P; at least two branches (the left one and the right one with respect to P;)
start burning simultaneously. Consider the optimal ray 7p,: if it does not intersect the
internal barrier, then it is a segment: the same proof of Corollary [6.0.8] then gives us
the statement. If it intersects the internal barrier Z' at some point P, consider the
convex envelope of the set C = Z! U {F} U {P}. Consider the two arcs connecting
F to Py: call ; the one passing through P, 7y the other one, touching Z! in some
point Q. We observe that H1(0C) = L(m1) + L(n2) < H'(Z?), by convexity of the
optimal strategy (lemma . Call n¢ a small perturbation of the curve n = n; Ung
whose distance from Z' is €. Consider the new strategy Z¢ = n° U Z'. Now, since
it burns with speed greater than o (consider the first point and the last point on 7*
etc.), and since L(n¢) < H(Z?), by Proposition it is admissible. Since € can be
chosen arbitrarily small, we find that the curve obtained by the strategy Z'Un = Z is
admissible: contradiction. Indeed: for every ¢ we have that, by admissibility:

HY(Z¢ N RZ(t)) < ot.

Without loss of generality we can assume that n° — 7 monotonically (that is, the set
delimited by 7 is contained in the set delimited by 7). Then we observe that if €; < e,
RZM(t) € RZ(t). In particular, H'(Z¢ N RZ(t)) < ot. Now, since Z¢ — Z w.r.t. the
Hausdorff distance, and since H! is lower semicontinuous for compact connected sets
[28], we have that
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Figure 6.7: The intersection of T} or T with r_,r, would violate the optimality.

As told in the introduction, the hope would be to prove the connectedness of the
optimal strategy, but we cannot simply use the homotopy argument to achieve it in the
case we have more connected components. Anyway, we can prove the following

Corollary 6.1.3. Let Z = Z?>UZ' be an admissible strategy and assume that Z*NZ' =
(0. Then Z cannot be optimal.

Proof. The proof is almost identical to the previous one. ]

This collection of results tells us that there is always at least one internal barrier
intersecting the external barrier.

6.1.2 Intersection with level sets

In this subsection we deal with the number of branches of the external barrier burning
simultaneously. We recall that {u = t} are convex in the points where it does not
intersect the barriers (see Remark [5.0.10). We start with the following

Proposition 6.1.4. Let Z be an optimal strateqy. Assume that there exist T}, Ty C Z>
sub arcs of the external barrier burning simultaneously within [t1,t2]. Then they are
two segments. In particular, if Ty N Ty = {Q} with Q € {u = t1} and Q is a point of
differentiability for {u = t1}, then ZQ = (they are a single segment).

Proof. Consider the case in which 71 N Ty = {Q} with @ € {u = t;}. Call r_,r; the
tangents in @ to the level set {u = ¢1}. If by contradiction at least one of the two
portions 17,75 intersects r— or r4 in a point R different from @), then by Proposition
the new strategy obtained replacing the portion of endpoints R, Q) with the seg-
ment RQ) would be admissible with shorter length, which contradicts the optimality
(see Figure . Therefore, since no intersections can occur between 17,75 with the
two tangents, by homotopy one can replace the barrier with the two segments that start
burning at @ and arrive at {u = t2}. A similar argument can be used to conclude that
Ty, T, are segments in the case they intersect at P € {u = to}. Clearly, if r_,ry =r,
since the optimal barrier is convex (Lemma , the angle in @Q is 7. O
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Y
Y

t ty b ta

¢

Figure 6.8: A representation of the boundary of Z through level sets. We push for
example T UTy on the level set {u = t1} since we are still burning two branches of the
barrier (T3,Ty), therefore the strategy remains admissible.

Remark 6.1.5. It is not necessary that the point ) is a point of differentiability.
An alternative proof indeed would be the following: call R; = T; N {u = to} for
1 = 1,2. Then the segment R; Ry is shorter and its burning rate is greater than
o, therefore by Proposition with Remark we would have the admissibility.

Finally we have the following

Proposition 6.1.6. Let Z be an optimal strategy. If
172N {u =1t} < +oo, forte (t,ta),

then
122N {u=1t} <3, fortec (t1,ta).

Proof. 1f4Z%N{u =1t} <3, fort € (t1,t2), then there is nothing to prove. Therefore
we assume to have T, T, T3, T, burning simultaneously within [¢1,¢2]. By connected-
ness of Z? there exists T;,7; such that the intersection 7; N Tj € {u = t2} and it is
non-empty. Call R; the point T; N {u = t;} and R; the point T; N {u = ¢;}. Call
¢ :[0,1] — R? a clockwise parametrization of Z? and let R; = ((t;) and R; = ((t;)
with ¢; < t;. Then the new strategy obtained by replacing ¢([t;,t;]) with the portion of
the level set {u =t} of endpoints R;, R; is still admissible, by homotopy (Proposition
, since by the convexity of level sets it has shorter length. But this contradicts
the optimality of Z.

O
In particular optimal strategies are characterized by the fact that
iftZN{u=t} <+oothen fZN{u=1t}<3
Before the next result we define the saturated set as
S(Z)={tc[0,T]: H (ZNRZ(t)) = at}. (6.1.2)

Proposition 6.1.7. Let Z be an optimal strateqy. Assume that there exist Ty, Ty C Z>
burning simultaneously within [t1,te] with t; < ta and assume that Ty N Ty = {Q} with
Q € {u=ta}. Then if ta & S(Z) the strategy is not optimal.
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Figure 6.9: A purely geometric reason is behind Theorem from one side P ¢ By,
since it is in the same level set of B, that is {u = ¢;}. On the other side the angle
between the segment PB with the fire ray should be less than a. Then PB > to — ty.
Here the worst case is a = § for o = 2.

Proof. Assume ty ¢ S(Z), then there exists € < 1 such that to — e > ¢; and

HYZ N RZ(t3)) < o(ty — €). (6.1.3)

Consider the level set {u = to — €} and call Ry, Ry two intersections with 77,75 re-
spectively. We recall that, by Proposition T1,T5 are segments. The new strategy
7' obtained by replacing the segments QR;, PRy with the portion of the level set
{u =ty — €} of endpoints R, Ry is shorter (by convexity) and admissible by condition
(6.1.3)). This contradicts the optimality hypothesis. O

Finally we have

Theorem 6.1.8 (Three branches). Let Z be an optimal strategy. Assume that there
exist Ty, To, Ty C Z? arcs burning simultaneously within [t1,ts] and assume that Th N
Ty ={Q} with Q € {u =to} where tyg < t1 and that To N T3 = {P} with P € {u = ta}.
If to € S(Z) and no internal barrier is burning within [to,te], then the strategy is not
optimal.

This theorem will be of key importance in the study of Lemma

Proof. By PropositionT 1, To, T3 are two segments AP, PB (see also Remark
burning within [to, te] with the property that P,B € {u = t2} and A € {u = to}. By
Proposition it has to be t2 € S(Z). We assume that tp € S(Z). We claim that
the strategy is not optimal. By admissibility, since to,t2 € S(Z), the point P lies on
the ellipse
AP + PB = o(ty — to). (6.1.4)
We claim that the angle Z(5p, PB) is lower than a = arccos (1) . This must be true,
since, if by contradiction it is > « then the burning rate ([5.0.7) would be greater than
o, and since t3 € S(Z) the strategy would not be admissible any more.
Clearly, since |Vu| = 1, we have that AP > (t3 — tg), being P € {u = t5} and
A € {u = tp}. Moreover, by definition of u, the level set {u = t2} contains a ball of
radius to — ¢, then we immediately find that PB > (t5 — tg), which is a contradiction
(see Figure . This configuration cannot exist.
[
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Figure 6.10: The fire source F3 is emanated by F;. The subset S (blue) of S; U Sy is
not burnt by the fire F5, that is Az € S for which F3 is a source.

6.1.3 Double segment

We consider now an admissible barrier Z = Z? U Z! and we assume that two portions
of the external barrier S1, S C Z? are segments joining at some point P. We will prove
under which condition on the segments the strategy Z is optimal.

Definition 6.1.9 (Order of Sources). Let Fi,Fy € RZ and let € Z such that
F1, F» € 3:(]0,u(z)]), where 7, is an optimal ray to . We say that F» is subsequent to
F if there exist t1 < ty with t1,ts € [0,u(z)] such that F} = 7,(¢t1) and Fy = (t2).

We now assume to have two segments S; = AP and Sy = PB joining at a point
P, with ZAPB < m. We assume that for every x € S; U Sa, Fi € 4,([0,u(z)]). We
fix some Fy € RZ with the following assumption: whenever Fy € 7,([0, u(z)]) for some
x € S1U Sy, then Fy is subsequent to Fj (see the Figure . We also assume that

C1) there exists z € S; U Sy such that F» € 35([0, u(x))]);

C2) consider the polygon P of vertices F1 APBF; and let intP be its interior. Then
Z1 NintP = (), that is no internal barrier is contained inside P;

We start with the following simple observation: consider the polygon Q = F1APB,
then Fy € Q, since Fy is emanated by Fi. We exclude now some pathological cases
requiring that

Fy € intQ. (6.1.5)

Indeed, if F5 lies on the boundary of Q then the two sources system I}, F» behaves like
a single source system Fi.

Proposition 6.1.10. Let S; and Sy be as before and assume that Conditions C1),C2),
(6.1.5) hold. Assume also that d(Fy,S1) < d(F1,S2). If Z is an optimal strategy, then
8So N{u =t} <1 or there exists a time t such that Sy U Sy N{u =1} > 3.

Proof. Since d(F1,S1) < d(F1,S2), it means that the segment S; starts burning before
So. We start considering the two different cases: Z/F1PB > § and ZF1PB < 3.

1. Case ZF 1 PB > 7. It follows immediately that Z/F1 BP < 7, therefore ZF5 BP <

g, since Fy € Q.

1.1 Assume that F5 lives in the interior of the triangle F1PB. We claim that
#So N {u =t} < 1 for all ¢ such that #So N {u =t} # 0. The claim follows
by the easy observation that, called 7 : [0,1] — R? the parametrization of
the segment Sz, n(s) = P + s(B — P), then the function s — d(Fi,n(s)) is
strictly increasing.
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P

Figure 6.11: This figure represents the case 2.1 of Proposition [6.1.10

1.2 Assume that F5 lives in the interior of the triangle AF}P. Also in this
case we claim that $Ss N {u =1t} < 1 for all ¢ for which the intersection
is non-empty. Assume by contradiction that there exist x1,x2 € S5 such
that d(F1,z1) = d(F1,z2). Then the triangle Fozixo is isosceles, therefore
ZFyx1we < 7, which is a contradiction, since ZFyx129 > ZFPB > 3.

2. Case /F1PB < 5. Let H be the orthogonal projection of Fy on Ss.

2.1 Assume Fj inside the triangle F} HB. Since d(F1,S1) < d(Fy,S3), there ex-
ists a point H' € S such that d(Fy, H') = d(F1, H), indeed, if one considers
the following parametrization 7 : [0, 1] — R2, defined by

() A+2s(P—A), forsG[O,%],
S) =
2P - B+2s(B—P), forse [%,1],

then the function s — d(F1,n(s)) is continuous and admits a local maximum
at sp, where 7(s,) = P. The existence of such H' implies now the existence
of a time ¢ for which 2%(t) > S U Sy N {u =t} = 3.

2.2 We assume that the source F5 is contained in the polygon F}APH, and
moreover ZF»PB < 7. This case is similar to the case 2.1. Indeed, call K
the orthogonal projection of F» on So, then by similar observations as before
(since this time K has the role of H’, one concludes with the existence of
some time ¢ for which §22(¢) > #S; U So N {u =t} = 3.

2.3 We assume that the source F5 is contained in the polygon Fy APH, but this
time ZF»PB > 7. In particular, this situation can occur when F lives in the
triangle F1 AP and ZAPB > 7. In this case we have that §SoN{u =t} <1,
concluding similarly to case 1.2.

O]






Chapter 7

A case study

In this chapter we do a detailed analysis of the case a barrier has a single
internal barrier which is a segment.

We consider an optimal strategy for the optimization problem Z=27>07"
and we assume that Z! is a segment. By optimality, we know that Z is convex in the
sense of Lemma Moreover, by Lemma we can also say that Z! intersects
the external barrier Z2?. We assume that Z! is a segment of endpoints A and O, where
O € Z?. We consider a coordinate system centered at O and we assume that the
z-direction is along the segment OA, where, called (z4,y4) its coordinates, z4 > 0.
Without loss of generality we can assume that the fire starts burning in the half plane
R x [0,400) (see Figure [7.1)). Moreover, if we call (zf,yr) the coordinates of the fire
(recall Lemma , we can always assume that yr > 0 by Lemma We call A’
the point on the external barrier reached by the optimal trajectory passing through A.
We define the following parameters:

o {1 = d(F, O),
® ip = d(F, A/);
o t3=d(F,A)+ AO.

Clearly t; < t3 by the triangular inequality. From now on we will use some clockwise
parametrization ¢ : [0,1] — R? of Z?2 such that ¢(0) = ¢(1) = O. Let s be such that
C(sar) = A’. We recall that by A(t) we will denote the set AN {u =t}. We start with
the necessary conditions given by the admissibility of the barrier Z:

Lemma 7.0.1. If to < tq, then the strateqy Z is not admissible.

Figure 7.1: The simple case of a single segment with the correct orientation of the axes.
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Figure 7.2: Parametrizations of two possible Z2 a) and b). The green portion represents
the segment Z'. In any case the portion of the barrier ((s), with s € [0, s.4/] is always
burning simultaneously with another portion of the barrier.

