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Abstract. We study the stochastic dynamics of a Brownian particle after it is
suddenly released from a harmonic trap moving with constant velocity through
a fluctuating correlated medium, described by a scalar Gaussian field with relax-
ational dynamics and in contact with a thermal bath. We show that, after the
release, the particle exhibits recoil, i.e. it moves in the direction opposite to the
drag. As expected, this effect vanishes if the field equilibrates instantaneously.
The final value of the average position of the particle is reached algebraically in
time in the case of conserved dynamics of the field or for non-conserved dynam-
ics at the critical point. Our predictions are expected to be relevant, at least
qualitatively, to driven colloidal particles in liquid media close to critical points.

Keywords: colloids, bio-colloids and nano-colloids, fluctuation phenomena,
stochastic particle dynamics, viscoelasticity

*Author to whom any correspondence should be addressed.

Original Content from this work may be used under the terms of the Creative Commons Attribution
5 4.0 licence. Any further distribution of this work must maintain attribution to the author(s) and the
title of the work, journal citation and DOI.

© 2025 The Author(s). Published on behalf of SISSA Medialab srl by IOP Publishing Ltd


https://orcid.org/0000-0003-2344-3333
https://orcid.org/0000-0001-6952-9568
https://orcid.org/0000-0003-3450-6125
mailto:mpruszcz@sissa.it
http://crossmark.crossref.org/dialog/?doi=10.1088/1742-5468/ae0d7b&domain=pdf&date_stamp=2025-11-19
https://stacks.iop.org/JSTAT/2025/113202
https://doi.org/10.1088/1742-5468/ae0d7b
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Recoil of a driven tracer in a correlated medium

Contents
1. Introduction . ....ooit it i i i i i ittt teieennasaaasaeananans 2
2. The model. ... .o ittt i ettt tetteneneeneaneaneanennns 5
2.1, DynamicCs . ..ottt 6
3. Position of the particle ..........c. ittt it iiinnenennns 8
3.1. Perturbative expansion (weak-coupling approximation)...................... 9
3.2. Steady-state average particle position................. . L. 10
3.3, Recoil. ... o 11
3.4. Long-time behavior. ... ... . 15
4. Non-equilibrium steady-state configuration of the field................. 19
4.1. The noiseless limit ....... .. 20
4.2. The steady-state field configuration................... ... ... ... . ... 21
B, ConCIUSIONS . oottt it i it i it i i i i et e e 26
Acknowledgments .........oiiiiiiiiiiiiii i i i et e 28
Appendix A. Perturbative calculation of the correction to the
particle’s position ......... il i i e 28
A1 Driven particle. ... ... 28
A.2. Recoil after the particle is released .............. ... .. ... i, 31
Appendix B. Analysis of therecoil ........... ... o i, 33
B.1. Small-v behavior of FA/ B 33
B.2. Long-t and large-¢ behavior of FAB ... . ... 35
B.3. Exact expressions for the critical recoil with model A dynamics ........... 37
Appendix C. Field configuration with a driven particle................... 38
C.1. Model A ..o 38
C.2. Model B ... 39
References. .. ..ottt i i i i e et ittt 40

1. Introduction

Ever since the pioneering works of Einstein and Langevin [1, 2], the dynamics of a
mesoscopic particle immersed in a simple medium is commonly described in terms of
the Langevin equation for the particle position X(¢), featuring an instantaneous friction
and a random force in the form of a Gaussian white noise. The validity of such a
description hinges on the assumption of timescale separation, i.e. that the evolution of
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the medium occurs over timescales much shorter than those characterizing the motion of
the particle. In contrast, complex media with macroscopic relaxation times manifestly
violate this assumption [3]. Viscoelastic fluids [4] may serve as an example: indeed,
storage and dissipation of energy within their complex microstructure typically result in
macroscopically long stress-relaxation times. Consequently, dragging a colloidal particle
through such a fluid drives the medium out of equilibrium, which in turn affects the
statistics of the particle position [3], as observed in active microrheology experiments

[5-10].

The overdamped generalized Langevin equation (GLE [11, 12]) offers a description of
such a system on a coarse-grained scale by modeling the interaction between the medium
and the particle via a friction ffoo dt'T(t —t')X (t')—characterized by the memory ker-
nel I'(t)—together with a colored Gaussian noise whose temporal correlations ensure
detailed balance. Such a description, though computationally convenient due to the
linearity of the evolution equation, has its limitations. First, in general, the functional
form of T'(t) is not known a priori: in practice, it is often assumed to be of the form
[(t)=>,a;e™"/™, where the coefficients {a;,7;} are obtained by fitting experimental
or numerical data. For experiments involving viscoelastic media, such an analysis was
performed for example in [13, 14]. This simplified model—in which each term of the
sum may be heuristically visualized as due to a fictitious bath particle harmonically
coupled to the tracer—is actually able to capture the effective particle dynamics within
the linear response regime. Conversely, as the system is driven further out of equilib-
rium, it turns out that an increasing number of terms has to be included in the sum to
accurately fit the data [15, 16], possibly with a; < 0. Second, in constructing the GLE
from first principles (see e.g. [12]), the linear projection of the degrees of freedom of the
medium that are being coarse grained may lead to a memory kernel that depends not
only on the interaction between the particle and the medium, but also on other details
of the system—such as the strength of external (confining) forces acting solely on the
particle [17, 18].

These considerations suggest the need for more sophisticated models which are able
to describe the particle dynamics in complex media beyond the linear-response regime,
including the peculiar phenomena exhibited by tracer particles in this context. One of
them is the recoil displayed by an optically confined particle dragged at constant velocity
through a viscoelastic medium [8, 13, 19-21]: after switching off the confining force, the
particle turns out to move backwards, i.e. in the direction opposite to the previous
drag, before coming to rest. This somehow unexpected fact can actually be understood
heuristically as follows. While the particle is driven through the medium, it locally
perturbs its structure; accordingly, the average position of the particle—which reaches
a steady-state value in the frame of reference co-moving with the trap—is determined
by the mechanical balance between the confining force due to the optical trap, the
friction, and the overall force exerted on the particle by the nonhomogeneous structure
acquired by the medium. This is schematically represented in figure 1 (in which the
field ¢ describes the relevant thermally fluctuating field within the medium, as clarified
further below). Generically, the latter force tends to increase the total friction, pulling
the particle in the direction opposite to the drag. When the trap is suddenly switched
off, this force does not vanish instantaneously: consequently, the particle is temporarily
pulled backward, until the medium has time to rearrange and relax to equilibrium.

https://doi.org/10.1088/1742-5468 /ac0d7b 3


https://doi.org/10.1088/1742-5468/ae0d7b

Recoil of a driven tracer in a correlated medium

t=0"

Figure 1. Schematic representation of a Brownian particle (black sphere), driven
by a moving optical trap (providing the potential represented by the dark yellow
line) and interacting with a fluctuating correlated field ¢ (dark blue line), which
is preferably enhanced in the vicinity of the particle (see equation (4) with A >0).
(a) While the particle is driven, i.e. for ¢ <0, the field attains an average config-
uration (blue line) which is stationary and spatially modulated in the reference
frame co-moving with the trap. At time ¢ =07, the particle is subject to the har-
monic force F,, exerted by the moving trap, to the field-induced force f defined
in equation (8) which pulls the particle along the gradient of the field, and to the
friction force F,. (b) At time ¢ =07, the particle is released from its confinement
and thus it starts moving backwards (recoil), due to the fact that f remains non-
vanishing due to the slow relaxation of the field, and that the friction changes both
its sign and amplitude F, — F, = —f.

The recoil described above essentially stems from two key ingredients: (i) a spa-
tial structure acquired by the complex medium, and (ii) a long relaxation time, which
renders the effective particle dynamics non-Markovian. A simple model that incorpor-
ates both these features can be formulated in terms of the coupled overdamped dynamics
of a particle and a scalar Gaussian field ¢(x,t), characterized by a macroscopic correl-
ation length ¢ and a finite relaxation time [18, 22-34, 52]. Modeling the interaction
between the field and the particle via a coupling that is linear in ¢ allows one to integ-
rate out the latter exactly, yielding the effective (non-linear, non-Markovian) dynamics
of the particle. This procedure connects the emergent memory terms that describe the
motion of the particle with the underlying properties of the medium. Originally intro-
duced to describe tracer diffusion in a thermally fluctuating environment [25], this min-
imal model has been more recently interpreted as a simplified description of colloidal
particles immersed in a medium close to criticality, such as a binary liquid mixture
in the vicinity of the critical point of its demixing transition [35-39]—with a particu-
lar interest in the emergence of fluctuation-induced critical Casimir forces [40-43]. In
such media, characterized by extended spatial and temporal correlations, ¢ should be
regarded as the order parameter describing a second-order phase transition [44] (e.g.
the relative concentration of the two components in the case of a binary liquid mixture).
More broadly, such spatio-temporal correlations also affect the dynamics of inclusions
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in lipid membranes [45-47], microemulsions [48-50], or defects in ferromagnetic systems
[22-27].

A recent theoretical study [31] investigated the motion of an overdamped particle
driven through a correlated medium, within the framework described above. Notably,
it was shown that the particle may exhibit oscillatory relaxation modes (generally for-
bidden in Markovian overdamped systems), analogous to those experimentally observed
with a colloidal particle driven through a viscoelastic medium [15]. In order to further
investigate the phenomenological similarity between viscoelastic and correlated media,
in this work we examine the possibility of observing a correlation-induced analogue of
the elastic recoil observed in experiments [8, 19-21]. To do so, in section 2 we con-
sider a particle subject to a harmonic potential moving with a constant velocity v,
coupled linearly to a scalar Gaussian field which follows relaxational dynamics [51].
After the system attains a non-equilibrium steady state at long times in the reference
frame co-moving with the trap, the harmonic trap is abruptly switched off, releasing the
particle from its original confinement. The effective, nonlinear dynamics of the particle
obtained by integrating out the field degrees of freedom is then solved perturbatively in
the particle-field coupling in section 3. The subsequent average trajectory of the particle
turns out to exhibit a recoil, which we characterize analytically and verify via numer-
ical simulations of the system. Both the cases of locally conserved and non-conserved
dynamics of the field are considered, also in the critical limit in which the corresponding
correlation length and relaxation time of the field diverge. We complement our study
by the analysis of the steady-state field configuration presented in section 4, and finally
in section 5 we summarize our results and present our outlook.

