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Abstract. We prove a normal form for contact forms close to a Zoll one and de-
duce that Zoll contact forms on any closed manifold are local maximizers of the
systolic ratio. Corollaries of this result are: (1) sharp local systolic inequalities for
Riemannian and Finsler metrics close to Zoll ones, (2) the perturbative case of a
conjecture of Viterbo on the symplectic capacity of convex bodies, (3) a gener-
alization of Gromov’s non-squeezing theorem in the intermediate dimensions for
symplectomorphisms that are close to linear ones.

Introduction

Metric systolic geometry. A classical problem in Riemannian geometry con-
sists in bounding from above the length of the shortest closed geodesic on a closed
Riemannian manifold (W, g) by the volume of the manifold. In other terms, one asks
if the systolic ratio of (W, g), i.e. the scaling invariant quantity

L Emin(g)n
pSyS(W7g) A VOI(VV, g))

where n = dim W and #p,i(g) denotes the length of the shortest closed geodesic on
(W, g), is bounded from above on the space of all Riemannian metrics on W. The first
investigations on this problem go back to Loewner, who in a course given at Syracuse
University in 1949 proved that the systolic ratio of the two-torus is maximized by
the flat torus that is obtained as the quotient of R? by a lattice generated by two
sides of an equilateral triangle (see [Ber03, Section 7.2.1.1] for two different proofs
of Loewner’s result). Shortly afterwards, Pu [Pu52] showed that the systolic ratio of
the projective plane is maximized by the round metric. A very general result, still in
the framework of non-simply-connected manifolds, for which one can obtain closed
geodesics by minimizing the length of non-contractible closed curves, was obtained
by Gromov [Gro83]: The systolic ratio of any essential manifold is bounded from
above by a constant depending only on the dimension. Here, a closed manifold W is
called essential if its fundamental class is non-zero in the Eilenberg—MacLane space
K (w1 (W), 1) of its fundamental group.
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The first result about simply connected manifolds is due to Croke [Cro88], who
showed that the systolic ratio of the two-sphere is bounded from above. Interest-
ingly, the round metric does not maximize psys(SQ, -), whose supremum is currently
unknown, but it is a local maximizer. More generally, all Zoll metrics on S?, i.e. met-
rics all of whose geodesics are closed and have the same length, are local maximizers
of the systolic ratio (see [ABHS17] for the local maximality of Zoll metrics among
suitably pinched metrics on S? and [ABHS18] for the case of an arbitrary Zoll metric
on S?%). The question whether the systolic ratio of a simply connected manifold of
dimension at least three is bounded from above is open, even for spheres. Equally
open is the boundedness of the systolic ratio of non-simply-connected non-essential
manifolds, such as for instance S? x S': The minimal length of a non-contractible
closed curve can be arbitrarily large on any non-essential manifold of unit volume,
see [Bab93, Bru08], but this does not exclude the existence of short contractible
closed geodesics.

Consider now a Finsler metric on the closed n-dimensional manifold W, i.e. a
positively 1-homogeneous function F' : TW — [0, 400) that is smooth and positive
outside of the zero section and such that the second fiberwise differential of F2
is positive definite outside of the zero section. The systolic ratio of (W, F) is the
quantity

L gmin(F)n

PsyS(VVa F) = vol(VV, F)’

where fmin(F') denotes the length of the shortest closed geodesic on (W, F') and
vol(W, F') is the Holmes-Thompson volume of (W, F'), which we normalize so that it
coincides with the usual Riemannian volume when F' = /g is Riemannian. Several
other notions of volume, such as the Busemann—Hausdorff volume, can be defined
on a Finsler manifold, which yield corresponding systolic ratios and reduce to the
Riemannian volume when F' = /g, see e.g. [APT04]. As we will see, the Holmes—
Thompson volume is the natural one when generalizing to Reeb flows.

Both Gromov’s and Croke’s results about the boundedness of the systolic ratio in
the Riemannian setting extend to the Finsler setting. Indeed, bounds on the Rieman-
nian systolic ratio imply bounds on the Finsler one by a combined use of Loewner
ellipsoids and the Rogers—Shephard inequality in convex geometry, see [APBT16].

Contact systolic geometry. In [APB14], Alvarez-Paiva and Balacheff proposed
to extend questions from metric systolic geometry to the broader setting of con-
tact geometry and Reeb dynamics, in which one can take advantage of a larger
symmetry group. We recall that a co-oriented contact structure £ on the closed
(2n — 1)-dimensional manifold M is a maximally non-integrable, co-oriented hyper-
plane distribution & C T'M. We call any one-form o on M such that £ = kera a
contact form supported by the contact structure £. In this case, the top-degree form



GAFA ON THE LOCAL SYSTOLIC OPTIMALITY OF ZOLL CONTACT FORMS 301

a A da™ ! is nowhere vanishing. Therefore, v A da”~! is a volume form on M, and
the volume of M with respect to it is denoted by

vol(M, «) ::/ aAda™ L,
M
Moreover, the contact form « induces the Reeb vector field R, on M, which is
defined by the conditions

1, da =0, g, = 1.
It is then natural to define the systolic ratio of (M, a) as

Tmin(a)n

pevsM0) 3= L0 )

€ (0, 4o0],

where Thin(a) denotes the minimum of the periods of all closed orbits of R,. Here,
Trnin (@) is defined to be +oo if R, does not have any closed orbit. Note, however,
that the Weinstein conjecture, which has been confirmed for many contact manifolds,
asserts that any Reeb vector field on a closed manifold has closed orbits, 50 psys (M, a)
is expected to be always a finite number.

An important source of examples is given by starshaped hypersurfaces in the
cotangent bundle T*W of any closed n-dimensional manifold W. Here, a hyper-
surface M C T*W is said to be starshaped if every ray in each cotangent fiber
emanating from the origin meets M transversally at exactly one point, and we take
as contact form on M the restriction of the Liouville form pdq of the cotangent
bundle T*W. If such a hypersurface is fiberwise strictly convex, then it can be seen
as the unit cotangent sphere bundle S7.W of a Finsler metric on W. Moreover, the
Reeb flow of the associated contact form ap is precisely the geodesic flow of F. In
particular, Ty, (ap) coincides with £,y (F') and the two volumes are related by the
identity

vol(SEW, ar) = nlw, vol(W, F),

where w,, denotes the volume of the Fuclidean n-ball of radius one. Therefore, the
Finsler systolic ratio of (W, F') coincides up to a multiplicative constant with the
contact systolic ratio:

PsyS(Sli“VVa ar) = (W, F).

Mpsys
While in the metric case one considers the systolic ratio on W as a function of the
metric F, in the contact case it is natural to study the systolic ratio on (M,§) as a
function of the contact form « supported by £. This is indeed an interesting problem,
as the space of such contact forms is infinite dimensional, being parametrised by
positive smooth functions f on M via f — a = fa,, where ay is a fixed contact
form. At the same time, the dynamics of Ry, is highly dependent on the positive
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function f, and the class of Reeb flows of contact forms supported by a given contact
structure is extremely rich: For instance, all Reeb flows on a starshaped hypersurface
M C T*W can be seen as Reeb flows on the same contact manifold (S*W,¢), where
S*W denotes the abstract unit cotangent bundle of W.

In investigating the systolic ratio on the space of contact forms supporting &,
we distinguish between global and local properties. As far as global properties are
concerned, Alvarez-Paiva and Balacheff asked whether the systolic ratio is bounded
from above. This question was given a negative answer: Any closed contact man-
ifold (M, &) admits contact forms of arbitrarily large systolic ratio. This was first
proven for the tight three-sphere in [ABHS18], for arbitrary contact three-manifolds
in [ABHS19], and in full generality in [Sag21]. In particular, without the convexity
assumption a starshaped hypersurface in T*W can have an arbitrarily high systolic
ratio, for every closed manifold W.

As far as local properties are concerned, a special role is played by Zoll contact
forms, that is, contact forms such that all Reeb orbits are closed and have the same
minimal period. Alvarez-Paiva and Balacheff showed that if « is a critical point of
Psys, then it is Zoll. Indeed, if the Reeb flow of a contact form a has an orbit that
does not close up within the minimal period Ty («), then all nearby orbits do not
close up before Ty (a), and one can modify « near this orbit and change the volume
at first order while keeping Tinin(«) constant. See [APB14, Theorem 3.4] for more
details.

Zoll contact forms were introduced by Reeb in [Ree52] under the name of “fibered
dynamical systems with an integral invariant” and are also called “regular” in the
subsequent literature, but we prefer the term “Zoll”, which we borrow from metric
geometry: As recalled above, Zoll metrics are those Riemannian or Finsler metrics
all of whose geodesics are closed and have the same length.

Zoll contact forms have an easy description that is due to Boothby and Wang
[BW58] (see also [Gei08, Section 7.2]): If « is a Zoll contact form on M and T is the
common period of all its Reeb orbits, then the quotient of M by the free S'-action
given by the Reeb flow is a symplectic manifold (B,w), and the pull-back of w by
the projection map is (1/7")da. Moreover, the cohomology class [w] is integral and
is the Euler class of the circle bundle M — B. It follows that the systolic ratio of a
Zoll contact form « is the inverse of a positive integer:

1
PsyS(Ma ) = —

N’
where N = ([w]""!,[B]) is the Euler number of the circle bundle M — B. For
instance, the standard contact form on S?"~! is Zoll with common period 7 and
systolic ratio 1, and the corresponding circle bundle is the Hopf fibration S**~1 —
CP"~!. Actually, the Hopf fibration gives a universal model for all Zoll contact forms:
The restriction of it to the inverse image of any closed symplectic submanifold of
CP"! defines a Zoll contact form, and any Zoll contact form with common period
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7 can be produced in this way, by choosing n large enough (see [APB14, Theorem
3.2] and references therein).

The main results. Knowing that critical points of the systolic ratio are Zoll
contact forms it is natural to wonder if the converse is also true, and if so, what is
the local behavior of the systolic ratio in a neighborhood of a Zoll contact form. The
main result of [APB14] goes in this direction: It says that if oy is a one-parameter
deformation of the Zoll contact form g, then either the function ¢ — pgys(cy) has
a local maximum at t = 0, or a4 is tangent up to infinite order to the space of Zoll
contact forms at ¢ = 0. See [Theorem 2.9][APB14] for the precise statement.
Therefore, we are led to ask: Are Zoll contact forms local maximizers of the
systolic ratio, with respect to some reasonable topology on the space of contact
forms? The aim of this paper is to give an affirmative answer to this question.

Theorem 1. (Local systolic maximality of Zoll contact forms). Let ag be a Zoll
contact form on a closed manifold M. For all C > 0 there exists §c > 0 such that,
if we define the C3-neighborhood A¢ of ag by

N = {a contact form on M | ||o — apllc2 < ¢, || — awllos < C’},
then there holds

psys(a) < psys(QO) Va € A,

with equality if and only if « is Zoll. In the case of equality, there is a diffeomorphism
w: M — M such that u* o = Tlg ag, where T' and Ty denote the minimal periods of
the orbits of R, and R, .

Here and in the following statements, the C* norm on the space of differential
r-forms on a closed manifold M is defined as usual by fixing a Riemannian metric
on M and setting

k
lellox =) Ve,

J=0

where V7 denotes the j-th Levi-Civita covariant derivative and the L>-norm refers
to the standard operator norm on the space of j-multilinear maps from (T, M)’ to
A"T, M which is induced by the scalar product on T, M given by the metric, for every
x € M. The choice of a different Riemannian metric on M leads to an equivalent
C*-norm.

The local systolic maximality of Zoll contact forms in the C3-topology is already
known in dimension three: It was first proven for M = 3 in [ABHS18] and then
for arbitrary three-manifolds in [BK21] (see also [BK20] for a generalization to odd
symplectic forms on three-manifolds and [BK22] for an application to magnetic flows
on surfaces). The proofs in [ABHS18] and [BK21] build on the fact that a closed orbit
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with minimal period of a contact form that is close to a Zoll one is the boundary
of a global surface of section for the Reeb flow, provided that the manifold has
dimension three. Global surfaces of section bounded by closed orbits are peculiar to
three-manifolds, and we do not see a way of applying this approach to the higher
dimensional case.

The proof of Theorem 1 will be based instead on a normal form for contact forms
close to Zoll ones. More precisely, it will use the following theorem, that is the second
main result of this paper.

Theorem 2. (Normal Form). Let ag be a Zoll contact form on a closed manifold
M. There is o > 0 such that if « is a contact form on M with |ja — agl|c2 < do,
then there exists a diffeomorphism w : M — M such that

uwao= Sag +n+df,
where:

(i) S is a smooth positive function on M that is invariant under the Reeb flow
of ap;

(ii) f is a smooth function on M with average zero along each orbit of R, ;

(iii) n is a smooth one-form on M satisfying ig, n = 0;

(iv) 1R, dn = F[dS] for a smooth endomorphism F : T*M — T*M lifting the
identity;

(v) g, df = 12dS for a smooth vector field Z on M taking values in the
contact distribution ker g and having average zero along each orbit of R, .

Moreover, for every integer k > 0 there is a monotonically increasing continuous
function wy, : [0, 00) — [0, 00) with w(0) = 0, such that

max{distckﬂ (U,ld), HS - 1HCk,+1, HfHC”"*“? H?]HCIC, HdnHok, Hﬁ”ck, HZHCA}
§ wk(||oz - Oéo||ck+2).

The averages of a real function f or a vector field Z on M along the orbits of
R,, which are mentioned in (ii) and (v) are defined as

To T

f@)i= g [ fet@)dt 2= [ a2, @] vee
0.Jo 0Jo

where ¢!, denotes the flow of Ry, and T is the period of its orbits.

The proof of Theorem 2 is based on a normal form for vector fields close to vector
fields inducing a free S'-action that is due to Bottkol [Bot80], which we include, in
the form that is needed here, as Theorem 2.1. In “Appendix B”, we exhibit a proof
of Bottkol’s theorem following an idea we learned in [Ker99, Proposition 3.4].

Note that any one-form (8 can be decomposed as

ﬂ:SGO‘f‘T}‘i‘dfv
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with S, n and f as in (i), (ii) and (iii): Define S(x) to be the integral of 3 on the
closed orbit of R, through z, so that the one-form 53— Sag has zero integral on every
orbit of R,, and hence differs from a one-form vanishing on R,, by the differential
of a function with zero average on the orbits of R,, (see Lemma 1.3). Therefore, the
relevant statements in the above Theorem are (iv) and (v), which establish a further
relationship between the forms appearing in the above splitting. Statement (iv) will
be crucial in this paper, whereas knowing that also (v) holds will simplify the proof
of Proposition 3.2 below.

Being invariant under the flow of R,,, the function S descends to a smooth
function

S:B—R

on the quotient B of M by the free S'-action defined by this flow. Condition (iv)
implies that the function S is a variational principle for detecting closed orbits of
R, of short period, that is, those closed orbits that bifurcate from the (2n — 2)-
dimensional manifold B of closed orbits of R,,. Indeed, we have the following result
(see Section 3).

PROPOSITION 1. (Variational principle). Let ag be a Zoll contact form on a closed
manifold M and let 7 : M — B be the corresponding S'-bundle. Let 3 be a contact
form on M of the form

B =Sao+n+df,

where S and 0 satisty the conditions (i), (iii), (iv) of Theorem 2 and f is any smooth
function on M. Denote by S : B — R the function that is defined by S = S o .
Then for every critical point b of S the circle 7~1(b) is a closed orbit of Rg of period
S (0)Tmin (). Moreover, (3 is Zoll if and only if the function S - or equivalently the
function S - is constant.

Theorem 2 and Proposition 1 immediately imply that any contact form « that
is C?-close to the Zoll contact form ag has at least as many closed orbits as the
minimal number of critical points of a smooth function on B. Indeed, the image by
the diffeomorphism u of Theorem 2 of the circles 7~1(b) corresponding to critical
points b € B of S are closed orbits of R,,.

