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Abstract

Driven quantum systems are systems in which a set of parameters obeys a time-dependent
protocol, both periodic and non-periodic. The study of these systems bridges theoretical
advances with experimental realizations in a variety of platforms—these range from quan-
tum dot arrays to molecular junctions to trapped ions. The theoretical study is challenging
due to the inherent non-equilibrium nature of the problem.

These systems offer an interesting playground for quantum thermodynamics. They can
be studied as quantum machines, such as refrigerators, heat pumps or engines. This poses
the challenge of redefining the laws of thermodynamics in the quantum realm. This effort
implies taking into account the presence of coherence, entanglement and strong correlations
with the environment.

In this conceptual framework, we attempt to shed new light on specific setups with
applications in quantum metrology. In the first part of the Thesis, we present novel results
on the thermodynamics and transport properties of quantum dots. After thoroughly intro-
ducing the main methods, namely non-equilibrium Green’s functions and scattering matrix
techniques, we apply these tools to adiabatic charge pumping. In this context, quantum
dots, subjected to external periodic driving, act as nano-mechanical engines, transferring
charge from a source to a drain. We investigate the conditions under which the pumped
charge becomes quantized and how thermodynamic quantities behave in this regime.

Next, we will focus on the charge shuttle mechanism in movable quantum dots as an
example of a quantum clock. This physical model describes transport through a molecular
state bound to two leads by van der Waals forces, with an electric field pushing the molecule
from the source to the drain. The periodic oscillations arising from the system’s dissipative
limit cycle solution provide the basis for time measurement. We examine quantum noise
primarily associated with the tunnelling process.

In the second part, we propose a quantum clock that utilizes the free energy resources
generated by coupling to a quantum battery, consisting of an integrable spin chain driven
out of equilibrium by a quench in a chosen parameter. The operating conditions of the
clock in the manifold of parameters are examined, leading to the requirement of the crossing
of the critical point in the battery. The lifetime of the battery’s resources is found to be
extensive in its size, even when choosing a global coupling observable in the battery.
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Chapter 1

Introduction: Thermodynamics of
driven quantum systems

- Where we give a general introduction to driven quantum systems, with
introductory examples.

“That was when I saw the Pendulum.

The sphere, hanging from a long wire set into the ceiling of the
choir, swayed back and forth with isochronal majesty.

I knew- but everyone could have sensed it in the magic of that serene
breathing- that the period was governed by the square Toot of the wire
and by w, that number which, however irrational to sublunar minds,
through a higher rationality binds the circumference and diameter of
all possible circles. The time it took the sphere to swing from end to
end was determined by an arcane conspiracy between the most
timeless of measures: the singularity of the point of suspension, the
duality of the plane’s dimensions, the triadic beginning of w, the
quadratic nature of the root, and the unnumbered perfection of the
circle itself.

I also knew that a magnetic device centred in the floor beneath issued
a command to a cylinder hidden in the heart of the sphere, thus
assuring continual motion. This device, far from interfering with the
laws of the Pendulum, in fact permitted its manifestation, for in a
vacuum any object hanging from a weightless and unstretchable wire
free of air resistance and friction will oscillate for eternity. ”

— Umberto Eco, Foucault’s Pendulum

Thermodynamics is an old theory dating back to the Industrial Revolution. Its aim
was to understand the functioning of thermal machines. This effort culminated in the
conceivement of the three laws. Then, mainly thanks to the combined effort of Boltzmann
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and Ehrenfest, statistical mechanics was born, providing a microscopic description that
gives substance to the laws of thermodynamics.

The discovery of quantum theory has been, in some way, connected to thermodynamics
and statistical mechanics. In fact, the fundamental problem of black-body radiation has
been studied in the seminal study of Planck, leading to the serendipitous birth of quantum
mechanics. However, quantum mechanics predicts reversible dynamics at the fundamental
level, while the second law of thermodynamics entails an emergent irreversibility. This is
an interesting and still open question posed by the interplay of the two.

The study of mesoscale phenomena, such as protein folding, polymers, and molecu-
lar motors justified the redefinition of the foundations of thermodynamics in the field of
stochastic thermodynamics [82], still much active. In this kind of system, the entity of the
fluctuations is relevant and should be incorporated in the analysis. The key results of this
field are fluctuation theorems [84] and Jarzynski’s equality [50].

In recent years, in association with the growing field of quantum information, tremen-
dous progress has been achieved in gaining an unprecedented degree of control over nanoscale
systems. Many of these devices are driven quantum systems. A driven system is a physical
system in which a subsystem of the associated parameters follows a time-dependent proto-
col (both periodic and non-periodic). These systems require a non-equilibrium description,
going beyond the standard equilibrium theory. The description is relevant for a number of
different experimental platforms, which have seen impressive progress in recent years. In
particular, we're talking about cold-atomic gases [85], Rydberg atoms [11], trapped ions
[53], systems with a light-matter interaction [56], and quantum dots [3] just to cite a few
of them.

These experimental advances motivate a fundamental redefinition of thermodynamics
[55, 40, 41], which must be reconciled with a quantum description of the associated dy-
namics. This has led to quantum thermodynamics, whose basic tenets we will discuss in
Section 1.1.

The purpose of the present Thesis is to shed light on driven quantum systems from
the point of view of quantum thermodynamics. In particular, we will specialize in key
applications from quantum metrology, which will be presented in Sections 1.2 and 1.3, in
particular quantum clocks and adiabatic charge pumping.

1.1 The laws of thermodynamics in the quantum realm

Let us start with the general description of a system S interacting with an environment
E. Since we are dealing with driven systems, say we have a set of N parameters of the
Hamiltonian obeying a time-dependent protocol X(£) = {\(t) N

The definition of the key thermodynamics quantities has to be constructed from these
elements. In doing so, we follow the guide of Ref. [37]. Note that there is still a lively
debate in this context in the scientific community.
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In the usual interaction representation, the total work done on a protocol defined on
time [0, 7] is
AW(r) = Trlp(r)H(7)] = Tr[p(0)H(0)]. (1.1)

In the context of open, driven systems the definitions of heat and work are highly de-
pendent on the information-theoretic choice of system and environment, depending on the
parameters one has in control. In particular, beyond the weak coupling approximation, the
role of the coupling term will be discussed at length in the following Sections. By defining
internal energy as the (time-dependent) expectation value of the system Hamiltonian

E(t) = Tr[ps(t)Hs(t)]- (1.2)

over the system density matrix pg(t), one can arrive at a differential expression of work
and heat. One defines the work as

W) =310 [ps(t)agift)] iy (13)

One introduces U(t) satisfying

. d . .

E(t) = 2 Trlps(t)Hs(t)] = U(t) + W(?). (1.4)
Beware that these expressions can be ill—'deﬁned, whenever the chosen protocol has a dis-
continuity in a certain point. The term U(¢) corresponds to

U(t) = Q(t) + Uchem(t)a (1.5)

where the first term is the heat flow and the second represents the chemical work due to the
particle flow. For example, if the environment is constituted by a collection of reservoirs
with associated chemical potentials ty, then this term is

Uchem(t) = ZM&Na(t)v (16)

where N, (t) represents the individual flux associated with reservoir «.
The first law of thermodynamics bears a statement about the conservation of energy.
We can write it in the form [37]

E(t) = W(t) + Q(t) + Uchem (), (1.7)

The second law, in contrast, identifies an inherent irreversibility of thermodynamic pro-
cesses associated with the presence of an arrow of time. The two classical formulations are
due to Clausius (1854): "Heat can never pass from a colder to a warmer body without some
other change, connected therewith, occurring at the same time.” and by Lord Kelvin (1851)
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”1It is impossible for a self-acting machine, unaided by any external agency, to convey heat
from one body to another at a higher temperature. It is impossible, by means of inanimate
material agency, to derive mechanical effect from any portion of matter by cooling it below
the temperature of the coldest of the surrounding objects.”. It can be shown that the two
statements are indeed equivalent. This principle identifies a key quantity, dubbed entropy
production, being non-negative and zero only when we are in the presence of a reversible
process

> > 0. (1.8)

But, how is this quantity defined? The entropy flow to reservoir « is defined as
b, = — (1.9)

where T, is the associated temperature and Qa is the heat flow to the individual reservoir.
According to Clausius’s principle, the corresponding change in the system’s entropy is
bounded by this quantity

Sz}j%? (1.10)

and we define entropy production as
>=5- - 1.11

and we see this quantity respects the non-negativity desideratum. In the quantum formu-
lation, the entropy of the system is represented by the von Neumann entropy of the density
matrix

S(p) =Tr[plnp)]. (1.12)

In the case of the temperature being unique and fixed to the value T', one can give another
formulation of entropy production by substituting the first law, as

¥ = B(W — AF) (1.13)

where the latter term is the change in free energy in the system. This relation identifies
entropy production with the irreversible part of the work.

The third law of thermodynamics is the unattainability principle derived by Nernst "It is
impossible for any process, no matter how idealized, to reduce the entropy of a system to its
absolute-zero value in a finite number of operations.”, related to the entropy of the physical
ground state being constant. A quantum version of the third law of thermodynamics, from
the original formulation of Nernst, has been recently proposed, stating that reaching the
ground state requires infinite resources in terms of either time, energy or complexity [89].
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Now, let’s shift to a more resource-theoretic framework by defining the concepts of
ergotropy and passive states [5]. Ergotropy quantifies the amount of energy extractable
via unitary operations U on a given state p. It is defined as

Elp] = Tr[Hsp) — min {Tr[HsUpU']}. 1.14
] = TrlHspl = min (Tr(HsUpUT]} (114
The minimization happens in the set of unitary operations drawn from the special unitary
group SU(d) [19]. When no work can be extracted from a given state, this state is called
"passive”. A state is passive if and only if it is diagonal in the basis of the Hamiltonian
Hg and its density matrix eigenvalues are non-increasing with the energy

d

o= silk)(k|, Skl < Sk, (1.15)
k=1

where |k) corresponds to the energy eigenstates sorted in ascending order. Upon reminding
the definition of thermal state in quantum mechanics

e PH
pin =72 = Trle=PH], (1.16)
it is evident that all thermal states are passive. As a consequence, we define as "non-
passive” any state from which a finite amount of work is extractable. Interestingly, for any
non-passive state, there exists a unique passive state o, under the condition of Hg having a
non-degenerate spectrum, obtained via a unitary operation having the function of ordering
the eigenvalues in non-increasing order

d

o =U,pU} = rilk)(k|. (1.17)
k=1

1.2 Introduction to Adiabatic Charge Pumping

An interesting phenomenon in the context of driven systems is adiabatic charge pumping.
The idea, first introduced by Thouless in 1983, that applying a quasi-static operation on a
system could lead to the transport of electrons [21, 23] in the context of isolated quantum
systems. Adiabatic quantum pumping has been studied in the different context of open
quantum systems, in interaction with multiple reservoirs. These systems exhibit coherent
transport. What is most important is that tuning the system’s parameters makes it possible
to achieve a finite transport without any bias between the reservoirs. This is achievable
experimentally by the current state-of-the-art setups [88]. Most notably, in the context of
adiabatic non-interacting quantum pumps, in his seminal paper of 1998 [70], Brouwer was
able to describe the charge pumped in a cycle pumping through an open, yet non-interacting
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system, as a geometrical quantity written in terms of the instantaneous scattering matrix
of the system (without reference to a specific time dependence). Generalizations of this
phenomenon to interacting systems have been attempted [87, 33, 81]. What makes it
interesting for specific applications, such as in metrology, is the possibility of achieving a
transport of a quantized charge (with zero associated charge noise [24]).

1.3 Introduction to clocks

What is a clock? According to the standard dictionary definition ”A clock is a device
to measure time”. But what is time? From the physical point of view, time is defined
by its measurement. We can see that there is an evident circularity in these definitions.
As pointed out by [36] in his classic review, the apparent regularity in the motion of our
elegant pendulum clock, or the wall clock in our home hides a more profound scientific
truth: all of these devices require an external source of low-entropy energy to power them.
This hints at the essential irreversibility in the nature of clocks, being dissipative systems.
Moreover, there is a certain degree of stochasticity hidden in their motion. Even the
pendulum has its thermal noise present due to the fluctuation-dissipation theorem. How-
ever being negligible, this effect is nevertheless present. As a consequence of this fact, the
question of characterizing the sources of noise in these devices is indeed relevant. The
question of how these two are related has been posed in the scientific literature, relating to
the concept of the entropic cost of the measurement of time. The direct relation between
the performance, in particular the accuracy, and the entropy production implies that to
improve the clock’s performance it is necessary to spend more and more resources. As we
will see, the two quantities are constrained by the thermodynamic uncertainty relations.
In terms of performance, the best technology available nowadays is offered by atomic
clocks, reaching an uncertainty below the level of 107!® [2]. However, numerous nanoscale
platforms have been tested for timekeeping and it would be pointless to offer an endless
list in this context. Some notable examples can be found in the recent review by Milburn
[36].
In the following, we will describe the most relevant estimators of a clock’s performance and
present a basic, however interesting, example, namely the classical pendulum clock.

1.4 A summary of the estimators of the clock’s performance

In general, to quantify how good a clock is, one has to compare the entity of its fluctuations
vis-a-vis the average period. Equivalently, one can take the time of arrival to n ticks T,
and the number of ticks at time t n;. Choosing the latter, one can concoct the following
estimator of performance [86]

(nt)

BN T -

(1.18)
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In the case of an elementary reset clock, where p, 02 are the mean and the variance of
the distribution of the waiting time between the ticks, this measure is analogous to this
estimator

Ry = ek (1.19)
And, in particular, the precision is
. (1.20)
1
and the accuracy reads ,
o
N = ] (1.21)

As we will see, another key measure of the clock’s performance is Allan’s variance
(Section 3.6.2), associated with the stability of the clock’s frequency.

1.5 Thermodynamic Uncertainty Relations and Clocks

The Thermodynamic Uncertainty Relations describes a trade-off between the overall cost
for driving a system and the precision observed in any output current [37]. Let’s consider
a Markovian state producing a steady-state generic current Y'(t) [49] and the consequent
entropy production rate 3, then the associated TUR states

VarlY (t)] < 2
(Y(e)* ~
where Var[Y (t)] = (Y2(t)) — (Y (¢))2. Extensions of the original TUR invoke functionals of

the entropy production rate in the r.h.s. F(X). In terms of the clock’s performance, this
relation implies a bound on the resolution

(1.22)

N

< . 1.23
Qttick’ ( )

The validity of the TURs has been shown in the context of discrete systems. However,
numerous violations have been observed in continuous systems, both classical and quantum
[74] and as a result of the presence of coherence in the systems [62, 52].

1.6 Example: The classical pendulum

Let’s examine the simplest and most common example of a clock, the pendulum clock
many people have at home. A pendulum, for small oscillations in the absence of dissipation,
oscillates at a constant frequency determined by the constant gravitational acceleration and

by its length w = \/% . However, when dissipation is present, in the form of air resistance
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Figure 1.1: The Graham escapement mechanism: a falling mass (not shown) provides
constant torque to the wheel. The momentum of the pendulum shifts the anchor, unlocking
it repeatedly from the left and right-hand positions. Each time the anchor is locked to the
wheel, it imparts a small torque to the pendulum.

or friction between the rod and the support, one would observe damped oscillations and
eventually the motion stops. This can be prevented by connecting it to an escapement so
that the pendulum becomes driven [36]. The purpose of this escapement is to counteract
the effects of dissipation and provide energy for the stability of the periodic oscillations.
This constitutes an instance of a dissipative limit cycle, a sustained periodic solution in
driven non-linear systems. As we will see, the fluctuation-dissipation theorem constrains
the noise of this system, which is stochastic in nature, despite its appearance.

In the following, we will examine the Graham escapement mechanism, as in [36], im-
parting a small kick every time the pendulum frees the anchor from its position, as in Fig.
(1.1). One can model this system using a stochastic differential equation in the phase space

9_: L (1.24)
p=—mgt —yp+ K(0,p) +£(1),

where 6 is the angular coordinate, p the momentum, m is the mass and ~ is the friction
coefficient. Furthermore, K (6, p) describes the effect of the impulsive driving. The white
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noise coefficient £(t) satisfies the relation
EER) = Dot —t). (1.25)
In turn, the diffusion coefficient is constrained by the fluctuation-dissipation theorem to be
D =2m~kpT. (1.26)

Moving to dimensionless variables = 6 and y = —E- the differential equation reads

{x Y (1.27)
y=—x—Ty+ K(z,y)+n(t),

and noise coefficient n(t) = €8 The kick

mw?L"

where one defines the new constant I' =
function is

_0
mw?2L

K(z,y) = —pO(sintpoz — coshoy), (1.28)

w and 1y being two arbitrary constants fixed by the design of the escapement.
To extract the presence of the limit cycle, it is convenient to change variables to polar
coordinates, defining new variables as

{x =T eosy (1.29)
Yy = rsina.
In terms of these variables, the phase-averaged differential equation for the r variable reads
r 2
;= —?r—l—?ucosg/}o, (1.30)

from which one can find the value of the limit cycle radius, correspondent to the fixed point
of this differential equation
Ap
= = . 1.31
T [ cos Yo ( )

The equation for the phase variable reads
. 2
b= —1+ 2 siny. (1.32)
rmw

The energy of the oscillator can be associated to

1
E= 5(:c2 + %), (1.33)

and the time-averaged differential equation obeyed by this quantity is

. 22E
E—=_-TE+ a

cos Yp. (1.34)

s
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In this equation, the first term represents the energy lost due to friction, while the second
is the energy gain due to the action of the escapement, so the limit cycle forms when the
two terms are balanced. In the steady state, the average energy is

82

272

E= cos? 1)y, (1.35)

when noise is neglected. When including the noise, the system of differential equations for
r and v reads

dr = [— % + 27“(:081/10 + frl} dt + %/dwl(t)
(1.36)

1/‘}: |:—1+$,£Sin¢0:| dt + ?,,/2(1W2(t),

where we have two independent Wiener increments dWj(t) and dWs(t) and the rescaled

diffusion coefficient reads D
D = mTt;?‘ (1.37)

As a consequence of the noise, the radial fixed point is displaced to greater values

2

4 4
r* = % cos o + \/TrQli“Q cos? g + D'/4. (1.38)

Indeed, as it is clear from the differential equation of the variable v, the phase diffusion
noise is inversely proportional to the size of the limit cycle. This quantity is related to the
dispersion of the period.

In the deterministic case, the average heat dissipated [36] is

~ ([ 2pr*cosiyg
Q= (TI'F )T. (1.39)

This quantity is directly proportional to the radial fixed point. The key take-home message
is that thermodynamics limits the clock’s performance even in this very simple case. In
particular, the dispersion of the period is inversely related to the dissipated heat.

1.7 Thesis outline

The structure of the Thesis is organized in the following way.

In Chapter 2, we will present a general thermodynamic analysis of the resonant level
model, accounting for the periodic driving of its parameters, and its transport properties.
We will employ diagrammatic methods, based on the Keldysh non-equilibrium Green’s
functions and scattering matrix techniques for this purpose. They are properly introduced
in the Appendix. We use these results to study the phenomenon of adiabatic pumping,
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previously introduced, in the context of quantum dots interacting with multiple leads.
We will study the set of periodic processes yielding a quantized transport, describing the
behaviour of the most relevant thermodynamic quantities.

Chapter 3 will be devoted to a categorization of the properties of the charge shuttle as
a device for time metrology. In there, we will explore the phase portrait of this dynamical
system, in particular assessing the presence of dissipative limit cycles beyond the weak cou-
pling approximation. We will include the noise in my picture, thereby enabling a thorough
assessment of the trade-off relation between the performance in terms of timekeeping and
entropy production. A further indicator of the clock’s performance will be analyzed, viz.
the Allan variance.

In Chapter 4 we introduce a new proposal of a quantum clock relying on the free energy
resources of the stationary state of an integrable spin chain, acting as a quantum battery.
The spin chain is driven away from equilibrium by means of a global quench. Here again,
the performance/dissipation trade-off will be analyzed. More importantly, the conditions
guaranteeing the clock’s functioning will be thoroughly examined, with relevant examples
for their experimental simulation. For these examples, the lifespan of the battery will be
computed in relation to its size.

Finally, in Chapter 5 we will conclude by summarizing this Thesis’s main results and
give an outlook of the questions open for future research.






Part 1

Part I: Transport and
Thermodynamics in Quantum dots

13






Chapter 2

Quantum Thermodynamics of
Adiabatic Quantum Pumping

- Where we give a thermodynamic description of adiabatic quantum
pumping in quantum dots.

“If your theory goes against the second law of thermodynamics, 1
give you no hope; there is nothing for it but to collapse in deepest
humiliation”

— Arthur Eddington

2.1 Introduction

As we have seen in Chapter 1, adiabatic quantum pumps are notable examples of quantum
machines. In some special settings, they can achieve finite transport between different
reservoirs. Looking at it as an engine, the operation of a quantum pump should be charac-
terized by standard thermodynamic quantities: the work done, the entropy produced and
the heat exchanged. A fresh thermodynamic view of quantum pumping opens up the possi-
bility of addressing qualitatively different questions. For example, is there a minimal work
done associated with charge quantization? Or can one find a connection between entropy
production and current noise? These issues relating transport to the thermodynamic prop-
erties of a pumping cycle can be addressed only by developing a description of transport
and thermodynamics within the same formalism (cf. with [35] for classical pumps). Here,
we focus on this task by addressing adiabatic pumping through the simplest, yet nontriv-
ial system that displays all significant ingredients one is looking for (charge quantization,
noise): a resonant level coupled to two leads.

15
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2.2 The model

In this Chapter, we consider adiabatic pumping through a time-dependent resonant level
model consisting of a single energy level coupled to two metallic leads. The leads act as
fermionic reservoirs and are kept fixed at temperature 7" and chemical potentials p; and
pr. This model describes transport through nanostructures, such as molecular junctions
or quantum point contacts (QPCs). When its parameters, namely the level of the dot and
its hybridization strength with the reservoirs are tuned by an external agent, such as a
gate voltage, then it can act as a molecular-level nano-engine [14].

The Hamiltonian of the system consists of three different terms

H=Hp+ Hy + Hp, (2.1)
where Hp is the Hamiltonian associated with the dot
Hp = e4(t)d'd, (2.2)
Hp is associated with the leads
Hp = Z €kaC;Tkaa, (2.3)
ka
and Hy to the leads-dot coupling

Hy =) Hy =Y Vat)> (diepe +hec.). (2.4)
« k

(0%
Here d is the annihilation operator of the dot level, whilst cg,, is associated with an electron
with momentum k in the @ = L, R lead (in this case there is only one channel associated
to each lead), and V,, is the coupling between the dot and lead a. In the context of our
analysis, we will assume the leads to have a constant density of states and an infinite
bandwidth (wideband limit), implying that the decay rate

Ty =27Vl > 6(e — €xa) (2.5)
k

does not depend on energy. In this case, as we will explain, the expression for the spectral
function of the dot (in Fig.(2.1)) is
r
Ale) = —, (2.6)
(e —€a)?* + ()
where I' = T', 4+ I'g is the total decay rate.

Quantum pumping requires at least two of the system parameters to be varied period-
ically in time along a certain cycle [70]. We will therefore take both the energy dot level
€q(t) and the level-dot couplings V,(¢) to be time-dependent and driven by an external
agent.
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Figure 2.1: This is the density of states of a single-level quantum dot. Note that it is a
Lorentzian centred on its energy level ¢; and its width is proportional to the total decay
rate from the dot to the leads.

2.3 The gradient expansion of the Green’s functions

All the physical quantities we will be computing are expressed in terms of Green’s functions,
which, in turn, can be expressed through a perturbative expansion. Below, we will consider
the adiabatic limit, where the driving period satisfies Ty > % We use as small parameters
¢4/T? and I /T? The first ingredient one needs to have ready to get a universal description
of pumping is an adiabatic expansion of the Green’s functions. They are connected to the
observables one finds in the thermodynamic and transport quantities we will evaluate in
the subsequent Sections.

