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Abstract
The aim of this paper is twofold.

— In the setting of RCD(K, co) metric measure spaces, we derive uniform gradient and
Laplacian contraction estimates along solutions of the viscous approximation of the
Hamilton—Jacobi equation. We use these estimates to prove that, as the viscosity tends
to zero, solutions of this equation converge to the evolution driven by the Hopf-Lax
formula, in accordance with the smooth case.

— We then use such convergence to study the small-time Large Deviation Principle for both
the heat kernel and the Brownian motion: we obtain the expected behavior under the
additional assumption that the space is proper.

As an application of the latter point, we also discuss the I'-convergence of the Schrédinger
problem to the quadratic optimal transport problem in proper RCD(K, 00) spaces.
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1 Introduction

The heat kernel surely plays a crucial role in geometric and stochastic analysis and under-
standing its behavior is therefore of particular importance in applications and estimates. The
celebrated Varadhan’s formula [49] for the heat kernel p; (x, y), i.e. the fundamental solution
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of the heat equation d;p; = Agp, on a smooth Riemannian manifold, A being the Laplace-
Beltrami operator, is a remarkable example in this sense, as it links analysis, probability and
geometry. It states that, in the small-time regime, p; behaves in the following ‘Gaussian’ way

d(x, )
lim¢1 ) =——S— 1.1
lim  log pr (x, ¥) 1 (L.1)
where d, is the Riemannian distance induced by g. The analytic/probabilistic information on
the left-hand side is thus linked to the geometric one on the right-hand side. If one integrates
the heat kernel over two positive-measure sets U and V, then a Laplace-type argument allows

to extend the pointwise validity of Eq. 1.1 to a setwise information, namely

. d?(U, V)
%tlog P,(U,V)= g (1.2)
where
P(U,V) :=/ / p: (x, y) dvol(x)dvol(y) (1.3)
uJv

and d2(U, V) := inf{dé(x,y) :x € U,y € V}. If either U or V shrinks down to a
singleton, say U = {x}, then Eq. 1.2 heuristically boils down to

_d2(x, V)

1 (1.4)

limtlog/ p: (x, y)dvol(y) =
10 v

and in particular this strongly suggests that the measures u;[x] := p;(x, y)vol(y) satisfy
a Large Deviations Principle (also called LDP for short) with speed 1/¢ and rate function
1(y) = 3d%(x, y). Namely,

d?(x,
liminf ¢ log s [x](O) > — inf M YO C X open,
10 yeO 4
d?(x,
f M VC C X closed.

lim sup t log s [x](C) < — in
10 yeC 4

As the heat kernel p;(x, y) is the transition density of the Brownian motion, this couple
of inequalities allows to quantify how rare the event is, that a diffusive particle starting at
x belongs to a certain set after a time ¢. For sure such an event is rare if x ¢ V, since
p:(x, -)vol—§, as ¢ | 0, but this is a sort of Oth order information coming from the law of
large numbers. A Large Deviations Principle, if verified, is a much more accurate estimate,
as it tells us that the decay is exponential (in the Euclidean setting, this would be ensured at
a pointwise level by the Central Limit Theorem) and the description of the decay is made
global via the rate function (because of this globality feature, LDP is more precise than
Central Limit Theorem).

And again, as the heat kernel p; (x, y) is the transition density of the Brownian motion, one
may wonder whether the discussion carried out so far can be lifted to a higher level, namely
if analogous estimates hold true for the law of Brownian motions with suitably vanishing
quadratic variation. Focusing on Eq. 1.4 the answer is affirmative, as shown for instance
in [12, 21]. In order to guess what Eq. 1.4 should look like, little effort is needed for the
left-hand side; a bit more is instead required to understand what should replace d?(x, -) as
rate function. Heuristically though, the argument is very natural: in the same way the heat
kernel is the building block of the Brownian motion (actually the density of the joint law at
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times O and ¢ of the Brownian path measure), so d?(x, y) is the foundation of the kinetic
energy, since for every absolutely continuous curve y : [0, 1] — X it holds

/ |J/l| dl_supz (Vt, Vi ]) ,

i — 1t

where the supremum runs over all finite partitions of [0, 1]. Therefore, the lifting of Eq. 1.4
reads as

ltiirgtlog B/ [x](I") = yerm;lfo_x 2 / AR (1.5)
where B;[x] denotes the law on C([0, 1], X) of the Brownian motion starting at x with
quadratic variation equal to t and I' € C([0, 1], X).

Aslong as X is a smooth Riemannian manifold with Ricci curvature bounded from below,
it is not difficult to show that the three descriptions of the heat kernel small-time asymptotics
Egs. 1.1, 1.2, 1.4 presented above are equivalent (e.g. using the fact that, by Bishop—Gromov
inequality, we know the behavior of the volume measure at small scales). However, when
X is replaced by an infinite-dimensional (and possibly non-smooth) space, the relationship
between the three is not clear at all. Actually, only some of them are known to hold and the
same for Eq. 1.5.

A rich literature has flourished around (1.2). In Hilbert spaces, hence still within a smooth
framework, Zhang [50] was the first to obtain a general and satisfactory result, until the break-
through of Hino—Ramirez [31] and Ariyoshi—Hino [11], who discovered that the ‘Gaussian’
behavior of p; is in fact a universal paradigm valid on general strongly local symmetric
Dirichlet spaces if rephrased in the integrated form (1.2) (for an appropriate set-distance
associated with the given Dirichlet form and for transition measures rather than kernels,
whose existence is not always granted). In this direction, it is worth mentioning the recent
papers [16—18] which refine (1.2) in the settings considered by the authors. As concerns the
pointwise version (1.1), instead, it has essentially been investigated only in finite-dimensional,
locally compact contexts so far, as for instance Lipschitz [42] and sub-Riemannian manifolds
[33, 34]; it can also be obtained as byproduct of Gaussian heat kernel estimates in the case
of finite-dimensional RCD spaces [32] and locally compact Dirichlet spaces supporting local
Poincaré and doubling [46, 47].

The current knowledge around (1.4) outside the Riemannian realm is closer to Eq. 1.1
rather than Eq. 1.2, in the sense that —except for the case of Gaussian spaces— to the best
of our knowledge there are no results in genuinely infinite-dimensional spaces, i.e. without
local compactness and local doubling.

Main Contributions In this paper we make an effort toward the understanding of LDP for
heat kernels and Brownian motions on RCD(K, oo) spaces. The main motivation comes
from the central role played by the heat semigroup in conjunction with curvature bounds.
This connection, already highlighted in [27] in the setting of Alexandrov spaces, is even
stronger when it comes to lower Ricci bounds. Indeed, the heat flow is at the very heart of the
definition of RCD spaces [6, 25] and is intimately linked to the geometry of such spaces, as
it appears clearly e.g. in Bakry—Emery gradient estimate. The study of LDP for heat kernels
and Brownian motions within the RCD setting thus appears a rather natural question to be
addressed.

In what follows, for x € X and t > 0 we set u;[x] := p;(x, -)m. Our first main result can
be roughly stated as follows (see Proposition 4.3 for the rigorous statement):
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Theorem 1.1 Let (X, d, m) be an RCD(K , o0) space with K € R. Then for every ¢ : X — R
‘smooth enough’ we have

2
lim £ log (/e“’/s dug[x]) — sup [(p(y) - M} Vx € X. (1.6)
el0 yeX 4

Here ‘smooth enough’ is interpreted in the sense of so-called test functions Test™ (X), see
[26, 44]: for the purpose of this introduction it is only important to keep in mind that this is a
rather large space of functions, meaning that it is dense in many relevant functional spaces.

By the monotonicity in ¢ of both sides of Eq. 1.6 it is easy to see that the same formula
holds for the larger class of functions ¢ : X — R such that

V= sup @ = inf Q. (1.7)
@eTest™ (X) @€eTest™ (X)
Y=<y 9=

If X is also proper, then it is known that the class of test functions contains many cut-off
functions (see [7, Lemma 6.7]), so that the class of i’s for which Eq. 1.7 holds coincides
with Cp(X) (see Proposition 5.2). Also, if X is proper, then for every x € X the function
y = W has compact sublevels (in other words, X is locally compact; in fact this is a
characterization of proper spaces, see [13, Theorem 2.5.28]) and it is well known that in this
case the validity of Eq. 1.6 for every ¢ € Cp(X) is equivalent to a LDP, see Theorems 2.8
and 2.9 below, so we obtain:

Theorem 1.2 (Theorem 5.3) Let (X, d, m) be a proper RCD(K, 00) space with K € R. Then
the family (j:[x)) satisfies a Large Deviations Principle with speed t—' and rate

It is certainly natural to wonder whether the same result holds without assuming the space
to be proper (in this case LDP should be interpreted in the so-called ‘weak’ sense). We do
not know: The main problem is the absence of a suitable localization procedure that allows
to deduce that the class of ¥’s for which Eq. 1.7 holds coincides with Cj(X).

As the heat kernel is the building block of Brownian motion, this first result will be used
as a lever for another problem: the investigation of the small-time behavior of the Brownian
motion. In this case the framework has infinite dimension by its very nature, since we deal no
longer with measures on X but on the path space C ([0, 1], X). The second goal of the paper
is thus to obtain a Large Deviations Principle for the laws of a family of Brownian motions
whose quadratic variation is vanishing in a sense that we shall soon make precise. In view of
the previous discussion, the rate function appearing below is not surprising.

