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Abstract
The aim of this paper is twofold.

– In the setting of RCD(K ,∞) metric measure spaces, we derive uniform gradient and
Laplacian contraction estimates along solutions of the viscous approximation of the
Hamilton–Jacobi equation. We use these estimates to prove that, as the viscosity tends
to zero, solutions of this equation converge to the evolution driven by the Hopf–Lax
formula, in accordance with the smooth case.

– We then use such convergence to study the small-time Large Deviation Principle for both
the heat kernel and the Brownian motion: we obtain the expected behavior under the
additional assumption that the space is proper.

As an application of the latter point, we also discuss the �-convergence of the Schrödinger
problem to the quadratic optimal transport problem in proper RCD(K ,∞) spaces.

Keywords Hamilton-Jacobi equations · RCD spaces · Large deviations

Mathematics Subject Classification (2010) 60F10 · 35F21 · 53C23

1 Introduction

The heat kernel surely plays a crucial role in geometric and stochastic analysis and under-
standing its behavior is therefore of particular importance in applications and estimates. The
celebrated Varadhan’s formula [49] for the heat kernel pt (x, y), i.e. the fundamental solution
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of the heat equation ∂tpt = �gpt on a smooth Riemannian manifold, �g being the Laplace-
Beltrami operator, is a remarkable example in this sense, as it links analysis, probability and
geometry. It states that, in the small-time regime, pt behaves in the following ‘Gaussian’ way

lim
t↓0 t logpt (x, y) = −d2g(x, y)

4
, (1.1)

where dg is the Riemannian distance induced by g. The analytic/probabilistic information on
the left-hand side is thus linked to the geometric one on the right-hand side. If one integrates
the heat kernel over two positive-measure setsU and V , then a Laplace-type argument allows
to extend the pointwise validity of Eq. 1.1 to a setwise information, namely

lim
t↓0 t log Pt (U , V ) = −d2(U , V )

4
, (1.2)

where

Pt (U , V ) :=
ˆ

U

ˆ
V
pt (x, y) dvol(x)dvol(y) (1.3)

and d2(U , V ) := inf{d2g(x, y) : x ∈ U , y ∈ V }. If either U or V shrinks down to a
singleton, say U = {x}, then Eq. 1.2 heuristically boils down to

lim
t↓0 t log

ˆ
V
pt (x, y) dvol(y) = −d2(x, V )

4
(1.4)

and in particular this strongly suggests that the measures μt [x] := pt (x, y)vol(y) satisfy
a Large Deviations Principle (also called LDP for short) with speed 1/t and rate function
I (y) = 1

4d
2(x, y). Namely,

lim inf
t↓0 t logμt [x](O) ≥ − inf

y∈O

d2(x, y)

4
∀O ⊂ X open,

lim sup
t↓0

t logμt [x](C) ≤ − inf
y∈C

d2(x, y)

4
∀C ⊂ X closed.

As the heat kernel pt (x, y) is the transition density of the Brownian motion, this couple
of inequalities allows to quantify how rare the event is, that a diffusive particle starting at
x belongs to a certain set after a time t . For sure such an event is rare if x /∈ V , since
pt (x, ·)vol⇀δx as t ↓ 0, but this is a sort of 0th order information coming from the law of
large numbers. A Large Deviations Principle, if verified, is a much more accurate estimate,
as it tells us that the decay is exponential (in the Euclidean setting, this would be ensured at
a pointwise level by the Central Limit Theorem) and the description of the decay is made
global via the rate function (because of this globality feature, LDP is more precise than
Central Limit Theorem).

And again, as the heat kernel pt (x, y) is the transition density of the Brownianmotion, one
may wonder whether the discussion carried out so far can be lifted to a higher level, namely
if analogous estimates hold true for the law of Brownian motions with suitably vanishing
quadratic variation. Focusing on Eq. 1.4 the answer is affirmative, as shown for instance
in [12, 21]. In order to guess what Eq. 1.4 should look like, little effort is needed for the
left-hand side; a bit more is instead required to understand what should replace d2(x, ·) as
rate function. Heuristically though, the argument is very natural: in the same way the heat
kernel is the building block of the Brownian motion (actually the density of the joint law at
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times 0 and t of the Brownian path measure), so d2(x, y) is the foundation of the kinetic
energy, since for every absolutely continuous curve γ : [0, 1] → X it holds

ˆ 1

0
|γ̇t |2 dt = sup

n∑

i=1

d2(γti , γti−1)

ti − ti−1
,

where the supremum runs over all finite partitions of [0, 1]. Therefore, the lifting of Eq. 1.4
reads as

lim
t↓0 t log Bt [x](�) = − inf

γ∈� : γ0=x

1

4

ˆ 1

0
|γ̇t |2 dt , (1.5)

where Bt [x] denotes the law on C([0, 1],X) of the Brownian motion starting at x with
quadratic variation equal to t and � ⊆ C([0, 1],X).

As long as X is a smooth Riemannian manifold with Ricci curvature bounded from below,
it is not difficult to show that the three descriptions of the heat kernel small-time asymptotics
Eqs. 1.1, 1.2, 1.4 presented above are equivalent (e.g. using the fact that, by Bishop–Gromov
inequality, we know the behavior of the volume measure at small scales). However, when
X is replaced by an infinite-dimensional (and possibly non-smooth) space, the relationship
between the three is not clear at all. Actually, only some of them are known to hold and the
same for Eq. 1.5.

A rich literature has flourished around (1.2). In Hilbert spaces, hence still within a smooth
framework, Zhang [50] was the first to obtain a general and satisfactory result, until the break-
through of Hino–Ramírez [31] and Ariyoshi–Hino [11], who discovered that the ‘Gaussian’
behavior of pt is in fact a universal paradigm valid on general strongly local symmetric
Dirichlet spaces if rephrased in the integrated form (1.2) (for an appropriate set-distance
associated with the given Dirichlet form and for transition measures rather than kernels,
whose existence is not always granted). In this direction, it is worth mentioning the recent
papers [16–18] which refine (1.2) in the settings considered by the authors. As concerns the
pointwise version (1.1), instead, it has essentially been investigated only infinite-dimensional,
locally compact contexts so far, as for instance Lipschitz [42] and sub-Riemannian manifolds
[33, 34]; it can also be obtained as byproduct of Gaussian heat kernel estimates in the case
of finite-dimensional RCD spaces [32] and locally compact Dirichlet spaces supporting local
Poincaré and doubling [46, 47].

The current knowledge around (1.4) outside the Riemannian realm is closer to Eq. 1.1
rather than Eq. 1.2, in the sense that –except for the case of Gaussian spaces– to the best
of our knowledge there are no results in genuinely infinite-dimensional spaces, i.e. without
local compactness and local doubling.

Main Contributions In this paper we make an effort toward the understanding of LDP for
heat kernels and Brownian motions on RCD(K ,∞) spaces. The main motivation comes
from the central role played by the heat semigroup in conjunction with curvature bounds.
This connection, already highlighted in [27] in the setting of Alexandrov spaces, is even
stronger when it comes to lower Ricci bounds. Indeed, the heat flow is at the very heart of the
definition of RCD spaces [6, 25] and is intimately linked to the geometry of such spaces, as
it appears clearly e.g. in Bakry–Émery gradient estimate. The study of LDP for heat kernels
and Brownian motions within the RCD setting thus appears a rather natural question to be
addressed.

In what follows, for x ∈ X and t > 0 we set μt [x] := pt (x, ·)m. Our first main result can
be roughly stated as follows (see Proposition 4.3 for the rigorous statement):
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Theorem 1.1 Let (X,d,m) be an RCD(K ,∞) space with K ∈ R. Then for every ϕ : X → R

‘smooth enough’ we have

lim
ε↓0 ε log

(ˆ
eϕ/ε dμε[x]

)
= sup

y∈X

{
ϕ(y) − d2(x, y)

4

}
∀x ∈ X. (1.6)

Here ‘smooth enough’ is interpreted in the sense of so-called test functions Test∞(X), see
[26, 44]: for the purpose of this introduction it is only important to keep in mind that this is a
rather large space of functions, meaning that it is dense in many relevant functional spaces.

By the monotonicity in ϕ of both sides of Eq. 1.6 it is easy to see that the same formula
holds for the larger class of functions ψ : X → R such that

ψ = sup
ϕ∈Test∞(X)

ϕ≤ψ

ϕ = inf
ϕ∈Test∞(X)

ϕ≥ψ

ϕ . (1.7)

If X is also proper, then it is known that the class of test functions contains many cut-off
functions (see [7, Lemma 6.7]), so that the class of ψ’s for which Eq. 1.7 holds coincides
with Cb(X) (see Proposition 5.2). Also, if X is proper, then for every x ∈ X the function

y �→ d2(x,y)
4 has compact sublevels (in other words, X is locally compact; in fact this is a

characterization of proper spaces, see [13, Theorem 2.5.28]) and it is well known that in this
case the validity of Eq. 1.6 for every ϕ ∈ Cb(X) is equivalent to a LDP, see Theorems 2.8
and 2.9 below, so we obtain:

Theorem 1.2 (Theorem 5.3) Let (X,d,m) be a proper RCD(K ,∞) space with K ∈ R. Then
the family (μt [x]) satisfies a Large Deviations Principle with speed t−1 and rate

I (z) := d2(x, z)

4
.

It is certainly natural to wonder whether the same result holds without assuming the space
to be proper (in this case LDP should be interpreted in the so-called ‘weak’ sense). We do
not know: The main problem is the absence of a suitable localization procedure that allows
to deduce that the class of ψ’s for which Eq. 1.7 holds coincides with Cb(X).

As the heat kernel is the building block of Brownian motion, this first result will be used
as a lever for another problem: the investigation of the small-time behavior of the Brownian
motion. In this case the framework has infinite dimension by its very nature, since we deal no
longer with measures on X but on the path space C([0, 1],X). The second goal of the paper
is thus to obtain a Large Deviations Principle for the laws of a family of Brownian motions
whose quadratic variation is vanishing in a sense that we shall soon make precise. In view of
the previous discussion, the rate function appearing below is not surprising.

Theorem 1.3 (Theorem 5.5) Let (X,d,m) be a proper RCD(K ,∞) space with K ∈ R,
x ∈ X and B ∈ P(C([0, 1],X)) be the law of the Brownian motion starting at x. Define, for
t ∈ (0, 1] and s ∈ [0, 1],

Bt := (restrt
0)∗B with (restrt

0)(γ )(s) := γst , γ ∈ C([0, 1],X) .

Then the family (Bt ) satisfies a Large Deviations Principle with speed t−1 and rate function
I : C([0, 1],X) → [0,∞] given by

I (γ ) :=
⎧
⎨

⎩

1

4

ˆ 1

0
|γ̇t |2 dt if γ ∈ AC2([0, 1],X), γ0 = x,

+∞ otherwise.
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We shall derive Theorem 1.3 from Theorem 1.2 by relying on another very general equiv-
alent statement of the LDP provided in [39]: the family of measures (μt ) satisfies a LDP
with speed t−1 and rate function I if and only if the rescaled relative entropies t H(· | μt ) �-
converge to the functional ν �→ ´

I dν, where here�-convergence is intended w.r.t. the weak
topology of P(C(0, 1],X)). Although relying on this perspective is not strictly necessary,
we believe that this approach clarifies some steps of the proofs.