Let us start with the diagrammatic expansion of the dot Green’s function (relative to the
physical model introduced in the previous Section) on the Keldysh contour (see Section
A1), following the approach of Ref. [13]. It can be represented graphically as depicted in
Fig. (2.2). Its equivalent expression in integral form is

GOt ) = GO (L) + / drdrsGS (1, 71)5C (71, 72) G (7, ), (2.7)
Ck

where G¢ are the contour-ordered green functions (see Appendix A.1) and the self-energy
term reads

(1, m) =Y ValPgha(r1, 7). (2.8)
ka



18 CHAPTER 2. QUANTUM THERMODYNAMICS OF ADIABATIC PUMPING

Figure 2.2: This is a visual representation of the diagrammatic expansion of the Green’s
function on the Keldysh contour. Here the single line represents the bare Green’s function
of the dot G%, the double line represents the full Green function G¢, while the dashed line
the bath’s Green function g,fa

Using analytic continuation techniques (see Appendix A.2) one may use Eq. 2.7 to obtain
Green’s functions defined in real times.

One may now use the separation of time scales to write a gradient expansion of the
equation of motion for the Green’s function. Switching to the Wigner transform, defined
as

Gle,t) = / dr Gt 1), (2.9)

where t = % and 7 = t; — tg, one has to recall that for a convolution, the Wigner
transform (Section A.3) is

/dt'C’(tl,t/)D(t’,tg) :/;kem(}(e,t) x D(e, t), (2.10)

™

e =
where C(e,£) * D(e,t) = C(e, )[£(9: 8, — 9,0,)D(e, 1),
Applying this expansion to the example of the retarded Green’s function of the dot,
whose definition is

GHi(t, 1) = —if(ts — ) (({d(D)d"()})), (2.11)

where the graph parenthesis represents an anti-commutator, one starts from the associated
equation of motion

S(t—t') = /dthR(t, t1)[i04,6(ty — t') — eq(t1)d(ty — ') — Bt — )], (2.12)

with the retarded self-energy (¢, ') = >, [Va(t)[%g8 (¢, ') and obtains up to the first
order

1= GR(e,t) [e —eat) + ;F(t)] +s [&GR(e,t)(—e'd(t) I0(0) - AC e )| (213)

Therefore, up to the first order in the velocities, for the retarded and advanced Green
functions one has

GB(e,t) = (e — eq(t) + z’rg))—l (2.14)
and
GA(e,t) = (e — eq(t) — z'@)*l. (2.15)
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To derive the lesser component of the Green function
G<(t, ') = i{d (#)dl (1)), (2.16)

one starts from Eq. A.3 which gives
G<(t,t) = GO<(t,t) + /dtldtgGOR(t,tl)ER(tl,tg)G<(t2,t/) (2.17)
+ / dtldtQGOR(t, t1)2<(t1, tQ)GA(tQ, t/) + / dtldt2G0< (t, tl)EA(tl, tg)GA(tQ, t,).

Then, one applies (i0; — €¢4) at both sides of the equation, satisfying
(10 — )G R (t, 1) = (t — ') (2.18)

and
(10 — €q)GO<(t, ') = 0. (2.19)

What one gets is
/dtl[é(t —11)(i0; — €q(t)) — Bt 11)]G=(t1, 1) = /dt22<(t, t)GA(to, t').  (2.20)
Inserting the relation
[GEI7L(t, 1) = (i0; — eq(t))0(t — t') — BB(t, 1), (2.21)

one has the equality
G< = / dtrdtsGR(t, 1)< (11, £2)GA(ts, ©). (2.22)

One recognizes in the latter an example of double convolution, whose associated gradient
expansion of the Wigner transform is

G< =GR+ o<« GA. (2.23)
The zero order reads
G<O0) = gRg<gA = iAyf, (2.24)

where we have introduced the superscript (7), denoting the order of the expansion. We
remind that A(e) is the density of states (Eq. (2.6)) and f is the Fermi distribution
f(e) =1/(1 + Exp[B(e — n)]) Regarding the first order, the part dependent on €; yields a
contribution —i%@e fA2. Now, extending the results of Ref. [13], we calculate the different
contributions to the part which is dependent on T’

1) ;<8EGRatz<GA - GRatz<aeGA) - %(iff)(aeGRGA - GMO.GY)

(2.25)
- _ffffﬁ
- 2T
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1

2) ( - 8,GRo. <G + GR8€E<8tGA)
2
. Z, e (2.26)
= §F(iF66f)§([GR]2GA + GEGA?) = — PO (e — ealt)
3) % (aeGRz<atGA - atGRz<a€GA>
. . ) N (2.27)
_purnt R 2 R72 _ tpe
where we have used the following relations: .GFGA—-GR).GA = iA%, OGRIA = —¢,0.GR/A+
PEDIGHAR, Re(GR) = 944 and [GRI[GA? = ()2,
Overall, we obtain
: r, A2
G<(e,t) = iAf — z%daEfA? 50 T (e~ €d) (2.28)

Bearing in mind the form of Eq. 2.24, we can identify a non-equilibrium distribution
function

. h A

2.4 The pumped charge and its noise

The purpose of the present Section is to connect transport quantities to thermodynamic
ones. The study of transport through quantum pumps has been the subject of many
studies [70, 66, 67, 64, 65, 68, 7, 57]. In particular, the two quantities of interest in
transport are the charge pumped in a cycle and its noise. Defining the stroboscopic times
in terms of the period Ty as T;, = nly one may define the operator describing the charge
pumped in the n-th period as

QM = / EIAG (2.30)

Tnfl

where I, = —dN,/dt, with N, =), cL oCk,a» is the current flowing out of lead . Clearly,

the average change pumped in M cycles is Qo (M) = M Q, where Q,, = <an)) is the charge
pumped in cycle, independent on n in the stationary state.

Coming now to the noise it is evident that current-current correlations produce both
fluctuations in the charge pumped in a single cycle as well as correlations of charge pumped
in different cycles. The first is described by 5@5{2 = <(Q,(1”))2) - <(Q&n))>2. In this Section,
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Figure 2.3: This is a visual representation of the diagrammatic expansion of the mixed
Green’s function on the Keldysh contour. Here we introduced the wobbly line, representing
G35, and the other definitions are equal to Fig. (2.2)

however, we will focus on a similar quantity that has the advantage of being similar to the
zero frequency component of the noise power spectrum, defined as

5Qaa = lim 7(562& (M))2

2.31
M—+o0 M ( )

where (6Qaa(M))2 = M ((QQT) — (@) (QL™). Using the definition of the

n,m=1
operators one may rewrite the latter as

50— T 2 [ [ O @) — L)
Qo= Jim 7 [ [ a0 -GN I (232)

2.4.1 An alternative derivation of the current’s expression

In this section, we recall the known results of the charge pump concerning the resonant
level model. Starting from the expression of the Hamiltonian of the dot (Eq. 2.1), the
current reads

(L) = —(No) = —i([HNa)) = i > (Valchod) — hec) (2.33)
k

and using the lesser Green’s function G, (', 1) = i(cla(t)d(t'» one can write
(I,) = 2Re{ > VaGiialt, t)}. (2.34)
k

From the diagrammatic expansion of the lesser Green’s function (see Fig. (2.3)) entering
the definition of the current, it is straightforward to see that, whenever the leads are
non-interacting, the latter has the expression [46]

Gira(t:t) = /dtl [nga(ta t)[Va] "G (1, 1) +gﬁa(tvtl)[Va]*Gﬂtl,t')]- (2.35)

Performing now the summation over k using g; ,(¢) = 2mid(e — ex) f(€) and g7 ,(e) =
1/(e — e, +10T), where f(e) = 1/(exp[B(e — )] + 1) is the Fermi function, one has

> Giatt) = / dty [27%1' f(t—t)[Va]* GA(t1, 1) —moi[va]*aﬂtl,t’)} (2.36)
k



22 CHAPTER 2. QUANTUM THERMODYNAMICS OF ADIABATIC PUMPING

where vy = ), 0(€ — €xqo) is the constant density of states and f(¢) is the (properly reg-
ularized) Fourier transform of the Fermi distribution. Therefore the expectation value of
the current operator can be written as

(I,) = 2Re [i/dtlf(t —t)TE (t1,t) — §T§a(t t)|, (2.37)
in terms of the generalized, time-dependent transmission matrices

TR () = 2771/02 FGRAZ (¢, 1) V(). (2.38)

A further simplification of Eq. 2.37 is obtained by expressing of 7,5, in terms of retarded
and advanced quantities using

G=(t,t) = /dtldtgGR(t,t1)2<(t1,t2)GA(t2,t), (2.39)
with
St t) = 2mupi Y V) F(t — ) [Valt)]". (2.40)
Then one has
TS, (t,1) Z/dtldtQT Lt 1) f(ty — to) T (t2, ). (2.41)

Substituting this expression into the current one obtains

(o) =i / Aty [f(t — 0T (b, 1) — T (t,11) £ (81 — 1)

. ., (2.42)
+ Z/dtldtQTaﬁ(t7tl)f(tl — 1) T, (t2,1).
B

Finally introducing the time-dependent scattering matrices defined as Sng = 0a50(t —t') +
inﬂ(t, t') one arrives at

(La(t)) /dtldtQZ[ ot t1) fa( 1—t2)Sga(f2,t)—5(75—t1)fa(t1—t2)5(t2—t) ; (2.43)

2.4.2 Brouwer’s formula

Let us derive Brouwer’s formula from its gradient expansion, applying the techniques of
Section A.3. This formula describes the current through a quantum pump at first order in
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the gradients. Let us assume the leads to be at equal temperature and chemical potential
Starting from expression 2.43, the gradient expansion up to the first order reads

dw 1
<Ia> = %f(w) |:Z {SaﬂSTa + ﬂ(aTSaﬁawS;a — 8“,5’&58TSLQ)} — 1:|
B

7( - f 44
Z / e [&pSagS SapdrS a]. (2.44)

The first term of this sum vanishes due to the gradient expansion of the condition of
unitarity of the S-matrix (see Appendix). Therefore we are left only with the last term.
Considering the charge pumped in a period Tj

To
ro = /0 dt<Ioc>’ (245)

and substituting the expression of the current yields

To
T T
Z / i (W) /0 dT{aTSaﬁsa—SaﬁaTs a}. (2.46)

I must point out that there is no zero-order term. The reason is the absence of any bias or
temperature difference between the leads.

In the case we have two parameters (1, z2) that define the pumping cycle, i.e. Sog(t) =
Sap(x1(t),z2(t)), the dependence on time of the S matrices in the previous expression is
to be understood as parametric in the two parameters. One may therefore use Green’s
theorem to transform the time integral above, which is just an integral over the pumping
cycle (z1(t), z2(t)), into an integral over the area enclosed by the pumping cycle itself. The
result is

/ f'(e [// d:md:vz (O S0p0x 15';& — 83315&581325206) . (2.47)

The scattering matrix entering this expression is the instantaneous scattering matrix
depending on the varied parameters in time x1, 2. For the resonant level model, where
the time-dependent parameters are the level position and the hybridization strength to the
leads, one has, therefore, the following expression («, f = L, R)

5 1—iTEGE —i /T TRGE (2.48)
T \—ivTTrGE 1 —i'rGE '

with 1
Gf= ————. (2.49)
€—€+13
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2.4.3 The quantum noise

A similar expansion can be derived to obtain the current noise. This expression is analogous
to those derived in Ref. [58], i.e. the noise can be separated into two different terms

Tm ~
50ue = fi O dtdt’/dtldtgf(tl—t)f(t S 1) [0t — £1)0(t — t2) — ST (t1,8)Saa(t, t2)]

Tm ~
+ ;};/0 dtdt'/dtldtgf(t'—tg)f(tl —t)[6(t — t1)8(t — t2) — ST, (t1, 1) Saalt, t2)]

T Tm ~
+ TO/ dtdt’/dtldtgdt’ldt;f(tl—tg)f(t’l —1y) -

D IS5 (b1, ) Sas (b, 12)SL, (1 4) Syalt!, th) = 5(t — 01)3( — 11)8(t — t2)8(t' — t5)]
0
' (2.50)

where f(t,t') =06t —t') — f(t,t').
To perform the adiabatic expansion of both terms, let us notice that they have the
same structure as a product of convolutions. Then, denoting each convolution with A(t,t)

and B(t',t),

TO Tm Tm Tm
T dtdt’ A(t,t)B(t',t) :/ dT/ dT/ / =7 A(e, T)B(€,T)
0 —

m JO
(2.51)
Taking m — 400 yields

/ deeA(e T)B(e,T) (2.52)
0

and performing an expansion in the gradients as done before for the current one obtains
at zero order

5Q) — /iﬁ(—;g)/f dT<1 ~ Saa(e, T)S1 (6 T)) (2.53)

where [ is the inverse temperature. This is the average over a period of the instantaneous
equilibrium Johnson-Nyquist noise [10].
At first order in the gradients the only non-zero contribution is

1),th 10%f : .
Qe / /4m _7@ Z IrSapSas — SapdrSas
BFa

1af

o (2.54)
/ / dmi B 85 [855@/3‘%’5&5 aTSa,BaeSaﬁ].
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this term, which depends on the operation of the pump, is a first-order contribution to
thermal noise proportional to the temperature and vanishing at zero temperature [66,
91]. The gradient expansion performed above turns out to miss an important shot noise
term and is valid only when hQ) < kT, where Q = 2—’; The finite shot-noise contri-
bution which survives even at zero order was first computed in Ref.[66]. It arises from
the emission/absorption of quanta of energy from the scatterer. The expression of this
zero-temperature shot noise is

QLY = Z —CLIP0 (2.55)
where
clap () = Cooal BV Conma ) (256)
Coag(E) =Y _[Sh (E)Sas(B)|g[Sis(E)Say (E)) g, (2.57)
7}

which arises from the quartic term of Eq. 2.50. The superscript [|, identifies the Fourier
coefficients, defined as

mmmzf‘ﬁm%ww (2.58)
o To
The derivation of the present shot noise term is described in Appendix C. Moreover, the
relevance of the various terms of the noise is discussed in more detail in the Appendix C.1.
In Section 2.6 we will analyze the noise obtained together with thermodynamic quantities
to gain further insight into the relationship between transport and thermodynamics.

2.5 The quantum pump as an engine

Now that the transport problem is described in its full generality, let us look at a quantum
pump as a thermodynamic engine. By varying the parameters x;(t) over a cycle it is clear
that a certain work on the system is being performed, as well as dissipated heat and entropy
generated. We note that at least two parameters are varied, as the current in Brouwer’s
formula is a geometric quantity, i.e. defined by an integral over the area spanned by the
cycle.

The goal of this Section will be to give concrete expressions to these quantities for the
specific problem of quantum pumping of a resonant level model. Of course, as in the case
of transport properties, we will have to proceed in steps, first considering the quasi-static
limit, and then proceeding to higher-order contributions in the gradient expansion.
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2.5.1 Quasistatic limit

Let us start developing this formalism in the limit of reversible and quasi-static transfor-
mations where one can work in the equilibrium gran-canonical framework at fixed temper-
ature B! and chemical potential ;. Evaluating the grand potential of the total system,
Q = —1/B1InE, where Z = Tr[e#(H=#N)] in terms of the density of states p(e) of the total
system one obtains

1 d
Oun == / 1 ¢ P (2.50)

We are now interested in extracting the time-dependent part of this expression when
parameters are varied quasi-statically: for a resonant level model in which the time-
dependent parameters are €q(t),I';/r(t) this amounts to the replacement in Eq.(2.59) of
the total density of states p(e) with the instantaneous local spectral function of the dot
Ap(w) = Aw, [ea(t), T r(t)]) = —2Im[G"(w, [e4(t),['/r(t)])] obtaining an instantaneous
grand potential

1
O =—— %At(e) In[1 + e Bl=1), (2.60)

In fact, the density of states is given as the trace of the spectral function of the system
over all the single-particle states n Ay,

Ag(e) =) Annle) (2.61)

and we remind that A,, = —2ImGZE, in terms of the retarded Green function. In the
basis of uncoupled dot and leads electron states one can decompose the density of states
in terms of the dot and leads contributions

Ay(e) = A(e) + Z Agk,al€), (2.62)
ka

where A(e€) is the density of states of the dot (Eq. 2.6). To calculate Ay, one can write
the Dyson equation for the retarded Green function of the leads (Fig. (2.4))

Gioa(€) = gin(€) + gin (V)G (€)gih (e), (2.63)
so that
Agha = —2ImG, () = —2Imgfl, (€) + V2 (£) (A(e) Relgf, (€)*] — 2ReG™ (e) Im gty (€)?].

Knowing that the free Green function of the leads has the expression

1
R
R 2.65
gka(e) € — €pa “7+ ( )
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Figure 2.4: Here we introduce the diagrammatic expansion of the bath’s Green function,
renormalized by the interaction with the dot. The double dashed line represents the dressed
Green function ng’ o

the relation
d R

Dot ) = —afi e (2.66)
holds and defining S, (€) = >, [Va|?g2,(€) one can rewrite the above density of states as
Ai(e) = A(e) <1 - iRe(Za(e))) + 2R6(GR(€))%ITTL(EQ(€)) + va(e), (2.67)

where v4(€) = =23, Im(gf (¢)) . Since we work in the wide-band limit, the self-energy
has no energy dependence and has the expression

5, = —%Fa. (2.68)

As a consequence, the terms that depend on the derivatives of the self-energy vanish.
Furthermore, the free density of states of the leads depends neither on ¢4 nor on I', so that
we can cast it aside. What one is left with is simply the density of states of the dot alone
A.

From this expression, one can derive the quasi-static thermodynamic functions Nt(o),
St(o) and Et(o), respectively particle number, entropy, energy [13] obtaining

NO = [ Sfadaro. (2.69)
St(O) = ]{:B %At(é) |: — flnf — (1 — f) ln(l — f) , (270)
B = / %e A(e) f(e) (2.71)

The derivatives of these quantities with respect to time are connected to the reversible
energy change E()| the reversible power W), the heat exchange rate Q(Y) and the current
NW . In particular, from Eq. (2.62) and Eq. (2.14), in the wide-band limit one can verify
the following relation OrA = —0.Re(G®), then the expression for the reversible power
W = €q0e, 1+ >, f’aariQ can be written as

. de . de
wh —¢ [ == = R
o [ 5o Af+ r/ 5 Re(@)]. (2.72)
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Similar calculations lead to the expression of the quasi-static heat exchange rate as

. as© de . [ de
O —¢ | Ze—wA I / — (e — o, f. 2.
O =T — ey [ S5~ wAdf 41 [ S e whe(G™g (273
The current out of the dot is
: dN©) de . [ de
M= e [ = = R
N o €[ 5 A0.f+T o Re(G™)0.f. (2.74)
Finally, the energy exchange rate
. dE©) de . de
1) — ——¢, [ = — = R
dt Ed/ 27[_686Af P/ 27r6f8€R6(G ) (275)

Notice that these quantities satisfy the first law of thermodynamics in the form
EW =Wwm + oW 4 N, (2.76)

These expressions highlight a similarity of the structure of the terms proportional to é4
and to I'.

2.5.2 Gradient expansion of thermodynamic quantities

Let us now come to the main results of this Chapter: a self-contained thermodynamic
description of the operation of a quantum pump. Quantum pumping is not a quasi-static
phenomenon: the quasi-static contribution to the pumped current is simply zero. It is
intuitively appealing that the same will be true for certain thermodynamic quantities that
are expected to be intimately connected to the flow of a current, such as the heat dissipated
and the entropy produced. Therefore in order to address them we will have to extend
the present analysis to account for corrections to the quasi-static limit using a gradient
expansion. Our goal will be for each generic quantity to express it as expansion in gradients
as O =), O where O contains the i-th time derivative. In order to do so we will
first write O in terms of non-equilibrium Green’s functions (Section 2.3) and then perform
their adiabatic expansion deriving the next-order corrections to the expressions obtained
in the previous section. The expansion we are going to derive is an expansion in gradients
precisely as the one obtained for the pumped charge and the noise, i.e. using as small
parameters ¢;/T'2 and Iy /T'2.

Let us start with the simplest quantity: the particle number in the resonant level. The
average number of particles is readily connected to a Green’s function using its definition,
N = (d'd) = —iG<(t,t). Therefore one can identify N with the i-th order expansion in
the gradients of the lesser Green function (see Section 2.3) which can be calculated starting
from the Keldysh equation

G< = /dtldtzGR(t,t1)2<(t1,t2)GA(t2,t’). (2.77)
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Performing a gradient expansion of this one readily obtains the zeroth order terms reported
above and

€, de r de A?
N(l) _ _Ed %aefAQ -3 / %aef?(e — ed), (2.78)

This result can be used to compute the second-order correction to the current out of the
dot

, -2 ) 2
N@ — & E@?ffﬁ — % / ;l—;@ef(e —€q)0p <A>

2 2w T
el [def, o A 0A° é'd/d6 2 f/dE A2
2 | 2n [6“4 (T |0S =5 | R0 AT =5 | 5r0d (e~ ).

(2.79)

The argument becomes more involved if one wants to calculate the gradient expansion
of the entropy. For this sake one needs to substitute in the expression for the entropy
introduced the Fermi distribution f with the non-equilibrium distribution ¢ [26] obtained
from the Wigner transform of the lesser Green’s function G<(¢,T) = i A¢

S:kB/g;A[—qﬁlnqﬁ—u—(p)lnu—(p)} (2.80)

A gradient expansion of the lesser Green’s function (and a similar one for the retarded one)
results in a gradient expansion for the non-equilibrium distribution, hence for the entropy.
The results for ¢ are given in Section 2.3. The resulting expansion to the first order of the
non-equilibrium distribution gives S

ke, de (€ — kgl [ de [e— A?
(1) _ _FkBead [ ac K 42 _ B/ M A 281
S 2 /27r<k’BT>8Ef > ) 2\t )OS T e ) (281)

and therefore the entropy production rate to the second order is

. €42 de 2 de A2
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Coming to the internal energy, it can be verified that at zero order E(®) = (H D>(O) +
%(HV>(O), following the choice of Ref. [26]. One may then identify an ”effective system” of
Hamiltonian H.ff = Hp + £ Hy and an "effective bath” Hp + 3 Hy [13]. This is because
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one can verify that this choice gives the correct result, coinciding with (Hp)© + (Hy)(©) +
(H D>(0). Therefore, at every order in a gradient expansion, one has

EO = (Hp)® + %< ). (2.83)

Let us derive the expression of (Hy ) up to the first order from the expansion of the mixed
Green function. To calculate (Hy) we write

ZZVa(t)Z[Wcm (c,md>] > (HY), (2.84)
a k

[0}

where we define H{} = V,(t) >, [dfc;m + ck d] It reads

(H) = 2V,( Zlm[de ] (2.85)

with G5, = i(c};a(t’)d( t)), for which the property Gy, (t,t) = — (G, 4(t,1))" holds. The
equation of motion for the mixed Green function leads to

Zlm</dt [GR () g (' 1) + G (. ) g (¢, t)])

(2.86)
= 2Im</dt’[GR(t, SRS 1) + G (4, ZAW, t)])
Moving to the Wigner transform
(Hy) = 2[m</ ;i—ﬁ[GR(e, t) * X5 (6, 1) + G=(e,t) * E;‘(e,t)]). (2.87)
T

The second term G<(e,t) * S (e, t) = G=(¢,t) x (3T'a) dose not contribute. In fact, the
zero-order term is real and to the next order one can apply this type of argument

de g e i) Iy [ de D.G<(e,t) B o [G<(e,8)]T B

2T 7 7

Up to the first order in the velocity, the gradient expansion yields

(HE) —2Im< / ;l;{GR(e,t)if(e)Fa—;&GR(e,t)iaE fFa+;86GR(e,t)if(e)Fa]>. (2.89)

The gradient expansion of the whole interaction term therefore reads

(Hy) = 2Im</ %i [GR(e,t)if(e)F — %8tGR(e,t)i86fF + ;&GR(e,t)if(e)f] > (2.90)
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As for the internal energy, we will compute the zeroth order in the gradients (quasi-
static approximation) in Eq.(2.5.1) and the rate of change to first order in Eq.(2.75). Let
us now evaluate the first-order correction of the energy

gV = & 8fA2—/d666f 2(e—e) (2.91)
2 | on 2 /s '
whose time derivative reads
. de de A?
p) _ & / 42 A
2 o €D fO. 2 ea f(e — €q)0r = )+
€l [ de 2, O A2 _ / de o £ 2 2.92
pal o [eagfarA ouf(e—en)| — L [ Eenra (2.92)
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The expression for the energy agrees with the energy-resolved one [26]
. d .
B0 = / & eA(e, T)6 (e, T). (2.93)

The power can be computed according to the definition. One can distinguish two
different contributions, relative to Hp and Hy,. The first one is

<8HD
Oey

Likewise for the components of the coupling

) = S = S alt) ) ) = 3345

Changing variable to I,

Wi = YiDe, = ¢gN =D, (2.94)

i) _ I, ay (i—1)
Wy = Z sp (Y, (2.96)
so that o o o
W@ =W 4w (2.97)

The first order in the gradients of the power was computed in Eq. 2.72. We now use the
expansion above to compute the second order correction as

W@ — d'f ~0./4 2_/3 forA + Edr/se&f&fl
Y

8A
+Z 5

(2.98)
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Note the presence of I'y, at the denominator: this term causes a singularity at I'y, = 0,
which appears only when multiple heat baths are present.

