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Abstract

In feature selection current methods are often limited by the types and dimensions
of data they can handle. Supervised methods, in particular, are rigid regarding
their target space, typically requiring it to be one-dimensional and of a specific type
(e.g. continuous or categorical). This thesis introduces feature selection methods
which mitigate these limitations using a statistic called the Information Imbal-
ance. This method identifies a low-dimensional subset of input features that best
preserves pairwise distance relations found in the target feature space by ranking
nearest neighbors. First, we derive a weighted Information Imbalance approach to
handle class-imbalanced medical data, along with an optimization routine capable
of managing missing data. The study on COVID-19 severity prediction showcased
this approach, successfully isolating a 13-feature subset from a pool of roughly
150 features. This subset outperformed traditional feature selection methods in
subsequent predictions for patient severity. We then introduce an Information
Imbalance variant that can handle binary and categorical data. We benchmarked
this approach on Amazon Rainforest biodiversity data. By quantifying the rel-
ative information content of continuous features, like average temperature, and
categorical features, like the label of the region in which data are recorded, this
method identifies plausible predictors of species richness and asymmetric infor-
mation even between variables which are not correlated. Finally, we introduced a
differentiable variant of the Information Imbalance, implemented in the easy-to-use
Python package, DADApy. Differentiable Information Imbalance (DII) optimizes
relative feature weights via gradient descent, addressing combinatorial challenges
of high-dimensional data. The weights correct for different units of measure and
relative importance and allow for feature selection through sparsity-inducing opti-
mization approaches. In molecular dynamics simulations, this method reduced the
feature set to three collective variables effectively describing a beta-pin peptide.
In another application on machine learning potentials, the input feature space was
compressed, reducing run time while preserving accuracy.
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Chapter 1

Introduction

Background

We live in a data-dominated world. In the last decades, the amount of data
has grown exponentially: In 1990, data was measured in petabytes (1 petabyte
= 1 million gigabytes), in the 2000s it grew to exabytes (1 exabyte = 1 billion
gigabytes), and now in the 2020s, data volumes are measured in zettabytes (1
zettabyte = 1 trillion gigabytes) [4, 5, 6]. By now, the internet is supported by
an unmeasurable amount of servers globally, on the order of hundreds of millions,
and data centers consume more electricity than countries [7]. Information and
computing technology is projected to account for 20 % or more of the global
electricity demand [4] by 2030, ove8; 000 TWh, more than the current electricity
consumption of the EU, the USA and India combined [8, 9, 10]. Even if we
optimize algorithms, architecture and hardware, the operational energy reduction
is estimated to be only approximately 25%, not enough to o set the environmental
impact from this exponential growth of data and Al [6].

While humanity urgently needs to reduce the growing hunger of data process-
ing, this enormous ecological footprint comes paired with advancements. For one,
we can now better than ever quantify the evolution of our planet, as doreg. by
the International Panel on Climate Change (IPCC), which analyzes and summa-
rizes incredible amounts data into their IPCC reports [11]. Data is also used to
understand diseases [12], mitigate pandemics [13, 14], and improve technologies
and scienti c methods [15]. On the other end of the spectrum, what might be
termed 'dark data science' exploits vast amounts of information for purposes like
consumer surveillance [16], online marketing [17], algorithmic political manipula-
tion [18], and digital inequality [19]. As data grows, so do its applications, with
each fueling the other's expansion.

The data sets grow in "length" and "width", meaning in the number of sam-



ples and in the number of features. This growth is due to better data collection
capabilities, advanced machine learning techniques and more storage possibilities.
The "wide" data sets, with many features, are termed "high-dimensional”, and
have increasingly become a focus of research. The meaning of high-dimensional
varies between elds: In molecular dynamics (MD) simulations we have between
tens to 100G potential collective variables (CVs) [20, 3]. Features from genetic
sequencing [21, 22] or the parameters in neural networks such as language models
[23] are commonly in thel0:000s and larger. Ecological databases can include tens
or hundreds of biotic or abiotic features, or eve0.000s of featurese.g. for species
abundance data of the Amazon rain forest [24, 25].

The width of these data sources leads to practical problems: Non-interpretability
and over tting of models are the most obvious ones. Very often, most of the fea-
tures de ning a data point are redundant, irrelevant, or a ected by noise. In these
cases one can emplofeature selection , discarding all except a small subset of
relevant features to improve model performance and increase interpretability. Fea-
ture selection is everywhere. It takes many forms and shapes and may be implicit
or explicit. The graphic in the overview on feature selection gives an idea of the
eld.

Executive summary

Chapters 2 - 6 of this thesis are structured as follows:

A~

First, an overview over feature selection (chapter 2) is given and our main
working tool, the Information Imbalance, is introduced (chapter 3).

Then we discuss the problems we addressed to use the Information Imbalance
in class-imbalanced classi cation tasks in a clinical data set (chapter 4), and
to categorical feature spaces in an ecological data set (chapter 5).

Furthermore, we present the main technical contribution of this thesis, a
"Di erentiable Information Imbalance” ( DIl ) which is optimizable with gra-
dient descent and allows nding optimal feature sets and the features' relative
weights (chapter 6).

Finally, we draw conclusions and emphazise the main ndings (chapter 7).

Information Imbalance

In this thesis we develop a class of feature selection methods based onlttier-
mation Imbalance , and describe attempts to improve performance in di erent



settings of feature selection. Working on improving feature selection methods is,
in our opinion, timely and important, since many available methods are narrow in
their applicability, as described in chapter 2. For example, many feature selection
methods are designed for regression or classi cation, assuming already an under-
lying relationship of speci ¢ type between input and output (embedded methods),
often limited to a single prediction target and certain data types. Wrapper meth-
ods, which use the downstream model to iteratively evaluate the performance of
feature subsets, are ine cient, since their paradigm, as we will see, leads to a
combinatorial explosion in the number of tests. The more universal Iter methods
(which do not assume an underlying model), are often limited to one-dimensional,
sometimes discrete, ground truths (label / target) data, and no exible multi-target
Iter methods are available in user-friendly software packages.

We try to address the problem from a di erent angle, where we allow as much
exibility as possible in the data type and dimensionalities of input and ground
truth data sets. Our di erent philosophy for feature selection is inspired by a sim-
ple principle, the one underlying the Information Imbalance (chapter 3). Qualita-
tively, we try reproduce the neighborhood relationship using the smallest possible
number of variables, which may or may not include the target space variables.
We retain only the most informative features, such that they produce nearest
neighbor relationships which are very similar to the ones in the target space. In
essence, the algorithm searches for the best low-dimensional neighborhood clone
of the target space. Both, the target space and the input space can have a wide
range of dimensions, from extremely high-dimensional to low-dimensional (or even
one-dimensional).

Even though we aim to develop an universal, one- ts-all feature selection al-
gorithm, we had to adapt to various use cases. Throughout this thesis, di erent
variants of the Information Imbalance statistic are developed, to solve various
issues of feature selection with di erent data sources.

Unbalanced class prediction with categorical variables and
missing data in medicine

In chapter 4 we investigate feature selection based on a variant of Information
Imbalance to predict COVID-19 severity using a clinical dataset with signi cant
missing data and categorical and binary features. The ground truth data in this
case consisted in 14 binary features which encoded the patient fate. Together
with the medical professionals, they were organized into a severity tree, result-
ing in a tree-speci ¢ target distance space and eight unbalanced severity classes
of patient fate, which we aimed to predict. Information Imbalance was extended
to include class weights to compensate for the unbalance in class populations.



Out of an original set of 150 features across 1300 patients, measurable upon
hospitalization of any patient, an optimal 13-feature subset was identi ed, yield-
ing high predictive accuracy for disease outcomes. That combination of features
suggested on the one hand a systemic in ammation and autoimmunity, signaled
by neutrophils and autoantibodies, and on the other hand an immune paralysis
and anti-in ammatory e ort. However, due to missing values, these features were
only jointly available for 102 patients. To address this, patient-speci ¢ optimal n-
plets were developed, which allowed prediction of disease severity even in patients
without full feature sets. Although this approach reduced predictive performance
slightly, it still achieved a meaningful accuracy for predicting severe outcomes.

