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Abstract

At a sufficiently coarse-grained level, many polymers adopt a branched, tree-like organization.
In polymer physics, such structures were first studied in the context of chemically branched
molecules, while more recently branched structures have emerged as useful coarse-grained
descriptions of nonconcatenated ring polymers in melts. Related tree-like representations
have also been used to describe supercoiled and looped DNA and the secondary structures
of RNA.

Motivated by these observations, we study the statistical mechanics of the corresponding
branched-polymer ensembles. We consider randomly branched polymers, whose configura-
tions are specified by an underlying tree connectivity, and tightly double-folded rings, for
which a sequentially labelled contour additionally wraps around a branched backbone.

We first study both ensembles in the ideal limit, where spatial interactions are neglected.
In this case, their configurational multiplicities can be counted exactly through one-to-one
correspondences with sequences of integers. Randomly branched polymers are related to
graph-theoretical labelled trees through Prüfer codes, whereas tightly double-folded rings
are represented by a new encoding which we call the wrapping code. These correspondences
yield exact finite-size multiplicities and partition functions at controlled branching activity
and allow us to establish a quantitative mapping between the tree and ring ensembles.

We then use these exact statistical weights to develop efficient numerical sampling
strategies. Ideal trees can be generated independently in O(Ntree) operations. When spatial
interactions prevent direct sampling, we generalize Monte Carlo leaf-mover algorithms to
remain efficient over the full range of branching activity. Finally, the mapping between
trees and rings allows equilibrium statistics of interacting tightly double-folded rings to
be obtained through tree-level sampling. When excluded volume interactions are applied
consistently in both ensembles, this method provides a speedup by at least a factor of order
Nring for equilibrating double-folded ring melts.

These results establish a coherent statistical and computational framework connecting
annealed tree connectivity and tightly double-folded rings. Explicitly accounting for the
configurational entropy associated with changing representation provides both quantitative
relations between these ensembles and efficient routes for sampling them in ideal ensembles
as well as in ensembles with volume effects.
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Chapter 1

Introduction

Many polymers in biology have a simple linear covalent organization at small scales, but an
increasingly non-trivial structure at larger length scales. DNA and RNA are synthesized as
continuous chains that remain linear or circular, yet supercoiling, folding, loop formation,
and secondary-structure interactions can divide these chains into arms, junctions, and
terminal domains. Once microscopic details are coarse-grained, such structures can often
be represented as randomly branched, tree-like polymers.

This thesis studies the statistical mechanics of these effective tree-like states: How many
configurations are available, how are different ensembles of branching structures related,
and how can they be sampled efficiently.

1.1 Configurational entropy and coarse-graining

Statistical physics replaces a detailed microscopic description by a smaller set of variables
that retain the information relevant to the question of interest. The corresponding loss of
microscopic detail is quantified by Boltzmann’s relation

S(i) = kB ln(Ω(i)), (1.1)

where Ω(i) is the number of microstates compatible with a macrostate i, and S(i) is its
entropy. The entropy of a polymer can therefore be computed in several different ways,
depending on how the system of interest is coarse-grained.

We are predominantly interested in the configurational degrees of freedom and their
associated entropy. We use the term “configurational” to signify a polymer configuration
before spatial embedding. A specific example of a representation of a polymer configuration
is the connectivity matrix of individual labelled monomers for a specific branched polymer.
We use the conformational entropy to quantify the number of ways a polymer configuration
can then be embedded in space.

Under the right level of coarse-graining for Eq. (1.1), the configurational and conforma-
tional entropy can factorize cleanly. However, in practice, the categorization of microstates
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into configurational macrostates independently of their conformational entropy is highly
non-trivial in most physical situations. Two configurational microstates belonging to the
same macrostate can have vastly different conformational entropies. In genome organization,
spatial and topological [1] effects can strongly favour certain configurations while suppress-
ing or excluding others. More generally, exact results are rare once spatial interactions such
as excluded volume or confinement are considered.

We therefore often work in the ideal ensemble. We omit any form of spatial interaction,
such that in the ideal models considered here the conformational contribution does not
depend on the configuration of a fixed number of monomers N . At first, this seems like
a highly unphysical assumption for studying the systems of interest. After all, spatial
interactions fold polymers into their observed shapes, and excluding any form of spatial
interaction removes the very physical effect that our models are based on. However, in
the present simplified situations, exact calculations are possible across multiple ensembles,
such that we can compare those ensembles to arbitrary precision. Therefore, we use the
ideal ensemble as a necessary reference point for comparing randomly branched polymeric
systems.

1.2 Tree-like organization in polymer physics

The tree-like configurations considered in this thesis arise in two closely related polymer-
physics settings: randomly branched polymers and topologically constrained rings.

1.2.1 Randomly branched polymers

A randomly branched polymer (Fig. 1.1(b1)) is a polymer whose configuration can be
represented by a connected graph without cycles, i.e. a tree. Its configuration is specified by
the connectivity of the monomers, independently of how this connectivity is subsequently
embedded in space.

Randomly branched polymers have a long history in polymer physics. The classical work
of Flory, Zimm, and Stockmayer [2, 3, 4, 5, 6] considered chemically branched polymers,
for which the connectivity is effectively quenched once the bonds are formed. The exact
results of Zimm and Stockmayer will be recovered in Chapter 3.

Here, instead, we are primarily interested in branching with annealed connectivity [7, 8].
In this case branches can grow, shrink, or reorganize, so that the connectivity itself becomes
a fluctuating configurational degree of freedom. The different tree connectivities therefore
form a statistical ensemble whose multiplicity contributes directly to the configurational
entropy introduced above.

1.2.2 Topologically constrained ring polymers

A second route to tree-like polymer organization arises in dense systems of ring polymers.
The exact structure and dynamics of ring polymers in the melt state are less well understood
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than those of linear chains [9]. If rings are unknotted and nonconcatenated, the fact that
they cannot pass through one another gives rise to topological constraints that are absent for
equivalent linear polymers [1]. As a result, sufficiently long rings cannot freely interpenetrate
their neighbours and adopt compact, crumpled conformations [10].

A useful coarse-grained representation takes a crumpled ring contour (Fig. 1.1(a)) to
be tightly double-folded into a branched configuration (Fig. 1.1(b2)). The underlying
branched path traced out by the double-folded ring (Fig. 1.1(b1)) can itself be used as
a representation of the ring. These branched representations connect the compact and
territorial behaviour of rings in melts to that of randomly branched polymers [11]. The
randomly branched polymer and the tightly double-folded ring can therefore share the same
underlying tree geometry while carrying different configurational degrees of freedom. In
this thesis, we count these configurational degrees of freedom explicitly to relate the two
ensembles as in Fig. 1.1(c).

(a)

(b1)

(c)

(b2)

Figure 1.1: The central relation between the ensembles in this thesis. (a) A continuous ring
conformation is coarse-grained to its branched geometry, which can either be studied as
(b1) a randomly branched polymer or as (b2) a tightly double-folded ring contour with a
tree-like geometry. In (c), the two descriptions are superimposed; zero-length ring bonds
(red arcs) provide stored length.
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1.3 Tree-like organization in biopolymers

Tree-like organization can arise in biological polymers through several different physical
mechanisms. Below, we discuss three examples: bacterial DNA, eukaryotic chromatin, and
RNA secondary structures.

(a)

(b)

(c)

(d)

Figure 1.2: Examples motivating tree-like coarse-grained descriptions of polymers and
biopolymers. Each panel is read from left to right. (a) Bacterial DNA is circular and, under
torsional stress, can form plectonemic structures. These can be coarse-grained as a double-
folded ring wrapped around a branched backbone. (b) Eukaryotic DNA undergoes successive
levels of compaction: DNA is first wrapped around nucleosomes, while at larger scales
SMC complexes (orange ring) extrude chromatin loops, whose growth can be constrained
by CTCF sites (pink blocks). Such loops can likewise be coarse-grained as rings around a
branched backbone. (c) Polymer melts of linear, ring, and tree polymers of comparable size.
The periodic simulation box is shown for scale. Linear polymers strongly interpenetrate
and explore a larger volume per polymer, whereas ring and tree polymers remain more
spatially segregated and form territorial conformations. (d) A generic pseudoknot-free RNA
secondary structure can be mapped onto a branched tree backbone.
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1.3.1 Bacterial DNA

Many bacterial chromosomes and plasmids are circular DNA molecules, ranging in length
from kilobase pairs for plasmids to several megabase pairs for chromosomes [12]. Because
the double helix is closed on itself, additional winding cannot simply be released by rotating
an endpoint, and local over- or underwinding therefore generates torsional stress [13].

Transcription, for example, can create overwinding ahead of a moving polymerase and
underwinding behind it [14]. Bacterial cells can regulate this stress using topoisomerases [15],
which cut DNA and thereby allow its topological state to change. Torsional stress can
also be accommodated by supercoiling: the DNA folds back on itself at larger scales,
forming plectonemes in which two parts of the contour wind around one another [16] (see
Fig. 1.2(a)). For sufficiently long circular DNA, several plectonemes can coexist [16, 17],
giving the molecule an effectively branched structure. Since these plectonemes can grow,
shrink, diffuse, and reorganize along the contour, the corresponding connectivity is naturally
annealed rather than quenched.

A coarse-grained computational model of this idea was first introduced in [18, 19]. More
recently, a spatially embedded version was developed in [20, 21, 22]. In the latter model,
both the circular contour of the DNA and the underlying tree geometry are retained by
tightly wrapping a ring polymer around a lattice tree (see Fig. 1.1(c)). The resulting
structures are dynamically equilibrated using local Monte Carlo moves that preserve the
closed, branched geometry, as reviewed in Sec. 5.3.

The model has been shown to reproduce features of statistically averaged Hi-C contact
maps of bacterial DNA [21]. However, simulations based only on the local ring dynamics
become prohibitively slow at chromosome-scale lengths; the equilibration times estimated
in Sec. 7.6.2 would correspond to several years of computation. This provides a concrete
motivation for the more efficient sampling methods developed in this thesis.

1.3.2 Eukaryotic DNA during interphase

Eukaryotic chromosomes are generally much longer than bacterial chromosomes and have
a linear rather than circular topology. In humans, approximately 2m of DNA is packed
into a nucleus only of order 10µm in diameter, making its spatial organization highly
non-trivial [23].

DNA is first compacted by wrapping around nucleosomes to form chromatin. Beyond
this scale, chromatin organization remains an active area of research [24, 25, 26, 27], with
chromosome-contact measurements revealing structure over a broad range of genomic length
scales [28, 29].

One mechanism that is particularly relevant here is loop extrusion. Structural main-
tenance of chromosomes (SMC) complexes [30] can bind to chromatin and progressively
extrude loops, while other DNA-binding factors can stall this process at particular loca-
tions [31] (see Fig. 1.2(b)). As these loops form, grow, and reorganize, their large-scale
geometry can be coarse-grained into an effectively branched structure.
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A second connection with the models considered here appears on the scale of entire
chromosomes. During interphase, chromosomes occupy distinct territories, whereas suffi-
ciently long linear polymers at equilibrium in a dense melt strongly interpenetrate. The
equilibration time of chromosome-sized polymers can, however, be much longer than bi-
ologically relevant time scales [32]. Chromosomes may therefore retain compact, weakly
mixed conformations rather than reaching the equilibrium state of a linear-polymer melt.
This observation has motivated the use of nonconcatenated ring polymers as an equilibrium
reference for chromosome organization [32, 33], since sufficiently long rings in melts likewise
form compact and territorial conformations [10] (see Fig. 1.2(c)).

These two pictures have different physical origins. Loop extrusion is an active, ATP-
driven process, whereas the territorial organization of nonconcatenated rings follows from
topological constraints in a dense environment. They should therefore not be identified with
one another. Both can nevertheless lead, after sufficient coarse-graining, to an effectively
branched polymer geometry.

1.3.3 Secondary structures of RNA molecules

RNA provides a different example of tree-like organization, arising from its secondary
structure rather than from the large-scale folding mechanisms discussed above. In structures
without pseudoknots, base-paired stems and single-stranded loops or junctions define a
natural branched structure (see Fig. 1.2(d)).

In recent work [34], the scaling properties of such RNA secondary structures have
been studied as randomly branched polymers. In this representation, a base-paired stem
traces the two sides of a tree bond, while single-stranded loops and junctions form the tree
nodes. Within this approximation, RNA secondary structures can be related to self-avoiding
randomly branched polymers.

1.4 Aim and organization of the thesis

The central aim of this thesis is to derive and exploit configurational entropies for tree-like
polymers. We use these entropies to establish quantitative connections between randomly
branched polymers and tightly double-folded rings, and to develop efficient methods for
sampling the corresponding statistical ensembles. The main results are:

• We develop an exact combinatorial description of ideal labelled trees with controlled
branching activity, from which configurational entropies and structural observables
can be calculated.

• We introduce a wrapping code for tightly double-folded rings, derive their configura-
tional entropy, and establish a quantitative mapping between ring and tree ensembles.
The same correspondence remains applicable to interacting systems when spatial
interactions are treated consistently in the two representations.

• We use the tree representation to generate independent ideal-tree configurations in
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linear time, providing exact benchmarks and access to system sizes that are difficult
to equilibrate using conventional Monte Carlo sampling.

• We analyse and extend Amoeba Monte Carlo algorithms for annealed trees and
develop sampling strategies for tightly double-folded rings, with particular attention
to their equilibration and computational efficiency.

The remainder of the thesis is organized as follows. Chapter 2 introduces the polymer observ-
ables, scaling relations, and ring-melt physics needed in the following chapters. Chapters 3
and 4 form the analytical core of the thesis: the former derives the exact configurational
statistics of randomly branched polymers, while the latter develops the corresponding
description for tightly double-folded rings and establishes the tree–ring mapping. Chapter 5
develops the sampling algorithms used for these ensembles. Chapters 6 and 7 then test the
theory and algorithms, first by establishing their statistical consistency and ensemble equiv-
alence, and subsequently by analysing their equilibration and computational performance.
Finally, Chapter 8 summarizes the main results and discusses their limitations and possible
extensions.

The material presented in Chapters 3–7 closely follows these publications:
• P.H.W. van der Hoek, A. Rosa, R. Everaers (2024). Amoeba Monte Carlo algorithms

for random trees with controlled branching activity: Efficient trial move generation
and universal dynamics. Physical Review E, 110 (4), 045312.

• P.H.W. van der Hoek, A. Rosa, R. Everaers (2025). Configurational entropy of
random trees. Physical Review E, 112 (6), 065405.

• P.H.W. van der Hoek, A. Rosa, E. Ghobadpour, R. Everaers (2026). Configurational
entropy of randomly double-folding ring polymers. The Journal of Chemical Physics,
164 (8), 081101.

• P.H.W. van der Hoek, A. Rosa, E. Ghobadpour, R. Everaers (2026). Coherent mod-
eling of double-folded ring polymers and their underlying random tree structure. The
Journal of Chemical Physics, 165 (4), 044902.

During the course of this PhD, the candidate also contributed to:
• S.A. Harris, G. Lattanzi, A. Rosa, R. Everaers, et al. (including P.H.W. van der Hoek)

(2026). Meso-soup: A community approach to building a computational description
of the biological mesoscale. Biophysical Journal, 125(17), 4528–4540.
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Chapter 2

Statistical physics of polymers and
ring melts

Chapter 1 introduced the configurational degrees of freedom that are central to this
thesis. Before studying their statistics in detail, we discuss the polymer-physics results
needed to characterize their spatial conformations. We begin with ideal linear chains and
rings, introduce the size and contact observables used later, and then discuss how spatial
interactions modify these reference statistics. Finally, we return to ring melts to motivate
the tree-like, double-folded representation introduced in Chapter 1.

Many polymer observables display power-law scaling and are therefore conveniently
characterized by a small number of scaling exponents. Such scaling holds only between
appropriate microscopic and macroscopic cut-offs. For the polymers considered in this
thesis, we choose the Kuhn length lK as the smallest length scale.

Equivalently, we describe polymers as freely jointed chains of effective segments of length
lK, so that local orientational correlations below this scale have already been coarse-grained
out [35, 36, 37]. In the discrete models used below, this is naturally implemented by
choosing a fixed bond length b such that

b = lK. (2.1)

We emphasize that, unless stated otherwise, the polymers considered here have fixed bond
lengths between adjacent monomers. Elasticity is therefore not introduced through, for
example, harmonic bond potentials. When polymers are embedded on a lattice, we also
choose the lattice spacing a to be equal to the Kuhn length,

a = lK. (2.2)
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2.1 Ideal linear chains

The simplest polymer is a linear chain. A linear chain of N monomers consists of N − 1

bonds of fixed length b = lK. We embed the polymer on a regular lattice with lattice
spacing a = b and coordination number c. The monomers are labelled in increasing order
along the contour, such that monomer i = 1 is at one end and monomer i = N is at the
other. When no additional interactions are present, the chain is an ideal random walk of
N − 1 steps on the chosen lattice. Up to translations of the starting point, the number of
conformations is therefore

Ωlin(N) = cN−1. (2.3)

The corresponding conformational entropy is

Slin = kB(N − 1) ln c. (2.4)

Equivalently, an ideal linear polymer is specified by the successive orientations of its bonds.

2.1.1 The end-to-end distance

We are usually interested in ensemble-averaged observables rather than individual confor-
mations. One such observable is the squared end-to-end distance,

〈
R2

ee(N)
〉
≡
〈
(r⃗N − r⃗1)

2
〉
. (2.5)

The end-to-end distance can be computed exactly after specifying the underlying lattice.
Consider, for example, a linear chain on the three-dimensional simple cubic lattice, for
which c = 2d = 6. The N − 1 bond orientations can be divided into Nx steps along the
x-axis, Ny steps along the y-axis, and Nz steps along the z-axis. For fixed Nx, Ny, and Nz,
this can be done in

(N − 1)!

Nx!Ny!Nz!
(2.6)

ways. Each step along a given axis can be in the positive or negative direction. Thus
Nx = Nx++Nx−, and similarly for y and z. For fixed values of Nx+, Nx−, Ny+, Ny−, Nz+,
and Nz−, the number of walks is

(N − 1)!

Nx!Ny!Nz!

Nx!

Nx+!Nx−!
Ny!

Ny+!Ny−!
Nz!

Nz+!Nz−!

=
(N − 1)!

Nx+!Nx−!Ny+!Ny−!Nz+!Nz−!
. (2.7)

For a single conformation, the squared end-to-end distance is

R2
ee = b2

[
(Nx+ −Nx−)2 + (Ny+ −Ny−)2 + (Nz+ −Nz−)2

]
. (2.8)
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The ensemble average is therefore

〈
R2

ee(N)
〉
=

(N − 1)!

6N−1

∑

Nx+, Nx−,
Ny+, Ny−,
Nz+, Nz−

R2
ee

Nx+!Nx−!Ny+!Ny−!Nz+!Nz−!
, (2.9)

with the constraint

Nx+ +Nx− +Ny+ +Ny− +Nz+ +Nz− = N − 1. (2.10)

In Eq. (2.9) the six orientation counts are distributed multinomially, with probability 1/6 for
each possible orientation at each step. The corresponding means, variances, and covariances
are thus

⟨Nα⟩ =
N − 1

6
, (2.11)

Var(Nα) =
5(N − 1)

36
, (2.12)

Cov(Nα, Nβ) = −N − 1

36
, α ̸= β, (2.13)

where α, β ∈ {x+, x−, y+, y−, z+, z−}. Since ⟨Nx+ −Nx−⟩ = 0, we have

〈
(Nx+ −Nx−)2

〉
= Var(Nx+ −Nx−)

= Var(Nx+) + Var(Nx−)− 2Cov(Nx+, Nx−)

=
N − 1

3
. (2.14)

The same result holds for the y- and z-directions. Therefore,

〈
R2

ee

〉
= (N − 1)b2. (2.15)

Although derived here for the simple cubic lattice, this result is general for ideal freely
jointed chains. The reason is that there are no correlations between distinct bond vectors
u⃗i:

⟨u⃗i · u⃗j⟩ =




0, i ̸= j,

b2, i = j.
(2.16)
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Writing the end-to-end vector as a sum over bond vectors gives

〈
R2

ee

〉
=

〈(
N−1∑

i=1

u⃗i

)2〉

=
N−1∑

i=1

〈
u⃗ 2
i

〉
+

N−1∑

i,j=1
i̸=j

⟨u⃗i · u⃗j⟩

= (N − 1)b2. (2.17)

The independence of this result from the microscopic lattice details is an example of
universality. Identifying N − 1 with the contour length in units of the Kuhn length, the
scaling relation is

〈
R2

ee

〉
∼ (N − 1)2ν , (2.18)

ν =
1

2
. (2.19)

The value ν = 1/2 is specific to ideal linear-chain statistics. Interactions and changes of
connectivity can generate different exponents; the examples needed later in the thesis are
introduced in Secs. 2.4 and 3.4.

2.1.2 Gyration radius

Although the end-to-end distance is useful for linear chains, it has no direct analogue for
many more general polymeric systems. For this reason, it is often preferable to characterize
polymer size by the squared radius of gyration,

R2
g ≡ 1

N

N∑

i=1

(r⃗i − r⃗com)
2 , (2.20)

where

r⃗com =
1

N

N∑

i=1

r⃗i (2.21)

is the centre of mass. Equivalently,

R2
g =

1

2N2

N∑

i,j=1

(r⃗i − r⃗j)
2 . (2.22)

Thus, the radius of gyration measures the average squared spatial distance between
monomers.

For an ideal linear chain, the expectation value of R2
g follows from the same absence of

bond-vector correlations used above. For two monomers separated by |i− j| bonds along
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the contour, 〈
|r⃗i − r⃗j |2

〉
= |i− j| b2. (2.23)

Therefore,

〈
R2

g

〉
=

b2

2N2

N∑

i,j=1

|i− j| (2.24)

=
b2

N2

N∑

i=2

i−1∑

j=1

(i− j)

=
b2

N2

N−1∑

s=1

s(N − s)

=
b2

N2

N(N2 − 1)

6

=
b2

6

(
N − 1

N

)
. (2.25)

For large N ,
〈
R2

g

〉
≃ Nb2

6
. (2.26)

The average radius of gyration of an ideal linear chain therefore obeys the same scaling
exponent as the average end-to-end distance.

2.1.3 Kramers’ theorem

So far, we have interpreted the radius of gyration either as the average squared distance
of monomers from the centre of mass, Eq. (2.20), or as an average over all pairwise
squared monomer distances, Eq. (2.22). For ideal tree-like polymers, there is a third useful
interpretation. Because distinct bond vectors are uncorrelated, the average squared spatial
distance between two monomers is equal to b2 times the number of bonds on the unique
path connecting them (Eq. (2.23)).

This observation leads to Kramers’ theorem [38]. Consider a connected polymer graph
without cycles. Cutting any bond divides the graph into two components containing n and
N − n monomers. That bond lies on the path between exactly n(N − n) unordered pairs
of monomers. Since Eq. (2.22) counts ordered pairs and contains a prefactor 1/(2N2), the
factors of two cancel, and the squared radius of gyration of an ideal tree can be written as

R2
g =

b2

N2

∑

cuts

n(N − n), (2.27)

where the sum is over all N − 1 bonds of the polymer. Averaging over an ensemble of
conformations or topologies gives

〈
R2

g

〉
=

b2

N2

〈∑

cuts

n(N − n)

〉
. (2.28)
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If all bonds are statistically equivalent, this can also be written as

〈
R2

g

〉
=

b2(N − 1)

N2

N−1∑

n=1

n(N − n) pN (n), (2.29)

where pN (n) is the normalized probability that a randomly chosen cut separates off a
sub-polymer of n monomers. For an ideal linear chain, pN (n) = 1/(N − 1) uniformly, and
Eq. (2.29) immediately reproduces Eq. (2.25). Although we introduced Kramers’ theorem
using ideal linear chains, the theorem applies more generally to ideal polymer graphs
without cycles. This will be useful in the next chapter.

2.2 Ring polymers

The polymeric systems discussed so far were open linear chains. We now add a first level of
complexity by imposing that monomer 1 and monomer N of a linear chain are separated in
space by one Kuhn length, so that they can be connected by an additional bond. After
introducing this final bond, the polymer becomes a ring with N monomers and N bonds.

2.2.1 Conformational multiplicity of a ring polymer

Again, consider the three-dimensional simple cubic lattice. For a rooted and oriented ring,
equivalently a closed random walk of N steps starting at a fixed lattice site, the number of
conformations is

Ωring(N) =
∑

Nx+, Nx−,
Ny+, Ny−,
Nz+, Nz−

N ! δNx+,Nx− δNy+,Ny− δNz+,Nz−

Nx+!Nx−!Ny+!Ny−!Nz+!Nz−!

=
∑

Nx,Ny ,Nz≥0
Nx+Ny+Nz=N
Nx,Ny ,Nz even

N !

[(Nx/2)!]
2 [(Ny/2)!]

2 [(Nz/2)!]
2 . (2.30)

The Kronecker deltas impose closure: the number of positive and negative steps must be
equal along each axis. On the simple cubic lattice this also implies that Ωring(N) = 0 for
odd N .

For large even N , Eq. (2.30) can be approximated by first taking Stirling’s approximation
for the factorials, then converting the sum into an integral and subsequently computing the
resulting integral using Laplace’s method around its maximum, where Nx = Ny = Nz, such
that:

Ωring(N) ≃ Asc 6
N N−3/2, Asc = 2

(
3

2π

)3/2

, (2.31)

for even N .
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2.2.2 Ring closure as contact probability

Equation (2.31) has a simple interpretation: A ring is obtained by imposing the additional
constraint that the end point of a random walk returns to the neighbourhood of its starting
point. For an ideal chain of N bonds in d dimensions, the typical size scales as Ree ∼ Nν

with ν = 1/2 (see Sec. 2.1.1). The volume explored by the end point therefore scales as
Rd ∼ Ndν , so the probability of finding the end point within a fixed microscopic volume
near the starting point scales as N−dν . Thus, more generally,

Ωring(N) ∝ cNN−dν , (2.32)

or, equivalently, the contact probability of the two ends of a chain scales as

Pcontact(N) ∝ N−dν . (2.33)

For an ideal chain, ν = 1/2, which gives Pcontact(N) ∝ N−d/2.

