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Recent work has highlighted the importance of a fully relativistic treatment of the dephasing of
gravitational waves induced by dark-matter overdensities in extreme mass-ratio inspirals (EMRIs).
However, a general-relativistic description of the dark matter phase-space distribution is currently
available only for the case of a dark matter “spike” arising from adiabatic black hole growth. Here we
develop a fully general-relativistic formalism for the more realistic scenario in which a supermassive
stellar progenitor collapses to a black hole and produces a shallower dark matter overdensity, or
“mound”. We follow self-consistently the evolution of the supermassive star, its collapse, and the
subsequent growth of the resulting black hole, together with the collisionless dark matter orbits.
We find that in the regime where the collapse becomes non-adiabatic, the dark matter distribution
function is significantly reshaped, with a clear depletion in the low-binding-energy region of phase
space. Our results provide a more realistic prediction for the dark matter phase-space distribution
around supermassive black holes, which is an essential step in using future EMRI observations to

extract information about their formation history and the nature of dark matter.

I. INTRODUCTION

Dark matter (DM) is known to make up over 80% of
the matter content of our universe, yet its fundamental
nature remains elusive [1-3]. Our only hints of its prop-
erties come from its gravitational effects and from the
absence of evidence in direct and indirect searches car-
ried out so far [4-7]. On galactic scales, DM is expected
to form extended halos characterized by a high central
density [8-10], and a structure that is sensitive to the
assembly history of the host [11-15]. In particular, the for-
mation and growth of supermassive black holes (SMBHs)
at the centers of galaxies can substantially reshape the
surrounding DM distribution, potentially generating large
overdensities [16-18].

The precise structure of these central overdensities is of
direct relevance for gravitational-wave (GW) astronomy.
Extreme mass-ratio inspirals (EMRIs), in which a com-
pact object spirals into a SMBH, are among the prime
targets for future space-based GW detectors [19-21]. A
dense DM environment around the SMBH modifies the or-
bital evolution through dynamical friction and accretion,
leading to a cumulative dephasing of the GW signal [22—
38]. Recent studies have highlighted the importance of a
fully relativistic modeling of these effects, which requires a
consistent treatment of both the EMRI dynamics and the
DM phase-space distribution in curved spacetime [39, 40].

* rcaiozzo@sissa.it

The impact of SMBH growth on the central DM distri-
bution has been most thoroughly studied in the idealized
case where the black hole (BH) grows adiabatically from
an initially infinitesimal seed at the center of a pre-existing
halo, under the assumption that DM is cold and colli-
sionless. In this limit, the change in the gravitational
potential is slow compared to the orbital timescale of the
DM particles, so that adiabatic invariants are conserved
and the halo contracts, developing a steep inner overden-
sity, or “spike” [16]. The structure and robustness of such
spikes have been analyzed in a variety of settings, includ-
ing the effects of mergers, baryons, and self-annihilating
DM [17, 18]. This picture has been extended to the fully
general-relativistic description of the phase-space distri-
bution of collisionless DM around a Schwarzschild or Kerr
BH formed by adiabatic growth in Refs. [41, 42].

The formation and growth of SMBHs themselves are
still poorly understood [43]. Recent observations of lu-
minous quasars and galaxies at extreme redshifts, in-
cluding with the James Webb Space Telescope, place
standard “light-seed” channels based on stellar-remnant
BHs and purely Eddington-limited growth under in-
creasing tension [44]. These findings motivate alterna-
tive formation pathways in which massive seeds with
M ~ 10*=% M, form at early times. One promising class
of models involves the formation of supermassive stars
(SMSs) in metal-poor, atomically cooling halos, which
grow rapidly by accretion until they become unstable
to general-relativistic collapse [45, 46]. In such “direct-
collapse” scenarios, the gravitational potential in the cen-
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tral region can change on a timescale comparable to, or
shorter than, the dynamical timescale of the innermost
DM orbits. The adiabatic approximation then breaks
down, and the final DM configuration can, in principle,
be less steep [17].

Recently, Ref. [47] adopted a semi-relativistic Monte
Carlo treatment to investigate the DM distribution in a
direct-collapse scenario where the SMBH is seeded by the
collapse of a SMS at the center of an existing DM halo. In
that framework, the formation of the overdensity proceeds
in two stages. First, the SMS grows sufficiently slowly
that the evolution of the central potential is adiabatic with
respect to the DM orbits; then, the star undergoes a rapid
collapse to a BH. This non-adiabatic phase erases part of
the central spike, leading to a shallower DM overdensity,
referred to as a “mound” [47].