In this chapter we also introduce a metric to assess the intrinsic importance of
each feature independent of its availability. This identi ed several important but
underrepresented biomarkers such as IL-6, direct bilirubin (BILD), and glycated
hemoglobin (HBA1CM) that are crucial for COVID-19 severity prediction but
were frequently missing in the dataset. We advocate for enhanced data collection
especially of those of the intrinsically important features which are severely under-
sampled, to improve future predictive models.

The study found that Weighted Information Imbalance feature selection, com-
bined with k-NN or support vector classi ers, outperformed traditional feature
selection methods in identifying minority class patients at high risk for severe
outcomes. Notably, this approach did not require data imputation, making it
adaptable to real-world clinical datasets with incomplete information. The rec-
ommended feature sampling schemes could improve patient triaging and resource
allocation in clinical settings. The optimal 13 features provide, together with a
classi er, a way to assess patient fate a-priori, especially on the coarsest level where
only mild vs. dangerous disease progression is predicted.

The database included numerous categorical variables, resulting in degenerate
values and distances. In this specic research project we addressed this issue by



(a) creating a speci c severity tree distance as the target for the output space and
(b) adding small random values to the degenerate values in the input space. Con-
structing case-speci c distances is not always feasible, and the chapter 5 provides a
more systematic approach to handling categorical variables. To manage the com-
binatorial explosion of enumerating all potential feature tuples, in this rst project
we applied a beam search heuristic; an automated approach to this challenge is
proposed in chapter 6.

Treating categorical variables: Biodiversity data in ecology

Subsequently, chapter 5 addresses the challenges of analyzing Information Im-
balance in categorical non-ordinal data, where the traditional method is not suit-
able to capture relationships e ectively. We propose two solutions, to use con-
tinuous features to predict categorical features and vice versa. Both only use the
distance information from the continuous space, while considering instead only the
classes in the categorical feature.

The approach is tested for investigating species diversity and richness in the
Amazon Rainforest using 27 features suspected to related to Amazon biodiversity.
Assessing biodiversity is a challenging task, particularly at biogeographic scales.

The analysis revealed asymmetric information ows, where climatic variables
moderately predict species richness, while species richness does not provide signi -
cant information about environmental conditions. Notably, there is nearly perfect
information symmetry between Fisher's alpha diversity index and species richness
in 500 trees, suggesting their interchangeable use in ecological studies. Addi-
tionally, collecting intensity shows predictive value for species richness, indicating
ongoing sampling e orts are crucial for capturing the richness of Amazonian bio-
diversity. The ndings underscore the need for improved sampling strategies and
further research on the interplay between community composition and ecosystem
functions for e ective conservation.



An open question remains the treatment of categorical but ordinal data. In
the future the analysis should also be extended to other ecological data sets and
the multi-variate case, to test whether there are larger feature sets which improve
predictability.

An optimizable Information Imbalance for high dimension-
sional data

In the nal technical chapter, chapter 6, we develop an optimizable version
of the Information Imbalance, the Di erentiable Information Imbalance QI ),
where feature weights are determined via gradient descent. This statistic is an
advancement in feature selection and weighting methodologies, solving the issues
of combinatorial explosion during enumeration of feature tuples, as well as nding
an e ective weighting between the features. By employing the Di erentiable In-
formation Imbalance as a loss function, the relative feature weights of the inputs
are optimized, simultaneously performing unit alignment and relative importance
scaling, while preserving interpretability. Furthermore, this method can gener-
ate sparse solutions: This is particularly advantageous in high-dimensional spaces
where traditional methods often struggle. We will show that in the examples we
considered, theDIl can determine the minimal required set size of informative
features while preserving the essential structure of the data.

In practical applications, DIl demonstrated robustness and consistency, par-
ticularly in analyzing molecular dynamics simulations of the peptide CLN025. The
method successfully extracted a small subset of collective variables (RGYR, PC1
and PC2, with weights of 1.0, 3.5 and 4.7) that accurately identi ed distinct states
of the peptide, including the -pin and collapsed denatured states. This analy-
sis yielded an impressive overall cluster purity of 89% when comparing reduced
variable spaces to those constructed from a much larger feature space.

Furthermore, DIl was applied to training Behler-Parrinello machine learning
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potentials, selecting highly informative subsets of input features from a set of
176 descriptors. The optimized subsets enabled the machine learning potential
to maintain nearly the same predictive accuracy while signi cantly reducing com-
putational costs, achieving a runtime reduction of one-third. This demonstrates
DIl 's e ectiveness in improving both the e ciency and accuracy of predictive
modeling in complex systems.

While the method can parse any data type, it is most suitable for continuous
features. A limitation is given by ground truth metrics with many nominal or
binary features, which can lead to a degenerate ground truth rank matrix. Merg-
ing the nding described in Chapter 6 with those described in Chapters 4 and 5
remains an open challenge. Overall, the ndings underscore DIl's potential to help
feature selection in practical problems by o ering a robust, e cient, and versatile
framework. Its accessibility through the python library DADApy enables future
explorations in distance-based methods and metric learning.

Key takeaways

The thesis here shows how versatile of a feature selection method the Information
Imbalance is: It can be tailored to t many use cases and provides exibility in han-
dling diverse data types and structures. Especially the optimizable version marks
a leap forward in feature selection, by addressing some open problems in the eld.
Its implementations in a software package DADApy allow further development by
the community.

Contributions

In chapter 4, the clinical analysis was carried out by Dr.med. Emanuela Sozio. In
chapter 6, the linear scaling estimator of the DIl was developed by Vittorio del
Tatto, while the analyses in subsection 6.4.3 were carried out by Felix Wodaczek.

Note

This thesis uses the words "feature” and "variable" interchangeably. The words
"target”, "output” and "ground truth" space are used synonymously for the target
space of the metric, meanin® in ( A! B).
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Chapter 2

Feature selection: The state of the
art

2.1 Why select features?

Feature selection is an essential step in many data analysis pipelines. Very often,
most of the features de ning a data point are redundant, irrelevant, or a ected
by large noise and have to be discarded or combined. In the related eld of
dimensionality reduction many powerful methods have been developed to auto-
matically map the data to a low-dimensional representation, without signi cantly
reducing the information content. Prominent examples are principal component
analysis [26], autoencoders [27] and kernel-based methods [28, 29]. A critical prob-
lem of many dimensionality reduction methods is that the variables obtained are
non-interpretable. In autoencoders, the variables at the bottleneck are highly non-
linear functions of the input features. In other approaches, such as Umap [30] and
kernel-based methods[28, 29], the variables are not even explicit functions of the
features.

However, many use cases do require that the original features are preserved,
where the only allowed modi cation could be neglecting some of these features by a
selection procedure or scaling the features relative to each other. The most obvious
reason to use feature selection over dimensionality reduction is to preserve inter-
pretability and integrate domain-speci c knowledge. In healthcare and nance,
the domain experts interpret selected features in order to explain the mechanism
of a disease [31, 32, 12], build predictive models [33], or adjust investments strate-
gies [34]. Similarly, in molecular dymanics (MD) simulations, it is bene cial if the
selected collective variables (CVs) are interpretable for better mechanistic under-
standing [20]. In text classi cation by natural language processing (NLP) feature
selection preserves interpretability and improves accuracy [35]. In general, features
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can be selected to avoid over tting and improve predictive performance [36]. In
a study on leukemia cancer, for example, it was demonstrated that the disease
can be best identi ed using just 19 out of more than 7000 genes [37]. Finally, in
feature spaces where the features are already non-interpretable combinations of
some original features of raw data, as in the case of extracted features [38], general
dimensionality reduction techniques might add another layer of transformation to
the data, which feature selection avoids.

In contrast to general dimensionality reduction, far less methods exist for fea-
ture selection.

2.2 Common problems in feature selection

There are uncertainties that are associated to all feature selection applications:

A

How do we account fordi erent units of measure and / or intrinsicimpor-
tance when selecting feature sets?