Proof. Let us assume that to < t1. We consider the level set graph of our admissible
strategy Z (see Figure [7.2)). Let tmin = mind(F,((s)) and tmax = maxd(F,((s)) for
s € [0, s4/]. Then we have tyin < ta < t1 < tymax. We claim that the number of distinct
branches of the external barrier Z? burning within [tym, 1] is greater than 2, that is,
for every ¢ € (f2,11) the condition $Z(t) > 2 holds (see Figure [7.2)). This is clearly
true, since the external internal barrier Z! starts burning in a time th, < t9 and it stops
burning in a time ¢ > t;. By an homotopy argument (see Proposition [6.0.5), if we
consider the portion (([0, sa/]) we can shorten it keeping the new barrier admissible.
In particular, the new curve Z4 obtained by replacing ¢([0, s 4/]) with a curve passing
through F' and the same endpoints is admissible. But this contradicts Lemma [5.0.7
since no portion of the external barrier can intersect F'. O

7.0.1 Shape of the optimal strategy.

We add now the further assumption that Z is optimal meaning that it is the strategy
with minimum length. We start with some lemmas describing the shape of Z2. We
will prove that Z2 starts freely burning as a segment (far away from the fire) and then,
when the fire reaches it, it is a branch of a logarithmic spiral. After the spiral has been
burnt, the strategy is made by two segments joining in a point P: using Proposition
6.1.10, we conclude that the two segments are not optimal. Finally, an estimate of the
angle covered by the logarithmic spiral (see Section will show that the strategy
cannot enclose the fire, yielding a contradiction.

Lemma 7.0.2. Let Z be an optimal strategy. Assume that d(F,0) < d(F,A). Then
there exists t1 > t1 such that, called t,;, the first time the fire reaches the exter-
nal barrier Z2, Z* N clos(RZ (1) \ R? (tmin)) is a segment of endpoints O and Q with
d(Q, F) > d(F,0). Moreover, after t, the segment OA has been burnt.
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Proof. Let us take tpyin the first time the fire reaches the external barrier Z2. Then
tmin < t1 < d(F,A) = t4. By connectedness of Z2 (it is a simple closed curve) we
have that #Z N {u =t} > 2 for every t € (tmin,ta). Call Q € Z2N {u = t4} such that
Q = ((sq), with sg = sup{s : ((s) € {u = ta}). By Proposition the barrier 7’
obtained by replacing the strategy from O to @ with the segment of endpoints O and Q
is admissible, and the shortest possible curve, since within [t1,?4] the internal barrier
Z' is burning, keeping the number of barriers burning simultaneously greater than o.
Since Z is optimal, this means that Z = Z’. In particular d(Q, F) = d(Q,A) = ta >
t1 =d(F,0). O

Lemma 7.0.3. Let Z be an optimal strategy. Assume that d(F,0) > d(F,A). Then
Z%2 N RZ(ty) is a segment of endpoints O and Q (eventually coinciding) such that
4(Q. F) = d(F,0).

Proof. Again, let us fix tin the minimum time for reaching the external barrier Z2, then
tmin < t1. Let Q € Z? be the point on the external barrier such that d(Q, F) = d(F, O)
and such that @ = ((sg), with sg = sup{s : {(s) € {u = ta}). As in the previous
lemma we have that 2 N RZ(t) > 2 for every t € [max{tmin,ta}, 1], and again by an
homotopy argument (Proposition we can shorten the barrier replacing it with a
segment of endpoints O and Q). O

Lemma 7.0.4. Let Z be an optimal strategy and let Q be the point of Lemmas 7.0.3,
Then if u(Q) & S(Z) there exists a point Q' such that uw(Q') € S(Z) and OQ" D OQ is
a segment.

Proof. If u(Q) ¢ S(Z) we can shorten the length of the barrier keeping it admissi-
ble, therefore the optimal strategy should be made by a segment whose last point is
saturated. O

Remark 7.0.5. By Lemma [7.0.4 we can assume that the point ) obtained in Lemmas
is saturated, that is u(Q) € S(Z). Moreover d(Q, F) > d(F, O).

Lemma 7.0.6. The barrier Z is C in the point Q given by Lemma[7.0.4 or by Lemma
[7.0.3

Proof. As proved above, we can assume that u(Q) € S(Z). By a blow up argument, by
convexity of the barrier Z2, we can consider the tangent cone at Z2 in the point @ and
the optimal rays from the fire F' being parallel. If for simplicity we consider ) as the
origin of a cartesian coordinate system, the two tangents are y = a_x (the left one) and
y = atx (the right one), the convexity immediately gives a— > «a,. Then, since the

speed for burning the barrier is , /1 + a% (see Figure the condition u(Q) € S(Z)
%

gives
/ 1 / 1
o~ Oé+

where the first inequality follows by the fact that before the fire reaches the point @,
the burning rate is greater than o, while the second inequality means that, since () is
saturated, in order to be admissible the burning rate should be lower than o. These
two condition together yield a_ = a, which gives the C! regularity. Moreover, since

the angle ZFQO = arccos (%) 0
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y+h

Figure 7.3: The fire moves with speed one while the speed for burning the barrier is

1/1+ﬁ.

We remark that the argument of the previous lemma applies to any point P € Z2
where the barrier is convex with respect to the direction of the fire rays, together with
the local condition

1 1
o~ O[+
that holds in saturated points. This blow up argument is valid also for internal barriers.
The previous discussion gives the following

Corollary 7.0.7. Let Z' C Z? and assume that it is burning within [t1,t2] C S(Z).
Then it is CL.

Corollary 7.0.8. Call ((sp,) = P = sup{sp € [sq,1] : u({(sp)) € S(Z)}, where sg
is such that Q = ((sq). Then there exists € > 0 such that, if ((sp,) = P» € {u =
u(Py) + €}, then (([sp,, Sp,]) is a segment tangent to Z in P;.

Proof. Since P is the last point saturated according to the definition in the statement,
there exists € > 0 such that w(P;) + 6 ¢ S(Z) for all 6 < e. This tells us that, since
the point P; is saturated, then we can burn only one single branch of the strategy
(see Figure , that is the burning rate is lower than o. This means that in the
time interval [u(Py),u(Py) + €] with € << 1 the fire is burning exactly one branch of
the barrier (see Figure and HY(Z N RZ(t)) — HY(Z N RZ(s)) < o(t — s) for every
t,s € [u(P),u(Py) +e|. Call P, =((sp,) € Z>N RZ(u(Q) + ¢). Then, if the portion of
the barrier (([sp,, sp,]) is not a segment, we can shorten it a little bit keeping the new
barrier admissible, since u(P) ¢ S(Z). Therefore (([sp,, sp,]) must be a segment, and
since the barrier is C' at Py, this segment must be tangent to Z at P;. O

Therefore, if Z is an optimal strategy, we call [u(Q),T’] the maximal time interval
contained in the saturated set: here the barrier is a branch of logarithmic spiral, which
is precisely the curve constructed at the edge of the advancing fire, in the assumption
the level sets are union of arcs of circles, as in this case (see Section 5.2 of [13]).

Lemma 7.0.9 (Folding). Consider the level set graph of the optimal strategy Z. If the
barrier Z* has a folding, that is there exists a time interval [t_ ty] with t_ > T such
that §72(t) = 3 for t € [t_,t.], then the strategy is not optimal (see Figure .
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i) i)+« f

Figure 7.4: In the time interval [u(P;), u(P;) + €] the fire is burning exactly one branch
of the barrier, otherwise we would lose the admissibility.

Cls)

ZI'

Figure 7.5: A folding in the level set graph is not optimal.
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Proof. By Proposition and by optimality ¢4+ € S(Z). Since t_ ¢ S(Z) (if not,
since after {_ we are burning three branches the burning rate would be greater
than o, violating the admissibility), the unique curve starting from the logarithmic
spiral and connecting the point in {u = t_} has to be a segment (Corollary
which is tangent to the spiral in the point P;. Call the endpoints of this segment
P, N. Moreover, since, by Proposition the tree branches burning within [t_,¢4]
are two segments RL and RN with R,L € {u = t;} and N € {u = t_}, then the
angle ZRN Pj has to be 7 since again t_ ¢ S(Z). We have obtained two segments P, R
and LR burning within [T”,¢4], with t4,7" € S(Z). This is not optimal by Theorem
6.1.8] O

Finally, we have the following

Lemma 7.0.10. In the time interval (T",T] the optimal strategy is a piece of logarith-
mic spiral or it is made by two segments joining at some point P.

Proof. 1If t3 < T then two branches of the external barrier are burning within [t3, 7]
(they cannot be more than 2, by Proposition and Theorem. In particular, by
Proposition they are two segments of endpoints P, P and PO, with P € {u = T}.
Again, t3 ¢ S(Z) (if not, since for ¢t > t3 we are burning more than one segment, the
burning rate would be greater than o, contradicting the admissibility), therefore the
branch of endpoints Py P, (P; was the endpoint of the spiral) has to be a segment,
and the angle /P, P,P = w. This concludes the proof in the case t3 < T. If t3 =T
then a single branch of the barrier is burning within [7”,7]. We recall that T' € S(Z)
(assumption (6.1.1))). Assume that it is not a logarithmic spiral, and compute the
logarithmic spiral starting at P; (recall that P; P, is tangent to the spiral). If the spiral
does not intersect the curve, it is the optimal, since it has shorter length. If it intersects
the curve in a point R, since the fire burns one branch, then the admissibility at R
reads as

u(R) —cosa(AO +0Q + QPy + PiR) < u(R) — cosa(AO +0Q + QP + (P R)*) = 0,

where (P R)® is the length of the saturated spiral between the points R1.S and the last
equality is because the spiral satisfies the saturation condition (6.1.2)) (see Figure [7.6)),
which is a contradiction.

i

[0

o

Figure 7.6: If the logarithmic spiral intersects a branch of the barrier that is touched
only by one side of the fire, then it is the optimal spiral.
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Remark 7.0.11. We remark that, even if in Lemma we have a configuration
made of two segments as in Theorem the two are different, since in the one of the
lemma we have that, if the two segments burn within [¢1, 2], we have a unique point
in {u = to}, while in Theorem we have two points on {u = t2}.

We summarize all the previous lemmas and propositions in the following character-
ization of the optimal strategy (Figure [4.11)

Theorem 7.0.12 (Optimal Shape). Let Z = Z?UZ' be an optimal strategy and assume
that Z' is a segment AO. Then Z? is the union of

e a segment OQ with the property that d(Q, F) > d(Q,0);
e is a piece of logarithmic spiral QPy, tangent to the segment OQ;

e is the union of two segments P1P and PO, where the first segment is tangent to
the logarithmic spiral at the point Py.

7.1 Final computations

In this last section we use the tools and lemmas proved in the previous sections in order
to show that an optimal strategy Z whose internal barrier is a segment does not exist.
We will analyze the two different situations of Lemmas[7.0.2 showing that the last
portion of the barrier, which is made by a branch of logarithmic spiral, cannot close,
allowing the fire to escape. In the following computations o < 2 and « = arccos (%) .

Without loss of generality we assume that the internal barrier corresponds to a
segment OA, where O = (0;0) and A = (0;1), that is it has length 1. The external
barrier Z?2 starts from O and closes in O rotating clockwise. As in the previous section
we call ¢ = ((0) its clockwise parametrization, for 6 € [0, 27], where ((0) = {(27) = O.
We assume that the fire F starts burning from F' = (d cos «, dsin ), for some positive
d > 0 and a € [0,7]. By the optimality conditions we recovered that Z2 is convex in
the regions not touching the segment OA (see Definition and that

® (([0,2v]) is a segment of endpoints O and @ of length L, for some v € [0, §];
e (([27,0]) is a piece of logarithmic spiral, for some 6 € [0, 27].
e (([0,27]) is made by two segments.

Our aim is to show that 2v+ 6 < m. We will examine the following different situations:

A @

M

Figure 7.7: Situation of case a). From @ a single branch of spiral starts, and the angle
around the fire 6§ + 2+ is strictly smaller than .
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7.1.1 Case a)

We assume that

d(F,Q) > d(F,A) > d(F,0) =d, (7.1.1)
as in Lemma Since u(Q) € S(Z) (see Remark [7.0.5)) we have that
L+1=o0d(F,Q). (7.1.2)

By the theorem of sines applied to the triangle FOQ we get that
AaQ.F) _ d
sin(2y +a)  sina’

(7.1.3)

being, by optimality, ZFQO = «a. In particular we find that 2y < 7 — 2a. By the
admissibility condition we get that

od(F,Q) (e —1) + (L +1) < o(d(F,A) + 1) < o(d(F,Q) + 1),

where od(F,Q)(e?<°*® — 1) is the length of the logarithmic spiral starting at the point
@ and covering the angle 6. By equation ([7.1.2)) we find that

ad(F,Q)(e"" 1) + 0d(F, Q) < o(d(F, Q) + 1),
therefore

1
0 < tanalog (1+> < tanalog (1 + cosa),
AFQ) (eose)

where the last inequality follows by the inequality d(F, Q) > o. Therefore 2y + 0 < .

7.1.2 Case b).
Similarly to the previous case:
d(F,Q) > d(F,0) =d > d(F,A), (7.1.4)
(see Lemma . The admissibility condition gives
L+1=0d(F,Q), (7.1.5)

since after an amount of time equal to d(Q, F’) the fire has burnt both the segment OQ
of length L and the segment OA of length 1, and it is starting burning a single branch
of the external barrier Z? (see Figure . In particular d(F, Q) > % Similarly as
before 2y < m — 2a. Then we find that

od(F,Q) (e’ '™ — 1) + (L + 1) < o(d(F, A) + 1) < o(d(F,Q) + 1).

