
SISSA - International School for
Advanced Studies

ICTP - International Center for
Theoretical Physics

Modified Gravity

in

Cluster of Galaxies

Thesis Submitted for the Degree of

Doctor of Philosophy

Supervisors Candidate

Prof. Carlo Baccigalupi Yacer Boumechta
Prof. Andrea Lapi
Dr. Balakrishna S. Haridasu



Contents

Abstract 3

List of Publications 5

Acknowledgments 6

Notations 8

I Introduction 11

1 General Relativity 12
1.1 Spacetime geometry . . . . . . . . . . . . . . . . . . . . . . . 13
1.2 Kinematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.3 Einstein Hilbert action . . . . . . . . . . . . . . . . . . . . . . 14
1.4 Trivial modification to General Relativity . . . . . . . . . . . . 15

2 Cosmology 17
2.1 The Cosmological Principle and the FLRW metric . . . . . . . 19
2.2 The Stress-energy tensor . . . . . . . . . . . . . . . . . . . . . 22
2.3 Friedmann equations . . . . . . . . . . . . . . . . . . . . . . . 23
2.4 ΛCDM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.5 Nature of Dark Energy . . . . . . . . . . . . . . . . . . . . . . 26

3 Modified Gravity 28
3.1 Different MG approaches . . . . . . . . . . . . . . . . . . . . . 29
3.2 Chameleon Gravity . . . . . . . . . . . . . . . . . . . . . . . . 30
3.3 Screening mechanism . . . . . . . . . . . . . . . . . . . . . . . 33
3.4 f(R) models . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

1



II Modified Gravity in Clusters of Galaxies 40

4 Constraining MG using galaxy cluster dynamics 41
4.1 New data for constraining CG with Galaxy Clusters . . . . . . 41
4.2 Modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4.2.1 Screening Mechanism for ϕ∞ ≪MPl . . . . . . . . . . 42
4.2.2 Chameleon field in clusters of galaxies . . . . . . . . . 43
4.2.3 f(R) analogy with Chameleon field . . . . . . . . . . . 45
4.2.4 Hydrostatic Equilibrium . . . . . . . . . . . . . . . . . 46

4.3 Data and Likelihood . . . . . . . . . . . . . . . . . . . . . . . 47
4.3.1 X-COP clusters . . . . . . . . . . . . . . . . . . . . . . 47
4.3.2 Likelihood . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.3.3 Weak Lensing mass priors . . . . . . . . . . . . . . . . 49

4.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.4.1 Constraints using weak lensing mass prior . . . . . . . 53
4.4.2 Parameter degeneracy . . . . . . . . . . . . . . . . . . 55
4.4.3 Joint analysis . . . . . . . . . . . . . . . . . . . . . . . 57
4.4.4 Joint constraints on f(R) gravity . . . . . . . . . . . . 58
4.4.5 Effects of Mass prior . . . . . . . . . . . . . . . . . . . 60
4.4.6 Effects of gas mass and fixing density (ne) profiles . . 61
4.4.7 Alternative weak lensing mass priors . . . . . . . . . . 61
4.4.8 c(M) relationships as priors . . . . . . . . . . . . . . . 65

4.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

5 Mass modeling of Galaxy Clusters in Modified Gravity 68
5.1 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.1.1 Mass models . . . . . . . . . . . . . . . . . . . . . . . . 69
5.1.2 Field solutions . . . . . . . . . . . . . . . . . . . . . . . 72

5.2 Solutions for different mass profiles . . . . . . . . . . . . . . . 73
5.2.1 NFW-type solutions . . . . . . . . . . . . . . . . . . . 73
5.2.2 Burkert solutions . . . . . . . . . . . . . . . . . . . . . 75
5.2.3 Isothermal solutions . . . . . . . . . . . . . . . . . . . 76
5.2.4 Einasto solutions . . . . . . . . . . . . . . . . . . . . . 78
5.2.5 Solution’s existence . . . . . . . . . . . . . . . . . . . . 78

5.3 Comparison with numerical solutions . . . . . . . . . . . . . . 80
5.4 Constraints obtained on A644 and A2255 . . . . . . . . . . . 82

6 Concluding remarks 83

2



Abstract

For the last century, General Relativity (GR) has been successful in explain-
ing several phenomena which were not explained before, for instance, the
perihelion precession of Mercury, the bending of light due to the gravita-
tional field, and the prediction of Gravitational Waves (GWs). Nevertheless,
GR fails to explain some of the most important phenomena in the universe,
namely the Dark Energy (DE) component, and inflation. Therefore, an ex-
tension to its original framework should be adopted. There are many ways
to modify GR in a way to explain the cosmological observations, among
them, one of the first and trivial modification to GR is the introduction of
the Cosmological Constant (CC) Λ to the original theory which can predict
the accelerated expansion rate of the universe. However, this modification
does not explain the origin of DE and therefore another modification is re-
quired. Moreover, the homogeneity and the flatness of the universe cannot
be predicted by a mere GR theory, an early time modification to GR to con-
tain additional scalar field called the inflation which through slow rolling can
predict the homogeneity and the flatness we observe in today’s cosmology.
Some of the attempts to modify GR in order to account for the DE compo-
nent include f(R) gravity which are a class of models where the Ricci scalar
R in the Lagrangian of the original GR is modified with another scalar func-
tion (f(R)) which represents a generalization instead of simply adding one
constant Λ. Another alternative is represented by the Quintessence, which
instead of a constant DE, it assumes a dynamical one through an addition of
a scalar field. Our focus however, will be on a specific type of modification
to GR which is represented by the Chameleon Gravity, which introduces a
new scalar field, too, which locally behaves as GR but at the large scales it
modifies GR and account for the constant DE, represented by Λ.

There are different manners to investigate manifestations of MG in cos-
mology, involving CMB and LSS. In this Thesis, we bring the analysis of
manifestations of specific MG scenarios in the largest cosmological objects,
namely galaxy clusters, taking the advantage of new datasets which became
available recently. The Thesis is divided in two parts. First, we review GR
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and general cosmology, derived from the Einstein’s field equations including
a cosmological constant and a Cold Dark Matter Component, represented by
particles which were non-relativistic at their time of decoupling, interacting
at most weakly with the rest of the system, the ΛCDM model. We conclude
the first part by introducing Modified Gravity (MG) in a general context,
which is then specialized to the specific case of Chameleon Gravity (CG) and
f(R) theories. The second part consists of studying the CG phenomenology
in cluster of galaxies, which can now be inspected as potential carriers of MG
signature, thanks to new datasets. In particular, we study how CG affects
the hydrostatic pressure within the cluster which is then used to find un-
precedented constraints on the model. In addition, in the following chapters,
we extend the analysis by including clusters in tension with the assumption
of a Navarro Frenk and White (NFW) CDM halo, solving semi-analytical
the CG field equations in relation to their mass model. A concluding chapter
sums up the main parts of the Thesis, the results obtained so far, and the
future prospects.
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Notations

Here, we provide a brief guide to the notation and a list of acronyms.

c = 1 the speed of light is set to be equal to one;
G Newtonian Gravitational Constant;
mpl Planck mass;
MPl reduced Planck mass;
(−,+,+,+) metric signature;
i, j, k... 3D spatial indices in vectors and tensors;
µ, ν, γ... 4D indices in vectors and tensors;
gµν metric tensor;
g determinant of the metric tensor gµν ;
H Hubble parameter in cosmic time t;
Rµν , R Ricci tensor and its trace;
Tµν , T Stress energy tensor and its trace;
Gµν Einstein Tensor (Gµν = Rµν − 1/2gµνR);
ϕ Scalar field;
χm Matter fields;
Sm Matter action of all matter fields, χm;
∇µ Covariant derivative;
∇2 Spatial covariant derivative;
Λ Cosmological Constant;
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Acronyms

ΛCDM Lambda Cold Dark Matter;
CC Cosmological Constant Λ;
DM Dark Matter;
CDM Cold Dark Matter;
GR General Relativity;
EFE Einstein’s Field Equations;
CG Chameleon Gravity;
FLRW Friedmann-Lemâıtre-Robertson-Walker metric;
DE Dark Energy;
MG Modified Gravitational Theory;
LSS Large Scale structure;
WMAP Wilkinson Microwave Anisotropy Probe;
C.L. Confidence Limits;
CMB Cosmic Microwaves Background radiation;
MCMC Markov Chain Monte Carlo;
l.h.s Left hand side;
r.h.s Right hand side;
w.r.t. With respect to.
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Introduction
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Chapter 1

General Relativity

After the success of the Special Theory of Relativity as it was introduced
by Albert Einstein in 1905 [5], and specifically for its applications in the
context of uniformly accelerated frame of references which are equivalent to
local gravitational fields, it was realized that the latter affect the flow of
time and, therefore, a relativistic theory of gravity was needed [6, 7, 8]. Sin
free fall, there is no external force, indicating that gravitational fields can be
locally canceled out by uniform acceleration. This is what is referred to as
Equivalence Principle [6, 9, 10].
Moreover, In Special Relativity, the Minkowski spacetime[11, 12] is a vector
space defined on a flat four-dimensional spacetime that permits to define the
algebra of Special Relativity. Special Relativity, starting from a kinematic
and dynamical extension of Newtonian physics, became a theory where space
and time are interconnected in what we call spacetime. In order to identify
accelerations as a manifestation of gravity, spacetime has to bend accordingly,
i.e. it is curved.

A curved spacetime requires the use of the Riemannian geometry, and
the corresponding theory was put forth in 1915 and it is, so far, the most
successful theory that describes gravity[13, 14].
GR has been successful in predicting phenomena which were not predicted
in the context of Newtonian gravity, for instance, the perihelion precession of
mercury [15], gravitational lensing, i.e. bending of light due to the gravita-
tional field of a massive object [16, 17], and the existence of GWs. [18, 19, 20].
GR dynamics relies on field equations coupling curvature with energy. Under
the assumptions of homogeneity and isotropy, they can be applied to study
the evolution of the universe, which is the basis for the successful big bang
theory and the ΛCDM cosmology[21, 22], providing a precise description of
the history of the universe [23].
This Chapter will be a brief introduction to the framework of GR with the
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most important results that are going to be used throughout the thesis. We
start in section 1.1 by defining the elements of geometry f General relativ-
ity, followed in section 1.2 by kinematics and dynamics derived from the
Einstein-Hilbert action. Finally, we conclude in section 1.4 by discussing
possible modification(s) to General Relativity.

1.1 Spacetime geometry

GR cannot be formulated without the understanding of its essential corner-
stone, i.e., spacetime geometry. It is defined on a four-dimensional spacetime
Manifold ( without going into details, a manifold is simply a curved space
which is locally flat, for more details, please refer to [24, 25]). The essen-
tial feature of the spacetime is the metric gµν , which is basically a tensor
defined in a way to measure distances. Locally this metric can be diagonal-
ized, and through a finite number of coordinate transformations it can be
transformed into the Minkowski metric ηµν = diag(−1, 1, 1, 1) [26, 27, 28]. It
is useful to construct an invariant quantity that involves the metric; For a
given coordinate system xµ, the metric element ds2 is then defined as

ds2 = gµνdx
µdxν , (1.1)

where, we can also define the proper time which is the time a local observer
measures between two events. This time is invariant and can be related to
the metric element by dτ 2 = −ds2.

1.2 Kinematics

GR is a geometry based theory that considers gravity not as a force but
rather as a manifestation of spacetime curvature due to existence of a matter
source. In Newtonian physics, bodies with no acting force on them follow a
straight line trajectory which are the geodesics of a flat geometry. On the
other hand, following the same principle, freely falling bodies in GR follow
geodesics in a curved spacetime, which are by definition the trajectories that
corresponds to the least “distance” between two points, or in the case of the
space time, the one that follows the least amount of proper time:

τ =

∫
(−gµνdxµdxν)1/2. (1.2)

By choosing the minimum proper time, the geodesic equation for a freely
falling particle following the world line1 xµ(τ) in a spacetime characterized

1A World line is the trajectory a particle follows in spacetime.
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by the metric gµν is
d2xµ

dτ 2
+ Γµ

αβ

dxα

dτ

dxβ

dτ
= 0, (1.3)

where τ is the proper time and Γµ
αβ is the Christoffel symbol which for GR

is given by Γµ
βα = Γµ

αβ = 1
2
gµλ(∂αgβλ + ∂βgαλ − ∂λgαβ) [26]. The geodesic

equation can be rewritten in terms of the Four-velocity vector Uµ = dxµ

dτ

which yields
Uα∇αU

µ = 0, (1.4)

where we have utilized the definition of covariant derivative ∇αU
µ = ∂Uµ

∂xα +
Γµ
αβU

α, this can also be written in terms of the Four-momentum P µ = mUµ,
such that

Pα∇αP
µ = 0. (1.5)

This is a very useful way of expressing the geodesic trajectory as we are going
to use it later on in the context of cosmology to determine the trajectories
of particles in an Friedmann–Lemâıtre–Robertson–Walker (FLRW) metric
[29, 30, 31, 32, 33, 34].

1.3 Einstein Hilbert action

One can formulate the field equations in GR through a single action (S),
which is the Einstein-Hilbert action, written as

S =
1

8πG

∫
R
√
−gd4x+ Sm(gµν , χm), (1.6)

where G is the gravitational constant, R is the Ricci scalar, g is the determi-
nant of the metric tensor gµν , and Sm(gµν , χm) is the matter action that is
minimally coupled to gravity. The field equations can be obtained by impos-
ing δS

δgµν
= 0. That is to insure the equivalence principle which states that the

physics should not change by locally changing the frame of reference. This
leads to

1

16πG

∫ [
δR

δgµν
√
−g +R

δ
√
−g

δgµν

]
d4x+

δSm

δgµν
= 0. (1.7)

Since δR
δgµν

= Rµν , and
δ
√
−g

δgµν
= −1

2
gµν

√
−g, we get

Rµν −
1

2
Rgµν = −8πG

[
2√
−g

δSm

δgµν

]
. (1.8)

Moreover, following [35], we get

Tµν = − 2√
−g

δSm

δgµν
, (1.9)
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and

Rµν −
1

2
Rgµν = 8πGTµν . (1.10)

These are the equations determining dynamics in GR, also known as Einstein
Field Equations (EFE). Note that the Einstein tensor, i.e, Gµν = Rµν− 1

2
Rgµν

has the property ∇µGµν = 0 which translates to

∇µTµν = 0. (1.11)

The last equation is simply the analogous form of the continuity and the
conservation equations in curved spacetime, and it is going to be a useful
identity to use later on.

1.4 Trivial modification to General Relativ-

ity

It is quite obvious to ask the question: is the action defined in eq. (1.6)
unique? In other words what changes can we make to the Lagrangian while
retaining the properties of eq. (1.10). Naively, adding any term proportional
to the metric tensor gµν to eq. (1.10) will have the same symmetries and
properties of the stress energy tensor Tµν . Which can be written for instance
as

Rµν −
1

2
Rgµν + Λgµν = 8πGTµν . (1.12)

In terms of the action, adding a surface term and any other term that is
proportional to the metric will lead to the same field equation [36, 37], i.e.,
we can safely add a proportional term to the metric in eq. (1.6) and the
theory will still be consistent with GR principles. However, as this new term
will appear in the field equations, it surely will give kinematics depending
on the nature of the constant. Therefore, adding such a constant must be
justified as we are going to see in the next Chapter. This addition may
look like a modification of GR but in fact it falls in the same GR category
since there was no addition to GR principles or violation to any of them. A
modification to GR would include the following new features [38]:

• Non minimal coupling between gravity and other objects in the action,

• higher order curvature terms,

• additional fields in the action,

• Extra dimensions.
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These are ways to modify GR implying different properties and dynamics,
so that, according to [39, 40, 41, 42, 43], simply adding a constant is a
modification of EFE, but not a truly different theory. Throughout the Thesis,
we will focus on adding an additional field and non minimal coupling as we
are going to study in detail in the MG chapter.
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Chapter 2

Cosmology

Cosmology has been a point of interest for thinkers for centuries, starting
from ancient epochs in Greece with the Ptolemy geocentric model[44], where
the Earth is located at the center and the Sun and the planets rotating
around it, with the stars belonging to an outside sphere equally distant from
the Earth. This model, which was purely based on naked eye observations,
persisted for centuries, even in the civilizations that followed. Later on in
the 16th century, Copernicus [45] suggested the heliocentric model for the
first time, a picture which Galileo substantiated later with the observation
of the Jupiter’s moons which meant that there are celestial objects rotat-
ing other planets rather than Earth[46]. Subsequently, in the 17th century,
based on Tycho Brahe’s astronomical observations about the positions of the
planets in the night sky[47], Johannes Kepler formulated the first laws that
governs the motion of planets around the Sun, but these laws were purely
based on observations but not a result of laws of physics[48, 49]. Isaac New-
ton using the gravitational law of attraction and the laws of dynamics, could
explain the Kepler’s laws and provide a firmer understanding of the gravita-
tional force that governs celestial objects through actual fundamental physics
principles[50].

