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Abstract

We construct a general effective dynamics for diffeomorphisms of spacetime, in a fixed
external metric. Though related to familiar models of scalar fields as coordinates, our models
have subtly different properties, both at kinematical and dynamical level. The energy-
momentum tensor consists of two independently conserved parts. The background solution
is the identity diffeomorphism and the energy-momentum tensor of this solution gives rise
to an effective cosmological constant.

1 Introduction

In General Relativity, spacetime diffeomorphisms play the role of active gauge transformations,
while coordinate transformations are usually viewed as passive gauge transformations. In this
paper we shall discuss instead a possible role of diffeomorphisms as dynamical variables, a point
of view that is closer to their applications in hydrodynamics and elasticity. Originally, we had in
mind two main potential applications: the problem of dark energy in cosmology and the problem
of observables in General Relativity. In this introduction we shall review these motivations. We
shall discuss in the conclusions the extent to which dynamical diffeomorphisms can be of use in
these contexts.

Modelling dark energy is important both for early and late cosmology. A term in the action
proportional to the volume of spacetime is the simplest explanation, but it has drawbacks. For
this reason a more dynamical origin is often preferred. See [1] for a review of many possible
alternatives. The most popular models are based on the potential of dynamical scalars. There
are also many models of scalar fields with derivative interactions. The models we will discuss
in this paper can be seen as a special subclass of the latter, where the fields are restricted
kinematically to be diffeomorphisms of spacetime. The idea of using the dynamics of coordinates
or diffeomorphisms to generate an effective cosmological constant goes back at least to [2–
4], where it was used to induce spontaneous compactification of certain directions in higher-
dimensional theories. More recently, it has been used extensively in the literature on massive
gravity [5]. A mass term for the graviton breaks diffeomorphism symmetry, but the theory can
still be written in a diffeomorphism-invariant way by introducing four “Stückelberg” fields, much
in the same way as massive QED can be written in a gauge-invariant way by introducing one real
scalar field [6]. In an influential paper, Arkani-Hamed, Georgi and Schwartz [7] have constructed
the effective field theory of the four Goldstone bosons that are used to restore diffeomorphism
invariance in massive gravity. The theory is formulated in terms of two separate “sites”, that can
be viewed as two copies of spacetime, each endowed with a separate diffeomorphism invariance,
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and a field linking the two sites. As with all Goldstone bosons, the Lagrangian of the fluctuation
of the linking field is shift-invariant and therefore contains only derivative couplings.

The major issue with this idea is that one of the four scalars (namely the one associated
to the time coordinate) is a ghost. 1 This is because the target space of the scalar fields has
a Minkowskian metric. In the original model, the ghost starts propagating at energy scales
higher than (1000km)−1 [8, 9], leading to strong conflict with observations. This problem can
be circumvented in two different ways. The first goes back to the fully non-linear version of the
massive Fierz-Pauli theory, constructed as a bi-metric theory with a specific potential [10–15].
This theory can be made diffeomorphism-invariant by adding suitable scalar fields and is ghost-
free. In vacuo it is reliable up to energies of order ∼ mm−1; above this scale, it becomes invalid
due to strong coupling effects. In the presence of sources the situation is much worse.

The second is to construct a ghost-free theory reducing diffeomorphism invariance to foliation-
preserving diffeomorphisms [16–19]. This is perhaps not too high a price to be paid, since in the
cosmological context a preferred foliation is singled out anyway. 2 The resulting models can be
interpreted as describing the dynamics of a medium filling the Universe. See [21–27] for later
developments and applications to accelerating cosmological models.

Restricting ourselves to the covariant models, the main building block of the action is the
matrix

Bµ
ν = gµρ(ϕ∗h)ρν = gµρ∂ρϕ

α∂νϕ
βhαβ(ϕ) , (1.1)

where ϕα are the scalar fields, gµν is the spacetime metric, hαβ(ϕ) is the target space metric
(usually assumed flat) and ϕ∗h is the pullback of h by ϕ. A necessary condition for ϕ to
be a diffeomorphism is that ∂µϕ

α be nondegenerate everywhere. The transformations of Bµ
ν

are the same as one would have in an ordinary nonlinear sigma model in curved space, and
diffeomorphism-invariant actions can be constructed by taking functions of traces of this matrix.
3 For example, the simplest action is the action for harmonic maps

S = −1

2
f2

∫
d4x
√
g trB , (1.2)

where f is a constant with dimension of mass. In the non-covariant models with only foliation-
preserving diffeomorphism invariance, the indices α, β run only from 1 to d−1 and are associated
with the space coordinates.

In these models it is generally assumed that the topology of spacetime is R4. This is in line
with the standard mathematical definition of coordinates as maps from a manifold to R4. How
could the models be extended to topologically nontrivial spacetimes, for example cosmology with
compact spatial sections? This seems hard as long as one sticks to the notion of coordinates as
dynamical fields, because coordinates are local constructions and trying to extend a coordinate
system on, e.g., a sphere, will necessarily lead to singularities. It is then better to jump from
the passive view of gauge transformations to the active one, namely diffeomorphisms. Unlike
coordinate transformations, diffeomorphisms have a global definition and one may expect that
it is possible to discuss the dynamics of diffeomorphisms globally. This is what we do in the
present paper.

The other general motivation for our study was the absence of local observables in (quantum)
gravity [28–30]. This is in apparent blatant contradiction with the fact that we routinely perform

1In the models of [2–4], the problem of ghosts did not arise because the compactified dimensions are spacelike.
2We recall that the same symmetry reduction is also present in Hořava-Lifshitz gravity [20], and is sufficient

to reconcile ghost freedom with perturbative renormalizability.
3Obviously, diffeomorphism invariance requires that the metric be transformed.
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measurements of local fields: for example, one can measure the components of the Riemann
tensor near the surface of the earth. Upon reflection, one immediately understands that such
measurements are made possible by the existence of matter. For example, the Ricci scalar R at
a point x is not diffeomorphism invariant: under a diffeomorphism ψ, the scalar is transformed
by pullback R 7→ ψ∗R, so R(x) 7→ ψ∗R(x) = R(ψ(x)). So, the Ricci scalar is not an observable.
However, if X denotes the (spacetime) position of a particle, a diffeomorphism will map X 7→
ψ−1(X). Thus R(X), the Ricci scalar at the position of the particle, is diffeomorphism invariant,
and hence observable. With a bunch of infinitesimally close particles one can construct a local
frame at X and give physical meaning to the components of any tensor at X. A sufficiently
dense dust of such particles, which in the limit becomes a continuous fluid, can be used to set
up a physical coordinate system on some patch of spacetime, and hence give physical meaning
to continuous tensor fields. This is standard procedure in cosmology (see for example [32–34]
or [35] for a review).

All measurements of tensor or scalar fields, referring to such “physical” coordinate systems,
can be thought of as measurements of relational observables. This is abundantly discussed in
the literature [28, 29, 36–43]. The matter content in the Universe represents a reference system
or reference medium with respect to which the points of the target space are defined. The
question arises: what is the dynamics of these fields? In many applications the “coordinate
infrastructure” is sufficiently rarefied that its effect on the geometry can be safely ignored. In
general, however, this is not the case and the backreaction of the “coordinate infrastructure”
on the geometry must be accounted for, as for example in cosmology. In particular, in the
classical theory one can assume that the coordinate fluid is as “thin” as one wants, but not
in the quantum theory. Giddings et al. discuss relational approaches to locality based on
diffeomorphism-invariant nonlocal operators [44,45]. In [46] they have discussed absolute limits.
A simplified version of their argument would go as follows: in order to be able to distinguish
points in spacetime with a resolution `, one needs to fill space with radiation of wavelength λ < `,
and there must be at least one quantum per volume `3. This absolutely minimal coordinate
infrastructure would have an energy density `−4.