In this paper, we refine this calculation by developing
a framework that is fully consistent with general relativ-
ity and that follows the evolution of the relativistic DM
distribution function into its final, stable configuration.
Our treatment explicitly includes the collapse phase of
the SMS into a Schwarzschild BH, modeled using the
Oppenheimer—Snyder (OS) solution of Einstein’s equa-
tions, and provides, for the first time, a self-consistent
relativistic mapping between the pre- and post-collapse
DM phase-space distributions.

The paper is structured as follows. In Sec. II, we
discuss the basics of relativistic distribution functions.
In Sec. III, we review how to treat the evolution of the
relativistic distribution function during the SMS growth.
In Sec. IV, we show how to derive the final distribution
function post-direct-collapse and how to correctly evolve
the DM geodesics in the OS metric. The results of this
procedure are shown in Sec. V. Finally we also show how
the subsequent BH regrowth will eventually recover the
adiabatic limit in Sec. VI.

In Appendix A we show that our framework correctly
reproduces previous results in the Newtonian limit, while
in Appendix B we analyze the limit of sudden metric
changes in the comoving frame of the DM’s particle en-
samble and compare with earlier work.

We use units of G = ¢ = 1, and the mostly positive
metric. Upper dots denote coordinate (Schwarzschild)
time-derivatives.

II. RELATIVISTIC DISTRIBUTION FUNCTION

We aim to derive the final DM distribution function and
rest-mass density profile around a Schwarzschild BH, in a
region where the the total DM mass is negligible compared
to the black-hole mass. This allows us to neglect the back-
reaction of the DM density evolution on the spacetime
metric. This approximation is valid for the inner region
of the DM spike considered here and was first developed
for the case of adiabatic growth in [41]. We start by
reviewing the basics of relativistic distribution functions

and presenting some key expressions. Taking dN to be
the number of collisionless particles crossing the spacelike
3-volume element dV at the event x, with 4-velocity u® in
the range dV,,, the invariant distribution function f(z, u?)
is defined through [48, 49]

dN = f(z,u")(—u®sy) dVdV,, (1)

with s, the future-pointing unit normal to dV, and dV,,
a 3-surface element satisfying the constraint u®u, = —1.

From Jeans’ theorem [50-52], the distribution function
of a steady-state, collisionless system depends on the
phase-space coordinates only through the integrals of
motion. For spherically symmetric systems we can write

fla,u') = f(E,L), (2)

with £ and L the specific energy and angular momentum
of the particles. The main targets of this work are the DM
distribution function and the associated particle number
density profiles. We will be interested in computing den-
sity profiles over spacetime regions that are static, and
so admit a timelike Killing vector field, t* = 4;*. The
number density profiles on ¥ = {¢ = const} hypersurfaces
are obtained through

ny = —/fuo‘sa dv,

2F/£f€£ |d€d£

with r the areal radius. This can then easily be converted
to the rest mass density profiles pg = pny as computed
in [41, 42] by multiplying by the DM rest mass u. To
obtain the right-hand-side we used s® = t*/\/—g , the
momentum element dV,, = (/—¢ /) du"du’du? (in co-
ordinate basis), the Jacobian

(3)

—git) 9 sin 0|ur||u |
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Jz‘det O, L, L:) ‘*

A(ur, uf u®)

and we integrated over the third component of the angular
momentum £, using [dL./|u’| = wr?sind, from |[u’| =
VL2 = (L£,/sin6)2 /r2.t We included a factor of 4 in the
change of variables to account for the signs of u® and u".

By integrating d/V over the spatial volume on ¥ with
(&, L) held fixed, using the induced volume element dV =
V9/gte drdfde, it is straightforward to show

1 dN

HEL) =5z T.(E, L) d€dL’ 5)

with T, = 2 [(u'/u")dr the radial period as measured by
stationary observers at infinity.

1 We note that the only dependence of the integrand in £, arises
through J—1



In general, a DM distribution will exhibit some time
dependent fine-structure in response to a sudden change in
the spacetime metric. Nevertheless, if spherical symmetry
is preserved throughout the collapse, one can write

dN ¢

Y g2 o
Il 8 Ejif(t,T,S,E,u) |ur|dr

with v = sign 4", and where the contour integral runs over
the entire orbit (i.e., including both ¥ = £1 branches).
Note that Eq. (6) does not rely on any assumption of
the phase mixing discussed in Sec. IV. The expression
simply counts the number of particles crossing the hyper-
surface per unit d€ and d£, and therefore remains valid
even when the distribution function exhibits explicit time
dependence, provided spherical symmetry is preserved.
Crucially, for a collisionless system evolving in a static
metric, the energy and angular momentum of each particle
are conserved. As a result, dN/(d€,dL) is independent
of the choice of the t = const hypersurface, as long as
the metric is unchanged over the region explored by the
corresponding orbits. Hence, for any such choice of ¢,
Eq. (6) yields the same result.