2.2.3 The size of ideal rings

For a freely jointed ideal ring, Eq. (2.17) gives:

〈
R2

ee,ring

〉
=

N∑

i=1

〈
u⃗ 2
i

〉
+

N∑

i,j=1
i̸=j

⟨u⃗i · u⃗j⟩ = 0 ,

and because
〈
u⃗ 2
i

〉
= b2, we find on average:

⟨u⃗i · u⃗j⟩ ≃




− b2

N
, for i ̸= j ,

b2, for i = j ,
(2.34)

in the large-N limit. For an ideal ring, the mean squared spatial distance between two
monomers separated by a contour distance s is then

〈
|r⃗i+s − r⃗i|2

〉
ring

≃ b2s
(
1− s

N

)
, 0 ≤ s ≤ N. (2.35)

This expression can be understood as follows: For s ≪ N , the ring does not yet feel the
closure constraint and the distance grows as in a linear chain. The expression is symmetric
under s → N − s, as required for a ring, and it vanishes at s = N , where the contour has
returned to its starting monomer. Substituting Eq. (2.35) into the pair-distance definition
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of the radius of gyration yields

〈
R2

g

〉
ring

=
1

2N2

N∑

i,j=1

〈
(r⃗i − r⃗j)

2
〉
ring

≃ b2

2N

N−1∑

s=0

s
(
1− s

N

)

≃ b2

12

(
N − 1

N

)
. (2.36)

For large N ,
〈
R2

g

〉
ring

≃ Nb2

12
. (2.37)

Thus, an ideal ring is smaller than an ideal linear chain of the same contour length by a
factor of two in

〈
R2

g

〉
.

2.3 Interacting linear chains

The ideal-chain results above follow from the absence of correlations between distinct bond
vectors. Real polymers, however, interact with themselves and with their environment. In
this thesis, we consider excluded volume effects, which prevent monomers from occupying
the same lattice sites. These interactions change the statistics of polymer conformations
and, in many cases, change the scaling exponent ν.

2.3.1 Self-avoiding walks

The effect of excluded volume on a single linear chain can be estimated by a Flory
argument [39]. A chain of size Ree pays an entropic stretching cost of order R2

ee/(Nb2).
This factor can be found by approximating the variance of the distribution in Eq. (2.9) in
the large-N limit. At the same time, the repulsive interaction energy is proportional to the
square of the monomer density in the occupied volume of the polymer, giving a contribution
of order vN2/Rd

ee, where v is an effective excluded-volume parameter. In units of kBT ,

βF (Ree) ∼
R2

ee

Nb2
+ v

N2

Rd
ee

. (2.38)

Minimizing this free energy with respect to Ree gives

Ree ∼ bNνF , νF =
3

d+ 2
. (2.39)

In three dimensions, this gives νF = 3/5, close to the more accurate self-avoiding-walk value
ν ≃ 0.588 [40]. Thus, when a linear polymer is mainly interacting with itself, such as in a
good solvent, it is swollen relative to an ideal chain.
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2.3.2 Melts of linear chains

When many polymers occupy the same volume at high monomer density, the system forms a
polymer melt. Excluded-volume interactions then occur both between monomers belonging
to the same chain and between monomers belonging to different chains. In general these
interactions cannot be treated on the same footing.

For linear polymers in three dimensions, however, these interactions are screened on
sufficiently large length scales, and the chain recovers ideal statistics. A useful quantity for
illustrating this behaviour is the self-density of a chain, i.e. the density of its own monomers
within the volume that it occupies:

ρself ∼
N

Rd
ee

∼ b−dN1−dν . (2.40)

For ν > 1/d, the self-density decreases with increasing N . A sufficiently long chain therefore
occupies a volume containing predominantly monomers belonging to other chains rather
than to itself. Contrary to the self-avoiding case, the self-interactions that swell the polymers
are thus heavily suppressed and the isotropic contributions from other polymers cancel
each other’s effect on average [35, 36, 37]. In a dense melt, the resulting screening of
excluded-volume interactions leads asymptotically to Gaussian statistics,

ν =
1

2
. (2.41)

2.3.3 Coil-to-globule transition

The situation changes when interactions between monomers are sufficiently attractive, as
for a polymer in a poor solvent. The chain then collapses from an extended coil into a
compact globule.

A compact globule has a finite monomer density in the large-N limit. Using Eq. (2.40),
this requires

Rd
ee ∼ N, ν =

1

d
. (2.42)

In three dimensions, this gives ν = 1/3. This constant-density scaling corresponds to a
compact, territorial conformation and will be useful below when discussing rings in melt
conditions.

2.3.4 Contact probabilities for interacting linear chains

The different conformational regimes discussed above are reflected not only in polymer size
but also in contact probabilities. For an ideal chain, two monomers separated by a contour
distance s span a typical spatial distance of order s1/2, and their contact probability scales
as s−d/2. More generally, replacing this ideal size by sν gives the mean-field estimate

Pcontact(s) ∼ s−dν . (2.43)
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Equation (2.33) is recovered for ν = 1/2. For interacting polymers, this relation is generally
only an estimate. Different scaling regimes can occur within the same polymer [37], and
local correlations can affect contact statistics independently of the global polymer size. It
is therefore often useful to introduce a local or path exponent νpath, defined through the
size of a polymer sub-segment,

R(s) ∼ sνpath . (2.44)

Within the same mean-field argument, the corresponding contact probability scales as

Pcontact(s) ∼ s−dνpath . (2.45)

This distinction between global and local scaling is also useful for the branched and ring
polymers considered below [41, 42, 43].

2.4 Tree-like descriptions of ring melts

A melt of closed rings is subject to topological constraints that have no analogue for linear
chains. If rings are prepared unknotted and nonconcatenated and strand crossings are
forbidden, they cannot pass through one another or freely interpenetrate. Simulations of
sufficiently long rings consequently show compact and territorial conformations [44, 45, 46,
47, 48, 10, 11, 49], with large-scale behaviour consistent with

〈
R2

g(N)
〉
∼ N2νring , νring ≃ 1

3
. (2.46)

Topological constraints are not important on the smallest length scales. There, linear chain
statistics are expected and the crossover towards the compact regime can be slow. Effective
exponents between the linear-melt value 1/2 and the compact value 1/3 are therefore
commonly observed and predicted [11, 50, 51].

(a) (b) (c)

Figure 2.1: Three coarse-grained pictures of ring-polymer melts. (a) A strictly double-
folded ring constrained by a fixed array of obstacles, giving rise to a branched primitive
path [52, 53]. (b) The decorated-ring model [54], in which a ring fills its territorial volume
through a collection of loops. (c) The fractal loopy-globule model [55], in which loops are
organized hierarchically over multiple length scales.
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2.4.1 Double folding and branched primitive paths

A particularly simple setting is a ring moving through a fixed array of obstacles, as illustrated
in Fig. 2.1(a) [52]. To remain unentangled with the obstacles while exploring the available
space, the ring repeatedly folds back on itself. The path traced by this double-folded
structure defines a primitive path [56]. Khokhlov and Nechaev showed that this problem
can be mapped onto a random walk on a Cayley tree [52], providing a direct example of a
ring whose coarse-grained organization is described by a branched backbone.

For an ideal branched primitive path this construction gives the tree exponent νtree = 1/4,
rather than the compact value νring ≃ 1/3 observed for long rings in melts. The obstacle
model therefore cannot by itself describe the spatial statistics of a real three-dimensional
ring melt.

The tree-like picture nevertheless remains useful beyond the fixed-obstacle problem.
Branched primitive paths have also been observed for unconcatenated rings in two-
dimensional melts [57]. For three-dimensional melts, Ref. [11] described the large-scale
organization of rings as a combination of three entropy maximizing strategies: double-
folding reduces the surface available for threading, branching increases the number of
primitive-path configurations, and spatial interactions prevent the resulting branched struc-
ture from becoming overcompact. Within a tightly double-folded description, the last effect
is represented by interactions acting on the underlying branched polymer. The appropriate
reference is therefore an interacting annealed tree rather than an ideal one.

2.4.2 Scope of the double-folded approximation

A strictly double-folded ring is more constrained than a microscopic ring melt. More general
models allow the ring to open locally while retaining an underlying branched organization.
Examples are the decorated-ring model [54] and the fractal loopy-globule model [55], shown
in Fig. 2.1(b,c).

An important consequence of such openings is the possibility of threadings, where part
of one ring passes through a loop of another without producing permanent concatena-
tion [58]. Threadings may have modest effects on some static observables but can strongly
influence long-time dynamics, and have been discussed in connection with slow or glass-like
relaxation [59]. These effects are not included explicitly in the tightly double-folded model
studied in this thesis.

At sufficiently coarse resolution, however, branched primitive paths remain a useful
description of ring structure on and above the entanglement scale [49]. The tightly double-
folded ring should therefore be used as a controlled standard model, rather than as a
complete microscopic description of a ring melt.
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2.5 Chapter summary

Ideal chains provide the reference relations ⟨R2
ee⟩ ∼ N , ⟨R2

g⟩ ∼ N , and ν = 1/2, while
Kramers’ theorem rewrites the size of any ideal acyclic polymer in terms of the masses
separated by cutting its bonds. Ring closure introduces a return constraint and connects
conformational counting to contact probabilities. Spatial interactions and topological
constraints can then change the scaling exponent and the associated contact statistics.

For long nonconcatenated rings in melts, topological constraints motivate a coarse-
grained description in terms of a branched primitive path. In the tightly double-folded
limit, this path can be treated as an annealed tree, but the compact melt statistics require
spatial interactions and therefore differ from those of an ideal tree. The following chapter
first isolates the configurational statistics of this ideal annealed-tree reference ensemble.
Interactions and the explicit wrapped ring contour are reintroduced later.
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Chapter 3

Exact configurational statistics of
randomly branched polymers

Chapter 2 introduced the polymer observables used throughout this thesis and showed
how topological constraints in dense ring systems motivate an effectively double-folded,
tree-like backbone on sufficiently coarse length scales [52, 53, 10, 11]. We now isolate
that connectivity degree of freedom and study randomly branched polymers as statistical
ensembles of annealed trees, beginning with the ideal case in which connectivity can be
treated independently of spatial interactions.

The main purpose of this chapter is to establish an exact reference theory for the ideal
tree ensemble. We first define the tree constraints and the statistical weights assigned to
different node functionalities. We then use Prüfer codes to count labelled tree connectivities
exactly and obtain the corresponding configurational partition function. The distinction
between labelled and unlabelled trees is discussed before turning to structural consequences
of the exact ensemble, in particular the dependence of the radius of gyration on branching
and the relation between the branch point chemical potential and the activity parameter λ.

3.1 Tree ensemble, constraints, and statistical weights

A randomly branched polymer is represented by a connected acyclic graph G containing
Ntree nodes. Such a tree contains

N tree
bond = Ntree − 1 (3.1)

tree bonds.
As in Chapter 1, we distinguish a configuration, which specifies the connectivity G, from

a conformation, which additionally specifies the spatial embedding of that connectivity. In
the ideal lattice ensemble the Ntree − 1 tree bonds may be oriented independently. With
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one reference node fixed, a given tree configuration therefore has

Ωemb(Ntree) = cNtree−1 (3.2)

possible embeddings on a regular lattice of coordination number c. This factor will be
kept separate from the connectivity multiplicity below. In the simulations used later in the
thesis, the embedding lattice is the three-dimensional face-centred cubic (FCC) lattice, for
which c = 12.

3.1.1 Functionality constraints

We denote by fi the number of tree bonds emanating from node i. This quantity is referred
to as the node functionality, or vertex degree. We further denote by Nf the total number
of nodes with functionality f . The numbers Nf must satisfy

fmax∑

f=1

Nf = Ntree , (3.3)

where the maximum functionality fmax is a model-dependent parameter. When no
additional functionality constraint is imposed, fmax = Ntree − 1.

Because each tree bond is shared by two nodes, the sum of the node functionalities
satisfies

Ntree∑

i=1

fi =

fmax∑

f=1

fNf = 2(Ntree − 1) . (3.4)

Combining Eqs. (3.3) and (3.4) shows that the total number of endpoints, or leaves, N1,
obeys

N1 = 2 +

fmax∑

f=3

(f − 2)Nf . (3.5)

For most applications, we restrict the maximum functionality to fmax = 3. Equa-
tions (3.4) and (3.5) then reduce to the linear constraints

N1 = N3 + 2 , (3.6)

N2 = Ntree − 2N3 − 2 . (3.7)

At fixed Ntree, the condition N2 ≥ 0 implies
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N3,max =
Ntree − 2

2
for Ntree even , (3.8)

N3,max =
Ntree − 3

2
for Ntree odd . (3.9)

3.1.2 Controlled activity

Following Refs. [41, 60, 42], we control the numbers Nf of the different node types by
assigning a chemical potential µf to nodes of functionality f and introducing the Hamiltonian

HG = −
∑

f

µfNf . (3.10)

For maximum functionality fmax = 3, all Nf are linearly related through Eqs. (3.6)
and (3.7). At fixed Ntree, terms in Eq. (3.10) that are independent of N3 contribute only an
overall constant to the statistical weight. After absorbing the remaining linear combination
of chemical potentials into the definition of µ3, the Hamiltonian can therefore be written as

HG = −µ3N3 . (3.11)

Here and below, µ3 denotes this effective branch point chemical potential for the
tree ensemble. The corresponding chemical potential for the ring ensemble is introduced
separately in Chapter 4, where the difference in configurational entropy between the two
descriptions becomes relevant.

3.1.3 Ideal and interacting tree ensembles

The exact counting developed in the remainder of this chapter concerns the ideal ensemble,
in which the statistical weight of a configuration depends only on its connectivity and on
the functionality chemical potentials. Spatial interactions can nevertheless be added at the
conformational level without changing the definition of a tree configuration.

For later use, let x⃗i denote the position of tree node i. Hard excluded volume between
distinct tree nodes is represented by

βuEV(x⃗i, x⃗j) =




+∞, x⃗i = x⃗j ,

0, otherwise,
(3.12)

with corresponding Boltzmann weight

wEV(x⃗i, x⃗j) = exp[−βuEV(x⃗i, x⃗j)] =




0, x⃗i = x⃗j ,

1, otherwise.
(3.13)
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The total interaction contribution is

βHint =
∑

1≤i<j≤Ntree

βuEV(x⃗i, x⃗j). (3.14)

Unless explicitly stated otherwise, Hint = 0 in this chapter. This ideal limit is what allows
the embedding factor in Eq. (3.2) to factor from the configurational partition function.

3.2 Exact configurational entropy of randomly branched poly-
mers

In the ideal ensemble, the partition function of a randomly branched polymer can be
separated into conformational and configurational contributions. At fixed Ntree, it can be
written as

Ztree (Ntree, {µf}) = cNtree−1Ztree (Ntree, {µf}) , (3.15)

where

Ztree (Ntree, {µf}) =
′∑

{Nf}
Ωtree (Ntree, {Nf}) exp


β
∑

f

µfNf


 (3.16)

is the configurational partition function. Here, {µf} denotes the set of chemical
potentials conjugate to the numbers {Nf} of nodes belonging to the different functionality
classes. The prime indicates that the sum is restricted to compositions satisfying the tree
constraints introduced in Sec. 3.1.1.

The multiplicity

Ωtree (Ntree, {Nf}) (3.17)

counts the number of distinct tree configurations with the same composition {Nf}. The
corresponding configurational entropy is given by Boltzmann’s relation,

Sconf
tree (Ntree, {Nf}) = kB lnΩtree (Ntree, {Nf}) . (3.18)

For completeness, the conformational, or embedding, entropy follows from the number
of ideal lattice embeddings given in Eq. (3.2). With the position of one reference node fixed,
it is

Semb
tree (Ntree) = kB ln

(
cNtree−1

)
= kB(Ntree − 1) ln c . (3.19)

The total entropy at fixed tree composition is therefore the sum of the configurational
and embedding contributions.

To determine Ωtree(Ntree, {Nf}), we first represent a configuration G by the connectivity
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matrix of its individually labelled nodes. Node labels are regarded as part of the configura-
tion, so trees that differ only by the assignment of labels are counted as distinct. We thus
count distinct connectivity matrices rather than different tree topologies. Unlabelled trees
are discussed separately in Sec. 3.3.

Determining Ωtree(Ntree, {Nf}) is therefore equivalent to counting all connectivity ma-
trices whose corresponding graphs are connected and acyclic and whose node functionalities
satisfy the prescribed composition {Nf}. In graph theory, this is a problem of counting
labelled trees.

3.2.1 The total number of labelled trees

Cayley’s formula states that the total number of distinct trees on Ntree labelled nodes is

′∑

{Nf}
Ωtree (Ntree, {Nf}) = NNtree−2

tree . (3.20)

Cayley introduced this result in 1889 [61]. In 1918, Prüfer [62] proved it by establishing
a one-to-one correspondence between labelled trees and ordered sequences of node labels,
now referred to as Prüfer codes. The same correspondence has also been used directly in
the statistical analysis of ideal randomly branched polymers [63].

Sampling step Partial Prüfer code Procedure

5421 63 [ ]

Given a prescribed labelled func-
tionality sequence {fi}, define
the remaining code multiplicity
mi = fi − 1 and the residual de-
gree di = mi + 1 = fi. Nodes
with di = 1 are leaves (green),
whereas nodes with di > 1 are
internal nodes (orange). Identify
the leaf j with the smallest label
(j = 1 here, encircled).

542
1

63 [2]

Draw the first code entry i from
the labels with mi > 0, with
probability mi/

∑
ℓ mℓ. Initially,

a node with fi = 3 therefore has
twice the probability of being se-
lected as a node with fi = 2. Ap-
pend i to the Prüfer code, con-
nect the current leaf j to i, set
dj = 0, and decrease both mi

and di by one. Then identify the
remaining leaf with the smallest
label.

542
1

6

3

[2,6]

Repeat the weighted draw using
the updated multiplicities mi,
append the selected label to the
code, and connect the current
smallest-labelled leaf to the se-
lected node. If mi becomes zero,
then di becomes one and node i
joins the set of leaves. Identify
the new smallest-labelled leaf.

5

4
2

1

6

3

[2,6,4]
Repeat the same sampling-and-
decoding step using the updated
multiplicities.

5
4

2
1

6

3

[2,6,4,2]

Continue until the code contains
Ntree − 2 entries. All remaining
multiplicities are then zero, and
exactly two unconnected nodes
with residual degree one remain.

5
4

2
1

6

3

[2,6,4,2]

Finally, connect the two remain-
ing leaves. The resulting connec-
tivity graph is a uniformly sam-
pled labelled tree with the pre-
scribed functionality sequence
{fi}.

3

Prüfer code: [2, 6, 4, 2]

Figure 3.1: Example of a labelled tree and its corresponding Prüfer code.

To construct the Prüfer code of a labelled tree, one repeatedly selects the current leaf j
with the smallest label, records the label i of its unique neighbouring node, and removes j

together with its incident bond. The selected leaf j is therefore determined implicitly by
the state of the reduced tree, and only its neighbour i is recorded in the code. Detailed
examples of the encoding and decoding procedures are given in Tables A.1 and A.2.

For a node i with functionality fi, its label occurs exactly fi − 1 times in the completed
Prüfer code. The code has length

Ntree − 2 , (3.21)

because after Ntree − 2 leaves have been removed, only two nodes remain and the bond
connecting them is uniquely determined.

The one-to-one correspondence between Prüfer codes and labelled trees makes it possible
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to count trees by counting codes. In particular, Eq. (3.20) follows because each of the
Ntree− 2 entries of an unrestricted Prüfer code can be chosen independently from the labels
of the Ntree tree nodes [62].

3.2.2 Counting trees with specified functionalities

The one-to-one correspondence between labelled tree connectivities and Prüfer codes also
allows trees with prescribed functionalities to be counted [64].

First, consider all labelled nodes of a single tree to have fixed functionalities {fi}Ntree
i=1 .

The label i appears fi − 1 times in any possible Prüfer code corresponding to the fixed
functionalities. The number of distinct Prüfer codes is thus

Ωtree (Ntree, {fi}) =
(Ntree − 2)!
Ntree∏

i=1

(fi − 1)!

. (3.22)

When only the numbers {Nf} of nodes in each functionality class are prescribed, the
labels can be assigned to these classes in

Ntree!∏

f

Nf !
(3.23)

different ways. Multiplying this factor by Eq. (3.22) gives

Ωtree (Ntree, {Nf}) = Ntree!(Ntree − 2)!
∏

f

1

Nf ! [(f − 1)!]Nf
. (3.24)

3.2.3 The partition function for ideal trees

For the models considered in this thesis, we restrict the maximum node functionality to
fmax = 3. Equation (3.24) then reduces to

Ωtree (Ntree, N3) =
Ntree!

N1!N2!N3!

(Ntree − 2)!

2N3
, (3.25)

where Eqs. (3.6) and (3.7) have been used to express {N1, N2, N3} in terms of the single
independent variable N3.

As a useful limiting case, consider a linear chain, for which

N1 = 2, N2 = Ntree − 2, N3 = 0. (3.26)

Equation (3.25) then gives

Ωtree (Ntree, N3 = 0) =
Ntree!

2
. (3.27)

Thus, there are Ntree!/2 distinct labelled linear-chain connectivities. Every ordering of
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the node labels defines a chain, but an ordering and its reverse generate the same set of
bonds.

Using Eq. (3.18), the configurational entropy at fixed Ntree and N3 is

Sconf
tree (Ntree, N3) = kB lnΩtree (Ntree, N3) . (3.28)

Introducing the branch point chemical potential µ3 from Eq. (3.11), the configurational
partition function becomes

Ztree (Ntree, µ3) =

N3,max∑

N3=0

Ωtree (Ntree, N3) exp[βµ3N3] , (3.29)

where N3,max is given by Eqs. (3.8) and (3.9). The full ideal partition function is
therefore

Ztree (Ntree, µ3) = cNtree−1Ztree (Ntree, µ3) . (3.30)

The probability of observing N3 branch nodes at fixed Ntree is

p(N3|Ntree, µ3) =
Ωtree(Ntree, N3) exp[βµ3N3]

Ztree(Ntree, µ3)
. (3.31)

The embedding factor cNtree−1 does not appear in Eq. (3.31) because it is independent
of N3 and cancels upon normalization.

3.3 Labelled and unlabelled tree ensembles

The Prüfer construction counts labelled trees: permuting node labels generally produces
a different configuration. It is therefore useful to ask how this ensemble differs from the
ensemble of unlabelled trees, in which a tree state is only defined by its graph topology. The
distinction is conceptually important because the two ensembles assign different statistical
weights to trees with the same topology.

As an example, consider an ensemble of labelled trees without functionality restrictions.
In this ensemble, there are Ntree perfect star polymers, with one fmax = Ntree−1-functional
node and N1 = Ntree − 1 leaves by Eq. (3.24). There are, on the other hand, also Ntree!/2

(Eq. (3.27)) linear chains in the same ensemble. As a consequence, in an ensemble of
labelled trees, linear chains are in general entropically highly favoured over perfect star
polymers. In an ensemble of unlabelled trees both topologies have by convention the same
weight, as they each represent one state.

For unlabelled trees, the exact number Ω
(unlabelled)
tree (Ntree) is numerically known only to

finite Ntree; tabulated exact values are available to large finite sizes (the dataset used in
the comparisons of Chapter 6 is the one cited in Ref. [65]). Its large-Ntree behaviour is well
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described by Otter’s asymptotic result [66],

Ω
(unlabelled)
tree (Ntree) ≃ 0.5349485

(2.9557649)Ntree

N
5/2
tree

, (3.32)

which is an excellent large-Ntree numerical approximation.
At first sight, the difference between Eq. (3.32) and Eq. (3.20) is enormous. For

instance, for Ntree = 20 the ratio Ω
(labelled)
tree (Ntree)/Ω

(unlabelled)
tree (Ntree) ≃ 3 · 1017. Much of

this difference is due to an overall labelling entropy rather than a difference in the relative
statistical weight of tree topologies. A more informative comparison is therefore obtained
by normalizing Cayley’s multiplicity by the number Ntree!/2 of labelled linear chains. Using
Eq. (3.27) and Stirling’s approximation gives

NNtree−2
tree

Ntree!/2
≃
√

2

π

eNtree

N
5/2
tree

≃ 0.7978846
(2.7182818)Ntree

N
5/2
tree

(3.33)

which has the same algebraic prefactor N
−5/2
tree as Eq. (3.32), but a slightly different expo-

nential growth constant.
The inverses of Eqs. (3.32) and (3.33) make distinct predictions for the fraction of

linear chains in the respective ensembles. We test these predictions explicitly against our
simulation results in Sec. 6.1.4.

3.4 Structural consequences of the exact tree ensemble

The exact tree multiplicities derived above can also be used to obtain structural observables.
We first consider the radius of gyration at fixed branching and then introduce the activity
parameter λ, which provides a compact description of the crossover between weakly and
strongly branched ideal trees.

3.4.1 Radius of gyration at fixed branching

The exact multiplicity at fixed (Ntree, N3) can be combined with Kramers’ theorem
(Sec. 2.1.3) to obtain the mean-square radius of gyration of an ideal tree. At fixed Ntree

and N3, every allowed labelled tree configuration carries the same weight; the value of µ3

therefore drops out, which simplifies the calculation.
Following Kramers’ theorem, the gyration radius of randomly branched polymers follows

from counting the number of ways a tree can be cut. Cutting one tree bond produces two
rooted subtrees, A and B, of sizes nA and nB = Ntree − nA. If subtree A contains n3A

branch points, then n3B = N3 − n3A. Because the cut bond acts as one external bond at
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the root of each subtree, the functionality counts in subtree A obey

n1A = n3A + 1, (3.34)

n2A = nA − 2n3A − 1, (3.35)

and similarly for rooted subtree B. Non-negativity of n2A gives the upper bound

n3A,max = min

(
nA − 2

2
, N3

)
, nA even, (3.36)

n3A,max = min

(
nA − 1

2
, N3

)
, nA odd. (3.37)

The corresponding bound n3B,max follows by exchanging A and B.
The possible rooted subtrees can be counted with the same Prüfer-code logic used above,

with one additional external bond at the root. For a given split (nA, n3A) and (nB, n3B),
including the ways to distribute the global node labels between the two subtrees gives

Ωcut(Ntree, N3, nA, n3A) =
Ntree!

nA!nB!

nA!

n1A!n2A!n3A!

nB!

n1B!n2B!n3B!

(nA − 1)!

2n3A

(nB − 1)!

2n3B
(3.38)

=
Ntree!(nA − 1)!(nB − 1)!

