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ABSTRACT

This PhD thesis investigates advanced stabilization strategies for the simulation of
convection-dominated flows. The primary objective is to enhance the numerical stabil-
ity and accuracy of classical methods through the integration of filtering and correction
strategies.

The first part of the thesis focuses on the stabilization of marginally-resolved simula-
tions, where insufficient spatial resolution often leads to numerical instabilities, with the
use of filtering strategies, in the so-called Evolve-Filter-Relax (EFR) framework. A compre-
hensive review of existing filtering strategies is presented, followed by the development of
novel methodologies. These include an optimized EFR algorithm with parameter tuning
over time, a reinforcement learning-based adaptive filtering strategy, and a novel data-
driven energy-conserving EFR formulation. Together, these contributions demonstrate
how adaptive and learnable filtering techniques can significantly improve stability and
robustness.

Motivated by the need to reduce the computational cost of high-fidelity simulations,
the second part focuses on reduced order methods (ROMs), particularly in the Proper
Orthogonal Decomposition (POD)-based framework. After reviewing the main stabiliza-
tion techniques available in the literature, the thesis introduces novel data-driven filtering
and correction methodologies to improve the performance of POD-based ROMs. These
include replacing classical ROM filters with learned stabilization operators and introduc-
ing data-driven closure terms to recover the effects of the truncated POD modes. Fur-
thermore, the proposed closure modeling strategies are extended to non-intrusive ROMs
throughmachine-learning-based correction models operating in a purely data-driven set-
ting. Overall, these methodologies significantly improve both the stability and the predic-
tive accuracy of classical POD-based ROMs.

While the second part remains inherently limited by the linear POD projection, the
third part of the thesis explores the transition toward nonlinear reduced-order model-
ing. After reviewing the main nonlinear ROM methodologies available in the literature,
the thesis investigates convolutional neural network architectures for the efficient com-
pression of full-order operators, laying the foundations for more expressive and physics-
based nonlinear ROMs.

Overall, this work highlights the potential of combining stabilization strategies with
machine learning and data-driven techniques to address key challenges in flow simula-
tions, both on physical grids and in ROMs.
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INTRODUCTION

Many real-world phenomena can be mathematically described by means of Partial Differ-
ential Equations (PDEs). In this thesis, we focus on the mathematical modeling of fluid
flows, whose dynamics are governed by the Navier–Stokes Equations (NSE). These equa-
tions, first introduced in the nineteenth century [233, 317], describe the evolution of the
velocity and pressure fields in a fluid and constitute the fundamental model of fluid dy-
namics.

Despite nearly two centuries of research devoted to their analysis, the NSE remain
only partially understood. In particular, the question of global existence and smoothness
of solutions in three dimensions is still open and constitutes one of the Millennium Prize
Problems. In the field of Computational Fluid Dynamics (CFD), and, in particular, in the
study of incompressible fluids, the main difficulties associated with the NSE arise from
the nonlinear convective term, which leads to highly complex dynamical behaviour [52].
In several relevant applications, including the aerodynamic flows around aircraft wings,
atmospheric and oceanic circulation, and industrial fluid processes, these equations give
rise to the phenomenon of turbulence. The dimensionless Reynolds number 𝑅𝑒, intro-
duced by Osborne Reynolds in his investigation of water flow in pipes [272], quantifies
the ratio of inertial to viscous forces and serves as a key indicator of the transition from
laminar to turbulent regimes.

Turbulence is a phenomenon characterized by irregular and chaotic motion across a
wide range of interacting three-dimensional spatial scales. Accurately resolving all these
scales requires extremely fine spatial and temporal discretizations. Direct Numerical Sim-
ulation (DNS) aims to resolve the full range of turbulent scales without introducing mod-
eling assumptions, but its computational cost rapidly becomes prohibitive as the Reynolds
number increases. This leads to a complexity estimate of O(𝑅𝑒3), making DNS impracti-
cal for realistic applications. To overcome these limitations, several modeling strategies
have been developed, including Large Eddy Simulation (LES) and Reynolds–Averaged
Navier–Stokes (RANS) equations [256, 352, 91, 218, 284].

On the one hand, the RANS equations, and their unsteady counterpart Unsteady
Reynolds–Averaged Navier–Stokes (URANS), provide a description of the flow in terms
of Reynolds-averaged quantities, solving for the mean velocity and pressure fields while
modeling the effects of turbulent fluctuations through turbulence closure models. This
approach drastically reduces the computational cost, making it suitable for engineering
applications, but at the expense of losing detailed information about instantaneous turbu-
lent structures.
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On the other hand, LES reduces the complexity by separating different spatial scales.
This separation is obtained by applying a spatial filtering operation to the NSE, which
decomposes the flow field into resolved large energy-containing scales and unresolved
small scales, named Sub-Grid Scales (SGS). LES acts as amiddle groundbetweenDNSand
RANS, offering high accuracy but still requiring high cost in many practical applications.

Many different modeling assumptions have been introduced in the past decades to
model turbulence both for LES and RANS approaches. One of these theories is the in-
troduction of a fictitious turbulent viscosity named eddy viscosity, first introduced in [40],
which mimics the dissipative effect of unresolved turbulent fluctuations. A classic ex-
ample is the Smagorinsky model [312], which is an implicit filtering strategy originally
developed in the LES context.

Besides LES and RANS, an alternative approach is to reduce the computational cost
of DNS by exploitingmarginally-resolved grids, i.e., grids that capture the largest energetic
structures butmay produce numerical instabilities. This phenomenonmay appear in stan-
dard discretization methods, like Finite Element Method (FEM), Finite Volume Method
(FVM), or Spetral ElementMethod (SEM). In this case, the problem becomes of a different
nature: it is not the modeling of unresolved physical scales, as in LES, but the control of
numerical instabilities arising from under-resolution. These instabilities often manifest
as spurious oscillations or unphysical vortical structures, which can compromise the ac-
curacy and stability of the solution.1 Spatial filtering strategies can alleviate or even sup-
press these numerical issues, selectively damping the small-scale energy content while
preserving the physically relevant flow features. However, standard spatial filters, like
the differential elliptic filter [107, 108], may introduce excessive numerical diffusion, re-
ducing the accuracy of the resolved large-scale structures, and their effectiveness often
depends on the choice of the filter type and on the filter width [190]. Moreover, in many
practical simulations, the optimal filtering parameters are problem-dependent and not
straightforward to determine, which can limit the robustness of the approach.

