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 A B S T R A C T

We study a deterministic gas of breathers for the Focusing Nonlinear Schrödinger equation. The gas of breathers 
is obtained from a 𝑁-breather solution in the limit 𝑁 → ∞. The limit is performed at the level of scattering 
data by letting the 𝑁-breather spectrum to fill uniformly a suitable compact domain of the complex plane 
in the limit 𝑁 → ∞. The corresponding norming constants are interpolated by a smooth function and scaled 
as 1∕𝑁 . For particular choices of the domain and the interpolating function, the gas of breathers behaves as 
finite breathers solution. This extends the shielding effect discovered in Bertola et al. (2023) for a soliton gas 
also to a breather gas.
1. Introduction

The hallmark of integrability of a non-linear dispersive wave equa-
tion is the existence of pseudo-particle solutions, that is, coherent 
nonlinear modes that interact elastically. Recently several investiga-
tions involving very large number of solitons have been carried out, 
both on the mathematical and the physical side [1–7]. Coherent and 
random superpositions of solitons were considered.

Random nonlinear superpositions of solitons are more closely re-
lated to the notion of a soliton gas in an infinite statistical ensemble 
of interacting solitons that was first introduced by Zakharov by con-
sidering the Korteweg de Vries (KdV) equation in [8]. More recently 
this concept has been extended to the Focusing Nonlinear Schrödinger 
(FNLS) equation by El and Tovbis in [1], and has been studied in 
the context of the modified Korteweg–de Vries (mKdV) equation with 
nonzero boundary conditions by Zhang and Ling in [9]. Moreover, 
in [10] the problem of both a deterministic and a random distribution 
of 𝑁 soliton solutions of FNLS was discussed and in [11] a central limit 
theory for a soliton gas has been derived. In [10] it was proved that 
a particular configuration of a deterministic soliton gas surprisingly 
yields a one-soliton solution. Such a phenomenon was termed soliton 
shielding and further studied in [12].

In this paper we study the corresponding problem considering the 
case of a gas of breathers. Generally speaking, a breather is a nonlinear 
wave in which energy concentrates in a localized and oscillatory way. 
The first breather type solution of FNLS was found in [13,14] and 
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called Kuznetsov–Ma breather. It is localized in the spatial variable 𝑥
and periodic in the temporal variable 𝑡. In particular, in [14] the 
initial value problem for FNLS with initial data a perturbed plane wave 
solution with non-vanishing boundary conditions at 𝑥 → ±∞ was 
shown to yield asymptotic states consisting of periodically ‘‘pulsating’’ 
solitary waves (plus a residual of small amplitude dispersive waves).

Different kind of such pulsating localized solution to FNLS were 
subsequently discovered. In [15] a rational solution of this kind, called
Peregrine breather was found. It is localized in both spatial and temporal 
variables (𝑥, 𝑡). In [16] an 𝑥-periodic and 𝑡-localized new solution, called
Akhmediev breather was discovered. In 1988 Tajiri and Watanabe [17] 
found a travelling breather, now called Tajiri–Watanabe breather, whose 
speed depends on the spectrum of the associated linear problem. Such 
solutions have been shown to be a model of modulational instability by 
Zakharov and Gelash in 2013 [18,19].

The Kuznetsov–Ma, Peregrine and Akhmediev breathers find appli-
cations as prototypical models of rogue waves in nonlinear optics and 
the theory of gravity water waves [20–24]. Furthermore the Peregrine 
breather emerges in a universal way in the semiclassical limit of the 
focusing nonlinear Schrödinger equation [25]. Higher order breathers 
solution of FNLS obtained using Darboux transformations from the 
rational Peregrine breather in [26,27] were further studied in [4] and 
observed in a water-wave tank to be approximation of ‘‘super rogue 
waves’’ with an amplitude of up to 5 times the background in [28]. 
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This analysis was pushed forward by Bilman, Buckingham, Ling, Miller 
and Wang [29–33] where breathers and solitons of infinite order have 
been considered, and a universal profile emerges after an appropriate 
scaling.

The starting point of our study is the fact that 𝑁-breather so-
lutions to FNLS can be obtained from the Zakharov–Shabat linear 
spectral problem, reformulated as a Riemann–Hilbert problem for a 
2 × 2 matrix 𝑀(𝑧; 𝑥, 𝑡), 𝑧 being the spectral parameter, with suitable 
scattering data [4,34]. In particular, for the Kuznetsov–Ma and the 
Tajiri–Watanabe 𝑁-breather, one needs 4𝑁 poles where 𝑁 poles are 
free parameters located in the upper half complex plane minus the 
unit half disk, while the remaining 3𝑁 poles are obtained by suitable 
symmetries. The spectral data are completed by assigning to each of 
the first 𝑁 poles a norming constant, while the remaining norming 
constants are obtained by symmetry requirements. Our main aim is 
to study the limit of the 𝑁-breather solution when the number 𝑁
goes to infinity and the location of the poles accumulates uniformly 
on a bounded domain 1 of the complex plane (and its ‘‘symmetric’’ 
counterparts as required by the very notion of breather solution). The 
corresponding norming constants are interpolated by a smooth function 
and rescaled by 1∕𝑁 . In this way we arrive at the inverse problem for 
a gas of breathers and we show the existence of its solution. For certain 
choices of the domain 1 and the interpolation function, the behaviour 
of the gas of breathers corresponds to a 𝑛-breather solution, 𝑛 being 
determined by the geometry of the above-mentioned domain of pole 
accumulation 1.

The layout of the present paper is the following.

• In the second section we briefly review the characteristic prop-
erties of the inverse spectral problem for breather solutions, 
as well as the associated Riemann–Hilbert problem, and frame 
the Kuznetsov–Ma and the Tajiri–Watanabe 1-breather solution 
within this scheme.

• In section three we transform the Riemann–Hilbert problem for 𝑁
poles into a Riemann–Hilbert problem with a jump matrix defined 
on closed contours encircling the accumulation domains of the 
poles and describe its solution.

• We finally pass to the 𝑁 → ∞ limit, showing the existence of 
the solution of the limiting inverse problem. We illustrate the 
shielding effect for particular choices of the domain 1 and we ex-
plicitly illustrate our procedure and results for the cases when the 
limiting solution reduces to a 𝑛 = 1 and 𝑛 = 2 shielding breather, 
corresponding to the choice of the domain 1 (respectively) a disk 
and an eight-shaped figure.

2. A brief review of the IST for breathers

In this section we report and summarize the main steps of the 
inverse scattering transform for the 𝑁-breather solution of the FNLS 
equation 
𝚤̇𝜓𝑡 + 𝜓𝑥𝑥 + 2|𝜓|2𝜓 = 0 , (1)

with non-zero boundary conditions at 𝑥 = ±∞ originally introduced 
in [13] and further developed in [34,35].

In order to remove the possible time-dependence of the boundary 
conditions, we can rewrite Eq. (1) as 
𝚤̇𝜓𝑡 + 𝜓𝑥𝑥 + 2

(

|𝜓|2 − 𝜓2
0
)

𝜓 = 0 , (2)

the nonzero boundary conditions as 𝑥→ ±∞ being 

lim
𝑥→±∞

𝜓(𝑥, 𝑡) = 𝜓±, |𝜓±| =∶ 𝜓0 ≠ 0. (3)

The additional term −2𝜓2
0𝜓 in (2) that has been added in order to make 

the boundary conditions (3) independent of time can be removed by the 
rescaling 𝜓̃(𝑥, 𝑡) = 𝑒2𝚤̇𝜓

2
0 𝑡𝜓(𝑥, 𝑡).
2 
Fig. 1. The complex plane divided as in (6) and 4 poles satisfying (7). Fixing 𝜁1 in 
𝐷+

1  determines the other three ‘‘fellow’’ points of the spectrum, 𝜁2 = −1∕𝜁1 , 𝜁3 = 𝜁1 , 𝜁4 =
−1∕𝜁1.