By 1915, as GR was formulated [51], the study of the universe and its
evolution became possible due to the nature of the theory, which provided
an understanding of the cosmos, its geometry, matter content, and evolution
through gravitational interactions, including components from compact ob-
jects like stars and black holes to galaxies and galaxy clusters.as Einstein’s
theory developed, many solutions were proposed within cosmology. For in-
stance, Willem de Sitter proposed a model where the universe contains only
a Λ term (cosmological constant), which causes it to accelerate exponentially
[52]. However, after Hubble’s 1929 discovery that the galaxies are receding
from each other [53], it has become clear that the universe is, in fact, expand-
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ing and not static, an occurrence which Einstein had tried to impose in his
equations, by introducing precisely the cosmological constant [36]. He later
called this his “Biggest Blunder” [54], as it turned out that the universe is not
static but rather dynamic and expanding exponentially in time. The most
successful model among these was represented by the work done by Alexan-
der Friedmann, Georges Lemâıtre, Howard P. Robertson and Arthur Geoffrey
Walker, who adopted the ‘cosmological principle’ [29, 30, 31, 32, 33, 34] as-
suming that the universe is both homogeneous and isotropic, although at that
time this assumption was not backed by observations. Later, through the
large surveys conducted, notably the Cosmic Microwave Background (CMB)
[55, 56, 57], we now know that this assumption is valid on large scales, and
the proposed model remains the most successful one.

The ΛCDM, also known as the Cosmological Concordance Model is sup-
ported by observational evidence. It is based on GR and the cosmological
principle, along with the existence of a cosmological constant (Λ) which drives
the acceleration of the universe at late times. It acts like a form of fluid with
negative pressure that pushes outward against inward gravitational pull, and
includes CDM, which, as we anticipated, includes particles interacting at
most weakly with those of the Standard Model of Particle Physics, and de-
coupled from their thermal equilibrium in the early universe when they were
non-relativistic. This concept of particles was first introduced in 1933 by
Fritz Zwicky[58], who observed that the visible mass in the Coma cluster
was insufficient to explain its gravitational effects. Later, Vera Rubin and
Kent Ford’s observations of galaxy rotation curves provided robust evidence
for CDM, as outer stars in galaxies moved faster than expected from vis-
ible matter alone[59]. Later studies including gravitational lensing, CMB
analysis, and large scale structure surveys[60], confirmed CDM as a critical
component of the universe’s mass energy content.

This Chapter is divided as follows: in section 2.1 , we review the geo-
metrical consequences of the cosmological principle in cosmology, specifically
the metric corresponding to a homogeneous and isotropic universe. In sec-
tion 2.2, we model the matter component of the universe in a single stress
energy tensor by relying on the same assumptions and symmetries. Con-
sequently, in section 2.3 since we have all the geometrical and the matter
ingredients, we can proceed and solve the Einstein’s field equations, i.e, the
Friedmann equations and have some comments on the nature of the solutions
and their behavior. Furthermore, in section 2.4, we briefly review the ΛCDM
model, concluding in section 2.5 with a discussion on the nature of the DE.
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2.1 The Cosmological Principle and the FLRW

metric

The Cosmological principle is a key feature of cosmology, stating that the
universe is both homogeneous and isotropic in the large scales, surpassing
hundreds of millions of light years.The former ensures that on a sufficiently
large distance, the universe will look the same for any observer, while the
latter means that while looking at the universe from a certain location, there
will be no preferred directions. This implies that an inhomogeneity and the
anisotropy appear only in small scales.

Between the 1920s and 1930s, Friedmann, Lemâıtre, Robertson, and
Walker independently proposed a form for the metric gµν [29, 31, 32, 34]
that aligns with the Cosmological Principle for use in Einstein’s equations.
This metric remains the most effective way to describe the evolution of the
Universe. Since then, numerous cosmological models have been developed
based on this metric as we are going to see later in Section 2.4. Another
metric that was proposed is the The Lemâıtre Tolman Bondi (LTB) metric
[61, 37, 62] which describes a spherically symmetric, inhomogeneous universe.
It models a universe with a radially varying density, allowing for the possi-
bility of local density fluctuations such as voids or over densities. The LTB
metric is often used in cosmology to study structures like galaxy clusters and
large scale inhomogeneities in the cosmological expansion. It generalizes the
FLRW metric by allowing for inhomogeneities without assuming a uniform
density.

Unlike in the beginning of the past century, at present there are numer-
ous observational evidences for the cosmological principle, showing that the
universe at the large scale contains structures which are gathered into galaxy
groups, clusters of galaxies, super clusters, etc. Also, the CMB which fills the
entire sky with a radiation with temperature of TCMB ≃ 2.725K [63] offers
the a direct evidence for the cosmological principle showing that the universe,
since the radiation comes with the same intensity from all directions of the
sky.

Let us first write down the metric element in a general way, where the
index i runs only through the space coordinates and t is the time coordinate,

ds2 = g00dt
2 + 2g0idtdx

i + gijdx
idxj. (2.1)

We can choose g00 = −1 by introducing the concept of cosmic time, t. Fur-
thermore, the isotropy implies two things : since the second r.h.s term would
have different values for the same line element in opposite directions which
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contradicts the isotropy, thus g0i = 0. The second one, is due to isotropy, fix-
ing the radial component at a time t should have spherical symmetry, which
implies gijdx

idxj = a(t)2 [f(r)dr2 + r2dΩ2] where dΩ is the solid angle and
a(t) is the scale factor which is the only degree of freedom which is left to
dynamics because of the homogeneity and isotropy. Spatially, instead, the
function f(r) is determined by the fact that due to homogeneity all observers
should measure the same curvature all over space (spatially independent Ricci
scalar) , and therefore the three dimensional curvature should be a constant,
which eventually fixes the function f(r) = 1

1−kr2
, which eventually leads to

ds2 = dt2 − a2(t)

[
dr2

1− kr2
+ r2dΩ2

]
, (2.2)

where k is the curvature parameter which can assume any value, which we
represent as

k =


< 0 H3,

0 E3,

> 0 S3.

H3 corresponds to the negative curvature, E3 to the null curvature or a flat
space, and S3 to the positive curvature.

We can introduce the FLRW metric by referring to a key component
in the kinematics cosmology, that is the Hubble Constant or the Hubble
parameter H. But before doing that, let us see how a particle behaves in
an expanding universe. For a particle with Four momentum P µ, we know
that from homogeneity that ∂Pµ

∂xi = 0, which when replaced into the geodesic
equation given in eq. (1.5) will give

P0
dP 0

dτ
+ Γ0

ijP
iP j = 0, (2.3)

while the other terms vanish [64]. It is easy to show that Γ0
ij = −aȧγij,

where γij is the comoving part of the spacial FLRW metric, i.e, ds2 =
−dt2 + a(t)2γijdx

idxj.
We know that the momentum is given as p2 = gijP

iP j = a2γijP
iP j1, com-

bined with the fact that E2 − p2 = m2. Thus eq. (2.3) becomes

ṗ

p
= − ȧ

a
, (2.4)

1Please note, this is not to be confused with the pressure of the individual components,
which is also labeled with p.

20



which after solving finally gives

p ∝ 1

a
. (2.5)

We can now define the Hubble parameter as

H(t) =
ȧ

a
, (2.6)

Let’s consider a galaxy emitting a photon at a wavelength λem at a scale
factor aem = a(tem) while it is received by an observer on the earth at a
wavelength λ0 at a scale factor a0 = a(t0). The Redshift is defined as

z =
λem − λ0

λ0
, (2.7)

which can be written differently with the help of eq. (2.5) and gives

z =
a0
aem

− 1. (2.8)

Assuming that the emitting and the observing points are not far enough for
the scale factor to grow significantly, thus we can Taylor expand around the
current time, which gives

aem ≃ a0 + (tem − t0)ȧ0, (2.9)

which, after being included into eq. (2.8), gives z = (t0 − tem)H0. For time
intervals in which the universe has not been expanding significantly, we can
assume that the distance between the emission and the observation points is
d = t0 − tem, where again c has been assumed to be 1. Therefore, we finally
get

z = dH0, (2.10)

Which is known as the Hubble law, introduced by Edwin Hubble in 1929 [53],
who found that the emission spectra of nearby galaxies is redshifted, which
indicate that they are receding away from each other as opposed to what is
expected due to the gravity, leading to the concept of cosmological expansion.
By plotting the redshift of galaxies against their distance, Hubble discovered
a linear relationship: the farther a galaxy is from us, corresponding to the
Hubble law.

The expression in eq. (2.2) defines the spacetime metric throughout the
universe at a given time t, which also reveals the l.h.s of eq. (1.10). We now
address the concept of Stress-energy tensor Tµν .
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2.2 The Stress-energy tensor

The stress-energy tensor as defined in eq. (1.9) is a conserved symmetric
tensor (since gµν is symmetric). According to the Cosmological Principle,
The large scale structure of the universe is homogeneously distributed, thus
we can say that matter is approximately homogeneously distributed which
implies that the evolution of density and the pressure of different components
depends only on time. Cosmology is of course affected by perturbations which
deviate from homogeneity and isotropy. Perturbations are thought to be
originated in the early Universe, during Inflation, in the linear perturbative
regime, later on growing in observed structures. We do not give a complete
description of those in this Thesis, referring to other works [65, 66, 67, 68].
In order to describe the large scale evolution of the universe we can imagine
the galaxies to be small grains, stationary in the comoving frame, i.e. the one
at rest with respect to the cosmological expansion, which can be described
by the perfect fluid stress energy tensor

Tµν = (ρ+ P )UµUν + Pgµν , (2.11)

where ρ, P are respectively the total energy densities and the pressure, while
Uµ is the four velocity of the fluid. We now apply the conservation equation
eq. (1.11) to the case of FLRW. Consider a comoving frame that is defined
with the four velocity as

Uµ = (1, 0, 0, 0). (2.12)

By substituting that into eq. (2.11) we get the conditions

T00 = ρ, Tii = a2P, T0i = 0, (2.13)

which can be written as a single Matrix:

T ν
µ =


−ρ 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P

 . (2.14)

By substituting into eq. (1.11) we finally have

ρ̇+ 3
ȧ

a
(ρ+ P ) = 0. (2.15)

Depending on the matter component, eq. (2.15) shows the evolution of each
cosmological species as a function of the scale factor a(t). By considering the
equation of state P = ωρ, the solution to eq. (2.15) gives:

ρ ∝ a−3(1+ω). (2.16)
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For instance in the case of radiation the following condition holds: P = 1
3
ρ,

which leads to:

ρr ∝
1

a4
. (2.17)

This result is intuitive, as the dilution of energy in radiation, in addition to
the volume, decreasing as 1/a3, includes an extra 1

a
(see section 2.1), due to

the wavelenght stretch.
In the case of non-relativistic fluid(s) (P = 0), such as the CDM, the density
scales as

ρm ∝ 1

a3
, (2.18)

as no extra redshift in the mass is present.

2.3 Friedmann equations

We now consider the dynamics of the FLRW universe using eq. (1.10), the
metric in eq. (2.2) and the stress-energy tensor in eq. (2.11). Two equations
are derived, corresponding to

H2 =
8πG

3
ρ− k

a2
, (2.19)

ä

a
= −4πG

3
(ρ+ 3P ). (2.20)

Note that eq. (2.19) combined with eq. (2.15) gives eq. (2.20) and therefore
we have two sets of equations but three unknown (a(t), ρ, and P ) therefore
we need another equation to find a full solution, which is commonly taken
from the equation of state P = ωρ. Note that ρ and P are the total density
and pressure summed over all types of cosmological constituents

ρ =
∑
i

ρi, P =
∑
i

Pi, Pi = ωiρi, (2.21)

where ρi , Pi, and ωi are the density, pressure, and the equation of state
defined for each component. The critical density is then defined as

ρc =
3H2

8πG
, (2.22)

and at the present time it is

ρ0c =
3H2

0

8πG
≃ 2.8× 1011h2M⊙Mpc−3, (2.23)
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where h = H0/100 km s−1Mpc−1. We can rewrite eq. (2.19) as

k

(Ha)2
= 1− ρ

ρc
, (2.24)

which will result in 3 cases:

ρ < ρc → k > 0 → closed universe

ρ > ρc → k < 0 → open universe

ρ = ρc → k = 0 → flat universe.

(2.25)

Consider now Λ whose density does not change as the universe expands, from
eq. (2.15) it is clear that ωΛ = −1, this component is what we refer to as
cosmological constant providing, in the ΛCDM cosmology, a DE driven late
time acceleration [69]. Thus, eq. (2.24) can be written simply as

Ωm + Ωr + ΩΛ + Ωk = 1, (2.26)

where the fractional densities Ωi = ρi
ρc

and Ωk = k
(Ha)2

. We can now find
the time dependent solutions for each component separately by considering
different eras where each component is dominant, this is possible because
the evolution of each species scales differently w.r.t the scale factor. First
let’s consider a radiation dominated era, which, in the current picture of
cosmology, preceeds the matter dominated era. As we pointed out, from
eq. (2.15) we’ve ρr ∼ 1/a4, and substituting it back in eq. (2.19), gives the
solution

a ∝ t1/2, H =
1

2t
. (2.27)

Second, following the same approach, we can show that the time dependent
solution to the matter dominated era are

a ∝ t2/3, H =
2

3t
. (2.28)

Finally, in an DE dominated era, the density is constant, implying that
the Hubble constant also remains unchanged, as it is straightforward from
eq. (2.19), and the solution is given as

a ∝ eHt, H =

√
8πG

3
ρΛ. (2.29)

If we fix the scale factor at the current time to unity (a0 ≡ a(t = t0) = 1),
the Friedmann equation can be written as

H2 = H2
0

[
Ωr,0a

−4 + Ωm,0a
−3 + Ωk,0a

−2 + ΩΛ,0

]
. (2.30)
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where Ωi,0 =
ρi,0
ρc,0

for each component, and the index “0” indicates that

we evaluate the density parameter Ω at the current time. The quantities
defined in the equation above are known as cosmological parameters. They
are constrained by observations, of the CMB, large scale structure through
their manifestations in the cosmological expansions, as well as cosmological
perturbations, see [70, 71] and references therein. Within 68% confidence
level, the measures are

Ωm,0 = 0.315± 0.007,

Ωb,0h
2 = 0.0224± 0.0001,

Ωc,0h
2 = 0.120± 0.001,

ΩΛ,0 = 0.685± 0.007,

Ωk,0 = 0.0007± 0.0019,

H0 = 67.4± 0.5 km s−1 Mpc−1.

(2.31)

The second and the third values represent the abundances of Standard Model
Particles and CDM, respectively.

2.4 ΛCDM

As we discussed so far, the ΛCDM model is the prevailing model that is
mostly successful in describing the large scale structure and the background
evolution of the universe. It describes cosmological geometry, compositions
and its evolution since the Big Bang. In summary, the essential components
of the ΛCDM are:

• Λ or DE - Dark Energy: Λ is the cosmological constant, or equiva-
lently the Dark energy ( see Section 2.5 ). It drives acceleration in the
expansion, opposite to the gravitational attraction[72, 73].

• CDM - Cold Dark Matter: it is a form of matter that interacts at
most weakly with particles of the Standard Model of Particle Physics,
and is main evidence is therefore through gravitational effects, ”Cold”
refers to the relatively negligible velocity of this matter compared to
the speed of light since the time in which these particles decoupled
from the thermal bath in the Early Universe. This form of matter is a
necessary component in the structure formation as it provides the grav-
itational scaffolding for ordinary matter to form galaxies and structure
of galaxies.
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• Particles in the Standard Model: This form of matter is the one
we observe in the universe, which we can also reproduce in laboratories
on Earth. In cosmology it is misleadingly named ”baryonic”, only
because it it, baryons dominate in terms of mass. It accounts for stars
in galaxies, cluster of galaxies, and unprocessed gas in the interstellar
and inter-Galactic media.