These challenges define the first step of the methodological framework developed in
this thesis, whose pipeline is divided into three parts and represented in Figure 1.

In particular, the limitations of the state-of-the-art spatial filters motivate the develop-
ment of adaptive and data-driven filtering strategies, which constitute Part I of the thesis.
Part I is divided as follows:

⊲ Chapter 1 reviews the literature on filtering strategies, and introduces strengths and
weaknesses of the most used spatial filtering approaches, and in particular of the
Evolve-Filter-Relax (EFR) approach.

⊲ Chapter 2 describes how the EFR parameters can be optimized in a data-driven
way [147]. This is a joint work in collaboration with M. Strazzullo, M. Girfoglio, T.

1Although energy-stable or dissipative schemes can prevent the onset of numerical blow-up, marginally-
resolved simulations may still suffer from inaccurate solutions and spurious oscillations.
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Figure 1: Illustrative sketch of the pipeline followed in the thesis, and related methodolo-
gies.

Iliescu, andG. Rozza. Part of this studywas held duringmy one-month secondment
at Virginia Tech in October-November 2023.

⊲ Chapter 3 introduces an adaptive way to optimize the filter radius via reinforcement
learning, with and without making use of reference data [148]. This work is in col-
laboration withM. Strazzullo and G. Rozza, andwas partially developed duringmy
two-week visiting period at Politecnico di Torino in October 2025.

⊲ Chapter 4 presents a different and totally data-driven filtering operation within the
EFR framework [150]. This project is in collaboration with T. V. Gastelen, S. D.
Agdestein, B. Sanderse, G. Stabile and G. Rozza. This study has been conducted
during my three-month internship at CWI in Amsterdam.

Whilemarginally-resolved simulations reduce the computational complexity compared
to DNS, many practical applications, such as design optimization, control, or parameter
studies, may require real-time or near-real-time predictions. In these scenarios, a Reduced
OrderMethod (ROM) provides an additional level of simplification by projecting the high-
dimensional system, typically called Full Order Model (FOM), onto a low-dimensional
subspace. This type of model captures the dominant flow features while drastically low-
ering the computational cost. ROMs are typically constructed using data-driven tech-
niques, such as Proper Orthogonal Decomposition (POD), which extract the most ener-
getic modes from some pre-collected high-fidelity solutions [212, 311]. Once the reduced
basis is identified, the governing equations can be projected onto this low-dimensional
space, leading to a system of ordinary differential equations that can be solved orders of
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magnitude faster than the original FOM. This is the logic behind equation-based or intrusive
ROMs.

For convection-dominated flows or flows with complex nonlinear interactions, classi-
cal projection-based ROMs, like POD-Galerkin ROMs, may suffer from numerical instabil-
ities and accuracy loss, especially when considering a marginally-resolved regime. As at
the FOM level, simulations on marginally-resolved grids may lead to instabilities, also at
the ROM level, the selected modes may not fully capture small-scale dynamics. These is-
sues can be addressed, just as in the FOM, using closure or filtering approaches, like eddy-
viscosity modeling [234] or Leray-type regularizations [198]. These types of techniques
might be employed in ROMs with different scopes. First, the introduction of turbulence
models, like eddy viscosity models, ensures consistency with the FOM counterpart and
acts as a closure also at the reduced level, improving the accuracy of the approximation.
Second, a well-known approach in the ROM literature is to reintegrate the contribution of
the discarded basis by adding some extra data-driven correction terms into the reduced
system, in a Variational Multiscale (VMS) fashion. In this case, the correction aims to cor-
rect the existing approximation using data, and does not constitute a closure in its classical
sense. Finally, if we consider the class of ROM spatial filters, the goal is to smooth out the
oscillations and stabilize the simulation, exactly as for the high-fidelity counterpart.

Part II of the thesis describes three ways to improve these techniques in POD-based
ROMs by means of data-driven and machine-learning-based stabilization. More in de-
tail:

⊲ Chapter 5 presents the basic notions and literature review on POD-Galerkin ROMs
and associated closure and filtering approaches.

⊲ Chapter 6 introduces a data-driven stabilization operator for Leray-ROMs [336], de-
veloped in collaboration with P. H. Tsai, A. Quaini, T. Iliescu, and G. Rozza.

⊲ Chapter 7 presents a correction-based approach for parametrized ROMs via neural
networks [146, 145]. These works are done in cooperation with G. Stabile and G.
Rozza.

⊲ Chapter 8 extends the concept of “POD correction” to nonintrusive and totally data-
driven ROMs [68]. This work was held in collaboration with G. Codega, N. Demo
and G. Rozza.

The use of linear techniques like POD, poses a limit on the ROM accuracy, particu-
larly when the flow dynamics exhibit strong nonlinearities or are dominated by transport
phenomena. A wide class of research focuses on integrating nonlinear techniques into
linear ROMs (like machine learning-based correction terms, as in Part II). However, these
approaches are always limited by the linear projection step. To overcome this limitation,
recent research has explored fully nonlinear dimensionality reduction, where the solution
manifold is represented through a nonlinear mapping. In this context, the AutoEncoder
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(AE) [132, 193], thanks to its inherent architecture, has emerged as a powerful tool to
learn a low-dimensional latent representation. Once such a nonlinear representation is
available, the reduced modeling problem shifts from approximating the dynamics in the
original space to modeling the evolution of the latent variables. Consequently, a signifi-
cant portion of current research is devoted to identifying suitable operators or surrogate
models that evolve the latent state in time or with respect to the parameters of interest.
Part III of the thesis represents a step towards a fully nonlinear and equation-based re-
duction approach. In particular, we propose a nonlinear compression technique via Con-
volutional Neural Network (CNN), for the operators of the high-fidelity model. Our goal
is to derive a reduced dynamical system while retaining an explicit connection with the
governing equations. More in detail, Part III is divided as follows:

⊲ Chapter 9 presents a literature reviewonnonlinear approaches andCNNs for ROMs.

⊲ Chapter 10 introduces a novel approach for nonlinear operator compression in PDEs [144],
developed in collaboration with G. Stabile and G. Rozza.

The thesis concludeswith a comprehensive discussion of the results, themain conclusions,
and directions for future research.