In the last section of the paper we show how our results can be used in conjunction with
those in [35] to prove a suitable �-convergence result of the Schrödinger problem to the
Optimal Transport problem.

As it is perhaps clear from this discussion, once we got Theorem 1.1 the rest will follow
by quite standard machinery related to the theory of Large Deviations, and in particular
has little to do with lower Ricci curvature bounds. Thus let us conclude this introduction
by focusing on the main ideas that lead to Theorem 1.1. Introducing the Cole–Hopf and
Hopf–Lax semigroups

Qε
t (ϕ)(x) := ε log

(
hεt e

ϕ/ε
)
(x) = ε log

(ˆ
eϕ/ε dμεt [x]

)
,

Qt (ϕ)(x) := inf
y∈X

{d2(x, y)

4t
+ ϕ(y)

}
,

the limiting (1.6) can be equivalently formulated as

Qε
t (ϕ) → −Qt (−ϕ) pointwise as ε ↓ 0 for t=1

(the case of general t > 0 follows by simple scaling). From a PDE perspective this amounts
to proving that solutions of

∂tϕ
ε
t = |∇ϕε

t |2 + ε�ϕε
t (1.8)

converge to solutions of
∂tϕt = |∇ϕt |2 . (1.9)

Note that, in line with the considerations made initially, Eq. 1.8 is tightly linked –via
the Laplacian– to analysis on the base space, whereas (1.9) to geometry (as it is clear from
the representation formula of its solutions given by the Hopf–Lax formula recalled above).
We remark that the viscous-metric aspects of the Hopf–Lax formula in connection with
Hamilton–Jacobi equations has been carefully studied in the independent papers [2] and
[22].

The validity of this sort of viscous approximation of the Hamilton–Jacobi equation in
the setting of RCD spaces has been first pointed out in [30], where the setting was that of
finite-dimensional RCD(K , N ) spaces. Here, by following the same strategy, we push these
results to the very general setting of RCD(K ,∞), in particular not relying on any sort of local
compactness.

Proving such convergence requires, among other things, to establish suitable estimates for
solutions of Eq. 1.8 which are uniform in ε. Section 3 is devoted to the derivation of such
estimates, which can be stated as:

Lip(ϕε
t ) ≤ e−K εt Lip(ϕ) ,

(�ϕε
t )− ≤ ‖(�ϕ)−‖L∞(X) + 2K −te2K −εt Lip(ϕ)2 ,

(1.10)

for every t ≥ 0. See Corollary 4.1 for the rigorous statement (paying attention to the factor
1
2 used in formula (4.1)).
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In the smooth literature, such inequalities are known to be useful tools in the study of
non-linear PDEs, see e.g. [37, Proposition 2.1,Corollary 9.1]where uniformbounds are estab-
lished for gradients and Laplacians of solutions to Hamilton–Jacobi equations on Euclidean
domains, with a vanishing viscosity term and a general convex Hamiltonian. Still in the
smooth setting, the fact that lower Ricci bounds play a role in Eq. 1.10 is known at least since
[9, Lemma 3.2].

To the best of our knowledge, little is known about these bounds in the non-smooth setting
of RCD spaces and the only relevant reference is the recent [40], where (an estimate close in
spirit to) the Laplacian bound in Eq. 1.10 has been derived in the limit case ε = 0 and in the
setting of finite-dimensional and non-collapsed RCD spaces.

2 Preliminaries

2.1 Sobolev calculus on RCD spaces

By C([0, 1],X) we denote the space of continuous curves with values in the metric space
(X,d) and for t ∈ [0, 1] the evaluation map et : C([0, 1],X) → X is defined as et (γ ) := γt .
For the notion of absolutely continuous curve in a metric space and of metric speed see
for instance Section 1.1 in [4]. The collection of absolutely continuous curves on [0, 1] is
denoted by AC([0, 1],X). By P(X) we denote the space of Borel probability measures on
(X,d) and by P2(X) ⊂ P(X) the subclass of those with finite second moment.

Let (X,d,m) be a complete and separable metric measure space endowed with a Borel
non-negative measure which is finite on bounded sets. We shall also assume that

the support of m coincides with the whole X.

For the definition of test plans, the Sobolev class S2(X) and of minimal weak upper
gradient |D f | see [5] (and the previous works [14, 45] for alternative –but equivalent–
definitions of Sobolev functions). The Sobolev space W 1,2(X) is defined as L2(X) ∩ S2(X).
When endowed with the norm ‖ f ‖2

W 1,2 := ‖ f ‖2
L2 + ‖|D f |‖2

L2 , the space W 1,2(X) is a
Banach space.

The Cheeger energy is the convex and lower-semicontinuous functional E : L2(X) →
[0,∞] given by

E( f ) :=
⎧
⎨

⎩

1

2

ˆ
|D f |2 dm for f ∈ W 1,2(X) ,

+∞ otherwise.

(X,d,m) is infinitesimally Hilbertian (see [25]) if W 1,2(X) is Hilbert. In this case the
cotangentmodule L2(T ∗X) (see [26]) and its dual, the tangentmodule L2(TX), are canon-
ically isomorphic, the differential is a well-defined linear map d from S2(X) with values in
L2(T ∗X) and the isomorphism sends the differential d f to the gradient ∇ f . In this frame-
work, the divergence of a vector field is defined as (minus) the adjoint of the differential, i.e.
we say that v ∈ L2(TX) has a divergence in L2(X), and write v ∈ D(div), provided there is
a function g ∈ L2(X) such thatˆ

f g dm = −
ˆ

d f (v) dm ∀ f ∈ W 1,2(X) .

In this case g is unique and is denoted div(v).
Furthermore E is a Dirichlet form admitting a carré du champ given by 〈∇ f ,∇g〉,

where 〈·, ·〉 is the pointwise scalar product on the Hilbert module L2(TX). The infinitesimal
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generator� of E , which is a linear closed self-adjoint operator on L2(X), is calledLaplacian
on (X,d,m) and its domain denoted by D(�) ⊂ W 1,2(X). A function f ∈ W 1,2(X) belongs
to D(�) and g = � f if and only ifˆ

φg dm = −
ˆ

〈∇φ,∇ f 〉 dm, ∀φ ∈ W 1,2(X) .

The flow (ht ) associated to E is called heat flow (see [5]), for such a flow it holds

u ∈ L2(X) ⇒ (ht u) ∈ C([0,∞), L2(X)) ∩ ACloc((0,∞), W 1,2(X))

and the curve t �→ ht u ∈ L2(X) is the only solution of

d

dt
ht u = �ht u, ht u → u as t ↓ 0 , (2.1)

where it is intended that (ht u) is in ACloc((0,∞), L2(X)) and that the derivative is intended
in L2(X). We shall denote by Lip(X) (resp. Lipbs(X), resp. Lipbs,+(X)) the space of real-
valued Lipschitz (resp. Lipschitz with bounded support, resp. Lipschitz with bounded support
and non-negative) functions on X. On infinitesimally Hilbertian spaces, Lipbs,+(X) is W 1,2-
dense in the space of non-negative functions in W 1,2(X) and then clearly Lipbs(X) is dense
in W 1,2(X).

If moreover (X,d,m) is an RCD(K ,∞) space (see [6]), then there exists the heat kernel,
namely a function

(0,∞) × X2 � (t, x, y) �→ pt [x](y) = pt [y](x) ∈ (0,∞)

such that

ht u(x) =
ˆ

u(y)pt [x](y) dm(y) ∀t > 0 (2.2)

for every u ∈ L2(X). For every x ∈ X and t > 0, pt [x] is a probability density and
thus Eq. 2.2 can be used to extend the heat flow to L1(X) and shows that the flow is mass
preserving and satisfies themaximum principle, i.e.

f ≤ c m-a.e. ⇒ ht f ≤ c m-a.e., ∀t > 0 .

An important property of the heat flow on RCD(K ,∞) spaces is the Bakry–Émery
contraction estimate (see [6]):

|dht f |2 ≤ e−2K tht (|d f |2) ∀ f ∈ W 1,2(X), t ≥ 0 . (2.3)

Furthermore (see [6]) if u ∈ L∞(X), then h·u(·) belongs to Cb((0,∞)×X), ht u is Lipschitz
on X for all t > 0 with Lipschitz constant controlled by

√

2
ˆ t

0
e2K sds Lip(ht u) ≤ ‖u‖L∞(X)

and it also holds

u ∈ Cb(X) ⇒ (t, x) �→ ht u(x) ∈ Cb([0,∞) × X) . (2.4)

We also recall that RCD(K ,∞) spaces have the Sobolev-to-Lipschitz property ([6, 24]), i.e.

f ∈ W 1,2(X), |d f | ∈ L∞(X) ⇒ ∃ f̃ = f m-a.e. with Lip( f̃ ) ≤ ‖|d f |‖L∞(X) ,

and thus we shall typically identify Sobolev functions with bounded differentials with their
Lipschitz representative.
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On RCD(K ,∞) spaces, the vector space of ‘test functions’ (see [44])

Test∞(X) :=
{

f ∈ D(�) ∩ L∞(X) : |∇ f | ∈ L∞(X), � f ∈ L∞ ∩ W 1,2(X)
}

is an algebra dense in W 1,2(X) for which it holds

u ∈ Test∞(X) and 
 ∈ C∞(R) with 
(0) = 0 ⇒ 
 ◦ u ∈ Test∞(X) .

An explicit method to build test functions consists in a combination of truncation and mol-
lification via heat flow, see [28, Proposition 6.1.8]. The fact that Test∞(X) is an algebra is
based on the property

f ∈ Test∞(X) ⇒ |d f |2 ∈ W 1,2(X) withˆ
|d(|d f |2)|2 dm ≤ ‖|d f |‖2L∞

(
‖|d f |‖L2‖|d� f |‖L2 + |K |‖|d f |‖2L2

)
,

which allows to show that the Bochner inequality (a stronger formulation can be found
in [26] - see also the previous contributions [44, 48]) holds for all f ∈ Test∞(X) in the
following form:

−
ˆ (1

2
〈∇h,∇|∇ f |2〉 + h〈∇ f ,∇� f 〉

)
dm ≥ K

ˆ
h|d f |2dm ∀h ∈ L1 ∩ W 1,2(X) .

(2.5)

2.2 Optimal Transport and Regular Lagrangian Flows on RCD Spaces

We first recall the following result on the existence of W2-geodesics in RCD spaces (see [23]
and [43]).

Theorem 2.1 Let (X,d,m) be an RCD(K ,∞) space and μ0, μ1 ∈ P2(X) with bounded
support and such that μ0, μ1 ≤ Cm for some C > 0.

Then there exists a unique geodesic (μt ) from μ0 to μ1, it satisfies

μt ≤ C ′m ∀t ∈ [0, 1] for some C ′ > 0 , (2.6)

and there is a unique lifting π of it, i.e. a unique measure π ∈ P(C([0, 1], X)) such that
(et )∗π = μt for every t ∈ [0, 1] and

¨ 1

0
|γ̇t |2 dt dπ(γ ) = W 2

2 (μ0, μ1) .