(6)

IIT. SUPERMASSIVE STAR GROWTH

We model the evolution of the DM distribution function
during the SMS adiabatic growth, assuming as reference
model that the initial DM distribution is well described by
an NFW profile [9] with a virial mass of M,;, = 107 Mg,
at redshift zy = 15. For these fiducial values, the corre-
sponding halo concentration is ¢ = 3 [13].

Due to its very low compactness, the initial DM halo
is well described by Newtonian mechanics. Assuming
isotropy at formation, the initial DM distribution func-
tion is obtained through the Eddington inversion proce-
dure [53]:

1 d B dq)n W dnn W
Fatw(B) = —=—— ) ()
\/g‘ﬂ-z dE V E— (I)nfw dcbnfw

where nypy (1) and @y (r) are the radial number density
and potential for the NFW profile, F = ® — v?/2 is the
non-relativistic specific energy. The distribution function
is set to zero for unbound particles with £ < 0. Note
that in the non-relativistic limit £ ~ 1 — F.

An SMS could form at the center of the halo through a
direct-collapse pathway in which Hy cooling is suppressed,
allowing the gas to collapse monolithically and feed the
protostar at an accretion rate of ~ 0.1 Mg yr~! [54]. The
star will continue to grow until it reaches ~ 10° Mg,
at which point general-relativistic instability triggers di-
rect collapse to a BH [54-56]. The growth timescale
of the star, tgrowth = 10% yr, is much longer than both
its characteristic hydrodynamical timescale and the dy-
namical timescale of the DM halo at the star’s radius

tayn = /(3m)/(32p) ~ 103 yr, where p is the average

density of the NFW for radii smaller than the star’s
radius. In the following we can then safely assume an
adiabatic evolution for the system.

We approximate the interior of the pre-collapse star
as having uniform density. This is a reasonable approx-
imation, particularly for radii » < 0.1, R,, as shown in
Fig. 3 of Ref. [54], where R, denotes the stellar radius.
This choice also ensures consistency with the Oppen-
heimer—Snyder model used to describe the direct collapse.
Motivated by the results of Ref. [54], we fix the stellar
density to ps = 1gem™3 and determine R, such that the
star’s mass at collapse is M = 10° M. The SMS is then
modeled as an isotropic perfect fluid star whose metric
solves the Tolman—Oppenheimer—Volkoff equation [57]):

d2
| _ 2m()

T

ds? = —Adt* + + r2d0?, (8)

with the enclosed mass m(r) = M[min(r, R,)/R.]?, and

R N

, r>R,.

(9)

Since the adiabatic invariants are conserved, we com-

pute the distribution function of the DM after the SMS

formation using the method developed in Ref. [58, 59]

and adopted in Refs. [16, 47], or more precisely its general-
relativistic extension [41, 42].

For spherically symmetric static spacetimes (describing
both the initial DM halo and the final pre-collapse SMS),
the relativistic adiabatic invariants [60, 61] force the con-
servation of angular momentum and radial action. These
can be written as

=r° L (10)

2 2
Ir:?{urdr:2/\/w<g—1—ﬁ2) dr, (11)
g r

where 7 is the DM particle’s proper time. In the Newto-
nian limit, they reduce to

L~ L_rd—(p (12)

2
INITN_Q/\/ - —L—dr (13)

The distribution function after the SMS has formed can
be retrieved using Z,.(&s, £) =~ I.(Engw, L) and £ = L to
map the initial and final distribution function by writing

J5(Es, L) = futw(Entw(Es, L)), (14)

where the subscript s denotes quantities referring to the
fully formed SMS.




IV. OPPENHEIMER-SNYDER COLLAPSE

The Oppenheimer-Snyder (OS) solution [62] describes
the gravitational collapse of a pressureless sphere of dust
with uniform rest mass density. Its metric is

2 2 2 dR? 2 102
1 — Zmdy)
R
where
1 | R3 .
1) = 51\ 537 (X +sinx), (16)
1
B(x)==-(14cosyx)=r/R. (17)

T2

The spacelike hypersurface n = 0 defines the beginning
of the collapse. Within the star (R < R,) the coordinate
7 gives the proper time of comoving observers with the col-
lapsing (baryonic) matter, while at the surface (R = R,)
it gives the proper time of radially free-falling observers
in Schwarzschild starting from rest at » = R, and t = 0.
The coordinate R labels the worldline of each of those
observers; it is chosen such that at = 0 it coincides with
the areal radius r. For later convenience, it will be useful
to note that

dB _dBdx _  [2M
dp — dxdnp R3

A. DMatching SMS to OS collapse

We assume that the collapse is initiated at a spacelike
hypersurface Yy, defined by ¢ = 0~ in the SMS space-
time and n = 0 in the OS collapse spacetime. For the
resulting spacetime to be a solution of Einstein equations,
the matching is required to satisfy Israel’s junction condi-
tions [63, 64]. These are (i) the continuity of the induced
metric across g, i.e., hy = h_, and (ii) the jump in the
extrinsic curvature