This thesis represents amethodological research journey, focused on the development
and assessment of numerical and reduced-order strategies to improve the stability of fluid
flow simulations. While the work is framed around general methodological develop-
ments, all approaches are tested and validated on a range of two- and three-dimensional
benchmark problems, spanning from simple convection-dominated flows to more com-
plex geometries. The overarching goal is to leverage both data and physical knowledge
of the system to design filtering and closure mechanisms that enhance predictive capabil-
ities.

Software tools The numerical results presented in this thesis have been obtained thanks
to different open-source packages: (i) OpenFOAM [240, 153], FEniCS [9, 206, 205, 207],
FEniCS-X [21, 10, 303, 304], Nek5000 [93, 92], and IncompressibleNavierStokes.jl [2, 3] for
high-fidelity simulations; (ii) ITHACA-FV [313, 314, 138] for intrusive ROMs built from
OpenFOAM, NekROM [161] for intrusive ROMs built from NekRS [93, 92], EZyRB [81,
80] for nonintrusive ROMs, PINA [72] for scientific machine learning tools, Smithers [84]
for transversal code tools and databases. I warmly acknowledge all the developers and
maintainers of the above-mentioned libraries.

Notes on content

⊲ The thesis does not include the work done in collaboration with P. Zappi, N. Toni-
cello, P. Cinnella, and G. Rozza. The paper [149] and its extension [362] combine the
potential of different RANS turbulence models with the efficiency of nonintrusive
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ROMs via space-dependent aggregation techniques. Since unrelated to the main
topics of the thesis, the results have been omitted.

⊲ Since the three parts of the thesis treat different topics, a more detailed literature
review can be found in the first chapter of each part, namely Chapters 1, 5 and 9.

⊲ The thesis includes orange-coloured boxes like the following:

Proof: …

for mathematical proofs, and water green-coloured boxes like the following:

Remark: …

for remarks, regarding, for example, implementation details or notes on notation.
These boxes are optional and may be skipped by the reader without losing any es-
sential information.
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1

FILTERING APPROACHES: LITERATURE REVIEW

This chapter reviews the concept of filtering in turbulent flow simulations and presents a
far-from-exhaustive list of existing filtering strategies.

1.1 The Navier–Stokes Equations and turbulence

To simulate an incompressible fluid flow in a 𝑑-dimensional physical domain Ω ⊂ R𝑑

(with 𝑑 = 2 or 3) and in a time window 𝑡 ∈ [𝑡0 , 𝑇], we rely on the incompressible NSE,
which are composed of the momentum conservation equation and the mass conservation
(or continuity equation). If we denote with 𝒖 = 𝒖(𝒙 , 𝑡) and 𝑝 = 𝑝(𝒙 , 𝑡) the velocity and
pressure fields, respectively, the incompressible NSE read as follows [233, 317].

𝜕𝒖
𝜕𝑡
+ (𝒖 · ∇) 𝒖 = 𝜈Δ𝒖 − ∇𝑝 + 𝒇 in Ω × (𝑡0 , 𝑇],

∇ · 𝒖 = 0 in Ω × (𝑡0 , 𝑇].
(1.1)

In the above expression1, 𝜈 is the kinematic viscosity, and 𝒇 represents external forces,
like gravitational or electromagnetic effects. It is important to highlight that 𝑝 refers to
the fluid pressure field divided by the fluid density 𝜌. Moreover, 𝒖 ∈ U and 𝑝 ∈ Q, where
U and Q are suitable Hilbert function spaces. The Equations (1.1) are subject to the initial
conditions 𝒖 = 𝒖0, 𝑝 = 𝑝0 in Ω × {𝑡0}, and to specific boundary conditions. We can write:

𝒖 = 𝒖𝐷 on Γ𝐷 × (𝑡0 , 𝑇],
−𝑝𝒏 + 𝜈

𝜕𝒖
𝜕𝒏

= 0 Γ𝑁 × (𝑡0 , 𝑇],
(1.2)

where 𝒏 is the normal unitary vector, Γ𝐷 and Γ𝑁 are the Dirichlet and Neumann bound-
aries, with Γ𝐷 ∪ Γ𝑁 = 𝜕Ω, and Γ𝐷 ∩ Γ𝑁 = ∅.

The complexity of the NSE is largely characterized by the Reynolds number 𝑅𝑒 = 𝑈𝐿
𝜈 ,

where 𝐿 and 𝑈 are the characteristic length and velocity scales, representing the largest
flow structures. When 𝑅𝑒 � 1, the nonlinear term (𝒖 · ∇) 𝒖 dominates over the viscous
term 𝜈Δ𝒖. For large 𝑅𝑒, namely in turbulent flows, the solutions of the NSE exhibit the
so-called energy cascade [273]. We start by defining the kinetic energy as:

ℰ(𝑡) = 1
2|Ω|

∫
Ω
𝒖(𝒙 , 𝑡) · 𝒖(𝒙 , 𝑡) 𝑑𝒙. (1.3)

1We specify that in system (1.1), “∇” is a vector field of components
[
𝜕
𝜕𝑥 𝒊̂ ,

𝜕
𝜕𝑦 𝒋̂

]
in 2D (𝑑 = 2) and[

𝜕
𝜕𝑥 𝒊̂ ,

𝜕
𝜕𝑦 𝒋̂ ,

𝜕
𝜕𝑧 𝒌̂

]
in 3D (𝑑 = 3), where 𝒊̂, 𝒋̂ and 𝒌̂ are the unitary vectors in the 𝑥, 𝑦, and 𝑧 directions, re-

spectively. Alternatively the term (𝒖 · ∇)𝒖 can be written as ∇ · (𝒖 ⊗ 𝒖), as will be recalled in Section 5.1.
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1.1. THE NAVIER–STOKES EQUATIONS AND TURBULENCE

If we analyze the time variation of the energy for the NSE in a periodic domain and in the
absence of external forces, we obtain:

𝑑ℰ
𝑑𝑡
∝

∫
Ω
𝒖 · 𝜕𝒖

𝜕𝑡
𝑑𝒙 = −

∫
Ω
𝒖 · (𝒖 · ∇) 𝒖 𝑑𝒙 −

∫
Ω
𝒖 · ∇𝑝 𝑑𝒙 + 𝜈

∫
Ω
𝒖 · Δ𝒖 𝑑𝒙.

