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When a superconductor is placed in contact with a normal material, Cooper pairs penetrate the latter and
induce superconductivity via the proximity effect. Despite its central role in quantum materials, supercon-
ducting devices, and topological platforms, a predictive first-principles description of the proximity effect at
realistic interfaces has remained computationally prohibitive so far. Here, we fill this gap by developing a
Green’s-function framework based on real-space dynamical embedding that enables first-principles simulations
of superconducting proximity in mesoscopic systems. We show that the proximity effect admits a transparent
diagrammatic formulation in terms of normal and anomalous embedding self-energies, which disentangle
and quantify the distinct renormalization mechanisms generated by coupling to a superconducting bath. By
combining this formalism with recursive schemes, we compute local spectral functions and proximity lengths
extending over hundreds of nanometers into the bulk without resorting to thick interface slabs. We deploy
the approach on tight-binding models (Qi-Hughes-Zhang and Fu-Kane-Mele), where we analyze mixed-parity
superconductivity in topological insulators proximitized by s-wave superconductors, and on first-principles
simulations of NbSe,/CrBr; heterostructures based on density-functional theory and maximally localized
Wannier functions, the latter enabling direct comparison with scanning tunneling spectroscopy experiments.
Our work provides a scalable and conceptually unified framework that bridges microscopic electronic structure

and mesoscale proximity physics, enabling predictive atomistic simulations of superconducting interfaces.
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I. INTRODUCTION

When a normal (i.e., nonsuperconducting) material is
placed in contact with a superconductor (SC), superconduct-
ing correlations can extend through the interface into the
normal material. This phenomenon is known as the super-
conducting proximity effect (SPE) and it is often described
in terms of Andreev reflections [1,2]. These are processes in
which a Cooper pair is allowed to tunnel from the SC into
the normal material—or equivalently, an electron is allowed
to tunnel from the normal material into the SC forming a
Cooper pair—by reflecting back a hole. The superconductivity
induced by the SPE is substantially different from that of
intrinsic SCs, as the anomalous density of Cooper pairs is fi-
nite even though locally there are no microscopic interactions
pairing electrons.

While the SPE has been extensively studied in many
contexts—ranging from spintronics applications [3], to the
study of unconventional superconductivity [4], and the real-
ization of Josephson junctions [5]—it has recently emerged
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as a central tool in the search for topological supercon-
ductivity [6,7]. Topological superconductors (TSCs) exhibit
gapless excitations that behave like Majorana fermions [§]
and are protected by a bulk topological invariant. At vari-
ance with topological insulators, these modes can either occur
at the boundary (e.g., chiral Majorana fermions) or in su-
perconducting vortices in the bulk. Particularly interesting
are Majorana zero modes (MZMs), localized zero-energy
states that are promising candidates to realize anyons with
non-Abelian statistics, the building block of fault-tolerant
topological quantum computing [9,10]. MZMs are predicted
to occur at the edge of one-dimensional TSCs [11], in the
vortices of two-dimensional (2D) chiral TSCs [12,13], or as
corner modes in higher-order TSCs [14-20].

Most proposals for realizing topological superconductivity
and Majorana modes require either intrinsic or effective p-
wave superconductivity [7,21,22]. Nevertheless, despite the
growing attention, intrinsic TSCs with p-wave pairing remain
rare and elusive to identify. Phonon-mediated SCs are typ-
ically s wave, while only strongly correlated systems have
shown some partial evidence of intrinsic p-wave pairing, with
small superconducting gaps and very low critical temperatures
[23,24]. Remarkably, p-wave topological superconductivity
can emerge in heterostructures made of a conventional s-wave
SC placed in contact with either a topological insulator or a
semiconductor with Rashba spin texture, in the presence of
a Zeeman field; these are named artificial or designer TSCs
[25-27]. The Zeeman field can be obtained either through an
external magnetic field or by proximity with a ferromagnet
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[7]. In these systems, it is the underlying spin texture of the
electronic band structure that enables effective triplet super-
conductivity induced by singlet correlations. The success of
these proposals therefore hinges on an accurate description
and control of the SPE, supported by reliable theoretical and
computational frameworks.

The SPE and artificial TSCs are often modeled by the
mean-field Bogoliubov-de Gennes (BdG) approach, where
the induced superconducting pairing A is introduced in the
normal material as a fixed parameter [25,28], or it is com-
puted self-consistently starting from some knowledge or
parametrization of the microscopic electron-electron effective
pairing interaction [29]. In general terms, but also to accu-
rately describe real heterostructures, the induced supercon-
ductivity cannot be solely described by an additional pairing
parameter leaving the normal-state Hamiltonian unchanged.
This has been shown, for example, in Refs. [30-33], where a
surface self-energy derived from the coupling to a bulk BCS
local Green’s function is introduced in the Dyson equation of
the renormalized system. Crucially, this self-energy contains
both normal and anomalous components that are treated on
equal footing, highlighting the role of normal-state renormal-
ization that is often overlooked when superconductivity is
modeled as a simple additional pairing term. More broadly, an
unbiased treatment of frequency-dependent anomalous self-
energies is also fundamental to describe superconductivity
beyond the BCS-Migdal-Eliashberg treatment and reach the
strong-coupling limit where strongly bound pairs are formed
and condense, leading to a Bose-Einstein condensation regime
[34,35] that—for the electron-phonon case—is associated
with the formation of bipolarons [36-38].

The methods discussed above are often based on
simplified models that, while crucial for understanding
general phenomena, lack the predictive power to discover and
design materials—objectives that can instead be addressed
by ab initio approaches. An intermediate step toward
realistic descriptions of specific materials and devices is
offered by semiphenomenological methods. These retain
some simplifying assumptions—Ilike effective Hamiltonians
or parametrized superconducting gaps—while allowing
system-dependent parameters to be adjusted in a more
controlled way, for example, by fitting to experimental
data. For instance, in Ref. [39], a predictive first-principles
calculation for the normal electronic structure is combined
with a phenomenological treatment of the proximity-induced
superconductivity. This approach scales well with the size
of the system, making it suitable for large-scale simulations,
but still relies on a simplified description of the induced
superconductivity, in which the decay of the induced
superconducting gap follows a parametric equation [40].
Another example, in the context of Josephson junctions, is
the use of ab initio tight-binding models based on Wannier
functions combined with empirical pairing terms [41].

To overcome the limitations of such methods, pioneering
efforts toward fully ab initio simulation of the SPE have
been mostly based on superconducting density functional
theory (SCDFT) [42-45]. Here, the SPE is computed self-
consistently with a generalization of the Kohn-Sham (KS)
equations that also include the anomalous density. For in-
stance, in Refs. [46,47], the SPE is computed self-consistently

by solving the spin-generalized KS-BdG equations with an
initial guess for the superconducting order parameter in the
SC. In a similar spirit, in Refs. [48-50], the predictive power
of SCDFT is constrained by the need to assume a specific
form for the superconducting pairing kernel and to choose
superconducting coupling parameters [51]. A representative
example is given in Ref. [50], where the induced pairing is
obtained self-consistently by postulating an atom-dependent
superconducting pairing kernel that is nonzero only in one of
the materials forming the junction and is fitted to reproduce
experimental data.

Most current efforts to describe the SPE from first princi-
ples rely on SCDFT and address the problem by explicitly
simulating a few layers of the interface. However, SCDFT
faces intrinsic limitations that are related to the mismatch
between the typical length/energy scales of the SPE and what
can be simulated explicitly by first-principles electronic struc-
ture methods even on today’s largest supercomputers. First
and foremost, the proximity effects can manifest over meso-
scopic length scales—often tens to hundreds of nanometres,
i.e., up to hundreds of thousands of atoms. In addition, lattice
mismatch between the two sides of the interface can require
not only deep but also wide supercells. In other words, the
proximity length is a mesoscopic scale far beyond what can
be explicitly simulated ab initio. Indeed, even when the inter-
face is modeled with few tens or hundreds of atoms, SCDFT
must be used semiphenomenologically (i.e., with limited pre-
dictive power) due to the large computational cost, with a
constant local pairing potential fitted to experiments rather
than derived self-consistently [46,47,49,50]. In addition to
the length scale, the energy scale also increases the compu-
tational cost: Superconductivity occurs at the meV scale and
typically needs very accurate grids in reciprocal space to prop-
erly integrate electron-phonon coupling and, more in general,
other properties related to the pairing potential. Moreover, the
framework of SCDFT requires all relevant materials, inter-
faces, and interactions to be described within a single SCDFT
Hamiltonian, effectively limiting its flexibility and scalabil-
ity when addressing complex heterostructures. Much of the
reasoning outlined for SCDFT applies even more strongly to
the principal alternative approach, i.e., many-body perturba-
tion theory (MBPT) in the Migdal-Eliashberg approximation
[52,53]—with the added drawback that no semiphenomeno-
logical parametrization can be readily derived. While SCDFT
and Migdal-Eliashberg are extremely powerful for studying
the SPE, a fully ab initio approach would likely need a more
flexible framework that decouples the relevant energy and
length scales—possibly incorporating SCDFT/MBPT calcu-
lations, including dynamical mean-field theory (DMFT) [54],
in a multistage workflow.

