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Abstract

Local solutions to the 3D stochastic quantisation equations of Yang–Mills–
Higgs were constructed in Chandra (Invent Math 237:541–696, 2024), and it was
shown that, in the limit of smooth mollifications, there exists a mass renormal-
isation of the Yang–Mills field such that the solution is gauge covariant. In this
paper we prove the uniqueness of the mass renormalisation that leads to gauge
covariant solutions. This strengthens the main result of Chandra (Invent Math
237:541–696, 2024), and is potentially important for the identification of the limit
of other approximations, such as lattice dynamics. Our proof relies on systematic
short-time expansions of singular stochastic PDEs and of regularised Wilson loops.
We also strengthen the recently introduced state spaces of Cao (Comm Part Diff
Equ 48:209–251, 2023); Cao (Comm Math Phys 405:3, 2024); Chandra (Invent
Math 237:541–696, 2024) to allow for finer control on line integrals appearing in
expansions of Wilson loops.
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1. Introduction

In this paper, we study the 3D stochastic quantisation equation (i.e. Langevin
dynamic) of Yang–Mills–Higgs (SYMH) with DeTurck term. To simplify the dis-
cussion, we suppose there is no Higgs field, in which case the equation reads as

∂t Ai = �Ai + [A j , 2∂ j Ai − ∂i A j + [A j , Ai ]] + (Cε
A A)i + ξε

i , (1.1)

and is posed for A = (A1, A2, A3) : [0,∞)×T3 → g3, where g is the Lie algebra
of a compact Lie group and T3 is the 3D torus, ξε is a mollification at scale ε > 0
of a g3-valued white noise on R × T3, and Cε

A ∈ L(g3, g3) is a ‘renormalisation
operator’. We refer to Section 1.1 for precise definitions and for the generalisation
that includes a Higgs field.

One of the main results of [7] is that there exist operators Cε
A ∈ L(g3, g3) such

that the solution to (1.1) converges locally in time as ε ↓ 0 and the limiting dynamic
is gauge covariant in the following sense: if A, Ā are two limiting dynamics started
from gauge equivalent initial conditions A(0) ∼ Ā(0), then A(t) and Ā(t) are
gauge equivalent in law for all t ≥ 0 (modulo possible finite-time blow-up). See
Definition 1.2 and Theorem 1.3 for a summary of these results. This allows, in
particular, to construct a canonical Markov process on gauge orbits associated to
the SYMH, which conjecturally has a unique invariant measure. (Proving that this
invariant measure exists would yield a construction of the 3D YMH measure on
T3, which is currently an open problem.)

In this paper, we address the question of uniqueness of the operators {Cε
A}ε>0.

Our main result (or rather a corollary of it) is that, if Cε
A, C̄ε

A ∈ L(g3, g3) are
renormalisation operators which both render the limiting dynamic of (1.1) gauge
covariant in the sense described above,1 then

lim
ε↓0

|Cε
A − C̄ε

A| = 0.

In fact, suppose Cε
A are the gauge covariant operators from [7] and that limε↓0 Cε

A−
C̄ε
A is non-zero. Let Aa be the limiting dynamic of (1.1) with C̄ε

A and with initial
condition A(0) = a. Then, for all t > 0 sufficiently small, one can find gauge
equivalent a ∼ b and s > 0 such that

|EW�[Fs(Aa
t )] − EW�[Fs(Ab

t )]| � t
10
9 (1.2)

1 in this case we say that they are ‘gauge covariant renormalisations’ or ‘gauge covariant
operators’
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(the exponent 10
9 can be replaced by any number larger than 1). Here, W�[Fs(·)]

is a regularised Wilson loop, i.e. W� is a classical Wilson loop and Fs(A) is a
regularisation of A given by the time-s Yang–Mills (YM) heat flow started from
A. Since W�[Fs(·)] is gauge invariant, the estimate (1.2) quantifies ‘non-gauge
covariance’ of SYMH renormalised with C̄ε

A. We refer to Theorem 1.6 for a detailed
statement, which incorporates a Higgs field. See also Sect. 1.3 for a description of
the main steps in the proof and the challenges that arise.

Motivationandrelated results.Our motivation for this study is threefold. First,
our results contribute to the understanding of the symmetries of SYMH, in which
we believe there is intrinsic interest. They in particular help justify the fact that the
Markov process constructed in [7] is canonical. For recent results on symmetries
of other geometric SPDEs, see e.g. [1–3].

Second, as described in (1.2), our main result separates expectations of regu-
larised gauge invariant observables (Wilson loops). The idea to regularise fields via
the YM heat flow appeared in earlier works such as [8,17,19]. Recently, [4,5] and
[7], proposed a state space for the 3D YM measure based on the YM heat flow
(see also [11,12]). Our analysis actually reveals an interplay between the small
time t > 0 of the SPDE and the ‘regularisation time’ s > 0 (we take s as a small,
but not too small, power of t) and demonstrates a quantitative property that can be
extracted from these observables as we send the regularisation scale s ↓ 0.

Finally, a similar result was shown in [13] in the simpler setting of T2 (see
Theorem 8.1 therein and Remark 1.8 below), and this result was used in the proof
of universality of the continuum 2D YM Langevin dynamic studied first in [6].
Roughly speaking, [13] first showed tightness of many dynamical lattice models
and that any limit point is a solution of (1.1) with some renormalisation C̊A. To prove
that there is only one limit point, the argument in [13] is to remark that every limit
is gauge covariant, from which uniqueness of the limit follows from uniqueness of
the gauge covariant C̊A. Deriving the scaling limit of the 3D lattice YMH Langevin
dynamic is currently an open problem, but we expect that the results of this paper
may similarly help to establish uniqueness of limit points.

Remark 1.1. Compared to [13, Sec. 8], the proof of the present result is more in-
volved because the solution of (1.1) is much more singular in 3D than in 2D. We
thus require a more systematic small-time expansion of the SPDE and an analysis
of the YM heat flow Fs (which is not needed in 2D). We moreover require a more
delicate choice of initial conditions a, b in (1.2) than in [13].

In the rest of the introduction, we describe in detail our main result.

1.1. Background and Setup

We say that χ ∈ C∞(R × R3) is a mollifier if it has support in {z : |z| ≤ 1/4}
where | · | is the parabolic distance on R × R3 and

∫
χ = 1. For ε ∈ (0, 1] and a

mollifier χ , we write

χε(t, x) = ε−5χ(ε−2t, ε−1x)
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and ξε = χε∗ξ for a distribution ξ ∈ D′(R×T3). We say that χ is non-anticipative
if it has support in {(t, x) ∈ R × R3 : t > 0}.

Let G be a connected compact Lie group and g its Lie algebra. We assume
without loss of generality that G ⊂ U(N ) and g ⊂ u(N ) for some N ≥ 1. We
denote by 1 ∈ G the identity element. Let (V, 〈·, ·〉V) be a real Hilbert space with
an orthogonal left group action of G that we write by V � v �→ gv ∈ V. Note that
we allow V = {0}, which is called the pure YM model.

We write the corresponding representation of the Lie algebra similarly as v �→
Av for A ∈ g. We equip g with an Ad-invariant inner product 〈·, ·〉g.

Throughout the article, unless otherwise stated, we denote that

E = g3 ⊕ V.

For an E-valued distribution X = (A,�), we write Xym = A for theg3-component.
As an example, one can take G = U(N ), g = u(N ), and V = CN , with

the natural representation and with inner products 〈x, y〉V = �∑N
i=1 xi ȳi and

〈A, B〉 = Tr(AB∗), where Tr is the trace.
For a vector space F , we let L(F) = L(F, F) be the set of linear maps from F

to itself. If F carries a group action of G, we write LG(F) ⊂ L(F) for the space
of linear operators that commute with the action of G. We equip g and g3 with the
adjoint actions, given for g ∈ G by

g � v �→ Adgv ∈ g and g3 � (v1, v2, v3) �→ (Adgv1, Adgv2, Adgv3) ∈ g3.

Recall the BPHZ constants from [7, Remark 1.8, Proposition 5.7]

Cε
YM ∈ LG(g), Cε

Higgs ∈ LG(V),

which, in general, depend on χ . Unless otherwise stated, we extend an operator
c ∈ L(g) to c ∈ L(g3) block diagonally.

Consider furthermore C̊A ∈ L(g3) and C̊� ∈ L(V) and denote that

Cε
A = Cε

YM + C̊A ∈ L(g3) and Cε
� = Cε

Higgs + C̊� ∈ L(V).2 (1.3)

For a g3-valued white noise ξym = (ξ1, ξ2, ξ3),V-valued white noise ξH onR×T3,
consider the system of SPDEs on [0, 1] × T3 with i ∈ {1, 2, 3}

∂t Ai =�Ai + [A j , 2∂ j Ai − ∂i A j + [A j , Ai ]]
− B((∂i�+ Ai�)⊗�)+ (Cε

A A)i + ξε
i ,

∂t� =��+ 2A j∂ j�+ A2
j�− |�|2�+ Cε

��+ ξε
H ,

(A(0),�(0)) =(a, φ) ∈ C∞ , (1.4)

where the summation over j is implicit, and the map B : V⊗V→ g is the unique
R-linear form such that, for all u, v ∈ V and h ∈ g,

〈B(u ⊗ v), h〉g = 〈u, hv〉V.

2 We choose to use the clearer notation C̊� here, which corresponds to −m2 in [7].
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As in [7,13], we rewrite the above equation within the shorthand notation

∂t X = �X + X∂ X + X3 + Cε X + χε ∗ ξ (1.5)

for

X = (A,�) : [0, T ] × T3 → E,

where T ∈ (0, 1] is an existence time of the SPDE, ξ = (ξ1, ξ2, ξ3, ξH) is a g3×V-
valued white noise, and

C = {Cε}ε∈(0,1) = {Cε
A, Cε

�}ε∈(0,1). (1.6)

In the above equation (1.5), to lighten notation, we do not write the dependence of
X on ε. In the equations that follow, we will make the dependence on ε explicit
whenever it becomes important (e.g. in (1.16)–(1.17) and in the proof of Theorem
1.6 below).

Definition 1.2. (Path space and solution) Recall the state spaceS from [7, Sec. 2.3].3

Let denote a cemetery state, and, following [6, Sec. 1.5.1], for a metric space F ,
let F sol denote the space of paths f : [0, 1] → F � { } that can blow-up in finite
time by leaving every bounded set and cannot be ‘reborn’.

Let SYMH(C, (a, φ)) ∈ Ssol denote the limit of the solution to (1.5) with C as
in (1.6) and (a, φ) as in (1.4); this limit exists in Ssol due to [7, Thm. 1.7], and this
limit depends only on (C̊A, C̊�) and not on χ .

Now we recall the main result of [7], which states that there is a choice of C̊A
such that SYMH(C, (a, φ)) is gauge covariant. For ρ ∈ [0,∞], we write

Gρ def= Cρ(T3, G)

for the gauge group (i.e. the group of gauge transformations) of Hölder regularity
ρ. By [7, Thm. 1.2 (iv)], there exists ρ ∈ ( 1

2 , 1) and a continuous left group action
Gρ×S � (g, X) �→ g · X ∈ S such that, whenever g and X = (A,�) are smooth,
g · X = (g · A, g · �) is given by

g · A
def= Adg(A)− (dg)g−1, and g · �

def= g�. (1.7)

In the following theorem we fix this ρ ∈ ( 1
2 , 1):

Theorem 1.3. ([7, Theorems 1.9 and 6.1]) Let χ be a non-anticipative mollifier.
There exists a unique C̊A ∈ LG(g), independent of mollifier χ , with the following
property.

Let C = {Cε}ε∈(0,1) be as in (1.6) and (1.3). Then for all g(0) ∈ Gρ and
(a, φ) ∈ S, one has, modulo finite time blow-up,

g · SYMH(C, (a, φ))
law= SYMH(C, g(0) · (a, φ)) (1.8)

3 We recall this space briefly in Remark 3.4.
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where g is the solution to

g−1(∂t g) = ∂ j (g
−1∂ j g)+ [A j , g−1∂ j g] (1.9)

with initial condition g(0), where A is the g3-component of SYMH(C, (a, φ)).

The equation (1.9) for g is classically well-posed in 2D, whereas in 3D it is
classically ill-posed but can be given meaning using regularity structures via a
limiting procedure, see [7, Lem. C.1] (however, g might blow up before A does,
and we refer to [7, Thm. 6.1] for the more precise statement of the above theorem).
Throughout the paper, as in [7, Thm. 6.1], we write

Č ∈ LG(g) (1.10)

to be the unique C̊A ∈ LG(g) in Theorem 1.3.
The main question we address in this paper is the following. By Theorem 1.3

we only know that Č is the unique operator such that (1.8) holds with the particular
g that solves (1.9); it does not rule out the possibility that there exists another
C̊A ∈ LG(g) for which one still has (1.8) for a different choice of g, or, more
generally, that

[SYMH(C, (a, φ))] law= [SYMH(C, g(0) · (a, φ))]
where [X ] denotes the gauge equivalence class of X . In this paper we indeed rule
out this possibility and thus prove an ‘intrinsic’ notion of uniqueness. Roughly
speaking, in our main Theorem 1.6, we show that, if C̊A �= Č , then one can use
proper gauge invariant observables to ‘detect non-gauge-covariance’. The gauge
invariant observables are Wilson loops regularised by the YM heat flow as in [5,7,8],
which we recall now.

