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ABSTRACT

Topologically constrained genome-like polymers often double-fold into tree-like configurations. Here, we calculate the exact number of
tightly double-folded configurations available to a ring polymer in ideal conditions. For this purpose, we introduce a scheme that allows us to
define a “code” specifying how a ring wraps a randomly branching tree and calculate the number of admissible wrapping codes via a variant
of Bertrand’s ballot theorem. As a validation, we demonstrate that data from Monte Carlo simulations of an elastic lattice model of non-
interacting tightly double-folded rings with controlled branching activity are in excellent agreement with exact expressions for branch-node
and tree size statistics that can be derived from our expression for the ring entropy.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0318212

INTRODUCTION

Topologically constrained genome-like polymers often double-
fold into tree-like configurations as they form plectonemes due
to supercoiling,’ * undergo loop extrusion,”’ or maximize the
entropy of the crumpled'® territorial'' arrangement of interphase
chromosomes arising from the decondensation of topologically
untangled metaphase chromosomes.'””'* Randomly branching
double-folded ring polymers were first discussed theoretically'” "
and then explored numerically”’ >’ in the context of dense solutions
and melts of unknotted and non-concatenated ring polymers.”®
Figure 1(a) schematizes the progression from an off-lattice repre-
sentation of a double-folded ring, over the association of a randomly
branching tree characterizing the secondary structure,”” to a lattice
model ”**** of tightly double-folded rings with reptons®’ represent-
ing stored length. The purpose of the present work is to calculate
the configurational entropy of randomly double-folded rings in ideal
conditions. To this end, we introduce a scheme that allows us to
define a “code” specifying how a ring wraps a randomly branching
tree, calculate the number of admissible wrapping codes, and present

a detailed comparison of theoretical predictions and corresponding
simulation data for a variant of the elastic lattice model intro-
duced in Refs. 28 and 29, which allows us to control the branching
activity.

NON-INTERACTING TREES CHARACTERIZING
DOUBLE-FOLDING IN THE ABSENCE OF VOLUME
INTERACTIONS

In analogy to the standard phantom chain model,”"*
the present work focuses on double-folding in the absence of
volume interactions. While their inclusion in simulations is
straightforward™ " and their effects can be rationalized by Flory
theory,ls‘j"k“ exact treatments remain a challenge.” 2 Below, we
distinguish between configurations and conformations following the
standard notation in the fields of graph theory and polymer physics.
In particular, we use the term configuration to refer to the con-
nectivity of a tree or the secondary structure’’” of a double-folded
ring, while we employ conformation to designate a spatial embed-
ding [Fig. 1(b)]. Specifically, we consider double-folding onto acyclic
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FIG. 1. lllustration of the modeling steps and notation used in this work. In various
physical and biological situations, (ring) polymers double-fold into conformations
(a1) that can be characterized via acyclic trees (a2) and represented by (elas-
tic) lattice models (a3) along the lines of Refs. 17, 28, and 29 where we have
highlighted the monomer labeled “1” in red. (b1) Another conformation of the
embedded ring for the same configuration of the tree and the same secondary
structure of the double-folded ring. (b2) A cyclic permutation of the ring around
the tree corresponds to a different configuration or secondary structure of the ring.
(b3) A different tree configuration and hence also a different configuration of the

double-folded ring.
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trees embedded on a common regular lattice of unit step length
b and with a coordination number ¢, with ¢ = 2d for the hyper-
cubic lattice in d dimensions and ¢ =12 for the 3d FCC lattice.
While in the general case of ideal random trees, the functionality
f of tree nodes (i.e., the number of other nodes they are con-
nected to) is not restricted, below we mostly focus on the case where
f<3 so that our trees are composed of {Ni,N,,N3} nodes of
functionality f = 1,2, 3, with Niee = N1 + N2 + N3 and the straight-

forward relations,

Nl(NtreE)N3) :N3 +2) (1)

N2(Ntree)N3) = Ntree -

2N; -2, (2)

between node compositions. At the end, we briefly consider the
general case (treated in detail in Sec. S6 in the supplementary

material).