2N3 n1A!n2A!n3A!n1B!n2B!n3B!
. (3.39)

At fixed (Ntree, N3) the common factors Ntree!/2
N3 cancel upon normalization. Summing

over all allowed allocations of branch points gives

Ωcut(Ntree, N3, nA) =

n3A,max∑

n3A,min

Ωcut(Ntree, N3, nA, n3A), (3.40)

where the lower bound follows from the requirement n3B = N3 − n3A ≤ n3B,max,

n3A,min = max(0, N3 − n3B,max) . (3.41)

The normalized probability for a randomly chosen cut to produce a component of size nA

is then

p(nA | Ntree, N3) =
Ωcut(Ntree, N3, nA)

N (Ntree, N3)
, N (Ntree, N3) =

Ntree−1∑

nA=1

Ωcut(Ntree, N3, nA).

(3.42)
Kramers’ theorem then gives

〈
R2

g(Ntree, N3)
〉
= b2

Ntree − 1

N2
tree

Ntree−1∑

nA=1

p(nA | Ntree, N3)nA(Ntree − nA). (3.43)

Note that in this discussion we have omitted any counting of cNtree−1 bond orientations
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(Eq. (3.2)), as the embedding degrees of freedom drop out in all of the above.
This fixed-branching result is equivalent to the expression derived for branched polymers

by Zimm and Stockmayer [6]. Their derivation starts from a different statistical construction,
but at fixed (Ntree, N3) the same uniform weighting of allowed tree connectivities is recovered.
In a long derivation (not shown here), they found

⟨R2
g(Ntree, N3)⟩ ≃

(√
π

4

1√
N3

− 5

12N3

)
Ntreeb

2 for Ntree ≫ 1. (3.44)

The corresponding crossover is tested against independent simulation data in Sec. 6.2.1
(Fig. 6.4). To obtain an analytic description that also includes the nearly linear regime, we
next allow N3 to fluctuate and introduce a branch activity.

3.4.2 Low-branching activity and the Daoud–Joanny form

The fixed-N3 expression can be averaged with Eq. (3.31), but the low-branching crossover
is more transparent if branch points are allowed to fluctuate already at the rooted-subtree
level. We therefore define the rooted-subtree partition function

ζ(nA, µ3) =

n3A,max∑

n3A=0

nA!

n1A!n2A!n3A!

(nA − 1)!

2n3A
exp(βµ3n3A) , (3.45)

with n3A,max given by Eqs. (3.36) and (3.37). The probability p(nA|Ntree, µ3) can now
be written as

p(nA|Ntree, µ3) =

Ntree!
nA!(Ntree−nA)!ζ(nA, µ3)ζ(Ntree − nA, µ3)

∑Ntree−1
nA=1

Ntree!
nA!(Ntree−nA)!ζ(nA, µ3)ζ(Ntree − nA, µ3)

(3.46)

=
ζ∗(nA, µ3)ζ

∗(Ntree − nA, µ3)∑Ntree−1
nA=1 ζ∗(nA, µ3)ζ∗(Ntree − nA, µ3)

, (3.47)

where factors common to numerator and denominator have been cancelled by defining

ζ∗(nA, µ3) =

n3A,max∑

n3A=0

(nA − 1)!

n1A!n2A!n3A!

(
exp(βµ3)

2

)n3A

. (3.48)

We now consider the combined low-branching and large-subtree limit, βµ3 ≪ 0 with nA

large. In this limit, n2A ≈ nA, such that (nA−1)!
n2A! ≈ n2n3A

A , giving:

ζ∗(nA, µ3) ≈
n3A,max∑

n3A=0

1

(n3A + 1)!n3A!

(
n2
A

exp(βµ3)

2

)n3A

(3.49)

≈
∞∑

n3A=0

1

(n3A + 1)!n3A!

(
n2
A

exp(βµ3)

2

)n3A

(3.50)

≈ I1 (2λnA)

λnA
, (3.51)
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where I1(x) is the modified Bessel function of the first kind, and we introduced

λ =
exp(βµ3/2)√

2
= exp((βµ3 − ln 2)/2) , (3.52)

as the low-branching activity of the branch nodes. A closely related result to Eq. (3.51)
was first derived by Zimm and Stockmayer [6] and later derived in a different manner
by De Gennes [67] and extended by Daoud and Joanny [68]. This closed form allows
asymptotic observables to be obtained without evaluating the full finite-size combinatorics.
In particular, for Bessel functions:

I1 (2λnA)

λnA
≃





1 + (λnA)2

2 , λnA ≪ 1

exp(2λnA)

2π1/2(λnA)3/2
, λnA ≫ 1

, (3.53)

such that the gyration radius follows as

⟨R2
g(Ntree, λ)⟩ ≃

∑Ntree−1
nA=1

I1(2λnA)I1(2λ(Ntree−nA))

(nA(Ntree−nA))1/2∑Ntree−1
nA=1

I1(2λnA)I1(2λ(Ntree−nA))

(nA(Ntree−nA))3/2

(3.54)

≈





Ntree
6

(
1− λ2N2

tree
30

)
b2 , for λNtree ≪ 1

√
π
4

√
Ntree
λ b2 , for λNtree ≫ 1

. (3.55)

Equation (3.54) recovers the linear-chain result, Eq. (2.25), for λNtree ≪ 1. In the strongly
branched regime one may identify, to leading order,

λ ≃ N3

Ntree
, (3.56)

which reduces Eq. (3.54) to the Zimm–Stockmayer form in Eq. (3.44). At fixed nonzero λ,
⟨R2

g⟩ ∝ N
1/2
tree, so the spatial size scales as Rg ∝ N

1/4
tree; equivalently, νtree = 1/4, consistent

with Chapter 2.

3.5 Branching activity over the full branching range

The low-branching expression in Eq. (3.52) grows without bound as µ3 increases and
therefore cannot describe the strongly branched regime, where the functionality constraint
imposes N3/Ntree ≤ 1/2. A definition that remains meaningful across the crossover is

λ ≡ ⟨N3⟩
Ntree

+O(N−1
tree) . (3.57)

Starting from the exact distribution in Eq. (3.31), and omitting factors independent of
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N3, one has for fmax = 3

p(N3 | Ntree, µ3) ∝
1

N1!N2!N3!

(
eβµ3

2

)N3

. (3.58)

For N3 ≫ 1 and Ntree ≫ 1, Stirling’s approximation together with N1 ≃ N3 and N2 ≃
Ntree − 2N3 gives, to leading exponential order,

ln p ≃ −N1 lnN1 −N2 lnN2 −N3 lnN3 +N3(βµ3 − ln 2) + const. (3.59)

Maximizing this expression with respect to N3 yields

⟨N3⟩ ≃
Ntree

2 + exp[(−βµ3 + ln 2)/2]
(3.60)

≡ λNtree, (3.61)

with
λ(µ3) =

1

2 + exp[(−βµ3 + ln 2)/2]
. (3.62)

Equation (3.62) reduces to Eq. (3.52) for βµ3 ≪ 0 and saturates at λ = 1/2 for βµ3 → ∞,
as required by the functionality constraint.

Retaining the leading finite-size corrections implied by Eqs. (3.6) and (3.7) gives

⟨N1⟩ ≃ λNtree + 1, (3.63)

⟨N2⟩ ≃ (1− 2λ)Ntree, (3.64)

⟨N3⟩ ≃ λNtree − 1. (3.65)

In the opposite low-activity regime, where the mean number of branch points is small,
expanding the exact partition function in eβµ3 gives

⟨N3⟩ ≃
N2

treee
βµ3

6
+O

(
N4

treee
2βµ3

)
(3.66)

≃ (λNtree)
2

3
, βµ3 ≪ 0, (3.67)

consistent with the low-activity results of De Gennes and Daoud–Joanny [67, 68].
The resulting crossover for ⟨N3⟩ and ⟨R2

g⟩ is compared with exact numerical sums and
independently Prüfer-sampled trees in Sec. 6.2.2 (Fig. 6.5).

3.6 Chapter summary

For ideal randomly branched polymers, connectivity and spatial embedding factorize.
Prüfer’s one-to-one correspondence between labelled trees and label sequences therefore
gives an exact configurational multiplicity at fixed functionality composition and, for
fmax = 3, an exact finite-size distribution of the number of branch points. The comparison
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with unlabelled trees gives a falsifiable test that distinguishes simulated samples of labelled
and unlabelled trees.

The same combinatorics also determines structural observables. Combining the cut
multiplicity with Kramers’ theorem gives ⟨R2

g⟩ at fixed branching, while the activity λ

provides a compact description of the crossover from almost linear chains to strongly
branched ideal trees. These exact tree weights are the reference against which the ring
ensemble is compared in Chapter 4 and the sampling algorithms are tested in Chapter 6.
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Chapter 4

Tightly double-folded rings and the
tree–ring correspondence

Chapter 3 established the exact configurational statistics of labelled trees. We now return
to the continuous ring contour and ask how many distinct tightly double-folded ring
configurations correspond to an underlying tree structure. The tree connectivity is no longer
the complete configurational specification: the order in which the sequentially labelled ring
contour traverses that tree provides an additional degree of freedom.

The chapter proceeds in three steps. First, a wrapping code is introduced and used to
count tightly double-folded ring configurations exactly. Second, stored length is incorporated
through zero-length bonds (reptons), so that Ntree may fluctuate at fixed ring length Nring.
Third, the tree and ring weights are compared directly, yielding the statistical weight and
chemical-potential shift required to switch coherently between the two descriptions. The
final sections collect asymptotic consequences for elastic rings and the distribution of stored
length.

4.1 Ring representation and notation

The tree notation and functionality constraints are inherited from Chapter 3. In particular,
a tree with Ntree nodes has Ntree − 1 bonds [Eq. (3.1)]. We reserve the term node for this
tree backbone and monomer for the sequential units of the ring contour.

4.1.1 Ring size and stored length

A closed ring of Nring monomers has Nring ring bonds. In the tightly double-folded limit,
each tree bond is traversed once in each direction, so the minimal ring associated with a
tree of size Ntree contains

N
(0)
ring = 2(Ntree − 1) (4.1)

finite-length ring bonds.
To connect with the elastic lattice model [20, 21, 22], ring bonds are allowed to have
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length either b or zero. A zero-length bond stores one unit of contour length and is referred
to as a repton. At fixed total ring length,

Nring = 2(Ntree − 1) +Nrep, (4.2)

where Nrep is the number of reptons. Consequently, the underlying tree size fluctuates
when stored length is exchanged between zero-length and finite-length ring bonds.

4.1.2 Ring configurations and conformations

Figure 4.1 illustrates why the distinction between configuration and conformation is slightly
richer for a ring than for a tree. A tree configuration is fixed by its connectivity G. A
tightly double-folded ring configuration additionally specifies how the sequentially labelled
ring monomers are placed along and around that tree. Thus a cyclic shift of the ring labels
around an unchanged tree is a configurational change of the ring but not of the tree. A
conformation additionally specifies the common spatial embedding of the underlying tree
bonds.

(c)

(b)

(a) (c)

Figure 4.1: Examples of configurational and conformational changes relative to the reference
state in the upper panel. The blue backbone is the underlying tree and the black contour
is the tightly double-folded ring; the red marker follows one labelled ring monomer. (a)
Changing the tree connectivity changes both tree and ring configurations. (b) A cyclic
permutation of the ring labels changes the ring configuration while leaving the tree con-
figuration fixed. (c) Reorienting a tree bond without changing connectivity changes the
conformation but not the configuration.

4.1.3 Branching activity and spatial interactions

For fmax = 3, branching in the ring ensemble is controlled by

Hring
G = −µ̃3N3, (4.3)
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where the tilde distinguishes the ring chemical potential from the tree chemical potential
µ3 introduced in Eq. (3.11). Their quantitative relation is derived in Sec. 4.3.3.

When excluded volume is included, interactions are assigned between distinct tree node
positions as in Sec. 3.1.3. Ring monomers that belong to the same coarse-grained tree node
may therefore coincide, as required by tight double folding and by zero-length bonds. This
convention ensures that corresponding tree and ring conformations carry the same spatial
interaction energy; their statistical weights then differ only through the configurational
multiplicities derived below.

4.2 Exact configurational entropy of tightly double-folded
rings

A configuration of a tightly double-folded ring is specified by the topology of its underlying
tree and by the manner in which the labelled ring is wrapped around it. By convention,
all monomers belonging to the same tree node occupy the same position in space, while
neighbouring nodes on the tree occupy adjacent lattice sites and their ring monomers are
connected by a pair of oppositely oriented finite-length bonds (see Fig. 1.1(b2)). We take
the sequentially labelled ring monomers as the relevant distinguishable degrees of freedom.
The nodes of the underlying tree are therefore not independently labelled and, in contrast
to the tree ensemble considered in Sec. 3.2, permutations of tree node labels do not generate
additional ring configurations.

Throughout the following counting argument, we consider Ntree ≥ 2. The trivial state
Ntree = 1 may be included separately with unit multiplicity if required.

4.2.1 Wrapped trees and a wrapping code

To count the number of double-folded ring states, we introduce first the wrapping procedure
originally outlined in [43] and described in detail in Table A.4. Starting from a given tree,
the ring monomers are placed sequentially on tree node sites. The procedure starts by
placing ring monomer i = 1 on a tree node and choosing an initial direction of traversal.
The tree connectivity is then followed until every tree bond has been traversed twice and
the ring returns to its starting point. During the traversal, every tree node t of functionality
ft is visited exactly ft times, such that in total 2(Ntree − 1) ring monomers are placed (see
also Eqs. (4.1) and (3.4)).

To characterize the resulting ring configuration, we introduce a wrapping code. Tree
nodes are indexed by their order of first encounter during the wrapping procedure, t =
1, . . . , Ntree, and for every newly encountered node its functionality ft is appended to the
code. The wrapping code is therefore the ordered sequence

[f1, f2, . . . , fNtree ] . (4.4)

It contains exactly Ntree entries. Figure 4.2 shows an example.
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[2, 2, 1, 3, 1, 3, 1, 1]Wrapping code: [2, 2, 1, 3, 1, 3, 1, 1]

Figure 4.2: Example of a labelled tightly double-folded ring (blue barred line) and its
corresponding wrapping code. Ring labels are placed in the order of the wrapping.

As demonstrated by Table A.5, a wrapping sequence contains the information to
reconstruct the unique configuration of a double-folded ring polymer. In particular, any
viable permutation of the wrapping sequence corresponds either to a different set of monomer
placements on the tree backbone and/or a different tree topology. There is therefore a
one-to-one correspondence between double-folded ring configurations and viable wrapping
codes.

4.2.2 The total number of viable wrapping codes

Not every length-Ntree sequence containing the required numbers of 1’s, 2’s and 3’s cor-
responds to a legitimate double-folded ring. For instance, the procedure illustrated in
Table A.4 implies that a proper wrapping code must always end with fNtree = 1, because
the last newly encountered tree node must be a leaf. For given values (Ntree, N3), this
constraint leaves

(Ntree − 1)!

(N1 − 1)!N2!N3!
(4.5)

potential orderings of the first Ntree − 1 entries of a wrapping code.
The condition that the ring must only be closed with the last placed bond rules out a

code like [1, 1, 3, 1], where the ring would already be closed after two steps (see Table A.6).
To see when the reading of a wrapping code leads to an error, it is useful to keep a count nf of
the numbers of f ’s read. The ring cannot close prematurely as long as n1 < n3+2, because
then the encountered tree nodes do not fulfil the condition for a wrappable sub-tree. Using
the global constraint N1 = N3 + 2, this is equivalent to the condition N1 − n1 > N3 − n3

for the rest of the wrapping code. Reading the code backwards makes the constraint
particularly transparent. The first entry is necessarily a ‘1’, and among all subsequent
prefixes the number of 3’s may never exceed the number of 1’s. The probability for this
to be the case in a random sequence of N1 − 1 = N3 + 1 1’s and N3 3’s is given by a
generalized form of Bertrand’s “ballot theorem” [69] that permits ties (see Sec. B.1), namely
the fraction of valid sequences is

2

N3 + 2
. (4.6)
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Multiplying the total number of admissible permutations in Eq. (4.5) by the ballot-theorem
fraction in Eq. (4.6), we obtain the total number of viable wrapping codes and thus of
tightly double-folded ring configurations for given (Ntree, N3),

Ωring(Ntree, N3) =
2(Ntree − 1)!

N1!N2!N3!
, (4.7)

with N1 and N2 given by Eqs. (3.6) and (3.7).

4.2.3 The partition function for ideal tightly double-folded rings

At fixed (Ntree, N3), Eq. (4.7) is sufficient to compute the configurational entropy of ideal
tightly double-folded rings using Boltzmann’s relation, as in Eq. (3.18):

Sconf
ring (Ntree, N3) = kB lnΩring(Ntree, N3) . (4.8)

Using the Hamiltonian in Eq. (4.3), the branching activity of tightly double-folded rings
can be controlled via a chemical potential µ̃3. The configurational partition function for
tightly double-folded rings in the ideal ensemble is therefore

Zring(Ntree, µ̃3) =

N3,max∑

N3=0

Ωring(Ntree, N3) exp (βµ̃3N3) , (4.9)

where N3,max is defined in Eqs. (3.8) and (3.9). Including cNtree−1 different tree bond
orientations, we find the conformational partition function for ideal tightly double-folded
rings

Zring(Ntree, µ̃3) = cNtree−1Zring(Ntree, µ̃3) . (4.10)

4.2.4 Accounting for the reptons in the elastic lattice model

In the elastic lattice model of tightly double-folded rings studied here [20, 22], stored length
is represented by ring bonds whose length is zero rather than equal to the lattice spacing
(see red arcs in Fig. 1.1(b2) and (c)). However, up to this point, the theory was formulated
at fixed tree size Ntree. To compare with the elastic lattice model, we now switch to the
ensemble at fixed ring length Nring in which the ring-bond length, and so the size Ntree

of the underlying tree, fluctuates. The joint probability of observing (Ntree, N3) at fixed
(Nring, µ̃3) is therefore

p(Ntree, N3 | Nring, µ̃3) =
Ωrep(Nring, Ntree) Ωring(Ntree, N3) c

Ntree−1eβµ̃3N3

Zelastic(Nring, µ̃3)
. (4.11)
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where Ωrep(Nring, Ntree) counts the possible placements of the zero-length bonds and

Zelastic(Nring, µ̃3) =
∑

Ntree

Ωrep(Nring, Ntree)Zring(Ntree, µ̃3) (4.12)

is the partition function of the elastic system. Assuming that all choices of the Nrep

zero-length bonds among the Nring (see Eq. (4.2)) labelled ring bonds carry equal statistical
weight, the number of possible repton arrangements is the binomial multiplicity

Ωrep(Nring, Ntree) =

(
Nring

Nrep

)
=

Nring!

[2(Ntree − 1)]! [Nring − 2(Ntree − 1)]!
. (4.13)

The corresponding mean tree size and mean number of branch points are obtained
directly from this distribution:

⟨Ntree⟩ =
∑

Ntree

∑

N3

Ntree p(Ntree, N3 | Nring, µ̃3), (4.14)

⟨N3⟩ =
∑

Ntree

∑

N3

N3 p(Ntree, N3 | Nring, µ̃3). (4.15)

The mean values of N1 and N2 then follow from Eqs. (3.6) and (3.7).

4.3 Exact correspondence between tree and ring ensembles

Chapter 3 and the preceding sections count the tree and ring configurations using two
different one-dimensional codes: Prüfer codes for labelled trees and wrapping codes for
labelled rings. We now compare the two statistical weights directly. The purpose is not
merely to show that both descriptions use the same underlying topology, but to determine
the multiplicity that must be included when one representation is used to sample the other.
We first treat fmax = 3 and then generalize the result to arbitrary functionality.

4.3.1 The multiplicity of labelled trees revisited

The multiplicity Ωtree(Ntree, N3) derived in Eq. (3.25) relied on the fact that we are studying
labelled trees. However, here and in the following, we will divide out the Ntree! factor
that accounts for permutation of the tree node labels. The resulting expression, now also
explicitly including the trivial Ntree = 1-state,

Ω∗
tree(Ntree, N3) =





1 , if Ntree = 1

(Ntree−2)!
N1!N2!N3!

1
2N3

, if Ntree ≥ 2

, (4.16)

is no longer guaranteed to be an integer number. Hence, Ω∗
tree(Ntree, N3) is no longer a

multiplicity that directly counts states. We can nevertheless use Ω∗
tree(Ntree, N3) for the

following two reasons:
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1. At fixed Ntree, the factor Ntree! is common to all tree configurations and therefore
drops out of normalized observables. This can be seen explicitly, for example, in the
sampling probability in Eq. (3.31).

2. When instead considering an ensemble with a fixed total number Nnodes of labelled
nodes, of which a fluctuating number Ntree belongs to a particular randomly branched
polymer, there are

Ωlabelling =
Nnodes!

Ntree! (Nnodes −Ntree)!
(4.17)

ways to choose the labels belonging to that tree. This factor multiplies Ωtree(Ntree, N3)

in the corresponding partition function and cancels the factor Ntree! contained in the
labelled-tree multiplicity. The remaining factor (Nnodes −Ntree)! can subsequently be
accounted for in the statistical weight associated with the remaining labelled nodes.

The corresponding reduced tree partition function is therefore

Z∗
tree(Ntree, µ3) = cNtree−1

N3,max∑

N3=0

Ω∗
tree(Ntree, N3) exp[βµ3N3] . (4.18)

4.3.2 Wrapping labelled trees

In Sec. 4.2.1 we introduced the wrapping procedure for an arbitrary tree topology. Now
consider a particular tree whose nodes are distinguished by labels. A cyclic shift of the
sequentially labelled ring around such a tree then leads to a different placement of ring
monomers on the tree nodes. Including the directions of wrapping at each of the N3 branch
points, there are then

Ωwrap(Ntree, N3) =





1 , if Ntree = 1

2(Ntree − 1)× 2N3 , if Ntree ≥ 2

(4.19)

distinct ways to wrap a labelled tree. Inspection of Eqs. (4.7) and (4.16) shows that

Ωring(Ntree, N3) = Ω∗
tree(Ntree, N3) Ωwrap(Ntree, N3) . (4.20)

Reassuringly, counting the wrappings of trees represented by Prüfer codes and counting
wrapping codes directly lead to equivalent results.

4.3.3 Quantitative link between tree and ring ensembles

We are now in a position to establish an exact correspondence between the tree and ring
descriptions in the ideal ensemble.

One coherent choice is to establish a correspondence between one tree conformation
and an ensemble of Ωrep(Nring, Ntree) Ωwrap(Ntree, N3) ring conformations. Then, according
to Eqs. (4.12), (4.18), and (4.20), one must choose the two branching chemical potentials
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µ3 and µ̃3 equal to each other.
For the sampling methods developed later, we instead adopt a one-tree–one-ring conven-

tion: one tree conformation represents one ring conformation, while the multiplicity of the
ring states represented by that tree is included explicitly through the additional statistical
weight

wring(Ntree, Nring, N3)

= Ωrep(Nring, Ntree) Ωwrap(Ntree, N3) (4.21)

in the tree-level statistical weight: tree conformations corresponding to a larger multiplicity
of ring wrappings and repton distributions are generated with a correspondingly increased
probability. Requiring the tree-size weight wtree(Ntree, Nring) and the branch point weight
to reproduce the corresponding ring multiplicity gives

wtree(Ntree, Nring) exp[βµ3N3] = wring(Ntree, Nring, N3) exp[βµ̃3N3]

= Ωrep(Nring, Ntree) Ωwrap(Ntree, N3) exp[βµ̃3N3]

=
Nring! (2(Ntree − 1))

(2(Ntree − 1))! (Nring − 2Ntree + 2)!
2N3 exp[βµ̃3N3]

=
Nring!

(2Ntree − 3)! (Nring − 2Ntree + 2)!
exp[(βµ̃3 + ln(2))N3] ,

(4.22)

which implies

wtree(Ntree, Nring)

=





1 , if Ntree = 1

Nring!
(2Ntree−3)! (Nring−2Ntree+2)! , if Ntree ≥ 2

(4.23)

and
βµ3 = βµ̃3 + ln(2) . (4.24)

Equation (4.24) prescribes a simple shift between the chemical potentials to be used with
the two representations as a convenient way to account for the “entropy of wrapping”
(Sec. 4.3.2) of double-folded rings with respect to trees.

The statistical weight (4.23) controls the average tree size ⟨Ntree⟩ through the competi-
tion between the tree and repton entropies. The repton multiplicity is maximal when the
numbers of zero-length and finite-length ring bonds are approximately equal,

Nrep ≃ 2(Ntree − 1) ≃ Nring

2
. (4.25)

At fixed Nring, it decreases on either side of this maximum: for larger Ntree because
the number of reptons decreases, and for smaller Ntree because the number of finite-length
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bonds decreases.
With Eqs. (4.23) and (4.24), tree-level sampling can therefore reproduce the configura-

tional weights of the elastic ring ensemble. To transform a tree into a double-folded ring,
the starting point of wrapping, repton locations and the directions of wrapping at branch
points are chosen randomly.

4.3.4 Including spatial interactions

The multiplicity relation above is combinatorial, but the representation switch is also
compatible with the spatial interactions used in this thesis. Corresponding tree and tightly
double-folded ring conformations share the same set of tree node coordinates. Because
excluded-volume interactions are defined between distinct tree nodes [Eq. (3.14)], the
interaction Boltzmann factor is identical in the two representations. The factors Ωrep and
Ωwrap therefore remain the only additional configurational weights required when switching
between the tree and ring descriptions. This is the convention tested for ideal, dilute
self-avoiding, and melt conditions in Chapter 6.

4.3.5 Arbitrary node functionalities

We finally consider a ring wrapping of a labelled tree with arbitrary maximum functionality
fmax. In general, to fulfil the procedure in Table A.4, a ring wrapping around a tree passes
every tree node t exactly ft times. At a node of functionality ft, the ft−1 initially unvisited
branches can be traversed in (ft − 1)! different orders. Including also the 2(Ntree − 1)

possible choices of the origin and direction of the sequential ring labels, the wrapping
multiplicity (Eq. (4.19)) becomes

Ωwrap(Ntree, {Nf}) = 2(Ntree − 1)
∏

f

[(f − 1)!]Nf . (4.26)

According to Eq. (4.20), multiplication by the reduced tree weight (Eq. (3.24) divided
by Ntree!) then gives

Ωring(Ntree, {Nf}) = 2
(Ntree − 1)!

fmax∏

f=1

Nf !