Here, we present a comprehensive first-principles Green’s-
function theory of the SPE based on real-space embedding
potentials and Wannier functions. The effect of the SC
on the normal material is encoded in two dynamical local
self-energies—the embedding potentials—which renormalize
both the normal and anomalous Green’s functions of the prox-
imitized material.

The paper is organized as follows. In Sec. II, we develop
the Green’s-function theory of the SPE with embedding po-
tentials. We derive the Dyson equations for the SPE along
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FIG. 1. Schematic of a normal-superconductor (N/SC) heterostructure used in the embedding scheme. Depending on the strength of the
interface coupling, two limits can be identified. If the interface coupling is weak (left panel), the two constituents of the heterostructure can be
studied separately. In this case, the isolated N material (region A) is described by a Green’s function G, while the isolated SC (region B) is
described by its normal and anomalous propagators, GéB ) and FO(B ). Here, the SC (region B) plays the role of a bath and is formally integrated
out, thereby effectively renormalizing the Green’s functions of the N subsystem (region A). The two regions are coupled by a purely electronic
single-particle term y,p (i.e., with no intrinsic superconducting pairing component in the coupling). If the interface coupling is strong (right
panel), the interface (region B) explicitly contains portions of both materials and must therefore be solved as a standalone subsystem, and it is
thus characterized by its normal and anomalous propagators GE)B) and FO(B). The bulk N system (region A) is described by the Green’s function
GBA), while the bulk SC (region C) is described by the propagators G(()C) and FO(C). In the embedding picture, the bulk N system (region A) and
SC (region C) act as baths that are formally integrated out, thereby renormalizing the Green’s functions of the explicit interface (region B).
The couplings y4p and ypc that connect A <> B and B <> C are purely single-particle electronic hopping terms (i.e., they contain no intrinsic

superconducting pairing components).

with their diagrammatic representation. Then, we extend the
approach to mesoscopic systems through surface embedding
and recursive schemes, and discuss the weak and strong lim-
its of the interface coupling in the context of first-principles
simulations. In Sec. III, we validate and deploy our approach
through numerical simulations within the BdG description of
superconductivity. First, in Sec. IIl A, we consider the Qi-
Hughes-Zhang (QHZ) model [27] for chiral TSCs to compare
our method to the standard BdG calculations with a fixed
s-wave pairing. Then, in Sec. IIIB, we consider the SPE
between mesoscopic (semi-infinite) systems: first an s-wave
SC in contact with a single-band free-electron-like metal,
and then with a three-dimensional (3D) topological insulator
through the Fu-Kane-Mele (FKM) model [55]. We calculate
the proximity lengths of the induced singlet and triplet anoma-
lous densities, as well as local spectral densities. In Sec. IIIC,
we study the NbSe,/CrBr; van der Waals heterostructure
from first principles, including density functional theory, and
compare with experiments. Finally, in Sec. IV, we summarize
our results and provide an outlook for future developments
and applications.

II. EMBEDDING THEORY
FOR SUPERCONDUCTING INTERFACES

Let us consider an interface composed of a normal system
(A) and an SC (B), which are coupled by some single-particle
electronic Hamiltonian (y4p), as represented schematically in
Fig. 1. We call the Hamiltonian of the full (A 4 B) system H
and its Green’s function G(w), defined by (v — H)G(w) = 1.
Following the notation of Ref. [56], we introduce projectors
onto Wannier functions [56-58] |Rn) localized on either side
of the interface as Py = C ® ) g ,)cq IR7) (Rn|, Where C is

the particle-hole operator. Then, we can partition the system
into two subsystems A and B by applying the projectors to the
total Hamiltonian, yielding the block structure:

(44) (AB)
s = <HBdG HBdG)
B (AB)t (BB)
HBdG HBdG
h@A 0 h(AB) 0
0 _h(A)* 0 _h(AB)*
= | pasnr 0 h® A® | M
0 _h(AB)T _A(B)* _h(B)*

Here, 7 and A are, respectively, the normal and supercon-
ducting components of the projected BdG Hamiltonian Hgfi@ ,

defined as
(@p) __
Hyag = PaHBacPs. 2)

In the following, we only assume that the Hamiltonian
coupling the two subsystems is static. For the sake of sim-
plicity, since we target first-principles simulations, we write
the following equations for static quasiparticle Hamiltonians,
including KS DFT and MBPT (e.g., GW). We emphasize that
the formalism that we derive in this section is more general
and can naturally accommodate dynamical self-energies (both
normal and anomalous) with an arbitrary frequency depen-
dence for both subsystems.

To keep the notation compact, in the following we will
remove the double superscript in the projected Hamiltonians
and rename the hopping term AB as ' (and AA as A, BB as
B). Similarly to what has been done for the Hamiltonian, the
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FIG. 2. (a) Diagrammatic representation of the embedding Dyson equations [Egs. (6)—(10)] that describe how the normal Green’s function
G“(w) and the induced anomalous Green’s function F T (w) of the normal subsystem A are renormalized by proximity to the superconductor
B. First, the normal propagator of A is renormalized by the normal part of B, yielding the normally embedded propagator G (w) through
the normal embedding potential V™ (w); V™ scales as hZ (where Ay is the single-particle interface coupling). Second, the fully renormalized
G*(w) is obtained from a Dyson equation for G (w) with a self-energy that contains products of the anomalous embedding potential V™ (w);

emb
because vy,

itself scales with A2, these contributions scale as /}.. The same anomalous embedding terms are responsible for a nonvanishing

induced anomalous propagator F ' (w) in the originally normal system. (b) Definitions of the normal and anomalous embedding potentials,
Ve (¢r) and VM (w), expressed in terms of the interface coupling /r and the closed normal GE)B )(w) and anomalous FO(B )(w) Green’s functions

of the isolated superconductor.

projection yields the total Green’s function in a block form

GW G
G(w) = ( (@) (”)), 3)

G(F)T(a)) (G(B)(a))

with the projected Green’s functions G written in the Nambu

formalism
G(w) F(w)
Gw) = (mw) o (_w)>, “

where G and F are, respectively, the normal and anomalous
Green’s functions. It is important to note that owing to the
real-space localization of the Wannier basis, the real-space
partitioning can be equivalently done in reciprocal space, as
explained in Appendix A. This allows us to write the secular
problem as a set of coupled equations for the Green’s function
of the two subsystems.

Here, we focus on the renormalization of the Green’s func-
tion of the normal system A due to the proximity with the SC
B, for which we can solve (w — Hpag)G(w) = I to obtain

[a) — A _ h(F)GBB)(w)h(Fﬁ]G(A)(w)
+hDFEP () VTF Y (0) =1,

h(F)*FO(B)T (a))h(r)TG(A)(a))
+ [ + B B* GO (—)h T F DT (w) = O, (5)

where GéB)(a)) and FO(B)(a)) are the closed normal and anoma-
lous Green’s function of the isolated SC. Notably, the solution
for GY(w) can be better understood by rewriting it as a two-
step process. First, G(()A)(a)) = (0 — ™)~ ! is renormalized by
the presence of the normal component of the SC:

GA(w) = G (@) + G (W™ () GL(w),  (6)

no

where vﬁg‘b (w) is the local embedding potential for the normal

Green’s function that is defined by

Ve (@) = hD G (w)h ™. @)

no

Subsequently, the partially renormalized (or “normally em-
bedded”) Green’s function G4 (w) undergoes a second

renormalization due to the anomalous component of the SC
Green’s function FO(B )(a)):
b
GV (w) = G2 (w) + GL (I ()G (—w)

an

x VI (0)GH (), ®)

where the anomalous embedding potential V™ (w) is defined
as

i (w) = K F ()h ™. ©)

Finally, we can see that the normal system A also acquires a
nonvanishing anomalous Green’s function given by

FY(w) = —GAT (—0)v™ T (0)GY (w). (10)

We diagrammatically represent Egs. (6)—(10) in Fig. 2,
making explicit the two distinct contributions to the SPE.
In particular, we can see that F ®) does not renormal-
ize the Green’s function of system A directly, but only
through the normally embedded Green’s function GW(w).
This is a crucial, yet often overlooked, point: In general, the
renormalization of the normal system—and the concomitant
emergence of an induced anomalous component—cannot be
faithfully captured by simply adding a constant pairing term
to the Hamiltonian, as is often done in the literature. Our
observation aligns with earlier studies based on simplified
models [7,30-33], which already emphasized the importance
of accounting for the normal component of the Hamiltonian,
albeit within a different formalism.