The heat exchange rate Q cannot be calculated directly [27] since there are no physical
process accounting for dissipation and the Landauer-like picture of transport assumes that
dissipation processes take place far away from the system and do not affect its dynamics
[51]. The only way it can be derived is from the first law of thermodynamics. The latter
reads

EO = 10 4 Q0 4y, (2.99)
Then, the heat exchange has to be calculated inverting this relation
oW = pl) W _ N, (2.100)

Finally, the heat exchange flow reads

. de 2 de A2
2 _ _% Conarfa2 o B[ dey o _
9 =5 | Stemmotsat = / %&f(e s won ()
— / —0?f(e — eq)Or A — Z
_€a [de » T % _ Aj _ (2.101)
R e e X e
el [ de , AZ 0eA?
5 %aef(ﬁd — 1) [aFA T T (€ — €q)
% Oef (e — eq)Or A2 — % SE02f (e — €q)0A

The results obtained for N and W are consistent with the ones found in [78].
A final comment on the adiabatic expansion we have just performed is that the entropy
production rate is not simply related only to heat production; there is a further contribution
that can be identified with dissipated power. In particular this relation holds

) o2  w®
53 = =_ : 2.102
This is because in general, one has this expression
s . . 9
— =YX+ = 2.1
o + (2.103)

where ¥ can be related to the entropy production of the universe and S is the system’s
entropy. In turn, the change of the entropy of the universe is caused by the mismatch
between the corresponding reversible work rate and the work rate in an irreversible process,
called unusable energy, i.e.

TY = Byp = Wyey — W, (2.104)

which up to second order corresponds to W2 [37].
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2.6 Quantum thermodynamics of various pumping cycles

It is now time to put all the pieces of the puzzle together and show how the formulas devel-
oped above can be used to gain insight into the physics of quantum pumping by combining
information on thermodynamic quantities as well as transport properties (pumped charge
and its noise). We will do so for various examples of cycles constructed for a resonant-level
model.

2.6.1 The peristaltic cycle

The simplest cycle one can think of is the ’peristaltic’ cycle which consists of four strokes as
shown in Fig. (2.5): the level initially empty at +€p coupled only to I'z. It is then lowered
to —e¢p and filled with an electron from the left. Afterwards, the coupling is switched to the
right and the level is raised again to +¢p and emptied on the right. Finally, the coupling is
reinstated to its initial value. In this cycle, the two time-dependent quantities are ¢; and
0I' =Ty — I'g. The total decay rate I' = I', + I'g is not changed.

One can calculate the current, using Brouwer’s formula (Section 2.4.3). In the limit of
low temperature 7', the pumped charge is

@ = 2{ arctan(a) + 5} + 0%, (2:105)

1+
where z = FE—/OQ In the limit = >> 1, the pumped charge is quantized, Qg)) — 1 (Fig.
(2.7)).

The expectation is that the corresponding noise will tend to zero in the quantization
limit. We are interested in the zero-temperature limit, which enjoys contributions only
from the ’shot’ noise (Sec. 2.4.3). The zeroth order contribution to the current noise is
just thermal and vanishes in this limit

sQ%) —o. (2.106)

We evaluate the first-order term in the gradients, containing the relevant shot noise con-
tribution. The result of this calculation gives a current noise which tends to zero in the
quantization limit

lim §Qr () =0, (2.107)

(see e.g. Fig. (2.6)).

Let us now proceed with the comparison with thermodynamic quantities by integrating
the previously calculated ones over a cycle. Integrating over a cycle quantities expanded
up to the first order will give a quantity independent of the cycle parametrization, hence
geometric. In the present case, however, the integrals are all vanishing, as one can see from
the one of the power expanded to first order

: 0. 90
A AL Lt
Fe,tdt Frl (2.108)
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Figure 2.5: The peristaltic cycle: the level initially empty at +¢g coupled only to I'y,. It is
then lowered to —e¢p and filled with an electron from the left. Afterwards, the coupling is
switched to the right and the level is raised again to +¢g and emptied on the right. Finally,
the coupling is reinstated to its initial value.

6af;
0.010}
0.001}
104}

107°%}

1 5 10 50 100 "
Figure 2.6: The first order of the noise integrated over the peristaltic cycle in the zero-
temperature limit (in logarithmic scale). In this case, we have set v, = |é4] and vsp = ](5F[
to 1. Since the sum of Eq. 2.55 cannot be carried out to infinity numerically, we chose
a value of ¢4, as an upper limit to that sum. The latter value was chosen to guarantee
convergence and was set t0 ¢ = 10000.

One can see that, regardless of the values of v, and vsr, the second order of the noise
vanishes in the quantization limit.
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which using Green’s theorem can be expressed as

0 To . 0%Q 0?Q
Wc(ygle = /0 atw) = //A deddF[_ 9e 0T + T 0e, =0. (2.109)
Similar reasoning can be applied for integrals of all other rates at first order. One can
point out that this is a trivial consequence of the absence of any chemical potential or
temperature difference.

In contrast, second-order rates integrated over a cycle will not be geometric quantities
and will depend on the specific parameterization. In the following, we will consider a linear
parameterization so that the rates é; and 6T (reminding that 6" = I';, — T'g) are constants
along the four strokes. The work would display some divergent integrals, signalling the
failure of the gradient expansion for this particular cycle (see Appendix B). The problem
concerns indeed the fact that the gradient expansion can be justified only if both T'z,, ' # 0
at all times, which is of course inconsistent with the condition §I' = +I". One way out is to
regularize the cycle, making 6I" vary from [—I'+ 0,I" — §]. While the pumped charge and
the other terms in the current noise turn out to have a smooth limit as § — 0, the work
should be computed only for § small but finite. The work per cycle is

€ Ir-é
RN de g p g2, Vo r de 0.A
Weyete = ~Vea /60 dEd/ 27 S A” + 2 /F+5 d5I‘F2 —oI? 27Tf 2 (2.110)

Performing the integration over €4 one obtains in the limit 7" — 0

w

cycle

= 0, AW 4 osr AW, (2.111)

where v, = |é4], vsr = |0T'|, and the coefficients are

AWE(dl) - QF{ arctana + — 5 }, (2.112)

T 1+=x
and ) L1
AWl = 21— 22— 2.113
D R P (2.113)

in terms of the dimensionless variables x = ;—;’2 and £ = % Comparing this result with the

one obtained for the charge pumped over a cycle, we obtain the following direct relationship

AWg(dl) = Ulid Q(LO). The contribution proportional to vsp is shown in Fig. (2.8) and it is
vanishing in the limit x — oo. Therefore in the limit of charge quantization

(1) _ Ve
Wege = 75 (2.114)

the work is finite in the presence of charge quantization and proportional to the pumped
charge, in the case of constant velocity.
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Let us now compute in the same way the entropy produced over a cycle
1) Ve [ de 5
Seyete = Td/_O deq | 5 (€~ )0 fOA". (2.115)

Performing the integrations the result up to the first order in the temperature is

SO e = ve, ASLY, (2.116)
where 2
T
AsH = TFB18 x gy (2.117)

3 T3 (1+a2)3
Comparing this expression with the expression of the work, one can observe that while in
the limit x — oo the work saturates to the value Ulid, the entropy production tends to zero

(Fig. (2.9)).
For completeness, we report here also the result for the remaining quantities

- / de / (e — p)d2fA2 — ¢ / o darL f (2.118)
cycle - e d 45 —oT2 :
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e
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Performing the mtegratlons one obtains that in the limit x — oo and T" — 0 N, cyele =

Sé 2;1 . = 0 and Q cyele = —WC( 2l .- These conditions define a Non-Equilibrium Steady State
(NESS) (see for example [43]) In this condition all the mechanical work is converted into

dissipated heat in the leads.

2.6.2 Other examples of cycles

In our analysis of the peristaltic cycle we found that in the limit of quantization, the work
per cycle saturates to a value determined by the rate of change of the energy level v,,. In
contrast, the entropy produced per cycle goes to zero (as the noise). The purpose of this
section will be to explore other examples of a cycle and study the possibility that these
qualitative results could apply to more general situations.

Let’s consider a modification of the peristaltic cycle in which the couplings are modified
one by one and not together: the level is lowered from e€; = €y to —eg, while connected
mainly to the right lead with T'p =T and 'y, = ¢ (£ = /Ty < 1). The role of the two
couplings is then inverted by first raising I'z, to I'g and then decreasing I'g to §. It is now
the turn of the level to be raised from —¢g to ¢y. Then the I'g and I'f, are exchanged again
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Figure 2.7: The current integrated over a cycle for the left lead w.r.t. the adimensional
parameter x. In the limit x — oo the quantity displays a quantization to 1.
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Figure 2.8: AWe(dl)F and AWJ(%)F. The contribution proportional to v, tends to 1 for
x — 00, following the direct relation with the pumped charge. In contrast, the contribution
proportional to vsr tends to zero in the same limit.

astrud)
030
0250
oz0f
045
.40l

0.05

1 1 1 x
o 1 2 a 4 5

Figure 2.9: The leading order in temperature of the entropy vs. the adimensional parameter
x. From this figure, the quantity tends to zero in the quantization limit.
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Figure 2.10: The charge pumped from left to right. It is negative because the current flows
from left to right. The current displays charge quantization in the large x limit.
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Figure 2.11: The first order of the noise of the current Q1 (in logarithmic scale). The
current noise tends to 0 as x — oo as expected, following the quantization requirement.

with the inverse of the above process. The results for the pumped charge are portrayed
in Fig. (2.10). It displays indeed charge quantization in the large x = €p/I" limit. The
current noise can be safely computed for this cycle and the results for the two coefficients
which govern the dependence on v, and vr are in Fig. (2.11). As one can see both the
coefficients tend to £ = % as © — 00. Therefore limg_,0limy 00 0Qaa(, &) = 0.

Let us now turn to the work per cycle which has the following expression

w®

cycle

= v AW 4 op AW, (2.121)

where

2 T
AW = FM{ arctan () + 1+x2} (2.122)
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Figure 2.12: The two components of the dissipated power proportional to v., and vr for
& = 0.001. The work displays a quantization to %d in the limit z — oo, as the first

component is saturated to 1, while the second vanishes in this limit.

and

1 1 T
AW = — - ) o
Wr wro(x2+1){ x[g—z}

x 1-¢ 422 +2r+1

2 2_¢ 1+¢
+ mTo (:c2 +(2-¢)2 22+ (1 -1—5)2)
(1)

displays a quantization of Y - 1 in the large x limit (see Fig. (2.12)). This appears

d
to be in agreement with what is stated for the peristaltic cycle. Finally, let us focus on the
entropy whose first non-zero order reads

S = urASY + v ASY + O(T?), (2.124)
where
qu:%%%wgm @#ily—CﬁTQQ (2.125)
and ™ 1 32z
ASL) = g(k%T)ﬁm (2.126)

The two coefficients are in Fig. (2.13). In this case, the entropy also tends to zero in

the charge quantization limit. All the other quantities do not add any relevant physical
information: as before since Sﬁ;&l . =0, Q((:;)Cl e = —Wc(ylzl . all the external work is converted
into dissipated heat. My previous example shows that the main results pertaining to
the peristaltic cycle, i.e. work quantization in the limit of quantized charge, no entropy

production and zero noise, also pertain to similar cycles.
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Figure 2.13: The second order in temperature of the entropy for vr = v, = 1. The two
coefficients are summed, as they have the same asymptotic behaviour. One can see they
both vanish in the quantization limit.

Let us now focus on another cycle whose peculiarity is to have a maximal pumped
charge equal to half an electron charge: the triangular cycle introduced in [45], where I'f,
and I'p are time-dependent. In this cycle, at the beginning, the dot is weakly coupled with
strength & to both leads. Then, it is loaded by coupling to the left lead up to I'g > 6. The
next step is to shift the coupling from the left to the right reservoir. Finally, the dot is
discharged while returning to the initial state. The energy level of the dot is maintained
constant €5 = €9 and only the couplings are varied ( see Fig. (2.14)). In this example, one
has half an electron per period. This means that the current noise has to be finite. The
fact that the charge transport is on average equal to 1/2 per cycle, means that half of the
times one charge is transported and the other half none. The charge pumped per cycle is
plotted in Fig. (2.15) and is given by the expression

m_2 dXrdX X 1 tan[X, _ Ko 2.127
R ™ /I(C’) L R[l + X2]2 ™ are an[ 0] 1+ Xg ’ ( ) )
where I(C') is the triangular contour in Fig. (2.14). In terms of X = % and Xy = 2%
Then, one can define the limiting condition

lim QY =1/2. (2.128)

Xog—o0

Due to the non-integer charge, the adiabatic current noise in Fig. (2.16) is finite in the
quantization limit. In this case, the most relevant contribution is from the hypotenuse of
the process, where both the couplings are varied and the energy level is half occupied on
average. The value reached by the charge noise is

-3y (2.129)

) 1
lim (5@%1)% = - 2) 1

XOA)OO 2
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- [y

Figure 2.14: The diagram of the cycle with fractional charge quantization.
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Figure 2.15: The charge pumped with respect to the adimensional parameter X, displaying
the fractional quantization to the value %
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Figure 2.16: The noise with respect to Xg. In this case, one can observe a finite noise in
the quantization limit. The limiting value is +

Z.
The work done per cycle (Fig. (2.17)) is
W, = e AW+ ) 130
where ) x
(1) _ 0
AWRY = p [1 X2 + arctan[Xo| — o5 arctan|[d] (2.131)
and 1 1 2X
AW = 21— 65| =220 2.132
War' =1 TXZ+1 (2.132)
with 0 = ¢L. One has that, in the quantization limit
1
W, o 1
cycle
1 2.133
o 2 (2.133)
The entropy integrated over a cycle (Fig. (2.18)) reads
St = orAsl (2.134)
1 17 2X0
ASY = 2 (2.135)

Sgut e
Likewise, the entropy in the quantization limit tends to zero.
The results for the two processes we have considered up to now indicate that, when the
design of the cycle allows us to define a limiting condition which entails a quantized charge
pumped, there are some conclusions we can draw regarding the other quantities relevant
to our purposes. In particular, the out-of-equilibrium work performed on the system obeys
a similar quantization relation. The entropy integrated over the cycle vanishes in the
considered limit. Likewise, the charge noise disappears, as the charge pumped is quantized.
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Figure 2.17: The two components of the work with respect to Xy. The figure shows how

in the limit Xy — oo the work tends to the value Wc(ylgl e %%

astegi(kiT)
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Figure 2.18: The entropy with respect to Xg, vanishing in the quantization limit.






Chapter 3

Electronic Shuttling in Quantum

Dots as a nano-electromechanical
Clock

- Where we aim at characterizing electronic shuttling as a quantum
clock, by evaluating the entropic cost of measuring time.

“Thermodynamics is a funny subject. The first time you go through
it, you don’t understand it at all. The second time you go through it,
you think you understand it, except for one or two small points. The
third time you go through it, you know you don’t understand it, but
by that time you are so used to it, it doesn’t bother you any more.”

— Arnold Sommerfeld

3.1 Introduction

It has been shown that a metallic island between two leads develops a periodic motion
regime if a large bias voltage is placed between the latter. Park et al. studied this phe-
nomenon experimentally by employing a Cgy molecule between two golden electrodes [71].
This is known in the literature as shuttle instability [29, 30, 31, 32] and is manifest even
when the size of the island is decreased further and the mechanical motion of the island
becomes quantized [29].

This system exhibits a transition between a phase in which the oscillations are damped
and the stationary phase is the equilibrium point of the system and a phase in which the
oscillations grow until they reach a limit cycle with a fixed amplitude. The mechanism
responsible for the sustained oscillations is the non-linearity of the couplings between the

45
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dot and the leads. In addition to that, a Van der Waals force between the molecule and
the two leads acts as a restoring force. The driving source is the difference of potential
between the leads.

This model is a simple realization of a nano-mechanical electronic clock, as shown in
a recent review [36], where its properties have been studied using the master equation
technique. Timekeeping is a practice that dates back to ancient civilizations. Quantum
clocks have recently received increasing attention, following the seminal article in Ref. [25].
Recent technological developments have rendered this topic relevant and recent studies
have shown that quantum clocks can achieve an improved accuracy with respect to purely
classical ones [94]. The most important question one could ask is how the precision and
the accuracy of the clocks can be quantified and related to other physical quantities, such
as the entropy production and the dissipated heat, and identify the fundamental limits
on them. Previous studies have highlighted a fundamental trade-off relation between the
entropy production and the accuracy of the clocks [25, 36, 41].

The phenomenon of shuttling instability has been studied previously in the limit of
large limit cycles and weak coupling in a series of articles [29, 30, 31, 32, 69]. In this
Chapter, we seek to go beyond these limits and explore the presence of the phenomena
in intermediate and strong coupling. While the transport properties have been studied
extensively, a thermodynamical description in the quantum regime has yet to be built. We
aim to compute both the transport and the thermodynamic quantities in the adiabatic
expansion and to compare the behaviour of the precision and accuracy of timekeeping
with the entropy production and other information-theoretic quantities. This question is
particularly interesting because this is a quantum clock exhibiting coherent transport and
works in a strong coupling regime, resulting in non-trivial correlations with the leads. In
this context, it is not guaranteed the TURs would hold.

The structure of the Chapter is the following: we start by studying the equations of
motion for the centre of mass in the adiabatic limit, to identify the existence of sustained
periodic solutions, dubbed limit cycles, and characterize the dynamics of the system. Then,
we will perform a thermodynamic analysis of the stationary phase. We identify how the
relevant quantities behave concerning the amplitude of said limit cycle and the bias voltage.
Finally, we employ a semi-classical stochastic picture, in order to simulate the effect of the
zero-temperature noise on the trajectories of the clock. This allows us to estimate the
accuracy, and the precision and to compute the stochastic entropy production. Finally, the
current noise and its spectrum are calculated and compared with the other quantities.

3.2 The model

This system (Fig. (3.1)) can be modelled by an Hamiltonian of a movable quantum dot
between two leads [29]. The Hamiltonian is divided into an electronic part, which describes
the single-level quantum dot, which is assumed to be non-interacting, the coupling with
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Figure 3.1: The model: a movable quantum dot, placed between two leads. Both the
energy level of the dot and the coupling are dependent on the position.

the leads, and a parabolic potential, which models the effective elastic force between the
leads and the dot. It reads

H= Hel + Hosc: (31)
where
H, = Hp + Hy + Hjeqas (3.2)
and
HD = Ed(X)CTC, (33)
Hy =Y HY = Tu(X)(a},c + clara), (3.4)
« ka
Hicods = Z Gkaa]t;aakaa (35)
ka
and

1 p?
H,ee = §mw2X2 + 5 (3.6)

where ¢ and ag, are the creation-annihilation operators of the dot and the leads’ energy
levels. X and P are the position and momentum associated with the movable quantum
dot. The energy level of the dot obeys a linear displacement relation

ea(X) =€ —dX, (3.7)

where d is proportional to the applied electric field d = eV 'y, where x is the permittivity
of the system, and the coupling obeys a non-linear dependence on the position

Tr,r(X) = Toexp{FX/A}, (3.8)

where A is a characteristic tunnelling decay length.
As it is customary, we will work in dimensionless units for the momentum =z = X/r

% and €, = vVmhw, respectively the length and energy scale

of the harmonic oscillator, under which the oscillatory part of the Hamiltonian reads

and p = P/e, with ro =

1
Hyse = §(x2 +p?). (3.9)

The other parameters of the problem are re-scaled accordingly using this length and energy
scales. We denote the rescaled parameters with the prime index.
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3.3 The phase transition

3.3.1 The dynamics of the centre of mass

Let us now study the motion of the centre of mass, in order to characterize the phase
transition in the dynamics of the charge shuttle. At the operatorial level, we write this
system of differential equations for the variables z and p

t=1i[H,z]=p
. B I, (3.10)
p=ilH,pl =—-z— TG

By deriving the first equation and substituting the second one obtains Newton’s equation
of motion for the position z(t) in the form

i+ =F(x), (3.11)
where S5
_ Yl
F(x) = B (3.12)

This force term depends on all the operators of the dot and the leads. Therefore, what
one can do is to take the expectation value with respect to their associated states. We will
perform an adiabatic expansion of the r.h.s up to the first order, which produces a non-
linear force term F(©)(z) and a friction-like term F()(z)&. Let us start with the expression
of the force, which is

F— _8H€l _ _8Hel 8621 . 8Hel 6T(; (3 13)
ox Oel, Oz oT!, Ox '
(0%
Changing variable implies the following relations for the derivatives ¢, = —d'¢ and T/, =

N=H=1)*T" & with a = 0(1) for right (left). In terms of the operators entering Eq. 3.11-
3.13, the expression of the expectation value of the force reads

(F) =d'{cle) = Y N =1)*(Th(t)(a},c) + h.c.). (3.14)
ka

Using the definitions of the Green’s function G<(t,#') = i(c(#')c(t)), we can rewrite it as
(F) = =id' G=(t,t) = N1 Y (=) (HP)(1), (3.15)

with o = 0,1 associated respectively with L, R. Substituting the gradient expansion of
G=<(t,t) and (H{})(t) (see Appendix D) one obtains the expression of the force at different
orders.
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As in the previous Chapter, we will use the notation O, for the i-th order of the
adiabatic expansion associated with the quantity . The zero-order term of the force
reads

de | - de
F(O): U iy ) =104 a/ R al—‘, 1
d [ Af ZajA (=) | 5 Re(G™)faTG, (3.16)
upon defining f = M as the weighted average of the Fermi distributions of the

heat baths, whilst the first order reads

d? [ de . - _ o de [ = A
FO = 2/%86fA2+d’Z)\ L-1) F;/%[(ffa)r,

A2,

A _ o de
- 8€fﬁ(€ - ed) + 286fa:| + )\, 2 g‘;(—l) +'8F/OLF/5 %aF/Aaefa (317)

d
+A23r iAaE fa.