As it well known, the FNLS Eq. (1) admits the scaling invariance 
𝜓(𝑥, 𝑡) → 𝜎𝜓(𝜎𝑥, 𝜎2𝑡), ∀ 𝜎 > 0, (4)

hence, we may assume that 𝜓− = 𝜓0 = 1 and 𝜓+ is an arbitrary constant 
with |𝜓+| = 1. The nonlinear Schrödinger equation is the compatibility 
condition of the Zakharov–Shabat linear spectral problem [36] 

𝜕𝑥𝑓 = 𝑓,  = 𝑖𝑘𝜎3 + 𝛹, 𝛹 =
(

0 𝜓
−𝜓 0

)

,

𝑖𝜕𝑡𝑓 = 𝑓,  = −2𝑖𝑘2𝜎3 + 𝑖𝜎3(𝛹𝑥 − 𝛹 2 − 1) − 2𝑘𝛹 ,
(5)

where 𝜎3 =
(

1 0
0 −1

)

 and 𝜓 stands for complex conjugate. The direct 
and inverse spectral problems with non zero boundaries conditions 
have been developed by Biondini and Kovačič in [34], extending the 
seminal work of Kuznetsov in 1977 [13]. Here, we summarize the 
inverse spectral problem for reflectionless potentials in the complex 
𝑧-plane where 𝑧 = 𝑘 +

√

𝑘2 + 1.
The spectral 𝑧-complex plane is partitioned into the following do-

mains: 
𝐷+ =

{

𝑧 ∈ C ∶
(

|𝑧|2 − 1
)

ℑ(𝑧) > 0
}

,

𝐷− =
{

𝑧 ∈ C ∶
(

|𝑧|2 − 1
)

ℑ(𝑧) < 0
}

,
(6)

with boundary 𝛴 = R ∪ 𝖲1 = R ∪ {𝑧 ∈ C ∶ |𝑧| = 1}. We observe that 
𝐷+ is the union of the exterior to the unit disk in the upper half plane 
𝐷+

1  and the interior of the unit disk in the lower half plane 𝐷+
2 . The 

domain 𝐷−, obtained from 𝐷+ by reflection along the real axis, is 
equally partitioned into an unbounded domain 𝐷−

1  in the lower half 
plane and a bounded domain 𝐷−

2  in the upper half plane (see Fig.  1).
The 𝑁-breather solution is obtained from the following scattering 

data:
the discrete spectrum  = {𝜁1,… , 𝜁2𝑁 , 𝜁1,… , 𝜁2𝑁} of the Zakharov–

Shabat linear spectral problem [34] with 

𝜁𝑗 ∈ 𝐷+
1 , 𝜁𝑁+𝑗 = − 1

𝜁𝑗
∈ 𝐷+

2 ,

𝜁𝑗 ∈ 𝐷−
1 , 𝜁𝑁+𝑗 = − 1

𝜁𝑗
∈ 𝐷−

2 ,
with 𝑗 = 1,… , 𝑁. (7)

The points of the discrete spectrum satisfy, with respect to the 
boundary values 𝜓± in (3), the ‘‘theta’’ condition : 

arg
(

𝜓−
𝜓

)

= 4
𝑁
∑

arg(𝜁𝑗 ). (8)

+ 𝑗=1
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Fig. 2. Two different Kuznetsov–Ma breathers with 𝑍 = 2, 𝜅 = 0, 𝜙 = 0 (left) and 𝑍 = 3, 𝜅 = 1, 𝜙 = 0 (right). In both cases, 𝜓(𝑥, 𝑡) → 1 as 𝑥→ ±∞.
Condition (8) is termed ‘‘theta’’ as it relates the discrete spectrum, the 
elements of the scattering matrix and the asymptotic phase difference 
of the corresponding FNLS solution, originally denoted by 𝜃 in [37] . 
As we are assuming 𝜓− = 1, (8) becomes, in our case, 

− arg
(

𝜓+
)

= 4
𝑁
∑

𝑗=1
arg(𝜁𝑗 ), (mod 2𝜋). (9)

To complete the scattering data, we need to add the norming constants. 
For each point of the spectrum {𝜁𝑗}𝑁𝑗=1 in 𝐷+

1 , we chose a nonzero 
complex number, obtaining the sequence {𝐶𝑗}𝑁𝑗=1. The remaining 3𝑁
norming constants are obtained by symmetry as follows: for points in 
𝐷+

2 ⊂ 𝐷
+ one sets 

𝐶𝑁+𝑗 = −

(

1
𝑧𝑗

)2

𝐶𝑗 , for 𝑗 = 1,… , 𝑁, (10)

while the 2𝑁 norming constants associated with the poles in 𝐷− are 
obtained from the previous ones as 
𝐶2𝑁+𝛼 = −𝐶𝛼 , for 𝛼 = 1,… , 2𝑁. (11)

The 𝑁-breather solution is recovered by solving the following Riemann–
Hilbert problem.
Riemann–Hilbert problem A (Rational 𝑁-breather problem):

To find a 2 × 2 matrix 𝑀(𝑧; 𝑥, 𝑡) with the following properties:

• 𝑀(𝑧; 𝑥, 𝑡) is a meromorphic matrix in C, with simple poles in the 
set  = {𝜁𝛼 , 𝜁𝛼}2𝑁𝛼=1 and 𝑧 = 0.

• 𝑀(𝑧; 𝑥, 𝑡) satisfies the following residue conditions 

Res𝑧=𝜁𝛼𝑀(𝑧; 𝑥, 𝑡) = lim
𝑧→𝜁𝛼

𝑀(𝑧; 𝑥, 𝑡)

[

0 0
𝐶𝛼𝑒−2𝚤̇𝜃

(

𝜁𝛼 ;𝑥,𝑡
)

0

]

,

Res𝑧=𝜁𝛼𝑀(𝑧; 𝑥, 𝑡) = lim
𝑧→𝜁𝛼

𝑀(𝑧; 𝑥, 𝑡)

[

0 −𝐶𝛼𝑒2𝚤̇𝜃
(

𝜁𝛼 ;𝑥,𝑡
)

0 0

]

,

(12)

for 𝛼 = 1,… , 2𝑁 , with 

𝜃(𝑧; 𝑥, 𝑡) = 1
2

(

𝑧 + 1
𝑧

)(

𝑥 −
(

𝑧 − 1
𝑧

)

𝑡
)

. (13)

• 𝑀(𝑧; 𝑥, 𝑡) satisfies the following asymptotic conditions:

𝑀(𝑧; 𝑥, 𝑡) = I + 
( 1
𝑧

)

, as 𝑧→ ∞, (14)

𝑀(𝑧; 𝑥, 𝑡) = 𝚤̇
𝑧
𝜎1 +  (1) , as 𝑧→ 0 , (15)

where 𝜎1 is the Pauli matrix 
[

0 1
1 0

]

.

For further use we note that 
𝜃(𝑧; 𝑥, 𝑡) = 𝜃(𝑧; 𝑥, 𝑡), and 𝜃

(

−1
𝑧
; 𝑥, 𝑡

)

= −𝜃(𝑧; 𝑥, 𝑡). (16)

From the solution of the above Riemann–Hilbert problem A for the 
2 × 2 matrix 𝑀 , one recovers the 𝑁-breather solution of the focusing 
nonlinear Schrödinger equation by the relation 
𝜓(𝑥, 𝑡) = −𝑖 lim

𝑧→∞
(𝑧𝑀12(𝑧; 𝑥, 𝑡)), (17)

where 𝑀  is the 1,2 entry of 𝑀 .
12

3 
The conditions (12) show that the matrix 𝑀 is meromorphic in the 
complex plane; in particular, for 𝑧 ∈ 𝐷+, the second column of 𝑀
is analytic while the first column has a first order pole at 𝜁𝛼 ∈ 𝐷+, 
𝛼 = 1,… , 2𝑁 . On the other hand the second column of 𝑀 is analytic 
in 𝐷− and it has a first order pole at 𝜁𝛼 ∈ 𝐷−, 𝛼 = 1,… , 2𝑁 .

Taking into account the asymptotic conditions (14), the 2 × 2 matrix 
𝑀(𝑧; 𝑥, 𝑡) takes the form 

𝑀(𝑧; 𝑥, 𝑡) = I+ 𝚤̇
𝑧

[

0 1
1 0

]

+
2𝑁
∑

𝛼=1

[

𝐴𝛼(𝑥, 𝑡) 0
𝐵𝛼(𝑥, 𝑡) 0

]

𝑧 − 𝜁𝛼
+

2𝑁
∑

𝛼=1

[

0 𝐸𝛼(𝑥, 𝑡)
0 𝐹𝛼(𝑥, 𝑡)

]

𝑧 − 𝜁𝛼
,

(18)

where the coefficients 𝐴𝛼(𝑥, 𝑡), 𝐵𝛼(𝑥, 𝑡), 𝐸𝛼(𝑥, 𝑡), 𝐹𝛼(𝑥, 𝑡) are to be deter-
mined from the residue conditions (12) as follows. Let us introduce the 
notation

𝑐𝛼 = 𝐶𝛼𝑒
−2𝚤̇𝜃

(

𝜁𝛼 ;𝑥,𝑡
)

, 𝛼 = 1.… , 2𝑁 .

From the residue condition (12) of the 𝑁-breather solution and the 
ansatz (18) we obtain 

[

𝐴𝛽
𝐵𝛽

]

=

[ 𝑖𝑐𝛽
𝜁𝛽
𝑐𝛽

]

+ 𝑐𝛽
2𝑁
∑

𝛼=1

[

𝐸𝛼
𝐹𝛼

]

𝜁𝛽 − 𝜁𝛼
,

[

𝐸𝛽
𝐹𝛽

]

= −

[

𝑐𝛽
𝑖𝑐𝛽
𝜁𝛽

]

− 𝑐𝛽
2𝑁
∑

𝛼=1

[

𝐴𝛼
𝐵𝛼

]

𝜁𝛽 − 𝜁𝛼
,

(19)

for 𝛽 = 1,… , 2𝑁 . This is a system of 2𝑁 equations in 2𝑁 unknowns 
𝐴𝛼 , 𝐵𝛼 , 𝐸𝛼 and 𝐹𝛼 (see Appendix  A for a comprehensive solution).

