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1 Introduction

Mixing inside deep interior is one of the still scarcely known physical processes that bear very
much upon the theory of stellar structure and evolution. Indeed, mixing redistributes over
extended regions of a star or even brings to the surface the local products of nucleosynthesis.
In stars more massive than the Sun the extension of the convective cores affects both the
luminosity and the amount of nuclear fuel, and hence the lifetime of the evolutionary phases.
Unfortunately at present, a fully sounded theory of the mixing processes is missing, so that
one is forced to address the problem in an indirect fashion looking at the effects of simplified
models of mixing on observable stellar quantities for instance the the position of a star in the
Hertzsprung Russel Diagram (HRD).

II} this thesis I will concentrate on a new model of mixing with particular attention to the
evolution of the massive stars as they are known to possess very extended convective cores
and envelopes. We remind the reader that convection is the dominant mechanism of energy
transport of inside the cores of these stars.

In the standard theory of convection, the extension of the convective regions (either cores
or envelopes) is determined by means of a local stability criterion (either Schwarzschild or
Ledoux), and use of the so called Mixing Length Theory (MLT) to describe the motion of
convective elements. Any uncertainty in the boundary of the unstable regions has straight-
forward consequences on the star structure. In particular, an uncertainty on the extension of

the convective core makes uncertain the amount of available fuel and therefore the duration

of the phase, so that the effects of assuming different criterions is soon evident. This was first



shown by the classical study of Chiosi and Summa (1970), who defined two distinct evolu-
tionary scenarios for a typical model of 20Mg. Since we will find that almost all assumptions
about the convective instability criterion, nuclear cross-section, radiative opacities, etc... lead
to results for the evolution of massive stars that can be classified according to the Chiosi and
Summa (1970) scheme, it is worth recalling here the salient feature of their classification. In
the scheme named case A, the star, after the main sequence phase, ignites central helium
as a red supergiant (RSG), performs a loop into the region of the blue supergiants (BSG),
and finally evolves toward the red supergiant regions as central helium gets exhausted. On
the contrary, in the scheme named case B the star ignites the central helium near the main
sequence as a blue object and slowly moves toward the region of the RSG stars. As pointed
out by Fitzpatrick and Garmany (1990), these two evolutionary scenarios constitute the basis

to understand the HRD of supergiant stars.

Tightly related with convection is overshoot, While this phenomenon is easily experienced
in meteorology and laboratory experiments of hydrodynamics, its existence and efficiency in
stellar conditions have been the subject of a vivid debate over the last two decades.

The problem of convective overshoot arises from an obvious weak point of the MLT, i.e.
in the basic assumption that convectively unstable regions extend up to the layer where the
acceleration imparted by the bouancy forces to the fluid elements gets zero. without taking
into account the inertia of their m;)tions. In metereology and laboratory fluid mechanics,
convective overshoot is an observed fact extending over regions whose size is comparable to
that of the unstable region itself. Unfortunately, because of the extreme difference between
the physical conditions inside a star and those met in laboratory conditions on the Earth,
we cannot simply extend to stellar interiors what we learn from ordinary fluid dynamics. In
fact, the extension of laboratory convection (atmosphere, oceans) is often a small fraction of
the pressure scale height, whereas within the stars the unstable regions usually extend over

a large fraction or even up to several times the local pressure scale height.

Current stellar models are generally divided into two groups, depending on the credit given
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to this phenomenon. However, owing to the lack of a fully sounded theory, oversimplified
descriptions of convective overshoot have been adopted, which parameterize its extension by
means of a suitable scale height (usually pressure scale height) and therefore introduce in the

problem a certain degree of arbitrariness.

Avoiding this parameter seems impossible, as even in the very complicate theory of con-
vection formulated by Xiong (1985) with the aid of the full hydrodynamics description of the
the fluid there is trace of this scale factor. This is intrinsic to fluid dynamics because the
basic equations (eg. Fluid Mechanics, by Landau & Lifchitz) do not provide constraints
to length scale in the case of a free boundary problem, such as that of stellar convection.
On the contrary, laboratory hydrodynamical problems are bounded by the natural borders
of the container. In stellar interiors the problem is further complicated by the interplay
between nuclear burning, convection, and mixing and their corresponding time scales. As
the evolution goes on, nuclear reactions (usually concentrated into a small central region)
modify the local chemical composition and convective mixing both carries out the energy
from this region, brings away the products of nucleosynthesis, and refuels the central furnace.
Because the MLT does not specifically deal with nuclear species, the usual assumption is that
mixix}g is instantaneous and fully efficient Therefore, the complex physics inside a convective
region is simply reduced to establishing its boundary, with obvious advantage as far as the
numerical calculations of stellar models are concerned. However, there is a natural time scale
associated to convective motion to comnsider, which actually drives the phenomenon. This
time scale is the turn-over time scale of the largest convective element, which turns out to
be much shorter than the characteristic nuclear time scale. Nevertheless, according to the
MLT, mixing length theory, motions with this scale cannot induce any kind of mixing (both
chemical and thermal) before motions have ended. Supposedly, the mixing takes place only
at the end of the motion, and some unknown instantaneous process secures the exchange of
thermal energy and chemical properties with the surrounding medium. If the assumption of

instantaneous mixing is relaxed, the convective motions at this large scale could constitute a



sort of ordered circulation, mixing matter on a longer time scale via the effects of dissipation
at smaller spatial scales. Similar consideration apply also to models with overshoot as mixing

of chemnical elements is once more supposed to occur instantaneously.

Further complications are related to the mechanism of penetration (overshoot) of con-
vective elements into radiatively stable regions zone which is customarily treated as sort of
parameter. However, several sophisticated studies (Xiong, ARIZONA groﬁp) have shown
that overshoot is a more complicated process, in which different physical quantities have
different distances of penetration. The numerical results pf these detailed hydrodynamic the-
ories show that the fluctuations of the physical quantities decrease exponentially above the
classical border defined by the local criterion. Nevertheless, the thermodynamic structure of
the overshoot region can be well reproduced even by a simple version of a non-local treat-
ment. Indeed, the thermodynamic structure of the overshoot region has very little effect on
the overall structure of the star. It has been demohstrated (Licai 1992, Magister Thesis) that
assuming the overshoot region to be adiabatic, almost exactly reproduces the same results as
from assuming it to be radiative, in agreement with the more sophisticated models by Xiong
(1985). The main result of models with overshoot is that the size of ’core’ size can be signifi-
cantly increased. The main effect of overshoot manifest itself in the kind of chemical mixing
that can occur with profound consequences on the evolutionary results. In Xiong’s hydrody-
namic studies, the mixing efficiency within the overshoot region exponentially decreases up
to about two pressure scale heights above the unstable core.

Given these premises, the aim of this thesis is to investigate a model in which the efficiency
of mixing instead of being treated as a parameter, directly results from the motions at the
smallest scales.

Chapter 2 contains a short summary of the basic equations of stellar structure, the method
of solution, and the main evolutionary results. Chapter 3 deals with the Mixing Length
Theory of convection, its application to stars, and the mixing mechanisms used in stellar

evolutionary calculations.
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Chapter 4 shortly summarizes the current understanding of the HRD of supergiant stars
and the evolution of stars that are the main subject of my study. In Chapter 5 we present a
thorough description of the mixing mechanisms inside stars, with particular emphasis on our
diffusive scheme. In Chapter 6, we briefly discuss the physical ingredients used to compute
the stellar models. Models with chemical abundance typical of the solar vicinity and the Large
Magellanic Cloud (LMC) are presented in Chapter 7 together with a complete description
of the new results from the diffusive mixing and the comparison with other stellar models
in literature. In Chapter 8, we discuss the observational HRD for the supergiant stars in
the light of the new models. Finally some conclusions and hints of future work are given in

Chapter 9.



2 Fundamentals of Stellar Structure
and Evolution

The fundamentals of stellar structure and evolution were set by the classical studies of R.
Emden (1907), A. S. Eddington (1926), S Chandrasekhar (1939), and Schwarzschild (1958)
during the first decades of this century. However, the overall formulation of the problem
was achieved much later, thanks to the numberless contributions of generations of scientists.
Nowadays the status of the theory is far from being complete, because some of the basic
physical ingredients are either still insufficiently understood, like in the case of the convective
transport, or are continuously improved like in the case of the radiative opacities, nuclear
reaction cross sections, and equation of state. Others like mass loss by stellar wind, rotation,
and magnetic fields are either described by means of empirical formulations or neglected at
all.

The basic mathematical formulation of the problem is however known from long time
with little or no change from the early book by S. Chandrasekhar (1939) to the recent ones
by Cox & Giuli(1968) and R. Kippenhahn and & A. Weigert (1990).

For sake of completeness, in the following I will briefly review the basic equations of stellar

structure.
2.1 The basic equations

The basic equations of stellar structure stands on the law of mass, momentum, and energy
conservation, and the law of energy transports in condition of local thermodynamical equi-

librium. These equations uniquely define a stellar structure of a given mass and chemical
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composition. Accordingly, the evolution of a non-rotating, non-magnetic, spherically sym-

metric star is described by the following system of partial differential equations,

or 1

= 2.
Om, 4rnrlp (2.1)
oP Gm, 1 6%
Om,  A4mrt  4wr? 0t (22)
ol or §0P

e e _opdL  00F 2.
Bmy T TP Y (2:3)
orT _ G’mrTV (2.4)

Om,  4xriP

where the independent variables a;e the mass within a sphere of radius r, m, (Lagrangian
description) and time ¢. THe time dependence allows to follow the evolution of the structure
and the behaviour of dynamical solutions (for instance stellar pulsation). In the case of quasi
static configurations (which apply to most of the stellar history up to the very advanced
phases), the time-dependent terms reduce to the sole local source or sink of energy,so that
the above equations became ordinary differential equations in the independent variable m,
supplemented by suitable boundary conditions, whose solutions determines the structure of
the star, namely the dependence of the radius r, pressure P, temperature ¢, and luminosity

[ as function of the mass m,.

Generally the second term in equation (2.2) is neglected (hydrostatic equilibrium) as the
hypothetical departure from this condition would imply for a star like the Sun the existence
of acceleration terms leading to a change of the radius of the Sun over a time scale of the order
of an hour (Cox & Giuli 1968) which contradicts the observations over very long periods of
time. The dynamical time scale is indeed much shorter than the ordinary time scale of fast
evolutionary phases, namely the Kelvin-Helmholtz time scale. Only in extreme cases, such

as supernova explosions, the acceleration term is required.

All the thermodynamic quantities depend also upon the chemical abundance, which con-

tinuously varies under the action of nuclear burning according to
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8X; my; .
ﬁ— = —;—- (EJT,J — Ekj ), i=1,...N ~ (25)

where X is the abundance by mass of the element , m; is the atomic mass of the element; i
is the nuclear burning rates (see below); these are a series of N-equations for all the chemical
elements involved in the nuclear network. In addition mixing processes like convection concur
t‘ox the modification of the internal proﬁlc;. of the chemical elements. Usually the chemical
equations are not solved simultaneously with the structure equations but they are solved
separately once the equilibrium structure of the star is known, and the variations of chemical

abundance by nuclear reactions and mixing are determined over a given time step.
2.2 Supplementary Relations

The other quantities appearing in the equations (2.1-2.4) are the density p, the specific heat
at constant pressure cp, the nuclear energy generation rate €, the rate of neutrino energy
loss €,, the temperature gradient V (dlogT/dlog P). They are either related by suitable
thermodynamics relations or are the result of detailed calculations of nuclear and atomic
physics.

Equation of state: The density appearing in the basic equations is related temperature,

pressure and chemical composition by the equation of state:
p= p(P) T, Xz)

where X; is the chemical composition of the local material. In massive stars the equation
of state is that of a non degenerate perfect gas plus radiation pressure with a high degree
of accuracy during almost the entire life. On the contrary, low and intermediate mass stars
soon or later enter the regime of electron degeneracy and the pressure is sustained basically
by the degenerate electrons.

The thermodynamic relations of stellar matter:

cp = cp(P, T, X))
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§ = 6§(P,T,X;)
Vad = Vad(P, T, X;)

Nuclear physics inputs: The nuclear reaction rates, the energy output rates for certain
reactions and the energy carried by neutrinos (which are supposed not to contribute to the
radiative luminosity because in virtue of their extremely small cross section they actually
escape from the star without interacting with the stellar matter) are obtained from nuclear
and elementary particle physics:

Tij = ’I‘,‘j(P, T, X,)
€n = 6n(P7T’ Xz)
€y = eu(PaTy -Xt)

The temperature gradient: If radiation is the dominant heat transport mechanism

the temperature gradient appearing in equation (2.4) is given by

3 s&lP

V="Vra= 16wracG m, T4

(2.6)

where

. k= k(P,T,X;)

is the Rosseland mean opacity. This is usually available in form of extended tabulations as
function of chemical composition, density, and temperature of the stellar material. When
conduction becomes important the total opacity is given by the harmonic mean between
radiative and conductive opacities.

When convection dominates, the real temperature gradient has to be given by some theory
of convection. In deep convective regions, due to the very high efficiency of convective energy
transport, the temperature gradient can be approximated by the adiabatic gradient within

an accuracy of 1078 (Cox & Giuli 1968), therefore,

V = Vaa. (2.7)
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For the convective envelope, the MLT of convection (see below) must used to derive a
temperature gradient which is intermediate between the radiative and the adiabatic ones

(Cox & Giuli, 1968).