The nonlinear term can be written as 1
2

∫
Ω ∇ · (|𝒖|2𝒖)𝑑𝒙, which is zero for a periodic do-

main. The pressure term is decomposed using integration by parts and vanishes under
the divergence-free constraint. The only remaining term is the viscous term, leading to:

𝑑ℰ
𝑑𝑡
∝ −𝜈

∫
Ω
|∇𝒖|2 𝑑𝒙 ≤ 0. (1.4)

The above result means that the energy is always dissipated in the absence of external
forces, and under periodic boundary conditions. In particular:

⊲ The energy is transferred by the source forcing term to the large scales of the flow.

⊲ There exists a medium-scale range where the nonlinear term drives the energy into
smaller eddies, and the energy is conserved, as the viscous term is negligible. Ac-
cording to the K41 theory, developed by Kolmogorov in [176, 174], in the medium
range (in which energy is not dissipated), named inertial range, the energy ℰ fol-
lows the Kolmogorov law:

ℰ(𝜅) = 𝐶K 𝜖2/3 𝜅𝑎 , (1.5)

where 𝐶K ∈ [1.4, 1.7] is the Kolmogorov constant, 𝜖 is the flow dissipation rate, 𝜅 is
the wavenumber, and 𝑎 = −5/3 in three dimensional turbulence.

⊲ At the smallest scales, energy decays exponentially, as dissipation is not negligible.

At this point, the natural question is:
What are the maximum and minimum wavenumbers (or length scales) of the inertial range, i.e.,
for which the Kolmogorov law is applied?
The maximum scale coincides with the large-scale characteristic length 𝐿, while the min-
imum scale is the so-called Kolmogorov length scale (or micro-scale) 𝜂. From statistical
energy equilibrium, it can be proved that the Kolmogorov length scale is:

𝜂 = 𝑅𝑒−3/4𝐿.

This result also determines the highest wavenumber in the inertial range (1/𝜂).
To investigate how the turbulent kinetic energy is distributed among the different flow
scales, the energy spectrum is commonly analyzed. The Fourier transform provides a
representation of the velocity field in the wavenumber space, where large wavenumbers
correspond to small spatial structures and low wavenumbers to large-scale motions. The
energy spectrum quantifies the contribution of each wavenumber to the total turbulent
kinetic energy. The energy spectrum for three-dimensional turbulence is qualitatively
represented in Figure 1.1a.

9
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On the other hand, when dealing with two-dimensional turbulent flows, the dynamics
and interaction amongdifferent scales are substantially different. In this case, it is essential
to introduce a second metric, the enstrophy:

𝒵(𝑡) = 1
2|Ω|

∫
Ω
|𝝎(𝒙 , 𝑡)|2 𝑑𝒙 , (1.6)

where 𝝎(𝒙 , 𝑡) = ∇ × 𝒖(𝒙 , 𝑡) is the vorticity. The enstrophy quantifies the strength of
rotational motion in a fluid, and has a profound effect on the inertial energy transfer in
2D isotropic turbulence [177].

In two-dimensional turbulence, the dynamics are constrained by the simultaneous
conservation of energy and enstrophy [237]. As first described by Kraichnan in [177], this
leads to a dual cascade. On the one hand, energy, which is injected at an input wavenum-
ber 𝜅 𝑓 , tends to transfer to larger scales (inverse energy cascade) following the ∼ 𝜅−5/3 law,
as in 3D turbulence. On the other hand, enstrophy cascades toward smaller scales (direct
enstrophy cascade), producing the characteristic energy spectra 𝜅−3 in the inertial range.
For more details on 2D turbulence, we refer the reader to [26, 175, 76, 250, 37]. The energy
spectrum for 2D turbulence is graphically summarized in Figure 1.1b.

1/L 1/η

Energy cascade

Inertial range

DissipationInjection

κ−5/3

log(ℰ)

log(κ)

(a) 3D turbulence.

log(ℰ)

log(κ)κL ∼ 1/L κd ∼ 1/η

κ−5/3

κ−3

Inverse 
energy 
cascade

Enstrophy 
dissipation

κf

Direct 
enstrophy 

cascade

Energy 
dissipation

Injection

(b) 2D turbulence.

Figure 1.1: Energy spectrum qualitative behaviour in the case of two-dimensional and
three-dimensional turbulence.

Since turbulence involves a wide range of interacting spatial scales, resolving all of
them is often computationally unfeasible, requiring O(𝑅𝑒9/4)mesh points. Filtering tech-
niques are therefore introduced in Section 1.2 to separate the resolved large scales (the
filtered velocity) from the smaller unresolved ones, which are either removed or mod-
elled via closure strategies. In this fashion, the velocity field (and every field considered)
is interpreted as the sum of a filtered part 𝒖 and a sub-filtered (unresolved) part 𝒖′.

1.2 Filtering strategies for turbulent flow simulations

A filter is an operator ℱ𝛿 which, applied to the velocity, outputs the filtered velocity:

𝒖 = ℱ𝛿(𝒖).
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In particular, local spatial averaging is a filter, and in this case, the filtering operation can
be defined as a convolution (or cross-correlation) operation, as follows:

𝒖 = ℱ𝛿 ∗ 𝒖 , (1.7)

where ℱ𝛿 denotes the kernel of the convolution [190]. Filter kernels typically depend on
the parameter 𝛿 > 0, commonly referred to as filter radius or filter width. This parameter
determines the characteristic scale of the filtering operation and controls the amount of
smoothing applied to the velocity field. The choice of the filter radius 𝛿 is crucial for the
success of the method, and typically 𝛿 ∼ O(𝜂) or O(ℎmin), where ℎmin is the minimum
mesh size [107]. If we consider a smooth function ℱ(𝒙) with 0 ≤ ℱ ≤ 1, ℱ(0) = 1 and∫
R𝑑 ℱ 𝑑𝒙 = 1, the filter kernel is defined as

ℱ𝛿(𝒙) = 𝛿−𝑑ℱ(𝒙/𝛿).
We list here two types of local-averaging filters.

⊲ The top hat filter (or box filter) is fundamentally an unweighted spatial average over
the neighbourhood of a given point. In this case:

ℱ𝛿(𝒙) =


1
|ℬ𝛿 | for 𝒙 ∈ ℬ𝛿 ,

0 for 𝒙 ∉ ℬ𝛿 ,
(1.8)

where ℬ𝛿(𝒙) is a ball (or disk in two dimensions) of radius 𝛿 centered at 𝒙.