For instance, if « is a contact form on S?”~! that is C2-close to the standard Zoll
contact form whose Reeb trajectories define the Hopf fibration $?"~! — CP"!,
then R, has at least n closed orbits of period close to m. Proving this and more
general multiplicity results for closed orbits bifurcating from manifolds of closed
orbits was Bottkol’s original motivation for his normal form. See also [Wei73b],
[WeiT7], [Mos76], [Gin87], [Gin90], [Ban94] and [BR94] for other approaches to this
question.

Besides producing a finite dimensional variational principle, the power of the
normal form appearing in Theorem 2 lies in the fact that it yields the following
useful formula for the volume.
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PROPOSITION 2. (Volume formula). Assume that «g is a Zoll contact form on a
(2n — 1)-dimensional closed manifold M and let 3 be a one-form on M of the kind

f=Sap+n+df,
where S and f are smooth functions on M and 7 is a one-form satisfying
R = 0, LRa, d77 = y[ds]a

for some endomorphism % : T*M — T*M lifting the identity. Then

/B/\dﬁ"_lz/ p(a:,S(x))ao/\dag*l,
M M

where p : M x R — R is a smooth function of the form
n—1
pla,s) ="+ Y pj(x)s’,
j=1

whose coefficients p; are smooth functions on M satisfying

/pjao/\daglz() Vi=1,...,n—1.
M
Moreover, for every ¢ > 0 and € > 0 there exists § > 0 such that if

max{|[nl|co, [[dnl[co, [ Fllco} <6, max{[|nlcs, dnller, | F e} <,
then ||p;||co < € for every j =1,...,n— 1.

It is now easy to see how Theorem 2, Proposition 1 and Proposition 2 lead to
the proof of the sharp systolic inequality of Theorem 1. Indeed, for every C' > 0
we can find a positive number d¢ such that if o belongs to the neighborhood A&
defined in Theorem 1, then « can be put in the normal form g = u*« of Theorem 2
by a diffeomorphism u, and furthermore the function s — p(z, s) of Proposition 2 is
strictly increasing on the interval [min S, max S] for every = € M. This fact, together
with the fact that the principal coefficient of the polynomial map p is 1 and all the
other coefficients have vanishing integral, implies the estimate

vol(M, ) = vol(M, u*«a) = / p(z,S(x)) ap Adaf !
M

> / p(x, min S) ag A daf ! = (min S)"vol(M, ay).
M

By Proposition 1, the Reeb vector field of a has a closed orbit of period (min S)Ty,in
(), and hence

Tnin (@) < (min S)Tinin (ap)-
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The above two inequalities imply the desired sharp systolic bound

Tmin(a)n Tmin(aO)n
vol(M, ) ~ vol(M, )’

The fact that « is Zoll if and only if the function S is constant, see again Propo-
sition 1, implies that the equality holds in the above estimate if and only if « is
Zoll. In the latter case, the fact that « is strictly contactomorphic to «g up to a
multiplicative constant follows from Moser’s homotopy argument, see Proposition
3.2 below.

We refer to Section 5 for a detailed proof. At the end of that section we also
discuss a lower bound for the maximal period of “short” closed orbits.

A

Three applications of Theorem 1. We conclude this introduction with three
corollaries of the local systolic maximality of Zoll contact forms.

Finsler geodesic flows. The first corollary is immediate and consists in applying
Theorem 1 to the contact form ar on S%W that is induced by a Finsler metric I’
on W.

COROLLARY 1. Let Fy be a Zoll Finsler metric on the closed manifold W . Then Fj
has a C3-neighborhood % in the space of all Finsler metrics on W such that

psys(W7 F) < psys(VVu FO) VF e,

with equality if and only if F' is Zoll. In the equality case, the geodesic flow of F is
smoothly conjugated to that of Fy, up to a linear time reparametrization.

In the above result, the C3-topology on the space of smooth Finsler metrics on
the closed manifold W is defined by restricting these functions F' : TW — R to the
unit tangent sphere bundle of some fixed Riemannian metric on W (the resulting
topology is eventually independent of the choice of this metric).

In dimension two, this theorem follows from known results: The only surfaces ad-
mitting Zoll Finsler metrics are S2, for which this result was proven in the already
mentioned articles [ABHS17] and [ABHS18], and RP?, for which the result immedi-
ately follows by lifting the metric to S2. Actually, reversible Zoll Finsler metrics on
RP? are global maximizers of the systolic ratio among reversible Finsler metrics, as
proven by Ivanov in [Ivall]. In higher dimensions, the local sharp systolic inequal-
ity of Corollary 1 appears to be a new result, even for Riemannian perturbations
of simple rank-one symmetric spaces, such as the round S™ or the round RP". In
particular, this corollary gives a positive answer to the local version of Question 5.3
in Berger’s survey paper [Ber70].

Symplectic capacity of convex domains. Our next corollary concerns the be-
havior of symplectic capacities on convex domains in R?". Recall that a (normalized)
symplectic capacity on the vector space R*", endowed with its standard symplectic
structure wp, is a function ¢ : {open subsets of R?"} — [0, +o00] that satisfies the
following conditions:
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(c1) Monotonicity: c(A;) < ¢(Az) if Ay C As.

(c2) Symplectic invariance: c(¢(A)) = ¢(A) if ¢ : A — R?" is a symplectomorphism.

(c3) Homogeneity: c(AA) = A2c(A) for all A > 0.

(c4) Normalization: ¢(B*") = ¢(Z) = 7, where B?" is the Euclidean unit ball in
R?" and Z is the cylinder B? x R?"~2,

By definition, every symplectic capacity c satisfies
Cin < ¢ < Cout, (1)
where ¢, and coyt are the functions

cin(A) := sup{nr? | there exists a symplectic embedding of rB*" into A},
Cout(A) := inf{mr? | there exists a symplectic embedding of A into rZ}.

By Gromov’s non squeezing theorem, c¢;, and coy are themselves capacities; ¢, is
called Gromov width, whereas coyt is called cylindrical capacity.

Many other non-equivalent symplectic capacities have been constructed in this
and more general settings, but for convex domains many of them have been shown to
coincide: This is the case for the first of the Ekeland-Hofer capacities (see [EH89]),
for the Hofer—Zehnder capacity (see [HZ90]), for the Viterbo capacity (see [Her04])
and for the capacity coming from symplectic homology (see [AK22] and [Iri22]).
Following a common usage, we shall refer to the common value of these capacities
on convex domains as Ekeland—Hofer—Zehnder capacity and denote it by cgpyz. This
capacity is related to contact systolic geometry. Indeed, when C' C R?" is a convex
bounded open set containing the origin and having a smooth boundary, then

cenz(C) = Tmin(ac), (2)

the minimal period of closed orbits on dC with respect to the Reeb flow induced by
the contact form o := Aglgc, where \g is the homogeneous primitive of wy, that is
the one-form
1 n
)\0 = 5 Z(xjdyj — yjd:cj).
j=1

In [Vit00], Viterbo formulated a challenging conjecture relating symplectic ca-
pacities and volume: If ¢ is any symplectic capacity and C C R?" is a non-empty
convex bounded open set, then

c(C)" < vol(C,wy), (3)

with equality if and only if C' is symplectomorphic to a Euclidean ball. Note that
vol(C,w() is n! times the Euclidean volume of C'. Note also that (3) is trivially true
for the Gromov width ¢;,. Proving that all symplectic capacities agree on convex
domains - a long standing open question - would then imply (3) in general.
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The bound (3) has been shown to be asymptotically true, that is, valid up to a
multiplicative constant that is independent of the dimension, in [AAMOO08]. More-
over, its validity in the sharp form for the Ekeland—Hofer—Zehnder capacity would
imply the Mahler conjecture in convex geometry, see [AAKO14].

Thanks to Theorem 1, we can prove the sharp version of Viterbo’s conjecture
assuming the convex domain C' to be C3-close to a Euclidean ball (see Section 6
below for the precise definition of C*-closedness for convex domains with smooth
boundary).

COROLLARY 2. There is a C3-neighborhood % of the Euclidean unit ball in the
space of smooth convex bounded open subsets of R?" such that every symplectic
capacity c satisfies

c(C)" < vol(C,wy) vC € &,
with equality if and only if C is symplectomorphic to a Euclidean ball.

For n = 2 and ¢ = cgpy, this is proven in [ABHS18]. For general n and ¢, we
shall deduce the above corollary from Theorem 1 and the following two results.

PROPOSITION 3. There is a C3-neighborhood % of the Euclidean unit ball B*" in
the space of smooth convex bounded open subsets of R*™ on which the Ekeland-
Hofer—Zehnder capacity and the cylindrical capacity coincide:

CEHz(C) = Cout(C) VC € 4.

PROPOSITION 4. There is a C3-neighborhood % of the Euclidean unit ball B?" in
the space of smooth convex bounded open subsets of R*" such that if C' belongs
to B and ac = \olac is Zoll, then there exists a symplectomorphism of (R*",wj)
mapping a Euclidean ball onto C.

In [ABHS18, Proposition 4.3], the result of Proposition 4 is proven for n = 2
in full generality for all starshaped domains C. In higher dimension, many of the
ingredients of that proof break down and we do not know if the result holds true for
all starshaped domains, but we are able to recover it for domains that are C®-close
to the Euclidean unit ball by a combined use of Moser’s homotopy argument and
generating functions. The proof of Proposition 3 also uses generating functions.

These propositions are proven in Section 6 below. Here we show how they can be
used to deduce Corollary 2 from Theorem 1. The contact form apz. = \g|gp2n is Zoll
on the sphere S?"~1 = 9B?" with orbits of period =, contact volume 7" and hence
systolic ratio 1. The radial projection S?*~! — 9C pulls back the contact form a¢
to a contact form ac on S?"~! which is C*-close to agz» when C' is C*-close to B2"
(see Section 6 below for more about this). We choose the C3-neighborhood % of B?"
in such a way that & belongs to the C3-neighborhood .47 of the Zoll contact form
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apz. from Theorem 1 and the conclusions of Propositions 3 and 4 hold for every
C € A. Thanks to the identities (2) and

vol(§%"~1 &) = vol(9C, ac) = vol(C,w}),
the inequality
Tnin(Gc)"™ < vol(S* L. ac) (4)
which is ensured by Theorem 1 implies the bound
cenz(C)" < vol(C,wy) vC € A.
If ¢ is an arbitrary symplectic capacity, then (1) and Proposition 3 imply
c(C)" < cgpaz(C)" < vol(Cywyy) VC € A.

If ¢(C)" = vol(C,wy), then also cgpz(C)™ coincides with vol(C,wy), so (4) is an
equality and by Theorem 1 the contact form a¢ is Zoll. Then Proposition 4 implies
that C is symplectomorphic to a Euclidean ball.

Symplectic non-squeezing in the intermediate dimensions. Our last corol-
lary concerns a local generalization to intermediate dimensions of Gromov’s non-
squeezing theorem [Gro85]. Recall that this theorem can be stated in the following
way: If Py is the symplectic linear projection onto a symplectic two-dimensional
subspace V' C R?" (i.e. linear projection along the symplectic orthogonal) and
¢ : R?™ — R?" is a symplectomorphism, then

area(Py (p(B*")), wolv) > .

In other words, the two-dimensional shadow of a symplectic ball has a large area,
see [EGI1]. In [AM13] it was shown that higher dimensional shadows of symplectic
balls can have arbitrarily small volume: If Py is the symplectic linear projection
onto a symplectic 2k-dimensional subspace V' C R?" with 1 < k < n and € is any
positive number, then there exists a symplectomorphism ¢ : R?” — R?" such that

vol(Py (p(B*™)),wilv) < e.

On the other hand, if ® : R*® — R?" is a linear symplectomorphism, then the
volume of the shadow of the image of the Euclidean unit ball B> by ® is given by
the identity

ak

Vol ®(B™), wblv) = iy

where the function w associates to any 2k-dimensional real subspace W C R?" = C"
the number

_ |W§[2U1,...,w2k]|
Elwy A+ Awy|’

w(W) : with wi,...,wq a basis of W.
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By the Wirtinger inequality, w(W) < 1 and w(W) = 1 if and only if W is a complex
subspace, so the above identity implies the sharp inequality

vol(Py ®(B*™), wk|y) > ¥,

for the linear symplectomorphism ® and tells us that equality holds if and only if
®~1(V) is a complex subspace. See [AM13] and Theorem 7.1 below.

In [AM13], some evidence to the conjecture that the above sharp inequality
should hold also for nonlinear symplectomorphisms that are close enough to lin-
ear ones was given. Thanks to Theorem 1, we can confirm this conjecture for C3-
closeness.

COROLLARY 3. There is a C’fgc—neighborhood W of the set of linear symplectomor-
phisms in the space of all smooth symplectomorphisms of R?" such that the following
holds: If 1 < k < n and Py is the symplectic linear projection onto a symplectic
2k-dimensional subspace V' C R?" then

vol(Py (p(B*")), wglv) = 7
for every ¢ € W .

For k = 2, a slightly weaker version of this result was proven in [ABHS18] (there,
the order of quantifiers is different, and the neighborhood #  depends on the choice
of the linear symplectic subspace V). In the analytic category, a related result for
arbitrary k is proven in [Rigl9].

It is interesting to observe that, in contrast to the above result, other inequalities
of a similar flavor are known to fail in the intermediate dimensions, even locally. For
instance, Gromov studied the higher homological systoles of metrics on CP" having
the same volume as the Fubini-Study metric gg and showed that the 2-systole of
CP? is locally maximized by go (and all its quasi-Kéhler deformations), whereas for
2 < k < n —1 there are metrics on CP" that are arbitrary close to gy and have a
strictly larger 2k-systole. See [Gro96, Section 4].

Corollary 3 is proven in Section 7 below. Here we wish to remark that the validity
of the Viterbo conjecture for the Ekeland—Hofer—Zehnder capacity would imply the
conclusion of Corollary 3 for all symplectomorphisms ¢ such that ¢(B?") is convex.
Indeed, this follows from the fact that the Ekeland—Hofer—Zehnder capacity of the
image of a convex domain C' C R?" with respect to the linear symplectic projection
Py is not smaller than the Ekeland—Hofer—Zehnder capacity of C:

cenz(Pv(C)) > cgnz(0),

where the capacity on the left-hand side is acting on subsets of the symplectic
vector space (V,wply ). The above inequality follows from the characterization of the
Ekeland—Hofer—Zehnder capacity via Clarke duality, see e.g. [AM15, Theorem 4.1

(v)]-
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1 A few facts about differential forms

In this section, we fix some notation and we discuss some results about differential
forms that will be used in the proof of the normal form of Theorem 2.

We denote by A¥M the vector bundle of alternating k-forms on the manifold M
and by QF(M) the space of smooth sections of this bundle, i.e. differential k-forms
on M. The vector bundle A'M is the cotangent bundle 7% M.

The C*-norms of differential forms on M are induced by the choice of some
arbitrary but fixed Riemannian metric on M. When estimating such norms, we will
use the symbol “<” to mean “less or equal up to a multiplicative constant depending
on k7.

Alternatively, bounds will be given in terms of moduli of continuity. By modulus
of continuity we mean here a monotonically increasing continuous function

w : [0, +00) — [0, +00)

such that w(0) = 0. Giving bounds in terms of moduli of continuity has the advantage
that we can conclude the smallness of the output from the smallness of the input
and the boundedness of the output from the boundedness of the input at the same
time.

The first lemma allows us to bound the pullback of differential forms. Its proof
is standard and is contained in “Appendix A”.