2.3 Mass loss

Equations (2.1-2.2) and (2.5) describe the evolution of stellar models at constant mass. How-
ever mass loss from the stellar surface is a important observational fact which, at least for
massive stars, has profound consequences upon evolution and cannot be neglected (see Chiosi
& Maeder 1986‘). Because a se]_f-consistent theory aﬂqwing to derive the rate of mass loss from
the overall structure of the stars is still missing, mass loss is included by simply decreasing
the total mass in the course of evolution according to empirical mass loss rates. The most
widely used parameterization of the mass loss rate is by de Jager et al. (1988) which extend

over the whole HRD. The mass loss rate is expressed as

logM = —a; —ay - azz? — ayz’
2 3
—asy —agy —ay
2 2
—agTy —agZ’y — ajozTy”, (2.8)

where ¢ = logTefray = 0.1104 a3 = —0.4311 ay = 3.579
y=logl — &5 = —1.5Tlag = —0.0109 ay = —0.2175

a; = 6.3168 ag = —0.838hy = —1.2487 a9 = 1.5822

The above relation is often modified to include a suitable dependence on the metal content
as suggested by the theory of radiation driven mass loss (Kudritzki et al. 1987 and references
therein). Accordingly the above law of mass loss is commonly multiplied by the factor

V(Z/Zy) (see Maeder 1993; Bressan et al. 1993).
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Finally because the above formula definitely underestimates the mass loss rates observed

in case of the very bright Wolf Rayet stars (WR), when the stars enter the WR stage, the

mass loss rate is expressed by
MH»’R = 0.6 X 10‘7(M;/;!R/M@)2'5 : (2.9)

where the rate is in Mg /yr, My g is current mass of the star (see Langer 1989).



3 Theory‘of Convection and Mixing
Processes

Convection is perhaps the most disputed topic of stellar physics. Even today, while the main
the main features of the structure of stars and the evolutionary scenarios are well understood,
we are still facing with the lack of a satisfactory theory of convection.

Historically, our understanding of convection, comes from laboratory experiments (a good
review is by Spiegel 1971,1972), in which the Boussinesq approximation is always acceptable.
This stands on the notion that the vertical extension of the fluid is much shorter than the den-
sity and pressure scale heights, allowing the state quantities to be treated as constants. An-
other approximation usually assumed in astrophysical convection is that the fluid is anelastic
(Gough 1969, Xiong 1986). The main consequence of this is that high frequency phenomena
such as sound waves are filtered out, in the assumption that they are e not relevant to the
energy transport. The Boussinesq approximation is adequate for laboratory convection, but
does not hold for stellar convection, where all the thermodynamical quantities are known

to vary considerably inside convective zones. In spite of this, the MLT of stellar convection

follows actually the Boussinesq approximation.
3.1 Theory of Stellar Convection

The MLT has bee originally proposed by Béhm-Vitense (1958). The basic idea is to model
the complicated pattern of structure and motion of convective elements by a suitable mean
element with suitable velocity. In reality, convective elements may have sizes as small as the

molecules and as large as the dimension of the whole field. On the contrary, the ideal elements

13
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of the MLT all possess the same physical properties if generated at a certain radial distance
r from the center. Each of theses is supposed to travel, on the average, over the distance
A (defined as the mixing length), and then dissolve into the surrounding medium losing its
identity By assumption, the dimensions of the average elements are assumed equal to A, the
mixing length, and the shape of the elements is not specified. The are two characteristic
lengths: the mixing length and the dimension of the element (in the MLT both are assumed
to be equally proportional to the local the pressure scale height, with the proportionality
coefficient taken as a free parameter to be fixed by comparing model results with observations.
It is worth noticing that this kind of parameters exist also in some sophisticated models of
stellar convection (cf. Xiong 1985,1986). A ideal self-consistent theory of convection should

derive those typical scales from first principles instead of assuming them as parameters.

Despite the above drawbacks of the MLT, stellar models constructed with the MLT are
in good agreement with the observations. Over the years, several attempts have been made
to improve upon the theory of convection (cf. Spiegel 1960), and non-mixing length theories
in alternative to the MLT have been proposed (Faulkner et al 1965, Unno 1967, Xiong 1985).
Whether they are better than the classical MLT is not very clear. The same arguments apply
also to current descriptions of convective overshoot (Maeder 1978, Bressan et al. 1981),

which contain the same type of parameters to be determined by comparing model results

with observations (see Chiosi & Maeder 1986, Chiosi et al. 1991).

Key point of convection theories is the formulation of the flux of energy carried by con-
vection. In the framework of the MLT, the expression turns out to be very simple (see Cox
and Giuli 1968) to whom we refer to shortly summarize the topic. In a convective region we
assume complete pressure equilibrium between the elements and the surrounding medium,
and the condition of hydrostatic equilibrium at each layer. A convective element formed at
a certain radial distance r from the center starts moving with an initial temperature 7"(r)
which is assumed to be the same as the value of the field. After travelling a distance ér

from the original position, the temperature of the element changes by §77 = %Irl&r, while the
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temperature of the average field is varies by §7T = %—11;57'. At the new position 7 + dr, the

difference between the element and the surroundings is

dr’ 4ar

Using the Schwarzschild notation (Schwarzschild 1958), VAT = [(—dT/dr) — (—dT’/dr)], we
have

AT(6r) = §rVAT (3.2)

Supposing here that the temperature will not change drastically over ér, and setting
T’ = T along the path of the element, we can write

dinP dinT dinT’

N — _ o il — _ _ )
AT = 6rT[(—dInT/dr) — (—dInT'/dr)] o 6rT( dlnP) (dlnP ) (3.3)
or, with the definition of local pressure scale height: A, = —a—ﬁ-l’—ﬁ
T ,
VAT(6r) = /\—(\7 -V (3.4)
P
where V = gf::}T, is the logarithmic temperature gradient (with respect to pressure), and the

prime indicates the same quéntity for the rising element. This gives the excess in temperature
after the element has traveled a distance év.

The distance is assumed to be equal to the mixing length A, which implies that the
Boussinesq approximation is adopted. Specifically, replacing the distance with the mixing
length requires A to be small so that T, p, P, etc... are approximately constant. This is
immediately at variance with the value of A obtained from comparing model results with
observations, indicating that A is about one pressure scale height (Schwarzschild et al. 1957,
Sears 1959, Demarque et al. 1964).

The motion of this ideal element with an excess of temperature implies the flux of energy
1
F, = -2-pvcp6rVAT (3.5)

where, p is the density, v is the speed of the element which will be given later, and cp is the

specific heat at constant pressure because of the pressure equilibrium. The numerical factor
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comes from considering that both rising and sinking elements are present. Equation (8.5)
gives the total flux with the factor replaced by one.

To determine the flux, the MLT uses an average over all possible §7. To this aim, 67 is
replaced by A, and all other factors are considered as averaged both over the distance the

the horizontal layers at radial distance 7. Accordingly, the flux is written as
1 _
F.= -z—pvcpAVAT (3.6)

where ¥ is the averaged speed of convective elements. With the aid of equation (3.4) we may

write the expression for convective flux in the more convenient
1 A
F. = - pic,T—(V - V') (3.7)
2 Ap

In order to evaluate the average velocity ¥ we proceed as follows. Because of the temper-
ature excess of the convective element with respect to the medium and pressure equilibrium,
the density of the element is different from from the surroundings, and the element experiences

the buoyancy acceleration and obey the equation of motion
F=—g—- = (3.8)
Writing p = po(1 + Ap/p), where pg is the equilibrium value, we get

7= —glp/p (3.9)

where the subscription for equilibrium values has been dropped

This expression corresponds to the net buoyancy force: f = —gAp.

At the starting point, there is no excess both in temperature and density, so this force is
virtually zero there. The above equation gives actually the force at some new position after
a displacement of §r.

Supposing the gravitational acceleration to be constant over the small distance 7, the

work done by the net force over a finite distance Ar is

W(Ar) = /0 ¥ fr)d(6r) = —g fO ™ Ap(67)d(6r) = —%gAp(Ar)Ar (3.10)
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where in the last equality, we have supposed that Ap varies linearly with Ar. The work is
finally averaged over all possible Ar. To this aim A7 is replaced by the mixing length A, and

a suitable numerical factor is introduced. the averaged work is
- 1 1
W(A) = ZW(A) = ———égAp(A)A (3.11)

However, during the motion a certain amount of energy is exchanged with the surrounding
medium (friction, heat losses etc...) and therefore not all available work is turned into kinetic
energy of the rising elements. The correct evaluation of the actual amount of work converted
into kinetic energy is uncertain and its estimate require a detailed examination of convection
efficiency. Therefore, for the sake of simplicity, we assume that only half of the work goes

into kinetic energy of convective motions

1 1 1
_— 2 ~ — 52 — PR A
5PVE R SPUT = —1eg p(A)A

from which the velocity to be inserted in the convective flux is derived

7% = —%%Ap(A)A (3.12)

Using the equation of state, we can replace density with temperature, keeping in mind

the assumption of pressure equilibrium,
Alnp = —-QAInT

where

Olnp Olnp Olnp

-Q= (m)P,T(m)P + (G mP (3.13)

For a perfect gas, Q@ = 1~ (8lnp/dInT)p, while in general for a gas made of particles and

radiation Q = % - (gf:&ﬁ p

In general the mean squared velocity can be written as

5= Lol
7 = 8gQ T AVT (3.14)
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Finally, the following expression for the convective flux is derived

1

F, = 4\/591/2Q1/2——p—cpA2(AVT)3/2 (3.15)

T1/2

to be used in the energy conservation equation of stellar structure, when the medium is found
to be unstable against convection.

Before concluding this section, we present the typical values assumed by various quantities
in external and internal convective zones.

Because of the high efficiency of convection in the core, the temperature gradient is
very close to the adiabatic value (see also Xiong 1985). With aid of equation 3.15, and
limited to solar conditions we estimate the departure from-adiabaticity. Adopting § = 1,
Q@ =1,cp =(5/2)(R/p), p = 0.5, 7 = (1/2)Rp = 3 x 10'0cm, A = (1/10)Re,T = 107°K,

p = 100gm/em® M, = (1/2)Mg = 1 x 1033gm, & = 100cm?/gm, and L = 4%3erg/sec, we get
AVT ~< 5 x 107K /em (3.16)

Noticing that | dT'/dr |~ 10~4° K /cm, it follows
. AVT/| dT/dr | ~< 5 x 1075, (3.17)

This is an extremely small number which implies that the adiabatic gradient is a fairly good
approximation of the real gradient in stellar interiors. THe above values are significantly
different for the outermost convection which is not of interest here.

As far as mixing is concerned we notice that the convective eddies moves randomly with
a speed v ~ 400cm/sec (once more estimated for the solar conditions), which gives a charac-
teristic time scale of motion and mixing of the order of 7. = A/v ~ lyear. This is orders of
magnitude lower than the nuclear burning time scale, and therefore, the core can be assumed
to be homogeneous. It will be seen that this constitutes one of the major points of uncertainty

of current treatments of of core convection.
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3.2 Convective Overshoot

Classically, the border of a convective region (either core or envelope) is defined by the so-
called Schwarzschild criterion, which actually gives the point where the acceleration of the
convective elements vanishes. In fact the condition of instability in a homogeneous medium
reduces to the inequality Vg > V,q, which implies a small acceleration at the point where
VR = Va4 But the elements may still move, due to their inertia, further into the stable region
outside the convective zones. This is the problem of overshooting. Although the extent
of overshoot and even its existence have been the subjéct of vivid debate (see the review
papers by Renzini 1987, and Zahn 1991), the problem has been tackled in an impressive
number of studies, among which we recall Shaviv & Salpeter (1973), Meader (1975,1990),
Cloutman & Whitaker (1980), Bressan et al. (1981), Stothers & Chin (1981,1990), Matraka
et al. (1982), Xiong (1983,1985), Langer (1986), Baker & Kuhfuss (1987), Meader & Maynet

(1987,1989,1991), and Alongi et al. (1991a,b).

There are different formulations for overshoot that vary from author to author sometime
with contradictory results. Saslaw and Schwarzschild (1965) found a very small overshoot
distance, while Shaviv and Salpeter (1973) argued that this amounts to a significant fraction
of the pressure scale height. In most studies the overshoot region region is described by
means of the MLT and therefore contains the scale of mixing as free parameter (e.g. Maeder
1975, Bressan et al. 1981). On the contrary, the criterion proposed by Roxburgh (1975),
is claimed to be parameter free. However, this has been convincingly criticized by Bressan
(1984), and Baker and Kuhfub (1986) for its consistency. Nowadays, it is considered to to
provide the maximum allowed distance of penetration (Roxburg I.W. 1989) According to
Renzini (1987), the overshooting zone is small if the temperature gradient is radiative there,
large if adiabatic. On the contrary, in Xiong’s (****) treatment, the overshoot regions at the
border of the convective cores of massive stars can be very large and radiative at the same

time (see below).
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Figure 3.1: Temperature gradients in the stellar models. the dashed area indicates the region of
overshooting. The fractional masses q; and g, correspond to the level at which acceleration and
velocity of the convective elements become zero, respectively

Th local MLT is not adequate to study the problem of overshoot because the velocity is
set to be zero at the border defined by Schwarzschild criterion. Therefore one hast to address
to a non-local description of the motion. There are several ways in which this aim can be
achieved (Maeder 1975, Cloutman & Whitaker 1980, Bressan et al. 1981). The one used in
this thesis is by Bressan et al. (1981). This is shortly described here and extendea to the
general case in order to account for envelope and intermediate convective zones.

The Bressan et al (1981) treatment is based on the assumption that the temperature
gradient is adiabatic

up to the point where the velocity becomes zero (Figure 3.1). and makes use of a non

local version of the MLT. We start from the equation of motion (eq. 3.9) written as as

ov _ Ap
vy, = —gT. (3.18)

and instead of approximating Ap as in in eq.(3.10), we integrate it from the original position

ry tor,

_ ["% _or
Ap = /r1 [5-5 - Bm]dm (3.19)
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The is not be the same as equation (3.15), because the excess of temperature of equation (3.2)
is

r 8T 8T
AT = / 5 - 5l (3.20)

Correspondingly, the flux becomes

roT’ 0T
Fy = kcppu /n [—a—; - —é;]dm (8.21)

where k is a numerical factor, which is set to 2 to take into account both rising and sink-
ing elements. After some mathematical manipulations and ignoring the contribution of the
gradient in molecular weight, one gets

1 3 1 r gXT FC
—vw== ] Z——dz
3 kJ., T X, cpp

(3.22)

The convective flux is the difference between the radiative flux and the total flux, both of
which are known throughout the whole star. The above equation is numerically integrated
from the starting level 1, up » = 7y +[. where | = AH,, (H, being the pressure scale height),
and X is mixing length parameter. The above integration is performed for all elements
originated in the range r to r — I. Because the elements formed in this range may arrive at
r with different velocities, the maximum velocity is used to characterize the velocity field at
this position. Finally, the border of the convective core is defined where the velocity vanishes.