As reported in Appendix B, from the diagrams shown
in Fig. 2 we see that we can induce a nonvanishing triplet
component in the normal system, for example, via spin-
orbit interactions, producing off-diagonal terms in the Green’s
function, or via magnetic fields [59]. Then, in general, a
mixed-parity state comprising both singlet and triplet com-
ponents with no net spin magnetization will appear in
proximitized materials if spin-orbit coupling (SOC) is present
[60]. It is worth mentioning that a nonvanishing triplet compo-
nent can also arise in altermagnets despite the absence of SOC
and external magnetic fields [61,62]. It should also be noted
that, while in disordered systems the p-wave component can

033184-4



FIRST-PRINCIPLES REAL-SPACE EMBEDDING THEORY ...

PHYSICAL REVIEW RESEARCH 8, 033184 (2026)

be suppressed relative to the s-wave one, in clean systems the
two can be comparable [63].

As already mentioned, it is worth emphasizing that the
present framework relies essentially on the single approxi-
mation that the coupling between the two subsystems A and
B is static and remains unrenormalized by the interactions.
Furthermore, superconducting pairing is taken to occur only
within each subsystem. In the present discussion, our focus
is on the direct proximity effect; hence, in Egs. (5), we con-
sidered the case where subsystem A is not superconducting in
the absence of system B. However, in Appendix C, we report
the general equations when both systems can be intrinsically
superconducting, providing a way to study also the inverse
proximity effect, where an SC is renormalized by the presence
of a normal material. We are going to use this more general set
of equations in Sec. II.

Due to their general character, these equations are not
limited to a BAG or Migdal-Eliashberg framework, but they
can be used also in combination with unbiased many-body
approaches that allow computing the normal and anoma-
lous self-energies for isolated systems. A natural candidate
is DMFT [54], which enables an accurate treatment of the
electron-electron correlations in both subsystems as well
as describing superconductivity beyond the weak-coupling
paradigm for both electronic and phononic pairings. DMFT
and related methods have been successfully used to study
superconductivity in models and in correlated materials in-
cluding, e.g., alkali-metal doped fullerides [64—66], nickelates
[67], and multilayer cuprates [68]. A systematic study of all
these applications defines a very broad research program that
lies beyond the scope of the present work and is deferred to
future investigation.

A. Surface embedding for mesoscopic systems

In real interfaces, the SPE can extend over mesoscopic
length scales—up to hundreds of nanometers [69]—while the
induced superconducting gaps are typically small. As a con-
sequence, explicit simulations of the interface would require
simultaneously dense reciprocal-space grids and very thick
slabs to reach convergence. To overcome these issues, we
solve the embedding equations for surface Green’s functions
that describe the boundary of truly semi-infinite systems and
are obtained by recursive embedding methods in the spirit
of the Lépez-Sancho iterative scheme [70,71]. Lépez-Sancho
schemes based on Wannier functions have been used for
many applications, such as probing the existence of topo-
logical surface states or simulating electronic transport in
lead-conductor-lead geometries [56,72—74]. The Hamiltonian
is partitioned into “principal layers” that are coupled only
through nearest-layer hoppings. Then, an iterative algorithm is
used to solve the secular equation (w — H)G(w) = I through
embedding self-energies (also known as transfer matrices) and
gives access to the surface Green’s function from the sole
knowledge of the bulk. This is particularly accurate in the
limit where surface reconstruction and other self-consistent
effects can be neglected.

The adoption of the recursive scheme enables the study
of the SPE in mesoscopic systems by solving the embedding
equations of Fig. 2 in terms of surface rather than bulk Green’s

functions, with the former computed via recursive techniques.
In this way, a surface between two semi-infinite systems can
be simulated explicitly without the need of calculating very
thick slabs, which would be computationally prohibitive to
converge properly. This becomes critical especially in systems
hosting Majorana boundary modes: Due to the small bulk SC
gaps, these can hybridize across the slab if not sufficiently
thick, thus opening spurious energy gaps at the boundary and
compromising their topological properties. The issue appears
twice in superconducting heterostructures with topological in-
sulators, where the Dirac cones can exhibit spurious gaps due
to finite thickness even before considering superconductivity.

B. Weak interface coupling limit

We emphasize that up to this point the equations are exact,
in the sense that no approximations have been introduced
beyond the assumption of a static coupling Hamiltonian for
the materials forming the interface. In principle, Eq. (2) would
require the knowledge of the Hamiltonian of the entire sys-
tem 7, which is later to be projected on the manifolds of
interest. For simple tight-binding or continuum models—and
more in general any effective theory that does not depend on
a global variable—this is what is actually done as we have
easy access to H. More in general, one wants precisely to
avoid dealing explicitly with 7, which is typically a functional
of a variable defined over the entire system. Key examples
are DFT, where H is a functional of the total charge den-
sity p or MBPT that requires the knowledge of the total
Green’s function. Nevertheless, even when a global variable
is involved, the equations are still exact, provided they are
solved self-consistently. In this case, the renormalization of
the Green’s function changes the global variable (e.g., in DFT,
a new p) that modifies the interface Hamiltonian and would
normally require an iterative self-consistent treatment. For
simplicity, here we identify two limiting cases in which the
self-consistent cycle can be avoided, allowing the embedding
equations to be solved in a single step, while leaving the fully
self-consistent generalization for future work.

If the interface coupling A" is weak, as is the case in van
der Waals heterostructures, it is natural to approximate the
projected interface Hamiltonians by those of the correspond-
ing closed (isolated) systems. As already mentioned, while the
use of closed-system quantities is exact within a tight-binding
framework, it is, in general, an approximation. Focusing on
the practically most relevant setting of DFT, where the Hamil-
tonian is a functional of the ground-state charge density, H[p],
the weak-coupling approximation corresponds to

PaHpaclplPa ~ Haac[pe]. (1)

where p0 is the ground-state density of the closed (isolated)
system «. Here, the Green’s-function calculations for the two
subsystems are fully decoupled, allowing one to deploy dif-
ferent levels of theory on the two sides of the interface. A
full electronic-structure calculation of the interface is still re-
quired, but only to extract the interfacial hopping amplitudes,
thereby eliminating the need to explicitly simulate supercon-
ductivity across the interface.
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C. Strong interface coupling limit

If the interface coupling is particularly strong, effects like
band bending and charge transfer across the interface might
not be sufficiently well described by the previous approxi-
mation, and Eq. (11) could not hold anymore: The interface
might need to be simulated explicitly and self-consistently
converged. The simplest approach, sketched in Fig. 1, is to
study a supercell composed of a thick finite slab of both
materials, where the Hamiltonian of each subsystem can be
computed via projection as in Eq. (2). Still, we exploit re-
cursive schemes to treat mesoscopic leads: If the slab is
sufficiently thick that, far from the interface, the material is
well approximated by its bulk, the semi-infinite geometry can
be mimicked by embedding the interface on both sides. The
required thickness is then substantially smaller than in the
absence of embedding, where spurious surface states would
appear on the two sides of the finite slab. This strong-coupling
limit is in the spirit of Ref. [75] and is closer in philoso-
phy to electronic-transport calculations in lead-conductor-lead
geometries [56,72—74]; it has also been employed to study
Josephson currents in Josephson junctions [76]. In this setting,
we solve the embedding equations for three subsystems: two
superconducting (the parent SC and the interface) and one
normal material. The corresponding embedding solution is re-
ported in Appendix C. As mentioned previously, it should also
be noted that Fig. 1 admits a broader interpretation and can be
adapted to study several related scenarios. These include, for
instance, the inverse proximity effect, SC-SC junctions, and
arbitrary multilayer heterostructures. The corresponding em-
bedding solutions can be obtained by taking the appropriate
limit starting from the equations developed in Appendix C.