As we have seen, current observations [70] indicate that our universe at the
present time is dominated by DE with ΩΛ = 0.68. Non-relativistic matter has
Ωm,0 ∼ 0.31, and radiation Ωr,0 ∼ 4.1× 10−5h22. The curvature contribution
is |Ωk| < 0.01, and since it scales as a−2, it becomes negligible at earlier times
compared to matter and radiation. Furthermore, Inflation dilute any initial
curvature[75, 76, 77], to the current limits in which CMB measurements
indicate that the universe is effectively flat within errors. Thus, Ωk = 0 is
assumed in the ΛCDM. It is also worth noting that the matter component
is primarily composed of ΩCDM,0 = 0.27, with baryonic matter representing
Ωb,0 ≃ 0.04.

2.5 Nature of Dark Energy

DE has been the last cosmological component, added into eq. (2.30) as a mere
consequence of observations, namely the acceleration of the universe. As we
can see from the second Friedmann eq. (2.20), in the case of a universe with
only radiation and matter the r.h.s is negative and therefore the expansion
acceleration is negative and vanishes asymptotically which does not match
with the data. However, if at a late time the universe is dominated by a
form of DE, the acceleration becomes positive, as indicated by observations.
In term of a pure cosmological constant playing the DE role, that can be
seen as a geometrical component in the Einstein field equation given by the
version in eq. (1.12) where Λ = 8πGρΛ. On the other hand, there are two
well known theoretical problems associated to the simple explanation of the
cosmic acceleration through a cosmological constant. One is represented by
the coincidence, meaning why the DE, having a constant energy density, is
comparable to the non-relativistic component at recent epochs. The other
is the fine tuning, meaning why in the early universe it was so small with
the density of other components. As an attempt to address these problems,
DE generalizes the concept of a cosmological constant, in a new component
with negative pressure (P = −ρ) which dynamically evolve, and also can
develop its own linear perturbations. This brings up more hypotheses, could

2Here the radiation density is constituted both by photons and neutrinos [74].
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DE come from a much deeper theory of gravitation which accounts for its
observed phenomenological effect? [78].

That is the subject of the next Chapter where we are going to review
some modification to GR which attempt to account for the dark energy with
more focus on Chameleon Gravity and f(R) theories.
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Chapter 3

Modified Gravity

As we explained in previous Chapters, GR has theoretical and observational
shortcomings that lead to considering MG theories [79, 80, 81, 82, 83]. Al-
though it has proven to be remarkably effective in describing gravity in a va-
riety of contexts, such as solar system experiments [84, 85] and observations
of GWs[20, 18], it faces considerable challenges [86], such as the existence of
singularities as those predicted at the center of a black hole, violating the
equivalence principle [87, 88]. This might be a reflection of the fact that GR
could be an effective theory.
Another reason why MG should be taken into consideration is the fact that
GR has not been extensively tested across all scales [89]. For example,
Yukawa potential correction to the Newtonian law is neglected, as it was
shown in [90], for distances of order 10µm. GR validity outside of these
domains is still a work in progress, and further observations are ongoing to
probe potential MG scenarios [80].

The latter could produce observable corrections in the vicinity of black
holes or in the early universe, or on cosmological large scales. Therefore, MG
theories suggest different approaches to gravity which could be tested and
provide an in depth understanding of gravity in different regimes. Within
the ΛCDM model itself, dark matter and dark energy components are pos-
tulated, and since they have not been directly observed other than through
their manifestations through gravity, their nature is still a mystery. This
motivated the idea that large scale modification to GR is responsible for the
accelerated expansion in cosmology, without the introduction of a DE com-
ponent.
In summary, there are theoretical motivations, as well as observational evi-
dences, which allow to challenge GR in its current formulation. In the next
Section we review the main category of MG scenarios, and described the
breakdown of the current chapter, which contains the definition of MG sce-
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narios to be investigated in the Second part of this work.

3.1 Different MG approaches

MG scenarios can be classified in various manners, including the modifica-
tions in the Einstein-Hilbert action eq. (1.6), which involves introducing new
fields or parameters, higher dimensions, or even new functions of the curva-
ture tensor. Some of the approaches intend to tackle the strong regimes, i.e.,
black holes, while others attempt to explain weak regimes, namely, at the
cosmological scales.

One approach to modify GR is assuming that the action contains higher
order functions of the Ricci Scalar. For instance, Gauss-Bonnet gravity [91]
introduces quadratic terms in the Ricci scalar and Ricci tensor in the action
which in return provide higher term corrections to the strong gravity regime.
This leads to more complex equation of motions but also it may help explain-
ing the structure of black holes and the early universe accelerated expansion
[92].

Another MG approach consists in introducing extra fields in the theory
[93, 94, 95, 96]. Unlike GR, which assumes that the metric tensor fully
describes the geometry of spacetime that appears as gravity, many MG the-
ories assume the existence of extra fields that contribute to the gravitational
phenomena, such as scalars, vectors, or tensor fields that interact with the
metric and result in dynamics different from GR. The presence of such a
field provides an additional contribution to the gravitational force [97, 98],
leaving (in principle) detectable imprints on the formation and evolution of
cosmic structures[99, 100, 101, 102]. Scalar-tensor theories are one of the
most well-known examples that follow this approach, such as the well known
Jordan-Brans-Dicke model [103]. This theory introduces a scalar field that
varies over time in a way that modifies the gravitational constant depending
on regions and time. A more generalized form that belongs to this category
is the Horndeski theories[104, 105], which encompasses lots of the other the-
ories as a special case, namely Galileon theories [106], f(R) [107] models,
Brans-Dicke etc [104]. Chameleon Gravity [108, 109, 110, 111] also falls into
this category, which we are going to explore further in the next Section.

GR is a theory where the coupling between matter and the spacetime
curvature is minimal. However, there are non-minimally coupled theories
[112] where the interaction between matter and gravity is more complex.
This may include additional terms in the action that couple scalar and vector
fields to the curvature, providing new ways to explain DE and inflation [113].

Exploring higher dimensions is another possibility for Modified Gravity,
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which implies adding extra dimensions to the four dimensions; these dimen-
sions are supposed to be observable only at very high energies or very small
scales beyond current observations [114, 115]. An example of this category
is represented by the Kaluza-Klein theory [116], which suggests that gravity
can behave differently at a certain scale with respect to the higher dimen-
sions. These theories also provide intriguing possibilities of unifying gravity
with other forces.

Finally, GR is a local theory whose equations at every point of spacetime
depend only on its vicinity. However, some MG theories are non-local, allow-
ing for gravitational effects to depend on conditions far away from a given
point, providing an alternative dynamic of the universe on large scales. Such
theories may offer ways to resolve DE problems without introducing new
forms of energy. An example of this type of MG is fractional gravity [117],
which modifies the Laplacian in the field equation with a non-local operator,
which provides new dynamics and equations of motion.

In summary, gravity can be modified in a variety of ways, including in-
troducing higher-order curvature terms, adding new fields, altering the cou-
pling between gravity and matter, exploring higher dimensional frameworks,
and considering non-local interactions. Each of these modifications provide
unique insights into the challenges that GR faces in explaining the full range
of gravitational phenomena across different scales and regimes. In these,
however, we explore two ways of modifying GR, starting with chameleon
gravity and a subclass of f(R) theories, which are relevant for our analyses
in the second part of this Thesis.

This Chapter is divided as follows. We begin in chapter 3 by categorizing
Modified Gravity theories depending on how the modification is made. Then
in section 3.2 we discuss in detail the Chameleon Gravity which is the main
theory we are concerned with throughout the thesis, followed in section 3.3
by explaining the screening mechanism which a necessary property of the
Chameleon. Finally we conclude by discussing the f(R) gravities and a
particular subclass that is equivalent to CG.

3.2 Chameleon Gravity

The chameleon field was first introduced by Justin Khoury and Amanda
Weltman in their 2004 paper entitled “Chameleon fields: awaiting surprise
for tests of Gravity in Space” [108]. In their Paper they proposed a scalar
field that dynamically regulate its mass based on local environment becom-
ing heavier in dense regions and lighter in low density regions, making it
harder to detect at local densities such as the solar system where no signifi-
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cant deviation from GR is detected. This scalar field couples to matter in a
non-minimal yet conformal way, which makes the field behavior depend on
the local matter density. The Chameleon field offers an alternative explana-
tion through a dynamic scalar field that can evolve over time. It operates
similarly to quintessence [118], which as we already mentioned is a scalar
field that can drive cosmic acceleration, but with the added advantage that
its properties adapt to the local environment. One of the main issues arising
when adding a scalar field is the violation of the Equivalence Principle which
states that all forms of matter should fall at the same rate in a gravitational
field. However, scalar fields are expected to interact with matter, possibly
leading to detectable violations of the equivalence principle itself. Neverthe-
less, the chameleon field surpasses these constraints through the screening
mechanism as its mass becomes larger in dense environments, which causes
decoupling from matter making it undetectable in local experiments or within
our solar system. However, the field gets lighter in cosmological scale which
can influence the cosmic dynamics such as expansion and gravity in large
scale structures. In addition, Chameleon field features the thin-shell effect,
which ensures that only a thin outer mass shells of massive objects interact
with it. This suppression is crucial since it allows the field to remain hidden
from local tests of gravity, while having the potential to reveal new physics
on large, cosmological scales.
We now present the Chameleon field theory and discuss the field equations
related to this theory. First we begin with introducing the action of the
theory of the chameleon field ϕ coupled to one matter field ψ,

S =

∫
d4x

[√
−g

{
M2

pl

2
R− 1

2
∇µϕ∇µϕ− V (ϕ)

}
− Lm(ψ,A

2(ϕ)gµν)

]
,

(3.1)
Where Mpl = (8πG)−1/2, and A(ϕ) is an arbitrary function of the chameleon
field ϕ. The potential V (ϕ) is assumed to be of the runaway form, i.e., it is
monotonically decreasing [109] and satisfies,

lim
ϕ→∞

V = 0, lim
ϕ→∞

V,ϕ
V

= 0, lim
ϕ→∞

V,ϕϕ
V,ϕ

= 0 . . . , (3.2)

as well as

lim
ϕ→0

V = ∞, lim
ϕ→0

V,ϕ
V

= ∞, lim
ϕ→0

V,ϕϕ
V,ϕ

= ∞ . . . , (3.3)

where V,ϕ ≡ dV
dϕ
, etc. An example is the inverse power law potential

V (ϕ) =M4+nϕ−n, (3.4)
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where M has units of mass and n is a positive constant.
The first thing to notice is that the Chameleon field is affected by the space-
time curvature just like an ordinary field in the context of GR. Addition-
ally, the Chameleon couples to matter in a non-minimal way present in
Lm(ψ,A

2(ϕ)gµν), thus instead of field ψ being affected only by the space-
time curvature, it will also be affected by the presence of the Chameleon
field through the Jordan frame metric

g̃µν = A2(ϕ)gµν . (3.5)

We are going to see below that this field also violates the Weak Equivalence
Principle since the Chameleon force couples to different fields with different
coupling constant. Let us for now derive the field equation of the Chameleon
field by differentiating the action with respect to the field ϕ. We get

δS =

∫
d4xδϕ

[√
−g

{
∇2ϕ− dV

dϕ

}
− δ

δϕ
Lm(ψ,A

2(ϕ)gµν)

]
, (3.6)

where we can develop the second term by introducing the Jordan frame
metric defined in eq. (3.5) as follows

δ

δϕ
Lm(ψ,A

2(ϕ)gµν) =

(√
−g̃
2

δg̃µν
δϕ

)
2√
−g̃

δ

δg̃µν
Lm(ψ, g̃µν), (3.7)

using the fact that 

T̃µν = − 2√
−g̃

δ
δg̃µν

Lm(ψ, g̃µν)

δg̃µν
δϕ

= 2 d
dϕ

log(A)g̃µν

√
−g̃ = A4(ϕ)

√
−g.

(3.8)

By replacing this back into eq. (3.7) we get

δS =

∫
d4xδϕ

[√
−g

{
∇2ϕ− dV

dϕ
+ A4 d

dϕ
log(A)T̃

}]
, (3.9)

where T̃ is the trace of the stress energy tensor in the Jordan frame, which
finally gives

∇2ϕ =
dV

dϕ
− A4d log(A)

dϕ
T̃ . (3.10)

Note that since matter fields, represented by ψ, couple universally to the
metric g̃µν , meaning that experiments involving measurements of the field ψ
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are measured in the Jordan frame such as, for instance, the matter density
ρ̃.
However, we need to express our result with respect to the stress energy
tensor T in the Einstein frame (the frame corresponding to gµν). Without
lose of generality, it is assumed in the literature [109, 108, 119] that the
function A(ϕ) takes the form

A = eβϕ/Mpl , (3.11)

if we further assume an FLRW background metric with an equation of state
defined as ρ̃ = ωp̃ and a continuity equation ∇̃µT̂µν = 0. The energy density
in the Einstein frame ρ is defined as the quantity that is conformally related
to ρ̃ and scales as a−3(1+ω). It can be shown that [119]

T̃ =
1

A3+ω
T. (3.12)

Finally we can write the equation of motion in its final form as

∇2ϕ = V,ϕ + (1− 3ω)
β

Mpl

ρe(1−ω)βϕ/Mpl . (3.13)

Before we conclude it is worth mentioning that in the previous calculations
we considered a single matter field ψ; we could have also considered a set of
matter fields ψ(i) which do not interact with each other. Their metric in the
Jordan frame will be

g̃(i)µν = e2βiϕ/Mplgµν . (3.14)

The equation of motion eq. (3.13) becomes [109, 119]

∇2ϕ = V,ϕ +
∑
i

(1− 3ωi)
βi
Mpl

ρie
(1−ωi)βiϕ/Mpl . (3.15)

We can now proceed with the description of the screening mechanism in the
next Section.

3.3 Screening mechanism

As we mentioned earlier, the Chameleon field comes with a screening mech-
anism that allows the field to escape GR solar system tests and gives more
freedom to MG at larger scales. In order to illustrate that, we can firstly
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study a concrete example of non-relativistic matter (ω = 0). Thus, eq. (3.13)
becomes 

∇2ϕ = Veff,ϕ

Veff = V (ϕ) + ρeβϕ/Mpl .

(3.16)

From eq. (3.4) we can see that the Chameleon potential has no minimum.
On the other hand, what matters for us is the effective potential defined
in eq. (3.16). The minimum of the potential is defined as Veff,ϕ(ϕmin) = 0.
Which gives

V,ϕ(ϕmin) +
β

Mpl

ρeβϕ/Mpl = 0. (3.17)

We can also define the mass of the Chameleon field as

m2
min = V,ϕϕ(ϕmin) +

β2

M2
pl

ρeβϕ/Mpl . (3.18)

Since V,ϕ(ϕ) is negative and increasing, assuming β > 0 would imply that,
the larger the density ρ is, the lower ϕmin is and vice-versa. Moreover, we
know that V,ϕϕ(ϕ) is positive and increasing which would imply the larger
the density ρ the larger the mass mmin and vice versa. The later shows that
at higher densities the field Chameleon field is suppressed and therefore GR
holds[109]. The behavior of the effective potential around its minimum is
illustrated in fig. 3.1.

It is worth noting that the assumptions in eq. (3.4) which we imposed on
the Chameleon potential are crucial to ensure the presence of the screening
mechanism.

Before concluding, we study an approximate solution of the Chameleon
field for compact objects as it will be crucial for our analysis in the second
part of the thesis. Let us assume a compact object with spherical symmetry,
thus eq. (3.16) becomes

d2ϕ

dr2
+

2

r

dϕ

dr
= V,ϕ +

β

Mpl

ρ(r)eβϕ/Mpl . (3.19)

We also approximate the density within the compact object to ρc and the
density of the matter that surround the object ρ∞, that is

ρ(r) =


ρc r < rc

ρ∞ r > rc.

(3.20)

34



Figure 3.1: Effect of the density ρ on the shape of the effective potential and
its minimum: the Larger the density, the lower the minimum and the larger
the second derivative ( equivalently mmin).