This condition refers to a chemically homogenous convective core. However, the term
relative to the gradient in molecular weight cab be several orders of magnitude higher than
the term relative to the gradient in temperature. This gives rise to the so-called barrier
against the penetration of convection into stable radiative regions. Despite this, the barrier
can be eroded by convective overshoot on a very short time scale and further extension of

the convective zone is then possible (Castellani et al. 1971, Maeder 1975b, Renzini 1977).

3.3 The Xiong Model of Overshoot

Xiong’s theory (Xiong 1985,1986) is perhaps the most sophisticated yet complicate treatment

of convection by means of a non local MLT. His complex nature, does not allows to extend it
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to all evolutionary phases, but only to the core H-burning phase where H and He dominate
the chemical evolution in the core.

This theory stands on the basic dynamical equations of fluids with two components (cf.
Landau and Lifchitz), and describe the turbulent convection in the classical manner. All
quantities are written as the sum of the mean value plus théir fluctuations. Furthermore,
the equations for the fluctuations derived from subtracting the mean equations from the
original ones. Finally, the equations for thé correlation functions are obtained. The following

assumptions are used

e In stellar interiors, the molecular diffusion flux and molecular viscosity are always small

compared with turbulent diffusion and radiative conduction.

Turbulent convection is supposed to be subsonic, therefore the fluctuations in temper-

ature and density are negligible.

High Reynolds numbers are characteristic of stellar convection, namely the dimension
of the eddies for which viscous dissipation becomes important is much smaller than the

dimension of the mean field.

,The inelastic approximation is used to filter out the sound waves.

The fluctuation in gravitational potential is neglected.

e Turbulence is quasi-isotropic.

Turbulent motion is quasi-steady, because the time scale of turbulent motion is much

shorter than evolutionary time scales.

The third order correlation functions are approximated by a gradient in those of the

second order.

All the above assumptions but the last one seem to be appropriate. The effects of the

last assumption have not yet fully explored. Furthermore, even in this theory there are
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parameters measuring non-local effects and their relation with overshoot. This makes the

theory somewhat uncertain.

3.3.1 An Application to Massive Stars

Xiong’s theory has been used to calculate models of massive stars on the main sequence
(Xiong 1986) and to study variable stars and helioseismology (Xiong 1980, 1982). In the case
of massive stars, the total convective region (unstable core 4 overshoot) shrinks, leaving the
convective region fully homogeneous because complete mixing is found. In the case of variable
stars, since chemically homogeneous envelopes are considered, the complications arising from
abundance gradients are removed, thus greatly simplifying the problem.

The main results for the models of massive stars can summarized as follows:

¢ Semiconvective instability does not occur.

¢ The evolutionary tracks run at higher luminosity than in classical models. The differ-
ence depends on the choice of the convection parameters ¢q,c; (two numerical parame-
ters in the Xiong theory which regulate the transport efficiency and mixing extension)

and becomes larger for lower masses.

e The lifetime of the burning phase is much longer because the core is enlarged by a

considerable amount. This however depends on the choice for the various parameters.
e The evolution occurs at much lower Tess, which widens the main sequence band.

e A simple criterion for the onset of convection and overshoot does not exist. More
precisely, neither the Schwarzschild nor the Ledoux criterion apply. The boundary of
the convective core is set at the layer where the defined the convective flux changes
sign. in any case, the structure of the stars is closer to that with the Schwarzschild

criterion.

e The turbulent kinetic energy flux is less than 1% of the total, so it does never influence

the star structure.
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Figure 3.2: Evolutionary tracks of a. The thin dashed line is the Xiong model (1986). The solid and
dotted lines indicate our models with A = 1.5 and.A-= 2.5, respectively. The heavy line show the
Xiong model corrected for the different opacity in usage

¢ As a result of a negligible turbulent flux in overshoot region, the temperature gradient

is very close to the radiative temperature gradient instead of the adiabatic one.

e The mass of the convective core is almost constant during the H-burning phase, but

the overshoot region shrinks.

Many of the above results recover wilat already found with the overshoot model by Bressan
et al. (1981) based on the MLT (see the recent review by Chiosi et al. 1991). To check the
point I calculated models of massive stars using the PADOVA code and overshoot scheme. I
recovered the results by Xiong (1986) adopting a large overshoot efficiency (A=2.5-1.5, where
A is the overshoot parameter of Bressan et al. (1981). This is shown by the evolutionary
sequences for a 15Mg star with different A

calculated for this purpose. As we can see from (Figure 3.2), the effective temperature in

the hydrogen burning phase gets lower at increasing A. All the tracks run at higher luminosity
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than the classical models. Concerning the positions of the ZAMS, we find some difference
between Xiong’s models and ours which is mainly due to the opacity. The opacity of our
models is from Huebner et al. (1977) however modified to suitably enhance the opacity of
the CNO ionization region (see Bertelli et al. 1984). Therefore, if we correct for the opacity
and shift Xiong’s track to the one with A = 2.5, we find a good fit. Table 1 gives log(L/Lg),
logT, sy, the central composition, pressure and temperature, and the core mass of our models
together with those by Xiong. Note that while the mass of the convective core in Xiong’s
models is defined approximately by the Schwarzschild criterion, the mixing region is larger
than the value listed there. To conclude, it is clear that the main features of the Xiong models
correspond to those of models calculated with the MLT and large overshoot.

However there are several systematic differences with respect to models from the MLT

implying a different internal structure.

3.3.2 Difficulties with the Intermediate and Low Mass Stars

I have tried to apply the Xiong theory and numerical code to intermediate mass stars, namely
stars more massive than 2 My and with homogeneous chemical composition. As already
pointed out by Maeder (1975), Bressan et al (1981) and Xiong (1985), models on the ZAMS
are only marginally affected by overshoot. In the Xiong scheme, this is caused by the negligible
energy transport by convection in the overshoot region. However, the size of the overshoot
region is larger than what found by other authors (Meader 1990, Bressan 1990), Fig. 3.3.
This is mainly due to the choice made by Xiong for the convective parameters ¢; = ¢ =1 /2,
which roughly corresponds to using 2H,, in the Bressan et al. (1981) formalism. However,
we warn the reader that such extended overshoot regions lead to models whose properties
disagree with the observations (see Chiosi et al. 1992 for a thorough discussion of this topic)
The application of the Xiong model for overshoot to evolutionary stages beyond the ZAMS
is very difficult. Specifically, in evolved models the fluctuations of chemical abundances (here,

the hydrogen content) are required, so that 17 equations (instead of 10 for homogeneous
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Figure 3.3: The ratios of the mass in overshooting region to the core mass (determined by
Schwarzschild criterion). The solid line is from Bressan (1990), the dots are our results with Xiong’s

code
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case) must be solved. As pointed out by Xiong (1986), these equations are of stiff-type,
and the problem of spatial oscillations is met in the convective region. As a matter of facts,
pressure and density in intermediate mass stars are larger than in the high mass ones, so
that occurrence of the spatial oscillations renders difficult the convergency of the models to
a solution. Very small time steps, which means small adjustments in chemical abundance
and other quantities, are required to achieve a stable solution. Since the times steps get very
small, the the numerical calculations become exceedingly time consuming.

In addition to this, there is another difficulty in Xiong"s scheme, i.e. the increasing number
of equations as more chemical elements are involved. If one more chemical element is included,
four variables and four equations must be added, namely the cross-correlation functions with
temperature, velocity and the other chemicals, and the auto-correlation functions. All this
implies an enormous computational effort that is not paid by the final results, which look

similar to those obtained from much simpler theories.

Furthermore, as the dependence on the pressure scale height used to determine the bound-
ary of convective region, like in other overshoot models, the Xiong treatment suffers from
the same problems met by other authors, i.e. the unbound growth of the core in low mass
stars. Specifically, in the range of low mass stars (about 1.2Mg), the core grows because the
pressure scale height becomes large. This trend continues and tend to diverge. This is shown
in Fig. 3.3, where the results from the Xiong method are illustrated. The overshoot region is
very large (large core mass), whereas the ratio of the mass in the overshoot region to that in
the Schwarzschild varies, with the stellar mass in the same way as in other simple methods.

To be used in stellar model calculations, ways out must be found to cope with the above
difficulties. The key point are the chemical equations. One possible way out is to treat
mixing of chemical abundances and all other processes involving the chemical abundances in
a diffusion-like scheme, and and treat the structure and dynamic properties of turbulence in
a separate manner. Although Xiong himself has argued against this possibility (Xiong 1986),

in light of the problems mentioned above, I think it is worth looking back to diffusion. This
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Figure 3.4: The hydrogen profiles in the model of the 603 star at various times at indicated. The
dashed curve and the dotted curve demonstrate the location of the convective core and the nuclear
energy generation rate e = 1000erg/cm s, respectively. Reproduced from Xiong (1986). The region
to the right of the dashed line is the overshoot region where the profiles of hydrogen are clear.
may not be so ad hoc as it may seem to be. In this context it is worth noticing that also in
Xiong models, the composition profile of the overshoot region

smoothly varies across the structure (see Fig. 3.4). Although the Xiong treatment of the

chemical composition is not a diffusive one, a diffusive-like profile results by suitably choosing

the parameters of his model. All this will be discussed in a great detail in chapter 4.

3.4' Semiconvective Mixing

Semiconvective instability was first introduced by Schwarzschild (1958) studying the evolution
of massive stars. The existence of semiconvection is due to the fact that radiation pressure
and electron scattering dominate pressure and opacity respectively in massive stars. As a
consequence of the high radiation pressure, the convective core tends to grow at increasing
star mass and to expand as the star evolves, causing a chemical discontinuity to occur at
the border of the core. Such a discontinuity would be less of a problem if the opacity
were dominated by Kramers bound-free terms, but with dominant electron scattering, it
soon becomes evident that radiative equilibrium outside the external border of the formal

convective core cannot be maintained. The stability is restored if suitable mixing in that
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region is allowed to occur. Theoretical models picture this region as undergoing sufficient
mixing until the condition of neutrality is reached, but carrying very little energy flux. This
type of mixing is conventionally called semiconvection (Chiosi & Summa 1970, Demarque &
Mengel 1972). The neutrality condition is in turn affected by the presence of a gradient in

molecular weight. Indeed, while for a homogeneous medium the neutrality condition is
V, = Vaa (Schwarzschild criterion), (3.23)

in the presence of a molecular weight gradient it becomes

4—ﬂ3ﬂ% (Ledouz criterion). (3.24)

Vr = Vad+

Theoretical models taking into account different conditions lead to different evolutionary sce-
narios. The Schwarzschild criterion tends to give smooth chemical profiles and some times
leads to the onset of a fully intermediate convective layer. The Ledoux criterion is stronger
than the Schwarzschild condition and tends to suppress the convective (semiconvective) in-
stability.

The results from using the two conditions have been thoroughly described in Chiosi &
Summa (1970), to whom the reader should refer.

There is another type of semiconvective instability that occurs during the core He-burning
phase of stars of any mass. As He-burning proceeds in the convective core, the C-rich mix-
ture inside the core becomes more opaque than the material outside; therefore the radiative
temperature gradient increases within the core as the evolution proceeds. The resulting
superadiabaticity at the edge of the core leads to a progressive increase (so called local con-
vective overshoot) in the size of the convective core during the early phase of He-bmnjng
(Schwarzschild 1970, Paczynski 1971, Castellani et al. 1971a,b). Once the convective core
exceeds a certain size, local overshoot is no longer able to restore the neutrality condition
at the boundary. The core splits into an inner convective core and a outer convective shell.

Engulfing a certain amount of helium, the shell becomes stable and leaves behind a region
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of varying composition in which V, = V,4. This precess of mixing is named helium semi-
convection, which is found to be important for low and intermediate masses up to, say 5Mg,
and negligible or missing at all for higher masses. Various algorithms have been devised to
treat this kind of mixing (Castellani et al. 1971b, Demarque & Mengel 1972, Sweigart &
Demarque 1972, Gingold 1976, Robertson & Faulkner 1972, Sweigart & Gross 1976, 1978,
Castellani et al. 1985, Lattanzio 1986, 1987b, 1991, Fagotto 1990). This mixing is connected
with another process taking place the end of the He-burning phase when Y, < 0.1. It is
otherwise named “Breathing Pulses of convection” (Castellani 1985). This type of convective
instability alters the C-O core left over at the end of He-burning phase and the lifetime of the
early asymptotic giant brunch (AGE) phase. The number ratio of AGB to horizontal branch
(HB) stars suggest that the breathing pulses do not occur and that they are are an artifact

of the particular algorithm in use (Renzini & Fusi-Pecci 1988, Chiosi 1986).

Semiconvective mixing can be also described by means of a diffusion process (Sreenivasan
& Wilson 1977, Eggleton 1971, Cloutman & Whitaker 1980, Cloutman & Eoll 1976, Baglin
et al. 1985) Indeed, the time-dependent mixing of diffusion generates a sort of smooth profile
in the semiconvective region which mimics mixing imposed by the neutrality condition. The
mixing efficiency is controlled by the diffusion coefficient which is usually taken as a parameter

(see our discussion in Chapter 5 ) A clear advantage diffusion model of semiconvection resides

in the fact that the time dependence of the mixing is automatically taken into account.