From (17) and (19), the 𝑁-breather solution of the focusing nonlin-
ear Schrödinger equation is finally recovered as 

𝜓(𝑥, 𝑡) = − 𝚤̇ lim
𝑧→∞

𝑧𝑀12(𝑧; 𝑥, 𝑡) = 1 − 𝚤̇
2𝑁
∑

𝛼=1
𝐸𝛼(𝑥, 𝑡). (20)

2.1. Kuznetsov–Ma and Tajiri–Watanabe breathers

We report the formulæ of the Kuznetsov–Ma [13,14] and the Tajiri–
Watanabe [17,38] breather solutions. The formulæ presented here have 
been derived from the expression 𝜓(𝑥, 𝑡) = 1− 𝚤̇ (𝐸1(𝑥, 𝑡)+𝐸2(𝑥, 𝑡)) where 
𝐸1(𝑥, 𝑡) and 𝐸2(𝑥, 𝑡) solve the linear system (76) in Appendix  A. The 
Kuznetsov–Ma breather is obtained from the data (𝜁1, 𝐶1) where the 
single pole 𝜁1 is purely imaginary 

𝜁1 = 𝚤̇𝑍, 𝑍 > 1 and 𝐶1 = 𝑒𝜅+𝚤̇𝜙, with 𝜅, 𝜙 real. (21)

The remaining poles and norming constants are obtained by symme-
try according to (7), (10) and (11) respectively. The Kuznetsov–Ma 
breather solution is given by 

𝜓1𝐾𝑀 (𝑥, 𝑡) =
cosh (𝜒(𝑥)) − 1

2 𝑐+
(

1 + 𝑐2−∕𝑐
2
+
)

sin (𝑠(𝑡)) + 𝚤̇𝑐− cos (𝑠(𝑡))
, (22)
cosh (𝜒(𝑥)) − 𝐴 sin (𝑠(𝑡))
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Fig. 3. Two different Tajiri–Watanabe breathers, left 𝑍 = 2, 𝜅 = 0, 𝜙 = 0 and 𝛼 = 𝜋∕6 and right 𝑍 = 3, 𝜅 = 0, 𝜙 = 0 and 𝛼 = −𝜋∕8.
Fig. 4. The three possible kinds of 2-breather solutions. Top left: a KM-type 2-breather with 𝜁1 = 2 𝚤̇  and 𝜁2 = 3 𝚤̇ . Top right: a TW-type 2-breather with 𝜁1 = 1+2 𝚤̇  and 𝜁2 = −2+ 𝚤̇ . 
Bottom: a 2-breather of mixed type with 𝜁1 = 2 𝚤̇  and 𝜁2 = 1 + 𝚤̇ . In all three plots we set 𝐶1 = 1 and 𝐶2 = 2.
with 
𝑐± = 𝑍 ± 1

𝑍
, 𝐴 = 2

𝑐+
< 1,

𝜒(𝑥) = 𝑐−𝑥 + 𝑐0 + 𝜅, 𝑐0 = ln
(

𝑐+
2𝑍𝑐−

)

,

𝑠(𝑡) = 𝑐+𝑐−𝑡 − 𝜙.

(23)

We remark that the Kuznetsov–Ma breather is a stationary breather, 
since it is localized in the spatial variable 𝑥 and periodic in the temporal 
variable 𝑡, with period 𝑇 = 2𝜋

𝑐+𝑐−
= 2𝜋

𝑍2−1∕𝑍2  (see Fig.  2).
The Tajiri–Watanabe breather is instead obtained by choosing 

𝜁1 = 𝚤̇ 𝑍𝑒 𝚤̇ 𝛼 , with 𝑍 > 1 and − 𝜋
2
< 𝛼 < 𝜋

2
,

𝐶1 = 𝑒𝜅+𝚤̇𝜙, with 𝜅 and 𝜙 real. 
(24)

The corresponding formula for the solution is
𝜓1𝑇𝑊 (𝑥, 𝑡)

=
cosh(𝜒 − 2 𝚤̇ 𝛼) + 𝐵

2

[

𝑑+(𝑍2 sin(𝑠 − 2𝛼) − sin(𝑠)) + 𝚤̇ 𝑑−(𝑍2 cos(𝑠 − 2𝛼) − cos(𝑠))
]

𝑒2 𝚤̇ 𝛼(cosh(𝜒) + 𝐵
[

𝑍2 sin(𝑠 − 2𝛼) − sin(𝑠)
]

)
,

(25)

with 
𝑐± = 𝑍 ± 1

𝑍
, 𝑑± = 𝑍2 ± 1

𝑍2
,

𝐵 =
2 cos(𝛼)

|1 −𝑍2𝑒−2 𝚤̇ 𝛼|
(

𝑍 + 1
𝑍

) ,

𝜒(𝑥, 𝑡) = 𝑐−𝑥 cos(𝛼) + 𝑑+𝑡 sin(2𝛼) + 𝑐′0 + 𝜅,

𝑠(𝑥, 𝑡) = 𝑐+𝑥 sin(𝛼) − 𝑑−𝑡 cos(2𝛼) + 𝜙,

𝑐′0 = − ln
⎛

⎜

⎜

⎝

2 cos(𝛼)|1 −𝑍2𝑒−2 𝚤̇ 𝛼|

𝑍 + 1
𝑍

⎞

⎟

⎟

⎠

.

(26)

Let us observe that
𝜓 (𝑥, 𝑡) → 1 as 𝑥→ −∞, 𝜓 (𝑥, 𝑡) → 𝑒−4 𝚤̇ 𝛼 , as 𝑥 → +∞.
1𝑇𝑊 1𝑇𝑊

4 
The Tajiri–Watanabe breather is a non-stationary breather, since the 
peak does not remain localized at a fixed value in 𝑥 but rather moves 
with a speed given by equation 𝜒(𝑥, 𝑡) = 0 (see Fig.  3).

We have limited ourselves to display formulas for 1-breather solu-
tions. There exist 𝑁-breather solutions for every natural 𝑁 which can 
be obtained from (20) by solving the linear system (74). We report 
in Fig.  4 the plot of three different 2-breather solutions obtained via 
different choices of pole locations.

As it is well known in the theory of integrable systems, the 2-
breather solution is not the sum of two 1-breather solutions. Such 
decomposition is true for large times 𝑡 → ±∞ when the 2-breather 
solution is asymptotically close to the sum of two 1-breather solutions, 
plus o(1) [39]. 

Remark 1.  In the limit 𝑍 → 1 the Tajiri–Watanbe breather converges 
to the Akhmediev breather 

𝜓1𝐴(𝑥, 𝑡) =
cosh(2𝑡 sin(2𝛼) + 𝑐′0 + 𝜅 − 2 𝚤̇ 𝛼) − cos(𝛼) cos(2𝑥 sin(𝛼) + 𝜙 − 𝛼)

𝑒2 𝚤̇ 𝛼(cosh(2𝑡 sin(2𝛼) + 𝑐′0 + 𝜅) − cos(𝛼) cos(2𝑥 sin(𝛼) + 𝜙 − 𝛼))
,

(27)

with 
𝑐′0 = − ln (2 cos(𝛼)| sin(𝛼)|) . (28)

In the further limit 𝛼 → 0 one recovers the Peregrine breather.

3. Gas of breathers and shielding

This section contains our main result. We consider a 𝑁-breather 
solution with the first 𝑁 poles 𝜁1,… , 𝜁𝑁  filling uniformly a ‘‘parent’’ 
bounded domain 1 in 𝐷+

1 , with the corresponding norming constants 
interpolated by a smooth function and rescaled by 𝑁 , and we let 𝑁 go 
to infinity. Moreover, we assume that 1 has a smooth boundary. In 
order to perform the limit 𝑁 → ∞ on the inverse problem for 𝑀(𝑧; 𝑥, 𝑡), 
we transform the residue conditions (12) into jump conditions for a 
suitably defined Riemann–Hilbert problem.
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Fig. 5. The complex plane with the four domains 1, 2, 1, 2 and the four contours 𝛾+1 , 𝛾+2 , 𝛾−1 , 𝛾−2 .
For the purpose we introduce a close anticlockwise oriented contour 
𝛾+1  in 𝐷+

1  that encircles 1 and we call 𝛤+
1  the domain with boundary 

𝛾+1 . The other domains are obtained by symmetry: in particular, 2 is 
the domain obtained from 1 by the relation 

𝑧 ∈ 1 ⟺ −1
𝑧
∈ 2 , (29)

hile 1 and 2 in 𝐷− are their complex conjugates.
We introduce a closed anticlockwise oriented contour 𝛾+2  that encir-

les 2 in 𝐷+
2  and we define as 𝛤+

2  the finite domain with boundary 
+
2 .
Analogously we define 𝛾−1 = −𝛾+1  and 𝛾−2 = −𝛾+2  as the closed 

nticlockwise oriented contours that encircle 1 and 2 respectively. 
lso in this case we call 𝛤−

1  and 𝛤−
2  the domains whose boundaries are 

−
1  and 𝛾−2  respectively (see Fig.  5 for the geometry of these contours).
We reformulate the Riemann–Hilbert problem A as a Riemann–

ilbert problem for a matrix 𝑌 𝑁 (𝑧; 𝑥, 𝑡) that is obtained from 𝑀(𝑧; 𝑥, 𝑡)
y removing the poles but paying the price of putting a jump.
More precisely, we define the matrix 𝑌 𝑁 (𝑧; 𝑥, 𝑡) as 