LEMMA 1.1. Let M be a closed Riemannian manifold of dimension d. Then there
exists a positive number r > 0 such that for every smooth map v : M — M with
the property that

distco(u,id) <7, (1.1)
and for every a € (M), 0 < j < d, the following bounds hold:
lu*aller S llallen [ dullg (L + dulgn), (1.2)
Juta — aller S lallerndister (u, id) (1 + [|dullGi), (1.3)
for every integer k > 0, where for k = 0 the term ||du||cr-1 in (1.2) is set to be zero.

The second lemma allows us to bound the distance of two Reeb vector fields in
terms of the corresponding contact forms. The proof is given in “Appendix A”.

LEMMA 1.2. Let M be a closed manifold of dimension 2n — 1 with contact form «.
Then there exists 6 > 0 and a sequence of moduli of continuity wy, such that

IRo = Ragllcr < wi(lla — aollewr)  VE 20,
for every contact form « on M such that ||o — agllcr < 6.

The last lemma of this section is a splitting result for one-forms on M whose
integrals over the Reeb orbits of a Zoll contact form vanish.
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LEMMA 1.3. Let o be a Zoll contact form on M with associated S'-bundle 7 :
M — B. Let 3 be a one-form on M such that

/ 3=0 VbeB.
T1(b)

Then [ splits uniquely as

f=mn+df, (1.4)

where 1 € QY (M) satisfies 1g,,n =0 and f € QO(M) has average zero along each
orbit of R,,. Moreover, for every integer k > 0 the following bounds hold:

Inllex S 1Bllex + lder,, Bllex, — [[fllern S llera, Bllor + [|dir,, Bllox-
Proof. If
B=n+df=n+df
are two splittings as above, then

iR, d(f" = f) =g, (n—1") =0,

so f' — f is constant on each orbit of R,, and by the zero average assumption
f' — f = 0. This proves the uniqueness of the splitting.

We now prove its existence and the bounds on 7 and f. By assumption, the
function h := g, [ has average zero along each orbit of R,,. This implies the
existence of a function f € Q°(M) having average zero along every orbit of R,, and
such that 1, df = h. This claim can be proven in the following way. Let {pj}i=1,..N
be a smooth partition of unity on B, where each p; is supported in an open set B;
that is a trivializing domain for the S'-bundle 7. Then the function h; := (pjom)h is
supported in 771(B;). We identify 7~1(B;) with B; x R/TyZ in such a way that R,
is identified with the vector field dy, Ty denoting the minimal period of the orbits of
R,, and 6 being the variable in R/7pZ. Then the assumption on h implies

T() TO
/ hj(b,O)dGij(b)/ h(b,8)dd =0 Vb e Bj.
0 0
Now the formula

0 T,
1 0
f(b,0) ::/0 h;(b,9) dv + To/o Y hi(b,0)dd, V(b,0)e Bj x R/ToZ, (1.5)
defines a smooth function f; on M that is supported in 7T71(Bj), has average zero
on every orbit of R,, and satisfies

ZRaOdfj = 20 =
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Since the sum of the functions h; is h, we see that the function f := Z;VZI fj, which
has average zero on every orbit of R, , satisfies

iR, df =h=1g, 05,
proving our claim. As a consequence, the one-form 7 := 3 — d f satisfies the desired
relation
"R, N = "R, B — 1R, df = 0.

To prove the bounds on n and f let £ > 0 be an integer. By differentiating (1.5) we
get,

3
Ifillows < (14 5T0) Imgllcn.
Together with the identities

dh] = d(p] ] W)ZRQOﬁ + (IOJ o ﬂ-)dZRaoﬁ’

we deduce the bound
N
Iflloxss <D W fillerss S lme, Bllox + l1der,, Blics-
j=1
By the definition of 17 and the above bound, we have

[nllex =118 = dfller < [[Bllex + Idfller S IB8ller + ller., Bllex + ldir,, Bl

Since the C*-norm of iR, can be bounded by the C*-norm of (3, the above in-
equality implies the bound

Inllcx S 11Blles + lder,,, Bllex,

which concludes the proof. O

2 Normal form for contact forms close to a Zoll one

In [Bot80], Bottkol constructed a normal form for vector fields X on a manifold M
which are close to a vector field Xy having a submanifold of periodic orbits with
the same minimal period and satisfying a suitable non-degeneracy assumption. In
the proof of Theorem 2, we shall use the following version of Bottkol’s theorem
concerning the case in which the manifold of periodic orbits of X is the whole M.

Theorem 2.1. Let M be a closed manifold, Xy a vector field on M all of whose
orbits are periodic and with the same minimal period Ty, and g a Riemannian metric
on M which is invariant under the flow of Xy. Then there exists § > 0 such that
for every vector field X on M with || X — Xg|/c1 < 0 there is a diffeomorphism
u: M — M, a smooth vector field V on M, a smooth function h : M — R, and a
linear automorphism 2 : TM — TM lifting the identity such that:
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(a) hu*X = Xo — 2[V];

(b) Lx,V = 0;
(c) g(V, Xo) = 0;
(d) Lx,h = 0.

Moreover, for every k > 0, there is a modulus of continuity wy, such that

max {distck+1(u,id), HVHCkﬂ, HQ - idHck, diStckH(d'LL ] o.@,ld), Hh - 1Hok+1}

< wi (|| X = Xol[grer); (2.1)

where distor+1 (du o 2,1d) is calculated at points of the unit sphere bundle of M.

Here, Ly, denotes the Lie derivative along Xg. The S'-invariant Riemannian
metric g can be constructed by averaging an arbitrary Riemannian metric along the
orbits of Xy. In “Appendix B”, we give a complete proof of the above version of
Bottkol’s theorem and we discuss it further.

This section is devoted to the proof of the normal form for contact forms that
are close to a Zoll one stated in Theorem 2 from the Introduction.

Proof of Theorem 2. Let ag be a Zoll contact form on M with associated S'-bundle
denoted by 7 : M — B. Let § > 0 be the number obtained in Theorem 2.1 taking
Xo = Ry,. By Lemma 1.2, there exists dp > 0 such that

||a — OCOHCQ <y — ”Ra — Rao”cl <06 (2.2)

and we can apply Theorem 2.1 to X = R,. We get a smooth diffeomorphism w :
M — M, a smooth vector field V on M satisfying

Lr,,V =0, g(V.Rq,) =0,

a linear bundle morphism 2 : TM — T'M lifting the identity and a smooth function
h: M — R satistying L, h = 0 such that

hu*Ry = Ry, — 2[V]. (2.3)

By choosing the S'-invariant metric g so that R,, is orthogonal to the contact
distribution ker ag, we obtain that V' takes values in ker ap. Thanks to (2.1) and
Lemma 1.2, u, V, 2 and h satisfy the bounds

max{distckﬂ(u,id), HV”CkH, Ho@ — idHCk, diStCk+1(dU o Q,id), Hh — 1Hck+1}
< wi(fla — apllexsa), (2.4)

for every integer k > 0, where the wy’s are suitable moduli of continuity. In the
following argument, we will need to successively replace the wy’s by larger and larger
moduli of continuity, but in order to keep the notation simple we will denote these
new functions by the same symbol wy.
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By (2.4), u is C'-close to the identity when ||a — ag|c= is small. In particular,
up to reducing the size of the positive number dy in (2.2), we may assume that

distco (u, ld) <, (2.5)

where r is the positive number given by Lemma 1.1.
Let us consider now the one-form 3 := u*a, so that Rg = u*R,, and (2.3) can be
rewritten as

hRg = Ra, — 2[V]. (2.6)

For every k > 0, we can bound the C*-norm of the difference 3— g using Lemma 1.1
by

18 = aoller < [Ju*(a = ao)ller + [[u*ag — aollcr
S lle = aollexlldullor (1 + [[dul|Ea-r)
+ Jlao|| gr distene (u, id) (1 + [|dul|BEY),

where for k = 0 the undefined term [du||f._. is set to be zero. Using (2.4), we then
get a bound of the form

18— aollcr < wi(lla — agllersz) VK =0. (2.7)
Similarly, Lemma 1.1 implies that the C*-norm of the two-form
df — dap = v (da — dayg) + u*dayy — day
has a bound of the form
|dB — dag|or < wi(|la — agl|or+2) vk > 0. (2.8)
We define the function S € Q°(M) by

1
S(a) = 7 / e

where T is the common period of the orbits of R,,. By construction, the function
S is invariant under the action of the Reeb flow of ayg, i.e. Lg, S = 0. From (2.7)
we obtain that S is close to the constant function 1:

IS — 1]|cr < wi(||a — ap||cr+2) Vk > 0. (2.9)
Denote by qﬁfxn the flow of R,, and by
Yz :R/TOZHMa ’Yr(t) = (Z)tao(x)a

its orbit through x € M. Then the function S has the form

S(a) = - (),
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where % is the action functional defined by the one-form g, i.e.
S C®(R/TYZ, M) — R, () = / v B.
R/ Ty
The Gateaux differential of . at the curve ~ is

S = / 1) = / ABLE(), /(1)) dt,

R/ToZ

for every tangent vector field £ along ~. The chain rule implies that the differential
of S has the form

dS(z)[w] = 1{0 o Zdﬁ [doh, (2)[w], Ray (¢, (x))]dt, Vo € M, w e T,M. (2.10)

The above integrand vanishes if 3 = «y, so this identity and (2.8) imply the bound
IdS|lor < wr(l]a — apl|or+2) VEk >0, (2.11)

which, together with (2.9) for £ = 0, implies
15 = 1|grnr < wi(lo — aollgrsz)  VE > 0. (2.12)

By the definition of S, the one-form 3 — Sy satisfies
/‘ (B—Sap) =0 Wbe B,
m=1(b)

so by Lemma 1.3 it splits as
f—Sag=n+df,

where n € Q1 (M) satisfies 1 R,,m=0and f € QO(M) has average zero on every orbit
of R,,. Moreover, the same lemma gives us the estimates

Inllcx S N8 = Saoller + [|der,, (B — Sao)llcx
[ fllor+ S Mlera, (B8 = Sao)ller + [|der,, (B — Sao)llcx,

for every k£ > 0. From (2.7) and (2.9) we obtain bounds of the following form for the
C*-norm of 8 — Say, for every k > 0:

(2.13)

18 = Saoller < (I8 = aoller + [[(1 = S)aoller < wi(lla—aollor+2). (2.14)
Now we wish to estimate the C*-norm of the one-form dig, (8 — Sap). We have
1R, = 1R, U =u" (zu*R&0 ). (2.15)
Applying the push-forward operator by u to (2.3) we obtain
UsRoy = (hou MRy +,
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where Y is the vector field
Y :=duoZ[Vo u_l],
and hence
U Ry & = hou! +ya.

By plugging this formula into (2.15) we obtain the identity

'R,, (8 — Sap) =g, f— S5 =h+u (tya)—S. (2.16)
By (2.4), the vector field Y has the bound

[Yllgrsr < wi(lla = aollgr+2) Yk =0,
and hence we have
leyallor < lallgr wr(llor = aollorre) S wi(ller — aollexrz) VR = 0. (2.17)
Since 1y« is a zero-form, by Lemma 1.1 we have
oy @)losr S oy allon (1 + dul5) Vi >0,

so (2.4) and (2.17) imply a bound of the form

Ju* (v @)l < willla — agllonz)  VE > 0.

The above estimate, together with the identity (2.16) and the bounds (2.4) for h
and (2.11) for dS, implies a bound of the form

Hdlpmo (ﬂ - Sao)Hck S wk(Ha — a()HCk+2) Vk Z 0.

Thanks to the above estimate, (2.13) and (2.14) yield the following bounds for the
one-form 7 and the function f in the splitting of 8 — Sag:

[nller < willlo = aoller+2), I fllewsr < wr(lla — aglleree)  VE > 0. (2.18)
The differential of n is the two-form
dn =d(8 — Sag) =dB — dS A ag — Sday, (2.19)
and its C*-norm can be estimated by the triangle inequality as follows:
ldnllex < 8 — dagllox + (S — Ddaollor + [dS A agllor.

The above expression, together with (2.8), (2.9) and (2.11), shows that the C*-norm
of dn satisfies

HdT]HCk- S wk(||a — Oé()HClc+2) Vk} Z 0. (2.20)



GAFA ON THE LOCAL SYSTOLIC OPTIMALITY OF ZOLL CONTACT FORMS 319

So far, we have proven that the diffeomorphism « puts « into the desired normal
form

u'a=p0=Say+n+df,

so that the statements (i), (ii) and (iii) in Theorem 2 hold. Moreover, all the bounds
of the theorem involving the objects appearing in these statements have been proven,
see (2.4), (2.12), (2.18) and (2.20).

We now turn to the proof of (iv) and of the bound for .#. Contracting equation
(2.19) by the vector field R,, and using (2.6), we find

R, dn =g, dB +dS = 19y)dB + dS. (2.21)
Now we wish to show that V(x), which we recall belongs to ker ag(z), depends
linearly on dS(z), for every x € M. From (2.10) and (2.6) we obtain

dS(z)w] = ;O/R/TOZ dg[del, (z)[w], 2[V (¢}, (2))]] dt, Vee M, weT,M,

and hence, using the fact that V' is invariant under the action of the flow ¢, , because
Lr. V=0,
g

dS(z)w] = Tlo e dB[de}, (z)[w], 2 o Ay, (x)[V ()] dt.
We conclude that
dS(z)[w] = =B [V (z),w] Ve e M, we T, M, (2.22)

where B is the following bilinear form on T'M:
1
Balo,ul = 7 [ 5[0 det, (ol a6t (o)[u]] .
To Jr/102

Note that the above expression gives us the alternating bilinear form deayg if dG = dag
and 2 = id. Therefore, (2.4) and (2.8) imply that B is close to By = day:

||B — dOé()HCk < wk(Ha — aoHckn) Vk > 0. (2.23)

Consider now the restriction of B to ker ag x ker oy and let % : ker ag — (ker avg)*
be the corresponding bundle morphism, which is defined by

Blv,w] = (B[v], w) Vv, w € ker ap,

where (-,-) denotes the duality pairing. Now observe that the morphism %, associ-
ated to By = day is invertible as dayg is non-degenerate on ker ag. Then, (2.23) tells
us that, up to reducing the size of the positive number ¢y from (2.2), the morphism
& is invertible with

1271 = %5 o < wrllla = aollorss)  VE>0. (2.24)
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Identifying (ker ap)* with the subspace of T*M consisting of one-forms vanishing on
R, , we infer from (2.22) that

V(z) = -2 1dS(z)]. (2.25)
From (2.21) we conclude that
1R, dn = dS — 19,5-145d5.
We can therefore uniquely define the endomorphism .% : T*M — T*M by setting
Flay] :=0, Fl€] =& —19021gdB, VE € (kerap)”,

and we obtain the desired identity

1R, dn = F[dS].
If %( is the endomorphism corresponding to %, the tautological identity

z%,gl[ﬂdao =¢, VEe (kerag)”
implies that % is the zero endomorphisms since
Fol€] =€ — 141 gdao =0 VE € (kerag)”.

From the definition of .%, we see that the bounds on 2, = and df3 established in
(2.4), (2.24), (2.8) imply that

HgHCk = Hy — fg”ck S wk(||a — aoHok+2) Vk Z 0,

concluding the proof of (iv) and of the bound for .%.
There remains to prove (v) and the bound for Z. By applying the one-form S to
(2.6) and using (2.25) we find

h =5+, df —19v)8 =5+, df + 19021450
Defining the section W of ker oy dually by

w€ = —19.31g8,  VEE (kerag),
we rewrite the above identity as
R, df =wdS+h—S. (2.26)

By averaging along the orbits of the flow of R,, and using the fact that h — S is
invariant under this flow, we obtain the identity

0= deS +h— S,
where W denotes the averaged vector field

1

W=7 Jme

dqﬁ;(f(x) (W ( ; (z)] dt, Va € M.