. (4.27)

Similarly, a generalized shift in chemical potentials between the tree and ring ensembles
follows from Eq. (4.24):

βµf = βµ̃f + ln[(f − 1)!] . (4.28)

The arbitrary-functionality extension is tested against sampled elastic-ring ensembles in
Sec. 6.3.2 (Fig. 6.8).
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4.4 Measures for elastic rings

In Appendix C.1, the partition function in Eq. (4.10) for ideal tightly double-folded rings
without reptons is approximated in its asymptotic limit. The functional form of the partition
function is

Zring(Ntree, µ̃3) ∼
(g(βµ̃3, c))

Ntree

N
3/2
tree

, (4.29)

where g(βµ̃3, c) is an exponential growth constant that depends on the chemical potential
and the lattice embedding. Comparing this result with the functional form of Eq. (3.33)
now has a straightforward interpretation: Apart from the additional multiplicity associated
with wrapping branch points, trees and double-folded ring ensembles differ by a factor
∼ Ntree associated with the circular permutations of the ring monomers.

In the following, we use the approximate result of Sec. C.1 and the random placement
of reptons along the ring suggested in Sec. 4.2.4 to derive results applicable for the analysis
of the configurations of elastic tightly double-folded rings.

4.4.1 λ for rings

The branching activity λ in Sec. 3.5 for trees can be defined analogously for tightly double-
folded rings. Because the elastic ring ensemble is subject to a fluctuating tree size, however,
we do so using a mean-field approximation: We first derive the average size ⟨Ntree⟩ for fixed
Nring, after which λ follows as the ratio of the expected number of branch points to the
expected tree size.

As derived in Sec. C.1, the exponential growth factor in Eq. (4.29) is then given by the
term

g(βµ̃3, c) ∼
(

c

1− 2λ

)
, (4.30)

with
λ(µ̃3) = (2 + exp(−βµ̃3/2))

−1 . (4.31)

As shown in Sec. C.2, this leading-order contribution to the partition function can be
combined with Stirling’s approximation for Ωrep in Eq. (4.13) to find the expected tree size
as

⟨Ntree⟩ − 1

Nring/2
≈
(√

1− 2λ

c
+ 1

)−1

(4.32)

and analogously to Eqs. (3.63), (3.64) and (3.65) we thus find asymptotically

⟨N1⟩ ≃ λ⟨Ntree⟩+ 1 (4.33)

⟨N2⟩ ≃ (1− 2λ)⟨Ntree⟩ (4.34)

⟨N3⟩ ≃ λ⟨Ntree⟩ − 1 , (4.35)
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Equations (4.32)–(4.35) therefore give explicit large-system predictions for the dominant
tree size and functionality fractions. These predictions are tested in Sec. 6.3.2.

4.4.2 Repton distribution according to tree nodes’ functionality

We next derive the distribution of stored length over tree nodes. The construction starts
from the assumption, used in the elastic lattice ensemble above, that the Nrep zero-length
bonds are placed uniformly among the labelled ring bonds.

We start from a tree of size Ntree around which a minimal ring of size 2(Ntree − 1)

monomers is wrapped. By construction of the wrapping procedure, each tree node i with
functionality fi has exactly fi ring monomers on it before placing any reptons. Reptons are
then placed uniformly at random on the ring. This implies that the probability to place a
repton on a particular tree node i is proportional to the number of ring monomers already
located on that node. As a consequence, the probability of choosing a given tree node
changes when sequentially placing reptons. This ‘pick and add one’ process is described by
the Pólya urn model [70]. For the two-colour urn formed by node i and the remainder of
the ring, the initial monomer distributions are α = fi and β = 2(Ntree − 1)− fi. After all
reptons have been placed, the number k of reptons associated with a single node therefore
follows the beta-binomial distribution

P (k|fi, Ntree, Nrep) =

(
Nrep

k

)
B[k + fi, Nrep − k + 2(Ntree − 1)− fi]

B[fi, 2(Ntree − 1)− fi]
. (4.36)

where B(α, β) = Γ(α)Γ(β)/Γ(α+ β) is the beta function and Γ(x) is the standard gamma
function. Averaging this node-level distribution over functionality classes gives

P (k | Ntree, Nrep, N3) =
3∑

f=1

Nf

Ntree
P (k | f,Ntree, Nrep). (4.37)

For comparison, the distribution of reptons proposed in the supplementary material of [22]
was not Eq. (4.36), but the following Poisson distribution:

PPois(k | fi, Ntree, Nrep) =
k̄ k
fi
e−k̄fi

k!
, (4.38)

with mean k̄fi = Nrepfi/[2(Ntree−1)]. The latter assumes a constant probability for picking
tree nodes in the repton distribution process. The constant probability is proportional to
the functionality of the tree nodes. Both predictions are tested against local dynamics
simulations in Sec. 6.3.3.

4.5 Chapter summary

A tightly double-folded ring contains more configurational information than its underlying
tree because the sequentially labelled contour can wrap a given backbone in multiple ways.
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The wrapping code accounts for these additional degrees of freedom and yields an exact
ring multiplicity. When stored length is included, the ring ensemble acquires a second
combinatorial factor, Ωrep, associated with the placement of zero-length bonds.

Comparing these factors with the labelled-tree multiplicity gives an exact relation
between the two ensembles. In the representation where one tree corresponds to one ring,
the wrapping entropy appears as the shift βµ3 = βµ̃3+ln(2) together with a size-dependent
entropic factor corresponding to the cyclic permutations of ring monomers and the number
of accessible placements of stored length. The same construction yields a partition function
for tightly double-folded rings with arbitrary node functionalities. Finally, the elastic-ring
partition function yields asymptotic predictions for the expected tree size and functionality
fractions. The beta-binomial distribution of stored length over tree nodes follows from
the random placement of stored length along the ring. We test these findings against
independent simulations in Chapter 6.
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Chapter 5

Sampling algorithms for branched
polymers and double-folded rings

The previous two chapters derived the equilibrium statistical weights of randomly branched
polymers and tightly double-folded rings. This chapter translates those weights into practi-
cal sampling procedures. We distinguish two different situations. In the ideal tree ensemble,
the exact combinatorial solution permits direct generation of statistically independent
configurations. Once spatial interactions are included, or when a local dynamical represen-
tation is required, the ensemble must instead be explored by Markov-chain Monte Carlo
algorithms. We therefore first construct direct Prüfer samplers and then introduce several
Monte Carlo schemes that equilibrate polymers on the tree and ring levels.

The purpose of the present chapter is methodological: for each algorithm we specify
what it aims to sample, its trial moves, its proposal probabilities and the relevant statisti-
cal weights. Whether the resulting implementations reproduce the intended equilibrium
ensembles is tested in Chapter 6. Their equilibration times, dynamical bottlenecks and
computational performance are treated separately in Chapter 7.

5.1 Direct Prüfer sampling of ideal trees

The exact labelled-tree multiplicity derived in Sec. 3.2 can be turned into a direct generator
of ideal randomly branched polymers. A labelled tree with Ntree nodes is in one-to-one
correspondence with a Prüfer code of length Ntree − 2. Once the required distribution of
functionalities has been sampled, the code, connectivity graph and ideal lattice embedding
can all be generated in O(Ntree) operations per independent tree. A closely related use of
Prüfer sequences to generate ideal randomly branched polymer ensembles and calculate
size measures was given by Singaram, Gopal and Ben-Shaul [63].

For a prescribed functionality sequence {fi}, the procedure consists of three steps:
1. sample a Prüfer code of length Ntree − 2 with label i appearing exactly fi − 1 times;
2. decode the code into the unique labelled connectivity graph, as illustrated in Table A.2;
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3. choose a position for one reference node and orient the Ntree − 1 tree bonds indepen-
dently on the lattice.

The third step samples the ideal embedding factor cNtree−1 from Chapter 3. The only
ensemble-dependent part is therefore the generation of the functionality sequence.

5.1.1 Unconstrained labelled trees

When no functionality constraints or functionality-dependent weights are imposed, every
sequence of Ntree − 2 labels drawn from {1, . . . , Ntree} is a valid Prüfer code. Sampling
every entry independently and uniformly therefore generates every labelled tree with equal
probability, reproducing Cayley’s multiplicity in Eq. (3.20).

The code can subsequently be decoded in linear time (see Table A.2). If the code itself
is generated sequentially, the complete ideal-tree sample—connectivity plus embedding—
therefore costs O(Ntree) operations.

5.1.2 Functionality constraint f ≤ 3

For fmax = 3, the exact distribution of branch points is known from Eq. (3.31). This allows
the functionality sampling to be separated cleanly from the sampling of a tree at fixed
functionality composition.

First sample N3 from p(N3 | Ntree, µ3). The remaining node counts follow from Eqs. (3.6)
and (3.7). Next assign the Ntree labels uniformly to the N1, N2 and N3 functionality classes.
For a label i, define its remaining Prüfer-code multiplicity as

mi = fi − 1. (5.1)

At each of the Ntree − 2 code positions, choose label i with probability

pi =
mi∑
j mj

, (5.2)

append it to the code, and decrease mi by one. Equivalently, this procedure samples
random permutations of allowed Prüfer codes for the given functionality set. An initially
unused f = 3 label therefore has twice the probability of an f = 2 label because it has two
remaining occurrences rather than one. The complete procedure, including simultaneous
decoding of the connectivity, is illustrated in Table A.3.

For fmax = 3, evaluating the discrete distribution p(N3 | Ntree, µ3) once requires
O(Ntree) work. After this preprocessing step, each independent tree again requires O(Ntree)

operations.

5.1.3 Arbitrary functionality constraints

When more than three functionality classes are allowed, the two tree constraints Eqs. (3.3)
and (3.4) no longer reduce to a tree composition {Nf} that depends on a single variable.
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Summing multiplicities over all admissible compositions therefore becomes increasingly
expensive when the number of allowed functionalities grows.

An exact alternative is to sample the labelled functionality sequence {fi} recursively for
an arbitrary set of chemical potentials {µf}. In Sec. A.7 we formulate this construction. We
start with the last label added to the Prüfer code and base the probability of its functionality
fi on the chemical potentials and the number of ways the remaining Ntree − fi − 1 entries
of the Prüfer code can be arranged. This process continues until all tree nodes have been
assigned a functionality and the steps above can be repeated for sampling a Prüfer code
and corresponding labelled tree configuration.

The required probabilities can be tabulated before the first sample. With the implemen-
tation described in the appendix, this preprocessing requires at most O(N3

tree) operations,
whereas drawing a functionality sequence and the corresponding Prüfer code remains linear
in Ntree.

As an alternative, one may also approximate the average tree node composition of an
ensemble using the methods of Sec. C.3. Expanding for different sets {Nf} around this
maximum until a cut-off yields an approximate P ({Nf}|Ntree, {µf}) that can be sampled.

5.1.4 Sampling other codes

Prüfer codes are not the only one-dimensional sequences that encode labelled trees. Alterna-
tive Ntree − 2-integer sequences, including Blob and Dandelion codes, have been developed
more recently [71]. For the task of decoding a bare code into a tree, these representations
can be more effective. Ref. [72], for example, reports decoding routines that are roughly
twice as fast as decoding conventional Prüfer codes to a labelled tree. One reason is that
a Prüfer code does not store the graph connectivity locally in its code. If the code is the
only available object, the multiplicities of all labels must first be read in order to determine
the functionalities before the connectivity can be reconstructed. The latter extra O(Ntree)

operations are suppressed in the Blob and Dandelion code.
That advantage is, however, not present for the sampler developed here. Before any

tree code is generated, the functionality sequence itself must already be drawn from the
ensemble. This information is required for constructing Prüfer codes as well as Blob and
Dandelion codes. It therefore remains an open question whether Blob and Dandelion codes
can speed up sampling significantly in this scenario as well.

5.2 Amoeba sampling at fixed Ntree

Direct Prüfer sampling relies on the exact results for ideal trees found in Chapter 3. Once
excluded volume or other spatial interactions are included, the connectivity and embedding
no longer factorize and sampling cannot be directly done from the exact partition function.
We use variants of the Amoeba algorithm [73], which equilibrate trees by cutting and
pasting leaves sequentially.
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The algorithm follows the branched-polymer analogue of the reptation, or slithering-
snake, Monte Carlo algorithm for linear chains [74]. In reptation a segment is removed
from one chain end and regrown at an end, so that a linear chain loses memory of its initial
contour on a characteristic scale of order N2

lin Monte Carlo steps. The Amoeba update
retains this end-pruning logic but allows the detached leaf to be attached to any admissible
tree node. Because different attachment functionalities change the number of endpoints
and branch points, their proposal probabilities and Boltzmann weights must be included
explicitly.

Throughout this section the tree size is fixed, functionality is restricted to f ≤ 3, and the
branching contribution to the Hamiltonian is −µ3N3 [Eq. (3.11)]. For a proposed transition
from state |i⟩ to state |f⟩, the Metropolis–Hastings construction [75] gives

acc|i⟩→|f⟩ = min

{
1,

w(|f⟩)α(|f⟩ → |i⟩)
w(|i⟩)α(|i⟩ → |f⟩)

}
, (5.3)

where w is the equilibrium statistical weight and α is the proposal probability. In the ideal
case, w ∝ exp(βµ3N3). With interactions, the same expression is used with the appropriate
additional Boltzmann factor from Hint.

The three variants below differ predominantly in how trial moves are proposed.

5.2.1 Original Amoeba algorithm

A trial move of the original Amoeba algorithm proceeds as follows:
1. choose uniformly a leaf A with fA = 1 and identify its neighbour B;
2. detach A from B, producing the intermediate tree in which fB → fB − 1;
3. choose a target node C uniformly among all nodes of the intermediate tree with

fC < 3;
4. choose one of the c lattice directions from C and place A at the corresponding

neighbouring lattice site;
5. accept or reject the proposed state using Eq. (5.3); on acceptance, set fC → fC + 1,

replace bond A–B by A–C, and update the coordinate of A.
In an interacting system, any target placement with zero Boltzmann weight is rejected.

With the proposal convention used in the original implementation, the acceptance
probability is [73, 41]

acc|i⟩→|f⟩ = min

{
1,

N1(|i⟩)
N1(|f⟩)

exp
[
βµ3

(
N3(|f⟩)−N3(|i⟩)

)]}
. (5.4)

A practical implementation maintains the local information needed to update a move
without reconstructing the complete tree. In the implementation used here the relevant
datasets are

• the connectivity graph, stored as the list of directly connected neighbours of every
node;
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• the spatial coordinate of every node;
• the functionality fi of every node;
• dynamically updated lists of the f = 1, f = 2, and f = 3 nodes used for randomly

selecting leaves to cut and nodes to attach to.
• the compositional counts N1, N2, and N3.

Because one move changes only a small neighbourhood, all of these datasets can be updated
efficiently.

Each possible labelled tree connectivity is in principle accessible through the repeated
procedure of cutting and attaching leaves. Therefore, the algorithm is ergodic in principle.
However, spatial interactions and, as we will discuss, statistical weights, can restrict the
algorithm significantly, motivating the need for the more advanced algorithms described
below.

5.2.2 Semi-kinetic Amoeba algorithm

The original Amoeba algorithm does not account for the possible very different statistical
weights associated with moves that create or remove a branch point. The semi-kinetic
variant introduced here biases the attaching step using the branching weights while retaining
a uniformly chosen leaf for the pruning step. Conceptually this is related to kinetic or
rejection-reduced Monte Carlo constructions developed under several names in the 1960s
and 1970s [76, 77, 78]: moves that would otherwise have very small acceptance are proposed
very little, but with acceptance ratios close to unity, whereas moves with already high
acceptance are proposed a lot without a significant loss in their acceptance ratios.

We implement this here by first defining the (Ntree − 1)-node intermediate tree as the
transition state |t⟩. Equation (5.3) can then be written as

acc|i⟩→|f⟩ = min

{
1,

w(|f⟩)α(|f⟩ → |t⟩)α(|t⟩ → |i⟩)
w(|i⟩)α(|i⟩ → |t⟩)α(|t⟩ → |f⟩)

}
. (5.5)

We still select the leaf to be cut uniformly, such that:

α(|i⟩ → |t⟩) = 1

N1(|i⟩)
, α(|f⟩ → |t⟩) = 1

N1(|f⟩)
. (5.6)

However the node to attach to is instead drawn according to the statistical weight of the
resulting state,

α(|t⟩ → |i⟩) = w(|i⟩)
z|t⟩

, α(|t⟩ → |f⟩) = w(|f⟩)
z|t⟩

, (5.7)

where z|t⟩ is the sum of the weights of all allowed states after attaching a single leaf. The
explicit equilibrium weights now cancel from Eq. (5.5), leaving

acc|i⟩→|f⟩ = min

{
1,

N1(|i⟩)
N1(|f⟩)

}
. (5.8)
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For f ≤ 3, attachment to a leaf creates an f = 2 node and carries no branching weight,
whereas attachment to an f = 2 node creates a branch point and carries the factor exp(βµ3).
Thus

z|t⟩ = N1(|t⟩) +N2(|t⟩)eβµ3 . (5.9)

A node to attach to can therefore be chosen by drawing a random number q ∈ [0, z|t⟩). If
q < N1(|t⟩) choose uniformly among the leaves, and otherwise choose uniformly among
the f = 2 nodes. In the final step of a semi-kinetic move, choose the lattice orientation of
the new bond with respect to the new node, and the proposal is accepted with Eq. (5.8)
together with any interaction Boltzmann factor that could be required.

The adjective “semi-kinetic” refers to the difference in choosing pruned leaves and
attachment sites: The leaf to be pruned is still selected uniformly, whereas the attachment
step is biased by equilibrium weights. No additional global data structure is required
relative to the original Amoeba algorithm. The extra operations required are the evaluation
of the two functionality-class weights and the weighted choice of the target class. Their cost
is therefore O(1) operations per attempted move and does not change the computational
time associated with a single Monte Carlo step significantly. Fully kinetic constructions
and alternative choices of transition state are discussed in Sec. 7.7.1.

5.2.3 Double-leaf Amoeba algorithm

At large positive branching activity, many branch points occur close to the tree periphery.
The double-leaf variant augments the single-leaf move set with a move that transports two
leaves attached to the same f = 3 parent.

A double leaf is the pair of f = 1 nodes attached to an f = 3 node whose third bond
connects the pair to the rest of the tree. The algorithm samples one object from the
combined pool of N1 single leaves and NDL double leaves:

1. choose uniformly one single-leaf or double-leaf object;
2. for a single leaf, perform the semi-kinetic update described above;
3. for a double leaf, detach both leaves from their common parent B, so that fB : 3 → 1;
4. choose uniformly a leaf C of the resulting transition tree and attach both detached

leaves to C, so that fC : 1 → 3; choose lattice orientations for the two new bonds;
5. accept or reject the proposal and update connectivity, coordinates and functionality

lists.
For the branching Hamiltonian in Eq. (3.11), a pure double-leaf move conserves N3 and
therefore connects states with equal branching weight. Single-leaf moves are retained so
that the move set can change the number and locations of branch points rather than only
transport peripheral ones.

With our uniform object-selection convention, the acceptance probability is

acc|i⟩→|f⟩ = min

{
1,

N1(|i⟩) +NDL(|i⟩)
N1(|f⟩) +NDL(|f⟩)

}
. (5.10)
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The implementation therefore requires, in addition to the data used by the semi-kinetic
algorithm, a dynamically updated list of double leaves and local bookkeeping of the
number of leaf neighbours of each node. The active neighbourhood of an accepted move
is correspondingly larger than for a single-leaf update because changing one branch point
can create or destroy double-leaf status on adjacent nodes. Nevertheless, all affected
entries are local and the additional work remains O(1) per Monte Carlo step; there is no
Ntree-dependent overhead associated merely with maintaining the double-leaf list. The
effect of the enlarged move set on equilibration is analysed in Chapter 7.

5.2.4 Generalization to other Hamiltonians

The semi-kinetic construction is not tied to f ≤ 3. For a general set of functionality
chemical potentials {µf} in Eq. (3.10), each allowed node for attachment can be weighted
by the Boltzmann factor associated with the resulting change in node functionalities. The
transition-state sum z then generalizes to the sum over all allowed target classes. The
double-leaf idea similarly extends to multiple-leaf moves when a higher-functionality junction
carries several peripheral leaves. This increases the number of locally maintained classes
but does not by itself require a system-size-dependent amount of work per move.

Likewise, spatial interactions can be included through their Boltzmann factors. In very
dense systems choosing targets without regard to occupancy can lead to a large number
of trivially impossible proposals. This can be mitigated by defining the transition-state
sum only over spatially available targets, or, more generally, by biasing the proposal
simultaneously by functionality and spatial Boltzmann weight. For hard excluded volume,
a target site with vanishing weight is simply excluded from the admissible set or rejected. A
construction along these lines has recently been implemented in Ref. [79]. Such modifications
alter efficiency but not the equilibrium target distribution when their proposal probabilities
are included consistently in Eq. (5.3).

5.3 Local Monte Carlo dynamics of tightly double-folded rings

The tree-level algorithms above change connectivity directly. A complementary description
keeps the sequential ring contour as the dynamical object and evolves the elastic tightly
double-folded ring through local monomer displacements. We use the lattice dynamics
introduced for this model in Refs. [20, 22].

5.3.1 Local trial moves on the ring level

The state contains the coordinates of the ring monomers, the coordinates and connectivity
of the underlying tree nodes, and the assignment of ring monomers to tree nodes. Two
elementary classes of local moves are used:

1. Repton moves transport stored length along the ring. A ring monomer moves
longitudinally across an extended bond to the neighbouring tree node. The underlying
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tree topology and Ntree remain unchanged. These moves descend from the repton
description introduced for polymer melt dynamics in Ref. [80].

2. Hairpin moves create, extend, shorten or remove a terminal branch. A monomer
flanked by two zero-length bonds can move transversely to a neighbouring lattice site,
replacing the two reptons by a pair of oppositely oriented extended bonds and creating
a new f = 1 tree node. The inverse move removes such a bond pair. Consequently
Ntree changes by one.

Both move classes preserve ring closure and the strictly double-folded tree representation. In
this explicit implementation one therefore maintains, simultaneously, (i) the ring-monomer
coordinates, (ii) the tree-node coordinates and dynamically changing tree connectivity, and
(iii) the assignment of each ring monomer to a tree node; the sequential ring connectivity
itself is fixed by construction.

With uniformly selected local proposals, Eq. (5.3) is used with the ring Hamiltonian
and any spatial interactions. The proposal asymmetry associated with the choice of a new
lattice direction gives

α(|f⟩ → |i⟩)
α(|i⟩ → |f⟩) = 1 for repton moves, (5.11)

=
1

c
for hairpin retraction, (5.12)

= c for hairpin extension, (5.13)

where c is the lattice coordination number. This is the same c that appears in the ideal
embedding factor cNtree−1.

5.3.2 Extensions of the local move set

The repton and hairpin moves form an ergodic set of local moves when the ring monomers are
treated as the primary degrees of freedom, but additional local dynamics can be introduced
without changing the target equilibrium ensemble. Brownian tree-node moves, in which
all ring monomers assigned to a single tree node are displaced together by one lattice step
without stretching any ring bond beyond the lattice spacing, were implemented in Ref. [22].
In dense conditions, combining those moves with the monomer-level dynamics was found to
accelerate relaxation relative to using only one of the two move families.

A second example is provided by branch-sliding moves [18, 19]. These moves alter the
tree connectivity without changing its conformation. A tree bond between two nodes is
then replaced by a bond between one of the original nodes and an adjacent tree node. These
moves allow branches emanating from a particular branch point to “slide” along a linear
segment, thereby modifying connectivity more directly than a sequence of elementary hairpin
moves. These moves were introduced as a possible dynamic mechanism that accelerates
finding contacts in bacterial genomes [18].
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5.4 Semi-grand-canonical tree sampling of fixed-length rings

A fixed-length elastic ring has fixed Nring but a fluctuating number of extended bonds,
so the size Ntree of its underlying tree will fluctuate. The fixed-Ntree Amoeba moves of
Sec. 5.2 cannot sample this ensemble because every removed leaf is reattached within the
same Monte Carlo step.

We therefore decouple cutting and pasting. The resulting semi-grand-canonical tree
algorithm targets the one-tree–one-ring representation derived in Sec. 4.3: a sampled tree
carries the tree-size weight wtree(Ntree, Nring) from Eq. (4.23) and the shifted branch point
chemical potential

βµ3 = βµ̃3 + ln(2) . (5.14)

After equilibration, a particular ring conformation is obtained by wrapping the tree as in
Table A.4 and distributing the required reptons as described in Chapter 4.

5.4.1 Monte Carlo move classes

For f ≤ 3, four different move classes alter the allowed tree sizes and compositions:
1. cut a leaf from an f = 2 parent: N2 → N2 − 1 and Ntree → Ntree − 1;
2. cut a leaf from an f = 3 parent: N3 → N3 − 1, N2 → N2 + 1, N1 → N1 − 1 and

Ntree → Ntree − 1;
3. paste a leaf onto an f = 1 node: N2 → N2 + 1 and Ntree → Ntree + 1;
4. paste a leaf onto an f = 2 node: N3 → N3 + 1, N2 → N2 − 1, N1 → N1 + 1 and

Ntree → Ntree + 1.
Classes 1 and 3 are inverse moves, as are classes 2 and 4. Together with the special
treatment of the Ntree = 1 boundary described below, they sample tree sizes in the entire
interval 1 ≤ Ntree ≤ Nring/2 + 1.

5.4.2 Proposal and acceptance probabilities

As in the semi-kinetic fixed-size algorithm, we bias proposal probabilities by the chemical
potential µ3. For a state |i⟩ with Ntree ≥ 2, we thus assign the proposal weights

α(cut any leaf) ∝ N1(|i⟩), (5.15)

α(paste to any leaf) ∝ N1(|i⟩), (5.16)

α(paste to any linear node) ∝ N2(|i⟩)eβµ3 . (5.17)
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Thus, for a particular node, we have:

α(cut specific leaf) =
1

z|i⟩
, (5.18)

α(paste to specific leaf) =
1

z|i⟩
, (5.19)

α(paste to specific linear node) =
eβµ3

z|i⟩
, (5.20)

with
z|i⟩ = 2N1(|i⟩) +N2(|i⟩)eβµ3 . (5.21)

For paste moves, one of the c lattice directions is additionally chosen. Equivalently,
this orientation proposal may be regarded as the origin of the factors cNtree−1 in the
conformational statistical weight below.