𝑁 (𝑧; 𝑥, 𝑡) =

{

𝑀(𝑧; 𝑥, 𝑡) for 𝑧 ∈ C ⧵
{

𝛤+
1 ∪ 𝛤+

2 ∪ 𝛤−
1 ∪ 𝛤−

2
}

,
𝑀(𝑧; 𝑥, 𝑡)𝐽𝑁 (𝑧; 𝑥, 𝑡) for 𝑧 ∈ 𝛤+

1 ∪ 𝛤+
2 ∪ 𝛤−

1 ∪ 𝛤−
2 ,

(30)

with the jump matrix 𝐽𝑁 (𝑧; 𝑥, 𝑡) having the following expression 

𝑁 (𝑧; 𝑥, 𝑡) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

⎡

⎢

⎢

⎢

⎢

⎣

1 0

−𝑒−2 𝚤̇ 𝜃(𝑧)
𝑁
∑

𝑗=1

𝐶𝑗
𝑧 − 𝜁𝑗

1

⎤

⎥

⎥

⎥

⎥

⎦

for 𝑧 ∈ 𝛤+
1 ,

⎡

⎢

⎢

⎢

⎢

⎣

1 0

−𝑒2 𝚤̇ 𝜃(𝑧)
2𝑁
∑

𝑗=𝑁+1

𝐶𝑗
𝑧 − 𝜁𝑗

1

⎤

⎥

⎥

⎥

⎥

⎦

for 𝑧 ∈ 𝛤+
2 ,

⎡

⎢

⎢

⎢

⎢

⎣

1 𝑒2 𝚤̇ 𝜃(𝑧)
𝑁
∑

𝑗=1

𝐶𝑗
𝑧 − 𝜁𝑗

0 1

⎤

⎥

⎥

⎥

⎥

⎦

for 𝑧 ∈ 𝛤−
1 ,

⎡

⎢

⎢

⎢

⎢

⎣

1 𝑒2 𝚤̇ 𝜃(𝑧)
2𝑁
∑

𝑗=𝑁+1

𝐶𝑗
𝑧 − 𝜁𝑗

0 1

⎤

⎥

⎥

⎥

⎥

⎦

for 𝑧 ∈ 𝛤−
2 ,

(31)

here we used the shorthand notation 𝜃(𝑧) = 𝜃(𝑧; 𝑥, 𝑡).
5 
It is immediate to check that the requirement of 𝑌 𝑁 (𝑧; 𝑥, 𝑡) to be 
analytic in C∖{𝜸 ∪ {0}}, where 𝜸 = {𝛾+1 ∪ 𝛾+2 ∪ 𝛾−1 ∪ 𝛾−2 }, is equivalent to 
the residue conditions (12). 

Therefore, we obtain the following Riemann–Hilbert problem for 
the matrix function 𝑌 𝑁 (𝑧; 𝑥, 𝑡).

Riemann–Hilbert problem B (jump 𝑁-breather problem):
To find a 2 × 2 matrix 𝑌 𝑁 (𝑧; 𝑥, 𝑡) with the following properties:

• 𝑌 𝑁 (𝑧; 𝑥, 𝑡) is analytic in C∖{𝜸 ∪ {0}}.
• 𝑌 𝑁 (𝑧; 𝑥, 𝑡) satisfies to the jump condition 
𝑌 𝑁+ (𝑧; 𝑥, 𝑡) = 𝑌 𝑁− (𝑧; 𝑥, 𝑡)𝐽𝑁 (𝑧; 𝑥, 𝑡) (32)

for 𝑧 ∈ 𝜸. The subscript 𝑌±(𝑧) denotes the left/right boundary 
values of 𝑌 (𝑧) as 𝑧→ 𝜸 in a non tangential direction.

• 𝑌 𝑁 (𝑧; 𝑥, 𝑡) fulfils the asymptotic conditions 

𝑌 𝑁 (𝑧; 𝑥, 𝑡) = I + 
( 1
𝑧

)

, as 𝑧→ ∞,

𝑌 𝑁 (𝑧; 𝑥, 𝑡) = 𝚤̇
𝑧
𝜎1 +  (1) , as 𝑧→ 0 .

(33)

Finally, the 𝑁-breather solution of the focusing nonlinear
Schrödinger equation is recovered from the matrix 𝑌 𝑁 (𝑧; 𝑥, 𝑡) by the 
relation 
𝜓(𝑥, 𝑡) = − 𝚤̇ lim

𝑧→∞
𝑧𝑌 𝑁12 (𝑧; 𝑥, 𝑡) . (34)

3.1. Gas of breathers

Now we have reformulated the inverse problem in such a way that 
inspecting the jump matrix (31), it is possible to perform the limit 
𝑁 → ∞ by assuming that the point spectrum 𝜁1,… 𝜁𝑁  of the breathers 
accumulates uniformly inside the domain 1 ⊂ 𝛤+

1  as 𝑁 → ∞ (see Fig. 
6). Namely, we assume that the spectral breather density converges to 
the uniform measure of the domain 1, that is 
1
𝑁

𝑁→∞
→ 𝑑2𝑤, (35)

where 1 is the area of 1 and 𝑑2𝑤 is the infinitesimal cartesian area.
We interpolate the norming constants as 

𝐶𝑗 =
1
𝜋𝑁

𝛽1
(

𝜁𝑗 , 𝜁𝑗
)

,

𝐶𝑁+𝑗 =
1
𝜋𝑁

𝛽2
(

𝜁𝑁+𝑗 , 𝜁𝑁+𝑗

)

,
𝑗 = 1,… , 𝑁 , (36)

where 𝛽1(⋅, ⋅) and 𝛽2(⋅, ⋅) are smooth functions, and we use the notation 
𝛽1

(

𝜁𝑗 , 𝜁𝑗
)

 to stress the fact that the function 𝛽1 is not analytic. Since the 
norming constants satisfy the conditions (10) and (11), in particular 

𝐶𝑁+𝑗 = −

(

1
)2

𝐶𝑗 , 𝑗 = 1,… , 𝑁, (37)

𝜁𝑗
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it follows that

𝛽2
(

𝜁𝑁+𝑗 , 𝜁𝑁+𝑗

)

= −

(

1
𝜁𝑗

)2

𝛽1
(

𝜁𝑗 , 𝜁𝑗
)

or, equivalently using the relation 𝜁𝑁+𝑗 = − 1
𝜁𝑗
, 

𝛽2
(

𝑧, 𝑧
)

= −𝑧2𝛽1
(

−1
𝑧
,−1
𝑧

)

, 𝑧 ∈ 2. (38)

In this way the sum in the off-diagonal entries of the jump matrix 𝐽𝑁
in (31) becomes a Riemann sum and we have 

𝑁
∑

𝑗=1

𝐶𝑗
(𝑧 − 𝜁𝑗 )

=
𝑁
∑

𝑗=1

1
𝜋𝑁

𝛽1(𝜁𝑗 , 𝜁𝑗 )
(𝑧 − 𝜁𝑗 )

⟶
𝑁→∞∬1

𝛽1(𝑤,𝑤)
𝑧 −𝑤

𝑑2𝑤
𝜋

,

2𝑁
∑

𝑗=𝑁+1

𝐶𝑗
(𝑧 − 𝜁𝑗 )

=
2𝑁
∑

𝑗=𝑁+1

1
𝜋𝑁

𝛽2(𝜁𝑗 , 𝜁𝑗 )
𝑧 − 𝜁𝑗

⟶
𝑁→∞∬2

𝛽2(𝑤,𝑤)
𝑧 −𝑤

𝑑2𝑤
𝑤2𝑤2𝜋

,

(39)

 where the second relation follows from the fact the uniform area 
measure in 1 becomes, under the coordinate transformation 𝑤 → − 1

𝑤
, 

the measure 𝑑
2𝑤

𝑤2𝑤2
 in 2.  Since the ‘‘theta’’ condition 

− arg
(

𝜓+
)

= 4
𝑁
∑

𝑛=1
arg

(

𝜁𝑛
)

(40)

must hold, we assume that the domain 1 (and consequentially 1, 2
and 2) is chosen such that (40) holds also when passing to the limit 
𝑁 → ∞.

Therefore the Riemann–Hilbert problem B, when 𝑁 → ∞, trans-
forms into the following .
Riemann–Hilbert problem C (jump 𝑁 → ∞ problem):

To seek for a 2 × 2 matrix 𝑌∞(𝑧; 𝑥, 𝑡) with the following properties:

• 𝑌∞(𝑧; 𝑥, 𝑡) is analytic in C∖{𝜸 ∪ {0}}.
• 𝑌∞(𝑧; 𝑥, 𝑡) fulfils the jump condition C∖{𝜸 ∪ {0}}. 
𝑌∞
+ (𝑧; 𝑥, 𝑡) = 𝑌∞

− (𝑧; 𝑥, 𝑡)(I + 𝐽∞(𝑧; 𝑥, 𝑡)), 𝑧 ∈ 𝜸, (41)

with 

𝐽∞(𝑧; 𝑥, 𝑡) =
[

0 𝑒2 𝚤̇ 𝜃(𝑧)𝐽∞
12 (𝑧; 𝑥, 𝑡)

−𝑒−2 𝚤̇ 𝜃(𝑧)𝐽∞
21 (𝑧; 𝑥, 𝑡) 0

]

,

𝐽∞
21 (𝑧; 𝑥, 𝑡) = ∬1

𝛽1(𝑤,𝑤)𝑑2𝑤
𝜋(𝑤 − 𝑧)

𝟏𝛾+1 (𝑧) +∬2

𝛽2(𝑤,𝑤)𝑑2𝑤

𝜋(𝑤 − 𝑧)𝑤2𝑤2
𝟏𝛾+2 (𝑧) ,

𝐽∞
12 (𝑧; 𝑥, 𝑡) = ∬1

𝛽∗1 (𝑤,𝑤)𝑑
2𝑤

𝜋(𝑤 − 𝑧)
𝟏𝛾−1 (𝑧) +∬2

𝛽∗2 (𝑤,𝑤)𝑑
2𝑤

𝜋(𝑤 − 𝑧)𝑤2𝑤2
𝟏𝛾−2 (𝑧) ,

(42)

where 𝛽∗1 (𝑤,𝑤) = 𝛽1(𝑤,𝑤), 𝛽∗2 (𝑤,𝑤) = 𝛽2(𝑤,𝑤), and 𝟏𝛾 is the 
characteristic function of the contour 𝛾.