One can draw from these remarks two general conclusions. The first is that in order to mean-
ingfully talk about local observables in the theory of gravity one has to include a form of matter
as a coordinate system, and that this will always back-react onto the geometry. Pure gravity is
an unphysical abstraction. This is actually one way of formulating Mach’s Principle; if one takes
away all matter, there is no space [31]. The second is that at least some of the conceptual issues
that arise in (quantum) gravity, are in fact the result of this unphysical abstraction, namely
neglecting the existence of matter. This is another motivation for models of gravity endowed
with physical coordinates. In the hamiltonian framework, this is called “deparametrization”.
The most popular models of this type contain some form of dust [32] or phantom energy [47].
There is a close analogue of this in gauge theories, where gauge-invariant observables can be
constructed by suitably dressing local operators [48,49]. In the case of gravity this has been dis-
cussed to some extent in [50]. Whether our models can be useful in the construction of relational
observables of this type is a question that we shall briefly return to in the conclusion.

After these motivations, we remark that treating diffeomorphisms as dynamical variables
gives rise to a theory with rather different features from any other. Indeed, ordinary matter
propagating in spacetime can be represented either by maps into spacetime, such as the world-
lines of point particles or the worldsheets of strings, or maps from spacetime into some other
“internal” space, as is the case with all the usual matter fields. Here we are in a peculiar situation
where the “matter” field is both a map on spacetime and in spacetime. This gives rise to signif-
icant differences compared to the dynamics of ordinary matter fields, and also to the dynamics
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of coordinates, regarded as scalar fields on spacetime. At the level of kinematics, we replace the
target space R4 by spacetime itself. 4 As we shall see, quite aside from the topological issues,
this subtly changes the invariance group. In writing the action, the main novelty of our treat-
ment is that in (1.1) we put h(ϕ) = g(ϕ). This is a rather significant difference, because there
is a new dependence on the metric that affects the definition of the energy-momentum tensor of
the scalars, and has further consequences on the relation between the equations of motion and
energy-momentum conservation. In particular, we shall see that the energy-momentum tensor
consists of two pieces that are separately conserved.

This paper is organized as follows. In Section 2 we write a class of actions for diffeomorphisms
of a manifold to itself. As discussed above, these differ from the models that have been considered
previously because the metrics in the domain and in the target space are one and the same (i.e.,
g = h). We derive the equations of motion (EOMs) and show that the energy-momentum
(EM) tensor contains new terms that had not been considered previously, to the best of our
knowledge. Interestingly, these new terms are conserved independently of the rest. We show
that the equation of motion of the scalar is generically equivalent to the conservation of the EM
tensor, but not always. In Section 3 we discuss the identity solution as a model for dark energy
and its stability. In Section 4 we return to the motivations given above and discuss the extent
to which the models may provide satisfactory answers. Appendix A contains a detailed proof
of the diffeomorphism invariance of the action. In Appendix B we show that models where the
domain and target space are not identified (and in particular h 6= g) have different properties
from those discussed in the main text. However, the latter can be obtained from the former
under some additional conditions.

2 The models

The models we shall discuss are very similar to nonlinear sigma models, except that the domain
and the target space are the same manifold M . In spite of this identification, we still need to
distinguish two types of geometric objects: tensors evaluated at a point x and tensors evaluated
at ϕ(x). In order to better keep track of the difference, in component formulas, we shall use
letters from the middle greek alphabet for the former and letters from the beginning of the greek
alphabet for the latter. The pullback transforms tensors at ϕ(x) to tensors at x, for example
given a covariant vector ω (a one-form), its pullback is

(ϕ∗ω)µ = ∂µϕ
αωα(ϕ) (2.1)

and
(ϕ∗g)µν = ∂µϕ

α∂νϕ
βgαβ(ϕ) (2.2)

is the pullback of the metric. We will always use this notation: a tensor like ω without argument
is understood to be evaluated at some point x, whereas ω(ϕ) has to be understood as a tensor
evaluated at ϕ(x).

In this setting the use of covariant derivatives requires a little explanation. The covariant
derivative of tensors at x will be called ∇. It involves only Christoffel symbols with indices µ,
ν, ρ etc. Tensors evaluated at ϕ(x) have to be treated as scalars (they are inert under changes
of frame at x). Thus for example ∇νgµν = 0 as usual, but

∇νgβα(ϕ) = ∂νϕ
γ∂γgβα(ϕ) . (2.3)

4There is an analog of this in the Stückelberg treatment of massive QED. If one takes topology properly into
account, the Stückelberg scalar is not an ordinary real-valued scalar, but has to be identified modulo 2π.
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There is also a notion of covariant derivative on tensors at ϕ. We will write D for this type of
covariant derivative. For example

Dµωα(ϕ) = ∂µϕ
γDγωα ; Dγωα = ∂γωα − Γγ

β
αωβ(ϕ) . (2.4)

Note that in spite of carrying an index, ϕα are not vectors. Their covariant derivative is the
same as the ordinary partial derivative. Thus we will use interchangeably the notation ∂µϕ

α

and ∇µϕα, but when the derivative index is raised we always use ∇, so gρµ∂µϕ
α = ∇ρϕα.

We shall also encounter objects that have indices of both types. For example, ∇µϕα is a
covariant vector at x and a contravariant vector at ϕ(x). 5 In this case we find it convenient
to use a covariant derivative ∇ that covariantizes only the index µ, while D is the full covariant
derivative that covariantizes both indices:

∇ρ∇µϕα = ∂ρ∇µϕα − Γρ
σ
µ∇σϕα . (2.5)

Dρ∇µϕα = ∇ρ∇µϕα + ∂ρϕ
γΓγ

α
β∇µϕβ , (2.6)

Let gµν be a metric on M . The basic dynamical variable ϕ is a diffeomorphism of M to
itself. In analogy to (1.1), the basic building block of the action is the tensor

Bµ
ν = gµρ(ϕ∗g)ρν = gµρ∂ρϕ

βgβα(ϕ)∂νϕ
α . (2.7)

In the r.h.s. we have written the factors in a particular order that calls for the use of matrix
notation. If we denote Jµ

α = ∂µϕ
α the Jacobian of ϕ, we can write (2.7) in the form

B = g−1 (ϕ∗g) = g−1Jg(ϕ)JT .

This notation is often convenient in calculations.
Let us now construct scalars out of this tensor. Since B is assumed to transform as a

mixed tensor, the invariants are traces of products of powers of B. Only four such terms are
algebraically independent. An arbitrary scalar can be expressed, generally in a nonlinear way,
via four chosen independent scalars. The natural choice of four independent scalars is

τk = Tr(Bk) , k = 1, 2, 3, 4 . (2.8)

Our action is then

S =

∫
dx
√
gL(τ1, τ2, τ3, τ4) , (2.9)

where L is the Lagrangian, an arbitrary function of the traces. In the following we will sometimes
consider the simplest case

L = −1

2
f2τ1 (2.10)

where f is a coupling. In mathematical literature (where g is a Riemannian metric) the stationary
points are the harmonic maps [51]. Another particularly interesting Lagrangian is

L = c(τ2
1 − τ2) . (2.11)

We shall discuss some of its properties in Sect. 3.2.
Let us now discuss the invariances of the theory. As long as ϕ are the only dynamical

fields, and g is a fixed metric, the only symmetries of the action are the isometries of g. Thus,

5It is a section of T ∗M ⊗ ϕ∗TM . The connection in this bundle is the tensor product of the Levi-Civita
connection in T ∗M and the pullback of the Levi-Civita connection in TM .
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generically, there are no symmetries. Even though we will not discuss dynamical gravity in this
paper, we shall consider the invariances of the action when the metric is allowed to transform.
This becomes relevant when one couples the fields to a dynamical metric, and will also be
important later in the discussion of the energy-momentum tensor and its conservation.