(K] = 87 (sij - ’;w) , (19)

where S;; is the so-called surface stress tensor, which is
the pull-back of the stress-energy tensor integrated over a
small region around the hypersurface . The condition (i)
is trivially satisfied in our case. It is also not hard to show
that K;; = 0 for both ¢ =0~ and n = 0"; the condition
(ii) implies then S;; = 0 (no matter shell at ¥j). The
unphysical discontinuity of T, g across the hypersurface
(with the isotropic pressure vanishing suddenly) does not
pose a problem to the Einstein equations sector.

Since there is no discontinuity of any first derivative of
the metric across X, the geodesics are smooth (includ-

ing along the normal direction to Xg). From (r,6,¢) =
(R, 0, ) at X, we have (u,,ug,uy) = (ur, ug, uy,) there.
The identity u®u, = —1 implies then (u¢)? = A(R)(u,)?
at the hypersurface.

B. Connecting the pre- to post-collapse
DM distribution functions

The distribution function of collisionless systems is
conserved along geodesics, according to the relativistic
Liouville theorem [48, 65]:

f(z,u")|¢ = constant, (20)

with {(7) denoting the DM particle geodesics; notably,
this holds even when energy is not conserved. We follow
then the evolution of the distribution function up to ¢y,

f(gc,ui)|t:tf = f, (Es(rf,u},£)7£) , (21)

with ¢; sufficiently in the far future such that the radius
of the star as a function of the coordinate time r,(t) has
shrunk to r,(t;) < 4M, so that all stable bound orbits
remain in the static exterior region of the OS metric.?
(For the numerical computations we will choose ¢y such
that 7, (tf) = 4M). The subscript f denotes the values on
the hypersurface ¢ = t¢. Note here that DM is collisionless
and that after t = ¢ the metric is static for all relevant
orbits. In the following section we discuss how to find
Es(rg,u’, L) by solving the geodesics of OS from ¢t =t
backwards to t = 0.

Crucially, in collisionless systems, for orbits confined to
static regions of the metric, dN/(d€ dL) remains constant
in time even if the distribution function still exhibits time
dependence. We can then compute Eq. (6) at t = ¢ and
extend this computation to all ¢ > ¢;.

During and after the collapse, the DM particles are
in a non-uniform orbital-phase configuration, as they in-
herit their initial orbital phase from the pre-collapse SMS.
The distribution is therefore explicitly time dependent,
and Jeans’ theorem does not apply. As the DM particles
evolve in the changing metric of the collapsing star the
system experiences violent relaxation, undergoing an in-
tricate orbital mixing process that generates intermingled
filaments in phase space [66, 67]. Within a few dynamical
times (comparable to the orbital periods of the relevant
particles, ~ /R3/GM ~ 10 hr) after the collapse has
effectively ended, or ¢ > t;, phase-space mixing drives
the system toward an approximate coarse-grained steady
state equilibrium [53, 68, 69] (see also [70, 71] for the
general-relativistic case).

2 Note that there are no stable Schwarzschild orbits with periapsis
smaller than 4M



After sufficient time has passed, we can then use Eq. (5)
together with the value of Eq. (6) computed at ¢ = ty,
to write the (phase-mixed) coarse-grained post-collapse
distribution function as

£ L) = ) Yoo, 2
fe(&e, )wj{f(xau)t_tfu} T

. (22)

—#%f(f(r Wl L), L) L dr
= T7_(EC7£) s\Cs\T'fy Uy, ’ u? I

where the subscript ¢ refers to the values long after the
collapse. Note that, after the SMBH has formed, we set
the distribution function of particles in the loss-cone (as
computed in [41]) to zero. In practice, these particles will
be captured by the SMBH, resulting in a small (negligible)
increase in the mass of the central object.

C. Geodesics of OS from t =ty backward to ¢t =0

The final step needed to obtain the distribution function
after the OS collapse is to find Es(ry, ', L). Our choice
r.(ty) = 4M (see previous section) corresponds to

R, 71t R 1-—2M
U * R,
ty = ﬁdrz/ dr, (23)
am U aM (1_M) M_%{ﬂ
s T *

with U, the 4-velocity of a point at the SMS surface.

