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Abstract

Analog quantum simulators natively return large collections of single-shot projective
measurements, the wave-function snapshots. These are high-dimensional configurations
drawn from the Born distribution of the state they prepare. These collections carry
far more information than is retained when they are simply compressed into low-order
observables fixed in advance. Moreover, this procedure requires knowing beforehand
what one is looking for. This thesis chooses to take a different route, asking what
structure a dataset of snapshots possesses as a set of points in configuration space, and
what kind of physics that structure reflects. The tools used here are drawn from un-
supervised learning and network theory, namely principal component analysis (PCA),
intrinsic-dimension estimators (TWO-NN and BID), and the wave-function networks
obtained by promoting snapshots to nodes and activating links according to the met-
ric structure of configuration space. They are chosen under two constraints, namely
interpretability at every step, and the smallest possible amount of physical input: no
order parameter, no symmetry, and no knowledge of the Hamiltonian.

At equilibrium, wave-function networks are used to build a classification of one-
dimensional quantum phases based on snapshots alone. The scheme first selects, in
the spirit of Occam’s razor, the measurement basis carrying the minimal information
content, and then analyses the networks constructed in that basis. Paramagnetic and
symmetry-broken phases display low complexity and “probability” networks, symmetry-
protected topological phases high complexity and Erdés—Rényi networks, and critical
points high complexity and scale-free networks. Interestingly, gapped and gapless mat-
ter are treated on the same footing, and real-space decimation enters the scheme to
resolve massive phases rather than flowing towards criticality.

Out of equilibrium, the dynamical exponent governing transport of a conserved quan-
tity is shown to be imprinted on the singular-value spectrum of the snapshot matrix. In
particular, it is shown that the PCA entropy, and in fact the leading eigenvalue alone,
grows with the same exponent as the underlying spin or energy transport, at modest
system sizes, evolution times and sample numbers. Ergodicity breaking is then ad-
dressed through the binary intrinsic dimension (BID) of the snapshots, in the quantum
sun model: the BID grows and saturates at the Thouless time, reaching its maximum
in the ergodic phase, remaining system-size independent in the non-ergodic one, and
growing sub-maximally at criticality, where the data occupy an extensive but lower-
dimensional manifold. The associated networks reproduce the equilibrium dichotomy,
being random in the ergodic phase and scale-free at the transition, whose location
can be identified by the BID within a few percent of spectral estimates. Preliminary
experimental observations, not reported here, show analogous features.

Taken together, these results indicate that datasets orders of magnitude smaller than
the Hilbert-space dimension suffice to identify collective properties of quantum matter
through the study of the structure of the data points in configuration space. Moreover,
the same structural classes recur across ground states and quenched dynamics, with



no order parameter supplied and under realistic experimental imperfections.

The final chapter elaborates on another aspect of quantum simulator capabilities,
that is, that to realize gauge theory dynamics. There, one-dimensional U(1) lattice
gauge theories with a topological 6 term are mapped exactly onto kinetically con-
strained fermions in an emergent Stark potential. The mapping accounts for the slow
relaxation reported in recent Rydberg experiments: prethermalization near an inte-
grable point at # = 0, and Stark localization with Hilbert-space fragmentation at

0 #0.
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1. Introduction

1.1. Physics in the age of data

Physics has always been a data-driven discipline but, in the last two decades, the
nature of the problem has changed in many subfields by shifting the bottleneck from
acquiring data to interpreting it. To name some examples, high-energy physics collects
collision events at rates that make the raw stream impossible to store, let alone inspect
by hand [5]; astronomical surveys map billions of objects and will soon produce ter-
abytes of images per night [6]; and gravitational-wave detectors extract signals buried
well below the noise floor of their instruments |[7]. In all of these cases, the physi-
cal content of an experiment is not read off directly from a measurement device, but
is inferred from a large, high-dimensional collection of observations. This has made
statistical inference and machine learning standard components of the experimental
workflow, rather than auxiliary ones [§].

Quantum many-body and condensed matter physics have joined this trend more
recently, and along two different routes. The first is methodological, and only tangential
to this thesis. Namely, machine learning has been imported as a computational tool to
attack theoretical problems: neural networks have been used as variational ansétze for
many-body wave functions [9]. This exchange has been bidirectional, as concepts from
statistical physics (free energies, renormalization, phase transitions in high-dimensional
landscapes) have in turn become part of the theoretical vocabulary used to understand
learning itself [10, 11].

The second route, which is the one this thesis is concerned with, is empirical, and
it builds on from a change in what quantum experiments actually output. Until rela-
tively recently, the archetypal experiment on a quantum many-body system returned
expectation values, say magnetization, structure factors, low-order correlation func-
tions, each obtained by averaging over many repetitions and typically integrating over
the whole sample. The individual measurement outcomes were, in this sense, inter-
mediate quantities to be averaged away. This trend has been recently inverted by
the appearance of a new class of quantum experiments that can control and resolve
the quantum state at the level of single degrees of freedom. These experiments include
quantum gas microscopes [12], trapped-ions [13], superconducting-qubit processors [14]
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and Rydberg-atom arrays [15, 16]. The output of such experiments is no longer a set
of averaged quantities, but the full record of the single-shot outcomes, i.e., a large set
of high-dimensional configurations that we refer to as wave-function snapshots.

1.2. A new kind of data: wave-function snapshots

Let me make more precise what I mean by wave-function snapshot. Consider a
system of N degrees of freedom prepared in a state |¥), and a basis {|¢(®)} of its
Hilbert space, labeled by the possible configurations & = {aia), e ,a](\‘,l)} of the
local degrees of freedom. As formally defined in Ch. 2, a projective measurement
performed in this basis returns one such configuration, drawn according to Born’s rule
with probability p(&(®) = [(#®|¥)|2. A single snapshot is thus one sample from
the distribution defined by the wave function and, by repeating the preparation-and-
measurement cycle N, times, one produces a dataset of N configurations, which is
the raw object this thesis is built on. Its formal definition, the notation and all the
necessary language, are given in Chapter 2.

Two features of this object deserve emphasis. The first is that it is basis-dependent,
i.e., the dataset is not the state, but a projection of it along a chosen direction, and
datasets collected in different bases can display very different structure. This comes
from the intrinsically quantum nature of the systems we are interested in, and it is not
a bug but a feature: part of the physical information is encoded in how the structure
of the data changes with « (see the analysis presented in Chapter 4). As an example,
let’s consider a spin-1/2 system in a ferromagnetic state |1 ... 1). Measuring it along
the z-direction, one always gets the same spin configuration. However, along the x-
direction, the snapshots would appear as random spin configurations, failing to provide
information about the long-range order of the underlying quantum state. The second
is that the dataset is, in principle, extremely rich. Since it samples the full distribution
p(7) rather than a few of its moments, it contains, in principle, correlation functions of
arbitrary order in the measurement basis, as well as non-local and string-like observ-
ables [17, 18]. Quantities that are inaccessible to a conventional averaged measurement
can therefore be reconstructed a posteriori from stored snapshots, without repeating
the experiment.

This richness, however, comes with a structural limitation. The configuration space
has 2V elements for spin-1/2 degrees of freedom, while the number of samples one
can actually collect depends on many machine-dependent parameters. These are, in
general, the rate at which a platform re-prepares and re-measures the state, the fraction
of runs that survive post-selection and the time window over which the machine stays
calibrated enough for the shots to be pooled. These three factors impose different
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bottlenecks depending on the architecture. Quantum gas microscopes are limited by
cycle times of seconds to tens of seconds [19] and by the conditioning on a fixed atom
number in the region of interest. Rydberg arrays’ bottlenecks are the destructive
readout, which forces a full array reload, capping the repetition rate below 10 Hz [20],
and the defect-free preparation. Superconducting processors and trapped ions have a
high sample rate [14, 21, 22|, and are limited by how the shot budget is split across
the scanned parameters rather than by the acquisition rate itself. These constraints
place the realistic range at Ny ~ 103-10° per parameter value, evolution time and
measurement basis.

Even for the modest system sizes accessible today, the dataset is therefore expo-
nentially undersampled: the vast majority of configurations are never observed, most
observed configurations appear only once, and the empirical frequencies do not con-
verge to p(d) in any pointwise sense. Full state tomography is, for the same reason,
out of reach beyond a few tens of degrees of freedom [23]. Whatever information can
be extracted can therefore not come from an accurate reconstruction of the underly-
ing distribution, but must rather from collective geometric properties of the sampled
points, i.e., how they are arranged relative to one another in configuration space.

The conventional way of analyzing snapshot data circumvents this obstruction by
choosing, in advance, a small set of observables to evaluate on the samples, for example
order parameters, two-point functions, string operators. Although this is effective
whenever one already knows what to look for, whenever the physics is unknown the
logical flow one would like to follow gets inverted.

It should be mentioned that a different and by now well-established framework exists
for extracting information from many repeated measurements, namely the randomized
measurement toolbox [24], including classical shadows [25]|, which allows one to esti-
mate entanglement entropies and a broad class of observables, and to reconstruct the
density matrix of the state from randomized bases. Its purpose, however, is essentially
tomographic and is therefore complementary to, rather than overlapping with, the ge-
ometric analysis of a fixed-basis dataset pursued here. Moreover, altough being more
scalable than tomography, its cost still scales exponentially for most information.

The approach followed in this thesis takes a different route from the usual one. Rather
than asking what a given observable evaluates to on the data, it asks what structure the
data possess as a set of points in configuration space, and what physics that structure
reflects. The tools required to make this question quantitative are drawn from data
science, in particular unsupervised learning and network theory, and are introduced in
the next chapter.
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1.3. Analog quantum simulators and Rydberg-atom
arrays

The idea that a controllable quantum system can be used to study another, less acces-
sible one dates back to Feynman [26], and rests on the fact that the cost of simulating a
generic quantum many-body system on a classical computer grows exponentially with
its size, while a quantum system reproducing the same Hamiltonian does not have to
pay this price. Modern quantum simulators implement this programme in two distinct
ways. The first is represented by digital simulators, that decompose the target time
evolution into a sequence of discrete gates acting on a register of qubits, and are in
principle universal at the price of a large gate overhead. On the other hand, analog
simulators, instead, engineer a physical system whose native Hamiltonian is, exactly or
to a controlled approximation, the target one, and let it evolve continuously in time.
They are the class of experiments this thesis is concerned with.

Several platforms realize this paradigm. Ultracold atoms in optical lattices reproduce
Hubbard-type models with tunable interactions and filling [27], trapped ions realize
long-range interacting spin chains with high-fidelity readout [13], superconducting cir-
cuits, although predominantly operated in digital mode, have also been run as analog
lattice models [28]. In the following paragraphs, I'll focus on a further class, that of
Rydberg-atom arrays [16], especially relevant for Chapter 7.

Rydberg-atom arrays

In these setups, individual neutral atoms are trapped in arrays of optical tweezers
and rearranged atom by atom into defect-free configurations creating essentially any
arbitrary geometry in one, two or three dimensions [29, 30|, as shown in Fig. 1.1. Each
atom encodes a spin-1/2 degree of freedom in two internal states: a ground state |g)
and a highly excited Rydberg state |r), with principal quantum number n ~ 50-100,

3. The two states are coupled by a laser field

whose lifetimes are long and scale as n
of Rabi frequency €2, which sets the rate of the coherent oscillation it drives between
|g) and |r), and detuning A, the mismatch between the laser frequency and the atomic
transition, which acts as a chemical potential for Rydberg excitations. Two atoms
simultaneously excited to |r) interact through a van der Waals potential Vi; = Cg /7.
Note that Cg ~ n'!, which makes the van der Waals interactions particularly strong.

The resulting Hamiltonian is

H:QZ(]gi>(ri|+h.c.)—AZniqLZ%nmj, (1.1)

2 C
i<y Y

7
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Figure 1.1.: Arbitrary geometries in 2D (bottom images) can be obtained from

[

the initial, random configurations (top images) by moving single atoms in the
array. All pictures are single-shots taken as projective measurements. Figure
adapted from Fig. 2 of Ref. [29].
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where n; = |r;)(r;| is the occupation of the Rydberg state on site i. Both 2 and A are
set by the driving laser and can be varied in time, while the interaction term is fixed
by the geometry of the array, which is itself programmable: the model realized by the
experiment is therefore controlled on both fronts.

An interesting physical mechanism arising in this setup is the Rydberg blockade. Since
Vi; decays very steeply with distance, there exists a blockade radius Ry, = (C/Q)Y/°
within which the interaction exceeds the coupling to the drive, and the simultaneous
excitation of two atoms is energetically forbidden. Atoms closer than R, are thus
constrained to have at most one excitation between them. When R} covers only near-
est neighbours, this constraint projects the dynamics onto the subspace with no two
adjacent excitations, and Eq. (1.1) reduces at A = 0 to the so-called PXP model,

Q
Hpxp =5 > PiaXiPi, (1.2)

with P; = |g;){(g;| and X; the Pauli matrix in the {|g;),|r;)} basis. This kinetically
constrained model, and the ways in which the constraint modifies the standard picture
of many-body dynamics, will play a central role in Chapter 7.

1.4. Projective measurements and snapshot
acquisition

I introduced above the idea of wave-function snapshots as the archetype of new data
that this thesis is concerned with. Here I briefly explain how this kind of data is
produced in Rydberg-atom arrays.

In such experiments, the readout proceeds by fluorescence imaging. At the end of
the coherent evolution, the tweezer traps are switched on and the array is illuminated:
atoms that are in the ground state |g) are recaptured and scatter photons, appearing
as bright spots on the camera, whereas atoms in the Rydberg state |r) are not trapped,
escape from the tweezer, and leave a dark site [16]. A single image therefore yields,
site by site, a binary string

d={o1,...,on}, o; € {0,1}, (1.3)

with ; = 1 if site ¢ is found in |r) and o; = 0 otherwise. This is exactly the object
introduced in Sec. 1.2: one sample of the distribution p(¢) = |(F|¥)|? in the basis of
Rydberg occupations.

Three features of this protocol shape the structure of the resulting data. First,
the measurement is destructive, i.e., the state is projected and the array must be
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reassembled and re-prepared from scratch before the next run. A dataset is therefore
built by repeating the entire experimental cycle (preparation, evolution, imaging) Ny
times, and dynamics is reconstructed not by following a single realization in time, but
by collecting an independent dataset at each evolution time. Second, the readout is
global and simultaneous. This means that every site is resolved in the same shot,
so the sample carries the full spatial configuration rather than a set of independently
measured local averages. This is what makes correlations of arbitrary order accessible
a posteriori. Third, detection is imperfect. Ground-state atoms can be lost during the
imaging sequence and be misread as Rydberg excitations, while atoms in |r) may decay
back to |g) before escaping the trap and be misread as ground-state atoms, with error
rates of the order of a few percent per site [15]. Any analysis performed on experimental
snapshots must therefore be robust against a finite density of uncorrelated bit-flips.

Finally, the measurement basis is not fixed once and for all. It is possible to apply
operations to the state immediately before readout that rotate the measurement axis,
so that the same protocol yields configurations in a different basis « [31]. Since the
structure of a snapshot dataset depends on the basis in which it is collected, this ability
allows for the analysis and classification described in Chapter 4.

With this, all the elements are in place: a class of experimental platforms realizing
controllable many-body Hamiltonians, and a measurement protocol returning large col-
lections of high-dimensional binary configurations sampled from their quantum states.
The remainder of this thesis is concerned with what can be learned from such collec-
tions, and the next chapter introduces the tools with which to do so.






2. The structure of wave-function
snapshots, and how to study it

2.1. Introduction

The appearance of a new kind of data in condensed matter physics, the wave-function
snapshots, calls for new frameworks to make sense of it. In this thesis, which builds
on earlier works [32-39|, I show some methods for doing so that are based on two
principles. The first is to input as little physical information as possible about the data.
Ideally, one would like to blindly take wave-function snapshots from an experiment and
extract some physical content from them, knowing only the nature of the local degrees
of freedom. The second is to define a process that can be understood at every step,
thereby excluding any black-box procedure.

To pursue this goal, I'll use and adapt tools drawn from several areas of data science,
which all fall under the umbrella term wunsupervised learning. This term refers to
algorithms devoted to finding structure in unlabeled data. In this chapter, I’ll introduce
two ideas. The first one is dimensional reduction, for which I'll define two approaches,
namely, principal component analysis and intrinsic dimension. As for the second one,
I’ll give a brief and introductory overview of network theory, which sets the stage for
the definition of wave-function networks in Chapter 3. But first, let me properly define
the datasets to which these methods are applied.

2.2. The typical dataset

The typical dataset is a set of data points s = {0s1,...,0, 5} Where, in general,
0s; € R. For the specific kind of data relevant to this thesis, each data point represents a
sample collected from the state of a physical system of volume N. Namely, &, represents

a configuration given by a specific realization of its degrees of freedom (DOFs), where
()

S,1

o. . is the s-th realization of the i-th degree of freedom. The specific meaning of this

depends on the nature of the system itself.
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For a classical statistical system, a sample is a single statistical realization of the
system itself extracted according to some probability distribution, for example, by a
thermodynamic ensemble. An example of such a dataset could be a collection of equi-
librated and uncorrelated configurations extracted in a Markov-Chain Monte Carlo
simulation. For a quantum system in a state |¥), a sample is a configuration collected
according to Born’s rule, i.e., drawn from the probability distribution defined by the
squared amplitude of the wave function. This procedure depends on the choice of a
measurement basis, which is the direction along which the local degrees of freedom
are projected In other words, each configuration is drawn according to ‘(5’(‘1)|\I/>‘2,
where 7(®) = {a e ,05\?)} defines the measurement basis. An example is given by
the output of a numerical sampling procedure such as the perfect sampling algorithm
for matrix product state (MPS) simulations, see Sec. 4.6, as done for the content of
Chapter 4. Another example is given by wave-function snapshots, i.e., observations
coming from projective measurements in experimental quantum simulations, as intro-
duced in Chapter 1. In this thesis, I'll restrict myself to spin-1/2 systems, for which
each single configuration is a set of 1 values representing the specific measured states
of the different spin degrees of freedom in the measurement basis.

For a given system, the sampling procedure is repeated N, times, and the results are
collected in an Ny x N data matrix:

T
X — {fﬁ“), . fg@} , (2.1)

where different rows are different observations, and the label « represents the mea-
surement basis, which I'll drop from now on, unless necessary. Each of these samples
can be seen as a point in some N-dimensional space, the configuration space of the
system, where the i-th dimension indicates the measured value of the i-th degree of
freedom. In the case of a spin-1/2 system, this space corresponds to the set of vertices
of an N-dimensional hypercube. The configuration space can be endowed with a met-
ric, as required in what follows. The most natural choice for spin-1/2 variables is the
Hamming distance, defined as follows:

(Z,, Ts) = Z|JM Osil - (2.2)

Note that this metric, for this choice of variables, corresponds to the distance [40]
defined by the Parisi two-replica overlap ¢ between samples [41]:
N —q (fr, fs)

d<fr7'fs) = 2 )

q (%, Ts) 0ri0si- (2.3)

Following the ideas above, given a state and a measurement basis, a dataset can thus
be collected, and its geometric structure probed in several ways which include, but are
not limited to, those introduced in the next sections.

10



2.3. Dimensional reduction

2.3. Dimensional reduction

As stated before, the focus of this thesis is to develop and apply methods to unveil the
structure underlying data coming from quantum simulations. As the dimensionality of
the system under study grows, the dimensionality of the data itself grows too. High-
dimensional datasets, however, typically contain redundant (correlated) and irrelevant
(noisy) components, which inflate the dimensionality of the raw data without carrying
relevant information. In this context, dimensional reduction comes into play as a class
of methods aimed at projecting the full dataset onto lower-dimensional spaces. This
process always entails some information loss. Distinguishing redundant and irrelevant
contributions from genuinely independent content is therefore a key task.

Interestingly, this idea can be found as one of the founding pillars of statistical
physics, where physical systems with many degrees of freedom can be described as
functions of a few macroscopic thermodynamic quantities encoding most of the physical
behavior of the system. Inspired by this, I believe that following this approach and
applying the appropriate tools to collections of wave-function snapshots can lead to
the identification of the dominant physical behavior, without necessarily having access
to the microscopic theory behind the snapshots production.

2.3.1. Principal component analysis

A first prototypical example of a dimensionality-reduction technique is principal
component analysis (PCA) [11], which consists in applying orthogonal transformations
to the dataset in order to identify the directions along which most of the data variance
can be found. This relies on the empirical observation that such directions encode most
of the relevant information.

To do so, let us consider the Ny x N data matrix X of Eq. (2.1), together with
its centered counterpart X°, obtained by subtracting the sample mean of each feature.
From these two matrices, one can define the (empirical) second-moment and covariance
matrices M and X as follows:

1 1
M=__X'X »=_—_(x9Txc. 2.4

S S

In particular, note that 3;; and X;; represent respectively the variance of the i-th DOF
and the covariance between the i-th and j-th DOFs.

PCA consists in identifying highly variable directions while reducing the redundancy
by finding a linear transformation that removes the covariances between the different
DOFs. This corresponds to diagonalizing the covariance matrix, ie., ¥ = VA°VT,

11



2. The structure of wave-function snapshots, and how to study it

where A€ is a diagonal matrix whose entries A{ represent the variance of the cen-
tered data along the new axes, called principal directions, which are represented by the
columns of V. Analogously, one can perform a non-centered PCA by diagonalizing the
second-moment matrix M and extracting its spectrum {);}. Choosing either centered
or uncentered PCA depends on which information one wants to extract, i.e., whether
one seeks to study respectively variations around the mean or the best low-rank ap-
proximation of the full dataset.

Note that both 3 and M are positive semidefinite matrices, hence their spectra {)\EC)}
are non-negative and, once normalized, can be regarded as probability distributions.
In particular, the normalized eigenvalue :\f of X is called explained variance ratio,
and it represents the fraction of the total variance along the i-th principal direction.
In general, using PCA as a dimensional reduction algorithm requires discarding those
principal components whose associated explained variance ratio is low enough. In many
cases, however, the (ordered) spectrum decays too smoothly to provide a sharp cutoff.
In this case, a possible solution is to borrow the concept of entropy from information
theory [42—-44], by defining what we call the n-th order Rényi-PCA entropy:

©n_ 1 1@\
Spca = 1—n log (; ()‘i ) ): (2.5)
and we refer to the limiting case n — 1 simply as the PCA-entropy:

59 = - 3 A9 log 3. (2.6)

These quantities provide information about the compressibility of the data as they can
measure the flatness of the PCA-spectrum.

2.3.2. Intrinsic dimension

As explained in the previous section, PCA helps us find the best lower-dimensional
hyperplane on which a dataset can be projected while losing as little as possible of the
data information content. This kind of procedure can in principle be generalized to
the search for curved or topologically non-trivial hypersurfaces onto which to project
the data while minimizing the projection error [45-49]. In general, dimensional re-
duction rests on the fact that, although data may live in a high-dimensional space,
real-world correlations often confine them to a lower-dimensional manifold, which can
be described with minimal information loss. The dimensionality of said manifold is
called the intrinsic dimension (ID), as opposed to the embedding dimension, i.e., the
dimensionality of the full data space. An example to visualize this concept is shown in
Fig. 2.1(a), where data embedded in a 3-dimensional space can be seen as living on a
1-dimensional curve.

12



2.3. Dimensional reduction

(a) (b)

|
AAR N

Figure 2.1.: Schemes for intrinsic dimension. (a) Data points in a

high-dimensional data space are constrained by correlations to live on a lower-
dimensional manifold, with minimal loss of information. In the toy example
shown here, the dimension of the data space, i.e., the embedding dimension, is
3, while the intrinsic dimension is 1. (b) Low- (7" = 0) and high-temperature
(T = 100) data sets from the three-site XY model of Eq. (2.7), shown in con-
figuration space whose axes are the angles 01, 05 and #3. The high- and low-
temperature cases show simple data structures, respectively, I; ~ 3, which is the
number of spins, and I; ~ 1. Figure adapted from Ref. [32].

This interplay between correlations and geometrical structure of data points mani-
fests itself in data from different natural sciences, as the intrinsic dimension has been
exploited in fields ranging from biology to astrophysics and ecology [50-52|. In recent
years, it has been introduced in condensed matter and statistical physics to study clas-
sical statistical models [32] and quantum mechanical models [33| as a probe applied to
datasets made of statistical configurations or wave-function snapshots, as explained in
the previous section. A simple example of how this interplay shows up in this class of
problems is illustrated in Ref. [32], which I summarize here. Let us consider a classical
XY model:

E({6;}) = ZS Sii1, (2.7)

where §z = (cosb;,sinb;), and cosf; and sin 6; are the projections of the spin at site i
in the  and y directions, respectively. This model features a BK'T transition between
a high-temperature phase with exponentially decaying spin correlations and a low-
temperature quasiordered phase with power-law decaying correlations. Fig. 2.1(b)
shows configurations sampled from a 3-site XY-model in the low- and high- temperature
phase, respectively on the left and on the right, embedded in a 3-dimensional cube
whose axes represent the values of the three angles. In the former case, spins are
expected to be aligned, and the sampled configurations reflect this property by lying
on one of the diagonals of the cube, hence the dataset has intrinsic dimension I ~ 1.
In the latter, the different orientations of the spins are expected to be random, which
leads the configurations to fill the cube uniformly, so that the dataset has I, ~ 3. This
example helps visualize how intrinsic dimension can capture changes in the macroscopic
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2. The structure of wave-function snapshots, and how to study it

behavior of the system.

Different methods have been developed to estimate the intrinsic dimension [53]. Here
I'll define two methods, namely the Two-NN algorithm and the Binary Intrinsic Di-
mension estimator, which will be relevant for the works presented in this thesis, re-
spectively in Chapter 4 and in Chapter 6.

2.3.2.1. Two-NN algorithm

The first estimator I consider belongs to the family of nearest-neighbor based meth-
ods, which infer ID from the statistics of the distances between each data point and
its closest neighbors. The rationale is that, if the data lie on a manifold of dimension
I, the volume of a small ball of radius r centered on a data point scales as r’, so
that the way neighbors accumulate around a point carries information on the local
dimensionality. The Two-NN algorithm [54] only employs the distances to the first
and second nearest neighbors of each point, following the idea that the smaller the
neighborhood involved, the weaker the effect of the curvature of the manifold and of
the inhomogeneities in the density of points.

Let us consider a dataset of Ny points and, for a given point, let 1 and 7y be the
distances to its first and second nearest neighbors, with the convention rq = 0. The
volume of the hyperspherical shell enclosed between two successive neighbors [ — 1 and
[is

Avp = wy, <7“lld - rlli1> : (2.8)
where wy, is the volume of the I;-dimensional unit sphere. The only assumption is that
the density p of data points is approximately constant on the scale set by 5. Under this
hypothesis, the points locally follow a homogeneous Poisson process, and the different
shell volumes Awv; are independent and exponentially distributed with rate p,

P(Av; € [v,v 4+ dv]) = pe ™ dv. (2.9)

The key observation is that the ratio R = Awvy/Av; of two such shells is distributed
according to g(R) = (1 + R)™2, which is independent of the density p, that drops
out since it enters both shells at the same rate. The dimension is then recovered by
rewriting R in terms of the directly measurable ratio of distances u = ro/r € [1, +00),
for which R = pf¢ — 1. Changing variables gives a Pareto distribution with shape
parameter [,

F) = Lo " g oy (), Fp) = (1= p7") 1400y (1), (2.10)

where F' is the cumulative distribution. Both depend explicitly on the ID and not
on p, which is the central advantage of the construction: the estimate of the intrinsic
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dimension is disentangled from the estimate of the density. Inverting the cumulative
distribution, one obtains the linear relation

—log[1 — F(u)] = Lilog s, (2.11)

so that the set of points {(log s, — log[l — F(p)])}2=, lies on a straight line through
the origin whose slope is the intrinsic dimension.

In practice, the algorithm proceeds as follows: (i) for each data point Z; compute the
two shortest distances ry,ry and the ratio ps, = ro/ry; (ii) sort the {us} in ascending
order and build the empirical cumulative distribution F*™P(u,) = s/Ng; (iii) fit the
points {(log us, —log[l — F*™P(u,)])} with a straight line through the origin, whose
slope is the estimate of ID.

The locality of the estimator has a relevant consequence: it establishes a direct
connection between ID and the probing scale, given by the typical distance to the
second neighbor. Since this distance is controlled by the number of sampled points N,
ID can be probed as a function of the scale simply by subsampling. Concretely, one
partitions the dataset into independent subsets of ng points each and monitors I(n).
A dataset lying on a low-dimensional manifold perturbed by high-dimensional noise
displays a plateau in I4(ns), whose value counts the number of physically relevant
directions. Only when n, becomes large enough that the typical neighbor distance
resolves the noise scale does the estimated dimension start to grow again.

Two remarks on the range of validity are in order. First, the assumption of lo-
cal uniformity is satisfied asymptotically for Ny — oo, and can be checked through
the agreement between the empirical cumulative distribution F“" and its theoretical
prediction. Second, the derivation is well controlled for a continuous metric, which
is manifestly not the case for the datasets of spin-1/2 configurations introduced in
Sec. 2.2. In particular, this method suffers strongly from the presence of repeated con-
figurations in the dataset, which lead to values r; o = 0 of the first and second nearest
neighbor distance. To overcome this issue, in Chapter 4 we introduced what we called
an extra dimension, taking real values, to decouple repeated samples. Additionally,
this motivates the discussion in the next section. Note, however, the existence of an
extension of the two-nn estimator to discrete variables [55].