A diffeomorphism ψ acts on tensors on M in the standard way, in particular the action on
covariant tensors is by pullback. For example, the metric g is transformed to g′ = ψ∗g. The
action on ϕ can be either by left or by right composition. Under right composition

ϕ 7→ ϕ′ = ϕ ◦ ψ (2.12)

we have
ϕ∗g 7→ ϕ′∗g′ = ψ∗ϕ∗ψ∗g , (2.13)

which is not the correct transformation of a covariant tensor. Thus B does not transform
properly as a mixed tensor. Similarly under left composition

ϕ 7→ ϕ′ = ψ−1 ◦ ϕ , (2.14)

we find that the pullback of g is invariant:

ϕ∗g 7→ ϕ′∗g′ = ϕ∗ψ−1∗ψ∗g = ϕ∗g . (2.15)

Thus again B does not transform properly. This was to be expected, because right composition
(pullback) is the natural transformation for maps on spacetime (i.e. maps having spacetime as
domain) and left composition is the natural transformation for maps into spacetime (i.e. having
spacetime as target). Since a diffeomorphism ϕ is simultaneously a map on and in spacetime,
one should act both ways. Indeed, consider now the “diagonal subgroup” acting by conjugation

ϕ 7→ ϕ′ = ψ−1 ◦ ϕ ◦ ψ . (2.16)

In this case we find that the pullback of the metric transforms as a covariant tensor:

ϕ∗g 7→ ϕ′∗g′ = ψ∗ϕ∗ψ−1∗ψ∗g = ψ∗ϕ∗g . (2.17)

This leads to the correct transformation of B. We have established that the action S(ϕ) is
invariant under Diff(M), acting on the metric by pullback and on ϕ by conjugation.

It is important to appreciate the following point: whereas the actions of Diff(M) on itself
by left and right composition are transitive (every ϕ ∈ Diff(M) can be mapped to any other ϕ′

by a right- or left-composition) and free (there are no fixed points), the diagonal action is not.
In fact, the diagonal action leaves the identity map invariant.

In Appendix B we discuss closely related models where the domain and target spaces are kept
separate, and show that the action is separately invariant under left- and right-diffeomorphisms.
In contrast to those models, neither of these group actions leaves the action (2.9) invariant.

Finally we observe that the identification of the spacetime and target space metrics leads to
peculiar properties also from the point of view of dimensional analysis. Since the two metrics
appearing in B are functions of x and ϕ(x), respectively, it is most natural to assume that the
fields ϕα have the same dimension as the coordinates xµ. 6 We will assume this throughout this
paper. Then, the tensor Bµ

ν is dimensionless, and so are the traces τn. The couplings f2 and c

6It is generally the case that when the Lagrangian contains non-polynomial interactions, the fields should be
dimensionless. This, together with [ϕ] = [x] leads to dimensionless coordinates, a choice that we find most natural
also for other reasons. However, we do not need to commit to this choice here.
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in the Lagrangians (2.10) and (2.11) have mass dimension equal to the spacetime dimension d. 7

In fact, the coefficient of any monomial in the τn must have dimension d. Since the Lagrangian
L must have dimension d, we could extract an overall factor f2 with dimension d and write
L = f2L̃, where L̃ is a purely numerical function. As usual, one expects that L̃ does not contain
exceedingly large or exceedingly small coefficients. Then, f2 is the only characteristic scale of
the theory and it will be related to the scale of the cosmological constant.

2.1 Equation of motion of ϕ

Let ϕ(t) be a one-parameter family of maps M →M . The derivative

dϕα(t)

dt

∣∣∣∣∣
t=0

= vα (2.18)

is a section of the vector bundle ϕ∗TM . The equation of motion is obtained by setting to zero
the directional derivative of the action (2.9) along an arbitrary vector v:

0 = vS =
dS(ϕ(t))

dt

∣∣∣∣∣
t=0

=

∫
dx
√
g
∑
n

n
∂L
∂τn

TrBn−1∂B

∂t

∣∣∣∣∣
t=0

=

∫
dx
√
g
∑
n

n
∂L
∂τn

(Bn−1)σν
(

2∂νv
βgβα(ϕ) + ∂νϕ

βvγ∂γgβα(ϕ)
)
∂σϕ

α . (2.19)

We used the fact that (Bn−1)σν is symmetric. In the first term we have to extract the variation
v from the derivative. We use that ∂νv

β = ∇νvβ and use the standard rules for integration by
parts. In this way we find

0 = vS =

∫
dx
√
g vα

{
−∇µ

[
2
∑
n

n
∂L
∂τn

(Bn−1)µρg
ρτ∂τϕ

βgβα(ϕ)

]

+
∑
n

n
∂L
∂τn

(Bn−1)µρg
ρτ∂τϕ

β∂αgβγ(ϕ)∂µϕ
γ

}

= −2

∫
dx
√
g vαgαβ(ϕ)Dµ

[∑
n

n
∂L
∂τn

(Bn−1)µν∂νϕ
β

]
. (2.20)

In the last step, we used (2.3) in the terms where ∇µ hits gβα(ϕ). The resulting terms combine
with the second line to produce a Christoffel symbol that enters in the covariant derivative Dµ.
Thus the equation of motion reads

Dµ

[∑
n

n
∂L
∂τn

(Bn−1)µν∂νϕ
β

]
= 0 . (2.21)

7Note that in ordinary nonlinear sigma models f2 would have dimension d − 2 and c would have dimension
d− 4. The difference is due to the identification h = g. Also note that one could absorb f2 in the metric, thereby
making it dimensionless.
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One can be more explicit in special cases. For example, in the case of the action (1.2), the
only term in the sum has ∂L

∂τ1
= 1 and B0 = 1, or (B0)µν = gµν . Using the aforementioned rules,

and recalling that ∂µϕ
α = ∇µϕα, this leads to the equation for harmonic maps:

Dµ∇µϕβ = 0 . (2.22)

Applying this to the other special case (2.11), the equation of motion becomes

Dµ[τ1∇µϕβ −Bµν∂νϕ
β] = 0 . (2.23)

It will be useful to rewrite (2.22) in another way. Expanding the covariant derivatives one
has

0 = gµν
(
∂µ∂νϕ

α − Γµ
ρ
ν∂ρϕ

α + ∂µϕ
βΓβ

α
γ∂νϕ

γ
)
. (2.24)

Since ϕ is a diffeomorphism, from the transformation properties of the connection we can rewrite
the first two terms as

∂µJν
α − Γµ

ρ
νJρ

α = −JµβJνγΓ′β
α
γ (2.25)

and therefore the equation for harmonic diffeomorphisms amounts to the statement that

0 = g′βγ
(
Γβ

α
γ − Γ′β

α
γ

)
, (2.26)

where g′βγ = gµν∂µϕ
β∂νϕ

γ and Γ′ are the Christoffel symbols of g′. Since the difference of two
connections is a tensor, this is a covariant statement.

2.2 Energy-momentum tensor

Next, we vary the action with respect of gµν(x):

δS =

∫
dx
√
g

{
1

2
gµνδgµνL+

∑
n

n
∂L
∂τn

TrBn−1δB

}

=

∫
dx
√
g

{
1

2
gµνδgµνL+

∑
n

n
∂L
∂τn

(Bn−1)σµ

(
− gµρδgρτgτλ∂λϕγgγδ(ϕ)∂σϕ

δ

+gµλ∂λϕ
αδgαβ(ϕ)∂σϕ

β

)}
.