III. NUMERICAL RESULTS

Now, we validate and deploy the embedding theory
developed in Sec. II via numerical simulations on four rep-
resentative cases, ranging from minimal 2D tight-binding
models to first-principles simulations of real heterostructures.
We begin with the QHZ model [27] for 2D quantum anoma-
lous Hall insulators (QAHIs) in proximity of s-wave SCs,
where we benchmark the embedding solution against the stan-
dard BdG framework and compare with exact diagonalization
methods. Then, we consider mesoscopic systems and examine
the SPE induced first in a 3D single-band free-electron-like
metal and then in 3D topological insulators through the FKM
model [55]. Here, we calculate the proximity lengths of singlet
and triplet anomalous densities. Finally, we deploy our em-
bedding theory in first-principles simulations of NbSe, /CrBr3
van der Waals heterostructures to investigate both the direct
and inverse proximity effects, computing renormalized spec-
tral functions as well as the layer-resolved density of states
(DOS) and superconducting gaps. There, we also comment on
how our approach can aid the interpretation of experimental
measurements.

A. 2D quantum anomalous Hall insulators in proximity
of s-wave superconductors

The QHZ model [27] describes a 2D chiral TSC obtained
by placing a QAHI in proximity of an s-wave SC. The

Hamiltonian of the QAHI is given by

€ A
hoam(p) = ( b ) (12)

*
Ay —€

where €, = m + Bp? and A, = A(p, — ipy), in the basis ¥, =
(cpt, cpy)- The energy spectrum is gapped as long as m # 0,
corresponding to a topological phase with Chern number C =
1 for m < 0 and a trivial one with C = 0 for m > 0. In the
original definition of the model [27], the SPE is accounted
for by introducing a constant s-wave pairing Aio, in the BAG
Hamiltonian, thus leaving the normal part unchanged. This
approach, which we refer to as “fixed A,” leads to a topo-
logical phase diagram of the SC with three different phases
characterized by Chern numbers A" = 0, 1, 2, also in the pres-
ence of doping [27]. We report our own numerical simulations
in the fixed-A approximation at half-filling in the left-hand
panel of Fig. 3. Here, the BAG Chern number N counts the
number of chiral Majorana edge states crossing the gap of
the BdG spectrum, and the phases with A" =2 and /' =0
are adiabatically connected, respectively, to the QAHI C = 1
and C = 0 topological phases. On the contrary, the N =1
phase is a topological phase with no QAHI counterpart that
is characterized by a single chiral Majorana edge mode.
Although such a minimal model provides a simple and
useful platform to study both analytically and numerically the
emergence of topological superconductivity in proximitized
system, the fixed-A BdG approach might oversimplify the
description of the SPE, thus hindering understanding. Here,
we reformulate the QHZ model as separate QAHI and 2D
s-wave SC in tight binding, which are coupled by an in-
terlayer hopping I'. The heterostructure is studied through
our embedding approach [Egs. (6)—(10)], and we focus on
the renormalization of the QAHI Green’s function and its
corresponding Chern number computed via the topological
Hamiltonian method [77]. In this framework, an effective
Hamiltonian is defined: H;(k) = -G "(w = 0), which al-
lows calculating the topological invariant using the standard
procedures (such as the plaquette method or the tracking
of hermaphrodite Wannier function centers, also known as
Wilson loops [78-80]) for noninteracting systems even in
a Green’s-functions framework. As in the original proposal
[27], the QAHI is represented by the QHZ model [Eq. (12)],
here discretized on a square lattice, with parameters A =
B = 1. The s-wave SC is also on the square lattice and is
described by the pairing amplitude A. The interface hopping
I' is diagonal in both spin and orbital space. By solving
the embedding equations at fixed interface coupling I' while
varying the parent-SC pairing Ay, the resulting topological
phase diagram changes substantially relative to the conven-
tional fixed-A treatment (see Fig. 3). Here, it should be noted
that the A — 0 limit has a different physical meaning in the
two approaches. In the fixed-A case, this limit corresponds
to a vanishing pairing that leaves the QAHI Hamiltonian
unrenormalized—thus resulting in a BAG Chern number N
that is twice that of the nonsuperconducting system C. In
contrast, in the embedding approach, the interface hopping I"
is finite, and the QAHI is still renormalized by the normal
embedding potential vﬁg"b(w), which does not vanish when
Ag. — 0. In addition, in this limit the topological invariant
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Without normal embedding
(anomalous only)

Full embedding

(exact)

N =

Fixed-A

Asr:r2

FIG. 3. Topological phase diagrams of a QAHI in proximity of an s-wave SC, as a function of the QAHI mass parameter and of the induced
pairing. In the fixed-A approach (left panel), a Bogoliubov-de Gennes Hamiltonian is constructed by considering the QHZ model and adding a
constant pairing A [27]. In the right-hand panel, we report the exact solution of the embedding equations for a QAHI/SC heterostructure, where
A is the bulk pairing of the SC and I" = 0.8 is the interface coupling. The center panel reports the solution of the embedding equations where
the normal embedding potential is neglected (“anomalous only”). While three phases with distinct Chern numbers appear in all cases, the
phase diagram can be rather different. Indeed, the fixed-A approach does not describe the renormalization of the normal Hamiltonian, as can

be appreciated by the similarity with the anomalous-only embedding solution at small values of the induced pairings.

becomes ill-defined since the system becomes gapless: It is
precisely the role of the pairing to open a gap in the spectrum,
thereby allowing the definition of a topological invariant.

To find an approximate limit in which the embedding
equations [Eqgs. (6)-(10)] resemble a fixed-A scheme, we
can retain only the anomalous propagator of the SC, FO(B),
while neglecting the normal (renormalizing) part of its em-
bedding potential. To demonstrate this explicitly, we solve
the embedding equations derived in Sec. II after dropping
the second term in Eq. (6), i.e., G (w) = GéA)(a)), which
amounts to omitting the normal (renormalizing) contribution
of the superconducting environment. Here, by varying the
superconducting pairing Ay, we can see that the fixed-A
approach is similar to the approximation of the embedding
equations in which G%)(w) = G{"(w), especially for small
values of A, while the full embedding equations give a
different picture. An “effective pairing” in this limit can be de-
rived analytically, with calculations reported in Appendix D.
We conclude that the first renormalization of the electronic
Green’s function G{)(w) is crucial to be predictive when deal-
ing with real heterostructures, as noted also in Refs. [30-33].
A more detailed analysis of the embedding equations reveals
that, while the normal embedding potential v™ (w) ~ I'? (in-
dependent of the superconducting gap), the anomalous one
follows ve™®(w) ~ AT2. Then, to recover the fixed-A limit
from our embedding formalism, we would need I'? « 1 while
maintaining AT finite, resulting in A >> 1—a regime that is
experimentally unrealistic. Additionally, the two approaches
differ in their limit for A — 0: In the fixed-A case, the
Green'’s function of system A remains completely unrenormal-
ized, while in the embedding equations the normal component
is still included, highlighting the fact that the SPE involves
both normal and anomalous renormalizations, and not merely
the latter. More importantly, the fixed-A approach does not
allow to disentangle the contributions of the interface hopping
I' from the superconducting pairing A of the parent SC, as
they are effectively absorbed into a single parameter A.

Now, we investigate how the topological phase diagram
changes by varying the two relevant materials parameters

responsible for the SPE, namely, the interface hopping I and
the pairing in the parent SC Ay (see Fig. 4). Similarly to
the fixed-A case, we see the emergence of three topologically
different phases. We find that the m- A phase diagram closely
resembles the full-embedding results of Fig. 3: Increasing the
interface hopping broadens the topological region with Chern
number N = 1, especially at small values A,.. Conversely,
when A, is kept constant and I' is varied, the resulting
phase diagram qualitatively reproduces the fixed-A behavior
displayed in Fig. 3. The m-I" phase diagram does not depend
strongly on A, indicating that the fixed-A phase diagram
originally discussed in Ref. [27] describes more the effect
of the interface coupling rather than changing the pairing of
the bath SC. The analysis demonstrates that the embedding
formalism provides a transparent, conceptually simple yet
powerful framework for disentangling the contributions to the
SPE. By treating the normal and anomalous renormalizations
separately, one can quantify their individual roles and sys-
tematically control their influence on the properties of the
proximitized system.