What is the optimal dimension of the reduced feature space, meanihgw
many featuresdo we need to retain a su cient amount of information?

How do we quantify this "su cient amount” of information?
Which is the optimal combination of relevant, non-redundant features?

The rst mentioned di culty is related with the heterogeneity of the variables:
In many cases a data point is de ned by features with di erent nature and units
of measures, sometimes referred to as multi-view features [39]. Associating these
di erent features to perform analysis is termed feature fusion [39]. For example, in
atomistic simulations one can describe a molecule in water solution providing the
value of all the distances between the atoms of the molecule, which are measured
in nanometers, together with the number of hydrogen bonds they form with the
solvent, which are dimensionless. In a clinical context, the features associated
with a patient my include blood exams, gene expression data, and many others
[1]. If one wants to mix heterogeneous variables in a low-dimensional description,
one should choose a weight factor to match their units of measures. Even if the
features have the same unit of measure, some features can carry more information
than others and should hence receive a higher weight.

Another di culty for feature selection, the choice of the number of variables
which are actually necessary to describe the system, has a lower bound in the in-
trinsic dimension [40]. The intrinsic dimension is, informally, the dimension of the
manifold which contains the data. However, this number is often scale-dependent
[41] and position-dependent [42]. Moreover, if one wants to visualize the data in
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one graph, the number of variables is necessarily limited to two or three. This
typically implies neglecting part of the information, and poses the problem of
choosing which variables should be retained for visualization. The selected and
appropriately weighted set of features should contain enough information to ef-
fectively address the task at hand. When used with a downstream model, the
performance of di erent models can be compared to quantify the information con-
tent of the feature set (see "wrappers" below) [43]. However, this approach leads
to a combinatorial explosion when multiple feature sets, each with potentially dif-
ferent relative weights, need to be compared. A more straightforward method for
guantifying information content is therefore desirable.

2.3 Types of feature selection algorithms

Feature selection can be characterized according to several criteria, most notewor-
thy by the presence or absence of a ground truth (supervised and unsupervised),
the type of algorithm ( lter, wrapper or embedded methods), and considering the
accepted data types. An overview is presented in Fig. 2.1.

2.3.1 Supervised and unsupervised feature selection

Feature selection methods can be supervised and unsupervised [44]. In supervised
feature selection, labeled data is used to identify features that have the strongest
relationship with the target variable [43]. Common methods are.g. mutual infor-
mation maximization [45], decision trees [46] or recursive feature elimination [47].
In unsupervised feature selection, there is no label or target variable [48]. The se-
lection is based on intrinsic properties of the data, such as variance or redundancy.
Examples include Principal Component Analysis (PCA) and clustering-based ap-
proaches [48]. There are also semi-supervised feature selection algorithms that
combine both [44].

2.3.2 Filters, wrappers and embedded methods

Considering the nature of the algorithm, feature selection methods can be classi ed
into lter, wrapper and embedded methods [43]: Filter methods are independent
of downstream task and the features are ranked according to a separate criterion
[49]. Wrapper methods, on the other hand, use the downstream task, such as a pre-
diction accuracy, as feature selection criterion, but hence su er from combinatorial
explosion problems because of the need to test all possible feature sets combina-
torically or heuristically [43]. If the downstream task is akin to a classi cation
problem, then embedded methods can perform well, because they incorporate the
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Figure 2.1: The chart shows an overview over the eld of dimensionality reduction
with a focus on feature selection. Exemplary methods for each category are shown
in gray. The yellow highlighted elds denote the categories that are covered by
the Information Imbalance or the Di erentiable Information Imbalance DIl .

feature subset selection into the training [43]. These algorithms are often based
on regression, like FSOR [50] and additive models [51], or on support vector ma-
chines, like KP-SVM and its variants [52, 53]. Filter methods, on the other hand,
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become the logical methods of choice if the downstream tasks are not simple mod-
els. While wrapper and embedded methods of feature selection are supervised by
de nition because they utilize downstream models which building on relationships
with the target data, Iters include both, supervised and unsupervised methods.
Unsupervised lter methods do not utilize target data [54]. They include variance
[55] and Laplacian [56] scores and methods which can nd feature subsets, pre-
serving clusters of the original data manifold, like multi-cluster feature selection
(MCFS) [57] and k-means clustering feature selection [58]. Supervised lters, on
the other hand, make use of target data: the "label” or "ground truth". Simple,
univariate supervised lters such as correlation coe cient scores, estimated mu-
tual information [59], the chi-square test or ANOVA [60] are e cient, but ignore
feature relationships and therefore have problems nding optimal sets [36]. Spe-
ci c feature subset evaluation lters like FOCUS rely on enumerating all possibly
subsets, similar to wrapper methods [61, 62] and have the same combinatorial
problems. The relief algorithm and its variants [63, 62] are more e cient because
they do not explicitly evaluate the feature subsets. Instead, they utilizes nearest
neighbor information to weight features relative to each other (non-myoptic), but
feature subsets can still include redundancy [62]. Generally, Iter-based feature se-
lection methods have been shown to improve accuracy and precision in many down
stream machine learning class ciation algorithms such as SVM and Bayesion Net-
works [64], while tree-based classi ers tend to work better with more features [64,
65]. A review on feature selection Iter methods can be found in [49]. Overall, the
eld of feature selection is clearly lacking the powerful, automatic tools available
to dimensionality reduction, as most of the method we mention have important
limitations.

2.3.3 Supported data types

Feature selection algorithms can be categorized based on the types of data they
support [66]. Data can be classi ed as either static or streaming, and the input and
output (target) spaces may consist of various continuous or discrete values. While
the output space is often one-dimensional (labels), it could also encompass mul-
tiple dimensions or even high-dimensional spaces. Additionally, features may be
heterogeneous, originating from diverse sources and incorporating di erent units
of measurement [39]. However, very few feature selection algorithms are designed
to accommodate multiple data types, as illustrated in Fig. 2.1 ("Data types sup-
ported”). On top of this, many methods available in software packages cannot
handle missing data.

The primary topic of this thesis is the Information Imbalance method, a Iter
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approach that can operate in both, supervised and unsupervised manners, and
is compatible with most data types, as highlighted in yellow in Fig. 2.1. It
is a similarity-based method, seeking to preserve data similarity [66], and also
an information-theoretical-based method, maximizing relevance and minimizing
redundancy between features, even though it is not directly involving entropy or
mutual information [66]. The following chapter introduces this method.
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Chapter 3

Information Imbalance: An overview

3.1 Intuition

The Information Imbalance ( ) is a measure which allows comparing the infor-
mation content of distances in two feature spaces [13]. Informally, the Information
Imbalance quanti es how well pairwise distances in the rst space allow predicting
pairwise distances in the second space, in terms of a score between 0 (optimal
prediction) and 1 (random prediction).

() (b)

Figure 3.1: Distance ranks in two feature spaces to measure the relative
information contained in these spaces. Reprinted with permission from

[13]. a): lllustration of the distance rank of two points in di erent feature spaces
A and B. The rank r; of point j relative to i is equal to 1 in spaceA, meaning
that j is the rst neighbor of i. In spaceB, j is the third nearest neighbor of
point i. b): lllustration of how ranks can be used to verify that space is less
informative than spacey. A small distance rank iny automatically implies a small
distance rank inx, but not vice versa.
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The statistic is based on distance ranks: If data points of the same data set
have many features, then we can consider any subset of these features and calculate
pairwise distances between the points. For point point j, which is the nearest
neighbor, receives rankl, the second nearest neighbor rank, etc. These ranks
will generally be dierent if we use a di erent feature set to consider the same
pointsi andj (Fig. 3.1a).