We can obtain the energy-momentum tensor by straightforwardly using the rules of variational
calculus and evaluating

Tµν =
2
√
g

δS

δgµν
. (2.27)

It is perhaps more instructive to observe that in the last term the variation appears in the
combination ∂λϕ

α∂σϕ
βδgαβ(ϕ) = (ϕ∗δg)µν(x). We exploit the fact that the integral does not

change if we replace the integrand by its transform under a diffeomorphism. Let x′α = ϕα(x),
and denote by a prime all transformed tensors. Covariant tensors are pulled back by ϕ−1 and
contravariant tensors are pushed forward with ϕ: A′ = ϕ∗A, g′ = ϕ−1∗g, and (ϕ∗δg)′ = δg.
Then the last term can be manipulated as follows:∫

dx
√
g(x)Aµν(x)(ϕ∗δg)µν(x) =

∫
dx′
√
g′(x′)A′αβ(x′)δgαβ(x′) ,
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where x′ is to be regarded as independent integration variable. Then, from the definition given
above, we obtain

Tµν =gµνL − 2
∑
n

n
∂L
∂τn

(Bn−1)σµ∇νϕγgγδ(ϕ)∇σϕδ + 2

√
g′
√
g

∑
n

n

(
∂L
∂τn

)′
(B′n−1)µν . (2.28)

In particular for the Lagrangian (2.10)

Tµν = f2

[
∇µϕα∇νϕβgαβ(ϕ)− 1

2
gµνgρσ∇ρϕα∇σϕβgαβ(ϕ)−

√
g′
√
g
g′µν

]
, (2.29)

whereas for (2.11)

Tµν = c gµν(τ2
1 − τ2)− 4c(τ1g

σµ −Bσµ)∇νϕγgγδ(ϕ)∇σϕδ + 4

√
g′
√
g
c(τ ′1g

′µν −B′µν) . (2.30)

2.3 Diffeomorphism invariance, EOM and EM conservation

Let us begin by recalling the general argument relating diffeomorphism invariance to EM con-
servation. Given an action S(ϕ, g) for the “matter” fields ϕ coupled to a metric g, its variation
under an infinitesimal diffeomorphism ξ is

δξS =

∫
dx

[
δS

δϕα
δξϕ

α +
δS

δgµν
δξgµν

]
. (2.31)

We define the equation of motion

Eα =
1
√
g

δS

δϕα
. (2.32)

An infinitesimal diffeomorphism is defined by

δξx
µ = −ξµ(x) , (2.33)

where ξ is a vector field. The infinitesimal variation of ϕ is

δξϕ
α(x) = ξλ∂λϕ

α − ξα(ϕ) , (2.34)

where the first term comes from the right composition and the second from the left composition.
The variation of any tensor T is its Lie derivative δξT = LξT . For the metric

δξgµν = ξρ∂ρgµν + gµρ∂νξ
ρ + gρν∂µξ

ρ = ∇µξν +∇νξµ .

Inserting these formulae and (2.27) in (2.31), invariance of the action implies

0 =

∫
d4x
√
g [(ξτ∇τϕα − ξα(ϕ))Eα − ξµ∇νTµν ] . (2.35)

We find, as expected, that Eα = 0 implies EM conservation.
In the case of our theory of diffeomorphisms, there is more to be learned. We observe that

for a generic ϕ, the coefficient of Eα is non-vanishing and therefore, conversely EM conservation
also generically implies the EOM. This makes sense, because both statements amount to four
second order differential equations for the fields. However, for the identity map ϕα = xα, the
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coefficient of Eα vanishes and therefore this implication does not hold. This is a consequence of
the identity map being a fixed point of the action of the diffeomorphism group.

One could further explicitly compute the divergence of the EM tensor. This calculation is
very complicated in general, but we can do it in the case of the Lagrangian (2.10). It turns out
to be useful to split the EM tensor in two parts:

Tµν = Tµν(R) + Tµν(L) , (2.36)

where the first part arises from the variations with respect to gµν and consists of the first two
terms in (2.29), the second part comes from variation with respect to gαβ(ϕ) and consists of the
third term in (2.29). Interestingly, these two parts are separately conserved. The conservation
of Tµν(R) works exactly as for a nonlinear sigma model:

∇µTµν(R) = ∇2ϕα∇νϕβgαβ(ϕ) +

(
∇µϕα∇νϕβ∇µϕγ −

1

2
∇µϕα∇µϕβ∇νϕγ

)
∂γgαβ(ϕ) .

The two terms in parentheses reconstruct a Christoffel symbol, and the whole expression is then
seen to be proportional to the EOM, written in the form (2.24).

For the second part,

∇µTµν(L) = −f2 1
√
g
∇µ(

√
g′g′µν)

= −f2 1
√
g

(
∂µ(
√
g′g′µν) +

√
g′ Γµ

ν
ρg
′µρ
)

= −f2

√
g′
√
g
gµρ

(
Γµ

ν
ρ − Γ′µ

ν
ρ

)
(2.37)

which vanishes due to the EOM written in the form (2.26).
While these statements are easy to check in the case of the Lagrangian (2.10), calculating

the divergence of the EM tensor in the general case is very complicated. Still, the preceding
statements remain true. One can see this by following in detail the proof of invariance of the
action under infinitesimal diffeomorphisms, which is given in Appendix A. One can see there
that the terms coming from variations of gµν (i.e. the divergence of Tµν(R)) and those coming from

variations of gαβ(ϕ) (i.e. the divergence of Tµν(L)) cancel separately against terms coming from

the variation of ϕ (i.e. the EOM). More precisely, the differential identity (2.35) can be seen as
the sum of two separate identities∫

d4x
√
g
[
ξτ∇τϕαEα − ξµ∇νTµν(R)

]
= 0 , (2.38)∫

d4x
√
g
[
−ξα(ϕ)Eα − ξµ∇νTµν(L)

]
= 0 . (2.39)

This is surprising, because the invariance group of the action has four parameters but it
seems to imply eight differential identities. This can be explained by looking at the models as
special cases of theories with different domain and target space. In these cases, as explained
in Appendix B, the invariance group consists separately of left and right diffeomorphisms and
therefore implies eight differential identities. The models with identical domain and target space
are obtained by choosing a preferred diffeomorphism, and this does not invalidate the identities.
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3 The identity solution

The identity ϕ = IdM is represented, in any local coordinate system, by

ϕα = xα . (3.1)

In this case the Jacobian reduces to ∂µϕ
α = δαµ , Bµν = gµν and all the traces become constant:

τn = 4 for n = 1, 2, 3, 4. Thus L and its derivatives are just constants and the EOM (2.21) are
satisfied.

The energy-momentum tensor of the solution becomes proportional to the metric. The last
two terms in (2.27) cancel out and

Tµν = gµνL − 2
∑
n

n
∂L
∂τn

gµν + 2
∑
n

n
( ∂L
∂τn

)
gµν = gµνL(4, 4, 4, 4) . (3.2)

We can therefore interpret this energy-momentum tensor as an effective cosmological constant
Λ = 8πGL(4, 4, 4, 4). As already anticipated, if we assume that L̃(4, 4, 4, 4) is a number of order
one, the effective cosmological constant is Λ ≈ 8πGf2.

We will now discuss the stability of the identity solution. This can have two possible mean-
ings: in Euclidean signature one asks whether the action has a minimum at the solution; in
Lorentzian signature one asks whether the energy has a minimum. We begin by discussing the
simpler problem of Euclidean stability. Since the Euclidean action is also identical to the energy
of a static field configuration (in one dimension more) this analysis also says something about
the stability of static configurations under static deformations. Full Lorentzian stability will be
briefly discussed in Section 3.3, where we shall refer to existing results in the literature.