1. Begin by randomly placing a
ring monomer on a node on the
tree. Choose randomly one of the
attached nodes, to decide the direc-
tion of wrapping.

2. When a linear node (a node with
f = 2) is reached for the first time,
place a ring monomer on it and pro-
ceed in the direction of unvisited
tree nodes.

3. When a leaf is reached, place a
ring monomer on it. Turn back and
follow the connectivity of the tree in
the “visited” direction.

4. When a linear node is visited
for the second time, place a ring
monomer on it, and proceed in the
direction of the neighbor 4 that has
not been visited f; times.

2]

[2.2,..]

[2,2,1,..]

2.2,1,]]..]

5. When a branch point (a node
with f = 3) is reached for the first
time, place a ring monomer and ran-
domly choose one of the nodes’ two
unvisited bonds to continue.

6. When a branch point is
reached for the second time, place
a ring monomer on it, and proceed
along the only remaining unvisited
branch.

7. When a branch point is reached
for the third time, place a ring
monomer on it and continue along
the direction of tree neighbor ¢ that
has not been visited f; times.

8.  The procedure concludes af-
ter Nying ring monomers have been
placed on the tree. In the last step,
close the ring by connecting the first
and last ring monomer.

2,2,1,3,..]

2,2,1,3,1,]]..]

2,2,1,3,1,3,1,1] ]

(2,2,1,3,1,3,1,1]

FIG. 2. Rules to construct a tightly double-folded ring polymer (violet circles) wrapped around a tree and how to translate this into a corresponding wrapping code. At each
step, the last placed ring monomer is colored in red. The possible directions of the wrapping procedure are indicated by the orange arrows. In every frame, the evolving
construction of the wrapping code is shown in correspondence with the placed ring monomers. When a ring monomer is placed that does not correspond to a new entry in
the wrapping code, this is indicated by the symbol “|”.
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WRAPPED TREES AND A WRAPPING CODE

Following the procedure originally outlined in Ref. 27 and
described in detail in Fig. 2, double-folding forces the ring to tra-
verse each tree bond twice, so a tree of size Ny is wrapped by a
double-folded ring of length 2(Niree — 1). In the course of the wrap-
ping procedure, every tree node t is visited exactly f; times. Given a
tree with N3 branch-nodes, the wrapping can be performed in

2(Nigee — 1) x 2™ (3)

distinct ways, where the factor 2(Niree — 1) denotes the number of
circular permutations of the ring (i.e., the possibility of choosing
which ring monomer gets the label i = 1) and the factor 2™ enumer-
ates the different directions of wrapping that can be chosen when
encountering a branch-node (i.e., step 5 in Fig. 2).

The wrapping code records the order in which new tree nodes
are encountered along the ring. Importantly, walking along the
labeled ring starting from the ring monomer i = 1, one can encode
the configuration by noting the functionalities (Fig. 2),

(1o [N s 4

of newly encountered tree nodes. As illustrated in Sec. S1 in the
supplementary material, a wrapping sequence contains the informa-
tion to reconstruct the unique configuration of a double-folded ring
polymer. In particular, any permutation in the wrapping sequence
corresponds to a different set of monomer pairings or secondary
structure. There is thus a one-to-one correspondence between the
configuration of a double-folded ring polymer and the wrapping
code. To specify the polymer’s conformation, one must addition-
ally record, during the wrapping process, each newly encountered
tree-bond vector, {51 =7 — 71,...,1;,\1”&,1}, where 7; is the spa-
tial position of node i (with i=1,...,Nie) in the embedding
space.