Therefore, as before,
2y 40 < . (7.1.6)

Since in both cases a), b) the angle 2y + 6 < 7, we apply Proposition [6.1.10[ on the
optimality of the double segment. Here Fy = F', Fb» = A, A = P; and B = O. Being
29 4 0 < m, condition (6.1.5)) is satisfied, together with conditions C1),C2).

Proposition 7.1.1. It holds T' =T.

Proof. By Proposition it holds #PO N{u =t} <1 for t € [t3,T] or there exists
t such that P,P U PO N{u = t} > 3. This last situation cannot occur: at most
two branches of the external barrier are burning from [7”,T]. Let us analyze the first
situation: if PO N {u = t} < 1, then ZAOP > F so that ZFPO < F. Similarly
ZFPP > 7§ since PP N {u =t} <1 for t < t3. Then we are in the case 2.3 of
Proposition therefore it must be ZAPO > %, but since ZAOP > % we find a

contradiction. O



Chapter 8

Admissible Spirals

In this chapter we give the definition of spiral-like strategies and we intro-
duce their analytic description through RDE (Section|8.1)). Here we study in
detail the equation associated to the saturated spiral, with a careful analysis
of its eigenvalues.

Let Z = ((]0,5]) be an admissible strategy parametrized by arc length. Since
the problem is invariant by rigid transformations, we will assume that ¢(0) = (rg,0),
with 79 > 1. We call v the minimum time function of the strategy Z. Without
loss of generality we can simplify the problem by considering the following setting:
¢(0) = (1,0) and the fire starts spreading in the origin (0,0) (see Remark [5.0.8).

Among admissible strategies, we consider spiral-like strategies: namely barriers
where the effort of construction is put on a single wall that keeps growing.

Definition 8.0.1 (Spiral-like strategy). Let Z = (([0,5]) € R? be an admissible
blocking strategy, where ( is a parametrization by length. We say that it is a spiral-like
strategy if it satisfies:

e [0,5] > 5~ ((s) € R? is a Lipschitz curve, and CLjo,s) is simple;
e s+ uo((s) is increasing.

With this definition we exclude from our analysis those spirals that are touched
simultaneously in more than one point by the fire (apart from those branches of the
spiral that lie on the level sets of the minimum time function), while in the previous
example (Chapter the fire could touch the segment/the external barrier in more
than one point.

From now on we will consider only admissible spiral-like strategies. Without loss
of generality we can assume that s — ((s) is oriented counterclockwise. We give a
definition of (local) convexity for strategies:

Definition 8.0.2. We say that a spiral-like strategy Z = ([0, 5]) is locally convex if
for every x € Z there exist an hyperplane H = x + Av and € > 0,0 > 0 and a function
f : [-6,6] = R convex such that, in the framework {v,v'} with v oriented in the
direction of s increasing and {v, v} oriented as the canonical base,

Z N Be(z) ={(2,9) 1y = f(2),2 € [-4,0]}.

In particular, if Z = (([0, S]) is a spiral-like strategy, then ((s) exists a.e. and for
a.e. s € [0,5) such that {(s) # 0 there exists € > 0 such that, for every s’ € (s—¢,s+¢)
it holds

(CH(),¢(s) = C(s) 2 0 ace. s,

125
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where ¢+ denote the normal vector to Z at ((s) such that {C(s),(*(s)} has the same
orientation of the canonical basis, that is

Ee= (0 o).

Moreover, if ((s) is a point of non differentiability of the curve Z, there exist two
tangent vectors ¢t (s) and ¢t (s) (coinciding on regular points) defined as follows:

£(s) = Tim (s +R) = C(s)),
with the property that the function s — ((s) = t*(s) = €'%s € S! is monotone, that is
Vs, s’ such that s < s it holds ¢ < ¢g.
We remark that the function s — {(s) defined above is BV (right-continuous) and
differentiable a.e. s € [0,5]. In particular, there exists {(s) for £'- a.e. s € [0,5]. In
the assumption C (s) # 0, there exists the radius of curvature:

R(C(s)) = ——. (8.0.1)

We will use also the notation ¢(P), ((P),{(P) if P = ((s) € Z to indicate (s), {(s), {(s).

Remark 8.0.3 (Alternative description via angles). If Z is an admissible spiral, as
pointed out in the introduction, we will also use in addition a parametrization by
angle (¢,r(¢)) to describe the strategy (see Figure [8.2), where, if P = (r(¢), ¢), r(¢)
describes the length of the segment PP,, where P; is the starting point of the fire ray
Ap,. In particular, we will have Vu(P;) = €!®. We will use both the descriptions, and
we will develop a precise framework for characterizing spiral-like strategies in the next
section. We will both use the notations 5(¢) = 5(s) whenever (r(¢), ¢) = ((s). This
description is possible thanks to the convexity assumption on admissible spirals, indeed
it implies that the angle at the point P is monotonically increasing and so it is possible
to parametrize the curve by the angle of rotation ¢ and the length of the radius.

Definition 8.0.4. Admissible spirals are admissible spiral-like blocking convex strate-
gies. We will denote by Ag the set of admissible spirals.

Definition 8.0.5. Let P € Z, where Z is an admissible spiral. The starting point of
the optimal ray 4p : [0,u(P)] — R? is a point P; with the following property: let

tp =inf{t € [O,U(P)] SYPL[t, u(P)] is a segment}. (8.0.2)
Then P; = ﬁp(tp).

In general optimal rays (Definition are segments where they do not touch
the barrier: since the barrier is convex, these rays have an initial and a final segment
and in the intermediate points they coincide with the barrier. If the final segment has
length zero, then the barrier confines the fire. By definition of spiral-like strategies,
the starting point is well-defined, since for every P € Z there exists unique ¥p optimal
ray. Indeed, the solution to the Hamilton-Jacobi equation given by the Lax formula
has a unique optimal ray starting from O = (0,0) and reaching any point P € RZ.
Moreover, if P; # O = (0,0), it lies on the barrier Z. We will denote the direction of
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Figure 8.1: Here a point of non-differentiability of the convex barrier and the angles
Bt and B~.

fire rays starting from P; = ((s;) and reaching a point P € Z as Vu(((si)) or Vu(F;)
or % alternatively. Moreover, if ((s) = P we will denote by r(s) = P, P.

Moreover, the level set of the fire is a convex curve and in particular C1''. Now we
consider a point P € Z and let P; = ((s;) be its starting point. We define the two
following functions: s — B%(s) and s — 37 (s) with values in [0, 7] representing the

angles made by the the fire ray with the two tangents ¢ (s), ¢~ (s). More precisely:
(t7(s), Vu(((s:))) = cos B (),
{t™(s), Vu(((si))) = —cos 87 (s).

Here the convexity assumption reads as

B (s) = B (s). (8.0.3)

The function 87 (s) is BV and right-continuous. We remark that, by the third assump-
tion in Definition [8.0.1} the angle 37 (s) < 7(s) < 7, otherwise the fire would touch
the barrier in more than one point simultaneously. We denote by s — B(s) = 87 (s).

We recall that the admissibility condition reads as

HY (ZNRZ(t) <ot, Vt<T.

The function ¢t — H'(Z N RZ(t)) is monotone-increasing with countably many jumps,
corresponding to the set of times ¢ where the barrier is placed on the level set {u = t},
moreover it is right-continuous [16]. We define the burning rate as

b(t) = %Hl(Z NRZ@D) ae. t. (8.0.4)

More precisely, we have the following
Lemma 8.0.6. The burning rate function b is BV.
Proof. If ((s) is a point of non-differentiability of the curve, the computation of the

right derivative of H1(Z N RZ({(s)) is

b (u(C(5))) = —

cos(8+(¢(s)))’

and similarly the left derivative. O
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Figure 8.2: Parametrization of a spiral-like strategy. Any optimal ray 7 is the union of a
subset of the spiral and a final segment: this motivates the definition of a parametriza-
tion (¢,r(¢)) where the angle ¢ (green) is the angle of rotation of the optimal ray

(defined in Equation (8.1.1])), while r(¢) is the length of the final segment of the opti-
mal ray.

Remark 8.0.7. Fix ((s) a point of non-differentiability of the curve. Then, under the
assumption of convexity we have that b™ (u({(s))) > b~ (u(¢(s))).

Admissibility functional. We define also the Admissibility Functional related to
a spiral-like strategy. Given Z an admissible spiral-like strategy, we define

A(P) = u(P) — %L(P), VP e 7, (8.0.5)

where u(P) is the minimum time function at P and L(P) is the length of the spiral
from ¢(0) until the point P.

8.1 ODE description of a spiral

In this section we will give an ODE description of spiral-like strategies. In the following,
Z is an admissible spiral as in the previous section. As before, we will consider both a
parametrization via length, namely ((s) where s is the length parameter, or (r(¢), ¢).

Lemma 8.1.1. Let Z be an admissible spiral and let s — [(s) (alternatively
¢ — B(¢)) as before. Then one gets the following formulas:

1. The subsequent angle (see Figures
¢'(¢) = ¢+ B(¢) + 2m, (8.1.1)

(given ¢ we will denote by ¢~ the previous angle).
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B(o+60)" - |

Lag

Figure 8.3: Computation of the subsequent angle ¢/(¢).

2. If we call s the length parameter, the variation of the length is

ds _ r(9)
d$ ~ smB9)

(8.1.2)

3. In the points of differentiability of Z where C(s) =# 0 the curvature is given by

1 d¢’

Finally the equation of the spiral is (by angle)

dr ,

d¢/ = cot B(QZ) )r(¢') — R(9), (8.1.4)
dr , ds
g9 = 08B() — -5 (8.1.5)

Proof. We start computing the subsequent angle. With reference to Figure one
immediately observes that

¢'(¢+d9) — ¢/(¢) = B(¢ + d¢) — B(¢) + 0.

This equation, coupled with the initial condition ¢'(0) = 27 + 5(0), gives the formula
T

) =
((bzb) d¢. For the point (3) one has
to remember that the curvature is the modulus of Is ()], where we indicated by ((s)
(s

the parametrization by arc-length. We assume that )] # 0. The equation of the
spiral is obtained in the following way:

in the statement For point (2) observe that ds =

o+56 .
r(¢f +68') — (&) = cot B(#)06r() — /¢ Sin(g()n) o
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Figure 8.4: In a point of non-differentiability P the variation of the radius is computed
as d%,r(qﬁ’) = cot 5(¢’)r(¢'). While the radius has a jump in the point R of the length
of the segment QR.

therefore remembering (8.1.1]) one gets

dr ., _ / / () 1
dﬁ#(ﬁb) = cot B(¢")r(¢") —

which is equivalent to

dr
L8 = ot B&)r(6) ~ R,
where R is the radius of curvature. Clearly, by equations (11.2.2),(8.1.3]) one gets
dr  dr d¢’ ds
e i ds =cos B3(s') — L

O]

Remark 8.1.2. In the case of the first round of the equation of spiral reads as follows

dr

— = . 8.1.6

T cos (s (816)
_ Since in the assumption of the previous lemma we had ((s) # 0, we have that, if
((s) =0forall s € (s1,s2) (that is when the curve is a segment), and in the assumption
of continuity of the function s — $(s) (that is ST = 37), the solution has a jump of
the length of the segment. Instead in a point of non-differentiability the solution is

computed as
d

d?,?“(d) = cot B(¢')r(¢).

See Figure

8.1.1 Equation for the Saturated Spiral

We define the Saturated Spiral as the admissible spiral S with the following property:

S(8) = {t € [0,T]: HA(SNR5(t)) = ot} = [0,T].

Saturated spirals are strategies built assuming the istantaneous speed of construction
is constant and takes the maximum value o, that is the burning rate function b(¢) is
constantly equal to o.
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Proposition 8.1.3. Any Saturated Spiral is C'.

Proof. The proof exploits a blow-up argument and the convexity of the strategy S (see
for the proof Lemma [7.0.6]). O

The formula for burning rates tells us that, in case of saturated spirals, 3+ = 3~ =
arccos (%) In this case (and in the following discussion) we will use the name « to
indicate this angle.

Lemma 8.1.4. Let S be a saturated spiral, and let (r(¢),p) its parametrization via
angle. Then for ¢ € [0,27] it is a logarithmic spiral.

Proof. From the equations found in the previous section, we have that at first round

d
é = r(¢) cot av,
which gives precisely the logarithmic spiral, since its radius is r(¢) = e®t*?, O

Lemma 8.1.5. Let S be a saturated spiral. Then the radius of S satisfies the following
Cauchy Problem

dr r(¢/ — (27 + «
a5 r(¢’) cot a — ( si(na )), (8.1.7)
with initial data
gcotad Vo € [0, 2m],
TO(¢) = t a(p—2m) [ ]
(r(2m) — 1)et®e==m Vo € 27,27 + .