Qo
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Defining the vector field Z := W — W, which is also a section of ker ap and has
average zero along the orbits of R,,, (2.26) becomes

ZRaodf = szS.
The identity
—w& = tooz-1[6]0 — lidogy  [¢] 0
=1902-1(¢] (B — @) + Y9 id)oz; 1 []0 + Loo(z-1— 25 1)) Q05
together with (2.4), (2.7) and (2.24), implies the bound
[Wlier < wr(llec = aol|en+2).

The same bounds holds also for W and hence for Z. This concludes the proof of (v)
and of the bound for Z. The proof of Theorem 2 is complete. O

3 The variational principle

In this section, we prove Proposition 1 from the Introduction, namely the variational
principle for contact forms in normal form, and we discuss some consequences of it
and Theorem 2.

Proof of Proposition 1. Assume that ag is a Zoll contact form on M and ( is a
contact form on M of the form

f=Sag+n+df, (3.1)
where S € Q°(M) is positive and invariant under the Reeb flow of ap, n € Q*(M)
satisfies 1p, 7 = 0 and 1, dn = F[dS] for some endomorphism & : T*M — T*M

lifting the 1dent1ty, and f e Q'(M). We denote by 7 : M — B the Sl—bt/l\ndle
determined by the flow of R,, and by S : B — R the function defined by S = So.
By differentiating (3.1) and contracting along R,, we obtain the identity

'R, dB = 1R, (AS AN ag + Sdag +dn) = —dS + F[dS].

Let b € B be a critical point of S. Then the circle 7~ 1(b) consists of critical points
of S, and the above identity shows that 1z, df vanishes on this circle. Therefore,
Rpg is parallel to R, on 7~ *(b), and hence 7~ 1(b) is a closed orbit of Rg. Its period
is

/ 3= / (Sao+n+df) = §(b)/ 00 = S(b)Tin (00).
) S —

Assume now that 3 is Zoll. Therefore, all its closed orbits have the same period,
and in particular this is true for the closed orbits corresponding to the maxima and
minima of S on B. The above formula for the periods then forces max S = mlnS
ie. S -or equivalently S - is constant.
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Conversely, assume that S and S are constantly equal to a positive number Sp.
Then all the points in B are critical for S and hence each circle 771(b) is a closed
orbit of Rg of period SoTimin(cg). This shows that 3 is Zoll. O

REMARK 3.1. A consequence of Theorem 2 and Proposition 1 is that if a is C?-
close to the Zoll contact form «g having orbits of minimal period Tp, then the
critical points of S give us closed orbits of R,, with period close to Tp. The vector
field R, might of course have many other closed orbits of very large period, but
it is natural to ask whether all the closed orbits of R, of period close to Tj are
determined by the variational principle S. This is indeed true, provided that « is
C3-close to ap: For every € > 0 there exists p > 0 such that if |a — ag||cs < p then
every non-iterated closed orbit of R, has either period larger than 1/€ or contained
in the interval (To — €, Tp + €), and in the latter case it is of the form (7~ (b))
for some critical point b of S. Thanks to identity (2.25), this follows from the more
general Proposition B.2 that is proved in “Appendix B”.

Together with Moser’s argument, Theorem 2 and Proposition 1 can be used to
prove the C2-local rigidity of Zoll contact form, i.e. the following statement.

PROPOSITION 3.2. Let g be a Zoll contact form on a closed manifold M with closed
orbits of common minimal period Ty. Then g has a C*-neighborhood N such that
if &« € N is a Zoll contact form with closed orbits of common minimal period T,
then there exists a diffeomorphism v : M — M such that

_ T
via = 7 Q-
Moreover, for every integer k > 0 there is a modulus of continuity wy, such that

distor (v,1d) < wg(||a — aollor+2).

Proof. Let N be the set of contact forms a such that ||a — ap|lc2 < do, with dy as in
Theorem 2. Let o € N be a Zoll contact form with closed orbits of common minimal
period T. Consider a diffeomorphism u : M — M such that u*« has the normal
form

uwa=Say+n+df,

where S, n and f satisfy all the requirements stated in Theorem 2. By Proposition 1,
the function S is constant and equal to T/Tp, so statements (ii), (iv) and (v) of
Theorem 2 imply that f is identically zero and vg, dn = 0. We then have

* T
U= o+,

where the one-form 7 satisfies 1z, 7 = 0 and 1z, dn = 0. Moreover, the bounds of
Theorem 2 imply

max{distge (u,1d), [T = Tol, [[nflcx, dnller} < wi(lla = aollorrz), (3.2)
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for some modulus of continuity wg. This modulus of continuity will be replaced by
larger ones in the following argument, but in order to keep the notation simple we
use the same symbol wy, for all these moduli of continuity.

It is now enough to find a diffeomorphism w : M — M which satisfies

w* (Tlo op + 77) = Tlo g, (3.3)
and
distcw (1}, id) < wk(||a — Oonck+2). (34)

Such a diffeomorphism can be found by Moser’s homotopy argument. Indeed, we
set

ﬁt = Tloao +t777

and get from (3.2):

IN

e 18 — aollex < wi(la — aollor+2),

(3.5)

N

max Hdﬁt — daoHok S wk(Ha — Oé()”ck-m).

te(0,1]

The above bounds for k = 0 imply that, up to replacing A by a smaller C?-
neighborhood of «g, §; is a contact form for every ¢ € [0,1]. Note that the fact
that 1, dn is identically zero implies that the Reeb vector field of f3; is parallel to
R, for every t € [0,1]. The contact structure ker 8, depends smoothly on ¢ € [0, 1]
and since df; is non-degenerate on it, we can find a smooth family of vector fields
{Yi}ieo1) on M such that

Y; € ker 34, vy, dBt|ker 8, = —Nker g, -
Since 7 vanishes on the line RRg, = RR,,, we actually have
vy, dfy = —n
on the whole tangent bundle of M. Thanks to the bounds (3.2) and (3.5) we have

max [|Y¢||cr < wi(||a — agl|gr+z). (3.6)
t€(0,1]

Let ¢, be the path of diffeomorphisms of M that is defined by integrating the non-
autonomous vector field Y%, i.e.

d
—¢r = Y, =id.
dt¢t t(pr), o =i
From Cartan’s identity and from the properties of Y; we find

d d
610 = 67 (L + 1) = 67 (1w, 0B+ duv, B ) = 63 (n —m) =
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which together with the identity ¢;80 = By implies

¢iBr=0  Vte[01].

Thus, the diffeomorphism w := ¢ satisfies (3.3). Finally, (3.4) holds because of
(3.6). 0

REMARK 3.3. Let o be a Zoll contact form on a closed manifold M with closed
orbits of common minimal period 7. The first part of the proof of the above propo-
sition shows that if « is a Zoll contact form which is C?-close to ag and its orbits
have minimal period T, then there is a diffeomorphism w : M — M such that

* T
u Ro = 7 Ra,

and u is C**1-close to the identity when a is C*T2-close to ag. In other words, we
obtain a better bound on the distance of the diffeomorphism u from the identity if we
just require u to conjugate the Reeb flows (up to a linear time reparametrization).
We have proven this using the normal form from Theorem 2, but one can also deduce
it from the structural stability of free S'-actions, which is a more elementary fact
(see e.g. [BK20, Lemma 4.7]).

As observed in the Introduction, Theorem 2 and Proposition 1 immediately imply
a multiplicity result for closed orbits of Reeb flows close to Zoll ones that goes back
to Weinstein [Wei73b]. Denoting by oprime() the prime spectrum of «, i.e. the set of
periods of the non-iterated closed orbits of R,, we can complement this multiplicity
result with a spectral rigidity result and state it as follows.

COROLLARY 3.4. Let ag be a Zoll contact form on a closed manifold M with closed
orbits of common minimal period Ty, and let m : M — B be the corresponding
Sl-bundle. For every ¢ > 0 there exists § > 0 such that every contact form o with
|l — apl|c2 < § has at least as many closed Reeb orbits with period in the interval
(To — €, Ty + €) as the minimal number of critical points of a smooth function on B.
Moreover, if for such a contact form « the set

Oprime(@) N (To — €, To + ¢€)

contains only one element T, then « is Zoll and there exists a diffeomorphism v :
M — M such that v*a = Tloag.

Proof. If ||a — apl|c2 < 6 with § small enough, Theorem 2 gives us a diffeomorphism
u: M — M such that u*a = 3, with 8 of the form (3.1). Up to choosing ¢ small
enough, we also obtain

€
S—1 < —.
I8 = Tlleo < 7

Denote by S B — R the induced function on B. By Proposition 1, for every
critical point of b of S the circle 771(b) is a closed orbit of Rg = u*R,, of period
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STy € (Ty — e, Tp + €), and hence u(7~1(b)) is a closed orbit of R, of the same
period. This proves the first statement. If the prime spectrum of « has just one
element in the interval (Ty — €, Ty + €) then S must be constant, and hence « is Zoll.
The last statement follows from Proposition 3.2. O

The second statement in the corollary above is a local version, in arbitrary dimen-
sion, of a spectral rigidity phenomenon that has been proven by Cristofaro-Gardiner
and Mazzucchelli in dimension three, see [CGM20, Corollary 1.2]: Any contact form
a on a closed three-manifold whose prime spectrum consists of a single element is
Zoll. The proof of the latter result uses embedded contact homology.

4 The volume formula

In this section, we wish to prove Proposition 2 from the Introduction. In the proof
we need the notion of dual endomorphism on the space of alternating forms. If M is
a d-dimensional manifold, then the vector bundle A“M is one-dimensional and the
wedge product induces a non-degenerate pairing

AFM x AR — ACM, (71,72) — 71 A2,

for every k = 0,1, ...,d. Therefore, every endomorphism .% : A*M — A¥M has a
dual endomorphism

NS Gl gy Caly V)
such that
Fl A= AF ], V(n,ye) € A"M x ATFM.
Moreover,
17 ex S 1 F e Yk = 0.
We now proceed with the proof of the volume formula.

Proof of Proposition 2. Let g be a Zoll contact form on the (2n — 1)-dimensional
closed manifold M. Our first aim is to compute the integral

for the one-form
B :=Say+n+df,
where S, f € Q°(M) and n € Q' (M) satisfies

1R, 1 =0, g, dn=.F[dS],



326 A. ABBONDANDOLO, G. BENEDETTI GAFA

for some endomorphism .% : T*M — T*M lifting the identity.
An elementary computation, involving only the identity g, 7 = 0 and Stokes
theorem, shows that

/ﬂ/\dﬁn_l—/ (S"ao/\da Z() d(s’) /\Oé()/\dOéO An/\dn”_l_j
M M

- (4.1)
+ Z (j ﬁ 1> ijldozé_l AnA dn”*j).
j=1

For the reader’s convenience, this computation is carried out explicitly at the end
of this subsection, see Lemma 4.1 below.

Observe that the operator { — ag A g, § acts as the identity on (2n — 1)-
forms. Therefore, the forms appearing in the last sum of (4.1) can be manipulated
as follows:

dozé_l AnAdn" T =ag A IR, (doz{)_1 A Adp™9)
= —ag A do%_1 AN AR, (dn"_j)
=—(n—j)ag A do%_1 AN A (g, dn) A dn 1.

Here we have used the fact that n vanishes on R,,. Now we can use the assumption
on dn and replace 1x, d7 in the above expression by .7 [dS]. Using also the definition
of the dual operator .#" at the beginning of this section, we can go on with the chain
of identities and obtain

do%_1 AnAdYT = —(n— j)ag A do%_l Ay A F[AS] A dyt=1d
— —(n— )F[AS) Ao Adad ™ Ay Ay
=—(n—5)dSAZF"[ag A daé—l A A dp" ).
Multiplication of the above form by S7~! gives us

Sj_lda%_l AnAdytI = _neJ ; J d(STY A FV [ A dao YAnA dn =177

By plugging the above identities into the last sum of (4.1) we obtain the following

expression:
5/\dﬁ”_1:/ S™ap A dogy ( ) d(S7) AT
I’ [ (sroonaag 3 J
n_ln—j n
— . ) d(SH AN FVr: ,
> <j_1>< ) A7)

where 7; is the (2n — 2)-form

Tj = ag A dag_l AnAdpt
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By Stokes theorem we can turn this formula into

n—1
n .
ﬁ/\dﬁn_lz/ S Adalt — E <,>S]d7'4
/J\/[ M( 0 0 : J !

j=1

+§ n_Jj (j, " 1>sjd(32V[Tj])>.

=1 7

This formula can be rewritten as
[ anast= [ e () o nda,
M M

where
n—1 )
p(z,s) :=s" + ij(:v)sj
j=1
and the functions p; € Q°(M) are defined by

w1 (n n—j( n .
piag A da 1——(,)d7'-—|—,<_ )dﬂ 751).
j 0 0 ] J ] j—1 ( []])

Since the right-hand side is an exact (2n—1)-form, the function p; integrates to zero
when multiplied by ag A dag_l, as stated in Proposition 2.

There remains to check the last statement about the C%-norm of the functions
pj. Namely, we must prove that for any € > 0 there exists 6 > 0 such that if

max{|[nllco, [[dnllco, [|#|lco} <6, max{[lnllcr, [dnller, [ Flles} < e, (42)

then ||pjllco < € for every j=1,...,n—1.
Assume that (4.2) holds for some positive number ¢, whose size will be specified
in due time. Then the (2n — 2)-form 7; and its differential

drj = dag AnAdy* 1T —ag A do%_1 Adn™I
have the C%-bounds
I7jllce < bod™ ™, fld7jllco < bod" 7, (4.3)
for a suitable constant by. Using the Leibniz formula, (4.2) implies also the bound
ITillor < bi(8"7 4 61, (4.4)

for a suitable constant by. The estimates on the morphism .% in (4.2) give analogous
bounds for the dual morphism .ZV, i.e.

1Y lco < b2d, [ FY[lor < bac,
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for a suitable constant by. Then the Leibniz formula together with (4.3) and (4.4)
yield

|A(F D] co < NF VMl Imjllce + 7Y oo limsllon
< bobacd™ I 4 by (6" + 6" 16,

The second bound in (4.3) and the above one show that, by choosing § small enough,
the C%-norm of both drj and d(.#V[r;]) can be made arbitrarily small. By definition
of the densities p;, this implies that we can find a positive number ¢, depending on
¢, such that (4.2) implies

Ipillce <€  Vj=1,...,n—1.
This concludes the proof. O

We conclude this subsection by reproducing the computations leading to identity
(4.1).

LEMMA 4.1. Assume that 3 € QY(M) has the form 8 = Sag + n + df, where
S, f € QM) and n € QY(M) is such that tR,,n = 0. Then the identity (4.1) holds.

Proof. We set
v 1= Sag +1,
so that § =~ 4 df. Then dy = df3 and
BAAB =y Ady*t+d(fdyr ).