Because the factors eβµ3 associated with creating a branch point have been included in
the proposal distribution, the explicit branching weight cancels from the ideal acceptance
ratio. Using the tree-size weight from Eq. (4.23),

acc|i⟩→|f⟩ = min

{
1,

wtree(Ntree(|f⟩), Nring) z|i⟩ cNtree(|f⟩)−1

wtree(Ntree(|i⟩), Nring) z|f⟩ cNtree(|i⟩)−1

}
. (5.22)

For Ntree(|i⟩) ≥ 3 when cutting and Ntree(|i⟩) ≥ 2 when pasting, the factorials reduce this
expression to

acccut = min

{
1,

z|i⟩
z|f⟩

(2Ntree(|i⟩)− 3)(2Ntree(|i⟩)− 4)

(Nring − 2Ntree(|i⟩) + 3)(Nring − 2Ntree(|i⟩) + 4)

1

c

}
, (5.23)

accpaste = min

{
1,

z|i⟩
z|f⟩

(Nring − 2Ntree(|i⟩) + 2)(Nring − 2Ntree(|i⟩) + 1)

(2Ntree(|i⟩)− 1)(2Ntree(|i⟩)− 2)
c

}
. (5.24)

When interactions are present, the right-hand side of Eq. (5.22) is multiplied by the
corresponding Boltzmann-weight ratio, for example exp[−β(Hint(|f⟩)−Hint(|i⟩))]. Hard-
overlap proposals therefore have zero acceptance.

5.4.3 The single-node boundary

Equation (5.23) does not cover the transition between Ntree = 2 and the single-node state.
To include Ntree = 1, the single node is treated as an endpoint for proposal bookkeeping,
so that

z|Ntree=1⟩ = 2. (5.25)
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With the boundary normalization used in the present implementation, Eq. (5.22) gives the
special acceptance probabilities

acc|i⟩→|f⟩ =





min

{
1,

2

Nring(Nring − 1)

1

c

}
, Ntree : 2 → 1,

min

{
1,

Nring(Nring − 1)

2
c

}
, Ntree : 1 → 2,

0, attempted cutting at Ntree = 1.

(5.26)

These expressions complete the proposal rules at the lower tree-size boundary.

5.4.4 Complete semi-grand-canonical algorithm

For a ring of fixed length Nring and ring branching potential µ̃3, first set

Ntree,max =
Nring

2
+ 1, βµ3 = βµ̃3 + ln(2). (5.27)

Maintain the active tree nodes, their coordinates and connectivity, lists for the f = 1, f = 2

and f = 3 classes, and a list of unused node labels. One Monte Carlo proposal is then
generated as follows:

1. compute z|i⟩ from Eq. (5.21), or use Eq. (5.25) for Ntree = 1;
2. draw p uniformly from [0, z|i⟩);
3. choose the move class:

(a) if 0 ≤ p < N1, choose a leaf uniformly and propose cutting it;
(b) if N1 ≤ p < 2N1, choose an f = 1 target uniformly and propose adding an

unused node at one of its c neighbouring lattice positions;
(c) if 2N1 ≤ p < z|i⟩, choose an f = 2 target uniformly and propose adding an

unused node at one of its c neighbouring lattice positions.
Paste proposals are disabled when Ntree = Ntree,max or when no unused label is
available; cut proposals are disabled at Ntree = 1.

4. evaluate Eq. (5.23) or the boundary expression (5.26), together with any interaction
factor. On acceptance, update connectivity, coordinates, functionality lists and the
unused-label list.

5. repeat the Markov chain for the required equilibration and sampling interval; the
corresponding diagnostics are defined in Chapter 7.

After a tree sample has been generated, compute Nrep = Nring − 2(Ntree − 1). A ring
conformation representing that tree is obtained by the wrapping procedure in Table A.4
and distributing the Nrep zero-length bonds according to the construction of Chapter 4.

The implementation here maintains the following data structures for efficiency: coor-
dinates and connectivity of all labelled nodes that form a tree; lists of active nodes with
f = 1, f = 2, and f = 3; the functionality of each active node; an ordered list of unused
labels from which newly pasted nodes are drawn; and a lattice-occupation structure used
to reject overlaps efficiently. Storing the inverse indices of nodes within the functionality
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lists allows deletions and class changes to be performed in constant time.
Given any admissible starting state—for example one-node trees—the only inputs

required for sampling the elastic-ring ensemble after a sufficient number of Monte Carlo
steps are Nring and µ̃3.

5.4.5 Generalizations

The semi-grand-canonical Amoeba algorithm is not intrinsically tied to the tightly double-
folded elastic ring ensemble. For a different fluctuating tree-size ensemble, the factor
wtree(Ntree, Nring) in Eq. (5.22) can be replaced by the desired size-dependent statistical
weight with the corresponding change carried through the acceptance ratios. In the ring
ensembles evaluated in Chapters 6 and 7, the average tree size ⟨Ntree⟩ is such that acceptance
ratios are of order unity for the above implementation. Therefore, acceptance is not causing
any additional slowdown of the equilibration process. If acceptance becomes a practical
bottleneck in other ensembles, these factors can nevertheless be absorbed into the proposal
distribution in the same spirit as the branching chemical potential.

The fluctuating-size systems considered later do not enter the high-µ3 regime for which
we introduced double-leaf moves in Sec. 5.2.3. For that reason, the semi-grand-canonical
implementation introduced here contains only single-node cut and paste moves. A multiple-
leaf generalization of the semi-grand-canonical Amoeba algorithm can nevertheless be
designed straightforwardly for strongly branching ensembles.

5.5 Alternative tree-sampling algorithms and their ensembles

The algorithms above were chosen for a particular state space: labelled annealed tree
connectivity plus a lattice embedding, and, for the ring representation, the additional
wrapping and stored-length multiplicities. Other well-established algorithms have been
designed to sample tree-like states, but do not necessarily sample the same distributions.
Here, we review a few of those algorithms and discuss how they relate to the ensembles of
interest discussed here.

5.5.1 Non-local branch-moving algorithms

The Monte Carlo algorithms discussed here transport only a small amount of mass in
one update: one node for an ordinary Amoeba move and two nodes for a double-leaf
move. This is advantageous when excluded volume effects are implemented at high lattice
occupation, as a collective displacement of a large sub-tree would often be rejected because
of its conformational incompatibility with the environment. For an isolated or dilute tree,
however, moving only one node is not necessarily optimal.

Janse van Rensburg and Madras [81] demonstrated that self-avoiding lattice trees can
be equilibrated efficiently using non-local branch-moving updates. Instead of selecting an
endpoint, one cuts a bond so that an entire rooted subtree of arbitrary mass is detached
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and subsequently attached at another position of the tree. Both the connectivity and the
spatial conformation of a labelled tree can then change substantially in one Monte Carlo
step.

Those algorithms were originally not constructed for controlled branching activity. The
ideas developed above suggest a natural extension: define a transition state by pruning a
randomly selected bond, then choose the node to glue the branch onto with a semi-kinetic
weight that includes the functionality change. At large positive µ3, one can similarly
imagine updates in which two branches are removed simultaneously from a single branch
node and attached to an endpoint. This generalizes the double-leaf Monte Carlo moves to
“double-branch” moves.

5.5.2 Growth and sequential-importance algorithms

A different strategy constructs a branched object sequentially from a single seed. This
was in fact the process that Flory [2, 3, 4] had in mind for modelling chemical branching.
It involves adding nodes of given functionality sequentially to open bonds based on their
chemical potential. Once enough endpoints are added, such that the constraint in Eq. (3.4)
is satisfied, the process stops. This procedure generates an ensemble of polydisperse
trees in linear time. This algorithm, however, is extremely sensitive to the probabilities
of producing endpoints and branch points: if endpoints appear too frequently growth
terminates prematurely, whereas if they are too rare the process may reinforce itself and
trees continue to grow to infinite sizes. The same difficulty makes direct growth of wrapping
codes less straightforward than the fixed-size Prüfer construction.

One can also grow a randomly branched polymer by directly percolating the embedding
lattice. Starting from one occupied site, candidate neighbouring sites are continuously
tested and added until a target size is reached. This procedure creates tree topologies,
as long as already placed neighbouring sites are not connected to form cycles. Its naive
implementation does not sample an equilibrium randomly branched polymer ensemble,
because the probability of the final object depends on the entire growth history. Nodes
introduced early can participate in many more subsequent choices than late nodes, and are
thus much more likely to branch, creating dendrimeric structures.

This history dependence can be corrected by assigning a compensating statistical weight
at each new growth step. Hsu, Nadler, and Grassberger [82] developed an efficient realization
for lattice animals and trees using a percolation-like proposal process combined with the
pruned-enriched Rosenbluth method (PERM) [83]. Candidate growth sites are activated
with a finite probability p; the inverse generation probability contributes to the statistical
weight of a polymer, so p controls efficiency rather than defining the final ensemble. As
growth continues, the weights become broadly distributed. PERM controls this variance
by pruning low-weight partial configurations and cloning high-weight ones, allowing an
ensemble of lattice trees with thousands of sites to be sampled efficiently.

The microscopic state in those lattice-tree studies is nevertheless different from labelled

57



trees. In a labelled tree, each polymer node carries a label and the abstract connectivity
graph G is an independently identifiable part of the state. The complementary spatial
embedding specifies the conformation. Two states can therefore share an embedding but
differ in labelled connectivity, or share a connectivity and differ in embedding. In the
ensembles such as those discussed in Ref. [82], the occupied lattice sites themselves carry
the only important label, and nearest-neighbour adjacency defines the available bonds.
The embedded subgraph of the lattice, rather than an independently labelled abstract tree
followed by an embedding, is the microscopic state. The two classes of algorithms can
therefore not straightforwardly be assumed to sample the same distributions.

5.5.3 Uniform spanning trees and Wilson’s algorithm

A related but distinct problem is to generate a completely space-filling tree on a finite lattice.
Such an object can be viewed as a maze: every lattice site belongs to the tree and the
absence of loops guarantees a unique path between every pair of sites. In graph-theoretical
language this maze is the embedded subgraph of the underlying lattice, called its spanning
tree.

Wilson’s algorithm [84] samples these mazes efficiently. One lattice site is chosen as
the root and forms the initial tree. In each consecutive step a random walk is launched on
the lattice to find the existing tree. Whenever a walk intersects itself in this process, the
formed loop is erased, before continuing. When the resulting loop-erased random walk first
reaches the already existing tree, the entire path is attached. The construction is repeated
from sites not yet included until the tree spans the entire lattice.

Applied to a finite lattice, Wilson’s method produces a uniform ensemble of maze-like,
space-filling lattice trees. This uniformity should again not be confused with uniform
sampling of all abstract labelled trees at fixed Ntree. In the spanning-tree problem the
sites and admissible bonds are fixed in advance by the embedding lattice; in the present
polymer model the abstract connectivity graph itself is annealed and is only subsequently
embedded in space. In future implementations it might be interesting to see, however, how
the spanning trees’ configurations and conformations differ from melts of labelled trees.

5.6 Chapter summary

This chapter introduced four complementary routes through the state spaces developed in
Chapters 3 and 4. Exact Prüfer sampling produces independent ideal labelled trees in linear
time once the required functionality distribution has been prepared. Fixed-size Amoeba
algorithms instead explore interacting or otherwise non-factorizable tree ensembles through
local connectivity updates. Local ring dynamics samples the explicitly double-folded contour,
while the semi-grand-canonical Amoeba construction samples the statistically equivalent
fluctuating tree representation of a fixed-length elastic ring.

The next two chapters separate two questions relevant to algorithm evaluation. Chapter 6
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asks whether these independent constructions reproduce the equilibrium distributions
predicted by the exact theory and whether tree- and ring-level representations are statistically
equivalent. Chapter 7 then asks how quickly they decorrelate, which physical modes control
relaxation, and how computational cost scales with polymer size and branching activity.
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Chapter 6

Validation and ensemble equivalence

Chapters 3–5 introduced two exact equilibrium theories and several independent ways of
sampling them. The purpose of the present chapter is to establish that these routes lead to
the same statistical ensembles. This question is distinct from equilibration speed: here a
method is judged by the equilibrium distribution it produces, whereas Chapter 7 concerns
the time required to reach and decorrelate that distribution.

This validation can be done in several ways. Here, we first benchmark the fixed-size
Amoeba algorithms against previously published data and against one another. We then
use a histogram-reweighting approach to approximate the full configurational N3-dependent
entropy in the sampled ensembles. Next, independent Amoeba-generated and Prüfer-
sampled trees test the structural predictions derived in Chapter 3. Finally, we test the
elastic-ring theory and the exact tree–ring mapping by comparing local ring dynamics with
tree-level sampling, including interacting systems.

6.1 Validation of fixed-size Amoeba tree sampling

We begin with ideal randomly branched polymers of fixed size Ntree and maximum func-
tionality fmax = 3. We test the original, semi-kinetic, and double-leaf Amoeba algorithms
defined in Sec. 5.2. Unless stated otherwise, the simulations use the three-dimensional
FCC lattice. Two observables are used repeatedly: the branch point number N3 and the
squared radius of gyration R2

g, defined in Sec. 2.1.2. These data were obtained after long
runs of 1.2× 108 Monte Carlo steps per polymer starting from linear chains. The evidence
that these run lengths are sufficient, and the comparison of decorrelation times between
algorithms, belong to Chapter 7.

6.1.1 Historical benchmark

The original Amoeba algorithm has previously been used to simulate ideal annealed trees
at βµ3 = 2 [41]. The supplementary data of that work therefore provide an external
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benchmark for the implementations used here. We repeated the calculation for

Ntree ∈ {6, 11, 21, 46, 76, 151},

using ensembles of 25000 independently sampled configurations for each size. Table 6.1
compares the mean gyration radius and mean number of branch points with the published
two- and three-dimensional simple-cubic results.

⟨R2
g⟩

Ntree 2D SC [41] 3D SC [41] Original Semi-kinetic Double-leaf

6 0.845± 0.003 0.851± 0.010 0.844± 0.002 0.849± 0.002 0.846± 0.002
11 1.389± 0.005 1.378± 0.008∗ 1.386± 0.003 1.381± 0.003 1.388± 0.003
21 2.195± 0.008 2.199± 0.005 2.210± 0.005 2.187± 0.005 2.204± 0.005
46 3.684± 0.009 3.688± 0.008 3.682± 0.008 3.670± 0.008 3.676± 0.008
76 5.031± 0.011 5.006± 0.012 5.017± 0.011 4.993± 0.011 4.998± 0.011
151 7.500± 0.022 7.468± 0.016 7.483± 0.017 7.488± 0.017 7.488± 0.017

⟨N3⟩
Ntree 2D SC [41] 3D SC [41] Original Semi-kinetic Double-leaf

6 1.429± 0.006 1.450± 0.015 1.438± 0.004 1.429± 0.004 1.433± 0.004
11 3.334± 0.006 3.320± 0.012 3.323± 0.004 3.328± 0.004 3.329± 0.004
21 7.292± 0.009 7.305± 0.006 7.293± 0.006 7.290± 0.006 7.292± 0.006
46 17.206± 0.008 17.202± 0.008 17.194± 0.009 17.211± 0.009 17.211± 0.009
76 29.102± 0.009 29.120± 0.012 29.099± 0.011 29.106± 0.011 29.103± 0.011
151 58.862± 0.013 58.874± 0.017 58.872± 0.016 58.864± 0.016 58.882± 0.016

Table 6.1: Historical benchmark for the three Amoeba implementations at βµ3 = 2. The
second and third columns reproduce the two- and three-dimensional simple-cubic results
reported in Ref. [41]; the final three columns are the present three-dimensional FCC results.
Errors are standard errors of the mean over 25000 configurations. ∗The Ntree = 11 three-
dimensional value from Ref. [41] is shown with the round-off correction identified during
the present analysis.

The agreement across lattices is expected for these ideal fixed-size ensembles. The
connectivity distribution is independent of the lattice coordination number because the
embedding factor cNtree−1 in Eq. (3.2) is common to all connectivities and cancels from
normalized probabilities such as Eq. (3.31). Moreover, for an ideal embedding, Kramers’
theorem expresses ⟨R2

g⟩ entirely through connectivity path lengths and the bond length b

(Sec. 2.1.3).

6.1.2 Consistency between Amoeba variants across branching activity

Additionally, we compared the different Amoeba algorithms by varying the branch point
chemical potential over the full crossover between linear chains and strongly branched trees.
For

Ntree ∈ {10, 20, 40, 80, 81, 161, 321}, −15 ≤ βµ3 ≤ 15,
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we generated 500 independently sampled tree conformations for each parameter set with
each of the three Amoeba algorithms. Figure 6.1 plots the semi-kinetic and double-leaf
results directly against the original-Amoeba values.

Over the complete parameter range, both observables collapse onto the diagonal within
statistical uncertainty. This comparison is useful because the three algorithms construct
their trial moves differently while targeting the same equilibrium measure. Agreement
therefore shows that the modified proposal rules do not change the sampled fixed-Ntree

ensemble.

6.1.3 Recovering the labelled-tree configurational entropy

Agreement of a few mean observables is necessary but not sufficient to identify the sampled
connectivity ensemble. A stronger test uses the N3 histograms themselves. For a fixed
(Ntree, µ3) ensemble, Eq. (3.31) implies

h(N3 | Ntree, µ3) ∝ Ωtree(Ntree, N3)e
βµ3N3 , (6.1)

where h denotes the normalized Monte Carlo histogram. For adjacent non-zero histogram
bins,

Ωtree(Ntree, N3)

Ωtree(Ntree, N3 + 1)
≃ h(N3 | Ntree, µ3)

h(N3 + 1 | Ntree, µ3)
eβµ3 . (6.2)

Consequently, the entropy increment is

Sconf
tree (Ntree, N3 + 1)− Sconf

tree (Ntree, N3)

kB
≃ ln

(
h(N3 + 1 | Ntree, µ3)

h(N3 | Ntree, µ3)

)
− βµ3. (6.3)

This form is simply the logarithm of Eq. (6.2); it is the quantity that can be accumulated
across successive values of N3.

For each adjacent pair of populated bins we combine the estimates obtained at different
µ3, using the available statistical uncertainties as weights, and reconstruct the entropy by
discrete thermodynamic integration [85]. The integration constant is fixed by the exactly
known linear-chain multiplicity,

Sconf
tree (Ntree, 0) = kB ln

(
Ntree!

2

)
. (6.4)

The result is shown in Fig. 6.2.
The reconstructed entropy agrees with the exact labelled-tree multiplicity over the

accessible range of N3.

6.1.4 Excluding unlabelled trees

Following the reasoning in Sec. 3.3, a direct numerical check that Amoeba algorithms do
not sample unlabelled trees is shown in Fig. 6.3. To make this comparison, we simulated
FCC lattice trees of unrestricted functionality while varying a chemical potential µ1 to
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Figure 6.1: Direct comparison of equilibrium observables obtained with the three fixed-size
Amoeba algorithms. The horizontal axis shows the original-Amoeba result; the vertical
axis shows the semi-kinetic and double-leaf results. The upper panel compares ⟨R2

g⟩ and
the lower panel ⟨N3⟩. Colours encode βµ3. The diagonal is y = x. Error bars are generally
smaller than the symbol size except when the mean number of branch points becomes very
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Figure 6.3: Fraction of linear chains with respect to all trees in the ensemble. Results for:
labelled trees (exact, blue symbols), unlabelled trees (exact, green symbols) and randomly
branched polymers on the 3D FCC lattice (Monte Carlo simulations, red symbols).

control the number of endpoints. By adapting the thermodynamic-integration strategy
used above to find an N1-dependent entropy, we reconstructed the total number of trees
up to Ntree = 36 and from it the fraction of linear chains in the ensemble. The unlabelled
prediction uses the exact tabulated counts of Ref. [65], whereas the labelled prediction
follows from Cayley’s formula. The Monte Carlo data agree with the labelled-tree prediction
and not with the unlabelled one, confirming that the Amoeba algorithm indeed samples
labelled trees.

6.2 Structural observables of the exact ideal-tree ensemble

In the previous section, we found that Amoeba algorithms sample labelled trees. We now
test the structural consequences derived for this ensemble in Chapter 3.

6.2.1 Radius of gyration at fixed branching

Section 3.4.1 used Kramers’ theorem to obtain the classic result for ⟨R2
g(Ntree, N3)⟩ of

Zimm and Stockmayer [6]. In Section 3.4.2 we extended these results for a fluctuating N3

following the formulation of De Gennes [67] and later Daoud and Joanny [68]. In the latter
ensemble a parameter λ controls the branching activity. By expressing λ as the ratio of
branch points to total tree size as in Sec. 3.5, both results should give the same dependence
of ⟨R2

g(Ntree, ⟨N3⟩)⟩ on the expected number of branch points ⟨N3(Ntree, βµ3)⟩. Figure 6.4
compares this prediction with Amoeba-generated ideal-tree simulation data over a broad
range of branch point chemical potentials.

We observe a collapse of all data on a universal curve that is well approximated by the
Zimm and Stockmayer result in the high-branching limit, and by the Daoud and Joanny
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result in both the high- and low branching limit. The expectation value ⟨N3⟩ thus removes
the chemical potential as an explicit parameter. The agreement shown here directly supports
the relation between connectivity statistics and spatial size derived in Secs. 3.4.1 and 3.4.2.

6.2.2 Full crossover controlled by the branching activity

The branching activity λ derived in Secs. 3.4.2 and 3.5 provides a compact description
from the almost-linear limit to the maximally branched regime. Figure 6.5 compares three
independent routes: exact finite-size sums, direct Prüfer sampling, and the asymptotic
analytical formulas.

The Prüfer data follow the exact finite-size evaluation, while the asymptotic expressions
reproduce the expected crossover with increasing system size. This comparison validates
both the direct sampler of Sec. 5.1 and the physical interpretation of λ as the extensive
branch point density away from the extremely weak-branching limit.

6.3 Validation of elastic double-folded-ring statistics

We next test the ring partition function and stored-length statistics derived in Chapter 4.
These tests use the local ring dynamics of Sec. 5.3, which evolves the explicitly represented
double-folded ring rather than sampling its reduced tree representation.

6.3.1 Joint distribution of tree size and branching

For ring lengths
Nring ∈ {64, 216, 512, 1000}

and branch point chemical potentials

βµ̃3 ∈ {0,−2,−4,−6,−8},

we generated samples of 200 independent double-folded-ring conformations for each pa-
rameter set. Equation (4.11) predicts the full joint probability p(Ntree, N3 | Nring, µ̃3) after
accounting for wrapping and stored-length multiplicities. Figure 6.6 overlays the simulated
tuples on this predicted distribution.

The sampled points lie in the high-probability region of the theoretical distribution for
all displayed parameter sets, with no systematic displacement from its maximum; in the
original binning, the displayed samples fall in regions whose predicted probabilities are
typically of order 10−2 or larger. Because this comparison overlays samples on the predicted
density rather than fitting the complete empirical two-dimensional histogram, we use it as
a visual consistency test of the location and concentration of the joint distribution. More
quantitative tests are provided below by comparing ensemble averages and one-dimensional
stored-length distributions.
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6.3.2 Tree size and functionality averages

The elastic-ring theory also predicts mean tree size and functionality fractions. For fmax = 3,
Eqs. (4.32)–(4.34) give the large-system behaviour in terms of the ring branching activity
λ. Figure 6.7 compares these asymptotic expressions with exact numerical sums of the
finite-size partition function and with samples generated by the elastic lattice model.
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Figure 6.7: Functionality fractions and mean tree size in the elastic-ring ensemble as
functions of βµ̃3. Crosses show sampled averages, square symbols show exact numerical sums
based on Eqs. (4.14) and (4.15), and lines show the asymptotic predictions in Eqs. (4.32)–
(4.34).

The exact sums and sampled averages agree over the explored range, while the asymp-
totic expressions capture the same trends once finite-size corrections become small. This
comparison tests simultaneously the ring wrapping multiplicity, the repton factor, and the
shift between tree and ring branching activities derived in Sec. 4.3.3.

The extension to arbitrary maximum functionality can be tested independently. Fig-
ure 6.8 compares the predicted numbers of nodes in each functionality class (see Sec. C.3)
with samples generated by the elastic lattice model when the allowed fmax is varied and
the functionality chemical potentials vanish.

The agreement supports the cancellation of the functionality-dependent wrapping factors
embodied in Eq. (4.28); it also shows that the correspondence between labelled trees and
tightly double-folded rings is not restricted to the f ≤ 3 model used for most of the thesis.

6.3.3 Stored-length distribution

Another test comparing the data and our theory concerns how the Nrep units of stored
length are distributed over nodes of different functionality. Section 4.4.2 derives the
beta-binomial form in Eq. (4.36) and its functionality-averaged version in Eq. (4.37). We
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evaluate those expressions using the asymptotic mean values of Ntree and Nf and compare
them with data generated by the elastic lattice model for Nring ∈ {64, 216, 512, 1000} and
βµ̃3 ∈ {0,−2,−4,−6}.

The beta-binomial form reproduces both the broadening of the distributions and their
systematic dependence on node functionality.

For comparison, Fig. 6.10 shows the same data against the Poissonian distribution in
Eq. (4.38) that was suggested in the supplementary material of [22]. In the latter case, the
sampled distribution functions show a significant deviation from the theoretical description
in the tails.

Therefore, we conclude that the data support the beta-binomial distribution consistent
with distributing reptons randomly over the ring rather than a Poissonian distribution for
distributing reptons randomly over the nodes.

6.4 Equivalence of tree-level and ring-level sampling

The final test of our theoretical considerations concerns the central correspondence of
Chapter 4. The local ring algorithm evolves an explicit fixed-length ring, while the semi-
grand-canonical Amoeba algorithm of Sec. 5.4 evolves a tree with fluctuating Ntree and
assigns it the exact wrapping and repton weights needed to represent that ring ensemble. If
the mapping is implemented consistently, both routes should produce the same equilibrium
observables.

Figure 6.11 compares the two samplers for the mean number of branch points, mean
tree size, and mean-square radius of gyration. The parameter sets span several (Nring, βµ̃3)

combinations, specifically Nring ∈ {64, 216, 512} and βµ̃3 ∈ [−6, 0]. We implemented three
interaction conditions: ideal, dilute self-avoiding, and melt systems. For the interacting
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Figure 6.10: The same stored-length data as in Fig. 6.9, compared with the Poissonian
distribution of Eq. (4.38). Its systematic deviations in the tails of the distributions are not
present for the beta-binomial description.
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cases, the interactions are those specified in Sec. 4.3.4 and are applied consistently at the
tree level in both representations.
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Figure 6.11: Equilibrium comparison between explicit ring dynamics (horizontal axis) and
semi-grand-canonical tree sampling (vertical axis). The panels show ⟨N3⟩, ⟨Ntree⟩, and
⟨R2

g⟩ for ideal, dilute self-avoiding, and melt conditions over several values of Nring and βµ̃3.
The dashed diagonal is y = x. Insets compare the corresponding probability distributions
for a ring melt with Nring = 512 and βµ̃3 = 0.