2.3.2.2. Binary intrinsic dimension

The Two-NN estimator discussed above, like most nearest-neighbor based methods,
has two problems when applied to our datasets. The first one, discussed in the previous
section, is the discreteness of spin-1/2 variables, which produces both exact repetitions
of configurations and a macroscopic degeneracy of the distances from any given point.
The second is a matter of sampling: local estimators infer /; from the statistics of
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2. The structure of wave-function snapshots, and how to study it

small neighborhoods, and populating a neighborhood in a space of dimension I; re-
quires a number of samples growing exponentially with I; itself. This is a manifestation
of the so-called curse of dimensionality, and it makes local estimators systematically
underestimate the intrinsic dimension, even for data generated by construction as sta-
tistically independent variables [56]. The binary intrinsic dimension (BID) introduced
in Ref. [56] addresses them by giving up locality altogether: rather than probing in-
dividual neighborhoods, it fits the global distribution of pairwise Hamming distances
with a parametric model whose only free parameters are related to the dimensionality.

The starting point is the exactly solvable case of N statistically independent, un-
biased binary variables. Their configurations are uniformly distributed over the 2V
vertices of the N-dimensional hypercube, so that the number of configurations at Ham-
ming distance r from any given one is (17\,7), and the distance distribution is the binomial

Po(r) = QLN (]j) (2.12)
which corresponds to I; = N: the dataset fills the whole configuration space. Correla-
tions among the spins deform the empirical distribution Py, () away from that of the
uncorrelated case, and the idea of the method is to reabsorb this deformation into an
effective, scale-dependent dimension dy(r), that replaces N in the combinatorial factor
to produce the ansatz for the distribution of Hamming distances in the presence of

P(rio) = - (de“)), (2.13)

correlations:

o 2da(r) r
where C' is a normalization constant, and the binomial coefficient is extended to non-
integer arguments through the Gamma function. The ansatz (2.13) reduces to the

uncorrelated case in Eq. (2.12) for dp(r) = N. Empirically, retaining only the first
order of the Taylor expansion of dy(r),

do(r) = b + bhr, (2.14)

already reproduces the observed histograms accurately over a wide range of scales. The
parameters 6 = (6p,0;) are obtained by minimizing the Kullback—Leibler divergence
between the empirical and the model distributions:

Pewnp(r)
P(r|0)

DKL(H) = Z Pemp<7a) 10g

reR

(2.15)

where R C {0,..., N} is the range of sampled distances. Consistently with the idea
that the intrinsic dimension is a local property of the data manifold, the analogue of
the tangent hyperplane in the continuous case, the BID is defined as the small-distance
limit of dy(r):

1, = BID = 6,. (2.16)
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Note that this procedure returns BID = N in the uncorrelated case of Eq. (2.12).

One remark concerns the fit: in practice, the fitting region R is restricted to a range
R ={r| rmin <7 < rmax}, S0 as to focus on small distances |56, 57|. This is not only
a technicality, but also reflects an important conceptual point. It can happen that
the sampled dataset splits into several clusters: consider, for example, a Zy-symmetric
system that tunnels between symmetry-related sectors at finite size. In this case, the
distance histogram becomes multimodal, and restricting the fit to the small-r peak
isolates the intra-cluster distances, which are the ones carrying information about the
local geometry of each component.

2.4. Elements of network theory

The methods introduced so far treat a dataset as a cloud of points and ask about
the dimensionality of the manifold they effectively live on. A complementary view-
point focuses on the pattern of relations among data points. The mathematical object
encoding such a pattern is a graph, and the body of results concerning graphs whose
structure is statistically nontrivial goes under the name of network theory [58-60]. In
this section I introduce some basic notions needed in the rest of this thesis: graphs and
their degree distributions, the two prototypical classes of networks that will be used as
reference structures, and the statistical machinery needed to tell them apart at finite
size.

Before discussing network theory, I would like to point out that several of its elements
and concepts have been used in many-body physics in the context of Hamiltonian
characterization. Our goal here would be fundamentally different: this is why, in the
description below, I will emphasize specific aspects of network theory that may not be
familiar to physicists.

2.4.1. Graphs

A graph G = (V, &) is defined by a set of N, nodes' (or vertices) V and a set of F
edges (or links) € C V x V, each edge being associated with a pair of nodes. All the
information is equivalently encoded in the N, x N, adjacency matrix
{1 if (i,5) € €,

Ay = (2.17)

0 otherwise.

'We already define here the notation N, for the number of nodes because in every network considered
in this thesis the nodes are the collected data points, hence the size of the network coincides with
the sample size introduced in Sec. 2.2.
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2. The structure of wave-function snapshots, and how to study it

In this thesis I will only deal with graphs that are:
e undirected (A4;; = Aj;),
e unweighted (A;; € {0,1}),
e without self-loops (A;; = 0),

so that £ = % > i A;;. The second and third conditions will be dropped only briefly in
Sec. 4.7. A path between two nodes is a sequence of consecutive edges connecting them;
a graph is connected if a path exists between any pair of nodes, while it decomposes into
connected components otherwise. When the structure of a graph is naturally described
in statistical rather than deterministic terms, one can specify an ensemble and study
the typical properties of its members.

2.4.2. Degrees and degree distributions
The simplest local property of a node is its degree, defined as the number of edges

1 2K
ki = ZAij» (k) = N Zkz N (2.18)
J 1

The probability that a randomly chosen node has degree £ is called the network’s degree
distribution p(k), normalized as » ;- p(k) = 1, and its moments are defined as:

(™) = k™ p(k). (2.19)

incident on it:

The degree distribution p(k) is the central observable of this section and of the network
analyses presented in this thesis.

In practice, when p(k) is broadly distributed, estimating it by linear binning pro-
duces a tail dominated by counting noise, since the number of nodes per bin becomes
O(1) at large k. Two standard remedies are logarithmic binning and the use of the
complementary cumulative distribution:

P.(k) = p(K), (2.20)

k'>k

which requires no binning at all.

2.4.3. Two prototypical classes of networks

Two ensembles, distinguished precisely by the shape of p(k), play the role of reference
structures throughout this work.
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2.4.3.1. ErdGs—Rényi networks

The simplest nontrivial ensemble is the random graph introduced by Erdés and
Rényi [61]: given N, nodes, each of the (1\;3) possible edges is drawn independently with
probability p. Because of the statistical independence of different links, the degree of a
node becomes a sum of Ny —1i.i.d. (independent and identically distributed) Bernoulli
variables, so that:

_ N, =1 k Ns—1-k —(k) <k>k
p(k) = ( I )p (1-p) o e T (2:21)
which is a binomial distribution for finite N, and becomes Poissonian in the limit
Ny — 00, taken at constant p/Ng.

The Poisson form in Eq. (2.21) has variance (k*) — (k)? = (k) and a tail decaying
faster than exponentially. Because of this, degrees strongly concentrate around (k),
which therefore can be taken as a characteristic scale of the network, and nodes with
k > (k) are exponentially rare.

2.4.3.2. Scale-free networks

A network is called scale-free when its degree distribution follows a power law above
some lower cutoff kp;,:
p(k) < k77, k > Enin, (2.22)

with 4 > 1 for normalizability [58, 59]. Note that if p(k) o< k=7 then P.(k) oc k=
with I' = 7 — 1. The name originates from the absence of a characteristic degree:
Eq. (2.22) is invariant under rescaling of its argument, i.e., p(ck) = ¢ "p(k), so that
no value of k can be singled out as “typical”. Operationally, the mean degree ceases to
be representative of the distribution, and a small number of extremely well-connected
nodes, called hubs, appears.

The absence of a characteristic scale can be quantitatively appreciated by looking at
the behavior of the moments of the degree distribution. Indeed, in the thermodynamic
limit: -

(k™) ~ / dk k™ (2.23)
kmin
converges at large k if and only if v > m+ 1. Hence the mean degree is finite for v > 2,
but the second moment diverges for v < 3. Most empirical networks reported as scale
free fall precisely in the window 2 < v < 3, where (k) is finite while (k?) is not.

In a finite network all moments are of course finite, since £ < Ny, —1. The divergence
is then to be read as a growth of (k?) with Ny, controlled by the largest degree actually
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realized. Requiring that the expected number of nodes with degree above k... be of
order one, N, fkomoax p(k) dk ~ 1, gives the so-called natural cutoff:

Emax ~ NYO-1 = NUT. (2.24)

Any empirical degree distribution therefore departs from a pure power law at large k
simply because the network is finite. Distinguishing this effect from a genuine absence
of scale invariance is the subject of Sec. 2.4.4.

2.4.3.2.1. Mechanisms generating power laws Unlike the Poisson law in Eq. (2.21),
which follows from independence alone, Eq. (2.22) requires a mechanism. I discuss two
broad scenarios here.

The best known is growth with preferential attachment, formalized by Barabéasi and
Albert [62]: nodes are added one at a time and attach to existing nodes with probability
proportional to their current degree. The result is a “rich-get-richer” dynamics which
produces v = 3 asymptotically. Bianconi and Barabéasi [63] generalized the rule by
assigning an intrinsic fitness to each node. Depending on the fitness distribution,
the network either remains scale free or undergoes a condensation transition, formally
analogous to Bose-FEinstein condensation, in which a single node captures a finite
fraction of all links. Both mechanisms, however, require the network to grow, and are
therefore inapplicable to graphs defined on a fixed set of nodes.

A second scenario, which does not require growth, is the hidden-variable construc-
tion [64]. Each node carries a variable z; drawn from a distribution p(z), and a link
between i and j is activated with probability f(z;,z;). The expected degree of a
node is then k(z) = N [ p(y)f(z,y) dy and the degree distribution can be obtained
with a change of variables: p(k) = p(x(k))|dz/dk|. The remarkable point made in
Ref. [64] is that a power-law p(k) does not require a power-law p. Taking, for example,
p(x) = e™*, together with a hard threshold as a rule for the creation of links, i.e.,
f(zi,z;) = 0(z; + x; — z), one finds k(z) = Nye*~* and hence:

dx

N 1
dk|

= o kT2 (2.25)

plk) = p(a(k) e

Scale invariance is thus generated statically, by thresholding a broadly distributed node
property. Even though this mechanism looks close in spirit to the networks built in
this thesis, we have not yet been able to clearly exploit it to explain the emergence of
scale-free behavior in our setting, which remains an open question for future work.
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2.4.4. Assessing scale-freeness in finite networks

Establishing scale invariance from the apparent power-law behavior of an empirical
degree distribution is not straightforward. The standard statistical protocol, due to
Clauset, Shalizi and Newman [65], estimates v and ky,;, by maximum likelihood and
assesses the goodness of fit through a Kolmogorov—Smirnov test, comparing the power-
law hypothesis against alternative fat-tailed distributions such as the log-normal or the
Weibull. Applied systematically to a plethora of empirical networks, this protocol led
Broido and Clauset [66] to conclude that scale-free networks are rare. On the other
hand, Voitalov et al. [67] reached the opposite conclusion by allowing deviations from
a pure power law at small k, i.e., by testing the broader class of distributions with the
shape p(k) = ((k)k=, where ( varies slowly for large k. The discrepancy between the
two analyses shows that the outcome depends critically on the detailed assumptions
underlying the test. Moreover, it is worth noting that maximum-likelihood methods
presuppose independent observations [68].

Serafino et al. [69] approach the problem from a different angle, importing the ma-
chinery of finite-size scaling (FSS) from the theory of critical phenomena. The logic is
that a finite network cannot display a pure power law since, as Eq. (2.24) shows, finite
size implies an unavoidable cutoff for large k, and that the correct question to ask is
not whether the data display a pure power law, but whether the departures from it are
compatible with being finite-size effects.

2.4.4.1. The scaling hypothesis

The FSS ansatz for the cumulative degree distribution (2.20) of a network of Nj
nodes reads:

Po(k,No)=k"f(kNS), d<o. (2.26)

The idea is that k£ and N, do not enter independently, but only through the composite
variable kN9, hence the whole size dependence is carried by a single scaling function f
and two exponents. Consistency requires two conditions. The first is that f(z) — const
for x — 0, so that a pure power law is recovered as N, — oo. The second, required
by normalizability, is that f(x) — 0 sufficiently fast for > 1, defining a crossover
degree k. ~ N;¢ at which the distribution has to bend down. Finite-size effects are
thus encoded in f.

2.4.4.2. Subsampling

Applying FSS to networks meets an obstacle absent in statistical mechanics: a real
network is typically available at one size only. Reference [69] circumvents this problem
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by noting that, given a network, smaller-size representations can be obtained by remov-
ing nodes along with their associated links, i.e., by subsampling the network, and by
averaging the respective degree distributions over an ensemble of fixed-size realizations.
It is important to notice that subnetworks of a scale-free network are known not to
be scale free, the sampling introducing deviations at small k [70]. For this reason, the
scaling analysis has to be restricted to k > kp,, with kyi, estimated on the original
network by the maximum-likelihood procedure of Ref. [65], and the analysis is declared
unfeasible whenever the number of nodes surviving this cut falls below In V.

2.4.4.3. Ratio-of-moments test

A simple way to test the validity of the FSS hypothesis is obtained from the size
dependence of the moments®. Inserting (2.26) into the definition of (k%) gives (k') oc
~d(i-T) .
Ny for ¢ > I', whence

i+1
<]Zk:i>> o<« N74  i>T, (2.27)

independently of i. A log-log plot of consecutive moment ratios against N, must

therefore consist of a family of parallel straight lines with common slope —d, a stringent
requirement that fails for non-scale-free distributions.

For the purposes of this thesis, this framework is particularly relevant, as the degree
distributions analyzed in Chapter 4 are measured on networks whose size is set by the
number of collected samples. Since they systematically bend downwards at large k,
the FSS analysis is what allows us to attribute the origin of this bending to the finite
number of samples collected, rather than to a breakdown of scale invariance.

2 Another path one can follow is to test the FSS hypothesis with a collapse plot. In Ref. [1], however,
we chose to follow the ratio-of-moments test.
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3. Studying ground-state properties
with wave-function networks

3.1. Introduction

Chapter 2 introduced two complementary ways of looking at a dataset of wave-
function snapshots. The first treats it as a cloud of points and asks how many coor-
dinates are needed to describe it, leading to the notion of intrinsic dimension. The
second looks at the relations between the data points, using the language of network
theory to characterize them. The two viewpoints were presented separately and, so
far, abstractly. In particular, nothing in Sec. 2.4 specifies where the links of the graph
should come from.

This chapter closes that gap. In Sec. 3.2 I define the central object of the equilibrium
part of this thesis, the wave-function network (WFN), obtained by promoting the
snapshots to nodes and by activating links according to the metric structure of the
configuration space. The construction is the one introduced in Ref. [34] and used, in
the form presented here, in Ref. [1] and in Chapter 4.

Section 3.3 reviews the results that motivate the analyses of the following chap-
ters. These are the works in which intrinsic dimension and network structure were
first measured on configurations of classical statistical models [32], on path-integral
configurations of quantum models [33], and finally on wave-function snapshots of a
Rydberg quantum simulator [34]. Their common outcome is that these data-space ob-
servables detect phase transitions without any prior knowledge of an order parameter,
and that they do so on datasets whose size is orders of magnitude smaller than the
Hilbert space dimension. Their common limitation, that is the absence of a systematic,
model-independent assessment of the network structure, and of any characterization
away from equilibrium, is what defines the questions addressed in the rest of this thesis.
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3.2. Wave-function networks

3.2.1. From data in a metric space to a graph

In most of the classic applications of network theory, links are given from the outset:
social ties, hyperlinks, or chemical interactions. The situation relevant here is different.
What is given is the dataset {7}, of Sec. 2.2, i.e., a set of points in the metric
space (X,d) defined by the configuration space and by the Hamming distance (2.2).
A network has to be constructed from it, and the construction should introduce no
physical input beyond the metric itself.

The construction requires only two ingredients [34]: the metric on the embedding
space, allowing distances between data points to be computed, and a criterion to ac-
tivate links, based solely on those distances. As already discussed, for the first, the
natural choice for spin-1/2 variables is the Hamming distance (2.2). For the second,
the simplest possibility is a hard threshold: the data points are taken as the nodes,
and a link is activated between every pair of nodes whose distance falls below a chosen

cutoff R,
Ay = 0(R — d(Z,Zy)), s+, (3.1)

where 6 is the Heaviside step function. All the structure of the resulting graph is thus
inherited from the geometry of the data: Eq. (3.1) contains no free ingredient beyond
the metric and the scalar R, which is itself inherited from the shape of the configuration
space and the wave function squared amplitude in the chosen measurement basis.

Given a state |¥), a measurement basis «, and a set of N, snapshots collected in the
data matrix X® of Eq. (2.1), the wave-function network is the graph whose adjacency
matrix is given by Eq. (3.1) with d the Hamming distance (2.2).

Three remarks are in order. First, the number of nodes coincides with the number
of samples, Ny, and not with the Hilbert space dimension. The network is an object
of the size of the dataset, and the whole construction lives in the regime N, < 2V,
in which tomographic reconstruction of the state is out of reach. Second, the network
inherits the basis dependence of the dataset: different measurement bases produce
different networks for the same state, and the label o should in principle be carried
along, as done in Chapter 4. Third, it can happen that repeated configurations occur
in the dataset, producing nodes at zero distance, always linked and with identical
neighborhoods. This is statistically irrelevant at large volumes, where the probability
of sampling the same configuration twice is negligible, but it becomes relevant at small
N or deep in ordered phases. Implications of this, as well as strategies to deal with it,
are discussed in Chapter 4.
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Figure 3.1.: Construction of a wave-function network. (a) Given a state
|¥), snapshots are taken as explained in Sec. 2.2. (b) Configurations in the
dataset are points in the data space and represent the nodes of the network. (c)
A metric is chosen on the data space, and a cutoff distance R is fixed. Links are
then drawn to connect pairs of nodes whose distance is below R. The basis label
« has been dropped for the sake of clarity.

3.2.2. The choice of the cutoff

The construction depends on the cutoff R, whose choice is not determined a priori.
Denoting by di, and d.. the smallest and largest pairwise distances in the dataset,
one finds that R < d,,;, produces a collection of isolated points and R > d,,., produces
a featureless, fully connected graph. Between these two regimes, the network undergoes
a percolation transition. Any meaningful choice must therefore be made in reference
to the typical scale of distances realized in the data, which depends both on the state
and on the number of samples.

A convenient data-driven prescription [34] is to fix R through the average distance
to the c-th nearest neighbor,

R=(r) = — 3 (@), (3.2)

where 7.(Z;) is the distance between Zs and its c-th neighbor. The cutoff then adapts
to the overall density of the dataset rather than being imposed externally, and the
only residual freedom is the integer ¢, which sets the average degree of the resulting
network. Note that this is the same scale that controls the two-NN estimator of intrinsic
dimension of Sec. 2.3.2, which can be meaningfully compared to the network on the
same dataset since they both probe the data at the same resolution.

A further subtlety arises because the Hamming metric is discrete: distances take
integer values with a large degeneracy, so that the admissible cutoffs form a discrete
set and quantities defined as functions of R display a step-like rather than smooth
behavior, as shown in Chapter 6. Consequently, the practically relevant question is not
the precise value of R, but whether the qualitative features of the degree distribution,
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3. Studying ground-state properties with wave-function networks

and in particular the presence or absence of a power-law regime, survive when c is
varied over a broad range. This robustness check was performed in Ref. [34] and is
reported in Chapter 4 for Ref. [1|, where increasing R or ¢ was found to shift the
threshold degree above which the power law sets in, without affecting the exponent.

3.3. Earlier works

The methods above did not appear out of nowhere. They are the endpoint of a
line of work that started by asking whether raw, minimally processed configurations
of statistical mechanics models carry visible signatures of criticality, and progressively
moved towards quantum systems and experimental data. I summarize here the results
that are most directly relevant to the following chapters.

3.3.1. Intrinsic dimension of classical partition functions

The starting point is Ref. [32], where the Two-NN estimator of Sec. 2.3.2.1 was
applied to datasets of Ny, = 5 x 10* equilibrium configurations, sampled by cluster
Monte Carlo, of two-dimensional classical spin models. Three types of transitions
were considered: the Ising and three-state Potts models, representative of continuous
transitions, the eight-state Potts model, representative of a first-order transition, and
the XY model, representative of a BKT transition. No notion of an order parameter
enters the analysis, and the only inputs are the configurations and a metric, namely the
Hamming distance for the discrete models and the Euclidean one for the XY model.

The central result is that [,(T) has a singular feature at the transition, and that
this feature obeys finite-size scaling. For continuous transitions I; develops a local
minimum at a size-dependent temperature 7%(L), and the data collapse according to
the ansatz I4(T, L) = L* f(&(T)/L), with & ~ (T —T.)™", returns critical temperatures
and exponents at the percent level: T, = 2.283(2), v = 1.02(2) for the Ising model
and T, = 0.996(2), v = 0.805(5) for the three-state Potts model. Moreover, the shift
T*(L)—T,. ~ L~'/" of the minimum alone yields 7, with discrepancies of 0.4% and 0.2%
from the exact values. The first-order case behaves differently, as expected: I; exhibits
a peak rather than a minimum, reflecting the coexistence of two well-separated regions
of data space, and the shift of the feature scales with the trivial exponent v = 1/D. The
BKT case is the most stringent test, since the transition is not signaled by any local
order parameter: using the appropriate scaling form 7%(L) — Taxr ~ 1/1n” L, Ref. [32]
obtains Tkt = 0.909(15), compatible with the best available estimates obtained on
systems orders of magnitude larger.

The interpretation is that the minimum of /; at a continuous transition is read as
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a data-space manifestation of emergent simplicity. At criticality the collective behav-
ior is captured by a handful of universal quantities, so that fewer effective variables
are needed to describe the data, while moving away from the critical point requires
specifying the operators that perturb away from it.

The extension to quantum systems came with Ref. [33], where the same analysis
was applied to path-integral configurations of quantum models sampled by quantum
Monte Carlo, showing that the intrinsic dimension of the (D + 1)-dimensional con-
figurations detects quantum critical points and displays the same emergent-simplicity
phenomenology. Subsequent works have extended both the set of observables, includ-
ing the PCA entropy of Eq. (2.6) , and the set of systems studied, from lattice models
to data collected on quantum simulation platforms [35-39].

3.3.2. Earlier wave-function networks works

Reference [34] introduced the network construction of Sec. 3.2 and applied it both
to numerically sampled ground states and to experimental snapshots.

The equilibrium benchmark is the two-dimensional quantum Ising model on a square

H:—Zafaj—gZJf, (3.3)
(1,3 i

which features a quantum phase transition at g. ~ 3.04. Ground-state snapshots in

lattice,

the z basis were obtained by stochastic series expansion Monte Carlo at low enough
temperature, for N = 8 x 8 and up to N, = 10°. Deep in the paramagnetic phase, at
g = 5.0, the degree distribution is well described by a Poisson law with (k) ~ 1. In
the vicinity of the critical point the picture changes qualitatively, and p(k) follows a
power law with v ~ 2.4 over more than a decade, bending downwards only at large
k. Increasing N, pushes the bending to larger degrees, identifying its position as the
finite-size cutoff of Eq. (2.24) rather than as an intrinsic scale. The finite-size scaling
analysis of Sec. 2.4.4, performed by subsampling the network, confirms this reading
quantitatively.

The same analysis was then applied to experimental data from the quasi-adiabatic
preparation of an antiferromagnetic state in a Rydberg atom array [71], on an 8 x 8
lattice with Ny, = 2500 snapshots per time step. Two regimes emerge along the ramp.
At short times, before the transition is crossed, the degree distribution decays expo-
nentially and is compatible with an Erdés—Reényi-like form with (k) ~ 1, as expected
for a state close to a product state dressed by weak, essentially independent fluctua-
tions. At later times a power-law regime develops over nearly two decades, with an
exponent 7 < 2. Numerically exact simulations based on neural quantum states [9, 72|
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reproduce the same phenomenology. Notably, the experimental degree distributions
obtained from datasets containing a mean density of ~ 3% array defects are indistin-
guishable from the defect-free ones, which is consistent with the known robustness of
scale-free structures with small exponents to random node removal.

An interesting application built on top of this description is cross-certification. Com-
paring two quantum simulators, or a simulator and a classical simulation, configuration
by configuration is meaningless when N, < 2V, since the probability of sampling the
same configurations twice vanishes exponentially with N. Comparing their degree dis-
tributions, instead, is a comparison between distributions estimated from N, points,
and can be addressed with a nonparametric test, the Epps—Singleton test [73]. In this
way, experiment and simulation could be certified to agree up to a timescale of ~ 4 us,
and the analysis further resolved a systematic time shift between the two, attributable
to miscalibrations of the experimental control parameters and invisible to low-order
correlation functions.

3.3.3. Open questions

Three limitations of the picture above define the questions addressed in the rest of
this thesis.

First, the evidence for scale-freeness rests on a small number of case studies. The di-
chotomy between Erd&s—Rényi-like and scale-free structures is expected to be generic
for systems featuring weakly and strongly correlated regimes, but whether the net-
work structure is genuinely universal was left open. Chapter 4 addresses this point
by systematically applying the finite-size scaling protocol of Sec. 2.4.4 to a family of
one-dimensional models across different phases and transitions. I care to note that a
recent, complementary line of evidence comes from Ref. [74], which introduces an exact
real-space renormalization group transformation acting directly on snapshot datasets.
This work shows that the wave-function-network degree distribution remains invariant
under this RG at continuous thermal transitions, with a numerically-observed relation
~v =~ 1—mn between the critical and the power-law exponents. Notably, the same relation
fails for the 2D quantum transverse-field Ising model, leaving the quantum case as an
open question consistent with the one raised here.

Second, the analyses reviewed here concern ground states and quasi-adiabatic pro-
tocols, i.e., states which are, or are close to, equilibrium states. The structure of
wave-function networks in genuinely out-of-equilibrium situations was unknown. This
is one of the motivations for the second part of this thesis.

Third, the Two-NN estimator used to quantify complexity is a local estimator ap-
plied to discrete data and, as discussed in Sec. 2.3.2.2, it suffers both from repeated
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configurations and from the curse of dimensionality, systematically underestimating I,
when the latter is extensive in N. Chapter 6 takes up this point by replacing it with
the binary intrinsic dimension, whose scaling with system size is used as a probe of
ergodicity breaking.
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4. Network theory classification of
quantum matter based on wave
function snapshots

This chapter is adapted from Ref. [1], where Sec. 4.2 has been strongly shortened to
avoid repetitions with Chapters 2 and 3.

Overview. Quantum computers and simulators offer unparalleled capabilities of prob-
ing quantum many-body states, by obtaining snapshots of the many-body wave func-
tion via collective projective measurements. The probability distribution obtained by
such snapshots (which are fundamentally limited to a negligible fraction of the Hilbert
space) is of fundamental importance to determine the power of quantum computa-
tions. However, its relation to many-body collective properties is poorly understood.
Here, we develop a theoretical framework to link quantum phases of matter to their
snapshots, based on a combination of data complexity and network theory analyses.
The first step in our scheme consists of applying Occam’s razor principle to quantum
sampling: given snapshots of a wave function, we identify a minimal-complexity mea-
surement basis by analyzing the information compressibility of snapshots over different
measurement bases. The second step consists of analyzing arbitrary correlations using
network theory, building a wave-function network from the minimal-complexity basis
data. This approach allows us to stochastically classify the output of quantum com-
puters and simulations, with no assumptions on the underlying dynamics, and in a
fully interpretable manner. We apply this method to quantum states of matter in one-
dimensional translational invariant systems, where such classification is exhaustive, and
where it reveals an interesting interplay between algorithmic and computational com-
plexity for many-body states. Our framework is of immediate experimental relevance,
and can be further extended both in terms of more advanced network mathematics,
including discrete homology, as well as in terms of applications to physical phenomena,
such as time-dependent dynamics and gauge theories.
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4.1. Introduction

Classifying phenomena is a long-standing goal of physics. Within the context of
statistical mechanics, classifying phases has lead to profound insights on how collec-
tive properties of matter are determined. Seminal results include the classification of
phases stemming from symmetry breaking [75|, including roadblocks in lower dimen-
sionalities [76, 77|, disordered [78| and critical systems [58, 59, 79|, down to modern
classification of quantum phases based on band structure properties and topological
orders [80-83]. In the context of quantum matter, these schemes exploit wave-function
knowledge, combined with specific inputs (e.g., dimensionality and symmetry), and
connect those to observables, such as order parameters or transport properties, which
are ideally suited for traditional solid state probes.

Over the last decade, synthetic quantum matter [84| — including trapped ions 13, 85],
atoms in optical potentials [16, 86, 87|, and circuit QED [88, 89| — has opened up a com-
pletely different scenario: thanks to many-body projective measurements, the whole
wave function can actually be probed directly, albeit only stochastically and with a lim-
ited number of samples, due to the exponential growth of the Hilbert space preventing
an exact tomography. The samples related to such global projective measurements
are often referred to as snapshots. Such capabilities have paved the way for research
paths at the interface of quantum information and statistical physics: those include
the capability of measuring nonlinear functionals of the density matrix via randomized
measurements and shadow tomography [24, 90-92], probing aspects of conformal field
theories [93], and the understanding of real-time dynamics from conditional probability
distributions [94-105], just to name a few. However, in general, the connection between
wave function snapshots and generic physical properties remains challenging, mostly
due to the lack of a clear framework to understand such huge amount of information
in a simple and interpretable manner, complementary to approaches based on neural
network modelling [106-112|. This raises multiple questions: is it possible to connect
the massive amount of information obtained in such devices to collective properties of
quantum matter, in a manner that is at the same time generic and interpretable? Can
we classify physical phenomena stochastically from limited available samples, or is prior
knowledge of the setting fundamentally required to connect wave function samples to
physical properties?