Including the effects of thermal dissipation in the analysis of the neutrality condition,
Kato (1966) showed that the Schwarzschild criterion ought to be preferred to the Ledoux
criterion in regions of varying molecular weight. However Langer (1983,1985) pointed out
that this assumption was correct only for characteristic evolutionary times longer than the
dissipation time scale and that the Ledoux criterion is recovered in the opposite case. Making

use of a diffusive scheme, he adopted a fully convective diffusion coefficient when V > V,

Dr = -, (3.25)
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and a value suitable to semiconvective transport (with an efficiency parameter a) when

Vs < V<Vyp,

aK, V—-Vs
Dy = ~— 15 3.26
L= %C,pVL -V | (3-26)

In this way, diffusion can account for the time dependence of the mixing process in differ-
~ent evolutionary phases. Furthermore, Langer (1983,1985) found that, for particular values
| of the efficiency parameter o, the Ledoux criterion was recovered inside the intermediate

semiconvective regions which develop in massive stars after the central H-burning phase.

Finally, if semiconvective instability happens to occur in the region that could be in-
“terested by overshoot region, its mixing can be modelled by suitably choosing the diffusion

coefficient. This point has originally been suggested by Caloi & Mazzitelli (1990), in the case

of semiconvection for the core He-burning phase.
3.5 Global turbulent diffusion

The concept of turbulent diffusion was first introduced in stellar models by Schatzman (1977)
to study the problem of the lithium abundance for the solar type stars. Solar type stars have
a rather shallow convective envelope, which does not reach the layer where the lithium is
burned, nevertheless fhey show continuous depletion of surface lithium with the age. This
suggests that the material at the bottom of the convective envelope is transported in regions
of higher temperature where lithium burning can occur. To this aim, Schatzman suggested
the so-called mild turbulent mixing procéss, inducing slow mixing. The suggestion stands
on the idea that mild turbulence exists throughout the star, which slowly carries material
from the surface down to the regions where lithium is burned. The diffusion is regulated by
the critical Reynolds number at which mild turbulence is supposed to develop. The diffusion
coefficient is D = %VRG.

Numerical models yield very promising results. WE like to point out that turbulent

diffusion could also develop in massive and it could be the unknown mixing mechanism

invoked by Bohannan & Fitzpatrick (1992) to account for the surface abundance anomalies
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observed of several blue supergiants. These stars are found to be Helium and Nitrogen
enriched as if they are exposing CNO processed material at the surface.
This possibility of turbulent diffusion in massive stars (thereinafter the global mizing) will

be examined in Chapter 8.



4 Problem in the Interpretation of
the HRD of Massive Stars

In recent years, the evolution of massive star has received much attention thanks to the
flourishing of observational data for supergiant stars in the Milky Wéy and nearby galaxies,
the discovery of high rates of mass loss, and the exceptional event of the the explosion of the
supernova 19878A in the Large Magellanic Cloud (LMC) and the problem raised by its blue
progenitor. These observations put very strong constraints on current theoretical models for

massive stars. the theoretical models that have been proposed so far.
4.1 The HRD of supergiant stars

The most recent HRDs of the massive stars in the solar vicinity and in the LMC have been
published by Blaha & Humphreys (1989) and Fitzpatrick & Garmany (1990), respectively.
Figure 4.1 shows the HRD of all known luminous (massive) stars in clusters and associations
within 3 Kpc of the sun together with the schematic position of the WR. stars from Schmutz
et al. (1989). Figure 4.2 gives the HRD for the supergiant stars of the LMC. Although
these samples are based on different selection criteria (the spectral types for the galactic
supergiants and the two colour photometry for the LMC supergiant.;,), and suffer from a
certain degree of incompleteness difficult to assess, in particular among the earliest and the
latest spectral types, the above HRDs show common features that can be used to constrain
theoretical models.

In particular, we notice the following features deserving a careful examination:k (1) The

Upper Luminosity Boundary, (2) The Absence of the Blue Hertzsprung Gap, (3) The Ledge

33
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ASSOCIATION

Figure 4.1: the HRD for luminous stars within 3 Kpc of the Sun. The tracks are from Maeder &
Meynet (1987), a total number of 2002 stars are included. Reproduced from Blaha & Humphreys
(1989)

of Blue Stars, (4) The Population of Red Supergiants, (5) The red Hertzsprung Gap, (6) The

Deficiency of Main Sequence Stars. All they will discussed in detail below.
4.1.1 The Upper Luminosity Boundary

In both of the HRDs, the most luminous blue stars are about a factor of six brighter than
the most luminous red stars, as first pointed out by Humphreys & Davidson (1979). The
most luminous hot stars reveal an upper envelope of declining luminosity with decreasing
temperature, whereas stars stars cooler than about 8000-10,000 K, show a limit at a roughly
constant luminosity of M, ~ -9.5. Humphreys & Davidson (1979) and Chiosi et al. (1978)
first drew the attention to the physical significance of this empirical boundary and the lack
of cool, evolved massive stars at highest luminosity. Since massive stars evolve from the
main sequence towards cooler effective temperature at roughly constant luminosity (Chiosi &

Maeder 1986), the observed absence of stars to the right of the boundary may mean that either
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stellar evolution proceeds so fast that the probability of observing star with M> 50Mg is
very low, or that the most luminous blue stars never become red supergiants but evolve
directly to WR stages (bright stars located near the main sequence, with anomalous spectra,

and the highest rates of mass loss).

Humphreys & Davidson (1979) suggested that this boundary is caused by a kind of
instabi]it):s;elated to mass loss, which encountered by the most massive stars as they evolve
away from the main sequence. As a matter of fact, the highest mass loss rates are observed
along the boundary (de Jager et al. 1988). The boundary itself is marked by the presence
of some very luminous unstable stars, known as Luminous Blue Variables (BLV). The LBVs
which mark the luminosity boundary are evolved, very luminous, hot and unstable stars
which suffer irregular ejection of mass. Typical members of this group are 5 Car, P Cyg,
and S Dor. These objects are characterized by: 1. An outburst or ejection phase at visual
maximum with an enhanced mass outflow of 10~ to 10=°Mg /yr, a slowly expanding (100-
200 km/sec), cool (8000-9000) and dense (N ~ 10'lcm™3) envelope or false photosphere;
2. At visual minimum or quiescent stage the star resembles a high temperature supergiant
(= 25,000 K) with emission lines of hydrogen, helium and permitted and forbidden life of
Fe IT and with lower mass loss rate; 3. During these variations in visual light, the bolometric
luminosity remains the constant. The visual variations are caused by the shift in the stars’
energy distribution; 4. Many of LBVs are surrounded by structures (observable in the visual
and IR) including circumstellar nebulae, visible ring an shells; 5. The ejecta and atmospheres
of the LBVs are hydrogen and helium rich showing that the LBVs are evolved, post-hydrogen

stars.

The physical cause of the boundary is usually identified with the balance between the
acceleration due to gravity and Eddington gradient of radiation pressure. However to explain
the temperature dependence of the boundary for the hot stars, other effects must be con-
sidered. The work of several investigators (Humphreys & Davidson 1984, Appenzeller 1986,

Lamers 1986, Lamers & Fitzpatrick 1988, Davidson 1987, de Jager 1984, Boer et al. 1988,
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Figure 4.2: the HRD for luminous stars in the LMC. The tracks are from Maeder & Meynet (1988),
The ledge is shown by the solid diagonal line. The dotted and dashed lines are the luminosity
boundaries from Garmany et al. (1987) and Humphreys (1987). the shaded area is the population of
red supergiants. Reproduced from Fitzpatrick & Garmany (1990).

Piters et al. 1988; de Koter et al. 1988, Carpay 1989) have shown that the boundary (stabil-
ity limit) is the consequence of radiation pressure for the hot stars, and turbulent pressure

gradient in the atmospheres for cool stars.
4.1.2 The Blue Hertzsprung Gap

The problem of the blue Hertzsprung gap comes from the comparison of the observed HRDs
of the supergiants with the theoretical tracks, and refers to the region just to the right of the
main sequence band. In this region, due to the very short evolutionary time scale (Kelvin—
Helmholtz) there should be very few stars, whereas a large number of stars is observed.

The nature of these star is a matter of debate. The same area of the HRD, especially the
upper left corner of the HRDs above, can be populated by stars from different evolutionary

stages according to current understanding. A large fraction of the bright OB type stars can
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be more evolved than the position of these objects in HRD may imply. This is substantiated
by the observations of CNO processed an helium rich material'at the surface of some of these
stars. In fact, the group of OBN/OBC stars (Walborn 1988) and th? helium rich objects near
the main sequence (Kudritzki et al. 1983, 1989; Bohannan et al. 1986) are considered typical
examples of stars, in addition to6 WR. stars, whose interpretation is based on the exhibition

at the surface of CNO and 3a processed material.

Spectral observational data for several B-type supergiants, like the stars in the blue
Hertzsprung gap of the LMC-HRD (Fitzpatrick & Bohannan 1992), shows that the vast
majority of LMC B-type supergiants has their surfaces contaminated by material from their
original hydrogen-burning cores. The very high rate of contaminated (80%) objects cannot
be attributed to peculiarities or anomalies affecting a few stars. Four possibilities were
proposed by Fitzpatrick & Bohannan, namely: (1) accretion by blue supergiant secondaries
of processed matter from initially more massive and more evolved companions; (2) stripping
of the original H-rich envelope by mass loss; (3) rotationally induced mixing during the main

sequence phase; and (4) convective mixing during the previous red supergiant phase.

VThe first possibility is excluded by the high rate of 80%; The second one would imply
that, since the initial mass of the stars in the sample is about 20 My, the mass loss rates are
roughly one order of magnitude greater than currently assumed. Indeed, the observations by
Feast (1992) of the RSG variables, in the LMC, show on average mass loss rate about one
order of magnitude higher than that derived by the empirical formulation of de Jager et al.
(1988), thus making plausible this possibility. The third suggestion is advanced by Meader
(1987). Specifically, below some critical rotational velocities the evolution is normal and the
stars evolve toward the red regions of HRD, with some changes in the surface abundances
when rotation is close enough to the critical value. The last possibility seems the most
promising, as stellar models with the required type of evolution, namely blue-red-blue, have
been proposed long ago (see for instance case A of Chiosi & Summa 1970). Models of case

A can undergo surface enrichment in agreement with the observations. caused by the deep
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convective mixing in the red phase (Langer 1989, Bressan et al. 1993, Fagotto et al. 1993).
The crucial point with this scheme is the extension of the blue loop. More precisely, models
with the desired abundaces at the surface tend to possess rather short blue loops thus failing
to account for the position in the HRD of the type of stars on consideration. When the blue

loops develop, the surface abundances are not in the right pattern.
4.1.3 The Blue Ledge

The density of stars in the HRD of the LMC supergiants (see Figure 4.2) shows a distinct
decrease redwards of 3.9 < log Tess < 4.2, with the density drop-off following a diagonal line,
otherwise called the “ledge” that goes to lower luminosities at decreasing T.¢y. Similar ledge
is marginally visible in the HRD of galactic supergiants ( Figure 4.1) but somehow washed
out by the uncertainties in éhe distance and hence the absolute magnitudes of galactic stars.
The plausible explanation of the ledge is that stars of initial mass up to about 40-50Mgeither
perform an extended blue loop in the HRD during helium burning phase (Chiosi & Summa
1970, Langer 1990, Bressan et al. 1993), or slowly move redwards in the HRD (Brunish &
Truran 1982a,b). However, it is not yet possible to discriminate the real evolutionary scheme

without additional information such as data on surface abundances.
4.1.4 The Population of Red Supergiants

The population of red supergiants is distinctly separated from all remaining stars in the HRDs.
The maximum luminosity attended by the stars in this gfoup in about My, = —9.5. There
are a few differences between the Galactic and LMC M-type supergiants that can be ascribed
to different chemical compositions. The ratio of red to blue supergiants in the luminosity
range —9.5 < My < —6.5 is about 1:10 (Humphreys & McElroy 1984). Since the generally
accepted idea is that the vast majority of red supergiants are genetically connected with the
massive blue stars, rather than AGB stars coming from the lower range of mass (Brunish et
al. 1986), the obvious implications is that in the above luminosity range the evolutionary

models must account for the existence of blue and red supergiants at the same time. How
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this can be achieved is not very clear. The most popular view is that red superéiants are
in some early stages of core He-burning, therefore following the scenario of case A, even if
the alternative of late stage of the same phase as in Case B cannot be excluded. From the
data on surface abundances the former is more likely, because the deep mixing during the red
phase may explain the existence of the processed matter at the surface. There are however
several points of uncertainty: first current models with loop do not extend it enough, second

the efficiency of mixing during the red supergiant stages is not fully understood.
4.1.5 The Red Hertzsprung Gap

Very few stars occupy the region just to the blue side of the M-supergiants, or in other wards
the so-called red gap. This is clearly shown by the HRDs of Figure 4.2 and Figure 4.1. The
interpretation of this gap does not give rise to particular difficulties as almost all evolutionary
models, no matter whether they evolve during the core He-burning phase according to Case A

or the Case B scheme, are known to cross this region on a very short time scale.
4.1.6 The Deficiency of Main Sequence Stars

The inspection of Figure 4.2 reveals a deficiency of stars with M > 40 Mgnear the theoretical
ZAMS. This was first noticed by Garmany et al. (1982) using a different sample of stars. The
comparison with theoretical isochrones indicates that the youngest known H-burning O-type
stars have already an age of about 1 —2X 10° years so that about 20% of thee core H-burning
life time is not observed. This agrees with the empirical estimate by Wood & Churchwell
(1989) that about 10-20% of all O stars in the solar vicinity are embedded in molecular
clouds, and therefore only indirectly detectable by their interaction with the surrounding
medium. Only about 108 yeéars after the start of central H-burning, the star becomes visible.
Since the fraction of 10—20% is comparable to or even larger than the total fraction of stars in
post main sequence stages, this point together with that of the photometric incompleteness
of the data sets are crucial when comparing the theoretical predictions with the observed star

frequencies.
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4.2 The Peculiar Class of Wolf-Rayet Stars

Massive stars lose a large fraction of their mass by stellar wind. Mass loss gets more and
more important as the initial mass increases, and finally dominates the whole str.ﬁcture and
evolution of a massive star (Chiosi & Maeder 1986). Starting from certain initial mass, the
strong stellar wind may strip off all the envelope, and gradually expose the proces;sed material,
otherwise buried in the deep interiors in absence of mass loss. This has a direct observational

counterpart, namely the group of Wolf-Rayet stars (WR).