B. Mesoscopic systems: metals and topological insulators
proximitized by s-wave superconductors

The SPE typically occurs at the interface of 3D materials,
where its spatial extent can be large. Thanks to the recursive
schemes discussed in Sec. I A, we can apply our embedding
approach to mesoscopic systems, avoiding finite-size effects.
In this framework, the spatial decay of the induced super-
conducting correlations and of other key properties can be
analyzed explicitly as a function of the distance from the
interface, provided the principal layer is chosen sufficiently
large.

We start by considering a single-band free-electron-like
metal on the cubic lattice, in contact with a lattice-matched
s-wave SC. The chemical potential of both systems is aligned
in the middle of the band, while the nearest-neighbor hop-
ping ¢ has the same amplitude but opposite sign. The bulk
superconducting pairing amplitude is set at A = 0.01¢ and the
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FIG. 4. Topological phase diagrams obtained by solving the embedding equations for the QAHI/SC interface, model as in Fig. 3. In panel
(a), the value of the interface hopping I is fixed at three different values (left, center, and right panels), while the phase diagram is studied with
respect to the bulk pairing A,.. Vice versa, in panel (b), A is fixed and the phase diagram is shown as function of I". The chiral topological
phase with A/ = 1 becomes more stable for large values of the interlayer hopping. Notably, the m-I" phase diagram qualitatively resembles
that obtained with the fixed-A approach (Fig. 4), where the dependence on A is hence better understood as a dependence on the interface
coupling—which drives the induced anomalous density—rather than on the intrinsic pairing of the bulk SC.

nearest-neighbor interface hopping is I' = 0.1¢, diagonal in
the spin indices. We can then solve the iterative equations with
a sufficiently thick principal layer and then obtain the layer-
dependent order parameter by taking the trace of the final
anomalous Green’s function over the orbitals centered in the
sublayer of interest. Namely, we define

FrJ_,UG, = Tr[PrJ_Fa(r/,PrJ_]» (13)

where o, o’ are spin indices and P,, is projector onto the
maximally localized Wannier functions (MLWFs) localized at
distance r; from the interface. Equation (13) is then decom-

posed on the basis of Pauli matrices (I, o):
]:u = i[er,O I+ er ' 0]0}79 (14)

allowing us to define the singlet and triplet average order
parameters as

1
Valr) =z Zk £y, 0(k, i), (15)
Ui(r1) = ﬁ SOt (k. i), (16)

nk

where w, = (2n+ 1)m /B are the fermionic Matsubara fre-
quencies and g is the inverse temperature of the system.

The results for the SC/metal interface at temperature
1/B = 10~* eV are shown in Fig. 5, where we fit the anoma-
lous density decay with a function g(r;) = ar,”e™"/* and
A is defined as the superconducting proximity length. The

singlet is the only induced component and is characterized

by y =0.512£0.002 and A = 198 £ 9 in units of the lat-
tice parameter. Despite the induced anomalous density at the
interface of the renormalized metal being about 5 x 107> the
anomalous density of the parent SC, the proximity length is
very large, extending for many layers inside the bulk of the
normal system.

Now, we consider a different interface, where in place of
the metal we study the tight-binding FKM model [55] on a
diamond lattice, defined by the Hamiltonian

Hexn = Y _tijelcj +ikeo Y (g, 0)c; +He., (17)
(i) (i)

where f;; = t + 8t;; is the nearest-neighbor hopping amplitude
and the different values &#;; depend on the direction of the
bond. In the second term, Ay, is the SOC strength, and g; :

is a vector with length V2 along the direction dj x dgj,
where dj; and di; are the nearest-neighbors bonds traversed
to get from site i to its next-nearest neighbor j. We then solve
the embedding equations for the FKM model in the strong
topological phase (1;000) and coupled via nearest-neighbor
hopping to a lattice-matched s-wave SC, and we report the
renormalized spectral function of the surface of the FKM
model in Fig. 6. The bulk superconducting pairing amplitude
is set at A = 0.017 and the nearest-neighbor interface hopping
is I' = 0.1¢, diagonal in the spin indices. We set the chemical
potential to u = —0.2 such that it lies in the bulk gap and
above the surface Dirac point.
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FIG. 5. Layer-resolved singlet anomalous density induced in a
semi-infinite, single-band, free-electron-like metal (cubic lattice) by
contact with a semi-infinite s-wave superconductor. The induced
anomalous density is plotted as a function of the distance from the
interface r; (measured in units of the lattice constant a). All data
are normalized to the bulk s-wave anomalous density of the isolated
superconductor, v¢.. The two subsystems are coupled via nearest-
neighbor hopping of amplitude I' = 0.1¢, and the superconducting
gapis A = 0.01z.

By considering a thick principal layer, we can also compute
the decay of the induced anomalous density as a function
of the distance with respect to the interface. The results
at temperature 1/8 = 10™* eV are shown in Fig. 6, where
we can see that the average induced anomalous densities
have the same behavior in the singlet and triplet channels.
In particular, as previously, fits are performed with a func-
tion g(r) = ar e /A but for both components, yielding
ys = 1.95 £ 0.54, A; = 1.23 £ 0.16 for the singlet and y; =
1.81 £0.30, A; = 1.15+0.08 for the triplet. The induced
anomalous density at the interface is about 10* times smaller
than the anomalous density in the bulk of the parent SC.
Notably, the induced superconducting proximity length in this
case is much smaller than the one obtained in the previous
case for a metal. We interpret this difference as arising from
the fact that the SPE here acts primarily on the edge states of
the system, which are themselves exponentially localized at
the surface, as opposed to the delocalized bulk metallic states
of the single-band free-electron-like metal. Additionally, the
presence of SOC allows for the emergence of a triplet compo-
nent of the anomalous density, whose magnitude is about half
that of the singlet and has a similar decay behavior.

C. NbSe,/CrBr; heterostructure from first principles

Having validated our embedding framework on model
Hamiltonians, we now turn to a fully ab initio application.
Here, we investigate the SPE at the interface between the
surface of the SC NbSe; and a monolayer of the 2D magnetic
insulator CrBrs. This heterostructure provides a realistic and
technologically relevant test case, combining strong SOC,
intrinsic magnetism, and multiband s-wave superconductivity

[81] within an interface in which the materials are weakly
coupled via van der Waals interactions [82].

Experimentally, the inverse SPE on NbSe, appears to be
relatively weak, yet its signatures remain subtle and some-
what debated. Several works observe a modest gap reduction
and faint in-gap surface states [82-84], whereas others find
a DOS almost indistinguishable from pristine NbSe, [85,86].
Importantly, there is currently no experimental consensus on
the origin of the in-gap features; sample-dependent factors
such as disorder, tip-sample coupling and scanning condi-
tions, local stacking configuration at the interface, and relative
twist angle between the layers can lead to partially different
spectroscopic signatures and likely contribute to the spread of
observations [82—86].

While here we do not aim at confirming or disproving
individual experiments, we argue that our approach allows us
to disentangle the intrinsic SPE from external factors, pro-
viding a clear picture of the expected signatures at the ideal
interface and thus aiding the interpretation of experimental
results. To achieve this, we perform first-principles DFT sim-
ulations of the isolated NbSe, and CrBrs, as well as their
interface, by using the QUANTUM ESPRESSO distribution
[87-89] with norm-conserving fully relativistic pseudopoten-
tials in the local spin-density approximation (LSDA) [90]
obtained from the ONCVPSP code [91]. Then, we calculate
from ab initio the MLWF Hamiltonian describing the Cr d and
Nb d orbitals near the Fermi level using the WANNIER90 code
[56-58,92-94]. Details of the first-principles simulations of
CrBrj3, NbSe,, and their interface are reported in Appendix E.
Superconductivity in bulk NbSe, is modeled through two
orbital-dependent s-wave pairings. These are first extracted
from the values calculated ab initio in Ref. [81] for monolayer
NbSe, near zero temperature, by using Migdal-Eliashberg
MBPT and taking into account spin fluctuations. Then, these
values are rescaled such that the critical temperature calcu-
lated by solving the BAG equations [95] for the bulk matches
experimental results (7; = 7.2 K). The interface hopping ma-
trices are extracted directly from the Wannier Hamiltonian of
the entire heterostructure, and we further approximate it by
retaining only the hopping terms between CrBr; and the first
NbSe, monolayer.