The mean observables collapse onto the diagonal, and the representative inset distri-
butions agree between the two sampling routes. This comparison demonstrates that two
different microscopic representations—an explicitly double-folded contour and its weighted
annealed-tree reduction—generate the same measured equilibrium statistics. The agreement
in the self-avoiding and melt cases further shows that the correspondence survives the
inclusion of spatial interactions when those interactions are defined at the common tree-node
level.

6.5 Chapter summary

The validation tests presented here can be summarized as follows: First, the three fixed-size
Amoeba implementations reproduce historical benchmark data and agree with one another
regardless of the chemical potential chosen. Second, histogram reweighting recovers the exact
N3-dependent configurational entropy of labelled trees from the data. Third, independent
Prüfer samples and exact finite-size sums reproduce the structural consequences of the tree
theory. Fourth, local ring dynamics agrees with the predicted elastic-ring statistics at the
levels of the joint (Ntree, N3) distribution, mean functionality fractions, and stored-length
distributions. Finally, explicit ring dynamics and weighted tree sampling give the same
equilibrium observables in ideal and interacting conditions.

These comparisons support the equilibrium correctness of the statistical weights and
sampling constructions developed in Chapters 3–5. They do not imply that the algorithms
have comparable relaxation times. The next chapter therefore turns from equilibrium
correctness to the distinct questions of autocorrelation, equilibration, mass transport, and
computational cost.
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Chapter 7

Performance and equilibration
dynamics of the sampling algorithms

Chapter 6 established that the algorithms introduced in Chapter 5 generate the intended
equilibrium ensembles. Correct sampling, however, does not imply efficient sampling. A
Markov chain may have the right stationary distribution while spending an impractically
long time in correlated configurations, and two statistically equivalent representations of
the same polymer may have radically different relaxation times because their elementary
moves transport polymer mass on different length scales.

The performance results developed in this thesis fall naturally into three complementary
parts. First, we study fixed-size Amoeba algorithms for ideal randomly branched polymers
with controlled branching activity. This comparison reveals why the original leaf-moving
algorithm becomes inefficient in both the weakly and strongly branched limits, how semi-
kinetic and double-leaf proposals remove the corresponding local bottlenecks, and why a
residual, algorithm-independent slowing down remains even after those bottlenecks are
removed. Second, the exact Prüfer construction of Chapter 3 provides a qualitatively
different benchmark: for ideal trees it bypasses Markov-chain relaxation altogether and
generates independent configurations in linear time. Third, the tree–ring mapping of
Chapter 4 allows us to compare local ring dynamics with non-local tree-level sampling for
tightly double-folded rings, including melts. In that setting the choice of representation
itself becomes an algorithmic acceleration mechanism.

In evaluating the efficiency of the algorithms, we separate three sources of computational
cost: the probability that a proposed Monte Carlo move produces an effective connectivity
change; the collective relaxation that remains after local move inefficiencies have been
divided out; and the CPU cost of representing the same equilibrium ensemble at different
coarse-graining levels. This separation leads to practical rules for choosing between direct
Prüfer sampling, fixed-size Amoeba sampling, semi-grand-canonical tree sampling, and
explicit ring dynamics.
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7.1 Equilibration criteria and reference time scales

7.1.1 Centre-of-mass diffusion as an internal equilibration diagnostic

Leaf-moving algorithms equilibrate a tree by repeatedly pruning and regrowing leaves at
different positions along the connectivity graph. A convenient way to monitor this process
is through the mean-square displacement of the polymer centre of mass. For a tree of Ntree

nodes,

x⃗cm(t) =
1

Ntree

Ntree∑

i=1

x⃗i(t), (7.1)

and we use the ensemble average

g3(t) =
〈
[x⃗cm(t)− x⃗cm(0)]

2
〉
. (7.2)

The same construction is used for the explicit ring representation, with the centre of mass
calculated from the Nring ring monomers.

A robust empirical equilibration criterion, used throughout the simulations underlying
this thesis, is that the polymer has lost memory of its initial large-scale conformation once
its centre of mass has diffused over a distance comparable to the polymer size,

g3(τeq) ≃
〈
R2

g

〉
. (7.3)

After this crossover, the centre of mass is in its terminal diffusive regime and

g3(t ≳ τeq) ≃
〈
R2

g

〉 t

τeq
. (7.4)

For a finite trajectory this suggests

τeq ≃
〈
R2

g

〉

g3(t)
t, t ≥ τeq (7.5)

which approaches the characteristic equilibration time once the measured point t lies safely
in the terminal diffusive regime.

This diffusion-based test is preferable to judging equilibration from a single structural
observable. Quantities such as ⟨N3(t)⟩ or ⟨R2

g(t)⟩ can approach their asymptotic values
while the polymer still retains memory of its initial configuration. By contrast, the condition
in Eq. (7.3) tests whether the entire object has moved over its own spatial size. Because
mass transport in the algorithms discussed here is always small, this criterion typically
requires roughly all bonds in a tree configuration to be pruned and reattached before
equilibration is reached.
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7.1.2 Naive reptation-like scaling for leaf movers

The connection between centre-of-mass diffusion and equilibration also provides a simple
reference scaling for Amoeba algorithms. Consider one accepted leaf move in which a node
is removed from a position i and reattached at a position j. The centre of mass changes by

δx⃗cm =
1

Ntree
δx⃗ij . (7.6)

If the pruned leaf and its new position are sampled uniformly over the polymer, the
characteristic squared displacement |δx⃗ij |2 is of the order of ⟨R2

g⟩. Hence one expects, per
effective move,

g3|effective move ∼
⟨R2

g⟩
N2

tree

. (7.7)

Combining Eqs. (7.3) and (7.7) gives the reptation-like estimate

τeq ∼ N2
treeτ0, (7.8)

where τ0 is a microscopic time associated with producing an effective connectivity change.
A feature of this estimate is that the explicit factor N2

tree is independent of the equilibrium
branching structure. Much of the analysis below is devoted to understanding precisely how
and why the measured relaxation departs from this naive expectation.

7.1.3 Monte Carlo steps, CPU time, and independent samples

Three notions of computational cost need to be kept distinct. For the fixed-size Amoeba
algorithms, time is naturally measured in attempted Monte Carlo steps, as the computational
work required for a single step is comparable between the proposed schemes. Differences
between those schemes then appear through the number of attempted steps required to
generate one effective connectivity change and through the collective relaxation that follows
from many such changes. For comparisons between substantially different implementations,
such as local ring dynamics and tree-level sampling, CPU seconds are more informative
because the computational cost of one attempted move is not identical between algorithms.
Finally, direct Prüfer sampling is not a Markov process at all: every generated ideal-tree
configuration is independent, and the relevant performance metric is simply the CPU time
required for a sample.

7.2 Fixed-size Amoeba algorithms with controlled branching

The equilibrium comparisons in Sec. 6.1 used the same data set for the performance
analysis here: ideal FCC-lattice trees with fixed Ntree, functionality restricted to f ≤ 3,
and branching chemical potentials spanning the crossover from almost linear to maxi-
mally branched structures. More specifically, the performance study considered Ntree ∈
{10, 20, 40, 80, 81, 161, 321} and βµ3 ∈ [−15, 15]. The adjacent sizes 80 and 81 make an
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odd–even effect in the maximally branched regime directly visible. We showed in Sec. 6.1
that the original, semi-kinetic, and double-leaf Amoeba algorithms sample the same equi-
librium distribution. Here we examine how their equilibration rates change as βµ3 is varied
away from zero.
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Figure 7.1: Performance of the original (top), semi-kinetic (middle), and double-leaf
(bottom) Amoeba algorithms as a function of branching chemical potential. Left: the
measured equilibration time, Eq. (7.5), divided by the naive N2

tree factor. Middle: the
effective-move time t0 estimated from the probabilities of effective connectivity-changing
moves, Eq. (7.9). Right: the residual factor τeq/(N

2
treet0). Different colours correspond to

different tree sizes.

In the left panels of Figure 7.1 we observe that the original Amoeba algorithm is most
efficient around βµ3 = 0, where branching is neither promoted nor suppressed. Moving
away from this point in either direction causes a strong increase in the equilibration
time. The semi-kinetic algorithm removes the severe slowdown in the weakly branched
regime but does not, by itself, cure the highly branched limit. The double-leaf extension
was designed precisely for that remaining bottleneck and produces an algorithm whose
elementary connectivity-changing time is nearly independent of branching activity.
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7.2.1 Weakly branched trees: rejection of side-branching moves

For βµ3 ≪ 0, the equilibrium ensemble is dominated by essentially linear chains. In this
limit a standard reptation move is effective: one removes an endpoint and places it at an
end of the remaining chain. The original Amoeba algorithm, however, chooses its new
attachment position without first accounting for the strong penalty against branch point
creation. For a nearly linear tree, most nodes are two-functional and attaching the removed
leaf to one of them would create a statistically disfavoured branch point. The latter is
therefore accepted only with an exponentially small probability as the branching penalty
grows.

For a strictly linear tree the original algorithm consequently rejects approximately a
fraction (Ntree − 2)/Ntree of the attempted attachments. Only an O(1/Ntree) fraction of
proposed moves produces a reptation-like end relocation. This adds an extra factor O(Ntree)

to the otherwise O(N2
tree) relaxation, explaining the strong growth visible in the upper-left

panel of Fig. 7.1.
The semi-kinetic construction avoids this by incorporating the branching weight already

at the proposal stage. Branch-forming attachments are proposed only with the small
frequency required by equilibrium, so proposed Monte Carlo steps are overwhelmingly
useful reptation moves and acceptance probabilities are always of order unity. As a result
the semi-kinetic and double-leaf algorithms recover the O(N2

tree) reference scaling in the
linear-chain limit. Double-leaf proposals bring essentially no additional advantage there
because double leaves are themselves absent from a nearly linear connectivity.

7.2.2 Strongly branched trees: mobility of the f = 2 defect

The opposite limit is more subtle. Consider first a maximally branched tree without two-
functional nodes. Removing a leaf necessarily converts its adjacent f = 3 node into an f = 2

node and therefore creates a transition state with a single defect. In the original Amoeba
algorithm, reattaching the leaf to its original position restores the initial conformation.
Reattaching it to a different leaf creates a second f = 2 node and reduces N3 by one; for
large positive βµ3 this final state has a strongly suppressed statistical weight and the move
is rejected.

The semi-kinetic algorithm is more efficient at selecting statistically favoured attach-
ments, but in this particular transition state that feature is not enough: the only strongly
favoured node is the f = 2 site that was created by cutting the leaf and reattachment
restores the original connectivity. This differs qualitatively from the linear-chain limit, where
a cut chain possesses two statistically equivalent attachment choices and the connectivity
of the polymers is changed in a finite fraction of the accepted moves.

The role of an existing f = 2 site becomes clearer for a maximally branched tree with
one such defect. In the original algorithm, a detached leaf reaches this site only with
probability of order 1/N1, while in the semi-kinetic algorithm the defect can be displaced
much more efficiently. Nevertheless, displacement of the f = 2 defect alone is not sufficient
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for fast equilibration. A branch point becomes mobile only after it is converted into a
leaf, which for a peripheral f = 3 node requires removing its two leaves in succession.
The probability that the second accepted single-leaf move removes the second leaf rather
than merely displacing the defect remains of order 1/N1. The resulting probability for
a connectivity rearrangement that mobilizes a branch point is therefore approximately
1/(2N1) ∼ 1/Ntree for both single-leaf algorithms.

This argument also explains the even–odd effect at large positive branching activity. For
odd Ntree, the functionality constraints require at least one f = 2 node even in the maximally
branched state. For even Ntree, no such node is required; creating the pair of f = 2 defects
needed for a single-leaf rearrangement costs a free-energy penalty proportional to µ3, and
the associated waiting time for an accepted and effective move grows exponentially with
βµ3.

Double-leaf moves remove this bottleneck directly. A peripheral branch point carrying
two leaves can be converted into a leaf in one move and transplanted elsewhere without
relying on a pre-existing f = 2 defect. The double-leaf algorithm therefore remains effective
throughout the strongly branched regime and has no analogous even–odd effect. For this
reason, the double-leaf Amoeba algorithm is most robust across the complete range of
branching activities.

7.3 Effective trial moves and the effective-move time t0

The qualitative arguments above can be made quantitative by classifying Amoeba moves
according to the functionality of the node from which a leaf is pruned and the functionality
of the chosen node in the transition state. In addition to the total numbers N1 and N2 of
one- and two-functional nodes, we denote by N1,2 and N1,3 the numbers of leaves attached
to f = 2 and f = 3 nodes, respectively, and by NDL the number of double leaves.

Table 7.1: Move classes used to estimate the rate of effective connectivity changes in the
three fixed-size Amoeba algorithms. fB is the functionality of the node from which the
selected leaf is pruned and fC the functionality of the node gaining the leaf, both evaluated
in the transition state. An asterisk indicates C = B. The columns αO, αSK, and αDL

are proposal probabilities for the original, semi-kinetic, and double-leaf algorithms; the
following three columns are the corresponding approximate acceptance probabilities. The
last column assigns an effectiveness σ to the accepted move.

Class f(B) f(C) αO αSK αDL accO accSK accDL σ

I 1 1 N1,2

N1

N1−1
N1+N2−1

N1,2

N1

N1−1

N1+(N2−1)eβµ3

N1,2

N1

N1−1

N1+(N2−1)eβµ3

N1
N1+NDL

1 1 1 1

II 1 2 N1,2

N1

N2−1
N2+N1−1

N1,2

N1

(N2−1)eβµ3

N1+(N2−1)eβµ3

N1,2

N1

(N2−1)eβµ3

N1+(N2−1)eβµ3

N1
N1+NDL

min
(
1, N1

N1+1
eβµ3

)
N1

N1+1
N1+NDL

N1+1+NDL
1

III 2 1 N1,3

N1

N1−1
N1+N2

N1,3

N1

N1−1

N1−1+(N2+1)eβµ3

N1,3

N1

N1−1

N1−1+(N2+1)eβµ3

N1
N1+NDL

min
(
1, N1

N1−1
e−βµ3

)
1 1 1

IV 2 2 N1,3

N1

N2
N1+N2

N1,3

N1

N2e
βµ3

N1−1+(N2+1)eβµ3

N1,3

N1

N2e
βµ3

N1−1+(N2+1)eβµ3

N1
N1+NDL

1 1 1 0

V 1 1∗
N1,2

N1

1
N1+N2−1

N1,2

N1

1
N1+(N2−1)eβµ3

N1,2

N1

1
N1+(N2−1)eβµ3

N1
N1+NDL

1 1 1 0

VI 2 2∗
N1,3

N1

1
N1+N2

N1,3

N1

eβµ3

N1−1+(N2+1)eβµ3

N1,3

N1

eβµ3

N1−1+(N2+1)eβµ3

N1
N1+NDL

1 1 1 0

VII 1 1 – – NDL
N1+NDL

N1−2
N1−1

– – 1 2

VIII 1 1∗ – – NDL
N1+NDL

1
N1−1

– – 1 0

Classes I and V are the familiar reptation-like cases in which linear segments exchange
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an endpoint or the detached leaf returns to its original attachment point. Classes II and III
create or remove a branch point. Classes IV and VI move a leaf between a branch point
and a two-functional site or return it to its previous position. Classes VII and VIII are
the double-leaf counterparts, in which a branch point is either transported to a new leaf or
restored to its original location.

Not every accepted move contributes equally to the equilibration of the tree. For this
reason, we construct the parameter σ to categorize move classes based on their effectiveness.
We assign σ = 0 to the identity moves V, VI, and VIII. Class IV also receives σ = 0 in
this coarse estimate: although a leaf changes position, the move transports the f = 2

defect without mobilizing a branch point. Classes I–III have σ = 1, while a double-leaf
transport in class VII is assigned σ = 2 because two leaves are moved in one accepted event.
This simple bookkeeping converts the full proposal table into an estimate of the effective
connectivity-change rate,

t−1
0 =

VIII∑

ν=I

αν accν σν

∣∣∣∣∣
⟨N1⟩,⟨N2⟩,⟨N1,2⟩,⟨N1,3⟩,⟨NDL⟩

, (7.9)

such that t0 estimates the number of attempted Monte Carlo steps required to produce one
effective change of the connectivity.

The middle column of Fig. 7.1 shows that this simple estimate accounts for most of the
algorithm- and branching-dependent variation in the raw equilibration times. Across the
full data set the estimates of t0 span roughly five orders of magnitude. For the double-leaf
algorithm, t0 nevertheless remains of the order of only a few Monte Carlo steps and is
nearly independent of branching activity. The remaining ratio τeq/(N

2
treet0), shown in the

right column, is much less algorithm dependent. That residual factor is the starting point
for the universal relaxation analysis below.

7.4 A universal tree regime in Amoeba dynamics

Dividing the equilibration time by the effective time t0 does not reduce the result exactly
to the hypothesized N2

tree scaling behaviour of reptation algorithms. Instead, the ratios in
the right column of Fig. 7.1 reveal a weaker but systematic dependence on the internal tree
structure. To identify its origin, we examine the centre-of-mass motion before the terminal
diffusive regime.

Figure 7.2 displays the double-leaf data in a form that divides out the simplest reptation
prediction. At the earliest times most systems exhibit a regime in which

g3(t)/⟨R2
g⟩

t/N2
tree

is approximately time independent. At late times the same quantity again approaches a
constant, corresponding to terminal diffusion. Between those limits, however, branched
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Figure 7.2: Centre-of-mass diffusion for the double-leaf Amoeba algorithm. The quantity
[g3(t)/⟨R2

g⟩]/(t/N2
tree) is plotted against t/N2

tree and colour-coded by the mean number of
linear segments, ⟨nlin⟩ = 2⟨N3⟩+ 1. Linear chains remain diffusive, whereas branched trees
exhibit an extended intermediate subdiffusive regime.

trees display a broad anomalous regime with

g3(t) ∼ tα, α < 1. (7.10)

The polymer centre of mass therefore diffuses more slowly on intermediate time scales than
predicted by the simple uncorrelated-move argument.

The deviations are controlled by the number of linear segments in the tree,

⟨nlin⟩ = 2⟨N3⟩+ 1. (7.11)

A linear chain has ⟨nlin⟩ = 1 and shows no extended anomalous regime. As branching
increases, the number of linear segments grows, the onset and duration of the subdiffusive
regime become more prominent, and the asymptotic centre-of-mass diffusion is slowed.

A scaling form that captures these observations is

g3(t) ≃ ⟨R2
g⟩





1

N2
tree

t

τ0
, t ≲ τ1,

⟨nlin⟩x
(

t

τ1

)α

, τ1 ≲ t ≲ τeq,

t

τeq
, t ≳ τeq,

(7.12)

with characteristic times

τ1 = N2
tree⟨nlin⟩xτ0, (7.13)

τeq = N2
tree⟨nlin⟩∆τ0. (7.14)
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Here τ0 denotes the microscopic time of the scaling description. The move-class quantity
t0 in Eq. (7.9) is its directly calculable algorithm-specific proxy: it estimates how many
attempted Monte Carlo steps are needed for one elementary effective connectivity change.
The distinction is useful because t0 can be computed from proposal and acceptance statistics,
whereas τ0 is the short-time scale entering the coarse-grained relaxation ansatz. In the
comparisons below, rescaling by t0 is used to remove the dominant algorithm-dependent
microscopic slowdown.

The scale τ1 separates an early regime dominated by mass exchange among the outer
linear segments from an intermediate “tree” regime in which the destruction and creation of
branch points controls the relaxation. Both times reduce to the standard reptation form
N2

treeτ0 when ⟨nlin⟩ → 1.
Continuity of Eq. (7.12) at the terminal crossover gives a relation between the three

exponents,

∆ = −1− α

α
x. (7.15)

The five-row comparison in Fig. 7.3 is useful because the three algorithms look very
different before the short-time inefficiency is removed. Linear-chain data for the original
Amoeba algorithm are shifted by the O(Ntree) rejected branch-forming attempts described
in Sec. 7.2.1. Highly branched data for the original and semi-kinetic algorithms are
shifted by their difficulty in mobilizing branch points, with maximally branched even trees
displaying extended plateaus while they wait for the rare f = 2 defects needed by single-leaf
rearrangements.

Once time is expressed in units of t0, these algorithm-specific offsets largely disappear.
This gives two separate conclusions. First, the dramatic performance differences between the
three move sets arise primarily from short-time proposal and acceptance statistics. Second,
after those differences are divided out, all three algorithms display the same collective tree
relaxation. The anomalous regime is therefore not a peculiarity of the double-leaf proposal
but an intrinsic feature of Amoeba-like pruning and regrowth dynamics.

Fits to the third row of Fig. 7.3 give

∆ = 0.40± 0.05 original Amoeba, (7.16)

∆ = 0.39± 0.05 semi-kinetic Amoeba, (7.17)

∆ = 0.41± 0.04 double-leaf Amoeba. (7.18)

Within the estimated statistical and systematic errors these values are indistinguishable.
The crossover from subdiffusion to terminal diffusion gives similarly compatible estimates

α = 0.85± 0.01 original Amoeba, (7.19)

α = 0.84± 0.01 semi-kinetic Amoeba, (7.20)

α = 0.84± 0.01 double-leaf Amoeba. (7.21)
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Figure 7.3: Scaling analysis of the centre-of-mass diffusion for the original (left column),
semi-kinetic (middle column), and double-leaf (right column) Amoeba algorithms. Row
1 shows the raw diffusion after division by the naive N2

tree scaling. Row 2 additionally
measures time in units of the algorithm-specific elementary connectivity-change time t0.
Row 3 shows τeq/(N

2
treet0) as a function of ⟨nlin⟩. Row 4 aligns the crossover from the

subdiffusive tree regime to terminal diffusion using t/τeq. Row 5 aligns the onset of the
tree regime. The collapse after rescaling by t0 demonstrates that the long-time relaxation
is common to all three Amoeba move sets once their short-time proposal inefficiencies are
removed.
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Using Eq. (7.15) then yields the common estimate

x = −2.2± 0.2. (7.22)

The data are therefore summarized, to the accuracy relevant here, by

τeq ∼ N2
tree ⟨nlin⟩0.4 τ0 (7.23)

with an intermediate onset time close to

τ1
τ0

∼ N2
tree

⟨nlin⟩2
≡ l2lin, (7.24)

where llin = Ntree/⟨nlin⟩ is the characteristic number of nodes per linear segment. For fixed
branching chemical potential this length is asymptotically independent of the total tree
size, up to finite-size corrections.

For comparison with the measured data one can invert Eq. (7.23) and the observed
separation of time scales to define

t0,eq =
τeq

N2
tree⟨nlin⟩0.4

, (7.25)

t1,eq =
τeq

⟨nlin⟩2.4
, (7.26)

as estimators of τ0 and τ1, respectively. The final row of Fig. 7.3 uses these estimates to
align the onset of the anomalous regime. The collapse is less precise than at the terminal
crossover, because t0 itself is only a rough move-class estimate, but the expected trend is
visible: trees with long linear segments exhibit an extended initial reptation-like regime,
whereas highly branched trees cross almost immediately into the collective tree regime.

The exponent ∆ ≃ 0.4 remains phenomenological. The existence of the intermediate
scale τ1 shows that pruning and regrowing complete branches is more correlated than the
naive independent-leaf picture underlying Eq. (7.8). One plausible interpretation is that,
over intermediate times, the algorithm repeatedly draws mobile material from a restricted
subset of peripheral nodes before the rearrangements penetrate to the central parts of the
tree. This would make renewal of the deepest connectivity systematically harder than
renewal of a linear chain. Regardless of the microscopic explanation, the collapse across all
three algorithms indicates that a correction of the form in Eq. (7.23) should be expected
generally for Amoeba-like leaf movers rather than only for one particular proposal scheme.

7.5 Direct Prüfer sampling bypasses equilibration

The analysis above concerns a Markov-chain problem: even an optimally proposed Amoeba
move must be repeated many times before the tree loses memory of its previous connec-
tivity. For ideal trees, the exact combinatorial representation of Chapter 3 changes the
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problem qualitatively. A tree can be generated by independently drawing its functionality
composition and a compatible Prüfer code, so no relaxation trajectory is required.

For fmax = 3, once the probability distribution of N3 has been precomputed, it can
be sampled. For a single tree, the functionality assignment of its nodes, constructing a
code and corresponding randomly branched polymer as in Table A.3, each require O(Ntree)

computational steps. This linear cost is asymptotically optimal because merely writing an
Ntree-node connectivity requires O(Ntree) information.
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Figure 7.4: CPU time to obtain an independent ideal-tree configuration by direct Prüfer
sampling (crosses) compared with the equilibration time of the optimized Amoeba Monte
Carlo scheme (filled circles), as a function of tree size. The direct sampler follows approxi-
mately linear scaling, whereas the Markov-chain cost grows approximately as N2.4

tree over
the measured range. Different colours correspond to different branching chemical potentials
as in Fig. 6.1.

The difference is illustrated in Fig. 7.4. The optimized Amoeba data are consistent with
a CPU cost close to N2.4

tree for producing decorrelated ideal-tree samples, in agreement with
the universal relaxation correction discussed above. The direct Prüfer procedure remains
approximately linear. In the implementation used for the corresponding study, an ideal
tree of Ntree = 220 ≃ 106 nodes could be generated in about one CPU second, whereas
extrapolating the Monte Carlo timing gave a cost of order 108 s, or several years, for a
decorrelated configuration of the same size.

The advantage of using Prüfer sampling has clear limits. The method relies on the
separation between connectivity statistics and spatial embedding of the ideal ensemble.
Once excluded-volume or other position-dependent interactions couple connectivity to
conformation, a randomly drawn graph cannot simply be embedded with independent bond
orientations and accepted as an equilibrium interacting polymer. In addition, for arbitrary
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functionality constraints the preprocessing required to construct the exact composition
probabilities can be more expensive than the f ≤ 3 case, even though the subsequent
generation of each Prüfer code and connectivity remains linear. Thus Prüfer sampling is
the preferred reference method for independent ideal-tree statics, while Amoeba methods
remain necessary when connectivity and spatial interactions must equilibrate together.