Proof. For ¢ € [0,27] it is the content of the previous lemma. Assume ¢ € 2, 27 + ],
one easily computes that, calling P = (1,0), the saturated spiral is a logarithmic spiral
centered at P with initial radius 7(27) — 1 For the computation of the angle 27 + «,
see the computations of the subsequent angle in Lemma [8.1.1 ]

8.1.2 A formulation as a retarded ODE

We consider the following RDE

a
o

(6) = r(6) cot a — (6 — o) (8.1.8)

sina’

where ¢g € R+ is any angle. In the assumption of saturated spirals it is ¢g = 27 + a.
(for the theory of RDEs see [29]). We observe that

4
d¢
therefore, if § € [0, ¢p] we have that, for any n € N it holds

1

sin o

’I"(¢ _ ¢0)€_ cot agp

(- or(0)) = -

1 cot a(6—n) -

7]
(0 + ngg) = e aer(nqbo) — /
0
If we call

pn(0) = 7(0 + ngo)

we get

0
pu(8) = %% py_1(0) —/ —— e (n)dn.

o sina
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Therefore the retarded differential equation (8.1.8)) defines a compact linear operator
T : C([0, ¢o]) = €([0, ¢0])

1
—— et ()i (8.1.9)

sin «v

7]
Tp(0) = e 2p(0) ~ |

By rescaling x = % and y = % and the solution p,(z) = pp(x¢o) one gets the

following compact linear operator 7" : C([0,1]; R) — C([0,1]; R) defined by

T
Tp(a) = ep(1) ~ [ b= Dp(y)dy, (8.1.10)
0
and its iterates, where
a = ecot apo b= ¢0
’ sina’

We reduce the problem to the study of the following operator
To(w) = (1) ~b | gty
observing that e T(g)(z) = T(e(®)g)(z).

8.1.3 Computation of the eigenvalues

To find the eigenvalues of the compact operator T' it is sufficient to find the eigenvalues
of T' (which is still compact). We find the characteristic equation, computing T'g(x) =
Cg(x). One finds that

Colz) = *g(1) — b /0 " g(y)dy. (8.1.11)

We observe that ¢ = 0 is not in the point spectrum (it is not an eigenvalue). Therefore
one has

SO ,
g(2) = g(1)es" ™
and putting inside the equation (8.1.11]) one finds

b
Cec = e,
that is
2'{(-!—04
Ce slrcxa — ecota(2ﬂ'+a) (8112)
Calling f = % one finds the equation
¢ a cot a(2m+a)
e e e
— == —F—. 8.1.13)
s (
C b S?HO?
We study therefore the function
eZ
z— —,
z

with z = x 4+ iy complex number. We find that:

ezv—l-iy e e
(cosy+isiny)(z—iy) =

T +1y :x2+y2

P [(zcosy + ysiny) + i (xsiny — ycosy)].
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o If y = 0 we have real eigenvalues and the equation reads as
—=—. (8.1.14)

In particular we find that

1. If o« < @ = 1.1783 we have two solutions x1,x9 with z9 > 1 and z1 < 1.

2. If o« = a = 1.1783 we have a unique eigenvalue at x = 1 with multiplicity 2,
corresponding to ¢ = b.

3. If @ > @& we have no real eigenvalues (this case corresponds to % <e).
e If y £ 0 we have that = ycot y, in particular one has to study

evotysiny  e®

f(y):# e

The function y +— €Y COtySi% has the properties:

— fory —0 .
lim evcoty Y _ .
y—0 Yy ’
— the function is even (being a real operator, the eigenvalues are complex
conjugate), therefore we can limit our analysis to y > 0;

— the limits are (if £ > 1)

siny

lim e¥ ¥ 0,
y 'k Y

lim eycotys’lﬂ = 00
yNKT Y

Hence the following situation occurs:

1. if @ > @&, then there are only complex eigenvalues, the ones with positive
imaginary part in y € (2k,2k + 1)m, k > 1, and a couple for |y| < m;

2. at a, the couple at |y| < m converges to the point y = 0 (which is also real);

3. for a < @, there is a couple of real roots and a family of complex roots for
ly| > 7, one in each interval (kr, (k4 1)m), k > 1.

8.1.4 Analysis on the complex eigenvalues

For the complex eigenvalues, we obtain

evyotysiny et
r=ycoty, ————=—.
Y b

— There are eigenvalues for y;, € (2km, (2k 4 1)7), k > 1, corresponding to the

solution

eYtYsiny e

Y b
The corresponding eigenvalues are
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that is )
_ bsiny

Yk

Ck

(cos Yk — z‘sinyk).

Writing
yk:27rk+g_5kv

we obtain the equation

6(27rk+gf(5k)tan(5k) a

cosd, €

27T]€+%—(5k b

For k = 1 we obtain that in the original formulation (the one with the angle
a)

h=—=——qa Yy1=¢9=2r+a, x1=¢otanca, (1 =sina—1cosa.

T
2
For general k, we observe that

<0 u<wv+cotw,
0 u = v + cotw,
>0 u> v+ cotw,

d 6(u—v) tanv g

du uU—v

and then the critical points have value
esinv < e.

In particular all other complex eigenvalues have decreasing d.

As k — o0, dp — 0 and expanding

627Tk5k el 5 ln(%)
ok b P ok

In the original eigenvalues, we get

b cos O, . . b ln(%) ,
= ————~ (sindy — o) = —1 .
21k 4§ — 0 (sin 0y — i cos o) 21k 4 5§ < 21k !

Ck

Hence the lie on the curve
z~y*In(1/y).

Note that the complex eigenvalues are simple and have eigenfunctions (com-
puted for the original operator T')

_ (“—L)m _ (a—zk)x
p(2) = p(0)e 8" = p(0)e

G (cos(yrz) — isin(y,z)).

In particular, since yg > 27 for k > 1, they change sign in the interval [0, 1].
These are solutions which already at the beginning are changing sign.

For the first eigenvalue we have that y; < 7, so that the real part of the
initial solution p; is not changing sign. However by iteration we get

T"p(z) = @ 20E) (cog(yy (z 4 n)) — i sin(y (z + n))).

T"p(x) = e @)@ (cos(yp(z + n)) — isin(yp(z + n))); (8.1.15)
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An application to strategies.

We assume now that o > ¢ = 2.614430844373.. = Colsd' Consider the following sit-
uation: a firefighter construct any admissible spiral with construction speed ¢ up to
some point @), with the property that in the point @ it holds 7 (Q) < & (recall the
definitions in the previous section). From the point @ it starts constructing a spiral
with constant angle &. With abuse of notation from now on we will call saturated
branches the arcwise connected subsets of spiral-like strategies constructed with con-
stant angle. The new spiraling strategy obtained in this way is still convex, moreover
it is admissible: in this case, since the point () is admissible by definition of admissible
spirals (Definition , then any point on the saturated branch remains admissible.
Indeed it holds that, if S is this particular strategy, then

H' (SN RS(t) = H (SN R(sq)) + o(t — sq) < ot, Vit > sq,

with sg = u(Q) (u is the minimum time function), where we have used that the burning
rate (8.0.4)) is constantly equal to o and the fact that @ is admissible. An ODE point of
view to look at these strategies is precisely the one given by the RDE , with initial
data 7o given by the radius of the strategy chosen at the beginning by the firefighter.
The previous discussion on the complex spectrum of the operator justifies the following:

Proposition 8.1.6. If o > 7, then for any initial data the saturated spiral confines
the fire.

Proof. We consider the change of variables
p(t) = r((27 + a)t)e”(2r+a)cotat
then the function p satisfies the following RDE:

(t) i (27T + 04) e—(27r+a) cot ap(t _ 1) —0.

sin(a)
It is a well known fact that for RDE of the form & 4 ¢(x — r) = 0 with ¢ > 0 every
solution is oscillating iff the characteristic equation A + ce™*" = 0 has only complex
eigenvalues (see for example [38]). O

8.1.5 A change of variables

In this subsection we study a change of variable of the solution of . This will be
of key importance for the computations performed in the next sections, since exploiting
this formulation allows, in a relatively simple manner, to prove that a spiral does not
confine the fire (or, in other words, that the radius of any admissible spiral is always
strictly positive). Here we will use these computations to prove that the saturated
spiral (see (4.6.1))) does not confine the fire for o < & (Proposition [8.1.10)).

We consider the following change of variable:

p(t) = (27 + a)t)eCTH,

with

log (§)
2r 4+ o
The function p satisfies the following equation

c=cota —

H(t) = log (%) p(t) — p(t —1). (8.1.16)
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Observe that in the case & = & then the previous equation becomes

p(t) = p(t) — p(t = 1), (8.1.17)

since § = e, and

¢=cota — —, (8.1.18)

with ¢ = 0.27995.

Lemma 8.1.7 (Change of variables). Let ¢ > e. If p(1) > p(t) > 0 for every t € [0,1)
and p : [0, +00) — R is continuous, then r(¢p) > 0, for every ¢.

Proof. Since § > e we have that log(%) > 1. Consider the interval [1,2] (the proof will
be run inductively for any interval [n,n + 1]), and define

then since p is continuous, p(t) > p(1). Then

p(t) = log (%

N——

pl#) = plt—1) > plf) — p(1) = 0,

where we have used that p(t — 1) < p(1) and that p(t) > p(1). Since p(t) > 0, by
continuity of the function p the supremum must be equal to 2. Moreover, the same
inequality p(¢) > 0 holds for any ¢ € [1,2]: in particular p is monotonically increasing
in [1,2] and p(2) > p(t) > 0 for any ¢ € [1,2). The induction is performed in the same
way. Since this proves that p > 0, clearly r(¢) is positive for every ¢. O

Remark 8.1.8. Note that (8.1.17) has the solutions 1 and ¢, corresponding to the two
generalized eigenfunctions of the Delay DE.

Remark 8.1.9. The previous lemma proves also that the function p > x > 0, in
particular the function r(¢) > ke® increases exponentially fast.

As an application of the previous discussion, we show how this lemma can be applied
to a concrete case (the saturated spiral (4.6.1))) to prove that the strategy cannot confine
the fire.

Proposition 8.1.10. Let S be the saturated spiral. Then it does not confine the fire
foro <oao.

Proof. Recall the initial data for the saturated spiral is given in Lemma [8.1.5} it is

ro(d) ecot ag Vo € [0, 2m),
o\@) = (e2meot@ _ 1)eeot@(@=2m) vy ¢ [27, 21 + @]

We compute the solution of the RDE (8.1.8)) for ¢ € [27 + &, 47 4 2&] and we find that,
for ¢ € 27 + &, 47 + @

1

— r(9 =\ cot a(p—2m—a)
r(¢) =r27 4+ ae o

¢ _
/ et =M (n — 27 — @)dn
2+

_ _ 1 _ B p—2m—& ~
_ T(27T + 07)€COt a(p—2r—a) : ecota(d)ZTra)/ efzcota,r,(z)dz7
sin & 0
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and since ¢ € [2m + &, 47 + @] we have that

r(¢) = (7“(% +a) — Sirll@(¢ — 21 — 54)) eCOVUP=2m=a) 4 D 4 &, A + al.

The same computation can be performed for ¢ € [4m + &, 47 + 2@], finding

6271' cota __ 1

r(¢) = <7“(47T +a) - (¢ — 4m — 54)) et a@—4m=a) o ¢ [Ur + @, 4 + 2a);

sin &

In order to prove the positivity of the function r(¢) we apply Lemma as before

we define 5
_ —co
(s ) =rior ™.

and we prove that the function p is increasing in the interval [1,2] (corresponding to
¢ € [2m+a, 47 +a)) proving that the derivative of r(¢)e™°? is strictly positive, so that r
can never go to zero. Using the previous equations we find that for ¢ € 27 + &, 47 + @]

d s 1 - -
- —cp _ _ cot a(p—2m—a)—cop
d¢r(q§)e sin&e +
9 —\ 9T — @ cot a(p—2m—a)—co
+27r+64<T( ™+ a) Sind(¢ 4 a))e ’

where we have used (8.1.18) for the value ¢.
In particular we have that the sign of the derivative depends on the following quan-
tity:
1

sin o

Qi(¢) =r(2r +a) - ¢,
and performing the same computations for the interval ¢ € [47 + &, 47 + 2a] we find

6271' cota __ 1

Q2(¢) = r(4r +a) - (¢ —2m).

sin &
If we prove that these two quantities are positive then the derivative of r(¢)e™%? is
positive and therefore the spiral can never confine the fire.

Estimates on (); and ()2. We observe that

Q1 =r27r+a) - .1,¢Zr(27r—|-07)—;(4ﬂ+07)

Sin & sin &
:(627rc0t64_1)€6zcot6c_ i _(471__1_5()25.
sin &
Similarly,
ecota2m) _ 1 ecota(2m) _
Q2 > r(dm+a) — —(¢p—2m) >r(dn +a) — — (2 4 2&) > 65.
Sin v Sin v

O]






Chapter 9

Existence of optimal closing
barriers

In this chapter we give the main geometric motivation for the study of
families of generalized barriers.

Here and in the following, we fix Z € Ag an admissible spiral-like strategy (Definition

8.0.4). We call (r(¢), ¢) its parametrization by angle (see Remark , and ((s) its

parametrization by arc-length, but we will use alternatively the notation {(¢) to denote
the point (7(¢), ¢) (if there is no risk of confusion). We remark that in this section we
will work with any construction speed ¢ > 0 and we recall that the angle « is defined

as
1
(x = arccos .
CoS &

In this section we will address the following optimization problem: fix any admissible
strategy Z and any angle ¢, then the minimization problem is

Zeflnsi(nz,é) r;(¢), for some ¢ > b, (9.0.1)
where Ag(Z, &) denotes the class of admissible spirals that coincide with Z up to the
angle ¢, and if Z € Ag(Z,9), (r;(¢),¢) will denote its parametrization by angle.
Differently from what stated for the optimization problem , for which it has
been proved that the minimum exists among admissible blocking strategies (therefore
in a class that could be empty) [17], here the class of strategies is non-empty, since we
are not assuming in general that the spiral-like strategies they confine the fire.

Here, for any angle ¢ fixed, we also want to determine the best strategy Z parametrized
by (7(¢), ¢) with the following properties:

o 7(¢) =r(¢) for ¢ < ¢;

e Z is optimal in [¢,d + 27], where optimal means that #(¢) < 7(¢) for every
admissible spiral-like strategy Z parametrized by (7(¢), #) which coincides with
Z up to the angle ¢.