Definition 1.4. (YM heat flow) For a distribution a ∈ D′(T3, g3) of suitable reg-
ularity,4 let Ta > 0 denote the time of blow-up in C∞ of the maximal solution
A : (0, Ta) → C∞(T3, g3) to the DeTurck–YM heat flow

∂s Ai = �Ai + [A j , 2∂ j Ai − ∂i A j + [A j , Ai ]] ,

A(0) = a , (1.11)

and letFs(a) = As denote the corresponding solution evaluated at time s ∈ [0, Ta).
We also set Fs(a) = for s ≥ Ta and Fs( ) = for all s ≥ 0.

For x = (a, φ) ∈ C∞(T3, E) and g ∈ G∞, recall the notations g · x and g · a
from (1.7). We say that x, y ∈ C∞(T3, E) are gauge equivalent, and write x ∼ y,
if g · x = y for some g ∈ G∞. We make similar definition for a, b ∈ C∞(T3, g3).

Recall that ∼ is an equivalence relation on C∞(T3, E), called gauge equiva-
lence, which extends canonically to S.5 Moreover, if (a, φ) ∼ (ā, φ̄), then a ∼ ā,

4 See Section 3 or [7, Sec. 2.1] for the precise definition of ‘suitable regularity’. Elements
of S from Definition 1.2, including SYMHt (C, (a, φ)) for all t ≥ 0, have this regularity.

5 This extension is given in [7, Def. 2.11] and relies on the DeTurck–YMH heat flow.
Moreover, g · X ∼ X for all g ∈ Gρ and X ∈ S as above (1.7).
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and the latter is equivalent to Fs(a) ∼ Fs(ā) for all s ∈ (0, Ta ∧ Tā), see [7,
Prop. 2.15].

Definition 1.5. (Wilson loop) For � ∈ C∞([0, 1],T3) and A ∈ C∞(T3, g3), define
the holonomy of A along � as hol(A, �) = y1 where y : [0, 1] → G is the solution
to the ODE

dyt = yt d�A, y0 = 1,

and where �A : [0, 1] → g is the line integral

�A(t) =
∫ t

0
〈A(�s), �̇s〉ds. (1.12)

Whenever � is a loop, i.e. �(0) = �(1), we define the Wilson loop as

W�(A) = Tr hol(A, �).

Recall that, for smooth gauge equivalent 1-forms a ∼ b, one has W�(a) =
W�(b), i.e. W� is a gauge invariant function. In particular, for x = (a, φ) ∼ y =
(b, ψ) in S, one has W�[Fs(a)] = W�[Fs(b)]. (In fact, one can characterise ∼ via
observables similar to W�[Fs(·)], see [7, Prop. 2.67].)

1.2. Main Result

The following is our main result, which shows that if C̊A deviates from Č by
c �= 0, then we lose gauge covariance:

Theorem 1.6. Recall Č ∈ LG(g) from (1.10). Consider any C̊� ∈ LG(V) and a
non-anticipative mollifier χ . Consider non-zero c ∈ LG(g3) and define

C̊A = Č + c ∈ LG(g3), Cε = (Cε
YM + C̊A, Cε

�) ∈ LG(g3)⊕ LG(V).

For x = (a, φ) ∈ C∞(T3, E), g ∈ G∞, we write

SYMH(C, x) = (A(1), �(1)), SYMH(C, g · x) = (A(2), �(2)). (1.13)

Let r > 0. Then there exist σ, t0, β > 0, a loop � ∈ C∞([0, 1],T3) and g ∈ G∞,
such that, for all t < t0, there exists x = x (t) ∈ C∞(T3, E) such that |x |C3 < 1/σ

and

|EW�[Fs(A(1)
t )] − EW�[Fs(A(2)

t )]| ≥ σ t1+r , (1.14)

where s = tβ and, in case of finite-time blow-up, we define W�( ) = 0 by conven-
tion.
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Remark 1.7. We obtain a fixed power of t (i.e. the exponent 1 + r ) in the lower
bound (1.14) and this is important because it ensures that the difference in expec-
tation of Wilson loops is not due to different blow-up times of SYMH(C, x) and
SYMH(C, g · x). Indeed, for any M > 0, ¶[SYMHt (C, x) = ] � t M locally uni-
formly in x ∈ C3. Consequently, for c = 0, the left-hand side of (1.14) is bounded
from above by � t M for any M > 0.

As a corollary, it follows that there exists only one renormalised solution of
SYMH in 3D that produces a Markov process on S/∼ from generative probability
measures as in [7, Sec. 7]. See [13, Cor. 8.3] for a precise version of such a result
in 2D, which, for brevity, we do not reproduce here in 3D.

Remark 1.8. One should compare Theorem 1.6 with [13, Thm. 8.1], which is an
analogous result for T2 (and without Higgs) and with a weaker lower bound σ t2.
However, x in [13, Thm. 8.1] is taken simply as x = 0 and does not depend on t . In
contrast, our x in Theorem 1.6 does depend on t and will be taken of size |x |C3 � tr

for r > 0 small. This choice is crucial to dominate more badly behaved remainder
terms in 3D; see the beginning of Section 7 for further discussion.

Theorem 1.6 in fact follows from the following more general result. For an
operator c ∈ L(g3), we write c = (c1, c2, c3), where ci ∈ L(g3, g).

Proposition 1.9. Consider the loop � ∈ C∞([0, 1],T3), �(x) = (x, 0, 0), and let
c, C̊A ∈ L(g3) with c1 �= 0, and Cε = (Cε

YM + C̊A, Cε
�).

Let r > 0. Then there exist t0, σ > 0 depending only on χ, c, C̊A, G, r , and
g(0) ∈ G∞ depending only on c, G, and β > 0 depending only on r, such that
the following holds: for all t ∈ (0, t0) there exists x̃ = x̃ (t) ∈ C∞(T3, E) with
|x̃ |C3 < 1 such that

|EW�[Fs(At )] − EW�[Fs( Ãt )]| ≥ σ t1+r , (1.15)

where s = tβ , X = (A,�) = SYMH(C, x̃), and X̃ = ( Ã, �̃) is the ε ↓ 0 limit of
solutions to

∂t X̃ε = �X̃ε + X̃∂ X̃ε + (X̃ε)3 + χε ∗ ξ + Cε X̃ε + (cdg̃ε(g̃ε)−1, 0), X̃ε(0) = x̃,

(1.16)

where, writing X̃ε = ( Ãε, �̃ε), g̃ε solves the PDE

∂t g̃
ε = �g̃ε − (∂ j g̃

ε)(g̃ε)−1(∂ j g̃
ε)+ [ Ãε

j , (∂ j g̃
ε)(g̃ε)−1]g̃ε (1.17)

with initial condition g(0). We treat the limit (X̃ , g̃) = limε↓0(X̃ε, g̃ε) as a random
variable in (S ×Gρ)sol for ρ > 1

2 (in particular X̃t = if either X̃ or g̃ blow up
before time t).

Remark 1.10. Similarly to the comment after Theorem 1.3, the limit (X̃ , g̃) =
limε↓0(X̃ε, g̃ε) exists due to [7, Lem. C.1].
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Remark 1.11. For readers not familiar with [7], let us give some motivation for
(1.17) appearing in the above proposition. Assuming that (A, g) solves (1.9), and

letting B
def= g · A = Adg(A) − (dg)g−1 as in (1.7), then one can easily rewrite

(1.9) in terms of the ‘target’ (i.e. gauge transformed) process B as (see also [7,
(1.16)-(1.17)])

(∂t g)g−1 = ∂ j ((∂ j g)g−1)+ [B j , (∂ j g)g−1],

which is equivalent with (1.17) if B is replaced by Ã.

Remark 1.12. As the proof will reveal, the exact form of (1.17) is hardly important
and the same result holds for much more general g̃. See Remark 2.3 for the precise
conditions on g̃ that we use.

We next prove Theorem 1.6 by applying Proposition 1.9 with C̊A = Č + c.
Remark, however, that in Proposition 1.9, c and C̊A are not required to be related
(i.e. their difference is not required to be Č) and we do not require c, C̊A ∈ LG(g3).

Proof of Theorem 1.6. Since c �= 0, we can assume without loss of generality that
c1 �= 0. Let x̃ and g(0) be as in Proposition 1.9 for some t ∈ (0, t0). Consider x
such that g(0) · x = x̃ .

The proof below will leverage the argument leading to the proof of [7, Thm. 6.1],
i.e. Theorem 1.3.

Let X (1),ε = (A(1),ε,�(1),ε) be the solution to (1.5) with initial condition
X (1),ε(0) = x , so that

X (1) def= (A(1), �(1)) = SYMH(C, x) = lim
ε↓0

X (1),ε .

Since Cε commutes with the action of G, recall from [7, (1.16)-(1.17)] that for each
ε ∈ (0, 1), X (1),ε is pathwise gauge equivalent to Y ε which solves

∂t Y
ε = �Y ε + Y ε∂Y ε + (Y ε)3 + CεY ε + (Cεdgε(gε)−1, 0)+ Adgε (χε ∗ ξ),

with Y ε(0) = g(0) · X (1),ε(0) = x̃ . More precisely, gε · X (1),ε = Y ε up until the
blow up of (X (1),ε, Y ε, gε), where gε solves (1.17) with initial condition gε(0) =
g(0) but with Ãε replaced by (Y ε)ym, the g3-component of Y ε.

Consider now the following equation for X̄ε = ( Āε, �̄ε)

∂t X̄ε = �X̄ε + X̄ε∂ X̄ε + (X̄ε)3 + Cε X̄ε + (cdḡε(ḡε)−1, 0)+ χε ∗ (Adḡε ξ ),

X̄ε(0) = x̃,

where ḡε solves (1.17), but with Ãε replaced by Āε, and with initial condition
ḡε(0) = g(0).

Recall that Cε = (Cε
A, Cε

�) where Cε
A = Cε

YM + C̊A and C̊A = Č + c. By [7,

Thm. 6.1(ii)-(iii)], Č ∈ LG(g) is the unique operator such that, for all ε-independent
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initial conditions (Y (0), g(0)) = (X̄(0), ḡ(0)) for (Y ε, gε) and (X̄ε, ḡε), and op-
erators C̊A ∈ L(g3),6 (Y ε, gε) and (X̄ε, ḡε) converge in probability to the same
limit as ε ↓ 0.

Finally, for each ε ∈ (0, 1), clearly (X̄ε, ḡε) is equal in law to (X̃ε, g̃ε) which
solve (1.16)-(1.17) with initial condition X̃ε(0) = x̃ and g̃ε(0) = g(0). Taking
limits ε ↓ 0 and using that gauge equivalence of X (1),ε and Y ε is preserved in this
limit by [7, Prop. 2.28], it follows that, for s = tβ and any loop � and M > 0,

EW�[Fs(A(1)
t )] = EW�[Fs( Ãt )] + O(t M ), (1.18)

where β > 0 is from Proposition 1.9 and we write X̃ = ( Ã, �̃) = limε↓0 X̃ε and
where O(t M ) accounts for the possibility of different blow-up times of A(1) and
Ã and of F(A(1)

t ) and F( Ãt ) (we use here smallness of s = tβ and the bound
|x̃ |C3 < 1 uniform in t ∈ (0, t0) to conclude that the probability that F(A(1)

t ) and
F( Ãt ) blow up before time s is bounded below by 1− O(t M )).

However, by Proposition 1.9, we can find � such that, denoting (A(2), �(2)) =
SYMH(C, x̃) as in (1.13) and s = tβ ,

|EW�[Fs( Ãt )] − EW�[Fs(A(2)
t )]| ≥ σ t1+r . (1.19)

The conclusion (1.14) follows from combining (1.18) and (1.19). ��
We conclude this subsection with some open problems.

1. Theorem 1.6 states that the gauge covariant renormalisation C̊A is unique, i.e.
C̊A = Č , for each fixed C̊�. (Remark that by [7, Remark 5.6], Č does not depend
on C̊�.) If we allow C̊� to vary, one has a family of gauge covariant solutions
parametrised by C̊�. As in Remark 1.7, each of these gauge covariant solutions
produces a Markov process on S/∼ by projection. It would be natural to expect
a ‘separation of Higgs mass’ result, namely, the projected Markov processes
on S/∼ for different choices of C̊� are distinct. We expect that a certain type
of gauge invariant observable (other than Wilson loop) consisting of the Higgs
field will be useful to separate these projected Markov processes.

2. A more general question is to ‘classify’ all the gauge covariant dynamics. For
instance, consider the pure YM dynamic, i.e. V = {0}. Theorem 1.6 states that
any finite shift of the term Č A yields a non-gauge covariant dynamic. Can one
find other gauge covariant dynamics by finite perturbations of the SPDE, or
prove non-gauge covariance for such perturbations? We expect that such gauge
covariant perturbations are rare but exist, e.g. perturbing the stochastic YM
equation by the gradient of the Chern–Simons functional in 3D may still be
gauge covariant.

3. As already mentioned above, deriving the scaling limit of the 3D lattice YM
or YMH Langevin dynamic is currently an open problem. In 2D, the pure YM
case was solved in [13], which also established universality of a large class

6 The statement of [7, Thm. 6.1] is restricted to C̊A ∈ LG(g), but it is simple to see that
the same proof applies to any operator C̊A ∈ L(g3), see also [10, Thm. 1.14].
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of lattice YM models (including in particular the models with Wilson, Villain,
Manton actions), namely, they all scale to the continuum 2D YM measure, as a
consequence of uniqueness of gauge covariant renormalisation proven in [13].
For pure YM in 3D, we expect that the result of this paper (which obviously holds
without Higgs by taking V = {0}) may similarly help to establish uniqueness
of scaling limit. It will be also interesting to couple with Higgs, even in 2D, and
study whether the scaling limits of lattice models with various YM actions and
representations will be identical or parametrised by a Higgs mass.