⊲ TheGaussian filter is a weighted average, decaying exponentially with the distance
from a given point. It follows that:

ℱ𝛿(𝒙) = 𝛿−𝑑
( 6
𝜋

)𝑑/2
exp (−6|𝒙/𝛿|2).

Another important filter type is the differential filter (DF), proposed by Germano in
[107, 108], which reads as:

−2𝛿2 Δ𝒖 + 𝒖 = 𝒖 , (1.9)

subject to the test case-specific boundary conditions. In this case, the filter is the differen-
tial operator2 ℱ𝛿 = (−2𝛿2Δ + 1)−1.

The filtering operation can also be characterized through the transfer function ℱ̂(𝜅),
which describes how the filter acts across different wavenumbers, i.e., in Fourier space.
Using its transfer function, it can be proved that the DF always dissipates energy, i.e.:

‖𝒖‖22 = ‖(−2𝛿2Δ + 1)−1𝒖‖22 ≤ ‖𝒖‖22 ,
where the notation ‖ · ‖2 denotes the 𝐿2 norm.

2Some references like [107, 190] report the filter asℱ𝛿 = (−𝛿2Δ+1)−1. We consider the notation (−2𝛿2Δ+
1)−1, to be consistent with the EFR formulation introduced later and used in Chapters 2, 3, and 4.
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Proof: the DF always dissipates energy and enstrophy.
We can rewrite the filter operation in the Fourier space as:

𝑢̂𝜅 =
1

1 + 2𝜅2𝛿2 𝑢̂𝜅 ,

where 𝑢̂𝜅 indicates the Fourier transform of 𝒖 at the wavenumber 𝜅. It follows that:

‖𝒖‖22 =
∑
𝜅

��� 1
1 + 2𝜅2𝛿2

���2 |𝑢̂𝜅 |2 ≤∑
𝜅

|𝑢̂𝜅 |2 = ‖𝒖‖22 ⇒ ‖𝒖‖22 ≤ ‖𝒖‖22 .

In Fourier space, the vorticity can be written as 𝜔𝜅 ∼ 𝑖𝜅 𝑢̂𝜅, leading to:

‖𝝎‖22 =
∑
𝜅

𝜅2|𝑢̂𝜅 |2 =
∑
𝜅

��� 𝜅

1 + 2𝜅2𝛿2

���2 |𝑢̂𝜅 |2 ≤∑
𝜅

|𝑢̂𝜅 |2 = ‖𝝎‖22 ⇒ ‖𝝎‖22 ≤ ‖𝝎‖22 .

The transfer functions of the above-mentioned explicit filters can be found in Table 1.1,
while a graphical comparison is shown in Figure 1.2. In both the plot and the table, we
adopt the notation ℱ̂(𝜅𝛿) to explicitly highlight the dependence of the transfer function
on 𝜅𝛿, without separately considering the effect of the filter width 𝛿. A common feature
of these filters is that the lowest wavenumbers, associated with the largest flow scales, are
largely unaffected, since the transfer function remains close to 1. Conversely, the filtering
mainly acts on the highest wavenumbers, attenuating the energy of the smallest scales.

Table 1.1: Transfer functions of
some explicit filters.

Filter ℱ̂(𝜅𝛿)
Top-hat (1D) sin (𝜅𝛿)

𝜅𝛿

Gaussian exp (−𝜅2𝛿2

24 )
Differential 1

1+2𝜅2𝛿2

10−3 10−2 10−1 100 101 102

κδ

0.0

0.5

1.0

F̂
(κ

δ) Top-hat (1D)

Gaussian

Differential

Figure 1.2: Plot of the transfer functions of some ex-
plicit filters.

A modification to the DF which preserves the incompressibility constraint is a gener-
alized Stokes problem [86, 188], namely:

−2𝛿2 Δ𝒖 + 𝒖 + ∇𝜋aux = 𝒖 ,

∇ · 𝒖 = 0,
(1.10)

where 𝜋aux is an auxiliary variable introduced to guarantee the divergence-free constraint
for 𝒖.
Other formulations of the DF, like [189], consider a nonlinear version where an indicator
function 𝑎(𝒖) is introduced. The filter is written as:

−2𝛿2∇ · (𝑎(𝒖)∇𝒖) + 𝒖 = 𝒖 , (1.11)
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where 𝑎(𝒖) = 1 leads to the standard DF in Equation (1.9). The idea of [189] was to in-
troduce an indicator function that, given the unfiltered velocity field, is able to recognize
how much filtering is needed. In particular:

𝑎(𝒖) ∈ [0, 1] for any velocity 𝒖 ,

𝑎(𝒖) ' 0 for laminar regions or persistent flows structures,

𝑎(𝒖) ' 1 for turbulent regions or flow structures which decay rapidly.

This led to the development of several indicator function formulations. A well-known
indicator function is:

𝑎𝑆(𝒖) = |∇𝒖|
‖∇𝒖‖∞ , (1.12)

for which one can recover the Smagorinsky viscosity term [39], briefly recalled in Section
1.2.1.

The above-mentioned filters can be used to construct a Leray model [198, 197], which
consists of considering the filtered velocity in the nonlinear term of the NSE. The classical
Leray model is given by:

𝜕𝒖
𝜕𝑡
+ (𝒖 · ∇) 𝒖 = 𝜈Δ𝒖 − ∇𝑝 + 𝒇 in Ω × (𝑡0 , 𝑇],

∇ · 𝒖 = 0 in Ω × (𝑡0 , 𝑇].
(1.13)

The filtered velocity 𝒖 in System (1.13) can be computed selecting, for instance, one of the
above-mentioned filters ℱ𝛿, like the DF.

1.2.1 The Smagorinsky model as an implicit filter

In the context of LES, the spatial filter operation is applied to the entire system of NSE, as
follows: 

𝜕𝒖
𝜕𝑡
+ (𝒖 · ∇) 𝒖 = 𝜈Δ𝒖 − ∇𝑝 − ∇ · TSGS + 𝒇 in Ω × (𝑡0 , 𝑇],

∇ · 𝒖 = 0 in Ω × (𝑡0 , 𝑇].
(1.14)

In the above system, the term TSGS is known as the SGS stress tensor, and models the
interaction between the resolved (filtered) and unresolved scales. The components of this
tensor can be written as (TSGS)𝑖 𝑗 = 𝑢𝑖𝑢𝑗 − 𝑢 𝑖𝑢 𝑗 [196].