In this work, we propose a theoretical framework to characterize the stochastic sam-
pling of wave functions, that leverages on and combines established tools in manifold
learning and network theory. The rationale of our approach is that, in order to tame the
large amount of correlations from many-body snapshots, it is of foremost importance
to understand which basis direction can undergo a massive dimensional reduction — a
version of Occam’s razor principle —, and, once that ‘minimal-complexity’ basis is iden-
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Figure 4.1.: Schematic representation of the wave function network
analysis: (a) A given quantum state is produced either in experimental quan-
tum simulations or in numerical experiments. (b) Snapshot datasets are built
in different bases. This can be done experimentally via global projective mea-
surements, or by following some sampling scheme in numerical simulations. (c)
Networks in different bases are built from datasets: each node corresponds to a
snapshot and connections between nodes are established based on a cutoff of their
affinity [see Sec. 4.2]. Here we depict wave function networks (WFNs) obtained
for the cluster Ising model [Eq. (4.7)], projected on the plane spanned by the
two principal components of the data matrix. Color scale and nodes’ sizes refer
to their degrees. Top panel is an Erdés—Rényi network (ERN) in the symmetry-
protected topological phase, namely at h = 0.5 in the z-basis. Bottom panel is a
scale-free network (SFN) at the critical point A = 1.0 in the minimal-complexity
basis y. In the latter, we note the presence of highly connected nodes, called
hubs, characteristic of scale-free networks. Moreover, at this point two clusters
start forming, due to the two-fold degeneracy of the ground state in the antifer-
romagnetic phase. Such clusters become more and more evident as h increases.
(d) From the WFNs, the quantities of interest are computed, namely the in-
trinsic dimension I; and the degree distribution p(k). Top panel shows the I
of the cluster Ising model in the x-, -, and z-basis as a function of h. Bottom
panel shows the p(k) of the networks displayed in (c). Note that at the critical
point, in the minimal-complexity basis y, the degree distribution is a power law,
characterizing a scale-free network.
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tified, employ discrete, generic manifold characterization tools - in our case, network
theory - to characterize correlations. We note that other network-theoretic approaches
to quantum matter have been explored in the literature [113-116], but they rely on
different constructions.

Our pipeline is schematically illustrated in Fig. 4.1. Concretely, after collecting
N samples in a suitable set of translational invariant measurement bases « (e.g.,
a = x,y, z for a spin model) — see Figs. 4.1(a) and 4.1(b) —, we embed them in distinct
metric spaces, each one utilizing distances described by Parisi’s two-replica overlap
functions' [40, 41].

For each basis, we build a network representation of the samples: nodes represent
snapshots, while links between nodes are determined in a deterministic manner based
on node distance [see Fig. 4.1(c)|. The resulting networks are geometrical in nature,
and we refer to those as wave function networks [34]. Equipped with datasets and their
network representations, we then proceed in a three-step analysis.

Firstly, we estimate the intrinsic dimension [ C(la) of the corresponding data mani-
folds [117], which, under rather generic assumptions, allows us to estimate the minimal
number of degrees of freedom - a proxy for data compression and Kolmogorov com-
plexity [34, 118] - required to capture the samples in each given basis. We identify the

minimal-complezity basis o™ as the one with the smallest intrinsic dimension 7"

among the ones we consider [see Fig. 4.1(d), upper panel].

Secondly, once the minimal-complexity basis is identified, we focus on the corre-
sponding network. We characterize this via its degree distribution, which allows us to
diagnose the presence or absence of correlations in data space in a practical manner
[see Fig. 4.1(d), lower panel].

Finally, for networks showing random correlations (Erdds—Rényi), we also investigate
how I™" varies as a function of real-space scale via a Kadanoff-type decimation scheme
applied directly on the samples: this allows us to distinguish local from topological real-
space correlations in a straightforward manner.

The framework has three main advantages: it is highly interpretable (driven by the
notion of classical state distance given by Parisi’s overlap function), it is state agnos-
tic (can be applied to any Hilbert space, dimensionality, etc.), and its applicability to
analyze wave functions is scalable (typically a few thousand samples suffice for exper-
imentally relevant system sizes). To demonstrate its use, we analyze one-dimensional
(1D) translational invariant Hamiltonians, which are known to describe paramagnetic,
critical (conformal), symmetry-broken, and symmetry-protected topological states of
matter. We specifically focus on models which have been realized in Rydberg atom

'We note that this corresponds to Hamming distance for spin-1/2 variables.
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Figure 4.2.: Scheme of the stochastic classification. After a filtering (a)
through intrinsic dimension (1) to select the minimal-complexity basis, the net-
work structure is studied (b). From top to bottom: Phases that show proba-
bility networks can be distinguished between paramagnetic and spontaneously
symmetry-broken (SSB) ones by the presence of clusterization in data space (c),
which reflects the ground state degeneracy typical of SSB phases. Erd&s—Rényi
networks can signal either SSB or symmetry-protected topological phases. The
two can be distinguished by computing I; after sampling on increasingly larger
supports (d): In the former case, it decreases abruptly as soon as the support of
the order parameter is reached, while in the latter it is left unchanged. Lastly,

scale-free networks are associated to gapless phases and points

Intrinsic Dimension Filter (TWO-NN)
for Minimal-Complexity Basis Selection

quantum simulators [119-123|, where many of the predictions we make are directly
testable.

Utilizing a combination of theoretical modeling and numerical simulations based on
matrix product state (MPS) sampling, we show that the four states of matter available
in one dimension — spontaneously symmetry-broken (SSB), paramagnetic, critical and
symmetry-protected topological (SPT) phases — are all described by fundamentally
distinct data structures. This classification is summarized schematically in Fig. 4.2.
Interestingly, our scheme treats on same footing gapped and gapless phases of matter,
which is not usual in other contexts.

Paramagnets feature small I and a structured wave-function network, that recalls
a probability distribution sampling — and thus, we refer to as probability network.
This is due to the product-state fixed-point description, which is reflected by presence
of typical configurations (in the minimal complexity basis). The fluctuations around
them are suppressed by the presence of a gap, causing accumulation on a small set of
configurations. Critical matter display large I" and a scale-free network structure,
where the degree distribution decays as a power of the degree. This is reflected in the
presence of large fluctuations around typical configurations, for which the probability
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distribution does not concentrate on a small set of configurations.

Distinguishing symmetry-broken from SPT phases is instead more subtle. The key
element there is to track how I™ evolves under a Kadanoff-type decimation?: for
symmetry-broken phases, complexity shows a characteristic dependence on the deci-
mation level, from large to small. This (abrupt) change corresponds to the decimation
length at which symmetry-breaking takes place, that is, when it is as large as the
support of the order parameter. The corresponding low-complexity network features
a distinct structure, with prominent hubs (highly connected snapshots in our network
construction), analogously to paramagnets. For SPT phases, complexity is large and
decimation-independent, and hence, the corresponding network structure is Erd&s—
Rényi at all decimation scales, reflecting the inability of any local sampling to capture
the order of the system.

The two most surprising observations of our framework are that:

1. topological correlations are extremely simple to diagnose: they are epitomized
by a minimal information compressibility at any scale, combined with an Erd&s—
Rényi structure;

2. critical points and phases are described by scale-free networks, signaling how
universal behavior is not only carried out by low-order correlation functions, but
is instead a characteristic of the entire sampled wave function.

These observations clarify that there is a deep, clearly interpretable link between the
excessive amount of information contained in sampled wave function snapshots and
collective phenomena. This connection might turn informative for a series of open
challenges in quantum science, from the characterization of variational wave functions
to quantum information tasks.

4.2. Stochastic description of wave functions: from
complexity to networks

The core theory at the basis of our stochastic classification of quantum matter is
represented by the methods introduced in Chapters 2 and 3, namely the intrinsic
dimension and the wave-function networks.

Let’s briefly recall the notation about our target datasets, that are collections of
wave function snapshots, as introduced in Sec. 2.2. Here we are interested in spin-1/2

2Qur scheme is directly inspired by traditional statistical mechanics [124]; it would be interesting to
explore connections to recent developments in network theory [125].
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systems, hence each snapshot is an array of 1 values, representing a spin config-
uration. As already shown in Sec. 1.2, considering different measurement bases is
necessary. Hence, in order to obtain a physically informative description of the state,
while remaining agnostic about its properties, a set of appropriate orthogonal measure-
ment directions must be considered, and a computable criterion to designate the most
relevant one shall be defined. We thus examine datasets obtained by sampling spin
configurations over a set of translational invariant measurement bases, defined by three
orthogonal spin directions. In other words, we perform projective measurements where
all spins are projected in the same direction o = z, y, or z. We sample the snapshots
using a perfect sampling algorithm for tensor networks simulations [126, 127], but, as
noted above, these measurements are also easily accessible in modern experimental
quantum platforms.

Let us consider a system with L local degrees of freedom. We collect N, snapshots

:aﬁo‘), with s = 1,..., Ny, in each of the considered measurement bases. In the case of

a spin-1/2 system, a snapshot is denoted as 7 = {agﬁ), . ,USYL)}, where aii) is the
value of the spin at site ¢ in the sth snapshot when measured along the a direction. The
target datasets are then represented by matrices of dimension Ny x L [see Fig. 4.1(b)],

that is,
T
X — {fganfga), . ,fﬁ@f]} . (4.1)

Interpreting the measured values of the different local degrees of freedom as coor-
dinates, the datasets above can be geometrically regarded as collections of N, points
living on a L-dimensional data space, as already described in Sec. 2.2. At this stage,
it is important to stress that, when the sampling probability is concentrated enough,
which happens in some limiting cases, namely deep in ordered or paramagnetic phases,
more samples of the same configuration could occur in the dataset. In our construc-
tion, those would appear as overlapping nodes on the same points of said L-dimensional
data space, and we explain our way to treat them in the following sections. For future
works, one could consider slightly different constructions, one example being weighted
networks. A second example, that we will briefly treat later in Sec. 4.7, is to consider
sets of repeated configurations as single nodes with self-loops.

Let me stress again that that typical values of N, for present-day quantum simulation
experiments are such that N, < 2¥ (hence, encompassing only a negligible fraction of
the Hilbert space). Importantly, the methodology presented below has been devised to
yield informative results when working in this regime.

To characterize many-body quantum states, we apply to the fixed-basis datasets the
wave function network (WFN) description introduced in Sec. 3.2. By analyzing the
degree distribution, we can observe broadly three classes (two of which were already
introduced in Sec. 2.4.3), which I'll quickly review here: Erdgs—Rényi, scale-free, and
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structured networks.

Erdgs—Rényi networks (ERNs) are characterized by a Poissonian degree distribution,
which has a small variance around the average degree that sets the scale of the distri-
bution. Such networks can be constructed by connecting pairs of nodes in a given set
with a fixed probability, independent of the specific pair. For this reason, they are also
referred to as random networks.

Scale-free networks (SFNs), first discovered in social structures ranging from authors
collaborations networks to the world-wide-web, are a powerful structure describing a
huge variety of phenomena from diverse fields [58, 59, 128]. They are characterized
by a power-law degree distribution, p(k) o k=7, indicating large variability in node
degrees. In particular, this reflects the presence of a great number of poorly connected
nodes and of a few highly connected nodes called hubs, which are instead absent in
ERNs.

A third case we observe is constituted by what we refer to as probability networks:
those are characterized by a structured degree distribution showing a Poisson-like pro-
file for low degrees, followed by a series of peaks at high connectivity. As it will be
shown later, in these cases, the degree distribution, at large degree k, represents a his-
togram of the repetitions in the dataset, as same configuration can be accessed multiple
times at finite lattice volume.

While in principle each wave function has multiple networks associated to it, each
corresponding to different measurement bases, already in Sec. 1.2 we argued that some
can reflect physical properties more directly than others. Identifying them is the first
step of our analysis.

To identify the network that provides the most informative description of a state, we
compare the measurement bases available and select the one whose associated dataset
exhibits the lowest algorithmic complexity, a mathematical measure of the amount
of information present in a sequence of symbols or data [129]. We refer to this as
the minimal-complexity basis, denoted o™™. As a proxy for algorithmic complexity,
we utilize the intrinsic dimension [117, 130], that quantifies the minimal number of
variables required to describe the dataset, as introduced in Sec. 2.3.2. We denote
the intrinsic dimension of the dataset X(® as I C(la). The minimal-complexity basis is
therefore identified as the one whose dataset has the lowest intrinsic dimension I},
For the case of spin 1/2 systems, this reads:

o™i ]C(lamm) = min IU(IO‘) = Iy (4.2)
=z,

Here we employ a local estimator known as the TWO-NN method described in
Sec. 2.3.2, which has already shown significant capability predictions in terms of phys-

ical phenomena [32, 33, 35, 38, 131]. It is worth noting that the algorithm strongly
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suffers from the appearance of repeated configurations in the dataset. We overcome
this problem by appending a column of random numbers as an additional feature to the
dataset, thus breaking the degeneracy between repeated configurations. The size of the
support from which these numbers are uniformly sampled is directly proportional to
the number of repetitions in the dataset, so that when none is present, the additional
variable is uniformly set to zero. This procedure does not change the global picture nor
quantitatively spoils the physical content of the data. We note that it is also possible
to extend our analysis utilizing estimators for discrete metric spaces, in particular the
BID estimator of Sec. 2.3.2.2, as well as other proxies of data compressibility [132, 133].
We leave that exploration to future works.

Because the intrinsic dimension is computed from the dataset alone, it can be re-
garded as a property of the network depending only on its node set. Additional infor-
mation, however, can be extracted by looking at the full network structure. The next
paragraph is devoted to this goal.

The last step towards the network construction is the construction of links. The
network construction is that introduced in Sec. 3.2, based on distances and neighbor-
related distance cutoffs. When repeated configurations are present in the dataset, the
sum in Eq. (3.2) is dominated by zeros. Because of this the cutoff distance may become
smaller than 1. In this case, the network connects only overlapping nodes, representing
equal configurations. Thus, the degree of each node is the number of its copies, and
the degree distribution represents an histogram of the repetitions of each node. It is
for this reason that we call this kind of networks probability networks.

Given the datasets X(® associated to the wave-function of a quantum state, we thus
construct different networks. As mentioned above, the intrinsic dimension allows us to
select a measurement basis where information is more structured. Consequently, we
can analyze properties of the WFN in the minimal-complexity basis that depend on
the information carried on the edges, thereby revealing the imprint of correlations in a
way specific of our network construction.

To this goal, several properties of the network can be studied. In this work, we focus
on the degree distribution p(k). We note here that this kind of analysis has been already
employed in Ref. [34] to characterize the output of a Rydberg quantum simulator.
However, it is important to notice that the analysis done in the aforementioned work,
was limited to snapshots taken in a single measurement basis (similar to classical
statistical mechanics [37]). While such approach is indeed useful to characterize the
system dynamics, it is clearly not sufficient for classifying states of matter, where
information about multiple measurement bases is fundamental.

It is important to anticipate that deeper levels of classification are also accessible
within our formulation. Indeed, the dimension and connectivity of the network are just
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4. Network theory classification of quantum matter based on wave function snapshots

some of the most direct properties that can be probed: deeper knowledge is accessible
via more complicated geometrical [134] and topological tools [37], such as persistent
homology [135], just to name a widespread approach.

4.3. Stochastic classification of phases of matter in
one dimension

In one-dimensional translationally invariant spin models, the nature of correlations
allow to distinguish between different phases of matter. These fall into four categories:
ordered (e.g., ferromagnets or antiferromagnets), disordered (paramagnets), critical
(or conformal), and symmetry-protected topological phases. Importantly, for a proper
phase identification, one needs to know a priori what physical observables are relevant
to the description of the phase itself, or at least, to input the symmetry content of the
Hamiltonian dynamics that realizes such phases as ground states.

Here we illustrate our network theory-based classification of phases of matter, which
does not rely on any prior knowledge. The process involves a first step, of identifying the
minimal-complexity basis by computing I, followed by the analysis of the correspond-
ing WFNs. To each possible phase of matter observable in one-dimensional spin-1/2
systems, we associate a network structure that characterizes the corresponding wave
function, and the results are illustrated in the scheme in Fig. 4.2. All the predictions
presented in this section will be supported by observations in Sec. 4.4. We emphasize
that this classification is complementary (in a manner that we specify below), both at
the mathematical and at the physical level, to previous classifications of quantum mat-
ter. At the mathematical level, we leverage on a stochastic description, which naturally
calls for very different tools with respect to algebraic and group-theoretic ones. At the
physical level, our ultimate goal is to classify phases realized in quantum processors
and simulators, where exact global symmetries might be spoiled by dissipation, but full
wave function properties are available. As noted above, further layers of classification
might be possible, based on, e.g., topological data analysis. We leave the exploration
of those tools to future work.

4.3.1. Paramagnetic phases: low complexity, structured
networks

In paramagnetic phases, all correlation functions are expected to decay exponentially
as a function of distance. The fixed point description is that of a product state,
and no symmetry is broken. Information can be compressed efficiently, and as such,
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4.3. Stochastic classification of phases of matter in one dimension

the minimal complexity basis will feature small intrinsic dimension and probability
networks, as defined in Sec. 4.2.

For the sake of clarity, we illustrate the corresponding generic network properties
via an example : a trivial paramagnet. In that case, spins align along the direction
of the external magnetic field, say x. Sampling along y, z will produce random sam-
ples, evenly filling the configuration space, resulting in a random network with very
large intrinsic dimension; sampling along x will instead produce a dataset dominated
by repeated samples of typical configurations, and of its neighbors (in terms of their
Hamming distance). As described in the previous sections, this leads to the emergence
of probability networks. The nodes’ degrees introduce a hierarchical structure led by
the typical configuration, reminiscent of the fixed point (classical) description, followed
first by neighboring configurations, and then by farther ones, which are sampled with
smaller and smaller probabilities.

To understand what we mean by “small intrinsic dimension”, take the extreme case
of an infinite magnetic field. Samples along the z-direction will all look the same,
hence, knowing the value of the first spin is enough to determine the full configuration.
Considering a system with a bigger size does not change the complexity of the string,
thus I; ~ O(1) with respect to the size L. A finite but big magnetic fields introduces
perturbations that modify weakly that behavior. This qualitative picture elucidates
how I; captures the simplicity of a paramagnetic state. Crucially, I; enters our analysis
only as a filtering criterion for selecting the minimal-complexity basis, ensuring that
its qualitative character does not influence the final results.

4.3.2. Spontaneous symmetry-broken phases: low complexity,
structured networks, and real-space Kadanoff decimation

Ordered phases of matter are characterized by an order parameter describing the
corresponding spontaneous symmetry breaking. Their sampling structure will depend
drastically on the relation between the support of the order parameter, that we denote
as K, and the sampling strategy.

K =1 case. We start from the case where the order parameter has support on one
site, and the sampling is single-site resolved. In this case, the minimal-complexity
basis will correspond to that of the order parameter (i.e., the eigenbasis of the operator
associated to the order parameter), or, in case the latter is not parallel to any of the
considered directions, to the basis with which has the largest overlap. Consequently,
following a similar argument to that of disordered phases, the complexity of datasets
resulting from sampling the ground states of ordered phases must be very low, e.g.,
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4. Network theory classification of quantum matter based on wave function snapshots

I; = O(1) in the fixed point limit. We argue that this behavior is connected to the
presence of a local order parameter, namely, if the phase can be described by a local
order parameter, then there exists a local basis in which I C(la) is naturally minimal.

Differently from disordered phases, though, this manifold will also exhibit clustering,
since the spontaneous symmetry breaking of discrete symmetries (the only one possible
in 1D quantum models) will lead to degenerate ground states that are — in terms of
the Hamming distance — very far apart. We notice that this conclusion is a direct
consequence of Mermin-Wagner-Hohenberg theorem [76, 77|, since, for continuous
symmetries, it is not clear if such clustering would necessarily occur.

K > 1 case. We now turn to the case of order parameters with support beyond one
lattice site (dimer, and in general nematic phases). In this case, sampling over a single
site is uninformative about the state. Utilizing a MPS representation, this can be
noted by the fact that an ordered phase imposes a symmetry G over multiple sites, and
local sampling is necessarily affected by the residual entropy obtained while tracing a
single site. Such an entropy generation mechanism is akin to that found in computing
minimal entropies in symmetric MPS [136].

What genuinely characterize ordered phases is the scaling of complexity as a function
of ¢, that we denote as [;(¢), where ¢ is the scale at which the system is probed.
This scaling can be obtained from the original data by performing a coarse graining
procedure akin to Kadanoff decimation [see Fig. 4.3(a)]: given a system of length L,
at each step, we combine sites into pairs, and define new variables spanning the same
configuration space as the original ones. For instance, in the case of spin-1/2, the first
step of coarse graining takes

XU — L5 o9, (4.3)

onto
La)
X0 = {(of - 09). (05 - 05), .. (0F 1 o)} (44)
From the point of view of complexity, one can then clearly separate two regimes:

1. 2 < K: in this regime, complexity is large, as it is impossible to faithfully
represent dimensional reduction due to residual entropy;

2. 2 > K: after the sampling scale exceeds K, the situation is akin to that of a
K =1 phase, and thus the data display minimal /.

As we will discuss below in Sec. 4.3.5, this complexity transition as a function of ¢ will
be key in discerning the behavior of ordered versus topologically ordered phases.

Summarizing, we have that ordered phases can be diagnosed by either:
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4.3. Stochastic classification of phases of matter in one dimension

e A structured network with low intrinsic dimension and clustering (K = 1),

e A series of coarse-grained ERNs at every decimation scale, whose intrinsic dimen-
sion abruptly diminishes when the coarse-grain scale is as large as the support of
the order parameter, and that ultimately leads to a structured network with low
intrinsic dimension (K > 1).

4.3.3. Symmetry-protected topological phases: high complexity,
Erd6s—Rényi networks

In SPT phases, all correlations decay exponentially as a function of distance [83],
and there is no local order parameter. Sampling the wave-function in any direction
will thus return a random Erd&s—Rényi network: distinct regions of space are sampled
independently and, at the level of single spins, are uncorrelated.

However, the existence of a non-local order parameter fundamentally affects the
network complexity. At odds with paramagnetic and ordered phases, here, it is not
possible to find a direction where complexity is of order O(1). This implies that the
intrinsic dimension is expected to increase with system size: in fact, one could see
the sampling of a SPT state as a collection of independently sampled regions where,
however, no single direction is preferred. This can be connected to the fact that, under
local sampling, it is not possible to deduce the order parameter of a SPT phase (which
is non-local), as its fixed description is always a MPS with finite bond dimension across
the lattice [83].

4.3.4. Conformal phases and critical points: high complexity,
scale-free networks

At conformal critical points, there exists a set of correlation functions that decays
algebraically with distance. One basic aspect of such critical points is that their wave
function snapshots can be interpreted as sampling single slices of a isotropic path
integral, i.e., where space and imaginary time direction are both governed by the same
dominant correlations. The corresponding network structure is expected to show no
scale, and, in particular, no scale at the level of degree distributions. We thus expect a
description in terms of scale-free networks, at least along one measurement axis. The
scaling of the intrinsic dimension can then be inferred from the known properties of
classical partition functions at conformal criticality [32]: the intrinsic dimension will be
large and increase with system size according to scaling laws, at least, for sufficiently
large sampling. In summary, sampling conformal field theories will return scale-free
networks with large intrinsic dimension.
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Figure 4.3.: Connection between sampling support and complexity. (a)
Decimated sampling procedure: pairs of neighboring sites in the MPS are merged
and sampled with respect to their product as spin-1/2 variables. Performing this
procedure ¢ times is equivalent to sampling observables with support on 2¢ sites.
To compare results for different values of ¢, we consider systems of different sizes
L so that L/2° is constant. (b) Iz of SSH model [Eq. (4.5)] for samplings with
different supports. In the dimerized ordered phase, J4/Jp > 1, the complexity
drops significantly once the support of the sampling exceeds 2. On the other
hand, it doesn’t decrease in the SPT phase, J4/Jp < 1. Note that the sampling
with support bigger than one site breaks the U(1) invariance of the model, while
preserving the Zo symmetry. For this reason, as some constraints are dropped,
the complexity of the state increases from ¢ = 0 to £ = 1. (c) I; as a function
of /. In the dimerized ordered phase of SSH model, as soon as the support of
the sampling exceeds 2, the I; drops significantly. On the other hand, in the
SPT phases of both Cluster Ising and SSH models, shown here respectively at
h =0.25 and J4/Jp = 0.1, the I; never decreases, as there’s no way to reduce
the complexity of the state by sampling with respect to non-global operators.

4.3.5. Sorting out symmetry breaking from symmetry-protected
topological phases: more on Kadanoff decimation and
complexity

The formulation above provides a view on the network structure of gapped and
gapless phases. However, in order to formulate a clear criterion to distinguish those,
it is important to better describe the renormalization group decimation scheme that
is formulated at fixed embedding dimension, which was outlined when describing SSB
phases. This is necessary not only to limit unavoidable finite size effects, but also to
clarify what a “topological” order parameter can be in the data structure of SP'T phases,
which can clarify how those can be interpreted as phases where a hidden, non-local
symmetry has been spontaneously broken.

We propose thus to follow a decimation procedure that, starting from level ¢ = 0
(no decimation) and lattice volume L, analyses successive steps applying iteratively a

46



4.3. Stochastic classification of phases of matter in one dimension

parity blocking of size 2. At each step, the analysis is performed with the same number
of samples, but at system size L' = L x 2¢. This allows to compare samplings, and thus
14, at fixed embedding dimension L'/2° = L. The procedure is schematically illustrated
in Fig. 4.3(a).

Under this decimation procedure, we expect both SPT and ordered phases to display
a characteristic dependence on ¢. The main difference will be on magnitude and scaling
with ¢: For a SPT phase, I; as a function of ¢ shall be large, and roughly independent
of ¢ itself; oppositely, complexity for a SSB phase shall decrease once we hit the deci-
mation scheme ¢, for which the total size of the blocking comprises the order parameter
support, i.e., 2 > K.

The discussion above emphasizes how, at the level of sampling, there are fundamen-
tal differences between ordered and SPT phases, that, however, require considering
properly spanned basis to be identified and highlighted. These basic differences can
be traced to the capability of the network to be sensitive to local and non-local order
parameters in very different manners. We note that such difference has also be con-
nected to other information-based properties, like entanglement length [137], which is
connected to our circuit reasoning via localizable entanglement.

Most importantly, the discussion above proposes a basic connection between the
computational (circuit) complexity of a given MPS, and the minimal algorithmic com-
plexity of its sampling: at fixed entanglement, states that are harder to prepare (SPT)
necessarily feature much larger algorithmic complexity when compared to states that
are easier to prepare (ordered phases and paramagnets). Such a fundamental difference
might however require sampling of larger unit cells, depending on the type of ordered
phase.

lllustration: the Su-Schrieffer—-Heeger model. For the sake of clarity, we now
illustrate the predictions of our theory above in the context of the Su-Schrieffer-Heeger
(SSH) model [138]. The latter is a model describing fermions on a lattice, whose
Hamiltonian reads:

L/2 L/2-1
H=Jy Z a;jflazj + Jp Z agjagjﬂ + h.c. (4.5)
j=1 j=1
where a;r- (a;) are creation (annihilation) operators on a chain comprising L sites. The

model hosts a phase transition at J4 = Jp, separating a SPT phase (J4/Jp < 1) from
an ordered phase (J4/Jp > 1). The latter is a valence bond solid (VBS) with unit cell
of 2 sites, so in this case, ¢, = 1. The states are sampled along a single measurement
basis, namely the occupation basis. For decimation schemes ¢ > 1, the sampled value
corresponds to the parity of the total occupation number on the sampling support 2¢,
i.e., the sum of the occupation numbers modulo 2.
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Our theory predicts that, for single site sampling, both phases will feature I, > 1.
Instead, for ¢ > 1 sampling, while the SPT phase will still feature large complexity,
the VBS solid phase will have a finite I, approaching 1 in the limit of Jp/Jy < 1.
The network structure will be ER for all ¢ in the SPT phase, and for ¢ < 1 in the VBS
phase, where it will become a probability network for £ > 1. At the critical point, as
usual, we will have a SF network.

We test these predictions numerically, and the results shown in Figs. 4.3(b) and
4.3(c) confirm them. Additionally, we also notice that I; grows in the SPT phase after
the first decimation step. We argue this is due to the decimation scheme breaking
the U(1) invariance of the model: Indeed, in general, symmetries introduce constraints
in data space that, in this case, lower I; at / = 0 with respect to ¢ > 1, where the
constraint is removed. To support this argument, in Fig. 4.3(c), we present also the
data from the SPT phase of Cluster Ising model [see Sec. 4.4.1], where this doesn’t
happen, showing that I; remains constant under decimation in the SPT phase.

In Fig. 4.3(b) the behavior of I; at decimation scale ¢ is reported. Consistently
with the expectations from Sec. 4.3 a decimation scheme with ¢ > /¢, yields a larger
I, for the SPT phase while it yields a lower I; in the VBS phase. In Fig. 4.3(c), the
scaling behavior of I, for ordered SPT and ordered phases is presented. In such figure
we report also data for the SPT phase of the cluster Ising model, whose magnitude
remains unaffected due to the large support of the order parameter, which is extended
over the whole system.