1.3. Idea of Proof

In the rest of the paper, we prove Proposition 1.9. The main idea is to obtain a
suitable expansion of EW�[Fs(At )] − EW�[Fs( Ãt )] that contains a finite number
of explicit terms plus a small remainder. The key challenge is to find ‘good terms’ in
this expansion which, after taking suitable initial conditions x̃ and g(0) and s > 0,
exhibit a lower bound for all t > 0 small. The choice of initial conditions is rather
delicate as we need to take x̃ small to ensure smallness of the remainders, but at
the same time we need to use x̃ in the ‘good terms’, so we cannot take it too small.
It turns out that there is a suitable choice with |x̃ |C3 � tr .

The choice of regularisation scale s > 0 is also non-trivial because we need to
take s sufficiently small so that we have good expansion for Fs(At )−Fs( Ãt ), but
at the same time s should be not too small as otherwise Fs(At ) and Fs( Ãt ) become
too irregular and we lose control on the difference of Wilson loops W�[Fs(A)] −
W�[Fs( Ã)]. It turns out that s = tβ for small, but not too small, β > 0, satisfies
both of these requirements.

In more detail, we carry out the following steps.

1. We first obtain an expansion Xt and X̃t for small t > 0 in Sect. 2. Since their
equations differ by the term cdg̃g̃−1 in (1.16), we in turn obtain a short-time
expansion of the difference At − Ãt with terms explicitly depending on c. We
note that, while our short-time analysis in this section is stated only for SYMH,
it is rather systematic and can be readily generalised to other SPDEs.

2. We then study the discrepancy betweenFs(At ) andFs( Ãt ) appearing in (1.15).
For this purpose, we introduce in Sect. 3 a new deterministic state space Sym of
distributions on which the YM heat flow Fs is well-defined and which encodes
an a priori bound on the leading quadratic singularity of the form A∂ A in Fs .
Our space Sym is related to but different from the state spaces in [4,7]; here Sym

imposes finer control on the leading singularity by measuring regularity in the
distributional Banach spaces from [6,9] (vs. classical Hölder–Besov spaces),
which are defined in terms of line integrals. This turns out natural and important
because line integrals appear in the expansion of the Wilson loop W�.

3. Next, in Sect. 4, we study the discrepancy between W�[Fs(At )] and W�[Fs( Ãt )]
in (1.15) in terms of powers of s, t and the size of At and Ãt in the space Sym.
The results of Sect.2–4 are entirely deterministic.

4. In Sect. 5, we show that perturbations of the 3D stochastic heat equation take
values in this new space Sym. We show this by a Kolmogorov-type argument
which is similar but somewhat simpler than related arguments in [6,7].
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5. In Sect. 6, we study the discrepancy between the expectations EW�[Fs(At )]
and EW�[Fs( Ãt )]. Here we make the precise choice of s = tβ .

6. Finally, in Sect. 7, we choose suitable initial conditions x̃ and g(0) to demon-
strate the lower bound in Proposition 1.9. Similar to [13], this choice of initial
conditions relies on the Chow–Rashevskii theorem from sub-Riemannian ge-
ometry (see Lemma 7.1).

1.4. Notation

We identity the torus T3 = R3/Z3, as a set, with [0, 1]3. We also identify
functions on T3 with periodic functions on R3. We write P = (Pt )t>0 for the
heat semigroup on T3. We will write P for the integration operator on modelled
distributions associated to the heat kernel.

For t ∈ [0, T ] and a time-dependent distribution f : [0, T ] → D′(T3), we
write

Pt � f =
∫ t

0
Pt−s fsds (1.20)

whenever the integral is well-defined. (Note that we viewPt � f as an entire notation,
where Pt does not have a separate meaning and should not be confused with the
operator P on modelled distributions.) We also extend this notation to t < 0 by
Pt � f = 0.

We let C(X, Y ) be the space of continuous functions f : X → Y . We write
| · |∞ = | · |L∞ for the L∞ (extended) norm on D′(T3). For a normed space F and
β ≤ 0, and f ∈ D′(T3, F), define the (extended) norm

| f |Cβ = sup
s∈(0,1)

s−β/2|Ps f |∞. (1.21)

Let �β� ∈ Z denote the floor of β ∈ R. For β > 0, we let Cβ(R3) denote the
space of �β�-times differentiable functions f : R3 → R for which

| f |Cβ(R3)
def= max|k|<�β� |∂

k f |∞ + max|k|=�β� |∂
k f |Cβ−�β� < ∞,

where, for η ∈ [0, 1),

| f |Cη = sup
x �=y

|x − y|−η| f (x)− f (y)|,

and where ∂k f is the usual k-th derivative of f for a multi-index k ∈ N3, N =
{0, 1, . . .}, and where we denote |k| = ∑d

i=1 ki . We correspondingly write Cβ(T3)

for the space of periodic functions of the given regularity.
ForK ⊂ R×R3, we make the same definition for Cβ(K) except that, for a multi-

index k = (k0, . . . , k3) ⊂ N1+3, we use the parabolic scaling |k|s = 2k0+∑3
i=1 ki .

Denote

O = [−1, 2] × T3.
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For β < 0, we write Cβ(O) ⊂ D′(R×T3) for the space of distributions on R×T3

with finite (inhomogeneous) Hölder–Besov norm

|ξ |Cβ(O) = sup
z∈O

sup
φ∈Br

sup
λ∈(0,1]

λ−β |〈ξ, φλ
z 〉|,

where r = −�β� + 1, Br is the set of all φ ∈ C∞(R×R3) with support in the ball
{z : |z| < 1

4 } and ‖φ‖Cr (R×R3) ≤ 1, and where φλ
z ∈ C∞(R × T3) is given by

φλ
(s,y)(t, x) = λ−5φ((t − s)λ−2, (x − y)λ−1).

For β ∈ R, if no domain is specified, we let Cβ denote Cβ(T3).
We let 1+ : R × T3 → {0, 1} be the indicator of the set {(t, x) : t > 0}.
For a Banach space F , we let OF (t) denote an element X ∈ F such that

‖X‖F ≤ Ct for a proportionality constant C > 0.
For a vector space F of g3-valued distributions, we let F[g, g] denote the subset

of those f = ( f1, f2, f3) ∈ F for which fi takes values in the derived Lie algebra
[g, g] for i = 1, 2, 3.

2. Short-Time Estimates for SPDEs

In this section, we perform a short-time analysis of the equations (1.16)–(1.17)
and keep track of how different choices for c affect the solution. Our first step is to
write the stochastic processes from Proposition 1.9 in the more general form

∂t X = �X + X∂ X + X3 + χε ∗ ξ + Cε X + (ch, 0) ,

∂t hi = �hi − [h j , ∂ j hi ] + [[A j , h j ], hi ] + ∂i [A j , h j ] , (2.1)

where c ∈ L(g3) (possibly zero). (Taking c = 0 recovers X from Proposition 1.9,
and taking c with c1 �= 0 recovers X̃ with h = (dg̃)g̃−1.) We refer to [6, Lem. 7.2] or
[7, Lem. 6.3] for the derivation of the second equation in (2.1) from (1.16)–(1.17).

2.1. Lifting to the Space of Modelled Distributions

Let us fix

ω ∈ (−1/2, 0), κ
def= 1

100 (ω + 1/2) ∧ 1
100 (−ω) ∈ (0, 1

200 ). (2.2)

We use spaces of singular modelled distributionsDγ,η
α from [15, Sec. 6]. All models

and modelled distributions are considered on the set O = [−1, 2] ×T3 or a subset
thereof. Without further mention, we will frequently use the multiplication bound
for f1, f2 which can be multiplied

| f1 f2|Dγ,η
α

� | f1|Dγ1,η1
α1

| f2|Dγ2,η2
α2

where γ = (γ1 + α2) ∧ (γ2 + α1), η = (η1 + η2) ∧ (η1 + α2) ∧ (η2 + α1), and
α = α1 ∧ α2, together with the differentiation bound

|∂ f |
Dγ−1,η−1

α−1
� | f |Dγ,η

α
.
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We next write (2.1) on the level of modelled distributions as

X = P X (0)+� + P1+
{X ∂X + X 3 + C̊X + cH}

def= P X (0)+� + P1+
{

Qymh(X )+ cH}
, (2.3)

H = Ph(0)+ P1+(H∂H+ XH2)+ P ′1+(XH) , (2.4)

where the initial conditions X (0), h(0) are smooth and P X (0), Ph(0) are inter-
preted as modelled distributions in D∞,∞

0 valued in the polynomial regularity
structure, P ′ denotes the integration operator associated to the spatial derivative of
the heat kernel, and

� = P1+ξ1+� ∈ D
3
2+2κ,− 1

2−κ

− 1
2−κ

. (2.5)

HereP1+ξ is the integration map with an ‘input’ distribution 1+ξ that is compatible
with 1+� ∈ D∞,∞

− 5
2−κ

, see [7, Appendix A] for the definition of such integration maps

and the notion of compatibility (basically, it means that, in Pw f , the reconstruction
of f ∈ D

γ,η
α and w ∈ Cη∧α(O) coincide on O away from t = 0.) We recall that the

integration map with ‘inputs’ is necessary here since the normal integration map P
in [15] contains a reconstruction operator which only applies to elements of Dγ,η

α

with η ∧ α > −2. For now, C̊ ∈ L(E) is any linear map. We also use Qymh(X )

as shorthand for the polynomial X ∂X + X 3 + C̊X . We have furthermore fixed a
regularity structure as in [7, Sec. 5], with the obvious modifications to handle the
component H, as well as a model Z .

We would like to solve for (X ,H) in D
3
2+2κ,− 1

2−κ

− 1
2−κ

× D1+2κ,0
0 . However, as

explained in [7, Sec. 5.2], the product X ∂X creates a non-integrable singularity at
time t = 0 due to the exponent − 1

2 − κ , so to solve (2.3), we decompose

X = Y +�,

where now Y solves

Y =P X (0)+ P1+
{X 3 + cH+ C̊X }+ P�∂�(�∂�)

+ P1+(Y∂� +�∂Y + Y∂Y)

=P X (0)+ P1+
{

Q̃ymh(Y)+ cH}+ P�∂�(�∂�) , (2.6)

where �∂� ∈ C−2−2κ(O) is an input distribution that is compatible with �∂� ∈
Dκ,−2−2κ
−2−2κ and where P�∂�(�∂�) ∈ D2+κ,−2κ

−2κ — see [7, Lem. 5.18] (and (6.2)
below) where such a compatible distribution is constructed probabilistically for a
white noise ξ . Above, to simplify notation, we write Q̃ymh(Y) for the polynomial

Q̃ymh(Y) = X 3 + C̊X + Y∂� +�∂Y + Y∂Y .

One has that

Q̃ymh : D
3
2+2κ,ω

−κ → D
κ,ω− 3

2−κ

− 3
2−2κ

is locally Lipschitz, (2.7)
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where the worst term is Y∂�, for which one has

D
3
2+2κ,ω

−κ ×D
1
2+2κ,− 3

2−κ

− 3
2−κ

→ D
κ,ω− 3

2−κ

− 3
2−2κ

.

Remark that ω− 3
2 − κ > −2 by our choice (2.2) which is important for applying

the operator P in the following.
Standard arguments imply that we can solve for

(Y,H) ∈ D
3
2+2κ,ω

−κ ×D1+2κ,0
0 ,

where we recall ω from (2.2) (this is similar and even simpler than [7, Sec. 5.2],
where singularity of the initial condition X (0) requires a further decomposition of
Y).

In this way, we define the solution (X ,H) ∈ D
3
2+2κ,− 1

2−κ

− 1
2−κ

×D1+2κ,0
0 to (2.3)-

(2.4) as X = Y +� where (Y,H) solves (2.6)–(2.4).

2.2. Short Time Expansion

We now proceed to the short-time analysis of (2.3)–(2.4). Recall O = [−1, 2]×
T3. For t ∈ (0, 1], we use the shorthand | · |Dγ,η

def= | · |Dγ,η;(0,t]×T3 .
We will frequently apply the following: Let θ ≥ 0, γ > 0, α ≤ 0 and η ∈ R.

Set η̄ = (η ∧ α)+ 2− θ . If α ∧ η > −2, then for t ∈ (0, 1] and f ∈ D
γ,η
α

|P1+ f |Dγ+2,η̄ � tθ/2| f |Dγ,η , |P ′1+ f |Dγ+1,η̄−1 � tθ/2| f |Dγ,η , (2.8)

where the proportionality constant depends on the Greek letters and affinely on
|||Z |||γ ;O , where Z is the model we fixed above. See [15, Thm. 7.1] for the above
result and [15, (2.16)] for the notation |||Z |||γ ;O .

Moreover, suppose η ∧ α + 2 > −2 and consider w ∈ Cη∧α(O) compatible
with f ∈ D

γ,η
α . Then (see [14, Lem. 5.2])

|Pw1+ f |Dγ+2,η̄ � tθ/2(| f |Dγ,η + |w|Cη∧α(O)) (2.9)

(in contrast to (2.8), (2.9) does not require η ∧ α > −2).
Throughout this section, we use the following notation:

Notation 2.1. We take τ ∈ (0, 1
2 ) small such that

τ−1/q �2+ |||Z ||| 3
2+2κ;O + |X (0)|C3 + |h(0)|C3

+ |P � 1+ξ |C([−1,3],C−1/2−κ ) + |P � (�∂�)|C([−1,3],C−2κ ) (2.10)

where q ≥ 1 is sufficiently large to ensure the existence of solutions X ,H to
(2.3)–(2.4) on (0, τ ). We let t ∈ (0, τ ). Furthermore, all implicit proportionality
constants are sufficiently large powers of the right-hand side of (2.10) that are
uniform in t ∈ (0, τ ).
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Remark that |1+ f |Cη−2(O) � |P � f |C([−1,3],Cη) due to |(∂t−�)u|Cη−2 � |u|Cη ,
hence the final two terms on the right-hand side of (2.10) bound the terms of the
form |w|Cη∧α(O) in (2.9) for input distributions w appearing in (2.5) and (2.6).