DM particles in stable bound orbits after collapse can
be divided in three classes: (i) those that remain in the
exterior of the star at all times, (ii) those that start in the
exterior and cross the star surface twice, and (iii) those
that start inside and cross the star surface once. Because
the star surface is free falling, it is clear that geodesics
crossing it outwards will not cross it inwards again (see
Appendix C for a more thorough discussion).

The class (i) is trivial: the energy and angular momen-
tum of those particles is conserved through collapse. In
particular: & = &..

For both classes (ii) and (iii) there is an instant tous
when the radial position of the DM particle is such that
re(tout) = Ta(tout) and ¢ (tout) > Fu(tout), i-e., when the
particle exits the star. In the exterior of the star we evolve
the geodesics in the Schwarzschild coordinates (¢, r), while
in the interior we use (1, R). The OS coordinates of the
crossing event are Rout = Ry and nout = 7(Xout), With
Xout = €081 (2(rout/Ry) — 1). In the OS coordinate basis
the DM particle 4-velocity is then

ul = Ognu® = —Uju®,

r_ V)2 —1-(L/r)* (24)

ut = — u®u, = —1.
9RR

Inside the star the geodesic of the radius of the particle
is evolved by using the geodesic equation

duft 2M R3 2
= _ @
dr <R R? ) (w?) (25)
_ 2MR (uft)? B %uRu"
R3 — 2M R? dp B’

while 7 is evolved in parallel by using Eq. (24). We solve
these two equations numerically up to n =¢ = 0 in case
(iii), or up to when the DM particles reach R = R, ()
again in case (ii).

In case (iii) the energy before the collapse is finally
found through

Es = —Uy |4—0 = —‘/Iun =0, (26)

while in case (ii) is obtained by

Es = —wy |7]:77in ) (27)

where u; can be obtained by using the four velocity trans-
formation

dB
u" = dgru® = Buft + R— u" (28)
dn

using riy, = B(7in) R«. Then using the normalization of
4-velocity we obtain

1

& = <1+ ﬁr;ﬂ + fj) <1 - 2M> . (29

: r;
in
Tin in

V. RESULTS

In Fig. 1 we show DM rest mass density profiles ob-
tained as the integral of the phase space distribution
function, see Eq. (3), multiplied by the DM rest mass u
after the SMS formation and its collapse into a BH within
the OS model. We refer to this DM density profile as
a relativistic mound. The growth of the central object
has sharply enhanced the DM density (the initial NFW
density, not shown in the plot, is about 3 x 10° M, /pc3
at 4M). The plot focuses on radii which are relevant for
GW signals from EMRIs which are within the size R,
of the SMS before its collapse, the shaded region in the
plot highlights the range of radii probed by an extreme
mass-ratio inspiral with companion mass 10 My, starting
4 years before the merger. The collapse causes a redistri-
bution of DM within radii which are a few times larger
then R,, and all the way to the region relevant for EMRIs,
with a sharp cutoff at twice the Schwarzschild radius.

Such modification is indeed sensitive to the formation

history of the SMBH. As an example, for comparison, we
show the result in the case where the final configuration
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FIG. 1. Top panel: DM rest mass density profile pre- and
post- SMS collapse; these are labeled, respectively, by SMS
and Relativistic Mound. The case of a SMBH growing adia-
batically from a light seed to a mass of 10° M, is also shown
for comparison and it is labeled Relativistic Spike. Bottom
panel: Profile slope, v = —dlog p/dr, for each case.

is reached assuming an adiabatic formation of a BH of
equal mass, with the associated distribution function f,,
derived by applying the same formalism for adiabatic
contraction as discussed in Sec. III (this is the same
idealized case discussed for the first time in Ref. [41]). We
refer to this DM rest mass density profile as a relativistic
spike. The normalization of the inner density in this
latter case is noticeably larger than for our result close
to the BH, about a factor of 5 at the innermost stable
circular orbit (r = 6M). This is in agreement with general
considerations that predict a smaller focusing of the DM
density for processes that involve a rapid change in the
underlying potential well.

In the lower panel of Fig. 1, we stress differences in the
logarithmic slope of the profile, which is also a relevant
parameter when computing the dephasing of EMRIs due
to accretion and dynamical friction. The difference in
density profiles stems from the different redistribution in
phase space of the DM particles in the two BH formation
models. This is illustrated in Fig. 2 where we show a color

coding of the magnitude of the distribution functions in
the projected parameter space (£,1 —&). Here 1 — &
measures how strongly bound the particles are to the
central object and, together with £, determines the peri-
and apoapsis of the DM orbits. In our reference model
(left panel), there is a depletion in the region associated to
orbits with apoapsis close to the BH, namely those with
low £, more pronounced at larger values of £, namely the
circular orbit limit. In this limit, for a fixed energy &, the
apoapsis is minimized, which in turn tends to maximize
the initial energy required to reach these final orbits. The
depletion is due to the fact that this region of parameter
space corresponds to pre-collapse energies associated with
unbound orbits, £ > 1. This is in sharp contrast with
the adiabatic case where small radii circular orbits persist,
see Fig. 2, right panel. These results are consistent with
previous semi-relativistic calculations under the naive as-
sumption of an instantaneous collapse, however, the more
realistic treatment of the dynamics of collapse mitigates
the suppression with respect to the adiabatic case, see
Appendix B.