2. The model

We consider a system consisting of a tracer, modeling a colloidal particle, and a correl-
ated medium, with the effective Hamiltonian [52]

M, X] = Hy [¢] + Hine [0, X] +U (X, 1) (1)

Here X = (X1, Xy,...,Xy) is the position of the particle in d spatial dimensions, which
is subject to a time-dependent potential

K

UX 1) =5 (X=vt) I (), (2)
describing a harmonic trap with stiffness x. The trap has a center that moves with
constant velocity v, and it is switched off abruptly at ¢ =0, as encoded by the Heaviside

step function ¥(—t). The correlated medium is modeled by a fluctuating scalar field
o(x,t) € R characterized by the quadratic Hamiltonian [44]

Halo) = [ d'x B (Vo) + %mﬂ . 3)

The parameter r >0 determines the spatial extension of correlations of the field, and
is related to the correlation length ¢ via & =r~'/2. In this respect, the thermally
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fluctuating medium undergoes a second-order phase transition at its critical point r =0,
characterized by a diverging correlation length £ and relaxation time. Additionally, the
particle is coupled linearly to the field in equation (1) by

Moo [6,X] = -\ / d'x ¢(x) V (x — X). (4)

In passing, we note that such a coupling is invariant under translations in space. The
interaction kernel V(x) actually models the shape of the particle and is normalized by
requiring that its integral over the whole space is one. Accordingly, the strength of the
interaction between the field and the tracer is determined solely by the value of the
parameter \. Note that the coupling (4) breaks the ¢ — —¢ symmetry of Hy[¢] and
thus, for positive AV (x), it favors configurations of the field in which ¢ is enhanced in
the vicinity of the particle’. Additionally, V' (x) is assumed to be spherically symmetric
and characterized by a single lengthscale, i.e. V(x) = V(|x|/R), where R plays the role
of the effective radius of the particle. The Gaussian kernel

1 X

Vi(x)= WeXp (—2—];> (5)

may serve as an example. In this effective description of the interaction between the
particle and the field introduced in equation (4), the ‘particle’ is identified with the
interaction kernel V' (x), and the field has non-zero values in its interior. Hence, the
model introduced here characterizes the coupling of the particle to the field in terms of
two effective parameters, namely the strength A and range R of the interaction.

2.1. Dynamics

The dynamics of the particle is described by the overdamped Langevin equation
X = —vVxH+E, (6)

where v is the mobility of the particle, and the stochastic noise £ is a Gaussian variable
with vanishing mean and variance given by (for simplicity the Boltzmann constant is
set to unity here and henceforth, i.e. kg = 1)

(& ()& ') =20T6;0(t—t'), (7)

where T is the temperature of the equilibrium heat bath within which the particle
moves. Note that, assuming AV (x) > 0, the force f[¢, X] exerted on the particle due to
the coupling (4), given by

£16,X] = —VxHin [6,X] = A / dxV (x — X) Vo (x). ®)

5 Recall that ¢ can be interpreted, for instance, as the relative concentration of the two components of a binary liquid mixture
close to its demixing point. In this case, the enhancement of the field around the particle may indicate preferential adsorption of
one of the two components by the surface of the particle.
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pulls the particle along the gradient of the field. For future convenience, we note that
equation (8), and consequently the dynamics of the particle, exhibit invariance under
{6, A} = {—¢,—A}. The evolution of the field ¢ is governed by the relaxational dynam-
ics [51]

OH (¢, X)
do (x,t)

where D,, is the mobility of the field, and a € {0,2}. Here, for a« =0, the dynamics of the
field does not obey any local conservation, while for =2, the field is locally conserved
by the dynamics. In fact, equation (9) can then be cast in the form 0,0 = —V - J(x,1),
where J is the corresponding current. We note that the cases @« =0 and a =2 correspond
to the so-called model A and model B, respectively, according to the classification of
[44]. In the current analysis, however, we neglect the self-interaction term oc ¢* present
in the original formulation of these models, and study them within their Gaussian
approximation. Note that the physical dimension [D,] of the field mobility D, depends
on the choice of the dynamics. In particular, [D,] = £*T !, where z =2+« is the
dynamical critical exponent of the field, £ is a unit of length, and 7 is a unit of time.

Both the field and the particle are assumed to be in contact with the same heat
reservoir characterized by the temperature T. Consequently, the noise n(x,t) acting on
the field ¢(x,t) is a Gaussian variable with vanishing mean and characterized by the
variance

[9%0) (X>t) =—D, (iv)a +1n (X>t) ) (9)

(n(x,t)n(x",t")) =2D,T (iV)* 6D (x —x")§ (t —t'). (10)

The correlations of the noise given by equations (7) and (10) satisfy the fluctuation-
dissipation relation. Accordingly, in the absence of external driving, i.e. for v =0, the
joint dynamics of the particle and the field is invariant under time-reversal, and the
joint probability distribution function of the position of the particle and the field
configuration in the equilibrium steady state is given by the Boltzmann distribution
x exp (—H[¢p,X]/T), where H is the Hamiltonian in equation (1).

In order to solve for the dynamics of the field as a function of the particle’s position,
it will prove useful to express the field in terms of its Fourier transform as

d
6(x,t) = / %em%(w, b () = / dlx 6% (x, 1), (11)

where the wavevector q labels each mode of the field. In these terms, the dynamics of
the field imposed by equations (1), (3), (4), (9), and (10) takes the form
[0+ Dag® (¢° +7)] ba (t) = ADaq Vae X0 41 (1), (12)

(na (1) nq: (t)) = 2Dag"T6 (t — ') (27)" 6 (a+q). (13)

https://doi.org/10.1088/1742-5468 /ac0d7b 7
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Here, V4 is the Fourier transform (see equation (11)) of the interaction kernel introduced
in equation (4). Similarly, the dynamics of the particle position can be expressed as®

d
X (t) = —vi (X (t) = vt) 9 (—t) + i\ / (‘;ﬁqv_qeﬂ%q t)+&(t).  (14)

Note that for A=0 and ¢t <0, according to equations (12) and (14), each component of
the particle position X and each mode of the field ¢4 are described by non-interacting
Ornstein—Uhlenbeck processes with relaxation times given, respectively, by

Ty = VUK, (15)
7'(;1 (q) = ay = Dyg” (q2 +7). (16)

Accordingly, the field ¢(x,t) exhibits not only long-range spatial correlations across the
distance set by &, but also correlations over long times oc £*. In particular, for model A,
the relaxation time of the long-wavelength (small-wavevector) modes diverges as the
system reaches criticality (r —0). Such a divergence is present in model B both in the
critical and off-critical case (i.e. finite r) due to the local conservation of the order
parameter [51]. Consequently, the coupling between the tracer and the slow-relaxing
field yields a non-Markovian effective dynamics of the particle, due to a generic lack of
separation of timescales.

Note that, due to the simplicity of its formulation, this minimal model may not only
describe a near-critical medium, but also serve as a simple approximation of various
complex media exhibiting both spatial and temporal correlations.

3. Position of the particle

In order to derive the effective dynamics of the particle, we notice that the equation of
motion (12) of the Gaussian field is linear in ¢, enabling its formal integration. This
yields

t
g (t) = / dt’ el )\Daqo‘qu_iq'X(t/)+77q(t')], (17)

—00

where we assumed that the initial conditions ¢q(tg) for the field configuration were
imposed in the distant past, i.e. at t{y — —o0, deeming them inconsequential. In order to
circumvent possible issues of equilibration of critical systems, we assume that the system
is taken adiabatically to criticality after it has reached a stationary state, such that the
limit £ — oo is taken after ¢) — —oo. Notably, the field ¢4(t) depends dynamically only
on the position of the particle X(¢) and the configuration of the noise 74(t). Accordingly,

6 Note that, in the case of model A (a=0), the average field mode ¢q—p may take arbitrarily large absolute values as criticality
is approached for r— 0. However, this fact is inconsequential for the particle dynamics: indeed, the mode with g =0 does not
contribute to equation (14). In order to counteract this growth, one would need to add a suitable chemical potential—e.g. by
replacing Hy + Ho + AVg—o [ dzg(x) in equation (3).

https://doi.org/10.1088/1742-5468 /ac0d7h 8
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the expression (17) for the dynamics of the field can be substituted into equation (14),
describing the position of the particle, rendering the effective dynamics

X () +ve(X () —vt)d(—t) = F[{X({)}H+E&(1), (18)
where
F[{X(t)}]:i)\y/ ddqdqv_qeiq.x(t) [cbflo) (t)Jr)\anVq/t dt'eCa(t—t")—iaX(t") . (19)
(27’(’ —00
and where
t
o0 (1) = / dt’ ety (1) (20)

is a colored Gaussian noise. Note that the effective dynamics is not only non-Markovian,
but also non-linear, and thus cannot be solved analytically. To overcome this difficulty,
we will resort to the perturbative expansion introduced in section 3.1.

3.1. Perturbative expansion (weak-coupling approximation)

In order to obtain analytical predictions for the effects of the field-particle interaction on
the particle dynamics, following [18, 29, 32, 52|, we assume that A is a small parameter
in terms of which one is allowed to perform a perturbative expansion:

X () = XO () + AXD (£) + A2X (1) + O (M), (21)
g (t) = o) (1) + Ao (1) + N0 (1) + O (V) . (22)

In the studies cited above, the expansion at the second order in A already proved
sufficient to capture non-trivial effects on the particle motion. The results obtained
within this weak-coupling approximation will be compared with those of numerical
simulations of the system in cf figure 2.

When the field and the particle are decoupled (i.e. for A=0), the position of the
latter is given by (see equations (12) and (14))

¢ —vk(t—t’
X (4 :{V(t_i)+f_oodt/e (=g (¢, for <0,

(0) L ypr / (23)
X(0)+ [, dt’&(t"), for ¢>0,
where we chose the coordinate system such that at ¢ =0 the minimum of the trap is
located at the origin. In the expression above, for t < 0, one identifies the time integral of
the noise as the Ornstein—Uhlenbeck process O(t) with the relaxation time 7y reported
in equation (15), and for ¢ >0, as the Wiener process W (t) with diffusion coefficient
vT. The symmetry of the particle dynamics reported below equation (8) implies that
(X(t)) is actually an even function of A. Accordingly, the second-order correction to the

https://doi.org/10.1088/1742-5468 /ac0d7b 9
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decoupled dynamics is the lowest-order one with a non-vanishing mean, and it is given
by

dq XO) (1) (1) . (1) ()
FRTACEY [0 () +ia XV ()60 (1] (24)

Here, we recognize the solution ¢$f) (t) of the field dynamics with A=0 as the colored
noise introduced in equation (20).

K@) (£) 49 (—) veX D (£) = iv /

3.2. Steady-state average particle position

Using the expression for (e!d(O®)=0())) reported in equation (A.7), where O(t) is the
stationary Ornstein—-Uhlenbeck process at time ¢ (see e.g. [18]), we calculate the lowest-
order correction to the average position of the particle while it is subject to the harmonic
confinement. The details of the computation are provided in appendix A, while we report
here only the final expression

d 2 9
<)\2X(2)> — _él)\zg/‘(;i—()ldﬁn/qﬁ/ dSe*(aqfiqlv)sf(T/H)qz(lfe—ﬁys), (25)
™ 0

where, for the sake of concreteness, we assumed v = é,v, with &; being the unit vector
in the direction of x;. This time-independent average shift of the position of the particle
from the center of the moving trap caused by the interaction with the field was derived
previously in [32]. Note that this coupling actually induces an additional friction, since
the displacement in equation (25) is negative, i.e. it occurs in the direction opposite to
the velocity of the trap, as we prove in appendix A.1. An analogous phenomenon was
reported in [53] while discussing a tracer driven in a colloidal bath. This friction can be
understood as a result of the force in equation (8) pulling the particle along the gradient
of the steady-state field configuration forming behind it. A detailed description of this
steady-state field profile is presented in section 4 below.