3.1 The second variation

Here we compute the Hessian of the action at the identity solution. This is needed to establish
whether a Euclidean solution is stable, and is also needed in the study of linearized perturbations.
Let ϕ(t, s) be a two-parameter family of maps. We take the double derivatives at t = s = 0. We
let

dϕα(t, s)

dt

∣∣∣∣∣
t=s=0

= vα ,
dϕα(t, s)

ds

∣∣∣∣∣
t=s=0

= wα . (3.3)

The Hessian is defined by

H(v, w) =
∂2S(ϕ(t, s))

∂t∂s

∣∣∣∣∣
t=s=0

= −2
∂

∂s

∫
dx
√
g
∂ϕα

∂t
gαβ

(
Dµ
∑
n

n
∂L
∂τn

(Bn−1)µν∂νϕ
β

)∣∣∣∣∣
t=s=0

. (3.4)

The derivatives with respect to s of the terms ∂ϕα

∂t and gαβ are proportional to the EOM, and
since we are interested in the variation around a solution, we can neglect them. Acting with the
s-derivative on all the remaining occurrences of ϕ, and evaluating at t = s = 0, which correspond
to ϕ = IdM , the round bracket becomes∑

n

n
∂L
∂τn
Dµ∂µwβ +

∑
n

n
∂L
∂τn
Dµ

(
∂

∂s
(Bn−1)µβ

∣∣∣∣∣
s=0

)
+
∑
n,m

n
∂2L

∂τn∂τm
Dβ

(
∂τm
∂s

∣∣∣∣∣
s=0

)

+
∑
n

n
∂L
∂τn

gµδ
(
∂µw

γΓγ
β
δ + wε∂εΓµ

β
δ

)
. (3.5)

11



Now consider the general formula

DµDνw
δ = ∇µ∇νwδ +∇µ∇νϕγΓγ

δ
βw

β + ∂νϕ
γ∂µϕ

β∂βΓγ
δ
εw

ε

+∂νϕ
γΓγ

δ
β∂µw

β + ∂µϕ
γΓγ

δ
ε

(
∂νw

ε + ∂νϕ
ζΓζ

ε
βw

β
)

(3.6)

and specialize to the identity map. Comparing this with the preceding formula, and using
∇µ∇νϕβ = −Γµ

β
ν , we see that the first and the last term in (3.5) combine to give∑

n

n
∂L
∂τn

(
DµDµw

β +Rβγw
γ
)
.

At the identity, we can convert all indices to µ, ν etc and DµDµ = ∇2. In the remaining two
terms we have

∂

∂s
(Bn−1)µν

∣∣∣∣∣
s=0

= (n− 1) (∇µwν +∇νwµ)

and
∂τm
∂s

∣∣∣∣∣
s=0

= 2m∇µwµ .

Putting everything together, the second variation of the action around the identity is

H(v, w) = 2

∫
dx
√
g

[∑
n

n2 ∂L
∂τn

vµ
(
−∇2gµν −Rµν

)
wν

+

(∑
n

n(n− 1)
∂L
∂τn

+ 2
∑
m,n

mn
∂2L

∂τn∂τm

)
(∇µvµ)(∇νwν)

]
. (3.7)

We can write H(v, w) = 〈v, Lw〉, where 〈 , 〉 is the natural inner product in the space of sections
of ϕ∗TN and L represents the differential operator

L =
∑
n

n2 ∂L
∂τn

(
−∇2gµν −Rµν

)
−

(∑
n

n(n− 1)
∂L
∂τn

+ 2
∑
m,n

mn
∂2L

∂τn∂τm

)
∇µ∇ν . (3.8)

Note that the factors involving L are constants. Using the rules for integrations by parts, one
sees that the Hessian is symmetric:

H(v, w) = H(w, v) (3.9)

which also means that the differential operator L is self-adjoint.

Clearly, stability hinges on the form of the Lagrangian. As a first example consider the
action for harmonic diffeomorphisms (1.2). Its Hessian is [52,53]:

H(v, w) = 2

∫
dx
√
g vµ

(
−∇2gµν −Rµν

)
wν . (3.10)

Hence we have to study te spectrum of the Laplace-type operator

L1 = −gµνD2 −Rµν . (3.11)

12



This spectrum is known for spheres. It consists of transverse and longitudinal fields. The lowest
transverse eigenfunctions are the d(d+1)/2 Killing vectors, which are zero modes. This is related
to the fact that every isometry is harmonic. The lowest longitudinal eigenfunctions are

wiν = ∂νφ
i , (3.12)

where φi are cartesian coordinates of the flat Euclidean space in which the sphere is embedded.
These are conformal Killing vectors and have eigenvalue − d−2

d(d−1)R and multiplicity d + 1. In
d = 2 they are zero modes; this is related to the fact that in d = 2 conformal isometries are
harmonic [54]. All other eigenvalues are positive. Thus, the identity is unstable as a harmonic
map of spheres in d > 2; in d = 2 it is stable and belongs to a six-parameter family of degenerate
solutions.

As another example we consider the model (2.11). In this case the Hessian is

H(v, w) = 4

∫
dx
√
g

[
(d− 2)vµ

(
−∇2gµν −Rµν

)
wν + (∇µvµ)(∇νwν)

]
(3.13)

and, integrating the second term by parts, the associated operator reads

L2 = (−∇2gµν −Rµν)− 1

d− 2
∇µ∇ν . (3.14)

Clearly the spectrum on transverse vectors is the same as that of L1, but it may differ on
longitudinal vectors, and the new contribution is positive, so that the identity may become
stable. In fact, the additional non-minimal term, acting on the eigenfunctions (3.12), gives
R/(d − 1)(d − 2), so that the eigenvalue becomes − d−4

d(d−2)R. It is negative in all dimensions
except four, were it is zero. Also in this case, the zero modes are related to the infinitesimal
isometries and conformal isometries.

3.2 Global Euclidean bounds

The second variation of the action gives information about the local stability of a solution,
but there are some cases where absolute bounds on the action can be derived. In this section
we assume that M is compact without boundary. We use the totally antisymmetric tensor
ηµ1...µd =

√
g εµ1...µd where ε is the tensor density with components ±1. It is the volume form

on M , such that V =
∫
M η =

∫
ddx
√
g is the volume. The winding number is

W =
1

d!V

∫
ddx
√
g ηµ1...µdJµ1

α1 . . . Jµd
αdηα1...αd (3.15)

and is equal to one for orientation-preserving diffeomorphisms.
The action for harmonic maps in two Euclidean dimensions is S = 1

2f
2
∫
d2x
√
g τ1. We

define the double dual ∗J∗ by ∗J∗µ
α = ηµ

ρJρ
γηγ

α. Integrating the square of J ±∗J∗ one obtains
the well-known bound S ≥ V f2|W |, [55] and since |W | = 1 for diffeomorphisms,

S ≥ V f2 . (3.16)

The absolute minima are the maps for which J = ±∗J∗. Indeed, the identity solves this equation.
There is a parallel example in four Euclidean dimensions. This time we consider the La-

grangian (2.11). Defining the antisymmetric tensor Kµν
αβ = J[µ

[αJν]
β], and the inner product

(K,K ′) =
1

2

∫
d4x
√
g gµρgνσKµν

αβK ′ρσ
γδgαγgβδ ,
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this action can be rewritten

S = 4c||K||2 ≡ 2c

∫
d4x
√
g gµρgνσKµν

αβKρσ
γδgαγgβδ . (3.17)

We can define ∗K∗, the double dual of K, by

∗K∗µν
αβ =

1

4
ηµν

ρσηαβγδKρσ
γδ . (3.18)

Since ||∗K∗||2 = ||K||2, we have

0 ≤ ||K ±∗K∗||2 = 2||K||2 ± 2(K,∗K∗) =
1

2c
S ± 6VW [ϕ] , (3.19)

where W is the winding number of ϕ. Since diffeomorphisms have |W | = 1, we have the absolute
bound

S ≥ 12 cV . (3.20)

The bound is saturated by maps for which H is double-self-dual, and the identity has this
property.