We also note the values of the field that minimize the effective potential
given in eq. (3.16) by ϕc and ϕ∞ for inside and outside the compact object
respectively. Additionally, we need two boundary conditions for solving the
second order differential equation. The first one is imposing non-singularity
of the first derivative at r = 0. Moreover, we assume the effective potential
to reach its outside minimum at r → ∞ when the density is ρ∞.

dϕ

dr
= 0 as r = 0,

ϕ→ϕ∞ as r → ∞.
(3.21)

In order to obtain the solution for the region where r > rc, we can approxi-
mate the differential equation to

d2ϕ

dr2
+

2

r

dϕ

dr
≃ m2

∞(ϕ− ϕ∞), (3.22)

which has the solution

ϕ(r) ≃ −rc(ϕ∞ − ϕc)

r
e−m∞(r−rc) + ϕ∞. (3.23)

The above solution can be rewritten in a more convenient way[109] which
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takes the form

ϕ(r) ≃


ϕc r < rc

−
(

β
4πMpl

)(
3∆rc
rc

)
Mce−m∞r

r
+ ϕ∞ r > rc,

(3.24)

where Mc is the mass of the compact object at r = rc, and ∆rc is the thin
shell that forms as the field rolls down the effective potential at r < rc, which
can be shown [109] to be

∆rc
rc

=
ϕ∞ − ϕc

6βMplΦc

≪ 1, (3.25)

where Φc is the Newtonian potential at r = rc.
We can see from eq. (3.24) that the solution exists only if the condition
eq. (3.25) is satisfied, which shows that the solution of the Chameleon field
manifests only through an outside thin shell of the compact object. One may
argue that this is only a feature of the regime where the object is assumed to
be large enough to produce this effect. The above solution still holds for what
is called the thick regime where the dimensions of the shell are comparable to
the ones of the object, i.e., ∆rc

rc
> 1. In this case, the whole compact object

contributes to the solution and in this case the outside solution is given as

ϕ(r) ≃ −
(

β

4πMpl

)
Mce

−m∞r

r
+ ϕ∞. (3.26)

One last thing to point out is that the Chameleon field induces a fifth force
(as it can be seen from eq. (3.24)) that adds to the gravitational force in the
Newtonian limit, which is given as

Fϕ = − β

Mpl

∇ϕ. (3.27)

In the second part of the Thesis we shall use the same logic to derive the
solutions of the Chameleon field in galaxy clusters, as cosmologically the
largest bounded structures, where we expect the thin shell solution to hold.

3.4 f (R) models

In this Section we explore the f(R) approach to MG. This modification con-
siders a more general function of the Ricci Scalar R denoted as f(R) in the
action. This simple modification introduces higher order curvature terms
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which affect the gravitational dynamics. One of the motivations for con-
sidering f(R) gravity arises from the fact that GR requires the inculsion of
the phenomenological cosmological constant, to explain the accelerated ex-
pansion of universe as mentioned in section 2.5, and it offers an alternative
approach to gravitational interactions which could potentially explain the
late time acceleration of the universe without introducing the DE component
by hand. In these theories the curvature of spacetime behaves differently at
large scales leading to an effective repulsive force that can drive the accel-
erated expansion. Additionally, some f(R) models can mimic the effects of
dark matter by parameterizing the theory in a way to account for gravitation,
especially in rotation curves and cluster dynamics without assuming the exis-
tence of an additional form of matter [120]. Furthermore, theories of inflation
typically require the introduction of a scalar field (the ”inflaton”) to drive this
expansion. However, f(R) gravity can achieve inflationary behavior through
the curvature terms themselves, without needing an additional field, as in the
well known Starobinsky model of inflation [121], where f(R) = R+aR2 leads
to a successful inflationary scenario [78, 70] . From the perspective of high
energy physics, general relativity is not renormalizable [122] , which makes
it incompatible with quantum field theory. This causes a serious problem for
attempts to develop a quantum theory of gravity. In contrast, f(R) natu-
rally introduces higher-order curvature terms in the action, which makes the
theory more tractable at high energies in extreme regimes such as near black
hole singularities or in the very early universe. In fact it’s been shown by
Stelle in 1977 that the f(R) theories are renormalizable though not unitary
[123], which makes them an important step towards formulating a quantum
theory of gravity.
Let’s first define the action of the theory, and then derive the field equations

S =

∫ √
−gd4x

[
M2

pl

2
f(R) + Lm

]
. (3.28)

Following the same approach used in section 1.3 we can get

fRRµν −
1

2
fgµν + [gµν∇2 −∇µ∇ν ]fR(R) =

1

Mpl

Tµν , (3.29)

where we denoted fR ≡ df(R)
dR

.
In order to be able to see the dynamics of the extra curvature terms as a

GR like formalism, eq. (3.29) can be rewritten as

Rµν −
1

2
Rgµν =

1

MplfR(R)

[
Tµν + T eff

µν

]
,

T eff
µν =Mpl

[
1

2
gµν(f −RfR)− (gµν∇2 −∇µ∇ν ])fR

]
.

(3.30)
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From eq. (3.30) We can interpret the f(R) gravity as another matter field
with stress energy tensor Tµν which does not vanish in vacuum. Thus, DE
can be interpreted as a geometrical consequence that emerges from the other
curvature term beside the Ricci scalar R. We can see that f(R) scenarios
introduce a new scalar filed term in the field equation, through taking the
trace of eq. (3.29), which gives

fRR− 2f + 3∇2fR =
1

Mpl

T, (3.31)

which may be expressed as
∇2fR = Veff,fR

Veff = 1
3

[
2fRf − 1

2
f 2
RR + 1

Mpl
TfR

]
.

(3.32)

This shows that fR can be looked at as a scalar field in this theory. It
is worth noting that we have derived the previous equations without any
loss of generality. However, f(R) models that are relevant for this Thesis,
i.e., those which have screening mechanism, are represented by a specific
function f(R) that meet several observational criteria. First, cosmology must
replicate the behavior of ΛCDM at high redshifts where it has been tested by
CMB data. Second, it should drive the cosmic acceleration at low redshifts
with an expansion history similar to ΛCDM without the introduction of a
cosmological constant. In addition, we should have enough parameters in the
model to mimic a wide range of low-redshift phenomena that are consistent
with observations. Lastly, it should include the ΛCDM as a limiting case to
escape solar system tests[124]. The above can be satisfied if we impose the
conditions

lim
R→∞

f(R) = R + const.,

lim
R→0

f(R) = R.
(3.33)

In other words, at early universe, we recover GR with a cosmological constant
to match the data and to avoid any unwanted divergent at dense regions,
while at late time regimes MG become significant only at low curvatures and
do not dominate in other regimes. These models can also exhibit a chameleon
like screening mechanism which becomes clear if we compare eq. (3.32) to
eq. (3.4). We can see that, just like in the case of the Chameleon field, these
models couple to matter and therefore the solution of the scalar field fR is
different for low and high density regions.
The question on how can we relate the field ϕ in the case of the Chameleon
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Gravity to fR in the f(R) models can be answered simply by making the
modification as shown in [125]:

fR = e
− 2β

Mpl
ϕ
. (3.34)

By replacing this into eq. (3.32) and by looking at the coupling term between
the trace of the stress energy tensor and the exponent, we can see that the
equivalence is true when

β =
√
1/6, (3.35)

and the value of the fR in low density regions which we write as fR0 is
therefore

fR0 = e
− 2β

Mpl
ϕ∞
. (3.36)

We conclude this Chapter by making an important note, i.e. that the
Chameleon screening presented here has two main parameters (if the matter
density is fixed), which are the coupling constant β and the value of the
field at large distances ϕ∞, i.e., the parameter space of the chameleon field
lies on a two dimensional plane. However, the f(R) model we presented has
only one parameter fR0. Thus, it is more practical to study the Chameleon
screening and then take the f(R) model as a particular case that belongs to
a one dimensional line in the Chameleon parameter space. These parame-
ters are going to be our main focus in the second part of this Thesis while
studying the phenomenology of CG in galaxy clusters.
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Part II

Modified Gravity in Clusters of
Galaxies
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Chapter 4

Constraining MG using galaxy
cluster dynamics

In the first part of the Thesis we’ve been dealing with GR and its application
in the general framweork of cosmology, explaining why the evidence for DE
and other occurrences represent motivations for considering MG scenarios.
We have quoted some of the theories with different motivations for modifying
GR, focusing on f(R) and CG. In this Chapter we are going to constrain
the Chameleon screening mechanism in galaxy clusters, essentially obtaining
limits on the coupling strength and CG field behavior.

4.1 New data for constraining CG with Galaxy

Clusters

As we have seen, two main parameters construct the chameleon field model in
a galaxy cluster: the first one is β, which is the coupling constant between the
chameleon field and matter density, and the latter, ϕ∞, which is the intensity
of the field at a larger distance away from the cluster. Under reasonable
assumptions (e.g. [126]) these two parameters describe the modification of
gravity completely. Also, the case of β =

√
1/6 within the Chameleon field

scenario describes an f(R) theory [127, 128].
We consider that the total mass distribution of a galaxy cluster can be

parametrized by a NFW density model [129, 130, 131, 132, 133, 134]; under
the assumption of hydrostatic equilibrium, the total gravitational potential of
the cluster will affect the pressure of the hot gas [126]. We implement the for-
malism presented in [126, 135] to the XMM-Newton Cluster Outskirts Project
X-COP data products [136, 137, 138, 139], which consists of 12 clusters with
well-observed X-ray emission and high signal to noise ratio in the Planck
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Sunyaev-Zel’dovich (SZ) survey [57], essentially providing both ICM temper-
ature and pressure data over the large radial range of 0.2Mpc ≤ r ≤ 2Mpc.
While in the current analysis, we probe individual galaxy clusters through
hydrostatic equilibrium, a robust and complementary approach relies on the
analysis of cosmological simulations [140, 141, 142, 143] to assess average or
distribution statistics as a function of cosmic time. For instance, the au-
thors in [140] study scaling relations in Chameleon type f(R) models from
simulations of galaxy clusters, and [144] study variations to the halo mass
function.

This Chapter is organized as follows: in Section 4.2 we construct our
model for the Chameleon field and show the solution of this field as applied
to galaxy cluster with the assumption of the NFW profile, and at the end of
the section we discuss the effect of the modification induced by the presence
of Chameleon field on the Hydrostatic pressure. In Section 4.3 we briefly
present the X-COP data and then construct the likelihood that we will use
with the MCMC analysis to generate the chains that constrain our parameter
space. In Section 4.4 we present our results and discuss them in detail while
comparing our constraints with the ones obtained by other galaxy clusters’
analyses (e.g. [126, 145]). Finally, we further derive our main conclusions in
Section 4.5.

4.2 Modeling

In this section, we set the basis of our simulations, by specializing the screen-
ing mechanism described in the previous Chapter to the case we are about
to investigate, and describing the CG field in galaxy clusters.

4.2.1 Screening Mechanism for ϕ∞ ≪MPl

As we have seen previously, the Lagrangian of the theory includes the usual
Einstein- Hilbert Lagrangian plus the scalar field, in addition to the Standard
Model fields coupled minimally to gravity [108, 146, 147, 148, 149], which is
written as

L =
M2

Pl

2
R + Lm(g̃µν , ψ) + Lϕ , (4.1)

where Lϕ = −1
2
(∂ϕ)2 − V (ϕ) and MPl =

1√
8πG

; the Standard Model fields

are represented by ψ, and g̃µν = A2(ϕ)gµν . As presented in section 3.3, the
equation of motion for the field ϕ can be written [150] as

∇2ϕ = V ′(ϕ)− A′(ϕ)

A(ϕ)
T , (4.2)
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where we have highlighted T as the trace of the stress-energy tensor of the
standard model field ψ as well as the main source of the Chamaleon field
dynamics, and we further assume that the field ϕ is static, targeting staticity
in a formed object, such as a galaxy cluster. The field values depend on the
matter component and thus the field behaves in different ways for different
matter distributions. The framework of CG in cosmology suggests that the
maximum value of the chameleon field at large distance (ϕ∞) is very small
compared to the plank mass MPl, that is ϕ∞

Mpl
≪ 1. Therefore we use the

approximation A′(ϕ)
A(ϕ)

≃ β
MPl

(see eq. (3.11)) , here β is the coupling factor
between the field ϕ and the stress-energy tensor T . Finally, we consider only
pressureless non-relativistic matter fields, which implies T = −ρm. Therefore
we can write,

∇2ϕ = V ′
eff(ϕ) , (4.3)

where

Veff(ϕ) = V (ϕ) +
βϕ

MPl

ρm . (4.4)

As pointed out in section 3.3, the form of the potential V (ϕ) should guarantee
that the gravitational effect induced by this field will be suppressed when
we have large matter densities, that is, the field ϕ is screened and GR is
recovered. On the other hand, at lower densities, we want the effect of the
field to become important, which will require us to impose that the potential
V (ϕ) is a decreasing function of ϕ [108].

In the region where ϕ is un-screened, an additional fifth force is induced
by the gradient of the Chameleon field,(see eq. (3.27))providing an addi-
tional contribution to the Newtonian potential while retaining hydrostatic
equilibrium assumption in chameleon gravity.

4.2.2 Chameleon field in clusters of galaxies

In the following analysis, we assume that the total matter density distribu-
tion within the galaxy cluster can be modeled [129] following a NFW profile
corresponding to

ρ(r) =
ρs

r/rs(1 + r/rs)2
, (4.5)

where ρs and rs are characteristic density and scale radius, respectively. The
NFW model has been shown to provide a good description for simulated
DM halos ( see e.g. [151]) and for real clusters’ data in ΛCDM (e.g. [152,
153]), while some other works have further suggested that the NFW profile
performs well also in modified gravity scenarios, including chameleon gravity
[154, 155, 156, 157].
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We are interested in finding the solution for the chameleon Equation (4.3)
in the presence of a matter density distribution given by Equation (4.5); in
order to do that, we employ the semi-analytical approach followed by e.g.
[126]. The idea is that below some radius rc, the value of the scalar field
in the interior minimizes the effective potential Veff (ϕ) which represents the
regime where the Chameleon force does not contribute and the solution is
obtained by setting ∇ϕ = 0 on the left side of Equation (4.3). On the other
hand, at larger distances, the potential V (ϕ) is negligible and the second
term in (4.4) dominates the effective potential. The solution in this regime
is obtained by solving ∇2ϕ = βϕρm/MPl. Therefore, we obtain the complete
semi-analytical solution as,

ϕ(r) =

{
ϕs [r/rs(1 + r/rs)

2] = ϕint ≃ 0 r < rc

−βρsr2s
MPl

ln(1+r/rs)
r/rs

− C
r/rs

+ ϕ∞ = ϕout r > rc .
(4.6)

In the equation above, ϕs is a constant that depends on the characteristic
density and the parameters of the potential V (ϕ). The integration constant
C and the radius rc can be specified by imposing the continuity of the solution
and its first derivative at r = rc. Thus we have [126],

1 +
rc
rs

≃ βρsr
2
s

MPlϕ∞
, (4.7)

C ≃ −βρsr
2
s

MPl

ln(1 + r/rs) + ϕ∞r/rc . (4.8)

The screening radius rc represents the transition below which the Chameleon
field is screened, and as shown in Equation (4.7), it is completely determined
by the other parameters of the model. In particular, the screening radius
is strongly dependent on the mass of the cluster M500 ∝ r3sρs (see Equa-
tions (4.19) and (4.20)). This implies that in massive clusters the screening
mechanism tends to be very efficient, while the fifth force is more active in
lower mass halos (e.g. [158]).

Note that the current formalism assumes coupling of the Chameleon field
to both the dark matter and baryonic mass components and that the total
mass of the cluster is modeled using a single NFW mass profile. This for-
malism is equivalent to that followed in the earlier works [145, 126] and is an
approximation that the contribution of the baryonic component to the total
mass is negligible in the radial ranges explored and that a simple NFW pro-
file is sufficient to model the total mass accurately. Although there is a clear
possibility to introduce varied coupling for the different mass components
and the field, this is beyond the scope of the thesis. However, it is straight-
forward to model the gas mass, which accounts for the largest contribution to
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the baryonic mass, that does not couple with the chameleon field, while the
dark component does (see for example [159]) and perform the analysis, which
we discuss in Section 4.4.6. So far we have described the chameleon formalism
within the galaxy cluster sourced only by the self-screening. However, it is
important to point out that, the inter-cluster environmental density distribu-
tion can generate an additional contribution to the fifth force [160, 144]. This
in turn is the interplay between the external and the internal densities distin-
guished by a scale. For example, [160] employ a scale of rin/out = 8h−1Mpc
(see also [161]) and average over the environmental effects. Taking into ac-
count the strong local constraints, for example, (e.g. |fR0| ∼ 5× 10−7 [162]),
the mass ranges (≥ 1014M⊙) of the local (z ≤ 0.1) galaxy clusters utilized in
this work, we infer the environmental effects to be relatively small, providing
only a mild weakening of our constraints.