We let Y,H solve (2.6) and (2.4). The next two lemmas give the first step in a
perturbative estimate for Y,H.

Lemma 2.2. H = Ph(0)+ OD1+2κ,−κ
0

(t1/4).

Remark 2.3. This short time expansion of H is the only property of the equation
(1.17) and the h-component of (2.1) that we use.

Proof. By (2.8)

|P ′1+(XH)|D1+2κ,−κ
0

� t1/4|XH|
D

1
2+κ,− 1

2−κ

− 1
2−κ

� t1/4|X |
D

3
2+2κ,− 1

2−κ

− 1
2−κ

|H|D1+2κ,0
0

� t1/4 .

The other terms yield higher powers of t :

|P1+(H∂H)|D1+2κ,0
0

� t, |P1+(XH2)|
D

3
2+κ,−κ

0

� t3/4.

Combining the above bounds completes the proof. ��

Lemma 2.4. Y = P X (0)+ O
D

3
2+2κ,ω

−κ

(t−ω/2−κ/2).

Proof. By (2.7), (2.8), and recalling that ω − 3
2 − κ > −2, we obtain

|P1+(Q̃ymh(Y))|
D

3
2+2κ,ω

0

� t1/4−κ/2|Q̃ymh(Y)|
D

κ,ω− 3
2−κ

− 3
2−2κ

� t1/4−κ/2 .

Also, since �∂� ∈ C−2−κ(O), by (2.9) we get the following bound (which is
slightly worse than the previous one since ω > −1/2):

|P�∂�(�∂�)|
D

3
2+2κ,ω

−κ

� t−(κ+ω)/2 .

Finally, by Lemma 2.2, we have a better bound for the term PH:

|PH|
D

3
2+2κ,ω

−κ

� |PPh(0)|
D

3
2+2κ,ω

−κ

+ |POD1+2κ,−κ
0

(t1/4)|
D

3
2+2κ,ω

−κ

� t1− ω
2 |Ph(0)|D0+,0

0
+ t1/4+1− κ

2− ω
2 � t1−ω/2 .

��
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We now iterate the above procedure. Define

B0 = P X (0)+�, h0 = Ph(0).

Then, for n ≥ 1, we define Bn recursively by

Bn = P(C̊ Bn−41n≥4)+
∑

k1+k2=n−1

P(Bk1∂ Bk2)+
∑

k1+k2+k3=n−2

P(Bk1 Bk2 Bk3) (2.11)

where the summation indices are over integers ki ≥ 0 and where the term P(�∂�)

that arises in the case n = 1 from P(B0∂ B0) is understood as P�∂�(�∂�).
Finally, we define q0 and rn for n = 0, . . . , 5 by

X =
n∑

i=0

Bi + c 1n=5Ph0 + rn, H = h0 + q0. (2.12)

In view of Lemma 2.4 and Lemma 2.2,

r0 = O
D

3
2+2κ,ω

−κ

(t−ω/2−κ/2), q0 = OD1+2κ,−κ
0

(t1/4). (2.13)

Remark 2.5. While expansions to level n ≤ 5 suffice for us, it is possible to sys-
tematise the construction to obtain expansions of X and H to arbitrary order.

Remark 2.6. As an example of (2.11), we have B1 = P(B0∂ B0) = P�∂�(�∂�)

and B2 = P(B0∂ B1)+P(B1∂ B0)+P(B3
0 ). The motivation of our definition (2.11)

is that, for each n, the terms on the right-hand side are ‘homogeneous’, i.e. when
measured in a suitable space of modelled distributions, they vanish as the same
power of t (up to a multiple of κ), see the proof of Proposition 2.7 below.7

Note that the recursive definition (2.11) is formal so far because we have not
specified the modelled distribution spaces to which Bn belong to. The next result
makes precise the spaces that Bn belong to, as well as their small time asymptotics,
in particular showing that the right-hand side of (2.11) is well-defined.

Proposition 2.7. Define

η(0) = −1/2− κ , η(n) = −1/2+ 2κ (1 ≤ n ≤ 5) ,

b(0) = 0 , b(n) = (1/4− κ/2)n − 3κ/2 (1 ≤ n ≤ 5)

and α(0) = − 1
2 − κ , α(1) = −2κ , α(n) = 0 for n ≥ 2. Then

|Bn|
D

3
2+2κ,η(n)

α(n)

� tb(n) ∀0 ≤ n ≤ 5.

Moreover,

r0 = O
D

3
2+2κ,ω

−κ

(t−ω/2−κ/2), rn = O
D

3
2+2κ,ω

0

(t (n+1)/4−κn ) ∀1 ≤ n ≤ 5,

where κn
def= 1

2 (ω + 1
2 )+ (1+ n

2 )κ > 0.

7 The notation in [13, Section 8] is slightly different, e.g. B1 therein also contains the
cubic term B3

0 . This is because the expansion therein was rather low order whereas here it
is more important to organise the terms in a systematic way.
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Proof. We proceed by induction. For the base case n = 0, the claimed bounds on
B0 and r0 are simply (2.5) and (2.13) respectively so the claims are true. Consider
now n ≥ 1 and suppose that the claim holds for Bk and rk for k < n.

For the following calculation it is useful to note that η(n) ≤ α(n) and

1

2
η(n)+ b(n) = −1

4
− κ

2
+

(1

4
− κ

2

)
n ∀n ≥ 0 .

By the induction hypothesis and (2.8)–(2.9), for k1 + k2 = n − 1,

|P(Bk1∂ Bk2)|
D

3
2+2κ,− 1

2+2κ

α(n)

� t
1
2 (η(k1)+η(k2)+ 3

2−2κ)|Bk1∂ Bk2 |Dκ,η(k1)+η(k2)−1
α(k1)+α(k2)−1

� t
1
2 (η(k1)+η(k2)+ 3

2−2κ)|Bk1 |
D

3
2+2κ,η(k1)

α(k1)

|∂ Bk2 |
D

1
2+2κ,η(k2)−1

α(k2)−1

� t
1
2 (η(k1)+η(k2)+ 3

2−2κ) · tb(k1) · tb(k2) = tb(n) . (2.14)

Here we used α(k1)+ α(k2)+ 1 ≥ α(k1 + k2 + 1) = α(n) in the first step. Also,
in the first step, when k1 = k2 = 0, recalling our convention below (2.11), we can
apply (2.9); otherwise we have η(k1)+η(k2)− 1 > −2 so that we can apply (2.8).

Similarly, for k1 + k2 + k3 = n − 2 where n ≥ 2,

|P(Bk1 Bk2 Bk3)|
D

3
2+2κ,− 1

2+2κ

α(n)

� t
1
2 (

∑
i η(ki )+ 5

2−2κ)
3∏

i=1

|Bki |
D

3
2+2κ,η(ki )

α(ki )

� t
1
2 (

∑
i η(ki )+ 5

2−2κ) · t
∑

i b(ki ) = tb(n) . (2.15)

Moreover, for n ≥ 4,

|P(Bn−4)|
D

3
2+2κ,− 1

2+2κ

α(n)

� t
1
2 (η(n−4)+ 5

2−2κ)|Bn−4|
D

3
2+2κ,η(n−4)

α(n−4)

� t (
1
4− κ

2 )n+ κ
2 ≤ tb(n) .

Therefore, by (2.11), we have the desired bound on Bn .
Turning to the remainders rn for 1 ≤ n ≤ 5, note that, by our equation (2.3)

and definition (2.12),

n∑

i=0

Bi + c 1n=5Ph0 + rn = B0 + P1+
{

Qymh(X )+ cH}
,

where we recall Qymh(X ) = X ∂X +X 3+ C̊X , so using (2.12) again in the above
identity one has

rn = P1+
{

Qymh
( n−1∑

i=0

Bi + rn−1

)
+ c

(
h0 + q0 − 1n=5h0

)}
−

n∑

i=1

Bi .
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By (2.11), the last term
∑n

i=1 Bi cancels a large number of terms from the expansion
of Qymh. One then has, for n ≥ 1,

rn = P1+
( ∑

k1+k2≥n

Bk1∂ Bk2 +
∑

k1+k2+k3≥n−1

Bk1 Bk2 Bk3

+ rn−1∂rn−1 +
( n−1∑

i=0

Bi

)
∂rn−1 + rn−1∂

( n−1∑

i=0

Bi

)

+ r3
n−1 + 3r2

n−1

( n−1∑

i=0

Bi

)
+ 3rn−1

( n−1∑

i=0

Bi

)2 + c
(

h0 + q0 − 1n=5h0

)

+ C̊
( n−1∑

i=(n−3)∨0

Bi + rn−1

))
, (2.16)

where k1, k2, k3 < n.
Similarly as in (2.14), the first term is bounded as

|P(Bk1∂ Bk2)|
D

3
2+2κ,ω

0

� t
1
2 (η(k1)+η(k2)+1−ω) · tb(k1) · tb(k2)

≤ t−ω/2−κ+(1/4−κ/2)n = t (n+1)/4−κn

for k1 + k2 ≥ n. For the second term, as in (2.15),

|P(Bk1 Bk2 Bk3)|
D

3
2+2κ,ω

0

� t
1
2 (

∑
i η(ki )+2−ω) · t

∑
i b(ki )

≤ t
1
4− ω

2 − 3
2 κ+(1/4−κ/2)(n−1) = t (n+1)/4−κn

for k1 + k2 + k3 ≥ n − 1. Also, for (n − 3) ∨ 0 ≤ i ≤ n − 1,

|PBi |
D

3
2+2κ,ω

0

� t
1
2 (η(i)+2−ω)|Bi |

D
3
2+2κ,η(i)

α(i)

� t
1
2 (η(i)+2−ω) · tb(i) = t

3
4− ω

2 − κ
2+( 1

4− κ
2 )i ≤ t (n+1)/4−κn .

Regarding
( ∑n−1

i=0 Bi
)
∂rn−1, it suffices to bound the term B0∂rn−1 since the other

terms satisfy better bounds. One has,

|P(B0∂rn−1)|
D

3
2+2κ,ω

0

� t1/4−κ/2|B0∂rn−1|
D

κ,ω− 3
2−κ

− 3
2−2κ

� t1/4−κ/2|B0|
D

3
2+2κ,− 1

2−κ

− 1
2−κ

|∂rn−1|
D

1
2+2κ,ω−1
−1−κ

� t1/4−κ/2tn/4−κn−1 = t (n+1)/4−κn .

Here, we again used ω − 3
2 − κ > −2, so the usual Schauder estimate (2.8) for P

applies. Also we get the exponent ω− 3
2−κ for B0∂rn−1 using− 3

2−2κ > ω− 3
2−κ

by (2.2). Similarly, for the term rn−1∂
(∑n−1

i=0 Bi
)
, we consider the worst term and

|P(rn−1∂ B0)|
D

3
2+2κ,ω

0

� t (n+1)/4−κn .
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The above terms have been shown to be order at most t (n+1)/4−κn . We now
show that the other terms in (2.16) satisfy even better bounds.

The worst term in rn−1
( ∑n−1

i=0 Bi
)2 is B2

0rn−1. One has,

|P(B2
0rn−1)|

D
3
2+2κ,ω

0

� t1/2−κ |B2
0rn−1|

D
1
2 ,ω−1−2κ

−1−3κ

� t1/2−κ |B0|2
D

3
2+2κ,− 1

2−κ

− 1
2−κ

|rn−1|
D

3
2+2κ,ω

−κ

� t1/2−κ tn/4−κn−1 = t
1
4− κ

2 t (n+1)/4−κn ≤ t (n+1)/4−κn .

Also, the worst term in r2
n−1

(∑n−1
i=0 Bi

)
is B0r2

n−1. One has,

|P(B0r2
n−1)|

D
3
2+2κ,ω

0

� t
ω
2 + 3

4− κ
2 |B0r2

n−1|
D

1,2ω− 1
2−κ

− 1
2−3κ

� t
ω
2 + 3

4− κ
2 |B0|

D
3
2+2κ,− 1

2−κ

− 1
2−κ

|rn−1|2
D

3
2+2κ,ω

−κ

� t
ω
2 + 3

4− κ
2 (tn/4−κn−1)2 ≤ t (n+1)/4−κn .

Moreover,

|P(rn−1∂rn−1)|
D

3
2+2κ,ω

0

� t (1+ω)/2|rn−1∂rn−1|
D

1
2+κ,2ω−1
−1−2κ

� t (1+ω)/2|rn−1|
D

3
2+2κ,ω

−κ

|∂rn−1|
D

1
2+2κ,ω−1
−1−κ

� t (1+ω)/2(tn/4−κn−1)2 ≤ t (n+1)/4−κn ,

and

|P(r3
n−1)|

D
3
2+2κ,ω

0

� t1+ω|r3
n−1|

D
3
2 ,3ω

−3κ

� t1+ω|rn−1|3
D

3
2+2κ,ω

−κ

� t1+ω(tn/4−κn−1)3 ≤ t (n+1)/4−κn .