By Stokes Theorem

/M BAABTE = /M v Adyl (4.5)

and we will now compute the right-hand side of this equality. The differential of ~
is the two-form

dy =dS A ag + Sdag + dn,
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and its (n — 1)-th wedge power is the (2n — 2)-form

dy"!' = (n—1)dS A ag A (Sdag + dn)" 2 + (Sdag + dn)™*

n—2
—92\ . .
=(n-1)dSAagA Y <n . )deozé Adn" 27

=0~ 7
n—1 n—1 . ) '
+> < ; )Sﬂda{) Adp 1
5=0
En—1(n-2 :
= _ ) AT A g Adad Adyn T2
I\ ‘
n—1 n—1 ‘ ) )
+) < ; )Sﬂdag A dy 1
7=0
n—2 n—1 A ) '
= , d(STTY A ag A dad A dp 2
—\j+1
n—1 n—1 )
+ < . )deaf) Adpt7,
» J
7=0

Wedging this form with « we obtain the (2n — 1)-form

n—1
-1 ) . )
yAdy" Tt = (n , )SJ+1a0 Adag Ady" 1

Jj=0 J
n—2 n—1 ' ) )
+ Z <j N 1>d(SJH) Aag Adad AmAdpt2

J
— (n—=1\ ;. i ,
+ ( , >S]dozé/\77/\d77"_1_].
J
0

329

(4.6)

The forms with j different from n — 1 in the first sum above can be rewritten as

ag A dag Adygi = dagJrl AnAdy 27 —d(ag A dag A Adyt27),
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Therefore, the first sum in (4.6) can be rewritten as
first sum in (4.6) = S™ag A dogy™ Z < >S]+1daJ+1 A A dygn—2i
—Z( )Sjﬂd(ag/\dao/\n/\dn” 270
= S"op Adag™ +Z( )S]dao/\n/\dn” 1=j

—Z( )SJ+1d(040/\da0An/\dn" 277y,

By plugging the above expression into (4.6) and by summing the first sum of the
formula above with the third sum in (4.6), from which we isolate the term with

j = 0, we obtain the identity

n—1
1 1 . A
yAdy" = S"ag A dozgf1 + Z <<?_ 1) + (n i >) S7da) A A dpn=tJ

i=1
n—1 = n—1 j+1 J n—2—j
+nAdn —E . 1S d(ap Adagg A Adn )
" J
j=0

n—2
n—1 j+1 j n—2—j
+z(:)<j+1>d(sj ) A apg Aday AnAdy I,

Now we examine the first sum in the above expression. The coefficient of its j-th
term is (7?), by the addition formula for binomial coefficients, and the term with
j = n — 1 vanishes, because both n and dag vanish on R,,. By incorporating the
term 7 A dn”~! into this sum, we get the identity

yAdy" = S"ag Adaf” 1+Z< >S’]da AmAdytT
j=0 J
Z( >53+1d(a0/\da0AnAdn” 277

1 , . ,
+ <n+1>d(53+1)/\aoAdaé/\n/\dn”23.
o \J
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We now integrate over M and use Stokes theorem when integrating the second sum.
We obtain:

/ ’y/\d'y"l—/ [S"ao/\da Z( >S]d04 AnAdpgttd
M M
1 1 , , .
+Z<(n ) <?+1)>d(SJ'H)/\ao/\daé/\n/\dnn_%]}

By using again the addition formula for binomial coefficients and by shifting the
indices in both sums we find the identity

n—1
/ yAdyVT = / [S”ao Adag™t + Z < M 1) S'j_ldoz(])'_1 AnAdytI
M M = N T

—i—Z() (S7) AaoAdaO An/\dn"il*j],

that is precisely (4.1) thanks to (4.5). 0

5 The systolic inequality

The first aim of this section is to put together Theorem 2, Proposition 1 and Propo-
sition 2 to prove the local systolic maximality of Zoll contact forms of Theorem 1.
We follow the argument that we already sketched in the Introduction.

Proof (Proof of Theorem 1). Let C' > 0 be an arbitrary constant. Let o be a contact
form on M such that ||o — agp|lc2 < 0o, where Jp is given by Theorem 2. Then, we
can find a diffeomorphism u : M — M such that

ua = Sag +n+df,

where S € Q°(M) is invariant under the flow of Rq,, f € Q°(M), and n € QY(M)
satisfies

R, =0, g, dn=F[dS],
for a suitable endomorphism .% : T*M — T*M. Moreover, the bounds

ma {18 — 1llwsr, [nllcs Idnllen, 1 F e} < wr(la—aollows).  (5.1)

hold for every k > 0.

We set 6 := u*« and observe that it suffices to prove the systolic inequality for 3
because both the volume and the minimal period of Reeb orbits are invariant under
diffeomorphisms:

vol(M, B) = vol(M, «), Tnin(B) = Tiin ().
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We apply Proposition 2 to 8 and find functions p; : M — R for j =1,...,n—1
with zero average with respect to the volume form ag A dag_l such that

vol(M, ) = /M p(@, S(x)) ag A dai™, (5.2)

where p: M x R — R is defined as
n—1 '
p(z,s) =s"+ ij(x)sj.
j=1

Assume now that ||a — ag||cs < C. The last three bounds in (5.1) for £ =1 yield

max {[nllc, ldnlles, |- Fler } < wi(©). (5.3)

Take now ¢ = 1 + wi(C) and € = m in Proposition 2 and obtain a corre-

sponding § > 0 such that for every j =1,...,n—1

max {[nllco, dnlice, [Floof <8 = Ipylles < (5.4)

202" —n—1)

We now choose d¢ such that wo(dc) < min{1/2,4d}, so that for || — ap|lcz < d¢ we
get

1S~ ler < wo(6e) <172, max{fallen, ldnllen, |Fleo } < woldc) <

thanks to (5.1). Our choice of € shows that for every x € M the function s — p(x, s) is
strictly monotonically increasing on the interval [1/2, 4+-00). Indeed, for every x € M
and s > 1/2 we have

ap n—1 n—1 1
-1 . i1 -1 .
Sz, s) ="+ > i) =5 (4D ()
j=1 j=1
n—1 n—1
>s" 1 n=> 2" pjlles | =™ {n—  max oo Y 52"
= je{1,...,n—1} =

=" n-22"-n-1 max ; ,

(-2 ) sl
and the latter quantity is strictly positive because of (5.4).

In particular, the function s +— p(z,s) is strictly monotonically increasing on
the interval [min S, max S|, which is contained in [1/2,3/2], and (5.2) yields the
inequality

vol(M, B) = /

p(z,S(x)) ap Adaf ™t > / p(r,min ) ag Adag™t,  (5.5)
M

M
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with equality if and only if S(x) = min S, which happens exactly when S is constant.
Since the functions p; have zero average, the latter quantity equals

/ p(x, min S) ag A daf ! = / (min )"y A deff ! = (min S)" vol(M, ap).
M M
By Proposition 1, the Reeb flow of 3 has a closed orbit of period (min.S)Tmin (o).

Therefore, Tinin(4) < (min S)Timin(ap), and we deduce the inequality

Tnin (3 )7; vol(M, ag), (5.6)

vol(M, 8) > (min S)" vol(M, ag) > T (0"

which can be rewritten as

PsyS(Mu B) =

Tmin(ﬂ)n < Tmin(a())n _
vol(M, 3) — vol(M,aqg) Povs

If equality holds in (5.7), then it must hold also in (5.5) and hence S is constant.
By Proposition 1 3 is Zoll. Conversely, assume that § is Zoll. Then all of its orbits
have the same minimal period. By Proposition 1 S is constant. In this case, the
inequalities in (5.5) and in (5.6) are equalities. Therefore, (5.7) is an equality. This
concludes the proof of the theorem. O

(M, o). (5.7)

We conclude this section by discussing a lower bound for the maximal period of
“short” periodic orbits that can be proven by an easy modification of the argument
described above.

Recall that aprime(oc) denotes the prime spectrum of the contact form «, i.e. the
set of the periods of all its non-iterated closed Reeb orbits. Denote by Tj the common
period of the orbits of the Zoll contact form «g and fix some number 7 > Tj. By
Corollary 3.4 we can find a C?-neighborhood % of «y in the space of contact forms
on M such that for every o € %; the set oprime(cr) has non-empty intersection with
the interval (0, 7]. Therefore, the function

Tnax(a, 7) := max(oprime () N (0, 7])

is well defined on %.. Then an easy modification of the above proof allows us to
show the following lower bound for Tiyax(c, 7).

Theorem 5.1. Let oy be a Zoll contact form on a closed manifold M with orbits
of period Ty and let 7 > Tyy. Then for all C' > 0 there exists 6, ¢ > 0 such that the
C3-neighborhood

Hroi={ae Ql(M)’ lor— aollcs < -0, lla = alls < C}

of oy is contained in %, and for every o € Ny we have

ke Trnax(, 7)™
vol(M,ag) = vol(M,«a) ’

with equality if and only if « is Zoll. O
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Indeed, in order to get this bound it is enough choose . ¢ so small that
T
S—1 <= -1,
| [fed T

which implies that a circle at which S achieves its maximum is a closed orbit of Rg
of period less than 7, and to replace (5.5) by the inequality

vol(M, B) = / p(x,S(x)) ap Adaf ™! < / p(z, max S) ag A daf ™,
M M

which is an equality if and only if S is constant.

6 Convex domains

Endow R?" with coordinates (z1,¥1,...,%n,yn), with the Liouville one-form
1 n
Ao = 5 Z;(Ij dy; — y; d;),
]:

and with the symplectic form
n
wo =dNg = Zdﬂ?j AN dyj.
j=1

We shall use also the standard identification R?® =2 C" given by zj = xj + 1y;. The
restriction of Ag to the unit sphere S?*~1 C R?" is denoted by «g. Its Reeb flow is
the Hopf flow

(t,2) — ¥z, V(t,z) € R x §*~ 1

all of whose orbits are closed with period 7. The contact volume of (S?"~!, ag) is
7", so «q is Zoll with systolic ratio 1.
By starshaped smooth domain we mean here an open set of the form

Ap={rz|ze S 0<r< f(2)},

where f : 2"~ — Ris a smooth positive function. With this notation, the Euclidean
unit ball B?" of R?" is the set A;. The C*-distance of the starshaped smooth domains
Ay and Ay is by definition the C*k-distance of the smooth functions f and g on §27~1.

The one-form Ag restricts to a contact form a4, on the boundary of the star-
shaped domain Ay, and the radial projection

p:S*t — Ay, z+— f(2)z,
pulls this contact form back to the contact form f?ag on S?"~1:

p*(aa,) = fPao.
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Therefore, this pull-back is C*-close to ag = age» whenever A 7 is C*-close to B*".
The Reeb vector field of a4, is a non-vanishing section of the characteristic line
bundle of the hypersurface 0Ay, which is defined as the kernel of wo|74,, or equiv-
alently as the line bundle iNOAy, where NOA; denotes the normal bundle of 0Ay
in C™.

The aim of this section is to prove Propositions 3 and 4 from the introduction,
thus concluding the proof of the perturbative case of Viterbo’s conjecture stated in
Corollary 2. Both proofs make use of generating functions. We briefly recall here the
kind of generating functions that we are going to use and some results about them.

The symplectic vector space (C" x C" wy @ —wp) can be identified with the
cotangent bundle 7*C™ = C" x (C™)* by the linear symplectomorphism

®:C" x C* — T*C", (Z,Z)H(q,p)::(Z_;Z,i(z—Z)>. (6.1)

Here, T*C" is endowed with its standard symplectic structure dpAdg, where g € C™,
p € (C™)*, and the dual space (C™)* is identified with C™ by the standard Euclidean
product on C". The linear symplectomorphism ® maps the diagonal A of C" x C" to
the zero-section of T*C™. It is an explicit linear realization of the Weinstein tubular
neighborhood theorem for the Lagrangian submanifold A of (C™ x C", wp @& —wy).

The graph of a symplectomorphism ¢ : C* — C" is a Lagrangian submanifold of
(C™ x C",wp @& —wp) and hence gets mapped to a Lagrangian submanifold of 7*C"
by ®. If we assume that

|de(z) —id|| < 2 Vz e C,
by the Banach fixed point theorem the equation
_ 2+ 9(?)

2

can be solved uniquely for z, and hence ®(graph ¢) is the graph of a smooth map
from C™ to (C™)*, which by the Lagrangian condition is a closed one-form on C". A
closed one-form on C" is necessarily exact, and we deduce the existence of a smooth
function S : C" — R such that

i(z — o(z)) = VS (W) VzeCn. (6.2)

The function S is called generating function for ¢ and is uniquely defined up to an
additive constants. A simple bootstrap argument shows that
[VS|lce <wi(lle —idller)  VE =0, (6.3)

for suitable moduli of continuity wg. In particular, S is smooth if ¢ is smooth.
Conversely, if S : C® — R is a smooth function such that

IV2S(2)] <2  VzeCm,
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the Banach fixed point theorem implies that equation (6.2) uniquely determines
a map ¢ : C" — C", which is smooth because of the smooth dependence of the
fixed point in the parametric Banach fixed point theorem. More precisely, a simple
bootstrap argument shows that

lp —idllor < wi([[VSller) k>0, (6.4)

for suitable moduli of continuity wy. Since ®(graph ¢) is the graph of the closed
one-form VS, the map ¢ is a symplectomorphism. Its inverse p~! : C* — C" is
obtained by solving the equation

“Lw)+w

i((p_l(w)—w):VS<(p . ) Vw € C™.

The proof of Proposition 3 builds on the following lemma, in which 7y denotes
the closed curve
70 : R/Z - Cna 70(75) = (6271—“7 0,..., 0)7 (65)
along which the one-form A\g has integral 7.

LEMMA 6.1. There exists 6 > 0 such that if v : R/Z — C" is a smooth closed curve

with H’}/ — ’)/0”02 < ¢ and
Y Yo

then there exists a compactly supported symplectomorphism ¢ : C" — C™ such that
e(y(t)) = vo(t) for every t € R/Z and

[ —idller Swk(ly —0llcrn),  VE >0, (6.7)
for a suitable sequence of moduli of continuity wy,.

Proof. We shall construct the symplectomorphism ¢ by means of a suitable gener-
ating function S : C" — R as in (6.2). The curve

Y(t) + Y0 (¢)

NiR/Z—=C () = 2 ’

is an embedding when ||y —~ol|c1 is small enough. By (6.2), the condition p(v(t)) =
~o0(t) requires us to prescribe the gradient of S on the image of ; as follows:

VS(m(t) =i(y(t) —(t)  VteR/Z (6.8)

The necessary condition for being able to find a function S satisfying the above
identity is

[ 60 o) ey de =0, 69)
R/Z
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This condition holds thanks to the assumption (6.6) and turns out to be sufficient,
as we now show. Thanks to (6.9), the function

t
(0= [ [it2(7) = 20(r)] -3k(r)
is 1-periodic and hence defines a smooth function on R/Z. Note that

Isllcx <wr(ly —70llex) Ve >1, (6.10)

for suitable moduli of continuity wy.

Denote by P; : C* — C and P, : C" — C"~! the projections that are associated
to the splitting C* = CxC"~!. Choose dy > 0 small enough so that for every smooth
curve v : R/Z — C™ with |7 — vl|cr < do the projection Pj o~y is an embedding
into C\ {0} which is everywhere transverse to the rays emanating from the origin.
Then, if ||y — vo|lcr < do, the map

¥ : (0,400) x R/Z x C"™! — (C\ {0}) x C"71, (r,t,w) — ry(t) + w,
is a diffeomorphism satisfying
1Y = Yollcr ((0.r0) xr/zxCn-1) < Wil = 0llen), (6.11)
for every ro > 0, where g denotes the diffeomorphism
vo(r, t,w) = ryo(t) + w.
Let
x1: (0,400) — R, x2 : [0, +00) — R,
be smooth compactly supported functions such that
xi(r)=1 vre [} 3], x2(r)=1 Vrel0,1].
The identity

S(rm(t) +w) = xa(r)xa(lw]) (s(t) + (r = D]i(y(t) = r0(t)] - ()
+HiPa(v(t) = 0(1)] - w)

defines a smooth compactly supported function S : C* — R. Differentiating the

above identity with respect to ¢, r and w at » = 1 and w = 0 we obtain the
formulas
VS(1(t) -7i(t) = 8'(t) = [i(v(t) —%(t)] - 71(1),
VS(yi(t) - (t) = [i(v(t) = 2()] - (),
PVS(11(t) = iPa(v(t) —70(1)),
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which are equivalent to (6.8). Moreover, the above formula for S, (6.10) and (6.11)
imply the bounds

[Sller < wi(lly —70ller)  VE>1, (6.12)

where we have replaced the moduli of continuity wy by possibly larger ones. Let
§ < 8o be a positive number such that ||y — vo|lc2 < & implies that [|[V2S||co < 2.
If |7 — vllc2 < 0, from what we have seen above we deduce that the identity (6.2)
defines a smooth symplectomorphism ¢ : C* — C", which is compactly supported
because S is compactly supported. The identities (6.2) and (6.8) imply

e(y(t)) =(t)  VtER/Z,
Finally, the bounds (6.7) follow from (6.4) and (6.12). 0

REMARK 6.2. The above lemma is a local specialization of the following global re-
sult: The group of compactly supported symplectomorphisms of R?" acts transitively
of the set of smooth embedded closed curves v : R/Z — R?" with action f7 Ao = a,
for any given number a # 0. This can be proved either by generating functions or by
Moser’s homotopy argument, after showing that the set of smooth embedded closed
curves of action a is connected. The above proof by generating functions allows us
to get the bound (6.7) without further loss of derivatives.