The WR stars are commonly understood as central He-burning objects that have lost
the main part of their hydrogen-rich envelope, and in consequence show products of different
burning stages. The surface composition is used to assign the evolutionary stage of these

objects and to classify these stars.

The situation is as follows. For initial masses higher than 60Mg, the winds are strong
enough to remove all stellar outer layers, leaving almost a bare He core during the core
H-burning phase. This prevents further evolution towards the red supergiant stage, and
therefore the stars always remain at the blue side of the HRD. They are located in a region of
50 called Luminous Blue Variables (LBV). Such an identification is confirmed by spectroscopic
obser‘vations (Conti et al. 1983, Smith & Willis 1982, Hamann et al. 1993). As a result of
the very high mass loss rates (107>Mg/yr or more), remaining part of of the envelope is
ejected and the star evolves directly as a bare core, becoming a good candidate to the WR

phenomenon

On the contrary, for initial masses between 256Mg, and 60Mg , because the mass loss is
not strong enough to peel off the outer layers, the stars move rapidly to the red side of the
HRD and spend part of their He-burning life time as red supergiants. The evolution toward
the red is facilitated by the absence or very small size of the intermediate convective zone

above the H-burning shell.

The red supergiant phase of these stars is expected to be longer than in the case of
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constant mass models. Because the strong winds in this stage progressively remove the outer
envelope, the outward shiféing of the H-burning shell increases size of the He-core, and the
fractionary mass of the core gets larger and larger, these models will evolve toward the blue
areas of the HRD (Chiosi et al. 1978, Maeder 1981a,b). The occurrence of the blue loop
depends on weather or not the wind is strong enough to remove the envelope within the
lifetime of core He-burning. The lower mass limit for this to happen is estimated about

40Mg (Chiosi & Maeder 1986).

WR, stars, whose spectra are dominated by strong emission lines, are generally grouped
“into 3 sequences according to their spectra: WN, WC and WO.‘Thg égéctra of the WN stars
exhibit transition lines of He and N ions with little evidence of C; those of the WC stars
predominantly show lines of He and C with little evidence of N; finally the spectra of rarer
WO stars are dominated by lines of O. In general, WN stars show little or no evidence of
hydrogen, and no hydrogen is seen in the other two sequences: WC & WO stars. However,
WN stars are commonly separated into two further groups according to whether or not
they show evidence of some significant H. Broadly speaking, separation corresponds to that

between early (WNE-little or no H) and late (WNL-some significant H) WN stars.

The formation of the WR stars are generally understood as result of the evolution of
massive stars under the effect of mass loss, and the various groups are associated to different
stages of evolution and different type of processed material being exposed at the surface: WN
stars should exhibit CNO processed material, while WC and WO should exhibit He-burning
products. Depending on the mass loss rate and initial mass of the star (and hence size of the'
core), CNO material can be exposed either in late stages of core H-burning or during the core
He-burning. In this context the formation of WC and WO stars is always associated to some
advanced stage of central He-burning, and high rates of mass loss. The lower mass limit for
the WR. phenomenon to develop is estimated at about 20-30Mg. (Chiosi 1982, Bertelli et al.

1984, Chiosi & Maeder 1986).
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4.3 The Progenitor of the SN1987A in LMC

The blue progenitor of the SN1987A in LMC has spurred many questions about the evolution
of massive stars. In particular it has called the attention on the various physical causes
that may determine the final explosion of a massive star as a blue supergiant. The various

possibilities have been presented by Meader (1992):

¢ Constant Mass Models with low Z: These models (cf. Hillebrandt et al. (1987) may
terminate their evolution as blue supergiants, but they cannot produce red supergiants

and N/C-enhanced abundances at the surface, in contradiction with the observation.

¢ Models with low Z and Mass Loss: these models may terminate their life in the
blue as a result of mass loss (¢f. Wood & Faulkner 1987, Maeder 1987) only if the
envelope mass is smaller than 1Mg, which is not supported by the interpretation of the

light curve of SN1987A itself.

e Constant Mass Models with the Ledoux Criterion: Constant mass models with
this condition for intermediate convective shell have been proposed by Woosley (1988).
However, when a moderate amount of mass loss is taken into account, these models
’get the blue supergiant configuration too early in their life, i.e. during the core He-
burning phase. This does not agree with the observational evidence that the precursor

of SN1987A was a red supergiant a few thousand years before the explosion.

e Models with late Mixing: The possibility of extra mixing of the external layers
of a red supergiant at the end of the He-burning phase has been investigated by Saio
et al. (1988). Although the physical cause of the mixing is not clear there is the
remote possibility that the external and intermediate convective zone get very close
each other, so that a small efficiency of overshoot could cause the merge of the two
regions, If this occurs, the resulting mixing would simultaneously produce He- and

N/C-enhancement at the surface and the desired blue supergiant configuration In this



4.3. The Progenitor of the SN1987A in LMC 43

context, the evolution during the core H- and He-burning phases occurs normally, and

the extra mixing intervenes only during the very late stages.

e Models with semiconvection: Semiconvection produces mild mixing in zones with a
p gradient. Models including this effect have been proposed by Langer (1991) and Ar-
nett (1991). These models are able to explain the blue progenitor. The physical cause
responsible for the blue final location has been described by (Langer 1991). Semicon-
vective mixing reduces the He-content in the He-shell, which is therefore less efficient.
Thus at the time of CO core contraction, i.e. at the end of He-burning, the He-burning
produces only a weak expansion of the layers between the He- and H-burning shells.
Thus the H-burning shell does not extinguish, and according to the "mirror principle”
(see Chiosi & Maeder 1986 for details) induces a a strong contraction of the exter-
nal envelope. The blue progenitor can form. However, these models require very fine
tuning of the various physical parameters of model structure (initial composition, opac-
ities, nuclear reactions, etc....) in addition to those driving mixing so that the general

applicability of these models is weakened.

In general, the most successful models of the progenitor of SN1987A are those with
semiconvection (eg. Langer 1989). However, since these models should also account for the
overall properties of supergiant stars and not be specific to the supernova event the application

to the whole family of supergiants is hampered by their limited validity.



5 A New Model for Diffusive Mix-

ing by Convection

In almost all stellar model calculations, mixing of chemical elements inside the convective
zones is assumed to be instantaneous, i.e. on much shorter time scales compared with any
other time scale in which the chemical abundances can change (eg. nuclear reactions). The
velocities predicted by the MLT are high enough to secure ‘a time scale for mixing much
shorter than that of the nuclear burning, so that homogenization of the convective region is

achieved.

However, the MLT does not specify the detailed structure structure of the velocity field,
but consider only the mean properties convective elements, i.e. the large scale motions. It
goes without saying that fine mixing cannot be the result of considering only large scales.

Specifically, contrary to what happens with other physical quantities the homogenization of

chemical elements requires motions all over the possible scales down to very small eddies.

This requires a good theory of convection which unfortunately is not yet available. In
fluid mechanics, the mixing process is viewed as a sort of stretching of the material in the
turbulent field (see Ottino 1990). What we learn from laboratory experiments is that the
speed of mixing is not high enough to wipe out inhomogeneities over large periods of the
large scale motions. Actually, fine mixing can be reached only asymptotically, which means
that mixing is rather slow, at least much slower than the turnover time scale of the largest
element of fluid. If the mixing of chemical elements in a convective zones is directly related

to the motions on the smallest scales, the smaller velocity and length scale of motion the
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slowest the speed of mixing

There is another phenomenon to be considered, namely intermittence. This has been
observed in laboratory experiments and meterological studies, and also found in numerical
simulations. Intermittence tends to slow down the mixing process for small scales.

The plan of this section is first demonstrate that MLT cannot give the desired type of mix-
ing, second to formulate the problem of the mixing time scale by means of a phenomenological

description of of turbulence.
5.0.1 What Does MLT Tell Us About Mixing ?

The basi:“assumptions of the MLT, namely the mixing length scale, the average eddy dimen-
sions, and the mean free path over which elements keep their identity, lead to incopsistent
results as far as mixing is concerned. The motion of the largest elements of fluid does not
generate mixing. Rather this has to be assumed to suddenly occur at the end of an eddy
lifetime. This can be easily proved by the following arguments.

The time required by a convective element to travel the largest distance scale, i.e. the
core radius, is

T=LJv (5.1)

where v is the mean velocity predicted by MLT for an eddy of dimension L. This time scale
is also a measure of the rate at which mixing can occur if pictured as a diffusion process with
the coefficient

D= %—vL, (5.2)

(see eg. Malagoli et al, 1990). However this is exactly the lifetime of an eddy given by the.
MLT, during which there should be no mixing at all. Instantaneous mixing is likely not to
exist.

Let us now examine what kind of mixing can be genérated by the eddies with the largest
dimensions. The large dimensions of the bubbles also mean that only few of them can be

present at the same time. Should all the bubbles keep their identity, very little mixing would
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result. Furthermore, if the hypothesis of final sudden mixing is dropped, in order to keep the
convective region active and conserve the net flux of mass at each layer equal to zero, the
matter contained in the ascending flow has to return back to the original position maintaining
unchanged the composition as any other times scale for mixing should be equal to or longer
than the motion and thermal diffusion time scales. In such a case a sort of circulation at
constant chemistry would result.

However, the above arguments do not mean that convective motions at large scales cannot
homogenize the central regions. In fact, even with a low mixing rate, the largest scale
motion in the nuclear burning region may keep the region homogeneous, because the nuclear
burning time scale is much longer than the crossing time of a convective element, and all
the material contained within one mean free path from the center has the same probability
of entering the central regions where nuclear burning is vigorous. No matter how slow the
actual mixing process is at the small scales, the convective motions at the scale of the one

free path homogenize this region. The mixing speed is given by equation (5.1)
5.0.2 A Phenomenological Picture of the Velocity Field

By velocity field we mean the velocity distribution as function of the scales. Since we are re
not dealing with the convective energy transport, we adopt the the formulation by Bressan et
al. (1981) which makes use of the MLT and can also describe velocity of the largest elements
of fluid in the overshoot region.

The high Reynold number of stellar convection shows that the convective regions inside
the stars are turbulent. All the spatial scales are present from the largest ones (which are of
the order of the dimension of the field) down to tiny bubbles (which may have the dimension

of molecules).
5.0.3 Intermittence of the Turbulence

Intermittence has been observed in the laboratory turbulence (see Fernando 1990, and refer-

ences therein), and in astrophysics it has been applied to study turbulent convective motions
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Figure 5.1: A schematic plot of the intermittent turbulent field. The off-springs of any given generation
can be embedded in their parental eddy, which is not shown for the sake clarity

by Malagoli et al. (1990). In short, when we look at the small structures in a turbulent
field, the eddies are seen to acquire smaller spatial fractions as their dimension decreases
as sketched in Figure 5.1; a 3D simulation of convection showing this phenomenon can be
found in Malagoli et al. (1990). Small fraction means that in order the turbulent motion
be able to cover all the field, the eddies requires much longer times (many more periods)
to statistically fill the available space. This incomplete space filling affects the transfer of
momentum in the turbulent field, and in turn the transport of chemical elements, because
mixing is preferentially produced by the small scales. The main effect would be a slower
speed of mixing.

There are many ways in which intermittence can be taken into account. In this study, we
prefer to adopt the simple description based on a dimensional analysis by Fisch (1977), i.e.
the so-called -model which provides useful expressions for both the kinetic energy transfer

and intermittence.
5.0.4 Effects of a Steep Gradient in Molecular Weight

To complete our discussion of convective mixing we need to consider the distortion of the
velocity field caused by a gradient in molecular weight. This situation could happen inside
real stars either at the border of a growing convective core or at the base of a penetrating

envelope. In massive stars (M > Mg) and low mass stars (1.1 Mg< M < 1.6 Mg) during the
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central H-burning phase, and in all stars during the central He-burning phase the convective
core tend to increase giving rise to a barrier of molecular weight. The second alternative
may be present when the star approaches the Hayashi limit and a depth convectiYg envelope
develops. There are many speculations a};out how this barrier of molecular weight could
affect the efficiency of mixing (see Renzini 1977). It turns out that it could even stop the
convective motions if we limit the analysis to those along the direction of the strong restoring
force. However, if we consider that in a real situation elements may undergo stretching or
deformation (Ottino 1990), motions in other directions may be produced when the convective
elements meet the barrier. It will be shown that the barrier of the one dimensional case can
be source of other instabilities, the effect of which may disrupt the boundary and therefore
provide some extra mixing.

First of all, we need to discuss whether or not penetration (mixing) through a molecular
gradient is possible. To estimate the overshoot distance, one usually takes a test element
with the average properties given by the MLT (e.g. Renzini 1977) and seeks the point were
the restoring force overwhelms inertia. Therefore, the penetration distance of a cylindrical

element is
4% = _._)‘_f’_OL_
gl —pe/pt)

where ) is the mixing length, g is the local gravity, #° and p’ are the mean molecular weight

(5.3)

¥

for matter outside and inside of the discontinuity respectively.

The penetration distance is ~ 3 orders of magnitude smaller than A, so that overshoot
through the molecular barrier is virtually zero.

However as the element is not a rigid body, it is hard to conceive that it would immediately
stop. Similarly, it is difficult to accept the that an element moving with the large speed of the
bulk motion, keeps its shape when it matches the barrier. WE can picture the real situation
imagining that the element will change shape and move toward another direction. Since the
total mass of the element must be conserved, the only possible motion is along the tangential

direction, along which no buoyancy force, and negligible viscous force are experienced. If the
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tangential motion turns out to be turbulent, mixing along this direction would be easier than
along the vertical direction (e.g. Zahn 1991, Charbonnel & Vauclair 1989).