Given f : X → R the local Lipschitz constant lip( f ) : X → [0,∞] is defined as 0 on
isolated points and otherwise as

lip f (x) := lim sup
y→x

| f (x) − f (y)|
d(x, y)

.

If f is Lipschitz, then its Lipschitz constant is denoted by Lip f . With this notion we can
recall some properties of theHopf–Lax semigroup in metric spaces, also in connection with
optimal transport. For f : X → R ∪ {+∞} and t > 0 we define the function Qt f : X →
R ∪ {−∞} as

Qt f (x) := inf
y∈X

{
f (y) + d2(x, y)

2t

}
(2.7)

123



Viscosity Solutions of Hamilton–Jacobi Equation in RCD(K , ∞) Spaces...

and set
t∗ := sup{t > 0 : Qt f (x) > −∞ for some x ∈ X} .

It is worth saying that t∗ does not actually depend on x , since if Qt f (x) > −∞, then
Qs f (y) > −∞ for all s ∈ (0, t) and all y ∈ X. With this premise we have the following
result (see [5]):

Proposition 2.2 Let (X,d) be a length space and f : X → R ∪ {+∞}. Then for all x ∈ X
the map (0, t∗) � t �→ Qt f (x) is locally Lipschitz and

d

dt
Qt f (x) + 1

2

(
lipQt f (x)

)2 = 0 a.e. t ∈ (0, t∗) .

With regard to the notion of Regular Lagrangian Flow, introduced by L. Ambrosio and
the last-named author in [10] as the generalization to RCD spaces of the analogous concept
existing on Rd as proposed by Ambrosio in [1], the definition is the following:

Definition 2.3 (Regular Lagrangian Flow) Given (vt ) ∈ L1([0, 1], L2(TX)), the function
F : [0, 1] × X → X is a Regular Lagrangian Flow for (vt ) provided:

(i) [0, 1] � t �→ Ft (x) is continuous for every x ∈ X;
(ii) for every f ∈ Test∞(X) and m-a.e. x the map t �→ f (Ft (x)) belongs to W 1,1([0, 1])

and
d

dt
f (Ft (x)) = d f (vt )(Ft (x)) a.e. t ∈ [0, 1] ;

(iii) it holds
(Ft )∗m ≤ Cm ∀t ∈ [0, 1]

for some constant C > 0 called compression constant.

In [10, Theorems 4.3 and 4.6] the authors prove that under suitable assumptions on the
vt ’s, Regular Lagrangian Flows exist and are unique. We shall use the following formulation
of their result (weaker than the one provided in [10]). Since in this manuscript we are going to
deal only with gradient vector fields, the space W 1,2

C (TX) appearing in the statement below
needs not be defined.

Theorem 2.4 Let (X,d,m) be an RCD(K ,∞) space and (vt ) ∈ L1([0, 1], W 1,2
C (TX)) be

such that vt ∈ D(div) for a.e. t and

div(vt ) ∈ L1([0, 1], L2(X)) (div(vt ))
− ∈ L1([0, 1], L∞(X)) .

Then there exists a unique, up to m-a.e. equality, Regular Lagrangian Flow F for (vt ).
For such flow, the quantitative bound

(Ft )∗m ≤ exp
( ˆ 1

0
‖(div(vt ))

−‖L∞(X) dt
)
m (2.8)

holds for every t ∈ [0, 1] and for m-a.e. x the curve t �→ Ft (x) is absolutely continuous and
its metric speed mst (F·(x)) at time t satisfies

mst (F·(x)) = |vt |(Ft (x)) a.e. t ∈ [0, 1] . (2.9)

To be precise, Eq. 2.9 is not explicitly stated in [10]; its proof is anyway not hard and can
be obtained, for instance, following the arguments in [26].
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As anticipated, for the purposes of this manuscript the general definition of the space
W 1,2

C (TX) is not relevant: it is sufficient to know that

‖∇ϕ‖W 1,2
C

≤ C(‖�ϕ‖L2 + ‖∇ϕ‖L2), ∀ϕ ∈ Test∞(X) , (2.10)

see [26, Corollary 3.3.9] for the proof.
Finally, we shall also need the following compactness criterion for Regular Lagrangian

Flows, stated at the level of the induced test plans. The formulation we adopt is tailored to
our framework and is weaker than the original one, contained in [8] (see Proposition 7.8
therein).

Theorem 2.5 Let (X,d,m) be an RCD(K ,∞) space, (μn) ⊂ P(X) with μn � m, (Fn)

a family of Regular Lagrangian Flows relative to (vn
t ) with compression constants Cn and

set πn := (Fn
. )∗μn, where Fn

. : X → C([0, 1],X) is the m-a.e. defined map sending x to
t �→ Fn

t (x). Assume that

lim
R→∞ sup

n
(e0)∗πn(X \ BR(x̄)) = 0 (2.11)

for some x̄ ∈ X,

sup
n

Cn < ∞ and sup
n

¨ 1

0
|vn

t |2dtdm < ∞ . (2.12)

Then (πn) ⊂ P(C([0, 1],X)) is tight and every limit point π is concentrated on AC([0,
1],X).

2.3 Large Deviations and 0-convergence

The notion of Large Deviations is meaningful in a very abstract and general framework,
namely in a Polish space (X, τ ). In what follows:

– I : X → [0,∞] is a given function, called rate function, with compact sublevels (and
in particular lower semicontinuous).

– (μt ) ⊂ P(X), t ∈ (0, 1) is a given family of Borel probability measures.

Definition 2.6 We say that (μt ) satisfies:

(i) a Large Deviations lower bound with speed t−1 and rate I if for each open set O ⊂ X

lim inf
t↓0 t logμt (O) ≥ − inf

x∈O
I (x) ;

(ii) a Large Deviations upper bound with speed t−1 and rate I if for each closed set C ⊂ X

lim sup
t↓0

t logμt (C) ≤ − inf
x∈C

I (x) .

If both lower and upper bounds hold with same rate and speed, we say that (μt ) satisfies
a Large Deviations Principle.

Thus recalling the Portmanteau Theorem, Large Deviations can be thought of as an ‘expo-
nential’ analog of weak convergence of measures.

As discussed in detail in [39], the concept of Large Deviation is also tightly linked to that
of �-convergence of (rescaled) entropy functionals. Let us recall that given ν ∈ P(X), the
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entropy H(· | ν) : P(X) → [0,∞] relative to ν is defined as

H(σ | ν) :=
⎧
⎨

⎩

ˆ
ρ log(ρ) dν if σ = ρν,

+∞ if σ �� ν.

Note that Jensen’s inequality and the fact that ν ∈ P(X) grant that
´

ρ log(ρ) dν is well
defined and non-negative. We also recall De Giorgi’s concept of �-convergence (see e.g.
[15]), that we shall only state for family of functionals on P(X) and for weak convergence
of measures:

Definition 2.7 (� convergence) Let (Ft ), t ≥ 0, be given real-valued functionals on P(X).
We say that:

(i) �-lim supt Ft ≤ F0 provided for every ν0 ∈ P(X) there is νt⇀ν0 such that

lim sup
t↓0

Ft (νt ) ≤ F0(ν0) .

(ii) �-lim inf t Ft ≥ F0 provided for every (νt ) ⊂ P(X) such that νt⇀ν0 we have

lim inf
t↓0 Ft (νt ) ≥ F0(ν0) .

If both (i) and (i i) hold we say that the family (Ft ) �-converges to F0.

We then recall the following general equivalences. Let us emphasize the presence of the
‘minus’ sign in Definition 2.6 and the fact that for given ν ∈ P(X) and E ⊂ X Borel
we have H(ν(E)−1ν|E

| ν) = − log(ν(E)): this helps understanding why Large Deviations
lower bounds are related to the �-lim sup inequality, and and analogously Large Deviations
upper bounds to �-lim inf.

Theorem 2.8 The following are equivalent:

(i) (μt ) satisfies a Large Deviations lower bound with speed t−1 and rate I ;
(ii) for every ϕ ∈ Cb(X) it holds

lim inf
t↓0 t log

ˆ
e

ϕ
t dμt ≥ sup

x∈X
{ϕ(x) − I (x)} ;

(iii) for every ν ∈ P(X) it holds
(
�- lim sup

t↓0
t H(· | μt )

)
(ν) ≤

ˆ
I dν ; (2.13)

(iii’) for every x ∈ X the inequality (2.13) holds for ν := δx .

Theorem 2.9 The following are equivalent:

(i) (μt ) satisfies a Large Deviations upper bound with speed t−1 and rate I ;
(ii) for every ϕ ∈ Cb(X) it holds

lim sup
t↓0

t log
ˆ

e
ϕ
t dμt ≤ sup

x∈X
{ϕ(x) − I (x)} ;

(iii) for every ν ∈ P(X) it holds
(
�- lim inf

t↓0 t H(· | μt )
)
(ν) ≥

ˆ
I dν ; (2.14)
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(iii’) for every x ∈ X the inequality (2.14) holds for ν := δx .

The equivalence of (i), (i i) in these statements is standard in the field, see for instance
[20, Lemma 4.3.4, 4.3.6, 4.4.5, 4.4.6] for the proof. The fact that these are equivalent to
(i i i), (i i i ′) is proved in [39, Theorem 3.4, 3.5].

3 Contraction Estimates for Gradient and Laplacian

Aim of this section is to get gradient and Laplacian estimates for loght eϕ in terms of the
quantities ‖|∇ϕ|‖L∞(X) and ‖(�ϕ)−‖L∞(X).

The proofs are based on a comparison principle, valid in general infinitesimally Hilbertian
spaces (Y,dY,mY). To formulate it, we shall denote by W −1,2(Y) the dual of W 1,2(Y). As
usual, the fact that W 1,2(Y) embeds in L2(Y) with dense image allows to see L2(Y) as a
dense subset of W −1,2(Y), where f ∈ L2(Y) is identified with the mapping W 1,2(Y) �
g �→ ´

f g dmY.

Lemma 3.1 Let (Y,dY,mY) be an infinitesimally Hilbertian space and T > 0. Then

L∞([0, T ], W 1,2(Y)) ∩ C([0, T ], W −1,2(Y)) ⊂ C([0, T ], L2(Y)) . (3.1)

Moreover, for (gt ) ∈ L∞([0, T ], W 1,2(Y))∩AC([0, T ], W −1,2(Y)) the function [0, T ] �
t �→ 1

2

´ |(gt )
+|2 dmY is absolutely continuous and it holds

d

dt

1

2

ˆ
|(gt )

+|2 dmY =
ˆ

(gt )
+ d

dt
gt dmY , a.e. t, (3.2)

where the integral in the right-hand side is intended as the coupling of (gt )
+ ∈ W 1,2(Y)

with d
dt gt ∈ W −1,2(Y).