We are now ready to prove Proposition 3 from the Introduction, stating that the
Ekeland—Hofer—Zehnder capacity and the cylindrical capacity coincide on smooth
convex domains that are C3-close enough to the Euclidean unit ball B?".

Proof of Proposition 3. Let € > 0 be such that any diffeomorphism ¢ : R?" — R??
satisfying ||¢ —id||c2 < € maps any starshaped smooth domain C' whose C?-distance
from B?" is smaller than € to a smooth starshaped domain which is still convex. The
existence of such a positive number € follows from the fact that S?*~! is positively
curved.

Up to rescaling, it is enough to prove the identity

cenz(C) = cout(C) (6.13)

for all convex smooth domains C' that are C3-close enough to B?" and satisfy
Twin(ac) = w. Let C be such a domain and ¢ : R/7Z — 9C be a closed Reeb
orbit of a¢ of minimal period. We claim that ¢ is C3-close to some Reeb orbit
Co(t) = €*z, z € 52771 of oy = apen. Indeed, writing C = Ay for some smooth
real function f : §?"~! — R which is C3-close to the constant 1 and denoting by
p: 5?1 — OC the radial projection, we have that the contact form p*ac = f2ay is
C3-close to ag. This implies that the respective Reeb vector fields are C? close. By a
standard argument involving Gronwall’s lemma, p~! o ¢, which is a 7-periodic closed
Reeb orbit of p*ac, is C3-close to (o(t) = €2z with z = p~1(¢(0)). By applying the
map p : S~ — 9C, which is C3-close to the inclusion S?"~! < C"”, we conclude
that ¢ is C3-close to (g, as claimed.
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Up to applying a unitary automorphism of C", we may assume that z = (1,0,...,
0), so that ((t) = yo(t/m), where g is the curve defined in (6.5). Thanks to Lemma
6.1, there is a symplectomorphism ¢¢ : C* — C™ mapping ((R/7Z) to v(R/Z)
which is C?-close to the identity.

We now fix the C3-neighborhood % of B?" in such a way that every C' € %
has C2-distance smaller than e from B?" and the symplectomorphism ¢¢ satisfies
loc —id||c2 < e. By the above choice of ¢, for every C' € A the set C' := ¢c(C)
is a convex starshaped smooth domain such that vo(R/Z) is a Reeb orbit of ac-
of minimal period Ty (cer) = 7. In particular, the normal direction to dC” at the
point 7o (t) is the line i) (¢)R, which is contained in C x {0}, so the tangent space
of OC" at yo(t) has the form ~{(t)R & C"~!. By convexity, C’ is then contained in
the cylinder Z = B? x C"~!. So we have

cout(C") < 7 = Tyin(acr) = cenz(C’),

which implies (6.13) for C’, as cout > cgnz is always true. From the fact that C is
symplectomorphic to C’, we deduce that (6.13) holds also for C. O

We conclude this section by proving Proposition 4 from the Introduction, namely
the fact that smooth convex domains that are C>-close enough to the Euclidean
unit ball B?" and whose Reeb flow on the boundary is Zoll are symplectomorphic
to Euclidean balls.

Proof of Proposition 4. Consider a starshaped domain C' C R?" = C" with a¢ =
Xoloc Zoll in a C3-neighborhood % of B?", whose size will be determined along the
proof. Up to rescaling, it is enough to consider the case in which the Reeb orbits of
ac have period 7. If C'= Ay is C3-close to the Euclidean unit ball B>® = A;, then
the contact form

plac) = fPag

on S?"~1is C3-close to the standard contact form ag = apge», all of whose orbits are
closed with period 7. Here, p : S?"~1 — 9C denotes the radial projection z — f(2)z.

Since a¢ is Zoll with all orbits of period m, so is p* (). Proposition 3.2 implies
that if % is small enough then there exists a diffeomorphism v : §?"~1 — §2n-1
that is C''-close to the identity and satisfies

v* (" (ac)) = ao.
The diffeomorphism ¢ := pov : §?"~1 — 9C is C''-close to the inclusion $**~1 — C"

and satisfies

v (Xolac) = Aolgzn-1.
In particular, up to reducing if necessary the size of 4, we may assume that

z+(2)

1 2n—1
> — . .
5 5 Vze S (6.14)
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We now extend v to a positively 1-homogeneous map on the whole C" by mapping
rz with 7 > 0 and z € S?"~! to 7(z). This extension is still denoted by

Y :C" — C".
It is continuous on C", smooth on C™ \ {0}, maps B?" onto C and satisfies
w*AO = /\0 on C" \ {0}

In particular, it is a symplectomorphism of C™\ {0} onto itself. In order to conclude,
we just need to smoothen it near the origin, by keeping it a symplectomorphism.
Such a smoothing can be performed using generating functions, as we shall now
explain.

The graph of the symplectomorphism 9[cn\foy is a Lagrangian submanifold of
(C"x C™,wy® —wyp), and hence gets mapped into a Lagrangian submanifold of 7*C"
by the map ® from (6.1). The map d¢ is 0-homogeneous and is arbitrarily C-close
to the identity, provided that & is sufficiently small. This implies that if £ is small
enough the graph of the symplectomorphism 1[cn\ oy is mapped to the image of a
positively 1-homogeneous Lagrangian section of 7*(C™ \ {0}), that is, to the graph
of a positively 1-homogeneous closed one-form on C™ \ {0}. Since C™\ {0} is simply
connected (we are assuming that n > 1, because this proposition is trivially true
for n = 1), this one-form is the differential of a positively 2-homogeneous smooth
function S : C"\ {0} — R. From (6.1) we deduce that the symplectomorphism 1)
satisfies

iz — b(2) = VS <"’+21/’(Z)> Wz e Cm\ {O}.

The Hessian of S is positively 0-homogeneous and is C%-small, see (6.3). The function
S extends continuously to the origin by setting S(0) = 0, but this extension is in
general not smooth. In order to smoothen it, choose a smooth function o : [0, +00) —
[0, 1] such that o(r) = 0 for all r sufficiently small and o(r) = 1 for every r > 1/2.
We then define a smooth real function S on C" by

S(z) :=o(|2])S(2) Vz e C".

The Hessian V25 of S is C9-small when the one of S is C%-small, so up to reducing
the size of & we can assume that

||V2§’|Co < 2.

As discussed at the beginning of this section, this implies that the identity

itz - o) = V5 () e

defines a smooth symplectorphism ¢ : C* — C". Since VS(z) = VS(z) for every
z € C" with |z| > 1/2, inequality (6.14) implies that ¢(z) = ¢(z) for every z €
S?2n=1 We conclude that ¢ is a symplectomorphism of C” mapping B?" onto C. O
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7 Shadows of symplectic balls

In this section, we wish to prove Corollary 3 from the Introduction. Before starting
with the proof, we need to discuss the linear symplectic non-squeezing theorem.

The vector space R?" is endowed with the standard symplectic form wg, with
the standard Euclidean product and with the standard complex structure, which is
wo-compatible and allows us to identify R?” with C". If 0 < k < n, we have the
inclusions

Grk((C”) C Grgk(RQ",wo) C Grgk(RQR)

of the Grassmannian of complex k-subspaces into the Grassmannian of symplectic
2k-subspaces, and of the latter into the Grassmannian of all real 2k-subspaces. The
smallest and the largest Grassmannians are compact, while the symplectic Grass-
mannian is an open neighborhood of Gri(C") in Grox(R?").

The Wirtinger inequality states that

wh v, var]] < EHur Ao A vgg

for all 2k-uples of vectors in R?” and, in the case of linearly independent vectors,
the equality holds if and only if the vectors vy,..., v, span a complex subspace.
Therefore, the formula

|wE o1, ..., vag]|
w(V) = , 7.1
( ) k!]vl/\~-/\v2k| ( )
where v1, . .., vg, denotes a basis of V, defines a non-negative function on Grog(R?*?)

which is strictly positive precisely on Grox(R?",wp) and achieves its maximum 1
precisely at Gry(C"): For every V € Grg,(R?") there holds

w(V) > 0, with equality if and only if V ¢ Grog(R*™, wy),

. o . (7.2)
w(V) <1, with equality if and only if V' € Gri(C").

The function w is invariant under unitary transformations.

Given V € Grgi(R?", wy), we denote by Py the linear projection onto V along
the symplectic orthogonal of V. The linear symplectic non-squeezing theorem can
be stated in the following way, where B?" denotes the Euclidean unit ball in R?".

Theorem 7.1. For every element V € Grop(R?*", wg) and every linear symplecto-
morphism ® : R?” — R?", we have

vol(Py ®(B*"), wlv) = (7.3)

w(®=1(V))
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In particular:

(i) vol(Py®(B?"),wk|v) > 7% with equality if and only if ®~1(V) € Grj(C").
In the equality case, the set Py®(B?") is linearly symplectomorphic to a
Euclidean 2k-ball of radius 1:

Py®(B?") = ®(B* nd (V). (7.4)
(i) The function V + vol(Py®(B?"),wk|y) is coercive on Gray(R*", wy).

The proof of the above theorem can be obtained by an easy modification of the
proof of [AM13, Theorem 1], but for the reader’s convenience we include a full proof
at the end of this section. See also [DAGP19] for another approach to the linear non-
squeezing theorem: There, statement (i) above is proven by showing that P, ®(B?")
always contains a symplectic 2k-ball of radius 1, by using the Williamson symplectic

diagonalization and Schur complements.
We can now proceed with the proof of Corollary 3.

Proof of Corollary 3. We use the notation Symp(R?") for the space of (nonlinear)
symplectomorphisms ¢ : (R?", wg) — (R?",wp) and consider the function

I Symp(R2”) X Grgk(RQ”,wg) — (0, +00), flp, V)= voI(PV(cp(BZ”)),wg\V).

This function is continuous with respect to the C’I% ~topology on Symp(R?") and the
standard topology of Grax(R?™,wy).

We fix a linear symplectomorphism ® : R?" — R?". In order to prove Corollary 3,
it suffices to find a Cﬁ)c—neighborhood #y of @ so that

f(%pa V) > 7Tk7 v((P, V) € % X Ger(R2n7w0)' (75)
Denote by
g@ = @(Grk(C”))

the set of V € Grgr(R?",wp) such that ®~1(V) is a complex linear subspace. By
the compactness of the complex Grassmannian Gri(C™), ¢, is a compact subset of
Gray (R2n7 WO) :

If V belongs to ¥, then we have the identity

Py®(B*™) = ®(B"nd (V)

by statement (i) of Theorem 7.1, so composing ® with a unitary map Uy : R?* —
®~ (V) we obtain a linear symplectomorphism ¥y : R?* — V such that

Uy (B?) = Py ®(B™).

Let now 4 be the C3-neighborhood of B?* in the space of smooth convex bodies in
R?* given by Corollary 2 from the Introduction. The set Z has the property that

cenz(C)F < vol(C,wh) VO € A. (7.6)
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For all Vy € ¥, there holds
\IJ‘_/OIPVO(I)(an) — B2k‘7

and hence there exists an open neighborhood %4, of Vp in Gray,(R?",wp) and a CI%C—
neighborhood #4;, of ® in Symp(R?") such that

Uy Py(p(B™) € 2  V(p, V)€ Wy, x W (7.7)
By the compactness of ¢ there are finitely many Vi, ..., Vy in 4 such that the set
N
Vo= U W,
i=1

is an open neighborhood of 4. If #} is any C} -neighborhood of ® in Symp(R?")
which is contained in (), #4;, then by (7.7) we obtain the following statement: For
every (¢, V) in #, x ¥ there exists a linear symplectomorphism ¥ : R?* — V' such
that

UL Py(o(B™)) € 4. (7.8)

If (p,V) belongs to #y x ¥ then we find, thanks to (7.6), (7.8) and the fact that
both the volume and the EHZ-capacity are invariant by the symplectomorphism ¥,
the inequality

Flo, V) = vol(Py(¢(B*),wl|v) > cenz(Py (p(B*)))".

Now we can use the fact that the EHZ-capacity of the linear symplectic projection
of a bounded convex domain C' is not smaller than the EHZ-capacity of C, see e.g.
[AM15, Theorem 4.1 (v)], and we obtain

cenz(Py (p(B*™)F > epuz(0(B*)" = cpuz(B*)F = o

Putting the last two inequalities together, we have shown the inequality in (7.5) on
Wo X V-

floV)y=ak  N(p,V)eWyx7. (7.9)
Let us now consider the set
V= {V € Grop(R¥, wp) | f(®,V) < (2m)FY,

which is compact thanks to statement (ii) in Proposition 7.1. Let us shrink %4 so
that the implication

1
pEM = @(B™) D ®(B™)
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holds. If (¢, V) € # x V4 ¢, then this implication yields

F(, V) = vol(Py (9(B*™)),wi|v) > vol(Py (3®(B*")),wiv)
= vol(3 Py (®(B™)),wk|v)

1
= Sevol(Py (@), wbl) = oS (@,V) > 7t

Thus, we have shown the inequality in (7.5) on #f x ye.
flo,V)y>a* V(e V)e#yx T" (7.10)

Since 77\ ¥ is compact and f > 7% on {®} x (”/7\ ), up to shrinking the neigh-
borhood #; of ® we may assume that

Flo,Vy>aF, Y, V) e Wy x (V\V¥). (7.11)

Inequalities (7.9), (7.10) and (7.11) yield the desired lower bound (7.5). This con-
cludes the proof of Corollary 3 from the Introduction. O

We end this section by proving Theorem 7.1.

Proof of Theorem 7.1. We first consider the special instance in which V is a com-
plex subspace. In this case, the symplectic projector Py is orthogonal, and hence
symmetric. We denote by A the surjective linear map

A:=Pyd :R™ - V.
Then
Py®(B") = A(B®) = A(B* N (ker A)1Y), (7.12)

where 1 denotes the Euclidean orthogonal complement, and the Euclidean volume
volgy, of this set can be expressed by the formula

vola (A(B)) = way [det(AT Al er 4) ), (7.13)

where AT : V — R?" denotes the transpose of A with respect to the Euclidean
product and wgy, = 7 /k! is the volume of the Euclidean unit 2k-ball.

Note that, denoting by J the standard complex structure of R?" and using the
fact that V' is complex and Py is symmetric, we have

(ker A)t = AT(V) =0T Py (V) =0T (V) =0T J(V) = JO7Y(V), (7.14)

where the last equality follows from the fact that the automorphism ® is symplectic.
Let v1, ..., v be a basis of (ker A)* with

[p A - Avgg| = 1.
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By (7.13) we have the chain of identities

(VOIQ’“(A(B%))Y = det(AT Al ger 4)2) = |AT Avy A+ A AT Avgy,|
Wak . (7.15)
— Wyw’g[ATAvl, o AT Avg]),
From (7.14) and from the fact that J is unitary we obtain
w((ker A)F) = w(JOH(V)) = w(@ (V). (7.16)

Moreover, since Py is symmetric, there holds
ATA=0"TP,o = o 4,

and hence, using the fact that ®7 is symplectic and V = A(R?") is complex, we
obtain

|WE[AT Avy, ... AT Avgy]| = |wB[®T Awy, ..., ®T Avgy]|
= |wh[Avy, ..., Avgr]| = KV |[Avg A - -+ A Avgg| (7.17)
k!