Notice that the retarded Green function is G = (¢ — ¢4 +iI'/2)~! (Appendix D) and the
spectral function of the dot is A = W
d

3.3.2 The phase portrait

The next step is to evaluate all these integrals in the zero temperature limit, imposing a
finite frequency cutoff to ensure the convergence of the integrals. This gives a well-defined
equation of motion, which, however, is too complicated to solve analytically. A classic IV-
order Runge-Kutta algorithm will be used to evaluate numerically the dynamics in phase
space.

The phase portrait of the system is pretty interesting: below a certain critical value eV,
the trajectories converge to a fixed point (Fig. (3.2)), which is the equilibrium point
satisfying the condition z = F(©) (z). Above the critical voltage, the dynamics changes
radically (Fig. (3.3)). There is a periodic stationary solution, i.e. a limit cycle, with an
amplitude depending on the voltage bias. This cycle acts as an attractive manifold for the
dynamics. The ideal shape of this limit cycle is circular in the phase space and it obeys
the equation z(t) = A¢ coswt.

One interesting question is how the phase transition is affected by the interplay of all
the numerous parameters of the system. Let us start with the two parameters controlling
the dependence of the energy level ¢; and of the tunnelling strength 77, on x, namely A
and x. In (Fig. (3.4) and (3.5)) one sees how the amplitude of the limit cycle varies with
respect to the parameter \'. The optimal strategy is to choose a combination of \' and x’
that displays maximally the transition. The question of the presence of the transition,
even in the regime of strong coupling, is of great importance. The dependence of Ac on
the bias voltage eV for different values of the ratio I'g/€p is investigated in Fig. (3.6) and
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Figure 3.2: The dynamics for eV < eV converge to the equilibrium point. For this choice
of parameters, the value of eV is 0.33¢,. The chosen parameters are A = 5r,, x = 0.1/r,,
eV = 0.25¢,, 'y = ¢g = 0.1¢,, A = 100¢,. The initial conditions are (z,p) = (zo + €, 0),
where xq is the equilibrium point and € is set to 0.001r,
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Figure 3.3: The dynamics of z(t) for eV > eV, converging to the limit cycle. The
parameters are the same as Fig. (3.2), but we set eV = 0.4¢,. The initial conditions are
(z,p) = (zo + €,0), where zg is the equilibrium point satisfying x = Fy(z) and € assumes
the value 0.0017,
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Ac

Figure 3.4: The critical amplitude vs. the parameter \'.We vary X and fix x = 0.1/r,,
as well as A = 1000¢,, eV = 5¢, and ¢¢ = I'g = le,. Note that for values inferior to
X = 4 there is no limit cycle. This graph allows us to select the values of A’ with maximal
visibility of the transition.
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Figure 3.5: The critical amplitude vs. the parameter \'. We vary X and fix x = 0.2/r¢, as
well as A = 1000¢,, eV = 5¢, and g = I'g = le,.
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Figure 3.6: A heatmap of the critical amplitude A¢ in the region of parameters spanning
from eV = 2¢, to eV = T¢, and T'g/ey from €, to 2¢,. The rest of the parameters coincide
with those of Fig. (3.6). From this image, we can visualize the phase transition, noting
that in the limit cycle phase, the critical amplitude is finite.

(3.7), pointing out to the absence of a limit cycle phase in the strong coupling limit. One
realizes that the relation between the slope of the curves is not simply linear and the latter
one tends to zero for I'g/ey — oo, as there is no shuttling instability in the strong coupling
regime. The critical value of voltage bias seems to follow a linear relation in the considered
interval.

3.4 Thermodynamics and transport in the stationary state

The goal of this Section is to characterize electronic shuttling from the thermodynamic
point of view. We will start by deriving an expression for all the relevant quantities in the
gradient expansion, exactly as done in Chapter 3. We are interested in their behaviour in
the stationary state, namely the limit cycle for V > V.

Let us start by observing that at first order all the thermodynamical quantities can be
written in the form

AW = Fla()]a(t), (3.18)

where F[z(t)] is a generic function of z(t). Therefore when one averages over a period over
the limit cycle its result is

To To
@) = z(t)|x(t) = zF(x) =0. .
/0 QAW = /0 At F[z(1)i(t) j{c deF(z) = 0 (3.19)
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Figure 3.7: The critical amplitude A¢ vs. eV for different values of the ratio ¢y/T'g. We
fix N =5, ¥’ = 0.1, as well as A’ = 1000, I';, = 1. The values are €¢,/Ty = 2,1,0.67,0.5
from left to right. Let us note that for values of the ratio inferior to those depicted in the

figure, there is no phase transition, signalling the absence of a shuttle instability in the
strong-coupling regime

As a consequence, the only relevant contributions are at zero order. This is a completely
different situation with respect to the adiabatic pumping of Chapter 2 because in this case,
only a single parameter is time-dependent.

In order to identify the relevant quantities to be computed, one notes that in the context
of open systems coupled to thermal baths at different chemical potentials (Ref. [37]), the
first law of thermodynamics should be respected in the form

E=W+0+ ) paNa, (3.20)

and one has pj, = eV' /2, up = —eV’'/2. F is the energy variation rate of the system, Q
and W respectively the heat and the work rate. The rates N, correspond to the variation
in the number of particles in reservoir a, which can be interpreted as

N, = —1I,, (3.21)
where I, is the current flowing from reservoir a« = L, R, so that

> palNo =eV'/2(~1IL) — V' [2(~1g) = —eV' - I, (3.22)

since the two currents are equal and opposite (Section 3.4.1). The other constraint ones
has to satisfy (Ref. [37]) defines the entropy production rate X, in terms of Q and the
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entropy S,
TS =9+ X. (3.23)

Moreover, at every order the thermodynamic state functions (see [18]) amount to zero
when integrated over a cyclic process, namely E, S and N. The full calculation for EO) g
in Appendix F. From the definition, the expression of the work in i-th order reads

W = pE=Y4). (3.24)

for 4 > 1 and has no zero order contribution. The only finite quantities at zero order are
Q, ¥ and [,. Integrating Equation 3.20 over a period Tp one can infer that

To Ty ] Ty 0
/ dtQ© = / ity paNO = —eV/ a1\ (3.25)
0 0 o 0
From relation 3.23 it follows that
To T Ty
/ I / dt0© = eV’ / at1® > o, (3.26)
0 0 0

result consistent with Ref. [61]. This quantity is always positive, as it should respect the
second law of thermodynamics. This is because the current flows from the left lead to the
right lead, as a consequence of the sign of the bias.

As pointed out by [29], the evolution of the amplitude of the oscillations should be
proportional to the work done over the cycle fOTO dtWz(t)], assuming a solution of the
dynamics of the form z(t) = A coswt. Then the value of critical amplitude for the limit cycle
Ac can be inferred from the work curves fOTO dtW (A) from the condition fOTD dtW (A¢) =
0. Consequently, we plot the work done over a cycle with respect to the amplitude of
oscillations at fixed voltage bias. In the under-critical phase, the work driving the dot
position is always positive, i.e. the system is stuck in the A = 0 stationary state (Fig.
(3.8)). For V' > V(, the work is negative for the values below Ac and changes sign for
larger A (Fig. (3.9)). This is because the system acquires energy from external resources
until it reaches the stationary state. From Fig. (3.10) it is clear that, after an initial
transient, the work integrated over a limit cycle stabilizes around 0.

3.4.1 The equilibrium charge transport in the stationary regime

As we explained in the previous Section, the calculation of the entropy production, which
is crucial, requires the knowledge of the equilibrium current flowing from each reservoir to
the dot. As in Chapter 3, we define the charge transport in terms of the driving period

o _ 1 [
QY = 7 [t ). (3.27)
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Figure 3.8: The curve of the work W2 over a cycle vs. A in the under-critical phase. One
can see that the work per cycle is always positive for all the values of A.
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Figure 3.9: The curve of the work W2 over a cycle vs. A in the upper-critical phase. The
zero of this graph provides an imprecise estimation of the value of the limit cycle from the
condition W(Ac) = 0. Below this value, the work per cycle is negative as the amplitude
grows, while the sign is reversed for A > Ac.
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Figure 3.10: The curve of the work W integrated over a cycle [t,t+Tp] vs t for eV = 0.5
and the choice of parameters of Fig. (3.3) and the initial conditions (z,p) = (z¢ + €,0),
e = 0.001 . It shows that, after an initial transient in which the system absorbs energy
from the external driving, the quantity stabilizes around its stationary value close to zero.

where
(IL) = —(NL) dt ZaLkaLk (3.28)

In particular, one would like to compute the left current
(I) = —i{[H,NL]). (3.29)

This commutator reads in terms of the mixed Green function [46]

i > Tillapke — h.c.)] = 2Re [ > TGt t)] . (3.30)

kel keL

At zero order the expansion of the charge is (see Appendix D)

/ a1\ = / ’ dT/ QZRe [GR(e TVS<(e,T) + G<(e, T)S™(¢, T)

_/TOdT/2Re[ folh — ff’} /AN /TOdT/ (fL — fr)A

where we used the definition of f. By calculating the right current in the same way, one

(3.31)

can readily verify that the relation Q(O) gg) holds. From the expression, we note that
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this current is maximal when the dot is equidistant between the two leads and tends to for
large x, as it is weakly coupled to one of the two leads.

3.5 The characterisation of the noise

So far, we have considered only the deterministic equations of motion of the centre of mass
of the shuttle. Now, we would like to incorporate the effect of the noise on the dynamics
of the shuttle instability. This is essential for evaluating the performance of this clock.
In order to do so, we will employ a stochastic semi-classical approach. First of all, let us
rewrite the force term as

F(t) = (F(t)) + dF(t), (3.32)

One can interpret §F'(t) as a noise term. Clearly, per definition, it has the property that
(0F(t)) = 0. The key mathematical object we are interested in computing is the correlation
function of the noise (§F(¢)0F (¢')). The latter reads

(OF)OF()) = (F)F()) — (F)){F (). (3.33)

This has to be done by employing the Wick theorem on the Keldysh contour and subse-
quently performing a gradient expansion. The details of the calculation can be found in
the Appendix H.

The results show that the correlation function can be appropriately approximated as a
delta function, viz.

(OF(t)sF(t')) = Dla(t), p(t)]o(t — 1), (3.34)
with the noise correlation function D[z(t),p(t)]. The full system of stochastic differential
equations now reads

T=p
{p — ot Fola) + Py ()p + /D p)E), (33

with
EDe)) =at -1t (3.36)

being a realization of white noise with unit variance. In turn, the correlation function is
expanded in the quasi-adiabatic limit (Appendix H) as

D(z,p) = DO(z) + DO (z)p. (3.37)

This equation can be simulated using a standard Stochastic IV-order Runge-Kutta algo-
rithm [47].

Let us discuss the results one obtains in all the different phases. For V' < Vi (cfr. [69])
the probability density is peaked around the equilibrium point. In contrast, for V' > V¢



58 CHAPTER 3. ELECTRONIC SHUTTLING IN MOVABLE QUANTUM DOTS

the orbits are distributed as an annulus around the limit cycle. However, in this case, the
transition is more blurred, as there is an intermediate phase around the critical point, in
which the presence of a limit cycle does not prevent a non-negligible probability of the
trajectory being around the equilibrium point.

3.5.1 An useful change of variables

Given the structure of the stationary solution, the problem can be efficiently represented
with polar coordinates. This change of variables is informative and can shed new light on
the dynamics of shuttling instability.
The change of variables is defined as

{T = Vet (3.38)

0 = arctan[p/z]| + 0o,

0o being an arbitrary initial phase. With this choice of variables ([39]), the stochastic
differential equations read

i = 2sin0F (r,0) + <2 D(r, ) + 25in 0/D(r, )& (1) (339)
6 =1+ <0F(r,0) — el D(r,9) + <20 /D(r,6)é(t), '

where both &;(t) and &»(t) are two different realizations of white noise with unitary variance.
The functions D(r,0) and F(r,0) read

F(r,0) = FO 4 FMrgin(9), D(r,0) = D + DWrsin(h) (3.40)

This new change of variable allows one to identify clearly the radial fixed point. Firstly, if
one averages over the noise and considers only the differential equation for r

d
T 9sinOF(r,0), (3.41)
dt
the fixed point condition identifies the critical radius A¢ (see Fig. (3.11)). This solution
exists only in the limit cycle phase and allows us to give an estimation of Ag. If one
includes now the effect of the disorder and averages over the noise, the condition reads
dr cos? 6

E:OZQSIDQF(T,H)"‘ .

D(r,9). (3.42)

Evidently, the fixed point tends to shift towards greater values of r (Fig. (3.12)) as the
effect of the noise is included.

The RHS of the differential equation (Eq. 3.35) for # allows one to estimate the average
phase modification over a period

6= 14 COSQF(EQ) _ sin 0 cos 0

r r2

D(r,0). (3.43)
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Figure 3.11: This is the r.h.s. of equation (3.41) when averaged over the angular, plotted

with respect to the r parameter for eV = 0.5, and the same parameters of Fig. (3.2). The
zero of this graph identifies the radial fixed point.

dr
dt

Figure 3.12: This is the RHS of equation (3.42) when averaged over the angular, plotted
with respect to the r parameter for eV = 0.5, and the same parameter choice of Fig. (3.2).
The zero of this graph identifies the radial fixed point when one takes into account the
effect of the noise. One can note it is shifted to greater values with respect to Fig. (3.11)
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Figure 3.13: The solution for the dynamics of 6(t) for small radius: exponential convergence
to an angular fixed point. The value of the radius is r=0.1, with eV = 0.5 and the same
choice of parameters of Fig. (3.2)

An important question is whether, if one fixes the radial coordinate to a given value r*,
one has a uniform motion in the # variable or not. The obtained results signal two different
behaviours: for small values of the radius the dynamics tend to converge exponentially to
a fixed point (Fig. (3.13)), while at higher values of the radius, the dynamics is nearly
uniform (Fig. (3.14)).

The existence of an angular fixed point of the differential equation is the element which
allows to discriminate between these two different behaviours. Then, there is a value of the
radius r¢ above which there is no solution and we demand the latter to be small enough
for the probability of the trajectory to be below this radius to be negligible.

3.6 The clock’s performance

3.6.1 Precision and accuracy vs. entropy production

Having characterized the noise in the dynamics of the shuttle, now we are in the right
place to characterize the performance of the clock and compare it with the relevant ther-
modynamical quantities. In particular, we will compute the resolution and the accuracy.
Then, we will compare it with the entropy production, investigating the relation between
the two, to evaluate the thermodynamic cost of time measurement. The choice of param-
eters we employ is informed by the analysis of the previous sections (3.3.2 and 3.5.1). In
particular, one wants the shape of the limit cycle to be close enough to the ideal circular
shape. Another important requirement is the visibility of the phase transition for finite
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Figure 3.14: The solution for the dynamics of (¢) for large radius: almost uniform motion
in the angular variable. The value of the radius is r=0.3, with eV = 0.5 and the same
choice of parameters of Fig. (3.2)

values of the voltage bias. Finally, the motion of the clock should be uniform, as already
pointed out. With this choice of parameters, we will compute the only thermodynamic
quantity relevant, i.e. the non-equilibrium entropy production, using the results of Section
3.4. Here we plot the average over a period of the entropy production up to the first order
obtained in two different ways: from the deterministic trajectories and as the average over
the stochastic realization of the noise (Fig. (3.15)).

The results highlight the differences between the two realizations: while in the deter-
ministic entropy production, the two phases are clearly distinguishable, in the stochastic
one the transition point is more nuanced, highlighting a superposition between the two
phases (as it is evident also from the stochastic thermodynamics perspective [93]).

The other quantities we are interested in computing are precision and accuracy. Once
one has the simulated trajectories, the periods of oscillation can be computed by counting
how many times the trajectory of z(¢) changes sign. Having obtained the average period,
which for now we call pr, and its variance 0%, we can characterize the precision of the clock,
which can be calculated as 1/pr, and the accuracy as p?/o2 [25] (see Introduction). The
resolution is the rate of generation of the ticks, while the accuracy is the expected number
of ticks before the clock’s reading is off by one tick. We plot the results for different values
of the voltage bias in Fig. (3.15) and (3.16) as well as the relative error (Fig. (3.17)) One
can draw conclusions about these quantities by quickly comparing the graph of the relative
entropy with the ones related to precision and accuracy. There appears to be a direct
proportionality between the accuracy and the entropy production, even if the relation is
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Figure 3.15: The entropy production over deterministic trajectories (solid orange) vs. the
stochastic entropy production computed over N = 100 trajectories (dashed blue). It is
clear that in the deterministic calculation, two curves correspond to the two phases. The
entropy grows steadily and peaks around the transition point, after changing its trend.
The stochastic entropy production follows the same trend, but the transition is smoothed
and its curve lies below because the trajectories tend to drift towards larger values of the
radius. From Eq. (3.31) it is clear that the entropy production, being proportional to the
charge transport, in the adiabatic limit is maximal when the dot is around x = 0.
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Figure 3.16: The precision of the clock. This quantity decreases for small values of A¢, but
after it inverts its tendency. Note that little can be said about the relation between this
quantity and the entropy production. N=50000 was the number of trajectories simulated.
The set of parameters is the same as Fig. (3.3)
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Figure 3.17: The relative error of the clock: its behaviour is the opposite of the observed
one in the precision. There is an increase of this quantity along the interval considered.
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Figure 3.18: The accuracy of the clock. Its behaviour marks a sudden decrease after

the transition point, which becomes smoother for larger radii. The accuracy seems to be
inversely correlated with the entropy production, even if not linearly.

not linear along all the considered intervals. This aligns completely with our expectations
and the results in the literature.

The distribution of the period is different according to the value of the difference of
potential. We consider three different values and sample this quantity with N=5000 ensuing
periods. In the under-critical phase, for eV = 0.2 we obtain a data distribution (Fig.
(3.19)), which one can compare with the inverse Gaussian distribution, having the following
form

2

, p (T — p)?
I(;CT,H,O? = QﬂYIQIB exp { —"Azi;gjjgf (3.44)

which is the distribution of the return time of a Brownian process [77]. The same consid-
erations apply in the upper-critical phase for values of the voltage close to the transition
(Fig. (3.20)). In contrast, at higher voltages, the data binning is not compatible with the
Wald distribution, and it becomes more asymmetrical and sharply peaked (Fig. (3.21)).

3.6.2 The Allan variance

Another key quantity to evaluate the performance of a clock is the Allan variance (see Ref.
[41],[6]), used to quantify the correlation between the different ticks. The former expresses
the deviation of a measured clock signal 6, from a second reference clock, which is assumed
to be ideal.
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Figure 3.19: This is the distribution of the periods for eV = 0.20, when interpolated with
the inverse-gaussian or Wald distribution. The interpolation agrees perfectly with the data
distribution.
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Figure 3.20: This is the distribution of the periods for eV = 0.40, in the upper-critical
phase, when interpolated with the inverse-gaussian or Wald distribution. The interpolation
agrees perfectly with the data distribution and the fit parameters are u = 6.447 + 0.007
and o = 0.191 4+ 0.006. These values are compatible with the ones obtained previously in
order to calculate the accuracy and the precision.
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Figure 3.21: This is the distribution of the periods for eV = 0.70, in the upper-critical

phase, when interpolated with the inverse-gaussian or Wald distribution. The interpolation

does not agree with the data distribution. In contrast, it is more sharply peaked and

asymmetrical.

The measured deviation from an ideal clock is

X(t)=0(t) —t. (3.45)
If one defines IX (s
Y(t) = dif) (3.46)

as the instantaneous difference and integrates it over the period T', obtains the average
fractional frequency difference

t+T
Y(t,T) = T/t dt'Y (t + ). (3.47)

Its variance represents the Allan variance
1
o3 (T) = SV E+T.T) =Y, )% (3.48)
The Allan variance of the clock is computed by partitioning the signal in intervals of length

T. Then one counts the number of ticks in every region. Let X,,(T") be the latter quantity
calculated in the n-th region, then the Allan variance can be estimated as

o (T) = T;Q{(Xn_l + Xny1 — 2X,)%} (3.49)
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Figure 3.22: The Allan variance for different voltages above and beyond the transition
point. The scaling 77! is respected until the time intervals of the order 102. After this
value, one observes a slower decrease in the variance in the upper-critical phase.

The result in Fig. (3.22) highlights for small 7" an adherence to the renewal process
scaling, i.e. 0'}2/ ~ T~ for small scales, with the presence of peaks at multiples of the
period of oscillation. The two phases present the same behaviour. However, at medium
time scales, there is a significant differentiation between the two phases: in the lower-critical
phase, the variance tends to continue to follow the scaling, while in the upper-critical one,
there is a slower decrease.

In general, the decrease of the Allan variance over T signals the increased precision
of the clock when the integration is performed over larger times. The negative peaks,
which appear at multiples of the period, are a consequence of the information yielded by
this quantity over the signal of the clock. Moreover, the differentiation of the two phases
signals that any possible advantage in medium/longer timescales in timekeeping due to the
self-sustained oscillations is eventually lost.
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Chapter 4

Quantum Clocks and Quantum
Batteries

- Where we introduce a new proposal of a quantum clock using the
free-energy resources offered by the non-equilibrium stationary state of
an integrable spin chain.

“The career of a young theoretical physicist consists of treating the
harmonic oscillator in ever-increasing levels of abstraction.”

— Sidney Coleman

4.1 Introduction

Unlike the physical model presented in the previous chapter, there are quantum timekeeping
devices relying on clockwork dynamics defined on a finite-dimensional Hilbert space. The
key example is the thermal clock of Erker et. al. [25]. As we will see, said clock relies on
the concept of the virtual qubit, introduced first in [15]. This smallest thermal machine is
composed of two qubits each interacting with a thermal bath at different temperatures. One
then can engineer a thermal state with a negative temperature from the combined Hilbert
space of the qubits. The latter enables the production of an inversion of population that
can produce work in a nanoscale process. In turn, Erker et.al. used this thermal machine
to construct a thermal clock, by adding a ladder of arbitrary (but finite) energy levels with
a fixed spacing between them, resonantly coupled to the qubit. Once the top of the ladder
is reached, a photon is emitted, which constitutes a clock’s signal.

In this Chapter, we examine the new proposal of a quantum clock, inspired by this one,
coupled to the non-thermal stationary state of an integrable quantum spin chain, driven
away from equilibrium by a quench in one of its parameters. This stationary state, drawn

71
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from a generalized Gibbs ensemble (GGE) [17, 34, 92], has in general a finite ergotropy, and
therefore is a non-passive state. Consequently, this spin chain is a particular realization
of a quantum battery, providing the external resources for the clock’s operation. While a
quantum battery is typically characterized by investigating charging power and quantifying
extractable work [19, 76, 9, 20] here we study in detail the conditions upon which this work
can be used to operate a specific quantum clock.

We will examine particular examples of spin chains, which are relevant for experimental
simulations. In the latter ones, the key results indicate the necessity to cross the transition
point in the quench protocol, bearing a striking connection with the optimal charging
protocol of Ref. [42]. These examples are feasible for experimental simulation using trapped
ions [28, 79, 75] with an astonishing level of control.

4.2 What is a quantum clock? Dictionary of general defini-
tions

What is a quantum clock? To answer this question we follow closely the treatment of
Ref. [86]. We take a quantum clock to be any system described by the laws of quantum
mechanics that provides an estimation of time, intended as the parameter appearing in the
non-relativistic Schrodinger equation. This definition encompasses a wide range of physical
systems [36, 22, 90, 63, 59]. However, one can identify key characteristics a quantum clock
must obey. We will attempt to give some formal definitions and classifications of relevant
types of clocks operating with dynamics described from the quantum mechanical point of
view. This will identify the key desiderata obeyed by the clock we are going to analyze
and how they affect the formal description of its dynamics.