• 𝑌∞(𝑧; 𝑥, 𝑡) satisfies the asymptotic conditions 
⎧

⎪

⎨

⎪

⎩

𝑌∞(𝑧; 𝑥, 𝑡) = I + 
( 1
𝑧

)

, as 𝑧→ ∞,

𝑌∞(𝑧; 𝑥, 𝑡) = 𝚤̇
𝑧

[

0 1
1 0

]

+  (1) , as 𝑧→ 0.
(43)

Theorem 1 (Existence of the Solution 𝜓∞).  There is a unique solution 
𝑌∞(𝑧; 𝑥, 𝑡) to the limiting Riemann–Hilbert problem C, which determines a 
solution 𝜓∞(𝑥, 𝑡) to the focusing NLS equation via 
𝜓∞(𝑥, 𝑡) = − 𝚤̇ lim

𝑧→∞
𝑧𝑌∞

12 (𝑧; 𝑥, 𝑡). (44)

Moreover, 𝜓∞ is a classical solution to the focusing NLS equation, which 
belongs to the class 𝐶∞(R × R+).

The proof of the above theorem is reported in Appendix  B.
While the properties of the class of solutions obtained by solving the 

above Riemann–Hilbert problem for 𝑌∞ is not explored, in the section 
6 
Fig. 6. The complex plane with the four domains 1, 2, 1, 2.

below we can get an insight for particular choices of the domain 1 and 
the breather density 𝛽1. Using Green’s theorem and the Cauchy theorem 
we can solve the problem exactly and reduce it to a finite number of 
breathers. 

Remark 2.  In the case of a gas of Akhmediev breathers, we can let 
the point 𝜁1,… 𝜁𝑁  accumulate on an arc 1 of the unit circle. The 
corresponding gas of Akhmediev breathers is described by the solution 
of the Riemann–Hilbert problem C where the jump matrix 𝐽∞(𝑧; 𝑥, 𝑡)
has entries 

𝐽∞
21 (𝑧; 𝑥, 𝑡) = ∫1

𝛽1(𝑤,𝑤)𝑑𝑤
𝜋(𝑤 − 𝑧)

𝟏𝛾+1 (𝑧) + ∫2

𝛽2(𝑤,𝑤)𝑑𝑤
𝜋(𝑤 − 𝑧)

𝟏𝛾+2 (𝑧) ,

𝐽∞
12 (𝑧; 𝑥, 𝑡) = ∫1

𝛽∗1 (𝑤,𝑤)𝑑
2𝑤

𝜋(𝑧 −𝑤)
𝟏𝛾−1 (𝑧) + ∫2

𝛽∗2 (𝑤,𝑤)𝑑𝑤
𝜋(𝑧 −𝑤)

𝟏𝛾−2 (𝑧) ,
(45)

where 𝑧 ∈ 2 if −𝑧 ∈ 1. The contours 𝛾+1  and 𝛾+2  encircle anti-
clockwise the arcs 1 and 2, respectively and similarly the contours 
𝛾−1  and 𝛾−2  encircle anti-clockwise the arcs 1 and 2, respectively. 
We assume that the arcs 1, 2, 1 and 2 do not intersect. By a 
transformation as in (30), the above Riemann–Hilbert problem can be 
mapped to a Riemann–Hilbert problem with jumps on the contours 
1,2,1 and 2. The initial data associated to such gas of breathers is 
expected to be step-like oscillatory, namely for 𝑥 → −∞ one expects 
to have a travelling wave and for 𝑥 → +∞ one expects that the 
initial data is approaching a nonzero constant of modulus one. This is 
a generalization of the soliton gas considered in [12].

3.2. Shielding of breathers on quadrature domains

In this section we take a particular class of domains 1 and inter-
polating function 𝛽1 so that the gas of breathers turns into a finite 
set of breathers. Let us start by considering the class of quadrature 
domains [40] 

1 ∶=
{

𝑧 ∈ C s.t. ||
|

(𝑧 − 𝑑0)𝑚 − 𝑑1
|

|

|

< 𝜌
}

, 𝑚 ∈ N, (46)

with 𝑑0 ∈ 𝐷+
1  and |𝑑1|, 𝜌 > 0 chosen so that 1 ⊂ 𝐷+

1 . The boundary of 
1 is described by the Schwartz function [40]: 

𝑧 = 𝑆1(𝑧),

𝑆1(𝑧) = 𝑑0 +
(

𝑑1 +
𝜌2

(𝑧 − 𝑑0)𝑚 − 𝑑1

)

1
𝑚
.

(47)

The domain 2 is defined by symmetry: 

 =
{

𝑧 ∈ C s.t. − 1 ∈ 
}

, (48)
2 𝑧 1
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that gives 

2 ∶=
{

𝑧 ∈ C s.t. ||
|

(−1
𝑧
− 𝑑0)𝑚 − 𝑑1

|

|

|

< 𝜌
}

, 𝑚 ∈ N, (49)

with boundary given by the relation 

𝑧 = 𝑆2(𝑧), 𝑆2(𝑧) = − 1

𝑑0 +
(

𝑑1 +
𝜌2

(− 1
𝑧−𝑑0)

𝑚−𝑑1

)
1
𝑚

.
(50)

Recalling that 𝜓− = 𝜓0 = 1, we choose the asymptotic value 𝜓+ to be as 
simple as possible, namely 𝜓+ = 1, leading to the ‘‘theta’’ condition (8)

4
𝑁
∑

𝑗=1
arg(𝜁𝑗 ) = 0 , (mod 2𝜋). (51)

This condition is satisfied if 𝜁𝑗 lies on the imaginary axis, or pairs of 
points 𝜁𝑗 are symmetric with respect to the imaginary axis. This can 
be achieved by taking the domain 1 symmetric with respect to the 
imaginary axis. A possible choice to realize this condition is 
ℑ(𝑑0) > 1, ℜ(𝑑0) = 0,ℜ(𝑑1) = 0, 𝑚 odd,
ℑ(𝑑0) > 1, ℜ(𝑑0) = 0, ℑ(𝑑1) = 0, 𝑚 even,

(52)

where ℜ(𝑧) and ℑ(𝑧) are, respectively, the real and imaginary parts of 
the complex number 𝑧. We also remark that the constants 𝑑0, 𝑑1 and 𝜌
have to be tuned in such a way that the domain 1 lies in 𝐷1. We chose 
the interpolating function 𝛽1 of the form 

𝛽1(𝑧, 𝑧) = 𝑛(𝑧 − 𝑑0)𝑛−1𝑟(𝑧) = 𝜕
(

(𝑧 − 𝑑0)𝑛 𝑟(𝑧)
)

, (53)

with 𝑟(𝑧) analytic in 1. Then 

𝛽2(𝑧, 𝑧) = −𝑛
(

−1
𝑧
− 𝑑0

)𝑛−1
𝑧2 𝑟

(

−1
𝑧

)

, 𝑧 ∈ 2 (54)

and we note that by the Schwartz reflection principle 𝑟
(

− 1
𝑧

)

 is analytic 
in 2.

Let us insert our choices in the expression (42) for the jump matrix 
𝐽∞ in (42). For 𝑧 ∉ 1 we obtain

∬1

𝛽1(𝑤,𝑤)
𝜋(𝑧 −𝑤)

𝑑2𝑤 = 1
2𝜋 𝚤̇ ∮𝜕1

𝑟(𝑤)(𝑤 − 𝑑0)𝑛

𝑧 −𝑤
𝑑𝑤

= 1
2𝜋 𝚤̇ ∮𝜕1

(𝑆1(𝑤) − 𝑑0)𝑛𝑟(𝑤)
𝑧 −𝑤

𝑑𝑤 (55)

where 𝑆1 is the Schwartz function (47). The first equality in (55) is due 
to Green’s theorem in its complex form, while in the second one we use 
the fact that the boundary 𝜕1 of 1 is described by 𝑧 = 𝑆1(𝑧).

The next step is to consider the case 𝑚 = 𝑛 so that the integral 
(55) can be evaluated using the residue theorem, thus showing that 
a 𝑛-breather solution emerges via this relation between the quadra-
ture domain defined by formulas (46) and (47) and the interpolating 
function.