In order to better understand the qualitative behavior of the average particle dis-
placement in equation (25), we first consider the noiseless limit 7'— 0 in which the
fluctuations due to the thermal bath are negligible, and the right-hand side of the
equation takes the simpler form

ddq q2
A2X<2>> — & A23/ DoV |2—I 26
( reo= "N Pt Vil (26)

Accordingly, as a function of the velocity v, one observes first a linear growth of
<)\2X(2)>T:0 followed by a decay to zero oc v™! as v is further increased’. Accordingly,
the shift vanishes both as v — 0 and as v — oo. The former limit is easy to understand,
because when the trap is not moving, the dynamics of the system is invariant under the
inversion x; — —x1, and thus the shift has to vanish. In the latter limit, the particle

" In fact, provided that the g-integral in equation (26) converges, the right-hand side of this equation behaves like v/(1 4 Av?),
where A is a constant—for further discussion, see the supplemental material of [32].

https://doi.org/10.1088 /1742-5468 /ae0d7b 10
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moves through the medium too quickly for the field to react to its presence, and thus the
dynamics of the field effectively decouples from that of the particle. A detailed analysis
of the case of dissipative (model A) dynamics in spatial dimension d =1 is presented in
the supplemental material of [32].

3.3. Recoil

The main focus of this work is on the motion of the particle after it has been released
from the harmonic trap. It turns out that the particle exhibits recoil, i.e. it moves in the
direction opposite to the drag, in a manner similar to what is observed experimentally
in viscoelastic media [8, 19-21]. We note that this backwards motion arises as a result
of the field-particle interaction, and vanishes for A =0: indeed, due to the symmetry of
the particle’s dynamics reported under equation (8), one can verify that

(X (1) = (X(0)) = (NAXE) (1)) + O (\), 27)

where we denoted the time-dependent recoil by AZAX ) (t). We postpone the derivation
of the recoil to appendix A and present here the final expression for its average:

ddq q2 1— e—((qurq?VT)t
NAXP (1)) = —e1\2 / L1V, |?
< ( )> e (2m)* q2+7"| a g+ ?vT
" /O ds o—(Ou—ia0)s—(T/r)@(1—e) (28)

Note that equation (28), as a function of time ¢, possesses the mathematical structure of
a weighted exponential decay towards its final value. However, when the relaxation time
75(q) of the small-wavevector modes ¢4~ diverges (see equation (16)), i.e. generically for
model B and for model A at criticality, algebraic decays are expected. Note also that a
non-vanishing temperature 7' causes a renormalization of the (inverse) relaxation times
o according to

g oy =g+ VT, (29)

which is equivalent to Dy~ Dy + vT for model A, and r+~ r+vT /Dy for model B.
Consequently, a finite temperature T suppresses critical fluctuations in the case of
model B, as it effectively drives the system away from the critical point » =0. The short-
time behavior of the recoil can be easily obtained from equation (28) by approximating
1—e @t~ agt, which renders

2 (2) ~ 2 ddq q% 2 > 7(& —i 'U)Sf(T/K/) 2(1*67”"5)
<)\ AX (t)>:—e1)\ vt | i Vo2 [ dse(@ia q . (30)
m) g Tr 0

In passing, we note that this expression coincides with equation (25) for the steady-state
shift (A2X®(¢)) multiplied by the dimensionless time ¢/7y, where 7y is the relaxation
time of the particle in the trap, introduced in equation (15). This is because, before the
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particle is released, the field-induced friction experienced by the particle is counterac-
ted by the force —fy = —k(A2X®)(t < 0)) generated by the trap as a consequence of the
additional shift (A\>X®)(t < 0)) from its center, maintaining mechanical equilibrium in
the co-moving reference frame in which the trap is at rest. When the particle is released
from confinement, the force f; is exerted on the particle by the field in its initial con-
figuration at ¢t =0. This force, due to the overdamped nature of the particle dynamics
characterized by the mobility v, gives an initial velocity vy = vfy to the particle, caus-
ing a recoil which initially grows as vot = vt (A2X®)(t < 0)) = (t/7x)(N2XZ) (t < 0)); see
equation (15), as noted above. In the noiseless limit 7' — 0, the dynamics is deterministic
and equation (28) becomes

1 — et

2 2,27
ay + qiv

dd 2
<)\2AX(2) (t)> — &\ / > 190y, (31)

7T)d q2 +7r

which does not depend on the trap strength s (which controls the spatial extent of the
thermal fluctuations of the particle position while it is driven by the trap). The corres-
ponding recoil is plotted as a function of time in figure 2 for the non-critical model A
in d =1 and with the Gaussian interaction kernel given in equation (5), along with the
results of a numerical simulation of the system. For the data presented, the relative
difference between the analytic prediction and the results of numerical simulations is
of the order of 4%. This difference increases upon increasing the coupling strength A,
reaching ~ 6% for A =0.5.

It is convenient to express the recoil in the noiseless limit, see equation (31), in terms
of a scaling function F4/5 i.e.

2
2Ax® (A = _a VTR A (BT VTR
(Rax® ) e L F (f’TR’R , (32)
where

ot (¢ +1/€%)

FA/B (Uf,ﬂf;) _ / (ddq qt V2 1— 7 (33)

d - ~\ 2
2m) @ L/E T g (q2+1/£2) + 0%}

and where V, is the Fourier transform (see equation (11)) of the interaction kernel
rescaled by the particle’s effective radius introduced after equation (4). The superscript
A or B to F and to similar scaling functions introduced further below indicates that
they refer to the case of model A (a=0) or model B (a=2). The prefactor guts/Tx in
equation (32) has the physical dimensions of a length, and it is expressed in terms of a
dimensionless coupling constant

22
- 4
g kR’ (34)
of the timescale 7x defined in equation (15), and of
Tr =R/ D, (35)
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Figure 2. Dependence of the recoil amplitude |[AX| on time, for the non-critical
model 4 in spatial dimension d =1, in the absence of noise (7' =0) and for various
values of the correlation length £ of the field. The interaction of the particle with
the field is assumed to be Gaussian as in equation (5) with R =1, while the other
parameters of the model are k=0.5, D=1,r=1, A=0.1, and v = 1. The solid lines
correspond to the predictions of the perturbative calculation reported in equation
(31), while the dashed lines are the result of a numerical simulation in which the
particle was dragged through the medium for ¢ € [0,250], before being released from
its confinement at time ¢ = 250.

which characterizes the relaxation time of the critical field over a distance of the order
of the particle size R (its definition follows from equation (16) with r =0 and ¢ ~ 1/R).
In the convention introduced in equation (32), distances are measured in terms of R,
and times in terms of 75, allowing for the introduction of the dimensionless correlation
length and the dimensionless time according to

£E=¢/R and {=t/7p. (36)

We note that the last argument of the scaling function in equation (32), i.e. the dimen-
sionless velocity

o =vrp/R=2Wi= (R/l,.)*"", (37)

can be expressed in terms of the Weissenberg number Wi used in the context of micro-
rheological experiments in viscoelastic media [15, 54], which compares the typical times
describing the medium relaxation and its deformation. Indeed, the dragged particle
deforms the medium over the length of its diameter in a time 2R/v. Note that the
length scale

Lo = (Do o)/ (38)
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Table 1. Behavior of the scaling function F4/5(1/ § ,t,0) defined in equation (32)
for © — 0. The prefactors fo2(d;?), go2(d), and h(d;€), which depend on the dimen-
sionless scaling variables  and 9 defined in equations (36) and (37), are determined
by means of the Mellin transform in equations (B.5) and (B.6). Physically, the
generic non-analytic dependence of the scaling function on ¥ is due to the fact that
the relaxation time of the field, whose inverse is given by equation (16), diverges.
The dependence on d of the power of ¥ appearing in the table originates from
the infrared divergence of the g-integral in equation (33), which is regularized for

sufficiently large d.

‘FA/B(l/gvgaf)_}O) £<OO 5_)00
a=0 t < 400 ~1 ~1 4+ fo(d; f)f}d_Q
— t— 00 ~1 ~1 —i—go(d)ﬁd*‘l
g9 I<H© ~1 ) ~L+ fo(d; E)pd—0/3
f— o0 ~LE RGBT~ go(d)i I

arises naturally while describing the steady-state field configuration at criticality, as
discussed in cf section 4.2.

We note that in the limit of instantaneous equilibration of the field, correspond-
ing (for non-critical model A) to Dy — oo or, equivalently, 7r — 0, the expression for
the recoil in equations (32) and (33) generically vanishes; in this adiabatic limit, the
timescale separation is recovered®. We therefore emphasize that the presence of the
recoil stems from the fact that the dynamics of the particle and of the field occur over
comparable timescales.

The convention adopted here allows us to investigate the following relevant limits of
equation (32): (i) the limit of small velocities v; (ii) the long-time limit which we denote
by

RAE(1/€,5) = lim FA/7 (1/,4,5). (39)
t—ro0
where we will henceforth refer to the quantity o x R4/B(1/€,0) as the dimensionless
recoil range because it describes the final particle position (recall that <)\2AX(2)> X
vFA/B in equation (32)), and (iii) the critical limit & — co. Concerning (i), in the case
of finite £ and ¢, at small velocities, the recoil is characterized by a linear growth upon
increasing v, as indicated by the prefactor on the right-hand side of equation (32).
However, when at least one of the relevant tunable scales in equation (32) diverges
(i.e. either ¢ or &), the scaling function F4/B acquires a non-trivial behavior at small v,

which is analyzed by means of the Mellin transform in appendix B.1 and is reported in
table 1.

8 More precisely, timescale separation requires that the relaxation time of the slowest mode of the field (i.e. the one corresponding
to the smallest wavevector, see equation (16)) vanishes. Hence, in the case of model B and critical model A, the presence of zero
modes with diverging relaxation time precludes a bona-fide adiabatic limit (see [30, 52] for further discussions).
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Depending on the type of dynamics and on the space dimensionality d, this might
even result in a diverging recoil range as v — 0: this occurs for critical model A in
d <3 and for critical model B in d <5 (recall the presence of v in the prefactor in
equation (32)). For critical model 4 in d=3 and model B in d=1 and d=5 with
r>0 and r =0, respectively, the limit v — 0 yields a finite recoil range. The physical
interpretation of this result is that, in a system characterized by diverging relaxation
time, any small deformation rate induced by the driving velocity of the particle is still
much larger than the relaxation rate of the medium. Hence, for any infinitesimal, yet
nonzero U, the recoil range may attain a finite value or even diverge. A similar behavior
for (A2X@(t <0)) given by equation (25) was reported in the supplemental material
of [32].