Theorem 1.3 (Theorem 5.5) Let (X, d, m) be a proper RCD(K, c0) space with K € R,
x € XandB € Z(C([0, 1], X)) be the law of the Brownian motion starting at x. Define, for
t € (0,1]ands € [0, 1],

B, := (restr())«B  with (restr)(y)(s) := ys, y € C([0, 11, X).

Then the family (B,) satisfies a Large Deviations Principle with speedt ~" and rate function
1:C([0, 1], X) — [0, o] given by

| N
- 7|2 dt j AC2([0, 1], X =
I()/) = 4/0 |J/r| lf)/ € ([ s ]s )» Yo X,

+00 otherwise.
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We shall derive Theorem 1.3 from Theorem 1.2 by relying on another very general equiv-
alent statement of the LDP provided in [39]: the family of measures (u;) satisfies a LDP
with speed ! and rate function I if and only if the rescaled relative entropies t H (- | ;) I'-
converge to the functional v f I dv, where here I"-convergence is intended w.r.t. the weak
topology of Z2(C(0, 1], X)). Although relying on this perspective is not strictly necessary,
we believe that this approach clarifies some steps of the proofs.

In the last section of the paper we show how our results can be used in conjunction with
those in [35] to prove a suitable I"'-convergence result of the Schrodinger problem to the
Optimal Transport problem.

As it is perhaps clear from this discussion, once we got Theorem 1.1 the rest will follow
by quite standard machinery related to the theory of Large Deviations, and in particular
has little to do with lower Ricci curvature bounds. Thus let us conclude this introduction
by focusing on the main ideas that lead to Theorem 1.1. Introducing the Cole-Hopf and
Hopf-Lax semigroups

0} () = e log (here?’*) () = e log ( / /" djtey[x1)

d(x, y) }

Q@) = inf [ T+ 00)

the limiting (1.6) can be equivalently formulated as
07(p) > —Qi(—¢)  pointwise as ¢ | 0 for t=1

(the case of general ¢+ > 0 follows by simple scaling). From a PDE perspective this amounts
to proving that solutions of
dp; = Vo> + eAgf (1.8)

converge to solutions of
0rpr = |V</?t|2- (1.9)

Note that, in line with the considerations made initially, Eq. 1.8 is tightly linked —via
the Laplacian— to analysis on the base space, whereas (1.9) to geometry (as it is clear from
the representation formula of its solutions given by the Hopf—Lax formula recalled above).
We remark that the viscous-metric aspects of the Hopf-Lax formula in connection with
Hamilton—Jacobi equations has been carefully studied in the independent papers [2] and
[22].

The validity of this sort of viscous approximation of the Hamilton—Jacobi equation in
the setting of RCD spaces has been first pointed out in [30], where the setting was that of
finite-dimensional RCD(K, N) spaces. Here, by following the same strategy, we push these
results to the very general setting of RCD(K, 00), in particular not relying on any sort of local
compactness.

Proving such convergence requires, among other things, to establish suitable estimates for
solutions of Eq. 1.8 which are uniform in ¢. Section 3 is devoted to the derivation of such
estimates, which can be stated as:

Lip(¢f) < e X¥ Lip(¢),

B (1.10)
(A@5)™ < I(AQ) ™ lzoox) + 2K ~1e*X ¢ Lip(p)?,

for every t > 0. See Corollary 4.1 for the rigorous statement (paying attention to the factor
% used in formula (4.1)).
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In the smooth literature, such inequalities are known to be useful tools in the study of
non-linear PDEs, see e.g. [37, Proposition 2.1, Corollary 9.1] where uniform bounds are estab-
lished for gradients and Laplacians of solutions to Hamilton—Jacobi equations on Euclidean
domains, with a vanishing viscosity term and a general convex Hamiltonian. Still in the
smooth setting, the fact that lower Ricci bounds play a role in Eq. 1.10 is known at least since
[9, Lemma 3.2].

To the best of our knowledge, little is known about these bounds in the non-smooth setting
of RCD spaces and the only relevant reference is the recent [40], where (an estimate close in
spirit to) the Laplacian bound in Eq. 1.10 has been derived in the limit case ¢ = 0 and in the
setting of finite-dimensional and non-collapsed RCD spaces.

2 Preliminaries
2.1 Sobolev calculus on RCD spaces

By C([0, 1], X) we denote the space of continuous curves with values in the metric space
(X, d) and for r € [0, 1] the evaluation map e; : C([0, 1], X) — Xis defined ase;(y) := ;.
For the notion of absolutely continuous curve in a metric space and of metric speed see
for instance Section 1.1 in [4]. The collection of absolutely continuous curves on [0, 1] is
denoted by AC([0, 1], X). By &(X) we denote the space of Borel probability measures on
(X, d) and by 2,(X) C £ (X) the subclass of those with finite second moment.

Let (X, d, m) be a complete and separable metric measure space endowed with a Borel
non-negative measure which is finite on bounded sets. We shall also assume that

the support of m coincides with the whole X.

For the definition of test plans, the Sobolev class S2(X) and of minimal weak upper
gradient |Df| see [5] (and the previous works [14, 45] for alternative —but equivalent—
definitions of Sobolev functions). The Sobolev space W12(X) is defined as L2(X) N S2(X).
When endowed with the norm || £1|3,,, := IIfl7, + [IIDf]l7,, the space W'(X) is a
Banach space.

The Cheeger energy is the convex and lower-semicontinuous functional E : L*(X) —
[0, oo] given by

1 2 1,2
5 | IDfPdm for f e W'2(X).

+00 otherwise.

E(f) =

(X, d, m) is infinitesimally Hilbertian (see [25]) if W2(X) is Hilbert. In this case the
cotangent module L? (T*X) (see [26]) and its dual, the tangent module L? (T X), are canon-
ically isomorphic, the differential is a well-defined linear map d from $2(X) with values in
L?(T*X) and the isomorphism sends the differential d f to the gradient V f. In this frame-
work, the divergence of a vector field is defined as (minus) the adjoint of the differential, i.e.
we say that v € L*(TX) has a divergence in L2(X), and write v € D(div), provided there is
a function g € L2(X) such that

/fgdm = —/df(v)dm Viewh?2(X).
In this case g is unique and is denoted div(v).

Furthermore E is a Dirichlet form admitting a carré du champ given by (V f,Vg),
where (-, -) is the pointwise scalar product on the Hilbert module L*(TX). The infinitesimal
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generator A of E, which is a linear closed self-adjoint operator on L>(X), is called Laplacian
on (X, d, m) and its domain denoted by D(A) C Wl2(X). A function fe wb2(X) belongs
to D(A) and g = A f if and only if

/¢gdm = —/<v¢, Vf)ydm, V¢e W'i(X).

The flow (h;) associated to E is called heat flow (see [5]), for such a flow it holds
uel’X) = (hu) e C(0,00), LX) N ACioc((0, 00), W'2(X))

and the curve ¢t — h,u € L2(X) is the only solution of
d
Eh,u = Ahtu, h,u — uast \L O, (2.1)

where it is intended that (h;u) is in ACjoc((0, 00), L2(X)) and that the derivative is intended
in L2(X). We shall denote by Lip(X) (resp. Lipy,s(X), resp. Lipy (X)) the space of real-
valued Lipschitz (resp. Lipschitz with bounded support, resp. Lipschitz with bounded support
and non-negative) functions on X. On infinitesimally Hilbertian spaces, Lipy 4 (X) is w2,
dense in the space of non-negative functions in W'2(X) and then clearly Lipy,(X) is dense
in W-2(X).

If moreover (X, d, m) is an RCD(K, co) space (see [6]), then there exists the heat kernel,
namely a function

0,00) x X*3 (t,x,y) > plxl(y) = pi[yl(x) € (0, 00)

such that
hiu(x) = /u(y)pt[X](y) dm(y) Vi>0 2.2)

for every u € L*(X). For every x € X and ¢t > 0, p,[x] is a probability density and
thus Eq. 2.2 can be used to extend the heat flow to L'(X) and shows that the flow is mass
preserving and satisfies the maximum principle, i.e.

f <c m-ae. = h;f <c¢ m-ae., Vt >0.

An important property of the heat flow on RCD(K, oo) spaces is the Bakry—Emery
contraction estimate (see [6]):

ldh, f1* < e *K"h,(ldf1»)  Yfe W' (X), 1> 0. (2.3)

Furthermore (see [6]) if u € L°°(X), then h.u(-) belongs to C;,((0, 00) x X), h;u is Lipschitz
on X for all # > 0 with Lipschitz constant controlled by

t
(2 [ emsas it < futiees
0
and it also holds

u € Cp(X) = (t, x) > hu(x) € Cp([0, 00) x X). 2.4)

We also recall that RCD(K , oo) spaces have the Sobolev-to-Lipschitz property ([6, 24]), i.e.
feWX), [dfl e LX) = 3f = fm-ae with Lip(f) < [ldfllzxex)

and thus we shall typically identify Sobolev functions with bounded differentials with their

Lipschitz representative.
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On RCD(K, o0) spaces, the vector space of ‘test functions’ (see [44])
Test™® (X) := {f e D(A)NLYX) : [Vfle L®X), Af € L®N WI’Z(X)}

is an algebra dense in Ww1-2(X) for which it holds
u € Test®(X) and ® € C*°(R) with ®(0) =0 = ®ou € Test™®(X) .