The term Prn−1 is bounded analogously. Finally, by (2.13), for 1 ≤ n ≤ 5,

|Pq0|
D

3
2+2κ,ω

0

� t
1
2 (2−κ−ω)|q0|

D
1
2+2κ,−κ

0

� t
1
2 (2−κ−ω) · t

1
4 ≤ t (n+1)/4−κn ,

and for 1 ≤ n ≤ 4, since h0 = Ph(0) ∈ D
1
2+2κ,0

0

|Ph0|
D

3
2+2κ,ω

0

� t
1
2 (2−ω)|h0|

D
1
2+2κ,0

0

� t (n+1)/4−κn .

Note that, if n = 5, the final bound may not hold, but 1n=5h0 cancels h0 in (2.16),
so we do not need to bound Ph0. This proves the desired bound on rn . ��
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We record a simple but useful consequence of Proposition 2.7. Recall the no-
tation Pt � f from (1.20). Denote

� = R� = P � 1+ξ, (2.17)

which is in C([−1, 3], C−1/2−κ ) whenever the right-hand side of (2.10) is finite.

Lemma 2.8. Suppose |X (0)|C3 � 1. Then

(RX )(t) = X (0)+�t + Pt � (�∂�)+ OL∞(t
1
4−3κ/2).

Proof. As in (2.12) we have X = B0 + B1 + r1 where RB0 = P X (0)+� and

RB1 = P �
(

P X (0)P ′X (0)+ P X (0)∂� + P ′X (0)� +�∂�
)
. (2.18)

Since |X (0)|C3 � 1, we have |P � (P X (0)P ′X (0))|L∞ � t . Also,

|P X (0)∂�|
D

1
2 ,− 3

2−κ

− 3
2−κ

� 1 , |P ′X (0)�|
D

1
2 ,− 1

2−κ

− 1
2−κ

� 1 ,

and thus |P(P X (0)∂�)|
D

1
2 ,0

0

� t
1
4−κ/2 and |P(P ′X (0)�)|

D
1
2 ,0

0

� t
3
4−κ/2. It fol-

lows that the second and third terms in (2.18) are OL∞(t
1
4−κ/2). For the final

term, recall κ1 = 1
2 (ω + 1

2 ) + 3
2κ . Since the reconstruction of O

D
3
2+2κ,ω

0

(t�) is

OL∞(t�+ω/2), by Proposition 2.7 we obtain

|r1|
D

3
2+2κ,ω

0

� t
1
2−κ1 , hence |(Rr1)(t)|L∞ � t

1
2−κ1+ω/2 = t

1
4−3κ/2.

Finally Pt X (0)− X (0) = OL∞(t), which concludes the proof. ��

3. Short-Time Estimates for the YM Heat Flow

In this section we define a space Sym parametrised by (α, θ, γ, δ) on which one
can run the YM heat flow Fs introduced in Definition 1.4. This space is related with
the space denoted by S in [7], which we recall in Definition 1.2 and Remark 3.4,
but we impose here finer control on the leading order singularity of the flow. We
prove in Lemma 3.9 a small-s approximation of Fs A by terms linear and quadratic
in A and an error OL∞(sν) for suitable ν > 0. We then show in Lemma 3.10 that
an L∞ perturbation A �→ A + r changes Fs A by Psr plus an error under control.

Consider throughout this section γ ∈ (0, 1] and δ ∈ (0, 1).



   11 Page 22 of 42 Arch. Rational Mech. Anal.          (2026) 250:11 

3.1. State Space

Definition 3.1. Define for A ∈ D′(T3, g3)

N (A) : (0,∞) → C∞(T3, g3 ⊗ (g3)3), Ns(A)
def= Ps A ⊗∇Ps A. (3.1)

Define the set of line segments

L = T3 × {v ∈ R3 : |v| ≤ 1/4}.
For � = (x, v) ∈ T3 × R3, denote |�| = |v|. For a normed space F , we denote by
�γ -gr the completion of C(T3, F) under the norm

| f |γ -gr = sup
�∈L

| ∫
�

f |
|�|γ ,

where, for any � = (x, v) ∈ T3 × R3, we denote
∫

�

f =
∫ 1

0
|v| f (x + tv)dt ∈ F.

The dependence of �γ -gr on F will always be clear from the context.8

Define further for δ > 0 and γ ∈ (0, 1]

�A; B�γ,δ

def= sup
s∈(0,1)

sδ|Ns A −Ns B|γ -gr, �A�γ,δ = �A; 0�γ,δ.

Remark 3.2. Recall the definition from [7, Sec. 2.1]

�A; B�β,δ

def= sup
s∈(0,1)

sδ|Ns A −Ns B|Cβ ,

whereas here in Definition 3.1 we replaced | · |Cβ by | · |γ -gr. By [9, Prop. 3.21],
| · |Cγ−1 � | · |γ -gr and therefore �·; ·�γ−1,δ � �·; ·�γ,δ .

Consider, furthermore, α ∈ (0, 1] and θ > 0. Recall the norm from [7, Sec. 2.3],

|||A|||α,θ
def= sup

s∈(0,1)

|Ps A|α-gr;<sθ .

where

|A|α-gr;<r
def= sup

�∈L, |�|<r

| ∫
�

A|
|�|α .

Recall also from [7, Lem. 2.25] that, with η = (1+ 2θ)(α − 1),

|A|Cη � |||A|||α,θ . (3.2)

8 In contrast to [6,7], if f ∈ C(T3, g3), then
∫
� f is g3-valued, so we do not interpret

∫
� f

as the usual line integral of a 1-form (in which case
∫
� f would be g-valued).
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Definition 3.3. For α, γ ∈ (0, 1], δ, θ > 0, we let Sym denote the set of all A ∈
D′(T3, g3) such that

�(A)
def= |||A|||α,θ + �A�γ,δ < ∞.

We equip Sym with the metric

�(A, B)
def= |||A − B|||α,θ + �A; B�γ,δ < ∞.

Remark 3.4. Following Remark 3.2, the space S from [7, Sec. 2.3] was defined
similarly toSym with the main difference being that the metric onS is |||A − B|||α,θ+
�A; B�β,δ for suitable β < 0.

Definition 3.5. We say that α, θ, γ, δ satisfy (I) if

α ∈ (0, 1/2) , θ > 0 , γ ∈ (1/2, 1] , δ ∈ (0, 1) ,

η
def= (1+ 2θ)(α − 1) > −2/3 ,

μ
def= γ − 1+ 2(1− δ) ∈ (−1/2, 0) , and η + μ > −1 .

(I)

Remark 3.6. The condition α < 1
2 < γ is not strictly necessary for the results of

this section, but it provides a few simplifications, e.g. it implies η < − 1
2 < μ, so

we can estimate |Ps A + Ps � N A|∞ by sη/2 instead of s(η∧μ)/2, see (3.9).

We use the notation Poly(K ) to denote a term of the form Poly(K ) = C K q

for some C, q > 0. (Here C can be both large or small but q will always be large.)
We also write x ! y to denote that there exists a small constant c > 0 such that
x ≤ cy.

The following lemma gives the well-posedness of Fs on Sym:

Lemma 3.7. Suppose (I) holds. For any K > 0 and 0 < s ! 1 ∧ Poly(K−1),
Fs extends to a Lipschitz function from {A ∈ Sym : �(A) ≤ K } to C1(T3, g3).
Furthermore,

|Fs A|∞ � s
η
2 �(A), |∂Fs A|∞ � s

η
2− 1

2 �(A),

where the proportionality constants depend only α, θ, γ, δ.

Proof. This immediately follows from [7, Prop. 2.9] (the notation β̂ therein is
replaced by μ here), the bounds (see (1.21))

|Ps A|∞ � s
η
2 |A|Cη , |∂ Ps A|∞ � s

η
2− 1

2 |A|Cη (3.3)

the estimate (3.2), the assumption η < μ, as well as Remark 3.2. ��
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Recall from [7, Lem. 2.48] that, for any 0 < α ≤ γ ≤ 1 and θ ≥ 0,

|Ps A|γ -gr � sλ|||A|||ζα,θ |A|1−ζ

Cη ,

where ζ = γ−1
α−1 ∈ [0, 1] and

λ
def= (1− ζ )η/2− θ(1− α)ζ < 0. (3.4)

Combining this with (3.2), it follows that

|Ps A|γ -gr � sλ|||A|||α,θ . (3.5)

Remark 3.8. Since Sym is stronger than S in Remark 3.4 from [7, Sec. 2.3], it
inherits the gauge equivalence relation∼ from S, and the regularised Wilson loops
W�[Fs(·)] are gauge invariant observables with respect to ∼.

3.2. Perturbation of the YM Heat Flow

In the rest of this section, consider α, θ, γ, δ satisfying (I) and

0 < ν ≤ min
{η

2
+ μ

2
+ 1

2
, 1+ 3η/2, μ+ 1

2

}
. (3.6)

We will refer to α, θ, γ, δ, ν as the Greeks. Recall the shorthand Ps � N A =∫ s
0 Ps−rNr Adr from (1.20). Then

|Ps � N A|γ -gr �
∫ s

0
|Nr A|γ -grdr �

∫ s

0
r−δ�A�γ,δdr � s1−δ�A�γ,δ, (3.7)

where we used that Ps is a contraction for | · |γ -gr.

Lemma 3.9. Consider any A ∈ Sym. Then for all s ! 1 ∧ Poly(�(A)−1),

Fs A = Ps A + Ps � N c A + Rs A

where N c
r A = Pr A∂ Pr A, i.e. the contraction of the tensors in N A from (3.1) that

yields the quadratic term [A j , 2∂ j Ai−∂i A j ] in the YM heat flow (1.11), and where

|Rs A|∞ � sν(�(A)+�(A)3)

with the proportionality constant depending only on the Greeks.

See [7, Prop. 2.9] for a similar but weaker statement.

Proof. Observe that R ≡ R A satisfies

Rs =
∫ s

0
Ps−r

{
(Pr A + Pr � N c A + Rr )∂(Pr A + Pr � N c A + Rr )

+ (Fr A)3
}

dr − Ps � N c A . (3.8)
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Note that N c A is a linear function of N A. Therefore, by (3.3) and (3.7),

|Ps � N c A|∞ �
∫ s

0
|Ps−r (Nr A)|∞dr �

∫ s

0
(s − r)

γ−1
2 |Nr A|Cγ−1 ds

�
∫ s

0
(s − r)

γ−1
2 |Nr A|γ -grds

�
∫ s

0
(s − r)

γ−1
2 r−δ�A�γ,δds � sμ/2�A�γ,δ , (3.9)

and similarly

|∂Ps � N c A|∞ � sμ/2− 1
2 �A�γ,δ.

Moreover, by Lemma 3.7, |(Fr A)3|∞ � r3η/2�(A)3. Therefore, since

Ps � N c A =
∫ s

0
Ps−r (Pr A∂ Pr A)dr,

the terms on the right-hand side of (3.8) not involving R are bounded in L∞ by a
multiple of �(A)+�(A)3 times

∫ s

0
{r η

2+μ
2 − 1

2 + rμ− 1
2 + r3η/2}dr � s

η
2+μ

2 + 1
2 + sμ+ 1

2 + s1+3η/2,

where we used that η
2 + μ

2 + 1
2 > 0 and μ + 1

2 > 0 and 1 + 3η/2 > 0 due to
condition (I).

Consider the Banach space B ≡ BT with norm

|R|B def= sup
s∈(0,T )

{s−ν |Rs |∞ + s−ν+ 1
2 |∂ Rs |∞}.

By the upper bound (3.6) on ν, the terms on the right-hand side of (3.8) not involving
R are in a ball of radius � �(A)+�(A)3 in B. It readily follows that

s−ν |R|∞ � �(A)+�(A)3 + sκ ′ |R|B(�(A)+�(A)2)

+ sκ ′′ |R|2B(1+�(A))+ s1+2ν |R|3B
where

κ ′ = min
{η

2
+ 1

2
, 1+ η

}
= η

2
+ 1

2
,

κ ′′ = min
{1

2
+ ν , 1+ η

2
+ ν

}
= 1

2
+ ν .

The same bound holds for s−ν+ 1
2 |∂ R|∞, so in conclusion

|R|B � �(A)+�(A)3 + T κ(|R|B + |R|3B)(1+�(A)2)

for some κ > 0. It follows by a continuity argument (in T ), that for all T !
1 ∧ Poly(�(A)−1), one has |R|B � �(A)+�(A)3. ��
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Lemma 3.10. Suppose further that ν ≤ 1−δ. Then for all s ! 1∧Poly(�(A)−1)

Fs A = Ps A + O�γ -gr[g,g](sν(�(A)+�(A)3)), Ps A = O�γ -gr(s
λ).(3.10)

Suppose further that Ã = A + r with |r |∞ = O(1). Then for all s ! 1 ∧
Poly(�(A)−1)

Fs Ã = Fs A + Psr + OL∞[g,g](sη/2+ 1
2 |r |∞). (3.11)

The proportionality constant in each statement depends only on the Greeks.

Proof. The second claim of (3.10) follows from (3.5). The first claim of (3.10)
follows from (3.7) (and the assumption ν ≤ 1− δ), Lemma 3.9 and | · |γ -gr ≤ | · |∞
for γ ≤ 1.