Proof It is readily verified that both the W 1,2-norm and L2-norm are lower semicontinuous
w.r.t. W −1,2-convergence. Hence for (gt ) in the space in the left-hand side in Eq. 3.1 we have
supt∈[0,T ] ‖gt‖W 1,2 < ∞. Now let tn → t and note that, by what just said, up to passing to a
non-relabeled subsequence we can assume that gtn ⇀g in W 1,2(Y) for some g ∈ W 1,2(Y).
Since in addition we know that gtn → gt in W −1,2(Y) we must have g = gt and by the
coupling of strong and weak convergences we see that

ˆ
g2

tn dmY = 〈
gtn , gtn

〉
W 1,2,W−1,2 → 〈gt , ht 〉W 1,2,W−1,2 =

ˆ
g2

t dm .

Since W 1,2-weak convergence implies L2-weak convergence, we have L2-weak conver-
gence and convergence of L2-norms, so Eq. 3.1 is proved.

Now let (gt ) ∈ AC([0, T ], L2(Y)), then 
(t) := 1
2

´ |(gt )
+|2 dmY is locally absolutely

continuous on (0,∞) and, setting φ(z) := z+ = max{0, z}, Eq. 3.2 follows by observing
that


′(t) =
ˆ

φ(gt )
d

dt
φ(gt ) dmY =

ˆ
φ′(gt ) φ(gt )

d

dt
gt dmY =

ˆ
φ(gt )

d

dt
gt dmY .

For the general case we argue by approximation via the heat flow. Fix ε > 0 and note that
the fact that hε is a contraction in W 1,2(Y) and a bounded operator from L2(Y) to W 1,2(Y)
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yield the inequalities

‖hε f ‖L2 = sup
‖g‖L2≤1

ˆ
hε f g dmY ≤ sup

‖g‖L2≤1
‖hεg‖W 1,2‖ f ‖W−1,2 ≤ Cε‖ f ‖W−1,2 ,

‖hε f ‖W−1,2 = sup
‖g‖W1,2≤1

ˆ
hε f g dmY ≤ sup

‖g‖W1,2≤1
‖hεg‖W 1,2‖ f ‖W−1,2 ≤ ‖ f ‖W−1,2 ,

for all f ∈ L2(Y), which together with the density of L2(Y) in W −1,2(Y) ensures that hε

can be uniquely extended to a bounded linear operator from W −1,2(Y) to L2(Y) which is
also a contraction when seen with values in W −1,2(Y). It is then clear that hε f → f in
W −1,2(Y) as ε ↓ 0 for every f ∈ W −1,2(Y). It follows that for (gt ) as in the assumption we
have (hεgt ) ∈ AC([0, T ], L2(Y)), so that, by what previously said, the conclusion holds for
such curve and writing the identity (3.2) in integral form we have

1

2

ˆ
|(hεgt1)

+|2 − |(hεgt0 )
+|2 dmY =

ˆ t1

t0

ˆ (
hεgt

)+hε

( d

dt
gt

)
dmY dt ∀0 ≤ t0 ≤ t1 ≤ T .

Letting ε ↓ 0, using the continuity at ε = 0 of hε seen as an operator on each of the spaces
W 1,2(Y), L2(Y), W −1,2(Y), and the continuity of g �→ g+ as map from W 1,2(Y) with the
strong topology to W 1,2(Y) with the weak one (which follows from the continuity of the
same operator in L2(Y) together with the fact that it decreases the W 1,2-norm), we obtain

1

2

ˆ
|g+

t1 |2 − |g+
t0 |2 dmY =

ˆ t1

t0

ˆ
(gt )

+ d

dt
gt dmY dt ∀0 ≤ t0 ≤ t1 ≤ T . (3.3)

Since clearly we have
∣∣∣∣
ˆ t1

t0

ˆ
(gt )

+ d

dt
gt dmY dt

∣∣∣∣ ≤ ‖(gt )‖L∞([t0,t1],W 1,2)‖( d
dt gt )‖L1([t0,t1],W−1,2) ,

the identity (3.3) and the assumptions on (gt ) grant the local absolute continuity of t �→
1
2

´ |g+
t |2 dmY. Then the conclusion follows by differentiating (3.3). ��

In the following statement we are going to prove a general comparison principle between
super- and sub-solutions of the equation

d

dt
ut = �ut + a1ut + 〈∇ut , vt 〉 + a2 . (3.4)

Proposition 3.2 (A comparison principle) Let (Y,dY,mY) be an infinitesimally Hilbertian
space, a1, a2, T ∈ R with T > 0 and (vt ) be a Borel family of vector fields with

(|vt |) ∈ L∞([0, T ], L∞(Y)) . (3.5)

Also, let (Ft ), (Gt ) be time-dependent families of functions belonging to the space

L∞([0, T ], W 1,2(Y)) ∩ AC([0, T ], W −1,2(Y)) . (3.6)

Assume that (Ft ), (Gt ) are respectively a weak super- and weak sub-solution of Eq. 3.4,
meaning that for every h ∈ Lipbs,+(Y) the functions t �→ ´

hFt dmY,
´

hGt dmY (that are
absolutely continuous on [0, T ] by the assumptions on (Ft ), (Gt )) satisfy

d

dt

ˆ
hFtdmY ≥ −

ˆ
〈∇h,∇Ft 〉 dmY +

ˆ
h
(

a1Ft + 〈∇Ft , vt 〉 + a2
)
dmY,

d

dt

ˆ
hGtdmY ≤ −

ˆ
〈∇h,∇Gt 〉 dmY +

ˆ
h
(

a1Gt + 〈∇Gt , vt 〉 + a2
)
dmY.
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for a.e. t ∈ [0, T ]. Assume that F0 ≥ G0 mY-a.e. Then Ft ≥ Gt mY-a.e. for every t ∈ [0, T ].
Proof Recalling that Lipbs,+(Y) is dense in the space of non-negative functions in W 1,2(Y)

and integrating in time the inequalities defining super/sub-solutions, we see that such inequal-
ities are valid for every h ∈ W 1,2(Y) non-negative. Then from the fact that W −1,2(Y) has the
Radon–Nikodým property (because it is Hilbert) we see that (Ft ) seen as curve with values in
W −1,2(Y) must be differentiable at a.e. t (see [19, Chapter VII.6] for equivalent definitions
of the Radon–Nikodým property and [19, Chapter III.3] for its validity in the case of Hilbert
spaces). It is then clear that for every point of differentiability t , the inequality

d

dt

ˆ
hFtdmY ≥ −

ˆ
〈∇h,∇Ft 〉 dmY +

ˆ
h
(

a1Ft + 〈∇Ft , vt 〉 + a2
)
dmY (3.7)

holds for every h ∈ W 1,2(Y) non-negative, i.e. that the set of t’s for which Eq. 3.7 holds is
independent on h. The analogous property holds for (Gt ).

Now observe that Ht := Gt − Ft satisfies the assumptions of Lemma 3.1, thus the function

(t) := 1

2

´ |H+
t |2 dmY is absolutely continuous on [0, T ] and


′(t) =
ˆ

H+
t

d

dt
Ht dmY ,

where the right-hand side is intended as the coupling of d
dt Ht ∈ W −1,2(Y) and the function

H+
t ∈ W 1,2(Y). Fix t which is a differentiability point of both (Ft ) and (Gt ) and pick

h := H+
t = (Gt − Ft )

+ in Eq. 3.7 and in the analogous inequality for (Gt ) to obtain


′(t) ≤
ˆ

−〈∇ H+
t ,∇ Ht 〉 + H+

t

(
a1Ht + 〈∇ Ht , vt 〉

)
dmY .

Now fix T > 0, let CT := ess supt∈[0,T ]‖|vt |‖L∞ < ∞ and use the trivial identities
〈∇ f +,∇ f 〉 = |∇ f +|2, f + f = | f +|2, and f +∇ f = f +∇ f + valid mY-a.e. for every
f ∈ W 1,2(Y), to obtain


′(t)≤
ˆ

−|dH+
t |2 + a1|H+

t |2 + |H+
t ||dH+

t |CT dmY≤
(

a1 + C2
T

2

)

(t) a.e. t ∈(0, T ) ,

where the second inequality follows from |H+
t ||dH+

t |CT ≤ 1
2 |H+

t |2C2
T + 1

2 |dH+
t |2. By

Grönwall’s lemma we deduce that


(s) ≤ e(2a1+C2
T )(s−t)
(t) ∀t, s ∈ (0, T ), t < s

and since 
 is continuous at t = 0 (by Eq. 3.1 and our assumptions on (Ft ), (Gt )) we can let
t ↓ 0 and deduce that 
(s) ≤ e(a1+C2

T )(s)
(0) holds for every s ∈ (0, T ). Since 
(0) = 0,
the conclusion follows. ��

In the forthcoming analysis it will be useful to keep in mind the following simple result:

Lemma 3.3 Let (X,d,m) be an RCD(K ,∞) space with K ∈ R, φ ∈ Test∞(X). Put

φt := log
(
ht (e

φ)
)
.

Then φt ∈ Test∞(X) for every t ≥ 0 with

dφt = dht (eφ)

ht (eφ)
and �φt = �ht eφ

ht eφ
− |∇ht eφ |2

|ht eφ |2 , (3.8)
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and the estimates

sup
t≥0

‖φt‖∞ ≤ ‖φ‖∞ , (3.9a)

sup
t∈[0,T ]

‖|∇φt |2‖∞ + ‖�φt‖∞ < ∞ , (3.9b)

sup
t∈[0,T ]

‖|∇φt |2‖W 1,2 + ‖�φt‖W 1,2 < ∞ , (3.9c)

hold for every T > 0. Finally, the map t �→ φt belongs to ACloc([0,∞), W 1,2(X)) with
derivative given by

d

dt
φt = |∇φt |2 + �φt for a.e. t > 0 . (3.10)

Proof The continuity of φt follows from Eq. 2.4. Formulas (3.8) are obvious by direct com-
putation and so is

d�φt = d�ht eφ

ht eφ
− �ht eφ dht eφ

|ht eφ |2 − d|∇ht eφ |2
|ht eφ |2 + 2

ht eφ |∇ht eφ |2dht eφ

|ht eφ |3 . (3.11)

Then all the stated estimates follow from the weak maximum principle for the heat flow,
the uniform bound eφ ≥ einf φ > 0 and

‖dht (e
φ)‖∞

(2.3)≤ e−K t‖deφ‖∞ ≤ e−K t esupφ‖dφ‖∞ ,

‖�ht e
φ‖∞ ≤ ‖�eφ‖∞ = ‖eφ(�φ + |dφ|2)‖∞ ≤ esupφ(‖�φ‖∞ + ‖dφ‖2∞) .

For the last claim we pick a finite Borel measure m′ ≤ m with the same negligible
sets of m and we note that from Eqs. 2.1 and 3.8 we have (φt ) ∈ C([0,∞), L2(X,m′)) ∩
ACloc((0,∞), L2(X,m′))with derivative given by the formula (3.10). Integrating we obtain

φs − φt =
ˆ s

t
|∇φr |2 + �φr dr , ∀0 ≤ t < s ,

where the integrals are in the sense of Bochner in the space L2(X,m′). Thus this formula is
valid alsom′-, and hencem-, almost everywhere, so that the estimates Eq. 3.9c and the fact that
φ0 = φ ∈ W 1,2(X,d,m) give the last claim and, in particular, the fact that φt ∈ L2(X,m)

thus establishing φt ∈ Test∞(X). ��

We are ready to turn to the main result of this section:

Proposition 3.4 Let (X,d,m) be an RCD(K ,∞) space with K ∈ R, φ ∈ Test∞(X) and put
φt := log(ht eφ) for all t ≥ 0. Then for every t ≥ 0 it holds

‖∇φt‖∞ ≤ e−K t‖∇φ0‖L∞(X) , (3.12)

‖(�φt )
−‖∞ ≤ ‖(�φ0)

−‖L∞(X) + 2t K −e2K −t‖∇φ0‖2L∞(X) , (3.13)

where K − := max{0,−K }.