THE TOTAL NUMBER OF VIABLE WRAPPING CODES

Not every generic Niyce-long succession of 1’s, 2’s, and 3’s
corresponds to a legitimate double-folded ring. For instance, the
procedure illustrated in Fig. 2 implies that a proper wrapping code
must always end with fy,. =1 because the tree node with index
= Niree is by definition only visited for the first (and hence only)
time toward the end of the wrapping procedure. For given values
(Niree, N3 ), this constraint leaves

— 1)
(N tree — 1 ) . ( 5 )
(N; = 1)! N2! N3!
potential orderings of the first Ny — 1 entries of a wrapping code.
The condition that the ring must only be closed with the last
placed bond rules out a code like [1, 1, 3, 1], where the ring would
already be closed after two steps (see Fig. S2 in the supplementary
material). To see when the reading of a wrapping code leads to an
error, it is useful to keep a count n of the numbers of f’s read. The
ring cannot close prematurely as long as n; < n3 + 2 because then the
encountered trees nodes do not fulfill the condition for a wrappable
sub-tree. Using the global constraint N1 = N3 + 2, this is equivalent
to the condition Ny — 1 > N3 — n3 for the rest of the wrapping code.

COMMUNICATION pubs.aip.org/aipl/jcp

Now, consider reading the code backwards. Then, the first entry is
always a ‘1, and the above condition for a viable wrapping code
implies that for the remaining N — 1 entries, the number of 3’s
may never be ahead of the number of 1’s. The probability for this
to be the case in a random sequence of Ny —1=N3+1 I’s and
N3 3’sis given by a generalized form of Bertrand’s “ballot theorem™*’
that permits ties (see Sec. S2 in supplementary material for details),
namely, the fraction of valid sequences is

2
N3+2.

(6)

Multiplying the total number of admissible permutations in Eq. (5)
by the ballot-theorem fraction in Eq. (6), we obtain the total num-
ber of viable wrapping codes and thus of tightly double-folded rings
configurations for given (Niree, N3),

2(Niree — 1)!
Qring(Ntree> NS) = %: (7)

with N; and N, given by Eqgs. (1) and (2), respectively.

CONTROLLING THE BRANCHING ACTIVITY

The branching activity of the double-folded rings can be con-
trolled via a chemical potential p,” »2045% in the partition function
for tightly double-folded rings,

,max

N;,
Zring = Zring (Ntree» [43) = CNmeil Z Qring (Ntree» NS) exp (ﬁ//‘SNﬁa)a

N3=0

(8)
where N3 max = (Niree — 2) /2 for Niree even and Nz max = (Niree — 3)
/2 for Niree 0dd [see Eq. (2)] and ¢ is the coordination number of the
embedding lattice.

ACCOUNTING FOR THE REPTONS IN THE ELASTIC
LATTICE MODEL

The elasticity in our lattice model”*”’ of tightly double-folded
rings emerges from the ring-bond length being either zero or equal
to the lattice spacing [see Fig. 1(a3)]. However, up to this point, the
theory was formulated at fixed tree size Nyce. To compare with the
elastic lattice model, we now switch to an ensemble at fixed ring
length Nying in which the ring-bond length, and so the size Niree
of the underlying tree, fluctuates. Now, the probability to observe
a double-folded ring conformation with Niree and N3 is given by

Qrep (Nring; Ntree) Qring (Ntree) N3) eﬁ#aNs
Zelastic (Nring: U3 )

p(Ntree> N3|Nring;,u3) =

>

©)

where Qrep(Nring,Ntree) is the number of ways to place zero-length
bonds (“reptons”) on a ring (see Sec. S3 in the supplementary
material) and where

Zelastic (Nring) U3 ) = Z Qrep (Nring> Ntree) Zring (Ntree; U3 ) (10)
N'JEE
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is the partition function of the elastic system. Expectation values
for the tree size and the number of f = 1,2, 3-functional nodes as
a function of (Niing, #45) can be calculated by numerically summing

(Ntree) = Z Z NtreeP(Ntree:N3|Nring»[43)’ (11)
Niree N3

(N3) = Z Z NSP(Ntree>N3|Nring>,u3)- (12)
Niree N3

The values for (N1) and (N ) follow then from Egs. (1) and (2). For
more details, see Sec. S3 in the supplementary material.