4.3.6. Relation to other classification schemes

Here, we briefly discuss how the classification presented in this work compares with
others, both in terms of approach and applicability regimes. We refer to already used
classification schemes based on symmetry-breaking (a4 la Ginzburg-Landau), topologi-
cal insulators and superconductors and SPT phases |78, 81, 83|, and unitary conformal
field theories [79].

e Possibly the main difference between our scheme and those above is that our
classification does not posit (neither is informative about) spectral properties.
In particular, it treats on same footing gapless and gapped matter, and, within
the latter, topological and SSB phases. The capability of distinguishing between
those solely based on wave function properties is in fact a key outcome of our
approach;

e Another key difference is the relation between phases and complexity. For in-
stance, the classification of SPT phases, as well as that of conformal field theories
(CFTs), make key connections between computational complexities in the con-

48



4.3. Stochastic classification of phases of matter in one dimension

text of tensor network, and phase properties: notable examples are the relation
between the central charge and entanglement, and the degeneracy of the entan-
glement spectrum and edge modes [139, 140]. Our approach is only indirectly
sensitive to computational complexity; instead, it relies heavily on algorithmic
complexity as a guiding principle. The difference between the present and other
approaches in relating complexity to physical properties could provide an whole
new angle on understanding the computational versus algorithm complexity di-
chotomy in the context of many-body states (which are per se highly constrained
classes of probability distributions);

It is not immediately clear how to compare classification schemes, due to the
fact that typically priors are needed (e.g., the presence of a gap). Modulo this
important caveat, the present depth of the scheme we propose is surely more
limited with respect to the others, in particular with respect to CFTs and SPT
phases. However, it is important to note that, even in those fields, full classifi-
cations have required subsequently increasing level of sophisticated mathematics
to be uncovered. We expect the same to be true in the context of stochastic
classification: so far, we have utilized only basic manifold properties, such as
dimensionality and connectivity. More advanced tools, such as persistent homol-
ogy or the study of higher order simplices, would likely be fundamental to further
refine our approach;

Another important difference is in how different classifications utilize renormal-
ization group (RG) concepts. In particular, and somewhat surprisingly, RG dec-
imation is only required here to distinguish massive phases, while in traditional
classification schemes, RG is often associated to flow to critical points. How-
ever, a recent work has related some network properties to critical exponents in
classical statistical mechanics [74], which could be another extremely promising
direction both in terms of refining classification, and in terms of connecting it to
RG flows also for critical matter;

Finally, the main difference — and in fact, our main motivation — is that our scheme
builds on the absence of any prior, including any underlying microscopic sym-
metry. This is particularly important for synthetic quantum matter, where mi-
croscopic symmetries are essentially absent on experimentally relevant timescales
due to (possibly small, but always finite) dissipation rates.
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4.4. Numerical Results

4.4.1. Lattice Models

In order to illustrate and scrutinize the predictive power of our theory, in addition
to the SSH model introduced in the previous section, we discuss three prototypical
examples: the Ising model, the Cluster-Ising model and the XXZ model. The rationale
behind comparing these spin chains is that they display different phases where the
characterization power of our method can be best showcased, according to what was
anticipated in the previous section.

4.4.1.1. Ising Model

The transverse field Ising model reads:
H:—Zafaal—hzgf, (4.6)

where o, = x,y, 2z are Pauli matrices. At the point A = 1 the system undergoes
a second-order quantum phase transition from a quantum paramagnetic (PM) phase
for h > 1 to a ferromagnetic (FM) phase for h < 1. The phase diagram is drawn in
Fig. 4.4(d) as a function of the transverse field h.

4.4.1.2. Cluster-Ising Model

The Cluster-Ising model, as described in [141, 142|, exhibits a cluster-like interac-
tion competing with an Ising-like antiferromagnetic interaction. Remarkably, the model
undergoes a quantum phase transition between an Ising phase with a non-zero mag-
netization and a cluster phase that can be characterized by a string order parameter.
The Hamiltonian of the model reads:

H=- Z 010510542 T I Z LY (4.7)

where of', @ = z,y, z are Pauli matrices. The quantum critical point appears at h = 1.
For h < 1, there is a symmetry-protected topologically (SPT) ordered phase, protected
by the symmetry Zsy X Zs; for h > 1, the system ground state is reminiscent of an Ising
antiferromagnet (AFM). The phase diagram of the Cluster-Ising model is represented in
the red region of Fig. 4.4(d) as a function of the parameter h that drives the transition.
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4.4.1.3. XXZ Model

The spin S = 1/2 XXZ model [143, 144] is a spin chain with uniaxial anisotropy,
whose Hamiltonian reads:

H=7Y (ofof, +ololy,) + 1.y oioh,. (4.8)

For J < 0, ferromagnetic order is preferred along the x-y plane, while when J > 0 we
have an antiferromagnet in the plane. The strength of the uniaxial anisotropy along
the z direction is set by the ratio J,/J. For |J,/.J| < 1 the chain remains critical. The
ground state has zero magnetization and it is a paramagnet characterized as a spinon
vacuum. At J,/J = —1 and J,/J = 1 there are two quantum critical points, the second
one is particularly interesting as it features a Berezinsky—Kosterlitz—Thouless (BKT)
type of transition. In the region J,/J < —1 the ground state is ferromagnetic along
the z direction, while for J./J > 1 the preferred order is antiferromagnetic. For the
rest of this work, we will set J = 1. This phase diagram is represented in Fig. 4.4(d)
in green as a function of the parameter .J,.

4.4.2. Intrinsic dimension

In this section we show the results obtained for the intrinsic dimension. All con-
figurations that make up the datasets are sampled via perfect sampling [126, 127]
from ground states obtained from tensor network density matrix renormalization group
(DMRG) simulations [145-147]. As already stated, the estimator chosen for I, is the
TWO-NN algorithm, which has been applied on datasets of N, = 10® samples for each
value of the control parameter and for every choice of the basis. Repetitions occurring
in SSB and disordered phases are treated as explained in Sec. 4.2.

The intrinsic dimension of the quantum Ising model ground state is shown in Fig. 4.4(a).
In the z-basis, I, is low in the ferromagnetic phase and grows while crossing towards the
paramagnetic phase. Indeed, the extreme cases are h = 0 on one side, where the only
sampled configuration is the fully polarized state, and h — co on the other side, when
the dataset looks random. Analogously, I; behaves in the opposite way when the state
is sampled in the x-basis. Finally, the algorithmic complexity saturates everywhere
in the y-basis, in accordance with the fact that such a dataset carries no information
about the physics of the system. Thus we identify as minimal complexity basis the
z-basis in the ferromagnetic phase and the x-basis in the paramagnetic phase. Note
that in the critical region, the data of both x and z bases feature a similar algorithmic
complexity, as a consequence of the model’s self duality. Hence, at the critical point,
any of these bases can be chosen as the minimal-complexity basis.
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Figure 4.4.: Intrinsic dimension of the ground states of 1D quantum
spin model. (a-c) Intrinsic dimension of the ground states of the 1D quantum
spin chains under examination, with L = 80, sampled in z, y and z bases.
We observe low value of the I; in the minimal-complexity basis (highlighted in
pink) deep in the ferromagnetic and paramagnetic phases, and high values in
SPT phases and inside critical phases and points. All values are computed for
a number of samples Ny = 103. (d) Phase diagrams of the three considered
models. (e) Scaling of I; with number of samples Ny;. The computed values are
stable if N; is increased by one order of magnitude. (f) Scaling of I; with system
size L. In ordered and disordered phases, I; has a weak dependence on L. In
critical and SPT phases, the I; grows faster with L.
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The results for the cluster Ising model are portrayed in Fig. 4.4(b). According to the
classification presented in Sec. 4.3, I; is high in all bases in the SPT phase, as no local
sampling would be able to significantly lower the complexity. Nevertheless, it decreases
when transitioning into the antiferromagnetic phase when observed in the y-basis. The
latter is identified as minimal-complexity basis in the whole phase diagram.

Finally, the XXZ model is shown in Fig. 4.4(c). Due to the symmetry on the zy-
plane, the behavior of I; in the y basis mimics that of the x-basis throughout the phase
diagram. Hence, in the following, we only compare the x and z bases. We observe a low
intrinsic dimension along z and a high one along x for J, < —1 and J, > 1, compatible
with the presence of, respectively, a ferromagnetic and an antiferromagnetic state along
the z direction. The z-basis is then the minimal-complexity basis in these two phases.
Conversely, for |J,| < 1, where the ground state features long range correlations, I  is
high both in the z-basis and in the minimal-complexity basis x. Notably, the behaviors
at the two transition points are different. For J, = —1, I; features a jump, compatible
with a first order transition. On the other hand, at J, = 1 there is a smooth crossing
between the increasing [ (ga:) and [ C(lz), which decreases slowly. This is reminiscent of
the nature of the transition. Indeed, in a BKT transition such as the one at J, = 1
we expect the correlation to fade slowly compared to first- and second-order phase
transitions.

Fig. 4.4(e) shows the scaling of I, in the minimal-complexity basis with the number
of samples ;. We can observe how it remains extremely stable as the number of sam-
ples is increased up to one order of magnitude more. Lastly, in Fig. 4.4(f) we present
the scaling of the minimal-complexity with system size. As expected, in ferromagnetic
and paramagnetic phases it grows extremely slow with system size in contrast to crit-
ical points and phases and SPT phases. Thus, a rough classification can already be
performed solely on the basis of the algorithmic complexity in the minimal-complexity
basis, which is low in ordered and paramagnetic phases, while it is high in SPT and
critical phases. We expect the first two to be distinguishable via a cluster analysis
[see Fig. 4.1(c) for an intuitive visualization|, while the network analysis will allow to
distinguish the last two, as explained in the next section.

4.4.3. Network Analysis

In this section we show the network analysis we performed on the datasets sampled
from the ground states we simulated. Following the procedure explained in Sec. 4.2,
the networks are built out of datasets made of N, = 10* configurations each, and the
resulting degree distributions are analyzed. We note that here we do not break the
degeneracy of repeated configurations, as done in the previous section, since the present
analysis is not affected by such repetitions.
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Figure 4.5.: Degree distributions of wave function networks built from
simulated ground states. Each network has 10* nodes, and links are built,
according to the prescription of Sec. 4.2 by putting a cutoff at the average 3™
nearest-neighbor distance. Configurations are sampled in x-, y-, and z-basis from
the ground states of the three models under examination, with L = 80: (a) Quan-
tum Ising model, (b) cluster Ising model, and (c¢) XXZ model. In general, we
observe short-tailed distributions, typical of random networks. A first exception
are the FM, AFM, and PM not-critical phases in minimal complexity basis, ex-
hibiting probability networks. These are networks consisting of isolated islands,
such that their degree distributions are nothing but histograms of repetitions,
given the cutoff R = d3 < 1. As a second exception, networks are scale-free in
the minimal-complexity basis at critical points and in critical phases. The degree
distributions are linear-binned in all cases except when considering the minimal-
complexity basis in critical points and phases, where they are log-binned.
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4.4. Numerical Results

In Fig. 4.5(a), we show the degree distributions of the networks coming from quantum
Ising ground states. For h = 0.5, in the ferromagnetic phase, we observe two distinct
behaviors for the minimal-complexity basis (z) and for the other two bases. In the
latter case, we observe short-tailed degree distributions, characteristic of random-like
networks. In the former, however, the produced network is a probability network, as
introduced in Sec. 4.2. Analyzing this histogram from a physical perspective, we find
it to be consistent with our expectations: the fully magnetized configuration has the
highest degree, and configurations with an increasing number of excitations have lower
and lower degrees. An analogous situation is observed for h = 2.0, in the paramagnetic
phase, with x being the minimal-complexity basis. Notably, at the critical point h =
1.0, we observe that the degree distributions in the minimal-complexity bases, z and
z, are fat-tailed and compatible with a power law, a hallmark feature of scale-free
networks. Note that for such cases, the degree distribution presents a bending at a
high degree k. This aspect is due to the finite size of the networks, as analyzed in more
detail below. The network in the non-minimal-complexity basis is a random one. This
is consistent with our predictions exposed in Sec. 4.3.

The networks built with the ground states of cluster Ising and XXZ models are
portrayed, respectively, in Figs. 4.5(b) and 4.5(c). The observations are once again
aligned with the predictions of Sec. 4.3. Specifically, the SPT phase of cluster Ising
displays random networks in all bases. Then, the AFM and FM phases of both models
show repetition histograms in the minimal-complexity basis and random networks in
the other bases. Moreover, once again we observe signs of scale-freeness both at the
critical point of cluster Ising and within the PM critical phase of XXZ, for which we
present in the figure a single representative point at h = —0.5.

4.4.4. Finite-size scaling test of scale-freeness in critical systems

As noted in the previous section, degree distributions of wave function networks in
critical phases, in the minimal-complexity basis, exhibit a decay compatible with a
power law with departures from that behavior at large k, which we attribute to their
finite size. This behavior can be observed in Fig. 4.5 as well as in Fig. 4.6(a), where we
plot again the degree distribution for the Ising model at the critical point (h = 1.0),
in the z-basis, for varying cutoff distance. In the latter case, we can clearly observe a
region where p(k) ~ k~7. Importantly, we note that, within that region, the exponent
v of the fitted power law is left unchanged (within error bars) for the different cutoffs
considered. However, beyond certain k*, p(k) does not obey such a power law decay
anymore. At an intuitive level, one can understand this eventual deviation from a power
law, by noting that the limited number of nodes in a network naturally introduces a
cutoff scale for the maximum possible degree that can be attained.
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Figure 4.6.: Assessing scale-freeness in finite-size wave function net-
works at quantum Ising’s critical point. (a) Degree distributions computed
from N, = 2 x 10 samples in z basis. Darker and lighter colors refer to log- and
linear-binned data. The considered cutoff distances are the average 274, 3" and
5t neighbor’s distance. Up to deviations for small and large k, they follow a
power-law ~ k=7, with ~ independent on the cutoff within 20. (b) Moments’
ratios vs. subnetwork size Ngs. They all behave as power-law with the same
exponents within 20. This shows that the bending at large k in panel (a) is due

to finite sampling.

o6



4.4. Numerical Results

In order to verify this hypothesis in a rigorous way, we performed a finite-size scaling
analysis, following Ref. [69]. In a given network, smaller-scale representations can be
obtained by removing nodes along with their associated links, where the scale is defined
by the number of remaining nodes, N,. In finite-size scale-free networks, the bending
behavior at high degrees follows a finite-size scaling (F'SS) hypothesis relative to the
network scale. Specifically, the cumulative degree distribution function is given by:

Po(k, Ny) = k774 f(ENY), (4.9)

where d < 0. A straightforward approach to testing this FSS hypothesis is to analyze
how the ratios of moments of k£ depend on the network scale. The ¢-th moment is

defined as: -
(k') = / dkk k™7 oc Ny 4=+, (4.10)
kmin
provided that ¢« > v—1. Consequently, in this regime, the ratio of consecutive moments
satisfies [69]:
( k,z‘+1>
(k)

Here, we test the relation in Eq. (4.11) by constructing representations of the critical

o NJ7¢. (4.11)

networks at different scales and verifying that the ratios of consecutive moments, as a
function of scale, follow a power-law behavior with an exponent that remains indepen-
dent of the moment order. We consider network sizes ranging from N™® = 2 x 103 to
Nmax = 2 x 10%. Since our networks are constructed geometrically, this test cannot be
performed by blindly applying our standard construction method at different scales,
as described in Sec. 4.2. Doing so would not yield faithful representations of a larger
network at smaller scales. Specifically, as N, decreases, the computed cutoff distance
would increase, introducing additional links that would not appear at larger scales.
To address this issue, we first determine the cutoff distance for the largest network
considered, R = d_3] nmax. We then fix this value as the cutoff distance for networks at
all scales.

To obtain statistics, for each scale Ny we produce a batch of b = 100 networks by
selecting nodes at random but without repetitions from a pool of Ny, = 10° config-
urations. The value of the moment (k') at a certain scale is given by the statistical
average of the moments (k‘);—; _;, computed in the batch. The standard error is com-
puted using the “delete-d Jackknife standard error estimator” [148]:

Ns 1 . i i\)2
SEg,/m gjzlamj—ug)). (4.12)

In Fig. 4.6, we depict the ratio of moments at the paradigmatic case represented by

the quantum Ising critical point. The power-law behavior is evident in log-log scale,
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4. Network theory classification of quantum matter based on wave function snapshots

and the exponents returned by the fit are compatible with each other within error bars.
Analogous results are obtained for all the other critical networks we considered. These
results put on a firm ground the observation of scale-freeness in wave function networks
of 1D quantum systems in critical phases. It would also be nice to complement this
with a recently proposed alternative RG scheme, that has reported impressive results
in the context of 2D and 3D Ising models [74].

4.5. Conclusions and outlook

We have presented an interpretable, generic, and practical framework to analyze the
stochastic sampling of many-body wave functions. Our approach relies on key capa-
bilities of quantum simulators and computers: direct access to the many-body wave
function, and control over global basis rotations. Most importantly, and contrary to
generic tomographic schemes, it exploits the fundamentally limited sampling capabil-
ities of such devices (number of samples much smaller than Hilbert space dimension),
via a combination of complexity and geometrical arguments. First, by systematically
detecting the basis whose sampling is described by the least amount of variables (Kol-
mogorov complexity), and second, by embedding snapshots in a metric space whose
distance is determined by Parisi two-replica overlap. This last step allows one to re-
place ensembles of snapshots with networks, thus unleashing the toolbox of network
theory for a deeper and systematical evaluation of quantum correlations.

Our framework allows to classify phases of matter in a deterministic manner, based
on their sampling. In one spatial dimension, the classification of translational invariant
states is complete, and encompasses both gapless and gapped phases (contrary to other
schemes that typically refer to either one or the other). We have demonstrated and
quantified our classification in the context of several spin-1/2 models, where stochas-
tic sampling of matrix product states is combined with both manifold and network
analysis. In particular, for gapless states, a state-of-the-art scale free network analysis
strongly confirms the emergence of such networks as ubiquitous in quantum matter.
Taken in a single basis, our results are perfectly consistent with previous experimental
observations in out-of-equilibrium systems [34], as well as numerical observations in
classical statistical mechanics [37].

Based on our approach, there are multiple directions that can be explored, both at
the methodological and at the conceptual level. From the methodological side, the
obvious next steps are the incorporation of more advanced network science methods
into the analysis of snapshots. Those include the analysis of weight-degree correlations,
as well as methods that are able to diagnose topological properties - from higher-
order structures, to persistent homology - that, outside the language of wave function
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networks, have already found interesting applications in the context of lattice field
theory [149-152|. Such methods might be particularly useful not only to get finer
classifications in 1D, but also to attack deconfined gauge theories in D > 1. One
promising aspect there is that the latter are related to characteristic decay of loop
correlation functions (perimeter versus area law), that, for the case of topological order,
are most often single-basis observables due to the abelianity of Gauss law. This may
also benefit from the deep understanding of correlations in Erdés—Rényi networks, that
uniquely characterize topological phases.

On the conceptual side, one immediate application of our framework would be out-
of-equilibrium dynamics. Understanding the latter form an information theoretic view-
point has been a leitmotiv of the past two decades: in particular, the recently developing
framework of deep thermalization may find connection to stochastic properties of wave
function networks, as it is rooted in conditional information. It would be interesting to
see if ideas that combine complexity filtering with extensive correlation analysis based
on networks could be informative in this respect, e.g., in view of the very challenging
analysis and computational tasks involving in distinguishing different thermalization
designs. Similarly, understanding wave function networks may also help clarify the
connection between very powerful variational wave functions such as neural quantum
states, and matter properties, as such relations are likely strongly basis dependent and
have not been clearly elucidated so far.

On the quantum information side, an interesting application may reside at the bound-
ary between classical shadow description, and randomized measurements. While a
straightforward application of our techniques to shadow sampling is likely not informa-
tive (random unitaries will generate Erdés—Rényi networks in most cases), it may be
possible to define hybrid frameworks where the unitary information is combined with
snapshots, e.g., in the form of higher-order networks [153|, to perform tasks related to
state, Hamiltonian, and noise learning [154].

4.6. Appendix: Perfect Sampling for Matrix Product
States

All datasets used in this work has been obtained with tensor network simulations [155-
157]. In this appendix we briefly review this numerical approach and the sampling
algorithm used on top of it.

In a tensor network, the L-indexed tensor WL representing the state of a system
of size L, is factorized in different tensors. In particular, for the scope of this work, we
refer to the matrix product state (MPS) architecture [158, 159], where T is factorized
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4. Network theory classification of quantum matter based on wave function snapshots

into L tensors with at most 3 indices, multiplied in a chain-like manner:

in o i .
Wit = Z Ale Azzth T Abi—lmbL—lAzI;—N (413)

{b}
where i1, ...,4i;, are physical indices, referring to the local degrees of freedom, while
bi,...,br_1 are bond indices. This expression is exact with sufficiently high dimension

of the bond indices, called bond dimension. To understand this, let’s consider a product
state. In this case, Eq. (4.13) is exact for bond dimension 1. If two neighboring sites
live in a singlet, a bond dimension 2 is required for the corresponding bond. In this
fashion, as the amount of correlation grows, a larger bond dimension is required, and
the bonds are said to encode the state’s correlations. Because of area-law [83|, this
kind of architecture is particularly suited for one-dimensional systems.

The power of this method lies in the ability to smartly compress the state by con-
trolling the bond dimension. Indeed, one can iteratively multiply pairs of neighboring
tensors, and divide them again with a singular value decomposition (SVD). Truncat-
ing the latter to M biggest singular values is equivalent to truncating the state to the
biggest M eigenvalues of the density matrix. The compression is thus ideal in the sense
of this physical interpretation.

The Hamiltonian of a system can be expressed in a tensor notation, called matrix
product operator, in a similar fashion. The corresponding ground state can be retrieved
via a variational algorithm called density matrix renormalization group (DMRG) [145-
147], where each tensor, or pairs of neighboring tensors, are iteratively optimized by
solving the eigenvalue problem with a solver, e.g., the Lanczos algorithm [160].

Once the ground state is obtained, we are interested in sampling configurations in a
given basis according to Born’s rule:

plin, ... ig) = |wiiz|? (4.14)

MPS simulations allow to access a powerful sampling algorithm called perfect sam-
pling [126, 127], whose principle is to express the full probability as a product of
conditional probabilities:

p(i1, ... ir) = pli)plialir) - - p(irlir, ... ir-1). (4.15)
Starting from the first site, one has to perform three steps:

1. Compute p(iy) by tracing the reduced density matrix:

p(h) _ Z \Ijil,ig,...,iL (‘Ijil,i27-~'7iL)T;

12,..,0L

2. Sample the first degree of freedom according to p(1);
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3. Project the state according to the sampled value, by contracting first tensor with
the corresponding basis vector, and normalize the state.

These three steps must be performed iteratively for all sites, in order to obtain a
full configuration. Then, starting again from the initial ground state Wi the
full procedure can be followed again, obtaining more samples unbiasedly and with no
autocorrelation time.

4.7. Appendix: Probability networks and loops

Our network construction is not the only possible one, as already stated in the text.
In this section we will consider a different network construction, aimed especially at a
different treatment of repeated configuration, considering networks with self loops and
weighted nodes. This alternative construction is schematically shown in Fig. 4.7(a).

Differently from the construction in Sec. 4.2, here each distinct configuration in the
dataset is represented by a single node, regardless of how many times it is sampled. The
cutoff definition is left unchanged, and takes into account the full dataset. The number
of times a configuration has been sampled enters in the link definition: For each pair
of nodes whose distance is below the cutoff distance, two directed links are considered,
with a weight equal to the number of repetitions of the configuration the link is pointing
towards. Moreover, For each node, a self-loop is introduced with a weight equal to the
number of times the configuration itself has been sampled. Fig. 4.7(b), 4.7(c), 4.7(d)
and 4.7(e) show the degree distributions resulting from such construction in the FM
phase of transverse field Ising model.

In the limit of no repeated configurations in the dataset, the two constructions are
the same. On the other hand, in the limit of a repetition-dominated sampling, where
the cutoff distance becomes smaller than 1 and only self loops are present, the degree
distributions are interpreted differently for this construction and the one in Sec. 4.2.
In the latter, we said that the degree distribution is an histogram of the nodes’ repe-
titions, while in the former it represents the histogram of repetitions of the different
possible configurations in configuration space. In the N, — oo limit, where necessarily
R — 0, the normalized degree distribution approaches the probability distribution of
configurations’ probabilities for any state. Although the two constructions result in
the same classification when applied as illustrated here, the loop construction could be
suitable for different further analyses beyond this work.
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Figure 4.7.: Probability Networks with loops. (a) Scheme of the equiv-
alence between loop and non-loop construction. Each unique configuration is
represented by a single node. Directed links are assigned using the usual geo-
metric rule [see Sec. 4.2], and are weighted by the repetition count of the target
configuration. Self-loops carry as weight their own configuration’s repetition
count. (b), (c), (d), (e) Degree distributions of the networks for transverse
field Ising model for h = 0.25,0.5,0.88, in the ferromagnetic phase, and h = 1.0,
at the critical point. Each network is built with Ny = 10 samples, and the cutoff
distance is set as 3"%-nearest neighbor average distance. For the first two values,
R < 1, hence the degree distribution is the probability distribution of configu-
rations’ probabilities in the dataset. At the critical point, the dataset contains

no repetitions, hence the result is the same as that of the usual procedure, in
Fig. 4.6(a).
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Part IIl.

Out of Equilibrium
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5. Diagnosing quantum transport
from wave function snapshots

This chapter is adapted from Ref. [4], where the description of some methods has
been removed to avoid overlaps with Chapter 2.

Overview. We study nonequilibrium quantum dynamics of spin chains by employing
principal component analysis (PCA) on data sets of wave function snapshots and ex-
amine how information propagates within these data sets. The quantities we employ
are derived from the spectrum of the sample second moment matrix, built directly
from data sets. Our investigations on several interacting spin chains featuring distinct
spin or energy transport reveal that the growth of data information spreading follows
the same dynamical exponents as that of the underlying quantum transport of spin
or energy. Specifically, our approach enables an easy, data-driven, and importantly
interpretable diagnostic to track energy transport with a limited number of samples,
which is usually challenging without any assumption on the Hamiltonian form. These
observations are obtained at a modest finite size and evolution time, which aligns with
experimental and numerical constraints. Our framework directly applies to experi-
mental quantum simulator data sets of dynamics in higher-dimensional systems, where
classical simulation methods usually face significant limitations and apply equally to
both near- and far-from-equilibrium quenches.

5.1. Introduction

Over the last decade, the application of data science methods to physical phenomena
has witnessed a significant surge across diverse fields [10]. Within the realm of con-
densed matter and statistical physics, unsupervised and non-parametric learning tech-
niques have been utilized to diagnose physical phenomena, such as identifying phase
transitions and critical behaviour [32, 161-165], clarifying the complexity of the prob-
lem by extracting the relevant degree of freedom without relying on prior knowledge
of an order parameter. While by now well established at equilibrium, the applicability
of these techniques beyond that has just started being explored [36, 38, 110, 166—
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5. Diagnosing quantum transport from wave function snapshots

169]. Therefore, it becomes crucial to delve into the potential of such methods in more
intricate nonequilibrium setups.

Unlike equilibrium systems, where information is encoded into partition functions,
out-of-equilibrium systems [170-172] pose greater complexity and simultaneously ex-
hibit a wealth of fundamental phenomena such as dynamical phases of matter [173-179],
anomalous quantum transport, and universal dynamics [180-204|. Most importantly,
such classes of phenomena are immediately accessible to quantum simulators and com-
puters, where out-of-equilibrium dynamics are often easier to access than equilibrium.
These settings are also particularly attractive from a data-science viewpoint, as exper-
imenters are now capable of generating snapshots of the full many-body wave function
via projective measurements [15, 16, 87, 197, 205-207]- which are, however, often an-
alyzed by relying on specific local and few-body observables. This requires specific a
priori knowledge of the underlying dynamics and discards an uncontrolled amount of
— potentially critical — information. Given that such wave function snapshots encode
extensive information about the entire many-body state, several questions arise: Can
we uncover essential physics solely from such observations without presuming an order
parameter? How does information propagate within this data, and how does it relate
to dynamic phenomena like quantum transport? And, importantly, can we achieve this
with assumption-free and yet interpretable methods?

In this study, we address these questions by presenting a technique for extracting
relevant physics from snapshots of wave functions during real-time dynamics. Utilizing
principal component analysis (PCA) [208] on collections of these snapshots, we study
the dynamics of information propagation within the data sets and their connection
with the underlying quantum transport. The simplicity of PCA, which builds on the
singular value decomposition (SVD) [208], enhances interpretability: this enables a
direct link between observations and underlying physical phenomena that we elucidate
analytically for spin-1/2 systems. Intuitively, the PCA highlights the most significant
degrees of freedom, thereby genuinely identifying transport carriers if present on the
analyzed basis.

The first model we treat as a paradigm for spin transport is the one-dimensional
XXZ chain where the spin hydrodynamics has been extensively studied both theoret-
ically [191, 209-227] and experimentally [197-200, 228-230] (for other related models,
see Refs [206, 231-233]). We observe that the Shannon entropy derived from the PCA
spectrum (that we denote as PCA entropy) and the information transfer defined as the
difference between the largest PCA eigenvalue of the left and right data sets increase
with the same dynamical exponent as the underlying spin transport. Specifically, in the
easy-plane case, we observe a linear growth of PCA entropy and the information trans-
fer, whereas in the isotropic and easy-axis cases, we observe sub-linear growth with
distinct dynamical exponents consistent with the transport exponent. Furthermore,
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Figure 5.1.: Schematic of our data-driven framework for diagnosing quantum
transport. (a) We consider quantum many-body dynamics with an initial imbal-
ance in a global conserved quantity Q. At each evolution time ¢, the many-body
wave function is sampled, e.g., via projective measurements in a given basis. (b)
Data sets of the sampled wave function snapshots are then subject to a principal
component analysis. (¢) The dynamics of PCA spectral quantities, such as the
entropy Spca and the largest eigenvalue \; - quantifying information propaga-
tion - are governed by the relevant dynamical exponent, allowing us to diagnose
the nature of transport without prior knowledge of an order parameter.

we establish an analytical link between the information transfer and the polarization
transfer used in experiments to probe the nature of spin transport [197].