Indeed using the residue theorem to the contour integral (55) at the 
𝑛 poles {𝜆1,… , 𝜆𝑛} given by the solution of the equation (𝑧− 𝑑0)𝑛 = 𝑑1, 
it follows that: 

∬1

𝛽1(𝑤,𝑤)
𝜋(𝑧 −𝑤)

𝑑2𝑤 = 1
2𝜋 𝚤̇ ∮𝜕1

(𝑆1(𝑤) − 𝑑0)𝑛𝑟(𝑤)
𝑧 −𝑤

𝑑𝑤

= 𝜌2
𝑛
∑

𝑗=1

𝑟(𝜆𝑗 )
∏

𝑘≠𝑗 (𝜆𝑗 − 𝜆𝑘)
1

(𝑧 − 𝜆𝑗 )
, for 𝑧 ∉ 1 .

(56)

 Comparing the above relation with jump matrix (31) for the 𝑁-
breather solution yields the norming constants 

𝐶𝑗 =
𝜌2𝑟(𝜆𝑗 )

∏

𝑘≠𝑗 (𝜆𝑗 − 𝜆𝑘)
. (57)

In particular, it is evident that the emergence of the 𝑛-breather 
solution is due to the term 𝑛(𝑧 − 𝑑 )𝑛−1 in (53), while the function 𝑟(𝑧)
0
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influences the value of the norming constants, due to (57), hence con-
tributing only to the ‘‘shape’’ of the 𝑛-breather. Moreover, we remark 
that the first equality in (56) does not depend on the choice 𝑚 = 𝑛. On 
the other hand, the choice 𝑚 = 𝑛 ensured the validity of the second 
equality of (56). 

Since the 𝑛 poles {𝜆1,… , 𝜆𝑛} are the solution of the equation (𝑧 −
𝑑0)𝑛 = 𝑑1, they have the form 

𝜆𝑘 = 𝑑0 +
𝑛
√

|𝑑1|𝑒
𝚤̇
( arg(𝑑1)

𝑛 + 2(𝑘−1)𝜋
𝑛

)

for 𝑘 = 1,… , 𝑛 , (58)

and hence from (52) the ‘‘theta’’ condition 4∑𝑛
𝑗=1 arg(𝜆𝑗 ) = 0, mod 2𝜋 is 

satisfied.
The integral over 2 gives a result compatible with the symmetry 

constraints. Indeed we have, also taking (54) into account, 

∬2

𝛽2(𝑤,𝑤)𝑑2𝑤

𝜋(𝑤 − 𝑧)𝑤2𝑤2
= −𝑛∬2

(

− 1
𝑤 − 𝑑0

)𝑛−1
𝑤2 𝑟

(

− 1
𝑤

)

𝑑2𝑤

𝜋(𝑤 − 𝑧)𝑤2𝑤2

= −∫𝜕2

(

− 1
𝑤 − 𝑑0

)𝑛
𝑟
(

− 1
𝑤

)

𝑑𝑤

2𝑖𝜋(𝑤 − 𝑧)
= ∫𝜕2

(

− 1
𝑆2(𝑤)

− 𝑑0
)𝑛

𝑟
(

− 1
𝑤

)

𝑑𝑤

2𝑖𝜋(𝑤 − 𝑧)

= − ∫𝜕2

(

𝑑1 +
𝜌2

(− 1
𝑤−𝑑0)𝑛−𝑑1

)

𝑟
(

− 1
𝑤

)

𝑑𝑤

2𝑖𝜋(𝑤 − 𝑧)

= −
𝜌2

(−𝑑0)𝑛 − 𝑑1

𝑛
∑

𝑗=1

𝜆𝑛𝑗+𝑛𝑟(−
1

𝜆𝑗+𝑛
)

∏

𝑘≠𝑗 (𝜆𝑗+𝑛 − 𝜆𝑘+𝑛)
1

(𝑧 − 𝜆𝑗+𝑛)
.

(59)

 In this equation 𝜆𝑛+𝑗 , 𝑗 = 1,… , 𝑛 are the 𝑛 zeros of the equation 
(− 1

𝑧 −𝑑0)
𝑛−𝑑1 = 0 ,. We remark that the second equality holds thanks to 

the fact that 𝑟
(

−1
𝑧

)

 is analytic because of Schwartz reflection principle.
From (59) it is immediate to verify that 

𝜆𝑛+𝑗 = − 1
𝜆𝑗
, 𝑗 = 1,… , 𝑛 , (60)

and the norming constants 𝐶𝑛+𝑗 given by 

𝐶𝑛+𝑗 = −
𝜌2

(−𝑑0)𝑛 − 𝑑1
𝜆𝑛𝑗+𝑛

𝑟(− 1
𝜆𝑗+𝑛

)
∏

𝑘≠𝑗 (𝜆𝑗+𝑛 − 𝜆𝑘+𝑛)
(61)

satisfy the symmetry 

𝐶𝑛+𝑗 = −

(

1
𝜆𝑗

)2

𝐶𝑗 , 𝑗 = 1,… , 𝑛 . (62)

Adding up the two integrals over 1 and 2, we obtain, up to a sign, 
the entry 2,1 of the jump matrix (31).

Therefore we can conclude that the breather gas solution 𝜓∞(𝑥, 𝑡) in 
(44) coincides with the 𝑛-breather solution 𝜓𝑛(𝑥, 𝑡) in (34) with spec-
trum {𝜆1,… , 𝜆2𝑛}, with 𝜆𝑛+𝑗 = − 1

𝜆𝑗
, for 𝑗 = 1,… , 𝑛, and corresponding 

norming constants given by (57) and (62). We summarize the section 
with the following theorem 

Theorem 2.  The gas breather solution (44) obtained from the Riemann–
Hilbert problem C is reduced to a 𝑛-breather solution when the domain 1
is a quadrature domain of the form

1 ∶=
{

𝑧 ∈ C s.t. ||
|

(𝑧 − 𝑑0)𝑛 − 𝑑1
|

|

|

< 𝜌
}

, 𝑛 ∈ N,

where the constants 𝑑0, 𝑑1, 𝜌 and 𝑛 are subject to the constraints (52) and 
tuned in such a way that 1 ⊂ 𝐷1 and the interpolating function is of the 
form

𝛽 (𝑧, 𝑧) = 𝑛(𝑧 − 𝑑 )𝑛−1𝑟(𝑧)
1 0
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Fig. 7. Left: The 1-fold domain of accumulation: a disk of radius 𝜌 = 1 centred at 5
2
𝚤̇ . Right: the ‘‘shielding’’ Kuznetsov–Ma breather. Parameters: 𝜆1 = 5

2
𝚤̇ , 𝐶1 = 1, 𝑟(𝑧) = 1.
where 𝑟(𝑧) is analytic in 1. The spectrum of the 𝑛-breather solution is given 
by the zeros {𝜆1,… , 𝜆𝑛} of the polynomial (𝑧−𝑑0)𝑛−𝑑1 = 0 and the norming 
constants are

𝐶𝑗 =
𝜌2𝑟(𝜆𝑗 )

∏

𝑘≠𝑗 (𝜆𝑗 − 𝜆𝑘)
.

3.3. Examples

We end this Section by considering the simplest instances of quadra-
ture domains leading to effective 𝑛 = 1 and 𝑛 = 2 breathers.

3.3.1. The 𝑛 = 1 case: the Kutznesov-Ma breather
In the particular case 𝑛 = 1, 1 is the disk of radius 𝜌 centred at 

𝑑0 + 𝑑1 = 𝚤̇ 𝜍 with 𝜍 > 1

1 ∶=
{

𝑧 ∈ C s.t. ||
|

𝑧 − 𝚤̇ 𝜍||
|

< 𝜌
}

, (63)

whose boundary is described by the Schwarz function 

𝑧 = 𝑆𝑑𝑖𝑠𝑘(𝑧), 𝑆𝑑𝑖𝑠𝑘(𝑧) = − 𝚤̇ 𝜍 +
𝜌2

(𝑧 − 𝚤̇ 𝜍)
. (64)

We obtain exactly the Riemann–Hilbert problem (32), (33) for 𝑁 = 1
with  = {𝜆1 = 𝚤̇ 𝜍, 𝜆2 = − 𝚤̇ ∕𝜍}, 𝐶1 = 𝜌2𝑟( 𝚤̇ 𝜍) and 𝐶2 = −

(

𝑖
𝜍

)2
𝜌2𝑟( 𝚤̇ 𝜍)

(see Fig.  7).
Writing 𝐶1 = 𝑒𝜅0+ 𝚤̇ 𝜙0  we obtain 

𝜓1(𝑥, 𝑡) =
cosh (𝜒) − 1

2 𝑐+

(

1 + 𝑐−
2

𝑐+
2

)

sin (𝑠̃) + 𝚤̇ 𝑐− cos (𝑠̃)

cosh (𝜒) − 𝐴 sin (𝑠̃)
(65)

with 
𝐴 = 2

𝑐+
< 1, 𝑐± = 𝜍 ± 1

𝜍
,

𝜒(𝑥, 𝑡) = 𝑐−𝑥 + 𝑐0 + 𝜅0, 𝑐0 = ln
(

𝑐+
2𝜍𝑐−

)

,

𝑠(𝑥, 𝑡) = 𝑐+𝑐−𝑡 − 𝜙0.