An explicit method to build test functions consists in a combination of truncation and mol-
lification via heat flow, see [28, Proposition 6.1.8]. The fact that Test® (X) is an algebra is
based on the property

feTest®X) = |dff>e Wh2(X) with

/Id(ldflz)lzdm < I f o (NS T2 1A S 2 + KIS 1122

which allows to show that the Bochner inequality (a stronger formulation can be found
in [26] - see also the previous contributions [44, 48]) holds for all f € Test®(X) in the
following form:

—/(%(Vh,VWﬂz) +h(Vf,VAf)>dmz K/h|df|2dm Vhe L'n w2 (X).
(2.5)

2.2 Optimal Transport and Regular Lagrangian Flows on RCD Spaces

We first recall the following result on the existence of W;-geodesics in RCD spaces (see [23]
and [43]).

Theorem 2.1 Let (X, d, m) be an RCD(K , 00) space and (o, i1 € 22(X) with bounded
support and such that g, ny < Cm for some C > Q.
Then there exists a unique geodesic (lu;) from g to L1, it satisfies

w; <C'm vVt el0,1]for someC' >0, (2.6)

and there is a unique lifting & of it, i.e. a unique measure m € Z(C ([0, 1], X)) such that
(e« = ;s for everyt € [0, 1] and

1
//0 P drde () = WGao, 1)

Given f : X — R the local Lipschitz constant lip(f) : X — [0, oo] is defined as 0 on
isolated points and otherwise as

lip f (x) := lim sup 7“()6) — SOl .
y—x d(x, y)
If f is Lipschitz, then its Lipschitz constant is denoted by Lip f. With this notion we can
recall some properties of the Hopf-Lax semigroup in metric spaces, also in connection with
optimal transport. For f : X — R U {+o00} and ¢t > 0 we define the function Q; f : X —
R U {—o00} as

2
ditx, y )] 2.7)

0/ () = inf {70 + =,
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and set
ty :==sup{t >0 : Q;f(x) > —oo for some x € X}.

It is worth saying that 7, does not actually depend on x, since if Q;f(x) > —oo, then
Qs f(y) > —ooforall s € (0,¢) and all y € X. With this premise we have the following
result (see [5]):

Proposition 2.2 Ler (X, d) be a length space and f : X — R U {+o0}. Then for all x € X
the map (0, t,) ot — Q; f(x) is locally Lipschitz and

d ! li 2—0 0
S0 +5 (PO F) =0 ae.reO1).

With regard to the notion of Regular Lagrangian Flow, introduced by L. Ambrosio and
the last-named author in [10] as the generalization to RCD spaces of the analogous concept
existing on R? as proposed by Ambrosio in [1], the definition is the following:

Definition 2.3 (Regular Lagrangian Flow) Given (v;) € L'([0, 1], L>(TX)), the function
F : [0, 1] x X — X is a Regular Lagrangian Flow for (v;) provided:

() [0, 1] > t — F;(x) is continuous for every x € X;
(ii) for every f € Test®™(X) and m-a.e. x the map ¢ — f(F;(x)) belongs to wh1(o, 11
and

d
g S (@) =df)(Fi() ae.tel0 1];
(iii) it holds
(Fp)sm <Cm Vtel0,1]

for some constant C > 0 called compression constant.

In [10, Theorems 4.3 and 4.6] the authors prove that under suitable assumptions on the
v;’s, Regular Lagrangian Flows exist and are unique. We shall use the following formulation
of their result (weaker than the one provided in [10]). Since in this manuscript we are going to
deal only with gradient vector fields, the space Wé’z(TX) appearing in the statement below
needs not be defined.

Theorem 2.4 Let (X, d, m) be an RCD(K , 00) space and (v;) € L' ([0, 1], W:*(TX)) be
such that v; € D(div) for a.e. t and

div(v,) € L'([0, 1], L>*(X))  (div(v,))~ € L' ([0, 1], L®(X)).

Then there exists a unique, up to m-a.e. equality, Regular Lagrangian Flow F for (v;).
For such flow, the quantitative bound

1
(Fo)am < exp ( /0 I(ive) = ox) de Jm 28)

holds for every t € [0, 1] and for m-a.e. x the curve t — F;(x) is absolutely continuous and
its metric speed ms; (F.(x)) at time t satisfies

ms; (F.(x)) = |v/|(F;(x)) a.e.tel0,1]. (2.9)

To be precise, Eq. 2.9 is not explicitly stated in [10]; its proof is anyway not hard and can
be obtained, for instance, following the arguments in [26].

@ Springer



N. Gigli et al.

As anticipated, for the purposes of this manuscript the general definition of the space
W7 (TX) is not relevant: it is sufficient to know that

IVellyi2 = CUAlL2 + Vell2), Vo€ Test™(X) , (2.10)

see [26, Corollary 3.3.9] for the proof.

Finally, we shall also need the following compactness criterion for Regular Lagrangian
Flows, stated at the level of the induced test plans. The formulation we adopt is tailored to
our framework and is weaker than the original one, contained in [8] (see Proposition 7.8
therein).

Theorem 2.5 Let (X, d, m) be an RCD(K, 00) space, (u") C 2(X) with u" <« m, (F")
a family of Regular Lagrangian Flows relative to (v}') with compression constants C, and
set t" = (F™"),u", where F" : X — C([0, 1], X) is the m-a.e. defined map sending x to
t = F]'(x). Assume that

lim sup(ep)«”" (X \ Br(x)) =0 2.11)
R—> g
for some x € X,
1
supC, <00 and sup// |vf|2dtdm < 00. (2.12)
n n 0

Then (x") C 2(C([0, 1], X)) is tight and every limit point «t is concentrated on AC([0,
11, X).

2.3 Large Deviations and "'-convergence

The notion of Large Deviations is meaningful in a very abstract and general framework,
namely in a Polish space (X, 7). In what follows:

— I : X — [0, oo] is a given function, called rate function, with compact sublevels (and
in particular lower semicontinuous).
- () € Z(X),t € (0, 1) is a given family of Borel probability measures.

Definition 2.6 We say that (u,) satisfies:
(i) a Large Deviations lower bound with speed ! and rate [ if for each open set O C X

liminf 1 0) > — inf I(x);
im in og e (0) = Inf (x)

(ii) a Large Deviations upper bound with speed 7 ~! and rate I if for each closed set C C X

limsuptlog u,(C) < —inf I(x).
10 xeC
If both lower and upper bounds hold with same rate and speed, we say that (u,) satisfies
a Large Deviations Principle.

Thus recalling the Portmanteau Theorem, Large Deviations can be thought of as an ‘expo-
nential’ analog of weak convergence of measures.

As discussed in detail in [39], the concept of Large Deviation is also tightly linked to that
of I'-convergence of (rescaled) entropy functionals. Let us recall that given v € Z(X), the
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entropy H (- |v) : Z(X) — [0, oo] relative to v is defined as

H(o|v) = /plog(p) dv ifo = pv,
400 ifo L v.
Note that Jensen’s inequality and the fact that v € &(X) grant that f plog(p)dv is well

defined and non-negative. We also recall De Giorgi’s concept of I'-convergence (see e.g.
[15]), that we shall only state for family of functionals on & (X) and for weak convergence

of measures:

Definition 2.7 (I" convergence) Let (F;), r > 0, be given real-valued functionals on &2(X).

We say that:
(1) I'-lim sup, F; < Fy provided for every vy € & (X) there is v;—vg such that

lim sup Fy (v;) < Fo(vo) .
140

(i) I'-lim inf; F; > Fy provided for every (v;) C Z2(X) such that v,—vg we have

lim inf F; (v;) > Fo(vp) .
110
If both (i) and (i7) hold we say that the family (F;) I'-converges to Fjy.

We then recall the following general equivalences. Let us emphasize the presence of the
‘minus’ sign in Definition 2.6 and the fact that for given v € Z?(X) and E C X Borel
we have H(v(E)~! Vg |v) = —log(v(E)): this helps understanding why Large Deviations
lower bounds are related to the I'-lim sup inequality, and and analogously Large Deviations
upper bounds to I'-lim inf.

Theorem 2.8 The following are equivalent:

(i) (1;) satisfies a Large Deviations lower bound with speed t~" and rate I;
(ii) for every ¢ € Cp(X) it holds

liminftlog/e% dus > sup{e(x) — I1(x)};
10 xeX
(iii) for every v € 2(X) it holds
(r-nmsup tH(-mt))(v) < /Idv; 2.13)
t0

(iii’) for every x € X the inequality (2.13) holds for v := §,.

Theorem 2.9 The following are equivalent:

(i) (1u;) satisfies a Large Deviations upper bound with speed t =" and rate I;
(ii) for every ¢ € Cp(X) it holds

lim suptlog/ezﬂ dus < sup{p(x) — I(x)};
110 xeX

(iii) for every v € 2(X) it holds

(F— lim inf ¢ (| [,Lt))(v) > / Tdv: (2.14)
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(iii’) for every x € X the inequality (2.14) holds for v := §,.

The equivalence of (i), (i7) in these statements is standard in the field, see for instance
[20, Lemma 4.3.4, 4.3.6, 4.4.5, 4.4.6] for the proof. The fact that these are equivalent to
(iii), (iii’) is proved in [39, Theorem 3.4, 3.5].