For energy transport, we study various quantum spin chains such as Ising [234],
XYZ [235], and PXP models [236], where energy is the sole conserved quantity, resulting
in diffusive, ballistic, and super-diffusive energy transport, respectively. Remarkably,
we observe that the PCA entropy always grows with the same dynamical exponent
as the energy transport, even at timescales where the conventional measure, i.e., the
energy transfer, does not yet describe the correct universality class. These observations
establish a link between information spreading within the datasets and energy transport
dynamics. Our analysis offers an alternative, practical approach to investigate energy
transport—a task typically challenging to achieve experimentally, in the absence of
major assumptions on the Hamiltonian form.

Lastly, we incorporate random spin-flip imperfections into the data sets, often stem-
ming from measurement errors in experiments. PCA entropy remains robust against
such imperfections, accurately predicting the correct dynamical spin or energy expo-
nent even with a moderate amount of spin-flip errors. This resilience underscores the
reliability and applicability of PCA in analyzing quantum transport phenomena in
realistic experimental conditions.

67



5. Diagnosing quantum transport from wave function snapshots

The paper is organized as follows. We provide a general workflow and define the
quantities of interest in Sec. 5.2, followed by the applicability of the method for spin
transport in Sec. 5.3 and energy transport in Sec. 5.4. In Sec. 5.5, we discuss the effect
of imperfect measurements. Finally, we summarize our findings in Sec. 5.6.

5.2. General workflow: data pipeline

The workflow outlined in this study comprises three primary steps: (i) dynamical
evolution and wave function sampling, (ii) data analysis based on PCA, and (iii) ex-
traction of the relevant physics (Fig. 5.1).

(i) Dynamical protocol and sampling.- The first step involves evolving a quantum
many-body state under a given Hamiltonian H that describes an interacting quantum
lattice model defined on L sites (i.e., L degrees of freedom, playing here the role of
N in Chapter 2), with some global conserved quantity Q. In our protocol, we imprint
an imbalance of the conserved quantity Q in the initial state, a standard approach
in transport studies [197, 211, 237|. For simplicity, in the following we only consider
spin-1/2 (qubit) systems, although our approach can be extended to systems with a
larger local Hilbert space dimension .

The system dynamics are probed at selected evolution times via projective measure-
ments on a given basis with single-site resolution. The outcome of such measurements
are the wave function snapshots introduced in Chapter 2 2. Throughout this chapter,
at variance with the +1 convention adopted in Chapter 2, we encode each snapshot
as a bit string 7 = (ny,...,ny), with n; € {0,1} for j = 1,...,L: as discussed in
Sec. 5.5, the uncentered analysis performed here is sensitive to this choice, and the
{0, 1} encoding is the one for which the data points do not concentrate around the ori-
gin. For each evolution time, the sampled snapshots are organized as the row vectors
of a rectangular N, x L data matrix, as in Eq. (2.1),

X(t) = {AN), ..., 7™ (5}, (5.1)
where r = 1, ..., N, labels different realizations. Importantly, specific knowledge of the
Hamiltonian H is, in fact, not needed as long as we have access to the relevant wave
function snapshots.

(i) Data analysis by principal components.- Each data matrix X (to simplify the
notation below, we omit the explicit time dependence unless needed) is then analyzed

'We note that the analysis can be immediately extended in the case of other types of evolution (e.g.,
Floquet or open quantum systems such as boundary driven chains).

?In classical simulations, wave function snapshots can be sampled, for instance, via perfect sam-
pling [127] in matrix product state based computations.
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within the mathematical framework of PCA introduced in Sec. 2.3.1. We perform an
eigenvalue decomposition of the L x L symmetric second-moment matrix

1
M = FXTX. (5.2)

We sort the eigenvalues of this matrix in non-increasing order \; > --- > Az > 0,
where R is the rank of both M and X. In practice, this is conveniently done via an
SVD of X, with Ay determined from the corresponding singular value s; of X, through
A = N%si The quantities of interest are then defined from the set of eigenvalues {\}.
As anticipated in Sec. 2.3.1, we work here with the uncentered version of the algorithm,
i.e., we diagonalize the second-moment matrix M rather than the covariance matrix
33 no sample mean is removed from the columns of X. While this implies that the
result of our analysis is sensitive to the choice of classical encoding of the observations
{7}, as discussed in Sec. 5.5, the results presented below are, in general, robust for
sensible choices of such encoding.

Throughout our work, we primarily concentrate on the PCA entropy of Eq. (2.6) |38,
39, 238|, i.e., the Shannon entropy defined on the normalized spectrum of M,

R
SPCA = —Zj\k 10g /N\k, (53)
k=1

where A\ = s /> ;A\, and where we drop the superscript (c) of Eq. (2.6) since only
the uncentered spectrum is employed in this chapter. Note that the set {S\k} formally
defines a probability distribution as A, are non-negative and sum to one. Additionally,
we examine the behavior of the largest eigenvalue \;, which measures the variability
(i.e., statistical information) of the data along the first “principal direction”; which
is determined by the corresponding eigenvector v;. Both of these metrics, in their
respective ways, quantify the spread of information within the wave function data sets.

(11i) Information extraction.- Finally, physically relevant information, such as dy-
namical exponents, is extracted from the temporal scaling of these quantities. Given
that PCA identifies the most pertinent degree of freedom to characterize the data, the
question arises whether transport, in terms of data, can be considered “simple”. If so,
the analysis based on PCA should yield the correct transport exponents corresponding
to the conserved quantity Q. We hypothesize that this is the case due to conserved
quantities dominating the constraints in the data set, implying that both PCA entropy
and the largest eigenvalue \; will provide valuable insights. The remainder of the paper
will scrutinize our conjecture for spin and energy transport in various quantum spin
models, and provide analytical arguments in support of that.
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Figure 5.2.: Spin transport: (a—d) Dynamics of the PCA entropy Spca and
information transfer A\ (t) for different parameters starting from a domain wall
for L = 150 and J = 1. (a,c) Spca and A\;(¢) on varying the interaction strength
J at fixed Ny = 2000. (b,d) Spca and A\;(t) on varying the number of samples
N, at fixed J, = 1.0. The blue markers in (d) correspond to the polarization
transfer. (e) The dynamical exponent (s as a function of Ny extracted from
Spcal(t) for J, = 1.0. (f) The dynamics of normalized polarization transfer AP,
information transfer A\, () and entropy transfer ASpca(t) starting from an
infinite-temperature state (n = 0.67). The dashed/dotted lines provide a guide
to different transport regimes.
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5.3. Spin transport

We first demonstrate the application of the above methodology to study spin trans-
port. We consider the one-dimensional (1D) XXZ chain of L sites as a prototypical
model with the Hamiltonian given by

H=> J(SIS, + SIS+ .Y Sisi,. (5.4)

Here, S, k = x,y, » are spin-1/2 operators at site i, J is the strength of the interaction
in the XY plane, which we set to J = 1 in all our numerical simulations, and .J, is the
anisotropy parameter. This model conserves the total magnetization along the z axis,
ie., [H,>,S7] =0, and thus allows the study of spin transport [191, 197, 209-228].

The behavior of spin transport and universality classes can be obtained by focus-
ing on the infinite-temperature correlation functions [184, 185, 191, 212, 236] or by
studying the dynamics of starting from an initial inhomogeneous state having opposite
magnetization in the two halves of the chain [211, 237|. Such an initial state can be
written as

p(0) ~ (14 no*)®L? @ (1 — no®)®L/2, (5.5)

where the parameter 7 controls the magnetization of the chain with the two halves
corresponding to the magnetization +7r/2. In the limit of n = 1, the initial state
reduces to a perfect domain wall state.

The nature of the transport is then characterized by looking at the polarization
transfer between the two halves and is defined as [197, 212]

AP(t) = 2 [PE(t) — PR(t)]. (5.6)

Here PL/R is the total magnetization variation over time of the left and right half of
the chain, respectively, and is given by

PRty =Y [(S7(1)) — (S7(0))]/2. (5.7)

i€L/R

The polarization transfer grows as a power law AP(t) ~ t'/% with z being the dy-
namical exponent, distinguishing the different transport regimes. For the 1D XXZ
model, at the isotropic point J, = 1, the infinite-temperature transport is known to
be super-diffusive, with a dynamical exponent z = 3/2 corresponding to the Kardar-
Parisi-Zhang universality class [197, 211, 212]. On the contrary, for the easy-plane
(J, < 1) and easy-axis (J, > 1) regime, the transport is ballistic and diffusive, re-
spectively [239] with the dynamical exponent being z = 1 and z = 2, respectively. It
is worth mentioning that for the pure domain wall n = 1 and at the isotropic point
J, = 1, the dynamics cross over to diffusion at long times [240, 241|. However, in the
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5. Diagnosing quantum transport from wave function snapshots

experimentally accessible times, the dynamics remain superdiffusive [197|. Similarly,
for J, > J, the dynamics from a domain-wall initial state are also frozen. Here we
will focus on values of J, 2 J, for which the polarization transfer exhibits transient
dynamics.

In the following, we focus on both the pure domain wall initial state and the partially
polarized domain wall initial state. To simulate the system dynamics, we employ
the time-evolving block decimation (TEBD) method [242, 243] for a system size up
to L = 150 and with a truncation error of 10=8. We built the data matrix by a
perfect sampling [127, 244] of a matrix product state (MPS) representation of the time-
evolved state at different times, starting from a given initial state. The perfect sampling
algorithm works via systematic evaluations of conditional probability distribution in an
MPS. Its computational cost scales as Ldy?®, where y is the bond dimension, L is the
length of the chain, and d is the physical dimension (here, d = 2). Thus, for a reasonable
value of y, one can still sample efficiently a MPS-based probability distribution, even
for L ~ 0(10%). Of course, for such system sizes, we can only sample in a practical
manner a number of snapshots N, < d”. Crucially, this is exactly the regime in which
our method has been devised to work.

5.3.1. Pure domain wall dynamics

We first consider the case of pure domain wall initial state [p = 1 in Eq. (5.5)] and
study the dynamics of the information propagation at the data set level.

PCA entropy.- We plot the dynamics of the PCA entropy Spca(t) in Fig. 5.2(a)
for various interaction strengths J, = 0.5, 1.0, 1.1, corresponding to ballistic, super-
diffusive and diffusive transport for Ny, = 2000 samples per evolution time. As a key
observation, we find that the PCA entropy grows as a power law in time Spcy ~ tY/
and captures the correct dynamical exponents z, & z, for all of the three cases. Dashed
lines in this figure show the power law growth with the dynamical exponent z.

To investigate the dependence on the number of samples, we fix the interaction
strength J, = 1 and plot in Fig. 5.2(b) the dynamics of Spca for various values of
N, = 100 — 2000. We see that even for a small number of samples N, ~ 100, Spca
shows a power law growth with the dynamical exponent z4 close to 3/2.

A more systematic analysis of the dynamical exponent fs = 1/z, extracted from the
PCA entropy is plotted in Fig. 5.2(e) as a function of N and for a range of system sizes
L = 50 — 150. For larger system size and number of samples, the exponent approaches
the correct dynamical exponent 5 = 1/z (marked by the dashed line). Moreover,
even for a small number of samples (N, = 100), the exponent is also quite close to
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the dynamical exponent z, suggesting that a limited number of samples is enough
to obtain the information about the underlying transport. We note that even the
larger volumes are still a few percent off the expected decay: such accuracy has to be
expected, as we are utilizing data over timescales of order 100 J~!, which, likely, limits
our accuracy at the percent level. Additionally, the other source of this departure from
the KPZ dynamical exponent could be because the superdiffusive behavior crosses over
to diffusion at a late time for the domain wall initial state [240, 241]. We do not observe
a clear scaling with N, but we expect, at least for larger system sizes, a systematic
improvement scaling as v/V,.

Information transfer via largest PCA eigenvalue.- So far, we have analyzed infor-
mation from the entire wave function. We now scrutinize how information propagates
between the two halves of the data set. For this purpose, we concentrate on the largest
eigenvalue \;(t) of the second-moment matrix M in Eq. (5.2). Motivated by the ex-
perimentally relevant observable AP(t), we define the “information transfer” as

A () = 2{AF(t) — AR (D) (5.8)

where AlL/R(t) = —[)le/R(t) —)\f/R(O)]/Q. Here, we first divide the data set into left and
right data subsets that are comprised of a N x L/2 matrix each, and compute AlL/ B
of the left /right data subset separately. We purposely focus on single eigenvalues to
test the conjecture: is spin transport a simple phenomenon (that is, something that
can be accurately captured by a minimal number of variables in the context of wave
function snapshots), or is it not?

In Fig. 5.2(c), we plot the dynamics of A\(¢) as a function of time for L = 150
and various values of the interaction strength J,. Similar to the PCA entropy, the
information transfer between the two data subsets happens with the same growth
exponent z. The dependence of the information transfer on the number of samples
is provided in Fig. 5.2(d) for J, = 1.0. This plot also shows the dynamics of the
polarization transfer AP(t) computed from our TEBD simulations (shown by blue cross
markers). Interestingly, we find that the information transfer A\ (¢) not only provides
the correct dynamical exponents for a small number of samples but also approximates
the polarization transfer AP(t) quite well.

5.3.2. Relationship between information transfer and transport

The agreement between the information transfer and the polarization transfer can
be understood using a fundamental theorem on SVD, which states that for any matrix
A the sum of its squared singular values equals the square of its Frobenius norm, i.e.,
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Figure 5.3.: Probability distribution of the entropy transfer ASpca between
the left and right data sets. Left: for ballistic transport (J, = 0.6), this distri-
bution becomes symmetric with skewness 0.069. Right: for KPZ super-diffusive
transport (J, = 1.0), the distribution becomes asymmetric with skewness 0.305.

>osi(A) = [|A[[5 = X, A7, [245]. Since the entries of the data matrices considered
here are 0 or 1, the previous result implies that

i HXK) = ny = NS@ - M) (5.9)

where M = NL 27]«\[:1 Z;:l %Jm, with o,; € {—1,1} the spin variables of Chapter 2,
is the average total magnetization estimated from the snapshots. Thus, applying this
result to the left and right data subsets mentioned above and the fact that A\, = s2 /N,
we obtain

M) = (D)2 = MEE@) =3 N (5.10)

k>1

In our numerical calculations we observe that Y, | Af(t) ~ Y, AE(t), for all accessed
times. Hence, when considering the difference AI'(¢) — AE(t), such terms cancel each
other out and we get

AN (1) ~ AP(t), (5.11)

with the definitions in Egs. (5.6) and (5.8). We have also numerically verified this
relationship for the case of ballistic and diffusive transport, respectively.

5.3.2.1. Distribution of information and entropy transfer

The above relationship also implies that the distribution of the information transfer
for batches of the data set can feature the Tracy-Widom distribution, a hallmark of
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the KPZ universality class [197]. Interestingly, not only the information transfer but in
fact, the whole entropy transfer between the two halves of the system, which considers
all eigenvalues and is defined as

ASpca(t) = Spealt) — Stea(t), (5.12)

where Sﬁéﬁ is the PCA entropy of the left and right data sets, respectively, follows the
Tracy-Widom distribution. We compare the distribution of the entropy transfer for
the ballistic (J, = 0.6) and the KPZ (J, = 1.0) case in Fig. 5.3. For ballistic transport,
the distribution of the entropy transfer becomes symmetric, while for J, = 1, we see
the emergence of Tracy-Widom distribution, which confirms the KPZ super-diffusive
transport at J, = 1.

5.3.3. Infinite-temperature spin transport

In this subsection, we consider the infinite-temperature inhomogeneous state defined
in Eq. (5.5) with n = 0.67. The evolution of the mixed-density matrix is, however,
challenging for larger system sizes. Instead, here, for numerical purposes, we start
with ensembles of random product states given by

[B(0)) = &) [U(+n, 1)) R) 1¥(—n. 1)), (5.13)

i<L/2 i>L/2

with |¢(=n,¢;)) = /(1 +n)/2] 1) + €%\/(1 —n)/2| |), and ¢; are drawn randomly

from the uniform distribution ¢; € [0,27). Averaging over the ensemble of these pure
states is equivalent to an infinite temperature density matrix in Eq. (5.5) [211].

We consider Ny, = 40 random product states and generate N, configurations for
each ¢;. We build a new data matrix of size (N, N;) x L to perform the PCA. Due
to the nature of the initial high-energy state, the PCA entropy Spca(t) of the full
data set saturates rather quickly and is unsuitable for characterizing spin transport.
We, therefore, rely on the information transfer between the left and right data sets.
Additionally, we also study the entropy transfer between the two halves of the chain
introduced in Eq. (5.12).

In Fig. 5.2(f), we plot the dynamics of the normalized polarization transfer, the
normalized entropy difference, and the normalized information transfer for L = 100
and at a fixed interaction strength J, = 1.0. Similar to the domain-wall initial state,
we see that the dynamics of these quantities grow as a power law, which is close
to the KPZ dynamical exponent (shown as the dashed line) and thus highlights the
applicability of our analysis for a broader class of initial states.
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5.3.4. Summary: Spin transport from data sets

In summary, by performing PCA on the data sets representing the wave function
snapshots, we found that the quantities like PCA entropy and information/entropy
transfer grow with the same dynamical exponent as the underlying spin transport. We
show this for two different choices of initial states, namely, the perfect domain wall
initial state and an inhomogenous infinite-temperature state. Additionally, we provide
an analytical understanding of the observed features of the information transfer, which
can be approximated to the polarization transfer.

Since the largest eigenvalue of the PCA spectrum is enough to extract the dynamical
exponent of spin transport, this implies that spin transport is a fundamentally simple
phenomenon at the data level and can be inferred by dimensionality reduction.

5.4. Energy transport

We now investigate energy transport, focusing specifically on systems with energy be-
ing the only conserved quantity and systems where energy conservation is accompanied
by magnetization conservation. In general, akin to spin transport, the characteristics
of energy transport can be elucidated by analyzing infinite-temperature energy-energy
correlation functions [234, 237|. However, unlike spin transport, which has been ex-
perimentally observed, probing energy transport poses significant challenges in experi-
ments. It requires the precise form of the local energy function, which is heavily reliant
on assumptions, and generically requires measurement on all possible bases, as well as
inter-basis measurements.

Following the choice of the initial state for the spin transport, we consider the initial
state with an energy domain-wall [237] by preparing the left half in the ground state
of Hamiltonian +H and the right in the ground state of the Hamiltonian —H, respec-
tively 2. At t = 0, the two halves of the chains are joined, and the system evolves
according to the full Hamiltonian H. We do not make any assumption on what the
specific form of the Hamiltonian is.

The nature of the energy transport can be characterized by focusing on the energy
transfer between the two halves, defined as

AE(t) = EL(t) — Eg(t), (5.14)

where Ep/p(t) = > e rl(Hi(t)) — (H:(0))]/2 is the total energy of the left and the
right part, respectively. Starting from the aforementioned initial state, the energy

3 Alternatively, a more experimentally feasible option involves a product state wherein one-half of
the system is fully polarized in the z direction while the other half is prepared in a Néel state.
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Figure 5.4.: Energy transport: Dynamics of PCA entropy Spca(t) and the
energy transport AFE starting from an initial energy domain wall state. (a,d)
For the MFIM, (b,e) for the XYZ spin chain, and (c,f) for the PXP model. The
dashed lines provide a guide to the different transport regimes.

transfer grows as a power-law AE ~ t'/* where the dynamical exponent z, provides
information about the nature of the transport. A dynamical exponent of z. = 1
signifies ballistic transport, whereas z. = 2 characterizes diffusion. When 2z, < 2,
energy propagation exhibits super-diffusive behavior, whereas z. > 2 indicates sub-
diffusive energy transport.

To perform PCA, similar to the previous scenario, we construct the data matrix by
collecting the snapshots on the o* basis at different times. Notably, in the examined
model, measurements in the ¢ basis suffice to discern the hallmark of the underlying
energy transport. This is one of the key observations presented in this work. A detailed
exploration of alternative basis choices will be presented elsewhere.

In the following, we consider different quantum many-body systems featuring distinct

energy transport.

5.4.1. Energy conserving models

We first consider systems where energy is the only conserved quantity and focus on
models that exhibit different types of energy transport.
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5.4.1.1. Ising model

We consider a non-integrable one-dimensional mixed-field Ising model (MFIM) with
the Hamiltonian

L L-1 L1
H:gZaf—FZhaf—l—(h—J)(of+ai)+JZanfH. (5.15)
i=1 =2 i=1

Here, g and h correspond to the strength of the transverse and the longitudinal field,
respectively, and J is the strength of interaction along 2 direction. For our numerical
simulations, we fix the parameters: J = 1, g = (v/5+5)/8, and h = (V5 + 1)/4.
In this non-integrable model, it is established that the entanglement entropy grows
ballistically in time, while the energy spreading is diffusive (AE ~ t1/2) [234].

5.4.1.2. XYZ model

In addition, we investigate a system wherein energy transport follows a non-diffusive
behavior. To this end, we concentrate on an integrable one-dimensional XYZ spin
chain, where energy transport is recognized to be ballistic [235]. The model Hamilto-
nian can be written as

H=Y Joofol, +Jyololy, + J.oioi,, (5.16)

where J, = J 46, J, = J — 0, and J, are the interactions along three directions and ¢
is the anisotropy parameter. We set J,, J = 1, and § = 0.1 for the numerical purposes.

5.4.1.3. Kinetically constrained PXP model

Finally, we consider a model where energy transport is neither ballistic nor diffusive,
but the infinite temperature energy transport is known to be super-diffusive. We
consider a kinetically-constrained PXP model [236, 246] with the Hamiltonian given
by

H=QY P_iX;Py. (5.17)

Here, X; is the Pauli X matrix, and € is the Rabi frequency, which we set to 2 = 1.
1—n,
2

of two up-spins being next to each other.

The operators P, = are the local projectors on ||) state and discard the possibility
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5.4.1.4. Numerical results

For the models discussed above, we perform the PCA on the data sets generated
using exact diagonalization. Due to the choice of initial state (constructed from the
ground state of subsystem Hamiltonians +H), we always have a non-zero initial value
of the PCA entropy. Hence, in order to filter out this entropic contribution, we focus
on the dynamics of PCA entropy difference: S’p(t) = Spca(t) — Spca(0).

We show the dynamics of Sp(t) for various numbers of samples in Fig. 5.4 alongside
the energy transport AE(t) [Eq. (5.14)]. For both the MFIM and XYZ chain, we ver-
ify that the energy transfer grows as a power law with the dynamical exponent being
ze = 2 and z. = 1 |Fig. 5.4(d,e)] corresponding to the diffusive and ballistic transport,
respectively. Interestingly, similar to the energy transport, the PCA entropy difference
S,(t) also grows as a power law ~ t'/* [Fig. 5.4(a,b)|, capturing the correct dynamical
exponent z; &~ z.. While for small values of N, = 1000, we observe large fluctuations,
increasing the number of samples (yet with N, < 2%) reduces the fluctuations signif-
icantly. Furthermore, we observe that the saturation of the PCA entropy and energy
transfer happens at different timescales. The information spreading on the data set
with snapshots only in the o* basis happens faster than the energy transfer. Such
difference is likely due to finite volume effects acting differently on these quantities and
not to the reduced statistics of PCA entropies (changing Ny has little effect on the
saturation point).

Similarly, for the PXP model, we illustrate the dynamics of the PCA entropy dif-
ference and the energy transfer AE in Fig. 5.4 (c,f). The energy transfer grows as a
power law with dynamical exponent 1/z. ~ 2/3 (The discrepancy from the power law
of 2/3 is due to finite-size effect, see e.g., Ref. [236] which employ MPS simulations
for larger system sizes). Similar to the energy transfer, the PCA entropy difference
also grows with the same dynamical exponent. Thus, an analysis based on PCA can
aid in determining the accurate dynamical exponent of energy transport and, in fact,
can result as far superior to energy transfer: timescales of order 10, sample batches of
order of a few thousands, and sizes of order 30 sites are sufficient to correctly determine
a dynamical scaling exponent. All of these are well attainable in Rydberg quantum
simulators [16].

5.4.2. Energy and spin conservation

So far, in this section, our focus has been on systems where energy is the sole con-
served quantity. Now, we aim to assess the applicability of our analysis in predicting the
nature of transport in systems that conserve both energy and magnetization. To this
end, we turn our attention to the 1D XYZ chain with 6 = 0 and a fixed magnetization
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Figure 5.5.: Energy transport: Dynamics of PCA entropy Spca(t) and the en-
ergy transport AF in the XXZ model, starting from an initial energy domain wall
state but with a conserved homogeneous magnetization profile, as schematically
shown in the inset in (a).

(S#) = 0. While spin transport exhibits super-diffusive behavior, energy transport is
known to be ballistic in such systems. We examine the initial state featuring an energy
domain wall but with a homogeneous magnetization profile [see inset in Fig. 5.5(a)].

We plot the dynamics of the PCA entropy difference gp(t) for different numbers of
samples Ny, and the energy transfer AF in Fig. 5.5(a,b), respectively. We observe that
the growth of both quantities follows a linear trend over time, indicating a ballistic
nature of energy transport. Interestingly, the saturation time for information propa-
gation on the data sets is relatively short compared to the energy transport. Thus,
our analysis implies that by introducing a suitable kink in the density profile of the
conserved quantity Q in the initial state, the analysis carried out here can effectively
characterize the underlying transport of that conserved quantity Q.

5.4.3. Summary: Energy transport from data sets

To summarize, in this section, we demonstrate the utility of PCA for characterizing
energy transport in various setups, conserving only total energy or both total energy
and magnetization, each with a distinct nature of energy transport. Our analysis
suggests that the information about the underlying energy transport can be extracted
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Figure 5.6.: Finite measurement errors: Dynamics of PCA entropy difference

Sp(t) for imperfect measurement with spin-flip fraction ¢ (a) for spin transport in
the XXZ model and (b) energy transport in the PXP model. The dashed black
line provides a guide to the power law t2/3.

from PCA entropy, which grows with the same dynamical exponent. In analogy to
spin transport, similar results can be obtained using the largest eigenvalue, albeit with
larger errors.

It is noteworthy to highlight that while spin transport has been investigated in
experiments, observing energy transport presents a significant challenge. However, our
findings indicate that energy transport can be deduced from wave function snapshots
on the z—basis, a data type readily accessible in experiments that offers a promising
avenue for studying energy transport in experiments. And, importantly, short times
and small volumes already indicate the correct dynamical exponent, in some cases with
superior accuracy with respect to the (experimentally hard to access) energy transport

measures.
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5.5. Effect of measurement errors and encoding

5.5.1. Resilience against spin-flip measurement errors

In this section, we consider the effect of imperfect measurements, which typically
arise in realistic experimental settings and correspond to random spin slips. In the
following, we show the robustness of our method in identifying the correct transport
exponent, even with these imperfect measurements.

To this end, we introduce finite spin flips on our data set at each time instance. On
the data level, this amounts to changing the bit value (“0" to “1" and vice-versa) on a
fraction of sites ¢ that are chosen randomly for each snapshot. Such a flipping process
introduces an extra contribution to the PCA entropy in the initial state. Therefore,
we focus on the PCA entropy difference S,(t) introduced previously [Eq. (5.12)]. To
illustrate this, we specifically focus on the spin transport in the XX7 model and the
energy transport in the PXP model. We have checked that similar results hold for the
energy transport in the MFIM and XYZ models.

Fig. 5.6 depicts the dynamics of the PCA entropy difference gp(t) for the spin
transport in the XXZ model [Fig. 5.6 (a)] and for the energy transport in the PXP
model [Fig. 5.6 (b)] for various flipping fraction ¢ and with a fixed number of sam-
ples Ny = 5000. The dynamical exponent corresponding to the spin transport in the
XXZ model and the energy transport in the PXP model predict superdiffusion with
z,z. &~ 3/2. For both cases, gp(t) continues to grow as a power law even for a finite
flipping fraction q. Notably, despite random flips for the selected probabilities, the
dynamical exponents remain very close to z, z. ~ 3/2. A guide to the power law /3 is
provided in Fig. 5.6 by a black dashed line, affirming the robustness of the PCA method
in characterizing the dynamical exponent despite very considerable imperfections.

While we do not know the origin of the unexpected resilience of the protocol to
measurement errors, it is worth emphasizing that, at the information theoretical level,
principal component spectra are known to undergo “learning” transitions in specific
random matrix models [247]. It would be interesting to understand whether those
transitions are related to the present observations and if they can provide additional
knobs to control errors in case of other experimental imperfections.

5.5.2. Relevance of the encoding

The results mentioned above were obtained using the uncentered version of PCA,
i.e., diagonalizing the second-moment matrix M rather than the covariance matrix
3, a distinction already introduced in Sec. 2.3.1. As noted before, this makes our
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analysis sensitive to the choice for representing the classical data 7 = (ng,...,nz),
which we here take to be the bit-string encoding n; € {0,1} of Sec. 5.2 rather than
the 1 convention of Chapter 2. Even when considering only an encoding with n; €
{0, 1}, different numerical results are obtained upon “reversing” our convention, i.e.,
n; — n; = (n; + 1) mod 2. We found, however, that unless the data matrix is highly
“homogeneous” |[i.e., containing an overwhelmingly larger number of 0’s (1’s) than 1’s
(0’s)], the dynamical exponents governing the growth of information spreading in both
cases are consistent with each other. As an empirical observation, we found better
results (smaller fluctuations in the information-spreading signal), in the representation
for which the data points do not concentrate very close to the origin.