7.6 Equilibration of tightly double-folded rings

The tree–ring correspondence developed in Chapter 4 creates an opportunity to obtain
equilibrium statistics of tightly double-folded rings faster than with the local ring dynamics
of Sec. 5.3. Where the local algorithm moves ring monomers locally, the semi-grand-
canonical Amoeba sampler modifies the underlying tree by non-local insertion and deletion
of nodes and then restores the ring degrees of freedom by random wrapping and placement
of stored length. Chapter 6 established that these routes generate the same equilibrium
observables when their statistical weights are matched. We now compare how rapidly they
reach those ensembles.

7.6.1 Systems, initial states, and observables

The tree–ring equivalence was validated for ideal, self-avoiding, and melt sys-
tems in Chapter 6; the performance comparison here focuses on melts with
Nring ∈ {64, 216, 512, 4096, 32768} and branching chemical potentials βµ̃3 in the
interval [−6, 0]. The melts consisted of 12 polymers in periodic three-dimensional FCC
boxes with N

1/3
ring ×N

1/3
ring ×N

1/3
ring elementary cells. Two different initial conditions were used.

In the first, every ring starts from an extremely compact dimer state whose underlying
tree contains only two neighbouring nodes. In the second, the explicit ring dynamics is
initialized from equilibrated wrapped trees generated by the semi-grand-canonical Amoeba
sampler.

The time-dependent observables are the mean tree size ⟨Ntree(t)⟩, the mean number of
branch nodes ⟨N3(t)⟩, the ring mean-square gyration radius

〈
R2

g(t)
〉
, and the centre-of-mass

mean-square displacement g3(t).
The same criterion as Eq. (7.3) is used to judge equilibration in the ring and tree

representations.

7.6.2 Relaxation from compact configurations

Figure 7.5 illustrates the relaxation for an interacting ring melt at Nring = 512 and βµ̃3 = 0.
Several features are worth keeping separate. First, ⟨Ntree⟩, ⟨N3⟩, and ⟨R2

g⟩ become stationary
on approximately the same scale on which g3(t) crosses into terminal diffusion. Second,
the stationary values are the same for the ring and tree representations, as independently
demonstrated in Chapter 6. Third, the approach to equilibrium need not be monotonic:
a structural observable can overshoot or pass through an apparently stationary regime
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Figure 7.5: Representative equilibration of a melt of tightly double-folded rings with
Nring = 512 and βµ̃3 = 0, starting from compact dimer configurations. Filled symbols
correspond to tree sampling and open symbols to local ring dynamics. The panels follow
⟨Ntree(t)⟩, ⟨N3(t)⟩, ⟨R2

g(t)⟩, and g3(t) as functions of CPU time. In the right panel, plotting
⟨R2

g(t)⟩ against g3(t) makes the equilibration criterion visible: trajectories entering the
region g3(t) ≳ ⟨R2

g(t)⟩ have a saturated mean squared gyration radius.

before the centre of mass has diffused over the polymer size. Fourth, the tree representation
reaches the common equilibrium state orders of magnitude faster than the explicit local
ring dynamics.

The last point can be heuristically explained by the nonlocality of leaf-mover algorithms
with respect to local ring dynamics: A local ring move transports stored length or alters
a local hairpin and therefore propagates information only gradually along the contour
and through the underlying tree. By contrast, a tree-level cut or attachment can transfer
connectivity and polymer mass between distant regions in a single accepted update. The
corresponding ring mass would require O(Ntree) local steps to arrive at the same point.

The comparison in Fig. 7.6 makes the difference in performance more explicit. Starting
from compact dimers, the semi-grand-canonical Amoeba algorithm reaches equilibrium even
for Nring = 32768. Under the same criterion, the local ring dynamics reaches equilibrium
from those compact states only for Nring ≤ 512 within the available simulation time. Already
after the earliest recorded tree-sampling sweeps, ⟨R2

g(t)⟩ has moved close to its final scale,
whereas the local ring dynamics remains much closer to the compact starting state.

More importantly, the middle panel demonstrates a complementary use of the mapping
between trees and rings. Rings initialized from equilibrated tree configurations show no
drift under the subsequent local dynamics. The leaf-mover algorithm can therefore prepare
equilibrated tightly double-folded rings that subsequently serve as initial states for the
physically relevant local ring dynamics.

88



Figure 7.6: Time evolution of ring mean-square gyration radius (⟨R2
g(t)⟩), against mean-

square displacement of the ring centre of mass g3(t). Panels (a,b) represent ring dynamics
simulations, with the following initial conformations: (a) compact dimers (open symbols,
time increases from left to right), (b) equilibrated rings generated using the Amoeba tree
sampling (filled symbols, time increases from right to left). Panel (c) represents Amoeba
tree sampling, with compact dimers for initial conformations. Symbols of different colours
are for different βµ̃3 (values are in the figure), while different symbols are for different
Nring (see legend in the figure). Dashed lines correspond to y = x: crossing this line marks
the regime g3(t) ≳ ⟨R2

g(t)⟩ where polymers reach equilibrium (see Fig. 7.5(e)). The green
shaded areas in all panels correspond to the portions of the simulation trajectories from
which data can be reliably sampled, because the corresponding ensembles are equilibrated.
Notice in particular that the trajectories in panel (b) are entirely shaded green, owing to
their prior equilibration using Amoeba tree sampling. This is also reflected in the stationary
behaviour of ⟨R2

g(t)⟩ in these plots. Note: because both algorithms only start writing data
after one MC “sweep” (here, one MC sweep corresponds to the number of MC moves equal
to the total number of monomers of the system), data for very short time scales are absent
in Amoeba simulations.
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7.6.3 CPU-time scaling

The CPU equilibration time is approximated as in Sec. 7.1.1. We used only the equilibrated
portion of each trajectory for this estimate.
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Figure 7.7: CPU equilibration time for melt simulations using explicit local ring dynamics
and semi-grand-canonical Amoeba tree sampling. Over the explored range the tree sampler
scales approximately as τeq ∼ N2.5

ring, whereas local ring dynamics scales approximately as
N3.8

ring. The colour variation corresponds to different branching chemical potentials as in
Fig. 6.11.

The result is shown in Fig. 7.7. Apart from a branching-dependent prefactor, the
semi-grand-canonical tree sampler displays an empirical CPU scaling close to

τ treeeq ∼ N2.5
ring, (7.27)

whereas the explicit dynamic algorithm follows approximately

τ ringeq ∼ N3.8
ring. (7.28)

Thus the tree-level route is faster by at least an additional factor of order Nring over the
studied range. In practical terms, the tree representation allowed melts with Nring = 32768

to be equilibrated where direct dynamic preparation had already become difficult around
Nring = 512.

7.7 Extensions, alternative move sets, and limitations

In the following, we discuss extensions and alternatives for the move choices of the Amoeba
algorithms that were introduced in Chapter 5.
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7.7.1 Alternative transition-state constructions

The transition state used for the semi-kinetic algorithm is not unique. One alternative that
we implemented in early approaches was to reverse the order of operations: first attach
an additional bond, creating a temporary Ntree + 1 state, and then remove an f = 1 node
using a weighted rule. This proved inefficient in both extreme branching regimes. For
nearly linear trees, the first attachment often creates a branch point that is immediately
removed again, leaving the tree unchanged. For strongly branched trees there are more
one-functional than two-functional targets, so the first attachment typically creates a linear
segment that is then disproportionately likely to be removed in the second part of the same
update.

A more ambitious possibility is a fully kinetic construction in which the cut is also
statistically weighted and the intermediate state is skipped. This requires evaluating all
combinations of cut and attachment classes in the initial and final trees. For f ≤ 3 the
bookkeeping already produces sixteen classes of moves. The additional data-structure
updates increase the CPU cost per step, while the proposal normalization no longer cancels
cleanly between the forward and reverse moves. If the proposals are weighted so as to
absorb the local statistical factors, the acceptance probability retains a ratio of proposal
partition sums of the schematic form

acci→f = min

(
1,

z|i⟩
z|f⟩

)
. (7.29)

In the strongly branched regime this is particularly problematic because a final state
containing a linear defect can still carry an exponentially small acceptance probability. The
increased complexity therefore does not remove the essential bottleneck as cleanly as the
explicit double-leaf proposal.

7.7.2 Higher functionality

The same philosophy of the generalized Amoeba algorithms presented here extends be-
yond fmax = 3. A semi-kinetic attachment rule can analogously be defined for a set of
functionality-dependent chemical potentials {µf}. The double-leaf update then generalizes
naturally to multiple-leaf moves in which a branch point carrying several peripheral leaves
is moved as a compound object. The principal cost is implementation complexity: more
functionality classes require more dynamically maintained lists and more proposal classes.
The anomalous scaling exponent ∆ ≃ 0.4 may also depend on the set {µf}.

7.7.3 Spatial interactions

The ideal-tree study of the Amoeba algorithms initially left open how much of the accel-
eration would survive excluded-volume interactions. There are good reasons to expect
some loss: a connectivity change that is statistically favourable at the graph level may
be rejected because the proposed spatial embedding overlaps another node, and moving
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two leaves at once can create more excluded-volume conflicts than moving one. The later
tree–ring study provides a concrete answer for the related semi-grand-canonical problem.
When excluded-volume interactions are evaluated consistently at the common tree-node
level, the non-local tree representation remains dramatically more efficient than local ring
dynamics for dense melts, while Chapter 6 confirms that the equilibrium ensembles remain
equivalent. This does not constitute a complete scaling theory for interacting fixed-size
double-leaf Amoeba dynamics, but it demonstrates that the central strategy—equilibrating
static structure through non-local tree moves and switching representations only when
needed—survives the introduction of strong spatial constraints.

7.8 Practical synthesis and chapter conclusion

The performance results suggest a simple hierarchy of sampling strategies.
For ideal static observables, direct combinatorial sampling using Prüfer codes is clearly

the optimal approach. When interactions prevent such factorization, Amoeba moves provide
a non-local Markov-chain alternative. Their short-time performance can be optimized by
matching proposal frequencies to the equilibrium weights and by moving double-leaves
when single-leaf updates encounter bottlenecks. After those local inefficiencies are removed,
however, an intrinsic tree relaxation remains. The fixed-size data identify this collective
contribution through the mean number of linear segments and the scaling τeq ∼ N2

tree⟨nlin⟩0.4.
The tree–ring correspondence adds a final level to this hierarchy. Instead of optimizing

a local ring algorithm, one can equilibrate the statistically equivalent coarse-grained tree
with non-local moves and reconstruct the explicit ring afterwards. For static properties this
reduces the accessible computational cost by more than one power of Nring in the measured
melt simulations. For dynamics, the same strategy provides equilibrated starting states
for systems that local ring dynamics could not realistically prepare from compact initial
conditions.

92



Chapter 8

Concluding Remarks

This thesis develops a statistical and computational framework for polymers with annealed
branching connectivity, focusing on labelled trees and tightly double-folded rings. The ideal
ensembles expose the combinatorial structure needed to separate connectivity entropy from
conformational weights, while the interacting models test how far the resulting tree–ring
correspondence survives beyond the ideal limit. The same exact statistical weights also
guide efficient sampling algorithms. Together, the results connect the statistical mechanics
of annealed branching to practical strategies for accelerating equilibrium simulations.

8.1 Main Findings

• In Chapter 3, we use Prüfer codes to derive exact finite-size configurational multi-
plicities and partition functions for ideal labelled randomly branched polymers with
controlled branching activity. The resulting framework recovers and quantitatively
connects historical results of Zimm and Stockmayer [5, 6], De Gennes [67], and Daoud
and Joanny [68].

• The main finding of Chapter 4 is the one-to-one mapping between wrapping codes
and tightly double-folded rings. This mapping allows switching between tree and ring
ensembles, which is central to this thesis.

• Chapter 5 proposes Prüfer sampling as an optimal way to sample ideal randomly
branched polymers, while we construct Amoeba algorithms to be efficient at arbitrary
branching activity.

• We find in Chapter 6 that Amoeba algorithms sample labelled trees, whereas local
dynamics of ring monomers on tree backbones sample wrapping codes. We show that
the mapping between rings and trees carries over to ensembles with hard excluded
volume as well.

• Finally, Chapter 7 establishes a hierarchy of algorithms based on their equilibration
costs. For ideal monodisperse trees, direct Prüfer sampling generates independent
configurations in O(Ntree) work per tree. When excluded volume couples connectivity
and spatial embedding, Amoeba algorithms remain applicable to trees and tightly
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double-folded rings. After proposal-dependent short-time bottlenecks are removed,
the Amoeba variants share an additional collective equilibration scaling with exponent
∆ ≃ 0.4.

8.2 Discussion

This thesis focuses on the statistics of randomly branched polymers and tightly double-
folded rings, and much of the research has been performed using lattice models. Here
we discuss the strengths and limitations of our models and how they could be used and
extended to answer currently open questions.

8.2.1 Application to biological polymers

An important feature we used for relating the ensembles discussed here is the equivalence
of each monomer or node in a polymer. As a consequence, double-folded rings are not
sequence-specific and an averaged contact map over tightly double-folded ring structures
would not reveal any specific structure. The biological polymers we aim to study, however,
have a specified sequence of base pairs, and, as both secondary structures of RNA and
contact maps in DNA reveal, their structures are not random. A possible shortcoming of
our models is thus that no one-to-one mapping exists between a single biological molecule
and a particular tightly double-folded ring. In other words, our models might appear too
coarse-grained or too simple.

However, this simplicity is advantageous when we use the models here as a controlled
reference ensemble. The parameter space is low-dimensional, consisting of a chemical
potential and a tree size, or the combined parameter λNtree (see Secs. 3.4 and 3.5). This
makes it possible to establish the baseline statistics before adding sequence dependence or
other biologically motivated features. In this sense, the double-folded ring is a null model
against which more specific hypotheses can be tested.

For example, active processes and other biologically inspired out-of-equilibrium effects
could be added to the tightly double-folded ring monomers to obtain a more realistic setup.
In these scenarios it is unclear, though, how the exact tree–ring mapping that we derived in
this thesis should be performed. A more modest approach would therefore be to start from a
properly equilibrated ensemble and add the active processes only at the start of a simulation
with local ring dynamics to compare their effects on the structure and organization of the
polymers.

8.2.2 Application to a model of melts of rings

The tightly double-folded ring polymers in this thesis are always confined to a tree backbone.
Section 2.4 discussed why this is a useful reference model for ring melts. In other such
models, such as the decorated-loop [54] or fractal-loopy-globule [55] descriptions, the ring
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can open away from a strictly double-folded backbone. Such openings can permit threadings
and other relevant microscopic structures that are absent from the present model.

This limitation can be useful in comparison with other models, experiments and
simulations: When systematic deviations are observed from the tightly double-folded ring
model only in certain regimes, this can identify microscopic features such as threadings as the
source of those deviations. An absence of arrested dynamics as in [59] at comparable scales
for the double-folded ring model would hint at threadings as the underlying mechanism. A
subsequent controlled inclusion of threadings, by relaxing the excluded volume constraints
in Sec. 3.1.3 for example, would then test this behaviour more directly.

A more stringent issue concerns the nature of our mapping between rings and trees and
how to carry over between the two ensembles when interactions are introduced. This was
possible mainly by omitting interactions at the ring level and introducing them only at the
tree level. Empirically [20, 22], this assumption has proven effective enough for comparison
with ring statistics. However, with ring monomers as the relevant degrees of freedom, this
assumption is not necessarily physical. Once interactions at the ring level are introduced,
Eq. (4.19) is not sufficient to account for the degrees of freedom of the ring monomers,
and the central mapping result between the tree and ring ensembles would break down.
To obtain a similar, exact, mapping, the distributions for placing ring monomers on the
tree nodes need to be determined first. For sufficiently simple interactions, this might be
possible, and the repton distributions in Sec. 4.4.2 might offer a suitable starting point. For
more complicated interactions, however, it is possible that only effective solutions remain.

Finally, most of this thesis restricts the functionality to f ≤ 3. This considerably
simplifies the discussion through Eqs. (3.6) and (3.7), but physically there is nothing
that prevents higher-order branch points for generic rings. Additionally, the multiplicity
associated with wrapping an f -functional node (Eq. (4.26)) cancels the corresponding
labelling degeneracy in a Prüfer code, making higher-order branch nodes particularly
relevant for tightly double-folded rings. Figure 6.8 shows that higher-order branch points
indeed occur when the functionality restriction is relaxed, although their probability
decreases rapidly with increasing functionality. Depending on the ensemble of interest, it
might therefore be useful to adopt the algorithmic generalizations proposed in Secs. 5.1.3
and 7.7.2.

8.2.3 Labelled versus unlabelled trees

Section 6.1.3 showed that the Amoeba algorithms used here sample labelled trees rather
than unlabelled trees. However, this does not imply that ensembles of branching polymers
in experiments necessarily represent labelled trees as well.

The nature of the tree node labels does not have a direct physical interpretation.
However, for the distributions that we computed (Eqs. (3.31), (3.42), (3.46)), we showed
that the labelling factor always drops out, making the labelling more of a “gauge” than an
actual observable. In the same way, it can be argued that physical nodes have an identity,
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such as a position in space at a certain time. A thought experiment in which such nodes
are combined into trees then requires prior labelling of the nodes, whose entropy should
likely be accounted for.

On the other hand, geometry and topology play a significant role in biology, as certain
interactions rely solely on the occurrence of very specific shapes. When trees are synthesized
based on this shape specificity, it could be that an ensemble of unlabelled trees is more
relevant to model the situation at hand.

Section 3.3 argued that the distinction between the two ensembles cannot be reduced to
the overall labelling entropy: after normalization by the number of labelled linear chains, the
labelled and unlabelled total multiplicities share the same N

−5/2
tree prefactor. The different

exponential growth constants can in practice be accounted for by a suitable set of chemical
potentials {µf}.

Whether nature samples labelled rather than unlabelled therefore remains an open
question in many scenarios. Extreme cases, such as the linear-versus-star example in Sec. 3.3
and the fraction of linear chains in the ensemble in Sec. 6.1.4 might, however, be exceptions
to this.

8.3 Outlook

The coherent framework for branching polymers developed in this thesis can be applied to
probe several open questions. Moreover, the data generated for the comparison between
different algorithms in Chapters 6 and 7 can be directly analysed and interpreted in the
context of one or more of the following topics.

• The connection between double-folded rings and bacterial DNA explored in [21] should
be investigated further. In the latter work, contact probabilities of sparsely branching
double-folded rings could be mapped onto contact probabilities of bacterial DNA
under the assumption that the small systems studied were representative. With the
current algorithms, we are in a position to explore the statistics of entire bacterial
genomes efficiently under the mapping proposed in the mentioned works.

• The dynamics in the equilibrated tightly double-folded ring melt should be studied in
more detail. If a transition to a topological glass state is absent, comparison with
molecular dynamics simulations would suggest that threadings can indeed play a
major role in slowing down the ring dynamics. However, it should be noted that,
with the efficiency of the current best available local ring dynamics algorithm, we can
presumably test only small time or length scales.

• A better understanding of the observed exponent ∆ = 0.4 in Sec. 7.4 can be advan-
tageous for several reasons: First, this might allow the Amoeba algorithms to be
sped up even further. Second, the cutting and pasting of leaves could presumably
be related to the local dynamics in Sec. 5.3, which could allow the current mapping
of statistics to be extended to dynamics as well and enable the study of large time
scales of tightly double-folded ring polymers more efficiently.
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• An extension of this thesis would be to compare our ensembles with those obtained
using different algorithms, such as the ones discussed in Sec. 5.5. In particular, growth
algorithms might offer another avenue for efficiently sampling melts of trees.

• More generally, the concepts in this thesis should inspire a broader look for analogous
exact correspondences between polymer configurations and combinatorial objects. In
the present thesis, the graph-theoretical description of ideal ensembles made both
exact counting and efficient sampling possible; similar correspondences may provide
useful coarse-grained descriptions beyond trees and tightly double-folded rings.

The algorithms used for sampling ideal monodisperse trees are openly available [86], as
are the analysed simulation results [87]. The implementation of the semi-grand-canonical
Amoeba algorithm used to efficiently equilibrate double-folded elastic rings is now openly
archived in Ref. [88].

The framework developed here therefore provides both a controlled reference for branched
and double-folded polymer statistics and a practical starting point for more detailed
biological and ring-polymer models.
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my workplace, but don’t worry, I will clean it all and finally put your names on the door!
I am proud to be part of your vlogs, Ashish, and I hope you manage everything, from
your family at home to the papers here and the annoying mission forms in Trieste. To
Valentina B. I want to say thank you for all the small talk. We could both work super
focused on our stuff, but venting our frustrations about the system was a very good way to
lighten the mood a bit. It is a pity that I will leave our little in-office rebellion behind, but
I am sure it is in good hands.

Outside the office, I am happy to have met a bunch of people from SISSA with whom I
shared many good times. Of the PIs, I thank Alessandro L. for taking us to the mountains
on several occasions. I thank Giovanni for being a proper coordinator, and for organising
group meetings with desserts that I could often taste as well. Being a “+1” to that group, I
often had lunch, coffees and some dinners with Olivier, Salvo and Tomás, with whom
there was always something to discuss. It was mostly about food, but never without passion.
Salvo, you were crucial in keeping me updated about SISSA politics when I had no clue
what was happening. We also spent last summer at SISSA, writing our theses more or less
together. I hope you had an awesome time as well!

In many regards, SISSA felt like a second home during my stay in Trieste. However,
work cannot replace a real house and I have been lucky to live with quite a few special
people, of whom I should first thank Thomas: Without you, I would have left the PhD
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rather soon, because there was no roof over my head. It was cool to spend the first year
together, and I am curious where you will end up. I would also like to thank Giulio and
Jaime for all the good times. I hope you carry “pizza Monday” with you wherever you
might go!

En tot zover in het Engels, want hoeveel mensen ik de afgelopen jaren ook heb
ontmoet, minstens zoveel mensen heb ik vier jaar geleden plots achtergelaten in Nederland.
Ik wil daarom eerst de families Van der Hoek en Van Schaik bedanken: hoe ver weg
ik nu ook woon, jullie zijn en blijven voor mij familie. Ik kom nog altijd graag langs op
de boerderij en ik vind het heel bijzonder dat zoveel van jullie gezamenlijk naar mijn
verdediging willen komen. Voor Henk en Dinie wordt dit zelfs al de tweede keer!

Ik mag me ook gelukkig prijzen met een stel goede vrienden die nog altijd moeite doen
om langs te komen. Michiel en Werner, het is niet normaal hoeveel kilometers jullie
hebben gevreten om mij op te zoeken en een rondje te fietsen. Ondanks dat jullie zo ver
weg wonen, hebben jullie misschien wel het beste beeld van mijn leventje hier. Door jullie
voelt Amsterdam nog altijd een beetje als thuiskomen en ik hoop dat we snel weer een
pijltje kunnen prikken, een pilsje kunnen drinken en nog even niet “verliezen van het leven”
of van de weddenschap.

Ik wil ook graag Anouk en Aranka bedanken omdat jullie me zijn komen opzoeken
en omdat ik in bij jullie kon slapen in Amsterdam. Samen in Lyon was goed eten, goed
wijnen, maar vooral echt fijn gezelschap. Laten we ook in de toekomst altijd een beetje
Skøllies blijven, waar we dan ook zijn.

Ook wil ik graag Alex bedanken voor de maandjes dat je hier was. Het was heel fijn om
in je moerstaal te kunnen praten en ons samen te verwonderen over Italië in het algemeen
en SISSA in het bijzonder.

Ik denk dat ik hier nooit zou zijn geweest zonder Maarten en Louise. Bij puur toeval
hebben we vier jaar geleden samen met Fred en Linda Trieste verkend en ik weet nog
goed hoe we speculeerden over een PhD precies hier en kijk me nu! Ik heb het altijd fijn
met jullie, of het nou komt door het uitmuntende eten, door de eindeloze podcasts met
Maarten of door de lichtelijke “insauzing” met wijn. Laten we na Venetië en Sardinië snel
een nieuw paradijsje verkennen!

Lieve Janneke, jij bent ook ontzettend belangrijk geweest. Ik weet dat ik altijd open
met je kan praten en dat we elkaar begrijpen zoals alleen broer en zus dat kunnen. Dat
was niet alleen fijn in de afgelopen paar jaar, maar ook in alle jaren daarvoor. Bij jou en
Tijmen kan ik altijd terecht en nu met Merel is het alleen maar gezelliger geworden. Ik
kijk er ontzettend naar uit om mijn rol als “oom pizza” te vervullen!

Ik kan deze thesis niet verdedigen zonder stil te staan bij al jullie hulp, papa en mama.
Of het nu was omdat ik in Nederland altijd bij jullie kon slapen, omdat jullie me vaak
hebben opgezocht in Trieste en Lyon, of omdat jullie me financieel vaak een duwtje in de
rug gaven, ik kon altijd op jullie rekenen. Maar eerlijk is eerlijk, jullie hebben eigenlijk
nooit anders gedaan. Ik heb altijd mijn eigen weg kunnen gaan en jullie hebben er altijd
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alles aan gedaan om mijn keuzes te ondersteunen. Hoe meer ik op mijn eigen benen ga
staan, hoe dankbaarder ik daarvoor ben. Bedankt voor jullie onvoorwaardelijke vertrouwen
in mij gedurende de afgelopen dertig jaar.

Finally, I would like to thank my mori, Elisa. When I hopped on my bike four
years ago, I could not have imagined what we have now. We have a relationship that is
supportive and surprising, and that I care about more than anything. We also have a dog
now—and thank you, Rudi, for taking care of my sleep schedule—which only adds to the
fun of being with you. You have made my life so much richer in many ways: you invited
me to Sardinia several times, tried to teach me to ski and climb, took me on my first scuba
dive, and together we explored at least three circles of hell in India. But you also taught
me the secrets of making an incredible tomato sauce and now we are exploring the world of
making bread and pizza.

Mi hai anche fatto conoscere un sacco di persone a cui voglio molto bene: la tua famiglia
e specialmente Francesca con cui mi sento sempre benvenuto e che mi porta anche in
vacanza in Sardegna, Valentina P.-CuCumiao! Non ho rubato niente, signora!-e Simone,
perché sono un granchio. Poi ci sono i nostri amici di Trieste, Morgi, Cisco e Maddi con
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Appendix A

Algorithm visualisations and
generalizations
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A.1 Constructing a Prüfer code from a connectivity graph

Encoding step Partial Prüfer code Procedure

5
4

2
1

6

3

[ ]

For the given labelled tree, as-
sign to every node i a residual
degree di, defined as the num-
ber of incident bonds remaining
in the current reduced tree. Ini-
tially, di = fi. Nodes with di = 1
are leaves (green), whereas nodes
with di > 1 are internal nodes
(orange). Identify the leaf j with
the smallest label (j = 1 here,
encircled).