A clock is any object with time-dependent dynamics which can be observed to give an
estimation of time. A key requirement for a clock is independence. An independent /ticking
clock is one for which the measurement of time information does not disturb the clock or
affect the result of future measurements. On a formal level, in the quantum limit, one
can define the state of the clock at time t from the density matrix, by tracing out the
environment

p(t) = TrE[e_iHSEtﬁg%eiHSEt], (4.1)
where ﬁg% is the density matrix describing the state of the system+environment at the
initial time. Please note that in the course of this Section, we are using hats on operators
to distinguish them from mere numbers.

The measurement operators are defined as Kraus operators flk, such that >, ALAk =1.
A direct consequence of the independence principle is that this density matrix satisfies

pt) =" Awp(H) Al v, (4.2)
k
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Figure 4.1: The register of a classical clock.

as a direct consequence of the non-disturbance of the measurement from the independence
principle. This implies that, if the clock is measured at to, then the outcome is independent
of what is measured at an earlier time ¢;. The principle of independence has a consequence
on the structure of the Hilbert space of the clock, leading to the Koashi-Imoto decomposi-
tion. If we have the degrees of freedom of the ”clockwork” {#H¢, },, and those of the display
{HF, }n, and 1 is the register index. Then, the total Hilbert is subdivided into the relative
Hilbert spaces

"= He, @M, (4.3)

and the relative density matrix of the clock at time t is block-diagonal in the register index
n

p(t) = D p(nlt)p(nlt) @ on, (4.4)

where p(n|t) is a probability distribution and p(n|t) is a properly normalized density matrix
and @, is time independent. The measurement operators act only on the display part

and
On =Y Apnindl ¥n. (4.6)
k
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The corresponding probability to measure an outcome k is
P(k) =" pnlt)Tr[A] | A pion] = p(nlt)ag.n, (4.7)
n n

which is a coarse-grained measurement of the probabilities p(n|t). The ay , is another prob-
ability distribution independent of time. This independence requirement justifies neglecting
the display part. We can take a minimal clock to be composed only of the ”clockwork”
part (and the register index)

H=EPHe, (4.8)
p(t) = P p(nlt) p(nlt) (4.9)

Ay = @5“11”. (4.10)

The definition of the essential clock [86] leads to an even simpler structure in terms of the
Hilbert space of the clockwork. The elementary ticking clock has the following structure,
which separates the register from the clockwork

H=Hr @ He (4.11)
p(t) = p(n[t)p(n]t) @ [n)(nlr (4.12)

Ay =1¢c @ n)(n|r. (4.13)

An important characteristic of an essential clock is self-timing. A clock is self-timed if
its dynamics is Markovian and does not require keeping the memory of the environment
for the past in its evolution. This implies a description by a Lindbladian master equation.
In other words, the state at time t depends on the state at time 0 by a dynamical map

pr = Adlpol, (4.14)
where A; is a family of completely positive, trace-preserving maps, satisfying the property
A=A A (4.15)

for all t,s such that 0 < s < t¢. This implies a Lindbladian dynamics of the form

< p(t) = £1p(0) (4.16)
and
p(t) = €™ p(0). (4.17)
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The Lindbladian superoperator has the form

Llpl = il o)+ D wlipLl — 5 > wdLiLy, p}- (4.18)
k k

Furthermore, the Hamiltonian is diagonal in the register states n
H=H, (4.19)
n

and the jump operators on the register connect only one state n’ for a single state n so
that there exists only one pair {n,n’}such that

A N

1L, L1, = L; (4.20)

for R

the projector on the n-th subspace of the clockwork. The requirement of clockwork inde-
pendence states that the clockwork of a ticking clock are independent of the state of the
register. This, in turn, implies

He, = He (4.22)

and

H=HcHr. (4.23)
The dynamics of the clockwork C' is independent of the register state

Trr(Llpe @ [n)(n|r]] = Trr(Lipc @ [n')(n'|7]] vn,n'. (4.24)

A specific type of clock is the graph clock. This quantum clock is an elementary clock
with a graph structure in the clockwork (see Fig. (4.2)). This graph has its transition
rates between all the states and the jump operators who are associated with a shift in
the register. If the dynamics of such a clock satisfies translational invariance, then the
Lindblad operator has the form

Lip) = (La ® Xa)[p], (4.25)
A
where
Xa[ln)(n|]] = |n+ A)(n+ A| vn. (4.26)

As we already pointed out, irreversibility is a property connected to the entropic cost of
measuring time. Translated, it means that the state of the register cannot return to the
same state two times, for at least a subset of indices of the register. If the clock has the
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Figure 4.2: This is a scheme of the structure of the clockwork in a graph clock. We have
included the transition rates between the states A; and the jump operator shifting the
register index n.

property that returns to the initial configuration after each tick, it is dubbed a reset clock.
In that case, the ticks are i.i.d. (independent and identically distributed). A single tick
waiting-time distribution is sufficient to describe everything about the clock.

Let us conclude the present section by noting that these definitions identify a particular
type of quantum clock and are not obeyed by all the examples of clocks found in the
literature. Indeed, as we will see, some clocks can work in the regime of strong coupling with
the environment. Moreover, this treatment concerns only registers with finite-dimensional
Hilbert space, while certain clocks rely on dynamical systems with dissipative limit cycles.
Finally, measurements and coherence can be used as timekeeping resources.

4.3 The thermal clock

Now, let us examine in greater detail the thermal quantum clock by Ref. [25]. This is an
essential graph clock and a reset clock, satisfying the requirements exposed in the previous
Section 4.2. This clock was introduced as a minimal model of a quantum clock powered
by thermal resources, to analyze the fundamental thermodynamic limit of quantum time-
keeping.

This quantum clock uses the minimal model of a thermal machine put forward by
Brunner et.al. [16]. This thermal machine consists of two qubits each one in contact with
a thermal reservoir with fixed temperatures respectively T, and T}, satisfying T}, > T..
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Each qubit has its associated energy Fj > F.. The combined Hilbert space of the two
qubits is {|0)c|0)1, [1)c|0)n, [0)e|1)ny |1)e|1)n}, with associated energies 0, E., Ey, E. + E},.
Each qubit is therefore in the thermal state, viz.

1

= T w7 (00l + =BT )L). (4.27)

i
i = ¢, h. As the article shows, by selecting the subset of the combined Hilbert space {|0), =
[1)¢|0)h, [1)y = 10)c|1)n}, one has a virtual qubit, whose energy spacing is E, = E, — E,
and whose virtual temperature is defined by the relation

E, - E,
Ty, T

This virtual qubit can act as a refrigerator when T, < T, T}, and as a heat pump when
T, > T.,T). Interestingly enough, when T, becomes negative!, implying %’L’ < %, this
qubit acts as a thermal machine. This is because a population inversion is created in it.
This fact means that this qubit can perform work, for example when connected to a ladder
of energy level, by lifting its state. The important concept here is population inversion: in
quantum mechanics, each process is constrained to have its inverse due to the requirement
of the hermiticity of the Hamiltonian. The only way to suppress the inverse process is to
make sure the population of the excited state is greater than the one of the ground state
in the virtual qubit.

Taking advantage of this concept, Erker et. al. [25] designed a model consisting, for
the clockwork part, of a virtual qubit coupled to a ladder of d equally-spaced energy levels.
The jump process takes place from the highest energy level to the lowest, with an emission
of a photon, constituting the signal of the clock. Therefore, the structure of the ladder is
a ring-shaped graph. The Hamiltonian of the model reads

H = Ho+ Hint, (4.29)
where
d—1
Ho= Y B+ Y kBulk)uw(kl (4.30)
j=h,c k=0
and
d—1
Hiypy = gZ(|1>c]0)h|k: + Do (1[0 (k + 1| + hec.) (4.31)
k=0

The resonance condition implies that E,, = Ej, —E.. A pictorial representation of the setup
of this model can be found in Fig. (4.3). As a result of the weak coupling assumption and
the absence of initial coherence, the authors justify a semiclassical biased random walk

!Please note this is not a thermodynamic temperature, so its definition does not create any problem.
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Figure 4.3: A depiction of the thermal clock from [25], involving a virtual qubit weakly
coupled to a ladder of d energy levels. The signal of the clock is produced by the sponta-
neous emission of a photon, taking place once it reaches the top of the ladder. In a) the
whole structure of the clock is depicted, distinguishing between the pointer (the clockwork)
and the external register. b) represents the structure of the clockwork, with reference to
the virtual qubit and the ladder. c¢) represents the virtual qubit, with special reference to
the structure of its Hilbert space.

approximation, resulting in incoherent dynamics of the clockwork. The calculated upward
and downward transition rates satisfy the key relation

Pt — eBub, (4.32)
Py

This semiclassical analysis allows one to compute the average time it takes to reach
the top of the ladder and its dispersion. In this approximation, the state of the ladder
can be described using a time-dependent probability distribution ¢(n,t) [25], where n € Z.
This probability distribution satisfies ¢(n,t) > 0 and ) ¢(n,t) = 1, the normalization
condition. The evolution is governed by the master equation

dq(n,t)
dt

=prq(n —1,t) + pig(n + 1,t) — (pr + py)g(n,t) (4.33)

Now, we denote the mean as x4 and the variance as o2

u(t) = 3 na(n, ) (4.34)
(1) = 3 (n — u(t))2q(n.). (4.35)

n
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The average position of the ladder obeys the following equation

d’f) =2 ”dngf’ 2 Pt — Py (4.36)

n

From its definition, the equation for the variance reads

do(t) da(n, 1) d(t)
=S (= )P — 20— p) L g(n, 1), (437)
Using Eq. 4.36 and the definition of variance, one can infer that
do?(t
v (4.39)

The average time it takes to reach the top of the ladder is given by the ratio between the
ladder dimensionality and the average velocity

; d d
tick = du(t) = — .
@ PP

(4.39)

The replacement of d — 1 by d is due to the assumption of large dimensionality of the
ladder. The precision, then is defined as the inverse of the average period

1 Pr— Dy
R £ v 4.40
Vtick trio d ( )
If one integrates the increase rate of the variance over a period, one obtains
do?(t +
Ao (t) = tyieh— ®) _ d(pT m). (4.41)
dt pT —p i
The uncertainty in the time interval between two different ticks
o(t — trick vVd  |pr+p
Aty = 20 O ) _ T (4.42)
L Pt —pL\ Pt — Dy
The definition of accuracy reads
teick )
N = . 4.43
(Attick ( )
Substituting the expressions (Eq. 4.39,4.42) yields
N:d(m_m) (4.44)
prt+Dpy
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The entropy production, according to the standard thermodynamic definition, reads
ASyick = d(BeEe — BrEh). (4.45)
As a consequence, one can write the random walk bias as

Py _ 2ok (4.46)
Py

Inserting this expression in the accuracy (Eq. 4.6) one obtains

AStick:
N =dtanh [ ——|. 4.47
an [ 5 (4.47)
When one takes the limit d — oo, the expression reduces to a linear relation
ASy;
N — QM, (4.48)

saturating the bounds of the thermodynamic uncertainty relations (Section 1.5). In the
limit ASyer — 00, N — d yields the maximum accuracy for an incoherent clock.

4.4 The clock and the battery

Inspired by the thermal clock described above, we are going to introduce a new proposal
for a quantum clock powered by the stationary state of an integrable quantum spin chain.
This stationary state, drawn from a generalized Gibbs ensemble (GGE) [17, 34, 92], in
general, has a finite ergotropy [4, 5] and is consequently a particular case of a quantum
battery [4, 19, 79, 73]. These integrable models are apt for experimental simulation using
trapped ions [28, 79, 75] with an astonishing level of control.

In this case, only a single qubit is necessary, acting as a frequency filter, which is coupled
resonantly to the ladder of d equally spaced energy levels, whose dynamics mimics the one
described in the previous Section.

The associated Hamiltonian of the model comprises five terms

H=Hp+Hg+ Hp+ Hgr + Hgg. (4.49)
Here Hg is relative to the qubit
Hg = %Oaé (4.50)
Hj is the ladder Hamiltonian .
Hy, = Z kewc};ck, (4.51)

k=0
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Figure 4.4: The setup of the clock consists of a qubit coupled to a ladder of energy levels
of equal spacing €,,. The ladder is resonant with the level spacing of the qubit ¢y so that
€0 = €,. The motion of the ladder is biased and each time the top is reached, a photon
is released with rate I', thus constituting the signal of the clock. The qubit interacts with
the battery, which is used as a free energy source to bias the ladder’s dynamics.

where the creation-annihilation operators 02 /ck are fermions. The resonance condition is
€w = €0, which means that the levels |1)g|k); has the same energy as |0)g|k + 1). The
interaction Hamiltonian between the qubit and the ladder reads

U
[

Hgor=g (UE)CL-HC/? + h.c.), (4.52)
0

B
Il

where g represents the strength of the coupling. The qubit is coupled to the battery through
a specific observable of the latter, whose choice is crucial for the clock’s operation. In terms
of a generic observable A, the qubit-battery interaction term has the expression

Hgp = o)A (4.53)

We will explore different examples of integrable quantum spin chains and their coupling to
the qubit.

In general terms, the initial state of the spin chain is a fully charged battery, corre-
sponding to the highest excited level of the many-body system. The battery is activated
at time ¢ = 0 by quenching one of its parameters from \; to Ay. Subsequently, it reaches
the stationary regime and we couple to it after this relaxation has taken place. The role of
the quench here is to perform work on the battery, analogously to the charging protocol.

A schematic depiction of the clock-battery setup is in Fig. (4.4).
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4.5 The dynamics of the clock

In this Section, we will derive the ladder dynamics in the weak coupling regime, namely
g < €.
The following superoperator represents the effect of the battery on the qubit

Ly =~Dlo”] +1D[o7], (4.54)

in terms of the qubit raising and lowering operators o*, the transition rates of the qubit
states due to the effect of the battery 44 |, and the dissipator

D[A]p = ApAT — %{ATA, p}. (4.55)

One describes the dynamics of the clock in the ”no-click” subspace. The associated density
matrix is po(t) conditioned on no spontaneous emission having occurred up to time t. We
assume the pointer to be in the product state

p0(0) = pq(0) @ [0)(0)., (4.56)

with a generic (unimportant) initial condition for the qubit. The evolution of the condi-
tional density operator is described by the equation of motion

% =i(poH ;= Hegspo) + Loypo, (4.57)
where the effective Hamiltonian is
H.ry = Ho + Hipt + Hsge, (4.58)
and Hy = Hg + Hy, and H;,; = Hgy, and the spontaneous emission term, which is non-
Hermitian )
H.ff = f%c;_lcd_l. (4.59)

4.5.1 The biased random walk model

In the limit v > g¢,I', we use the Nakajima-Zwanzig projection technique to derive an
evolution equation for the conditional reduced density operator of the ladder

pult) = Trolpo(t)) (4.60)

Let us introduce the projector into the separated state, defined as

Ppo(t) = pu(t) @ pq- (4.61)
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We rewrite the evolution equation of the conditional density matrix as

— =L 4.62
I p0, (4.62)
where
where the Hamiltonian superoperator reads
Hoep = i(png — Haep). (4.64)

Let’s transform the density operator to a dissipative interaction picture defined by p(t) =
e %0t po(t). The corresponding evolution of the superoperators is given by

ﬁint (t) = eiﬁ()tinnteEOt, (465)

while the operator H., stays the same, because it commutes with the operator £g. Starting
from the perturbative argument in the coupling strength of the interaction g and I', one
can write

dPpo

dt

valid up to the second order. One then applies the Born-Markov approximation, on the
assumption that vy | > g,I". The next steps are expanding the commutator in the basis of
the jump operators, whose eigenvalues are the energy differences between the levels of the
system, tracing over the qubit states and transforming back to the Schrodinger picture.
On the further assumption of no initial coherence, the resulting master equation for the
population of the levels p,, is

~ t ~ ~
L Pholt) + / A PFLoy () o (1Y P (1), (4.66)
0

dp
— = P D[Bulpw + pTD[BL]pw

dt

2= Dl Uupis + puld — Lold — 1), (467)

in terms of the ladder jump operators B,, = C—LC]C_i_]_. In our case the resulting expression
for py and p| is

pr = 2¢° /000 dte (o™ (t)oT(0)) (4.68)
and -
pL = 292/0 dte™ "t (gt (t)o™ (0)). (4.69)

The ladder operators evolve according to the adjoint Liouvillian operator o~ (t) = eLitg— (0),
resulting in 0~ (t) = exp(—ieg — y4t)o—, where we define v, = 44 +,. Upon inserting this
expression into the definition of p; | we have

pr = 2i<0‘0+)5 (4.70)
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and
2

29 _
P = —<U+0 Vs (4.71)
T+

where these averages are calculated in the stationary state of the qubit.
Using the representation of the qubit density matrix as p(t) = ;(1 + (&(t) - &')) and
inserting it into the Lindblad equation for the dynamics of the system qubit+battery only

drq _
dt

= i[Hg, pql + L4pq

(4.72)

one ends with the following evolution equations for the averages of the spin operators

d{o™) +
= 4.7
o Y+(0™) (4.73)
dfo™)
- _ 4.74
dt T+ <U >7 ( )
and for o,
d{o”
) o) e (4.75)
where 7_ = v — ;. As a consequence, the stationary state has no coherences and
(02)s = = (4.76)
Y+
and the diagonal matrix elements are
(oto )y = s(14+ 2= (4.77)
°2 Y+ .
and
_ 1 Y-
HNe=2(1-— 4.78
ene30-3) -
Inserting these expression in the definitions of py | yields
I
pr="—11+ ] (4.79)
' T+ [ T+
and
2
g -
pL=—\1-— ] 4.80
‘ T+ [ T+ ( )
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Figure 4.5: The precision of the clock for different values of v+ and vy, =1, g = 0.1. As one
can see, the precision is inversely proportional to the dimensionality of the ladder. The
accuracy saturates to a constant value, which is the parameter d, constituting the optimal
value for a clock with incoherent dynamics.

4.6 The performance of the clock and the entropy produc-
tion

One can calculate the key quantities related to the clock’s performance by repeating the
same analysis of Section 4.3, stemming from the semiclassical approximation. Upon defin-
ing v+ = 4 £, one can express these quantities in terms of the qubit transition rates,
as

2
pPr—Dpy  2g9°7-
Vtick = = - (481)
d d 7_2'_
and
N = d(]%-m) — d’Y;’ (4.82)
prtpy T+

(In Figg. 4.5 and 4.6). We can further comment on these expressions by noting that both
the accuracy and the precision are proportional to y_, which represents the degree to which
the random walk is biased and the clock operates at increasing velocity. The dependence
on the ladder dimensionality d is such that the accuracy scales as d, while the resolution as
d~'. The accuracy saturates to d, the optimal value for a clock with incoherent dynamics.

Now, let us compare the performance of the clock with the entropy production per
tick. We can estimate the latter by noting that both the qubit and the battery are in the
stationary state, the only way to determine the loss of information due to the clock is by



86 CHAPTER 4. QUANTUM CLOCKS AND QUANTUM BATTERIES

100

80 4 ;

Gt

104

L LT T T

204

T
80

2‘{] LI{] [il(]
Figure 4.6: The precision of the clock for different values of 74, with ; = 1.This image
shows that the precision is directly proportional to the dimensionality of the ladder.

observing that the random walk starts on a definite position and then this information
We can use the known results for the entropy production in a biased random

is lost.
walk [54]. By calculating the time-dependent change of the Boltzmann-Gibbs entropy

S(t) = —kp X, L log (n, 1)
: p
S(t) = kp(py —py) lnﬁ +ks > [pra(m.t) — pya(n,t)] (4.83)
n,m=n—1
One can substitute the master equation (Eq. 4.33)
d d
q(m, 1)

St)=—kp > > [pra(n —1,8) + pya(n + 1,£) — (pr + py)g(n, )] In

n=1m=1
where the further term at the denominator of the logarithm vanishes due to the condition

Zi:l % = 0. Equivalently
- a y Q(na t)
m=1n=m-—1 ’
This expression can be rewritten as
: L e prq(n,t)
S(t)=kp prq(n,t) — prg(m,t ln(’) 4.86
O=ke X, 3 lrand) - om0l ( FEERS (4:56)
P (4.87)

d d—1
N [mq(n,t)—mq(m,t)]lnﬁ.

m=1n=m—1
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These two contributions can be recast in the form

S(t) = S.(t) + o (t). (4.88)
The first term can be recast as
] d d—1 p p
Se(t)=—kp > > Ipra(n,t) — pg(m,t)] lnp—I — —kplp; —p;]In i, (4.89)

m=1n=m-—1

using the normalization condition. In contrast, the second term is transformed into

o(t) = kp(pr —py) In (i) (4.90)
d d—1
+hp Z_:l P _l[mq(n’t) —pya(m,t)]n <j((:2?)> (4.91)

The physical interpretation of these two is the following: S, (t) is the entropy flow into the
environment, while the second is the entropy production rate. The second term satisfies
o(t) > 0 and upon the condition of local detailed balance, identifying a non-equilibrium
steady state, they satisfy & = —S,. This is the case we are interested in here.
To obtain the entropy production in a tick of the ladder motion one integrates Eq. 4.83
over time

ASjick = kptick(py — py)In 2 = din 2L, (4.92)

by p

In the case of the thermal clock, this expression yields the correct expression
AStz’ck = d[_ﬁcEc - BhEh]' (493)

In this case, the entropy production reads

ASyicr = de[ln (1 + 7) “In (1 - 7)] (4.94)

T+ T+

In the limit of small v_ ~ 0, which implies v+ ~ 7 we can approximate this expression as

ASyick = 2dkp 1= (4.95)
T+
Comparing this expression with the accuracy (Eq.4.6) we retrieve the key relation of Erker
et. al. [25]
_ AStick
2

N

(4.96)
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Figure 4.7: The entropy production divided by 2 and the accuracy vs. ;. We can see
clearly that for 4 ~ v, these two quantities coincide, while for v+ >> < the entropy
production diverges, while the accuracy saturates to d.

in the regime of weak bias?, saturating the TUR bound. The generic relation between
these two quantities reads

(4.97)

AStick
N = dtanh
an [ a }

unchanged from the thermal clock’s results. That is to say, being an incoherent quantum
clock, the relation of Ref. [8] in the context of Brownian clocks holds.

4.7 General Arguments

Let us now examine the conditions in the manifold of parameters of the battery necessary
to power the clock, relative to the choice of the coupling observable, now denoted as A on
general ground.

The first step is to express the qubit transition rates in the spectral representation (known
as Lehmann representation). One can write these rates in the following form [12]

M= i/_o; dreTOTTr[pgy A(T/2) A(—7/2)], (4.98)

where the stationary state of the battery is given by the diagonal ensemble ps = 3 ; pi ki) (Kil,
with pt = | (kiltbo) |* and |1)9) being the initial state. Here, k runs over the energy levels

2In Ref. [25] this regime coincides with 8.FE. — SpEp — 0
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and ¢ is a degeneracy index. Substituting the expression of this stationary state in the
correlation function, one obtains

Trpa A()A0)] =D pi (LA A(O)]1) . (4.99)
!
By expressing the time dependence of the operator one obtains

—iHLt 7 iHLt
;pz@e 5t Ae BA)Z>. (4.100)

Afterwards, we insert a completeness relation and explicit time dependence with the energy
eigenstates of the final Hamiltonian

Zple—it(El—Em)
lm

From this result, one employs the Lehmann representation (also known as spectral repre-
sentation)

2

(1| Am) (4.101)

dw
(A(t)A0))st = / 57 (@), (4.102)
where ,
J(w) =Y p| (U|Alm) | 6(w — By + Ep,). (4.103)
lym
Then, the transition rates can be expressed as
2
v =>_n| UAm) | 6(—€o + By — Enm) (4.104)
Im
and
2
v =Y o (U|Alm) | 6(eo + By — En). (4.105)

lym

Now, let’s observe that the delta function admits a solution, respectively when F;—E,,, > 0
and F; — E,, < 0. So, one can restrict the sum in the previous expressions

2
=Y. p|{UAm)| 6(—e + E — Ep) (4.106)
Ims.t.E;>Em
2
w= >  nl{UAm)]| i(co+ Ei — Ep). (4.107)

Imst. By <Em
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Given these expressions, one can write the bias condition 44 > 7, (exchanging the indexes)

as
2

Z (m —pm)‘ (I|Alm) | §(eo — By + Ep) > 0. (4.108)

Ims.t.Ey>FEn,

So, from this expression, we are in the position to prove three statements:
2
# 0, then v > 7.