We note that with standard PCA, i.e., centering the data before performing an SVD
on the data matrix X, we were not able to extract information about the dynamical
exponents associated with quantum transport, at least in the setting considered in this
work. This becomes particularly clear when considering the information transfer in
the XXZ model, whose relation to the polarization transfer noted in Sec. 5.3.2 breaks
down upon centering the data. We do not disregard, however, the potential usefulness
of PCA with mean-centering in different scenarios where statistics around the mean
play a central role, as in the case of fluctuating hydrodynamics [207]. Here, on the other
hand, it appears that the centroid of the data cloud itself reveals important physical
information, and thus, uncentered PCA does provide informative insights. This is a
concrete instance of the general criterion stated in Sec. 2.3.1: centering is appropriate
when one is after variations around the mean, whereas the uncentered spectrum is the
relevant one when the best low-rank approximation of the full data set — the centroid
included — carries the physics.

5.6. Discussion and outlook

Utilizing PCA on data sets of snapshots (in the z-basis) of the full many-body wave
function, we demonstrate that fundamental quantities derived from the singular values
of the data matrix provide knowledge about the information spreading on the data
set and its connection with the underlying nature of quantum transport of conserved
quantities. This suggests that transport can be viewed as an emergent and relatively
simple phenomenon from the perspective of information theory, accessible via linear
dimensional reduction schemes. At the conceptual level, we conclude that data infor-
mation transfer is dominated by conserved quantities, a highly non-trivial fact that, for
the spin-1/2 case, can be analytically connected to the specific structure of principal
component analysis. Our findings are supported by numerical investigations across
various interacting quantum spin chains exhibiting distinct energy or spin transport.
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5. Diagnosing quantum transport from wave function snapshots

In terms of application to experiments, our method capitalizes on the capabilities
of quantum simulators, leveraging wave function snapshots obtained through in-situ
and flexible basis imaging [15, 16, 87, 197, 205-207|. Importantly, our approach di-
rectly applies to experimental wave function snapshots of higher-dimensional quantum
systems, where conventional numerical methods face limitations due to entanglement
growth and exponential scaling of the Hilbert-space dimension. For the case of energy
transport, we identify clear cases where the latter can be experimentally probed at a
quantitative level, which is otherwise challenging if no input on the exact Hamiltonian
functional is a priori given. Remarkably, for energy transport, we demonstrate that
small volumes and reduced statistics are sufficient for accurately determining the dy-
namical exponents, suggesting that dimensional reduction is particularly effective for
such dynamics - that is, energy transport is simple at the data structure level. This
may be particularly relevant to Rydberg atom quantum simulators [16|, where our
method predicts the correct universal properties already at small sizes, short evolution
times, and at the price of modest statistics, in regimes where even energy transport
measures are failing to get the correct physics.

Our work raises several intriguing questions for future exploration. For instance,
it prompts investigation into whether these methods or their generalizations can help
infer higher-order correlation functions [248], particle number fluctuations, and surface
roughness (194, 196, 207, 249-251] to comprehend fluctuating hydrodynamics. Ad-
ditionally, it remains to be seen whether these methods exhibit robustness against
dephasing and particle losses: in principle, PCA can be complemented with specific
noise-filtering methods [247], a particularly attractive tool to mitigate the effect of
dissipation effects. Another interesting perspective is to apply the methods discussed
here to dynamical phenomena beyond transport, including quantum thermalization
and ergodicity breaking, particularly to probe the concept of deep thermalization and
complete Hilbert-space ergodicity (96, 97, 101, 252, 253], which have strong information
theoretic grounds. We leave these questions to future investigations.
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6. Many-body ergodicity breaking
from wave-function snapshots

This chapter is adapted from Ref. [2|, adapted to avoid overlaps with Chapters 2
and 3.

Overview. Modern quantum experiments can probe many-body wavefunctions through
projective measurements, providing snapshots of individual many-body configurations.
A fundamental question is whether the intrinsic structure of their measurement dis-
tributions can reveal quantum dynamics beyond predefined observables. Here, we
address this question at the many-body ergodicity-breaking transition using two com-
plementary characteristics of nonequilibrium wavefunction snapshots: their binary in-
trinsic dimension (BID) and the topology of wavefunction networks constructed from
Hamming distances. We show that the critical point is characterized by an extensive
but submaximal BID, and scale-free network connectivity with highly connected hubs.
These signatures distinguish the ergodic, critical, and nonergodic regimes, and provide
experimentally accessible probes of ergodicity breaking from projective measurement
snapshots.

6.1. Introduction

Driven by impressive experimental advances in controlling and probing tailored quan-
tum matter, projective measurements [12, 86, 254-256] have opened new avenues for
probing quantum many-body systems. One of the immediate questions arising from
this development is how to extract observables from projective measurement outcomes.
This has led to diverse approaches, ranging from detecting antiferromagnetic order in
doped Hubbard models using many-body snapshots [257] to extracting entanglement
via randomized measurements [258].

A related, yet conceptually distinct, question is what intrinsic structure is encoded
in the probability distribution of projective measurement outcomes, and what physi-
cal information it contains. Whether phases of matter can be distinguished directly
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Figure 6.1.: Many-body configurations as a dataset. (a) Many-body con-
figurations of L qubits, where L is the system size, are sampled from the proba-
bility distribution defined by the squared amplitudes of the wavefunction. They
are collected in a dataset of size Ns. (b) The metric on the data space is given
by the Hamming distance R between a chosen pair of many-body configurations
0s and G .

from their measurement distributions has so far been explored primarily for ground
states [1, 34|, as discussed in Chapter 4. For example, recent work has shown that
quantum critical points in certain spin models can exhibit a distinctive structure in the
corresponding wavefunction networks, constructed by connecting spin configurations
whose Hamming distance is below a characteristic cutoff [1, 34].

In contrast, quantum dynamics typically explores states far from the ground state.
A paradigmatic transition separating regimes in which quantum dynamics erases or
preserves local information about the initial state is the ergodicity-breaking transition.
Recent work has argued, based on wavefunction fidelity susceptibilities and adiabatic
gauge potentials [259], that ergodicity-breaking transitions can be viewed as general-
izations of ground-state quantum phase transitions to highly excited states [260, 261].
Motivated by this connection, as well as by the successful use of snapshot analysis
to characterize critical ground states, we ask whether projective measurements can
provide a novel probe of nonequilibrium quantum states and their dynamics.

Here, we establish a quantitative connection between the intrinsic structure of pro-
jective measurement snapshots of nonequilibrium wavefunctions and the many-body
ergodicity-breaking transition. To establish this connection, we consider the quantum
sun model [262, 263|, a paradigmatic toy model of the many-body ergodicity-breaking
transition [262-264].

We show that projective measurement snapshots of nonequilibrium wavefunctions
provide two indicators of the many-body ergodicity-breaking transition. By a “snap-
shot”, we mean a many-body configuration obtained from a projective measurement of
the nonequilibrium wavefunction of a quantum system comprising L coupled qubits,
or spins-1/2. We stochastically generate N, such snapshots, which form the dataset
[Fig. 6.1(a)|, and characterize their intrinsic structure by using the Hamming distance
between configurations [Fig. 6.1(b)]. Crucially, the number of snapshots in the dataset
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6.1. Introduction

is much smaller than the many-body Hilbert-space dimension, Ny < D.

We first characterize many-body ergodicity breaking using the intrinsic dimension
(ID) of the sampled dataset, introduced in Sec. 2.3.2, which quantifies the effective
number of degrees of freedom required to describe a given dataset [53]. In the context
of many-body lattice spin models, the ID provides a natural measure of how extensively
the measurement configurations explore the many-body configuration space [32]. In-
deed, in the ergodic phase, the wavefunction spreads extensively across the many-body
configuration space, and we therefore expect the sampled configurations to exhibit a
large — in fact, maximal — ID. In contrast, localization confines the wavefunction to a re-
stricted region of configuration space, resulting in a smaller ID. This suggests the ID as
a natural and quantitative diagnostic of the ergodicity-breaking transitions. However,
conventional ID estimators suffer from the curse of dimensionality [53]: by inferring
the ID locally from neighborhoods around individual data points, they require an ex-
ponentially large number of samples for accurate estimation, leading to a systematic
underestimation of the ID when the number of features grows.

Here, we employ the binary intrinsic dimension (BID) of Sec. 2.3.2.2 [56, 57|, which
overcomes these limitations by estimating ID globally from the distribution of pair-
wise distances across the entire dataset, and is particularly well-suited to many-body
quantum systems with binary variables. Applied to the quantum sun model, the BID
accurately identifies the ergodicity-breaking transition and exhibits qualitatively dis-
tinct behavior in the three dynamical regimes. In the ergodic phase, the BID grows
in time and eventually saturates at the Thouless time to its maximal value. At the
transition, the growth becomes submaximal, indicating that the measurement configu-
rations explore an extensive but lower-dimensional structure. In the nonergodic phase,
by contrast, the BID saturates at a value that is independent of system size.

We complement the intrinsic-dimension analysis by characterizing correlations within
the measurement dataset through wavefunction networks [1, 34|, whose construction is
described in Sec. 3.2. The network is constructed by connecting pairs of measurement
configurations, such as &, and &y in Fig. 6.1(b), whenever their Hamming distance falls
below a cutoff. The distinct structures of the measurement dataset across the ergodic,
critical, and nonergodic regimes are reflected in the corresponding network topology.
In the ergodic phase, networks are homogeneous and well described by Erdés—Rényi
random graphs, whereas they become increasingly heterogeneous as they approach
the ergodicity-breaking transition. At the critical point, networks exhibit scale-free
connectivity over several decades, with the emergence of highly connected nodes, or
hubs. Such networks share similarities with those that appear unrelated to quantum
many-body physics, such as citation networks, the World Wide Web, and certain bio-
logical and ecological systems [59]. In the nonergodic phase, by contrast, a relatively
small cutoff distance is sufficient to generate networks containing large fully connected

87



6. Many-body ergodicity breaking from wave-function snapshots

components. This connectivity condensation is consistent with the small, system-size-
independent BID in the nonergodic phase, revealing a complementary manifestation of
the reduced dimensionality of the sampled data space.

The chapter is organized as follows. In Sec. 6.2 we discuss the modeling of the
many-body ergodicity breaking transition via the quantum sun model. We then study
the BID of nonequilibrium quantum states in Sec. 6.3, focusing on the time evolution
from the initial product states as well as for the mid-spectrum eigenstates. The wave-
function networks of these nonequilibrium states are constructed in Sec. 6.4, where we
quantitatively study their degree distributions. We conclude in Sec. 6.5.

6.2. Quantum Sun Model and ergodic-to-nonergodic
transition

A paradigmatic model of many-body ergodicity breaking is the quantum sun model [262,
263|, which is a qubit-based model composed of an ergodic dot with N qubits, cou-
pled to L' qubits outside the dot, so that L = L' + N denotes the total system size.
The model originates from studies of the avalanche mechanism of thermalization in
disordered spin-1/2 chains [265, 266|. It is understood that the model undergoes an
ergodic to non-ergodic transition at the critical value of the tuning parameter a = «..
The existence of the ergodicity breaking transition has been established using both
theoretical arguments [262, 265-267| as well as numerical studies of distinct transition
indicators, e.g., short-range [262, 263, 266-268] and long-range [262] spectral corre-
lations, eigenstate properties such as participation entropies [263| and entanglement
entropies [263, 264|, or sensitivity of eigenstates to perturbations [260].

In our calculations, we consider the quantum sun model with U (1) symmetry, focus-

ing on the zero magnetization sector with the Hilbert-space dimension D = ( szz)' The

corresponding Hamiltonian is

L'—1 L'—1
U(1 z Uj T T
o= Hdo(t )+ Z hj S5 + g0 Z a ( n(i)S; Sg(j)S]y) ’ (6.1)
j=0 3=0

where go = 1. The two sums in Eq. (6.1) run over L’ qubits outside the ergodic dot,
and n(j) in the last sum denotes a randomly chosen qubit inside the dot to which the
outer qubit (with index j) is coupled to. The distance of the outer qubits to the ergodic
dot is wu;, which is drawn uniformly from the interval [j — (;, j + (;], with ¢; = 0.2
for 5 > 0, and u; = 0 for j = 0. In addition, each outer qubit experiences a random
magnetic field h;, drawn uniformly from the range [1 — W, 1 + W], where W = 0.5.

u(1)

The operator H qot in Eq. (6.1) is a random-matrix-based operator that acts non-
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6.3. Stochastic spreading in many-body Hilbert spaces: Binary intrinsic dimension

trivially only on the N = 3 qubits within the ergodic dot, and it satisfies the U(1)
symmetry. Here, we use a slightly different implementation of this operator than in
Ref. |268], ensuring it has a unit Hilbert-Schmidt norm. Details about the numerical
implementation of the model in Eq. (6.1) are given in Appendix 6.6.

The ergodicity-breaking transition in the model is governed by the coupling « be-
tween the inner and outer qubits. In Appendix 6.7, we present the numerical results for
the spectral and eigenstate analysis to determine the transition point at a = «, ~ 0.75.
This value is used as the ergodicity-breaking transition point in the remainder of the
chapter.

6.3. Stochastic spreading in many-body Hilbert
spaces: Binary intrinsic dimension

The first data-driven approach we consider, to directly characterize ergodicity-breaking
transitions in the quantum sun model from the datasets of wavefunction snapshots, is
the intrinsic dimension (ID) of Sec. 2.3.2, i.e., the minimum number of coordinates
needed to describe the manifold on which the data are constrained to lie by their
correlations.

For a quantum many-body system of qubits, or spins-1/2, such as the quantum
sun model considered here, datasets are obtained by sampling qubit configurations
from a quantum many-body state, i.e., by drawing configurations in the computational
basis according to Born’s rule. In the resulting dataset, hence, each data point is a
wavefunction snapshot represented by a binary string, see Fig. 6.1(a). As anticipated
in Sec. 6.1, this motivates the use of the specialized estimator of Sec. 2.3.2.2, namely,
the binary intrinsic dimension (BID) [56], which infers the intrinsic dimension from
the global distribution of pairwise distances and is therefore far less susceptible to the
curse of dimensionality than local estimators.

An important remark about notation is due. In order not to clash with the standard
notation of the average gap ratio r, throughout this chapter I denote the Hamming
distance by R,

R(G,,3y) = (L — &, -Gv)/2, (6.2)

where s = {01,...,0Ls} is a sampled configuration, o; s is a binary variable, and
s=1,..., N, see Fig. 6.1(b). For the same reason, in Sec. 6.4 I refer to the network
cutoff as R*. In practice, I temporarily move slightly away from the notation introduced
in Chapters 2 and 3.

In passing, we note that the dimension of the Hilbert space D in the U(1) symmetric
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Figure 6.2.: Schematic description of BID as a probe of ergodicity
breaking. (a) Computation of BID: Given a value of the control parameter «
and a single Hamiltonian realization, after sampling configurations and comput-
ing the Hamming distances among all possible pairs, as shown in Fig. 6.1, the
Hamming distances’ empirical distribution FPeyp is computed and interpolated
with the ansatz P(R) in Eq. (2.13) to obtain the parameters 6y = BID and 6; of
the linear expansion of the ansatz, see Eq. (2.13). For each value of the control
parameter «, the procedure is performed for many Hamiltonian realizations, and
the results are averaged to compute (fy) and (01), as explained in Sec. 6.3.1.
(b) Ideal ID versus the control parameter «, for large L. In the ergodic phase,
BID/L ~ 1, while in the localized phase, BID/L ~ 0. In the specific analyses of
Secs. 6.3.2 and 6.3.3, BID represents the averaged quantities defined contextu-
ally. Left and right insets show 3-dimensional PCA projections (see Sec. 2.3.1)
of the configurations sampled from the quantum sun model with L = 18 deep in
the two regimes, respectively, at a = 0.5 and o = 0.94.
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quantum sun model is different from the dimension D' = 2% of the full binary space of
L qubit configurations. However, D still grows exponentially with L, i.e., D oc 2L/ VL,
and we empirically find that the ansatz in Eq. (2.13) is also relevant for the U(1)
symmetric quantum sun model.

The well-defined limits of the BID, ranging from L for uncorrelated variables to 0
for maximally correlated ones, make it a useful measure for characterizing ergodicity-
breaking transitions. As illustrated schematically in Fig. 6.2(b), in the ergodic phase,
high-energy eigenstates are expected to explore the available Hilbert space uniformly.
Consequently, wavefunction snapshots are expected to uniformly fill the configuration
space, leading to an extensive BID, with BID/L — 1. Conversely, in the localized
regime, the sampled configurations become restricted to a constrained subset of the
configuration space, resulting in a BID with BID/L — 0. Analogously, the same
argument can be extended for wavefunctions at late times in quench dynamics from
some initial high-energy product state.

In the following, we test these predictions by analyzing the BID across the ergodicity-
breaking transition in the quantum sun model. We first investigate the dynamical
evolution of the BID following a quench from a high-energy initial state, focusing on its
growth and late-time saturation, which is particularly relevant to experiments. We then
complement this with the analysis of the BID for the mid-spectrum eigenstates. Our
analysis focuses explicitly on the basis compatible with the U(1) symmetry; however,
based on what has been found in the context of low-energy physics [1], we expect
similar results for other basis choices as well.

6.3.1. Time evolution of BID

To study the dynamics of BID, we start with an initial product state in the com-
putational basis. To probe the properties of highly excited states and avoid finite-size
effects, we choose the initial state |¢)(0)) as the product state with the energy closest
to the average energy, i.e., (¢|H|¢) ~ Tr(H)/D. We perform unitary time evolution
under the quantum sun model Hamiltonian in Eq. (6.1), |(t)) = e #[(0)). At
each time ¢, we sample N, configurations from the time-evolved state, and compute
6o = BID and 6, of the sampled dataset, as defined in the linear approximation of
P(R) presented in Eq. (2.14). Finally, we average both the 6y and 6; over 100 different
Hamiltonian realizations and denote the average quantities as (- ).

In the main panel of Fig. 6.3(a), we show the time evolution of the averaged BID
(6p). We choose the parameters in the ergodic and non-ergodic phases of the quantum
sun model, represented by a = 0.94 and o = 0.5, respectively, as well as the critical
point at a,. ~ 0.75.
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Figure 6.3.: Time evolution of BID. (a) BID (fy) versus time for a =
0.5,0.75,0.94, at different system sizes L = 10 — 18, represented by lighter to
darker shades of each color. Solid lines and shaded areas around them are aver-
ages at fixed times ¢ and standard deviations of the BID over 100 Hamiltonian
realizations; for each of them, the BID was computed from a dataset of Ny = 100
snapshots, sampled with Born’s rule from the time-evolved wavefunction |W(t)).
Circles and squares represent Thouless and Heisenberg times, respectively. The
inset represents the disorder-averaged values of (f1) as a function of time, for the
same values of o, at L = 18. (b) Late-time values of the BID versus the interac-
tion strength «, for different system sizes. Values and error bars are computed as
the averages and standard deviations of the means of the single-time values after
reaching the plateau at late times. At each time ¢, BID has been computed from a
dataset of Ny = 100 configurations sampled from the time-evolved wavefunction
|W(t)) according to Born’s rule. The inset shows the collapse. To estimate o, we
perform the scaling collapse of finite-size results with an ansatz as in Ref. [264],
i.e., we consider the correlation length ¢ = [In(a/a.)?]", where v is the critical
exponent. (c) Same values as in panel (b), for @ = 0.5,0.75,0.94, as a function
of the inverse system size, to show the approach to the values expected in the
infinite-size limit, i.e., BID/L — 0,1 in non-ergodic and ergodic phases, respec-
tively, and a finite value between 0 and 1 at the critical point.
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We first examine the growth of BID in the ergodic phase (o = 0.94) and present the
results in the main panel of Fig. 6.3(a), see the blue lines, for different system sizes
L = 10 — 18. We observe that the BID grows in time and saturates to values that
are close to the maximal values, 6;'** = L, consistent with the complete delocalization
of the initial state. Importantly, the saturation of (fy) occurs at the Thouless time
tth, which is fast compared to the Heisenberg time ty, shown as circles and squares
on the blue curves, respectively. The Heisenberg time is defined as the inverse of
average level spacing, i.e., as 2 /(dE,),, where 6E, = E,.1 — E, is the level spacing
between the eigenlevels p1+1 and fi, respectively, and (- - - ), denotes the average over all
eigenstates. We further average the Heisenberg time over Hamiltonian realizations to
obtain ty = (2 /(dE,),)n. The Thouless time is obtained from the spectral analyzes
as the onset of universal ergodic behavior; see Appendix 6.7. Physically, the Heisenberg
time sets the upper bound for the accessible time scales in the finite system, and the
Thouless time is usually interpreted as the longest physically relevant time scale. Here,
the Thouless time can be interpreted as the saturation time of information spreading
in Hilbert space, which recalls its interpretation in short-range quadratic systems, i.e.,
the saturation time of the mean-square displacement [269].

The physical interpretation of these results is clear: the discrete manifold spanned
by snapshots is indicative of the system capability of exploring the full configuration
space — even if it is heavily undersampled. Moreover, the timescale at which such
saturation occurs is directly tied to the Thouless time, which is a clear hint of the
physical significance of BID.

We next consider the critical point (o = 0.75) and present the dynamics of BID in
the main panel of Fig. 6.3(a), represented by the red lines therein. The BID grows
logarithmically in time and saturates to a value that depends on the system size.
Importantly, the saturation value of the BID is not maximal. The observed sub-
maximal saturation indicates that the data structure occupies a lower-dimensional
manifold in configuration space. Note that the proportionality between the Thouless
and the Heisenberg time is clearly visible, as the critical dynamics emerge when the
scalings of the Thouless and Heisenberg times approach each other [202, 262, 269-
271]. Indeed, the value of the critical point can be estimated from the condition
trn/ty = const, see Fig. 6.8 in Appendix 6.7 for details.

A notable consequence of the criticality defined via the condition ty,(L) o ty(L) is
the emergence of the scale invariant principle, similar to that for the survival proba-
bility [201, 202, 269]. Indeed, a subtracted BID by its late time value, i.e., (6o(t)) =
(Bp(t)) — (Bp)'2t¢, becomes scale-invariant if time is measured in units of the Heisenberg
time, t — 7 = t/tg (not shown). Such scale-invariant, or self-similar, behavior of
(Ao(7)) is another manifestation of the critical dynamics.

Finally, in the non-ergodic phase (o = 0.5), the BID curves for different system sizes
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overlap, see the green lines in Fig. 6.3(a). This suggests saturation to a system-size
independent value that can be interpreted as localization in the Hilbert space.

For all the values of o under consideration, i.e., « = 0.5,0.75,0.94, we also plot the
time evolution of (¢,) for the largest system size L = 18 in the inset of Fig. 6.3(a). In
the ergodic phase, after reaching a maximum at mid-times, it drops at late times to a
value close to zero, signaling a restoration of perfect symmetry of Hamming distance
distribution in Eq. (2.13), and a uniformity in the distribution of the sampled config-
urations in configuration space. The saturation of (f;) to non-zero values in the other
phases suggests that the distributions in Eq. (2.13) are skewed.

6.3.2. Late time values of BID

As a second step in our BID analysis, we analyze the late-time saturation values of
(6p), normalized by the system size L, i.e., (fp)!®*¢/L. In the main panel of Fig. 6.3(b),
we plot (6p)!8*/L as a function of « for several system sizes L. In the ergodic and
non-ergodic phases, i.e., at a > 0.75 and a < 0.75, respectively, the normalized BID
displays two opposite flows towards the limiting values (6y)™*/L = 1 and (fy)™"/L =
0, with a crossing at the critical point. The flow with inverse system size can be
better appreciated in Fig. 6.3(c) for the representative points o = 0.94, = 0.5 and
a = 0.75. In particular, one can observe a saturation around a sub-maximal value
(Bp)ete /I, ~ 0.65 at the critical point. This behavior of (f)'**/L resembles that
of the short-range spectral statistics measured by the gap ratio measure, which flow
to the Gaussian Orthogonal Ensemble (GOE) and Poisson limit in the ergodic and
non-ergodic phases, respectively, and exhibit intermediate statistics at the ergodicity-
breaking transition, see Fig. 6.8 in Appendix 6.7.

Inspired by this similarity, we perform a finite-size scaling analysis of the BID data,
following the ansatz of Ref. [264]: we consider the correlation length & = [In(a /)%™,
where the critical exponent v and a, are the fitting parameters. We plot the results as
a function of (L'/€)'/" and perform the optimization of the data collapse via the cost
function minimization from Ref. [272]. Remarkably, we obtain o®® ~ 0.738 which is
very close to the value estimated from the gap ratio statistics, o ~ 0.749, compare
collapses in the insets of Fig. 6.3(b) and Fig. 6.8(a) in Appendix 6.7. As a technical
remark, we note that v is expected to flow to its limiting value v = 1, for large systems
close to the phase transition [264]. In the finite size numerical analyses, it usually
has smaller values [264]; the value v®'? = 0.575 obtained here is aligned with this

expectation.

Hence, it is remarkable that the normalized BID accurately identifies the position of
the critical point, which is in close agreement with predictions from conventional spec-
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Figure 6.4.: Mid-spectrum BID. (a) BID versus interaction strength « for
different system sizes L, computed from the mid-spectrum eigenstate analysis.
Values and errorbars are computed as the average and standard deviation of
the BID computed by sampling the Hamiltonian’s eigenstates in the middle of
the spectrum, for 1000 realizations of the disorder. We consider 25 Hamiltonian
eigenstates for L = 743, and 500 for all other system sizes. For each combination
of eigenstate and Hamiltonian realization, BID has been computed from a dataset
of Ny =100 samples from the eigenstate’s wavefunction according to Born’s rule.
Inset shows the collapse. To estimate a., we perform scaling collapse of the
results with an ansatz as in Ref. [264], i.e., we consider the correlation length
¢ = [In(a/a.)?]7Y, where v is the critical exponent. (b) Same values as panel
(a), for a = 0.5,0.75,0.94, as a function of the inverse system size, to show the
approach to the values expected in the infinite-size limit, i.e., BID/L — 0,1 in
non-ergodic and ergodic phases, respectively, and a finite value between 0 and 1
at the critical point.

tral methods. This occurs despite the BID being calculated from quantum dynamics
at finite times, and using only a moderate number of snapshots, Ny < D.

6.3.3. BID of the mid-spectrum eigenstates

We complement our analysis of the BID dynamics with the study of the BID of
highly excited eigenstates in the middle of the many-body energy spectrum. To this
end, we perform exact diagonalization and collect up to 500 eigenstates in the middle
spectrum. For each eigenstate, we consider 100 wavefunction snapshots to compute
the BID, and finally, we average the results over 1000 Hamiltonian realizations.
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6. Many-body ergodicity breaking from wave-function snapshots

We consider the averaged eigenstate BID denoted by ()8, rescaled by the system
size L, i.e., (0p)°8/L. In Fig. 6.4(a), we plot (fy)®®/L versus « for several system
sizes L, and in Fig. 6.4(b) we plot (0y)¥8/L versus the inverse system size. This study
is analogous to the one of the late-time BID, (6,)!*"°/L. Remarkably, results for the
eigenstate BID in Fig. 6.4, and results for the late-time BID in Figs. 6.3(b) and 6.3(c),
share many similarities. Still, the saturation value of the eigenstate BID at the critical
point slightly differs from that of the late-time BID; compare (6,)8/L ~ 0.5 in the
Fig. 6.4(a) to (fy)'®¢/L ~ 0.65 in Fig. 6.3(b).

Finally, we perform the finite-size scaling analysis of the eigenstate BID, see the
collapse in the inset of Fig. 6.4(a), analogous to the one done for the late-time BID,
see the inset of Fig. 6.3(b). We obtain aB™P<® ~ 0.737 and vPP8 = (.42 for the
eigenstate BID, which are in good agreement with o' ~ 0.738 and v = 0.58 for
the late-time BID. We remark that such values have to be taken cum grano salis, as
we have used only three system sizes in the eigenstate BID analysis.

6.4. Correlations beyond dimensionality:
wave-function networks and multifractality

6.4.1. Network construction

We next go beyond dimensional reduction by assessing how the features of ergodicity-
breaking transitions reflect in the datasets’ correlations. To this end, we focus on
the wavefunction networks [34], i.e., networks constructed from the given datasets, as
described in Sec. 3.2, and analyze the properties of these networks.

Let us briefly recall the construction. We first associate each sampled configuration
with a node of the wavefunction network. Second, we compute the distances between
the nodes of the network using a chosen metric, which in our case is the Hamming
distance R of Eq. (6.2), also directly related to Parisi two-replica overlap. The last
step along the construction is the activation of links between nodes: we activate links
between pairs of data points whose distance is below or equal to a chosen cutoff, i.e.,
R < R*. The resulting network is thus geometrical in nature.

While the choice of the cutoff appears arbitrary, we argue that the main conclusions
are independent of it. In fact, there are two natural choices for the cutoff radius R*.
The first is the one described in Sec. 3.2.2, i.e., the average distance of the c-th nearest
neighbor, denoted as R}, which allows the network to choose the cutoff by itself as
a natural locality-induced distance in the dataset. The other choice, specific to this
chapter, is to set R* to be an even integer. We first focus on the former, which was
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previously used in the study of ground-state wavefunctions [1, 34|, and then connect it
to the latter.