3 Contraction Estimates for Gradient and Laplacian

Aim of this section is to get gradient and Laplacian estimates for log h,;e¥ in terms of the
quantities |||Vl x) and [[(A@)~ || Lo (x)-

The proofs are based on a comparison principle, valid in general infinitesimally Hilbertian
spaces (Y, dy, my). To formulate it, we shall denote by W—12(Y) the dual of W'2(Y). As
usual, the fact that W1-2(Y) embeds in L2(Y) with dense image allows to see L%(Y) asa
dense subset of W—12(Y), where f € L?(Y) is identified with the mapping W!2(Y) >

g+ [ fgdmy.
Lemma3.1 Let (Y, dy, my) be an infinitesimally Hilbertian space and T > 0. Then
L0, T1, W2(Y) 0 €0, T, W (Y) C C(0, T, LA (Y). (1)

Moreover, for (g;) € L°([0, T1, WL2(Y))NAC([0, T1, W—L2(Y)) the function [0, T] >
t— % [ 1(g) 1> dmy is absolutely continuous and it holds

d1 d

3 [ Pamy = [0t padmy. aer, G2
where the integral in the right-hand side is intended as the coupling of (g)t € W2(Y)
with &g, € W=12(Y).

Proof 1t is readily verified that both the W'-2-norm and L?-norm are lower semicontinuous
w.r.t. W 1-2_convergence. Hence for (g;) in the space in the left-hand side in Eq. 3.1 we have
sup;epo, 77 18 lw12 < 0o. Now let #, — £ and note that, by what just said, up to passing to a
non-relabeled subsequence we can assume that g;, —g in W12(Y) for some g € WH2(Y).
Since in addition we know that g;, — g; in W~=12(Y) we must have g = g; and by the
coupling of strong and weak convergences we see that

/812” dmy = <gtn’ gt,,>W1.2’W71,2 - <gt,ht)W]v2,W’1~2 = /gzz dm.

Since W!-2-weak convergence implies L?-weak convergence, we have L2-weak conver-
gence and convergence of L?-norms, so Eq. 3.1 is proved.

Now let (g) € AC([0, T1, L*(Y)), then ®(7) := 1 [ |(g/)F|> dmy is locally absolutely
continuous on (0, oo) and, setting ¢ (z) := zT = max{0, z}, Eq. 3.2 follows by observing
that

d d d
(1) =/¢(gz)a¢(gt)de = /qb’(gt)cb(gr)agt dmy =/¢(gr)3gt dmy .

For the general case we argue by approximation via the heat flow. Fix ¢ > 0 and note that
the fact that h, is a contraction in W'2(Y) and a bounded operator from L2(Y) to Wh2(Y)
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yield the inequalities

Ihe fllg2 = sup /hgfgde < sup lhegllwizllfllw-12 < Cell fllw-12,

lgll2<1 gl 2 <1
Ihe fllw-12 = sup /hafgde = sup [hegliwiallfllw-12 < [ fllw-12,
Igly12<1 lglly12<1

for all f € L2(Y), which together with the density of L2(Y) in W=12(Y) ensures that h,
can be uniquely extended to a bounded linear operator from W=L2(Y) to L2(Y) which is
also a contraction when seen with values in W~12(Y). It is then clear that h, f — f in
WL2(Y)ase J Oforevery f € W=L2(Y). It follows that for (g/) as in the assumption we
have (h.g;) € AC([0, T1, L2(Y)), so that, by what previously said, the conclusion holds for
such curve and writing the identity (3.2) in integral form we have

1 n d
5 / |(hagr1)+|2 - |(h8gto)+|2 dmy = / /(hagt)-'—ha(d*gt) dmy dr YVO<tpp <t <T.
1o t

Letting ¢ | 0, using the continuity at ¢ = 0 of h, seen as an operator on each of the spaces
WL2(Y), L2(Y), W=12(Y), and the continuity of g — g™ as map from W1L2(Y) with the
strong topology to W12(Y) with the weak one (which follows from the continuity of the
same operator in L2(Y) together with the fact that it decreases the W2 norm), we obtain

1 g d
5/|g,T|2— g |2 dmy =/ /(go*agf dmydr Yo<n<n<T. (33)
0]
Since clearly we have

I3l +d
—g; dmy dr
‘/IO /(gz) g & dmy

the identity (3.3) and the assumptions on (g;) grant the local absolute continuity of ¢
% f | g,Jr |> dmy. Then the conclusion follows by differentiating (3.3). O

d
< 1@ oo (rrg,001, w2y 1z 8N L1 (129,007, w12 5

In the following statement we are going to prove a general comparison principle between
super- and sub-solutions of the equation

d
Itut = AI/{[ +aju; + (Vu,, U[) +ap. (34)

Proposition 3.2 (A comparison principle) Let (Y, dy, my) be an infinitesimally Hilbertian
space, ai,az, T € Rwith T > 0 and (v;) be a Borel family of vector fields with

(lvel) € L([0, T1, L=(Y)) . (3.5)
Also, let (F}), (G;) be time-dependent families of functions belonging to the space
L0, T1, Wh2(Y)) N AC(0, T1, W 2(Y)). (3.6)

Assume that (Fy), (G;) are respectively a weak super- and weak sub-solution of Eq. 3.4,
meaning that for every h € Lipys | (Y) the functions t +— [ hF, dmy, [ hG, dmy (that are
absolutely continuous on [0, T by the assumptions on (F;), (G;)) satisfy

d
a/hﬂclnw > —/(Vh, VFt)dmy—l-/h(alF, (VF, ) —I—az)dmy,

d
a/hG’de < —/<Vh,vat>dmy+/h(alct (VG v) +a)dmy.
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fora.e.t € [0, T). Assume that Fo > Go my-a.e. Then F; > G; my-a.e. foreveryt € [0, T].

Proof Recalling that Lipy, | (Y) is dense in the space of non-negative functions in Wh2(Y)
and integrating in time the inequalities defining super/sub-solutions, we see that such inequal-
ities are valid for every i € wL2(y) non-negative. Then from the fact that W~L2(Y) has the
Radon-Nikodym property (because it is Hilbert) we see that (F;) seen as curve with values in
W_I’Z(Y) must be differentiable at a.e. 7 (see [19, Chapter VIIL.6] for equivalent definitions
of the Radon—-Nikodym property and [19, Chapter II1.3] for its validity in the case of Hilbert
spaces). It is then clear that for every point of differentiability ¢, the inequality

d
a /thde Z —/(Vh, VF;)dmy + /h<a1Fz + (VF, v) +az)de (3.7

holds for every 4 € W'2(Y) non-negative, i.e. that the set of ¢’s for which Eq. 3.7 holds is
independent on /. The analogous property holds for (G;).

Now observe that H; := G, — F; satisfies the assumptions of Lemma 3.1, thus the function
O(t) := % f |H,+|2 dmy is absolutely continuous on [0, 7] and

(1) = H+3Hd
- tdl rdmy,

where the right-hand side is intended as the coupling of %H, € W12(Y) and the function
H;t € WL2(Y). Fix ¢ which is a differentiability point of both (F;) and (G,) and pick
h = H,+ = (G; — F;)* in Eq. 3.7 and in the analogous inequality for (G,) to obtain

(1) < /—(VHt+,VHt)+H,+(a1H,+(VH,,v,))dmy.

Now fix T > 0, let Cr := esssup;co 1lllvelllLe < 00 and use the trivial identities
(VIE, VY = |IVFTP fHf = |fT% and fTVf = VT valid my-ae. for every
f € WH2(Y), to obtain

CZ
D' (1) 5/—|dH,+|2 + a1 |H? +|H||dH}|Crdmy < (a1 + 7T><I>(t) ae.te(0,7),

where the second inequality follows from |Ht+||dH,+|CT < %lHt+|2C% + %ldHﬂz. By
Gronwall’s lemma we deduce that

D(s) < DD D1y Vi, s e (0,T), t <s

and since  is continuous at ¢ = 0 (by Eq. 3.1 and our assumptions on (F;), (G;)) we can let
¢ | 0 and deduce that ®(s) < e @+ @ (0) holds for every s € (0, T). Since ®(0) = 0,
the conclusion follows. O

In the forthcoming analysis it will be useful to keep in mind the following simple result:
Lemma3.3 Let (X, d, m) be an RCD(K, 00) space with K € R, ¢ € Test®™ (X). Put
¢ = log (h,(e¢)) .
Then ¢; € Test™ (X) for every t > 0 with

_ dhy(e?)
B h; (e?)

i A Ahe?  |Vhe?|? 3.9
an = — s .
! hl€¢ |h,e¢|2

1
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and the estimates

sup ||¢t||oo =< ||¢||oo ) (3.921)
>0
sup [[1Ve: *lloo + 1A¢ lloe < 00, (3.9b)
t€(0,T]
sup (Ve llyr2 + 1A lly12 < 00, (3.9¢)
t€(0,T]

hold for every T > 0. Finally, the map t +— ¢, belongs to ACoc([0, 00), WL2(X)) with
derivative given by

d
%= Vo> + Ad,  foraet>0. (3.10)

Proof The continuity of ¢, follows from Eq. 2.4. Formulas (3.8) are obvious by direct com-
putation and so is

dAh;e?  Ahie?dhie®  d|Vhe?|? hie?|Vhe?|2dh;e?

dA¢; = -
o= e Iyt 2 Ihyet 2 Iyt 3

(3.11)

Then all the stated estimates follow from the weak maximum principle for the heat flow,
the uniform bound ¢? > ¢ % ~ 0 and