(66)

3.3.2. The 𝑛 = 2 case: the Tajiri–Watanabe and Kutznesov–Ma breathers
We consider poles accumulating on 1, where now 1 is the 2-fold 

domain given by 

1 =
{

𝑧 ∈ C 𝑠.𝑡. ||
|

(𝑧 − 𝚤̇ 𝜍)2 − 𝑑1
|

|

|

< 𝜌
}

, (67)

and 2 obtained by symmetry 

2 =

{

𝑧 ∈ C 𝑠.𝑡.
|

|

|

|

(

−1 − 𝚤̇ 𝜍
)2

− 𝑑1
|

|

|

|

< 𝜌

}

, (68)

|

𝑧
|
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with 𝜍 > 1 (𝑑0 = 𝚤̇ 𝜍) and 𝑑1 real. From the Eqs. (57) and (58), we obtain
𝜆1 = 𝑖𝜍 +

√

𝑑1, 𝜆2 = 𝑖𝜍 −
√

𝑑1,

𝐶1 =
𝜌2𝑟(𝜆1)
𝜆1 − 𝜆2

, 𝐶2 =
𝜌2𝑟(𝜆2)
𝜆2 − 𝜆1

.
(69)

Note that when 𝑑1 < 0 the eigenvalues 𝜆1 and 𝜆2 are purely imaginary 
so that one obtains 2-breather solution of Kutznesov–Ma type, while 
when 𝑑1 > 0 one obtain a 2-breather solution of Tajiri–Watanabe type 
because the eigenvalues 𝜆1 and 𝜆2 are complex.

Two examples of breathers are obtained in Fig.  8 with 𝑟(𝑧) = 1.

4. Conclusions and outlook

This paper was devoted to study a gas of 𝑁-breather solutions of the 
FNLS equation in a suitably taylored limit 𝑁 → ∞. Namely, we started 
from the well known Riemann–Hilbert problem leading to 𝑁-breather 
solutions [13,34] and considered families of such solutions with poles 
accumulating in specific domains, namely quadrature domains of a 
specific kind. Then we performed a specific 𝑁 → ∞ limit according 
to the following prescriptions:

(i) The soliton spectrum {𝜁𝑗}, 𝑗 = 1,… , 𝑁 is chosen to be uniformly 
distributed in the ‘‘parent’’ domain 1, the spectrum distribution 
in the other 𝑡ℎ𝑟𝑒𝑒 domains being obtained by the well-known 
symmetry properties of FNLS breather spectrum.

(ii) The norming constants 𝐶𝑗 , 𝑗 = 1,…𝑁 is interpolated by a smooth 
function 𝛽1(𝑧, 𝑧̄) and asymptotically scale with 1∕𝑁 .

We had to carefully consider the so-called theta condition, and we 
restricted our study to the simplest case, namely the one for which 
4
∑𝑁
𝑗=1 arg(𝜁𝑗 ) = 0, which implies no phase shift for the ±∞ asymptotic 

values of the FNLS solution. This can be accomplished by cherrypicking 
a parent domain 1 symmetric with respect to the positive imaginary 
axis.

We showed that, under such circumstance, the soliton shielding
phenomenon discovered in [10] can happen also for gas of breathers. 
Indeed, when the domain 1 is the 𝑛-fold quadrature domain given by 
the inequality ||

|

(𝑧−𝑑0)𝑛−𝑑1
|

|

|

< 𝜌 , and the interpolating function is of the 
kind 𝛽1(𝑧, 𝑧̄) = 𝑛(𝑧−𝑑0)𝑛−1𝑟(𝑧) (for some analytic function 𝑟(𝑧)), we have 
shown that the limiting solution is the 𝑛 Kuznetsov–Ma and/or Tajiri–
Watanabe breather. We illustrated our results in the simplest case with 
𝑛 = 1, 2.

It is fair to say that our results require some stringent conditions to 
hold. Unravelling the analytical properties of a general gas of breathers 
remains an open problem. In particular, the question on how to obtain 
general 𝑛 combinations of Kuznetsov–Ma and Tajiri–Watanabe shield-
ing breathers by relaxing our condition of equal phases at 𝑥 = ±∞
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Fig. 8.  2-fold domains on which the poles accumulate and the corresponding ‘‘shielding’’ 2-breather. Top left: 𝜌 =
√

6∕5, 𝑑0 = 𝚤̇ 𝜍 = 3 𝚤̇ , 𝑑1 = −1 and 𝑟(𝑧) = 1. Top right: 
𝜌 =

√

2, 𝑑0 = 𝚤̇ 𝜍 = 3 𝚤̇ , 𝑑1 = 1 and 𝑚 = 2. Below the corresponding 2-breather solutions with effective parameters 𝜆1,2 = (2 𝚤̇ , 4 𝚤̇ ), 𝐶1,2 = (− 3
5
𝚤̇ , 3

5
𝚤̇ ) (left), 𝜆1,2 = 1±3 𝚤̇ , 𝐶1,2 = ±1 (right) 

as per (69).).
should be further examined. Also, Akhmediev’s breathers were not 
considered here. For a gas of such breathers, it is expected that the 
corresponding initial data be step-like oscillatory. Some preliminary 
steps along these lines have been undertaken in [41].
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Appendix A. Determination of the breather parameters

The system of Eqs. (19) is further simplified, using the symmetry of 
the matrix 𝑀 (see formula (2).24 [34]) between the first column 𝑀1(𝑧)
and the second column 𝑀2(𝑧): 

𝑀1(𝑧) =
𝑖
𝑧
𝑀2

(

−1
𝑧

)

. (70)
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The symmetry condition (70) gives the following relation of the 
matrix entries of 𝑀(𝑧) in (18)

𝑀1(𝑧) =

[

1
𝑖
𝑧

]

+
2𝑁
∑

𝛼=1

[

𝐴𝛼
𝐵𝛼

]

𝑧 − 𝜁𝛼
= 𝑖
𝑧
𝑀2

(

−1
𝑧

)

=

[

1
𝑖
𝑧

]

−
2𝑁
∑

𝛼=1

𝑖
𝜁𝛼

[

𝐸𝛼
𝐹𝛼

]

𝑧 + 1
𝜁𝛼

, (71)

therefore

𝑁
∑

𝑗=1

[

𝐴𝑗+𝑁
𝐵𝑗+𝑁

]

𝑧 − 𝜁𝑗+𝑁
= −

𝑁
∑

𝑗=1

𝑖
𝜁𝑗

[

𝐸𝑗
𝐹𝑗

]

𝑧 − 𝜁𝑗+𝑁

and

𝑁
∑

𝑗=1

[

𝐴𝑗
𝐵𝑗

]

𝑧 − 𝜁𝑗
= −

𝑁
∑

𝑗=1

𝑖
𝜁𝑗+𝑁

[

𝐸𝑗+𝑁
𝐹𝑗+𝑁

]

𝑧 − 𝜁𝑗
,

or equivalently 
[

𝐴𝑗+𝑁
𝐵𝑗+𝑁

]

= − 𝑖
𝜁𝑗

[

𝐸𝑗
𝐹𝑗

]

,
[

𝐴𝑗
𝐵𝑗

]

= − 𝑖
𝜁𝑗+𝑁

[

𝐸𝑗+𝑁
𝐹𝑗+𝑁

]

. (72)

Inserting the above relation into the system (19) we obtain after 
some algebra the following linear system of equations for the constants 
𝐸𝛼 , 𝛼 = 1,… , 2𝑁 : 

𝐸𝛼 − 𝚤̇ 𝑐𝛼
𝑁
∑

𝑗=1

(

1
𝜁𝑗+𝑁

𝐸𝑗+𝑁
𝜁𝛼 − 𝜁𝑗

+ 1
𝜁𝑗

𝐸𝑗
𝜁𝛼 − 𝜁𝑗+𝑁

)

= −𝑐𝛼 . (73)

Using the symmetries (7), (10), (11) and (16) the above system of 
equations can be written in the form 
⎡

⎢

⎢

⎣

1𝑁 +𝑋 −𝑌 𝐷

𝐷−1𝑌 1𝑁 +𝐷−1𝑋𝐷

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝐸1
⋮

𝐸2𝑁

⎤

⎥

⎥

⎦

= −
⎡

⎢

⎢

⎣

𝑐1
⋮
𝑐2𝑁

⎤

⎥

⎥

⎦

(74)

where 1𝑁  is the 𝑁-dimensional identity and

𝑋𝑘𝑗 = 𝚤̇
𝑐𝑘

1 + 𝜁𝑘𝜁𝑗
, 𝑌𝑘𝑗 = 𝑖

𝑐𝑘
𝜁𝑘 − 𝜁𝑗

, 𝐷 = diag(𝜁1,… , 𝜁𝑁 ).