4.2.3 f(R) analogy with Chameleon field

As we have seen in the first part of this Thesis, f(R) [163] is one of the most
investigated alternatives to GR at the cosmological level; in this class of
models, the Einstein-Hilbert action is modified by adding a generic function
of the Ricci scalar:

S =

∫
d4x

√
−g 1

16πG
[R + f(R)] + Sm[ψi, gµν ] . (4.9)

As previously discussed in section 3.4, the functional form of f(R) can be
chosen in such a way that the background ΛCDM expansion history is re-
produced as close as desired (see e.g. [124]). The derivative of the function
fR = ∂fR/∂R plays a role of a dynamical scalar field which, under certain
conditions can be conformally recast into a scalar-tensor model exhibiting
chameleon screening (see e.g. [164]). This is possible in particular if the
scalar field fR = ∂fR/∂R, called the scalaron, has a large positive effective
mass at high curvature[165].

The field equation for fR is [124]

□fR =
∂Veff(fR)

∂fR
, (4.10)

which is analogous to Equation 4.3 with the replacement:

fR = exp

(
−2βϕ

MPl

)
, (4.11)

and β =
√

1/6 [126, 166]. The value of the scalar field for the background
today fR0 = f̄R(z = 0) is proportional to the present value of the chameleon

field at infinity as fR0 = −
√

2
3

ϕ∞
MPl

.
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In the last decades, several works have placed constraints on f(R) gravity
using different probes, both at astrophysical (e.g. [162, 167, 157, 168]) and at
cosmological (e.g [126, 144, 145, 169, 170, 171, 172, 173] ) scales. Currently,
the most stringent bounds on the scalaron are of the order of fR0 ≲ 10−8, for
the Hu& Sawicki functional form of f(R) ([124]), from galaxy morphology
[174], while cosmological analyses limit the background field to be fR0 ≲ 10−6

(e.g. [175]).

4.2.4 Hydrostatic Equilibrium

For a spherical system that contains gas with pressure P and density ρg, the
hydrostatic equilibrium equation is given by,

1

ρg

dP (r)

dr
= −GM(< r)

r2
, (4.12)

whereM(r) is the mass enclosed within the radius r, and the above equation
represents the balance between the force induced by the gas pressure and
the gravitational force. However, in the current MG scenario, we have an
additional force given by Equation (3.27) induced by the existence of the
Chameleon field, which contributes as a new term in the hydrostatic equilib-
rium equation as [126],

1

ρg

dP (r)

dr
= −GM(r)

r2
− β

MPl

dϕ(r)

dr
, (4.13)

which upon integration provides

P (r) = P0 − µmp

∫ r

0

ne(r)

[
GM(r)

r2
+

β

MPl

dϕ(r)

dr

]
dr , (4.14)

Where µ is the mean molecular weight, P0 is an integration constant, i.e.,
pressure at r = 0, and ne(r) is the electron density at radius r. We further
assume the electron density to follow the Vikhlinin profile [176, 177],

ne(r) = n0

(
r
r1

)−αv/2 [
1 + ( r

r2
)γv

]−ϵv/2γv

[
1 + ( r

r1
)2
]3βv/2−αv/4

, (4.15)

where we fix γv = 3 as suggested in [176]. The electron density profile above
thus contains 6 parameters. While the original Vikhlinin profile contains 9
parameters, it was earlier validated that the 6-parameter reduced form is
sufficient for the dataset utilized here [178].
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Figure 4.1: Top: Radial profiles of the electron density [139]. Bottom: Pres-
sure data obtained using the Compton effect (PSZ) and the X-ray observations
(PX) [137]. We show the data for all the nine clusters we have utilized in the
current analysis.

4.3 Data and Likelihood

4.3.1 X-COP clusters

We utilize 9 X-COP clusters [137], following the formalism utilized in an ear-
lier work [178, 179].While a total of 12 clusters are available in the X-COP
compilation, in the current work we use only 9 of them excluding A644,
A2255, and A2319. The 3 excluded clusters do not favor the NFW mass pro-
file which is an integral assumption in obtaining the semi-analytical expres-
sions for the field in the formalism adopted here. We however include A1644
which is reported to perform equivalently for NFW and the best-fit Hernquist
mass profile. We defer the study of the effects of mass profile assumptions on
the constraints on the screening mechanisms to the next Chapter We show
the final datasets of the electron density (top), and pressure obtained using
both X-ray and SZ methods [180] (bottom) in Figure 4.1.
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4.3.2 Likelihood

The complete formalism introduced in Section 4.2 is described by 10 param-
eters; 2 defining the Chameleon field (β and ϕ∞), 2 for the NFW profile (ρs
and rs), the remaining 6 parameters are from the expression of the electron
density given by Equation (4.15). The individual likelihood (−2 lnL) for the
pressure and electron density data are then written as,

χ2
P =

(
Pobs

SZ −PSZ

)
Σ−1

P

(
Pobs

SZ −PSZ

)T
+ ln |ΣP |

+
∑
i

[(
PX(ri)− P obs

X,i

)2
σ2
PX,i

+ σ2
int

+ ln
(
σ2
PX,i

+ σ2
int

)]
. (4.16)

χ2
ne

=
∑
i

(ne(ri)− nobs
e,i )

2

σ2
ne,i

, (4.17)

respectively. The total χ2 function is then the summation of individual con-
tributions, upon which we perform the Bayesian analysis and is given by,

−2 lnLtot ≡ χ2(Θne ,ΘNFW,ΘMG) = χ2
P + χ2

ne
(4.18)

wherein Θne = {n0, r1, r2, αv, βv, ϵv}, ΘNFW = {M500, c500} and ΘMG =
{ϕ∞,2, β2}. Refer to [178, 179], for further details on the likelihood and
the inclusion of the intrinsic scatter (σint) parameter.

Therefore, we perform an MCMC analysis over a 10-dimensional param-
eter space (n0, r1, r2, α, β,M500, c500, ϕ∞,2, β2), where the two parameters β2
and ϕ∞,2 are compactified functions of β and ϕ∞, respectively, and are given
by β2 = β/(1 + β) and ϕ∞,2 = 1 − exp(−ϕ∞/10

−4MPl). These new scaled
parameters run in the interval [0, 1], making the interpretation of the results
straightforward. It is also convenient to use M500 and R500 instead of ρs and
rs which are related through the following relations [126]:

rs =
1

c500

[
M500

(4π/3)∆cρc

]1/3
(4.19)

ρs =
M500

4πr3s

(
ln(1 + c500)−

c500
c500 + 1

)−1

(4.20)

where c500 = R500/rs is the concentration parameter, and we have alsoM(r <
R500) =M500 =

4π
3
R3

500∆cρc, where ∆c = 500 and ρc is the critical density at
the cluster redshift.

We emphasize that in our analysis we implement two different priors on
the mass parameter M500; however we also perform the analysis without any

48



restriction on the mass, unlike previous work on other clusters (e.g. Coma
cluster in [126]), and therefore we anticipate testing possible degenerate sce-
narios in the posterior parameter space (allowed at some range of the virial
mass), this is discussed at length in the Section 4.4.5.

4.3.3 Weak Lensing mass priors

CG belongs to a subset of scalar-tensor theories for which the gravitational
potential inferred by lensing techniques corresponds to the Newtonian po-
tential (i.e. the contribution of the fifth force does not affect null geodesics).
As such, we can implement the information provided by lensing estimation
as prior on the “true” cluster mass M500, as done in e.g. [126, 145]. We
utilize the estimates of M500 obtained using weak lensing analyses in [181],
wherein no information on the shape (c500) of the mass profile is available.
However, we find that mass information is available only for five clusters in
the sample, A85, A1795, A2029, A2142, and ZW1215. In Table 4.1, we show
the mean and 1σ uncertainties on M500 for these clusters, taken from [181].
We beforehand anticipate that the constraints on mass parameters we shall
obtain using the X-COP data will be much tighter than the uncertainty of
the weak lensing masses we use as priors.

Table 4.1: We show the weak lensing masses utilized as mass priors for the
5 clusters available from [181]. We utilize the mass estimated using the
NFW mass profile for consistency, please see the Table A2 in [181]. See also
Section 4.4.5 for more comments.

Cluster M500[10
14M⊙]

A85 5.7± 2.2

A1795 9.3± 2.2

A2029 12.1± 2.5

A2142 9.7± 2.3

ZW1215 3.5± 2.2

We perform a full Bayesian analysis utilizing Equations (4.16) and (4.17)
to define the likelihood, through the publicly available emcee1 package [182,
183], which implements an affine-invariant ensemble sampler. To analyze the
MCMC chains we utilize either the corner and/or GetDist 2 [184] packages.

1http://dfm.io/emcee/current/
2https://getdist.readthedocs.io/
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Also, we impose uniform flat priors on all the parameters, specifically for
the modified gravity parameters {β2, ϕ∞,2} ∈ [0.001, 1.0]. As the current
analysis provides posteriors of exclusion within the parameter space, always
including the GR scenario, to the first order we refrain from performing any
model selection, which is bound to select GR with higher preference.

Finally, we implement a simple importance sampling-like routine to com-
bine the constraints in the ΘMG parameter space, obtained using the individ-
ual clusters. Given that the parameters ΘNFW and Θne are cluster-specific
and are not expected to affect the joint constraints on the ΘMG parameters
which are of a global theory. Therefore, we combine the MCMC samples of
the ΘMG parameters obtained from each of the clusters where the sample
density represents the values of the posterior (Bayesian confidence levels).
We take a sub-sample of thinned MCMC samples of equal size and re-sample
the joint posteriors. Essentially, this approach is equivalent to marginalizing
all the cluster-specific parameters, while not being able to see the effect of
the joint analysis on them. The results of the combined analysis are given in
Section 4.4.3.

4.4 Results

We begin by presenting the constraints on the {ϕ∞,2, β2} parameter space for
each of the nine clusters as shown in Figure 4.2, utilizing the internal mass
prior, elaborated in the next paragraph. The blue and light blue regions
depict the allowed parameter space at 2σ and 3σ, respectively, while the
white region consequently is excluded by the current data at 3σ confidence
level. We can already notice for all clusters that at low β2 (equally β), ϕ∞,2 is
unconstrained: as the coupling constant becomes negligible, the Chameleon
field is decoupled from matter and can no longer be constrained. Meanwhile,
at large values of β, that is when β2 ≃ 1, the coupling is too strong that
the entirety of the clusters will be screened, i.e, the screening radius is larger
than the size of the cluster in which case also all values of ϕ∞,2 are allowed.
We also find that at low values of β2, a slightly larger part of the parameter
space is excluded compared to the results presented in [126] and [145], which
in our results extends to β2 ∼ 0.2. In Figure 4.2, this lower limit is what we
see as an almost vertical line in the contours that separates the blue allowed
region from the white excluded one for lower values of β2. On the other hand,
compared to the same previous results, we find that the lowest possible values
for ϕ∞,2 are also lower, which further reduces the allowed region providing
tighter constraints in our analysis. This is mainly due to the effect of the
internal mass prior, as we will discuss below.
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Figure 4.2: 95%, 99% C.L. contours for all the clusters utilizing the internal
mass prior. The vertical line shows the β2 ∼ 0.29, corresponding to the f(R)
scenario where β =

√
1/6.
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We also point out that in the plots an exponential-shaped bound appears
in all of the posteriors of (ϕ∞,2, β), which is due to the fact that the formalism
inherently takes into account the assumption that the critical radius rc is a
positive quantity. From Equation (4.7) it can be shown that this is equivalent
to regions below the curve of the following equation,

ϕ∞,2 = 1− exp

(
− β2
1− β2

ρsr
2
s

10−4M2
Pl

)
, (4.21)

As mentioned before, the contours of Figure 4.2 are obtained by adding a
prior on the parameter M500. This is because utilizing only the hydrostatic
equilibrium data leads to a strong degeneracy in the {M500, β2} parameter
space, which prevents to place any stringent bounds in most of the cases.
In earlier analyses this degeneracy was broken by aiding the hydrostatic
data with the mass priors obtained from weak lensing analyses. We further
elaborate on this in the Section 4.4.5 (c.f. Figure 4.6).

In order to assess the constraints while excluding this degeneracy we
eliminate the lower mass regions by considering a lower limit of β2 > 0.5
and constrain the posteriors for the {M500, c500}, following which we con-
struct the mass and concentration priors, also taking into account the cor-
responding covariance and re-perform the analysis by expanding the range
of β2 ∈ (0.0, 1.0), as shown in Figure 4.2. Hereon we denote this prior as
internal mass prior and elaborate in Section 4.4.2. We find that this degen-
eracy is usually present within β2 < 0.5, corresponding to β < 1, accounting
for a decrease in the values of M500 while the values of β increase, following
the expression of the thermal pressure in Equation (4.14). In clusters A85
and RXC1825 however, we find this degeneracy to extend beyond β > 1. In
particular, for A85, we see that the internal mass prior is completely unable
to even reduce the degenerate region.

We then show the quantitative results of our analysis in Table 4.2 we
show the results of our analysis for the nine X-COP clusters used in this
Chapter. We present in the first column the 68% C.L. of the concentration
parameter c500 and the mass M500 with the internal mass prior elaborated
above. We also present the 95% C.L. limits on the value of the field ϕ∞,2 for

β =
√

1/6, which corresponds to the f(R) sub-class of Chameleon model,
presented in Section 4.2. In the subsequent columns we present the values
at 95% C.L. we obtain for the field ϕ∞,2 when imposing the weak lensing
mass prior presented in Figure 4.4 and no mass prior, respectively, which
we added for completeness. Within parentheses we show the conversion of
ϕ∞,2 into |fR0| to get explicit constraints on f(R) models. As can be seen,
comparing the internal mass prior and no prior scenario, the constraints
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Figure 4.3: 95% and 99% C.L. contours for joint constraint utilizing the
internal mass priors for 9 of the clusters. The dashed vertical line represents
the β =

√
1/6, corresponding to the f(R) scenario.

deteriorate substantially for all the clusters except A85 and A3158. In the
case of A85, these posteriors are dominated by the presence of the degeneracy
in {M500, β2} parameter space. On the other hand, cluster A3158 shows the
least observed degeneracy. As for mass profile constraints, c500 and M500,
presented in the first two columns of Table 4.2, are the same as the GR
values up to a 1σ confidence level [178], they are very much in agreement
with those estimated for DHOST gravity as presented therein.

One can also notice that in the case where we consider an internal mass
prior the constraints get considerably tighter, for instance, the A1795 field
value is eight times tighter than the one with no mass prior and three times
than the one with the weak lensing prior (which is yet a good constraint
compared to the one with no mass prior). Also, we point out that the two-
dimensional posteriors are visually much tighter than those previously pre-
sented for Coma Cluster [126] and XMM Clusters in [145]. We later perform
a more qualitative comparison for the |fR0|, in the f(R) scenario.

4.4.1 Constraints using weak lensing mass prior

In this section, we present the constraints obtained on the five clusters for
which the weak lensing mass priors are included from the results of [181],
namely A1795, A2029, A2142, A85, and ZW1215. While aiding in the anal-
ysis as an independent prior on the mass of the cluster, this also reduces the
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Table 4.2: Constraints on parameters {c500, M500} and ϕ∞,2 at 68% and
95% C.L., respectively, from the analysis of each cluster in the sample. The
limits are obtained with 3 different methods: from columns two to four,
the inclusion of an internal mass prior to avoid the statistical degeneracy
between mass and MG parameters, as discussed in Appendix 4.4.5. Column
five: WL mass prior - which is available only for five clusters. Column six:
no mass prior is taken into account. Note that the bounds on M500 and c500
are shown only for the first case. The constraints on ϕ∞,2 are all presented

for β =
√

1/6 which corresponds to f(R) gravity. The corresponding bounds
on the parameter |fR0| are shown inside the parentheses.