! k!
= —volyp(A(B® N (ker A)1)) = ——voly, (A(B?™)),
Wk Wak
where in the last identity we have used (7.12). The identities (7.15), (7.16) and (7.17)
give us the following formula for the Euclidean volume of A(B?"):

k

A" = 05w~ Hamy

As V is complex, we deduce the desired identity for the wlg—volume of Py®(B*) =
A(B):

vol(Py ®(B*™), wk|y) = k! volgr (A(B*)) = I
The case of a general symplectic subspace V € Grai(R?™,wp) can be deduced from
the above case as follows. Choose an wgp-compatible scalar product on R?” such
that the projector Py is orthogonal, and denote by B?* and J the corresponding
unit ball and wy-compatible complex structure, which satisfies J(V) = V. Let ¥ :
(R wy, J) — (R?™,wp, J) be a symplectic and complex linear isomorphism. Then
U is unitary from (R?",.J) to (R?",.J), and hence W(B>") = B?". By applying (7.3)
to the complex subspace V of (R?",.J) and to the linear symplectomorphism ®¥ we
obtain

VOI(PV‘I)(an)anV) = VOI(PVCI)‘I’(an)vwg‘V) = G(T 10 1(V)) - w(®=1(V))’
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where w denotes the function (7.1) on the symplectic and complex vector space
(R2", wy, J ) and in the last equality we have used again the fact that ¥ is unitary.
This proves the identity (7.3) in general.

The first part of statement (i) and statement (ii) are now immediate consequences
of this identity and (7.2). There remains to show that if ®~1(V) is a complex linear
subspace, then identity (7.4) holds. This identity can be deduced from (7.12) by the
following chain of equalities:

Py®(B*) = ®(B* N (ker Py ®)t) = (B N (& (ker Py))t)

(B> N &7 ((ker Py)t))
(B ndTJ(V)) =B NnJd (V) =d(B*"nd (V).

P
P

Here, the fact that the subspace ®~!(V) is complex has been used in the last
equality. O

Acknowledgments

We would like to thank Viktor Ginzburg for making us aware of Bottkol’s theorem
and for several discussions about it. Our gratitude goes also to Barney Bramham,
Umberto Hryniewicz, Jungsoo Kang and Pedro Salomao, with whom we have dis-
cussed the topic of this paper so many times that their contribution goes surely be-
yond what we even realize. A. Abbondandolo is partially supported by the Deutsche
Forschungsgemeinschaft under the Collaborative Research Center SFB/TRR 191 -
281071066 (Symplectic Structures in Geometry, Algebra and Dynamics). G.
Benedetti is partially supported by the Deutsche Forschungsgemeinschaft under
Germany’s Excellence Strategy EXC2181/1 - 390900948 (the Heidelberg STRUC-
TURES Excellence Cluster), the Collaborative Research Center SFB/TRR 191 -
281071066 (Symplectic Structures in Geometry, Algebra and Dynamics), and the
Research Training Group RTG 2229 - 281869850 (Asymptotic Invariants and Limits
of Groups and Spaces).

Funding Open Access funding enabled and organized by Projekt DEAL.

Open Access This article is licensed under a Creative Commons Attribution 4.0 Inter-
national License, which permits use, sharing, adaptation, distribution and reproduction in
any medium or format, as long as you give appropriate credit to the original author(s) and
the source, provide a link to the Creative Commons licence, and indicate if changes were
made. The images or other third party material in this article are included in the article’s
Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is
not permitted by statutory regulation or exceeds the permitted use, you will need to obtain
permission directly from the copyright holder. To view a copy of this licence, visit http://
creativecommons.org/licenses/by/4.0/.


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

GAFA ON THE LOCAL SYSTOLIC OPTIMALITY OF ZOLL CONTACT FORMS 347

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.

A Appendix: Estimates for differential forms

In this “Appendix” we exhibit the proofs of Lemma 1.1 and 1.2 .

A.1 Proof of Lemma 1.1. Let B, B’ and B” be open Euclidean balls in R?
such that

B"cB cB CcB
and let
pi: B—U; C M, i=1,...,N,

be diffeomorphisms such that ¢; and goz-_l have bounded derivatives of every order
and the open sets U/ := ¢;(B") cover M. Set U/ := ¢;(B’). Since U/ and U/ have
compact closure in U; and U/, respectively, we can find a positive number r such
that any map u: M — M with distco(u,id) < r satisfies

wU)) cU;, w U cU.

Fix a smooth partition of unity {p;}i=1,.. n subordinated to the open cover
{U"}iz1, n.Let o € /(M) and let u : M — M be a smooth map with disteo (u,id)
< r. Then the ¢-th summand in

N
ura = Z u*(picv)
i=1

satisfies
supp u*(picr) C u” ' (supp pir) C ™' (U}') C U],

By means of the coordinate system ¢;, p;o can be seen as a smooth j-form ; on R?
supported in B” and the restriction of u to U] as a smooth map v; : B — B with
bounded derivatives of every order such that v;3; is compactly supported in B’.

This localization argument allows us to reduce the proof of Lemma 1.1 to the
following statement: For every 3 € Q7 (R?) with compact support and every smooth
map v : B’ — R? with bounded derivatives of every order we have

lv*Bllex sy S \\ﬁ\|0k=!\dv\|j¢k(3«)(1 + ([l E-s (1)), (A1)
[v*B = Bllerzy S 1Bllerllv —id| ersr gy (1 + HdUH]gZZB/))’ (A.2)

for every k > 0, where for k£ = 0 the undefined term |dv||cx—1(p/) in (A.1) is set to
be zero. Indeed, there holds
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N

[w* a\ICk<ZIIU (ric)llon = leu (Pic)llcx SZHU Billex By

(A.
< leﬁzllc'»lldvzll gy (L + 1ldvil|Enr ()

2

<Y Ipollos ldull g (1 + lldullEs )
=1

< dull ey (1 + ldullénsan) D lpialles,

and inequality (1.2) in the statement of Lemma 1.1 follows from the fact that the
quantity Zf\i L lpicdl|er is a norm on Q7 (M) that is equivalent to ||a|/cx. Similarly,
we get
N N
lu*er = alles <> lu(pie) = picllerwn S 07 Bi = Bill ey
i=1 i=1
(A2) N
S D IBilenllo; = idllorss 5y (1 + i l[Z )
1

=

N
<D llpialloredist o o) (u, i) (1 + [|dul £,
i=1

N
< distern gy (u,id) (1 + [|dul 75y ) ZHpichkﬂ

< distonen an(u id)(1+ [ dullZEE, )||a||c'«+1,

proving inequality (1.3) in the statement of Lemma 1.1.

There remains to prove (A.1) and (A.2). We first deal with (A.1) in the case
j =0, 1ie f:RY = R is a compactly supported smooth real function, and argue
inductively on k. In this case, (A.1) holds trivially for k£ = 0, and we assume that it
holds for a certain integer £ > 0. We denote the standard basis of R4 by {ej}j=1,. 4
and multi-indices and partial derivatives by

d d
p=> piej,  lpl=Y_p;, =0
j=1 =

where the p;’s are non-negative integers. If |p| = k+ 1, then we can write p = ¢ +e¢;
with |¢| = k and find
d

0"(v*B) = 00y, (Bov) = 0"y (9. 8) 0 v) Dy, i

i=1
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—Z 3 <> 1.B) 0 v) 80, v,

=1 r+s=q

where the generalized binomial coefficient (g) is the product of the binomial coeffi-
cients (g) and v; denotes the i-th component of v. From this identity and from the
inductive assumption applied to the functions 0., 3 we obtain

d
107 (v B) oy <> 2810w, 8 0 vllcr )

i=1

d
S D10, Bller (1 + [ dvllén- ) 1dv]lon s
i=1

< 1Bl (Idvllormy + vl s0)-

Using again the inductive assumption, we deduce that the C**!-norm of v*3 has
the upper bound

v Bllcrtr(mry = lv*Bllor ) + Z 107 (v*B) |l comy

Ip|=Fk+1
SBller (1 + vl @ (gy) + 1Bl (Idvllersy + lldvlighisn)
< [1Bller (1 + l[dvlln sy + lldvlien () + v H’E?(IB )
S 1Bllerr (1 + Hdvll'“+1 )-

This concludes the proof of (A.1) for j = 0.
The bound (A.1) for higher order forms follows from the case of functions by writing
each smooth j-form as sum of the elementary j-forms

0= fdx;, /\-~-/\d$ij
and by using the identity

v'B=fou Z (O, Vi * - oo+ Ony, 0i;) dTpy A - Adap,.
he{l,...d}s

Now we prove the bound (A.2), starting again from the case of a function 8 € Q°(R9).
We have

d 1
Blv(x)) — B(z) = Z(vl(x) - ml)/o Oz, B(tv(z) + (1 — t)x) dt. (A.3)

=1

From (A.1) for j = 0 we deduce
10z, 8(tv + (1 = t)id)[lox(p) S 105, 8l ex (L + [[tdv + (1 = t)id||gn-1 ()
S 1Bllows (1 + ldvl|En-1 g)-
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We can now estimate the C*-norm of (A.3) using the above bound and the fact that
the C* norm of a product is bounded by the product of the C* norms:

15 0v = Bllexsy S IBllcr[lv —id]lex sy (1 + 1dv]| e 5), (A.4)

which is a stronger version of (A.2) for j = 0. If 7 > 1 and [ is the elementary
j-form

ﬁ:fdle /\"-/\d$ij,
we have

VB == (fov— f)dv, A---Adu;, + f(dv, A--- Adv, —dag, A Ada,).
(A.5)

By writing v;(x) = x; + w;(x) we can expand the term dv;, A --- A dv;, and get the
bound

ldvi, A=+ A vy, = dag, A= Adallossy S lldo = idlersn (1 + [[do = id[[7 g0)-
(A.6)

The identity (A.5) and the estimate (A.6), together with the bound (A.4) applied
to the function f, imply

[v*B = Bllerzy < || fov— fHCk(B/)HdUH‘ék(B,)
+ [ fllerlldvi, A=+ Advg, —dag, A= Aday, || ox s
S Iflersllo = idllox sy (L + [dvllEns 5y 1801 g
+ 1 flleslidv = idllon sy (1 + [[do = id[7x 5,
< Ifllowsa o = idllcrer (3 (1 + ol )
By adding up over all elementary forms we obtain (A.2).

A.2 Proof of Lemma 1.2. Let J : A>»2M — TM be the vector bundle
isomorphism that is the inverse of the map

X — tx(ag Adaf™h),
and consider the bundle map
K:AN°M —TM, K@) =J@").

If o is a contact form on M, then a Ada" ! = fag A dag_1 for some non-vanishing
function f € Q°(M), and we have

e(doy (@ Ada™ ™) = Fag (g (0o Adaf ™) = fda” .
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From the identity
1R, (@ Ada"1) = da" !

we then obtain that the non-vanishing vector field K (da) is parallel to R, and hence
we find the following formula for the Reeb vector field of a:

R — K(da)

= K@) (A.7)

Since K(dag) = Rq,, for every integer k > 0 the map K satisfies
|K(da) — Rallox = K (da) — K(dag)llex < wi(lda — daglles) Vo € QM)

(A.8)
for a suitable modulus of continuity wi. We deduce the estimates
(K (da)) = 1fler < [la(K(da)) — a(Ra,)l[cr + la(Ra,) — ao(Ra)llox
< llaller[[ K (da) = R, lles + [lor — aollon | Rag [l e
< [lellerwr(lda = dagl[ex) + lla = aollex | Ra [l
from which we obtain the bounds
”Oé(K(dOé)) — 1HC’k S wfg(Hoz - Oé()”ckﬂ) Vk Z 0, (A9)

for a suitable sequence of moduli of continuity wj,.

Let & > 0 be such that wj(d) < 1/2. If the contact form « on M satisfies
|l — apl|cr < 6 then (A.9) implies that o(K (da)) is uniformly bounded away from
zero and we have bounds

1

et — Yo < willa - aslen) w20, (410

for a suitable sequence of moduli of continuity w;. The desired estimate for the
C*-norm of R, — R,, now follows from (A.7), (A.8) and (A.10).

B Appendix: Bottkol’s theorem

B.1 The statement of the theorem. Let M be a smooth closed manifold
and X a smooth vector field on M all of whose orbits are periodic with the same
minimal period Ty. The flow gbfxo of X induces a free S'-action on M.

We fix a Riemannian metric ¢ on M such that the diffeomorphisms ¢3(0 are
isometries for all ¢ € R. In order to construct a metric with this property, it is
enough to start from any metric on M and average it on the orbits of ¢x,.

For every integer k > 0, we denote by X*(M) the vector space of C* vector fields
on M endowed with the C*-norm induced by g. The symbol X(M) denotes the space
of smooth vector fields on M.
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Let now U € X°(M) be a continuous vector field. First, we can average U on the
orbits of Xy, producing the following ¢x, -invariant vector field:
— 1 [T
Ulx) =7 [ dox [U(d, ()] dt.
T() 0 0

Second, we can define a continuous map
u: M — M, u =expol,
where
exp: TM — M

denotes the exponential mapping associated to the metric g. The map u is C* if U
is C* and is a C* diffeomorphism if U is C* and C''-small.
Third, for every x € M we denote by

PU)y : TeM — TymyM
the linear map that is induced by the Jacobi fields along the geodesic ¢t — exp(tU(x)),
t € [0, 1], vanishing at ¢ = 0:

d

PU)v:=—
()’U dsls=0

exp, (U(z) + sv) = d” exp(U(z))[v],
where d¥ exp denotes the vertical differential of the exponential map:
d’exp : TM = T"TM — TM.

The map P(U), is an isomorphism provided that ||Ul|co < 7inj, where 7i,; denotes
the injectivity radius of (M, g). The aim of this “Appendix” is to discuss the proof
and some consequences of the following result.

Theorem B.1. There exists § > 0 such that for every X € X(M) with || X —
Xo|lcr < § there is a pair of vector fields U,V € X(M) and a smooth function
h: M — R such that:

(i) P(U)V = du[Xy] — hX o u, where u = expoU;
(ii) U = 0;
(iii) Lx,V = 0;
(iv) g(V, Xo) = 0;
(v) Lx,h =0.
Moreover, for every integer k > 1 we have the bound

max{[|Ul[cx, [[Lx,Ullow: [Vlex, [|h = er} < we(|X = Xoller), — (B.1)

for some modulus of continuity wy,.
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Under the stronger assumption that X is C?-close to Xp, the existence of C*
vector fields U, V and of a C! function h satisfying (i)-(v) was proven by Bottkol
in [Bot80, Theorem 1 and Lemma A], building on ideas of Weinstein and Moser
from [Wei73a, Wei73b, Mos76]. Actually, Bottkol’s setting is more general: The flow
of the vector field X is Tp-periodic only on a submanifold of M that satisfies a
suitable non-degeneracy assumption. The fact that the C?-closeness assumption can
be replaced by Cl-closeness by adapting an argument from [Mos76] is explicitly
observed in [Bot80].

Up to reducing the positive number § in the above theorem, we can assume that
U is sufficiently C'-small so that v = expoU is a diffeomorphism. In this case,
condition (i) can be rewritten as

hu*X = Xo — 2[V], (B.2)
where
2:=du'oP(U)

is a linear automorphism of T'M lifting the identity. Note that the bounds on U
from (B.1) imply for all k£ > 1 that

max {distck(u, id), |2 — id||crs, distor(duo 2, id)} < wp(| X = Xollex), (B.3)

for suitable moduli of continuity wyg. In this way, we have obtained the formulation
of Bottkol’s theorem that we stated as Theorem 2.1 and used in the proof of the
normal form.