The core idea of the Information Imbalance approach is that distance ranks
can be used to identify whether one metric is more informative than the other. In
Figure 3.1b, a noisy curved dataset shows that thg-axis is more informative than
the x-axis because can be predicted fromy, but not vice versa. This asymmetry
is captured in rank di erences: pointi's nearest neighbor byy-distance isj, but |
ranks as the 7th nearest byx-distance. Similarly,i's nearest neighbor by-distance
is k, who ranks 35th byy-distance. In other words, near neighbors in spageare
also near neighbors in space, but near neighbors measured ix might be far in
spacey. Spacey is a good proxy for space, but spacex is not a good proxy for
spacey

This general property is exploited in the de nition of the Information Imbalance
which we provide below: Nearest neighbors are better preserved when passing from
a more informative to a less informative space than when doing the opposite, as
clear from Figure 3.1b.

3.2 De nition of Information Imbalance

Given a data set where each point can be expressed in terms of two feature

( d® ! dB) provides a measure of the prediction power which a distance built
with features A carries about a distance built with featuresB. The Information
Imbalance is de ned using copula variables, and estimated as the average distance
rank according tod®, restricted to the nearest neighbors according td* [13]:

d*! d® =( A! B) NEHBjrA=1i; (3.1)
which is for all practical purposes estimated as:
2 X
i : rf:l

Here, we consider d*! d® and ( A! B) (eq. 3.1) as synonymous.
hi denotes the expectation value, in this context, the arithmetic mean over the
data. N is the number of data points. r(j* (resp. ri?) is the distance rank of
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data point j with respect to data point i according to the distance metricd®
(resp. d®). For example,rft = 7 if j is the 7th neighbor ofi according to d*.
Information Imbalance hence estimates the conditional rank distributiomp(r® |
rA=1). d*! d® will be close to 0 ifd* is a good predictor ofd®, since the
nearest neighbors according td* will be among the nearest neighbors according
to d®. If d* provides no information aboutd®, the ranksr in Eq. (3.2) will be
uniformly distributed between 1 andN 1,and d*! d® will be close to 1.

Several distance metrics could be used to calculate these distance ranks. Since
the method is focused on the identi cation of a feature space which reproduces the
nearest neighbors of another feature space, it is not very sensitive to the precise
choice of the distance metric. While the distance between two ‘far' points will
likely be very di erent if computed, e.g, with the Hamming distance or with the
Euclidean metric, the nearest neighbors are more preserved across metrics. In this
thesis we will typically use the Euclidean distance, unless otherwise speci ed.

Unlike the Pearson correlation coe cient, the Information Imbalance is not a
symmetric measure and can be calculated from spageo spaceB and vice versa.
Both statistics will result in a number between zero and, and together they show
the informative relationship between the two spaces.

To illustrate this, consider a dataset from a 3D Gaussian distribution where the
z-axis has a much smaller standard deviation than the andy axes (Fig. 3.2). We
can compute distances using all dimensiondl, = (xi x;)?+(yi Y))*+(z z)2
or just subsets liked,, or d,.

Figure 3.2: 3D Gaussian distribution with small standard deviation along.

Now one can compare the rank distributions between spaces: In Figure 3.3,
the top row compares ranks based on two distances. The second row shows the
probability distribution p(r® j r® = 1), which represents the ranks in spacé
restricted to nearest neighbors according to distand® and v.v.
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Figure 3.3: Di erent relationships between two distance measures using

the Information Imbalance. Reprinted with permission from [13]. a), C),

e). Scatter plots of the ranks between ordered pairs of points for di erent feature
spaces from a 3D Gaussian dataset with a small variance alangThe highlighted
regions indicate the points considered for generating below plots. b), d), f): Prob-
ability of ranks in a feature space, given two points are nearest neighbors in the
other space. g): The four di erent types of relationships that can characterize the
relative information content of two spacesA and B. h): Information Imbalance
plane for the 3D Gaussian dataset discussed. The di erent colors mark the regions
corresponding to the types from panel g.

Panels a and b show that ranks irl,, anddy, are nearly identical, with distri-
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butions sharply peaked around one. This is due to the small variance alongvhich
leads very similar distance ranks in the two spaces. The closer the conditional rank
distribution p(r® j r* = 1) is to being peaked at one, the more information about
spaceB is captured within spaceA. In panels ¢ and d, comparingl,, to dy, the
more informative d,, leads to ranks clustered around small values but netv. For
independent features X and y in panels e and f), rank distributions are uniform,
leading to an average rank of N; between pairs of points, and to an Information
Imbalance of 1 both ways (uninformative).

The relationship between spaces and B can now be categorized into four types
by comparing the Information Imbalances( A! B)and ( B! A): equivalence,
independence, mutual information sharing, or one space fully encompassing the
other.

These types, explained in Fig. 3.3g, are visualized by plotting the two Imbal-
ances against each other iinformation Imbalance planes(like in Fig. 3.3h).

The Imbalance plane for the previously discussed 3D Gaussian dataset in Fig.
3.3h shows that the small variance in the-axis makes spacesyz and xy nearly
equivalent. It also correctly identi es x as being part ofxyz and classi esx and y
as orthogonal.

Additionally, a point marked by a black star represents a dataset from a 4D
isotropic Gaussian distribution, demonstrating that spacesyz and yze share sym-
metric information.

Since the Information Imbalance relies only on the local neighborhood of each
point, it is particularly well-suited for studying nonlinear data manifolds.

The method can be used in a supervised and unsupervised manner, by employ-
ing a separate target space or sub-selecting features within one space, respectively.
Both have been applied recently in a model of a glass-forming liquid, remarkably
with similar selected features [67].

The algorithm for Information Imbalance analyses between feature spaces is
publicly available as theMetricComparisons class in the Python package DADApy
[3] and a comprehensive description can be found in the according documentation
[68], which includes a dedicated tutorial.

The following chapter is the rst technical chapter of this thesis. A weighted
Information Imbalance approach is introduced for feature selection in a medical
data set.
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Chapter 4

Unbalanced class prediction with
categorical variables and missing
data in medicine

4.1 Introduction to clinical predictions

In many elds, and in particular in statistical medicine, one attempts to develop a
predictor using relatively few data points (the patients), characterized by a num-
ber of features which can be large. These features encompass demographics, vi-
tal parameters, comorbidities, medications, blood test values, radiological exams,
clinical scores and more. Furthermore, they can be of any data type,g. quan-
titative (weight, age, blood value levels), binary (presence of diabetes or other
comorbidities), nominal (types of ventilation), or ordinal (sequential organ fail-
ure assessment (SOFA) score). Many of these features are typically irrelevant or
redundant, namely correlated with each other, and a selection of few, relevant fea-
tures is desirable. For medical professionals, having to consider too many features
confuses the clinical work.

Typically, a feature is considered relevant if it correlates with the target, for
example if it discriminates between target classes. This simple concept is at the
basis of most feature selection algorithms. Brie y recalling the overview provided
in chapter 2, feature selection methods can be broadly divided into Iter, wrapper
and embedded methods. Filters are simple statistics to rank the features indepen-
dently of the subsequent prediction (classi er agnostic), while wrapper and embed-
ded methods use the predictor as criterion to select feature subsets [43, 69]. Among
the classic embedded feature selection methods, lasso-regularized regression [70]
provides interpretable feature selection while drawing a linear relationship between
input features and target. Sparse additive models (SPAMSs) [71] and sparse neural
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additive models (SNAMs) [72] extend this to the non-linear case. Variable rank-
ing lter methods tend to be easier and faster to use than other feature selection
methods, but they have the drawback of being univariate methods with inability
to nd the optimal dimension of the feature space, namely the number of variables
that are necessary to make a good prediction [43, 36]. Furthermore, many existing
feature selection algorithms su er from the inability to handle missing and noisy
data [69].

In this chapter we show that the Information Imbalance [13] can be used as a
lter to perform feature selection in a clinical framework. This o ers the chance to
address two of the challenges mentioned in chapter 2: performing feature selection
with missing data, and dealing with mixtures of real, categorical and binary fea-
tures. The second challenge, as we will see, can be addressed only partially using
the Information Imbalance in its standard formulation of ref. [13]. The chapter
hereafter, chapter 5, will be dedicated to a more principled manner of addressing
it.