In order to discuss in more detail the asymptotic long-time behavior of the recoil,
which is the object of the next section, the kernel V(x) describing the field-particle
interaction is henceforth assumed to have the Gaussian form reported in equation (5),
unless stated otherwise.

3.4. Long-time behavior

In this section we analyze the behavior of the scaling function of the recoil defined
in equation (33), starting with the long-time asymptotics of the critical recoil (i.e. the
average particle recoil when € — 00), and following with the description of R4/ defined
in equation (39) for a large but finite correlation length. The corresponding calculations
are outlined in appendix B.2. Moreover, explicit expressions for the critical recoil in
the case of model A dynamics with d € {1,2,3} are reported in appendix B.3. Here we
summarize the key results of our analysis.
For d >2, at long times the critical recoil satisfies

E(Z—d)/z
62

FAB(0,4,8) ~ R (0,) + Vol2Ca(d), for i>1, (40)

where the dynamical critical exponent z of the field was introduced after equation (9),
and a finite dimensionless velocity ¢ is assumed. Here, C,(d) is a constant determined
solely by the spatial dimensionality and by the dynamics of the field, whose expression
is reported in equation (B.9). Interestingly, R4/5(0,9) does not exist for d <2 due
to infrared divergences: physically, this corresponds to the particle moving backwards
indefinitely due to diverging relaxation times. The presence of such a diverging recoil
range for d <2 can also be understood as a consequence of a peculiarity of the scalar
Gaussian field theory at the critical point, discussed in more detail in section 4.2 (see cf
equation (60)). Notably, for d >2, C,(d) is negative and the recoil converges to its final
value R4/P from below, with a power-law dependence on time with exponent (2 —d)/z.
However (as shown in appendix B.3, where the full expressions for the scaling function
in the case of critical dissipative dynamics with d € {1,2,3} are provided), in d=1,
the long-time asymptotic behavior of the recoil is governed by the second term on the
right-hand side of equation (40), i.e. it grows linearly as a function of time with the
corresponding prefactor o< Cy(1) which is positive. In d =2, instead, both Cy(d) and
Co(d) have simple poles as functions of d, and thus the recoil increases logarithmically
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Table 2. Long-time behavior of the scaling function F4/B (1/5,5,77) in

equation (33). The divergence of the recoil range for £ — oo, occurring if £ — oo and
d < 2, indicates an endless backward motion of the particle after its release from
the trap (see the discussion in sections 4.2 and 3.4). Note that Cya(d) is positive
for d <2, and negative for d > 2.

fA/B<1/£,£>>1,17> £ < o0 £ o0
F(2—d)/2)77 |2
d<2 - . 02~ ﬂ
a=0 N ~RA <1/£’ﬁ> o 2(%:;2/2% sz ~ CO(d\)VOp
d>2 ~R (Oav)+mco(d)
< ng Y cd+2 ~ w
o=z 0% ~RP(1/6,0) = it PN
d>2 ~ R (0,1)) + WCQ(CZ)

upon increasing time. We emphasize that the second term on the right-hand side of
equation (40) is largely universal, as it depends only on the behavior of the interaction
kernel Vq at wavevector q = 0, rendering it insensitive to the details of the field-particle
interaction (as long as it is linear, translationally and rotationally invariant).

Let us now turn to non-critical systems, where R4/Z turns out to be always finite.
In particular, in the case of dissipative dynamics, the particle relaxes exponentially to
its final position according to

|%’2 566—5/52
2 (4r) Y2 2+

FA(1/86L5) ~ R (1/6,8) - for  E>1. (41

In the case of model B, instead, the particle recoil attains its maximal value following
an algebraic approach according to

B - B . |f/0|2 gd+2 _
F <1/§, ,U) NR (1/€,U> —Wm, fOI' t> 1. (42)

A summary of the long-time behavior of the scaling function F4/? is presented in table 2.
We point out that when the dynamics is characterized by diverging relaxation times,
and thus the approach to the maximal recoil occurs algebraically in time, the difference
FAB _ RAIB bhetween the corresponding scaling functions scales with the dimensionless
velocity o like ~ 072, see equations (40) and (42). In the case of non-critical model A
(which is characterized by a finite relaxation time), instead, the corresponding difference
in equation (41) does not depend on the velocity. These two dependences on the velocity
coincide with the behavior of F4/F in the regime of ¥ >> 1 (far from equilibrium) and
0 < 1 (close to equilibrium), respectively. FAB for d=3 as a function of time are
plotted in figures 3(a) and 4(a) for model A and B, respectively. The asymptotic curves
introduced in equations (40) and (42) are reported as dashed lines.
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Figure 3. Scaling function F4 of the recoil for model A in spatial dimension d =3,
see equation (33). Panel (a) shows F4 as a function of the dimensionless time £
with ¢ =1, and various values of the dimensionless correlation length £/R. The
dashed line corresponds to the long-time behavior at the critical point reported in
equation (40), where z =2. Panel (b) shows the dependence of the long-time limit
R4 of the scaling function F4 of the recoil (see equation (39)) as a function of £/ R,
for various values of the scaled driving velocity ©. The behaviors of these curves for
large values of £/R, given by equation (43), are reported as dashed lines.

For d < 2, it is instructive to investigate the asymptotic behavior of R4/Z for large
but finite values of the correlation length £. It turns out that the expressions corres-
ponding to model A and B actually coincide, and that they are given by

RA/B (1/5,@) ~ ]%PF((Z;)i/f) gz;d, for € 1. (43)

Recall that the definition of the dimensionless velocity ¢ in equation (37) differs for
models A and B. Note that the exponent that describes the power-law divergence of the
recoil upon increasing the correlation length £ in equation (43) agrees with that reported
in equation (40), which describes the long-time asymptotics of the critical recoil, taking
into account the scaling relation ¢ ~ £*, where z is the dynamical critical exponent. It
turns out that, for d =3, equation (43) describes the asymptotic ~ 1/£ convergence of
RA/B towards its maximal value obtained in the limit of & — co, which we show by
plotting it as dashed curves in figures 3(b) and 4(b).

In passing, we note that while describing the final position of the particle after the
recoil, the limits v — 0 and £ — oo do not commute, see equation (43). In fact, it turns
out that the final particle position depends on the driving velocity via the variable

56 = 06" Dy, (44)

which effectively quantifies the extent to which the medium (whose relaxation rate is
controlled by &, see equation (16)) is driven out of equilibrium. Hence, the asymptotic
behavior for é > 1 is characterized by a ©~2 scaling, which is the same as that of the
scaling function F4/F in the regime of large driving velocity—see the denominator of
the integral in equation (33).
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Figure 4. Scaling function F? of the recoil for model B in spatial dimension d =3,
see equation (33). Panel (a) shows F ? as a function of the dimensionless time # with
0 =1, and various values of the dimensionless correlation length £/R. The dashed
brown line corresponds to the long-time behavior at the critical point reported
in equation (40), where z =4, and the dashed purple line corresponds to the long-
time behavior in the non-critical case reported in equation (42). Panel (b) shows the
dependence of the long-time limit R” of the scaling function F of the recoil (see
equation (39)) as a function of £/ R, for various values of the scaled driving velocity
0. The behaviors of these curves for large values of {/R, given by equation (43),
are reported as dashed lines.

The dimensionless recoil range 7 x R4/5 is plotted as a function of the dimensionless
velocity © for d =3 in figure 5(a) for model A. In particular, one observes that it vanishes
at v = 0 as long as the correlation length £ remains finite, while it reaches a finite value as
§ — 00, according to table 1. Note that the value vy,.x of the velocity © at which ¥ x RA
is maximal decreases as ¢ increases. In figure 5(b) we plot © x R?(%) with solid lines;
additionally, we plot ¥ x R4(%) with dashed lines to demonstrate that the dimensionless
recoil range of the particle differs considerably between the cases of model A and model B
dynamics for o < 1. We recall that 9—defined in equation (37)—describes the relative
significance of the effects of the deformation compared with the relaxation of the field.
Given that the expressions for the relaxation times depend on the dynamics of the field,
as manifested by their a-dependence in equation (16), we expect the final position of
the recoil to differ considerably in the relaxation-dominated (o < 1) regime. In fact, the
long-time limit of the scaling function introduced in equation (39) in the limit of v —0
takes the form

RA/B (1/5’6> 2—0 / (;]j'c)ld q2a <q2(f 1/52)3 ’Vq|2a (45)

which manifestly depends on the dynamics considered (via the factor ¢>* in the denom-
inator”). This limit of weak driving out of equilibrium may be regarded as a linear

9 We recall that the integral in equation (45) may possibly exhibit infrared divergences, as already discussed after equation (40),

and in table 1.
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Figure 5. Dimensionless recoil range © x R4/ (see equations (32) and (39)) as a
function of the dimensionless driving velocity v in spatial dimension d =3, for (a)
model A or (b) model B, and various values of the correlation length £. In order
to ease the comparison between these two dynamics, the dashed lines in panel
(b) correspond to the behavior of the recoil range for model A at small or large
velocities. As indicated in the inset, for large velocities, the curves corresponding
to models A and B coincide.

response description of the recoil—indeed, using equations (32) and (39), one deduces
that (AX® (t — 00)) x vRAB(1/€,5 = 0) for v— 0, i.e. a linear dependence on v.

Finally, in the opposite limit © > 1, the curves corresponding to model A and
model B collapse onto each other (this is better visible in the inset of figure 5(b)).
Indeed, for large ©, the expression for R4/5 (see equations (33) and (39)) becomes
a-independent:

~ 1 dq 1 .
A/B ~\ ) ~
RAB (1/€,0) @2/(2ﬁ)dq2+1/gz|v‘l| . for o> 1 (46)

4. Non-equilibrium steady-state configuration of the field

Having discussed the properties of the recoil in the previous sections, below we turn our
attention to the slow-relaxing field, since the force acting on the tracer is related to its
gradient via equation (8). In particular, we shall focus on the average field profile in the
non-equilibrium steady state that the system reaches at long times in the co-moving
frame when the tracer is driven by the moving trap. The discussion below follows the one
presented in [31], and builds upon the results reported therein and in [32]. Beyond these
references, we present here a detailed characterization of the steady-state configuration
of the field for model A at criticality and for model B both at the critical point and
in its vicinity. Such a characterization provides insight into the mechanism for the
divergence of the recoil range and the algebraic asymptotic long-time behavior of the
scaling function reported in equation (40).
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We focus on the part of the protocol during which the particle is driven, i.e. on ¢t <0,
and measure the particle position X from the minimum of the moving trap by defining
Z = X — vt. It is also convenient to introduce the translated field ¢(x,t) = ¢(x + vt,t).
Note that both H, and Hiy given by equations (3) and (4) are invariant under spatial
translation, i.e. Hg[p] = Hg[p] and Hint[@, X] = Hint[w, Z]. Moreover, the noise acting on
the particle and the field is homogeneous in space. Hence, the equations of motion (12)
and (14) can be expressed in terms of Z and ¢4 as [31]

. d¢ .