The average distance (over the dataset) of the c-th neighbor is defined as |1, 34]:

N,
* 1 - = =
RC - Fs ; R(USJ 0-8/) s'=cth n.n. of s (63)

where, for a fixed s, the Hamming distance R(d,dy) is calculated between the con-
figuration &, and the configuration &, which corresponds to the ¢! nearest neighbor
relative to &,. The ordering of neighbors is induced by the Hamming distance, from the
smallest to the largest, and the nodes of equal distance are sorted into a single group.
The ordering of the nodes within a group is irrelevant when computing the averaged
cutoft R;.

6.4.2. Network structure and degree distribution

Once the network is constructed, we study the distributions p(k) of the degree k of
the network nodes, dubbed the degree distribution, see Sec. 2.4.2.

In Fig. 6.5 we plot the degree distribution p(k) corresponding to the non-ergodic
phase, critical point, and ergodic phase, with o = 0.5, 0.75 and 0.94, respectively,
obtained by the snapshots at selected times. We set Ny = 1000 and the cutoff radius
to the average distance of the ¢ = 10th nearest neighbor, such that 1 < ¢ < N;.
Finally, we average the degree distribution over 100 Hamiltonian realizations.

We observe distinct features of the distributions across the ergodicity-breaking tran-
sition. In the non-ergodic phase, see Fig. 6.5(a), p(k) is approximately constant, with a
slight tilt. In the ergodic phase, see Fig. 6.5(c), p(k) develops a double peak structure
with exponential decays of p(k) from the centers of the peaks. Below, we inspect the
functional forms of p(k) in both phases in more detail. We find that, while they both
exhibit the characteristic network structures that are unique to the underlying phases,
certain features, such as the double peak structure in Fig. 6.5(c), are consequences of
the specific choice of the cutoff R;.

Remarkably, at the ergodicity-breaking transition point, see Fig. 6.5(b), the degree
distribution p(k) exhibits a power-law decay,

p(k) < K77, (6.4)

with an exponent v &~ 1.19, i.e., the scale-free form of Eq. (2.22). This is the main
result of this section, suggesting that the wavefunction networks at the critical point
are scale free on several orders of magnitude. Below, we also argue that the value of
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Figure 6.5.: Time evolution of wavefunction networks. (a), (b), (c) De-
gree distributions p(k) of the averaged wavefunction networks, built from config-
urations sampled for L = 18 at selected times in the non-ergodic phase (o = 0.5),
at the critical point (o = 0.75), and in the ergodic phase (v = 0.94), respectively.
The averaged degree distributions are obtained by averaging over 100 distribu-

tions, each of them obtained separately for different Hamiltonian realizations,
with Ng = 1000 and the cutoff R}, where ¢ = 10. The dashed line in panel (b)

c’

represents the fit with a power law p(k) oc k=7 for k € [8,150]. The inset shows
the values of the interpolated v in the same region as a function of time t.
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Figure 6.6.: The dependence of cutoff R’ on c. (a) The cutoff distance R} is
computed for different values of the index ¢ € [1,1000], for &« = 0.94 in the ergodic
phase, at t = 10° for L = 18. Every line is a different Hamiltonian realization, for
which R} is computed from a set of N; = 1000 sampled configurations. Vertical
dashed lines denote the value ¢ = 10 chosen for the distributions in Fig. 6.5. The
inset shows the zoomed-in region around ¢ = 10. (b) and (c) Analogous plots,
respectively, for the critical point, o = 0.75, and in the localized phase, o = 0.5.

the exponent ~ of the power-law distribution is, to a large extent, independent of the
specific choice of the cutoft R.

We note that the wavefunction networks are constructed from nonequilibrium wave-
functions, and hence they depend on time. While we are in principle interested in
properties at late times, we also observe that the power-law decay of p(k) develops at
times that are much shorter than the Thouless time ¢1},. This is shown in the inset of
Fig. 6.5(b), where we plot the time-resolved exponent of the power-law distribution,
denoted as «y(t). The time when 7(t) saturates is shorter than ¢y, which is the time
at which the BID saturates, see the main panel of Fig. 6.3(a) at o = 0.75.

Next we study robustness of the observed functional forms of p(k) in Fig. 6.5. To
this end, it is instructive to study the dependence of R} on c. In Fig. 6.6, we plot R
as a function of ¢ for each of the 100 Hamiltonian realizations. In the ergodic phase,
see Fig. 6.6(a), R vs ¢ exhibits a step-like behavior where the plateaus emerge at
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6. Many-body ergodicity breaking from wave-function snapshots

even integers. In the inset of Fig. 6.6(a), we zoom in on the vicinity of ¢ = 10, and
we observe that R’ < 4 for part of the Hamiltonian realizations, and R} > 4 for the
rest of the Hamiltonian realizations. Due to the discreteness of the metric, the degree
distribution of the networks with R < 4 will hence be peaked around smaller values
of £ when compared to those with R} > 4. Consequently, when the degree distribution
is averaged over the Hamiltonian realizations, the double peak structure emerges: the
networks with R} < 4 and those with R} > 4 contribute to the peaks at lower and
higher values of k, respectively. Similar, even though milder effect is also present at the
critical point and in the non-ergodic phase; see Figs. 6.6(b) and 6.6(c), respectively, for
the profiles of R, which exhibit a weaker effect of the plateau structure, but stronger
dependence on Hamiltonian realizations. These effects may eventually hinder a clear
distinction between the critical point and the ergodic and non-ergodic phases.

The above analysis suggests the need for an alternative definition of the cutoff R*.
We empirically find that the optimal choice is to study the degree distributions p(k) of
wavefunction networks with the cutoff fixed to the even integers, i.e., R* = 2,4,6. In
Fig. 6.7 we plot the resulting p(k), which exhibit clearly distinct behavior for all three
values of a.

In the ergodic phase, see Fig. 6.7(c), the distribution p(k) now exhibits a single peak
and an exponential decay away from the peak. We fit p(k) with the function

p(k) oc Nee k! (6.5)

These Poisson-like profiles are associated with random Erdés—Rényi-like wavefunction
networks with fixed connectivity, see Eq. (2.21) in Sec. 2.4.3. Thus, we can argue
that the ergodic phase is associated with the emergence of random networks, and this
finding correlates with the maximal values of the BID found in the ergodic phase.

In contrast, in the non-ergodic phase, see Fig. 6.7(a), we find networks with a non-
zero probability for a broad range of k values. For larger R*, the networks become
more and more connected, which is manifested as the accumulation of weight in p(k)
close to kpax = Ns — 1, see the bottom panel in Fig. 6.7(a). In the latter, most of the
nodes contain k =~ k;.., and hence a finite number of nodes carries a finite fraction
of all connections (this is often referred to as condensed network, even if here the
network has, in addition, a geometrical structure). The origin of this behavior is the
wavefunction localization in the many-body Hilbert space, as suggested by the BID
analysis in Sec. 6.3. The localization is also reflected in the many repetitions of the
same data point in the dataset, which keeps R} < 2 until very large values of c, see
Fig. 6.6(c).

Finally, at the critical point, see Fig. 6.7(b), the distributions p(k) can be fitted to the
power-law in Eq. (6.4). This is the case for all values of R* under investigation, provided
that k is high enough. We find the values of the power-law exponent v ~ 1.27,1.39,1.18

100



6.4. Correlations beyond dimensionality: wave-function networks and multifractality

(a) a=0.5 (b) a=0.75 () a=0.94

R*= 4.0

p(k)

L .
] 1
U

1
/

&

!5}

10-1 4 ] == y=1.18 . 4 —-= A=175.6
Q of | T o A
O —~ 103 . - 'y
N3 43
Y 1
* 5 | i i
o 10 F B ‘I ket
ﬂf * 5w
1077 1 - - - = Tl — - = Tl - e' -
10° 10! 102 103 100 10t 102 103 100 10! 102 103
k k k

Figure 6.7.: Wavefunction networks with fixed cutoff-distance. Degree
distributions p(k) of the averaged wavefunction networks, built from configura-
tions sampled at selected times in the non-ergodic phase (o = 0.5) (a), at the
critical point (o = 0.75) (b), and in the ergodic phase (o = 0.94) (c), respec-
tively. The averaged degree distributions are obtained by averaging over 100
distributions, each of them obtained separately for different Hamiltonian realiza-
tions, with Ny = 1000. The cutoff R* is chosen to be a different fixed integer value
for the top, middle, and bottom row, respectively R* = 2,4, 6. The dashed green
lines in panel (b) represent the fit with a power law p(k) o k=7 for k € [5,100],
k € [20,300], and k € [150,700], respectively, in the top, middle, and bottom
row. The fits resulted in v =~ 1.27,1.39, 1.18, respectively. The dashed red lines
in panel (c) represent the fit with a Poissonian p(k) oc A¥e=*/E!. The fits resulted
in A~ 1.8,29.2,175.6, respectively.
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for the cutoff values R* = 2,4, 6, respectively. Considering the sensitivity of the fits to
the range of k values, the values of v can be regarded as almost cutoff independent.
The power-law dependence also appears in the averaged degree distribution with fixed
c; compare Fig. 6.7(b) to Fig. 6.5(b). However, we regard the degree distributions with
fixed R* = 2,4, 6 as having a clearer signature of the power-law profiles. The power-law
distributions reflect the heterogeneous structure of the networks, which contain a large
number of low connected nodes, but also a few highly connected nodes called hubs.
These networks are known as scale-free.

6.5. Conclusions

In this work, we introduced a new perspective on characterizing nonequilibrium
dynamics from stochastically generated wavefunction snapshots. Our main finding is
that wavefunction snapshots allow to treat ergodicity-breaking transitions on the same
footing as traditional equilibrium transitions, providing thus a unifying framework
to describe such — otherwise very distinct — physical phenomena. We achieve this
goal by inspecting the dynamics of information spreading in many-body Hilbert space,
interpreting it as a high dimensional discrete manifold, and computing: i) its binary
intrinsic dimension, and ii) the degree distributions of wavefunction networks. We
show that these exhibit distinct dynamical behavior across the ergodic, critical, and
non-ergodic phases.

The dynamics of binary intrinsic dimension exhibits a change in behavior across the
transition, abruptly shifting from maximal growth in the ergodic phase to saturation
in the non-ergodic phase. At criticality, sub-maximal growth of the binary intrinsic
dimension indicates that correlations in the data structure can be effectively modeled
as an uncorrelated data set on an extensive but lower-dimensional manifold. We further
show that the normalized binary intrinsic dimension accurately identifies the critical
point, which is in close agreement with conventional spectral methods.

The lack of correlation in the data structure in the ergodic phase is reflected in
the emergence of random Erd&s—Rényi-like wavefunction networks. In the non-ergodic
phase, the localization of the wavefunction in the Hilbert space forces the wavefunc-
tion networks to become fully connected. At the critical point, correlations in the
data structure, effectively captured by the lower-dimensional manifold, yield scale-free
wavefunction networks with power-law tails. Remarkably, these networks can be found
in many areas of science, e.g., in the structures of researcher collaboration networks

and the World Wide Web.

For the power-law exponent 7 of scale-free networks at criticality, we get v € [1.1, 1.4]
from different protocols of network construction. Intriguingly, this interval overlaps
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with the value of the power-law exponent reported for the ground-state critical point
of the quantum Ising model, ygs &~ 1.25 [1], discussed in Chapter 4. Moreover, the
emergence of scale-free networks at the critical point, in particular their heterogeneous
structure with a large number of low connected nodes and a few highly connected
nodes, could be associated with the multifractal character of the wave functions at
the critical point. The questions of possible universality of power-law exponents, as
well as their quantitative connection to wavefunction multifractality, call for further
studies in this direction. It is also important to remark that judging the emergence of
scale-freeness from the sole power-law shape of the degree distribution is not sufficient:
a finite-size-scaling analysis such as the one described in Sec. 2.4.4 would be needed,
and was not possible here due to the accessible system sizes being too small. We leave
such a check for future work.

Our study demonstrates that analyzing correlations in datasets of stochastically gen-
erated wavefunction snapshots provides useful probes of ergodicity-breaking phenom-
ena. Our protocol can be readily applied to characterize quantum dynamics in ongoing
experiments [273]. The advantage of our protocol is that it requires only a moderate
number of snapshots, i.e., Ny < D, while the measurements relying on predefined
observables, such as the imbalance [27, 274-278]|, transition probabilities [273, 279], or
survival probabilities [273|, require much larger amount of snapshots [273].

6.6. Appendix: Details on numerical implementation
of the quantum sun model

6.6.1. Quantum sun model without U(1) symmetry

We first review the quantum sun model without U(1) symmetry, as formulated in
Refs. [262, 263]. It consists of a collection of L qubits, or spins 1/2, divided into two
subsystems. The first subsystem, dubbed the ergodic dot, contains N qubits that
interact with each other through all-to-all couplings. The second subsystem consists of
L' = L — N additional qubits that do not mutually interact directly. The Hamiltonian
is:

L'-1 L'—1
H = Hoou+ g0 y_ 0" S5 ST+ Y h;S;. (6.6)
j=0 j=0

Each outer qubit j is coupled only to one randomly selected qubit n(;) from the ergodic
dot. The former is located at a distance u; from the dot, where u; is drawn uniformly
from the interval [j — (;, j + ¢;] with ¢; for j > 0 and u; = 0 for j = 0. Its coupling
strength to the corresponding dot’s qubit is given by gy . In addition, each outer
qubit experiences a random magnetic field h; drawn uniformly from the range [1 —
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W, 1+ W).

The internal degrees of freedom of the sun, i.e., the dot, are modeled by a random
matrix. In the standard binary ordering of the basis [263|, the matrix of the dot
Hamiltonian can be written as

R
H ot = dot
dot 7—/—2]\, 1

where R/, = (A+ A”)/v/2 and A is a real matrix whose elements A;; are indepen-
dently sampled from a normal distribution, i.e., R}, corresponds to a matrix from the
Gaussian Orthogonal Ensemble (GOE) of matrices of dimension 2V x 2V. The normal-
ization follows Ref. [263], where the Hilbert-Schmidt norm of the dot Hamiltonian was
set to ||Haot|| = 7, with [|O]]? = Tr(0?)/D?!. Here, D! is the sum of the dimensions
of all magnetization sectors, which coincides with the dimension of the full space of

® I (6.7)

configurations of L qubits, i.e., D = 2% The normalization is ensured, for large N,
by the normalization factor /2N + 1. Alternatively, numerical normalization can be
adopted, i.e., Hyot = YT a

The parameter o tunes the system across the ergodicity-breaking transition. Based
on theoretical arguments of thermal avalanches [265, 280], the ergodic dot thermalizes
the entire system for a > a**¥ = 1/1/2 while the avalanche stalls for a < aheor
and ergodicity is broken. The transition is clearly visible in finite-size numerical calcu-
lations [262, 263], with the transition «. being quantitatively close to the theoretical

Pl theory
prediction o "*°"Y.

6.6.2. Quantum sun model with U(1) symmetry

In our study, we consider the U(1) symmetric variant of the quantum sun model,
introduced in Ref. [268]. We modify it with the canonical normalization condition of
Ref. |263] for the dot Hamiltonian.

The interaction between the dot qubits and the outer qubits becomes U(1) symmetric
by adding S¥SY terms to the interaction term in Eq. (6.6). Then, the U(1) symmetric
Hamiltonian is given by Eq. (6.1) where, in addition, the Hamiltonian H fl{)&l) is different
from H,, as it also satisfies the U(1) symmetry. We adopt the same normalization
condition for Hgo(tl) as for Hge in Ref. [263], i.e., ||Hgo(t1)|] = 7, where, however, the
Hilbert-Schmidt norm [|O||> = Tr(0?)/D is now related to the Hilbert space of di-
mension D corresponding to a chosen U(1) sector. To give an example, for the zero

magnetization sector considered in our study, D = ( L ) x 2F/ V'L, and thus the

L/2
operator H g)(tl) is represented by a matrix of size D x D.

Practically, we first generate a matrix RdUO(tl)’aH, which is a unification for all U(1)
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sectors. To do so, we start with the matrix R}, where we set to zero the elements
of this matrix that correspond to the processes between the basis states of the dot

which do not conserve the U(1) symmetry, i.e., R}, — R’go(tl ). Next, assuming the
standard binary ordering of the basis [263], we embed R’ go(tl) into the full matrix, i.e.,

RUMWA — UM @1 The operator R7 ™ is represented by a matrix of size D! x Dol

where D2 = 2L,

As the system is U(1) symmetric, the matrix RdUO(tl) Al i block-diagonal with respect
to the magnetization sectors. Therefore, after selecting a magnetization sector, we
U(1),all
dot

Rgo(tl)’all — RdUo(tl). Here, RdUO(tl) is an operator in the reduced Hilbert space of dimension

D. Finally, we construct the dot operator as

reduce the operator R to the corresponding Hilbert space of that sector, i.e.,

U(1) Ray
Hdot =7 ‘ ’RUo(tl) 9 (68)
dot

where the normalization is implemented numerically.

As the dimension of the zero magnetization sector studied here scales exponentially
with L, i.e., D o 2L/v/L, the system with U(1) symmetry is expected to exhibit
behavior similar to that of the system without U(1) symmetry. Namely, for o > athery,
the dot thermalizes the entire system, whereas for a < o™ ergodicity is broken.
The transition in the U(1) symmetric quantum sun model for the zero magnetization
sector was studied numerically in Ref. [268] with the estimated value . =~ 0.76. Since
we implement the model from Ref. [268] modified with the canonical normalization
condition of Ref. [263], we also provide an estimate of the transition point in the

modified model in the next section.

6.7. Appendix: Ergodicity breaking transition point
in U(1) symmetric quantum sun model

These computations were performed by the coauthor Miroslav Hopjan, and are left
here for completeness.

6.7.1. Transition point from the spectral measures

We estimate the value of the ergodicity breaking transition point for the Hamiltonian
in Eq. (6.1) with the dot normalization given by Eq. (6.8) for a parameter set: N = 3,
v=1,g90=1,( =02 W =0.5. To this end, we employ the spectral measures [262,
263|, i.e., the mean gap ratio and the spectral form factor.
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Figure 6.8.: Transition point estimation from spectral measurements.
Gap ratio r (a) and the Thouless time normalized by the Heisenberg time, 77}, =
trn/ta, (b), as the spectral indicators of the ergodicity-breaking transition. The
transition point is estimated from scaling collapses in the insets as a. ~ 0.75, see
the black vertical dashed lines in the main panels. Horizontal dashed lines in (a)
represent the theoretical limits of r for the ergodic phase (r = 0.5307) and for
the non-ergodic phase (r = 0.3863).

We first analyze the mean gap ratio r [281]. The ratio 7, is defined as

min{dE,,0E, 1}
max{0E,,0E, 1}’

r, = (6.9)
where 6E, = E,1; — E, is the level spacing between the eigenlevels p and p — 1,
respectively. We target eigenlevels x close to the mean energy E = Tr(H)/D. By
definition, {7,} values fall in the interval [0,1], and hence no unfolding procedure is
needed to eliminate the influence of finite-size effects through the local density of states.
To obtain the average value r,

r=(ru)u) (6.10)

we first average over N, = 500 eigenstates near the center of the spectrum for each
Hamiltonian realization, denoted by (---), in Eq. (6.10), and then over an ensemble of
spectra for different Hamiltonian realizations, denoted by (- --)y. In the ergodic phase,
r assumes the GOE value rgog & 0.5307 [282], while the prediction for energy levels
with Poissonian statistics is 7peisson = 2In2 — 1 ~ 0.3863 [281].

In Fig. 6.8(a), we show the average gap ratio r as a function of the tuning parameter
a. We observe a flow to the Poisson and GOE statistics for a < 0.74 and « > 0.76,
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respectively, with a crossing point developing around o = 0.75. To estimate a,, we
perform the finite size scaling collapse of the data from Fig. 6.8(a) with the ansatz
of Ref. [264], i.e., we consider the correlation length ¢ = [In(a/a.)?]™", where v is the
critical exponent, and plot the results as a function of (L'/€)'/. We consider L' = L—N
instead of L to remove the finite size effects of the dot. The optimal scaling collapse,
which is given by the minimization of the cost function [272], is obtained for o/, ~ 0.749
and v" & 0.47, see the inset of Fig. 6.8(a). We note that while v = 1 is expected in
the thermodynamic limit, as argued in Ref. [264], the results in finite systems may
typically give rise to v < 1 [264], which is also observed here.

We further consider spectral properties beyond the short-range spectral correlations
and study the long-range spectral correlation via the spectral form factor (SFF) [201,
262, 270, 271, 283, 284]. We follow the standard unfolding procedure, i.e., we intro-
duce the cumulative spectral function §(E) = > O(E — E, i), where © is the unit
step function. The stepwise distribution function is then smoothed out by fitting a
polynomials g,,(E) of degree m to G(E) and the unfolded eigenvalues are defined as
Eupr = gm(E,.z). We set m = 3 in our study. With the unfolded spectrum {E, ;} at
hand, we construct the normalized SFF [270],

2
> , (6.11)
H

R, (r) = %<

where 7 is the scaled time, Z = (3, |p(E,.im)) s is the normalization such that

K,(r > 1) = 1 and p(F) is a filter function that eliminates the contributions of
spectral edges. We note that each of the unfolded spectra is filtered separately. We
use the Gaussian filter that was used in recent studies [201, 262, 270, 271, 283, 284],

defined as p(E, g) = exp{—%#}, where Ey and T'% are the average energy and

the energy variance, respectively, at a given Hamiltonian realization. A dimensionless

D

> (B e

p=1

parameter 7 controls the effective fraction of eigenstates included in K, (7). We set
n = 0.7 in our study.

The onset of universal behavior, i.e., the agreement with the GOE prediction K GOB(7)
27 — 71n (27 + 1), emerges at times larger than the Thouless time 7y, [201, 262, 270,
271, 283, 284]. To extract the value of 71, (note that it is expressed in dimensionless
units due to spectral unfolding), we calculate K, (7) for N, = 5000 discrete time steps
7; in the logarithmic grid and smooth out fluctuations in f(n(T) by calculating a run-
ning mean over 300 values of K,(7;). Finally, we interpolate the smoothen normalized
SFF with 10000 data points. With the interpolated results at hand, we compute the
difference between K, () and the GOE prediction, using a deviation measure defined
as [270]

. AK(7my) =€ (6.12)
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Here, the scaled Thouless time 7ry, is the time at which AK(7) becomes greater than
a chosen threshold value e. We note that although the absolute value of the extracted
Thouless time depends on the threshold e, a power-law exponent characterizing the
system size dependence of the Thouless time is expected to be independent of this
parameter. We have checked (not shown) that the exponent of the Thouless time
dependence does not change significantly for ¢ = 0.1 — 0.9. We choose ¢ = 0.2 in
further analysis.

In Fig. 6.8(b), we show the normalized Thouless time 7y, as a function of the tuning
parameter a. We observe that 7r, — 0 for o > 0.76 while for o« < 0.74 the normalized
Thouless time 71y, grows with the system size L. The transition point is signaled by a
system-size independent normalized Thouless time 71, which emerges close to a =~ 0.75.
In physical units, this means that the Thouless time ¢, exhibits the same scaling with
the system size L as the Heisenberg time, i.e., tp,(L) o< tu(L).

As in the case of the gap ratio, we perform the finite-size scaling collapse of the results
with the ansatz of Ref. [264|. The optimal scaling collapse, given by the minimization
of the cost function [272], is obtained for a*F ~ 0.750 and v *F ~ 0.46; see the inset
of Fig. 6.8(b). These values are close to those estimated from the gap ratio statistics.
We therefore conclude that both indicators gives consistently a, ~ of ~ oS'F ~ 0.75.

6.7.2. Transition point from participation entropies

We here show that the ergodicity breaking transition is also reflected in the properties
of mid-spectrum eigenstates. To this end, we study the scaling of the participation
entropies [263], which characterize the amount of delocalization in a chosen basis.

We consider the inverse participation ratio (IPR), generalized to an arbitrary index
q, for a selected number of Hamiltonian eigenstates |u), which is defined as

D
= (I (6.13)
I=1

The states |I) are the product states in the computational basis in the zero magne-
tization sector of the U(1) symmetry. Then, the averaged participation entropy is
defined [263] as

S((I)

typ

T P (6.14)

For the value ¢ — 1, the participation entropy reduces to the von Neumann participa-
tion entropy,

<<i| )P ) ) ) (6.15)
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6.7. Appendix: Ergodicity breaking transition point in U(1) symmetric quantum sun
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Figure 6.9.: Participation entropy and floating fractal dimension. (a)

and (b) Derivative of the typical participation entropy SE;II))

as the wavefunction indicators of the ergodicity breaking transition, shown for

g = 1 and ¢ = 2, respectively. (c) and (d) The corresponding results for the
L
i)

dashed lines indicate the predicted transition point a. = 0.75.

with respect to «

floating fractal dimension for ¢ = 1 and g = 2, respectively. Black vertical

We refer to these participation entropies as the typical participation entropies, as the
averaging of the IPRs are performed outside the logarithm.

The participation entropy was shown [263], for the quantum sun model without
U(1) non-symmetry, to be an increasing function of the system size in the ergodic
phase and at criticality, and to be saturating in the non-ergodic phase due to Hilbert-
space localization of the wavefunction. This suggests that the slope of the participation
entropy as a function of « is maximal at the transition point, which can be quantified
by the derivative of the participation entropy with respect to a, i.e., dSt(;% /da [263)].

In Figs. 6.9(a) and 6.9(b), we show examples of such derivatives for the U(1) con-
serving quantum sun model at ¢ = 1 and ¢ = 2, respectively. The derivatives dSt(;II)) /do
develop divergent peaks at the predicted transition point o, =~ 0.75. As a technical
remark, we note that the derivatives are calculated by first interpolating the raw data
for St(;f;)) with cubic splines, and then evaluating the first derivatives of the interpolated

data [263].

We further consider the scaling of the participation entropy with the system size L.
To this end, we assume a scaling ansatz [263]

SO = d9 mD 4 b (6.16)
where dE% is interpreted as the wavefunction fractal dimension. In a finite system
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6. Many-body ergodicity breaking from wave-function snapshots

outside of the asymptotic regime, the parameters dg%

tem size dependent. To account for the finite-size effects, we define a floating fractal

and by, are additionally sys-

dimension [263],
) _ Siip(D) = Sip(L = 1)

WP In[D(L)] — In[D(L — 1)]

In Figs. 6.9(c) and 6.9(d), we show examples of the floating fractal dimension for

(6.17)

g = 1 and g = 2, respectively. We observe that for a < a., the fractal dimension
Ezif) > 1, where dEgi)L) — 1 with
increasing system size L, consistent with the full delocalization of the wavefunction.

For a. < a < 0.85, the system size dependence of the floating fractal dimension, as

flows towards zero. For a > 0.85, we observe d

well as its fate in the thermodynamic limit, is less clear. That being said, we expect
the wavefunction to be multifractal at criticality. The results in Figs. 6.9(c) and 6.9(d)
confirm this expectation, as we observe rather stable values 0 < dg,if) < 1 at the
predicted transition point a, ~ 0.75.
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7. Unraveling the emergence of
slow dynamics in U(1) lattice
gauge theories

This chapter is adapted from Ref. [3].

Overview. The dynamics of gauge theories is of fundamental interest, with low-
dimensional systems displaying a rich phenomenology beyond the rapid thermaliza-
tion typical of QCD and non-Abelian theories. In particular, recent quantum simu-
lation experiments have reported robust and unexpected signatures of slow relaxation
in generic regimes and at large volumes in one-dimensional U(1) lattice gauge theo-
ries (LGTs) (285, 286], whose origin remains poorly understood. Here, we present a
framework that provides a unified perspective on such slow dynamics. The backbone of
our theory is an exact analytical mapping from U(1) LGTs with a topological 6 angle
to non-local kinetically constrained fermionic models with an emergent linear Stark
potential. In the absence of the 6 term, this framework interprets the non-thermal
dynamics reported in Ref. [285] as generic prethermal behavior arising from proxim-
ity to an integrable free-fermion model. For non-zero 6, the emergent Stark potential
instead explains the freezing dynamics observed in Ref. [286]. We predict that these
phenomena arise in a much broader class of models and support this prediction with
numerical simulations and proposals for future experiments.

7.1. Introduction

Quantum simulators of interacting many-body systems have emerged as a powerful
approach to probing the intricate structure of quantum matter, both in and out of
equilibrium |15, 27, 197, 205-207, 228, 248, 274, 287-290]. These quantum platforms
are particularly valuable in regimes where classical simulations become intractable due
to exponential computational complexity. A particularly promising domain is gauge
theory. Gauge theory dynamics is not only a prototype for experimentally relevant
coherent, out-of-equilibrium phenomena in a variety of contexts — ranging from heavy-
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7. Unraveling the emergence of slow dynamics in U(1) lattice gauge theories

ion collisions to particle scattering and high-intensity laser experiments —, but it is
also a paramount challenge for classical simulation methods [291-294]|. Over the last
15 years, such sharp motivations have stimulated a series of theoretical proposals and
experiments that realize lattice gauge theory dynamics across a variety of quantum
platforms [27, 295-303], from trapped ions to neutral atoms and superconducting cir-
cuits [15, 296, 301, 304-307|.

Gauge theories, very akin to other quantum chaotic models, are expected to ther-
malize under coherent evolution [306, 308, 309]. A pair of recent experiments has
challenged this picture. Using Rydberg atom arrays to simulate the dynamics of U(1)
gauge fields coupled to fermions in (1+41)-d, Refs. [285, 286] have revealed a range of
striking features in non-equilibrium dynamics. These include ballistic propagation of
electric-field correlations [285], non-thermal and resonant melting behavior [285] (also
studied in a parallel work [310]), and the freezing of correlations in the presence of
a non-zero topological angle [286], when gauge fields are truncated to the S = 1/2
representation. Such findings challenge conventional expectations based on standard
thermalization and relaxation frameworks [170, 311-315], leaving the non-equilibrium
dynamics of LGTs still far from fully understood.