With our embedding approach, we can study both the in-
verse SPE at the surface of a mesoscopic NbSe, substrate and
the direct SPE on the CrBrj side of the heterostructure. In
Fig. 7, we show the renormalized spectral function of CrBrj
and of the NbSe, surface principal layer, the latter comprising
eight NbSe, monolayers (in the following divided into four
bilayers). As expected from the weak van der Waals coupling,
the spectral density is dominated by the features of the two
corresponding isolated systems; nevertheless, in both cases we
observe an additional, weaker contribution that can be clearly
attributed to proximity-induced hybridization with the other
material. This is even more evident in the DOS shown in the
same figure: While the DOS of an isolated CrBr; monolayer
vanishes at the Fermi level, the SPE induces a small but
finite CrBrz DOS at the Fermi energy. Conversely, within a
narrow energy window around the Fermi level, the NbSe;
DOS is only weakly renormalized. The DOS are calculated
over 300 frequencies in a uniform 60 x 60 grid in reciprocal
space, while the insets are calculated with a finer 120 x 120
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FIG. 6. Left: Schematic of the interface between two semi-infinite subsystems A and B, coupled by the interface hopping A". Each
rectangular block denotes a principal layer in the Lépez-Sancho iterative scheme; blocks of the same material are coupled to their nearest
neighbors by the interlayer hopping y. Center: Renormalized spectral function of a Fu-Kane-Mele model in the Z,-strong (1; 000) topological
phase brought into contact with a lattice-matched s-wave superconductor. Right: Layer-resolved induced singlet and triplet anomalous densities
plotted as a function of the distance from the interface r; (measured in units of the lattice constant @). The anomalous densities are normalized
to the bulk s-wave anomalous density of the isolated superconductor, .. In all panels, the two subsystems are coupled via nearest-neighbor
interfacial hopping of amplitude I' = 0.1¢, and the superconducting pairing amplitude is A = 0.01¢.

grid and 100 frequencies to better resolve the low-energy
features. To gain further insight, we focus on the low-energy
DOS (bottom-right panel of Fig. 7). The superconducting gap
at the interface is slightly reduced compared with pristine
NbSe,, either in the bulk or at a surface in contact with
vacuum. Notably, in-gap states appear at the interface but
decay into the substrate, becoming very weak by the third
NbSe, bilayer. Finally, CrBr; displays a proximity-induced
finite DOS at the Fermi level despite the isolated monolayer
being gapped, although its spectral weight is more than an
order of magnitude smaller than that of NbSe, at the same
energy.

In Fig. 8, we compare our results with the experimental
scanning tunneling spectroscopy (STS) data of Ref. [82].
Our calculation reproduces the two main qualitative features
observed experimentally: the modest reduction of the super-
conducting gap and the appearance of in-gap states at the
interface. Overall, our embedding approach captures the es-
sential experimental phenomenology despite the simplified
treatment of lattice mismatch, superconductivity in NbSe,,
and other sample-dependent effects. Beyond comparison with
STS experiments, our embedding framework allows us to
disentangle the physical mechanisms responsible for specific
spectral features and thus to guide their interpretation. As an
illustration, in Fig. 9 we repeat the first-principles calcula-
tions without SOC and compare them with the SOC-included
results shown previously. The in-gap states persist in the
absence of SOC, indicating that they originate from the mag-
netic character of CrBrj; rather than from spin-orbit effects.
In contrast, without SOC the superconducting gap remains
essentially unchanged, while the in-gap states penetrate more
deeply into NbSe,, as reflected in their slower decay away
from the interface. Overall, our results suggest that the exper-
imental observations are consistent with an inverse magnetic
proximity effect as the origin of the in-gap states, with SOC
possibly accounting for the small gap reduction reported in
Refs. [82-84].

We note that our embedding approach can be readily
extended to more realistic interface geometries, including
twisted moiré heterostructures [84], to incorporate more so-
phisticated models of superconductivity in NbSe, [81,96-98]
or to perform systematic numerical studies of the effect of the
twist angle [86]; these materials-oriented applications are left
for future work.

IV. CONCLUSIONS

In this work, we have developed a first-principles
Green’s-function framework for the SPE based on real-
space dynamical embedding and MLWEFE. The embedding
equations [Eqgs. (6)—(10)] for the SPE—particularly when rep-
resented diagrammatically as in Fig. 2—offer a transparent
interpretation of the different contributions to the proximity
effect in terms of normal and anomalous embedding potentials
that renormalize the corresponding closed (isolated) systems.
This formulation naturally yields systematic, physically moti-
vated approximations that both clarify the underlying physical
contributions and make it possible to scale the computational
scheme to the long (hundreds of nanometer) length scales and
the small (meV) energy scales that characterize the SPE.

The extensive numerical validations presented in this
work—including a variety of tight-binding models, 2D
and mesoscopic 3D systems, and ab initio simulations—
demonstrate the practical utility, conceptual clarity, and
versatility of the embedding scheme for a broad range of
applications. As the 2D QAHI/SC example shows, the em-
bedding approach can clarify the physics of simplified models
by exposing their limitations (for instance, the common ne-
glect of the normal contributions to the SPE), justifying their
built-in approximations, and providing a first-principles in-
terpretation of their effective parameters. Through numerical
studies of interfaces between an SC and either a free-electron
metal or a topological insulator, we highlight the impor-
tance of recursive embedding schemes to eliminate finite-size
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FIG. 7. (a) Schematic of the NbSe,/CrBr; heterostructure used in the embedding calculations. Top and side views of the interface are
shown; solid boxes indicate the CrBr; layer and the principal layers of NbSe, [dashed boxes in the side view mark the sub-bilayers referred
to in panel (d)]. (b) Renormalized spectral function and DOS of CrBr; at the interface. (c) Renormalized spectral function and DOS of the
first principal layer of NbSe, at the interface. (d) Comparison of DOS curves: pristine bulk NbSe,, the surface DOS of isolated NbSe,, the
bilayer-resolved proximitized DOS at the interface [bilayers correspond to the dashed boxes in panel (a)], and the proximitized CrBr; DOS
(rescaled for clarity). The proximity effect induces a very small but finite DOS at the Fermi level in CrBr; and causes a tiny reduction of the
superconducting gap in NbSe,, including surface in-gap states; nevertheless, the overall gap structure of NbSe, remains essentially preserved.

artifacts and to accurately probe the spatial decay of proximity
effects into the bulk.

More broadly, our embedding approach allows for the
seamless combination of different levels of theory within
a single framework, where each subsystem can be treated
with the most appropriate method. This includes ab initio
approaches such as DFT, SCDFT, and MBPT—such as the

Migdal-Eliashberg theory for phonon-mediated superconduc-
tivity and GW for electron-electron interactions—and, where
necessary, DMFT to treat strong correlations in either the
superconducting or normal component, which allows studying
superconductivity in the very strong-coupling limit [35,66]
and describing polaronic superconductivity [38]. For inter-
faces with reasonably weak coupling (as is typical of van der
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FIG. 8. Experimental STS data for bare NbSe, and the
NbSe,/CrBr; van der Waals heterostructure reported in Ref. [82],
compared with theoretical results obtained using our embedding
approach [Egs. (6)—(10)]. Our calculation qualitatively captures the
two main experimental signatures: a slight reduction of the supercon-
ducting gap and the emergence of in-gap states in the heterostructure.