Cluster Internal mass prior WL mass prior No mass prior

c500 M500 ϕ∞,2(|fR0| [10−5])

[1014M⊙]

A85 2.05+0.07
−0.07 6.13+0.18

−0.18 0.272 (2.592) 0.279(2.671) 0.276(2.637)

A1644 1.13+0.11
−0.14 2.95+0.20

−0.20 0.226 (2.092) / 0.942(23.25)

A1795 3.17+0.14
−0.14 4.48+0.15

−0.15 0.146 (1.289) 0.319(3.137) 0.874(16.91)

A2029 3.20+0.13
−0.13 7.70+0.24

−0.24 0.208 (1.904) 0.396(4.117) 0.942(23.25)

A2142 2.22+0.08
−0.08 8.32+0.19

−0.19 0.198 (1.802) 0.213(1.956) 0.498(5.627)

A3158 1.98+0.14
−0.14 3.96+0.16

−0.16 0.216 (1.987) / 0.281(2.694)

A3266 1.61+0.11
−0.11 7.21+0.28

−0.32 0.245 (2.295) / 0.804(13.30)

RXC1825 2.54+0.20
−0.24 3.90+0.17

−0.15 0.146 (1.289) / 0.358(3.619)

ZW1215 1.40+0.09
−0.09 7.43+0.29

−0.29 0.342 (3.417) 0.892(18.17) 0.567(6.834)

Joint – – 0.106 (0.915) 0.130 (1.139) –

aforementioned degeneracy between the {β2,M500} parameters. The con-
straints on the modified gravity parameters are shown in Figure 4.4. Note
that for the cluster ZW1215 alone the inclusion of the WL prior does not aid
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the constraint and on the other hand, slightly deteriorates the upper limits.
This is clearly the case, as the prior itself is an estimated lower value aid-
ing the degeneracy region, with a mass of order 3.5 [1014M⊙]

3. However,
this does not hinder our ability to constrain the modified gravity parame-
ters in the joint analysis, as discussed in Section 4.4.3. And it is apparent
that the degeneracy that remains in the A85 cluster does not affect the joint
constraint being guided by the other cluster.

As expected, we notice that the WL mass prior is capable of reducing the
degeneracy elaborated earlier and making the posteriors in the {ϕ∞,2, β2}
slightly more constrained. Note however that the WL mass estimates do
present a mass bias (b = MWL

500 /M
HS
500) which is slightly larger than unity

(b ∼ 1.18 ± 0.12) [137] at R500. However, in terms of the constraints, even
the inclusion of the WL mass prior is not able to remove the degeneracy
completely, which can be seen as a mild bump in the posteriors presented in
Figure 4.4. This is clearly due to the larger uncertainties on the WL masses in
comparison to the constraints onM500 obtained from the hydrostatic equilib-
rium. Our formalism here validates that having a well-constrained indepen-
dent mass estimate from the WL method, where the weak lensing potential
is unaffected by the chameleon gravity and can be very beneficial for con-
straining the parameters.

4.4.2 Parameter degeneracy

Alongside obtaining the constraints on {ϕ∞,2, β2} parameters, we also com-
ment on the degeneracy(s) that we notice between the cluster mass profile
parameters and the modified gravity parameters. As can be seen in Fig-
ure 4.6, an increase in β2 or ϕ∞,2 is compensated by lower values of M500.
This is not surprising, given the structure of the modified Newtonian poten-
tial in Equation (4.14). This degeneracy is also visible in the marginalized
posterior distribution of ϕ∞,2 and β2 as a bump, highlighting the necessity of
a mass prior to hydrostatic equilibrium data. In fact, we can notice that the
degeneracy reduces as soon as we add additional information on M500, and
the tighter this mass prior, the lesser the degeneracy we have. Earlier hy-
drostatic equilibrium analysis which always considered the WL counterpart
did not find such a degeneracy, for instance using COMA cluster in [126] and
XMM cluster in [145].

We can also see this quantitatively from the condition we impose in our
model to estimate the screening radius, which gives a direct relation be-

3Note that [181] also present the weak lensing mass for the ZW1215 cluster, including
others using varied methods, which is higher ∼ 7× 1014[M⊙].
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Figure 4.4: 95% and 99% C.L. contours for weak lensing priors for 5 of the
clusters. In the lower right panel, we present the joint constraint obtained by
combining all five clusters. The dashed vertical line represents the β =

√
1/6,

corresponding to the f(R) scenario.
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tween M500 and β. In particular, replacing Equations (4.19) and (4.20) into
Equation (4.7) one can write,

1 +
rc
rs

∼ 1

M
−5/2
500

β

ϕ∞
f(c500) (4.22)

Here f(c500) is a function that only depends on the shape of the profile (c500).
At this stage, if we impose the condition that maps all negative rc to rc ∼ 0
we get from above β

ϕ∞
∼M

−5/2
500 , this means that when the coupling constant

β is low, the mass gets higher, which creates a region where the higher the
mass, the lower the coupling and vice versa, as can be seen in Figure 4.6.
Also within the hydrostatic equilibrium equation, the contribution of the
gravitational force and the fifth force, are scaled byM500 and β, respectively.
The summation of these two forces provides the derivative of the pressure
and not knowing the integration constant P (r = 0) beforehand allows only
the shape to be constrained and hence the degeneracy between these two
forces is propagated to the corresponding parameters.

One can also notice in the {ϕ∞,2,M500} plot of Figure 4.6 that the same
degeneracy holds: lower values of the mass correspond to slightly higher ϕ∞,2

(equally ϕ∞ ). This region appears only for low mass values and coupling
constant β2 < 0.5 (i.e., β < 1.0). As for the higher masses limit, this degen-
eracy disappears with the coupling strength approaching β2 → 0. Therefore
to avoid such a statistical degeneracy we construct an internal mass prior
based on the mass values we get for β2 > 0.5 and then run the MCMC chain
again to get the new posteriors, and this will erase the degeneracy issue as
shown in Figure 4.2. Alternatively, adding the WL mass prior will remark-
ably reduce the degeneracy region as shown in Figure 4.6 and the posteriors
are shown in Figure 4.4.

4.4.3 Joint analysis

Considering that the clusters utilized in the analysis are independent datasets,
we explore the possibility to obtain joint constraints on the modified grav-
ity parameters {ϕ∞,2, β2}. In principle, the background field should evolve
in cosmic time. However, given the small redshift range (0.04 ≤ z ≤ 0.09)
spanned by the sample, we can safely neglect any redshift dependence and
assume ϕ∞(z) ∼ ϕ∞(z = 0), essentially constraining the local value of the
field. In Figure 4.3 and the lower right panel of the Figure 4.4, we show the
joint constraints using 9 clusters and 5 clusters with the WL mass priors,
respectively. Firstly, the overall posterior parameter space in Figure 4.3 is
greatly reduced when the 9 clusters are combined displaying the ability of
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the current hydrostatic data to constrain the chameleon screening model,
improving the constraints from the earlier analysis in [126, 145]. Note that
the internal mass prior plays a very important role in allowing such tight
constraints. The joint constraints using the 5 clusters using the WL mass
prior as well is a tighter constraint with a mild residual of the degenerate
region.

4.4.4 Joint constraints on f(R) gravity

In the following we use the results of our joint analysis of the chameleon
parameter space to place constraints on the background scalaron field fR0,
neglecting the redshift dependence. Starting from the joint posteriors of
Figure 4.3 and Figure 4.4, we consider the slice of parameter space (β2, ϕ∞,2)
for a constant value of β2 ∼ 0.29 (i.e. β = 1/

√
6). We then derive the

corresponding posterior P (ϕ∞|β = 1/
√
6), which is further related to fR0 as

a particular case of the chameleon coupling, discussed at the end of Section
4.2. In Figure 4.5 we plot the distributions P (fR0) for the nine-clusters joint
case, assuming internal mass priors (top), and for the combination of five
clusters with weak lensing priors onM500 (bottom). The colored areas in gray
indicate the regions corresponding to the 95% C.L. As already mentioned,
the mass priors play a fundamental role in breaking the degeneracy among
the model’s parameters. In the case of weak lensing information, the priors
are not sufficient to remove all the degeneracy, resulting in a bump in the
scalaron distribution of individual clusters. Although the individual clusters
in the case of WL priors show a bimodal distribution (except for A85), the
joint analysis however is capable to providing a tighter constrain owing to
the fact that the second mode in the posterior distribution is spread across
the values of the ϕ∞,2 and consequently in fR0. As our final constraints, we
quote,

|fR0| < 9.1× 10−6 ,

at 95% C.L. for the nine-clusters combined analysis, and similarly

|fR0| < 1.1× 10−5 ,

for the five-cluster weak lensing case.
Within the posteriors of the ϕ∞,2 shown in the bottom panel of the Fig-

ure 4.5, one could distinguish three distinct contributions (except for A85).
The first peak which mainly contributes to joint constraint is marginalized for
M500 that does not include the degeneracy, with either of {ϕ∞,2, β2}. While
the second peak is an outcome of slightly lower masses, and larger values of
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Figure 4.5: Probability distributions for ϕ∞,2 (fR0 depicted on the top axis)
obtained for the specific case of β = 1/

√
6 for all the clusters within the com-

pilation and the consequent 95% C.L. regions for the joint analysis (shaded
in gray). Top: 9 clusters with an internal mass prior. Bottom: 5 clusters
for which a WL mass prior was available. Please note the difference in the
limits of axes in the two figures.
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the c500 parameter, essentially implying a modification to the shape of the
mass profile. Finally, the extended tail of the distribution seen for ϕ∞,2 > 0.5
is due to the mild degeneracy between {ϕ∞,2,M500}, for even lower values of
M500. However, in the joint analyses, the latter two features do not amplify
being varied nonoverlapping distributions.

Earlier in [126], a constraint of |fR0| < 6× 10−5 was set using the hydro-
static and weak lensing observables of the coma cluster at z = 0.02, which
is even more local compared to the redshift range z ∈ {0.04, 0.09} of current
X-COP clusters. In this context all the individual clusters in the current
analysis provide a tighter constraint (see column 4 of Table 4.2) and almost
an order tighter joint constraint when combining all the data. Our constraint
here is also tighter w.r.t. the 58 stacked cluster analysis in [145], which con-
siders XMM cluster survey and CHFTLenS weak lensing observations in a
large redshift range of z ∈ {0.1, 1.2}. In principle, such a joint analysis does
not consider cosmological evolution in the field. Other works that used galaxy
clusters estimated |fR0| < 10−5 (e.g. [170, 171]); moreover, [158] forecasted
a value of |fR0| < 10−6 from the combination of lensing and kinematics mass
profile reconstructions of a reasonable sample (∼ 10) of clusters. Our analysis
confirms that constraints of the same order of magnitude can be reached with
a combination of high-quality X-ray cluster data with physically motivated
priors in the cluster masses. It is also worth noticing that the bounds derived
here are model-independent, i.e. no particular functional form for f(R) has
been assumed.

4.4.5 Effects of Mass prior

In this Section, we briefly comment on the different priors choices and system-
atics due to the electron density data modeling, considering cluster A2142
as an exemplar. In fig. 4.6, we compare the posteriors obtained with and
without the inclusion of the mass priors. The strong degeneracy between
the mass of the cluster (M500) and the chameleon parameters, can be clearly
noticed in the contours shown in blue, deforming the 2-dimensional Gaus-
sian expectation in the M500 parameter space. When the WL mass prior is
added (shown in red), the degeneracy region shrinks providing more exclu-
sion region in the chameleon parameters. This is completely independent of
any analysis choices made and only due to the WL mass prior which is an
independent observable, therefore aiding to the constraints. In blue, we show
the posteriors when the internal mass prior is considered. As elaborated in
Section 4.4, this prior is taken from the posterior, when the MCMC analysis
is performed with a β2 > 0.5 limit. And as expected the mass degeneracy
is completely eliminated finding much tighter constraints in the exclusion
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region. Note that both the mass priors do not modify the constraints of the
chameleon parameters for β2 > 0.5.

4.4.6 Effects of gas mass and fixing density (ne) profiles

In Figure 4.7, we show as an example the comparison of the contours show-
ing the constraints when the electron density parameters are allowed to vary
in MCMC analysis against the case when they are fixed to the mean values
obtained from the former case. We find that the uncertainty in the electron
density parameters does not add to the overall uncertainty in the chameleon
parameter space. This can be understood straightaway as there is no ex-
pected coupling to the gas density and the mass profile of the dark matter
is modeled via the NFW profile and is assumed to be equivalent to the to-
tal mass of the cluster. Noting this as an advantage, we first perform the
analysis marginalizing the electron density parameters and later fixing them
to obtain our final results presented in Section 4.4. This essentially helps
to span the {ϕ∞,2, β2} parameter space effectively in comparison to the case
when all the 10 parameters are allowed to vary, where the posteriors might
be affected by the sampling methods.

As discussed earlier in Section 4.2, we test for the possibility to model
the gas mass and the dark matter components separately assuming that only
the dark matter couples with the chameleon field. We show the results of
the same in Figure 4.8, which can be contrasted against Figure 4.6 for the
same cluster assuming one mass profile that models both the gas and dark
matter components coupled to the field. We verify that this scenario, which
is capable of mildly addressing the degeneracy between the M500 and the β2
parameter, eventually does not affect the final constraints on the chameleon
parameters. Also reflecting as a change in the vertical cutoff for the lower
values of β2, which is partially due to the reduction in degeneracy. Also
implying that when the coupling between the baryons (gas) and chameleon
is not accounted for correctly, considering a single mass profile as a proxy for
both dark and baryonic components is a more conservative approach.

4.4.7 Alternative weak lensing mass priors

As noted earlier in Sections 4.3 and 4.4, [181] provide weak lensing mass
estimates using both the NFW density profile assumption (MNFW

500 ) and an
alternative method, fitting the mean convergence within an aperture radius
(Map

500), which is independent of the mass profile assumptions. Firstly, we

61



Figure 4.6: We show the 95% and 99% C.L. contours for A2142 cluster,
where the orange contours represent the ones with no mass prior is taken into
account, the red ones with the weak lensing mass prior and the blue ones
correspond to the internal mass prior case . We notice that the degeneracy
region gets reduced when we have an additional mass prior.
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Figure 4.7: We show the 95% and 99% C.L. contours for A2142 cluster,
wherein the blue contours represent analysis where electron density parame-
ters are fixed. The green contours show the case where the electron density
parameters are marginalized upon.
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Figure 4.8: We show the 95% and 99% C.L. contours for A2142 cluster,
wherein the blue contours represent analysis where the gas mass is neglected.
The green contours show the case where the gas mass is taken into account
in the total pressure.
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notice that the two masses presented therein are mostly in agreement, and
utilizing either of them does not change our final constraints, except for the
cluster ZW1215 with Map

500 ∼ 2 × MNFW
500 . We validate that replacing the

ZW1215 prior in Table 4.1 with the higher Map
500, considerably improves the

exclusion region, however, the joint constraint remains unaltered. Therefore,
we remain to present our final results with the WL mass priors as the values
of M500 found assuming the NFW mass profile.

4.4.8 c(M) relationships as priors

Since two of the main parameters in our study are c500 and M500, we can
straight away compare our constraints with the well-established scaling re-
lationships between the concentration c200 and the corresponding mass M200

in galaxy clusters [185, 186]. These relations can be extended to the case of
Modified Gravity namely in the case of Hu-Sawicki f(R) model used above,
see [187, 188]. As elaborated in [187] the current relation [185] holds also for
all but low masses at low redshifts and within the f(R) case considering small
values of |fR0|. Both these conditions are met for the nine clusters used in
our analysis (see Table 4.2). Since we have this well-known relation between
the concentration and the mass validated against the independent analyses
of the clusters, one could utilize it as a prior when assessing the modified
gravity parameters, perhaps eliminating some degeneracy in the posteriors.
However, note that the dispersion of the scaling relation is larger by an order
≳ 2 for at least 6 of the clusters which are well within the 1σ region, and for
3 other clusters the constraints are in agreement at ∼ 2σ. We show a com-
parison of our constraints and the scaling relation taken from [186] in fig. 4.9,
for the case without any mass prior and with the internal mass prior, in open
and filled markers, respectively. We see from the plot that the internal mass
prior shifts the masses towards higher values and makes the mass tighter
(see section 4.4.2), as expected. However, this also validates that adding the
scaling relation as a prior would have a mild to no effect on the position of
these clusters in the c(M) space. Note for example, that cluster A1644 which
is the most discrepant with respect to the scaling relation also prefers a mass
model other than NFW [137]. Therefore, we defer the analysis utilizing the
scaling relation as prior to future work, assessing also the effects of assumed
mass models on mass and modified gravity parameters, simultaneously.
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Figure 4.9: We plot the c200(M200) relation against the nine cluster in
our analysis. The solid orange line represents the relation in [186] with a
lognormal scatter of 0.11 dex shown as the shaded region.