The position ((¢) is reached by the fire at time ¢(¢) = u({(¢)), where w is the minimum
time function, and the admissibility functional reads therefore as

g

_The aim of this section is to prove that Z has the following structure, starting from

¢(9):

139
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1. it follows the level set {u = u((¢))} for ¢ € [¢, ¢ + Ap = ¢1];

2. for ¢ € [¢1, ¢o] it is a segment tangent to the level set and its endpoint ((¢2) not
lying on the level set {u = u({(¢))} is saturated (which means that A(¢2) = 0);

3. for ¢ > ¢9 it is a saturated spiral, in the sense that the angle 5(¢) = « for every
¢ > ¢2 (see the previous section for the definitions). In particular the constraint

HY(Z N RZ(t)) = ot for every t > u(((¢2)) is satisfied since the point (@) is
saturated for point (2).

Even if it is possible to give the shape of the best strategy Z minimizing r(¢) with
¢ € [¢, ¢ +27], it is an open question if it is possible to write down explicitly the shape
of a minimizer for the problem . The computations that we will perform in this
section suggest that the natural guess for the minimizer is the following strategy: it
is a circle, starting from the point (1,0), a segment whose last point is saturated, and
then a saturated spiral, meaning that the angle with the fire rays is constantly equal
to «a, as in Figure Actually it turned out it is not the right one (we will discuss
this point in the next chapter).

9.0.1 Study of the distance function u
The function u is the solution to HJ equation,
u(z) = dist(z,0) = min {L(v),y admissible}.

Without loss of generality we call with the same name ((s) the parametrization of the
spiral by arc-length. If x € Z, then s(x) is the length of the spiral Z up to the point
where the optimal ray 7, becomes a segment.

Lemma 9.0.1. The function u is conver in R?\ Z, and if ((s(x)) is the last point
where 7, is a segment (recall ¥ is an optimal ray), then

z — ((s(x)) 2 1

T = (), Viu=—————<mn(s)@n(s),

[z = C(s(x))] [z = C(s(x))]

where n(s) is the normal vector at ((s). The case k(s(x)) = 0 is analogous, and V?u
1s locally BV with jumps on the directions where Z is flat, since the radius of curvature
x — ((s(x)) has jumps.

Vu =

Proof. All statements follows from the computation of the formulas. We consider only
the case where ((s(z)) is a differentiability point of Z and ¢”(s) = 1/R(s)n(s) # 0.
Denote also t = ¢'(s).

Using the parametrization

s, xz(s,r) = ((s) +rt(s),

we have that
u(s,r) = const + s + 7.
Then
Du = (1,1) - (Dz)™*
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Figure 9.1: The green line is the set R({) where all the points are saturated. It divides
the region into the admissible and the non admissible part.

This proves the first formula.
Differentiating Vu(x(s,r)) = ’(s), one obtains

1
Viu(a(s,)t(s) =0, V2u(a(s,n)(t(s) + £n(s)) = ()
l.e.
Viu = ln Qn
R )
which is the second formula. O

9.0.2 Construction of the curve of minimal reachable points

Definition 9.0.2. The set R(({), ¢ = ((¢), of minimal reachable points is the set of
end points of curves made of a piece of fire level set passing by ((¢) plus a tangent
segment to the level set: all the points should be admissible, not crossing Z and the
last point is saturated (meaning that the admissibility functional in the last point is

Z€ro).

It is possible that none of the points on the fire level set ¢ = v~ (u({)) is saturated
: in this case there is no starting point of the curve. We thus assume that there is a
point £(a) such that

w(é(a)) = u(l) > LC([0,6]) + LE([0,a))) _ L(C([0,¢]) +a

g o

Clearly such a point is unique, (see Figure [9.1). Let 2 € R({), and [((s), z] the last
segment part of the optimal ray, [£(a), x] the segment part of the admissible curve, with
respective length 7, b. Denote also

_ux:LC(S)n:J_ :.a:x—if(a)n:L
VIV M T eSO T g T

Proposition 9.0.3. The tangent to R(C) in x is given by

ngr—n
vo Rromefo

oy —ng/ol’
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oriented according to uy o R,u¢ o R increasing, where

ur(G(s) +r¢'(s)) = s+, ue(é(a) +b¢'(a)) = a+b,

é is the tangent to the spiral andé denotes the tangent to the level set.

The minimal slope of R is the slope of the saturated spiral, and starting from the
point §(a) up to this point of the curve is admissible, the quantity (Vuys - Vue) o R is
mcreasing.

After this point the curve is not admissible, in the sense that the segment has points
outside the admissibility region. Moreover the curve is convez in the direction of v in
the admissibility part.

Proof. Let uy,ue be the HJ solutions defined by

up(C(s) +r¢(s)) = s+, ue(é(a) +b'(a)) = a+0.

The admissibility functional reads as
a+b
A(x) = const 4+ s + 1 — —— = const + uy(x) — cos(a)ue(x) = 0.
o
Differentiating and using Lemma we obtain
VA =ty — cos(a)te,

and
(Vuy — cos(a)Vug) - v = (ty — cos(a)te) - v =0,

with v the vector of the statement, which is the tangent to the curve R((), and this gives
precisely the statement. The orientation follows because we assume a counterclockwise
rotation, and in the starting point on the level set {u = u(()} we obtain ng = —ty, so
that the vector of the statement becomes

_ nj+cos(a)ty
Iy + cos(a)ty|

In particular the initial angle in the fire frame, that is Z(v,t) in this point is greater
than «. The derivative of uy o R is

(t; - ng)
nf —ng/o|
which is positive (we chose the orientation such that u o R was increasing) unless

t; L ng, which means that the lines are parallel, and then R — oo (or it hits the
barrier Z). Similarly,

(upoR) = —cos(a)

(g o R — (b my)  (ty-ng)
Iny —ng/o] Iny —ng/ol
as the saturation condition requires. One could also prove that v - t; decreases.

In general, in the fire frame (t7,ns) the position of ny — cos(a)ng is contained in
(0,1) + {|2z|] = cos(a)}, and the minimal slope is when v = €. This point is in the
cone aty + Bt¢ up to this tangent point, giving that the gradient of the two functions
are approaching. Writing the derivative explicitly one gets

> 0,

(Vug-VugoR) = VTMtg + Vthf

rf e
B te-ny 1 —cos(a)ny-ng my-ng — cos(w) >0
- |ny — cos(a)ng] rf e ’
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Saturated Spiral

non-admissibility region

......
.....

.
v,

Figure 9.2: If by contradiction an admissible spiral (the red curve) crosses the strategy
made by an arc, a segment whose last point is saturated and then a saturated spiral,
it would enter the non-admissibility region. For the proof of this result see Corollary
9.0.4

so that
1 —cos(a)nf-ng mny-ng— cos(a)
rf - 3

In particular, the angle Z(ty,t¢) along the curve R decreases. We call Z the point at
which this angle is «, (the critical point). In the point Z we have that v || te.

After the critical angle, the vector t¢ moves counterclockwise, which means that we
are going to take values of a already used. However the derivative of the admissibility
functional satisfies

> 0.

VA =t; — cos(a)te,
and thus for directions with angle > «
VA - te = cos(¢hy) — cos(a) < 0.

Hence in this part the functional is not admissible.
The second derivative of A along v gives

)2 Cv)2
vIViAv = (g v)" cos(a)i(n5 v)
rf rf
B 1 (1 —cos(a)nf-ng)?  (ny-ng — cos(a))?
" |ny — cos(a)ng|? r T
g (a)ng| ! ¢
1 ns-ng — cos(a)
Z oy = cos(@)ne? f grg (1 — cos(a)ny - ng — ny - ng + cos(a)) > 0.
Hence the curve is convex in the direction of v-=. O

The curve R has 3 possibilities:
1. there is no starting point on the fire level set;
2. the curves starts on the fire level set and touches Z;

3. there is a starting point on the level set {(a). The point W is the one where the
angle is « (Z of the previous proof).
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Corollary 9.0.4. Assume that there is a starting point of the curve R(() on the level
(case 8 above, see Figure , and let ¢ be the saturated spiral passing though W. Call
bo the angle that the spiral Z makes with the optimal ray 7z and call 7 the radius of
the strategy given by the arc (subset of {u = u(()}), the segment up to the point W
and the saturated spiral (we will call this strategy Z} Then r(¢) > 7(p) for every
¢ € [p, ¢+ 21 + 6p).

This discussion tells us that the points on R are admissible and are the ones giving
the shortest 7(¢) for the angle ¢.

Proof. Assume that the admissible strategy crosses the segment: then it must cross
the curve R in a point zZ by convexity. In particular it must be an arc and a segment
up to the point z (if not, it would be longer than this strategy and therefore not
anymore admissible in the point z). This strategy is characterized by the fact that
Z(v(Z),te(2)) > a, so that the burning rate of the strategy is greater than o
(by the convexity assumption on spiral-like strategies): this is not admissible. If instead
the admissible strategy Z crosses the saturated spiral ¢ for ¢ < ¢ + 27 + 6 in a point
Z' then we would have

(@) — %L(Z’) <u(®) - 1iE) =0,

Q|+~

where f/(z’ ) is the length of the strategy Z up to the point z. Here we have used
u(z') = a(z'). The last equality is because the point z’ is saturated (living on a
saturated spiral). In particular z’ would not be admissible. Here it is crucial that
¢ < ¢ + 27 + 6 since the optimal rays of the two strategies Z and Z 7 coincide” up to
the angle ¢ 4 27 + 6, so that, in the intersection points Z’, it holds u(%') = @(z'). O
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A case study

Here the construction speed & = 2.6144.. is the critical speed, and & = arccos (%) The
computations of the previous section suggest to study the following case study: assume
that the fire spreads in a ball B,(0) with a € (0, 1] and that a player starts constructing
a spiral S, starting from a point (1,0) = Py with the following property: in ¢ € [0, 2] it
is the union of a circle (eventually consisting of a single point), a segment of endpoints
Pi(a), Py(a) tangent to the circle in P;(a) such that the point Py(a) is saturated, that

A(Pa(a)) = u(Po0)) — ZL(Po(@) =0,

where L(P>(a)) is the length of the spiral S, up to the point P»(a). From the point
Py(a) it is a saturated spiral, that is the angle 8 made by the spiral and the fire rays
(see Section |8) is constantly equal to a.

The relevant equations are the following:

e the length of the arc of circle is PyP;(a) = A¢g;

e the length of the segment is Pj(a)Py(a) = ==

sin &’

e Saturation condition on P5(a):

1 1 1 cos v
Py(a)) — ~L(Py(a)) = _ ——(Aa : >:0.
u(Po(a)) o (Po(a)) (sina a) o Ga + sin &
In particular,
A¢a:0< : —a)—c,osaztana— ‘. (10.0.1)
sin & sin & cos @

since ¢ = colsa' Depending on the value of a we have the following situation:

A¢py, <0 or Ag, > 0.

Case A¢, > 0: Here the formula for A¢, is given by (10.0.1)), corresponding to
a <sina and , = ZP3(a)OPyi(a) = § — a.

Case A¢, < 0: if Ag, < 0 (corresponding to a > sin @) it means that P (a) = P,
in particular, by the Theorem of Sines, it holds

Pila)Py(a) (@) Pa(a) = sin 6,

sina’
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Pyla)
Pyla)

I/— -!\\ . '9”
|\ LT ﬂ, = {l. []:} .\‘_.:i/_l' P]{l’!} = HJ — {l []}

Figure 10.1: The two cases with A¢, > 0 and A¢, < 0.

where 0, = ZP»(a)OP)(a). Here the saturation condition on Ps(a) is the following

(P2(a)O —a) — émz sin(fo + @) . 1sinf,

sin & 0 sina

0,  (10.0.2)

= cos & we have that:

Qi

which gives implicitly the value of 8,. Indeed since

cosf, = a,
and since a > sin@ we find that 6, € [0, 5 — a].
The two cases are explained in Figure We will prove the following
Theorem 10.0.1. For any value of a € (0,1], the spiral S, does not confine the fire.

The proof of this theorem relies on a careful application of Lemma [8.1.7] Before
proving the previous theorem, we give the proof of the following two lemmas on prop-
erties of the solution of RDEs.

Lemma 10.0.2. Let r(¢) such that

d

%T(cﬁ) = Ar(¢) — (¢ — ¢o),

for some \,y,d9 > 0, and, given ¢g < ¢1 < ¢a, assume that

(@) = keMPOH0) g € [y — o, p2 — o),

for some constant k. Then
r(¢) = (r(¢1) — 1r(d1 — do) (¢ — ¢1)) N7, Vg € [$1, 2.

Proof. The proof follows easily by the following fact:

ol
r(@) = 2O-p(gy) — 4 / ANy — do)dn

1
d—9

_ e)\(¢*¢1)r(¢1) _ ’Y/ 0 AMo—2=60) 1. A(z—d1+00) g,
1—%0

= (r(¢1) — vk — ¢1)) MO0,

which is the statement. O
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Figure 10.2: Here fp is made by an arc, a segment and a saturated spiral.

Lemma 10.0.3. Let r(¢) such that

Cf¢r<¢> = Ar(9) — yr(6 — do),

for some A\, v, 09 > 0, and, given ¢g < ¢1 < o, assume that

r(8) = (r(¢1) — (b1 — ¢o) (¢ — 61)) X079 Vg € [y, do].