Z7=-—v—krkvZ+ )\1// —qdqu_qgoqelq'Z +&, (47)
(2m)

[6,5 +ao,—1q- V] Pq (t) = )\Daqavqeiiq.z + Ngs (48)

where «, is defined in equation (16), and ¢q4(t) is the Fourier transform of ¢(x,t)
(according to the definitions in equation (11)). Note that changing the frame of reference
essentially amounts to changing o, — (o —iq-v) on the left-hand side of the equation
of motion of the field.

For a particle dragged through the medium for a sufficiently long time, the system is
expected to reach a stationary state characterized by (Z) =0 and (0pq)ss = 0, which
is satisfied for (see equations (47) and (48))

=—v/(kv é d'q i el4Z
B = v/ )47 [ iV afpad ) (19)
<90q>ss = )\Daanq<e—lq~ >ss

e (50)
where (--- )4 indicates the expectation value taken in the stationary state. The fact that
the system is driven out of equilibrium and that the probability density function in the
stationary state is not known a priori (being generically different from the Boltzmann
distribution), in conjunction with the coupling between the field ¢4 and the particle
position Z, makes it very difficult to evaluate (e79%) and (p.e%%) on the right-
hand side of equations (49) and (50). Previous studies [18, 29, 32, 52| considered a
perturbative expansion of these expectation values in powers of A in order to derive
predictions in the weak-coupling limit at the lowest non-vanishing order. Qualitatively,
assuming AV (x) > 0, the resulting steady-state field profile (¢(x)),,, which is the inverse
Fourier transform of (¢q) . in equation (50), is enhanced in the vicinity of the particle
and stretched in the direction opposite to the dragging velocity (see figure 1). We will
refer to this field configuration as the shadow. Its maximum turns out to be located
behind the particle, and the presence of (¢(x)),, induces an additional friction on the
tracer, causing a shift of its steady-state position, as reported in equation (25).

4.1. The noiseless limit

In order to investigate the qualitative features of the steady-state field configuration
(p(x))y, it is convenient to neglect thermal noise by setting 7'=0. In this case,
the dynamics in equations (12) and (14) becomes deterministic. Correspondingly,
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(59)

we denote (Z)g=Z") and (pq)s =g , which satisfy <<pqeiq'z)ss:go((fs)eiq'z(ss) and
e laZ SS:e—iq-Z(SS). Accordingly, equations (49) and (50) become
{ gly, eq
s A2 dq o q-v
Z! ):—v/(m/)——/ -qD.q \Vq\zﬁ, (51)
Kk J (2m) az+(q-v)
o ADLq Vye i aZ
() = . (52)

oy —iq-v

In passing, we note that equation (26)—which describes the shift of the steady-state
particle position obtained at 7'=0 in a perturbative expansion in A—coincides with the
A-dependent term in equation (51), in which no assumption regarding the magnitude
of A was made, yielding an exact expression. Accordingly, higher-order terms in the
perturbative expansion are generated by thermal effects.

We note that, since the coordinate system is chosen such that the minimum of the
optical trap is at the origin at time ¢t =0, the steady-state configuration of the field
provides the initial condition for the field dynamics for ¢ > 0, according to

¢ (x,t=0) = (x). (53)

Moreover, as we discuss in equation (A.25), the part /\(5511) (t) of the field contributing to
the force (8) within the perturbative expansion in equations (21) and (22) is given by

)\gg((ll) (t) _ e—a(,tspglss), (54)
for t >0 and in the noiseless limit 7'=0. We conclude that it is the slow relaxation of
)\é((ll)(t) that gives rise to a non-zero recoil: indeed, if the field relaxed instantaneously
(corresponding to the formal limit a,; — oo taken in equation (54)), then no systematic
drift of the particle would be observed after its release from the trap. We note also that
plugging equation (52) into the expression for the field-induced force in equation (8)
renders a time-independent force, from which the short-time expression for the recoil in
equation (30) with 7'=0 can be easily retrieved.

4.2. The steady-state field configuration

At distances from the particle much larger than the particle size R, the field profile in
the driven steady state can be described analytically by approximating the interaction
kernel in equation (4) by a delta distribution which corresponds to the limit of a point-
like particle, i.e. R — 0. In particular, we focus on the behavior of the field configuration
in the steady state as a function of the coordinate y = (x — Z(SS)) -1 along the dragging
axis &;, with x; =0 for ¢ > 2 (where, as previously done, we assumed v = &v). For
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model A, one obtains the field profile in the case of V(x)=6?(x) in the form (see
appendix C.1 for details)

2t =g (1 @Dy +4) | o =1

14+(2Dg v€)?

o (y) = { 2K, (%\/1+(2D0/v5)2) exp [—Z%Oy], for d=2, (55)

\#Mexp [—2%0 (|?J|\/1+(2Do/v§)2+y)}, for d=3,

where K, () is the modified Bessel function of the second kind of order n. Equation (55)
allows us to define two length scales [, and [_, describing the spatial decay of the tails
of the shadow away from the particle along the direction of the driving or opposite to
it, respectively, such that

@) (y — £00) = exp (—|y|/14). (56)

The inverse of these lengths is given by

7 =55 (Vi Do 1), (57)

which coincide with the expressions reported in the supplemental material of [32]. Note
that, generically, [_ > 1., i.e. the field profile in front of the particle decreases more
rapidly than that on its back. Moreover, upon approaching criticality, one has

ly — Dy/v and |- —— +o0. (58)
£—o00 & —o00
For a particle with finite size, the maximum of the field profile is located to the left of
the steady-state position of the particle, as shown in figure 6.

We note that, according to equation (57), [ is always finite, and thus the shadow in
front of the particle decays exponentially for any value of £. In contrast, at the critical
point, the lengthscale [_ describing the decay of the field profile behind the particle
diverges, and the profile exhibits an algebraic decay according to'’

) by v (d-3)/2
=) (y — —o0) o ————— [ 2 , 59
oy —o0) (5:) (50)

as shown in appendix C. Interestingly, in d =1, the field profile approaches a finite value
as y — —oo. This behavior can be traced back to the fact that a scalar Gaussian field
theory is peculiar in d < 2 at the critical point, in that the long-distance behavior of its
correlation function

(@ (x) 9 (0)) ~ [x[* (60)
10 Note that equation (59) agrees with equation (55), since e*Ky(x) ~ +/7/(2x) for large .
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Figure 6. Steady-state configuration of the field in the co-moving reference frame
for model A dynamics, as a function of the coordinate y along the driving direc-
tion, and in the noiseless limit (7'=0). Panel (a) corresponds to d =1 and various
values of r, while panel (b) corresponds to d =3 at criticality (r=0). In both pan-
els R=0.5, while A\, Dy, and v are set to one. The dashed lines in both panels
correspond to the expressions in the case of a point-like particle, i.e. for R — 0,
reported in equation (55). Note that for d =1 at the critical point, the field con-
figuration attains a non-vanishing value for y — —oo. For d =3, instead, the field
profile decays as ~ 1/|y| for y — —oo, in agreement with equation (59).

is characterized by a linear growth of correlations in d =1 [55]. Similarly, we attribute
the divergence of the critical recoil range reported in equation (43) to this fact.

In passing, we note that in the limit in which the (non-critical) field equilibrates
quickly as the particle moves (e.g. Dy — 00), both length scales defined in equation (57)
converge to the correlation length &:

le & for Dy— oo. (61)

Accordingly, in this adiabatic limit, the shape of the field profile becomes independent
of the dragging velocity and, in the co-moving frame, it is the same as the equilibrium
one at rest. Since the mobility of the field enters equation (57) only via the combination
v/ Dy, the adiabatic limit is actually equivalent to the limit v — 0 with fixed £ and D).

In the case of model B, determining the features of the field profile is technically more
demanding, and thus we postpone the discussion of the non-critical case to appendix C.
Here, we report the critical behavior and the qualitative features for finite correlation
lengths. At the critical point, for d =1 and for the delta-like interaction potential, the
stationary field profile o (y) is given by

1/3
AD, e*lyl(v/D2)1/3,

SO(SS) (y) 3ul/3 for y <0,
= 1/3 y .
22:\5;—3 e~ 3/ g <% - Tgy (U/D2)1/3) 5 for y>0.

(62)

We notice that, since the dynamics locally conserves the field, the integral over the
whole space of the steady-state field configuration is constant; in particular, here it
vanishes, because the dynamics conserves the ¢4—o mode, which in the calculation we
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had set to zero at ty — —oo. In spatial dimension d =3 and in the limit of a point-like
particle, the field profile in the direction of the driving force is given by

A (1 + e_‘y|(’U/D2)1/3> , for y <0,
Py = T 1 (63)
ﬁeﬁ(”/m) cos <*/7§y (v/Dy) /3> : for y>0.

Accordingly, at criticality, a qualitative difference between model A and model B is
observed in the behavior of () (y) for |y| > R. In fact, for model A, the order parameter
decays monotonically upon increasing the distance from the particle, as in equation (55).
For model B, instead, the field profile in the direction opposite to the drive still decreases
monotonically, while in the direction of the drive it displays damped oscillations, as
in equation (63) above. Note that, according to equations (58) and (62), when the
limits R — 0 and £ — oo are taken simultaneously—i.e. when one considers a point-like
particle in a critical medium—the field profile varies in space on the lengthscale defined
in equation (38), which describes the relative significance of the effects due to the drive
and the relaxation of the medium. In particular, this ratio is related to the Weissenberg
number Wi introduced in equation (37) via 2Wi= (R/l,)""".

In the case of a non-critical medium governed by model B dynamics, the steady-
state field configuration tuns out to display damped oscillations away from the particle
in the direction of the drive if the velocity v is sufficiently large, i.e. for

lo 3Y%2 .
irrespective of the spatial dimensionality of the system. In particular, the behavior of
the field for y >0 in the case of model B, in d =1, and in the limit of a point-like
particle, as a function of

a=ly/§, (65)
can be written as
(s exp[—y(a)y/ly2]coslk(a)y/l,2 — ¥ (a)], for a<a,
™ (y) o \ (66)
exp [—1 (a)y/ly2] — A(a)exp[—y2(a)y/ly 2], for a>a,

where 1 > A(a) >0, y(a) > 0, y1(a) > v2(a) > 0, and k(a) is a dimensionless wavevector
to be discussed below. Accordingly, for [,2/§ > a’, the field profile is described by a
superposition of two exponential functions with amplitudes of opposite signs. Notably,
the function with the negative amplitude decays more slowly than the other upon
increasing the distance from the particle. Explicit expressions for the field profile are
presented in appendix C.2. The dimensionless wavevector k introduced in equation (66)
is plotted as a function of a (see equation (65)) in figure 7. In the case of d > 1, the
transition from the damped-oscillations regime to that described by a superposition of
two exponential functions also occurs at a =a" (see equation (64)).
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Figure 7. The dimensionless wavevector k of the damped oscillations of the field
profile in the direction of the drag for model B and a delta-like interaction kernel,
defined in equation (66) as a function of a =1, 2/¢ (see equation (65)). Spatial oscil-
lations are observed for 1,5/ < a" (see equation (64)), and the wavevector k attains
its maximal value ky. = v/3/2 in the limit 1, 5/¢ — 0. When lv2/€ approaches the
value a” from below, the wavevector k vanishes according to k ~ v/a™ — (I,2/£).