The tangential velocity can be estimated using the mass conservation condition. Writing

1 l
ZWIZUO R~ 27r(§)dpvt (5.4)
we get the tangential velocity v,
11
Vg ~ Zd_pvu (55)

where vy and ! are the velocity and dimension of the element, respectively. It is clear from
this equation that larger v; is to be expected for larger values of [ and vy, and for smaller d,,.
To derive the above estimate, we have assumed the density to be constant. It follows that in
presence of a discontinuity in molecular weight, the tangential velocity is greatly amplified
(e.g. Renzini 1977).

Because the matter above the transition level is basically at rest, the té,ngential motion
will surely create shears at the interface. The question arises whether these shears are strong
enough to trigger an instability. To this aim we consider the Richardson number for a
stratified fluid (Chandrasehkar 1958 Chap.103), in our case that of the gradient in molecular

weight (Zahn 1983),

g dlnp/dln P

T = o (duyjda)?

(5.6)

The Richardson condition says that the interface is stable if J. > % everywhere. Rewriting

equation 5.6 in our formalism we obtain,

(5.7)

With the aid of typical estimates of the various quantities at the border of the convective
core of a He-burning star, namely g ~ 7 X 108, vy ~ 5 x 103, W~ 1.36, u® ~ 1.33, we have
J, ~ 3.14 1073, which is smaller than the critical value by 2 orders of magnitude! Therefore

the region is highly unstable
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It is worth noticing that even the border of a growing convective core fixed by MLT
theory, this condition is always violated. For instance, for a main sequence model of a 20M;
star J, ~ 7 x 1072, while during the He-burning phase J, ~ 5 x 1072

Owing to the crudeness of our analysis and the complications introduced by the continuous
shooting of many elements against the barrier, we cannot go further than this.Nevertheless,

the above considerations suggest that the shear instability sets in very easily.

5.0.5 Remarks on the Basic Assumptions for our Diffusion Scheme

Diffusion plays an important role in our understanding of convective mixing. As already
3 discussed, when the mixing rate is faster than a threshold value, there is no chemical profile
in the convective region and fully mixing scheme will be used. On the contrary, if the mixing
rate is small, there will be no transport of chemical elements by turbulence.

Our formulation of the diffusion phenomenon will stand on the following general consid-

erations;

o Turbulence can propagate through the interface between the convective zone and the
stable region independently of the presence of a discontinuous or smooth chemical
profile at this interface. We have seen in the previous crude analysis that the stronger
‘the molecular barrier, the thinner the interface layer, but also the stronger the shear.
So, while the barrier can stops the convective motion in one direction (vertical), it can

induce turbulence in others (tangential).

e This type of turbulence is caused by the convective motions at the boundary of the
fully mixed core, but it cannot be accounted for by the standard MLT. Similarly to all
convection theories, we assign to this type of turbulence a typical length scale assumed
to be proportional to pressure scale height. This means that we are introducing a free

parameter.

e Since there is no good theory of turbulence to be applied to stellar conditions, we

introduce another free parameter controlling the mixing efficiency. By varying this
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parameter, we can generate stellar models going from the case with potential overshoot
but no mixing (roughly speaking the radiative case) to those with overshoot and full

mixing.
The basic equation governing the time variation of any elemental species is

(£)-(9).
dt B ot nuel er

where C is the abundance of the chemical element under consideration and m, is the in-

[(41rr2p)2Ddif—6—C—] ) (5.8)

om,

dependent mass coordinate. The first term on the right hand side describes the variation
due to nuclear burning, while the second term accounts for mixing induced by diffusion with
coefficient D dif-

The general expression for the diffusion coefficient takes the form

. 1
D gif = 5vl (5.9)

where v and [ are the characteristic velocity of the chemical mixing and the dimension of the
velocity field, respectively.

The velocity field conveying the chemical elements from one region to another follows the
phenomenological description of turbulence by Frisch (1977). Finally, the transport of energy

is according to the formulation by Bressan et al. (1981).
5.1 Prescriptions for the Diffusion Coeflicient

In general two distinct mixing processes can be envisaged. The first one refers to the core
and leads to complete mixing. As already specified, it originates from the fact that all the.
matter within one mean free path from the center has the séme probability of being exposed
to vigorous nuclear burning (centre). No matter of how slow the actual mixing process is,
the convective motion at the element scale given by the MLT smooths out this region. This

gives an effective diffusion coefficient

Dfm =~ 'voLo (510)
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which corresponds to a mixing time scale approximately equal to the crossing time scale.

The other process is related to the effective scale of mixing by turbulence in any convective
region (either the core or the overshoot zone). In order to clarify the point we premise the
following considerations aimed to determine the dependence of the diffusion coefficient on the
characteristic velocity vg and scale I; of mixing, respectively. As the scale decreases from the
largest to the smallest ones, there are two factors that decrease the diffusion coefficient: the

smaller characteristic velocity and intermittence.

First of all, we need to determine the scale to which mixing of chemical elements is
mostly related. In a turbulent region all scales are possible going from maximum scale equal
to dimension the unstable zone itself down to a minimum scale set by dissipative processes,

which otherwise known as the Kolmogorov micro-scale,
I = (#3114 (5.11)

where v is the kinematic viscosity, and € is the kinetic energy flux injected to the turbulence.
This is given by v3/l;. The quantities vy, lo are the velocity and scale length of the largest
element in the field under consideration. All these are to be determined from the convection

theory in usage.

The relation between velocity and linear dimensions at any given scale is derived from

the conservation of kinetic energy flux

(5.12)

where f;,,, takes intermittence into account according to Frisch (1977). Generalizing S
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to a continuous scale, we get ! we find
. :
Bint = (la/lo)? . (5.13)

Inserting the velocity vy and the dimension of the mixing field (L) into the general form

of the equation (5.9) for the diffusion coefficient, we obtain

1 1 (15
D;if = g'vdL() = g’vo (——i) Lg. (514)

This is not yet the final equation to use, because the intermittence not only affects the
_characteristic velocity, but also the amount of volume interested by mixing.

Indeed, the intermittence tells us that the space originally filled by the largest scales is only
partially occupied by the small scales. Therefore, within the time scale 7 ~ L2/D3; 5o only a
fraction Bint = (la/ LO)% of the volume is mixed. To have the whole volume statistically filled,
a much longer time is required, or equivalently the diffusion coefficient must be decreased by
the factor A7,. Here we assume n = 3, to get enough overlap to render mixing complete.

Finally, we can write

1 14\ 3
Ddlf: EUOLO(E) . (5.15)

This corresponding characteristic time scale of mixing is
T = Lg/Ddif (5.16)

In order to determine l; we argue as follows. Within the fully unstable core, Iy is the
typical scale set by the MLT (the maximum allowed value). This secures full mixing in the

unstable region.

!For a scale changing by a factor of two between two successive generations, the intermittence factor is
B =N/2*
where N is the number of off-springs from each parental element It is assumed to be N = 2?°. Substituting

in equation (5.12) for the nth generation,
n=(vV2)™"

In the case of continuously decreasing scales, in the above equations the factor “2” is replaced by (ﬁ) The

derivation of equation 5.13 for the scale l4 is straightforward.
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Figure 5.1 A sketch of the mixing regions. The [, is the linear
dimension of the overshoot region, /, is the size of the
largest bubble at the level X from the Schwarzschild
boundary.

In the overshoot region, the velocity distribution is estimated in the following way. As
sketched in Figure 5.1, the largest element at level X has its maximum dimension I,. We
consider this element as is the offspring of the element generated at a point closer to the
Schwarzschild border, for which equation 5.12 should be used. Therefore, the velocity distri-

bution can be expressed with L.y, U, Iz by

I \¢
u,:UO(L )6. (5.17)

where Up = vo(v=v,4)

Because of the effect by intermittence, we introduce an additional factor (—EI;—:) : in above
equation. Therefore, the typical velocity at this layer is supﬁosed to equal to the velocity
corresponding to of the largest scale at this same layer of the overshoot region. Thus the
diffusion coefficient is still given by equation 5.15, in which Ly, replaces Lo, and v, replaces

vg. The equation for the diffusion coefficient becomes

eajen
wLin

1 [
D35 = 3UoLons (1)

lov 8

(til) ' (5.18)
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As indicated in equation 5.16, the time scale for mixing is expressed by means of the linear
dimension of the turbulence field. The largest element is assumed have the size of the pressure
scale height.

Noteworthy, the ratio between the radius of the unstable core and the dimension of the
largest element varies with stellar masses.

Thin certain circumstances the dimension of one pressure scale height can be much larger
than the size of the convective region (e.g. the case of low mass stars possessing convective
cores). This fact may have profound implications as fa; as the efficiency of mixing is con-
cerned. Specifically, the motion of too a large element can stir the surrounding medium at
much less efficiency than in the case of a small element. In order to take this into account,
we introduce a linear factor, namely the ratio between the volume of the whole region to that
of the bubble. This factor is expressed by (L£/Lo)°. It turns out not be important for the
central convective zone, but only for the envelope, because this latter extends over several
pressure scale heights.

Now we have all the ingredients to calculate the diffusion coefficient in the overshoot
region, once the effective length /; for mixing of chemicals is given. Adopting the mixing
length Iy one recovers full mixing as in the case of the unstable central core. On the contrary,
adopting the Kolmogorov micro scale [x as the effective mixing scale, essentially no mixing
is obtained because lg ~ 10%cm.

Because for all other scales in between lp and Ik no theory can be invoked to make a
choice of a particular scale, we have used it as a parameter. We find that for a 20M star,
l; = 10738 Hp gives a mixing rate which is approximately the same as the time scale for

changing the central fuel d¢/dInC by nuclear burning. In general the scale in use is
ly=10"*PysHp. (5.19)

Where Py;f is our parameter controlling the efficiency of turbulent diffusion.

The diffusion equation 5.8 can be solved by specifying the diffusion coefficient. The
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Radiative

Figure 5.2: A schematic plot of a star slice showing the mixing regions. A is the convective core while
C is the convective envelope when present. Both are defined by Schwarzschild criterion. B denotes
the overshoot regions surrounding the unstable zones.

prescription we have adopted for D are sketched Figure 5.2 and the following relations

Radiative: D = 0 (5.20)
Region A: D = %vo(r)ﬁ (5.21)
Region C: D = %(L/Lo- 1)3(—2‘1-)%%(7)1: (5.22)
x 0
. 1 3 lavs, L 3 5
Region B: D = =(L/Lo—1)’(==)3(+=)3v5L (5.23)
3 LO Lov

5.1.1 Intermediate convective zones

Whenever intermediate convection occurs, we extend it by allowing some ‘overshoot’ over a
distance parameterized in the same way as in the case of the convective cores. We find that all
the intermediate zones are very thin, the radial thickness of these being only a small fraction of
local pressure scale height. Their thinness engender physical difficulties even in the context of
the MLT. In the models presented here, we adopt a diffusion coefficient large enough to secure

mixing of the unstable zone. Furthermore, we allow for extra mixing extending both sides
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over half of the zone thickness. This prescription does give rise to serious problem, because
in our models intermediate convective zones are found only during the core He-burning phase

in a region which has been already smoothed by the deep convective envelope.

5.1.2 Envelope convection

In general, envelope convection is not fully understood. We find that mixing of the region is_
complete even with equations (5.22) and (5.23) which on the contrary when applied to the
central core led to the formation of marked gradient in chemical abundances at the border of
the fully mixed central part of it. The reason for it resides in the fact that the velocity from
Bressan’s et al. (1981) formula is almost subsonic, thus implying a huge diffusion coefficient

and in turn full mixing.
5.2 Mathematics of Diffusion

The mathematics of diffusion can simply be described as follows. Suppose we have a medium
with some chemical profile. As time goes on, diffusion homogenizes the medium. According

to Jost (1960), Fick’s first law gives,
J=-DpvC (5.24)

where Cis the chemical concentration with dimension [g em™3], and J is the flux (correspond-
ing to concentration diffusion Chapman & Cowling [1970]) of this chemical with dimension of
[g em™? sec™!]. D is defined as the diffusion coefficient. The diffusion, in this case, happens
because of the gradient in concentration, and the effect of diffusion is to reduce this gradient.
In general, any gradient of physical parameters in a mixture will lead to transportation of *
species. A more precise definition of diffusion flux for a two component mixture is found in

Landau & Lifchitz’s book on Fluid Mechanics (1987), which is the following,
T = —pD;5(VC + krViInT + kpVinP) (5.25)

The meaning of the symbols are: D, is the mutual diffusion coefficient, k7 the dimensionless

thermal diffusion ratio with its product with D, giving the thermal diffusion coeflicient, and
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kpD (s the so-called barodiffusion. If we have convection in our medium, the turbulent mixing
is dominant. A simple picture of turbulent mixing is that the large eddies get energy from
the average field and start the motion with the composition of their original posi.t_ions, they
distribute the kinetic energy to smaller eddies and so on. As this energy is being turned
to thermal energy at the level of smallest eddies, the composition will be mixed there with
the surrounding. As we can find from the literature, mixing due to convection in a stellar
interior, despite being very complicated, could nevertheless be treated as a diffusion process.
There were some discussions in the literature about the equation to be used for the problem
of diffusion (Sreenivasan et al 1977, Cloutman et al 1976). Cloutman et al used a one point
correlation function of fluctuations of turbulent velocity and chemical concentration to treat
the problem of turbulent mixing. Actually, we can arrive at the final equation as the one
used by Weaver et al (1978), and Langer (1985), by making some assumptions to the flux of
the diffusion. We assume that the diffusion flux due to turbulence can be formally written as,
being proportional to the gradient of the fractional abundance of the diffused chemical, with
all physical details contained in the coefficient. This is actually the Boussenisq approximation.