Call )
d=\— —.
%o

Then if r(p1),r(d1 — ¢o) > 0 the function

p(p) =r(¢)e” ™

is monotonically increasing in [p1, p2] if

r(¢1) — (o1 — ¢o) (P2 — d1 + o) = 0. (10.0.3)
Proof. The computation of the derivative of p(¢) is straightforward, in particular
1
sen((6) = sign ()~ (101 = 60) + vl = w6 - o)) ).
b0 b0
and the conclusion follows observing that r(¢1),7(¢1 — ¢o) > 0. O

We are ready to give the proof of Theorem [10.0.1

Proof. We divide the proof in the study of the two cases Agp, > 0 and A¢, < 0.

e Case A¢, > 0.This case is described in Figure We remark that from
(10.0.1) we find that A¢, € (0,tana], the worst possible case is tan& corre-
sponding to a = 0.

A¢ = tana. (10.0.4)
We call r, the radius of the spiral S, (see Remark|8.0.3]). Then it can be computed
as follows:
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— for ¢ € [A¢ga, Apy + 5 — @) we have that

1

Ta((ﬁ) = COS(¢ _ A¢a)7

in particular we call

T 1
a0 =ro (Aot 5 -a) = 57
— for ¢ € [Agy + § — @, 2) it holds

d
d¢

since the spiral is saturated, that is

ra(¢) = cot ara(¢),

Ta(¢) = k1(a)et @3 Ha—Ada)
— the radius r, has a jump at ¢ = 27, that is
ra(2m) — re(27—) = —1,
in particular we denote by
ka(a) = ra(27) = £y ()P H(2T—5+a—00a) _ g,

— for ¢ € [2m,27 4+ § 4+ Ad¢,) it holds

d _
deSTa(<M = cot ary(¢),
therefore
1 _ - _
Ta((z)) _ |:.€cota(27r—2+oc—A¢a) _ 1:| ecot oa(¢—27r); (1005)
sin &

— the radius 74 has a jump in ¢ = 27 + 5 + Ag, , that is
T 0 _
Ty (271' + 5 + Agf)a) — Ty (27r + ) + Agba—) = —cot a,
and also here we denote by

k3(a) =g (27r + g + A(ba) = ng(a)eCOtd(%+A¢“) — cot a.

— for ¢ > 2w + § + A¢ the function solves

d
de

ra(6) = cotainy(¢) — 021 =0)

Optimization w.r.t. a. We optimize with respect to the parameter a, comput-
ing the ODE satisfied by 9,7,(¢). We find that

— for ¢ € [0, Agpg] it is Dyre(¢) = O;
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— for ¢ € [A¢y, Agy + 5 — @] it holds

sin(¢ — Agy)
cos @ cos?(p — Ag,)’

— for ¢ € [Agy + § — &, Adq + § + 27] it satisfies

Oara(P) =

d ~ .
%8,17"@((#) = cot @0y (0);

— for ¢ > A, + 5 + 2 it satisfies
d B _ Oara(d — 2m — @)
%&lr&(@ = cot @0,74(9) A )

Similar computations to the ones performed in Section [§ Proposition show
that 0,74 (¢) > 0. Indeed, by Lemma [10.0.2] we have that

Oura0) = ( g™ T - =6 Mgy~ § - 2m) ) eele-bee i
sin® & sin® & 2

for ¢ € [Apy + § + 27,47 + &+ § + A¢g]. In order to apply Lemma we use
Lemma [10.0.3| and we have that 9,7,(¢) > 0 if the following quantity

1 ecot a2rt+a)

sin &2 sin a3

(47 +2a) > 0.

But this is clearly true, since the previous quantity is > 6.7. In particular this
reduces our analysis to the case a = 0.

From now on we will assume a = 0 therefore A¢py = tan@. We remark that the
function rq is continuous for every ¢ > 27w+ 5 +tan a. To use Lemma we first
need to compute ro(¢) for ¢ € [27r + 5 + tana, 47 + 5 + tana + oFsimh that
the change of variable py(¢) = ro(¢)e™°? is continuous, where ¢ is given in .
We apply Lemmaand we find that for ¢ € [27r + 5 +tana, 4w + 64] it holds

S111 &

ro(¢) = <H3(0) - —#1(0) (gzﬁ - (271' + g + tan a))) geota(6—(2m+ 5 +tana))

and called k4(0) = ro(4m + @) one gets in the same way

0(6) = (R0) = S=kal0) (6 - (m + ) ) e Camsa,

sin &
Thanks to Lemma|[10.0.2] in order to prove the monotonicity of the function p we
need to prove that the two following quantities:

1 T
= - A — — —tana) >
Q1 = r3(0) sino’zm(o) (47r+ 20 5 tan a) >0,
Q2 = k4(0) — ———r2(0) (27r+ T +tana +o7) > 0.
sin & 2

We evaluate numerically these two quantities finding that they are positive. In-
deed one can check that

r1(0) = 1.0823, r2(0) = 3.56172, r3(0) = 18.1369, r4(0) = 59.2869,
and that
Q1 = 5.32605, Q2 = 15.157.

Thanks to Lemma, this proves that the spiral S, does not confine the fire in
the case Ag¢, > 0.
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Figure 10.3: The function ¢ — fo(¢).

e Case Ag¢, < 0. This case is described in Figure We compute 7, (¢) explic-
itly. We call 8, = 6, + &, then

— for ¢ € [0,0, — a] we have that

and we call

— for ¢ € [0, — &, 27) it holds
ir (¢) = cot arg (o)
d¢ a - a bl
that is o
ra(¢) — lill(a)BCOt a(¢70a+a);
— the function r4(¢) has a jump at ¢ = 27, indeed
re(2m) — re(27—) = —1,

and we call B
sin 6 ~(9r T i
K/Q((I) _ T‘a(ZTF - _aecota(27r 6a+a);
sin &

— for ¢ € [2m,27 + 0,) it holds

d‘;mw = cotara(¢),

so that .
ra(¢) = Kh(a)et* =2
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— in ¢ = 27 + 6, the function 7, has a jump, computed as

Ta(2m +0,) — 1o (2m + 0,—) = —Sin(:;jl;a)
and we call
_ =7 sin(f, — &
Ki(a) = rq(2m + 0,) = Kh(a)e™t e — (si(rllo_z).
— finally, for ¢ > 2 + 6, the function solves
d ro(¢p — 2T — @)

ra(P) = cot arg (o) — na

do

Optimization w.r.t. a. We optimize with respect to the parameter a, comput-
ing the ODE satisfied by 9,7r4.(¢). We recall that 6, = 6, + & and cosf, = a.
Thereofre we find that

— for ¢ € 0,0, — a] it holds

sin ¢ .
sin(0, — @) sin?(0, — ¢)’

Oara(9) =

— for ¢ € [0, — &, 27 + 0, it satisfies

d _
%&Lra(gb) = cot @0y (0);
— in the point ¢ = 27 + 6, the derivative has a jump, namely
3 - t(0, — a
Dura(27 + 80) — Dara(2m + Go—) = 00 — @),
sin &
— for ¢ > 27 + 0, it satisfies
d _ Ogra(d — 21 — @
%Bara(@ = cot @0,1q(¢) — (¢sina ) .
By using Lemma one finds that, for ¢ € [27 + 0, 47 + 0, + @
Dara(p)e cOta9=2m—0a) — ____ _Sin.¢2 = goota(2m+a) 4 7(:%(?‘1 — a)
sin(f, — &) sin®(0, — ¢) sin &
1 i _
- sin g (6 — 21 — 8,).

sina@ sin(f, — @) sin2(§a - 9)
We observe that

sin ¢ i cot (0, — @) >0
sin(f, — &) sin?(0, — ¢) "0=0a=® "gna

by applying Lemma [10.0.3} we have that the sign of the function d,74(¢) in the
interval [27 4 6,, 47 + 0, + @] depends on the following quantity (recall Lemma
and the change of variables):

_ 1 _
= 0qTa(2 a) — ———=0aTa(la — @)(4 2a).
Q(a) = Ora(2m + 0,) smaar (0g — @) (47 + 2a)



152 CHAPTER 10. A CASE STUDY

30

20
15

10}

0.93 0.94 0.95 0.96 0.97 0.98 0.99 1.00

Figure 10.4: On the z-axis the parameter a € [sin@, 1), and the blue function is Q(a),
which is positive. The orange line represents the axis y = 0.

The numerical evaluation of this quantity is positive (see Figure , which
tells us that 9,74(¢) > 0. In particular, this implies that the only case to study
corresponds to a = sin &. The discussion on the case A¢, > 0 allows us to further
reduce this case to a = 0. This concludes the proof of the theorem, since this
proves that rq(¢) > r9(¢), for every angle ¢, and r9(¢) > 0 by the computations
on the previous case.

O

Corollary 10.0.4. The element Zy with parametrization (ro(¢),p) does not confine
the fire, moreover ro(¢) — 400 exponentially fast.

Proof. The proof follows by Remark O
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Family of generalized barriers

In this chapter we construct the family of generalized barriers: in the first
section we consider elements of the family made by an arc (a subset of
the level set of the minimum time function u), a segment whose endpoint
is saturated and a saturated spiral (arc case). In the second section we
assume that the arc is made by a single point (segment case). The numerical
evidence shows that the derivative of the family f is positive.

In this chapter we will exhibit an example of a diverging family of generalized barri-
ers. The computations that the construction requires rely on the evaluation of some
algebraic-type functions, in the spirit of what has been done in Theorem of the
previous section, where we have analyzed concrete examples of admissible barriers and
we have proved that they do not confine the fire. Here, we fix 6 = 2.3 and

1
& = arccos | — |,
o

while ¢ = 2.6144.. is the critical speed and « denotes the corresponding angle. We
consider also Z = (([0,S5]) € Ag an admissible spiral, where (r(¢),¢) denotes its
parametrization by angle (Remark . For every point ((s) of the barrier we can
assign an element of a family of generalized barriers, namely

Definition 11.0.1 (Family of Generalized Barriers). We say that fs € SBV([0, +00); R),
with s € [0,5], is an element of the family of generalized barriers F if:

e fo(¢) >0 for ¢ € [0, +00);
o fi(¢) =1r(¢) for every ¢ < ¢ whenever ((s) = (r(¢), ¢).
Moreover, we say that it is a diverging family if, calling

fTs((ZS) — lim fs+h(¢) - fs(¢)

h—0 h ’

(11.0.1)

then fs(¢) > 0 for every ¢ € [0,00).

We recall that exhibiting an example of a diverging family of generalized barriers
is necessary for the proof of Theorem whose proof follows by Theorem In
this section we will prove the following

Theorem 11.0.2. If 6 < 2.3 there exists a diverging family {fs} = Fz of generalized
barriers.

153



154 CHAPTER 11. FAMILY OF GENERALIZED BARRIERS

A possible candidate for the family is given following the geometric intuition of
Section @ We recall that we have proved that, fixed any angle ¢, the best strategy
we can construct for ¢ € [@, ¢ + 27 + 6] where 5(¢) = 6y (Corollary is the one
given by the union of a subset of the level set u~!(u(r(¢), ¢)), a segment tangent to it
whose last point is saturated and then a saturated spiral. In Chapter [I0] we have then
proved that the strategy made by a circle, a segment tangent to it and a saturated
spiral, does not confine the fire, which gives precisely the proof that fy, which is the
first element of the family of generalized barriers, is always strictly positive. Even
if perfectly reasonable, this family fs; turned out to be non-diverging (see Definition
, since f; < 0 in a small region. And this inequality was true even for the value
o= 1+T\/5 of Theorem

The idea to overcome this issue was to change a slightly bit the family suggested
by Section [9] Since Theorem yields the inequality

r(¢) = fo(d), Vo,

it states in other words that fy is the best strategy (the one minimizing r(¢) for every
¢) a player can do: it can decide to put some barrier on a level set, continue as a
segment tangent to the level set and then it can construct a saturated spiral for the
maximum speed available: the critical speed. This strategy is clearly not admissible,
and this is the reason for considering generalized barriers.

The idea here is that at any point ((s) = (r(¢), @) of the spiral the strategy that
confines better the fire is the union of a subset of the level set u~1(((s)), a segment
tangent to it and a saturated spiral for the critical speed o = 2.6144... In some sense it
corresponds to slowing down the fire at the speed g and then having at our disposal the
construction speed & (%) = 0. We will prove that this new family is diverging, and its
explicit construction will give the proof of Theorem [I1.0.2] The heuristic motivations
behind this choice of the family is not satisfactory: it is not clear while this method
stops working with higher values of the speed 6. Moreover, even if we strongly believe
that variations of this procedure can be explored in order to increase the value of &
(~ 2.4 —2.5), the critical case seems to us very difficult to solve with such techniques.

Clearly, a key ingredient of the proof of Theorem [11.0.2] is to show that the first
element fy of the family is always strictly positive (and actually we will see that it
increases exponentially). This is the content of the first subsection. Then, we need
to construct a generic element of the family Fz. In the second subsection we will
consider generic elements fs of the family made by an arc (a subset of the level set of
the minimum time function u), a segment whose endpoint is saturated and a saturated
spiral for the critical speed o (arc case). In the third subsection we will assume that
the arc is made by a single point (segment case).

We give an idea of the proof of Theorem [11.0.2} we first construct two elements of
the family fs and fsy55. We then compute the derivative

7 (¢) — lim fs+58(¢) - f3(¢)

fs 6s—0 0s

a.e s.

The main observation here is the following: since both f, 5, and f; for ¢ >> ¢ are
saturated spirals, that is they satisfy the RDE for &, then by linearity also their
difference satisfies the same RDE. Therefore the study of the derivative f, relies on
a careful study of the solution of the same RDE. Numerical computations prove that
fs(¢) > 0. We will see indeed that the study of this problem relies on the evaluation of
some explicit algebraic-type functions, that we will perform numerically (all the plots
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are available in the Appendix [11.2.2). We use the software Mathematica to simply
verify that all the quantities we are interested in are positive.