We illustrate the procedure on a database of 1300 COVID-19 patients from
Udine, including hundreds of features for each patient. These features are ex-
tremely heterogeneous, some related with the clinical history, others with the sta-
tus of the patients at the admission to the hospital, other with the course of the
disease, including complications, treatments and clinical outcome. Very impor-
tantly, the database is highly incomplete, as is common in clinical databases: the
outcome of speci c exams (say a TC scan) is typically available only for subsets
of the patients, and the clinical history before the admission is often known only
partially.

The Information Imbalance approach allows comparing two feature spaces, and
deciding if one is more informative than the other. Feature spaces are collections
of features that are used to characterize the data. For example, let's say that space
A includes age, a speci c comorbidity, and the value of a blood test, while space
B includes the parameters measured in a TC scan and (also) age. To estimate the
Information Imbalance, one nds for each patient their nearest neighbor, which is
the other patient that is most similar (closest) according to a distance estimated
using the features in space A. In this study we use the Euclidean distance. Say
that for patient number 1, the most similar is patient 412, such that patient 412
has distance rank O with respect to patient 1 in space A. Next, one computes the
Euclidean distance between patient 1 and 412 in space B;. using the features
of space B, and nds the number of patients which are closer to patient 1 than
patient 412. One repeats this test for all the patients and computes the average of
this number. The Information Imbalance, denoted in the following( A! B), is
proportional to this average. If ( A! B) is small, space A igredictive of space
B, as patients which are close in A are also close in B, and therefore the average
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will be taken over small distance ranks. If instead this number is large, the nearest
neighbor patients in A are typically "far" in B, which implies that space A isnot
informative of space B.

In this chapter we show that Information Imbalance can be adapted to work as
a lter to perform feature selection in clinical databases. An important advantage
over other Iter methods is that the approach described in this chapter automat-
ically selects features which are not only relevant, but also uncorrelated. Indeed,
the Information Imbalance can directly be computed for distances including arbi-
trarily many features. This is a practical advantage with respect to other methods
which are based on comparison between two variables at a time. It also allows
comparing the predictive power of subsets of features of di erent sizes. This, as
we will see, allows nding maximally informative subsets of features along with
the optimal dimension.

4.2 Methods

4.2.1 The clincal data set

This chapter includes a retrospective clinical study involving data of 1308 COVID-
19 patients from Udine hospital. The data set includes patients admitted to the In-
fectious Disease ward of the Azienda Sanitaria Universitaria Friuli Centrale Santa
Maria della Misericordia of Udine, a 1000-bed tertiary-care teaching hospital iden-
tied as a regional referral center for COVID-19 patients, from March 2020 to
March 2021. Informed consent was obtained from all participants.

For all patients the following parameters were collected: evaluation of in/ex-
clusion criteria; socio-demographics (age, gender, race, height, weight); date and
time of the onset of symptoms and of the admission to the hospital; ward of hos-
pitalization; co-morbidities (dyslipidemia, obesity, diabetes, chronic obstructive
pulmonary disease, chronic kidney injures, liver disease, hypertension, solid and
hematologic neoplasms, autoimmune diseases, primary or secondary immunosup-
pression), including Charlson score index; ndings from routine physical examina-
tion (temperature, heart rate, breathing rate, blood pressure, SPO2, neurological
status); routine diagnostics performed (chest X-ray, CT scan, ultrasound, microbi-
ological tests and blood tests performed); date and time of blood sampling initial
and nal diagnosis; type and focus of infection; date of discharge; date and time of
ICU admission and discharge; needs for organ support and/or invasive ventilation;
any serious adverse event or complication which occurred during hospitalization;
therapies carried out; lab parameters from routine blood testing which were as-
sessed at presentation (within 48 hours of admission); data from blood gas analysis,
such as PaO2/FiO2 ratio, alveolar arterial gradient, and lactate.
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The features were divided into input (measurable upon hospitalization) and
output (severity of outcome of COVID infection) features. 14 output features
were decided upon by medical knowledge. The natural hierarchy in the severity of
these features led to the creation of a "severity tree" (Fig. 4.1).

Figure 4.1: The severity tree splits patients into eight severity classes of di erent
class size. These classes are depicted here as the leaves. The gray numbers on the
left indicate tree distances between nodes. Distances between patients on the tree
are measured one-way, such that the distance between patient A in the rst big
leaf (no event, no complication) to patient B in the third class (no event, other
complication, 120 patients) is 2. This number is found by starting from patient A

and reaching patient B: We start in leaf 1, take two steps in tree distance down to

the level between orange and red, and then take two steps up to patient B's class.
Counting this trajectory only one directional, the distance between the patients is

2.

In the severity tree, death, intubation and transfer to ICU were used to split
patients into an "event" group, where at least one of these three events occurred,
and a "no event" group. The second split is given by the presence or absence of
complications. The di erence between infectious and non-infectious complications
makes up the third split of the tree, as seen in Fig. 4.1, leading to a classi cation
of patients into eight severity classes.

These output features were available for all patients, yielding a distance - and
an identical distance rank - between 0 and 3 for each pair of patients on the tree.
The distance between two patients is then estimated by counting the number of
links separating their leaves in the severity tree, divided by two (one directional).
Since there are only eight classes in the severity tree, the distances between all
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patients in this output space are degenerate, meaning that many patients have the
same distances from each other. Furthermore, there is a high class imbalanee,
the biggest class contains more than half of the patients.

138 input variables were selected, including age, gender, physical examsg)(
blood pressure, temperature), blood teste(g. diagnostic antibodies and inter-
leukins), hemogas €.g. partial pressures of oxygen andCO,, pH of the blood)
values and chronic comorbidities€.g. diabetes) and medications €.g. diuretics,
steroids). Potential input spaces are tuples of these input variables. As many
real world data, the input data is characterized by missing values, which leads
to reduced patient numbers for certain combinations of input features. In some
possible input spaces also distances between data points are degenerate, due to
categorical, binary and repeated values.

4.2.2 Class-corrected Weighted Information Imbalance

As described in the dedicated section section 3.2 in eq. 3.2, the Information Im-
balance is de ned as follows [13]:
Al B) = 2 i iN=l riBO.
(ALBIZN—N
whererB® = rB givenr? = 1. N is the number of all data points, in this case
all patients. Here, a data point is a patient. The Information Imbalance between
feature space A and feature space B, A! B), is proportional to the average of
the neighbor ranks in space B, conditioned to nearest neighbors in space A, and
normalized such that if A predicts space B perfectly,( A! B) 0, andif A
has no information on B, ( A! B) 1. Note that due to the tree structure in
the COVID-19 output space in this paper we assign the nearest neighbor rank 0,
which leads to very small numeric di erences in the case of few data points. This
chapter uses the Euclidean distance as distance metric in the input feature spaces.
For the high dimensional classi cation of COVID-19 severity, Information Im-
balance is used in the feature selection step. The task is to nd input variable
spaces in which the nearest neighbors optimally describe the distribution of the
output classes. The severity tree output space is degenerate with high class imbal-
ance, where leaf 1 has more than half of the total patients. Using naive classi ers
in class imbalanced data sets biases class prediction heavily towards the majority
class, especially when feature selection is performed. Subsequently, the class pre-
dictive accuracy is low in the minority classes [73]. The original implementation
of Information Imbalance was developed for continuous in- and output spaces and
has the described shortcomings when applied to few, imbalanced output classes.
However, in sick patient prediction there is a high cost associated to false negatives.