1. If p; > pm at g = Ey — By, Y|I), Im) s.t. E; > E,, and | ([|A|m)

Such a state is termed ”active at resonance”.
2

# 0, then v < .

This state can be baptized as ”passive at resonance” in the subspace of non-vanishing
matrix elements.

2. If py < pm at e = E; — By, V|I),|m) s.t.E; > Ep, and ) (I|Ajm)

3. If v > ~|, then the imaginary part of the response function at frequency €y X" (€p) < 0
(see Appendix I) and the converse is also true.

The proofs of the statements are

1. and 2. follow directly from writing the operating condition as:

ST (o) UAIm) [P6(c0 — By + En) > 0 (4.109)
Imst, E;>FEn,

3. can be proven by representing the imaginary part of the response function as

X'(w) = Z i
I,m

Clearly, this expression can be rewritten as

X'(w) = (pk — pr)

kE’

2
(1| Alm) (5@ VB~ En)— 0w —E + Em)> . (4.110)

2

(k|AK') | 6(w+ Ey, — Ep), (4.111)

(Section I). Observe that this expression is similar to the transition rates mentioned
above. As a matter of fact, one can write the relation v, —y4 = x”(€g). This equation
proves directly the statement.

The significance of these results is clear from the fact that, in the absence of degeneracies
in the levels satisfying the resonance conditions, statements (1) and (2) indicate that the
operating conditions depend solely on the quench parameters, not on the matrix elements
of the coupling observable. In the case where degeneracies are present, this no longer holds,
but these can be understood as limiting cases. Statement (3) serves as a necessary and
sufficient condition, providing a criterion for energy extraction from the battery at the
desired frequency.
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4.8 Examples of quantum batteries

Let’s now study the practical application of these statements by choosing specific examples
for the battery. We will analyze, in particular, the Ising and the XX spin chains, in light
of their experimental relevance. For these integrable spin chains, the steady-state response
function has already been the object of previous studies.

4.8.1 The Quantum Ising chain coupled through the transverse field

The first one is the quantum Ising chain in a transverse field. Its Hamiltonian is given by

L L
Hp == (J%0fof, + Vool ) —h) o.. (4.112)
i=1 /
Setting J = 1, the nearest-neighbor coupling can be parameterized as J, = HT’”” and
Jy = PTH
Let’s choose the coupling between the battery and the qubit as
L
Hgp :goaézaj. (4.113)

J=1

This model is exactly solvable through mapping to a free fermionic Hamiltonian (” fermion-
ization”) [60, 72]. Hereafter, we will illustrate this procedure.

First of all, one defines a mapping to hard-core bosons in terms of the spin operators
as
— 201,

—+

b
b;

(4.114)

bl“—i—““
[

These hard-core bosons satisfy the commutation relations at different sites, as ordinary
bosonic operators do, but they anti-commute at the same site {b;, b;} = 1. They verify

the hard-core constraint of "no more than one boson in each site” (b})2\0> = 0. The
Hamiltonian, Eq. 4.112 now reads

L

L

1

Hp = =5 3 00b] 1 + bibjan + (8101 + il )] = (1 = 2ny), (4.115)
Jj=1 =

where n; = b}bj. In this form, it is still not solvable and one needs to implement the
Jordan-Wigner transformations. The latter ones relate these hard-core bosonic operators
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to fermionic operators on the lattice in one-dimensional systems b; = Kjc;, where K; =

. j—1
1T . n;s . . . .
e 2= Spin are mapped into fermions according to

z
J

of = Kj(cl + c;) (4.116)
4= in(c} —¢j).

Assuming periodic boundary conditions and an even number of sites, one writes Eq. 4.112
as

L-1 L
Hp = — Z<C}cj+1 + C;r-c;Jrl + h.e)+ hZ(QC;Cj —1). (4.117)
Jj=1 j=1

Note that in most of the relevant terms in the Hamiltonian, the string operator K; cancels
out. The diagonalization procedure happens by mapping those fermionic operators in the
momentum space. Introducing cg, cj,r€ such that {cg, cL} = 1, their definition and the inverse

L i L —ikj
Ck = Zj:l eﬁ Zj:l e "y
_ L e ikj
¢ =21 fﬁ ke ek,
with an overall phase ¢, not changing the overall commutation relations. The function of

this variable is to highlight the freedom we have in choosing the second axis of the spin in
the xy plane. With our choice of boundary conditions, the set of momenta is defined as

transformation read

(4.118)

2 L L

Upon choosing ¢ = 0, the Hamiltonian now reads

Hp =) Hy, (4.120)
keA
where
Hy = 2(h — cos k‘)(c};ck - C—kCT,k) — 2ik sin k:(c;rfctk — C_jCk)- (4.121)

Notice this Hamiltonian commutes for different momenta [Hy, Hy/| Vk # k'. To deal with
these combinations of creation/annihilation operators at momentum k and —k, one can
define a two-dimensional spinor, known as the two-component Nambu fermionic operator

[6O]
Uy = ( > ) : (4.122)

¥ = (CL c_k) : (4.123)
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obeying the anti-commutation relations
{‘I’L,m U3} = Ok Oap (4.124)

where the index a = 1,2 runs through the components of the spinor. Eq. 4.112 now reads

Hp =) Hy, (4.125)
k

where

Hy, =0} (Hp)aw Vo (4.126)
o,

The matrix Hj can be represented as

_ (2(h—cosk) —2iksink
Hy = ( 2iksink  —2(h — cos k)) ' (4.127)

Equivalently, in terms of pseudo-Pauli matrices 7;
H), = 2(—kJ sin(2¢) sin(k) 1, + kJ cos(2¢) sin(k)r, + (h — J cos(k)) 7). (4.128)

This Hamiltonian is diagonalized by a Bogoliubov rotation, and one finds its spectrum of
eigenvalues €1 = +lei|, divided into the positive and negative spectrum (see Fig. (4.8)),
with

1] = 24/ (1 — cos(k))? + n2 sin(k) > 0. (4.129)
The unitary matrix of eigenvectors can be expressed as a rotation of angle Oy,
Uy = e 19, (4.130)
One defines a new spinor of Bogoliubov fermions

Ty = (1’“ ) . (4.131)

Tk

It is related to the spinor Wy from the relation
T, =Ulv,. (4.132)

In the new basis, the Hamiltonian is, of course, diagonal

€ 0
U.HU| = (6“ _€k> (4.133)

and terms of the transformed eigenstates, now it reads

Hy =Y el T =Y el — vl -e — D). (4.134)
k k
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Figure 4.8: The spectrum of the Quantum Ising model at a) h=0.5 (in the ferromagnetic
phase), b) h=1 in the critical point, ¢) h=2 (in the paramagnetic phase). One can see
the gap between the two eigenvalue sectors closes at h = 1, in the correspondence of the
critical point. Visually, there is no difference between the two gapped phases.

The angle of the Bogoliubov transformation is determined by enforcing condition 4.133

ksin(k)

tan(2@k) = m

(4.135)

Now, let us arrive at the main object of interest for this analysis: the calculation of the
qubit transition rates. From the general definition (Eq. 4.179), one substitutes A, with the
observable of our choice, namely the total magnetization along the z-axis

L L e
=23y / dseF O Ty [paod (s/2)07 (= 5/2)]. (4.136)

j=1j=1"~

In turn, we need to calculate the correlation function over time of this quantity. First of
all, one must use the result for the stationary density matrix and insert a resolution of the
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identity

S X Trlpsol(r/2)0 (=7/2)] = S50 S5y Sva Lws B (kalhy)los (r/2) K B(hy))
(K'B(hp)los (=7/2) kehy)), (4.137)

where the state |ka) = f; .|0). Here the total magnetization must be expressed in the

basis of f,a(h PE After a brief calculation, we find the following expression

L

Y oi=2) Ulr¥, (4.138)
k

j=1

where 7, is the z pseudo-Pauli matrix, by fermionizing the total magnetization and con-
verting it to momentum space. Then, we perform the Bogoliubov rotation

U Ul = 2[cos(20y )0, + sin(20), )o,], (4.139)

where the Bogoliubov angle respects the definition 4.135 in terms of the final hy.
Another ingredient of this expression is the overlap between the initial and final states, viz.
p¢ = | (ka(hys)|1o) 2. We take the ground state of the initial Hamiltonian as the initial
state. That is to say, the latter is

o) = (g) : (4.140)
k,(hi)

such that (7,17(,”)7;67(;%.)) = 0 and <7ik,(hi)7—k’,(hi)> = 1 Vk. However, the initial state is
expressed in the basis of the Bogoliubov spinor of the initial parameters of the quench. In
contrast, the state |ki) is expressed in the basis of the final parameters. One must establish
the relation between the two bases to solve this conundrum.

We recall the relations

- o .
Ly ny) = Uk,(hf)‘l’k (4.141)
~ o .
Cihi) = Up, ) Vi (4.142)
Then, in turn
- o .
Dhny) = Uk,(hf)Uk,(hi)‘I’k- (4.143)

Conveniently, one can define a new non-equilibrium Bogoliubov transform via the subse-
quent relation
Thng) = Up Al ) (4.144)

where |
Ula = UL,(hf)Uk;(hi) = 2O, (4.145)
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ABg = @k’(hf) — Oy, (n,) is the difference between the Bogoliubov angles. In terms of the
latter, one can write the overlaps as

pj, = sin*(A6y) (4.146)
and

Py, = cos*(AOy) (4.147)
Finally, one can express the time dependence of the operator o*(s) = e —iHps eZHf;S,

substitute relations 4.146,4.147 and 4.139 into the correlator (Eq. 4.137), which now reads

% Z [C082<2@k) + sin?(20y,) (sin?(AO )e eI COS2(A@k)6+2i|€k|7):| . (4.148)
k

If one takes the continuum limit, the resulting expression is

2 /2
T J_
Let’s now take into account each of these terms. Plugging the latter expression into the

definition of the transition rates, it is clear that the first term gives a vanishing contribution,
as would generate a term proportional to d(ep) and € is positive. The second term gives

dk [COSQ(QGk) + sin?(20;,) (sin?(AOy, ) e 2kl 4 COSQ(A@k)eJr%e’“'T)] . (4.149)

VB

the contribution

Jo / dr / © e sin?(204 (hy)) sin?(AOy,) e~ 2ilelTFicor (4.150)
™ J_c0 _n
g w/2
== dkd(2|ex| £ €0) sin® (20 (hy)) sin*(AOy), (4.151)
T J—m/2

while the third

/ dT/ dk sin®(20y,(hy)) cos? (AOy, )e2ilexIrFico (4.152)
2

. dké( 2ex| F €0) sin?(204 (hy)) cos?(AOy). (4.153)

™ J-n/2

The existence of a solution in the argument of the delta function implies that Eq.
(4.150) contributes only to 4, while Eq. (4.152) to ;. This leads us to this expression for
the transition rates

é w/2

5 dkd(2]ex| — €o) sin® (20 (hy)) sin?(AO},) (4.154)
T J—7/2

"=
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and )
g [

v dkd(2]er| — €o) sin® (20 (hy)) cos*(ABOg), (4.155)

o). /2
The zero of the delta function’s argument satisfies €, = 5, which implies
(hy — cosk)? + k*sin?(k) = €§/16. (4.156)
This equation admits two solutions k4 = arccosu4, i.e.

hy+ \/ﬁ%; — (1 — K2)(K2 — €2/16)

1— k2

U4 (4.157)
The solutions in Eq. 4.157 require the argument of the square root to be positive. The
latter condition can be rewritten as

2

K
€ > K — ——hj (4.158)

If one assumes to be in the paramagnetic phase hy > 1 and only the k_ solution exists, the
condition is always verified. The other conditions that must be verified are 0 < uq < 1.
The two conditions translate into

€3/16 > (hy —1)? (4.159)
and
€5/16 < h} + K°. (4.160)

From the physical point of view, these two conditions imply that the energy level must be
between the energy gap between the two sectors and the max excursion between the lowest
and the highest energy levels, corresponding respectively to 2¢;—g and 2ek:i%.

Most importantly, let’s analyze the bias condition for the clock v4 > v,. By comparing
the two expressions Eq. 4.184 and 4.185, one can see they translate into

cos(2A0g) [p—p- <0 (4.161)

in terms of the difference between the Bogoliubov angles. This difference can be rewritten
using standard trigonometric relations

cos(2A0y,) = cos(20y(hy)) cos(20(h;)) + sin(20(hy)) sin(20(h;)). (4.162)

From the conditions defining the Bogoliubov rotation, one infers the relations cos(20y) =
h%;’s‘k and sin(20y) = %‘fk The resulting expression of Eq. 4.161 is

(hf — cosk)(h; — cosk) + k2 cos® k
€k, (h,) €k, (hi) .

(4.163)
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Figure 4.9: The L.h.s. of Eq. 4.109 is plotted for different values of h; in the paramagnetic
phase. The quantity is negative only for h; in the ferromagnetic phase. The existence of
the solution is examined in Fig. (4.10)

One can see that the only relevant solution for quenches from the ferromagnetic to the
paramagnetic phase is u_. By substituting it into the latter equation we arrive at

(hf —u_)(hi —u_) 4+ K*(1 —u?)
co\/3/4 = A(hy —u_)2 + 4(hi — u_)?

8 <0 (4.164)

Since 0 < u— < 1 Eq. 4.164 implies that if h; < 1, then hy > 1, indicating that the
quench protocol must cross the phase transition point (this is confirmed by Fig. (4.9)), in
a striking similarity with the charging protocol of [42]

4.8.2 The XX spin chain

Now, let’s consider a further example of an integrable model. We choose a system of tight-
binding hard-core bosons hopping on a ring lattice with L sites with a staggered on-site
potential. Its Hamiltonian is given by

L L
Hp(¢) =ty _(eblbjsr + hc) + V'Y (=1)n;, (4.165)
Jj=1 j=1

in terms of hard-core bosonic operators b;[ /b; and upon defining the number operator

n; = b;bj. The field ¢ represents an external magnetic field, which we can set to zero for
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simplicity, from now on.
The Hamiltonian of the qubit-battery interaction is chosen as

Hop = 91(0HJp=0), (4.166)
where g7 is the coupling strength and the current in the ring Jy— is defined as
Jo=0 = —0sH |40 (4.167)

and has the following expression

L
J¢:0 = —itZ(b}bj_;_l — hC) (4.168)
J=1

This Hamiltonian (Eq. 4.165) is integrable. Using the mapping of Eq. 4.114 it results
in
L

§
iy =Y (@i +alaln) = 5
j=1

L
(—1)07, (4.169)
j=1
which in the literature is known as the XX model with the addition of an external staggered
magnetic field. We can employ the same Jordan-Wigner transformation of the past Section
(Eq. 4.116), resulting in

L L

Hp = tZ(c;CjH +hc)+V Z c}cj. (4.170)
j=1 j=1

In the momentum space (Eq. 4.118) we have

Hp = Z(2t cos k:chk + chck) (4.171)
keA

Represented in the compact form

Hp =Y UlHgT, (4.172)
keA
where
¥y, = < k > (4.173)
C_k
and

Hy =2tcoskr® +V1°, (4.174)
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in terms of the spin 1/2 pseudo-Pauli matrices 7* (o« = z,y,2). The diagonalization
through Bogoliubov transformations is defined with the angle

v
tan[2 = 4.1
an[26] 2t cos k (4.175)
and results in the expression
Hp =Y el Ty, (4.176)
k

with the spinor

Ty = <x“k) (4.177)

and

€ = VAt2cos? k + V2 (4.178)

is the associated energy spectrum (Fig. (4.11)) The phase diagram of this model is the

0.0 o

&

—0.54

~1.04

-15

204

Figure 4.10: The spectrum of the XX model with a staggered on-site potential. We set
t =1 for simplicity. In a) we have the gapless spectrum at V' = 0, while in b) we have the
spectrum in the gapped insulating phase at V = 1.

following: in the critical point V' = 0 we have a gapless superfluid phase, while for V # 0
the spectrum is gapped and the model has an associated insulating behaviour.

Now, let us calculate the rate of the dissipative process associated with the qubit’s
dynamics, namely ¢ . We write these rates in the following form [12]

1 [ .
=1 / dseF O Tr{psT oo (s/2) o (—5/2)], (4.179)
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As before, we need to work out the expression of the current in the ring at ¢ = 0 in terms
of Bogoliubov fermions. We write Eq. 4.168 as

L
Jg—o = —it » <c}cj+1 - c}H.cj) (4.180)
j=1

In momentum space, it admits the following representation

Jo—o = —2t > _sin(k)cler, (4.181)
k
or, more compactly,
Jo—o = ULJL 0y, (4.182)
where
Jp=—2t» sinkr?. (4.183)
k

As in the previous Section (Sec. 4.8.1), the result is proportional to 7. Therefore, the
subsequent passages are exactly the same as in the Ising chain, apart from the prefactor.
Let us jump then to the final results

2 w/2
"= % P k6 (2|er| — €0) sin? (204 (Vy)) sin®(ABy) (4.184)

and ) P
"= % 2 dkd(2]er| + €0) sin® (201, (Vy)) cos(AOy,). (4.185)

The zero solution of the argument of the delta function is the following

€2/4—V?
k* = arccos || O/4t2f. (4.186)

To guarantee the existence of a solution to the previous relation, one must require that

6(2)/4—‘/}2
< -

<1 (4.187)

This relation can be interpreted physically as requiring that ¢g lies in the range between
the gap between the two sectors of the eigenvalues and the distance between the lowest
and the highest eigenstates in energy.

From the expression of the rates we have an additional condition, namely

e/A—Vi+ V2 >0, (4.188)
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which is always verified given the validity of Eq. 4.187.
Again, the operating condition of the clock reads

cos(2A0y)

pe < 0. (4.189)

Substituting the relations sin(20y) = % and cos(20y) = %, one obtains

(2t cosk)? + V;Vy
er(Vi)en(Vi)

(4.190)

When using the resonance condition (Eq. 4.186), we can see the relation 4.189 implies
/4 —V7i+ViVy <. (4.191)

The latter leaves as a consequence that V;V; < 0. Then, the take-home message of this
analysis is that the required quench must cross the critical point V' = 0, which characterizes
the transition from the superfluid to the insulating phase and the opening of the gap
between the two energy sectors.

4.9 The battery’s lifespan

In this Section, we try to answer the following question: how much time does the quantum
battery last? The answer to this question is relatively simple, here we try to give a rough
estimate. The main piece of information we are interested is how this quantity scales with
the battery’s size. Let us start by observing that the total number of ticks over the battery
lifespan is given by the energy available in the battery divided by the energy of the photon
emitted E,p, = (d — 1)eg

EG/U
N, = . 4.192
= (1192)
Therefore the total time is P
% = 4.193
e (1193)

The energy available in the battery can be estimated from the amount of energy available
at the right frequency of the

Eay =Y 2ex0(2¢y, — €o) cos®(ABy,) (4.194)
k

In the continuum limit, this quantity reads

Eq = 2£ / dk2e,0(2€;, — €g) cos?(AOy,) (4.195)
™
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Upon defining the density of states as p(e) = [ dkd(k — €) and appropriately regularizing
this expression, we have

L
Eg = %600(60/2) cos”(AO) | j—tx, (4.196)
leading to the result
T = — _/7* £p(eo /2) cos?(ABy) : (4.197)
X" (eo) 2m .
-1
where p(e) = ‘%%‘ is the constant density of states of the spin chain. The main take-

home message of this expression is the extensivity of the total lifespan, even if one considers
coupling through a global observable, like in the cases presented in the examples. If the
coupling occurs through a local observable, more transitions could be accessible and we
expect the result to be super-extensive. Note that the average energy dissipation rate is
related to the imaginary part of the response function —y” (ep) [80] and the total lifespan is
inversely proportional to this quantity. Finally, we should stress that this is only a rough
estimate, as the condition of the rate of energy extraction being constant is not guaranteed
in the initial and final transient of the battery’s operation.






Chapter 5

Conclusions and Outlook

“Explicit expliceat. Bibere scriptor eat”-"It is finished. Let it be
finished, and let the writer go out for a drink”

— An anonymous monk

In the first part of this Thesis, we introduced and examined two different, but related,
transport problems in the context of quantum dots interacting with multiple baths. In both
cases, the key challenge was to develop a complete and consistent thermodynamic picture,
starting from the resonant level model and using diagrammatic techniques. This analysis
transcends the standard weak coupling approximation, accounting for the hybridization
between the dot and the leads. The dot is an externally driven system, in which both its
level and the coupling with the leads are time-dependent and controlled via external gate
voltage. In this context, it is not viable to find exact analytical solutions, and one must
resort to approximate solutions. In particular, we used the tool of adiabatic expansion
to evaluate finite-time correction to the adiabatic limit. This setup allowed us to build
connections with the transport properties. We studied all this in the context of single-level
non-interacting quantum dots. However, the methods developed here could in principle
be generalized to other time-dependent transport problems, such as transport through
multilevel dots or even interacting systems [33, 83].

First of all, we introduced charge pumping in non-interacting quantum dots. By com-
pleting periodic processes in the manifold of time-dependent parameters, one is able to
achieve a finite charge transport, even in the absence of any bias between the leads. We
examined the subsystem of processes in which a set of limiting conditions is defined, allow-
ing for a quantized transport to be achieved. Focusing on specific cycles and comparing
transport to thermodynamic quantities we have shown that whenever a quantized charge
is attained one expects, together with zero charge noise, zero entropy and a saturated work
per cycle proportional to the speed with which the quantity associated with the quantiza-
tion limit is varied. The results obtained are relative to this specific model but nonetheless
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offer insight into the phenomenon of adiabatic pumping and its thermodynamical implica-
tions, which can be relevant in other contexts (for example Thouless pumps).

In Chapter 3, we presented the quantum shuttle, a similar problem, in which a spa-
tial degree of freedom is present and the time-dependent quantities depend parametrically
through the dot’s position. The problem has been addressed from a wide variety of per-
spectives. First, a complete characterization of the dynamical properties of this model
has been attained. Taking into account the quantum noise, which affects the dynamics of
the system in a semi-classical picture, this has allowed us to calculate the precision and
accuracy and to draw its relations with the entropy production, which is the most relevant
quantity for our purposes, and other information-theoretical quantities. The results of this
comparison highlight a direct proportionality, but not a linear relation, between accuracy
and entropy production, as indicated in the previous literature. The findings of Section 3.6
differ from the previous literature on this subject, as in the present we study a different
regime of validity. The relevance of the adiabatic approximation is discussed in Appendix
G, where it is found to be more appropriate for smaller values of the radius. In contrast,
the semiclassical treatment of Ref. [36] requires large limit cycles and weak coupling.

The methods and the results developed here are significant as they illustrate a rich and
non-trivial behaviour in the thermodynamic significance of the clock’s performance, while
the presence of a trade-off relation between accuracy and entropy production is confirmed.