So the total flux inside a convective region is
» J = —pD(VC + krVInT + kpVinP) — pD.VC (5.26)

where D, is the coefficient due to convection.

All the terms except the last one in the above equation describe the comtribution of
molecular diffusion as the results of gradients of chemical concentration, temperature and
pressure respectively. Molecular diffusion can be neglected in astrophysical contexts because
of its low efficiency or long time scale compared with that of turbulence (Cloutman et al 1976,
Xiong 1985, Kippenhanh & Weigert 1991). With this definition, we can derive the equation
for diffusion as follows. The mass conservation is always fulfilled

9 . (e
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and the equation of conservation for species ¢ can be written as

~—g—g—+v-(pU;v)=—V-Ji—qz‘ (5.28)

Using equation (4.4), we can write equation (4.5) as

—_

av; =
Ui _%.5,—q (5.20)

di
where, d/dt = /0t + ¥ - V is the Lagrangian time derivative and ¢; is the burning rate of
the species under consideration.

Putting the flux into the above equation, and taking into account the spherical symmetry

of our problem, yields,
ali | &, 19
dd ~ p  pOr

au;
2 z
(r"pD—3")

and writing the spatial derivatives into Lagrangian coordinate, using,

0 1 0

dm,  4nrip or
m, (mass inside the sphere with radius 1), as we use for structures, at last we have,

dU; ¢ 0 22 2
&= o () D

aU;

Om,

] (5.30)

Equation (5.30) gives the usual diffusion equation to be solved for chemical distributions
in stars.

Some authors obtain a simultaneous solutions of the equation of diffusion with those of
the normal stellar structure equation (Simpson 1971), which means introducing a second
order differential equation to the general problem. Doing this might improve the accuracy of
the problem (Cloutman & Eoll 1976) as the diffusion coeflicient becomes very large, but this \
can also be quite time consuming, the extreme case was found in Xiong’s method. Others
solved this equation independently (Weaver et al 1978; Langer et al 1985, 1990). There are
not any significant differences besides the different ways of solving the above equations. Here

we will adopt the latter method, normally, we will first solve the structure equations and

then compute the chemical profile.
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In the following I will describe the adopted numerical scheme for solving the diffusion
equation. The first term in equation (5.30) can be written as the rate of change of the

abundance of the chemical element ¢, then we have,

dUu

.——_—:( ZaU
dt

2412
)nucl + [(47”' ) Dp amr]

(5.31)

The term (%?—)nud times the time step is the variation of fractional abundance at each mesh
point before and after a time step, given as numbers on each mesh through a nuclear reaction

routine. Now the equation is ready for discretization.
5.3 Numerical Methods

Our grid is the same as the one used for stellar structure models, with the center being mesh
M, going down to mesh 1 at the fitting point with atmospheric solution. The left hand side

of the equation is discreticized with forward difference,
dU;/dt = (UMY — Ul)/ At

where At is the step-width in time, the superscript give the chemical concentration at time
t"*t1, and time t". The subscripts stand for the mesh m;.

T;) discreticize thé right hand side, we have to consider the stability of our scheme. There
are many schemes for this kind of parabolic equation (e.g. Crank 1986). In our case, as the
mesh is not a equal-spaced one, the scheme turns out to be slightly different from others

usually found in numerical books. For a general discussion, we use a weighted mean scheme

as follows. For simplicity, we first make the following substitution,
D; = [D;(4nr?)?p?; (5.32)

So the second term on the right hand side of our equation is discreticized in the following
way. The first step is to make a centre space difference of the second derivative with respect

:2(mi — miy1) with half

to mass, at two intermediate points, P+l:%(mi_1 m;), and P_1:
2 2



5.3. Numerical Methods 61

step-width in mass which gives,

2

(mz'—l - mi+1)

(DOT/dm)e,, ~ (DOU/om)p_, ]

The second step is to make the difference for the first derivative, again with center space

difference, which yields,

% —a L (Dioy+ Dy), o
(miog - mi+1){(1 )[(mi_1 —m;) 2 (s = ) ,
—[— —‘1 . (D; + Di+l)( U — Uipd)]}™H (5.33)
(mz m1+1) 2

where 0 < a < 1 is the weight constant, which takes into account contributions from different
_epochs. o = 1 gives a complete explicit scheme, o = 0 complete a implicit scheme, and -
a = 1/2 the well known Crank-Nicolson scheme which has second order accuracy both in
time and space. The superscript in the above equation defines quantities at different times.
Some comments should be made here about the above scheme. For any problem of
this kind, with a different from 1, the above discreet form for our diffusion equation are
unconditionally stable. Of course some specific value of a will be chosen; we will come to

this point later. Now to simplify the above difference equation, we make some substitutions:

(Diy1 + D;)

A; = .34
(mi—l - mi+1)(mi - mi+1) ( )
(D: + Di—1)
C, = 5.35
(mi—1 — miy1)(mi—1 — my) (5-35)
B = Ai+ G
(Di—y + D;) (D; + Diy1) (5.36)

(mi—-l - mz’+1)(mi - m,-+1) (mi—l - mi-}-l)(mi - mi+1)
And take § U; to represent the term due to nuclear burning in our equation:

§U;
o = (0Ui/00)nua (5.37)

Then we have the following difference equation for our problem:

Uin+1 - Uin
S = U /A+
(1 - e){Ait1Uip1 — BiUi + Ciea Uiy}

+a{Ait1 U1 — BiUi + Cip1 Uia }° (5.38)
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Suppose there is convection between mesh points N; and N», equation (5.38) valid for ¢ goes
from Ny — 1, to Ny + 1 and give us a set of (V; — Ny — 2) linear equations. Fortunately,
as can be seen from the above equation, this set turns out to be tridiagonal, which can be
solved with a very efficient method. At both boundary points, however, we have to provide

other two equations given by the boundary conditions of our problem.

5.4 Boundary Conditions

We will assume that the boundary of the turbulent region is will be wall-like, which means
no net mass flows across the boundary. This will have the advantage of keeping easily the

conservation of matter. So, we have,
JN1 = JN2 =0 (5.39)

To discreticize the boundary conditions, we also have to write the original equation for
the boundary points. To do this, we imagine that there is an extta point outside each end
of the region [N;, N3], and each point set at a distance from the boundary which is the same
as the first point inside the zone from the border. Each fictitious point outside the boundary
has the same D (defined by [5.32]) as the corresponding inner point. This is just to guarantee
eqs (5.39). Then we have:

Je = (Up — Uh)/2Am =0
which gives:
Up = Ug
where subscript & denotes boundary meshes. U, means imaginary points.

The equations for boundary points are, for the inner boundary Nj,

n+1 n
lj]\/1 - UNl

~ = Uy, /At

+(1 — a){An, Un, = By, Un, + Cny—1 Uny—1}*

+a{An, Un,+1 — BN, Un, + Cny—1 Uny <117 (5.40)
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and for the upper boundary N-,

o — o
A = § UN.Z/At

+(1 - a){AA’i+1 UNz-il;l — By, Un, + éNz f]Nz }n+1
+a{AN2+1 Uny4+1 — BN, Un, + éNz ij? }n (5'41)
where the tilde variables mean the quantities of fictitious points.
The above equation also holds if the boundary becomes the center or the surface of the

star as in the cases of core convection and envelope convection respectively. Using the above

equations, we arrive at

n+1 n
UN1 - UN1

= = §Uy, [At+

(1 - a){CNr-l UN1—1 - BN1 UN1}n+1
+a{Cn,~1Un,-1 — By, Un, }" (5.42)

n+1 ‘rn
UN2 - U—I\r2

Y, = §Un,/AL+

(1 - a){ANz-I-l Uny41 — BN2 UN2 }n+1

+o{ AN, +1 UN+1 — By, U, }" (5.43)

The Fictitious points are cancelled out, and Bn,,Cn,, AN,,Bn,, are given below:

_ 1 (Dn,-1+ Dn,)
BN‘ B (mN1—1 - mn, )2 2 B CNi
1 (DN, 41 + Dn,)
Bn, = 2 2t = —An,
: (mN2+1 — TN, )2 2 i

The above boundary equations, plus the set of equations for interior points form a complete -
set of tridiagonal system.

We will show below that our numerical scheme together with the accepted boundary
conditions gives a conservative finite difference formalism. The variation of chemical Uin a
mesh labeled 7 is,

(- ur) _ AU, 2
At = ( At )it Mi_g — My (Fiv1/2 = Figays)
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where,
1 Ui F Uis
F; =—(D;+ Diyq)————
+1/2 2( + ﬂ):tm,-q:l *m
n+1__ n
Summing up —(—Z——-&——‘—) over the whole range [Ny, N;] gives the total variation in this
zone, i.e.,
Z(urtt—ur) Qav, 2 2
) ) — ? + F + | INNT 5.44
f\":x At N, At N, -1 — TN, 41 M7z MNy+1 — TN, -1 Na-1/2 ( )

So the total variation in this region will be the total change due to nuclear reaction,
and marginal terms which are flux of matter flowing across the boundary. As our boundary
conditions set those terms to zero, this formula give strict conservation of species, i.e. any
change of species inside a zone will be completely due to reactions, if we are free of numerical
errors. As found in the numerical calculations, rounding errors may be important in some
circumstances, and we have to find a way to correct them

Some assumptions are to be made here. The coefficients in our difference equations, 4;, B;,
A; all have superscript, i.e. they are values taken at different times. This means that in order
to solve this tridiagonal system, two models of structure should be stored. In practice, we
couldn’t know a priori the structure quantities for the next epoch, because the structure is to
be decided upon our solutions for the chemical abundances. A possible assumption is that the
chem’ical elements diffuse at a given structure, i.e. diffusion will not affect our structure. This
of course is not a physical picture, because the thermodynamic quantities depend up on the
chemical abundance. However, solving the chemical distributions independently will be more
convenient, and the results of new chemical profiles will have the consequences on structure.
In practice, every time we have a new chemical distribution, just like nuclear burning for
each step, we will adjust the structure to fit the changes in the chemical composition. This
adjustment is automatically done by the routines that solve the structure equations. In this

case, we will have

n o__ n+1
AT = A

Bl' = Bz-"+1
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. n+1
G =G

This assumption is shown to be acceptable by our numerical experiment, if the time step

is well tuned.
5.5 Conservation of chemical abundances during diffusion

In solving the linear equation in the above section, we have to keep the chemical contents
inside our diffusion regions, so as to be conserved. Although the numerical scheme and the
boundary conditions of the problem are conservative ones, numerical errors in our system act
as a source of leakage. This will surely affect the age estimate, and possibly affect evolution
on later phases. To control this problem, we integrate the abundances in diffusion zones, and
check this integral before and after the solution of our linear equations. The integration is
done with the following method.

As the mesh is non-equally spaced, we fit two sets of three successive points,
(mi+1amiami~—l) (mnmi—l,mi—z)

with two second order parabola, and take simple averages of the two fitted functions to

approximate the value of the abundance U in the interval [m;, m;_1], i.e.
1
where
P, = gz’ + bz +¢;
Py =a; 12> +bi_1z +ci1

The integral of U is then approximated by the integration of the fitted function P;

mi—) mi—1 1 mi—1

f Udm = / Pdm = -?:/ (P1+ P2)dm (5.46)

The final formula of this approximation is

L + R
2

mi_y h
/ Pidm = (30 + 3Ui1 - Y (6= M — 1, M = 2,......3,2) (5.47)

mi
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Then, the total integration over the diffusion region, [Ny, N,] is given by,

™M Ny 13 L;+ R;
Udm = — 3U; + 3U;_y — 5.48
[, vim=g DU+ 30 = =) (5.48)
where
62 bi
L; = 116 Uig1 — 6 U; + m&q
A pY:
R; = mUz - XU — mUz—z

hi =m;_1 —m;

51‘ = hi/hi+1
Xi =hi[hiy
Lyr=Ry=10

and m; is the mass inside the sphere of mesh 7.

We make the integration with equation (5.48) for every diffusion zone at each time step
to check for conservation. If the relative error is greater than some given value (say, 1074, as
I used for this work), then, the difference between the integrations of the two epochs will be
attributed to the profile before nuclear burning, and the whole diffusion equation is solved

again until the condition is fulfilled.
5.6 The Diffusion Coefficient used by others

In the literature, the diffusion description has been used for the treatment of incomplete
mixing such as semiconvection. I will simply go over of the expressions the diffusion coefficient
used by others, for the purpose of comparison.

Numerically calculation of the coeflicient: Simpson (1971), Sreenivasan & Wilson
(1977) accepted a direct calculation of the coefficient by checking the run of hydrogen content
to keep the convective neutrality fulfilled. Then it is assumed that the other chemical elements

will be dispersed with the same diffusion coefficient. This is carried out in practice by the
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following. The diffusion coefficient is written in to two first order equations (using Simpson’s

notation), for the diffusion flux,

dz°
= ) .49
8= A0 (5.49)
and for the time variation of the abundance z°,
Oz® . 08¢°
5 0° = B (5.50)
And the neutrality condition is also specified,
oT 3kL
(37 ~ SaoGTom = ° (5:51)

where z° is the chemical abundance of chemical s, A is Simpson’s diffusion coeflicient (corre-
sponding to 4wr2p?D in our notation), 6 is the burning rate of chemical s, the other symbols
have the usual meaning. Now the equations (5.49), (5.49) and (5.49) are solved simultane-
ously. And here z° is only the hydrogen content which determines the almost purely electron
scattering opacity in interior of massive stars. Because the runs of luminosity, temperature,
and adiabatic temperature gradient are all known, the diffusion coeflicient can be determined,
and the same coefficient is then used for solving other chemical elements.

Prescriptions of the Diffusion Coeflicient:

This is more general way to get the coefficient. The prescription is usually given by depen-

dence with the local thermodynamical quanfities. Eggleton (1972) used, for semiconvection,
Dy x (Vrad - vad)2 . (552)

and Weaver et al (1978) gave
: D.D
Dy x ——1— 5.53
* " Dc+ Dy (5:53)
where D, is the radiative diffusion coefficient. These choices of diffusion coefficient give very
convenient numerical treatment, but contain some arbitrariness.