[Ahe? (oo < 1A€? [loo = lle? (A + 1dB|) oo < e PP(|AG N0 + IdPII%) -

@3 _ _
Idh; (€?)lloo < e K" ||de? [loo < e K™ P? || dg |0

For the last claim we pick a finite Borel measure m’ < m with the same negligible
sets of m and we note that from Egs. 2.1 and 3.8 we have (¢;) € C([0, 00), L>(X, m’)) N
AC|oc((0, 00), LZ(X, m’)) with derivative given by the formula (3.10). Integrating we obtain

S
¢S—¢[=/ Vo> + Ap.dr, VYO<t<s,
1

where the integrals are in the sense of Bochner in the space L?(X, m’). Thus this formula is
valid also m’-, and hence m-, almost everywhere, so that the estimates Eq. 3.9¢ and the fact that
¢o = ¢ € WH2(X, d, m) give the last claim and, in particular, the fact that ¢, € L?(X, m)
thus establishing ¢, € Test™ (X). O

We are ready to turn to the main result of this section:

Proposition 3.4 Ler (X, d, m) be an RCD(K, 00) space with K € R, ¢ € Test®(X) and put
¢; = log(h;e®) for all t > 0. Then for every t > 0 it holds

IVeilloo < e X IVl Lo x) - (3.12)
1(AG)  llso < 1(AG0) lloex) + 20K K 1Vl 2 0 x) - (3.13)
where K~ := max{0, —K}.
Proof We prove first (3.12) and then Eq. 3.13.

Proof of Eq. 3.12. Put G; := |V¢; |2 and note that as a result of Lemma 3.3 above (and the
trivial inclusion AC([0, T1, L2(X)) c AC([0, T'1, W—12(X))) we have that (G,) belongs to
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the space (3.6) for every T > 0. Moreover, from Eq. 3.10 we get that the derivative of (G;),
intended in the space L?(X), is given by

d
aGt :2(V¢[,VG[> +2<V¢[,VA¢1> a.e.t > 0.

Applying Bochner inequality (2.5) to f* := ¢, we deduce that for every i € Lipy, , (X)
it holds

d
a/hG, dm < /—(Vh, VG,) +2h((V¢,, VG,) — KG,) dm, ae.t>0,
thus showing that (G/) is a weak subsolution of Eq. 3.4 in the sense of Proposition 3.2 with
aj=-2K ay=0 v, =2V¢,. (3.14)
On the other hand, it is clear that the function F,(x) := e 2K"||Gg| L= (x) belongs to the
space (3.6) for every T > 0 and is a super-solution of Eq. 3.4 with the data (3.14).

Since Fyp > Gg holds m-a.e. and the bound (3.9b) ensures that the v,’s defined above
satisfy (3.5), the claim (3.12) follows from Proposition 3.2.

Proof of Eq. 3.13. Fix T > 0, put F; := A¢;, and note that Eq. 3.9c ensures that () belongs

to L*®([0, T1, W12(X)). Also, for every g € wL2(X) with lgllwi2 < 1, putting for brevity
f = ¢s — ¢; for fixed 0 < ¢ < s, we have

/g(Fs — F)dm = —/(Vg, Vydm < [[IVglli2ll fllwre < [1fllwi2 -
Taking the sup in g as above we conclude that || Fy — F;lly-12 < ||¢s — @:lly1.2, thus

recalling the last claim in Lemma 3.3 we conclude that (F}) is in Eq. 3.6. Also, for every
h € Lipy 4 (X) we have

%/hF, dm = —%/(Vh,qu,)dm
(by (3.10)) =— /(Vh, V(V$:i|?)) 4 (Vh, VF,) dm
(by (2.5)) > /2h((V¢,, VF) + K|V¢,|2) + (Vh, VF;)dm
(by (3.12)) > /2h((V¢t,VFt) — K=K T Veolll2 ) + (Vh, VF;) dm,
for a.e. t € [0, T]. In other words, (F;) is a weak supersolution of Eq. 3.4 on [0, T'] with

ar=0 ay=-2K X T||Volliwx, v =2V;.
On the other hand, it is easily verified that the function
Gi(x) = —[[(Ag0) "Il oocx) — 2K 1 T [Veol 700 )
belongs to Eq. 3.6 and is a weak (sub)solution of Eq. 3.4. As Fy > Go m-a.e., by

Proposition 3.2 we conclude that F; > G; m-a.e. for every t € [0, T] and in particular
fort:=T. o
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4 Viscous Approximation of the Hamilton-Jacobi Semigroup

Here we prove that on general RCD(K', 0o) spaces, solutions of the Hamilton—Jacobi—Bellman
equation converge, when ¢ | 0, to solutions of the Hamilton—Jacobi equation. The starting
point is the following simple corollary of Proposition 3.4.

Corollary 4.1 Let (X, d, m) be an RCD(K , 00) space with K € R, ¢ € Test™(X) and set
¢f == eloghgp(e?/®), 1>0,¢>0. (4.1)
Then for all t > 0 and ¢ € (0, 1) it holds

lor | < llellLoex) » (4.2a)
ldgf | < Lip(gf) < e 72|Vl x) (4.2b)
(A¢))™ < 11(AQ) Il + K 1K [1Vg 132 x) (4.2)
where K~ := max{0, —K}. Also, t > ¢f is in ACjoc ([0, 00), W12(X)) with
d . 1 e
—f = Z|VeF)P 4+ = At 4.3
dl‘(pt 2| (/)t| +2 2 4.3)
Furthermore, for every B C X bounded and T > 0 we have
sup / |Ag;|dm < co. 4.4
£€(0,1) J B
t€(0,T]

Proof The estimates Eqs. 4.2a, 4.2b, 4.2¢ are direct consequences of Eqs. 3.9a, 3.12, 3.13
respectively (for Eq. 4.2b we also use the Sobolev-to-Lipschitz property and Eq. 2.4). Simi-
larly, Eq. 4.3 follows from Eq. 3.10. For the bound (4.4) we pick n € LipgS (X) identically 1
on B and note that

/ |Ag;|dm < / A |dm = / —(Vn, Vo) 4+ 2n(Ag))~ dm,
B
so that the conclusion follows from the estimates Eqs. 4.2b, 4.2c. O

Let us then recall the following simple lemma valid on general metric measure spaces,
whose proof can be found in [30].

Lemma4.2 Let (Y, dy, my) be a complete separable metric measure space endowed with
a non-negative measure wy which is finite on bounded sets and assume that Wwh2(Y) is
separable. Let 1t be a test plan and f € W'2(Y). Then t f f o e;dm is absolutely
continuous and

d
'a/foezdn‘ s/ldfl(yz)h?rldfr(y) ae.t €[0,1],

where the exceptional set can be chosen to be independent of f.
Moreover, if (f;) € AC([0, 11, L>(Y)) N L*°([0, 1], W'2(Y)), then the map t +— [ f; o
e; dmx is also absolutely continuous and

d d d
a(/fsoes dn)ls:t :/(afsh:t)oe, dﬂ+a(/fr0€s dn)|S=t ae.r €[0,1].

We then have the following key result, whose proof is inspired by the one of [30, Propo-
sition 5.4].
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Proposition 4.3 Ler (X, d, m) be an RCD(K, o0) space with K € R and ¢ € Test®(X).
Define ¢} as in Eq. 4.1. Then

d?(x, y)
2t

lim ¢f (x) = sup {w(y) - } vt >0, x € X. 4.5)
el0 X

ye

Moreover, for everyt > 0and n € L' 0 L>® N D(A) non-negative with Ay € L' (X) we
have

/ 0/(—p)Andm < C(t, ¢) / ndm, 4.6)

where
Ct,9) == AP i) + K111Vl ex) @)

and K~ := max{0, — K}, and
lip Q/(—¢) = |dO;(—¢)| mx Ll-ae. (x,1) e X x (0, +00) . 4.8)

Proof By Egs. 4.3, 4.2b and 4.2c we see that for every T > 0 there is C > 0 such that
t — ¢f + Ct is increasing on [0, 7] for every x € X. Let D C X be a countable dense set.
By Helly’s Selection Principle applied to each of the functions t — ¢? (x) + Ct, withx € D,
and by a diagonal argument, there exists

lim /% (x) =1 ¢/ (x), VxeD,t>0.
k—o00

From the uniform Lipschitz estimates (4.2b) it is then clear that for every r > 0 the map
X — ¢;(x) can be uniquely extended to a Lipschitz function, still denoted by ¢;. Also,
convergence on a dense set plus uniform continuity estimates easily give that

lim ¢ (x) = ¢ (x), V>0, xeX. (4.9)
k— 00

With this said, Eq. 4.5 is proved if we are able to show that

—¢r=0i(—9p), V>0, (4.10)
where Q; is the Hopf—Lax semigroup defined in Eq. 2.7. Indeed, if Eq. 4.10 holds, then ¢, does
not depend on the sequence (&), so that the whole family (¢; ) converges to ¢; = —Q;(—¢)

pointwise as ¢ — 0, which is precisely (4.5).
Inequality < in Eq. 4.10. Fix t > 0, pick x, y € X, r > 0, define

1 1
= ———m , = ———m ,
T B ) B DT B ) B

and " as the lifting of the unique W>-geodesic from vy to v{ (recall point (i) of Theorem 2.1).