In Part II, we introduced a novel setup of a quantum clock connected to a quantum
battery. The battery, an integrable many-body system, is driven out of equilibrium by a
quench in one of its parameters. After the relaxation process, it reaches a non-thermal
stationary state, from which it is possible to extract energy under determinate conditions.
We used this fact to couple this system to a quantum clock relying on a discrete Hilbert
space, inspired by previous examples in the literature. The accuracy/entropy production
relation in this framework is investigated and coincides with known results about Brownian
clocks. Our main concern has been to examine all the conditions in the parameter manifold
guaranteeing the clock’s operation. This allowed us to establish a direct relation between
the negative of the imaginary part of the response function of the associated coupling
observable and bias condition in the ladder’s dynamics. By examining relevant examples,
we found these conditions constrain the quench to take place crossing the critical point of
the integrable system. However, it remains unclear whether this is a universal condition
in terms of the model and the choice of a particular class of observables, such as the order
parameter. Moreover, the impact of the choice of local observables on this analysis and in
particular on the battery’s lifespan has to be examined.
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Appendix A

Methods for non-equilibrium
quantum dynamics

In this Chapter, we will briefly introduce the main techniques we apply in the follow-
ing sections to calculate thermodynamic and transport quantities through nanostructures,
namely the Keldysh-Schwinger non-equilibrium Green’s function technique and the scat-
tering matrix theory.

A.1 Contour-ordered Green functions

The non-equilibrium Green function (NEGF) technique has been introduced to calculate
observables in systems driven out of equilibrium by an external perturbation [46, 38].
The general setup we will be working on is that of a Hamiltonian containing an out-of-
equilibrium term, which is in general time-dependent

H = h+ H™(t). (A1)

The part of the Hamiltonian not dependent on time h can have a quadratic part Hy and
an interacting part Hi,; ‘
h = Hy+ H™. (A.2)

One further assumption we will make consists in requiring the system to be in equilibrium
for times prior to the initial time ¢y. That is to say, the perturbation Hy4(t) is switched
on at time ¢y and, before time ¢y, the system is described by the initial density matrix

_ exp(—ph)
A1) = e~ BR)]

In the following, for simplicity, we assume H;,; = 0. Using this expression, our task
will be to calculate time-dependent expectation values in the Heisenberg representation,

(A.3)
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such as

(Ou(t)) = Tr[Ou(t)p(h)]; (A.4)

where the subscript H means that the observable evolves in time according to the Heisen-
berg picture with the full Hamiltonian. In order to transform this expression into one more
suitable for diagrammatic expansion, we express all this in terms of averages with respect
to the free Hamiltonian Hj. Since

T exp [—i/t dt’H(t’)] = exp[—ih(t — to)]T exp [— i/t dt’H”eq(t’)], (A.5)

to to

the time dependence can be transformed from the full Hamiltonian H to the equilibrium
part h in the following way

On(t) = U (t,t0)On(t0)Unl(to, 1), (A.6)

where bt 1 { . [_i /t: dt,ngq(t/)H, (A7)

where we have introduced the interaction representation of the Hamiltonian
Hp“U(t) = explih(t — to)|H"* exp[—ih(t — to)] (A.8)

and T is the time-ordering operator arranging the latest times to the left.
Expanding the time-ordered exponential, one obtains terms of this fashion

T{H”eq(tl) . H”eq(tn)}Oh(to)T{H"eq(t’l) . H“eq(t;)}, (A.9)

where all {t;} and {t;} are between ¢y and ¢. This disposition hints at a more convenient
way to rewrite the expectation value (Eq. A.6), by introducing the appropriate contour 7
(in Fig. ?7), with its definition

C=C 0, = () & (L. 1), (A.10)
" Ou(t) =T, [exp < —i /C dTH,?eq(T)>O(t)} | (A1)

The time ordering along the contour v, T, has this meaning: the operators with time
labels that occur later on the contour have to stand left to operators with earlier time
labels. This expression, if H™ = 0, can be used as a basis for perturbation theory. The
key object to perform a perturbative expansion is the contour-ordered Green function,
defined as

Golt, ty) = —i(Te(bu(t)wh (), (A.12)
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Figure A.1: The ”closed time path” contour C

where Yy are fermionic operators, so that

( ) for t1,t) € Cy
(t1,t})) for t1,t) e C_

G~ (t1,t})) for t; € C_ and t) € Ct
(t1,t)) for t; € Cy and t) € C_

GC(tlﬂtll) =

where we defined the time-ordered Green’s function

GT(t, 1)) = —i(T(Wu(t)vu(t)))) =
= —if(t; — t)r (t)yh (),

the anti-time-ordered Green’s function

GT(t1, 1) = —i(T(Wu(t)vn(th))) =
= —i(0(ts — )Y (t)v] (1),

the ”lesser” Green’s function

G<(t, 1)) = +iln ()Yl (t))

and the ”"greater” Green’s function

G™ (t1, 1)) = —i(wl (t1)Ym (1))
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(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

Note that only three of the Green’s functions are linearly-independent, as the following

relation holds .
GT(tla tll) + GT(tla tll) = G<(t1> tll) + G>(t1a tll)

(A.18)
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For studying non-equilibrium dynamics, the most suitable Green’s functions, as we will see,
are the lesser-greater functions and the advanced and retarded Green’s functions. Their
definition is

G (11, 8) = O(t — (G (b1, 1) — G=(t1,))) (A.19)

and
G(t1,t7) = 0(t) — t1)(G” (t1,t]) — G=(t1,17)) (A.20)

They obey the relation
G -G-=G -G° (A.21)

To obtain a suitable form for performing a perturbative expansion of the said Green func-
tions, one must transform to the interaction picture with respect to the free Hamiltonian
Hy.

G(t1,1h) = —=i{Sgvn(t)w] (1)) (A.22)
where
5§ = exp [— i/CdTH;:eq(T)] (A.23)
TrlpoTc (S [
where
. exp(—ﬁHo)
PO = Trlexp(—BHy)] (4.25)
and
Set = exp ( —1 /C dTHZiq(T)) (A.26)

A.2 Analytic continuation techniques

Now, from the aforementioned diagrammatic expansion of Green’s functions, one usually
obtains expressions in the form of Dyson’s equations or similar, similar to the equilibrium
ones, to which the educated reader is more familiar. These expressions usually involve
convolutions, viz. terms with the structure

C(t,t) = / drA(t,7)B(T,t). (A.27)
C
In this expression, A, B and C represent objects on the contour, such as Green’s func-

tions or self-energies. If one is in the situation of t being on Cy and t’ on C_, then we
are in the presence of a "lesser” function. Once given expressions of this type, it appears
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C

O t

A

Figure A.2: The doubling of the contour integral

complicated to extract C(¢,t') and C*"(¢,t') Let us deform the contour, into an upper and
a lower contour C and Co, as shown in Fig. ?7. Then, one can represent C as

C<(t,t')= [ dt1A(t,t1)B(t1,t') + [ dt1A(t,t1)B<(t1,t) (A.28)
Cl CQ

The sign < means that in the contour t stand before ¢1, because firstly we integrate over
C1 and after over (5. Subsequently, we can write the second term as

t o]
dTA(t,tT)B<(T,t’):/ dt1A<(t,t1)B<(t1,t’)+/ dt1 A~ (t,t1)B<(t1,t")(A.29)

Co t

:/ dty A" (t,t1) B=(t1,t)

—0oQ
Again, the same reasoning can be applied to the first one, yielding
o
C<(t,t) = / dt1[A"(t,t1)B=<(t1,t') + A<(t, t1)B*(t1,t")] (A.30)
—00

That is the first of Langreth’s rules.
Now, we will simply list the rest of the rules, which can be proven in similar ways

C'(t,t) = /OO dt1 A" (t, t1)B" (t1,t) (A.31)

— 00

C”(t,t') = /_OO [A"(t,t1)B” (t1,t') + A~ (t,t1) B%(t1,1')]

C“(t,t’)—/ dty A%(t, t1) B (t1,t)

—0o0

A.3 The gradient expansion

Through diagrammatics, one often is able to obtain a perturbative analysis of the studied
problem. However, the equations obtained can be untractable and it is not always possi-
ble to obtain an exact solution for the Green’s function. For this reason, approximation
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schemes are much needed. One of these approximation schemes applicable when a sepa-
ration of scales is present is the gradient expansion. The first step to implement it is to
introduce the Wigner time coordinates

t+t
= 2 5
T=t—t

T (A.32)

This transformation [48] separates the ”slow” degrees of freedom of the ”time-centre of
mass” from the ”fast” coordinate of the difference of times varying on a microscopic scale.
Thus, one seeks to treat exactly the second and approximately the first. Then one passes
to the Fourier transform with respect to €, the relative coordinate of 7.

Let us return to our convolution structure

Clt 1) = / dsA(t, s)B(s, ) (A.33)
In the Fourier transform
C(e,T) = /dTe_ieTC(T +7/2,T —71/2) (A.34)

Performing a Taylor expansion in 7', for the Fourier transform one obtains this result

C(e,T) = A(e,T)GerB(e, T), (A.35)
where P L1 . R
_ ibral-ban _ 1 _ n
Go = 3 OrO-501) - 5° i (1o, — Do) (A.36)

Expanding the Wigner transform up to first order in the gradients one obtains

C(e,T) = A(e,T)B(¢,T) + %(8@4(6, T)0.B(e,T) — 0. A(e, T)0rB(e,T)). (A.37)

A.4 Introduction to Scattering Matrices

In this Section, we present the time-dependent scattering matrices, useful for describing
transport through a scattering medium. In this context, we are particularly interested in
the problem of a scatterer subject to a periodic perturbation, when the time dependence
enters through a collection of parameters in the Hamiltonian.

The configuration we seek to describe physically is one of two (or more) leads (fermionic
baths in equilibrium), denoted by index i, connected by a scatterer, through many channels,
denoted by the Greek indexes «, 5 (see Fig. A.3).

The scattering matrix relates the creation/annihilation operators of the ingoing operators
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ar_, ar
’ bL ‘ JR* )
Figure A.3: This represents the basic setup concerning the scattering through a quantum
pump

in the channels of the leads [58], denoted by an index «, aq(t) /aL(t) to the outgoing
operators by (t) /bl (t), in the following manner

- Z/OO dt'Sap(t, t)ag(t) (A.38)
/B —0o0

= / ) dt'al(t)(Spa(t', 1)) (A.39)
/8 —0o0

Where « and 3 are the indexes related respectively to the ingoing and outgoing channels.
The scattering matrix has the further property

(St )50) = Seat,). (A.40)
The causality requirement implies that S(¢,t') = 0 for t < ¢. The unitarity condition reads
Z/dtlSag(t,tl)SlB(tl,t/) =6(t—t). (A.41)

B

Let us now evaluate, as an example, the current through the scatterer from lead ¢ = L, R, as
an illustration of the operation of this method. In terms of the ingoing/outgoing operators

reads
Li(t) = ) lak(D)aa(t) — b (£)ba(t)] (A.42)
agct
in units of the fundamental charge e.
Now, let us average with respect to the states of the leads. Substituting relation Eq. A.38,
one obtains the expression of the current, i.e.

(Ia(t)) /dtldtZZ [ ap(t,11) fa(ty —t2) ST (ta, £) = 0(t —t1) fa(t1 — t2)0(t2— 1) |, (A.43)

where we used the relations

(al(Dag(t)) = falt —t))dap (A.44)
(aa(D)aly(t)) = falt' —t)0ap,

and f(t —t') is the Fourier transform of the Fermi distribution function associated to each

bath f(e) = 1/(1 + exp(B(e — u)), while f(t) = d(t) — f(t).






Appendix B

The adiabaticity conditions of the
quantum pump

In this section, we will analyze the conditions on the instantaneous velocity and acceleration
according to which the physical process one is considering can be adiabatic. Following the
method put forward by [44], we will extend the adiabatic expansion of the charge pumped
up to the third order and require that the first order in the expansion of the charge current
is much bigger than the higher order corrections. The first-order instantaneous current can
be rewritten in the form

1 To d.TUZ'
QWM = TO/O dtZAa,i(t)E. (B.1)

This is the adiabatic term, which can be interpreted in a geometrical manner (Brouwer’s
formula). The second order has two contributions

1 [To d?z; dx; dx;

2 (1) i (2) i

QY = 0/0 dt< § By i)z + § Bais () d;) (B.2)
2 1,7

Using integration by part, the second order correction becomes

Bajij=DByij— 80473; (B.3)

@) oB.)(1)

Exactly in the same way, from the third order one can distinguish 2 different terms:

(I9(0) = (I8 (1)) + 16 1), (B.1)
(IE9(0) = Y Cogiu(t) i s & (B.5)
1,5,k
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d?x; d;
(3a) — . L)
UE0) = 3 Do 60 - (B.6)

In order for the process to be adiabatic, one must require the first order in the expansion
of the charge current to be much bigger than the higher order corrections:

(IS @) > (L ), IE )], 118 @))]. (B.7)

let us translate this condition in terms of the coefficients. In this way, one can rewrite the
adiabaticity condition for the second-order correction defining a velocity limit vl(fn)l o () for
which it must be true that

()] < v® (). (B.8)

lim,«

The velocity limit can be defined as

) = 1500

vlim,a

(B.9)
Aa(t) = ZAa,i(t)ﬁi(t)a (B]-O)

Ba(t) = Z Bai j (8)0(1)0;(t), (B.11)

where 0; = I%ll For the third order correction in similar way
1

imt) =

vlim,a

(B.12)

Cal(t) = Cuij(£)Ti(£); (£) Tk (¢). (B.13)

i7j7k“

So, in the end one must require that

v(t) < min[p2) o . (B.14)
Now, let us examine these conditions on our peristaltic cycle, for which z; = ¢4 and

Tro = or.
one can extract an energy scale % and express in terms of the adimensional variables
x = ¢q/T and yo = op/T

2 14+y| 1 212 2
Ag1] = = — . B.15
Aol a2 |22 41 + (1+22)2  (1+a2)? ( )
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1 L 1 L 1 1 1 1 X
-1.0 -0.5 0.0 0.5 1.0

Figure B.1: The adimensional function fa(x,yo) with respect to the variable x, for yo = 1

In the same way, one can compute A, 2. The result is

Aozl = | 2] (B.16)
in terms of z¢g = €p/I". The results of the second-order coefficients are
Bai(t) = % ! i;/o 9. A2, (B.17)
The resulting condition for the derivative of ¢4 is
5 < falw,yo), (B.18)

where fy is an adimensional function which is in fig.B.1 .
Now, let us analyze the third-order corrections for the velocity. Omne can obtain the
expression of the coefficient

c 1 1+ 1 + 1 L 2 1 n 1
« = A - 2 - ; ;
AT 9rs T 2 (z—14)8 " (z+1)° 1+22\ (z—4)°  (z+1)°

(B.19)
) 2 1 n 1 8
—1 - = .
(1+ 22)? (x—1i)3  (z+1)3 (1+22)4
The coefficient C, 222 is also equal to 0.
Therefore, one can express the condition v(t) < vl(i)l as
€d
2 < f3(@,50), (B.20)

where f3(z,yo) is in B.2. Finally, let us consider the limits on acceleration. From the
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Figure B.2: The adimensional function f3(x,yo) with respect to the variable x, for yo = 1
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Figure B.3: The adimensional function g(z,yo) with respect to the variable x, for yo = 1

adiabatic expansion, one can infer that the coeflicient D,qq is

Dan = :;rlj;yo{((w—li)f’ * (xii)5> _ilfw2<($ii)4 - (x_li)4)

(B.21)
. M4 1 1
—i — .
(422 \(z+i)?  (z—i)?
The resulting condition on the acceleration is
€d
3 < 9(z,30) (B.22)

g(z,yo0) is in (fig.B.3). These results appear to justify the claim that the adiabatic expan-
sion is well-defined along the entire cycle, provided that the appropriate bounds on the
derivatives of the time-dependent quantities are respected. However, repeating the same
reasoning with the current noise and the thermodynamic rates would signal that there
are divergences when one of the couplings with the two baths is switched off: 'y = 0 or
I'r=0.



Appendix C

Derivation of the shot noise term
in the first order of the adiabatic
expansion

To derive the ”shot” noise term in the first order of the adiabatic expansion of the current
fluctuations, which is not present in the gradient expansion of the latter quantity, we will
link up with the approach employed in [66], namely the adiabatic expansion of the Floquet
scattering matrix. Furthermore, we show that this approach yields the same results for
the adiabatic expansion of all the other thermodynamics and transport quantities we have
considered in Chapter 2.

The definition of the two-times scattering matrix relates the outgoing states to the ongoing
ones

(o]
ba(t) = Z/ dt1Sup(t, t1)as(ty). (C.1)
6 —00
If one performs the Fourier transform of this expression, what he obtains is

bale) = > / Y Susere +ase ), (C.2)
g /oo

adopting the ingoing energy € as a reference. But we have to note that the scattering matrix
elements are periodic in their arguments S(¢,t') = S(t,t' + Tp). So, it’s more appropriate
to use a Fourier series expansion

ba(e) = Y Shs(e, en)aglen), (C.3)

B mn=—00
where €, = ¢ + nf), and Q = 2T—70r The matrix S¥(e,¢,) is dubbed "Floquet scattering

matrix” and described in a series of articles, most prominently [67].
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The definition of the current noise is
§loa(t,t') = (AL () ALL(Y)) (C.4)
and Al (t) = Io(t) — (Io(t)). It can be rewritten as
0aa(t,t') = (Ia(t)1a(t)) = (a(t)){La(t)). (C.5)
The current operator, in turn, reads
Lo (t) = bL()ba(t) — al(t)aa(t). (C.6)

In the Fourier transform, the noise of the current turns into

8o (t,t) = / dEdE(;Cff:dEmei(EE/>t€i<E"E’”>t’ [((bjl (E)bo(E') — al (E)aq(E"))
(bL(E"ba(E") — al (E")aa(E"))) = (0L (E)ba(E)) — (al,(E)aa(E"))) (C.7)

(DL (E")ba(E™)) ~ (GL(E”)aa(E’”D)]-

We consider the charge-pumped fluctuations, which are defined as

To &0 T T
Qe = / dT/ ars(r+ 27T, (C.8)
0 —00

In the latter, we employ the Wick theorem and cancel the disconnected averages, then
insert Eq. C.3. The expression is further simplified by employing the representation of the
delta function 0(ar) = [%_dte’™. We obtain all the expressions of [66]

8Qaa = 0QM, +5Q3" (C.9)

5t =27y [ 55770 301~ |8 en ) (C.10)

n

and

de €n) — J€m 2 *
5QZZ:TO/W§;;§(J(.( ) 2f( )) (557(676n)5’§5(€76m) (Cll)

Solj;(ep, em)ng(ep, €n))
The Floquet scattering matrix has the following adiabatic expansion

n) 0

SE(E,, E) = S,(E) + TESn(E) + QA, + 0(9?), (C.12)
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with Sp,(E) the n-th Fourier coefficient of the scattering matrix defined as

S, (E) = /O ;z (UG (E) (C.13)

and A, is the first order correction of the quantity. By substituting the expansion, one
obtains the zero and first-order thermal noise

o0 To
SQUI = 2kBT/ ;l—; ( - Z‘Z) [To —/0 dT\Saa(E)F] (C.14)

< de [To dl
1 th oo
T 1
= ks / Ari / ( de) ot dE (C.15)

and

where % is the spectrally resolved current, with its definition
dl oS’ 0Saa os
d;@ - < 8‘;0‘ Soa — 8;““ Saa>. (C.16)

These two expressions can correspond with the ones obtained from the gradient expansion.
The shot noise term has different expressions according to the regime in which one considers
it. In the zero temperature limit kg7 < © and kgT < I'"!. In the zero temperature limit,
the difference (f(E,) — f(Em))? ~ 0(Ey, — 1) — 0(E, — ). Taking the other scattering
matrix elements at the zero order

1 sh Z qQ sym ) (Cl?)

In the high-temperature limit, instead, one can formally write the difference as (f(E,) —

F(En))? ~ < - g{) |n — m|Q2. Then this "high-temperature shot noise” reads

00 2 oo
= [ o5 () Ywercime) (©18)

q=1

Note that this belongs to the second order in the adiabatic expansion. This expression can
be understood by rewriting it in terms of the derivatives and compared with the gradient
expansion. In fact, one has that

S 94, = %&A(e). (C.19)
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Then

QM / dT / { > [a%saﬁslﬁ+saﬁa%slﬁ2aT5aﬁaTsLB
B

-2 Z(@TSM;SL; - SadaTSlg)(aTSa'YSlc'y - SavaTSlw)}'
¥6
(C.20)

The relevance of all these terms is discussed in the next section of the Appendix.

Using this formalism of the Floquet scattering matrix, we now show how to derive the
expansion of all the quantities we have analyzed in Chapter 3. In terms of the operators,
the current reads [67]

1n(t) = [ G OB () — al(E)aa(E) (c21)

The charge pumped is the integral over t of this quantity. After substituting the definition
of the Floquet scattering matrix, one has the following expression

dE
Q=1 [ 5 ZZ ISES (B, Ba) 2 (Ey) - (E)). (C.22)
When shifting the energy variables £ — E — n{2
dE
-1, [ 5 > Y ISTa(En BV (E) — (50 (C:23)
The difference of Fermi functions f(E)— f(E,) — n{Q2 , formally assuming kT > (.

However, one can demonstrate that this gives the correct result in the zero temperature
limit as well. Inserting eq. C.12, one obtains the following expression

oW _TO/dEZZ< )my (B (C.24)

Using relation C.19, we obtain our previous expression of the pumped charge

To dE 95, 5.
D= [ [ ap ety 2
<o /0 2 ZB: S = Sas 5 (0.25)
The variation of the number of particles is obtained from the currents as N =>. I

. de 2iT,A - de de de
(1) = g _ o _ — € R
N E [ed T —I—Fa/4 -2iReG ] €q A F/ ReG™. (C.26)

[0}
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Likewise for the heat current

N /_oo %f D (B =) ) 15as(En, E)(F(E) — f(En)) (C.27)

B

Employing the same reasoning as before, we write the first-order heat exchange as

W _ [TdE, (055 ., OSap
1) = / g1 M)( 00 S0~ Sap (C.28)
and
D=N"1l) (C.29)
The energy current reads
Ipa = / EZZrS (En, E)(F(E) ~ f(En) (C.30)
and at first order
E(l):éd/ ‘;E (— af)A+r/ CQZE (=0 f)ReG™ (C.31)
—oo 2T —o0

Finally, let us introduce the entropy current with lead a;, which has the following expression

1]

° = kp / AEAE iip-pry {mgf(b*( Voo (E) + aly(B)aa(E')) +log(1 — f)(ba( E)BL(E)

(2m)?
+ aa(E)iL(E)]
(C.32)
In terms of the Floquet scattering matrix, the latter reads
dE (E — p)
= [ S B ) Y ISE B B (B) — £(Ew) (€33
n B
Repeating the analysis of the current, one ends up with this expression
- . [T dE(E —p) [ dE (E — p)
1) — i S oV i S oV R
g ed/_m N a6f)A+r/_Oo CEZD Caprect. (030

The work rate W can be obtained by using the first law of thermodynamics. This analysis
can be extended to further orders, and it is concluded that all our results coincide with the
gradient expansion method.
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C.1 Comparison between the leading order terms of noise
in quantum pumps

As pointed out in [66], there are three different regimes in which the different leading
order terms of the noise are relevant. One has three relevant terms for our analysis. The
first is the first-order thermal noise arising from the thermal excitation of the scatterer,
corresponding to Eq. 2.54. It contains an energy scale proportional to kBT%. The
second term is the shot noise term (Eq. 2.55), which contains an energy scale of Q7j. The
third term is the second-order adiabatic shot noise in the high-temperature limit of Eq.
C.18 This term is, strictly speaking, singular in the zero-temperature limit and it contains
an energy scale of %Z?

By examining the ratio of these terms, we will determine the regimes in which each of
these terms is relevant. One can conclude that in the low-temperature regime KpT < €2,
the first-order ”shot” noise is prevalent. There is an intermediate temperature regime
Q < kgT < VOT in which the high-temperature ”shot” noise is prevalent, while in the
high-temperature limit VOr < kgT.