Waals heterostructures), a major practical advantage is that
one need not simulate an impractically thick superconduct-
ing slab. In other words, the embedding scheme alleviates
the computational cost that makes direct, large-scale SCDFT
or MBPT calculations prohibitive for realistic interfaces.
We emphasize that our embedding approach is not an al-
ternative to SCDFT or MBPT; rather, it is a higher-level
theoretical and computational framework that can incorporate
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FIG. 9. Calculated bilayer-resolved DOS near the Fermi level for
NbSe, /CrBr; with and without SOC. The in-gap states persist even
in the absence of SOC, showing that they originate from the magnetic
character of CrBr; rather than from spin-orbit effects. In contrast,
SOC produces a slight reduction of the superconducting gap, which
is not observed when SOC is neglected. The in-gap states also decay
more slowly into NbSe, without SOC, as reflected by the larger
spectral weight at the Fermi level in the second bilayer.

and leverage SCDFT, Migdal-Eliashberg, DMFT, or other
methods to provide an efficient and accurate first-principles
description of the SPE, while providing a transparent physical
interpretation that disentangles the relevant contributions. As
demonstrated by our ab initio simulations of the CrBr; /NbSe;
heterostructure—and by comparison with the corresponding
STS experiments [82]—the combination of real-space embed-
ding and MLWF enables predictive descriptions of relevant
materials platforms, the calculation of key observables, and
the provision of microscopic insight that assists the interpre-
tation of experimental measurements, while naturally leverag-
ing a broad ecosystem of electronic-structure codes [56].

Realistic interfaces, especially non—van der Waals ones,
can host defects and impurities that may profoundly affect
the SPE [95,99,100]. More generally, the present formalism
enables the study of induced superconductivity in disordered
systems, such as alloys or noncrystalline materials, where
a fully first-principles treatment of the superconducting in-
terface may not be feasible. In particular, the embedding
approach provides a flexible framework for incorporating dis-
order effects on either side of the interface, ranging from
mean-field self-energies to more computationally intensive
and accurate ab initio self-consistent methods. This paves
the way for future studies of increasingly realistic supercon-
ducting interfaces beyond ideal surfaces, in which disorder,
defects, and structural complexity can be systematically in-
corporated within the same formalism.

A further direction toward increased complexity is the
treatment of electron-electron interactions. In particular, our
equations can straightforwardly accommodate the direct in-
clusion of DMFT Green’s functions, enabling extensions
beyond conventional superconductivity in different directions,
including (1) the possibility to address strongly coupled su-
perconducting states (reaching the Bose-Eistein or bipolaronic
regimes); (2) the inclusion of pronounced or large electronic
correlations as in cuprates, iron-based materials, fullerides,
and nickelates; and (3) even scenarios in which superconduc-
tivity emerges at the interface despite being absent in the bulk
constituents of the heterostructure. To include these effects,
one could systematically study multilayer cuprates or super-
conducting heterostructures, where it has been argued that
an enhancement of superconductivity arises from proximity
effects between a strong-coupling SC and a weak-coupling
one [101-103].

Some of these applications require the inclusion of dynam-
ical renormalization of the interface, including the coupling
between the two subsystems, which is not included in the
present formalism. Such an extension is nontrivial, as it re-
quires an explicit treatment of cross interactions between
the subsystems. Likewise, the limit of strong interfacial
coupling—i.e., when Eq. (11) no longer provides a good
approximation—can also be addressed by deriving and solv-
ing a self-consistent set of coupled equations for the two
subsystems. These self-consistent and strongly coupled exten-
sions will be the subject of future work.

ACKNOWLEDGMENTS

AM. acknowledges partial support from the PRIN
Project “Simultaneous electrical control of spin and valley

033184-12



FIRST-PRINCIPLES REAL-SPACE EMBEDDING THEORY ...

PHYSICAL REVIEW RESEARCH 8, 033184 (2026)

polarization in van der Waals magnetic materials” (SECSY-
CUP Grant No. J53D23001400001, PNRR Investimento
M4.C2.1.1), and M.D. acknowledges support from PNRR
DM 118/2023 Investimento M4C1 3.4 T1, which are funded
by the European Union—NextGenerationEU. M.C. acknowl-
edges financial support from the National Recovery and
Resilience Plan (PNRR) MUR PRIN 2022 Project (Prot.
20228YCYY7). The authors acknowledge CINECA, under
the ISCRA initiative and the CINECA-UniTS and CINECA-
SISSA agreements, for the availability of high-performance
computing resources and support, including simulation time
on Galileo100 and Leonardo.

The views and opinions expressed are solely those of the
authors and do not necessarily reflect those of the European
Union, nor can the European Union be held responsible for
them

DATA AVAILABILITY

The data that support the findings of this article are publicly
available on the Materials Cloude Archive [104].

APPENDIX A: WANNIER FUNCTIONS AND REAL-SPACE
PARTITIONING SCHEME

In Sec. II, we introduce the embedding equations for the
SPE in a fully general form, without specifying the repre-
sentation in which the Green’s function and the Hamiltonian
are evaluated. In practice, however, the Green’s function is
nonlocal in real space, making a real-space solution of the em-
bedding problem numerically demanding. Nonetheless, it is
possible to partition the reciprocal-space Hamiltonian by ex-
ploiting the exponential localization of the Wannier-function
basis

Hijk) =Y e**H;;(R). (A1)
R

In this representation, the partitioning is entirely determined
by the real-space support of the Wannier projectors, regardless
of whether the underlying quantities are evaluated in real or
reciprocal space. By the same token, the Green’s function
may be computed in reciprocal space and partitioned in the
same manner. The locality of the Wannier basis thus yields
a rigorous partitioning and an efficient route to implement
the embedding formalism, without requiring an explicit real-
space treatment of the Green’s function.

APPENDIX B: INDUCING TRIPLET
SUPERCONDUCTIVITY VIA
THE EMBEDDING EQUATIONS

SOC and magnetism are among the reported effects that
can induce triplet superconductivity in a normal material by
proximity effects [59,105,106]. This can also be seen from the
embedding framework we develop in the main text. We solve
here explicitly Eq. (10) for a normal material described by a
single spinor in contact with an s-wave SC described a single
spinor. For ease of notation, we rename the interface hopping
h™ =T, and since all the quantities are evaluated at the same
frequency, we drop the explicit frequency dependence, with
the notation Gug(w) = Gyp and Gup(—w) = G, 4. Then, the

induced anomalous Green’s function in the normal material is
obtained by solving

A A
i __ (Gt G\ (T Ty
G: G: Ty, TI7

Yyt Yneyy

BN\ /P @ o
y < 0 Fo,w) (FM FN) <GTT Gw)
Byt o e cw |
Foyr 0 )J\I%y T JN\G  GJY
(BI)

which can be decomposed into a basis of Pauli matrices (I, o)
as

F=i(foI +f0)oy, (B2)
with f = (f;, fy, fz). The components f,/, & FT(?)T + Ffiw
are zero if the interface hopping is diagonal in spin, 1.e.,
Iy, =0, and the proximitized Green’s functions G*) and
G%) of the normal material have no spin-flip components.
Such spin-mixing contributions may arise from intrinsic SOC
in the isolated materials, from proximity to a system with
strong SOC or from off-diagonal spin components in the inter-
face hopping. The f, = %(F;im +F fA)?) component, instead,
can be nonzero even in the absence of SOC in the interface
hopping and in the Green’s functions of the normal material
and the parent SC. In fact, the f, component is given by

_ @A * (B)T (A)
2f. = G L TE R GY

Grert Ui Fony
) Bips oA
+ G, T F0 11 11 Gy (B3)

which vanishes with the additional constraint of time reversal
symmetry. In this case, time reversal symmetry and the ab-
sence of SOC lead to G4y = G, and by using the additional
particle-hole symmetry of the BdG formulation, we conclude
that

oA e p®ips o)
2fe = Greipp 31 Fo .4y T4 Oty

(A) (B)T A) _
= G It Foqy T11 Gy = 0. (B4)
This shows that we can induce triplet superconductivity
through the f, channel via a magnetic field even when the
interface hopping is spin-diagonal and the normal material has

no intrinsic SOC [105].