The past decades of research on turbulence were dedicated to properly choose a clo-
sure ansatz that models the term ∇ · TSGS. In this context, one popular and widely used
approach is the Smagorinsky model [312]. This model is based on the concept of eddy
viscosity, first introduced in [40]. The eddy viscosity is an artificial and unphysical vis-
cosity, specifically designed to capture turbulence effects. In the Boussinesq hypothesis,
the tensor TSGS is directly related to the turbulent or eddy viscosity 𝜈𝑡 and to the velocity
gradients, as follows:

(TSGS)𝑖 𝑗 ∼ −2𝜈𝑡𝑺𝑖 𝑗 , with 𝑺𝑖 𝑗 =
1
2

(
𝜕𝑢 𝑖
𝜕𝑥 𝑗
+ 𝜕𝑢 𝑗

𝜕𝑥𝑖

)
.
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In Smagorinsky’s theory:
𝜈𝑡 = (𝐶S 𝛿)2|𝑺|, (1.15)

where 𝐶S is the Smagorinsky constant, which typically assumes values in [0.1, 0.2].
The Smagorinsky model is one of the most used in turbulence modeling, and can be

derived from the K41 theory. Now, the question is:
Can the Smagorinsky model be seen as a filtering approach?
The Smagorinsky model is not a filter in its classical mathematical sense. It provides a
closure ansatz to the SGS stress tensor, representing the unresolved scales. However, it
acts like an implicit filter, as the variation of the filtered energy ℰ is always decreasing,
namely:

𝑑ℰ
𝑑𝑡
∝ −𝜈

∫
Ω
|∇𝒖|2 𝑑𝒙 − (𝐶S𝛿)2

∫
Ω
|∇𝒖|3𝑑𝒙 ≤ 0. (1.16)

This result shows that the Smagorinsky model can only remove (or at most preserve) the
energy of the resolved scales, effectively acting as an implicit filter. Moreover, as previ-
ously mentioned, it is equivalent to a nonlinear filter with the indicator function of Equa-
tion (1.12).

Proof: the Smagorinsky model is a nonlinear filter.
In Smagorinsky’s hypothesis:

∇ · TSGS 𝑖 𝑗 ∼ −∇ · (𝜈𝑡𝑺𝑖 𝑗) ' −∇ · (𝜈𝑡∇𝒖) ' −∇ · ((𝐶S𝛿)2|∇𝒖|∇𝒖).

This leads to:
𝒖 − 𝒖 ' −∇ · ((𝐶S𝛿)2|∇𝒖|∇𝒖). (1.17)

The nonlinear differential filter can be written as:

𝒖 − 𝒖 = −2𝛿2∇ · (𝑎(𝒖)∇𝒖) , with 𝑎(𝒖) ∝ |∇𝒖|. (1.18)

The filtering action does not have a large effect on the velocity gradients, and we
can approximate the indicator function as 𝑎(𝒖) ∝ |∇𝒖| ' |∇𝒖|, retrieving the same
expression as in Equation (1.17).

While being largely used in LES applications, the Smagorinsky model often leads to
overdiffusive behaviour, and it is not sufficiently expressive [284].

1.3 The EFR approach

The filtering strategies presented in Section 1.2 are widely used in the context of LES in
a modeling fashion: the filter serves to properly select some scales (or wavenumbers),
which are resolved, while the smaller scales either remain unresolved or are modelled
via tailored closure strategies. However, in this thesis, we adopt a different perspective.
Rather than interpreting the filter as a modeling tool, we employ it as a stabilization
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mechanism for the numerical discretization of the governing equations. When the NSE
are solved on coarse meshes, the numerical approximation may not accurately capture
the velocity field. In particular, we will mainly work inmarginally-resolved regimes, where
the grid size is typically larger than the Kolmogorov length scale: ℎmin > O(𝜂). In this
scenario, the smallest dissipative scales remain unresolved, resulting in poor approxima-
tions. These inaccuracies can propagate and amplify over the time evolution of the solu-
tion, eventually leading to spurious and unphysical oscillations. Such issues are primarily
numerical in nature and arise from the inability of the discrete approximation to properly
represent the smallest scales. In this framework, filtering is introduced as a stabilization
technique aimed at damping the high–wavenumber components that cannot be properly
represented on the computational mesh.

This idea forms the basis of the Evolve-Filter-Relax (EFR) approach, which was pre-
sented in [86, 189]. This approach consists of repeating three steps at each time step of the
numerical simulation: (I) evolve the velocity and pressure solutions via the discretized
NSE; (II) filter the velocity solution with a suitable pre-selected filter approach; (III) relax
the solution by taking a convex combination of the filtered and evolved velocity.

We consider a suitable discretization of the NSE3, like FEM or FVM, and we call u𝑛 ∈
Vu and p𝑛 ∈ Vp the discrete velocity and pressure solutions at time step 𝑡𝑛 . Vu and Vp

are suitable discrete spaces, and we consider a time discretization 𝑡0 , 𝑡1 , . . . , 𝑡𝑁𝑇 , where
𝑡𝑁𝑇 = 𝑇, and 𝑁𝑇 is the total number of time steps. If we assume a fixed time step Δ𝑡, the
general EFR formulation at the (𝑛 + 1)-th time step reads as follows.

(I) Evolve :



w𝑛+1 − u𝑛
Δ𝑡

+ (w𝑛+1 · ∇)w𝑛+1 = 𝜈Δw𝑛+1 − ∇p𝑛+1 + f𝑛+1 in Ω,

∇ · w𝑛+1 = 0 in Ω,

w𝑛+1 = u𝐷 on Γ𝐷 ,

−p𝑛+1 · n + 𝜕w𝑛+1
𝜕n

= 0 on Γ𝑁 .

(II) Filter :


w𝑛+1 = ℱ (w𝑛+1) in Ω,

w𝑛+1 = u𝐷 on Γ𝐷 ,
𝜕w𝑛+1
𝜕n

= 0 on Γ𝑁 .

(III) Relax : u𝑛+1 = 𝜒 w𝑛+1 + (1 − 𝜒)w𝑛+1 in Ω.

(1.19)

Remark: on the EFR notation.

⊲ The notation of (1.19) introduces two intermediate discrete velocities: w𝑛 (the
evolved velocity at time 𝑡𝑛), and w𝑛 (the filtered velocity at time 𝑡𝑛).