Representative plots of the field profiles for model A and B are reported in
figures 6 and 8, respectively, which assume the Gaussian interaction kernel reported
in equation (5). In particular, in panels (a) of both plots, the one-dimensional case is
reported with various values of the parameter r, which controls the correlation length of
the medium. The dashed lines in the plots correspond to the expressions in the R —0
limit, given in equations (55), (C.8) and (C.7), respectively. The plots of the steady-
state field profile along the driving direction in spatial dimension d =3 at criticality are
reported in panels (b) of figures 6 and 8, together with the corresponding asymptotic
behaviors given in equations (55) and (63).

Finally, we note that in d =3, irrespective of the choice of the dynamics of the field
and of the interaction kernel, taking the limit £ — oo and subsequently v — 0 yields,
for the steady-state field profile along the direction of the driving,

(59) ~
@™ (y = £00) ~ e (67)
which, as expected, corresponds to the equilibrium configuration of the field with a
point-like source. This indicates that in spatial dimension d =3, the limits & — oo and
v — 0 commute, which is not the case for d =1 or 2. Again, the emergence of this issue
can be traced back to the previously-discussed peculiarity of the scalar Gaussian field
theory at the critical point, see equation (60).
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Figure 8. Steady-state configuration ™) (y) of the field in the co-moving reference
frame for model B, as a function of the coordinate y along the driving direction,
and in the noiseless limit (7'=0). Panel (a) corresponds to d=1 with R=0.5
and various values of 7, while panel (b) corresponds to d =3 with R=0.2 and at
criticality. In both panels A, Dy, and v are set to one. The dashed lines in both
panels correspond to the expressions in the case of a point-like particle, i.e. for
R — 0, reported in equations (C.7), (C.8) and (63). Note that for d =1, the field
configuration is characterized by overdamped oscillations for r=0 and 0.5, and
by a superposition of two exponential functions of opposite signs for r =2. These
different qualitative behaviors are found in agreement with the condition for the
presence of oscillations given in equation (64).

5. Conclusions

In this work, we described the dynamics of an overdamped Brownian particle coupled
to a fluctuating scalar Gaussian field, characterized by a correlation length £. The
field is assumed to have relaxational dynamics, with the possible presence of a local
conservation law. The particle and the field are linearly coupled to each other, with the
strength of their interaction determined by the coupling constant A, and both are in
contact with a thermal bath at temperature 7. At times t <0, the particle is driven
across the medium by a harmonic trap moving with constant velocity v, and it is
released from the trap at t =0. In describing the effective dynamics of the tracer particle,
which is non-linear and non-Markovian, we resorted to a perturbative expansion in the
coupling \. We demonstrated that, after the trap is turned off at time ¢t =0, the tracer
exhibits recoil, i.e. it moves in the direction opposite to that of the dragging velocity.
After deriving an expression for the average recoil in equation (28), we focused on
the noiseless limit corresponding to T =0, for which, in equation (32), we introduced
a scaling function F4/B (R/&,t/Tr,vTR/R)—where T is the typical relaxation time of
a critical field over a distance of the order of the effective particle size R. For small
velocities v, the amplitude of the final recoil is o< v as long as t/7z and £/R remain
finite. The non-trivial small-v behavior arising for £ — oo and t — oo is summarized
in table 1. We showed that, generically, the recoil eventually vanishes upon increasing
v, due to an effective decoupling of the particle from the field. In the critical limit
& — 00, the eventual recoil has a finite amplitude for d > 2, and it reaches its maximal
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value following an algebraic law ~ t(2~9/% where z is the dynamical critical exponent

of the field, as plotted for d =3 in figures 3(a) and 4(a) for dissipative (model A) and
conservative (model B) dynamics, respectively. For d < 2, as the system approaches its
critical point, we described the divergence of the recoil range o £2¢. Conversely, in the
non-critical case, the recoil has a finite range for any spatial dimensionality d. For non-
conserved dynamics, the final value of the recoil is approached exponentially in time,
whereas for conserved dynamics, the approach is algebraic oct~%2. A comprehensive
summary of the long-time behavior of the scaling function F4/Z is reported in table 2.

As it drives the initial evolution of the recoil, we investigated the spatial config-
uration of the field which develops around the particle in the steady state generated
by the driving at time ¢ <0, considering it in the reference frame co-moving with the
trap. In the case of non-conserved dynamics and at 7' =0, two lengthscales /.. naturally
emerge, which describe the rate of the exponential decay towards zero of the field upon
moving away from the particle in the direction (I, ) or opposite (I_) to the driving,
i.e. in front or behind the dragged particle. In the critical case £ — oo, [, remains finite
whereas [_ diverges, and the decay of the field profile is characterized by an algebraic
law oc 1/|y|4"1/2 where y is the distance along the axis of the drive from the steady-
state position of the tracer in the co-moving frame (see equation (59)). We noted that,
in the adiabatic limit in which the field equilibrates instantaneously around the current
position of the particle, both [, and [_ reduce to the correlation length £. In the case of
conserved dynamics, depending on the values of the various parameters, it is possible
to observe damped spatial oscillations of the average field profile in front of the dragged
particle, whose wavevector is plotted in figure 7.

This work may motivate an experimental study of the recoil of colloidal particles
dragged through a near-critical binary mixture, in a manner similar to the investiga-
tions reported for example in [21] for viscoelastic media. Colloidal particles in critical
media are, by now, easily accessible experimentally [35-39], and the values of the cor-
relation length that can be reached in these experiments are of the order of hundreds of
nanometers, which is comparable with the typical size of the colloidal particles. Also,
in experiments in viscoelastic media [8], the dragging velocities considered spanned the
range between 0.4 pms~! and 40 pums~'. In these experimental conditions, it should
be possible to test, at least qualitatively, the behavior of the recoil predicted in this
work. However, a more quantitative description would require accounting for the effect
of hydrodynamics and of the self-interaction o< ¢* of the fluctuating order-parameter
field. These issues are left for future investigations.

Finally, the framework adopted in this work could be adapted to describe other
phenomena exhibited by a tracer particle coupled to a slowly relaxing structured
medium—such as the Magnus effect recently observed with rotating particles in vis-
coelastic media [21]. This possibility calls for an extension of the model discussed here
in order to describe a particle and a medium that are subject not only to a translational,
but also to a rotational shear. Moreover, the discussion may be extended to systems in
which the fluctuation-dissipation relation is not satisfied, e.g. by considering an active
field, modeling a non-equilibrium bath of active particles (as investigated, for example,
in [56-60]), or conversely by considering an active particle evolving in contact with a
passive field.
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Appendix A. Perturbative calculation of the correction to the particle’s position

In this appendix we present the derivation of the correction to the particle position X
due to the interaction (8) with the field. In particular, in appendix A.1 this is done
while the particle is driven by the trap, resulting in the time-independent shift reported
in equation (25), and in appendix A.2, after the particle has been released from the
confinement, yielding the recoil reported in equation (28).

A.1. Driven particle

For ¢ < 0, the particle is dragged by the moving trap. As we are interested in the steady
state attained at long times in the co-moving frame of the particle, we formally take
the limit ¢y — —oo. When the particle and the field are decoupled (i.e. with A=0),
according to equations (12) and (14), their position and configuration are given by

VKR

X0 @) =v (t — i) +0(1), (A1)

t
o0 (1) = / dt'e= =y (8. (A.2)

—0o0

where O(t) = [*__dt'e™*("")¢(t') is the Ornstein-Uhlenbeck process. This Gaussian
process is characterized by a vanishing mean and two-point correlator [51]

(0i (1) 0, (ta)) = Z||5 (A.3)

Note that, since the initial conditions are imposed at ty) — —oo, they are irrelevant in
determining the steady-state configuration of the field in equation (A.2). Moreover, in
equation (A.1), we chose the coordinate system such that the minimum of the trap is
at the origin at ¢t =0.

Using the expressions for the decoupled case (see equations (A.1) and (A.2)), we
solve equations (12) and (14) term-by-term within the perturbative expansion in A
introduced in equations (21) and (22). At the first order in A, we obtain

ddq t AWE r_ 1 O(t'
X(l) (t) _ il// qu—q/ dt/efwi(tft )+Hiq- [v(t f;)—&- (t )] gb(O) (t/) 7 (A4)
t

o) (£) = Doq"Vy / dt’ e~enlt=t) e [v(t'=3)+0w)] (A.5)

—00
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At the second order in A, equation (14) for the particle position renders the expression
reported in equation (24). We evaluate the average of each term therein separately, and

write
. ddq iq-
v | Gt el )

ddq t AR / . /
:iV/(Q )d\Vq\QDaqaq/ dt’e—calt—t )—Hq-v(tft)<elq-[0(t)70(t )]>_ (A.6)
™

—0o0

We now recall the property of the Ornstein—Uhlenbeck process (see e.g. appendix C.1
of [18]),

<eiq~[0(t)—0(t’)]> — o=@ (T/m1=exp(-vrlt—t'])] (A7)
and arrive at
) d’q < XO)(¢
iv qe'® >
| oy Voadld) (8

=iv / d'q Vo g / b ettt (1) [1—e )] A8
m) T P+r ) : .

For the second term in equation (24), we first average over the noise 1 and find

. 4 . . ‘ d¢ dd / ,
w/ (;dqeqx<0)(t)vq1q.<X(1) (t) Y (t)>7/:_ly2/( d / qu Vg (a-d)

(27 om) ) (2n)
t
x / ap'e it (=g 0w (=21 00] {60 (1) 6(0) (1))
q

—0 Ui

dd T t ’ ! ; ! /
:izﬂ/ dq| 2 At e oult=t)=VR(i—t ) Hia (=t +O()-0(")] (A.9)

(2) P +r)

where we used the correlator of the Fourier transform of the field’s noise in equation (13)
to derive, in the long-time limit [51],

T ot

(o) Wol) (1)) =(2m)"6 (a+q') e

n e (A.10)

Using again the property (A.7) of the Ornstein—Uhlenbeck process, we arrive at
d
v [ Ve e X Wl )

_ iu2/ dd q‘ ‘2 2 T /t dt/e—aq(t—t’)—w@(t—t’)+iq~v(t—t’)—q2(T/n) [1—07"”(’57’5/)}
- G q .
(27)" Pe+r) o

(A.11)
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Combining this with equation (A.8) allows us to write

. ddq iq- X0 ( ) . (1) (
w [ g Va6 ) +ia X0 06 (0]

ddq 2 1 e . 2 —VKS 3
=iv Vyl“q / dse @s—C(T/RA=e"") Ty 4 PuTe ™ ] Vs (A.12
[ orvaag | o Jeue. (a12)

Noting that

di o 0s—(T/R)(1—e™*) _ _ [aq + qQVTeflms} efaqsfq2(T/ﬁ)(17e*”“), (A.13)
S

the integral over s in equation (A.12) can be computed by parts. The boundary terms
vanish, due to the fact that the g-integrand evaluated at s =0 is odd under q — —q.
This yields

. dd iq-X(© .
11// (2—7quq <e aX®(1) V_ g [qﬁ((ll) (t) +iq- XY (1) ¢E10) (t)] >

d 2 )
= —vvé / d_q“q_l / ds e (@u—iaw)s=@(T/r)(1-e=) (A.14)
(2m)*a"+7rJo

where we assumed v = vé;. Using equation (24), this leads to

.. ddq q2 & H 2 —VKS

(2) @ 1)) = e i ~(0g=ig10)s—¢*(T /) (1)

<X (t)>—|—w<a<X (t)> uvel/(%)quT/U dse :
(A.15)

This equation can be readily integrated by using the corresponding Green’s function,
leading to the expression for the time-independent shift reported in equation (25).