For a generic metric, the identity will be an isolated solution. In the presence of isometries
and/or conformal isometries, it will be an element of continuous degenerate families of solutions,
as we have seen in the end of the preceding section.

3.3 Lorentzian stability

As long as we restrict ourselves to dynamical diffeomorphisms in a fixed external metric, there is
no difference, regarding the issues of Lorentzian stability, between the models considered here,
where the target space is spacetime itself, and those where the target space is another manifold,
as in nonlinear sigma models, or a copy of the same manifold. In all cases, when the target
space metric has Minkowski signature −+ ++, the scalar associated to the time coordinate has
a kinetic term with opposite sign of those associated to the space coordinates. Assuming that
the sign of the Lagrangian is such that the latter have the correct dynamics, the time-like scalar
will be a ghost.

As already mentioned, these issues have been discussed extensively in the literature on mas-
sive gravity. where two different strategies have been developed in order to avoid ghost insta-
bilities: the dRGT models, that preserve spacetime covariance, and Lorentz-breaking models.
Both strategies can be used also for our models.

In the context of dRGT models of massive gravity, it has been observed that certain nonlinear
sigma models with Minkowskian target space and special actions built out of Tr(

√
B)n will be

ghost-free [56]. By expanding B = 1 + X in terms of X, one can write Tr(
√
B)n as an infinite

series of TrBn. Hence, these actions can be viewed as special cases of our action and the same
construction can be applied also to our models.

In Lorentz-breaking massive gravity, one gives up Lorentz invariance and preserves only
Euclidean symmetry of 3-dimensional space. Dubovsky and Rubakov [16, 17] extended the
non-linear Stückelberg trick to Lorentz-violating massive gravity using the pullback of a 3-
dimensional target space metric hab. Similarly, we can construct ghost-free (but Lorentz-
violating) dynamics of the diffeomorphisms of space, rather than spacetime. The target space
metric h(ϕ) would be only 3-dimensional in that case. The solution ϕ = IdΣ is again a solution
of the EOM and it generates an effective cosmological term in the space directions.

14



4 Conclusions

We have constructed a dynamical theory for diffeomorphisms of the spacetime manifold, which is
closely related to models of dynamical coordinates. From a geometrical point of view, coordinates
are (locally defined) maps of spacetime into a fixed Euclidean space, whereas diffeomorphisms are
maps of spacetime to itself. Thus, dynamical diffeomorphisms naturally differ from dynamical
coordinates because of the identification of spacetime with the target space.

One motivation given in the introduction was that in general, coordinates are only defined
locally and to cover a manifold with nontrivial topology, several coordinate patches are needed.
One could overcome this problem by considering generalized models with a target space that
is homeomorphic to spacetime itself, rather than flat Euclidean space. One would then have a
theory of diffeomorphisms from one copy of spacetime into another. Such models would still
differ from the one considered here as long as the target space metric is fixed. The true difference
lies in the identification of the spacetime and target space, and the respective metrics.

This lies at the root of all the other differences that we have encountered. First we have
differences in the kinematics. Suppose the dynamical coordinates are thought of as scalar fields
on spacetime. Then diffeomorphisms act on them by right composition. If the coordinates are
viewed as a map into spacetime (e.g. as fluid, analogous to comoving coordinates in cosmology),
diffeomorphisms act on them by left composition. In both cases, the action of the group is
free and transitive. For a map of spacetime into itself, diffeomorphisms must act at both ends,
resulting in an action by conjugation, which is neither transitive nor free.

These kinematical differences inevitably give rise to differences in the dynamics: the energy-
momentum tensor of diffeomorphisms has an additional term that is not present in the theories
of dynamical coordinates, and this term is conserved separately from the rest. The identity
is always a solution, but the effective cosmological constant it generates is different in the two
cases. For dynamical diffeomorphisms, it is given just by the term that comes from the variation
of
√
g in the action. 8

In this paper we have restricted our attention to the dynamics of the diffeomorphisms by
themselves. We observe that if we allow the metric to become dynamical, then the theory is no
longer local: the tensor B of (2.7), and consequently also the action (2.9), depends on the metric
evaluated at two different points. It would be interesting to investigate the possible couplings
of matter fields to diffeomorphisms. Here many physical applications are possible. For example
it will be interesting to couple diffeomorphisms to the Einstein-Hilbert action and see how our
treatment would differ from existing models of massive gravity. Coupling diffeomorphisms to
matter fields can introduce a mild form of non-locality in the theory.

Another motivation given in the introduction was the issue of observables in gravity. As in
the case of Yang-Mills theories, local, gauge-invariant expressions can be constructed if a suitable
“compensator” or “Stückelberg” field is present. The configuration space of this field must be a
copy of the gauge group, and this is the case for our models, but more is required: the action of
the gauge group on the compensator field must be free and transitive. To see this, it is enough
to consider again the simple example of a reference fluid, already mentioned in the introduction.
Let F be a manifold labelling the fluid elements and Φ : F →M describe a configuration of the
fluid. 9 If R : M → R is the Ricci scalar, for example, R ◦Φ is the Ricci scalar evaluated in the
reference frame provided by the fluid. This will be gauge invariant provided diffeomorphisms of

8We observe here that in unimodular gravity this contribution would be absent, giving rise to a vanishing
effective cosmological constant. The resulting EM tensor is generally not conserved, but as long as we are only
interested in the identity solution, it actually is.

9Φ is invertible and we can identify Φ−1 with the fields ϕ of Appendix B.
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M act on Φ by left composition: R ◦ Φ 7→ R ◦ ψ ◦ ψ−1 ◦ Φ. However, if we identify F = M , the
diffeomorphisms of M act on Φ by conjugation, and R ◦Φ is no longer invariant, being mapped
to R◦ψ◦ψ−1◦Φ◦ψ. The lesson to be drawn is that in order to construct relational gravitational
observables, it is not useful to consider diffeomorphisms of the spacetime manifold to itself. One
has to keep the domain and target space separate, as in the models discussed in Appendix B.

We have limited ourselves here to general considerations. Other aspects of the dynamics of
diffeomorphisms, especially the small fluctuations around the identity, have been discussed in a
framework that is very similar to ours in [57]. It was shown there that for Ricci-flat manifolds
the linearised field equations are Maxwell’s equations in the Lorentz gauge. Furthermore, for
Minkowski space explicit massive and massless solutions of the resulting nonlinear field equations
were constructed; the massless ones coming in two distinct types, right-handed and left-handed.
For quantum aspects and the effective field theory description of similar models we refer for
example to [58–61].
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A Variation under infinitesimal diffeomorphisms

In this appendix we prove the invariance of the action (2.9) under infinitesimal diffeomorphisms.
There are variations of g and variations of ϕ:

δξS =

∫
dx
√
g

{
1

2
gµνδξgµνL −

∑
n

n
∂L
∂τn

(Bn−1)σµδξgµν∇νϕγgγδ(ϕ)∇σϕδ

+
∑
n

n
∂L
∂τn

(Bn−1)σµg
µλ∇λϕαδξgαβ(ϕ)∇σϕβ

+
∑
n

n
∂L
∂τn

(
2∇νδξϕβgβα(ϕ)∇σϕα(Bn−1)σµg

µν

+(Bn−1)σµg
µν∇νϕβδξϕα∂αgβγ(ϕ)∇σϕγ

)}

=

∫
dx
√
g

{
− 2ξν∇µ

[
1

2
gµνL −

∑
n

n
∂L
∂τn

(Bn−1)σµ∇νϕγgγδ(ϕ)∇σϕδ
]