Such details in the underlying distribution function are
relevant for future GWs observation because the different
density and velocity distribution close to the BH will
inevitably impact on accretion and dynamical friction
within the 4 year EMRI inspiral [39]. In particular Fig. 3
illustrates the differences in the distribution function for
the two cases in the projected parameter space of radial
and tangential velocities of DM particles as perceived by
an observer in the local inertial frame (LIF) associated
to the rest frame of the DM particle ensemble at 6.

The impact on EMRI waveforms will be investigated
in upcoming work along with a discussion on potential
insights into the formation history of SMBHs.

VI. REGROWTH

After the SMS collapse, the resulting BH might further
increase its mass through accretion, leading to a second
phase of adiabatic growth. Once again this can be ac-
counted for through the relativistic adiabatic invariants
and the associated evolution of the distribution function.
In Fig. 4 we show how the density profile responds to the
subsequent regrowth of the central object, considering as
sample cases final BH masses which are 2 and 5.6 times
the initial mass respectively. We also show the equivalent
spike grown adiabatically from 0 mass in each case for
comparison. As expected this slowly erases some of the
imprints of the phase of rapid collapse. Our scenario is
still appreciably different from the purely adiabatic limit
when the BH mass doubles, while for a regrowth of 5.6
the two cases coincide, as explained below.

Fig. 5 shows the same projection as in Fig. 3 in the
case where the BH mass grows to twice its initial size,
with the associated distribution function f,xs. The high
density region of the distribution function at 3 R, slowly
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FIG. 2. Left: Coarse-grained distribution function of DM after OS collapse projected in the phase space (£,1 — &). Right:
Same quantity but for a spike grown adiabatically. In both panels, the top blue curve corresponds to circular orbits and the
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Left: Distribution function of DM particles in the projected phase space of velocities (radial and tangential) as

measured in the LIF at 6M for a spike following OS collapse. Right: Same quantity but for a spike grown adiabatically.

drops towards the low tangential velocities associated to
orbits with low angular momentum, marking a transition
between the two limits displayed in Fig. 3.

In general the difference in distribution function will
be completely erased by the time the SMBH has grown
to a size such that all orbits with periapsis r, < R, have
been captured by the BH. For a Schwarzschild BH the
regrowth necessary for total capture of all such orbits is

Linax(Ry) = R*,/m —1 =4 My where Mjy is the

final mass after regrowth. In the limit R, > 2M this
gives

[ oM R,
M;=Ryy|———— ~ M/ ~55M.
r=R 16(R, — 2M) 8M g (30)

It follows then that for a regrowth larger then a factor of
5.5 the spike becomes indistinguishable from one formed
through adiabatic growth.



10%! .
- - - Spike
102() | —— Mound
Spike x 2
1019 B P Regrowth x 2
! RS - - - Spike x 5.6
o ) . —— Regrowth x 5.6
a 1018 |
RS
E 1017 |
jen)
[
1016 |
15 |
107 *
< o
| |
107° 1077 10°° 107°

1 [pc]

FIG. 4. DM rest mass density profiles after the SMS col-
lapse (Mound) and various factors of regrowth n = M;/M
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mass (Spike) and each regrowth factor (Spike x m) are also
shown as dotted lines.
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FIG. 5. Distribution function of DM particles for their radial
and tangential velocity, as perceived by an observer in the LIF
at 6 M, for a spike post OS collapse and a subsequent regrowth
by a factor 2.

VII. CONCLUSION

We have developed a general method to evolve the
relativistic distribution function of collisionless particles
across transitions between spherically symmetric, static
metrics. This method allows us to study transitions that
are non-adiabatic on orbital timescales and complements
existing treatments of the adiabatic regime in the litera-

ture. Our approach reproduces earlier results, including
those obtained in the Newtonian limit (see Appendix A),
and can be straightforwardly applied to any scenario in
which particle geodesics can be deterministically evolved.
With additional numerical effort, the method can also be
extended to transitions between more general stationary
spacetimes.