Proof We prove first (3.12) and then Eq. 3.13.

Proof of Eq. 3.12. Put Gt := |∇φt |2 and note that as a result of Lemma 3.3 above (and the

trivial inclusion AC([0, T ], L2(X)) ⊂ AC([0, T ], W −1,2(X))) we have that (Gt ) belongs to
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the space (3.6) for every T > 0. Moreover, from Eq. 3.10 we get that the derivative of (Gt ),
intended in the space L2(X), is given by

d

dt
Gt = 2〈∇φt ,∇Gt 〉 + 2〈∇φt ,∇�φt 〉 a.e. t > 0 .

Applying Bochner inequality (2.5) to f := φt we deduce that for every h ∈ Lipbs,+(X)

it holds

d

dt

ˆ
hGt dm ≤

ˆ
−〈∇h,∇Gt 〉 + 2h

(
〈∇φt ,∇Gt 〉 − K Gt

)
dm, a.e. t > 0 ,

thus showing that (Gt ) is a weak subsolution of Eq. 3.4 in the sense of Proposition 3.2 with

a1 = −2K a2 = 0 vt = 2∇φt . (3.14)

On the other hand, it is clear that the function Ft (x) := e−2K t‖G0‖L∞(X) belongs to the
space (3.6) for every T > 0 and is a super-solution of Eq. 3.4 with the data (3.14).

Since F0 ≥ G0 holds m-a.e. and the bound (3.9b) ensures that the vt ’s defined above
satisfy (3.5), the claim (3.12) follows from Proposition 3.2.

Proof of Eq. 3.13. Fix T > 0, put Ft := �φt and note that Eq. 3.9c ensures that (Ft ) belongs

to L∞([0, T ], W 1,2(X)). Also, for every g ∈ W 1,2(X) with ‖g‖W 1,2 ≤ 1, putting for brevity
f := φs − φt for fixed 0 < t < s, we have

ˆ
g(Fs − Ft ) dm = −

ˆ
〈∇g,∇ f 〉 dm ≤ ‖|∇g|‖L2‖ f ‖W 1,2 ≤ ‖ f ‖W 1,2 .

Taking the sup in g as above we conclude that ‖Fs − Ft‖W−1,2 ≤ ‖φs − φt‖W 1,2 , thus
recalling the last claim in Lemma 3.3 we conclude that (Ft ) is in Eq. 3.6. Also, for every
h ∈ Lipbs,+(X) we have

d

dt

ˆ
hFt dm = − d

dt

ˆ
〈∇h,∇φt 〉 dm

(by (3.10)) = −
ˆ

〈∇h,∇(|∇φt |2)〉 + 〈∇h,∇Ft 〉 dm

(by (2.5)) ≥
ˆ

2h
(〈∇φt ,∇Ft 〉 + K |∇φt |2

) + 〈∇h,∇Ft 〉 dm

(by (3.12)) ≥
ˆ

2h
(〈∇φt ,∇Ft 〉 − K −e2K −T ‖|∇φ0|‖2L∞

) + 〈∇h,∇Ft 〉 dm ,

for a.e. t ∈ [0, T ]. In other words, (Ft ) is a weak supersolution of Eq. 3.4 on [0, T ] with

a1 = 0 a2 = −2K −e2K −T ‖|∇φ0|‖2L∞(X) vt = 2∇φt .

On the other hand, it is easily verified that the function

Gt (x) := −‖(�φ0)
−‖L∞(X) − 2K −te2K −T ‖|∇φ0|‖2L∞(X)

belongs to Eq. 3.6 and is a weak (sub)solution of Eq. 3.4. As F0 ≥ G0 m-a.e., by
Proposition 3.2 we conclude that Ft ≥ Gt m-a.e. for every t ∈ [0, T ] and in particular
for t := T . ��
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4 Viscous Approximation of the Hamilton–Jacobi Semigroup

Hereweprove that ongeneralRCD(K ,∞) spaces, solutions of theHamilton–Jacobi–Bellman
equation converge, when ε ↓ 0, to solutions of the Hamilton–Jacobi equation. The starting
point is the following simple corollary of Proposition 3.4.

Corollary 4.1 Let (X,d,m) be an RCD(K ,∞) space with K ∈ R, ϕ ∈ Test∞(X) and set

ϕε
t := ε log hεt/2(e

ϕ/ε), t ≥ 0, ε > 0 . (4.1)

Then for all t > 0 and ε ∈ (0, 1) it holds

|ϕε
t | ≤ ‖ϕ‖L∞(X) , (4.2a)

|dϕε
t | ≤ Lip(ϕε

t ) ≤ e−K εt/2‖|∇ϕ|‖L∞(X) , (4.2b)

(�ϕε
t )− ≤ ‖(�ϕ)−‖L∞(X) + K −teK −εt‖|∇ϕ|‖2L∞(X) , (4.2c)

where K − := max{0,−K }. Also, t �→ ϕε
t is in ACloc([0,∞), W 1,2(X)) with

d

dt
ϕε

t = 1

2
|∇ϕε

t |2 + ε

2
�ϕε

t . (4.3)

Furthermore, for every B ⊂ X bounded and T > 0 we have

sup
ε∈(0,1)
t∈[0,T ]

ˆ
B

|�ϕε
t | dm < ∞ . (4.4)

Proof The estimates Eqs. 4.2a, 4.2b, 4.2c are direct consequences of Eqs. 3.9a, 3.12, 3.13
respectively (for Eq. 4.2b we also use the Sobolev-to-Lipschitz property and Eq. 2.4). Simi-
larly, Eq. 4.3 follows from Eq. 3.10. For the bound (4.4) we pick η ∈ Lip+

bs(X) identically 1
on B and note thatˆ

B
|�ϕε

t | dm ≤
ˆ

η|�ϕε
t | dm =

ˆ
−〈∇η,∇ϕε

t 〉 + 2η(�ϕε
t )− dm ,

so that the conclusion follows from the estimates Eqs. 4.2b, 4.2c. ��
Let us then recall the following simple lemma valid on general metric measure spaces,

whose proof can be found in [30].

Lemma 4.2 Let (Y,dY,mY) be a complete separable metric measure space endowed with
a non-negative measure mY which is finite on bounded sets and assume that W 1,2(Y) is
separable. Let π be a test plan and f ∈ W 1,2(Y). Then t �→ ´

f ◦ et dπ is absolutely
continuous and

∣∣∣
d

dt

ˆ
f ◦ et dπ

∣∣∣ ≤
ˆ

|d f |(γt )|γ̇t | dπ(γ ) a.e. t ∈ [0, 1] ,
where the exceptional set can be chosen to be independent of f .

Moreover, if ( ft ) ∈ AC([0, 1], L2(Y)) ∩ L∞([0, 1], W 1,2(Y)), then the map t �→ ´
ft ◦

et dπ is also absolutely continuous and

d

ds

(ˆ
fs ◦ es dπ

)
|s=t

=
ˆ ( d

ds
fs |s=t

)◦ et dπ + d

ds

( ˆ
ft ◦ es dπ

)
|s=t

a.e. t ∈ [0, 1] .

We then have the following key result, whose proof is inspired by the one of [30, Propo-
sition 5.4].
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Proposition 4.3 Let (X,d,m) be an RCD(K ,∞) space with K ∈ R and ϕ ∈ Test∞(X).
Define ϕε

t as in Eq. 4.1. Then

lim
ε↓0 ϕε

t (x) = sup
y∈X

{
ϕ(y) − d2(x, y)

2t

}
∀t > 0, x ∈ X . (4.5)

Moreover, for every t ≥ 0 and η ∈ L1 ∩ L∞ ∩ D(�) non-negative with �η ∈ L1(X) we
have ˆ

Qt (−ϕ)�η dm ≤ C(t, ϕ)

ˆ
η dm , (4.6)

where
C(t, ϕ) := ‖(�ϕ)−‖L∞(X) + K −t‖|∇ϕ|‖2L∞(X) (4.7)

and K − := max{0,−K }, and

lip Qt (−ϕ) = |dQt (−ϕ)| m × L1-a.e. (x, t) ∈ X × (0,+∞) . (4.8)

Proof By Eqs. 4.3, 4.2b and 4.2c we see that for every T > 0 there is C > 0 such that
t �→ ϕε

t + Ct is increasing on [0, T ] for every x ∈ X. Let D ⊂ X be a countable dense set.
By Helly’s Selection Principle applied to each of the functions t �→ ϕε

t (x)+Ct , with x ∈ D,
and by a diagonal argument, there exists

lim
k→∞ ϕ

εk
t (x) =: ϕt (x), ∀x ∈ D, t ≥ 0 .

From the uniform Lipschitz estimates (4.2b) it is then clear that for every t ≥ 0 the map
x �→ ϕt (x) can be uniquely extended to a Lipschitz function, still denoted by ϕt . Also,
convergence on a dense set plus uniform continuity estimates easily give that

lim
k→∞ ϕ

εk
t (x) = ϕt (x), ∀t ≥ 0, x ∈ X . (4.9)

With this said, Eq. 4.5 is proved if we are able to show that

− ϕt = Qt (−ϕ), ∀t > 0 , (4.10)

where Qt is theHopf–Lax semigroup defined inEq. 2.7. Indeed, if Eq. 4.10 holds, thenϕt does
not depend on the sequence (εk), so that the whole family (ϕε

t ) converges to ϕt = −Qt (−ϕ)

pointwise as ε → 0, which is precisely (4.5).
Inequality ≤ in Eq. 4.10. Fix t > 0, pick x, y ∈ X, r > 0, define

νr
x := 1

m(Br (x))
m|Br (x)

, νr
y := 1

m(Br (y))
m|Br (y)

,

andπr as the lifting of the uniqueW2-geodesic from νr
x to νr

y (recall point (i) of Theorem 2.1).
By Corollary 4.1 we have that s �→ ϕε

st is in AC([0, 1], W 1,2(X)), thus we can apply the
second part of Lemma 4.2 to this function and πr and get

d

ds

ˆ
ϕε

st ◦ es dπ
r ≥

ˆ
t
d

du
ϕε

u |u=st
(γs) − |dϕε

st |(γs)|γ̇s | dπr (γ ) .

Now recall (4.3), so that the above and Young’s inequality imply

d

ds

ˆ
ϕε

st ◦ es dπ
r ≥

ˆ
εt

2
�ϕε

st (γs) − 1

2t
|γ̇s |2 dπr (γ ) .

123



Viscosity Solutions of Hamilton–Jacobi Equation in RCD(K , ∞) Spaces...