For (3.11), writing Fs Ã = Fs A + Qs , we have

Fs A + Qs = Ps(A + r)+
∫ s

0
Ps−u{(Fu A + Qu)∂(Fu A + Qu)+ (Fu A + Qu)3}du

which implies that

Qs = Psr +
∫ s

0
Ps−u

(
Qu∂Fu A + (Fu A)∂ Qu + Qu∂ Qu

+ (Fu A)2 Qu + (Fu A)Q2
u + Q3

u

)
du . (3.12)

Recalling that, by Lemma 3.7, |Fu A|∞ � uη/2�(A) and |Fu A|C1 � uη/2− 1
2 �(A)

for u ≤ 1 ∧ Poly(�(A)−1), the integral in (3.12) is bounded in L∞ by a multiple
of

∫ s

0
{|Qu |∞uη/2− 1

2 + uη/2|Qu |C1 + |Qu |∞|Qu |C1

+ uη|Qu |∞ + uη/2|Qu |2∞ + |Qu |3∞}du

� |Q|∞sη/2+ 1
2 + sη/2+ 1

2 |Q|L∞1/2C1 + s1/2|Q|∞|Q|L∞1/2C1

+ sη+1|Q|∞ + sη/2+1|Q|2∞ + s|Q|3∞ , (3.13)

where we denote |Q|L∞1/2C1 = supu∈(0,s) u1/2|Qu |C1 and the proportionality con-

stant is polynomial in �(A). Furthermore, the integral in (3.12) is bounded in C1

by the same quantity times s−1/2. Since each exponent of s in (3.13) is positive, it
follows from a continuity argument (in s) that, for s ! 1 ∧ Poly(�(A)−1),

|Q|∞ + |Q|L∞1/2C1 � |r |∞
where the proportionality constant depends only on the Greeks. Therefore, since
the smallest exponent of s on the right-hand side of (3.13) is η/2+ 1

2 and since we
assumed |r |∞ = O(1),

Qs = Psr + OL∞(sη/2+ 1
2 |r |∞).

It is furthermore clear that the final term takes values in [g, g]. ��
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4. Regularised Wilson Loops

We fix in this section ω, κ as in Sect. 2 and also α, θ, γ, δ satisfying (I) which
also determine η,μ. We furthermore fix a model and input distributions as in Sect.
2.

Suppose X̃ is given by (2.3) with initial condition X̃(0) = (A(0),�(0)) and
h(0) is smooth. Likewise let X be given by (2.3) with the same initial condition
X (0) = X̃(0) but with h(0) = 0. We follow Notation 2.1, in particular we let
t ∈ (0, τ ) where τ−1 and all proportionality constants are polynomial in the quantity
(2.10).

Lemma 4.1.

X̃ = B + ch̄ + O
D

3
2+2κ,ω

0

(t3/2−κ5)

where h̄(t) = t Pt h(0) and where B does not depend on h(0) and κ5 = 1
2 (ω+ 1

2 )+
7
2κ as in Proposition 2.7. Likewise for X except we take h(0) = 0.

Proof. We apply Proposition 2.7 with n = 5 to obtain

X̃ = B + cPPh(0)+ O
D

3
2+2κ,ω

0

(t3/2−κ5),

where B = B0 + · · · + B5 and (PPh(0))(t) = ∫ t
0 Pt−r Pr h(0)dr = t Pt h(0). ��

Remark 4.2. In contrast to [13, Prop. 8.8], Lemma 4.1 does not have a non-explicit
linear term (denote by Lt h(0) in [13]). This is because we use here Ph(0) vs. h(0)

and are only after an expansion to order t3/2−κ5 vs. t2−κ in [13].

Let X = (A,�) be the reconstruction of X at time t > 0, and likewise for X̃ =
( Ã, �̃). By Lemma 4.1, since the reconstruction of O

D
3
2+,ω

0

(t�) is OL∞(t�+ω/2)

and since 3
2 − κ5 + ω

2 = 5
4 − 7

2κ , one has

Ã = A + ct Pt h(0)+ OL∞(t5/4−7κ/2).

By (3.11) of Lemma 3.10, which is applicable because the final two terms are
OL∞(1) for all t ∈ (0, τ ) and τ as in Notation 2.1,

Fs Ã = Fs A + Ps
(
ct Pt h(0)+ OL∞(t5/4−7κ/2)

)+ OL∞[g,g](sη/2+ 1
2 t). (4.1)

Recalling the Wilson loop W� = Tr hol(·, �) from Definition 1.5, our next goal
is to compare the regularised Wilson loops W�(Fs Ã) and W�(Fs A). Recall from
Definition 1.5 that the holonomy is (the endpoint of) a G-valued curve given as the
solution of a linear ODE driven by a g-valued curve. We first analyse the change
of the holonomy under a generic perturbation of a g-valued curve.

For p ≥ 1 and a normed space F , let C p-var([0, 1], F) denote the space of
continuous paths f ∈ C([0, 1], F) with finite p-variation

| f |p-var
def= sup

P⊂[0,1]

( ∑

[s,t]∈P

| f (t)− f (s)|p
)1/p

,
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where the sup is over all partitions P of [0, 1] into disjoint (modulo endpoints)
interval. For p ∈ [1, 2) and γ ∈ C p-var([0, 1], g), let J γ ∈ C p-var([0, 1], G) denote
the solution to the linear ODE

dJ γ (x) = J γ (x)dγ (x), J γ (0) = id, (4.2)

which is well-posed as a Young ODE [18]. One has the following perturbation
estimate:

Lemma 4.3. For γ , ζ ∈ C p-var([0, 1], g) and L ≥ 4 we have

J γ+ζ (1) = J γ (1)+
∫ 1

0
dζ (x)+

∫ 1

0

∫ x

0
{dζ (x)dγ (y)+ dγ (x)dζ (y)}

+ O{v(w2 + wL−1)+ wL + wL+1 + vL+1 + v2(1+ w + v + wL−3)} .

Here v
def= |ζ |p-var, w

def= |γ |p-var, and the proportionality constants depend only
on p and L.

Proof. Denoting I γ = ∑L−1
k=1

∫ 1
0 . . .

∫ xk−1
0 dγ (xk) . . . dγ (x1), by linearity of the

ODE (4.2), for every L ≥ 1

J γ (1) = id + I γ +
∫ 1

0
· · ·

∫ xL−1

0
J γ (xL)dγ (xL)dγ (xL−1) . . . dγ (x1).

The proof is then similar with [13, Lem. 8.15], in particular since J γ takes values
in a compact set the last term above is bounded by O(wL + wL+1). The only
difference is that when we compare I γ+ζ with I γ , instead of keeping all the terms
linear in ζ (as denoted by Pγ (ζ ) therein), we now write

I γ+ζ = I γ +
∫ 1

0
dζ (x)+

∫ 1

0

∫ x

0
{dζ (x)dγ (y)+ dγ (x)dζ (y)}

+ O{v2 + v(w2 + wL−1)} + O{v2(w + v + wL−3 + vL−3)} .

Here O{v2 + v(w2 + wL−1)} is a term arising from
∫ 1

0

∫ x
0 dζ (y)dζ (x) and the

integrals with one instance of ζ and n instances of γ with 2 ≤ n ≤ L − 1. ��
Consider the loop � : [0, 1] → T3, �(x) = (x, 0, 0). Recall that we fixed

α, θ, γ, δ, η, μ satisfying (I). Recall λ < 0 from (3.4). Let ν ∈ (0, 1 − δ) satisfy
(3.6). Recall that Notation 2.1 is in place.

For a g-valued 1-form a, recall the line integral �a : [0, 1] → g defined by
(1.12). Denoting by | · |γ -Höl is the usual Hölder norm, it is obvious that

|�a | 1
γ

-var ≤ |�a |γ -Höl ≤ |a|γ -gr. (4.3)

The following is the main result of this section:
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Lemma 4.4. For all s ! 1 ∧ Poly(�(A)−1) and L ≥ 4,

W�(Fs Ã) = W�(Fs A)+ t Tr
∫

�
ch(0)+ t Tr

∫

[0,1]2
d�A(0)(x1)d�ch(0)(x2)

+ O
(

t5/4−7κ/2 + ts + tsλ|||�ym
t |||α,θ + tsλ|||Pt � (�∂�)ym|||α,θ + |A(0)|L∞sη/2+ 1

2 t

+ sν t (�(A)+�(A)3)+ t (u2 + uL−1)+ sνL + uL + uL+1 + t2u
)

, (4.4)

where u = sλ|||A|||α,θ , � = R� as in (2.17), and we recall that Y ym is the g3-
component of Y ∈ g3 ⊕ V.

We remark that although λ < 0, in Section 6 we will choose A(0) (and thus
|||A|||α,θ ) sufficiently small, so that u will be small.

Proof. Define the g-valued curve

γ (x) =
∫ x

0
(Fs A)1(y, 0, 0)dy = �Fs A(x) .

By (4.1), �Fs Ã(x) = γ (x)+ ζ (x) with ζ = �Dh+Derr where

Dh
def= ct Pt+sh(0) = cth(0)+ OL∞(t (t + s)) ,

Derr
def= OL∞[g,g](sη/2+ 1

2 t)+ OL∞(t5/4−7κ/2) . (4.5)

By definition one has

W�(Fs A) = Tr J γ (1) , W�(Fs Ã) = Tr J γ+ζ (1) .

By Lemma 4.3, and taking trace, for p = 1/γ ∈ [1, 2) (where γ is the exponent in
Section 3, in particular (I)) and any L ≥ 4,

W�(Fs Ã) = W�(Fs A)+ Tr
( ∫ 1

0
dζ (x)

)

+ Tr
∫ 1

0

∫ x

0
{dζ (x)dγ (y)+ dγ (x)dζ (y)}

+ O{v(w2 + wL−1)+ wL + wL+1 + vL+1 + v2(1+ w + v + wL−3)} (4.6)

where v = |ζ | 1
γ

-var and w = |γ | 1
γ

-var. We now match the right-hand side of (4.6)

with that of the lemma statement.
First, using that Tr[g, g] = {0}, we have

Tr
( ∫ 1

0
dζ (x)

)
= t Tr

∫

�

ch(0)+ O(t5/4−7κ/2 + ts),

which gives the second term and the O(t5/4−7κ/2)+O(ts) terms on the right-hand
side of (4.4).
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Next, by the cyclic property of trace

Tr
∫ 1

0

∫ x

0
{dζ (x)dγ (y)+ dγ (x)dζ (y)} = Tr

∫

[0,1]2
{dζ (x)dγ (y)}.

Consider the right-hand side. By Lemma 3.10,

Fs A = Ps A + Oγ -gr(s
ν(�(A)+�(A)3))

and, by Lemma 2.8,

A = A(0)+�ym
t + Pt � (�∂�)ym + OL∞(t1/4−3κ/2). (4.7)

Therefore, since Ps A(0) = A(0) + OL∞(s) and Ps is a contraction on �γ -gr and
|Ps�

ym
t |γ -gr � sλ|||�ym

t |||α,θ by (3.5) where λ < 0 is as in (3.4), and likewise for
Pt � (�∂�)ym, we have

∫ 1

0
dγ (x) =

∫ 1

0
d�A(0)(x)+ O

(
sλ|||�ym

t |||α,θ + sλ|||Pt � (�∂�)ym|||α,θ

)

+ O
(

t1/4−3κ/2 + sν(�(A)+�(A)3)
)

.

Furthermore,
∫ 1

0
dζ (y) = t

∫ 1

0
d�ch(0)(y)+ O(t5/4−7κ/2 + sη/2+ 1

2 t),

where we used (4.5) and the fact that t (t + s) ≤ t5/4−7κ/2 + sη/2+ 1
2 t . Therefore,

Tr
∫

[0,1]2
{dζ (x)dγ (y)} = t Tr

( ∫

[0,1]2
d�A(0)(x1)d�ch(0)(x2)

)

+ O(tsλ|||�ym
t |||α,θ + tsλ|||Pt � (�∂�)ym|||α,θ + t5/4−7κ/2)

+ O(tsν(�(A)+�(A)3)+ sη/2+ 1
2 t |A(0)|L∞) ,

which gives the 3rd term on the right-hand side of the lemma and the corresponding
error terms.

It remains to analyse the error term in (4.6). Note that, by (3.5), (3.10), and (4.3),

w = |γ | 1
γ

-var ≤ |Fs A|γ -gr = |Ps A|γ -gr + O(sν) = O(sλ)|||A|||α,θ + O(sν).(4.8)

Furthermore, recalling that η > − 2
3 ,

v = |ζ | 1
γ

-var ≤ |Dh + Derr|γ -gr � sη/2+ 1
2 t + t = O(t). (4.9)

By substituting u = sλ|||A|||α,θ and (4.8)-(4.9) into (4.6) and dropping irrelevant
terms (in particular remarking that t2uL−3 � uL + t2u), we can absorb the O(· · · )
term of (4.6) into that of (4.4). ��
Remark 4.5. Connecting to the discussion in Section 1.3, the second and third term
on the right-hand of (4.4) are our ‘good terms’ that we will use to exhibit a difference
between W�(Fs Ã) and W�(Fs A) after taking expectations with suitable choices for
A(0) and h(0). All the terms in O(· · · ) are the ‘remainders’ that we will show are
of lower order.
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5. Estimates on Quadratic Terms

In this section we estimate �A�γ,δ when A is of the form A = �t + Rt where
� solves the stochastic heat equation (SHE) with zero initial condition and R is a
remainder which is small in Cη̄ for η̄ < 0 close to 0.

5.1. Deterministic Estimates

Lemma 5.1. Suppose γ ∈ (0, 1], δ > 0, and η ≤ η̄ ≤ 0 with η + η̄ > 1 − 2δ.
Then

�A + B�γ,δ � �A�γ,δ + |B|Cη̄ (|A|Cη + |B|Cη̄ ).