4.5 Conclusion

In this Chapter, we have implemented a formalism which follows what it
has been done in previous works [126, 145], to test the Chameleon screen-
ing in galaxy cluster utilizing the hydrostatic equilibrium data. We have
constrained the two parameters describing the Chameleon field, the coupling
constant β and the value of the field at infinity ϕ∞ by analyzing the dynamics
of 9 galaxy clusters in the X-COP sample. The Chameleon field manifests
as a fifth force beyond a certain critical screening radius within a cluster
that adds up to the gravitational potential. By performing a full Bayesian
analysis of the X-ray-emitting gas pressure and the SZ pressure, along with
the electron density, we obtain limits on the aforementioned parameters, es-
sentially excluding a part of the parameter space for this modified gravity
scenario. We summarize the results as follows.

• We find that adding a physically motivated mass prior to our analysis
will give a remarkably tight constraint, breaking the degeneracy among
model parameters (see also Section 4.4.5). For instance, as the main
result we present, Figure 4.2, where we construct an internal mass prior
by eliminating the low mass degenerate regions and use the posterior
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as a prior in the new MCMC chains, obtaining very tight constraints
on {β, ϕ∞} compared to previous analysis of Coma Cluster [126] and
stacked analysis of XMM Clusters [145].

• We have then included additional information onM500 from weak lens-
ing analysis in [181] (see Figure 4.4). While the results are comparable
to what we obtained with the internal mass prior, the weak lensing
data are not tight enough to remove the degeneracy completely.

• We present our final results in Table 4.2 where we show all the con-
straints obtained using different mass priors and report a joint con-
straint eventually on the f(R) class of models presented in Section 4.2.

• We note that marginalizing or fixing the electron density profile shows
no effect on the constraints obtained for the chameleon parameters (see
Figure 4.7).And briefly discuss the change in constraints when gas mass
is included in the analysis without being coupled to the Chameleon
field.

It is worth pointing out that we have considered only clusters for which
the total mass profile (in GR) is well described by the NFW model. Although
this choice is physically well motivated, it is important to explore the effect
of different mass parameterizations that may better describe the total matter
distribution within galaxy clusters in theories of gravity alternative to GR.
Indeed the NFW model, despite its wide range of applicability over different
scales, might not be the best profile to reproduce the mass distribution of
halos in a modified gravity scenario (see e.g. [189] and references therein).
In particular, the efficiency of the screening mechanism in chameleon gravity
is strictly dependent on the mass model, as one can see from Equation (4.4).
Finally, in Section 4.4.8 we make a validation of our constraints with the
concentration-mass scaling relation present in the literature.
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Chapter 5

Mass modeling of Galaxy
Clusters in Modified Gravity

In the previous chapter, based on an analysis already performed in [137], the
NFW mass density profile was assumed to describe the total mass density
distribution of a compilation of galaxy clusters[137]. Nevertheless, this as-
sumption was valid in the GR context only for 9 of the clusters. For the
rest of them, the NFW mass density profile is not the preferred model, for
instance, favouring an Isothermal or a Hernquist mass profile. This prefer-
ence for a different mass mode other than NFW can yield a strong effect on
the Chameleon field profile – and resulting fifth force – with the shape of the
matter density. Allowing one to test the rich phenomenology of the screen-
ing mechanism at galaxy cluster scales for additional mass density models is
tantamount.

In this Chapter we investigate the effect of the mass modeling when con-
straining Chameleon gravity at cluster scales by current mass measurements.
In order to test the viability and effect of several mass density models on the
Chameleon screening, we first implement a semi-analytical approximation to
obtain the solution of the Chameleon field equation for six different mass
model assumptions. The semi-analytical approximation provides a rather
simple and computationally cost-efficient way to implement the screening
mechanism for operative purposes, with respect to the full numerical solu-
tion. Moreover, it is a powerful tool to study the relationship among the
parameters of the mass profile and of the Chameleon field, highlighting the
main physical properties of the screening mechanism. To validate our semi-
analytical approach we also perform a comparison with a full numerical so-
lution, successfully confirming that the former can adequately reproduce the
behavior of the fifth force.

The Chapter is structured as follows: section 5.1 reviews the basic the-
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ory of the Chameleon gravity and the screening mechanism, further pre-
senting the mass models adopted and the semi-analytical approximation in
section 5.1.1 and section 5.1.2, respectively. In section 5.2, the solutions for
the field profile and its derivative are displayed and tested against the numer-
ical solutions in section 5.3. In section 5.4 we present the constrains obtained
on two remaining clusters that prefer Isothermal mass profile.

5.1 Theory

The Chameleon field theory [108], and respective phenomenological effect,
are studied in the context of galaxy clusters obeying the assumptions: i) the
cluster possesses radial symmetry, and ii) both dark matter and baryonic
matter are modelled with the same total mass profile [4]. Let us start by
describing the Chameleon mechanism.

5.1.1 Mass models

In order to describe the mass distribution of a galaxy cluster, one has to
resort to a mass density profile, ρ. So far, the majority of the studies of
Chameleon gravity at cluster scales in the literature relied on the standard
NFW density model. However, not all galaxy clusters are best described
by the latter1 Bayesian evidence ≲ 2.5.. It is then tantamount to extend
the analysis to alternative mass density models, and explore the respective
Chameleon screening phenomenology in order to assess its constraints and
thus investigate whether such mass models could be validated in the CG
context.

As stated, while the NFW mass density model is able to provide an ade-
quate fit to the total mass distribution of galaxy clusters, some discrepancies
have been found, both in simulations and observations, concerning the inner
shape of cluster-size halos (e.g. [190, 191]) especially when baryonic feedback
is considered. Moreover, it is not completely clear if the NFW mass density
model is a good description of halos in modified gravity scenarios (see e.g.
[189] and references therein), even if some works indicate that it performs
well in reproducing the mass distribution in chameleon gravity (e.g. [154]).

In this Chapter, besides the NFW profile, five additional mass-density
models will be considered. These are: bNFW [192], generalised NFW [193]
(gNFW), Burkert [194], Isothermal [195] and Einasto [196]. All these mass
density models are characterized by a central density, ρs, and a scale radius,

1Bayesian analysis done in [137], suggests that the three clusters in the GR case prefer
either Isothermal and Burket profiles, albeit a weak preference, with the change in
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rs, which vary between halos of different sizes. To solve the field ??, we apply
and generalise the same method as earlier implemented in [126, 197, 4, 158,
166], which can be summarized as follows.

Assuming radial symmetry, the procedure relies on a semi-analytical ap-
proximation (see [192]) by solving ?? in the outskirts of the galaxy cluster
where the Chameleon field becomes important (low-density regime). The
Chameleon field is assumed to be negligible in the innermost region, where
the field is screened (high-density regime). The transitional screening radius
between the two regions, rc, can be determined by imposing the continuity
of ϕ(r) and its first derivative at rc (aka junction condition). The resulting
screening equation relates the parameters of the Chameleon model (β and
ϕ∞) and that of the mass model (ρs and rs).

The aforementioned NFW profile is described by,

ρ(r) =
ρs

r
rs

(
1 + r

rs

)2 , (5.1)

which, while simple, has been extensively used to describe the mass distri-
bution of galaxy clusters and constrain the parameters of the Chameleon
field.

A straight forward extension of the NFW profile – (bNFW [192]) – is
obtained by considering a generic integer exponent b > 2 in the denominator
of eq. (5.1)2:

ρ(r) =
ρs(

r
rs

)(
1 + r

rs

)b
. (5.2)

Another, more advanced, generalization of the NFW model is the gener-
alised NFW (gNFW) profile, which is characterized by a real slope 0 < γ < 2
as

ρ(r) =
ρs(

r
rs

)γ (
1 + r

rs

)3−γ . (5.3)

The second distinct mass density profile under consideration is the so-called
Burket profile [194],

ρ(r) =
ρs(

1 + r
rs

)[
1 +

(
r
rs

)2
] . (5.4)

2For b = 3 this is the so-called Hernquist profile [198].
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Figure 5.1: Density profile models, for a halo with ρs = 5 × 1014M⊙/Mpc3

and rs = 0.5Mpc. Left: Burkert, NFW, Hernquist (b-NFW with b = 3);
Right: gNFW with γ = 1.2, Isothermal and Einasto with m = 2.

The Isothermal mass density model [137, 195] is described by

ρ(r) =
ρs[ (

r
rs

)2

+ 1
]3/2 . (5.5)

Finally, the Einasto model [196] comes as,

ρ(r) = ρs exp

{
−2m

[( r
rs

) 1
m − 1

]}
, (5.6)

where m ∈ N is a characteristic exponent.
In Fig. 5.1 the density profiles for all the models introduced above are

shown for a reference value of the critical density ρs = 5×1014M⊙/Mpc3 and
a scale radius rs = 0.5Mpc. The Isothermal, Burkert and Einasto profiles
flatten to a constant value for r → 0, while the NFW and its generalizations
exhibit a cusp, diverging at small radii. Increasing b in the b-NFW models
provides a faster suppression of the density at large r, whereas an increase
of the m parameter in the Einasto model results in a shallower profile. In
total, the set of density models captures a quite broad range of behaviors.
While there are additional assumptions that one could utilize for the mass
density profiles of galaxy clusters, we find the above selection to be sufficiently
extensive for the current analysis: test the effect of the Chameleon mechanism
on the shape of the mass distribution.
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5.1.2 Field solutions

As a recall, eq. (4.3) is solved by considering two regions. Deep within
the massive source – the centre of the galaxy cluster (high-densities) –, the
scalar field is everywhere close to its minimum value, and field gradients are
negligible ∇2ϕ ≈ 0 (see e.g. [108] for details). Thus, from eq. (4.3) and
assuming the power-law potential, the scalar field inside the source can be
approximated as,

ϕint(r) ≈
(
β

ρ(r)

nΛ4+nMPl

)− 1
n+1

, (5.7)

where the absence of gradient at the centre of the mass distribution effectively
screens the fifth force (see below), assuming ϕint(r) ≃ 0 and hence ϕint(r) ≪
ϕ∞ in the following. On the other hand, towards the outskirts of the source,
the gradient of the field grows and leads to a fifth force given by

Fϕ = − β

MPl

dϕ

dr
. (5.8)

Wherein the above expression corresponds to a faraway region from the mas-
sive body – low-density regime – and the Laplacian term dominates over the
field’s potential, which decreases quickly (i.e. ∂V (ϕ)/∂ϕ≪ ∇2ϕ). The equa-
tion of motion for the Chameleon field in this region can then be expressed
as,

∇2ϕext ≈ β
ρ

MPl

. (5.9)

Assuming that the matter density model can be written as ρ(r) = ρs f(x),
where x = r/rs, which is valid for all the mass models presented above,
eq. (5.9) can be expressed as

x2
dϕext

dx
=
βr2sρs
MPl

∫
f(x)x2 dx+ Cs , (5.10)

where Cs is an integration constant. We now distinguish two cases: a)
when the field in the interior region is screened (the aim of this work) and b)
when it does not reach the minimum of the effective potential (i.e. no interior
solution). Case b) is equivalent to a zero screening radius – or negative – thus,
ϕ(r) will not be screened, and the ’exterior’ solution is valid everywhere.
The constant of integration in this scenario can be determined by fixing the
boundary conditions.
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The gravitational potential, Φ, in Chameleon gravity, comes as,

dΦ

dr
=
GM(r)

r2
+

β

MPl

dϕ

dr
=
G

r2

[
M(r) +

β

GMPl

r2
dϕ

dr

]
≡ G

r2
[M(r) +Meff(r)] , (5.11)

i.e., up to a constant, the field gradient times r2 acts as an additional effective
mass contribution sourced by the fifth force. As such, one can require that
this contribution is zero when the mass profile itself is zero at r → 0. In
other words, the field gradient should diverge slower than r2 at the origin. In
the case of a screened field, the integration constant is obtained by imposing
continuity at the screening radius rc: a match between the inner and the
outer profiles and the first derivative(s).

5.2 Solutions for different mass profiles

In this section, a brief description of the formalism to obtain the semi-analytic
solutions of the field and its derivatives is provided, for the different mass
density models considered here. For notation simplicity, B = βρsr

2
s/MPl is

introduced. Schematically, the procedure for computing the semi-analytic
solution for any mass density model is as follows: i) obtain the exterior
solution for the field as defined in eq. (5.9), assuming spherical symmetry,
which depends on two free parameters rc and Cs, ii) these two free parameters
are now obtained by fixing the boundary conditions at r = rc within which
the field is assumed to be negligible. Now one can put together interior ϕint(r)
and the ϕext(r) to obtain the solution of ϕ(r) in the entire radial range of the
object and outside.

5.2.1 NFW-type solutions

The expression for the chameleon field in the case of NFW and bNFW has
already been presented in previous works (for instance, [192, 145, 158]). For
the sake of brevity, we briefly review the spherical solution to the field outside
the screening where r > rc, further providing the matching conditions (i.e.
the screening equation) with the interior solution ϕint ≃ 0. The field gradient,
which enters in the expression of the fifth force is given by,

dϕext

dr
=

(x+ 1)1−b(x− bx− 1)

x2(b− 1)(b− 2)
B +

Cs

rsx2
. (5.12)
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Integrating the above expression yields the exterior solution to the field profile
as,

ϕext(x) =
(1 + x)2−b

x(b− 1)(b− 2)
B − Cs

x
+ ϕ∞ . (5.13)

Here ϕ∞ denotes the asymptotic value of the chameleon field. Assuming that
the field is negligible (ϕint ≃ 0) within the interior (i.e. r < rc), and enforcing
the continuity between the exterior and interior solutions at xc ≡ rc/rs one
obtains,

xc =

(
ϕ∞(b− 1)

B

) 1
1−b

− 1 ,

Cs =
(1 + xc)

1−b(1− xc + b xc)

(b− 1)(b− 2)
B .

(5.14)

Amongst the above equations, the solution to the former, which we term as
screening function (fs(r)), provides us with the screening radius (rc). In the
case where the field is not screened, the exterior solution holds at any r > 0,
with the integration constant given by,

Cs =
B

(b− 1)(b− 2)
, (5.15)

which is strictly valid for b > 2. For the b = 2 case, the NFW case, the
exterior field gradient:

dϕext

dr
=

B
rs x2

[
1

x+ 1
+ ln(x+ 1)

]
+

Cs

rs x2
, (5.16)

and the field profile:

ϕext(x) = − 1 + ln(x+ 1)

x
B − Cs

x
+ ϕ∞ , (5.17)

with the junction conditions at the matching radius, xc
3

xc =

[
B
ϕ∞

− 1

]
, Cs = −ϕ∞ − B ln

(
B
ϕ∞

)
. (5.18)

The unscreened solution is obtained by imposing Cs = −ϕ∞. Finally, the
field profile associated with the gNFW matter density comes as:

dϕext

dr
=

B
rsx2

[
x3−γ

3− γ
2F1(3− γ, 3− γ, 4− γ,−x) + 1

]
+

Cs

r2sx
2
, (5.19)

3Note that the set of equations differs from the one of [126] due to a different definition
of the normalization constant Cs.
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and

ϕext(x) =− B
x

[
x3−γ(1 + x)γ−2 − 2− x+ γ

γ − 2

+
x3−γ

3− γ
2F1(3− γ, 3− γ, 4− γ,−x)− Cs

rs x
+ ϕ∞ .

(5.20)

with the junction conditions given by

xc =

[
1−

(
1 +

(
ϕ∞

B

)
(γ − 2)

)1/(2−γ)
]−1

− 1 ,

Cs = −Brs
[
x3−γ
c

3− γ
2F1(3− γ, 3− γ, 4− γ,−xc) + 1

]
.

(5.21)

When the field is in the unscreened regime, no real positive solutions for the
screening radius rc can be found. The integration constant of the exterior
field eq. (5.10) is then given by Cs = −B rs. It is worth pointing out that
in eqs. (5.14) and (5.21), rc can be explicitly expressed as a function of ϕ∞.
Such a relation is, however, not straightforward for all models.