We have applied this method to study, for the first time
within a fully self-consistent general-relativistic frame-
work, how the formation of a SMBH via the direct col-
lapse of a SMS affects the surrounding DM distribution.
In line with earlier studies, we found a sharp enhancement
of the DM density around the BH. The enhancement is
milder than in scenarios that assume adiabatic BH forma-
tion, because the collapse leads to an enhanced capture
of particles with low binding energy and thus to a partial
depletion of the spike. At the same time, compared to
previous analyses based on the simplifying instantaneous
collapse approximation, our more realistic collapse model
yields a less suppressed central density. We were also
able to analyze the effect not only at the level of the
DM density profiles, but directly through the distribu-
tion function itself, demonstrating that the post-collapse
phase-space structure exhibits a clear depletion of circular
and nearly circular orbits near the BH.

If the BH obtained via the direct collapse undergoes
a further phase of growth via adiabatic accretion, the
features discussed above may gradually be erased. In
particular, we find that for any adiabatic DM spike con-
figuration that has been depleted up to some given radius
rq, regardless of the mechanism that has caused the de-
pletion, the modifications of the distribution function
are completely erased if the BH growth factor M;/M is

larger than +/74/8M . For smaller growth factors, the
distribution function interpolates smoothly between the
depleted and fully adiabatic spike cases.

These results on the DM profile and the distribution
function have direct implications for future gravitational
wave observations, since accretion and dynamical friction
induced by DM impact compact object inspirals into
SMBHs and modify the associated gravitational-wave
dephasing. In upcoming work, we will quantify these
signatures and investigate how future EMRI detections
with space-based interferometers may be used to probe
both the nature of DM and the formation histories of
SMBHs.
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Appendix A: Instant Collapse in the Newtonian Limit

Following the same prescription as in Ref. [17], when
treating the collapse into a BH as instantaneous in a New-
tonian setting, the DM particles conserve their velocity
and position at the moment of collapse. The definition of
the distribution function in the Newtonian limit is

_aN
T Badde

/(&9) (A1)
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We also know that we can relate the energy before and
after collapse by the equation

B =B (Y -nm). a2

r

where we use as in the main paper the subscript s to de-
note the values before collapse and ¢ for long after collapse.
Then using the same reasoning as in the main paper it’s
straightforward to derive the Newtonian counterpart of
Eq. (22) as

fs (Es, L

fe(Ee, L) = 7{ 7)(17".

A
T, (A3)

T here is the Newtonian orbital period of the DM particles.
This gives the equation for the post collapse density of
DM as:

4 L
p(r):%/dE/dL
" V2M -2 - L7

« far, 2B D
T,

2 _2F — Lj

The result computed with this method agrees to high
precision with the one obtained through the Monte Carlo
procedure (adapted to a fully Newtonian context) from
Ref. [47] as shown in Fig. 6. Note also that if we consider
only circular orbits we can express v, and T, as functions
of the initial radius, allowing us to recover the same result
as Ref. [17]:

(A4)

4 r2p;
== [dr——ifi
plr) 2 / T )y ()

Appendix B: The “Instantaneous” limit in GR

Of course in GR there is no such thing as an instan-
taneous collapse as the concept of simultaneity in an
extended region of space is frame-dependent. However,
in the case of a halo in static equilibrium, there is an
interesting choice of frame that recovers the correct New-
tonian limit from Ref. [17]. This is the limit in which the
collapse appears as “instantaneous” in a stationary refer-
ence frame with respect to the DM’s particle enesamble
which represents the limiting case in which the collapse
happens quickly with respect to the movement of particles
in the halo and can be considered as the opposite limit to
the adiabatic evolution in which the orbital time is much
quicker then the timescale over which the metric changes
significantly.

In this limit we can use a space-like hypersurface de-
fined by ¢t = 0 so that on the side of the hypersurface
corresponding to t < 0 the metric is that of the con-
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FIG. 6. Comparison of the DM density computed through

the same Monte Carlo procedure as Ref. [47] and our analyt-
ical method both computed in the instant Newtonian case.
The dashed line shows the DM density after the adiabatic
formation of the SMS, while the solid line shows the density
after instantaneous collapse of the star to a BH. The green
line shows the Monte Carlo results.

stant density star while for ¢ > 0 the metric becomes
fully Schwarzschild. Note that this type of change in the
metric is not mediated by the Einstein equations and is
not physical, hence there is no clear path to apply the
Israel junction conditions as the induced metrics cannot
match. We can however still ask how the geodesics of the
DM particles evolve in this limit. Note that for particles
outside the star at collapse the metric is unchanged so
that the particle will maintain the same properties before
and after collapse. The angular momentum of all particles
will also stay the same as the discontinuity does not break
the spherical symmetry of the system.