Proof. We have

Ns(A + B) = Ns A +Ns B + Ps A ⊗∇Ps B + Ps B ⊗∇Ps A.

By standard heat flow estimates, we estimate the cross terms in L∞ by

|Ps A ⊗∇Ps B|∞ + |Ps B ⊗∇Ps A|∞ � s(η+η̄−1)/2|A|Cη |B|Cη̄ � s−δ|A|Cη |B|Cη̄ ,

where we used η+ η̄ > 1− 2δ. Moreover, |Ns B|∞ � s(2η̄−1)/2|B|2Cη̄ � s−δ|B|2Cη̄

since 2η̄ > 1− 2δ. Since | · |γ -gr ≤ | · |∞, the conclusion follows. ��

5.2. Stochastic Estimates

Consider now � solving the SHE, i.e. ∂t� = ��+ξ , where ξ is a white noise,
with �0 = 0. For s ∈ (0, 1), t ∈ [0, 1], let us denote

Zs,t = sδNs�t .

Theorem 5.2. Let δ ∈ ( 3
4 , 1) and κ ∈ (0, 1

2 ) such that 4δ − 3− 2κ > 0. Then for
all 0 < γ < 2δ − 1− κ , 0 < κ̄ < κ , and p ∈ [1,∞)

E
[∣∣
∣ sup
(s,t) �=(s̄,t̄)

|Zs,t − Zs̄,t̄ |γ -gr

(|t − t̄ | + |s − s̄|)κ̄
∣
∣
∣

p]1/p
< ∞

Proof. Combining Lemmas 5.5 and 5.6 below, we obtain

(E|Zs,t − Zs̄,t̄ |pγ -gr)
1/p � (|t − t̄ | + |s − s̄|)κ/2.

The conclusion follows from Kolmogorov’s criterion [16, Thm. 4.23] applied to
the stochastic process Z : (0, 1)× [0, 1] → �γ -gr. ��
Corollary 5.3. Consider δ ∈ ( 3

4 , 1) and 0 < γ < 2δ − 1. Then there exists κ̄ > 0
such that, for all p ∈ [1,∞),

E
∣
∣
∣ sup

t∈[0,1]
t−κ̄��t�γ,δ

∣
∣
∣

p
< ∞.
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Proof. There exist κ, κ̄ satisfying the conditions of Theorem 5.2. Remark that
supt∈[0,1] t−κ̄��t�γ,δ = supt∈[0,1] sups∈(0,1) t−κ̄ |Zs,t |γ -gr. Furthermore Zs,0 = 0
for all s ∈ (0, 1) since �(0) = 0. The conclusion thus follows by applying Theo-
rem 5.2 with s = s̄ and t̄ = 0. ��
Lemma 5.4. Let Cs,s̄;t,t̄ (x)

def= E
(
Zs,t− Zs̄,t̄

)
(0)⊗(

Zs,t− Zs̄,t̄
)
(x). For δ ∈ ( 1

2 , 1)

and κ ∈ [0, 1
2 ), we have uniformly in s, s̄ ∈ (0, 1), t, t̄ ∈ [0, 1], and 0 �= x ∈ T3,

|Cs,s̄;t,t̄ (x)| � (|s − s̄| + |t − t̄ |)κ |x |4δ−4−2κ (5.1)

and

|∇Cs,s̄;t,t̄ | � (|s − s̄| + |t − t̄ |)κ |x − y|4δ−5−2κ . (5.2)

Proof. The first bound is due to the proof of [7, Lem. 3.4] (see, in particular, the
bound after Eq. (3.6) therein). For the second bound, as in [7, below Eq. (3.5)] one
has, for κ ∈ [0, 1

2 ),

|∇Cr,s(x)| � |x |−2, |∇(Cr,r − Cr,s)(x)| � |r − s|κ |x |−2−2κ

uniformly in r, s ∈ (0, 1) and x ∈ T3\{0}, where Cr,s(x) = E〈�(r, 0),�(s, x)〉g3 .
Then the bounds in [7, (3.6)] again hold, with each kernel C on the left-hand sides
therein replaced by ∇C and each 2α − 1 in the exponent on the right-hand sides
therein replaced by 2α−2. Then the same argument as in [7, Lem. 3.4] yields (5.2).
��

Recall the space of line segments L = T3 × {v ∈ R3 : |v| ≤ 1
4 }. Define the

metric d on T3 × R3 by

d((x, v), (x̄, v̄))
def= |x − x̄ | ∨ |x + v − (x̄ + v̄)|.

We say that �, �̄ ∈ L are far if d(�, �̄) > 1
4 (|�| ∧ |�̄|).

Lemma 5.5. Let δ, κ be as in Theorem 5.2. Then for all p ∈ [1,∞), uniformly
over s, s̄ ∈ (0, 1), t, t̄ ∈ [0, 1], and � ∈ L

(
E

∣
∣
∣

∫

�

(Zs,t − Zs̄,t̄ )

∣
∣
∣

p)1/p
� (|t − t̄ | + |s − s̄|)κ |�|2δ−1−κ (5.3)

and over all �, �̄ ∈ L
(
E

∣
∣
∣
( ∫

�

−
∫

�̄

)
(Zs,t − Zs̄,t̄ )

∣
∣
∣

p)1/p
� (|t − t̄ | + |s − s̄|)κ/2d(�, �̄)2δ−3/2−κ .

(5.4)

Proof. By equivalence of moments in a fixed Wiener chaos, it suffices to consider
p = 2. Let us fix s, s̄ ∈ (0, 1), t, t̄ ∈ [0, 1] and write C(x) = Cs,s̄;t,t̄ (x). Integrating
(5.1) bound against a line � = (x, v), we obtain

E
∣
∣
∣

∫

�

(Zs,t − Zs̄,t̄ )

∣
∣
∣
2 = |�|2

∫

[0,1]2
C((r − r̄)v)drdr̄
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� (|t − t̄ | + |s − s̄|)κ |�|4δ−2−2κ

∫

[0,1]2
|r − r̄ |4δ−4−2κdrdr̄

� (|t − t̄ | + |s − s̄|)κ |�|4δ−2−2κ ,

where in the final bound we used 4δ − 4− 2κ > −1. This proves (5.3).
We now prove (5.4). Suppose first that �, �̄ are far. Then the claim follows

from (5.3) and the triangle inequality since 2δ − 3/2 − κ < 2δ − 1 − κ and
d(�, �̄) � |�| + |�̄|.

Consider now � = (x, v), �̄ = (x̄, v̄) ∈ L not far. Consider �′ = (x, v′) where
v′ = x̄ + v̄ − x , see Figure 1. (Note that �′ might not be in L since it is possible
that |v′| > 1

4 .) Then we can write
∫
�
− ∫

�̄
= ∫

�
− ∫

�′ +(
∫
�′ −

∫
�̄
) and remark that

d(�, �′) ∨ d(�′, �̄) = d(�, �̄). So it suffices to prove (5.4) with �̄ replaced by �′.
Moreover, we can write

∫
�′ f = ∫

�′′ f + ∫
r f where �′′ = (x, v′′) and v′′ = cv′

for c ≥ 0 such that |v′′| = |v|, and r ∈ L is the ‘remainder’ with |r | ≤ d(�, �′), see
again Figure 1. Then we write

∫
�
− ∫

�̄
= (

∫
�′ −

∫
�̄
)+ ∫

r and note that (E| ∫r (Zs,t −
Zs̄,t̄ )|2)1/2 � (|t − t̄ | + |s − s̄|)κd(�, �′)2δ−1−κ by (5.3), which is smaller than the
right-hand side of (5.4) since d(�, �′) ≤ |�|.

In conclusion, it suffices to prove (5.4) for � = (x, v), �̄ = (x̄, v̄) not far and

with x = x̄ and |�| = |�̄|.9 Let us denote h
def= |v − v̄|/|�| ≤ 1

4 . Then

E
∣
∣
∣
( ∫

�

−
∫

�̄

)
(Zs,t − Zs̄,t̄ )

∣
∣
∣
2 = |�|2

∫

[0,1]2
{C((r − r̄)v)− C(rv − r̄ v̄)

− C(r v̄ − r̄v)+ C((r − r̄)v̄)}drdr̄

= |�|2
∫

[0,1]2
{2C((r − r̄)v)− 2C(rv − r̄ v̄)}drdr̄ ,

(5.5)

where we used that r v̄ − r̄v = rv − r̄ v̄ by symmetry.
Using the bound (5.1), the integral over the region |r−r̄ | ≤ h in (5.5) is bounded

by a multiple of

(|t − t̄ | + |s − s̄|)κ |�|4δ−2−2κ

∫ h

0
r4δ−4−2κdr

� (|t − t̄ | + |s − s̄|)κ |�|4δ−2−2κh4δ−3−2κ

= (|t − t̄ | + |s − s̄|)κ |�||v − v̄|4δ−3−2κ ,

where we again used 4δ − 4− 2κ > −1. On the other hand, using the bound (5.2)
and the fact that |r − r̄ ||v| ≤ |rv − r̄ v̄| for all r, r̄ ∈ [0, 1], the integral over the
region |r − r̄ | > h in (5.5) is bounded by a multiple of

(|t − t̄ | + |s − s̄|)κ |�|4δ−3−2κ |v − v̄|
∫ 1

h
r4δ−5−2κdr

� (|t − t̄ | + |s − s̄|)κ |�|4δ−3−2κ |v − v̄|h4δ−4−2κ

9 In [6, Sec. 3.1] such �, �̄ were said to form a vee.
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= (|t − t̄ | + |s − s̄|)κ |�||v − v̄|4δ−3−2κ .

In conclusion, we obtain

E
∣
∣
∣
( ∫

�

−
∫

�̄

)
(Zs,t − Zs̄,t̄ )

∣
∣
∣
2

� (|t − t̄ | + |s − s̄|)κ |�||v − v̄|4δ−3−2κ .

��
The following lemma is a Kolmogorov-type criterion which is similar to [6,

Lem. 4.11] and [7, Lem. 3.12] but somewhat simpler.

Lemma 5.6. Suppose A is a C(T3, F)-valued random variable, where F is a
normed space. Consider α, β ∈ (0, 1]. Suppose that, for every p ∈ [1,∞) there
exists Mp > 0 such that, for all �, �̄ ∈ L,

(
E

∣
∣
∣

∫

�

A
∣
∣
∣

p)1/p ≤ Mp|�|α, (5.6)

and
(
E

∣
∣
∣
( ∫

�

−
∫

�̄

)
A
∣
∣
∣

p)1/p ≤ Mpd(�, �̄)β . (5.7)

Then, for every γ ∈ (0, α) and p ∈ [1,∞), there exists λ > 0, depending only on
p, α, β, γ , such that

(
E|A|pγ -gr

)1/p ≤ λMp.

Proof. It suffices to consider β ≤ α. For N ≥ 1 let DN denote the set of line
segments in L whose start and end points have dyadic coordinates of scale 2−N ,
and let D = ∪N≥1 DN . Consider ω ≥ 1. For � ∈ D, let k ≤ 0 be an integer such
that |�| � 2k/ω. Then there exist m ≥ 0 finite and �k+i ∈ Dk+i for 0 ≤ i ≤ m
such that

∫
�

A = ∫
�k

A +∑m
i=1(

∫
�k+i

− ∫
�k+i−1

)A and such that |�k+i | � |�| and

d(�k+i−1, �k+i ) ≤ K 2(−k−i) for a constant K > 0. Using the elementary bound∑
i≥0 ai � supi≥0 2γ i/ωai for ai ≥ 0 and γ ∈ (0, α), it follows that

sup
�∈D

| ∫
�

A|
|�|γ � sup

N≥1
sup

a∈DN
|a|≤K 2−N/ω

| ∫a A|
2−γ N/ω

+ sup
N≥1

sup
a,b∈DN

spsspsd(a,b)≤K 2−N

|(∫a −
∫

b)A|
2−γ N/ω

.

(5.8)

Observe that |DN | � 26N . Therefore, raising both sides of (5.8) to the power p and
replacing the suprema on the right-hand side by sums, we obtain from (5.6)–(5.7)

E
∣
∣
∣ sup
�∈D

| ∫
�

A|
|�|γ

∣
∣
∣

p
� M p

p

∑

N≥1

{2N (6−p(α−γ )/ω) + 2N (12−p(β−γ /ω))}.

We now take ω sufficiently large so that β − γ /ω > 0, and then p ≥ 1 sufficiently
large such that 6− p(α − γ )/ω < 0 and 12− p(β − γ /ω) < 0. This ensures that
the sum above is finite and the conclusion follows by continuity of A. ��
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6. Expectation of Wilson Loops

We finally take Z as the random model associated to the 3D SYMH equations
and a white noise ξ (with the ultraviolet cutoff removed). In particular, � from
(2.17) solves the SHE ∂t� = �� + ξ with �0 = 0.

We fix parameters α, θ, γ, δ satisfying (I) and ν ∈ (0, 1− δ) satisfying (3.6).
Recall η,μ from (I) and λ < 0 from (3.4). We further suppose that η > 1 − 2δ

and γ < 2δ − 1 and λ ∈ (−1/8, 0). Finally, consider η̄ ∈ [2θ(α − 1), 0) such that
η + η̄ > 1− 2δ.

Example 6.1. A possible choice of parameters is

α = 1

2
− ε, θ = ε, γ = 1

2
+ ε, δ = 1− ε, ν = −η̄ = ε/2

for ε > 0 sufficiently small.