The physical arguments underlying the choice of the diffusion coefficient are connected

with our understanding of the nature of convection. As we have no clear judgement on
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the convection theories, probably we will have no judgement on diffusion process used for

chemical distribution.



6 Stellar Models with Convective
Diffusion; Input Physies

6.1 Mixing time scale

Under our treatment of mixing, the life time for each burning stage is critical depending on
the time scale given by the diffusion coefficient (5.16) so that a lot can be learned from the
analysis of time scales.

Anticipating the results from model calculation, we compare in Figure 6.1 the scale
of diffusion with of nuclear burning. The data refer to the first 10 models of stars with
different mass near the ZAMS with the chemical composition Y=0.25 Z=0.008 and the value
of Pg;y = 0.04.

Remarkably, for the adopted value of Py;; the two time scale are almost identical inde-
pendently of the stellar mass. This means that in the region of overshoot a partial mixing
exists.

In order to check the effect of different Pg; we show in Figure 6.2 the H-profile in
the overshoot region of a 20Mgmodel. Depending on Py;s the profile goes from the case of
no mixing (P = 0.01) thus recovers the radiative structure, to an intermediate situation
(P4 = 0.05, to the case of almost full mixing (Py;f = 0.1), which recovers standard treatment
of overshoot.

We like to point out that our diffusion mechanism also improves upon a well known diffi-
culty encountered by the standard treatment of overshoot, namely that the linear dimensions

and the mass stored in the overshoot region tend to increase at decreasing star mass. This is
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Figure 6.1: The diffusion time scale near the ZAMS (the dotted line and squares), and the H-burning
life time (the solid line and triangles) versus the initial mass

shown in Figure 6.3, where we plot the linear size and the relative mass content of the over-
shoot region. Our models show that the increase of the diffusion time scale at decreasing star
mass balances the effect of the increasing relative dimensions of the overshoot region, so that
the actual size of the mixed zone gets smaller at decreasing mass. The above inconsistency

does no longer occur.
¥

Preliminary model calculations not described here for the sake of brevity suggest the

Log (X)
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Figure 6.2: The chemical profile of a 20Mgstar near evolving on the main sequence, at an age of 6.462
108 years. 3 values of mixing efficiency parameter Py are used for comparison.
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Figure 6.3: The linear scale and the fractionary mass content of the overshoot region for intermediate
and massive stars near the ZAMS. Dots and triangles refer to the first 10 models for each mass,
the lines are the mean values of these quantities. The linear distance for the diffusive overshoot is
measured in 10'° cm. M is the initial mass, which is slightly affected by mass loss for higher masses
in the plot.

following precept for the diffusion coefficient Py,

Py = 0.08 when M; > 20Mg

0.04  When M; < 20Mp, (6.1)

I

The use of an higher value of Py;y above 20M is needed in order to have the same degree
of mixing also in this mass range where the effects of mass loss dominate the evolution and
have some side effects that cannot be easily foreseen. It will be shown that an high efficiency
of mixing is also required to get models in agreement with the observational properties of
supergiant stars.

As far as the the dimensions of the overshoot region we stand on the analyses by Bressan
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et al. (1981) and Alongi et al. (1992). These dimensions are expressed as a fraction A of
the local pressure scale height with A, = 1.0 for the core overshoot, and A.,, = 0.7 for the
envelope overshoot.

Finally, the stellar models have been calculated for the chemical abundances

1. Z=0.008 Y = 0.250

2. 7Z=10.020 Y = 0.280

which are typical of composition of the stars the abundances of the stars in the LMC and in

the solar’s vicinity.

6.2 Chemical Network, Nuclear Reaction Rates, Neutrino
Losses

The temporal evolution of the chemical abundances were computed in detail By solving a
network of nuclear reactions involving sixteen elements following the method described in
Alongi et al. (1992). These elements are *H, ?H, 3He, “He, "Be, "Li 12C, 13C, N, 160, 170,
180, 29Ne, 22Ne, 2°Mg, and 2°Mg.

We considered, for the H-burning reactions, the three pp chains and he CNO tri-cycle
considered (cf. Maeder 1983). For the He-burning we toke into account the following reac-

tions:
‘He(a,7)*Be(e,7)*C(a,7)'°0(a,7)*Ne
(a,7)*°Mg
HN(a,v)'8F (e + v)80(a,v)?*Ne
(a,n)** Mg
The reaction rates were taken from Caughlan and Fowler (1988). The rate for the

12C(a,7)®0 reaction is lower than the value estimated by Kettner et al (1982), Langanke &

Koonin (1982), and Caughlan et al (1985) and it is similar to the value given by Fowler et
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al (1975). The B-decay processes and the 8Be(a,~)'2C reaction were considered as instan-
taneous. Finally, the screening factors were computed from Graboske et al (1973).

Abundances of light elements such as ?H, "Be and "Li were considered at their equilibrium
value while those of the remaining elements 'H, 3He, “He, '2C, 13C, 1N, 160, 170, 180, 2°Ne,
22Ne, 25Mg, 26Mg) were followed in detail using an explicit scheme of integration according
to the formulation by Arnett & Truran (1969)

Letting Y; the abundance by mass of the elemental species 7, Y; = X;/A;, where X; is
the mass fraction of the species i and A; its atomic mass number, the time variations of the

abundances are governed by the following system of equations,
dYi/dt = ~[if]V;Y; + [rs]Y, (6.2)

where [ij] is the rate of the generic reaction converting the element ¢ into another element
because of the interaction with the element j, whereas [rs] is the rate of the generic reaction
transforming elements r and s into the element .

The system of differential equations 6.2is integrated over the evolutionary time interval
(At), determined on the basis of the structural variations of the stellar models, by means of
sub-time steps (§t), whose number depends on the temperature in the given mesh point. The

variations of the abundance of a species ¢ is determined by
AY; = (dY;/dt) - (At) (6.3)

where the derivatives are computed evaluating the reaction rates at t+(At)/2, by means of
extrapolation from the two preceeding models. During H-burning, special care has been paid
to avoid oscillations in the abundances once equilibrium between supplying and depleting
reactions is achieved by any element: the results of the numerical integration are compared
to the appropriate equilibrium abundances at each time step, and the equilibrium value
is adopted if necessary. The conservation of the total number of CNO nuclei and of the
total number of nucleons are secured in the computation of the abundances of 1N and 3He,

respectively, once equilibrium of these two elements is achieved.
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Finally, the rates of neutrino emissions are from Munakata et al (1985).

6.3 Radiative and Molecular Opacities

We have adopted the most recent opacity tables of the Livermore group (Iglesias et al. 1992
). These include the spin-orbit interaction in the treatment of Fe atomic data and adopt
the recent measurement of the solar photospheric Fe abundance by Grevesse (1991) and
Hannaford et al. (1992). With respect to previous opacity tables (Huebner et al 1977) the
new one show two significant enhancements. The first enhancement occurs at temperatures
of a few hundred thousand degrees and, for densities typical of the envelope of a red giant
star with solar composition, it amounts to a factor of 3. This increase strongly depends on
the metallicity, being higher at higher metal contents. The second enhancement occurs at
temperatures of about one million degrees, but it is of much smaller amplitude (about 20%

only).

Because the OPAL tables do not extend below 6000 K and above 10® K, the opacities
at lower and higher temperatures, respectively, are taken from the LAOL tabulations by
Huebner et al. (1977) and Cox and Stewart (1970a,b).

We also included the contribution by the CN, CO, H,O and TiO molecules by means of
the analytical relationships by Bessel et al. (1989, 1991), which are based on the tabulations

of molecular opacities by Alexander (1975) and Alexander et al. (1983).

6.4 Calibration of Outer Convection

Convection in the outermost envelope was treated with the mixing length theory to derive
the temperature gradient. The mixing length parameter was assumed to be 1.63H, after

calibration with the solar model.
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6.5 Mass loss for M > 12Mg

The evolution of massive stars is dominated by mass loss by ste]laf wind (see Chiési &
Maeder 1986; Chiosi et al 1992a,b). To account for this phenomenon we adopted in stars
more massive than M=12Mgthe empirical formulation of the mass loss rate given by de
Jager et al (1988, equation 2.3 in page 11) for all evolutionary stages from the main sequence
up to the so—calied de Jager limit in the CMD. Beyond this limit, the mass loss rate was
increased to 1073 Mg yr~! as indicated by the observational data for the Luminous Blue
Variables (LBV). For the WR stages, which we suppose to begin when the surface abundance
of hydrogen falls below X=0.300 (WNL stage), we‘applied the mass-loss rate suggesféd by
Langer (1989, equation 2.9, in pagel2). Finally we included the dependence from the metal

content (x +/Z) suggested by the theoretical models of stellar wind (Kudritzki et al1989).
6.6 Density Inversion

It is well known that in the outermost layers of stars with T.s; < 10*K a convective zone
appears due to the incomplete ionization of hydrogen. If convection is treated according to
the mixing-length theory with the mixing-length proportional to the pressure scale height,
I=a x Hp, and the parameter « in the range (1-2), when T.ss < 10*K a density inversion
occurs, i.e. the density reaches a minimum and then starts to increase at increasing radius.
The consequences of this phenomena; have been recently reviewed by Maeder (1992) where
it is discussed whether it can cause a sudden increase of the mass loss rate, or lead to
the Rayleigh-Taylor instability, etc. In our calculations, we have imposed that the density
inversioﬁ cannot develop by assuming that the temperature gradient V7 is such that the
density gradient obeys the condition V, > 0. The required temperature gradient is given

by Vr1,,.. = 1_§;V“ , Where V, is the gradient in molecular weight, and x, and xr have the

usual meaning.



7 New Stellar Models with Turbu-
lent Diffusion

In this section we present the results of stellar models calculations including the new scheme
of mixing that we have amply discussed in the previous sections. The results are compared
with those of Bressan et al. (1993), Fagottoet al. (1993 a,b), and Meader et al. (1992), which
are obtained from the standard treatment of convective overshoot, and the major novelties
given by our diffusion mechanism are highlighted. In particular we discuss the occurrence of
the blue loops during the core He-burning phase that bear very much on the interpretation

of the HRD of intermediate and high mass stars.

7.1 Evolutionary Sequences

The two grids of stellar evolutionary models are computed. The initial masses range from 6
to 120 Mg, Since our main goal it the interpretation of massive star, the discussion of the
intermediate mass stars is limited to the main results, namely the effect of mixing.

The main physical properties of each evolutionary sequence are summarized in table 7.1
for Z = 0.008 and table 7.2 for Z = 0.020 respectively. The entries of the tables are as

follows:

AGE :age of the model in years
L/Lgy  :logrithmic (base 10) of the total luminosity in solar units
Teyy :logarithmic (base 10) of the effective temperature

G :logrithmic (base 10) of the surface gravity

76
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T

Pe
COMP

Xo

Conv

Q disk

Ly

Qly

Q2y

LHE

QlHe

Q2He

XE‘U.T

:logrithmic (base 10) of the central temperature

:logrithmic (base 10) of the central density

:central abundance by mass of hydrogen or helium

:central abundances of 1?C

:central abundances of 160

:fractional mass of the convective core (inclusive of Diffusion)
:fractional mass of the first mesh point where the chemical
composition differs from the surface value

: logrithmic (base 10) of the hydrogen luminosity in solar unit
:fractionary mass of the inner border of the hydrogen rich region
:fractionary mass of the outer border of H-burning region.

the boundary is taken where the nuclear energy generation rate
becomes greater than a sui@able value

: logrithmic (base 10) of the helium luminosity in solar units
:fractionary mass of the inner border of the He-burning region
(when greater than zero He-burning is in shell). The boundary is taken
where the nuclear energy generation rate becomes greater than a suitable
value

: fractional mass of the upper border of the He-burning region.
the boundary is take as above.

:logrithmic (base 10) of the neutrinos luminosity (absolute value)
in solar units

fractionary mass of the point where the temperature attains the
maximum

: logrithmic (base 10) of the absolute value of the mass-loss rate
in Mgper year g

: surface abundance (by mass) of 'H
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Your : surface abundance (by mass) of 1He
XCsyr ¢ surface abundance (by mass) of '2C
X N,y : surface abundance (by mass) of 1N

XOgyr : surface abundance (by mass) of 1°0

For stars more massive than M > 12M, the tables also display the surface abundance of sev-
eral important elements. The numbers appearing in the second column of each table indicate
mark several characteristic points along the evolution tracks in the HRD. The numbers have
the following meaning: 1) ZAMS stage; (2) red edge of the main sequence band, otherwise
called terminal main sequence (TAMS); (3) stage of maximum T, reached by the track after
TAMS; (4) point where the luminosity of the track reaches the peak value while crossing the
HRD towards the Hayashi track; (5) first arrival of the track on the Hayashi track; (6) first
peak luminosity along the Hayashi track, called the tip of red giant branch (RGB) in case
of mass star; (7) first departure from the Hayashi track; (8) tip of the blue loop (if present)
during the core He-burning phase; (9) end of the loop phase and return of the track to the

Hayashi line; (10) the final point along the sequence.

Table'7.1: (Page 80-88) Evolutionary sequences for Z=0.008 and Y=0.250. The dimensions of
the overshoot regions are fixed by A. = 1.0 for the core (Bressan et al. 1981) and Ay, = 0.7
for the envelope (Alongi et al. 1992). The corresponding tracks are given in Figure (7.1),
the life-times and life-time ratios are listed in table (7.3)
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Figure 7.1: Theoretical HRD for the evolutionary tracks with initial masses M;=4, 5, 6, 7, 8, 9, 12,
15, 20, 25, 60, 100, 120 Mgand composition Z = 0.008Y = 0.250.
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§ 7. New Stellar Models with Turbulent Diffusion
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