Sign of the shift—In order to prove that the shift reported in equation (25) is indeed
in the direction opposite to the drag, it is sufficient to show that

/ ds cos (qus) e s~ (T/ma(1=e"") 5 (A.16)
0

because the imaginary part of the g-integral in equation (25) vanishes since the integ-
rand is odd under q — —q. Let us denote

fs) =e stz (A.17)

with positive a, b, and c. By expanding the exponential in terms of its exponential
argument, it is easy to prove that the function f(s) can be expressed in the form

f(s)= /000 dt eStebi n—r:é (t—a—nc), (A.18)
n=0
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from which it follows that

e a —|— nc
ds cos (q1vs) e ? > 0. A.19
| dscosta Z T (A.19)

Choosing a=ay, b=T/k, and c=kv proves the validity of equation (A.16).
Accordingly, the shift of the average particle position in the driven phase of the motion
reported in equation (25) is in the direction opposite to the drag.

A.2. Recoil after the particle is released

In deriving the expression of the particle position X after the particle is released from
the trap (¢ > 0), the solutions obtained for ¢ < 0 serve as initial conditions. In particular,
the field configuration at ¢t =0 is the one given by equation (A.5). When the particle
and the field are decoupled (i.e. for A=0), one obtains from equations (12) and (14),

X0 (1) =X (0) + W (¢), (A.20)
t
o) (t) = / dt’e= g (t'), (A.21)
where W (¢ fo dt’&(t’) is the Wiener process. This Gaussian process has a vanishing

mean and a variance given by
<Wi(t1)wj‘ (t2)> = dvT min (tl,tg) 5i,j- (A.22)

Again, using the results obtained in the decoupled case in equations (A.20) and (A.21),
we solve equations (12) and (14) term-by-term according to the A-expansion in
equations (21) and (22). At the first order in A, we obtain

dd
XM () =X (0)+1u/(2 (;qu ela X <>/O dt'e WO (), (A.23)

o) (t) = =G (0) + Dog Ve 4 X / dt'e=0alt=t)-laW(E) (A 94)
0
We note that the first term in equation (A.24) is the contribution to the field from the

relaxation over a time ¢ of its steady-state configuration, characterized by the average
reported in equation (50). To proceed, we recall equation (24) and write

. ddq iq- . ddq —a iq- iq-
W/qu_q <eqX(0)(t)¢((]1) (t)> =1V/qu_qe qt<qu(t)> <eqX(U)(O)¢£11) (0)>
dd o0 , . /
—l—il// 2 (;dq|Vq|2Daqa/ dt'e (=t <e"q'[w(t)’w(t )}>, (A.25)
T 0
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where we used the fact that the Wiener process performed by the particle after the trap
is turned off is statistically independent from the dynamics at previous times. We now
note that

<eiq-[W<t>7W<t'>}> — o~ aVTI=t], (A.26)
from which

<eiq~W(t)> _ e—unTt7 (A.27)

which is readily obtained by taking the limit x — 0 in equation (A.7). Note that the
integrand in the second term of equation (A.25) is odd under q — —q, and therefore it
vanishes. Accordingly, only the first term (stemming from the relaxation of the steady-
state configuration) contributes to the force acting on the particle, as we mentioned
above equation (54). We may now use the result obtained for ¢ <0 in equation (A.5)
and write

v é:ld@equ V-add) (1))

d t H / —vk(t—t’
_ 11// ((21 ()ldq|vq|2q2aj Te(aq+q2l/T)t/ dt'e —agq(t—t")+iqv(t—t")—¢*(T/k) [l—e ( )] :
™ —00

(A.28)

where we used D,q* = a,/(¢*+r) and equation (A.7). Similarly, the second term in
equation (24) can be evaluated as

v [ S a4 Vi X0 ) 1)

= iy/éd—()ldqv_q <eiq-W(t)>< i X0(0)j4. x (1 ) (0) Qgg)) (t)>
T

d t
+ i1 / a LalvaPe? L dt'e (et T) (1), (A.29)
(2m) ®+rJo

Again, the second term vanishes because its integrand is odd under q — —q. We also
note that

t
¢((]0) (t) = e_a‘ftqﬁ((lo) (0) +/O ds e_aq(t_s)nq (s), (A.30)

where the second term is statistically independent of all other quantities evaluated at
t =0. Hence, using equation (A.27), we can write

ddq dd ,
i Ve X0 . XU (160 (1)) = ; 2/ 2 2 (et T)t
v [ S (X i X 0 ) ) = [ SV e
t / ’ H / —vK(t—t
% / dt/e*aq(t*t )—vk(t—t")+qv(t—t")—¢*(T/k) (1*6 ( )) . (A31)
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This allows us to cast the average of equation (24) in the form

d 2 oo
<X(2) (t)> — e, / (;1 (;d 2qu o (utav )1 / ds o (or—ins—(T/R)(1=e"") (A 39)
T) ¢ Tr 0

Simple integration over t yields the final result for the position of the particle, reported
in equation (28).

Appendix B. Analysis of the recoil

In this appendix, we further characterize the recoil discussed in sections 3.3 and 3.4, by
deriving explicit expressions and evaluating asymptotic behaviors.

B.1. Small-v behavior of FA/B

In this appendix, we derive the small-v behavior of the scaling function F4/Z defined
in equations (32) and (33), characterizing the recoil in the noiseless limit (7' — 0). The
non-trivial dependence of its scaling properties on the spatial dimensionality d, reported
in table 1, stems from the fact that the limit v — 0 may not commute with the limits
& — o0 and t — oo.

_In this and the following appendices, we drop the symbol tilde on top of variables
¢, and ¥ defined in equations (36) and (37), understanding that henceforth ¢, £, and
v are dimensionless. In order to obtain the asymptotic small-v behavior of the scaling
functions defined in equation (33), we use the Mellin transform. For a function f(u)
defined for u > 0, the Mellin transform M{f }(s) is defined as [61]

M{F}(s) :/ dutf (u), (B.1)
0
where s € C within a certain domain D of analiticity, with the inverse
=[S iy (B2)
u) = —u S .
c—100 21 ,

where the integral runs within D. We perform the transform (from the variable v to the
variable s) of the denominator of the function on the right-hand side of equation (33),
obtaining

M{;}(S)ZE;%(%Y, with 0<Re(s) <2, (B.3)

a2 + giv? 2sin(ms/2) a2 \ ¢

where o, = ¢“(¢*> +1/£%) (see equation (16)). Note that 1/sin(ms/2) has simple poles
when s equals an even integer, in particular for s =0 and s =2 which are at the bound-
ary of the domain of analiticity of the transform above. According to equation (B.2),
these latter two poles determine the behavior ~ v" for v < 1, and ~ v~ for large v of the
scaling function defined in equation (33). The Fourier transform of the Gaussian inter-
action kernel introduced in equation (5), given by Vq = 7/2 regularizes the large-q
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Table B1. Behavior for small q of the integrands of the Mellin transforms (from
the variable v to s) of the scaling function in equations (B.5) and (B.6). The poles
that emerge after integration of these functions, according to the inverse Mellin
transform in equation (B.2), correspond to the small-v behavior of the scaling
function reported in table 1.

a=0 £ <+ & — o0
t < 400 ~ qd—s+1 ~ qd+s—3
t = 00 ~ qdferl ~ qd+575
a=2 £ <400 & — 0
t < 400 ~ qd+s—1 ~ qd+3s—5
t = 00 ~ qd+8*3 ~ qd+3579

behavior of the integrand in equation (33). Accordingly, any non-trivial analytic beha-
vior can arise solely from possible infrared divergences (¢ — 0) in the v — 0 limit. This
means that, for any finite ¢, in order to study the small-¢ behavior of equation (33),
one can use 1—e %"~ q,t for critical model A, and for model B (for any value of
€). The integrand of equation (33) in the case of non-critical model A turns out to
exhibit the same small-¢g behavior both for finite and infinite ¢—this follows from the
fact that its modes are characterized by a finite relaxation time at low wavevectors,
see equation (16). Also, the angular integral in equation (33) is inconsequential in the
discussion of possible infrared divergences present for v — 0. In fact, note that in

Fa (L A o2l _ ot (1/E) o
') dg2 11 7 Vol —— UR (B.4)

the angular integral only involves the term ¢? at the numerator and it always yields a
finite result. Hence, we focus on the radial integral in equation (33), i.e.

M {]:A/B (1/€,t)} (s) ~ ;)/Ooodqqd_le_ch“ (ﬂ>2_5, t<+oo, (B.5)

sin (ms/2 ay

where we used the expression for a, in equation (16), and

A/B N 1 [e'S) 0 e_q2 ﬂ 2—s
MI{FY e} (s) —Sm(mﬂ)/o ' (aq> for t—o0. (B.6)

We recall that, for small-g, one has a, ~¢* for finite &, and o, ~ ¢*™ for £ — co.
This yields the small-g asymptotics of the integrands reported in table B1. Note that
whenever the exponent governing the small-q behavior of the integrand is equal to —1,
the corresponding function has a simple pole. This observation, in conjunction with
the expression for the inverse Mellin transform in equation (B.2), leads to the small-v
behavior of the scaling function reported in table 1.
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B.2. Long-t and large-£ behavior of FA/B

In this appendix, we derive the asymptotic behavior of the scaling function of the recoil
defined in equations (32) and (33) at long times, found in equations (40)—(42), and
for large correlation lengths, after taking ¢t — oo, as reported in equation (43). In the
derivation presented below, a finite value of v is assumed in order to avoid the issues
discussed in appendix B.1.