COMPARISON TO SIMULATION RESULTS

To validate our results, we have performed computer sim-
ulations of our elastic lattice model”*”* for tightly double-folded

N, ring:64

Niine=216

COMMUNICATION pubs.aip.org/aipl/jcp

rings, where we included the possibility into the code to control
the branching activity along the lines of Eq. (8). We have generated
double-folded rings polymers for lengths Ny € [64,216,512,1000]
and chemical potentials By, € [0, -2, -4, -6, -8]. All simulated sam-
ples consist of 200 independent double-folded ring conformations.
For details of the implementation, the equilibration procedure, and
the simulations, we refer the reader to Refs. 28 and 29.

As visually represented in Fig. 3, the sampled datapoints
(red dots) all fall around the peaks of the theoretical distri-
butions, Eq. (9), into bins with expected sampling probabilities
P(Niwees N3|Nring, p43) 2 1072, A more rigorous validation, based
on a statistical quantitative test, that Eq. (9) correctly represents
the underlying distribution of sampled datapoints is described in
detail in Sec. S4 in the supplementary material. Finally, Fig. 4
shows (main panel) the corresponding averages for (N; + N3)/2
and (N,) normalized to (Nye) as well as (inset) for (Niree)

Niing=512  Nyip,=1000

B3

Bus

Bz

Bus=—6<,

g
6/’63 8 EO.I

107!
1073
107°
0 o)
&£
E
<.
_9 —_
10 g
g
o
s
—11
O ol :
E
<
10—13
M v
10717
0 0.1 0.2 0‘.3 04 050 0.1 0.2 0.3 04 .5 0.1 0.2 0.3 04 0.5 0.1 0.2 0.3 04 0.5 D&ta
Niree/ Neing Niree/ Neing Nireo/ Niing Niree/ Niing

FIG. 3. Density map representation of the 2d probability distributions [Eq. (9)] of sampling a tuple (Nyee, N3) at a given Nyng and for different values (see legends) of the
branching chemical potential Bu,. Yellow/blue regions are more/less likely to be sampled, as indicated by the color bar on the right. Tuples with a probability of sampling

<10="° are white in the above plots. The red dots represent the sampled data points from computer simulations of the elastic polymer model; they all fall on the maxima of

the predicted probability distributions with no systematic deviations observed.
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FIG. 4. Expectation values of node functionalities normalized to the mean tree size
(Nyee) (main panel) and mean tree size normalized to the ring size Ning (inset)

as a function of the branching chemical potential Su,. Results: (“x"-symbols)
sampled averages of the elastic lattice model; (square-symbols) numerically
evaluated sums Egs. (11) and (12); and (lines) analytical asymptotic formulas
[Egs. (15)-(17)].

— 1 normalized to Nring/Z. Not surprisingly, the sampled averages
(“x”-symbols) are also in good agreement with the numerically
evaluated sums (square-symbols).

ANALYSIS OF THE ASYMPTOTIC BEHAVIOR

In Sec. S5 A in the supplementary material, we show that the
partition function for double-folded rings, Eq. (8), is asymptotically
dominated, up to power-law corrections, by the exponential term,

¢ \New
m) : (13)

Zring (Ntree: /’l3) ~ (
with

Mus) = (2 +exp (—Pus/2)) ™. (14)
Using Stirling’s approximation for Orep (Nring, Niree) [Eq. (S6) in the

supplementary material] and keeping only the dominant tree size in
Eq. (10), one finds (see Sec. S5 B in the supplementary material)