By Corollary 4.1 we have that s — ¢¢, is in AC([0, 1], W12(X)), thus we can apply the
second part of Lemma 4.2 to this function and =" and get

d & r d £ & . r
I | Peoesdnt = [ ey, () = 1des | (o)l dm (y) .

Now recall (4.3), so that the above and Young’s inequality imply
d

st | IS
a/wf,oesdn’ Z/ZAQDE(%)—Z*IWH dz"(y).
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Integrating in time, observing that ¢j = ¢ and recalling that 7" is optimal we get

1
t
/(pfdv;—/w dv > ——W%(v;,v;)—i-// %A(pftoexdsdn’. 4.11)
| 0

Let e = ¢ | 0be as in Eq. 4.9 and combine the pointwise convergence with the uniform
bound to deduce, via the dominated convergence theorem, that

li fdv) = dvy .
kl)ngo/go[ v_v @1 Uy

On the other hand, the uniform bound (4.4) and the fact that 7" has bounded compression
and marginals uniformly supported in a bounded set (being the lifting of a W»-geodesic
between measures with bounded supports and densities) imply that the second term on the
right-hand side in Eq. 4.11 vanishes in the limit, whence

1
/go, dv; —/godvx > —z—thz(v;, V).

Therefore, letting » | 0 we conclude from the arbitrariness of x € X and the continuity
of ¢; : X — R that
—e(y) = Qi(=p)(y) VyeX. (4.12)

Inequality > in Eq. 4.10. Fix r > 0, define v := tV(pfl_s)t and note that the esti-
mates Egs. 3.9b, 3.9c and 2.10 ensure that these vector fields satisfy the assumptions of
Theorem 2.4. We thus obtain existence of the Regular Lagrangian flow F*.
Fixx € X,r > Oandputn® := m(Br(x))’l(F,E)*m|B (X),Where F¢ . X — C([0,1],X)
is the m-a.e. defined map which sends x to s = F; (x),rand observe that the bound (2.8),
identity (2.9) and the estimates (4.2b), (4.2c) ensure that 7® is a test plan and the uniform
bound
(e)sm® < m(B,(x) 1! CEPm Vs e[0,1], e € (0,1), (4.13)

where ~
C(t.e,9) = [(AQ) Iloox) + K15 1V |00 ) - (4.14)

As before, we apply Lemma 4.2 to z° and s = ¢f;_,, to obtain
d d d . ot . .
dS (p(l —s)t O € ]t (_ ti/(ps/h/:(lfx " O €y + (p(l—S)t(US) o es) b4
= /( ~Id (P(1 3)z| A¢(1 o)t +l|dg0(l A)t| )oes drt

:/< |d§0(1 v)t| A(P(l Y)[)oeydn

Integrating in time and recalling (2.9) and that ¢ = ¢ we deduce

/90031 — ¢ oeodn® // flyv Aw(l s (vs) ds dm® (). (4.15)

We claim that the family ()¢ (0,1 is tight. To see this we apply the tightness criterion
Theorem 2.5 and note that Eq. 2.11 holds because

(e0)sm® =m(B,(x))"'my, o Ve e (0.1). (4.16)

The first condition in Eq. 2.12 follows from Eq. 4.13 and the second one from the estimate
(4.2b). Hence our claim is proved.
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Now let ¢ = g | 0 be as in Eq. 4.9 and pass to a non-relabeled subsequence to find a
weak limit 7 of (). The weak convergence, Eqs. 4.16 and 4.9 give

lim /((poe] — " oeq) dm®™ :/((poe1 — @ 0eg) dmr .
k— 00

On the other hand, the estimates (4.2b), and the identities (4.16), (2.9) imply that the
measures ()47 are all concentrated on some bounded Borel set B C X for g, s € (0, 1).
Thus by Eq. 4.4 we see that the term with the Laplacian in Eq. 4.15 vanishes in the limit and
thus taking into account the lower semicontinuity of the 2-energy we deduce that

1t 1
/(fpoel — @ oep) dm > E// |ys|* ds dmr > E/dz(yom)dn(y). (4.17)
0
Now note that Eq. 4.12 implies that

d*(v0, 11)
2t

for every curve y, hence the above gives

> o) — o (v0) (4.18)

1
/((poel—%oeo) dmr > Z/dz(VO»Vl)d”(V)E/(Qﬂoel_fpzoeo) dm ,

thus forcing the inequalities to be equalities. In particular, equality in Eq. 4.18 holds for
m-a.e. y and since (eg)xTr = M this is the same as to say that for m-a.e. y € B,(x)

there exists xy € supp((e)7) such that

>y, )
2t
Combined with Eq. 4.12, this implies that equality holds in Eq. 4.12 for m-a.e. y € B, (x).
Since both sides of Eq. 4.12 are continuous in y, we deduce that equality holds for every
y € B,(x) and the arbitrariness of r allows to conclude that equality actually holds for every
yeX.

p(xy) = —¢(y) .

Last Claims Fix 7 as in the assumptions and note that Egs. 4.2¢, 4.14 and the trivial bound
a > —a~ valid for every a € R give

/gofAndm:/Awfndmz—/(Agof)_ndmz—C(t,e,«p)/ndm Ve > 0.

Now we use the fact that Ay € L(X), the pointwise convergence of ¢; to —Q;(—¢) and
the uniform bounds (4.2a) to pass to the limit via dominated convergence and obtain (4.6).

Passing to Eq. 4.8, we recall that the “>" inequality is always true, so we concentrate on
the opposite one. We fix parameters R, T, & > 0 and a point x € X. Then we pickr € (0, T],
¢ € (0, 1), consider as above the vector fields v = tha(El_S)t, their Regular Lagrangian
Flows F¢ and then the plans ¢ := m(Bg_z(x))~! (F,s)*m| Brs ()’ By the uniform estimates

R—¢
(4.2b) there is S = S(R, T, &) > 0 such that supp((e;),m¥) C Bgr(x) for every s € [0, S].
Also, by Eq. 4.13 and the fact that C(¢, €, ¢) defined as in Eq. 4.14 is increasing in ¢, we
see that possibly picking S = S(R, T, &) > 0 smaller we also have (e;),x® < (1 + &)m for
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every s € [0, S]. We now let ¢ | 0 as above to find a limit plan x. The uniform estimate
(4.13) for m® passes to the limit and ensures that

1+¢

e = B (o) e

Vs € [0, S]. (4.19)

Also, the uniform Lipschitz estimate on the functions gy, (that follows from Eq. 4.2b), the
fact that 7 is concentrated on equi-Lipschitz curves (being limit of plans with this property)
and Proposition 2.2 ensure that we can apply Lemma 4.2 to differentiate the map s +—
[ @:1=s) o €5 dm, so that paying attention to the minus sign in Eq. 4.10 when applying
Proposition 2.2 we get

d
a/q)t(lfs) oegdm

IA

1 . .
5 /(hpgox(lfs))z oegdm + / [der1—s) | () v dme ()

IA

! 2 _ 2 1 .12
5 [ (19gia-0 = Gipra—o)*) oesdm + - [ 7 d(y).

Integrating on [0, 1] and recalling (4.17) we conclude that

1
// (ld(p,(l_x)|2 — (lip <p,(1_s))2) oesdsdr >0
0

and since the integrand is almost surely non-positive, this forces
ldg;| =lipg, forae.re[(1—S) 1], m-ae on{p_r >0},

where p; is the density of (ey),7. Thus calling A C X x R™ the set (defined up to m x L£l-
negligible sets) of (x, #) such that |dg; |(x) = lip ¢, (x) and using the trivial inequality m({p >
o > ||,o||gol f p dm in conjunction with Eq. 4.19, we deduce that

m(Br_;

m(4, 0 Br(x))) = DBRE) e e 11— Syl
1+¢

where A, := {x € X : (x,r) € A} is the r-section of A. We now pick 7 := (1 — S)"T in the
above, n € N, to obtain that

7 MBr-_:(x))

(mx £ (A0 (Br x10,7)) = s

thus letting € | 0, the conclusion follows from the arbitrariness of R, T'. |

5 Large Deviations Principle
5.1 Heat Kernel

Here we use Proposition 4.3 to derive the Large Deviation Principle on proper RCD(K, 00)
spaces. Let us recall that, from [13, Theorem 2.5.28], for an RCD(K, oo) space being proper
is equivalent to being locally compact. As it is clear from Theorems 2.8, 2.9 all is left to do
is to prove exponential tightness and generalize the results in Proposition 4.3 to functions in
Cp(X).

We shall make use of the following simple, yet crucial result, whose proof can be found
in [7, Lemma 6.7].
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Lemma 5.1 Ler (X, d, m) be a proper RCD(K, 00) space with K € R.
Then for every K C U C X with K compact and U open there is n € Test® (X) with
values in [0, 1], identically 1 on K and with support in U.

Such lemma and the monotonicity properties of the heat flow, the Cole—-Hopf transform
and the Hopf-Lax formula easily provide the following generalization of Proposition 4.3.

Proposition 5.2 Let (X, d, m) be a proper RCD(K , 00) space with K € R and ¢ € Cp(X).
Then Eq. 4.5 still holds true for allt > 0 and x € X.

Proof Note that replacing ¢ with ¢ + ¢ for ¢ € R we see that both sides of formula (4.5) are
increased by c. Thus, since ¢ is bounded, we can assume that ¢ is non-negative in proving
the lim inf inequality and that is non-positive in proving the lim sup.
Thus let ¢ € Cp(X) be non-negative and note that a direct application of Lemma 5.1
ensures that
<p:sup{n € Test™®(X) : n < goonX}.