Invertibility of the system of Eqs. (74) follows from the solvability of 
the Riemann–Hilbert problem B for the 𝑁-breather solution proved in 
Appendix  B. For 𝑁 = 1 the 1-breather solution (20), 
𝜓(𝑥, 𝑡) = 1 − 𝚤̇ (𝐸1 + 𝐸2), (75)
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is obtained by solving the linear system 
⎡

⎢

⎢

⎢

⎢

⎢

⎣

1 − 𝚤̇
𝑐1

1 + 𝜁1
2

𝚤̇
𝑐1𝜁1
𝜁1 − 𝜁1

𝚤̇
𝑐1

𝜁1(𝜁1 − 𝜁1)
1 + 𝚤̇

𝑐1
𝜁21 + 1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝐸1

𝐸2

⎤

⎥

⎥

⎦

= −

⎡

⎢

⎢

⎢

⎣

𝑐1

− 𝑐1
𝜁21

⎤

⎥

⎥

⎥

⎦

. (76)

The solution of such system for complex 𝜁1 ∈ 𝐷+
1  and 𝑐1 ∈ C gives the 

Tajiri–Watanabe breather. In the case 𝜁1 is pure imaginary and 𝜁1 ∈ 𝐷+
1

one gets the Kutznesov–Ma breather.

Appendix B. Proof of Theorem  1

In this appendix we show the solvability of the Riemann–Hilbert 
problem B for 𝑁-breather and the Riemann–Hilbert problem C for the 
breather gas. We follow the steps in [42]. Since the proof is identical 
in the two cases, we consider only the latter case. This proves Theorem 
1. The Riemann–Hilbert problem C can be written in the form 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑌∞
+ (𝑧; 𝑥, 𝑡) − 𝑌∞

− (𝑧; 𝑥, 𝑡) = 𝑌∞
− (𝑧; 𝑥, 𝑡)𝐽∞(𝑧; 𝑥, 𝑡), 𝑧 ∈ 𝜸,

𝑌∞(𝑧; 𝑥, 𝑡) = I + 
( 1
𝑧

)

, as 𝑧→ ∞,

𝑌∞(𝑧; 𝑥, 𝑡) = 𝚤̇
𝑧

[

0 1
1 0

]

+  (1) , as 𝑧→ 0,

(77)

which is equivalently written using the Sokhotski–Plemelj integral 
formula as

𝑌∞(𝑧; 𝑥, 𝑡) = I + 𝚤̇
𝑧
𝜎2 +

1
2𝜋𝑖 ∫𝜸

𝑌∞
− (𝑠; 𝑥, 𝑡)𝐽∞(𝑠; 𝑥, 𝑡)

𝑠 − 𝑧
𝑑𝑠,

where we recall that 𝜸 is the union of all the contours 𝛾±1  and 𝛾±2 . We 
can obtain an integral equation by taking the boundary value 𝑌∞

− (𝑧) as 
𝑧 approaches non tangentially the oriented contour 𝜸 from the right: 

𝑌∞
− (𝜉) = I + 𝚤̇

𝜉
𝜎2 + lim

𝑧→𝜉
𝑧∈ right side of 𝜸

(

1
2𝜋𝑖 ∫𝜸

𝑌∞
− (𝑠)𝐽∞(𝑠)
𝑠 − 𝜉

𝑑𝑠
)

. (78)

We define the integral operator 𝐽∞  as 
𝐽∞ (ℎ)(𝜉) = −(ℎ𝐽∞)(𝜉), (79)

where − is the Cauchy projection operator acting on 𝐿2(𝜸, 𝑑𝑠)⊗𝑀𝑎𝑡(2×
2,C) to itself, namely 

−(ℎ)(𝜉) = lim
𝑧→𝜉

𝑧∈ right side of 𝜸

(

1
2𝜋𝑖 ∫𝜸

ℎ(𝑠)
𝑠 − 𝑧

𝑑𝑠
)

, (80)

here 𝐿2(𝜸, 𝑑𝑠) is the space of square integrable functions on the contour 
𝜸. Then the integral Eq. (78) takes the form 
[

1 − 𝐽∞
]

𝑌∞
− (𝜉) = I + 𝚤̇

𝜉
𝜎2, (81)

where 1 is the identity in 𝐿2(𝜸, s.) ⊗𝑀𝑎𝑡(2 × 2,C). Then Theorem 9.3 
from [42](p.984) guarantees that the operator 1 − 𝐽∞  is invertible as 
an operator acting from 𝐿2(𝜸, 𝑑𝑠)⊗𝑀𝑎𝑡(2 × 2,C) to itself. Invertibility 
is guaranteed from the fact that 1−𝐽∞  is a Fredholm integral operator 
with zero index and the kernel of 1 − 𝐽∞  is {0}. In particular this 
last point is obtained by applying the vanishing lemma [42]. Indeed 
suppose that exists 𝑌− ∈ 𝐿2(𝜸, s.)⊗𝑀𝑎𝑡(2×2,C) such that (1−𝐽∞ )𝑌− = 0. 
Then the quantity 

𝑌 (𝑥, 𝑡; 𝑧) = 1
2𝜋 𝚤̇ ∫𝜸

𝑌−(𝑠)𝐽∞(𝑠; 𝑥, 𝑡)
𝑠 − 𝑧

𝑑𝑠 (82)

solves the following Riemann–Hilbert problem:

• 𝑌 (𝑧; 𝑥, 𝑡) is analytic in C∖𝜸;
• 𝑌+(𝜉) = 𝑌−(𝜉)(I + 𝐽∞(𝜉)) for 𝜉 ∈ 𝜸;
• 𝑌 (𝑧; 𝑥, 𝑡) = (𝑧−1) as 𝑧→ ∞.

To show that such problem has only the zero solution we use the 
following properties:
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• the jump matrix satisfies the Schwartz symmetry: 𝐽∞(𝑧; 𝑥, 𝑡) =
−𝐽∞(𝑧; 𝑥, 𝑡)

𝑡
;

• the contour 𝜸 is symmetric with respect to the real axis R (up to 
the orientation).

We define 𝐻(𝑧) = 𝑌 (𝑧)𝑌 (𝑧)
𝑡
, then clearly 𝐻(𝑧)

𝑡
= 𝐻(𝑧), 𝐻(𝑧) = (𝑧−2)

as 𝑧→ ∞ and 𝐻(𝑧) is analytic in C∖𝜸. We consider the integral on the 
real axis and apply contour deformation on the upper half space

∫

∞

−∞
𝐻+(𝑧)𝑑𝑧 = ∫𝛾−2 ∪𝛾+1

𝐻−(𝑧)𝑑𝑧

= ∫𝛾−2 ∪𝛾+1

𝑌+(𝑧)(I + 𝐽∞(𝑧))−1((I + 𝐽∞(𝑧))−1)𝑡𝑌+(𝑧)
𝑡
𝑑𝑧

= ∫𝛾−2 ∪𝛾+1

𝑌+(𝑧)𝑌+(𝑧)
𝑡
𝑑𝑧 = 0 .

The second identity is obtained using the boundary values of 𝑌 (𝑧). In 
the third identity we have used the Schwartz reflection of the jump 
matrix 𝐽∞ and the fourth identity is obtained using the fact that 𝑌 (𝑧)
is analytic inside 𝛾−2 ∪ 𝛾+1 . We conclude that

0 = ∫

∞

−∞
𝑌+(𝑧)𝑌+(𝑧)

𝑡
𝑑𝑧

= ∫

∞

−∞

[

|𝑌11(𝑧)|
2 + |𝑌12(𝑧)|

2 ∗
∗ |𝑌21(𝑧)|

2 + |𝑌22(𝑧)|
2

]

𝑑𝑧,

which implies 𝑌𝑖𝑗 (𝑧) = 0, 𝑖, 𝑗 = 1, 2 and 𝑧 ∈ R. Due to analyticity of 
𝑌 (𝑧) in C∖𝜸 and the unique continuation theorem, then 𝑌  is identically 
zero. So the null space is empty and the operator 1 − 𝐽∞  is invertible 
showing the existence of the solution to the Riemann–Hilbert problem 
for 𝑌∞(𝑧; 𝑥, 𝑡). The proof that the solution 𝜓∞(𝑥, 𝑡) is in 𝐶∞(R×R+) relies 
on the proof of existence of the matrix 𝜕𝑛𝑌∞(𝑧; 𝑥, 𝑡) for 𝑛 ∈ N with the 
following properties:

1. 𝜕𝑛𝑌∞(𝑧; 𝑥, 𝑡) is holomorphic for 𝑧 ∈ C ⧵ 𝜸.
2. 𝜕𝑛𝑌∞(𝑧; 𝑥, 𝑡) = 

(

𝑧−1
)

, as 𝑧→ ∞
3. For 𝑧 ∈ 𝜸, the boundary values of 𝜕𝑛𝑌∞(𝑧; 𝑥, 𝑡) satisfy the jump 
relation 
(𝜕𝑛𝑌∞(𝑧; 𝑥, 𝑡))+ = (𝜕𝑛𝑌∞(𝑧; 𝑥, 𝑡))− 𝐽∞(𝑧, ; 𝑥, 𝑡) +  (𝑛)(𝑧; 𝑥, 𝑡),

 (𝑛)(𝑧; 𝑥, 𝑡) ∶=
𝑛
∑

𝓁=1

(

𝑛
𝓁

)

𝜕𝑛−𝑗𝑌∞(𝑧; 𝑥, 𝑡)(𝑧; 𝑥, 𝑡)𝜕𝑗𝐽∞(𝑧; 𝑥, 𝑡).
(83)

Here 𝜕𝑛𝑌∞(𝑧; 𝑥, 𝑡) is the partial derivative with respect to a parameter, 
in our case 𝑡 or 𝑥. The details on the existence of the solution to such 
problem are given in [11,43].

Data availability

No data was used for the research described in the article.
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