11.0.1 Construction of the element f.

We assume that the fire starts spreading in (0,0) and that we start constructing our
barrier in (1,0) (this choice is motivated by the analysis performed in the proof of
Theorem . We give the explicit construction of the element fy. It is the union of
a circle of endpoints Py, P;, a segment tangent to the circle of endpoints P;, P» where
P, is saturated for the following functional

1 1 1
Az s(P2) = u(Py) = — PPy = —PyPi——L(F) =0, (11.0.2)

where PyP; denotes the length of the arc. We put L(FPy) = 0 since the point Py must
be admissible for the Admissibility Functional (8.0.5)) for . If we call A¢ = A¢gs 5 the
angle covered by the circle, then Equation (11.0.2) reads as

1 1 1
- — —cota— —A¢p =0,
sina o o

in particular
A¢p = tana, (11.0.3)

since & = ——. This is precisely the case study of Section (see Equation ((10.0.4))),

cosa’
whose parametrization was denoted by (r¢(¢), ¢). The discussion of the previous section

(Theorem [10.0.1} Corollary [10.0.4)) is clearly the proof of

Theorem 11.0.3 (Base case). The first element of the family does not confine the fire,
that is fo(¢) > 0 for every ¢ > 0 and fo(¢p) — oo exponentially fast.

11.1 Analysis of Perturbations - Arc Case

We fix ¢¢ and we consider an element of the family fe-1(.(49.60)) = f4, defined in the
following way:

* fo0(®) = 1(0) for every ¢ < go;

o (foo(®),0) C {u=u((r(¢o), do)} for ¢ € [po, o + Adl;

o (foo(9),9)) for ¢ € l¢o + A¢ = ¢1, P2 is a segment of endpoints Py, P, such that
P e {u=u((r(¢), )} and P, is saturated for the following functional:

1 1 1
u(Pp) = —|P2 = | = —PoPy = —L(Py) =0, (11.1.1)

where u is the minimum time function, P; Py denotes the length of the subset of
the level set and L(Pp) denotes the length of the spiral from the starting point
until the point Py. Moreover the segment PP, is tangent to {u = u((r(¢), )}
in P;. Here we use because in the case P, = P; the previous expression
becomes the admissibility functional A (see (8.0.5)) for 6.

e 7(¢) is solution to the following RDE
r(¢ — 27 — )

sin o

7(¢) = cot ar(¢) —

bl

for ¢ > ¢o.
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P

0,

Figure 11.1: Perturbation of the family.

We want to study the new closest spiral obtained by perturbing the initial point P,
that is

Py — Py + Seieo = ]‘:)()7

where 6 is the angle with respect to the direction of fire rays at Py (see Figure
(it is BT according to the notations of Chapter . Here and in the following we will
denote by n(P) the unit vector in the direction of the fire rays at a point P and t(P)
will denote the tangent at the level sets. This means that we follow the level set for
a positive angle A¢ up to a point Pj, and then a segment with direction t(P;), up to
a point P». The point P, is saturated (in the sense of equation ) and it holds
Zn(Py),t(P;) = a. More precisely, we have:

Py the point on the level set {u = u(Fp)} from which we put an amount of barrier
on the same level set. The point Oy € Z is the point of the spiral from which the
fire ray towards P, starts.

Py is the point on the same level set as Py such that from P; a segment is
constructed, that is u(Py) = uw(P;). The point O; € Z is the point of the spiral
from which the fire ray towards P; starts.

A¢ is the angle covered by the arc PyP;y.

P, is the saturated point ((11.1.1))) from which a saturated spiral is constructed.
Os € Z is the point of the spiral from which the fire ray towards P, starts.

6o € [0, §] is the angle that the barrier forms with the fire ray 7p;;

Vu(P; Vu(P: _
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e s = PyPy, with s << 1, and
h = scosbp. (11.1.2)

e We will call 6P, = P, — P;, i =0,1,2.

e Call ¢ the angle corresponding to the point Fy and ¢; the angle corresponding
to Pl, that is A¢ = (bl - ¢0'

Remark 11.1.1. We remark that the starting point on the spiral of the rays for P,
and P, is the same: indeed, if the ray Ap, is not tangent to the curve, it is clearly true.
If it is tangent, then if PP, = O(ds), if we call the two starting points 0;,0; then
0,0; = 0(85s), therefore we can assume that the starting point is the same.

Here the computations are performed with the parameter A instead of the parameter
s of the family, since it is the difference in time between the points Py, Py, for which
the computations are more easier to perform. In the following we will reconvert all the
formulas in order to deal directly with f;. We have the following relations:

Relations at point Fy:

u(Po) = U(Po) + h, (11.1.3)

_ h

L(By) = L(P) + (11.1.4)

cosfy’

where L(P) is the length of the spiral up to the point P. The variation of the angle ¢
reads as
’I“(P())(Sgbo = htan@o, (11.1.5)

therefore the position of the new point Py is
Py = hn(PRy) + r(Po)d¢ot(Py) + o(h). (11.1.6)
Relations at point P;: the point P; is on the same level set as F.
u(Py) = u(Py) = u(Py) + h = u(Py) + h.
The position of the perturbed point as
Py = Py + hn(Py) + r(P1)d¢1t(Py) + o(h).

We observe that the slope of the segment P; P, is ¢i(®1+061+3)  Indeed here we cannot
a priori assume that the fire rays arrive parallel at the points Py, P;.

Relations at point P»: In the perturbed point P a new saturated spiral starts.
The slope of the segment arriving at Py is € (®11991+3) and the slope of the starting
spiral is e#(#219¢2+a) - Therefore, since we require them to be parallel, the condition on
the angles reads as

¢1+5¢1+g=¢2+5¢2+a.

Since we know that
T
(;Sl + 5 = ¢2 + «,

the condition on the variation of angles becomes

dp1 = 2.
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The difference in slope between the two vectors

P — P P— P
= = an
|Py — P | Py — Py

is d¢p1 = d¢9, therefore the position of the perturbed point P, can be computed as

f¢>0(

PQ Pz—l—( —|P2—P1‘5¢1)H(P1)—|—(( |P2 — P1|6¢)1) cot a + )5¢ ) t(P1)+O(h)

We use the saturation condition, i.e. P, is a saturated point, knowing P, is saturated.
In particular, we have:
Saturation: P, is a saturated point:

w(O2) + O2 Py = cos aPy Py + cos aPy Py + cos &L(Fy); (11.1.7)

We write the same equation for the perturbed point.
Saturation perturbed: P is a saturated point:

u(O2) + O9 Py = cos aP Py + cos aPyP) + cos &L (Py) + cos as. (11.1.8)

We have that (recall r is the radius of the original spiral):

. p1+0¢1
PRy = / (r(n) + h)dn
bo+d¢o
do+Ipo d1+5¢1
= AP+ ha = [ () + iy + /¢ (r() + h)dn
0 1

= PyP1 + hA¢ — htan by + r(Py)d¢1 + o(h),

where we have used (11.1.5). Moreover,

fcbo( )

PPy = PPy — r(P1)d¢y + (h— |Po — Pi|6¢1) cot =001 +o(h),
and
POy = P05 + h- ’P;n—aPﬂ(S(bl + foo (P2)0¢1 cot o + o(h).
Subtracting equation to equation we get
— [P — P1[6¢y

2 + foo (P2)d¢1 cot a—
sin
cosa (hA¢p — htan by + r(P1)d¢p1) +

— cos o <—’I”(P1)(5¢1 + (h—|Py — Pi|0¢1) cot o + f%( )5¢ ) — Cos &COSH =0,
0
that is, expliciting d¢; we obtain
S _ 1 — cot aA¢ + cot atan b _cosa 1 (11.1.9)
1= |Py — P 07 Sina cos by o
= ﬁ <cos 0o — cot aA¢ cos by + cot asin Oy — Z?jz> . (11.1.10)
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In particular, the variation of the angle of the level set arc is then

AP = Ad+ dp1 — Sy
_h
[Py — P

=A¢+

v 1 Py, — P
(1 — cot aA¢g + cot e tan by — cosa — |7 1 tan90>

sin a cos O r(Py)

Call P(¢) any point on the segment, with P(¢1) = P; and P(¢2) = P». Then we
recover that, for any ¢, ¢ +t = ¢1 + 3.

P(¢) = P(¢) + (h — [P(¢) — P1|6d1)n(P1)

o sy s o da(PE)
+ ((h |P(¢) — P1]d¢1) tan(¢ — ¢1) + COS(¢_¢1)5¢1> t(P1),
and recall that
n(P(¢)) = cos(¢ — ¢1)n(Pr) + sin(¢ — ¢1)t(Pr). (11.1.11)

Finally, if we call f¢0 the element of the family of generalized barrier which is a per-
turbation of fys, we find that: fys, — fo,(¢) = 07(¢) with

(5h=(d— o) o < ¢ < o + S¢bo,

or(¢) ~ q h $o +dpg < ¢ < P1 + 01,

% 1+ 001 < ¢ < g2 + 092

The derivative in the parameter h reads as

1 o < ¢ < ¢po + Ap = ¢1,
g¢o(¢>:

[P(¢)— P cos & 1
lfW 1—cot aA¢+cot avtan o — 0 — %

cos(p—¢1) s ¢1 < (z) < ¢2 = (bl + % — .
(11.1.12)

In particular to get fj, we need simply to multiply cos6gg, ().

11.1.1 Analysis of the initial data

In this subsection we analyze the initial data obtained in the previous section. We
found that

1 ¢o< ¢ <o+ Ap=¢n,
§¢0(¢):

1 [P@)=Py|

Py =Pyl (1—cot aAg+cot atan p—5& L)

sin o cos O

cos(¢p—a1) ) 1< d<Po=¢1+ 75— .
(11.1.13)
Since after the point P it is a saturated spiral, by linearity we can compute the RDE
that the derivative gy, satisfies. In this subsection we study precisely the RDE satisfied
by the initial data in the arc case.
It holds:
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e In the interval ¢ € [¢1 + § — «, ¢1 + 27 + bp) it holds

In particular the solution reads as

T 3 i
G0 (D) = Ggo <A¢ + ¢o + 3 a> ecot a(¢—(A¢+go+5—a))

We remark that g, (A¢ + ¢o + T — «) can be easily computed: indeed it is
9o 2

T cot o Ccos & 1
Tbo <A¢+¢o+§—a> = (A¢ —tanbp) +

sin o

—_— 11.1.14
(sina)2 cos by’ ( )

in particular there is no need for the computation of the formula |P(¢) — P | here.

e In the point ¢ = ¢g + 27 + 0y there is a downward jump, that is

1
cosfy

9o (P0 + 21 + 0p) — Ggo (o + 27 + p—) = —

e In the interval ¢ € [¢pg + 27 + by, ¢o + 27 + T) it holds

dgdc)l°¢(¢) = G4, () cot a.

In particular the solution reads as

m cot (27 —Ap—Z+4a 1 cot a(p— T
Gou(0) = (3, (86 4 0+ — ) ereterstnmogae) L) getomtoneanson,

e In the point ¢ = ¢ + 27 + 7 there is an upward jump, that is
_ ™, T
Goo (@0 + 27 + ) = Goo (b0 + 27 + 5 =) = tan . (11.1.15)

2
Indeed

fo (27T + g + (59250) = fao <27r + 72T>+h:(a;j0 (f¢0 (27r + g) cot v — r(Po)>+0(h),

while

fso (27T + g + 5¢o) = fao (27r + g) (1 +

e In the interval ¢ € [pg + 27 + T, ¢po + 2w + § + A¢) it holds

d§¢0 (¢)
d¢

In particular the solution reads as

= Gy () cota — 1.

™ 1 us
§¢0(¢) — [<g¢0 <A¢ + d)O 4 g _ a) ecotoa(27r+90—A¢—§+a) - COSHO) ecota(i—eo) + tanGO .

. geota(é—(do—2m—T))
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e In the point ¢ = ¢o + 27 + § + A¢ there is a downward jump, that is

Too (¢0+27r+g+A¢)—g¢o (qﬁg+27r+g+Aqﬁ—)

= —cot” a <A¢ + (cos % .

To prove this quantity, observe that

Joo (B0 + 5 +2m+001) = fon (Mo + T +27) = [P — Pil+
r(£)

sin «v

+ (foo (B0 + 5 +27) = [Py = Pil)) cot ady — =21,
while
Foo (B0 + 2 +2m+601) = foy (Mo + 5 +27) = |1y = P+
+ (f% (A¢ + g + 27r> —|Py— 151|> cot adpy — 7(Pyp)oep.

e For ¢ > ¢o + A¢ + 2w + 5 the function gy, satisfies:

d§¢0
db

((9) _ §¢0(¢— 27 — O‘)‘

= ot Ay sin o

We compute then the same quantities for f_¢0 = cosbygg, (the derivative with respect
to the length parameter s).
Optimizing with respect to A¢.