Integrating in time, observing that ϕε
0 = ϕ and recalling that πr is optimal we get

ˆ
ϕε

t dν
r
y −

ˆ
ϕε dνr

x ≥ − 1

2t
W 2

2 (νr
y, ν

r
x ) +

¨ 1

0

εt

2
�ϕε

st ◦ es ds dπr . (4.11)

Let ε = εk ↓ 0 be as in Eq. 4.9 and combine the pointwise convergence with the uniform
bound to deduce, via the dominated convergence theorem, that

lim
k→∞

ˆ
ϕ

εk
t dνr

y =
ˆ

ϕt dν
r
y .

On the other hand, the uniform bound (4.4) and the fact that πr has bounded compression
and marginals uniformly supported in a bounded set (being the lifting of a W2-geodesic
between measures with bounded supports and densities) imply that the second term on the
right-hand side in Eq. 4.11 vanishes in the limit, whenceˆ

ϕt dν
r
y −

ˆ
ϕ dνr

x ≥ − 1

2t
W 2

2 (νr
y, ν

r
x ) .

Therefore, letting r ↓ 0 we conclude from the arbitrariness of x ∈ X and the continuity
of ϕt : X → R that

− ϕt (y) ≤ Qt (−ϕ)(y) ∀y ∈ X . (4.12)

Inequality ≥ in Eq. 4.10. Fix t > 0, define vε
s := t∇ϕε

(1−s)t and note that the esti-
mates Eqs. 3.9b, 3.9c and 2.10 ensure that these vector fields satisfy the assumptions of
Theorem 2.4. We thus obtain existence of the Regular Lagrangian flow Fε.

Fix x ∈ X, r > 0 and putπε := m(Br (x))−1(Fε· )∗m|Br (x)
, where Fε· : X → C([0, 1],X)

is the m-a.e. defined map which sends x to s �→ Fε
s (x), and observe that the bound (2.8),

identity (2.9) and the estimates (4.2b), (4.2c) ensure that πε is a test plan and the uniform
bound

(es)∗πε ≤ m(Br (x))−1esC(t,ε,ϕ)m ∀s ∈ [0, 1], ε ∈ (0, 1) , (4.13)

where
C(t, ε, ϕ) := ‖(�ϕ)−‖L∞(X) + K −teK −εt‖|∇ϕ|‖2L∞(X) . (4.14)

As before, we apply Lemma 4.2 to πε and s �→ ϕε
(1−s)t to obtain

d

ds

ˆ
ϕε

(1−s)t ◦ es dπ
ε =

ˆ (
− t

d

ds′ ϕ
ε
s′ |s′=(1−s)t

◦ es + dϕε
(1−s)t (v

ε
s ) ◦ es

)
dπε

=
ˆ (

− t

2
|dϕε

(1−s)t |2 − εt

2
�ϕε

(1−s)t + t |dϕε
(1−s)t |2

)
◦ es dπ

ε

=
ˆ ( t

2
|dϕε

(1−s)t |2 − εt

2
�ϕε

(1−s)t

)
◦ es dπ

ε .

Integrating in time and recalling (2.9) and that ϕε
0 = ϕ we deduce

ˆ
ϕ ◦ e1 − ϕε

t ◦ e0 dπ
ε =

¨ 1

0

1

2t
|γ̇s |2 − εt

2
�ϕε

(1−s)t (γs) ds dπε(γ ) . (4.15)

We claim that the family (πε)ε∈(0,1) is tight. To see this we apply the tightness criterion
Theorem 2.5 and note that Eq. 2.11 holds because

(e0)∗πε = m(Br (x))−1m|Br (x)
∀ε ∈ (0, 1) . (4.16)

The first condition in Eq. 2.12 follows from Eq. 4.13 and the second one from the estimate
(4.2b). Hence our claim is proved.

123



N. Gigli et al.

Now let ε = εk ↓ 0 be as in Eq. 4.9 and pass to a non-relabeled subsequence to find a
weak limit π of (πεk ). The weak convergence, Eqs. 4.16 and 4.9 give

lim
k→∞

ˆ (
ϕ ◦ e1 − ϕ

εk
t ◦ e0

)
dπεk =

ˆ
(ϕ ◦ e1 − ϕt ◦ e0) dπ .

On the other hand, the estimates (4.2b), and the identities (4.16), (2.9) imply that the
measures (es)∗πε are all concentrated on some bounded Borel set B ⊂ X for ε, s ∈ (0, 1).
Thus by Eq. 4.4 we see that the term with the Laplacian in Eq. 4.15 vanishes in the limit and
thus taking into account the lower semicontinuity of the 2-energy we deduce that

ˆ
(ϕ ◦ e1 − ϕt ◦ e0) dπ ≥ 1

2t

¨ 1

0
|γ̇s |2 ds dπ ≥ 1

2t

ˆ
d2(γ0, γ1) dπ(γ ) . (4.17)

Now note that Eq. 4.12 implies that

d2(γ0, γ1)
2t

≥ ϕ(γ1) − ϕt (γ0) (4.18)

for every curve γ , hence the above givesˆ
(ϕ ◦ e1 − ϕt ◦ e0) dπ ≥ 1

2t

ˆ
d2(γ0, γ1) dπ(γ ) ≥

ˆ
(ϕ ◦ e1 − ϕt ◦ e0) dπ ,

thus forcing the inequalities to be equalities. In particular, equality in Eq. 4.18 holds for
π -a.e. γ and since (e0)∗π = m|Br (x)

, this is the same as to say that for m-a.e. y ∈ Br (x)

there exists xy ∈ supp((e1)∗π) such that

d2(xy, y)

2t
− ϕ(xy) = −ϕt (y) .

Combined with Eq. 4.12, this implies that equality holds in Eq. 4.12 form-a.e. y ∈ Br (x).
Since both sides of Eq. 4.12 are continuous in y, we deduce that equality holds for every
y ∈ Br (x) and the arbitrariness of r allows to conclude that equality actually holds for every
y ∈ X.

Last Claims Fix η as in the assumptions and note that Eqs. 4.2c, 4.14 and the trivial bound
a ≥ −a− valid for every a ∈ R giveˆ

ϕε
t �η dm =

ˆ
�ϕε

t η dm ≥ −
ˆ

(�ϕε
t )− η dm ≥ −C(t, ε, ϕ)

ˆ
η dm ∀ε > 0 .

Now we use the fact that �η ∈ L1(X), the pointwise convergence of ϕε
t to −Qt (−ϕ) and

the uniform bounds (4.2a) to pass to the limit via dominated convergence and obtain (4.6).

Passing to Eq. 4.8, we recall that the “≥” inequality is always true, so we concentrate on
the opposite one. We fix parameters R, T , ε̃ > 0 and a point x ∈ X. Then we pick t ∈ (0, T ],
ε ∈ (0, 1), consider as above the vector fields vε

s := t∇ϕε
(1−s)t , their Regular Lagrangian

Flows Fε and then the plansπε := m(BR−ε̃(x))−1(Fε· )∗m|BR−ε̃ (x)
. By the uniform estimates

(4.2b) there is S = S(R, T , ε̃) > 0 such that supp((es)∗πε) ⊂ BR(x) for every s ∈ [0, S].
Also, by Eq. 4.13 and the fact that C(t, ε, ϕ) defined as in Eq. 4.14 is increasing in t , we
see that possibly picking S = S(R, T , ε̃) > 0 smaller we also have (es)∗πε ≤ (1 + ε̃)m for
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every s ∈ [0, S]. We now let ε ↓ 0 as above to find a limit plan π . The uniform estimate
(4.13) for πε passes to the limit and ensures that

(es)∗π ≤ 1 + ε̃

m(BR−ε̃(x))
m|BR(x)

∀s ∈ [0, S] . (4.19)

Also, the uniform Lipschitz estimate on the functions ϕst (that follows from Eq. 4.2b), the
fact that π is concentrated on equi-Lipschitz curves (being limit of plans with this property)
and Proposition 2.2 ensure that we can apply Lemma 4.2 to differentiate the map s �→´

ϕt(1−s) ◦ es dπ , so that paying attention to the minus sign in Eq. 4.10 when applying
Proposition 2.2 we get

d

ds

ˆ
ϕt(1−s) ◦ es dπ ≤ − t

2

ˆ
(lipϕt(1−s))

2 ◦ es dπ +
ˆ

|dϕt(1−s)|(γs)|γ̇s | dπ(γ )

≤ t

2

ˆ (
|dϕt(1−s)|2 − (lipϕt(1−s))

2
)

◦ es dπ + 1

2t

ˆ
|γ̇s |2 dπ(γ ) .

Integrating on [0, 1] and recalling (4.17) we conclude that
¨ 1

0

(
|dϕt(1−s)|2 − (lipϕt(1−s))

2
)

◦ es ds dπ ≥ 0

and since the integrand is almost surely non-positive, this forces

|dϕr | = lipϕr for a.e. r ∈ [(1 − S)t, t], m-a.e. on {ρ1− r
t

> 0} ,

where ρs is the density of (es)∗π . Thus calling A ⊂ X × R
+ the set (defined up to m × L1-

negligible sets) of (x, t) such that |dϕt |(x) = lipϕt (x) and using the trivial inequalitym({ρ >

0}) ≥ ‖ρ‖−1∞
´

ρ dm in conjunction with Eq. 4.19, we deduce that

m
(

Ar ∩ BR(x)
)) ≥ m(BR−ε̃(x))

1 + ε̃
a.e. r ∈ [(1 − S)t, t] ,

where Ar := {x ∈ X : (x, r) ∈ A} is the r -section of A. We now pick t := (1− S)nT in the
above, n ∈ N, to obtain that

(m × L1|[0,T ])
(

A ∩ (
BR × [0, T ])

)
≥ T

m(BR−ε̃(x))

1 + ε̃
,

thus letting ε̃ ↓ 0, the conclusion follows from the arbitrariness of R, T . ��

5 Large Deviations Principle

5.1 Heat Kernel

Here we use Proposition 4.3 to derive the Large Deviation Principle on proper RCD(K ,∞)

spaces. Let us recall that, from [13, Theorem 2.5.28], for an RCD(K ,∞) space being proper
is equivalent to being locally compact. As it is clear from Theorems 2.8, 2.9 all is left to do
is to prove exponential tightness and generalize the results in Proposition 4.3 to functions in
Cb(X).

We shall make use of the following simple, yet crucial result, whose proof can be found
in [7, Lemma 6.7].
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Lemma 5.1 Let (X,d,m) be a proper RCD(K ,∞) space with K ∈ R.
Then for every K ⊂ U ⊂ X with K compact and U open there is η ∈ Test∞(X) with

values in [0, 1], identically 1 on K and with support in U.

Such lemma and the monotonicity properties of the heat flow, the Cole–Hopf transform
and the Hopf–Lax formula easily provide the following generalization of Proposition 4.3.

Proposition 5.2 Let (X,d,m) be a proper RCD(K ,∞) space with K ∈ R and ϕ ∈ Cb(X).
Then Eq. 4.5 still holds true for all t > 0 and x ∈ X.