-1
(Niree) — 1 %( 1-21 +1) , s

Nrmg/z Cc

and Egs. (11) and (12) can be approximated as

(N])—l =<N3>+1z

A 16
(Ntree) (Ntree> ( )
so that
{N2) ~1-2) 17
(Noee) ' (17)

The corresponding lines in Fig. 4 (main panel and inset) are in
excellent agreement with the numerical data points for the explored

COMMUNICATION pubs.aip.org/aipl/jcp

values of Nring. Similarly, we have also found excellent agreement
between the predicted distribution of reptons on nodes of given
functionality [which is described by a beta-binomial law, see Eq.
(525) in the supplementary material] and the numerical data (for an
in-depth discussion, see Sec. S5 C in the supplementary material).

ARBITRARY NODE FUNCTIONALITIES

In general, a ring wrapping a tree passes each tree node t exactly
f times. This implies that the wrapping procedure has (f; — 1)!
choices of direction for wrapping per tree node t. Reversing the
arguments for Eq. (7) and Sec. SI in the supplementary material,
by assigning to each labeled’® tree a multiplicity of (f; — 1)! per tree
node of functionality f;, we conjecture that the generalized version of
Eq. (7) is given by

(Niree - 1)!
Qring(Ntree, {Nf}) = zﬁl\rf', (18)

‘max *

where fnax is nodes’ maximal functionality. From Eq. (18), all previ-
ously derived results can be extended accordingly. In Sec. S6 in the
supplementary material, we derive a polynomial identity, Eq. (S36)
in the supplementary material, that needs to be solved numerically
to approximate the expected number of tree-nodes (N f), for given
functionality f and corresponding set of branching chemical poten-
tials {g1,..., 4y, }. Notably, there are two simple limiting cases for
chemical potentials {u = 0},

19)

T\ 277 fnae = 0o,

Niree =00 Ntree

. (Ny) {1/3 if fiax = 3,

In Fig. 5, we show that data from the supporting information of
Ref. 29 for Niing = 216, {u = 0} and maximal functionalities up
to fmax = 12 (symbols) are in good agreement with the theoretical
expressions (lines). The (essentially) equal prevalence of f=1,2,3
functional nodes for fnax = 3 corresponds to the crossing of the lines
in the main panel of Fig. 4, while the functionality distributions for
finax > 3 quickly approach the asymptotic 2~/ behavior.

3

1

107*{ e Data
Theory

/

I

2 i 6 8 10
f

FIG. 5. Mean number of nodes of functionality f for trees with maximal nodes’
functionality fax and branching chemical potentials {4, = 0}. Symbols and lines
are for sampled averages of the elastic lattice model and our theory.
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CONCLUSION AND OUTLOOK

To summarize, we have introduced a wrapping code for char-
acterizing the secondary structure of double-folded rings, which
allowed us to count the number of available configurations for freely
jointed rings in the absence of volume interactions. Resulting pre-
dictions for ensembles with controlled branching activity are in
excellent agreement with data from Monte Carlo simulations of an
elastic lattice model of non-interacting tightly double-folded rings.
In a forthcoming publication,”” we will establish a coherent frame-
work for the modeling of double-folded rings on the ring and on
the tree level, which is based on a direct mapping between the two
ensembles explored here and in Ref. 46. Importantly, this connection
enables to leverage the computational efficiency of MC algorithms
for randomly branched polymers® in ring studies, including vol-
ume interactions like excluded-volume effects, which are, of course,
relevant in realistic systems. Ultimately, we aim at studying the con-
sequences of topological constraints on the organization of entire
genomes.’

SUPPLEMENTARY MATERIAL

The supplementary material contains a section illustrating the
decoding of the wrapping code, a presentation with demonstration
of the “ballot theorem,” the derivation of the statistical weight of
reptons, a validation of Eq. (9) using a statistical test, formulas for
the trees/rings asymptotic behavior, treatment of trees with nodes of
arbitrary functionality, and additional figures.
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