Here we adopt the short-hand notation introduced in appendix B.1 and we focus on
the case of finite v. Assuming that R4(0,v) = F4(0,t — co,v) exists, we can write

2

—q°t dd 2 —q
qu q’Q : 2 2:t1d/2/ qdq; Vq k 4 - 2
¢ " ¢t +qv 2m)'a* Vi g/t +qiv

|/ddqeq2 $(d=2)/2 2“70‘2
v (4m)Pd-2)

2

ddq

(27T)

RA(0,v) — FA(0,t,v) :/

(B.7)

t>>1

From the scaling ~t2~9/2 in the second line of this expression, it follows that
FA4(0,t — oo,v) is finite only for d > 2. Moreover, the g-integral in the last line is diver-
gent in the vicinity of ¢ ~ 0 for d < 2. The cases of d =1 or 2 are studied separately in
appendix B.3, for the specific choice of the Gaussian interaction kernel introduced in
equation (5). Note that the right-hand side of equation (B.7) is proportional to 1/v? for
any dimensionality. Moreover, the factor 2|V;|?/[(47)%2(d — 2)] in front of equation (B.7)
changes sign as a function of the dimensionality d. In particular, it is positive for d > 2
and negative for d < 2. Accordingly, the analytic continuation to d <2 describes the
asymptotic long-time divergence of the critical recoil which was verified by a direct cal-
culation of the critical scaling function in the case of model A in d =1 dimensions, see
equation (B.13).
Similarly, in the case of model B at criticality, one finds

diq ¢ o4t
RP(0,v) = FP(0,t,v :/— Vol
( ) ( ) (27T)dq Ol| 8—|—qv2

:t1/2—d/4/ d’q Q_1 Vo |2 e ?
(

om)l @ W B2 4 qdo?
- g / T Ll
51 02 2m)? ¢ vt (8m) T (d/4) (d—2)

(B.8)

where we assumed d >2 in order to evaluate the integral in the last line. Similarly to
the case of model A discussed above, the analytic continuation of the expression for
d < 2 yields a correct description of the long-time divergence of the recoil in the case of
critical model B at d =1. In order to simplify the notation, we introduce

2/ [(47)‘1/2( —d)}, for a=0,

Cald) =1 e (5m)"T (/) 2~ )], for a=2,

(B.9)
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as we did in equation (40). Both Cy(d) and Cy(d) have simple poles at d =2 with the
same residue —1/(27). At d =2, instead of power laws, one observes a logarithmic
growth in time of the scaling function F4/% in equation (33) for large times (see cf
equation (B.15)).

For non-critical model A, the long-t behavior is obtained as

o (2+1/€)t

(% +1/€2)" +qfv?

A A _ d’q i ’
R (1/671))_‘/—: (1/§7tav)_/(27‘_)0{(]2_'_1/62|VQ|2

e !/t / dqa 4 V.l et
L] ) @ 1€ (2t 1 /€2 + g ft

_t/€£2 % /2
o L
t>1 pd/2+1 (27T)d 1 2(47T)d/2 (d/2+1

which corresponds to the expression reported in equation (41). Finally, for non-critical
model B, we find

(B.10)

B _ B _ d’q a4 7 (2 AR
REQAG ) =F (1/£’t’v)_/(27r)dq2+1/£2|vq| ¢ (@ +1/€2)" +gi?

§d+2/ ddq q% |A | e—q2_q4£4/t

P @n) PERFL N G2 (€t 1) + g
~ & |f/|2/ﬂe—q2: [Vol” ﬁ (B.11)
1 /272170 (27 )" (dr) /2 02472 '

which is the expression reported in equation (42).
For a finite correlation length &, the limit F4/5 (1/¢,t — oo,v) exists for any dimen-
sionality. We can thus write

RA/B(l/ﬁ,U):/ ddqd 2 i WqP 2
(2m) ¢ +1/€ [qo (¢* + 1/€2)])" + g}
g g V?
(2m) 1+ [q (1+ )] €2+ + g
, [ dla 1 T(1—df2)e
¢S o2 VO /(2w)d1+q2:|%| (4m)¥? 02

_ g2d

(B.12)

leading to equation (43). Notice that the integral in the last line yields a finite result
for d <2, while it exhibits divergences at large ¢ for d > 2.
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B.3. Exact expressions for the critical recoil with model A dynamics

It turns out that the integral in the expressions (32) and (33) for the scaling function
of the recoil can be calculated exactly in the case of model A with & — oo when the
Gaussian interaction kernel (see equation (5)) is considered. Here we report the results
of such an integration, and discuss its main features.

For d =1, the analytic expression for the scaling function of the critical recoil turns
out to be

1vV1i+t-1 1
FA0,t,0) = R +— [e“z(IH)ErfC (vvV1+1t) — ¢ Erfe (v)], (B.13)

v T 203

where Erfc(z)=1—(2/y/7) [, du e~ is the complementary error function. Accordingly,
the long-time behavior of equation (B.13) is given by

RVZE

where we used the fact that e” Erfc(z) ~ 1/(y/mz) for large 2. Accordingly, upon increas-
ing ¢, this expression diverges like v/t. Note that the prefactor 1//7 corresponds to Co(1)
given by equation (B.9). Moreover, expanding the expression in the square parenthesis in
equation (B.13) around v =0 shows that the critical scaling function (see equation (33)
with R/ — 0) behaves like v=! for v < 1. This is in agreement with the expression

reported in table 1.
Next, in the case of d =2, we find

In(1+¢ 1 o2 v? (1+t 2 v?
FA0,t,0) = imﬂ )+4m2 [e (+D/2 kg, (%) S <3)] (B.15)

FA(0,t,v)

1
Tt )] for 41 (B

where K is the modified Bessel function of the second kind. Since e Ky(z) ~ /7/(2z),
the recoil exhibits a logarithmic divergence at long times. Also, the critical scaling
function in equation (33) behaves asymptotically as o Inv for small v, in agreement
with table 1.

Finally, in the case of d =3,

FA (0,t,0) = 8;@3 [1 — er(Ht)Ff(; (v\/l_th) _ <1 — "Frfe (v))]
- 47732@2 ( 11+t - 1) ) (B.16)
hence,
FA0,t,0) ~ ﬁ {1 — \2/—3 (1 _ev2Erf0(v)>} - ﬁ%, for t>1, (B.17)
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where we used the behavior of Erfc(x) at large x reported after equation (B.14).
Accordingly, the scaling function in equation (33)—and consequently the recoil—
approaches asymptotically a finite value from below as t~'/2. Again, the prefactor
—1/(47%?) agrees with the expression of Cy(3) given in equation (B.9). Expanding
equation (B.16) around v =0 for finite ¢ shows that the critical scaling function exhib-
its the asymptotic ~v" behavior for small v, in agreement with table 1. However, taking
first the limit ¢ — oo in equation (B.16) and then expanding around v=0 yields an
asymptotic ~ v~! behavior, again in agreement with the scaling reported in table 1.

Appendix C. Field configuration with a driven particle

In this appendix, we analyze the steady-state configuration of the average field in the
reference frame co-moving with the harmonic potential. The Fourier transform of this
field in the noiseless limit is given by equation (52). In particular, we consider separately
the cases of model A and model B dynamics for the field, in appendices C.1 and C.2,
respectively, focusing on the behavior far from the particle.

C.1. Model A

In order to determine the behavior of the field profile p®)(y) in the noiseless limit
T =0, given by equation (52), away from the particle, i.e. for |y| > R, one can con-
veniently approximate the interaction potential V' (x) with that of a point-like particle,
i.e. V(x) o< 61 (x). We thus evaluate in Cartesian coordinates

diq ely o0 dq ) .
(ss) —\D / i —\D / du/ e—u(ng —1q1v)+1q1v
9 b\ (@22 ol
= A W/ CDORC o [ ) C.1
(4m)"? (D0|y|> ‘ (=212 \ 2D, (C1)

Using the asymptotic behavior of the modified Bessel function of the second type

K,(x)~e™ = for x>1, (C.2)

10

mentioned previously in the case of n =0 (in the footnote'” on Page 22), one obtains

)\ v (d73)/2
e (y) > — " <3> e P WHD/CED0) - for - |y[ > 1. (C.3)
(4mlyl) 2 0

Note that the left tail (corresponding to y <0) of the steady-state configuration of
the field exhibits an algebraic decay ~ |y|~(*1)/2. Moreover, the right tail (for y > 0)
is characterized by the lengthscale reported in equation (58), which characterizes the
exponential decay of the profile upon moving away from the particle.

10 Note that equation (59) agrees with equation (55), since e*Ky(x) ~ +/7/(2x) for large .
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C.2. Model B

For model B, it is convenient to introduce the dimensionless variable 7=
22/37“D§/ % /(3v%3), which is connected to the lengthscale introduced in equation (38)

via
2/3 2
f:—23 (%) . (C.4)

For 7 < 1, we define

= (1+vi-m) ", (C.5)

and evaluate the inverse Fourier transform of equation (52) which, for y <0, is
given by

A(2Dy)"? (B+7") /2D ()
3ul/3 /82+f+7726—2 )

while, for y >0, it is given by

\(2D 1/3 6“_ B —yv/ZDz)l/S(ﬁJrrﬁ )/ \/§ o
(31;13«2’ - (5Z+r+f25_2) cos | =5y (v/2D2)" (B —767")

) (y) =

B>+ B2 V3 1/3 o
\/gﬁ2 25 5 sin —y(v/2D )Y B-=78"1 ||, (C.7)
where the argument 7 has been omitted from S(7) for brevity. Note that, as a function
of y, the term in the second line is characterized by spatial oscillations with a typ-
ical wavevector k£ which vanishes as ~ /1 —7 when 7 — 1 from below. For 7 > 1, we
additionally define

0(r) = %arctan ((FS - 1)71/2> . (C.8)

Then, for d =1 and 7 > 1, a standard evaluation of the inverse Fourier transform of
equation (52) by the means of a complex integration yields

A cos(E—G) _ll 2 os(z_p
(83) (4)) = 6 ¢ 5 cos(5-6) f <0 C.9
W) 2\/§c059sin(%+9)e ’ ovsT (G9)
and
0 (y) = A cos(§+9) ot rseos(§+0)
2¢/3 cosfsin (% — 0)
in6 —42 gin
A i e cvasinf, for y >0, (C.10)

- 24/3 sin (% —|—«9) sin (% —0)
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where we dropped the argument 7 in 6 for brevity. Note that the y-integral over R
vanishes as expected because of the local conservation of the field. In passing, we note
that taking the limit v -0 (7 — 00) in equations (C.9) and (C.10) recovers the field
configuration at equilibrium. In addition, taking & — oo yields the result reported in
equation (62). Importantly, the qualitative behavior of the steady-state field configur-
ation for y >0 in the case of model B dynamics, which is either characterized by a
superposition of two exponential functions as in equation (C.10), or by damped oscilla-
tions as in equation (C.7), holds for any spatial dimensionality d of the system. In fact,
these two qualitatively distinct behaviors are determined by the value of the parameter
7 and follow from the analysis of the poles of equation (52), which holds for any d.
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