Now fix ¢, x and (by continuity and compactness) find y € X realizing the sup in ¢(-) —

# Then find (1,) C Test®(X) with 1, < ¢ on X for every n € N and n,(y) — ¢(y)
as n — oo. For every n € N we then have

lim infelog/e‘”/apgt/z[x]dm > lim infelog/e”"/epst/g[x]dm
el0 el0

N (y) — .

d?(x, 2) ] - d?(x, y)
2t - 2t

by @5) = sup fn.(2) -
zeX

Letting n — oo we see that the lim inf inequality in Eq. 4.5 holds for the given function
¢. The lim sup follows along the same lines. O

As a direct consequence we obtain:

Theorem 5.3 (Heat kernel LDP) Ler (X, d, m) be a proper RCD(K , 00) space with K € R.
For x € X and t > 0 we consider the measures j;[x] := p;[x]m = h;8,. Then the family
(me[x])s=0 satisfies a Large Deviations Principle with speed t~1 and rate

d?(x, z)

1(z) .= ) .

Proof Since we assumed X to be proper, the rate function I has compact sublevels. Hence
Theorems 2.8, 2.9 apply and the conclusion follows from Proposition 5.2 above (we are
applying (4.5) with ¢ := ¢ and ¢ := 2). O

5.2 Brownian Motion

We now prove the LDP for the Brownian motion starting from a given point x of a proper
RCD(K, o0o) space. The Brownian motion is the continuous Markov process with transition
probabilities given by the heat kernel measures and for the purpose of the present discussion
we identify the Brownian motion starting from x with its law, i.e., the Borel probability
measure over C ([0, 1], X), characterized as the only one concentrated on curves starting from
x, with the Markov property and transition probabilities given by the heat kernel measures
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ws—[x] (see [6, Theorem 6.8] and [3, Theorem 7.5] for existence and uniqueness). In other
words B is characterized by the validity of

(€15 oo €1,)xB = Pr [X]1(x 1) Pry—r [x11(X2) - - - Pry =t [Xn—1] () dm(xy) - - - dm(xy) ,
5.1
forevery0 <t <...t, < 1.

A remark on the existence and uniqueness of the Brownian motion starting at any arbitrary
point x € X is in order: [6, Theorem 6.8] and [3, Theorem 7.5] actually ensure the existence
of the Brownian motion starting at any x, up to an m-negligible set. However, given that
X is assumed to be proper, by the Feller property one can show that the Brownian motion
can actually start at any x € X. As for the uniqueness, this should also be understood up to
m-equivalence, but the continuity of p; entails the validity of Eq. 5.1 for every x € X rather
than just m-a.e. x € X.

Then the slowed-down Brownian motion I§, e 2(C([0, 1], X)) is defined as

B, := (restrf)s«B  where (restr)(¥)(s) := ysr, ¥ € C([0, 11, X).
We will show that, as expected, (é,) satisfies a LDP with rate function I : C([0, 1], X) —
[0, oco] defined as

1 1 .2 . 2 =
lpym L3 [ R ity < ACH0. 1.3, =
otherwise.
Note that a bound on the kinetic energy provides a (%-Hblder) continuity estimate; thus since

X is a proper space and I (y) = ocoif Yy # X, it is easy to see that sublevels of / are compact.
Our proof of the LDP for the Brownian motion will be based on the representation formula

d2
I(y) =~ SUPZ lt(y”*"z/" Vy € C([0, 11, X) with yo = ¥, (5.2)
i—0 i+1 — l
where the supremum is taken among all n € N and partitions 0 = 1) < --- < t, = 1 of

[0, 1]. A proof of Eq. 5.2 can be found, e.g., in [38, Lemma 2.5] (and its proof). Actually, it
is easy to see that Eq. 5.2 holds even if we only take the supremum over partitions such that
d(y,,.¥,) > Oforalli =0,...,n—1.

We start with the following auxiliary result, that —starting from the LDP for the heat flow—
provides LD lower and upper bounds for the family of measures obtained by integrating the
me[x]’s as x varies in some fixed compact set.

Lemma 5.4 Let (X, d, m) be a proper RCD(K, 00) space with K € R, B C X compact and
(01)i=0 C L (X) with o; concentrated on B for everyt > 0. For everyt > 0 and x € X
define i, € Z(X) as

w(E) = /M,[x](E)dot(x), VE Borel.

Then for every ¢ € Cp(X) we have

d’(y, B
lim suptlog/e‘ﬂ/t di; < sup [<P(y) _ &0 )} )
110 yeX 4 (5.3)
» P 0. B) '
liminfzlog [ ¢*/' di, > sup {fﬂ(Y) - )
110 yeX 4
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where d_(x, B) 1= minyep d(x, y) and d (x, B) := max,ep d(x, y).

Proof With the same approximation arguments based on monotonicity used to prove
Proposition 5.2, we can, and will, reduce to the case ¢ € Test™ (X). Fix such ¢, set ¢; := (pé
with =} defined in Eq. 4.1 and recall that by Eq. 4.2b we have the uniform estimate

L := sup Lip(¢;) < 0. 5.4)
te(0,1)
Note that
tlog/e“’/’ dm, =zlog/</e‘”/’ du,[x])do,(x) =tlog/e‘pf/’ do;
and thus
<tlog (/CXP (suptiB(pt)dUt) = sup ¢; = ¢ (xr)
B
tlog/e‘p/’ diz,

> tlog (/exp (inff 14 )da,) = i%f o = @i (x;)

for some well-chosen x;, x; € B. Now let 1, | 0 be realizing lim sup, 10 SUpp ¢ and, by
compactness of B, extract a further subsequence, not relabeled, such that x;,, — xo € B.
Then keeping (5.4) in mind we have supg ¢;, = ¢;, (x;,) < Ld(x;,, x0) + ¢;, (xo) and
letting n — oo and recalling (4.5) we get the first inequality in Eq. 5.3. The second inequality
follows along similar lines. O

We are now in the position to prove the LDP for the Brownian motion.

Theorem 5.5 (LDP for Brownian motion) Let (X, d, m) be a proper RCD(K , 00) space with
K eR, x € Xand (I§;) C Z(C([0, 1], X)), I : C([0, 1], X) — [0, co] be defined as in the
beginning of the section.

Then the family (E,),>0 satisfies a Large Deviation Principle with speed t~' and rate
function I.

Proof

Preliminary Considerations We shall use the equivalence between (i) and (iii’) in
Theorems 2.8, 2.9. Let 7 € C([0, 1], X) and note that if it is constant, the validity of (iii’) in
both these theorems is obvious: the I'-lim inf follows from the non-negativity of the entropy,
while for the I'-lim sup we pick B, as recovery sequence (since B is concentrated on curves
starting from x, the B,’s weakly converge to the curve constantly equal to x). Thus we assume
that y is not constant and, without loss of generality, pickn e Nand0 =1 < ... <1, <1
such that d(y,_,, ¥;) > 0O for every i (recall that Eq. 5.2 holds even if we only take the
supremum over partitions with this property). Then for r > 0 we define

n
Ui ={y v €Ba+n)} i=0,...,n and U} := m Ui
and note that these are open sets in C ([0, 1], X). We let

i d ()/tl+l ’ )/tl 0

z=0 tiy1 — 1
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and claim that for some C > 0 depending on y, n, (¢;) the bounds

lim inf 1 log(B,(UM) = =L+ Cr, (5.5a)

t

limsup7log(B,(U})) < —¢ +Cr, (5.5b)
10

hold for every r > 0 sufficiently small. To see this we argue by induction over n > 1.
Recalling that the Brownian motion has the Markov property it holds, for every n > 1,

B.(U" =B, (U") / Lt (y—tn) [ Xn—11(Upr ) doy (xn—1) (5.6)

where, for E C X Borel,

B, ({y D Vi € E} N U,”_l)
B (ur)

Note that if 7 is sufficiently small, then the definition is meaningful, because B, (U "’1) >

o1(E) =

0. Indeed, if n = 1 we have é, (Uro) = 1 because B starts at x, while if » > 1 we have by
inductive assumption that Eq. 5.5a holds, with n — 1 instead of n.