Under this setup the relevant Christoffel symbols for
radial and time components will include terms that have
delta functions. In our case, this turns into an ODE with
distributional coefficients; at ¢t = 0 there are impulsive
terms from the time divergences which do not allow the
equation to be solved numerically. Across a small interval
(—¢, +€) in affine parameter there is a finite jump in
dx?* /d7 that depends on the jump in gapg in the form

+e dz® dz?
=— M, ——4d
/,e B qr dr T

dz?

dr

dz?

o (B1)

€ €_

In this small interval the distributional limit of the ODE
leaves unchanged the angular components of 4-velocity
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FIG. 7. DM rest mass density profiles after the instant collapse
and the OS collapse. The result from the same Monte Carlo
procedure as described in Ref. [47] is also shown.

and the coordinate position. It further gives the relation

1

A (53—(1/;)2 G_Q;)) ., (B2)

which can easily be checked to respect the Liouville theo-
rem across the jump in metric at ¢ = 0. The subscripts d
are those associated with the “instant collapse” considered
here. We can therefore again write the final distribution
function as

F5(E5 L) = ﬁff (58,5)% dr.  (B3)

In Fig. 7, we show the effects the resulting DM rest mass
density in this instantaneous limit. We compare this both
to the OS case discussed in the main paper and to the
semi-relativistic case from Ref. [47]. We can see that
this limit captures well the results of the semi-relativistic
calculation and as expected offers a slightly more extreme
suppression of the spike with respect to the OS case. Note
further that in the Newtonian Limit this recovers the same
result as in Sec. A. This is precisely why the result is so
close to the one obtained from the methodology used
in [47]; the particle energy is evolved on the surface of
simultaneity of the particle ensamble corresponding to
the static solution of the distribution function both in the
relativistic and Newtonian case. In addition, the majority
of particles that survive are those which are far from the
BH at collapse, for which the Newtonian limit of the final
energy applies. The majority of the GR effects in this case
are then restricted to the modification of the DM orbits
that pass close to the BH and the subsequent increase in



DM captured by the central object.

Appendix C: DM Crossings

At a given instant ¢, a DM particle with energy £ and

angular momentum L crosses the star surface outwards,
meaning that 7¢(tout) = re(tout) and 7¢(fout) > i (tout)-

The radial velocities in coordinate time are

In the first case, where the particle exits by falling
slower then the star’s surface (7¢(tout) < 0), we have
(1+£2%/r2,,) > E?/(1 —2M/R,). This will also hold for
all 7 < rous, and thus the coordinate time necessary for
the DM particle to reach r will be such that

T T
dr' /7y <

Tout Tout

dr'/r¢ . (C3)
With this it is clear that the DM particle will never catch
up to the surface.

In the second case, when the DM particle exits the
surface with positive radial velocity, it is enough to show
that the coordinate time necessary for a DM particle to
go from the apoapsis rapo > Tout to any r < royy is larger

than the time the star surface takes to reach that same r.

This can easily be seen from

1— 2M gy

> /rapo Tapo
’ (1_2M) 2M _ 2M

/7' dr
Tout TC 7
r Tapo
1— 2M

/ Foue Tout / d?"
P (1-2M),f2M Fout

where we have used the fact that the coordinate time

Tout

that a radially infalling particle takes to go from rq to r,

starting with zero velocity, decreases with decreasing r(.
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This is intuitively obvious, but for the interested reader
we offer a quick proof below for any ro > r > 3M, which
covers all the orbits relevant to this paper.

What we want to show is that

,/l—w dr’
dTo/ ~ oM

7"’ T0

77- rOa

,r/

_ 2M / _ 2M 2M _ 2M
o T 0
_2M dr’
>0.
dro 2M) 2M _ 2M
’

r r! 0

(C5)

The first integral is strictly positive and can be ignored.
We can compute the second term by using the substi-
tutions x = 2M/r, &' = 2M /7’ and xo = 2M/rp, then
integrating by parts to write

i/’l‘o d,l,,l B
dro J, (1iw) oM 2M |

T 0

5 (C6)
(2 — 2%)/z — 70

2 d [*° 232" —2)v1' — a9 d:z:
o dl’o 23 (1 — x/)Q

The first term is again positive and can be ignored. Then
using the Leibniz rule to take the derivative in the second
term gives

RS d (7232 —2)ya' —xg do’
dzo a3 (1 — )
/m —3(32" —2) d2’
vo 3 (1—2/)* Vo' —xq
This integral has a negative contribution only for 2’ > 2/3.

So for x < 2/3 the derivative is strictly positive and it is
manifestly true that, for any » > 3M,

(C7)

—T(ro,) >0.

d’/‘o (CS)
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