+2Dαξβ(ϕ)
∑
n

n
∂L
∂τn
∇σϕβ(Bn−1)σµg

µλ∇λϕα

+ξτ∇τϕα
[
−∇µ

(
2
∑
n

n
∂L
∂τn

(Bn−1)µρg
ρτ∇τϕβgβα(ϕ)

)

+
∑
n

n
∂L
∂τn

(Bn−1)µρg
ρτ∂τϕ

β∂αgβγ(ϕ)∂µϕ
γ

]
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−ξα(ϕ)

[
−∇µ

(
2
∑
n

n
∂L
∂τn

(Bn−1)µρg
ρτ∇τϕβgβα(ϕ)

)

+
∑
n

n
∂L
∂τn

(Bn−1)µρg
ρτ∂τϕ

β∂αgβγ(ϕ)∂µϕ
γ

]}
. (A.1)

The first, third and fourth lines are the same as one would have in an ordinary nonlinear sigma
model in curved space, where the target space metric is not affected by spacetime diffeomor-
phisms. By explicitly taking the derivatives of the first line, one finds that they cancel the third
and the fourth line.

The second, fifth and sixth lines are novel. They are characterized by the fact that the
infinitesimal parameter ξ is evaluated at ϕ(x). The second line can be expanded as follows:

2(∂αξβ(ϕ)− Γλαβ(ϕ)ξλ(ϕ))
∑
n

n
∂L
∂τn

(Bn−1)σλ∇λϕα∇σϕβ .

As recalled earlier, ξλ(ϕ) is a scalar under diffeomorphisms, so by the chain rule its covariant
derivative is ∂λϕ

α∂αξβ(ϕ) = ∇λξβ(ϕ). Therefore the first term can be integrated by parts and
we obtain

−2ξβ(ϕ)∇λ

(∑
n

n
∂L
∂τn

(Bn−1)σλ∇σϕβ
)
− 2Γλαβ(ϕ)ξλ(ϕ)

∑
n

n
∂L
∂τn

(Bn−1)σλ∇λϕα∇σϕβ (A.2)

Next, in the fifth line we separate the covariant derivative acting on gαβ(ϕ) from the rest, and
we get

2ξβ(ϕ)∇µ

(∑
n

n
∂L
∂τn

(Bn−1)µτ∇τϕβ
)

+ 2ξα(ϕ)
∑
n

n
∂L
∂τn

(Bn−1)µτ∇µϕγ∇τϕβ∂γgαβ(ϕ) (A.3)

The first term cancels the first term of (A.2). The second term combines with the sixth line to
reconstruct a Christoffel symbol, and the result cancels with the second term in (A.2). In this
way also these terms cancel out, and we have proven the invariance of the action.

We can now also see the differential identities that follows from Diff(M)-invariance. To this
end, we have to work a little more on the second line of (A.1). Namely, as in the derivation of
the EM tensor, we want to have the infinitesimal parameter ξ evaluated at x rather than ϕ(x).
This is dealt with by the method already used in Sect. 2.2, namely changing coordinates from
x to x′ = ϕ(x). Then the second line becomes∫

dx
√
g′
∑
n

n

(
∂L
∂τn

)′
(B′n−1)αβ∇αξβ = −

∫
dx
√
g ξβ∇α

(√
g′
√
g

∑
n

n

(
∂L
∂τn

)′
(B′n−1)αβ

)
.

Note that ∇ is the connection obtained from the metric g, so ∇ρgµν = 0, but ∇ρg′µν is not zero
in general. We recognize that the content of the round bracket is the tensor Tµν(L) consisting of

the last term in (2.28), whereas the round bracket in the first line of (A.1), is just the tensor Tµν(R)

consisting of the first two terms of (2.28). On the other hand, the expression in square brackets
in the third and fourth lines, and in the fifth and sixth lines is nothing but the EOM. Therefore
(A.1) is just (2.35) written more explicitly, and where we recognize the separate conservation of
Tµν(R) and Tµν(L).
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B Models with different domain and target

In this appendix we discuss models of dynamical diffeomorphisms where, in contrast to the mod-
els discussed in the main text, the domain MR and the target space ML are viewed as different
manifolds, and consequently also their metrics are different. Of course since the manifolds are
diffeomorphic one can also view them as “the same manifold”, but this presupposes a preferred
identification, whereas here we will not assume one, at least not to begin with.

The formalism lends itself to two rather different interpretations. In the “field theoretic”
interpretation, MR is spacetime and ML is some internal space, endowed with a fixed metric.
In the “brane” interpretation, MR is the brane worldsheet and ML is spacetime.

B.1 Left and right diffeomorphisms

We denote Diff(MR,ML) the space of diffeomorphisms of MR to ML. The diffeomorphisms of
MR and ML into themselves will be denoted DiffMR and DiffML respectively. They act in
the usual way on tensors on MR and ML respectively. The groups DiffMR and DiffML act
on Diff(MR,ML) by right and left composition

ϕ 7→ ϕ′ = ϕ ◦ ψR ,

ϕ 7→ ϕ′ = ψ−1
L ◦ ϕ . (B.1)

Each of these actions is free and transitive. In particular, DiffML ×DiffMR acts transitively
on Diff(MR,ML), so we can transform any ϕ ∈ Diff(MR,ML) to any other ϕ′. Now pick some
fixed ϕ̄ ∈ Diff(MR,ML). It defines an isomorphism ι : DiffMR → DiffML by

ι(ψR) = ϕ̄ ◦ ψR ◦ ϕ̄−1 . (B.2)

The stabilizer of ϕ̄ is the “diagonal” subgroup ∆Diff(MR,ML) consisting of transformations
(ψL, ψR) ∈ DiffMR ×DiffML of the form

(ψL, ψR) = (ι(ψ), ψ) .

The diagonal subgroup acts on Diff(MR,ML) as follows: for f ∈ DiffMR,

f : ϕ 7→ ι(f−1) ◦ ϕ ◦ f = ϕ̄ ◦ f−1 ◦ ϕ̄−1 ◦ ϕ ◦ f (B.3)

and indeed under such action ϕ̄ is invariant

f : ϕ̄ 7→ ϕ̄ ◦ f−1 ◦ ϕ̄−1 ◦ ϕ̄ ◦ f = ϕ̄ .

We have shown that the configuration space Diff(MR,ML) can be regarded as a homogeneous
space

(DiffMR ×DiffML)/∆Diff(MR,ML) . (B.4)

All this bears a striking similarity to chiral models of particle physics, but here the groups are
infinite dimensional.

B.2 Dynamics

Let us denote g and h the metrics in MR and ML, respectively. The actions we are interested
in have the form

S =

∫
MR

dx
√
gL(σ1, σ2, σ3, σ4) , (B.5)
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where σn = trBn and Bµ
ν is given by (1.1). The usual action for nonlinear sigma models

corresponds to L = −1
2σ1 and one may keep this example in mind in the following.

As long as the metrics g and h are kept fixed, the action has, generically, no symmetries.
In the field theoretic interpretation the target space metric h can be interpreted as an infinite
set of coupling constants. Symmetries of a theory correspond to transformations that act on
the dynamical variables leaving the couplings fixed, so left diffeomorphisms are not symmetries,
unless h has some isometries. The proper interpretation of left (target space) diffeomorphisms
is as field redefinitions. In the brane interpretation, h represents the spacetime metric and its
dynamics, in the quantum theory, comes from the beta functions of the worldsheet quantum
field theory. Once again, left (spacetime) diffeomorphisms cannot be interpreted as symmetries.
We shall use the word “invariances” for transformations that leave the action invariant, from a
mere mathematical viewpoint, and irrespective of their physical interpretation.