B.2 Application to the existence of short periodic orbits. @ Theorem B.1
can be used to prove the existence of closed orbits for vector fields X that are C'-
close to the vector field X, all of whose orbits are closed and have the same minimal
period Tj. Indeed, denote by

m: M — B

the projection onto the quotient induced by the free S'-action given by the flow of
Xo. Conditions (iii) and (iv) in Theorem B.1 imply that there is a smooth vector
field V on B such that dn[V] =V om and V(z) = 0 if and only if V(7 (x)) = 0. Let
b € B be a zero of V. Then V vanishes on the circle 7=1(b), and (B.2) implies that
u* X is parallel to X along this circle. Therefore, m7=1(b) is a closed orbit of u*X of
period T = h(x)Tp, where x is any point on 7= 1(b) (by (v), h is constant on 7=1(b)).
We conclude that the original vector field X has the periodic orbit u(7~1(b)), which
is close to w~!(b) and has period T close to Tp.

Therefore, any zero of the vector field V on B corresponds to a closed orbit of X
that bifurcates from the manifold of closed orbits of Xy and has period close to Tj.
In particular, if the Euler characteristic of B does not vanish, X must have closed
orbits of this kind.
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On the other hand, it is well known that, under the above assumptions on X, the
following fact holds true: For every e > 0 there exists p > 0 such that if || X — Xg||cr <
p then all non-iterated closed orbits of X have period that is either contained in the
interval (Tp —¢€,To +€) or larger than 1/e, see [Ban86, Corollary 1]. It is then natural
to ask whether the zeroes of the vector field V' actually detect all the closed orbits
of X with period in the interval (T — €, Ty + €). The next result says that this is
indeed true, provided that X is C?-close to X.

PROPOSITION B.2. For every e > 0 there exists p > 0 such that if || X — Xo|lcz < p
then the following facts hold:

(i) All the non-iterated closed orbits of X have period that is either contained
in the interval (T — €,Ty + €), or is larger than 1/e.

(ii) The closed orbits of X with period in the interval (To—e, To+¢€) are precisely
the curves of the form u(w—(b)), where b is a zero of the vector field V.

Proof. Assume, without loss of generality, that Ty = 1. As recalled above, statement
(i) can be derived from [Ban86, Corollary 1]. However, we will deduce both (i) and
(ii) simultaneously from Bottkol’s Theorem B.1. Assume that

1X — Xolle= < p, (B.4)

for some positive number p whose size will be specified along the proof. Using the
notation introduced above, we have by (B.1) and (B.3)

max{[|V{[cz, [[h = 1c2, [[2 —id]|er} < wa(p). (B.5)

In particular, if p is small enough we have

|h —1|co < e. (B.6)
Set Y := u*X, so that (B.2) gives us
Y = Lx,— 2o (B.7)
- h 0 h ) :

and together with (B.5) we obtain the bound
1Y = Xoller < w(p), (B.8)

for a suitable modulus of continuity w.

Since the diffeomorphism u conjugates the flows of Y and X, it suffices to prove
the following fact: For every closed orbit v : R/TZ — M of Y of period T' < 1/e
there is a point b € B with V(b) = 0 such that

Y(R/TZ) = = 1(b).

Indeed, if this is the case then V vanishes along ~, and the identity (B.7) implies
that T agrees with the (constant) value of h on 7=1(b). Thus, the bound [T — 1] < €
follows from inequality (B.6).
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Let us prove the fact stated above. The upper bound 1/e on T guarantees that if
Y is C%close enough to Xy then v(R/TZ) remains close to some fiber 7=1(b) of the
Sl-bundle 7 : M — B. Therefore, by choosing p small enough we may assume that
v(R/TZ) is contained in a trivializing neighborhood 7~!(By) for such a bundle. We
can then identify By C B with an open set of R4~!, where d = dim M, and 7—*(B)
with the product

By xTCR*!xT

in such a way that 7 is the projection onto the first factor and Xy = Jy, where
0 denotes the variable in T := R/Z. By this identification, the closed orbit ~ has
components

v(t) = (B(t),0(t)) € By x T.

By projecting the equation

v =Y(y) (B.9)
onto R4~! we obtain the following equation for 8 : R/TZ — By
B'(t) =A@V (B®))], (B.10)
where A is the closed path of linear mappings
1
A(t) = — 102, R — R
W= hgay ™ P

In (B.10) we have used that Lx,V = 0. From (B.5), (B.8) and (B.9) we deduce that
the path A is C'-close to the constant path —m, and hence

max{[|A + 7|co, [[A"]|co} < wi(p), (B.11)

for a suitable modulus of continuity wi. We denote by E the vector bundle over
By x T whose fibers are the (d — 1)-dimensional g-orthogonal complements of Rdy.
If p is small enough, (B.11) implies that A(t) maps the fiber £, of E at (1)

isomorphically onto R~ and, if we denote by
A(t)" R & ()
the inverse of this restriction, we have
A" o <, (B.12)
for a suitable positive number c. By differentiating (B.10) with respect to ¢ we obtain

B =AWV ()] +AcdV (B8] = A 0 AT+ Ao dV(B)[5],
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where in the second equality we have used (B.10) again and the fact that V takes
values in the vector bundle E. The above identity, together with (B.5), (B.11) and
(B.12) yields

18" < walp) '], (B.13)

for a suitable modulus of continuity wy. Since T" < 1/¢, the Poincaré inequality
applied to the map ' : R/TZ — R, which has vanishing integral, gives us

T 1
16'] L2vj12) < gHﬁHHLQ(R/TZ) < ﬁH/BHHB(R/TZ)- (B.14)

If we choose p so small that wa(p) is less than 27e, (B.13) and (B.14) force 3’ to
be identically zero. Therefore, 5(t) = b for every t € R/TZ, for some b € By C B.
Equation (B.10) implies that V' vanishes on 7~!(b), and we conclude that

Y(R/TZ) =71 (b),
where b is a zero of XA/, as we wished to prove. O

B.3 The proof. The proof of Theorem B.1 we exhibit here is different from
Bottkol’s one: We obtain the triplet (U, V,h) with low regularity properties by a
rather straightforward application of the inverse mapping theorem, building on an
idea we learned from Kerman, see [Ker99, Proposition 3.4], and then we prove its
smoothness, together with the bounds (B.1), by a standard argument that appears,
for instance, in [Mos76].

Without loss of generality, we assume that the period of the flow ¢x, is 1 and
we denote by T := R/Z the 1-torus. We introduce the following space of continuous
vector fields that are continuously differentiable along X and have vanishing average
on the orbits of Xj:

U :={U € X°(M) | Lx,U exists and is continuous on M, U = 0}.
The norm
Ul = Ullco + [[£x,Ullce

turns % into a Banach space. We denote by %y,; the open subset of % consisting
of those vector fields U € % such that ||Ul|co < 7inj.

We consider also the following space of continuous vector fields that are orthog-
onal to X¢ and ¢x,-invariant:

¥V ={V e X°M) | g(V,Xo) = 0 and V (¢, (z)) = do, ()[V(z)] Vz € M, t € T}.

This is a closed linear subspace of X°(M), and hence a Banach space with the
C%-norm. Finally, we consider the following space of continuous ¢ x,-invariant real
functions on M:

A = {h e CO(M) | h(¢,(x)) = h(z) Vo € M, t € T}.
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The space J¢ is also Banach with the C%-norm.

When evaluated at x € M, the identity (i) in the statement of Theorem B.1 is
an equality of vectors in T),,) M. When U € %py; we can rearrange this equality
as an identity for vector fields on M by applying the inverse of the isomorphism
P(U)y : Ty M — Ty M to both sides. We obtain the identity

V = P(U) tdu[Xo] — hP(U) " X (u).
This shows that the triplet (U, V, h) we are looking for is a zero of the following map
D : Uiy x V x H — X0(M), ®x(U,V,h) =PU)  du[Xo] — RP(U) ' X (u) -V,
where we are setting as usual u := exp o U. Indeed, this map is well-defined because
du[Xo] = d" exp(U)[Xo] + d° exp(U)[Vx, U]

and Vx,U = Lx,U + VyXp is a continuous vector field. Here, d”exp(U) and
d¥ exp(U) denote the horizontal and vertical derivatives of the map exp : TM — M
at the point U. The usual facts about composition operators imply that ®x is con-
tinuously differentiable. Moreover, the map

(X,U,V,h) — &x(U,V, h), respectively (X,U,V,h) — d®x (U, V, h)
is continuous from

X(M) x YUinj x V x A,

where the space X(M) is given the C'-topology, into X°(M), respectively into the
space of bounded operators from % x ¥ x J# to X9(M) endowed with the operator
norm.

The map ®x, sends (0,0,1) to 0. Moreover, after some computations one gets
the formula

d®x, (0,0, 1)[(U,V,h)] = Vx,U — VyXo— hXo -V = Lx,U — hXo -V

for the differential of ®x, at (0,0,1). In the next lemma we show that this operator
is an isomorphism.

LEmMA B.3. The linear operator
U xV x H — XO(M), (U,V,h) +— Lx,U —hXg—V,

is an isomorphism.
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Proof. We must prove that for every vector field W € X°(M) there exists a unique
triplet (U, V,h) in Z x ¥ x S such that

Lx,U=hXg+V +W. (B.15)
By the definition of the Lie derivative, the equation
Lx,U=Y

is equivalent to the integral formulation

t
U6, (a) = ddk, (o) | U0 + [ a0z [ (03, )] as].
for every x € M and every t € T. Using that the vector fields Xy and V and the
function h are ¢x,-invariant, equation (B.15) can then be rewritten as
t
U(¢, () = ddx, (z) {U(w) + th(z)Xo(z) +tV(x) +/0 Aoy [W (g%, (2))] dS} :
(B.16)

Since the flow of X gives us a free action of T, the above formula defines a continuous
vector field U on M if and only if the term in square brackets equals U(x) for t = 1,
i.e. if and only if

1
h(z)Xo(z) + V(z) = — /0 dg3 [W (%, (2))] ds = —W(z). (B.17)

Given W € Xo(M), the above equation uniquely defines a real number h(z) and a
vector V (x) in T, M that is orthogonal to Xo(x). The fact that the averaged vector
field W is continuous and ¢x,-invariant implies that the vector field V and the
function h that are defined by (B.17) are also continuous and ¢y, -invariant, and
hence belong to ¥ and 7, respectively.

Thanks to (B.17), equation (B.16) becomes

U, (2)) = ddly, (2) [U(z) — (o) + [ a0y [ 65, o) ds]  (B1®)

Therefore, the condition U = 0 reads
1 ¢
0=T(x) = / (U(:c) W) + / a6 [W (6%, (2))] ds) at
0 0

~ v = 3w+ [ ([ s, as) a

1

1
= Ula) = 5W(@) + Wia) = | 103! W (o, (o)

1
—vl) - [ (1= 3) oWk, @)l
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where we have integrated by parts. The above equation determines U uniquely:

1
v = [ (1= 3) dextimiek, )lar. (B.19)

This formula defines a continuous vector field U which has zero average and satisfies
(B.18). Thus, U and the pair (V,h) € ¥ x # that is defined by (B.17), form the
unique solution of (B.15). This equation implies that Lx, U is continuous, so the
vector field U belongs to % . O

The regularity properties of ® x discussed above and the invertibility of d®x, (0,0, 1)
allow us to apply the parametric inverse mapping theorem and to conclude that there
is a positive number § and an open neighborhood .4 of (0,0,1) in %uj; X ¥ x
such that for every X € X(M) with || X — Xp|/cr < ¢ the restriction of ®x to A
is a O diffeomorphism onto an open neighborhood of 0 in X°(M). In particular, if
|X — Xo||cr < 0 then there exists a unique (U, V,h) € .4 such that

Oy (U,V,h) = 0.

Moreover, the inverse of ® x| 4 depends continuously on X € X(M) with respect to
the C! topology and hence

max{[|Ullz, [Vllco, [k = oo} < wo(lX — Xoller) (B.20)

for a suitable modulus of continuity wg. Up to reducing the size of § and .4, we may
also assume that

1dDx (U, V, b)Y < e (U, V, h) € A, ¥X € X(M) with | X — Xolcr < 6, (B.21)

for a suitable positive number c.

There remains to prove that U, V and h are smooth, and that the bounds (B.1)
hold. Indeed, smooth zeros of ® x satisfy the conditions (i)-(v) of Theorem B.1 and
hence the following lemma concludes the proof of this theorem.

LEMMA B.4. The maps U, V and h are smooth and for every integer k > 1 we have
the bound

max{[|Ul[cs, |Lx,Ullex, [[Ves, [h = ler} < wr(IX = Xollex),  (B.22)
for some modulus of continuity wy.

Proof. Since the matter is local, it is enough to consider the special case in which
M is a torus T and Xy is the constant vector field 9,,. In this case, £ x,U is just
0z, U. In order to simplify the notation we set

W= (U,8,,U,V,h) : T¢ — R34+
so that the map ®x becomes a multiplication operator of the form
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for a suitable smooth map
Ox - T x R34+ — R4,

Note that the differential of order k of ¢ x depends on the derivatives up to order k
of the smooth vector field X. Differentiation yields the identity

—

Aex (U, V, (0, V, 1)] = dapx (-, W)[W], (B.23)
where
W= (U,0,,U,V,h).
We denote by 7, the translation operator by the vector y € RY:
(ryW)(z) := W (z +y) vz e T
The fact that (U, V,h) is a zero of ®x implies that
ex(-,W)=0.

A first order expansion for y — 0 then gives us

0=ex(-+y, W) —px(-, W)
=ex(-+y W) —ox(nW) +ox (-7, W) —ex (-, W)
=dipx (-, 7y W)yl + o(ly]) + deox (-, W) [ry W — W]+ o(|r, W — W)
= dipx (-, W)yl + o(ly]) + deox (-, W)[r, W — W]+ o(|r, W — W),

where we have used that digx (-, 7,W)[y| —dipx (-, W)[y] = o(|y|). Using identity
(B.23) this can be reformulated in the following way

dex (U, V,h)[(ryU = U, 7V = V,myh — h)] = —=dipx (-, W)[y] + o([yl)
+o(lmU = Ulla + InV = Vlico + Imyh = hllco)-

By applying the inverse of the operator d® x (U, V,h) we find

(r,U = U, 7,V =V, 7,h — h) = — d®x (U, V,h) *dipx (-, W)[y] + o(|y])
+o([|myU = Ull + [|[7yV = Vlco + [[Tyh — Rl co),

which shows that the maps U, V and h are of class C'! with
(02,U,0,,V,0p,h) = —d®x (U, V,h) 10, 0x (W)  Vi=1,...,d, (B.24)

where 0., ¢x = d1px[0z,]. This also shows that 9,,U belongs to %, meaning that

0z, 0., U exists and is continuous.
If we set wp := (0,1) € R3* x R, the fact that ®x(0,0,1) = 0 reads

ox,(x,wy) =0 Vx € Td,
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and hence

10z, 0x (2, W ()| < |02, 0x (x, W(x)) — Oz, 0x, (x, W(2))|
+ 10, 0x, (2, W(z)) — O, 0x, (2, wo)|
< |0z, 0x — Oz, 0x,|lco + w(|W — wol|co)

for some modulus of continuity w. Since X +— dipx and X — W are continuous in
the C'-norm of X, this inequality implies a bound of the form

“8337¢(,0X(',W)“CO SCL)(HX—XO”CI) V’iZI,...,d,

for a suitable modulus of continuity w. This bound, together with (B.24) and (B.21),
gives us a modulus of continuity w such that for all:=1,...,d

max{(|0z,Ull#, 102,V ||cos |0z hlloo } < w([[ X = Xoller)-

The above inequality and (B.20) imply the case k = 1 in (B.22). By bootstrapping
the above argument we obtain that U, V and h are smooth and satisfy (B.22) for
all k > 1. 0
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