(4.1)
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To nd feature spaces which also predict the neighborhood of the patients in
small classes, we introduce class weighig, = m for each patienti in class
I. Furthermore, the distances in the severity tree are highly degenerate. The
structure of our tree leads to a total of four distinct distances and identical four
distance ranks, where rank means that two patients are in the same class and rank
3 means the two patients are on opposite sides of the tree (everst no event).
Since the classes are imbalanced, the average probability to nd a certain rank
neighbor from the di erent classes is not uniform. Therefore, the normalization
a is built to re ect this and bring the average value of to a value of 1, when
the nearest neighbor ranks are distributed randomly. The adjusted "Weighted

Information Imbalance " becomes:

P 0
N I'iB Wi

w(Al B) aPT—— (4.2)

i=1 Wi

If more than one nearest neighbor exists at the same distance in the output space
B, the nearest Qeighbor rank is the mean over these M nearest neighbors of patient
i: rB’= %

For this implementation the input space needs to provide clear nearest neighbor
assignments, in order to nd the according ranks in the output tree. To resolve
the degeneracy in the input space, small random numbers are added to duplicated
input values. Since this makes the estimated Imbalance a stochastic variable, we
repeated the optimization ten times with di erent random seeds, verifying that
the results are robust. For the ten implementations, the Weighted Information
Imbalances of optimal tuples with the same tuple sizes are mostly identical, up
to the second digit (equal to gure 4.3a) with standard deviations on the order
of 10 4. Also the chosen tuples for each size are largely congruent, with the best
single variable always being brain natriuretic peptide (BNP) and the best 13-plets
of the ten implementations being identical to the one present in this chapter in
subsection 4.3.2, except in one case, where eosinophils (FLEOS) have been selected
instead of lymphocytes (FLLINF).

Variables were normalized by dividing them by their standard deviation in
order to move them into a comparable value range.

The problem of missing data was treated in a constrained, data-set-reductive
manner, by which only feature tuples were considered which were present in at
least 100 patients. Then ,, was calculated for the feature tuple in question
using only these 100data points with the additional constraint that the base-2
Jensen-Shannon divergence of the tuple class distribution towards the full class
distribution (of the 1308 patients) was 0:06, in order to ensure proportionate
strati ed sampling, i.e. such that the share of the classes in the sub-sample is
proportionate to the full sample. This subset of 100 patients has no missing
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values and can hence be passed on to the downstream classi ers, kNN and SVC,
without problems.

4.2.3 Beam search

Input spaces with more than 1 variable were selected by applying, to a pool of
candidate feature tuples selected by beam search with beam width 55. Beam search
is a heuristic algorithm [74] which is employed because the full exhaustive search
of all possible variablek-tuples (out of D features) would lead to combinatorial
explosion with complexity O(D¥). Like in the vanilla greedy approach, the pool

of candidate feature tuples is sequentially extended by adding new features to the
best scoring previous tuples. However, in beam search, not only the one best
result is chosen and variables added to it, but the best results, wheren denotes
the beam width. In this case, the 55 best results were iteratively extended. The
computational complexity of beam search i©(D n k) [75] for beam widthn.

4.2.4 Prior-corrected k-NN prediction of severity

After nding -optimized sets of features, we use an adjusted k-nearest neighbor
(k-NN) prediction in a leave-one-out (LOO) approach. Comparing the predicted
severity class to their actual class, we evaluate the performance of the method
with cumulative distribution functions (CDFs) of the distancesd, i.e. consider
the fractions of cases in which the class was predicted correctlg € 0), or a
neighboring class was predictedd(= 1), or the same side of the severity tree
was predicted ¢ = 2). The empirical probability distribution of classes for each
patient calculated from their nearest neighbors' classes cannot be taken at face
value due to the class imbalance. E ectively, the class imbalance makes it much
more likely to nd a majority class NN than to a minority class NN. The average
global density of minority class points is smaller. For this reason we divide the
empirical probabilities by the prior probabilities P° of the classes in the samples,
to create a metric which measures how much bigger or smaller the local density
of the various classes is around the patient, in comparison to the average global
density. If this value is greater than 1 for a class, this class is more likely than
average to be the class of the patient. Since several classes can have values greater
than one, the prediction is based on the class with the maximum value.

leafsize;,
Pl = Py (4.3)
- leafsize;y
g= o (4.4)
il = .
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4.2.5 Identifying important but rarely available features by
usage when available

Due to the missing values in the input data set, the globally selected best variables
are a function of their intrinsic goodness of prediction as well as their availability,
especially together with other orthogonal features. To decouple these e ects to nd
intrinsically valuable features, the optimal tuple for each patient is found using ,

in a leave-one-out (LOO) procedure. The "usage when available" statistld; for
each featuref is simply de ned as the ratio of the number of times a feature is used
in all patient-specic ,-optimized tuplesn. over the count of the availability

of that feature across all patientsa :

w?

U = LW (45)

4.2.6 Mutual information and sequential feature selection

Two other standard feature selection methods are compared to Information Imbal-
ance. A frequently used lter is the estimated mutual information (MI) between
each feature and the output classi cation [59], and a straight forward wrapper
method is sequential feature selection (SFS). For both the implementation in scikit-
learn [76] is employed and for both methods the data set has to be complete. Thus
missing values were lled in by imputation (scikit-learn KNNImputer with 10 NN,
uniform weights and Euclidean distance). The MI between each feature and the
output classes were calculated with the scikit-learn class mutual_info_classif (3-
NN). Forward SFS was calculated using the wrapper SequentialFeatureSelector (5-
fold, 10-NN) and SVC (balanced class weights) respectively). The prior-corrected
k-NN predictor was used for classi cation in a Leave-One-Out (LOO) cross vali-
dation approach, and compared with a support vector classi cation (SVC) LOO
prediction as implemented in scikit-learn (sklearn.svm.SVC), using default settings
and balanced class weights.

4.3 Results

This study is based on a dataset of 1308 COVID-19 patients with 150 features,
and 33% of missing values. Some of these features mgut features, measurable
upon admission in the hospital. These include age, gender, physical exaragy(
blood pressure, temperature), blood teste(g. biomarkers like interleukins), arte-
rial blood gas €.g. partial pressures of oxygen an@€ O, pH of the blood), chronic
comorbidities (e.g. diabetes) and chronic medicationsg.g. diuretics, steroids).
36% of all input features were missing, with only 28 features being complete, and
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25 features available in a quarter of the patients or less. The output features
were 14, all binary. These features could only be measured later on during the
COVID-19 infection, and are therefore the variables that a clinician might be will-
ing to predict. These are available for all patients and include death, intubation,
transfer to ICU, and 11 complications (heart attack, pulmonary embolism, arry-
thmia, atrial brillation, stroke, thrombosis, pneumothorax, pneumomediastinum,
hemorrhage, delirium, and secondary infections during hospitalization).

4.3.1 Correlation and Information Imbalance between nu-
merical patient features

We rst use the classic Information Imbalance to investigate the relationships
between the input features. We consider the 90 numerical input features for which
it is possible to estimate the standard Information Imbalance introduced in ref.
[13]. We computed the Information Imbalance between each pair of features
using the implementation in the Python package DADApy [3].( A! B) is close
to zero if feature A predicts feature B well. It is close to one if feature A does not
provide information on feature B. For each pair of features we also computed the
standard Pearson and Spearman correlation coe cients and , which are 1 in
the case of a perfect positive or negative correlation, and 0 if there is no correlation.
If two features correlate strongly,( A! B)and ( B! A) should both be small
and similar numbers, if both predict each other to an equal amount. However,
if one feature predicts the other, but not vice versa, there exists an asymmetric
correlation, and this is re ected in an asymmetric Information Imbalance. This
phenomenon, as we will see, is not captured by Pearson and Spearman correlations.

In the table in Fig. 4.2a, we report the Information Imbalance and the corre-
lation coe cients between the 20 pairs of features with the lowes{ A! B). To
highlight some possible relationships, we plot some of these feature as a function
of each other in the bottom panels (Fig. 4.2b).

The Information Imbalance faithfully captures features which have strong cor-
relations with each other. The top-eight positive correlation couples (atl> 0:8)
are contained in the top-20 Information Imbalances. A clear sanity check is dis-
played in the rst rows: the two dierent laboratory methods for the glomeru-
lar ltration rate (GFR and GFR.1), which hold the same values, display per-
fect correlations and extremely low Information Imbalances. This is also true for
the prothrombin time (and international normalized) ratios (PT/INR and PTR),
where one is just a normalized version of the other. Correlation and Information
Imbalance pick up on the linear relationship between hematocrit (EHCT) and
hemoglobin (EHB). EHCT is the percentage of volume occupied by red blood cells
relative to whole blood, and therefore is often related to hemoglobin (EHB). Also,
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Figure 4.2: a: Features ordered according to the lowest Information Imbalances
towards another feature, and their Pearson and Spearman correlation coe cients.
Yellow colored rows have notably asymmetric Information Imbalances, where
JCA! B) (B! A) > 01 b: Scatter plots of several of the feature

vs. each other from A. The values are the normalized features.

the strongest negative correlation pairing is in the top-20 imbalance table (row 6).
Thus the strongest correlations account for nine rows in the top-20 Information
Imbalances.