With these cautionary remarks in mind, the action is separately invariant under DiffMR

and DiffML, as we shall now see. Under a right-diffeomorphism the metric g is pulled back but
the metric h is invariant. The pullback ϕ∗h transforms like an ordinary tensor on MR:

ϕ′∗h′ = (ϕ ◦ ψR)∗h = ψ∗R(ϕ∗h) .

Since the integrand of the action is a scalar density on MR, the action is DiffMR-invariant.
On the other hand under a left-diffeomorphism h gets pulled back but g is invariant. The

pullback ϕ∗h is invariant, because:

ϕ′∗h′ = (ψ−1
L ◦ ϕ)∗(ψ∗Lh) = ϕ∗ ◦ ψ−1∗

L ◦ ψ∗Lh = ϕ∗h .

Since g is also invariant, the action is trivially DiffML-invariant.
The equation of motion of these models has the form (2.21), except that B is given by

(1.1) instead of (2.7), i.e. gαβ(ϕ) is replaced everywhere by hαβ(ϕ) and the Christoffel symbol
appearing in (2.5) is the Christoffel symbol of hαβ (whereas ∇µ in (2.6) is still constructed with
the Christoffel symbols of gµν). The EM tensor defined by (2.27) is equal to (2.28), but the last
term is absent. It thus agrees with what we called Tµν(R). Separately, we define the tensor

Tαβ(L)(y) =
2√
h(y)

δS

δhαβ(y)
. (B.6)

In the next subsections we consider the infinitesimal versions of these transformations and
the differential identities that follow from the invariances of the action.

B.3 Consequences of right diffeomorphism invariance

A right diffeomorphism acts on points of MR by x 7→ x′ = ψ−1(x). The infinitesimal version is

δxα = −ξα(x) .

The variation of any tensor T on MR is its Lie derivative δξT = LξT . For the metric

δξgµν = ξρ∂ρgµν + gµρ∂νξ
ρ + gρν∂µξ

ρ = ∇µξν +∇νξµ .

The infinitesimal variation of ϕ is
δξϕ

ρ(x) = ξλ∂λϕ
ρ (B.7)
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and δξhαβ = 0. Now varying the pullback we have

δξ(ϕ
∗hµν) = δξ(∂µϕ

α∂νϕ
βhαβ(ϕ))

= ∂µδϕ
α∂νϕ

βhαβ(ϕ) + ∂µϕ
α∂νδϕ

βhαβ(ϕ) + ∂µϕ
α∂νϕ

β∂γhαβ(ϕ)δϕγ .

Inserting the above formulae for the variation and expanding, one arrives after a few steps at

ξρ∂ρ(ϕ
∗h)µν + (ϕ∗h)µρ∂νξ

ρ + (ϕ∗h)ρν∂µξ
ρ = Lξ(ϕ∗h)µν . (B.8)

which just confirms that ϕ∗h transforms as a tensor.
As usual, from the diffeomorphism invariance one can obtain a differential identity. The

derivation follows the steps of Appendix A, but with some terms now absent. In the end one
obtains

0 =

∫
d4x
√
g
[
ξτ∂τϕ

αEα − ξµ∇νTµν(R)

]
. (B.9)

In contrast to (2.35), since ∂τϕ
α is nondegenerate, the coefficient of the EOM is always nonzero

and therefore we find that the EOM and EM conservation are completely equivalent. This is a
consequence of the action of the group being free and transitive.

B.4 Consequences of left diffeomorphism invariance

A left diffeomorphism acts on points of ML by x 7→ x′ = x and ϕ(x) 7→ ψ−1(ϕ(x)). The
infinitesimal versions are

δξx
µ = 0 , δξϕ

α(x) = −ξα(ϕ(x)) .

The variation of any tensor T on ML is its Lie derivative δξT = LξT , and tensors on MR

are invariant. For the metric in ML

δξhαβ = ξρ∂ρhαβ + hαρ∂βξ
ρ + hρβ∂αξ

ρ = Dαξβ +Dβξα , (B.10)

where we used the notation (2.4). Now varying the pullback and using this formula we have

δξ(ϕ
∗hµν) = δξ(∂µϕ

α∂νϕ
βhαβ(ϕ))

= ∂µδξϕ
α∂νϕ

βhαβ(ϕ) + ∂µϕ
α∂νδξϕ

βhαβ(ϕ)

+∂µϕ
α∂νϕ

βδξϕ
γ∂γhαβ(ϕ) + ∂µϕ

α∂νϕ
βδξhαβ(ϕ)

= 0 . (B.11)

As we have already seen at the level of finite transformations, both g and ϕ∗h are invariant, and
therefore the invariance of the action is trivial.

Since the metric g is unaffected by these transformations, no consequence can be derived
from DiffML-invariance concerning the energy-momentum tensor Tµν(R). Nevertheless, we can

obtain another differential identity involving the tensor (B.6).
Since in the action the metric h always appears evaluated at ϕ(x), it is convenient to change

integration variable from x to x′ = ϕ(x), and write

S =

∫
dx′
√
g′(x′)L′(x′) .

Since L is a given function of the trace invariants L(x) = F (τ1(x), τ2(x), τ3(x), τ4(x)), the
transformed Lagrangian L′ will be the same function of the transformed invariants L′(x′) =
F (τ ′1(x′), τ ′2(x′), τ ′3(x′), τ ′4(x′)) and since τ ′n(x′) = τn(x), also L′(x′) = L(x).
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For example, for the Lagrangian (2.10), we can write

L′(x′) = −1

2
(ϕ∗g

−1)αβ(x′)hαβ(x′)

and therefore

Tαβ(L)(y) = −f2

√
g′√
h
g′αβ(y) ,

where we write g′αβ for the push-forward of the inverse metric, (ϕ∗g
−1)αβ(x′). In general

Tαβ(L)(y) = 2

√
g′√
h

4∑
n=1

n

(
∂L
∂τn

)′
(B′n−1)αβ(y) , (B.12)

Using the infinitesimal variation (B.10) and the invariance of the action under left diffeo-
morphisms, one finds that

0 = δξS =

∫
dx′
√
h(x′)

[
−ξα(x′)Eα(x′) + ξβ(x′)DαT

αβ
(L)(x

′)
]

(B.13)

and therefore, on shell
DαT

αβ
(L) = 0 . (B.14)

B.5 Relation to the models in the main text

Even though the manifolds MR and ML are, by assumption, diffeomorphic, there will in general
be no relation between the respective metrics. Consider the special case in which there exists a
diffeomorphism ϕ̄ such that:

ϕ̄∗h = g . (B.15)

If h and g have isometries, ϕ̄ will not be unique. We disregard this case here. We can use ϕ̄ to
define a preferred identification of MR and ML and, via equation (B.2), a preferred identification
of the respective diffeomorphism groups.

Since ϕ̄ is a diffeomorphism, without loss of generality we can choose atlases on ML and MR

to be related by ϕ̄. This means that on any chart, if xα are the coordinates of a point x and yα

are the coordinates of ϕ̄(x), then
yα = xα . (B.16)

If we use ϕ̄ to identify MR and ML, we have only one manifold M , ϕ̄ can be thought of as
the identity mapping of M to itself and the action (B.3) becomes conjugation. Since ϕ̄ is now
a fixed element of the theory, the original invariance under DiffMR × DiffML is broken to
∆Diff(MR,ML), acting by conjugation. In this way we recover the models of the main text.
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