Before starting with the computations of the solution we optimize w.r.t. A¢ exploiting
the linearity of the problem, finding out that the worst case to analyze is the one of
A¢ = 0 (which we will see correspond to the case of the segment). We compute the
derivative of gy, = 0ge, With respect to A¢. We have the following relations

e The derivative of gg, in the point ¢1 + A¢ + § — a is (see (11.1.14))

cot o

05y (61 + 26+ 5 —a) =

sina’
o For ¢ € [Ap+ § — o, 2m + § + A¢) it satisfies the equation

d . _ _
%8%0 = cot adgg,-

o In ¢ =27 + § + A¢ there is a downward jump, that is
_ m _ m )
3(Q¢O)A¢(27T + 3 + Ad)) — a(g¢O)A¢(27T + 3 + Aqb*) = —cot” a.

e For ¢ > 27 + A¢ + 7 it satisfies

d
d¢

] (027 —a)
O, = cot adgy, — —2° o :
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To prove some positivity of the derivative we use observation in Subsection First
we compute the solution for ¢ € [Ap+§ —a+ (27 + ), 27+ § + Agp + (27 + 0)): (see

Lemma [10.0.2)) it is

(COtaecota(27r+a) —cotla — cot a (¢ _ (A(Z) + g + 271'))) ecota<¢—(A¢+g+27r))'

sin a sin a2

We recall that the following change of variable

@r+a)\ oo,
t — 715 log A
plt) = r (G )

with ¢ solution of (8.1.18]), satisfies
p(t) = p(t) — p(t —log A).
Here A = e (for o = 2.6144) and ¢ = 0.27995. We need to compute therefore

d

—0Gg,e” .
d(b g¢0
An easy computation shows that it is
1 c?taecota(2W+a) oot — c'otoz (6= Ag— ™ “om)) - c'otoz‘
(27 + a) \sina sin ? 2 sin o2

In particular for determining its sign we have to study the function (Lemma [10.0.3)

cot « cot o
- (27T+a—¢—|—Agz5+ T —|-27T> 4+ ———eootal2mta) _ of o2
sin o« 2 sin «
_ cota 27 +a) + mecom(%”ro‘) —cota® > 6
sin o2 sin a -

This proves that it is an increasing function in A¢, that is 9gg, > 0, therefore the worst
case scenario is represented by A¢ = 0. The previous computations are the proof of
the following

Proposition 11.1.2. The worst possible scenario is A¢ = 0, that is the study of the
segment case.

11.1.2 Diverging family: arc case

Here we study the case A¢ = 0. The numerical plots of the results presented here are
in the Appendix. Even if all the formulas for f, are explicit, the computation of the
values of f, is onerous, therefore we use the software Mathematica in order to provide
them. See Section [I1.3]in the appendix. We have the following:

Theorem 11.1.3. Let 0 < 2.3 and let fg, be an element of the family made by a piece
of arc, a segment and a saturated spiral, with the constraint that if the arc is a single
point Pp, then Ap, is orthogonal to the segment P1Py. Then fg, > 0.

Proof. By the previous discussion we can assume A¢ = 0. We write the solution:

o We call . .
cos & — cos asin b

)

Foo(d0+ = — ) = k1(60) =

2 sin a2
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e then
Foo (0 + 27 4 60) = ra(Bp) = k1 (fp)eCt @B Hbo=5+a) 1,

Foo (60 + 27 + 00) = r3(0p) = ke *27%) 4 gin gy — cot a®(1 — sin fy);

finally for ¢ € [¢po + 27 + 5, ¢o + 47 + a + 6] the solution reads as

~ K1(0)

f¢0 (¢) = <K3(90) Sin o (p— o — 21 — 72r)> peot aldp—po—2m—7)

e call
Kk4(00) = fpo(do + 4T + a + 0p);

for ¢ € [0 + 47 + o+ Oy, po + 47 + a + %] the solution reads as

k2(0o)

sin av

]?¢>0 (¢) = (/14(90) — (¢ — po — 4w — Oy — Oc)) ecot a(p—go—Ar—bo—a)

In order to use the ideas of Subsection [8.1.5| we consider again

p(t) = r((2m + a)t)e L,
To prove that the derivative is positive one has to evaluate the two quantities (the
procedure is precisely the same of Subsection [11.1.1} when computing %7’((}5)6_“15 one
gets:

o for ¢ € [po +2m + 5, ¢ + 4w + b + @] it is

K1 1 K1
: + (/ia - =
sinae 27+ « sin «

(0—go—27-2)).

e For ¢ € [¢o + 47 + 0y + o, o + 47 + § + a] it is

K2 1 K9
L (B gy gy ).
sina | 2r+a \ sma(¢ %0 T )

Numerical computations (that can be found in the appendix) shows that x; > 0
fori=1,2,3,4. (Analytically one could show that x; are all increasing functions).

In particular to have that they are positive it is enough to show that

_M <4w+00+2a—z)+/€320
sin o 2
and
S (2w+a+5—90)+m420.
sin av 2

Again, this is performed via numerical computations (see Appendix, Section m
for the plots).

O
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P,

é—"ﬁu. o

P

Figure 11.2: Analysis of perturbations for the segment case.

11.2 Analysis of Perturbations - Segment Case

The analysis of this section refers to Figure In this case the point Py = P;. Call
7 — 0 = ZOyP, P,. The analysis in Chapter |§| implies that there are no convex curves
with an angle 6y > 6: indeed any admissible curve will cross the segment. Since the
last point is saturated, the starting angle must satisfy some bounds, that is:

a < 6.

Here again we will perform the computations for

ssin(f — )

sin 6

We have that the time difference for reaching the point P; is:

ot = h.
Therefore (see Figure [11.2)
sin @y sin @

P)ogg=h——m 11.2.1
T( 1) (;50 Sin(H _ 90)7 ( )

and the length is -

- sin
PP|l=h—. 11.2.2
P1B] sin(A — ) (11.22)

Call n(P;) the direction orthogonal to the segment P; P> and t(P;) the tangent such
that (t(P1),n(Py)) = (—e1, e2). We have that

Py = P, + hsinfn(P;) + hsin 6 cot(6 — o)t (Py). (11.2.3)
Point P,. The new angle is ZOgP, Py, = 7 — 0 — 60 satisfying

¢o+0+60 = 2+ 0¢o + (11.2.4)
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but since ¢g + 0 = ¢ + o we have that 0 = 5¢,. We find that

. _ _ _ P50
Py = Py+(hsinf — |P, — Py[6¢1) n(P1)+<(hsin9 — |P> — P1|66) cot o + JW) t(Py).

sin «
(11.2.5)
In particular, the variation of the length of the segment P P, is as follows:
_ _ _ _ P)o
§|Py — P1| = h(sinf — |P, — P1|66) cot « — hsin 6 cot(6 — 0y) + M. (11.2.6)

sin o

The time difference 6t = @(Py) — u(Py) is

~ = ~ 1
ot = P)d6 cot hsinf — |Py — Py|00)——.
Foo(P2)00 cot o + (hsind — [Py — F1[d6) ——

Finally the admissibility condition reads as

.z o1 5
(hsin® — | P, — P1[06) il fao(P2)08 cot o

] 5 P,)66 _ _ (0
— Ccos« (hSin9—|P2—P1|50) COta—’—M_hSiHeCOt(Q—QO) —cosdhﬁ
sin a Sin(@ — o)
ind 9) si - 7] . sinf
= (hsinf — | P, — P1]66) sin o + cos asin f cot (6 — 6p) — cos G————— = 0.
sin(f — 6p)
This leads to
59_* siné—i—cotasinécot(é—@)—COS@ sin ¢
- |P, — Py 0 sina (@ — 00)

Compare with the previous case with 6 = 5 and A¢ = 0. In this case the initial data

(where we are deriving w.r.t. the parameter h) is the following:

o sind|P(g) - By
%J@‘sm@—¢>_ sin(f — ¢)

1 .~ |P(¢)—Pi| (. = .= - cos@  sinf
=~ (sind- "2 T (G154 cotasind cot(d — 6g) — - .
sin(f — ¢) <sm | Py — P sinf + cot arsin f cot( 0) sin o sin(f — 6y)

As before we are interested in the final point, that is for ¢ = 6 — o. We find that

cos & — cos a cos(f — ) sin §
Siﬂ(é — 90) ’

foo(0 —a) = (11.2.7)

sin o2

(compare with the computations for the segment case, that is A¢ = 0 and 0 = z.

11.2.1 RDE satisfied by the initial data
In this subsection we study the RDE satisfied by the initial data. It holds:

e In the interval ¢ € [pg + 0 — a, ¢po + 27 + ) it holds

Ues®) _ 1, (6)conen

In particular the solution
Goo(9) = Gop (00 + 6 — ) oot a(é—(¢o+0—a))

where gg, (qbo +0— a) is given by the formula (11.2.7).
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e In the point ¢ = ¢¢ + 27 + 0y there is a downward jump, that is

sin 6

=00 (11.2.8)

G0 (P0 + 2 + 00) — Ggo(d0 + 27 + p—) = —

which is computed by subtracting the length |P1P1|

e In the interval ¢ € [¢g + 27 + 0, o + 27 + 0) it holds

dg(ﬁo (@b)
d¢

— G6o(6) cot

e In the point ¢ = ¢g + 27 + 0 the jump is computed as follows:

f¢0(P2)

sin «
Foo(d0 +2m + 04+ 30) = fo (21 + 0 + o) + 60 f 4, (27 + 0 + o) cot a — | Py — Py;
therefore, using ((11.2.6]), we get

oo (0 + 2T + 0) — Goo (do + 27 + 0—) =

Foo (G021 +0+00) = fu (2740+¢0)+00 f (2m4+0+0) cot a— —|P,—P;

= 0|~ Pi| + f¢°( JooP2) 55
nao
_ cot( ‘—gg)sm@ ot a sin 0 ‘
sin® « sin(6 — 6p)

e For ¢ > ¢ + 27 + 0 the function gy, satisfies:

dge, _ _ 9o (¢ — 21— )
0 = cot age, (0) — o .

We have then that fy, = M‘ . Then we have that

e In the point ¢ = ¢g + 27 + 0y the downward jump is
Foo(d0 +2m + 60) — (b0 + 27 + 6p—) = —1; (11.2.9)

e In the point ¢ = ¢g + 27 + 0 the jump is

3 =~ _ 0—6
Joo(P0 +2m +0) — fo, (o + 21+ 0-) = COSS(mZQO) —cot?

11.2.2 Diverging family: segment case

In this subsection we finally compute the solution as we previously did in the arc case.
The numerical plots can be found in the Appendix Section [11.4

Theorem 11.2.1. Let 0 < 2.3 and let fy, be an element of the family made by a
segment and a saturated spiral. Then fg, > 0.

Proof. Without loss of generality we can assume ¢g = 0. We compute the solution f¢0.
Call

[ ]
cos & — cos a cos(f — 90)

f_¢0 (0_ — a) = K1 (é, (90)

sin a2
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e For ¢ € [0 — a, 27 + ) we have that

Foo(®) = r1(8,00)e? =),
e For ¢ € 27 + 6y, 27 + 0)

Fon(6) = (12 (B, )t SCH00=040) 1) cooteg=2n0) — g, gt o(6=27—00)
(11.2.10)

e Then we have

cos(6 — o)

ﬁﬁo (27T + é) = K2 (9_5 GO)GCOt (000 + sin o2

— cot® a = k3(60, 6p).

Finally, in the interval where it is continuous we have:

e Sofor ¢ € 27+ 0,47 + 6 + @)

_ _ g,g _ o d
Jo0(9) = <n3(9,9o) - M«b — 21 — 9)) ecota(¢—2m=6), (11.2.11)
S v
e Call then ) )
ka(0,00) = fo,(dm + 6y + );

e So that for ¢ € [4m + 0y + «, 47 + 6 + «] the solution reads as

r2(0,60)

foo(@) = (m(é, bo) — — (¢ —dm — 0y — a)) ecotal@—an=bo=a) = (11 9.12)
sin «

and so on. Again, numerical computations shows that x; > 0 fori = 1,2, 3,4. The

proof proceeds exactly in the same way as the one of the arc case (see Theorem

11.1.3)). Indeed it is enough to show that the two following quantities are positive

(Lemma [10.0.3)) (see Appendix [11.2.2] Section [11.4]).

S (47 + 6o +2a — 6) + k3 > 0
sin o«
and p B
—— 2 (27['—|—Oé+9—(90)+l€420.
sin «v

O]

Remark 11.2.2. It is compatible with the computations done for the arc case in the
case A¢ =0 and 0 = 7.

Remark 11.2.3. It would be interesting to investigate the optimization w.r.t. 8 and
fo.






Appendix Fire

Here the code provides the evaluation of the relevant quantities related to the function
fs: we do not ask the program to solve any PDE or ODE. The evaluation of these
functions are hard to perform by hand, and even if we do a careful analysis (like the
study of minima and maxima of the functions), at some point one needs to use a
calculator.

11.3 Numerical Computations for the Arc Case

In this section we present the numerical computations for the arc case (see Chapter
Section [11.1)). The orange line represents y = 0

k1l

! " " " " ! " " " " !

0.5 1.0 15

Figure 11.3: Computations for the arc case: k1.

169
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0.5 1.0 15

Figure 11.4: Computations for the arc case: ks.

k3

0.5 1.0 15

Figure 11.5: Computations for the arc case: k3.

Figure 11.6: Computations for the arc case: k4.
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77T
K3—Ki|2 a+ 90+7 csc(a)

! " " " " ! " " " " !

0.5 1.0 15

Figure 11.7: Computations for the arc case: k3 — -2 (2a + 0 + 7%)

sin «

57
Kg—Ky|a—6p+— | csc(a)
2

10

1 n n n n 1 n n n n 1

0.5 1.0 1.5

Figure 11.8: Computations for the arc case: kgy — 22 (a — 6+ 5%)

sin «
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11.4 Numerical Computations for the Segment Case

In this section we present the numerical computations for the segment case (see Chapter
Section [11.2). The blue plane corresponds to z = 0.

a5

0.0

| o4

0.2

0.0

1.2

Figure 11.9: Computations for the segment case: k1.

Figure 11.10: Computations for the segment case: kso.
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k3

1.3

1.2

Figure 11.11: Computations for the segment case: k3.

kd
1.5
1.0 l
05 '

0.0

Figure 11.12: Computations for the segment case: rq4.
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