Starting from Eq. 5.6 and arguing by induction, we see that Eq. 5.5a follows if we show
that the bound

1 (71, Viuy) +

C 5.7
4 t, —t,q r 6D

lirtn&)nftlog (/ :ul(tn—t,,_l)[xn—l](Ur,n) dﬂt(xn—l))> >
holds for every r > 0 sufficiently small, where C depends on y, n and (#;)}'_,. Since the
measure o; is by construction concentrated on By (Y1,_,)» the bound (5.7) follows from
Theorem 2.8 and Lemma 5.4 above applied with o;’s just defined and B := Fr,1()7t"7|).
More precisely: by Theorem 2.8 the second inequality in Eq. 5.3 implies that the measures
f Wi (ty—t,_) [x]1 doy satisfy a LDP lower bound with rate function / := }Tdi(-, Em()?,"_l ),
so that if we apply the definition of LDP lower bound to the open set O := B, (,41)(1,) We
obtain

III}‘llbnfthg (/ H’t(tn—tn_l)[xnfl](Ur,n) do't(xnfl)> > - 1gfl 5 (5.8)
then note that d (x, B,,(7,)) < d(x, 7,) + rn, whence
xlgg di(x, By ) < (d();tn7 Vi) +rn—r(n+ 1))+ = (d(]?tn, Vin_1) — ’”)Jr )

and this yields

. 1 - - 2 1 2, - -
inf / < Z((d(yt,,, Vi) — 1)) < 79 @i 7 ) = Cr
for every r > 0 sufficiently small and some C, because dz(f,n, Vi,_) > 0. Plugging this
inequality into Eq. 5.8, we conclude that Eq. 5.7 holds. o
The proof of Eq. 5.5b follows the very same lines replacing each U, , with U, , and

accordingly defining 6, in order to write the suitable analog of Eq. 5.6. Indeed, we get

lim sup 7 log (/ Nvt(t,,ft,,,l)[xnfl](vr,n) d&,(x,1,1)> =< _1%f I,
110
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where [ := 4d G, Bm)(y,n D)) and D = B,(,1+1)(y[n) At this point, one should observe
thatd(x, z) > d(x, 7,_,) — d(z, 7,_,), which implies d_(x, B, (y1,_,)) > d(x, 7, ,) —

and therefore inf p d_(x, Byn(¥,_,)) = A(¥s,, v1,_)—r(Cn+ 1))*. This allows us to rewrite
the inequality above as

. o 1 (. Fiy)
lim sup log ( / umn_,n_l)[xn_l](ur,n)dcn(xn_l))) < = )

+Cr,
110 4ty —th

whence (5.5b), by induction.

Upper Bound Let (v,) C 2(C([0, 11, X)) be weakly converging to 8; and, with the same
notation as above, note that y belongs to the open set U,.. Hence a = a; , := v, (U,;) — 1.
Now condition both v; and B; to U,, i.e. introduce the measures

by oi=a! and B, :=b""B,,, whereb=b,, :=B,U,)  (59)

Yy,

Vr

and let p; :=

(f v & Bt then H (v | B,) = —+o00 so that v; can be disregarded in studying

the LDP upper bound) Also, put u(z) := zlogz and note that direct (and simple) algebraic
manipulations in conjunction with the convexity of # and Jensen’s inequality give

H(v |B)) = H(D, |By,) + b1 —a™h) ]i u(py) dB, + (1 — b) ]{1 u(py) dB; —log(2)

> b(1 — a*l)u(]ﬁ prdBy )+ (1 - b)u(]éc prd; ) — log(2)

———— N e’
_1=a
—1-b

=a(loga —logh) + (1 —a)(log(1 — a) — log(1 — b))

=

Since we know that as ¢ |, 0 we have a = a;, — 1 and, by Eq. 5.5b, that b = b; , — 0
if r is sufficiently small (as £ > 0), recalling also Eq. 5.5b we deduce that

liminf 7H (v, |B;) > € —Cr.
110

This bound is true for every » > 0 and every partition of [0, 1], hence first letting » |, 0 and
then taking the supremum over all partitions, we conclude recalling (5.2) and Theorem 2.9.

Lower Bound With the same notation as in the beginning of the proof, we let K C C([0,
1], X) be the set of curves y that are geodesic on the intervals [7;, #; 1] and such that y;, = y;,
foreveryi =0, ..., n. Then clearly K is non-empty (as X is geodesic), is contained in U,
forevery r > 0 and /(y) = € for every y € K. Since X is proper, K is also compact.

Now let V C C([0, 1], X) be an open neighbourhood of K. We claim that for every r > 0
sufficiently small we have

a:=inf I >¢—-Cr,
UV

where C is the constant in Eq. 5.5. Indeed, if this were not the case we would have curves
Vr € U, \ V with liminf, /(y,) < £. By the compactness of the sublevels of /, there would
be a sequence r; | O realizing the liminf, /(y,) converging to some y. Then y should be
outside V, such that y;, = y;, foreveryi =0, ..., n and with I(y) = £. Itis readily verified
that this last two conditions imply y € K, which however contradicts y ¢ V.

@ Springer



Viscosity Solutions of Hamilton-Jacobi Equation in RCD(K, co) Spaces...

Hence our claim is true and by the LD upper bound that we already proved we have

lim sup ¢ log(B; (U, \ V)) < —«.
t}0

Considering the conditioning é,, » of B; as introduced before in Eq. 5.9, this latter bound
and Eq. 5.5a give
B/(U,\V
(M) <{—Cr—a<0,

lim sup ¢ log(ét,,(Vc)) < limsup ¢ log
B:(Ur)

t}0 t}0

thus forcing Ig,,r(V“) — 0. In summary, using the very definition of éz,r first and Eq. 5.5a
then, we have that

lim sup lim suptH(I%,,, | é,) = — liminf lim inftlog(é,(Ur)) <{<I(y)
710 10 rl0 tl0

and that for every r > 0 sufficiently small the mass of I§,,, tends to be concentrated, as ¢ |, 0,
in the neighbourhood V of K. Since this is true for every such neighbourhood V and K is
compact, by a diagonal argument we can find r(¢) going to O sufficiently slow so that the
family (él,r(r))te(o,l) satisfies

limsupH B, |B) < I(y), (5.10)
tl0

is tight and every weak limit is concentrated on K.

Now we consider a sequence of partitions indexed by j getting finer and finer: it is
clear from the continuity of y that the corresponding compact sets K; converge to {y}
in the Hausdorff distance. For each of these partitions we have a corresponding family
(ét,,(t,j), j)r>0 satisfying (5.10) with cluster points supported on K ;. Hence by a further
diagonalization we can find j(¢) going to 400 so slowly that

lim suptH(ét,r(;,j),j(z) | Ez) <1y,
140

and since the construction forces the weak convergence of EAE,,,(,, ), j() to 85, the conclusion
follows by Theorem 2.8. O

6 On the Convergence of the Schrédinger Problem
to the Monge-Kantorovich One

As a consequence of Theorems 5.3 and 5.5, we can prove that, also in the setting of proper
RCD(K, 0o) spaces, the Schrodinger problem I'-converges to the quadratic optimal transport
problem, which seems new. In order to state this fact in a rigorous way, let us first introduce
the measures R® € Z2(C([0, 1], X)) and Ry, € @(Xz) as

R*(dy) == / Be/2[x1(dy) duo(x) and Ros(dxdy) := (eo, e1)«R" = pe a[x](y)m(dy)no(dx)

where Bg/2[x] denotes the slowed-down Brownian motion starting at x and o € Z(X) is
arbitrary but fixed. Let us also define the entropic cost, in static and dynamic form:

@e(po, v) :=inf H(y |Roe)  and  €/(ro, v) := inf H(Q|R?),
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where in the first case the infimum runs over all couplings y € 2 (X?) between g and
v € #(X), while in the second case over all measures Q € Z(C([0, 1], X)) with (e9).Q =
o and (e1)« Q = v. The minimization problems written above are the so-called static and
dynamic form of the Schrodinger problem (the reader is referred to [36] for more details on
the topic). With this premise, we have the following

Corollary 6.1 Let (X, d, m) be a proper RCD(K , 00) space with K € R. Then
l"-lilrol eH(-|Roe) + 10 = /dz(x, y)d-+4w in P(X?),
&

where 1 is the indicator function of the marginal constraint yy = o (here y denotes the
projection of y on the first factor), and

1
F-li%SH(-|RE)+L6=// 2 ded - +1y  in 2(C([0, 1], X)),
€ 0

where L6 is the indicator function of the marginal constraint (eg)«Q = o.
In particular, for every ju1 € Z(X) there exists (uf) C P (X) with pi—py ase | 0
such that

. . 1
lim £ (110, 1) = lim £%/ (o, 1) = = W3 (1o, 1) - (6.1)
el0 el0 2

Proof 1t is a general fact that €% (o, v) = %, (o, v), see for instance [36, Proposition 2.3].
The statement about the static Schrodinger problem follows then from Theorem 5.3 and [35,
Proposition 3.1, Corollary 3.2 and Theorem 3.3], while the one on the dynamical Schrédinger
problem from Theorem 5.5 and [35, Proposition 3.4, Corollary 3.5 and Theorem 3.6]. O

A tightly-linked result has recently been obtained by the second-named author in [41], as
a byproduct of a more general and abstract I"-convergence statement. In a few words, in [41,
Theorem 4.6 and Section 6.1] it is shown that on a proper RCD(K, c0) space (X, d, m) for
all po, 1 € 2(X) there exist ug— o and pj— w1 such that

L 1
lim £ %, (116, 1§) = 5 W3 (1o, 1) » (62)
el0 2

where

. ) 1 1 e [I!
@ouo, u) = inf | o //0 0Py dedm + & //0 ViogpPpdidm]  (63)

and the infimum runs over all couples (i, v;), ; = pym, solving the continuity equation
ous + div(v; ;) = 0 in the weak sense and with g, ;1 as initial and final constraints.
Moreover, u( can be chosen equal to 1o forall ¢ > 0 provided H (i | m) < oo (analogously
for ui ), see [41, Theorem 4.3, Corollary 4.4 and Section 6.1]

After [29], . = %, on RCD*(K, N) spaces with N < oo. Therefore Egs. 6.1 and 6.2
are equivalent and Corollary 6.1 provides an alternative proof of them. If N = oo instead,
the Schrodinger problem defined above and its representation a la Benamou—Brenier (6.3)
are not known to be equivalent. Hence, given the present state of the art, Corollary 6.1 and
in particular (6.1) are new and the latter, although heuristically equivalent, is independent of
Eq. 6.2.
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