APPENDIX C: EMBEDDING EQUATIONS IN THE STRONG
INTERFACE COUPLING LIMIT

In the strong-coupling limit, three systems have to be con-
sidered in the embedding equations: the bulk normal material,
the bulk SC, and their interface, respectively, regions A, C, and
B in the language of Fig. 1. This means that within this limit,
in theories where the Hamiltonian is a functional of a global
variable, the interface B has to be converged self-consistently
at the same level of theory. Then, after the projection, follow-
ing Eq. (2), we need to solve

(A) (AB)
o —Hyis —I'gag 0
AB B BC
~TET w-HE, T8 |G =1. (CD
(BO)YT ©)
0 —I'hiG o — My
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Following a similar procedure as in the case of the embedding
for two systems, we find that the normal Green’s function of
the interface is renormalized in three steps. First, we define
the effective normal component of the Green’s function of the
interface

GCP(w) = GBB)(Q)) + Fo(B)(w)[GgB)T(—w)]_lFO(B”(w)_

(C2)
Then, the two normal Green’s functions of systems A and

C renormalize the effective normal Green’s function at the
interface:

GP(w) = GP(w) + GP(0)[vi (@) + 1 (@) |G (w),
(C3)
where the normal embedding potentials are defined as
Vi (@) = y PTG @)y 4, (C4)
(C)(a)) (BC)G(()C)(Q))V(BC)T’ (C5)

with y“B (yBO) the normal electronic component of the

BdG hopping matrix [y (C{Ec)). Then, G2 is renormalized

by the anomalous component of the bulk SC C as

GP(w) =GP () + GR (oW ()
x GO (—)! T (—)GP (), (C6)
with the anomalous embedding potential
Q) = [62(@)] ' FP @)[6E" (~w)]
4 )/(BC)FO(C)((U)J/(BC)T. (C7)

Interestingly, Eq. (C7) contains a self-embedding term that
survives also when y4p, ypc — 0 and is responsible for the
recovery of the isolated Green’s function G® — Gf)B) in that
limit. Finally, the induced anomalous Green’s function reads

FPN ) =GR (—op T (—0)GP(w).  (C8)

With these equations, we can recover the case of a normal sys-
tem renormalized by an SC by setting ) = 0 and y“#) = 0,
as in the main text. In addition, we also have access to other
cases, for instance, when an SC is renormalized by another
SC, which can be obtained by setting y“#) =0, or a SC
renormalized by a normal material—i.e., the inverse proxim-
ity effect, as is the case for NbSe, renormalized by CrBrj
discussed in Sec. IIl C—which can be obtained by setting

J

y B = 0. It is worth noting that this approach can be recur-
sively scaled to study systems with an arbitrary number of
partitions, in the spirit of Refs. [70,71]. If we divide a system
into N partitions coupled by nearest-partition hoppings only,
we can compute the renormalized BdG Green’s function of
the nth partition G (w) by solving

G"(@) = Gi" (@) + G (@)} (@) + v (@)]G" (),

(€9

where the BdG embedding self-energies are defined through
the recursive relations

V(@) =T} Gt (@) 10,
Goj = [GI N w) = " ()], (C10)
and similarly
(@) = Tpns1Gupr (@)L,
Goyj =[G (@) — pi+@] ™! (C11)

where I';; are the BAG hopping matrices between systems
i and j. Starting from the outermost partitions, G(w) =
Gi'(w) = (w—Hyg)™' and  Gy() =G ) =
(w — Hg\é)a)_l, we can embed subsequent partitions by
using the appropriate limit in the solution of the embedding
equations for the general case [Egs. (C2)—(C8)]. In this way,
we can solve the equations iteratively until we reach the
desired partition 7.

APPENDIX D: EFFECTIVE PAIRING FROM
THE PURELY ANOMALOUS RENORMALIZATION
OF THE EMBEDDING EQUATIONS

In the main text, we argue that the fixed-A approach can
be interpreted as a purely anomalous embedding, in which
the normal embedding contributions are neglected, that is,
G (w) ~ G§(w). Here, we solve analytically the embed-
ding equations for the triplet anomalous Green’s function for
the QHZ model in contact with an s-wave SC using this ap-
proximation. We report the triplet anomalous Green’s function
of the QHZ model, respectively, as obtained with the fixed-
A approach and by solving the embedding equations while
neglecting vE™:

[Fixed-A] F, (k, o) 2AekAy o
) ) = |
" [0 — (e = A)? — |Ak*][@? — (ex + A)? — |Ak[?]
i M2 A A (0? — &2 — A2
[vie" = 0] Ffyk. ) = KA (o — & — AY) (D2)

(0 — & — lAkP) (0 — 8 -

A2 (02 + € — [Ak) (0? — E2 —

A?)? 4 T3A

where €, and Ak are defined in Eq. (12) for the QHZ model, while & and A are the normal dispersion and the pairing potential
of the parent s-wave SC. In particular, we can rewrite Eq. (D2) in a form similar to Eq. (D1), identifying an “effective induced
pairing” A.g having the same role of A in the fixed-A case. Note that in the proximitized system the pairing potential is always
zero (only the anomalous density is nonvanishing) and A is just referred to as pairing for the sake of comparison with the
fixed-A case. If, in the fixed-A case, A < €k, we can neglect terms of order A* in the denominator of Eq. (D1). Then, aside
from a multiplicative function proportional to I‘ZFO(B)(k, w), Eq. (D2) is similar in the two approaches by defining the effective
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FIG. 10. Maximally localized Wannier functions and comparison between the DFT and the Wannier-interpolated band structure for
(a) isolated NbSe,, (b) isolated CrBr3, and (c) NbSe, /CrBr; heterostructure. The Wannier Hamiltonian accurately reproduces the DFT band
structure in all cases, while the MLWFs of the heterostructure match those of the isolated systems.

induced pairing A as

2
1 w? Ar 2 mr® K. w
Bl ) = T}k, ) ‘(1+—2—' : )‘( )
2 €x €

By further simplification, if I' < € we can neglect the term
proportional to I'* in the square root, and we restrict the
frequencies to those corresponding to bands in the normal
material = Ey, with Ex = V'€ + |Ak|?. Then, the effective
induced pairing in the limit where the normal embedding
contributions are neglected is given by
Air(k) ~ T2 Fy P (K, Ey). (D4)
This result is consistent with the common assumption that
the effective induced pairing in the normal material is pro-
portional to the anomalous Green’s function of the parent SC,
with a proportionality constant given by the square of the in-
terface hopping I'2. However, we stress that this result is only
valid in the limit where the normal embedding contributions
are neglected, and it can be significantly modified when the

full embedding equations are solved, as shown in the main
text for the QHZ model.

2ek (D3)

APPENDIX E: DETAILS ON FIRST-PRINCIPLES
SIMULATIONS OF THE
NbSe,/CrBr; HETEROSTRUCTURE

First-principles DFT simulations have been performed us-
ing the QUANTUM ESPRESSO distribution [8§7-89]. Due to
the lattice mismatch between CrBr;z and NbSe,, we model
their interface as a unit cell of CrBrs stacked on top of a
2 x 2 supercell of NbSe,. We simulate the htCrSe stacking,
in which one Cr is directly above a Se site and the other is
in a hollow site of NbSe, (see Fig. 7), as this was reported
to be most energetically stable stacking in the literature [82].
We perform variable-cell optimization of the lattice parame-
ters and atomic positions. In this case, calculations are done
without SOC, using norm-conserving PBE pseudopotentials
from the PseudoDojo library [91,107] for NbSe, and ultra-
soft pseudopotentials from the SSSP PBE Precision 1.3.0
library [108,109] for CrBrs. In structural optimization, we
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account for van der Waals interactions through the rVV10
functional [110,111]. The final relaxed lattice shows that
CrBrj is strained by about 7.8% with respect to its isolated
lattice parameter, while NbSe; is compressed by about 0.6%.
We neglect the small compression in the simulation of iso-
lated NbSe,, while we use the relaxed lattice parameter at the
interface to simulate isolated CrBrs. In both cases, we used
the LSDA functional and norm-conserving fully relativistic
pseudopotentials obtained from the ONCVPSP code [91]. Then,
we calculate the MLWF Hamiltonian describing the Cr d
and Nb d orbitals near the Fermi level using the WANNIER90
code [56,57,92-94]. The initial projections are chosen to be
atomiclike d, d.y, and d,-_,» orbitals centered on the Nb
atoms (as the major contribution to the bands around Fermi is

due to these orbitals in the scalar relativistic approximation, as
also noted by Ref. [98]) and automated projections obtained
through the SCDM method [112,113] on the Cr atoms. We
target 6 Wannier functions in the isolated NbSe, and 8 in
the isolated CrBrs, resulting in 32 Wannier functions at the
interface between the monolayers. We find that the resulting
Wannier Hamiltonian accurately reproduces the DFT band
structure, as reported in Fig. 10. The matching between the
MLWEF at the interface and the corresponding Wannier func-
tions of the isolated materials is done by comparing the spin
and real-space character of each Wannier function. The em-
bedding equations in the main text are then solved by using
the Wannier Hamiltonian of the isolated systems coupled by
the interface hopping extracted from the interface calculation.
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