Note that these parameters satisfy the conditions of Lemma 5.1 and Corol-
lary 5.3 and fall into the setting of Sections 3 and 4. Moreover, by [7, Lem. 2.25],
since η̄ ≥ 2θ(α − 1),

||| f |||α,θ � | f |Cη̄ . (6.1)

Recall from [7, Lem. 5.18] that there exists a space-time distribution �∂� such
that

P � (�∂�) = lim
ε↓0

P � (�ε∂�ε), (6.2)

where �ε = P � 1+ξε, ξε = χε ∗ ξ , for a non-anticipative mollifier χ , and the
limit holds in probability in Cκ([0, T ], Cκ) for κ > 0 small.

Lemma 6.2. There exists ε > 0 such that, for all p ∈ [1,∞), uniformly in t ∈
(0, 1),

E|||�t |||pα,θ + E|Pt � (�∂�)|pCη̄ + E���
p
γ,δ = O(t pε).

Proof. By [7, Prop. 3.7], there exists ε > 0 such that E|||�t |||2α,θ = O(t2ε). In
particular, t−ε|||�t |||α,θ has a Gaussian tail uniform in t ∈ (0, 1). Furthermore, by
[7, Lem. 5.18], there exists ε > 0 such that E|Pt � (�∂�)|pCη̄ = O(t pε). The

claimed bound on E���
p
γ,δ is due to Corollary 5.3. ��

Fix henceforth κ > 0 as in Section 2 and ε > 0 as in Lemma 6.2. For M > 2
and t ∈ (0, 1), consider the event

Qt = {‖Z‖ 3
2+2κ;O + |P � 1+ξ |C([−1,3],C−1/2−κ ) + |P � (�∂�)|C([−1,3],C−2κ )

+ t−ε|||�t |||α,θ + t−ε|Pt � (�∂�)|Cη̄ + t−ε��t�γ,δ < M}
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where O = [−1, 2] × T3. Consider initial conditions X (0), h(0) with |X (0)|C3 +
|h(0)|C3 � 1. Similar to Notation 2.1, let τ = M−q for q ≥ 1 sufficiently large
such that SYMH admits a solution on [0, τ ] on the event

{‖Z‖ 3
2+2κ;O+|P �1+ξ |C([−1,3],C−1/2−κ )+|P �(�∂�)|C([−1,3],C−2κ ) < M} ⊃ Qt ,

which does not depend on t .
We henceforth consider t ∈ (0, τ ). Let X = (A,�) and X̃ = ( Ã, �̃) be

reconstructions at time t of X and X̃ as in Section 4 for generic smooth X (0) and
h(0) with |X (0)|C3+|h(0)|C3 � 1. Recall the line � : [0, 1] → T3, �(x) = (x, 0, 0).
The following is the main result of this section:

Lemma 6.3. For all r > 0 sufficiently small, there exists β > 0 such that, for
t ! 1, s = tβ , and |X (0)|L∞ � tr ,

EW�(Fs Ã)1Qt − EW�(Fs A)1Qt = ¶[Qt ]
{

t Tr
( ∫

�

ch(0)
)

+ t Tr
( ∫

[0,1]2
d�A(0)(x1)d�ch(0)(x2)

)
+ O(t1+r+β/6 + t1+3r/2 + t1+r+νβ)

}
,

(6.3)

where the proportionality constants are O(Mk) for some k ≥ 0.

Proof. Assume we are on the event Qt . Recall u = sλ|||A|||α,θ , λ < 0, and ε > 0
from Lemmas 4.4 and 6.2. Let us take r < ε

2 ∧ 1
10 . It follows from (6.1), the

expansion of A from (4.7), and |A(0)|L∞ � tr , that

|||A|||α,θ ≤ |A(0)|∞ + |||�t |||α,θ + |||Pt � (�∂�)|||α,θ + O(t1/4−3κ/2) � tr .(6.4)

We now take that

β = − r

4λ
> 0,

so that sλ = tλβ = t−r/4, and thus,

u = sλ|||A|||α,θ � sλtr = t3r/4. (6.5)

Since η > −2/3, we have sη/2+1/2 ≤ s1/6 = tβ/6.
Recall that | f |Cη � ||| f |||α,θ due to (3.2). Therefore, by (4.7) and Lemma 5.1,

�A�γ,δ � ��t�γ,δ + |�|Cη {|A(0)|L∞ + |Pt (�∂�)|Cη̄ + O(t1/4−3κ/2)} � tr .

(6.6)

Hence, combining (6.4) and (6.6), we have �(A) � tr . Note that our choice s = tβ

in particular satisfies the condition s ! 1 ∧ Poly(�(A)−1) of Lemma 4.4 for all
t > 0 sufficiently small.

The conclusion now follows from Lemma 4.4 by taking L sufficiently large so
that all the errors in (4.4) are bounded as

t5/4−7κ/2 + ts � t1+3r/2 ,
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tsλ
(|||�t |||α,θ + |||Pt � (�∂�)|||α,θ

)
� sλt1+ε � t1+3r/2 ,

|A(0)|L∞sη/2+ 1
2 t � tr+1t (

η
2+ 1

2 )β � t1+r+β/6 ,

sν t (�(A)+�(A)3) � t1+r+νβ ,

t (u2 + uL−1) � t1+3r/2 ,

where we used η > −2/3, (6.5), and λ ∈ (−1/8, 0) thus s = tβ < t2r . The terms
sνL + uL + uL+1 + t2u in (4.4) are clearly even smaller. ��

7. Finishing the Proof

In this section, we conclude the proof of Proposition 1.9. Given the ingredients
in the previous sections, the proof is close in spirit to that of [13, Prop. 8.5], but
has a few important differences. In general, our goal is to argue that the right-hand
side of (6.3) in Lemma 6.3 indeed gives us a sufficient lower bound. To achieve
such a lower bound, we need to use the two explicit terms on the right-hand side of
(6.3); these are the ‘good terms’ advertised in Sect. 1.3. In particular, we will show
that for t small, if Tr

( ∫
�

ch(0)
) �= 0, then we obtain a lower bound of order t ;

and if Tr
( ∫

�
ch(0)

) = 0, in which case the strategy will have some key difference
with [13], then we obtain a lower bound of order t1+r from the second term on the
right-hand side of (6.3). The difference arises from the following reason. In [13,
Prop. 8.5], since the space dimension is two, the ‘big-O’ remainder term therein
is O(t2+) which is much smaller than O(t1+r+) here. This allows one to simply
choose A(0) = 0 therein and then a term quadratic in h(0) is of order t2 which
dominates the O(t2+) remainder. In the argument here we have to be more delicate
and make use of the cross-term between A(0) and h(0), and in fact we will take
non-zero A(0), specifically A(0) = tr ch(0), with which we obtain a term with an
explicit lower bound of order t1+r .

Suppose we are in the setting of Proposition 1.9. We also follow the setting and
notation of Sect. 6. We recall (a special case of) [13, Lem. B.2], which follows from
the Chow–Rashevskii theorem.

Lemma 7.1. Consider non-zero j ∈ L(g,R). Then there exists ζ ∈ C∞([0, 1], g)
such that

(i) ζ̇ = 0 on [0, 1
4 ] and [ 3

4 , 1],
(ii) ζ(0) = 0 and jζ(1) �= 0,

(iii) Lζ (1) = id where Lζ ∈ C∞([0, 1], G) solves dLζ = (dζ )Lζ , Lζ (0) = id.

Proof of Proposition 1.9. It suffices to consider r > 0 small as in Lemma 6.3.
Consider for now generic g(0) ∈ G∞ and x̃ ∈ C∞(T3, E) with |g(0)|C3 +|x̃ |C3 �
1. Consider M & 1 and t = M−q ′ , where q ′ > q so that t < τ for τ = M−q as in
Section 6. Then, by Lemma 6.2 and Markov’s inequality, ¶[Qc

t ] � M−2q ′ = t2. In
particular,EW�(Fs A) = EW�(Fs A)1Qt +O(t2), and similarly forEW�(Fs Ã)1Qt ,
so it suffices to show that, for t > 0 sufficiently small,

|E{W�(Fs Ã)− W�(Fs A)}1Qt | � t1+r . (7.1)
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Let k be as in Lemma 6.3 so that the term O(t1+r+β/6+t1+3r/2+t1+r+νβ) appearing
in (6.3) is bounded from above by Mk(t1+r+β/6 + t1+3r/2 + t1+r+νβ). Then, by
taking q ′ large, the final quantity is of order o(t1+r ) with a proportionality constant
that does not depend on M .

Recall c ∈ L(g3) with c1 �= 0 ∈ L(g3, g) in the statement of Proposition 1.9.
We write c1(A1, A2, A3) = ∑3

i=1 c(i)
1 Ai where c(i)

1 ∈ L(g). It suffices to consider

the cases c(1)
1 �= 0 and c(2)

1 �= 0.

Case 1: c(1)
1 �= 0. Let ζ ∈ C∞([0, 1], g) be as in Lemma 7.1 with j = j ◦ c(1)

1

for any j ∈ L(g,R) that makes j non-zero. In particular c(1)
1 ζ(1) �= 0.

Define u ∈ C∞(T3, G) by u(x, y, z) = Lζ (x) for (x, y, z) ∈ [0, 1)3, where
Lζ is as in Lemma 7.1(ii) and we recall that we identify T3 with [0, 1)3. Remark
that ∂2u = ∂3u = 0 and that indeed u : T3 → G is smooth. Define g(0) = u,
h(0) = (du)u−1, and x̃ = (A(0), 0) ∈ C∞(T3, g3 ⊕ V) where

A(0) = tr ch(0).

In particular, hi ≡ 0 for i = 2, 3 and, by our choice of �,
∫

�

ch(0) =
∫

�

c(1)
1 h1(0) = c(1)

1 ζ(1) .

Observe now that, if Tr(c(1)
1 ζ(1)) �= 0, then Lemma 6.3 implies

|EW�(Fs Ã)1Qt − EW�(Fs A)1Qt | � t,

which in turn clearly implies (7.1) and we are done.
If, on the other hand, Tr(c(1)

1 ζ(1)) = 0, then the first term on the right-hand

side of (6.3) vanishes. Therefore, recalling that
∫
[0,1] d�ch(0)(x) = c(1)

1 ζ(1) �= 0
and A(0) = tr ch(0), we are left with

|EW�(Fs Ã)1Qt − EW�(Fs A)1Qt | � t1+r
∣
∣ Tr

({c(1)
1 ζ(1)}2)∣∣− o(t1+r ) � t1+r

as required.
Case 2: c(2)

1 �= 0. This case is easier and does not require Lemma 7.1. It
is similar to Case 2 of the proof of [13, Prop. 8.5], but we give the details for
completeness. Define u ∈ C∞(T3, G) as follows. Let X ∈ g such that c(2)

1 X �= 0.
Consider smooth ψ : [− 1

2 , 1
2 ] → [0, 1] such that ψ(0) = ψ(y) = 0 for all |y| ≥ 1

4
and ψ̇(0) = 1. We then define u : T3 → G by

u(x, y, z) =

⎧
⎪⎨

⎪⎩

eψ(y)X if y ∈ [0, 1
4 ],

1 if y ∈ [ 1
4 , 3

4 ],
eψ(y−1)X if y ∈ [ 3

4 , 1].
Then u is smooth and ∂1u = ∂3u = 0. Furthermore h = (du)u−1 satisfies h1 =
h3 ≡ 0 and

h2(x, 0, 0)
def= (∂2u)u−1(x, 0, 0) = X for all x ∈ [0, 1]
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where we used ψ̇(0) = 1. In particular, recalling the definition of �, one has
∫

�

ch =
∫ 1

0
c(2)

1 h2(x, 0, 0)dx = c(2)
1 X .

The conclusion follows exactly as in Case 1 upon subdividing into the cases
Tr c(2)

1 X �= 0 and Tr c(2)
1 X = 0. ��
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Symbol Meaning Page
Cε

YM/Higgs BPHZ ‘constants’ Cε
YM ∈ LG(g) and Cε

Higgs ∈ LG(V) 4

C̊A/� Arbitrary operators C̊A ∈ L(g3) and C̊� ∈ L(V) 4
Cε
A/�

Total renormalisation operators Cε
A/�

= Cε
YM/Higgs + C̊A/� 4

E YM-Higgs target space E = g3 ⊕ V 4
Fs YM heat flow {Fs(a)}s≥0 6
Fsol Space of paths f : [0, 1] → F � { } with possible blow-up 5
G Compact Lie group G ⊂ U(N ) 4
Gρ Gauge group Gρ = Cρ(T3, G) 5
g Lie algebra g ⊂ u(N ) of G 4
g· Action of gauge group 5
L(F) Linear operators F → F 4
LG Linear operators commuting with action of G 4

Ns Quadratic functional Ns(A)
def= Ps A ⊗∇Ps A 22

O Space-times set O = [−1, 2] × T3 12
P Integration against heat kernel on modelled distributions 12
P� Integration against heat kernel of space-time distributions 12
Pt Heat semigroup (Pt )t≥0 12
SYMHt Solution SYMH(C, x) ∈ Ssol of the SYMH at time t ∈ [0, 1] 5
S State space from [7] 5
Sym Refined state space with better bounds on Ns 23
� Metric / size functional on Sym 23
V Target space of Higgs field, a real Hilbert space 4
W� Wilson loop observable 7
•ym g3 (i.e. YM) component of g3 ⊕ V-valued field 4
�γ -gr Space of distributions with finite ‘growth’ norm | · |γ -gr 22
�•�γ,δ Time-weighted norm on Ns(•) 22
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