5.2.2 Burkert solutions

For the Burkert model, the exterior field gradient is:

dϕext

dr
=

Cs

rs x2
+

B
rs x2

[1
4
ln
(
x2 + 1

)
+

1

2
ln(x+ 1)− 1

2
tan−1(x)

]
, (5.22)

and the field profile can be written as,

ϕext(x) =− C

x
+

B
4x

[
(x− 1) ln

(
x2 + 1

)
+ 2(x+ 1)

(
tan−1(x)− ln(x+ 1)

)]
− π

4
B + ϕ∞ .

(5.23)

Note that the factor B π/4 ensures ϕ → ϕ∞ for x → ∞, and the matching
with the inner solution is obtained when

Cs =
1

4
B
[
− log

(
x2c + 1

)
− 2 log(xc + 1) + 2 tan−1(xc)

]
Finally, the screening equation is given as,

ln

[
x2c + 1

(xc + 1)2

]
+ 2 tan−1(xc) = π − 4

ϕ∞

B
, (5.24)
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where the matching conditions to get rc cannot be solved analytically. In the
top panel of Fig. 5.2 we show the screening function fs(xc)/fs(0), with

fs(xc) = ln

[
x2c + 1

(xc + 1)2

]
+ 2 tan−1(xc)− π + 4

ϕ∞

B
,

plotted for varying values of ϕ∞
B . Wherein each profile has been normalised

to its value at r = 0. The intersection of the screening function profiles at
fs(rc) = 0 provides the screening radius rc for a given value of ϕ∞

B . It is

illustrative to notice that for ϕ∞
B ≳ 0.785 ∼ π/4, there exists no solution to

the screening function and the entire cluster is unscreened. As it can also
be seen by the structure of eq. (5.24), the solution for the screening radius
rc demands ϕ∞

B ⩽ π/4, i.e. the rhs should be greater or equal to zero since
the lhs is a monotonically-increasing function of xc = rc/rs, which is zero
for rc = 0, thus, strictly positive for xc > 0. As mentioned earlier, this
corresponds to the case where the field is unscreened and the entire cluster
experiences the fifth force.

5.2.3 Isothermal solutions

The Isothermal mass density model’s field gradient is

dϕext

dr
=

[
Cs − B

(
x√
x2 + 1

− ln
(√

x2 + 1− x
))] 1

rsx2
, (5.25)

which, after integration, results in the following field profile

ϕext(x) = − ln(
√
x2 + 1 + x)

x
B − Cs

x
+ ϕ∞ , (5.26)

where Cs = ϕ∞ xc −B ln(
√
x2c + 1+ xc). Repeating the process explained in

section 5.2, the screening equation is given by,√
x2c + 1 =

B
ϕ∞

, (5.27)

which has a solution only when (B/ϕ∞)2 > 1.The resulting screening radius
is

rc = rs

√(
B
ϕ∞

)2

− 1 . (5.28)

Note that in the unscreened regime (i.e. xc = 0) the constant vanishes,
Cs = 0. In the bottom panel of Fig. 5.2 we show the screening function
profiles for the Isothermal mass density profile corresponding to eq. (5.28),
fs(xc) =

√
x2c + 1 − B/ϕ∞. In contrast to the Burkert profile, we find that

there always exists a solution to the screening function even in the limit
ϕ∞
B → 1.
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Figure 5.2: Variation of the screening function (fs(x)) as a function of ϕ∞
B ,

for Burkert (top) and Isothermal (bottom) profiles. The vertical dashed line
marks the solution when the screening radius rc = 3rs for a given value of
ϕ∞
B for the respective mass models. The intersection of each profile with the
fs(x) = 0, provides the value of rc, within which the effects of the Chameleon
field are screened. To avoid the sign ambiguity of the screening function we
show the re-scaled fs(r)/fs(r = 0).
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5.2.4 Einasto solutions

The gradient of the Chameleon field for the Einasto mass density model is
given by

dϕext

dr
=

Cs

rs x2
− B 8−me2mm1−3m

Γ
(
3m, 2mx

1
m

)
rs x2

, (5.29)

and

ϕext(x) =ϕ∞ − Cs

x
+

B
x
8−me2mm1−3m×[

2mmmxΓ
(
2m, 2mx

1
m

)
− Γ

(
3m, 2mx

1
m

)]
.

(5.30)

Where Γ(n, z) is the upper incomplete gamma function:

Γ(n, z) =

∫ ∞

z

dt tn−1e−t .

Despite the complicated look of the field profile, it is still possible to obtain
an analytical solution for the junction conditions between the screened and
unscreened regimes:

rc = rs

[
1

2m
Q−1

(
2m,

4mϕ∞m
2m−1

B e2m Γ(2m)

)]m
,

Cs = 8−me2mm1−3mΓ
(
3m, 2mx

1
m
s

)
B ,

(5.31)

where Q−1(y, a) is the inverse of the upper regularized incomplete gamma
function, as well as for the case where there is no screening

Cs = 8−me2mn1−3m Γ(3m)B . (5.32)

5.2.5 Solution’s existence

Finally, let us discuss the solutions’ existence and compatibility with the
Chameleon screening mechanism through their asymptotic behaviour. It is
clear from the previous mass models eqs. (5.1) to (5.6) that when r/rs ≫ 1,
eq. (5.9) becomes

1

r2
d

dr

(
r2
d

dr
ϕ

)
∼ 1

r3
, (5.33)

with asymptotic solution

ϕ ∼ C

r
+ ϕ∞ . (5.34)
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Figure 5.3: Comparison of the screening function for three different mass
models, namely, Isothermal, gNFW and Burkert are shown. The screening
functions plotted for two different values of ϕ∞

B = 0.35 (solid) and ϕ∞
B = 0.7

(dashed) are compared.

Therefore, all considered mass models are compatible with the Chameleon
screening mechanism; that is, the field converges asymptotically to a finite
background value ϕ∞. Note that this wouldn’t be the case if the matter
density at large r goes as 1/r2. In that case, the field’s solution does not
converge to a finite value. In order to demonstrate that, assuming that
the mass model goes as 1/rα for large r one can show that the resulting
asymptotic behaviour is

ϕ ∼ C

r
+ C ′ +

1

(1− α)(2− α)
r2−α , (5.35)

which consequently requires α > 2 to have a finite solution.
Finally, in Fig 5.3, we show the comparison of the screening functions’

behaviour for different mass models. Let us compare amongst the mass
models shown for the same value of ϕ∞

B ; we can immediately notice that the
gNFW profile provides larger rc with respect to the Isothermal and Burkert
mass profiles. This implies that for the same normalization set by ϕ∞

B , using
the gNFWmass profile more of the cluster is screened. It is also interesting to
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note that the dependence of the solution to the screening varies significantly
in the Isothermal and Burkert cases in comparison to the gNFW case.

This, in turn, implies that the gNFW profile coupled with the chameleon
field screens the fifth force effects within the galaxy cluster more effectively
than the two other mass profiles in comparison here. For the purpose of
illustration, here we show the gNFW profile assuming γ = 1.2. Note that rc
grows with γ, and it remains larger than that obtained in the case of Burkert
or Isothermal profiles for the same value of ϕ∞/B down to the lower limit of
γ = 0. This further indicates that the difference in rc will be even larger for
γ → 2 in comparison to γ = 1.2.

5.3 Comparison with numerical solutions

In order to validate the approach described in section 5.2, let us compare the
obtained semi-analytical solutions with the numerical solution of Eq. 4.3.

The set of numerical solutions of Eq. 4.3 were obtained through a 6th-order
explicit Runge-Kutta integrator while the appropriate boundary conditions
– ∇2ϕ ≈ 0 at the centre of the mass distribution, and dϕ/dr = 0 at infinity
– were imposed through a Newton-Rapshon shooting method. In order to
avoid the divergence at the centre of the mass density distribution associated
with some of the models, an inner cutoff radius was imposed. The value of
the latter ranged between 5− 10% of the screening radius in order to get the
best fit for the semi-analytic approach. The appropriate boundary condition
at infinity was imposed by considering a numerically small value of the scalar
field derivative, ∼ 10−8, at a scaled radius x several times larger than the
main mass distribution, xmax ≈ 103.

Comparative results between the semi-analytic (solid) and the full numer-
ical solutions (points) can be seen in Fig. 5.4 for all the mass density models
under consideration, assuming ρs = 5×1014M⊙/Mpc3, rs = 0.5Mpc , β = 0.5
and ϕ∞ = 5× 10−5.

Let us now quickly analyze the difference between the semi-analytical so-
lution and the full non-linear numerically obtained solution, Fig. 5.4. Both
the effective mass (top left) and the total mass (top right), as well as the
relative difference between the semi-analytically obtained and the numeri-
cally obtained solutions (bottom), are represented in Fig. 5.4. For the study
of how well the semi-analytical solution describes the true solutions, let us
analyze the relative difference for the effective mass. As x increases from the
origin x = 0 until the defined cut-off radius, x = xs – where the strongest
assumptions and approximations were made –, while the semi-analytical is
set to zero, the numerical solutions are small but non-zero, originating a large
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Figure 5.4: Left: Semi-analytic approximation for the effective mass Meff

(solid lines) as a function of x = r/rs compared with the numerical solution
(points) for the different mass ansatz defined in Section 5.1.1. The bottom
plot indicates the relative difference between the two. Right: the same for
the total dynamical mass Mtot = M + Meff.The adopted parameters are
ρs = 5× 1014M⊙/Mpc3, rs = 0.5Mpc, β = 0.5, ϕ∞ = 5× 10−5.

relative difference which is accentuated at the transitional scaled radius xs,
where the numerical starts to gain significant non-zero values before the
semi-analytical (smoother transition from a negligible value). This behavior
is, however, canceled as one goes away from the mass distribution (increase
x) to the background configuration (no mass distribution, flat scalar field
profile). At this point, the semi-analytical and the numerically obtained so-
lutions coincide almost perfectly, with a maximum relative error of 10−3.
Hence, besides some slight differences in the screening radius transition and
asymptotic behavior, the semi-analytic approximation describes with a high
degree of agreement the full numerically obtained results, giving confidence
for their use in more complex calculations that will proceed. Note that the
maximum discrepancy between the numerical and semi-analytic approach
in the total mass M(r) +Meff(r) (right plots) is of 7%, and corresponds to
x =∼ 2 (i.e. r ∼ 1Mpc for the adopted value of rs).
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Figure 5.5: We show the 95%, 99% C.L. contours for A644 to the left and
A2255 to the right utilizing the Isothermal mass profile instead of the NFW
as utilised in the main analysis. The vertical line shows the β2 ∼ 0.29,
corresponding to the f(R) scenario where β =

√
1/6.

5.4 Constraints obtained on A644 and A2255

As discussed earlier in this Chapter, some clusters prefer a different mass
model rather than NFW, for instance, as we have pointed out in second
Chapter, among the 12 XCOP clusters, 3 of them does not prefer an NFW
mass model, namely A644 and A2255 prefer an Isothermal mass model [137].
Using the same analysis as the one performed in the second Chapter (see
section 4.4.5), we can obtain constraints on these two cluster by adopting
the Isothermal mass model illustrated in section 5.2. In fig. 5.5 we present
the posterirors of parameter space of the Chameleon parameters for A644
and A2255 clusters. This in fact will be the subject of the next work in
preparation [199] to assess how this dependence on the mass model when
using the Hydrostatic equilibrium can be aided by the kinematics in a joint
analysis, to which the work presented so far is a prelude. We find in this
preliminary assessment that the Isothermal mass profile is able to replicate
the usual exclusion posteriors as are obtained in the case of NFW.
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Chapter 6

Concluding remarks

We have Introduced General relativity as the most successful theory yet, that
describes gravity, starting from the perception that spacetime is four dimen-
sional, affected by the presence of matter and energy. Therefore, gravity is no
longer seen a force but rather a distortion in the spacetime. Thus, it became
possible to study the evolution of the universe through its metric by adopting
the cosmological principle that states that our universe is homogeneous and
isotropic for all observers. This led to concluding that our universe is not
static but rather expands, following the Hubble’s observations and several
other cosmological observables, available at present. However, this expan-
sion was discovered to be accelerating at recent times, as opposed to what
one may think since gravity is “a pulling force”. Thus a new type of dark
energy had to be added in order to explain this occurrence. The later raised
the question whether General Relativity is everything about gravity or this
very successful theory needs modification in order to account for the mys-
terious dark energy effects. This, along with other considerations related to
high curvature regimes like black holes, motivated the introduction of new
theories that takes into consideration unexplained phenomena in the frame-
work of General Relativity. We briefly mentioned some of these ideas in
the third chapter of the first part while focusing on Chameleon gravity and
consequently a subclass of f(R) models.

Chameleon gravity introduces a new scalar field in the action of Gen-
eral Relativity, coupling to matter non minimally in a way that makes its
mass dependent on the matter density, as the density grows the chameleon
mass increases, making the field undetectable at high density regions such
as the solar system where General Relativity is proved to be in agreement
with observations. Nonetheless, the chameleon field comes into play at lower
densities such as at the cosmological scales where it induces a fifth force in
addition to the gravitational one. Therefore, in order to be able to detect
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the affect of such a force, it is conceivable to consider cluster of galaxies.
There are different manners to constrain manifestations of MG in cosmol-

ogy, involving all observables, the Cosmic Microwave Background, and the
Large Scale Structure, and others. In this Thesis, we bring the analysis of
manifestations of specific MG scenarios in the largest cosmological objects,
namely galaxy clusters, taking the advantage of new datasets which became
available recently.

We proceed to study the Chameleon field in clusters of Galaxies and
improve the constraints on the same utilizing similar approach as in [126,
145]. We use the SZ pressure and X-ray XCOP data that consists of 12
clusters[4]. However, we utilize only 9 clusters among them which are known
to prefer an NFW mass model[137]. The idea is to model each cluster with
a single mass model and find the Chameleon field solution. Then, due to
the fifth force that is proportional to the gradient of the Chameleon field,
the hydrostatic pressure is modified to account for the new force. Using
the XCOP data we perform an MCMC analysis to constrain parameters
of the model. The analysis adopted with the consideration of different mass
priors permits us to improve the constrains obtained on the Modified Gravity
parameters. We obtain constraints which are among the tightest constraints
obtained using the galaxy clusters to date, owing to the improvement in the
data and our posterior importance sampling approach.

We then extended our analysis to include clusters which do not im-
mediately prefer an NFW mass model. We have developed similar semi-
analytical approach to solving the chameleon field equation, we do it for sev-
eral mass model including NFW-type solutions, Burkert, Isothermal, Einasto.
Throughout this chapter we discuss the difference between different field so-
lutions and how effective is the screening mechanism in each of them. We
also show the consistency of the chameleon field solutions with a generic
mass model along with the agreement of the semi-analytical solution with
the ones obtained numerically. By the end we show the contours of two of
the remaining clusters of XCOP that prefer an Isothermal mass model.

Future prospects and ongoing work include the following aspects.
i) Developing pipelines, to test newer dataset to better constraint and

test the nature fo gravity in galaxy clusters.

ii) Simulating clusters which prefer different mass models mentioned in
the second section could reveal the difference between the constraints derived
from clusters with the same mass and concentration while with different mass
models. This is important as the validity of NFW profile to describe the mass
in MG scenarios is not yet well understood as is subject of an ongoing work
[199].
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iii) It was assumed throughout the thesis that the baryonic matter can be
neglected since the data is concerned with outskirts of the clusters. However,
an explicit analysis could be done by considering coupling of the Chameleon
field to different matter components and find the solution accordingly, as was
recently explored in [200]. Although, as pointed out in section 4.4.6, we do
not expect the baryonic matter to affect the constrains strongly, it will be
necessary to explore this area especially in terms of its affect on the degener-
ate parameter space section 4.4.2 and approaching precise modeling for the
better data arrive in near future.

iv) Usually, different probes of gravity in galaxy clusters are explored in-
dependently. Combining Hydrostatic data with other probes like kinematics
[1] and caustics [2] could give a much tighter constraints on the models. Ev-
idently a joint analysis of all the probes is eminent and will be more robust
test of gravity.

We intend to appropriately implement our formalism here and future de-
velopments to other modifications to gravity beyond the Chameleon gravity
tested in this work.
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