⊲ The time integration scheme in the evolve step of (1.19) is a simple implicit Euler

3From now onwards, we will consider the notation “𝒔” (\boldsymbol{s}) for continuous functions and
“s” (\mathbf{s}) for discrete vectors. For the operators, we use the notation “𝒮” (\mathscr{S}) for continu-
ous operators, and “S” (\mathcal{S}) for discrete operators. The corresponding discrete matrix representa-
tions are written as “S” (\mathbf{S}).
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formula, but any kind of time scheme can be considered.

⊲ 𝜒 ∈ [0, 1] is the so-called relaxation parameter. 𝜒 = 0 corresponds to no filtering,
i.e., u𝑛+1 = w𝑛+1, while 𝜒 = 1 corresponds to only retaining the filtered velocity,
namely u𝑛+1 = w𝑛+1. We will denote with Evolve-Filter (EF) the case 𝜒 = 1, and
with noEFR or noEF the case 𝜒 = 0.

⊲ ℱ denotes a general filtering technique in the discrete setting. Even if many refer-
ences consider the DF as filter in the classical EFR algorithm, we decided to keep
the notation as general as possible, to allow for generalization and comparison
of different models.

One of the main advantages of the EFR algorithm is its modular character: the filtering
and the relaxation steps are applied as post-processing stages, and do not affect the un-
derlying Navier–Stokes solver. This makes the approach compatible with basically all
the most-used spatial discretization approaches, including finite element, finite volume,
and spectral methods. Additionally, if we consider an explicit time integration scheme,
the EFR algorithm can be seen as a closure approach, instead of separately applying the
evolve, filter, and relax step. If we denote with NS the evolve stepwhichmaps the velocity
u𝑛 into the next evolved velocity w𝑛+1, we can write:

u𝑛+1 = 𝜒ℱ (NS(u𝑛)) + (1 − 𝜒)NS(u𝑛) = NS(u𝑛) + 𝜒(ℱ − 𝐼)NS(u𝑛), (1.20)

where the term 𝜒(ℱ − 𝐼)NS(u𝑛) represents the added term by the filter and relaxation
steps.

Proof: when considering an explicit Euler time scheme, the EFR approach is a clo-
sure model.
To make the interpretation of (1.20) more explicit, we approximate the evolve op-
erator at first order in time, as done in (1.19). Assuming a fixed time step Δ𝑡, and
a time discretization of the form NS(u𝑛 , p𝑛) ≈ u𝑛 + Δ𝑡N(u𝑛 , p𝑛), with N(u𝑛 , p𝑛) =
−(u𝑛 · ∇)u𝑛 + 𝜈Δu𝑛 − ∇p𝑛 + f𝑛 , we obtain:

u𝑛+1 ≈ u𝑛 + Δ𝑡N(u𝑛 , p𝑛) + 𝜒(ℱ − 𝐼) (u𝑛 + Δ𝑡N(u𝑛 , p𝑛)) .

Retaining only first-order contributions yields

u𝑛+1 − u𝑛
Δ𝑡

≈ N(u𝑛 , p𝑛) + 𝜒
Δ𝑡
(ℱ − 𝐼)u𝑛 ,

which can be interpreted as a closure model acting on the unresolved scales. In the
case of a differential filter, using the Neumann series approximation, one can write:

ℱ = (𝐼 − 2𝛿2Δ)−1 ≈ (𝐼 + 2𝛿2Δ) → (ℱ − 𝐼)u𝑛 ≈ 2𝛿2Δu𝑛 .
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Therefore, the closure term becomes

𝜒
Δ𝑡
(ℱ − 𝐼)u𝑛 ≈ 2𝜒𝛿2

Δ𝑡
Δu𝑛 ,

which corresponds to an additional dissipative term of Laplacian type, analogous
to an eddy-viscosity contribution.

1.3.1 The effect of different filters: a numerical example

This section is dedicated to analyzing the effect of different filters on the two-dimensional
decaying Homogeneous Isotropic Turbulence (HIT) test case at 𝑅𝑒 = 40 000 in a square
domain Ω = [0, 1]2, with periodic boundary conditions. This test case is a benchmark in
CFD [4, 173, 182], and is charaterized by decaying kinetic energy in time, as no external
forces are injected into the system.
All numerical simulations are performedusing the library IncompressibleNavierStokes.jl
[2, 3], namely considering a FVM on a staggered grid, as presented in [291, 123], and us-
ing a fourth-order Runge Kutta time integration scheme. We introduce two grids, whose
properties are displayed in Table 1.2: a well-resolved one for the DNS, and a coarser one
for the noEFR and EF simulations. It is also important to highlight that the reference is
not the DNS itself, but the filtered DNS, obtained by applying a face-average (or volume-
average in 3D) operation [173] to the original solutions on the well-resolved grid4. The
vorticity at the initial time is represented in Figure 1.3.

Remark: velocity initialization in the decaying HIT test case.
The initial DNS velocity is sampled from a random velocity field with prescribed
energy spectrum [241, 290, 4]. More in detail, the velocity field is initialized with
the following procedure:

1. The velocity is sampled in spectral space to match a prescribed energy at each
wave number 𝜅 (called ℰ̂𝜅). Each component of the spectral velocity is indeed

initialized such that ‖û𝜅‖ = |𝑏𝜅 |, where 𝑏𝜅 =
√

2ℰ̂𝜅e2𝜋𝑖𝜏𝜅 and 𝜏𝜅 is a random
phase shift.

2. The velocity is then projected to make it divergence-free: û𝜅 = 𝑏𝜅P̂𝜅e𝜅
P̂𝜅e𝜅

, where

P̂𝜅 is a projector: P̂𝜅 = 𝐼 − 𝜅𝜅𝑇

𝜅𝑇𝜅
and e𝜅 is a random unit vector. In 2D, e𝜅 =

(cos (𝜃𝜅), sin (𝜃𝜅))with 𝜃𝜅 ∼ U[0, 2𝜋], whereU indicates a uniform distribution.

3. The velocity field is finally obtained by a transformation into physical space
(u0 = FFT−1(̂u)), and a further projection step such that Hu0 = 0, where H is

4Since this chapter serves as motivation for the filtering methodologies herein introduced, we postpone
the detailed description of the staggered grid framework to Section 4.1, where this test case is also considered.
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the discrete divergence operator.