The other eleven rows are made up by pairings which have less strong corre-
lations, but six of them have high asymmetries in their Information Imbalances
towards each other (yellow rows in 4.2a), describing a relationship where one vari-
able is more informative about the other tharnvice versa These six pairings have
predominantly very low correlations, showcasing that correlation fails to identify
these asymmetric relationships. The e ect is especially pronounced in row ve,
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where PaO2/FiO2 (oxygen partial pressure over fractional inspired oxygen) has a
low Information Imbalance towards PaO2 (oxygen partial pressure) and such ex-
plains this feature space well, while the same is not truev. This can be used as a
proof of concept because indeed PaO2/FiO2 is the value of PaO2 divided by FiO2
(fractional inspired oxygen) - a simple relationship via one confounding variable
which is not detected by correlation (r=0.177). It should be noted that, from a
clinical point of view, measuring the PaO2/FiO2 ratio can become very challeng-
ing: if patients are not on invasive mechanical ventilation, it is almost impossible
to know the exact FiO2, because the devices deliver a variable inspired oxygen
concentration. Information Imbalance also detected similar cases where the exact
relationship is not known: Here we report asymmetric relationships between tro-
ponin (TROP), a well-known marker of cardiac injury, and tissue damage marker
brinogen (FIBCL), as well as between the immunoglobulins IGM / IGG and
the high-density lipoprotein (HDL). TROP values are more predictive of FIBCL
values than the other way around. Fibrinogen is a plasma acute-phase reactant
protein produced by the liver and is a major coagulation factor. Its concentration
increases with in ammation, and it is traditionally considered a risk factor for
cardiovascular disease [77, 78], which might explain the connection to troponin.
Troponin, on the other hand, is a very speci ¢ marker: recent studies showed that
troponin dosage should be considered as a prognostic indicator in all patients with
moderate/severe COVID-19 at hospital admission and in the case of clinical dete-
rioration [79]. Retrospective data have placed a strong emphasis on the possibility
that acute myocardial injury represents a critical component in the development
of serious complications in patients hospitalized with COVID-19 [80, 81, 82]. To
the best of our knowledge, there is no literature concerning the exact relationships
between IGM / IGG and HDL.

We point out here that inter-feature asymmetric relationships could be impor-
tant. They are not captured by standard correlation analyses, and they could lead
to redundancy e ects when tuples of features are used for predictive purposes.

4.3.2 Feature selection by optimization of the Information
Imbalance

We now consider a classical problem in feature selection, nding a small subset of
the 138 input features which is maximally predictive with respect to the output
features. In the case of the database analyzed in this chapter, the output features
are 14. These features are all binary ("yes" or "no") and are quite heterogeneous
in nature. In accordance with the medical insight of the clinicians co-authoring
this study, we organized the output features in a "severity tree" (Fig. 4.1 and
subsection 4.2.1).
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In short, death, intubation and transfer to ICU were used to split patients into
two classes, one for which at least one of such events has occurred (the patients
whose course has been more severe), the other in which no event has occurred. The
other output features are associated to infectious and non-infectious complications,
which are important to decide a clinical strategy. This leads to a classi cation of
patients into eight severity classes. The distance between two patients is then
estimated by counting the number of links separating their leaves in the severity
tree, divided by two (see Figure 4.1).

This tree distance is the target of the feature selection, however the nominal
value of the distances is unimportant and only their relative order matters, since
the Information Imbalance method uses distance ranksge. the closest neighbor
in distance is assigned rank, the second closest rank, etc. The feature selection
algorithm presented in this chapter works as follows. We try to identify a distance
A, built as the Euclidean distance using a combination of several input features,
whose distance ranks are maximally informative with respect to distance ranks
B measured on the severity tree. Degeneracies in input features were treated
by addition of small random numbers (see subsection 4.2.2). A more rigorous
procedure aimed at dealing with degeneracies will be introduced in chapter 5. The
Information Imbalance between A and B is used as a feature selection lter to
discriminate between di erent choices of A (namely of input features) and select
the best one. The classes, "leaves" of the severity tree, are not populated uniformly:
class 1 has 717 patients, and the smallest class has only 12 patients. Therefore,
the Information Imbalance has been modi ed by introducing class weights, aimed
at compensating the occurrences of the di erent severity classes in the data set
(see subsection 4.2.2). We denote this modi ed, Weighted Information Imbalance
by w.

To identify the best combination of input features, we nd the combination
of n input variables minimizing , , which are present in at leastl00 patients
(see subsection 4.2.2). For smafi, the search can be performed exhaustively by
testing all the possible combination of variables. For large, the number of possible
combinations grows factorially. We use the deterministic beam search algorithm
(see subsection 4.2.3) which allows nding the best combination of variables for
arbitrary n with great con dence. In Fig. 4.3a, we plot the optimal value of ,
as a function ofn. This value decreases up to ' 13, then starts growing slowly,
indicating that adding more variablesreducesthe information. This can happen
when the new variables only add noise, and no independent information. This
analysis indicates that the most informative combination of features includes 13
variables (blue dot in Fig. 4.3a). The globally best n-plets of features as a function
of n (until n=13), corresponding to Fig. 4.3 are:

1. BNP
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Figure 4.3: a) The optimal (lowest) Information Imbalances ,, as a function of the
number of input features.b) Accuracies of 10-NN predictions at given prediction
levels for tuple sizes as marked ia (the line shows the average over the 10 best,
results for each tuple size). The accuracy corresponds to the fraction of patients
predicted correctly at a given prediction level. The prediction level corresponds to
the maximum tolerated distance of the truevs. the predicted class on the severity
tree, as depicted on the right. Together, the lines of one color can be considered
the CDF of the fraction of patients predicted correctly. c) Accuracies of the top
13-plets, benchmarkedss. randomly drawn 13-plets (green), and random nearest
neighbors assignments (grey). The average over the top-1Q, results is shown as
bold line and the standard deviation as shade. The predictions were generated by
LOO. The graphic on the right explains prediction levels:0 denotes the fraction

of patients for whom the correct class was predicted; indicates the fraction for
whom the occurrence of event and complication (yes or no) was predicted correctly;
2 means the patients predicted on the correct tree side (evems. no event). The
remaining fraction of patients was predicted wrongly (distance 3).

. AT3, IP10

. TC, A-a gradient, IP10
. FLNEU%, AT3, IP10, ASMA

2

3

4

5. FLNEU%, AT3, IP10, ACARG, ASMA

6. FLLINF%, AT3, IL-10, TROP, ANCA1, ASMA

7. GOT, FLNEU%, AT3, IL-10, TROP, ANCA1, ASMA

8. Steroid therapy, FLNEU%, GPT, AT3, IL-10, TROP, ANCA1, ASMA

9. Hepatopathy, FLLINF%, GPT, AT3, IL-10, TROP, ANA1, ANCA1, ASMA

10. Hepatopathy, FLLINF%, GPT, AT3, IL-10, ACARG, TROP, ANA1, ANCAL1,
ASMA
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11. Hepatopathy, steroid therapy, potassium sparing diuretics, FLLINF%, GOT,
AT3, IL-10, TROP, ANA1, ANCA1, ASMA

12. Hepatopathy, steroid therapy, potassium sparing diuretics, FLEOS%, FLNEU%,
GPT, AT3, IL-10, TROP, ANA1, ANCA1, ASMA

13. Pathologies : Hepatopathy (liver disease);  Chronic therapies : Steroid
therapy, potassium sparing diuretics; Blood exams : Alanin amino-
transferase (GPT), antithrombin Il (AT3), interleukin 10 (IL-10),
troponin (TROP), antinuclear antibodies (ANA), antineutrophil
cytoplasmatic antibodies (ANCA), anti smooth muscle antibod-
ies (ASMA), Lymphocytes (FLLINF), percentage of eosinophils
(FLEOS%), percentage of neutrophils (FLNEU%).