5
4

2
1

6

3

[2]

Record the label i of the unique
neighbour of j as the first entry
of the Prüfer code (i = 2 here).
Remove j and its incident bond
from the reduced tree by setting
dj = 0, and decrease di by one.
Then identify the remaining leaf
with the smallest label (j = 3
here, encircled).

5
4

2
1

6

3

[2,6]

Record the label of the unique
neighbour of the current leaf as
the next code entry (i = 6 here),
remove the leaf and its incident
bond, and update the residual
degrees. In this step, d6 de-
creases to one, so node 6 becomes
a leaf in the reduced tree.

5
4

2
1

6

3

[2,6,4]
Repeat the same procedure for
the current smallest-labelled leaf.

5
4

2
1

6

3

[2,6,4,2]

Stop after Ntree − 2 entries have
been recorded. At that point,
only two nodes with residual de-
gree one remain (nodes 2 and
6 here), and their final connect-
ing bond is not entered in the
code. In the completed Prüfer
code, the label of node i appears
exactly fi − 1 times.

1

Table A.1: Construction of a Prüfer code from a labelled tree. At each step, the leaf j
with the smallest label is selected, the label i of its unique neighbour is appended to the
code, and j and its incident bond are removed from the reduced tree. Green nodes are
current leaves (di = 1), orange nodes have residual degree di > 1, and blue nodes have
already been removed. The bond and code entry processed in the current step are shown in
red; previously processed bonds are black and unprocessed bonds are blue. The procedure
terminates after Ntree − 2 entries, when two leaves remain. In the completed code, label i
occurs exactly fi − 1 times.
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A.2 Constructing a connectivity graph from a Prüfer code

Decoding step Prüfer code Procedure

5421 63 [2,6,4,2]

For the code [2, 6, 4, 2], let ni be
the number of occurrences of la-
bel i in the code and initialize
the residual degree as di = ni +
1. Thus, labels absent from the
code have di = 1 and are leaves
(green), whereas nodes with di >
1 are internal nodes (orange).
Identify the leaf j with the small-
est label (j = 1 here, encircled).

542
1

63 [2,6,4,2]

Connect the current leaf j to the
node i specified by the first re-
maining entry of the code (i = 2
here). Remove that entry from
the code, set dj = 0, and de-
crease di by one. Then iden-
tify the remaining leaf with the
smallest label (j = 3 here, encir-
cled).

542
1

6

3

[2,6,4,2]

Connect the current smallest-
labelled leaf to the node specified
by the next remaining code en-
try (i = 6 here), and update the
residual degrees as before. Be-
cause d6 decreases to one, node
6 becomes a leaf in the remain-
ing construction.

5

4
2

1

6

3

[2,6,4,2]
Repeat the same decoding step
with the next remaining code en-
try.

5
4

2
1

6

3

[2,6,4,2]

Continue until all Ntree − 2 en-
tries of the Prüfer code have been
read. At that point, exactly two
unconnected nodes with residual
degree one remain.

5
4

2
1

6

3

[2,6,4,2]

Finally, connect the two remain-
ing leaves to complete the unique
labelled tree represented by the
Prüfer code.

2

Table A.2: Decoding a Prüfer code to reconstruct its unique labelled connectivity graph. If
ni is the number of occurrences of label i in the code, the residual degrees are initialized
as di = ni + 1. At each step, the leaf j with the smallest label is connected to the node i
specified by the first remaining code entry; that entry is then removed and the residual
degrees are updated. Dashed bonds represent incident bonds that have not yet been
assigned. The current bond and code entry are shown in red, completed bonds in black,
current leaves in green, internal nodes in orange, and processed nodes in blue. After all
Ntree − 2 entries have been read, the two remaining leaves are connected.
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A.3 Sampling Prüfer codes

Sampling step Partial Prüfer code Procedure

5421 63 [ ]

Given a prescribed labelled func-
tionality sequence {fi}, define
the remaining code multiplicity
mi = fi − 1 and the residual de-
gree di = mi + 1 = fi. Nodes
with di = 1 are leaves (green),
whereas nodes with di > 1 are
internal nodes (orange). Identify
the leaf j with the smallest label
(j = 1 here, encircled).

542
1

63 [2]

Draw the first code entry i from
the labels with mi > 0, with
probability mi/

∑
ℓ mℓ. Initially,

a node with fi = 3 therefore has
twice the probability of being se-
lected as a node with fi = 2. Ap-
pend i to the Prüfer code, con-
nect the current leaf j to i, set
dj = 0, and decrease both mi

and di by one. Then identify the
remaining leaf with the smallest
label.

542
1

6

3

[2,6]

Repeat the weighted draw using
the updated multiplicities mi,
append the selected label to the
code, and connect the current
smallest-labelled leaf to the se-
lected node. If mi becomes zero,
then di becomes one and node i
joins the set of leaves. Identify
the new smallest-labelled leaf.

5

4
2

1

6

3

[2,6,4]
Repeat the same sampling-and-
decoding step using the updated
multiplicities.

5
4

2
1

6

3

[2,6,4,2]

Continue until the code contains
Ntree − 2 entries. All remaining
multiplicities are then zero, and
exactly two unconnected nodes
with residual degree one remain.

5
4

2
1

6

3

[2,6,4,2]

Finally, connect the two remain-
ing leaves. The resulting connec-
tivity graph is a uniformly sam-
pled labelled tree with the pre-
scribed functionality sequence
{fi}.

3

Table A.3: Uniform sampling of labelled trees with a prescribed functionality sequence {fi}
using Prüfer codes. Initially, label i has remaining code multiplicity mi = fi − 1. At each
step, the next code entry is sampled with probability mi/

∑
ℓmℓ, appended to the code, and

used to connect the current smallest-labelled leaf to node i; the multiplicities and residual
degrees are then updated. This procedure generates a uniformly random permutation of
admissible Prüfer codes and therefore a uniformly sampled labelled tree with the specified
functionality sequence. The colour convention is the same as in Table A.2.
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A.4 Constructing a tree wrapping and its corresponding code

1. Begin by randomly placing a
ring monomer on a node on the
tree. Randomly choose one of the
attached nodes, to decide the direc-
tion of wrapping.

2. When a linear node (a node with
f = 2) is reached for the first time,
place a ring monomer on it and pro-
ceed in the direction of unvisited
tree nodes.

3. When a leaf is reached, place a
ring monomer on it. Turn back and
follow the connectivity of the tree in
the “visited” direction.

4. When a linear node is visited
for the second time, place a ring
monomer on it, and proceed in the
direction of the neighbor i that has
not been visited fi times.

1 1

2

1

2

3

1

2

3

4

[2, . . .] [2, 2, . . .] [2, 2, 1, . . .] [2, 2, 1, | | . . .]
5. When a branch point (a node
with f = 3) is reached for the first
time, place a ring monomer and ran-
domly choose one of the nodes’ two
unvisited bonds to continue.

6. When a branch point is
reached for the second time, place
a ring monomer on it, and proceed
along the only remaining unvisited
branch.

7. When a branch point is reached
for the third time, place a ring
monomer on it and continue along
the direction of tree neighbor t that
has not been visited ft times.

8. The procedure concludes af-
ter Nring ring monomers have been
placed on the tree. In the last step,
close the ring by connecting the first
and last ring monomer.

1

2

3

4

5

6

1

2

3

4

5

6

7

8

1

2

3

4

5

6

7

8

9

10

11

12

13

1

2

3

4

5

6

7

8

9

10

11

12

13

14

[2, 2, 1, 3, . . .] [2, 2, 1, 3, 1, | | . . .] [2, 2, 1, 3, 1, 3, 1, 1| |] [2, 2, 1, 3, 1, 3, 1, 1]

Table A.4: Rules to construct a tightly double-folded ring polymer (violet circles) wrapped
around a tree and how to translate this into a corresponding wrapping code. At each step,
the last placed ring monomer is coloured red. The possible directions of the wrapping
procedure are indicated by the orange arrows. In every frame, the evolving construction of
the wrapping code is shown in correspondence with the placed ring monomers. When a
ring monomer is placed that does not correspond to a new entry in the wrapping code, this
is indicated by the symbol “||”.
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A.5 Decoding a wrapping code

1. Read the first label in the wrap-
ping sequence. This is the function-
ality of the tree node on which the
first (i = 1) ring monomer is placed.

2. For index t in the wrapping code,
connect tree nodes with f = ft to
tree nodes with f = ft−1 and place
ring monomers with increasing la-
bels on each node t, up until ft = 1.

3. After ft = 1, follow the connec-
tivity of the tree constructed so far,
and place ring monomers on each
encountered tree node, up until the
first tree node is visited ft=1 times
(for ft=1 > 1), or up until a ring
monomer is placed for the second
time on a tree node t with ft = 3.

4. For ft=1 > 1: After the first
tree node is visited ft=1 times, read
the wrapping code from after the
last encountered endpoint and re-
peat step 2, starting by connecting
the new tree node, to the first placed
tree node.

1 1

2

1

2

3

4

1

2

3

4

5

6

[2, 2, 1, 3, 1, 3, 1, 1] [2, 2, 1, 3, 1, 3, 1, 1] [2, 2, 1, | | 3, 1, 3, 1, 1] [2, 2, 1, 3, 1, 3, 1, 1]

5. After a branch point (a node
with f = 3) has been reached for
the second time, read the wrapping
code from after the last encountered
endpoint and follow step 2, starting
from a new tree bond connected to
the relevant branch point.

6. Repeat Steps 2 - 5 up until
one arrives at the Ntree-th entry of
the wrapping code. At this step,
the tree connectivity has been con-
structed.

7. After the tree connectivity has
been constructed, follow the con-
nectivity of the tree and place ring
monomers on each tree node t that
has been visited ft − 1 times.

8. The procedure concludes af-
ter Nring ring monomers have been
placed on the tree. In the last step,
close the ring by connecting the first
and last ring monomer.

1

2

3

4

5

6

7

8

9

1

2

3

4

5

6

7

8

9

10

11

12

1

2

3

4

5

6

7

8

9

10

11

12

13

1

2

3

4

5

6

7

8

9

10

11

12

13

14

[2, 2, 1, 3, 1, 3, 1, 1] [2, 2, 1, 3, 1, 3, 1, 1] [2, 2, 1, 3, 1, 3, 1, 1| |] [2, 2, 1, 3, 1, 3, 1, 1]

Table A.5: Reverse procedure to construct a tightly double-folded ring polymer from a
given wrapping code. The colour convention is the same as in Table A.4.
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A.6 Decoding invalid and valid wrapping codes

1 1

2

1

2

3

1

2

3

4

[1, 1, 3, 1] [1, 1, 3, 1] [1, 1, 3, 1] [1, 1, 3, 1]

1 1

2

1

2

3

1

2

3

4

5

6

[1, 3, 1, 1] [1, 3, 1, 1] [1, 3, 1, 1] [1, 3, 1, 1]

Table A.6: Decoding an invalid (top) wrapping code and a valid (bottom) wrapping code
for the tree composed of N1 = 3 f = 1 nodes and N3 = 1 f = 3 nodes. Following the steps
in Table A.5, the invalid wrapping code encodes a ring closure after just two steps, resulting
in two disconnected tightly double-folded rings, of which only one is completed. The valid
wrapping code closes the ring at the very last step, leading to a single tightly double-folded
ring with Nring = 2Ntree − 2 = 6 ring monomers.

A.7 Using recursions for sampling trees with arbitrary func-
tionality constraints

For a prescribed labelled functionality sequence {fi}, label i occurs exactly fi − 1 times in
the Prüfer code. Using Eq. (3.22), the statistical weight of the functionality sequence is
therefore

p({fi} | Ntree, {µf}) ∝
Ntree∏

i=1

exp(βµfi)

(fi − 1)!
, (A.1)

subject to
Ntree∑

i=1

(fi − 1) = Ntree − 2. (A.2)

The factor (Ntree − 2)! omitted in Eq. (A.1) counts the permutations of the resulting
Prüfer code and is independent of the functionality sequence. To sample Eq. (A.1) without
explicitly enumerating all compositions, we define

F (n,Ncode, {µf}) =
∑

f1,...,fn allowed∑n
i=1(fi−1)=Ncode

n∏

i=1

exp(βµfi)

(fi − 1)!
. (A.3)
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Here, n denotes the number of labels whose functionalities remain to be assigned, while
Ncode denotes the number of Prüfer-code entries that remain to be distributed among those
labels.

For the complete tree,

Ztree(Ntree, {µf}) = (Ntree − 2)!F (Ntree, Ntree − 2, {µf}), (A.4)

where Ztree denotes the configurational partition function of the labelled-tree ensemble.
Eq. (A.3) can be evaluated recursively. Consider assigning functionality f to one of the

n remaining labels. This label occupies f − 1 positions in the Prüfer code and contributes a
factor exp(βµf )/(f−1)! to the statistical weight. The remaining n−1 labels must therefore
occupy Ncode − f + 1 code positions. Hence,

F (n,Ncode, {µf}) =
∑

f allowed
f−1≤Ncode

exp(βµf )

(f − 1)!
F (n− 1, Ncode − f + 1, {µf}). (A.5)

The recursion relation immediately gives the conditional probability for assigning
functionality f ′ to the next label,

p(f = f ′ | n,Ncode, {µf}) =

exp(βµf ′)

(f ′ − 1)!
F (n− 1, Ncode − f ′ + 1, {µf})

F (n,Ncode, {µf})
, (A.6)

where f ′ is restricted to the allowed functionalities satisfying f ′ − 1 ≤ Ncode.
The recursion is initialized by

F (0, 0, {µf}) = 1, (A.7)

F (0, Ncode, {µf}) = 0, Ncode > 0, (A.8)

F (n,Ncode, {µf}) = 0, Ncode < 0. (A.9)

States for which the remaining code length cannot be realized by the remaining labels may
likewise be assigned zero weight.

For a tree of size Ntree, both n and Ncode can span intervals of order Ntree during
the recursion. The number of distinct recursion states is therefore bounded by O(N2

tree).
Evaluating each state requires a sum over at most fmax allowed functionalities, giving

O(N2
treefmax) (A.10)

operations for a direct implementation. For a fixed maximum functionality this reduces
to O(N2

tree), whereas fmax = O(Ntree) gives the upper bound O(N3
tree).

Once the table of F has been computed, a functionality sequence is generated through
Ntree successive draws. For fixed fmax, this requires O(Ntree) operations per sample, in
addition to the linear-time generation and decoding of the Prüfer code.

110



Appendix B

Combinatorial result for wrapping
codes

B.1 Bertrand’s ballot theorem

Bertrand’s ballot theorem has a long history and several classical proofs [69, 89, 90, 91, 92].
It concerns the ordering of votes in an election between two candidates. Let VA > VB

denote the final numbers of votes for candidates A and B. Among all orderings of these
ballots, the fraction for which A is strictly ahead after every ballot is

VA − VB

VA + VB
. (B.1)

The theorem is useful here because the viability condition for a wrapping code can be
translated into an equivalent one-dimensional path constraint.

1 2 3 4 5 6 7 8 9 10

−3

−2

−1

1

2

3

4

5

6 A

B

t

∆AB

Figure B.1: Random-walk representation of ballot counting for VA = 6 and VB = 4. A vote
for A is an upward step and a vote for B a downward step. The green path keeps A strictly
ahead; the red path first ties at t = 4. Reflecting the red path about the horizontal axis up
to its first return to zero produces the dashed violet path that starts with a vote for B.
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Reflection-principle proof

We use the reflection construction associated with André’s proof [90] and represent the
ballot count as a one-dimensional walk [91], with

∆AB(t) = VA(t)− VB(t),

where a vote for A produces a step +1 and a vote for B a step −1. Every path begins at
(0, 0) and ends at (VA + VB, VA − VB). A strictly valid path must start with an upward
step and may never return to ∆AB = 0 thereafter.

The fraction of all ballot orderings that start with a vote for A is

VA

VA + VB
, (B.2)

whereas the fraction that start with a vote for B is

VB

VA + VB
. (B.3)

Consider a path that starts upward but later returns to zero for the first time at t = p.
Reflecting the segment from t = 0 through t = p maps it uniquely onto a path that starts
downward and has the same final endpoint. Conversely, because VA > VB, every path that
starts downward must cross zero before reaching the positive final endpoint and can be
reflected back. The invalid start-up paths are therefore in one-to-one correspondence with
all start-down paths. Subtracting their fraction from Eq. (B.2) gives

VA

VA + VB
− VB

VA + VB
=

VA − VB

VA + VB
,

which proves Eq. (B.1).

Ties allowed

For its application to wrapping codes we need a version of the theorem in which candidate
A is allowed to tie with B but may never fall behind. Let V ′

A ≥ V ′
B be the final vote counts

in this problem. If we add one compulsory initial vote for A, we find VA = V ′
A + 1 and

VB = V ′
B , which is exactly the situation discussed above. Dividing the strict-ballot fraction

by the probability of the compulsory initial up-step gives

V ′
A − V ′

B + 1

V ′
A + 1

. (B.4)

This is the fraction of orderings in which A is never behind B.
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Blank votes and application to wrapping codes

Suppose that V ′
C additional blank votes leave ∆AB unchanged. Because horizontal steps

can be inserted anywhere without changing whether the vertical path violates the boundary,
the fraction in Eq. (B.4) is unchanged.

To apply this result, read a wrapping code backwards. The first entry is fixed to be a
1. Among the remaining entries there are N1 − 1 = N3 + 1 symbols 1, N3 symbols 3, and
N2 symbols 2. A viable code is obtained exactly when the running number of 3’s never
exceeds the running number of 1’s; the 2’s act as blank votes. Thus

V ′
A = N3 + 1, V ′

B = N3, V ′
C = N2.

Equation (B.4) then gives

(N3 + 1)−N3 + 1

(N3 + 1) + 1
=

2

N3 + 2
,

which is precisely the viability fraction used in Eq. (4.6).
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Appendix C

Asymptotic behaviour of tightly
double-folded rings

C.1 Partition function for tightly double-folded rings, Zring

The partition function Zring in Eq. (4.9) is exact and can, in principle, be used to compute
the expectation value of any observable ⟨A⟩, provided one knows how A depends on the
number of branch points N3 and the tree size Ntree. However, for large Ntree, factorial
terms become hard to interpret. To address this, we derive analytical expressions in the
limit Ntree → ∞, which are not only easier to evaluate but may also be more intuitive for
applications to realistic physical scenarios.

The full conformational partition function Zring(Ntree, µ̃3) in Eq. (4.10) can be approxi-
mated using a scaling relation. To do so, we first take the continuum limit and replace the
sum over N3 by an integral:

Zring(Ntree, µ̃3)

cNtree−1
≈ 2

∫ N3,max

0

(Ntree − 1)!

(N3 + 2)! (Ntree − 2N3 − 2)!N3!
exp[βµ̃3N3] dN3 , (C.1)

which, after introducing the scaled variable x = (N3 + 1)/Ntree, becomes

Zring(Ntree, µ̃3)

cNtree−1
≈ 2 exp[−βµ̃3]

∫ N3,max+1

Ntree

1
Ntree

dx

× Ntree! exp[βµ̃3xNtree][
Ntree

(
x+ 1

Ntree

)]
! [Ntree(1− 2x)]!

[
Ntree

(
x− 1

Ntree

)]
!
.

(C.2)

Applying Stirling’s approximation (n! ∼
√
2πn(n/e)n) and subsequently neglecting terms
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of order O(1/Ntree), we obtain

Zring(Ntree, µ̃3)

cNtree−1
≈ exp[−βµ̃3]

πNtree

∫ N3,max+1

Ntree

1
Ntree

dx
exp[βµ̃3xNtree]√

(1− 2x)
(
x2 − 1

N2
tree

)

×

(
1

1−2x

)Ntree

[Ntree(1− 2x)]2xNtree

[
Ntree

(
x+ 1

Ntree

)](x+ 1
Ntree

)
Ntree

[
Ntree

(
x− 1

Ntree

)](x− 1
Ntree

)
Ntree

≈ exp[−βµ̃3]

πNtree

∫ N3,max+1

Ntree

1
Ntree

dx
1

x
√
1− 2x

(
1

1− 2x

)Ntree

×
(
1− 2x

x

)2xNtree

exp[βµ̃3xNtree] . (C.3)

In the limit Ntree → ∞, this integral can be evaluated using the Laplace’s method:

∫ b

a
h(x) eNg(x) dx ≈

√
2π

N |g′′(x0)|
h(x0) e

Ng(x0) , for N → ∞ (C.4)

where x0 is the value for which g′(x0) = 0. From Eq. (C.3), we identify:

g(x) = − ln(1− 2x) + 2x ln

(
1

x
− 2

)
+ βµ̃3x , (C.5)

g′(x) = 2 ln

(
1

x
− 2

)
+ βµ̃3 , (C.6)

g′′(x) =
2

x (2x− 1)
, (C.7)

h(x) =
1

x
√
1− 2x

. (C.8)

Solving g′(x0) = 0 gives:

x0 =
1

2 + exp (−βµ̃3/2)
, (C.9)

which is equal to the asymptotic mean fraction of branch points λ(µ̃3) (Eqs. (4.31)
and (4.35)). Note that this result is consistent with the branching probability λ of Eq. (3.62)
after applying the tree–ring chemical-potential shift in Eq. (4.24). Finally, after simple
manipulations, the resulting asymptotic form of the partition function is given, up to
unimportant prefactors, by the simple expression:

Zring(Ntree, µ̃3) ≈
exp(−βµ̃3)√

πx0

exp[Ntreeg(x0)] c
Ntree−1

N
3/2
tree

(C.10)

∼

(
c

1−2λ

)Ntree

N
3/2
tree

. (C.11)
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whose exponential factor coincides with Eq. (4.30).

C.2 Approximate mean tree size with reptons, ⟨Ntree⟩
When Ntree is not conserved, we can use the scaling relation Eq. (C.10) and a saddle-point
approximation to estimate the expected tree size ⟨Ntree⟩ by extremizing the logarithm of
the Ntree-dependent statistical weight in Eq. (4.12).

Applying Stirling’s approximation, we write to leading order:

ln[Ωrep(Nring, Ntree)Zring(Ntree, µ̃3)] ∝ κ(2(Ntree − 1) +Nrep −Nring)

+Nring ln(Nring)− 2(Ntree − 1) ln(2(Ntree − 1))

−Nrep ln(Nrep) +Ntree ln

(
c

1− 2λ

)
. (C.12)

with the Lagrange multiplier κ enforcing the constraint in Eq. (4.2). Extremizing Eq. (C.12)
with respect to Nrep, Ntree and κ yields

κ = 1 + ln(Nrep) , (C.13)

2κ = 2 ln(2(Ntree − 1)) + 2− ln

(
c

1− 2λ

)
, (C.14)

Nring = 2 (Ntree − 1) +Nrep . (C.15)

Solving Eqs. (C.13)-(C.15) gives the asymptotic expression:

⟨Ntree⟩ − 1

Nring/2
= 1− ⟨Nrep⟩/2

Nring/2
≈
(√

1− 2λ

c
+ 1

)−1

, (C.16)

which coincides with Eq. (4.32). By a similar procedure, one obtains Eqs. (4.33), (4.34)
and (4.35) for ⟨N1⟩, ⟨N2⟩ and ⟨N3⟩.

C.3 Tightly double-folded rings of arbitrary functionality

To test the arbitrary-functionality multiplicity in Eq. (4.27), we use the simulation ensembles
reported in the Supporting Information of Ref. [22]. There, several ensembles of tightly
double-folded rings were simulated at fixed ring size Nring = 216 and with no chemical
potential applied, but with different imposed maximum functionalities fmax ∈ {3, 6, 9, 12}.
For arbitrary maximum functionality, the tree constraints generalize to

f=fmax∑

f=1

Nf = Ntree , (C.17)

f=fmax∑

f=3

(f − 2)Nf = N1 − 2 . (C.18)
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For generality, in the following we associate a functionality-specific chemical potential µ̃f

to each node of functionality f .
The asymptotic expression for the mean total number, ⟨Nf ⟩, of nodes of functionality

f can be computed using the same methods introduced in Sec. C.2. As before, we
use a saddle-point approximation and extremize ln

[
Ωring(Ntree, {Nf}) e

∑fmax
f=1 βµ̃fNf

]
, with

Ωring(Ntree, {Nf}) given by Eq. (4.27). Incorporating the constraints (C.17) and (C.18)
using Lagrange multipliers κ1 and κ2, we obtain to leading order the expression:

ln(Ωring(Ntree, {Nf})) +
fmax∑

f=1

βµ̃fNf

≈
fmax∑

f=1

βµ̃fNf + (Ntree − 1) ln(Ntree − 1)−
fmax∑

f=1

Nf ln(Nf )

+ κ1


Ntree −

∑

f

Nf


+ κ2


N1 − 2−

fmax∑

f=3

(f − 2)Nf


 . (C.19)

Extremizing with respect to Nf , κ1 and κ2 yields the system

Nf = exp (−(f − 2)κ2 − κ1 − 1 + βµ̃f ) , (C.20)

N1 =

f=fmax∑

f=3

(f − 2)Nf + 2 , (C.21)

Ntree =

fmax∑

f=1

Nf , (C.22)

which, after neglecting terms O(1/Ntree) and smaller, can be written in the compact form:

Nf

Ntree
=

exp (−(f − 2)κ2 + βµ̃f )∑f ′=fmax

f ′=1 exp
(
−(f ′ − 2)κ2 + βµ̃f ′

) , (C.23)

N1

Ntree
=

f=fmax∑

f=3

(f − 2)
Nf

Ntree
. (C.24)

Then, introducing α = e−κ2 , Eq. (C.24) is reduced to the simple polynomial equation:

1 =

f=fmax∑

f=3

(f − 2)αf−1 exp[−β(µ̃1 − µ̃f )] , (C.25)

which must be solved numerically to find the optimal α. Substitution into Eq. (C.23) gives

Nf

Ntree
=

αf exp(βµ̃f )∑f ′=fmax

f ′=1 αf ′ exp(βµ̃f ′)
. (C.26)

Notice that a closely related expression in the context of a mean-field approximation for
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interacting (i.e., non-ideal) trees was derived recently in Ref. [79]. For branching chemical
potentials {µ̃f = 0}, Eqs. (C.25) and (C.26) recover the expected limiting cases fmax = 3

and fmax → ∞.
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