In this work, we develop a theoretical framework that offers a new perspective on
these observations and distills the key element that demonstrates their generality. The
starting point of our analysis is an exact mapping between a one-dimensional U(1) lat-
tice gauge theory with a tunable #-term and a fermionic model with an emergent tilted
Wannier-Stark potential, complemented by non-local kinetic constraints (see Fig. 7.1(a-
¢) for the mapping), whose physical origin can be tracked to gauge invariance.

First, the analogy between gauge theory and constraint-fermionic models allows us
to reinterpret experimentally probed, apparently non-conserved, electric-field corre-
lations [285] as fluctuations of a conserved charge in the dual fermionic description,
thereby explaining their power-law spreading. Second, because the constraint can be
tuned to achieve an integrable free-fermion limit, we can interpret the observed non-
thermal dynamics as prethermal dynamics arising from constraint induced integrability
breaking (Fig. 7.1(d)). Moreover, the relaxation of the observables is accompanied by
the relaxation of the entanglement entropy toward the Haar-random value, indicating
that thermalization proceeds through both observable relaxation and entropy produc-
tion.

The mapping of the nonzero # term (the staggered detuning in Rydberg atom exper-
iments), to the Stark potential points towards the emergence of Stark many-body
prethermal localized dynamics and non-ergodicity due to Hilbert-space fragmenta-
tion [316-325] in the Rydberg experiments. Unlike previous studies on Stark many-
body localization, however, the interactions here arise entirely from the constraints.
This correspondence suggests that the nonthermal behavior reported in Ref. [285] is
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Figure 7.1.: (a-c) Mapping of Rydberg Hamiltonian with staggered detuning in
the Rydberg blockade regime (PXP model) to a constrained Wannier-Stark model
via U(1) LGT. Representation of gauge and matter fields in LGT and allowed
configurations from Gauss’s law. The mapping of the electric-field correlations in
the PXP (also LGT) to the subsystem charge fluctuations in the constrained XX
model. (d) In the absence of x = 0, the expected relaxation towards a thermal
state and the emergent prethermal regime due to the proximity to an integrable
point for R = oo (XX model). The different R corresponds to different spin S
representations of the gauge fields in QLM. In finite-system sizes, there are some
subtleties (see Fig. 7.2 and main text for small R). For non-zero x, non-ergodic
behavior is observed due to the Stark potential.
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7. Unraveling the emergence of slow dynamics in U(1) lattice gauge theories

generic and remains robust in the presence of a 6 term, although its origin changes to
prethermal dynamics induced by the tilted potential. This identification further pro-
vides a natural explanation for the freezing dynamics observed in the double-quench
experiment [286] in terms of Stark-potential-induced non-ergodic dynamics and natu-
rally predicts analogous behavior in a broad class of models.

The chapter is organized as follows. We present the model Hamiltonian and the
connection to Rydberg experiments in Sec. 7.2. The analytical mapping of the LGT to
constrained fermionic models, and the emergence of the Stark potential, is derived in
Sec. 7.3. The connection of the electric field correlations to the subsystem fluctuations,
along with the non-thermal dynamics, is presented in Sec. 7.4, and Sec. 7.5 summarizes
our findings.

7.2. Model Hamiltonian

We consider the (1 + 1) dimensional U(1) spin-S = 1/2 quantum link model, which
describes the interactions of matter fields mediated by gauge fields [326, 327|. The
Hamiltonian reads:

L—2 L-1
= —w Y (GIUj 1t + He) + m Y (~1Yyly,
gt ~

2
+ J ( i1+ ) . (7.1)
j=
Here, w is a hopping parameter for fermionic particles, and J is the electric coupling
strength. The matter field operator %T- (1;) creates (annihilates) fermions at site j
with mass m. We adopt the Kogut-Susskind staggered fermion formulation, where an
occupied site corresponds to the vacuum on odd sites and to a quark ¢ on even sites,
while an empty site corresponds to the vacuum on even sites and to an antiquark ¢
on odd sites (Fig. 7.1(a)). The link variables U, ;;1, defined between the sites j and
J+1, are represented by spin operators of the spin-S = 1/2 representation. Identifying
Ujj+1 = S;fj 41 and U ii+1 = S 41 as spin raising and lowering operators, and defining
the electric field as Ej ;41 = S}, ,, ensures that the canonical commutation relations
[E; j+1,Uj j+1) = Uj j41 are satisfied.

The U(1) gauge trans_formation generators are given by G; = Ej ;1 — Fi_1; — gj,
where ¢; = w Y+ = D771 s the charge of the fermions. The local gauge symmetry
implies that [H, G| = 0, such that the Hamiltonian A does not mix eigenstates of G,
with different eigenvalues. Here, we only consider the subspace defined by G,|¥) =
0, Vj, where Gauss’s law links the difference in spin-z projections to the local charge:

Ejj1—Ej1; = =57 G+l ;—1,]‘ = 4g;. (7-2)
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7.3. LG'Ts to constrained fermionic models: emergent Stark potential

Upon integrating out the matter fields, the Hamiltonian can be mapped to a one-
dimensional array of Rydberg atoms, where each atom is in an optical trap, equivalent
to a qubit, with the ground state and Rydberg state mapped to |0) and |1), respec-
tively [328]. The Hamiltonian reads

Q .
Hiya =5 D05 = > [A+ (=17x] ny + ) Viwnymu, (7.3)

J J i<k

where ¢§ are Pauli matrices at site j, n; = (07 + 1)/2 is Rydberg excitation number
operator at site j, ) is the Rabi frequency, A and x are global and staggered detunings,
and V; = Cg/ 7“]6-7;C is the Rydberg interaction strength that decays rapidly as distance
;& between two Rydberg atoms at site (j, k) increases. The parameter x is the string

tension and is related to the 6 angle as x = (7 — 0) /.

A recent experiment by Mark et al. [285], realizing Eq. (7.3) at x = 0, observed ballis-
tic spreading and non-thermal dynamics of the electric-field correlations when quench-
ing from an initial configuration containing many charge-anticharge pairs. As this is
a very high energy state, the expectation would be a fast thermalization. Moreover,
the ballistic spreading of the correlations is also surprising, as they do not immediately
correspond to the fluctuations of a conserved charge of the model. Another experiment
by Xiang et al. [286] reported nonthermal dynamics and the freezing of correlations in
the presence of a nonzero string tension, y # 0, following a double-quench protocol.
Starting from an initial state containing a pair of mesons separated by a finite distance,
the system is first quenched into the deconfined regime and subsequently quenched into
the confined regime at the onset of the meson collision. Although the state prior to
the second quench is highly excited and strongly entangled, and would therefore be ex-
pected to thermalize, the correlations were instead observed to freeze. In the following,
we provide a new perspective on these striking observations and demonstrate them on
a broader class of gauge theory models.

7.3. LGTs to constrained fermionic models:
emergent Stark potential

The starting point of our study is the analytical derivation of a dual model in which
the gauge degrees of freedom are integrated out. For a spin S = 1/2 representation of
the gauge fields, the allowed charge configurations (with gauge fields fixed via Gauss’s
law) always satisty AE; = Ej ;11 — Elefy = Zﬁ;& ¢ € {—1,0,1}, ¥V j > 0, where FEj
is the electric field on the left-boundary of the chain and ¢; are the eigenvalues of the
local charge operator. Fixing the boundary gauge fields to Elesy = Eyight = —1/2, the
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7. Unraveling the emergence of slow dynamics in U(1) lattice gauge theories

dynamics of the charges are constrained and satisfy the condition

SM

S (5 ) c{0,1}; Vj>0 (7.4)

where o7 are the eigenvalues of the Pauli-z operators and are related to the matter fields
as w;wj = (07 +1)/2 and are different operators than defined in Eq. (7.3). Fixing the
gauge fields at the boundaries to —1/2 further ensures that the net charge is identically
zero. Importantly, unlike the PXP model, where the projectors P¢ = (1 — 07)/2 are
local, here, we have highly non-local constraints. Denoting by P the projector onto the
resulting relevant subspace in the fermionic Hilbert space, using the Jordan-Wigner
transformation and following the prescription first introduced in Ref. [329], the QLM
for S = 1/2 representation of the gauge fields can be recast into a spin-1/2 model with
a non-local constraint

L1 L1

= apne m
Hexx =?<—wzg(ajoj+l+ﬂ.c ) O
]: ]:

+JXZ —j—1)5 >CP (7.5)

The key difference with respect to Ref. [329] is the last term, which stems from the
presence of the #-term in Hamiltonian (7.1) or the staggered detuning in the Rydberg
model (7.3) and can be derived by expressing the electric field term in terms of the
charges using Gauss’s law (see Appendix 7.6 for more details). This term has an
extremely simple and clear physics interpretation: it corresponds to a linear Wannier-
Stark potential, so that our gauge theory is now mapped onto a constrained Wannier-
Stark fermionic chain.

The above construction can be easily extended to gauge fields corresponding to a
higher spin S > 1/2 representation. Defining a constraint variable R; in the gauge
allowed sector, the constraint reads

532:(6 y) €{-A,~A+1,--,~A+R); (7.6)

1=

vV j > 0, where A = S for integer S, and A = S — 1/2 for half-integer S. The
parameter R = 25 allows tuning of the constraint radius and the construction of
different classes of constrained models. The electric field part of the Hamiltonian

JZ ' (Ej ;41 +6/27)° in the projected sub-space can then be written as (see
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Appendix 7.6)

J L—1 n—1 J L—1
Hi =3 Y (L—n—-1)5;> &+ g2 (=1
n=0 =0 n=0
1 L—1
-u(x+1+&)Z;L—n—n¢, (7.7)

where we fixed the boundary gauge fields Eiefy = Eyight = Eb, which we set to By = —1/2
for half integer spin and Ej, = 0 for integer spin S representation.

Thus, integrating out the gauge fields, the Hamiltonian interpolates between the PXP
model at R = 1 and the free-fermionic hopping model for R = co when the electric-field
term is absent (J = 0). For a non-zero .J, the model becomes a constraint Wannier
Stark model for R = 1, while for R > 1, it becomes a long-range tilted interacting
model. Importantly, for J = 0, these classes of models show chaotic behavior and
anomalously fast hydrodynamics [329]. The presence of a topological term will have
drastic effects. In the following, we study the relaxation dynamics in this class of
models in the presence of a non-zero 6 angle, and their relation to experiments.

7.4. Electric field correlations and relaxation
dynamics

In this section we first provide an analytical connection between the electric field
correlations used in Ref. [285] and subsystem charges (Sec. 7.4.1), to then study their
non-thermal dynamics both in absence (Sec. 7.4.2) and in presence (Sec. 7.4.3) of a
string tension Y.

7.4.1. Analytical results

We show here that electric-field correlations—which are not associated with any
apparent conserved quantity in the Rydberg Hamiltonian (7.3)—are, in fact, related
to the subsystem charge fluctuations of a conserved global U(1) charge in the dual
fermionic model. This connection immediately explains why they exhibit power-law
spreading rather than the exponential relaxation expected for a non-conserved quantity.

The connected electric field correlations, in the PXP side, are defined as

(Ei(t)Eira(t))e = (Ei(t) Eiya(t)) — (Ei(1)) (Eiva(t)), (7.8)

where, for notational simplicity, we use £, to denote the link electric field Fj j41. In the
constrained XX model, such correlations can be expressed in terms of charge operators

117



7. Unraveling the emergence of slow dynamics in U(1) lattice gauge theories

using Gauss’s law as
i+d )
Eiat) = Ei(t)= > a = Qu (7.9)
k=i+1
(Fig. 7.1). The electric field correlations can be obtained using (Ejq(t) — Ei(t))? = @2,
which gives
I (Q?

(B0 Busatt)) = 11— 1%l (7.10)
where we used E;,4(t)*> = E;(t)> = I/4. The last term of Eq. (7.8) can also be
expressed in terms of the charges using: ((E;,q(t)) — (Ei(t)))* = (Qqg)?, which gives
(B a®)(Ei(t)) = ((Qq)* — (Ei(t))* — (Eiq(t))?)/2. The last two terms are just
the expectation values of the sums of charges up to sites ¢ and i + d, respectively.
Importantly, Eq. (7.10) is an exact operator identity and should hold irrespective of
any initial state.

For higher-spin S representations, the electric-field correlations acquire a more intri-
cate structure, since the relation E? o I no longer holds. Nevertheless, they can still
be expressed as linear combinations of fluctuations of the subsystem charge over differ-
ent spatial domains. In the following, we instead focus on the dynamics of subsystem
charge fluctuations in the central region of the chain for all S, defined as [207]

Ou(t) = (@) — (Qu)”. (7.11)

7.4.2. Numerical results: zero string tension

We now focus on the case of J = 0 (and x = 0). To study the dynamics, we
use exact-diagonalization and start from the initial state [¢(0)) = [000..000)pxp =
|0101...01) cxx, which has zero energy density for all the constraint radii and also zero
charge fluctuations in any subsystem. In the LGTs, it corresponds to a high-energy
state full of charge-anticharge pairs. We first stick to m = 0,x = 0,J = 0 case
and in Fig. 7.2(a), we plot the dynamics of O4(t) for d = 2 and L = 26 for various
constraint radii ® = 1 — 5 which corresponds to the gauge field representation of
S =1/2, 1, 3/2,2, 5/2, respectively. In all the cases, at late times, the observable
equilibrates to some finite value. This saturation value, however, remains away from
the thermal value Oflh = Tr[pnOg4] with py, o< 1. Moreover, the difference increases as
the constraint radii increase. Such behavior, however, is expected, as for R = L/2 the
system is an integrable XX model and the observable is relaxes to a value predicted by
a Generalized Gibbs Ensemble (GGE) rather than an infinite-temperature state due
to the presence of extensive conserved quantities [330-332]. By going away from the
integrable R = L/2 limit, a prethermal dynamics (¢ < 10?) is then caused by the weak
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Figure 7.2.: (a) Dynamics of the subsystem particle number fluctuations O4(t)
with domain d = 2 for different constraint radii R. The dashed lines correspond
to the thermal value of the observable O%* = Tr[p;;04]. (b) The difference in the
value of the observable from its infinite temperature value for different constraint
radii R. (c) The relaxation of the subsystem entanglement entropy to the Haar
value. (d) For a fixed R = 1, the difference as a function of time for various system
sizes along with the entropy difference (rescaled by a factor of 10) for L = 26
to highlight the relaxation of the observable is accompanied by the relaxation of
the subsystem entanglement entropy on same time scales. (e) Finite-size scaling
of the late time value Ogyy for different constraint radii R.

119



7. Unraveling the emergence of slow dynamics in U(1) lattice gauge theories

integrability breaking introduced with the the constraints. The latter are expected
to set the timescale of the prethermal window, i.e. shorter window as the range R is
decreased, after which thermalization kicks back in (see schematics in Fig. 7.1(d)). This
behavior bears similarities to integrability breaking caused by sparse impurities in an
integrable XXZ chain [333|, where a natural length scale associated with its onset also
exists. The main difference of our setting is that the scale R also controls Hilbert-space
dimension and norm of operators; likely causing differences in the relaxation behaviors.

To better study the relaxation dynamics and the approach to the thermal value, we
now focus on the quantity |Oq(t) — O] averaged over different domain size choices
d € [1,L/2]. In Fig. 7.2(b), we plot the dynamics of the averaged quantity |O(t) — Oy,|
for L = 26 and various constraint radii R. For large values of constraint radii R ~
4 — 6, we indeed observe a long prethermal regime that at eventually at late time
saturates to a finite value. Consistently with the aforementioned picture of integrability
breaking, smaller R ~ 1 — 3 give shorter prethermal regimes and smaller saturating
values. The saturating value however still differs from the thermal value. We attribute
this this finite size effects. The system-size dependence of the saturation value is
shown in Fig. 7.2(d-e). In particular, in Fig. 7.2(d) we plot the dynamics of the
difference |O(t) — Oy| for various system sizes at R = 1. As expected, we observe
a smaller saturation value for larger system sizes. The same happens also for other
constraint radii as shown in Fig. 7.2(e), where we present the finite-size scaling of the
late-time saturation value Oy, (averaging in the window ¢ € [10® — 10%]) for different
R. Thus, the non-thermal dynamics observed in the experiment [285] for the R =1
case at intermediate time scales, can be traced to be a consequence of proximity to
integrability. This explanation is qualitatively consistent with the emergence of plasma
band structure from the mean field analysis discussed in Ref. [285]. In the long time,
as it approaches the thermal value, the relaxation is slower and could arise from long
hydrodynamical tails [334, 335].

In order to further explore the general properties of the presented slow dynamics,
we now study also how entanglement entropy relaxes (Fig. 7.2(c)). In particular an
important question is whether it follows the behavior of local observables or, as is the
case for disordered many-body systems, it exhibit a fundamentally different dynamics.
To address this, we study the deviation of the entanglement entropy from its random-
state value, [Syn(t) — Shaar|, where Sy, (t) = —Tr[paIn(pa)] is the von Neumann entropy
of subsystem A, with p4 the corresponding reduced density matrix, and Sy,., denotes
the average entanglement entropy of random Haar states. We first focus on the case
R = 1. In Fig. 7.2(d), we show the dynamics of | Sy, (t) — Shaar| (blue line), averaged over
different subsystem sizes (rescaled by a factor of 10 for visualization purposes), for a
system of size L = 26. Similar to the behavior of observables, the entanglement entropy
exhibits a slow relaxation toward the Haar value. We further examine the role of the
constraint radius R on the entanglement entropy relaxation in Fig. 7.2(c). Increasing
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the constraint radius leads to qualitatively similar behavior: the entanglement entropy
displays an increasingly pronounced prethermal regime before eventual thermalization.
This mirrors the behavior of local observables (Fig. 7.2(b)), demonstrating that the
constrained dynamics govern both observable relaxation and entanglement growth,
with the same underlying timescale controlling the approach to equilibrium. Overall
this indicates that the slow dynamics is not specific to a particular observable but
instead reflect a broader limitation in the exploration of the full Hilbert space.

To gain further insights on this, we remark that the non-thermal dynamics extend
beyond the two-point correlation functions. Importantly, in the spin S = 1/2 repre-
sentation, one finds that (Q%4) o (Q2) for the bulk sites. Moreover, higher-order charge
correlations on consecutive sites admit a simple decomposition. Specifically,

¢ = (—D'q, ¢" = a4, Glingive = (=1 qigis2

4i9i+149i+29i+3 = <_1)i+QQiQi+1qi+3 = <_1)i+1QiQi+ZQi+3-

2(¢iGi+19i+29i+3) = €iGi+19i+2 — Gidi+19i+3 + Gidi+2i+3
—qi+19i+29i+3 — 4i9i+2 — ¢i+14i+3- (7-12)

In the same way, all higher-point correlation functions (beyond fourth order) can be
reduced to lower-order ones, suggesting that the minimal nontrivial decomposition
involves at most three consecutive sites and two distant sites. Furthermore, the algebra
generated by the local charges is not free: products over long consecutive strings are
not independent. Such a decomposition also implies that the non-thermal behavior
extends beyond two-point correlations and that, at late times, it should approach the
thermal value. For larger values of S, the corresponding decompositions extend to
higher orders; nevertheless, nonthermal behavior can still be expected in these higher-
order correlations.

7.4.3. Numerical results: finite string tension

The non-thermal dynamics also persist in the presence of a non-zero electric field
(J #0). For S =1/2 or R = 1, the electric field term is irrelevant for § = 7w and is
proportional to the identity operator; hence, we focus on 6 # 7, which is related to
the string tension as y = J(m — #)/m. For small values of the string tension y, the
model remains chaotic and exhibits Wigner-Dyson statistics [336]. Importantly, for the
initial state considered above, the energy density remains zero, corresponding to the
infinite-temperature state.

In Fig. 7.3, we present the dynamics of the difference |O(t) — Oy, for different
values of y € [0.1 — 1.0] and for L = 26. We observe that for small values of y,
the non-thermal dynamics at intermediate times persists, and a slow relaxation to the
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100 102 104

Figure 7.3.: The difference of the value of observable from its infinite tempera-
ture value for different values of xy and for R =1 and L = 26. The top panel is
for small values of x, while the bottom panel is for larger values of x.
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infinite-temperature value can be seen, similar to the case of Yy = 0. For large values of
X, we again observe non-thermal dynamics where the difference |O(t) — Oy| saturates
to significantly large values. The saturation increases with the increase in the strength
of x. We attribute these non-thermal dynamics to two mechanisms: Hilbert-space
fragmentation at large x, and emergent conservation laws at small to moderate y. The
consequences of the latter for the transport properties of the model are the subject
of ongoing work, briefly commented upon in Sec. 7.5. It is worth mentioning that
the presence of the Stark potential has also been shown to lead to long prethermal
plateux where such non-ergodicity persists up to exponentially long-time scales t* ~

exp(x) [321]-

Finally, the connection to Stark potential also explains the freezing-out dynamics
observed in a recent experiment following a double quench [286]. The experiment
consists of two steps: starting from a low-energy initial state, the system is evolved
in the deconfined phase, which allows the free propagation of charges; next, at the
onset of the collision, the Hamiltonian is abruptly changed to include a nonzero string
tension x. At the onset of the collision, the state becomes highly entangled and a
high-energy state, yet the correlations and entanglement freeze out upon quenching to
a non-zero string tension x. Such a freezing-out dynamics immediately follows from
the connection to the Stark potential and the non-ergodic dynamics it generates. The
bottom panel of Fig. 7.3 confirms such a prediction, where for a large x value, the
system is very far from the prediction of the thermal ensemble and retains the memory
of the initial state. It is important to note that in our case, the initial state is already
at infinite temperature, and a single quench is sufficient to observe the experimental
predictions.

7.4.4. Freezing out dynamics for S =1 (R = 2)

The mapping discussed in Sec. 7.3 further predicts that freeze-out is generic to any
spin-S representation of the gauge fields. It is important to note that, for S > 1,
a non-zero J further introduces long-range tilted interactions; these interactions do
not induce ergodicity and support non-ergodic dynamics due to the tilted field. We
perform the double-quench experiment for R = 2 or equivalently S = 1 representation
of the gauge field, starting from an initial state with meson pairs separated by some
distance [286|. Performing a single quench with the parameters J = 0, x = 0.0,m = 1.2
regime leads to ballistic propagation, whereas performing a double quench with a non-
zero confining potential J = 1,y = 1.0, m = 1.5 suppresses the correlation spreading
as shown in Fig. 7.4. The same features are observed for any choice of R and for other
initial states (not shown).

123



7. Unraveling the emergence of slow dynamics in U(1) lattice gauge theories

[ . .
—1.0 —0.5 0.0 0.5 1.0
(a) J=0,m=1.2,x=0.0
15 b
-~ 101 7
5 — i
0 : : -
(b) J=1,m=15,x=1.0
151 y
=~ 10F -
5r — i
P —

Figure 7.4.: Dynamics of local charge (Q;(t)) for R = 2. Starting with an
initial state with a pair of mesons separated by some distance, (a) the system
is quenched with the parameters J = 0,x = 0.0,m = 1.2. (b) At the onset
of collision t = 5, a double quench is performed by changing the parameters to
J=0,x=10,m=1.5.
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7.5. Conclusions

In this work, we develop an analytical framework to understand the nonthermal dy-
namics observed in recent experiments on U(1) lattice gauge theories implemented with
Rydberg quantum simulators. We first demonstrate that U(1) lattice gauge theories
with a tunable # angle can be mapped onto a class of constrained fermionic mod-
els, where the 6 term emerges as an effective tilted Stark potential. By tuning the
constraint radius, the model interpolates to an integrable free-fermion limit.

In the absence of the Stark potential, the connection to the free-fermion model
reveals that the observed nonthermal dynamics in the experiment [285] extend beyond
the S = 1/2 gauge-field representation and explain the nonthermal behavior in the
S = 1/2 case as prethermal dynamics arising from proximity to the integrable free-
fermion point. In the presence of a nonzero 6 term, the mapping to a Stark potential
provides a natural explanation for the observed freezing dynamics [286] in terms of
Stark many-body localization and Hilbert-space fragmentation. We further show that
such freezing phenomena are generic features of one-dimensional U(1) lattice gauge
theories and persist beyond the S = 1/2 representation.

The emergent Stark potential has consequences that go beyond the relaxation dy-
namics discussed in this chapter. In the constrained subspace, the linear tilt can be
recast as a quadratic potential supplemented by long-range interactions, so that the
model is expected to display the anomalously slow, subdiffusive transport characteristic
of multipole-conserving systems. This transport analysis is currently work in progress
and is not included in this thesis; extending it to higher spin representations, and
connecting it to the data-driven diagnostics of transport developed in Chapter 5, is
a natural direction for future work. More broadly, our work suggests that Rydberg
atom arrays with staggered detuning naturally realize the physics of Stark many-body
localization, opening the door to investigating other aspects of tilted models in these
systems. It would also be interesting to explore how similar phenomena manifest in
non-Abelian gauge theories.

7.6. Appendix: Emergent tilted potential and
interactions from the electric field term

The electrostatic energy term in the QLM, Eq. (7.1), can be expressed as a tilted
long-range interaction and tilted Stark potential when written in terms of matter fields

125



7. Unraveling the emergence of slow dynamics in U(1) lattice gauge theories

only. Using Gauss’s law, we can write the electric field term as

L-1 9 2
HEF - JZ (Ej7j+1 ‘I’ %)

—J 3 (i; (% + %) + a) , (7.13)

where o = ), + % and Fj is the boundary electric field. This can be further simplified
after expanding the double sum as:

J L—1 n—1 J L—1
Hgp = §Z(L—n_1)5fz 5lz+§ (=1)"ay,
n=0 =0 n=0
1 L-1
+J (a + Z) ;(L —n—1)52. (7.14)

as
L—-1 n (_1)[
Hgp _JZ(L—n—Ua—;(Rn—Z 5 )
n=0 =0
gL =
+ 25 (=1 + (a + 1) (L —n—1)57, (7.15)
8 n=0 n=0
where R, € {-A,-A+1,--- ,—A+ R}
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The starting point of this thesis is a simple observation: the native output of ana-
log quantum simulators are large collections of projective measurement outcomes, the
wave-function snapshots, and these collections contain far more information than the
few observables that can naively be extracted from them. Over this thesis, I exposed
some data-science-inspired tools to extract this content without prior physical input,
and I applied them to some paradigmatic and rather general cases.

In the context of ground-state physics of quantum spin-1/2 models, I showed that,
just by blindly analysing the wave-function snapshots, it is possible to perform a clas-
sification of phases of matter, which interestingly puts gapless and gapped phases on
the same footing. In the context of out-of-equilibrium physics, I showed that these
methods allow access to the dynamical exponent governing transport of a conserved
quantity, as well as they are able to observe ergodicity-breaking phenomena.

Taken together, these results support some general statements. Snapshots taken in
numbers far smaller than the Hilbert-space dimension are sufficient to identify collective
properties. The relevant information is organized along two largely independent axes,
the complexity of the dataset and the structure of relations inside it, probed by the
network built on it. Ultimately, it is their combination that carries discriminating
power. The same structural classes recur across ground states and quenched dynamics,
implying their independence on the finer details of the model. All of this is achieved
without inputting any order parameter, symmetry or in general any information about
the Hamiltonian itself, and it survives finite readout errors, variations of finer details
of the analysis, and reduced statistics.

The limitations are equally clear, and some of them posit the starting points for
future studies. Regarding Chapter 4, the classification is complete only for spin-1/2
translationally invariant systems in one dimension, and it exploits only the simplest
geometrical properties of the data manifold, namely dimensionality and connectivity.
Hence, the first most natural continuation would be the application to higher dimen-
sional systems of different nature, while the second one would be the extension of this
framework with the incorporation of more refined and deeper tools like, for example,
persistent homology and higher-order networks. Moreover, the finite-size-scaling anal-
ysis performed in that chapter is only a statistical witness of scale-freeness, while a
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mechanism explaining its emergence is still lacking. Chapter 5 studies transport prop-
erties with an older tool, PCA-entropy. The study of different transport regimes across
different model with the newer tools, BID and WFNs, is already work in progress and
it is showing promising results. Chapter 6 is performed in the context of a well known
and theoretically understood one-dimensional model. This opens the road towards two
clear directions. The first, is the application to two dimensional models. The second
is an effort towards understanding the relation between our geometrical estimator in
configuration space, BID, and the standard spectral objects. In particular, the fractal
dimension shows clear apparent similarities, leading to a natural question: are these
two objects actually related. Finally, even though not presented in this thesis, some
experimental observation of features analogous to those observed in the numerics show
that this framework is relevant and easily accessible in experiments as well.

Chapter 7 sits apart from this line, as no data-driven method is employed. There, a
one-dimensional U(1) lattice gauge theory with a tunable 6 term is shown to map onto
a model of constrained fermions in an emergent tilted Wannier—Stark potential. The
mapping accounts for the non-thermal dynamics observed in recent Rydberg experi-
ments, showing prethermal behavior inherited from a nearby integrable point at 6 = 0,
and Stark localization and Hilbert-space fragmentation at finite #. As an open ques-
tion, opening a possible bridge to the previous chapters, future works could apply an
analysis similar to that of Chapter 6 to this model, to study the effect of Hilbert-space
fragmentation on the geometric structure of the wave-function snapshots.

I care to stress again what, in my mind, is the big question left open by these works,
which is understanding whether the structural regularities identified in this thesis can
be promoted from robust empirical classifications to statements with predictive analyt-
ical content. As the experiments that produce these datasets are already running, the
task ahead is to turn the arguments collected in this thesis into a general full-fledged
theory behind our observations.
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