Proof Note that replacing ϕ with ϕ + c for c ∈ R we see that both sides of formula (4.5) are
increased by c. Thus, since ϕ is bounded, we can assume that ϕ is non-negative in proving
the lim inf inequality and that is non-positive in proving the lim sup.

Thus let ϕ ∈ Cb(X) be non-negative and note that a direct application of Lemma 5.1
ensures that

ϕ = sup
{
η ∈ Test∞(X) : η ≤ ϕ on X

}
.

Now fix t, x and (by continuity and compactness) find y ∈ X realizing the sup in ϕ(·) −
d2(·,x)

2t . Then find (ηn) ⊂ Test∞(X) with ηn ≤ ϕ on X for every n ∈ N and ηn(y) → ϕ(y)

as n → ∞. For every n ∈ N we then have

lim inf
ε↓0 ε log

ˆ
eϕ/εpεt/2[x]dm ≥ lim inf

ε↓0 ε log
ˆ

eηn/εpεt/2[x]dm

(by (4.5)) = sup
z∈X

{
ηn(z) − d2(x, z)

2t

}
≥ ηn(y) − d2(x, y)

2t
.

Letting n → ∞ we see that the lim inf inequality in Eq. 4.5 holds for the given function
ϕ. The lim sup follows along the same lines. ��

As a direct consequence we obtain:

Theorem 5.3 (Heat kernel LDP) Let (X,d,m) be a proper RCD(K ,∞) space with K ∈ R.
For x ∈ X and t > 0 we consider the measures μt [x] := pt [x]m = htδx . Then the family
(μt [x])t>0 satisfies a Large Deviations Principle with speed t−1 and rate

I (z) := d2(x, z)

4
.

Proof Since we assumed X to be proper, the rate function I has compact sublevels. Hence
Theorems 2.8, 2.9 apply and the conclusion follows from Proposition 5.2 above (we are
applying (4.5) with ε := t and t := 2). ��

5.2 BrownianMotion

We now prove the LDP for the Brownian motion starting from a given point x̄ of a proper
RCD(K ,∞) space. The Brownian motion is the continuous Markov process with transition
probabilities given by the heat kernel measures and for the purpose of the present discussion
we identify the Brownian motion starting from x̄ with its law, i.e., the Borel probability
measure overC([0, 1],X), characterized as the only one concentrated on curves starting from
x̄ , with the Markov property and transition probabilities given by the heat kernel measures
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μs−t [x] (see [6, Theorem 6.8] and [3, Theorem 7.5] for existence and uniqueness). In other
words B is characterized by the validity of

(et1 , ..., etn )∗B = pt1 [x̄](x1)pt2−t1 [x1](x2) · · ·ptn−tn−1 [xn−1](xn)dm(x1) · · · dm(xn) ,

(5.1)
for every 0 < t1 < . . . tn ≤ 1.

A remark on the existence and uniqueness of the Brownianmotion starting at any arbitrary
point x̄ ∈ X is in order: [6, Theorem 6.8] and [3, Theorem 7.5] actually ensure the existence
of the Brownian motion starting at any x̄ , up to an m-negligible set. However, given that
X is assumed to be proper, by the Feller property one can show that the Brownian motion
can actually start at any x̄ ∈ X. As for the uniqueness, this should also be understood up to
m-equivalence, but the continuity of pt entails the validity of Eq. 5.1 for every x̄ ∈ X rather
than just m-a.e. x̄ ∈ X.

Then the slowed-down Brownian motion B̃t ∈ P(C([0, 1],X)) is defined as

B̃t := (restrt
0)∗B where (restrt

0)(γ )(s) := γst , γ ∈ C([0, 1],X) .

We will show that, as expected, (B̃t ) satisfies a LDP with rate function I : C([0, 1],X) →
[0,∞] defined as

I (γ ) :=
⎧
⎨

⎩

1

4

ˆ 1

0
|γ̇t |2 dt if γ ∈ AC2([0, 1],X), γ0 = x̄,

+∞ otherwise.

Note that a bound on the kinetic energy provides a ( 12 -Hölder) continuity estimate; thus since
X is a proper space and I (γ ) = ∞ if γ0 �= x̄ , it is easy to see that sublevels of I are compact.

Our proof of the LDP for the Brownianmotion will be based on the representation formula

I (γ ) = 1

4
sup

n−1∑

i=0

d2(γti+1 , γti )

|ti+1 − ti | ∀γ ∈ C([0, 1],X) with γ0 = x̄ , (5.2)

where the supremum is taken among all n ∈ N and partitions 0 = t0 < · · · < tn = 1 of
[0, 1]. A proof of Eq. 5.2 can be found, e.g., in [38, Lemma 2.5] (and its proof). Actually, it
is easy to see that Eq. 5.2 holds even if we only take the supremum over partitions such that
d(γti+1 , γti ) > 0 for all i = 0, . . . , n − 1.

We start with the following auxiliary result, that –starting from the LDP for the heat flow–
provides LD lower and upper bounds for the family of measures obtained by integrating the
μt [x]’s as x varies in some fixed compact set.

Lemma 5.4 Let (X,d,m) be a proper RCD(K ,∞) space with K ∈ R, B ⊂ X compact and
(σt )t>0 ⊂ P(X) with σt concentrated on B for every t > 0. For every t > 0 and x ∈ X
define μt ∈ P(X) as

μt (E) :=
ˆ

μt [x](E)dσt (x), ∀E Borel.

Then for every ϕ ∈ Cb(X) we have

lim sup
t↓0

t log
ˆ

eϕ/t dμt ≤ sup
y∈X

{
ϕ(y) − d2−(y, B)

4

}
,

lim inf
t↓0 t log

ˆ
eϕ/t dμt ≥ sup

y∈X

{
ϕ(y) − d2+(y, B)

4

}
,

(5.3)
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where d−(x, B) := miny∈B d(x, y) and d+(x, B) := maxy∈B d(x, y).

Proof With the same approximation arguments based on monotonicity used to prove
Proposition 5.2, we can, and will, reduce to the case ϕ ∈ Test∞(X). Fix such ϕ, set ϕt := ϕt

2
with ϕε=t

t=2 defined in Eq. 4.1 and recall that by Eq. 4.2b we have the uniform estimate

L := sup
t∈(0,1)

Lip(ϕt ) < ∞ . (5.4)

Note that

t log
ˆ

eϕ/t dμt = t log
ˆ (ˆ

eϕ/t dμt [x]
)
dσt (x) = t log

ˆ
eϕt /t dσt

and thus

t log
ˆ

eϕ/t dμt

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

≤ t log
(ˆ

exp
( supB ϕt

t

)
dσt

)
= sup

B
ϕt = ϕt (xt )

≥ t log
(ˆ

exp
( infB ϕt

t

)
dσt

)
= inf

B
ϕt = ϕt (x ′

t )

for some well-chosen xt , x ′
t ∈ B. Now let tn ↓ 0 be realizing lim supt↓0 supB ϕt and, by

compactness of B, extract a further subsequence, not relabeled, such that xtn → x0 ∈ B.
Then keeping (5.4) in mind we have supB ϕtn = ϕtn (xtn ) ≤ Ld(xtn , x0) + ϕtn (x0) and

letting n → ∞ and recalling (4.5) we get the first inequality in Eq. 5.3. The second inequality
follows along similar lines. ��

We are now in the position to prove the LDP for the Brownian motion.

Theorem 5.5 (LDP for Brownian motion) Let (X,d,m) be a proper RCD(K ,∞) space with
K ∈ R, x̄ ∈ X and (B̃t ) ⊂ P(C([0, 1],X)), I : C([0, 1],X) → [0,∞] be defined as in the
beginning of the section.

Then the family (B̃t )t>0 satisfies a Large Deviation Principle with speed t−1 and rate
function I .

Proof

Preliminary Considerations We shall use the equivalence between (i) and (i i i ′) in
Theorems 2.8, 2.9. Let γ̄ ∈ C([0, 1],X) and note that if it is constant, the validity of (i i i ′) in
both these theorems is obvious: the �-lim inf follows from the non-negativity of the entropy,
while for the �-lim sup we pick B̃t as recovery sequence (since B is concentrated on curves
starting from x̄ , the B̃t ’s weakly converge to the curve constantly equal to x̄). Thus we assume
that γ̄ is not constant and, without loss of generality, pick n ∈ N and 0 = t0 < . . . < tn ≤ 1
such that d(γ̄ti+1 , γ̄ti ) > 0 for every i (recall that Eq. 5.2 holds even if we only take the
supremum over partitions with this property). Then for r > 0 we define

Ur ,i := {γ : γti ∈ Br(i+1)(γ̄ti )}, i = 0, . . . , n and U n
r :=

n⋂

i=0

Ur ,i

and note that these are open sets in C([0, 1],X). We let

� := 1

4

n−1∑

i=0

d2(γ̄ti+1 , γ̄ti )

ti+1 − ti
> 0
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and claim that for some C > 0 depending on γ̄ , n, (ti ) the bounds

lim inf
t↓0 t log(B̃t (U

n
r )) ≥ −� + Cr , (5.5a)

lim sup
t↓0

t log(B̃t (U
n
r )) ≤ −� + Cr , (5.5b)

hold for every r > 0 sufficiently small. To see this we argue by induction over n ≥ 1.
Recalling that the Brownian motion has the Markov property it holds, for every n ≥ 1,

B̃t (U
n
r ) = B̃t

(
U n−1

r

) ˆ
μt(tn−tn−1)[xn−1](Ur ,n) dσt (xn−1) (5.6)

where, for E ⊆ X Borel,

σt (E) = B̃t
({

γ : γtn−1 ∈ E
} ∩ U n−1

r

)

B̃t

(
U n−1

r

) .

Note that if t is sufficiently small, then the definition is meaningful, because B̃t
(
U n−1

)
>

0. Indeed, if n = 1 we have B̃t
(
U 0

r

) = 1 because B starts at x̄ , while if n > 1 we have by
inductive assumption that Eq. 5.5a holds, with n − 1 instead of n.

Starting from Eq. 5.6 and arguing by induction, we see that Eq. 5.5a follows if we show
that the bound

lim inf
t↓0 t log

(ˆ
μt(tn−tn−1)[xn−1](Ur ,n) dσt (xn−1))

)
≥ −1

4

d2(γ̄tn , γ̄tn−1)

tn − tn−1
+ Cr (5.7)

holds for every r > 0 sufficiently small, where C depends on γ̄ , n and (ti )n
i=1. Since the

measure σt is by construction concentrated on Brn(γ̄tn−1), the bound (5.7) follows from
Theorem 2.8 and Lemma 5.4 above applied with σt ’s just defined and B := Brn(γ̄tn−1).
More precisely: by Theorem 2.8 the second inequality in Eq. 5.3 implies that the measures´

μt(tn−tn−1)[x] dσt satisfy a LDP lower bound with rate function I := 1
4d

2+(·, Brn(γ̄tn−1)),
so that if we apply the definition of LDP lower bound to the open set O := Br(n+1)(γ̄tn ) we
obtain

lim inf
t↓0 t log

(ˆ
μt(tn−tn−1)[xn−1](Ur ,n) dσt (xn−1)

)
≥ − inf

O
I ; (5.8)

then note that d+(x, Brn(γ̄tn )) ≤ d(x, γ̄tn ) + rn, whence

inf
x∈O

d+(x, Brn(γ̄tn )) ≤ (
d(γ̄tn , γ̄tn−1) + rn − r(n + 1)

)+ = (
d(γ̄tn , γ̄tn−1) − r

)+
,

and this yields

inf
O

I ≤ 1

4

(
(d(γ̄tn , γ̄tn−1) − r)+

)2 ≤ 1

4
d2(γ̄tn , γ̄tn−1) − Cr

for every r > 0 sufficiently small and some C , because d2(γ̄tn , γ̄tn−1) > 0. Plugging this
inequality into Eq. 5.8, we conclude that Eq. 5.7 holds.