Appendix D

The expansions of the Green
functions in presence of a finite
bias

In this Section, we will extend the treatment of Section 2.3 to the case of a driven quantum
dot, when a bias is present between the source and the drain. As in the previous Chapter,
both the energy level and the couplings are time-dependent.

As one can verify, for the retarded and advanced Green functions one has the usual
form GE(e,t) = (e —eq(t) —|—i¥)_1 and GA(e,t) = (e — eq(t) — i@)_l up to first order in
the expansion.

Let us recall that the lesser component of the Green function G<(¢,t') = i{c (¢')e(t)) is
given by the double convolution

G< = /dtldtgGR(t,t1)2<(t1,t2)GA(t2,t’). (D.1)

The zero order of the series reads

G<O(e,t) = GRu<G? = iAf. (D.2)
where we have defined the non-equilibrium stationary distribution f = Do L.R Firf ¢ The
general expression of the expansion of the lesser Green function is

G<(e,T) = GR(e, T) « 2<(e, T) % GA(¢,T) (D.3)

At first order, it reads

G<W(e,T) = 5 |0.G 92" - atGRaez<] Gh L [86(GRE<)@GA — 9,(GRe)a.GA
(D.4)
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The part dependent on €; yields a contribution —i<d 8 fA2 Now, let us work out the
different contributions to the part which is dependent on Iy

1) ;(8€GRatz<GA - GR6t2<aEGA> =2 %(ifafa)(aeGRGA - Gfo.ah)

: - (D.5)
i . A?
=5 Zaj Lo fo g
2) % < — 9,GRo.x<GA + GR8€2<8tGA>
? i, A2 (D-6)
=Y 5L(iTadcfa) ([GR}QGA + GRGAP) = =5 P0f 1 (e — ealt))

a

3) % <8€GRZ<8tGA - 8tGRZ<8€GA>

. . (D.7)
= %f(il“ f)% <66GR[GA]2 + [GR]28€GA> fr fA—Z

where we used the following relations: 9.GRGA — GR).GA = iAZ F , 0,GIRIA = —¢,0.GR/A +
PFDIGTAPR, Re(GR) = 504 and [GUPGA? = (#)2
Overall, one obtains
_A2
G<(e,t) = zAf—z—@fA2+ Z (F - fj)——z Oef (e — €a). (D.8)

As a consequence, one can identify a non—equlhbrium distribution function
o= F-“ofa- Lo e—ed+z (- 1y D29)
I report here the second order of the expansion, since it will be useful
G<® = —é 92Glore< — 203GR92 < + aEGR832<] GA - % [af(GRz<)a§GA
—20%(GFE)03GA + af(GRE<)8€2GA] - i [ae(aeafffatz< - 9. x<9,GMo,G*  (D.10)
— 9,(8.GFo, 2= — aez<atGR)aEGA} .

Let us then distinguish all the different contributions

(1) = — 9 (GG + GG — 20.GM0.G) =

_1' - é R\2 AN2  ~RAAT. (D-11)
1 2 Lafa TG + (61 - GRG™;
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2) = —éafzﬂafGRGA + GRO2GA — 20,GRO,GA) =

- éraﬁ f [6‘3 <aEGRGA +GlorgA — 285GR8€GA> +17? (a%GRGA + GRatgh

- ZOFGRapGA> + edF< — 204.GRGA — 2GR9%.GA + 20.GTop G + 200G, GA)

— &y (@GRGA + GR&GA> +T <8FGRGA + GRarGAﬂ

= ~lrepg [ed? [(GR)2 (e - 2GRGA} - 1:1 ?((GR) + (G4

2
+ 2GRGA> + iédf‘? ((GR)2 — (GA)2> + 2¢4 éReGR - z‘?zl“]

(D.12)

1
(3) = 00X (03GNG + GROLGE — 0.GT 9, — 0GM0.G7) =
i S Tadefa [ —¢a <83GRGA + GR32GA - 28€GR86GA> +T <8p8€GRGA
+ Gforo.G4 — orGRo.G4 — 6EGRapGA>]

= % za: IO fa [ — ed? <(GR)2 +(G4)? — 2GRGA> -~ if? <(GR)2

- (GA)QH ;

(D.13)

(4) = —iaez<(a€GRa,?GA - oGREGA — 92GRo,GA + 92GRo.GN) =

- %rae 7 [W( _ 2GRO.GA — 0.GR2GA + 9r0.GRor G + apGRapaeGA>
+ &l <8€GR8€€)FGA + 8.0rGT0.G* — orGTO2GA — aSGRaFGA> (D.14)
— &y <8EGRGEGA + 86GR8€GA> +T <aFGRaEGA + aEGRaFGAﬂ

. 2
= ifaef[ — A ReGR — edFQA—ReGR - 6d2A ]

FZ
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1
(5) = Zatz<(aec;f*’batic;f‘ - 8GEd2GA — AaTo.GM + 92GRo,GA) =

%ra fa [r( 2.GE%.GA — orGTArGA — aro.GT oG + 83GR8FGA>]

(D.15)
[ AT
=1 > Tufa [ — 02 ReG }
(6) = —éz<(63GRa§GA + 2GRO2GA — 202 GROLGA + 02GRO,GA) =
- %r f [W <83GRaI%GA + d2atatah — 28p8€GR868pGA> — &y (ELGRC‘EGA
(D.16)

+ 83GR8€GA) +T <8§GR8FGA + 8FGR8§GA>]
i A2 A2
= —Srf[ r2ﬁ + edFZQReGR} .

All these six terms have to be combined

1 A2
62f—ed[ f ReGR

i - A R\2 AN2 RA~A
—4§C;rafar[(G 2+ (G2 - glad - T

i _2‘42 i 2 A R -2 i 2 A R\2 AN2 RAHA
+ el | — z(‘?fAQReGR _ i fA—QReGR + 32? €q0c fo | — 4 (G2 + (G1)?
d 47e 9 € T 4 — atdlUe /o T
. ) _ Y 7A2
— QGRGAH 412 {+ iaz fA((GR)2 +(GM? + 2GRGA> - %ae f?ReGR
A R oA R
ST Zr ) fa ReG + - Zra fa| = il2555 ReGT .
(D.17)

Similarly, the expansion for the greater Green’s function up to first order is the following:
_A?
G7(et) = —iA(l - f) - zfa FA® +i Z (f - f]) 8 [ (e—ea), (D18)

satisfying the relation G (¢, T) = —iA(1 — ¢). The expression of G=(?) is the same as
G<®.

Gin = i{al (t")e(t)), for which the property Gir(tt) = —(Gé,d(tat))* holds. Now, the
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equation of motion for the mixed Green function at equal times reads

Vi) Gyt t) = Vi(t) > (/dt’[GR(t,t’)g,ji(t’,t) + G<(t,t’)g;§i(t’,t)})
k (D.19)
= (/dt’[GR(t,t’)Zf(t’,t) +G<(t,t’)zj‘(t’,t)]>.

Moving to the Wigner transform
< de  p < < A
Z Vi(t)G g (t,t) = %[G (e,8) x X7 (6,1) + G= (e, t) * B (e, 1)] ). (D.20)
k
Up to first order

Zv )Gt t) = /g;[a (e,t)if;(€)T; ——BtGR(e t)id. fil'; +;6€GR(e,t)ifi(e)fi}

+/j;[ A, (f)l;] [ s leWemn;r|

The expression for the Green function of the bath, renormalized by the interaction with
the dot stems from the Dyson equation represented on the Keldysh contour. In terms of
the lesser/greater Green functions one has

(D.21)

G = Ol o + GLISE G + Gl 2155 Gl + GRS G (D.22)
o'k a’ o'
And similarly for the greater component. One has
w7 = 1,1, G IRIA (D.23)

Substituting the expression of the Green functions
T T, 1

e—ed—ige—ek/a/—irﬁ

= ZTaTa/ [Qﬂ'z'fa(e)(s(e — €ka)0 ka + 2mifo(€)0(€ — €xa)
kkl alk/
1 ToTy 1
2mid (€ — €1y (€) +
E_eka+l77+€—€d+22 ( ka)fcx()
v
€ — €k —int|

T TiAf

€ — €po + N

(D.24)
By plugging in the expression for the decay rates and 7ﬂ:n+ = Fimd(€ — €xq ), We obtain
. |
> T.T, G5O = [zfa fa(€)0aer — g faGATQ + TQGRI‘O/ for (D.25)
Lk’ e’ k/
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Similarly for the greater Green function

Ly Tq
S TLTw6hY = [— Ta(l = fal€))0aar + Ta(l — fa)GA &= 5 Gl — fu)
Lk’ fe k/
Lol
—GA(1 = f) 22> |
iA(1 - prepe]
(D.26)
The general expression of this quantity in the gradient expansion is
ST G = iCafo(€)daa + Y _[Gra * TaX4T, T+ G2,
kk! kk! (D.27)
AR m< = G G TS T GRS
At first order, one has four contributions
(1) D) [ae(lrafa)atGA — at(lrafa)aeGA:| 7Fa, +3 [ae(zrafaGA)at(Fa’)
2 2 2 2
. . . (D.28)
— O(iTafaGM)0:(GTa)] = — 7T afalwdGA + [TadcfadtG T,
i i i . 7 i R .
(2) = 5 86(_§Fa)atGR - at(_§ra)aeGR Zroa’fo/ + 5 ae(_graG )at(lra’fo/) ( )
D.29

— 6t(—%1“a/GR)8e(iI‘a/ fur)] = ifa, FuTad.GR — %ra,ae fu®GRT,,
i

(3) = |- §TOGAD) = 0 JTa)0GAD | () + 5 |0~ S TaiANOL )

- ae(—%ra,m f)at(%ra,)] — 0,

(D.30)
/
=S 1 T.GRos DA - Tela gew S Faf"
Y, € — €ko T 1N € — €kra! — 1N (D.31)
G<W(e, 1).

In total:

. . L
Y TTLG5Y = —%Fa Falw O A + %Paag fad AL + —72G=(e D). (D32)
kk/ /k/

Similarly for G>(1)

ak’

ZTTG

a1 r.,T
kkl (e} k}l

Ia(l = fa)Ta0 A+ iraaefaatAra/ + QT“’G><1>(6,T). (D.33)



Appendix E

The expectation value of the
coupling term of the Hamiltonian

The expression of (Hy ) reads

(Hy)=> Valt) > [<0Taka> + <a,t;ac>} = (HE). (E.1)

«a k «

Where we define H{} = V,(t) Y, [CTaka + azac} :

Now, let us derive the expression of (Hy ) up to the first order from the expansion of the
mixed Green function. Up to the first order in the velocity, the gradient expansion yields:

(Hy) =2 Z“"( / ;i; [GR(e,t)i fal€)a — SOGT (e, 1)i0foT o+ LG (e, 1) fa(e)raD

(E.2)
One can rewrite this expression as

(Hy) = 2%: / ;i; [ReGR(e)Fa fo— %OtGR(e,t)iae T + %GeGR(e,t)i f(e)n-] (E.3)

The components which come from the second term of D.20 are vanishing as they are real
or they get integrated out at the boundaries.
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Appendix F

The energy rate at zero order in
the charge shuttle

The zero order of the internal energy has this expression
: d 1 d
) — e (Zete)O 4 = N (0)
E%Y = €d<dtc o)’ + 5 kE <Ta<dtc Aka) +h.c.). (F.1)
The first derivative reads

%CTC)(O) = i([H, ) =iy (Tula,0)© — Tulclara) @) =
ka

(F.2)
0 0
=19+ 1Y =0
for charge conservation (the latter equality is demonstrated in Sec. 3.4.1).
d . ‘ .
%Jaka) = i([H,c'ara]) =i (ea— €ra)(clara) +iY_ Tal{al ara —clc))  (F.3)
ko ko
and likewise
d . .
<£a,1ac> =iy (4= €ra)lafac) =i Tal(al ara — ) (F.4)
ko ka
Therefore one has (see Appendix D)
i
5 Z(ek’a - ed)(Ta<CTaka> Ty <aLaC>) = Z(Eka - Ed)Re[Ta(t)Gika(t)]' (F5)
ka ka

In terms of the mixed Green function G5, (t',t) = i(azi(t)c(t’)). Substituting the expres-
sion of this Green function (see Appendix D) yields

= Z(eka —¢€q)Re [ / dt' GR(t, YSS(t ) + G=(t, )24, 1) | (F.6)
ka
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At zero order this expression reads
de R. Lt
=> Re o (¢ =€) GMilafo+iAf Ta )| =0, (F.7)
7

where we substituted the definition of f=3"_ F"Ff =3




Appendix G

The adiabaticity conditions in the
electronic shuttle

In this Chapter, we will check the validity of the adiabatic expansion we have employed
in the main article. To do so, we compare the current calculated at different orders. In
particular, the condition for the adiabatic approximation to be valid, the leading-order
contribution of the current should be larger than the subsequent orders of the expansion.
This condition reads

QY > M, Y. (G.1)

Since the first order of the expansion of the current over a period of the stationary solution
is trivially null, we concentrate on the second order.

Following the calculations of Sec. 3.4.1, we extend the treatment of the current to subse-
quent orders.

At first order, we obtain

To To
QY = 1 / dr(Ip)t / dT / —2Re [8TGR(6,T)3JLFL —0.G"(e, T)fLLL
—9.G<(e, T)~T ] / / [G< (e, T)=~ F]
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As pointed out, this expression vanishes as all the first-order quantities. Now, let us turn
our attention towards the second order of the current. Its expression reads

(2) 1 2 17 de 2 ~R: a2 2R ¢ T
Qr :To/ dT<IL>():TO/ dT/ 167r2R€[8TG 102 fLl' +0.G ™ ifrl
0 0

R. . 1 To dE <(1) Z .
— 200G 0 fr.l'p | + — dT' | —2Re|0.G~\V(e,T)=T"1,
To Jo A 2
Lo de <@ 7)° Lo de 20 AR LT
(G.3)

The last term vanishes if the integration over the e variable is performed.
Once one calculates all these integrals, one is able to calculate the second order of the
current over a cycle. The final expression in the zero temperature limit is reported below

1 [T
Qf) = )\72? / dTFLFR <WO(1"7€07X))‘76V) FO) + W1(1:7€07X))‘76V) F0)>7 (G4)
0.Jo

where the two functions are defined as

Wol(z, €, X, X, eV, Tg) = i ( — F%W(GR@V/Q) +GA(eV/2))

2, 2V R ey ) <GA<eV/2>>21),

—eV/2)

Wi(z, €0, X, A, eV, Tg) = ﬁ [ - 1/2A( - (GE(—eV/2) — GA(—eV/2)) =T TR

2(—e
A(FZV/2)(GR(—6V/2) + GA(—eV/2)) +iA(—eV/2)[(GT(—eV/2))? — (G4 (—eV/2))?]|.
(G.6)

We plot the ratio between the second order of the current and the leading order contribution
in Figg. G.1 and G.2. This analysis points out that the adiabatic expansion is valid close
to the transition for small values of the limit cycle. Then, the corrections to the leading
term become prevalent.
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Figure G.1: This is the ratio between the current Q) and the leading order Q(© plotted
for different values of eV and the same choice of parameters of Fig. 3.2. The results
indicate that the adiabatic approximation ceases to be appropriate for large values of eV

0.8

0.7

0.6

0.5

0.4

Q2o

0.3

0.2 1

0.1

0.0

10

Figure G.2: This is the ratio between the current Q(L2) and the leading order Q(LO) plotted
for different values of eV and the same choice of parameters of Fig. 3.2. The results
indicate that the adiabatic approximation ceases to be valid for large values of AC.






Appendix H

The calculation of the correlation
function of the force fluctuations

The correlation function of the force reads
(OF@)OF()) = (FO)F () — (FONFE)). (H.1)
The expression of the force is in eq. 3.14. Plugging it into the correlation, one obtains

(6F(t)SF(')) = <<dcTc =S A=) (Taaf o+ h.c.)> (t) <dcTc = A=) (Tl e
ka

o'k’

+ h.c.)> () — <<dcTc =S A=) (Taaf o+ h.c.)>>(t)<(dCTc =Y A=)
kOL Oél,i'/
(Taa;rmc + h.c.)>>(t')
(H.2)

Now, we have to calculate each of these terms separately, up to the first order of the
expansion. From the expression of the correlation written above, one can distinguish three
different contributions. Each one of them is calculated separately in the adiabatic limit.
The first one reads

W)= (<c*c<t>c*c<t'>> (o)t (cte) <t’>) (1.3)

In order to evaluate the first expectation value, since we are dealing with a quadratic model,
one can use the Wick theorem for the full Green function on the Keldysh contour:

(Telce(t)ele(t)]) = (Telee']) (0)(Telee ) (t) — (Tele(®)e ()N Tele()e (2)]) (H.4)
In terms of the contour-ordered Green functions [46] eq.(H.4) reads

= 1G(t, 14 )iG(t, t) — iG(¢, 1" )iG(t', ) (H.5)

151



152APPENDIX H. THE CALCULATION OF THE CORRELATION FUNCTION OF THE FORCE FLU

Using Langreth rules (Chapter 2) one rewrites the expression as
=iG<(t,t)iG<(t',t') —iG<(t,t")iG~ (', 1) (H.6)
The first term of Eq.(H.4) cancels the second term in eq.(H.3). As a consequence of that
(1) = d*G=(t,t"G~ (¢, 1). (H.7)

At zero order it reads

(1) = d2 ( / ;l; T G<O) (e, T )) ( / ;l:e_ielTG>(0)(e,T)), (HL8)

which amounts to
([ o af) ([ 2 ) )

In the first order, this correlator reads

32 de eler <(1) /del —ie'T >(0)( 1 g2 /d6 ieT (< (0)
d </ 5. ¢ G~(e,T) 5 € G-V, T)) d 5 G~ (e, T)
/
></d€ e_iGITG>(1)(6/7T))>.
27
One can evaluate this expression
d _A? de’ oie'T
—d2</2; T Eda fAQ—i-Z f f]) 8f (e—ed)]> (/ 5 ¢ A(l—f))

€ € . € — 2 i A2
_d2</;l7r zeTAf></C2l7TezeT[2da€fA2_Z (f f])Ai_’_ 6fA (E—Gd)o.
] (H.11)

(H.10)

All these Fourier transforms have been computed numerically in the zero-temperature limit.
Similarly, for the second term of eq.(H.1) one can write

2) = —d/AY_(~)*(Ta(®)Ta(t')[af ¢ + clara] (O[] () + [cle] (1) [af ¢ + clara] (')

) = Tu(t)([af,c + claral (D) e(t) + (cTe(t))([afuc + claral () Tu(t)).
(H.12)
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In terms of the Green’s functions

=—d\! Z (G,jad(t )G (1) + G=(t,t")Gp, 4t t))
(H.13)
—dxt Z(—l)aTa(t’)< S )Gt 1) + G ()G () t))
ka
Let us rewrite this quantity as
= —d\~ IZ 1)*G<(t,t) ( To(t)Gro 4t 1) —I—Ta(t’)Gika(t’,t)>
(H.14)

6 ) (TGt ) Tl (1))
The gradient expansion can be performed in the same way as before

- 12 (/ gier <0 ))(/Z; T, Gd,ja)+hc]> (H.15)

at zero order. The first order reads

/
A~ 12 ( / Gl >) ( / Z—;e‘“'T[TaGi;ﬁg) +h.c.]> +dAT Y (-
ka

de €T de —ielT
</2W G<())</2W [TG;,C(Q)—ic])

(H.16)

Now, the third term of the correlation (H.1) reads

-2 Z To () [<[agac + ctagal (W)al e + cfara) (1))

@ k/ (H17)

— {laqe + claral (t)laf ye + c*aka1<t’>>] -

Then rewriting the 4-order correlation in terms of Green’s functions
=\ Z(*l)aa/Ta ( ){Gka d(t t/)G k! \d (t,’t)
o/%’

+ Gora )G o (1) + G=(t,1)GZ, (1) (H.18)

ka

+ G5, (t,t’)G>(t’,t)}.

o'k’
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There are two components

/ de de de _;
_ 2 _ 1\t ieT <(0) v —idr >(0) A€ _jer
(3.1) = A Z( 1) {/277 [Ta Gdka]/% TGy ol + /27re

kk'

0)7% de' ZGT 0 de ’L€7' de’ —ZGT 1
TG [ S TGO+ [ ST ITaGil) [ e TG0

(H.19)
de zET de' —i€'T de —i€T *
+ [ et [ Soe TGN+ [ e TG
de’ ele'T 0 de e leT de' ele'T 1
[ Seerma oy + [ et moil [ e ey
and
/ de de de ;
_y—2 _1\ata ieT < (0) “e  —idr >(0) T eT
A Z( 1) {/27r G /27r [To T G,k,] 5
Y
[TaTa/Gi(O)]\/dE —ie TG>() /d€ ze‘rG<( )/d6 —ie’ T[T T.G ’(k’)]
i 27 s 27 Yoot (H.20)
/de Z€TG<(0)(6 T)/‘d6 —ze‘r[T T, G ()] /de ’LET[T T.G ()]
2m 27 /k, 2m “ ak'

de —ie'T ~>(0) /d6 ieT <(0) /del —ie'T ~>(1)
/27T G + 27re [TaTa/Gf/%/] 27re G

Adding all these different contributions allows one to arrive at the final form of the force
fluctuations

(SF(SFH)) = (1) + (2) + (3). (H.21)

Now, let us plot the leading order of the correlation with respect to the time 7 =t — ¢/
(Fig. H.1). One can see that it is well approximated by a delta function. This justifies
assuming a noise which satisfies

(€) =0 (H.22)
and

()s(t) = D(w,p)d(t —t') (H.23)

The diffusion coefficient has the subsequent expansion
D(x,p) = DO(x) + DY (2)p + O[(Q/Ti 00)*] (H.24)

The coefficients D;(x) are calculated on the basis of the expansion of the force fluctuations
up to the first order.
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Figure H.1: This is the zero order of the expansion of the correlation function in the time
domain, plotted versus 7 = t—t'. The parameters chosen are x=3, eV=0.5 and the selection
of figure 3.2. This image shows that the equal times component at 7 = 0 is indeed prevalent
and the white noise approximation is relevant.






Appendix 1

The imaginary part of the
response function

In this Chapter, we will define on general terms the steady-state imaginary part of the
response function. Suppose one starts from a Hamiltonian depending on the initial param-
eter of the quench \;, H()\;) and the system is prepared in the initial state |1)g). Then,
the parameter is quenched to Ay and subject to an external time-dependent perturbation
V(t) = h(t)B. For any generic observable A, the expectation value in the linear response
regime reads

(A)(t) = (4)(0) + /O dtxap(t, () (11)
where
xap(t,t') = —i6(t — ) (ol [A(t), BE)] o). (12)

Let us rewrite the latter in terms of the time variables T = t‘g—t, and 7 =t —t' and average
over the centre-of-mass time variable

Lan(r) = —i0(r) lim % /0 ' dt’Tr{ 2(0) {A(T +7/2), B(T — 7/2)} } (1.3)

T—oo

where the initial density matrix is p(0) = |¢o)(¢00|. The expression inside the parenthesis
can be rewritten as e 4T [A(7/2), B(—7/2)]etsT. After averaging, the trace over p(0)
can be performed under the diagonal ensemble, representing the stationary state pg =
> ki P |¥n.i) (¥ i|, where pj is the overlap with the initial state and ¢ a degeneracy index.
At the end, one obtains

Xa,B(7) = =i0(7) Y paltnl[A(7/2), B(=7/2)][tn)- (I.4)
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In this case, y(w) represents the Fourier transform of x4 p(7) and " (w) = —Imy(w).
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