In the following, we consider the optimal 13-plet as the feature space optimiz-
ing . This combination of 13 features suggests on the one hand a systemic
in ammation and autoimmunity, signaled by neutrophils and autoantibodies, and
on the other hand an immune paralysis and anti-in ammatory e ort (.e. steroid
therapy, IL-10). Furthermore, it has already been suggested that the up-regulation
of in ammatory markers can lead to the progression of the disease to the severe
form and eventually cause liver damage in these patients [83], which suggests why
hepathopathy might be an important feature.

The information provided by these input features on the severity of the course
of the disease is assessed by using these variables to predict the class of each
patient. We rst use a prior-corrected k-NN classi er, in which the class of a
patient is assumed to be the same of their 10 nearest neighbors according to the
input features (see subsection 4.2.4 for details). This predictor has no variational
parameters, and lacks therefore tunability, but allows assessing directly the con-
sistency between the neighborhood of the patients induced by our optimization
procedure. Later in this study, we also use a support vector classi er (SVC) to
compare the results to the k-NN classi cation. In Fig. 4.3b, we plot the accuracies
of the prediction at di erent prediction levels, and for a di erent number of fea-
tures ranging from 1 to 20. The accuracy corresponds to the fraction of patients
predicted correctly at a given prediction level, de ned by the maximum tolerated
distance of the truevs. the predicted class on the severity tree. Levd is the
fraction of patients predicted completely correctly, level is the correct prediction
of having an event and complication, and leve2 is the fraction for whom only
the event was predicted correctly (correct tree side). The remaining percentage
belongs to patients misclassi ed according to having an event or not (levé).
The accuracies are estimated by a leave-one-out (LOO) validation procedure. The
performance increases with the number of features, as seen in the height of the
CDF curves. This e ect staggers with bigger tuple sizes and levels out.
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Our approach automatically also leads to a selection of features which are prac-
tically uncorrelated. This is demonstrated by calculation of the Pearson correlation
coe cient and the pairwise classic Information Imbalance for all the numerical fea-
tures contained in the ,-optimized nplets (Fig. 4.4). The mean of the pairwise

Figure 4.4: The pairwise Pearson correlation heat mat of the numerical features of
the -optimized n-plets(3, 13, and 20) from Fig. 4.3a, and the pairwise, classical
Information Imbalances of the same n-plets.

correlations of numerical features in the best 13-plet is= 0:02, and the pairwise
Information Imbalances mean is = 0 :96. Both numbers mean the features are
practically uncorrelated with each other and do not hold information about each
other. This happens "for free" since adding a feature which can be predicted by
other already selected features does not signi cantly improve,,.

We note that the Weighted Information Imbalance of the top-ranking -
optimized tuples of the same size is very simila.g. the best 13-plet has , =
0:69, while the tenth best 13-plet has ,, = 0:70 and di ers by only 3 features
from the best. Therefore, in Fig. 4.3b and c the plotted lines are averages over
the top ten results.

To put these results in context, we need to compare them to a baseline. We
rst performed a comparison with the predictive performance of randomly selected
tuples. Secondly, we performed a comparison with a prediction performed by as-
signing each patient a "nearest neighbor" at random. To be comparable to our

w-optimized tuples, both comparisons use averages over the ten best perform-
ing random 13-plets (Fig. 4.3c with shaded standard deviation). The prediction
accuracy is much higher in the -optimized 13-plets than when using random
variables. With the ,-optimized 13-plets the exact target class predictions are
about 27% of casesdijstance = 0), while predicting the correct side of the severity
tree (eventvs. no event,distance = 2) has a quota of around 77%. In comparison,
the completely random result distinguishes evengs. no event with under 50%
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accuracy and the random 13-plets from our data set predict the same with an
accuracy of under 60%.

4.3.3 Accuracy of prediction compared to other methods

Accuracy of prediction compared to mutual information and sequential
feature selection

We then compared our results to standard feature selection methods, namely to
selection by a mutual information (MI) score and to forward sequential feature
selection (SFS). Ml is a Iter method which ranks the individual features against
the output classes, while SFS uses the predictor method (here: k-NN and SVC)
in a greedy approach to search the best n-plets, and is hence a wrapper method
(see subsection 4.2.6). Using the top ranking 13 features selected by MI, the 13-
plet selected by SFS (di erent for k-NN and SVC), the 13-plet selected by our
approach, and all features, we perform a prediction with these four sets of features
using two di erent approaches, the k-NN predictor with k=10 and a SVC predictor
with balanced class weights.

Unlike Information Imbalance, these two feature selection methods do not pro-
vide a way to select the optimal tuple size at the feature selection stage. Therefore,
the predictive performances of optimal tuples of several sizes selected with MI and
SFS was compared. Using 13-plets of features remained the standard, since in all
three feature selection models this size was optimal or nearly optimal. The results
are presented in Fig. 4.5a.

Using the k-NN predictor the accuracy of the prediction is signi cantly higher
if one uses our approach. Using SVC, SFS performs better than the other feature
selection methods, especially at a prediction level O (Fig. 4.5a SVC). However, do-
ing the prediction only for the seven minority classes,e. excluding the no-event-
no-complication class (Fig. 4.5b), the feature tuple obtained with our approach
consistently outperforms all other tuples in both, k-NN and SVC predictions. The
SFS tuple has especially low accuracy for minority classes in the SVC predic-
tion, even though balancing class weights were employed in the tuple generation
and prediction. We recall that in imbalanced multiclass prediction the problem is
twofold: prediction in imbalanced datasets tends to favor the majority class, and
on top of this, prediction is more complex than in binary prediction, because there
can be several majority and minority classes with various relationships towards
each other [84, 85]. Furthermore, the error introduced in the imputation could
e ect the minority classes more, as previously elaborated for standard imputation
methods [86].

Their reliance on imputation is an Achilles' heel of both, NMI and SFS, because
most standard implementations, such as scikit-learn [76], need data sets without
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Figure 4.5: Accuracy of prediction using the top -optimized 13-plet, vs. us-
ing the 13 features with the highest mutual information (MI, lter) score on the
imputed data set (red) and the 13-plet selected by forward sequential feature selec-
tion (SFS, wrapper) on the imputed data set (olive). The dashed grey line shows
the prediction using the complete, imputed dataframe without prior feature selec-
tion. LOO was used for generating the predictions. Accuracy corresponds to the
fraction of patients predicted correctly at a given prediction level. The prediction
level corresponds to the maximum tolerated distance of the trues. the predicted
class on the severity tree, as depicted on the right)) Accuracies, using k-NN and
SVC predictors, respectively.b) The same asa, but considering the predictions
of the seven minority classes only (excluding no-event-no-complication). The SFS
13-plets for k-NN and SVC prediction are two distinct ones, using k-NN and SVC
predictors accordingly in the SFS-construction of the 13-plets.

missing values. In our dataset, slightly more minority class data had to be imputed
than majority class data (38%vs. 35%) and the di erent feature selection methods
selected tuples with 49% (NMI), 19% (SFS with 10-NN) and 32% (SFS with SVC)
imputed data. Weighted Information Imbalance, as introduced in this chapter, uses

a data-set-reductive approach (see subsection 4.2.2) and hence does not impute
features. Itis a non-parametric algorithm employing class-balancing weights which
can intrinsically handle multiclass ground truths.

Accuracy of prediction compared to regularized classi ers

Information Imbalance is not a classi cation method. However, in the application
described in this chapter the ground truth metric is de ned on a severity tree. Its
leaves can be considered as categories (classes) which can be used as a target for a
classi cation method. Therefore, a comparison with regularized classi ers, which

do not employ explicit prior feature selection, is presented: The prediction accura-
cies are compared with two regularized classi ers, the sklearn [76] implementations

of
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