The proof of Eq. 5.5b follows the very same lines replacing each Ur ,n with Ur ,n and
accordingly defining σ̄t in order to write the suitable analog of Eq. 5.6. Indeed, we get

lim sup
t↓0

t log

(ˆ
μt(tn−tn−1)[xn−1](Ur ,n) dσ̄t (xn−1)

)
≤ − inf

D
I ,
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where I := 1
4d

2−(·, Brn)(γ̄tn−1)) and D := Br(n+1)(γ̄tn ). At this point, one should observe
that d(x, z) ≥ d(x, γ̄tn−1)−d(z, γ̄tn−1), which implies d−(x, Brn(γ̄tn−1)) ≥ d(x, γ̄tn−1)− rn
and therefore infD d−(x, Brn(γ̄tn−1)) ≥ (d(γ̄tn , γ̄tn−1)−r(2n+1))+. This allows us to rewrite
the inequality above as

lim sup
t↓0

t log

(ˆ
μt(tn−tn−1)[xn−1](Ur ,n) dσ̄t (xn−1))

)
≤ −1

4

d2(γ̄tn , γ̄tn−1)

tn − tn−1
+ Cr ,

whence (5.5b), by induction.

Upper Bound Let (νt ) ⊂ P(C([0, 1],X)) be weakly converging to δγ̄ and, with the same
notation as above, note that γ̄ belongs to the open set Ur . Hence a = at,r := νt (Ur ) → 1.
Now condition both νt and B̃t to Ur , i.e. introduce the measures

ν̂t,r := a−1νt |Ur
and B̂t,r := b−1B̃t |Ur

, where b = bt,r := B̃t (Ur ) (5.9)

and let ρt := dνt

dB̃t
(if νt �� B̃t then H(νt | B̃t ) = +∞ so that νt can be disregarded in studying

the LDP upper bound). Also, put u(z) := z log z and note that direct (and simple) algebraic
manipulations in conjunction with the convexity of u and Jensen’s inequality give

H(νt | B̃t ) = H(ν̂t,r | B̂t,r ) + b(1 − a−1)

 
Ur

u(ρt ) dB̃t + (1 − b)

 
U c

r

u(ρt ) dB̃t − log( b
a )

≥ b(1 − a−1)u
( 

Ur

ρt dB̃t

︸ ︷︷ ︸
= a

b

)
+ (1 − b)u

( 
U c

r

ρt dB̃t

︸ ︷︷ ︸
= 1−a

1−b

)
− log( b

a )

= a
(
log a − log b

) + (1 − a)
(
log(1 − a) − log(1 − b)

)
.

Since we know that as t ↓ 0 we have a = at,r → 1 and, by Eq. 5.5b, that b = bt,r → 0
if r is sufficiently small (as � > 0), recalling also Eq. 5.5b we deduce that

lim inf
t↓0 t H(νt | B̃t ) ≥ � − Cr .

This bound is true for every r > 0 and every partition of [0, 1], hence first letting r ↓ 0 and
then taking the supremum over all partitions, we conclude recalling (5.2) and Theorem 2.9.

Lower Bound With the same notation as in the beginning of the proof, we let K ⊂ C([0,
1],X) be the set of curves γ that are geodesic on the intervals [ti , ti+1] and such that γti = γ̄ti
for every i = 0, . . . , n. Then clearly K is non-empty (as X is geodesic), is contained in Ur

for every r > 0 and I (γ ) = � for every γ ∈ K . Since X is proper, K is also compact.
Now let V ⊂ C([0, 1],X) be an open neighbourhood of K . We claim that for every r > 0

sufficiently small we have
α := inf

Ur \V
I > � − Cr ,

where C is the constant in Eq. 5.5. Indeed, if this were not the case we would have curves
γr ∈ Ur \ V with lim infr I (γr ) ≤ �. By the compactness of the sublevels of I , there would
be a sequence r j ↓ 0 realizing the lim infr I (γr ) converging to some γ . Then γ should be
outside V , such that γti = γ̄ti for every i = 0, . . . , n and with I (γ ) = �. It is readily verified
that this last two conditions imply γ ∈ K , which however contradicts γ /∈ V .
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Hence our claim is true and by the LD upper bound that we already proved we have

lim sup
t↓0

t log(B̃t (Ur \ V )) ≤ −α .

Considering the conditioning B̂t,r of B̃t as introduced before in Eq. 5.9, this latter bound
and Eq. 5.5a give

lim sup
t↓0

t log(B̂t,r (V c)) ≤ lim sup
t↓0

t log
( B̃t (Ur \ V )

B̃t (Ur )

)
≤ � − Cr − α < 0 ,

thus forcing B̂t,r (V c) → 0. In summary, using the very definition of B̂t,r first and Eq. 5.5a
then, we have that

lim sup
r↓0

lim sup
t↓0

t H(B̂t,r | B̃t ) = − lim inf
r↓0 lim inf

t↓0 t log(B̃t (Ur )) ≤ � ≤ I (γ̄ )

and that for every r > 0 sufficiently small the mass of B̂t,r tends to be concentrated, as t ↓ 0,
in the neighbourhood V of K . Since this is true for every such neighbourhood V and K is
compact, by a diagonal argument we can find r(t) going to 0 sufficiently slow so that the
family (B̂t,r(t))t∈(0,1) satisfies

lim sup
t↓0

t H(B̂t,r(t) | B̃t ) ≤ I (γ ) , (5.10)

is tight and every weak limit is concentrated on K .
Now we consider a sequence of partitions indexed by j getting finer and finer: it is

clear from the continuity of γ̄ that the corresponding compact sets K j converge to {γ̄ }
in the Hausdorff distance. For each of these partitions we have a corresponding family
(B̂t,r(t, j), j )t>0 satisfying (5.10) with cluster points supported on K j . Hence by a further
diagonalization we can find j(t) going to +∞ so slowly that

lim sup
t↓0

t H(B̂t,r(t, j), j(t) | B̃t ) ≤ I (γ ) ,

and since the construction forces the weak convergence of B̂t,r(t, j), j(t) to δγ̄ , the conclusion
follows by Theorem 2.8. ��

6 On the Convergence of the Schrödinger Problem
to theMonge-Kantorovich One

As a consequence of Theorems 5.3 and 5.5, we can prove that, also in the setting of proper
RCD(K ,∞) spaces, the Schrödinger problem �-converges to the quadratic optimal transport
problem, which seems new. In order to state this fact in a rigorous way, let us first introduce
the measures Rε ∈ P(C([0, 1],X)) and R0ε ∈ P(X2) as

Rε(dγ ) :=
ˆ

Bε/2[x](dγ ) dμ0(x) and R0ε(dxdy) := (e0, e1)∗Rε = pε/2[x](y)m(dy)μ0(dx) ,

where Bε/2[x] denotes the slowed-down Brownian motion starting at x and μ0 ∈ P(X) is
arbitrary but fixed. Let us also define the entropic cost, in static and dynamic form:

Cε(μ0, ν) := inf H(γ | R0ε) and C ′
ε(μ0, ν) := inf H(Q | Rε),
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where in the first case the infimum runs over all couplings γ ∈ P(X2) between μ0 and
ν ∈ P(X), while in the second case over all measures Q ∈ P(C([0, 1],X)) with (e0)∗Q =
μ0 and (e1)∗Q = ν. The minimization problems written above are the so-called static and
dynamic form of the Schrödinger problem (the reader is referred to [36] for more details on
the topic). With this premise, we have the following

Corollary 6.1 Let (X,d,m) be a proper RCD(K ,∞) space with K ∈ R. Then

�- lim
ε↓0 εH(· | R0ε) + ι0 =

ˆ
d2(x, y) d · +ι0 in P(X2) ,

where ι0 is the indicator function of the marginal constraint γ 0 = μ0 (here γ 0 denotes the
projection of γ on the first factor), and

�- lim
ε↓0 εH(· | Rε) + ι′0 =

¨ 1

0
|γ̇t |2 dtd · +ι′0 in P(C([0, 1],X)) ,

where ι′0 is the indicator function of the marginal constraint (e0)∗Q = μ0.
In particular, for every μ1 ∈ P(X) there exists (με

1) ⊂ P(X) with με
1⇀μ1 as ε ↓ 0

such that

lim
ε↓0 εCε(μ0, μ

ε
1) = lim

ε↓0 εC ′
ε(μ0, μ

ε
1) = 1

2
W 2

2 (μ0, μ1) . (6.1)

Proof It is a general fact that Cε(μ0, ν) = C ′
ε(μ0, ν), see for instance [36, Proposition 2.3].

The statement about the static Schrödinger problem follows then from Theorem 5.3 and [35,
Proposition 3.1, Corollary 3.2 and Theorem 3.3], while the one on the dynamical Schrödinger
problem from Theorem 5.5 and [35, Proposition 3.4, Corollary 3.5 and Theorem 3.6]. ��

A tightly-linked result has recently been obtained by the second-named author in [41], as
a byproduct of a more general and abstract �-convergence statement. In a few words, in [41,
Theorem 4.6 and Section 6.1] it is shown that on a proper RCD(K ,∞) space (X,d,m) for
all μ0, μ1 ∈ P2(X) there exist με

0⇀μ0 and με
1⇀μ1 such that

lim
ε↓0 εC̃ε(μ

ε
0, μ

ε
1) = 1

2
W 2

2 (μ0, μ1) , (6.2)

where

C̃ε(μ0, μ1) := inf
{ 1

2ε

¨ 1

0
|vt |2ρt dtdm + ε

8

¨ 1

0
|∇ log ρt |2ρt dtdm

}
(6.3)

and the infimum runs over all couples (μt , vt ), μt = ρtm, solving the continuity equation
∂μt + div(vtμt ) = 0 in the weak sense and with μ0, μ1 as initial and final constraints.
Moreover,με

0 can be chosen equal toμ0 for all ε > 0 provided H(μ0 |m) < ∞ (analogously
for με

1), see [41, Theorem 4.3, Corollary 4.4 and Section 6.1]
After [29], C̃ε = Cε on RCD∗(K , N ) spaces with N < ∞. Therefore Eqs. 6.1 and 6.2

are equivalent and Corollary 6.1 provides an alternative proof of them. If N = ∞ instead,
the Schrödinger problem defined above and its representation à la Benamou–Brenier (6.3)
are not known to be equivalent. Hence, given the present state of the art, Corollary 6.1 and
in particular (6.1) are new and the latter, although heuristically equivalent, is independent of
Eq. 6.2.
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