We also remark that we consider as characteristic velocities and length scale𝑈 = 1
and 𝐿 = 1, while being the viscosity 𝜈 = 1/𝑅𝑒.

The goal of this section is to compare classical filtering strategies (Smagorinsky, DF, and
Gaussian) within the EF framework, namely replacing the filter ℱ in (1.19) with different
filters. We consider classical literature values for the filters’ parameters, namely: 𝐶S = 0.15
and 𝛿 = ℎ for the Smagorinsky model, 𝛿 = ℎ for the Gaussian filter, and 𝛿 = 𝜂 for the DF.
The resulting graphical vorticity fields and the energy spectrum at different times are
represented in Figure 1.5.

Table 1.2: Properties of the grids considered in the HIT case.

Grid Resolution Simulation type

Marginally-resolved 1282 Filtered DNS, noEFR, EF
Well-resolved 5122 DNS Figure 1.3: Initial

vorticity in the
HIT case.

First, we can notice that the reference (filtered DNS) solution is characterized by dissipa-
tion, as the vortices become larger from 𝑡 = 0.5 to 𝑡 = 2 s.
Second, the filtered DNS recovers the theoretical 2D enstrophy decay, as represented in
Figure 1.1b. If we decrease the resolution of the grid from 5122 to 1282 without applying
any filter (noEFR), we can see that the solution exhibits spurious oscillations (Figure 1.4)
and needs regularization. This is also confirmed by the spectrum (Figure 1.5): noEFR
exhibits larger energy at the small scales (large wavenumbers).
The introduction of a filtering step on the coarse grid (EF) leads to a clear qualitative im-
provement in the solution, particularly in terms of smoothness. Among the considered
approaches, both the Gaussian and the DF filters exhibit an overly dissipative behavior,
whereas the Smagorinsky model yields comparatively more accurate and physically con-
sistent results. This trend is further confirmed by the energy spectra at times 𝑡 = 0.5 and
𝑡 = 2, where the Smagorinsky model remains the closest to the reference solution. Nev-
ertheless, all the considered methods systematically underestimate the energy across the
entire range of wavenumbers, with the discrepancy becoming more pronounced as time
evolves, indicating an increasing level of overdissipation.

The overdissipative behaviour observed for this test case is well documented in the lit-
erature and highlights a fundamental limitation of classical filtering approaches, namely
their strong dependence on the choice of hyperparameters (e.g., 𝐶S and 𝛿 in the present
setting). The next section is devoted to reviewing existing strategies aimed at mitigating
these limitations.
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Filtered DNS noEFR Smagorinsky Gaussian 
filter

Differential 
filter

t = 0.5

t = 1

t = 2

Figure 1.4: Decaying HIT test case. Vorticity fields at 𝑡 = 0.5, 𝑡 = 1 and 𝑡 = 2 for the filtered
DNS (reference) simulation, noEFR, EF simulations with different filter types (Gaussian,
DF), and simulation with Smagorinsky closure.

(a) Energy spectrum at 𝑡 = 0.5. (b) Energy spectrum at 𝑡 = 2.

Figure 1.5: Decaying HIT test case. The effect of explicit and implicit filtering strategies in
the EF approach on the energy spectrum, at different time instances.

1.4 Motivation for the proposed approaches

The limitations of classical filtering strategies have motivated a substantial body of re-
search aimed at developing more accurate and adaptive approaches. In the following, we
briefly review the main strategies proposed in the literature to mitigate these issues, and
outline the motivations for the methodology introduced in this thesis.

A first line of research is based on theVariational Multi-Scale (VMS) framework [134,
135, 136]. Themain idea is to decompose the solution into resolved and unresolved scales,
typically associated with the numerical discretization. The effect of the unresolved scales
on the resolved ones is then modeled, rather than neglected, leading to a closure that acts
primarily on the small scales. In this sense, VMS can be interpreted as a projection-based
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filtering approach, where the resolved scales correspond to the numerical approxima-
tion space and the unresolved scales to its complement. Further developments include
residual-based VMS formulations, where the subgrid scales are expressed in terms of
the residual of the resolved equations [27]. Compared to classical eddy-viscosity models,
VMS-based approaches offer improved stability properties and a clearer connection with
the underlying mathematical structure of the governing equations.

Furthermore, another related approach is approximate deconvolution (AD) [318, 319,
85]. The main idea is to reconstruct an approximation of the unfiltered solution starting
from the filtered one, by approximately inverting the filtering operator. The inverse oper-
ator is called approximate deconvolution and is indicated with 𝒟. This allows to recover
part of the unresolved scales and use them to define a closure term.

One enhancement of the DF is the usage of the indicator function, as introduced in
Equation (1.11). The indicator functions can be distinguished into two categories: physics-
based and mathematics-based [259]. Physics-based indicator functions [189] are based on
physical quantities that are known to vanish for coherent flow structures. Some examples
are: indicator functions based on the 𝑄 criterion [82], on the Vreman eddy viscosity ex-
pression [345, 42], or on the so-called helicity [42], defined as the scalar product between
velocity and vorticity: ℋ = 𝒖 · 𝝎. This quantity of interest quantifies the presence of
helical or swirling flow structures and is often associated with coherent vortical motions.
In the context of indicator functions, the helicity can be exploited to detect regions where
the flow exhibits organized rotational structures. In such regions, excessive numerical
dissipation should be avoided and 𝑎(𝒖) ' 0. Conversely, in regions where the helicity is
small, the flow is less structured and more prone to spurious oscillations, so that stronger
filtering may be applied, namely 𝑎(𝒖) ' 1. Although having a straightforward implemen-
tation, physics-based indicator functions do not allow for rigorous mathematical conver-
gence. This issue is instead overcome with mathematics-based indicator functions. In
this class, approximate deconvolution-based indicator functions [41] estimate unresolved
scales by applying an approximate inverse of the filter (𝒟) to the computed solution. The
mismatch between the true field 𝒖 and its reconstruction 𝒟(ℱ(𝒖)) provides a local mea-
sure of under-resolution, which is used to adapt the filtering intensity: stronger where
needed, weaker where the solution is already well resolved. This approach, when using
the Van Cittert approximate deconvolution, has a strong mathematical theory [318, 319,
85].

In the context of the EFR algorithm, some approaches, called relaxation-consistent [35],
recompute the pressure after the filter step, obtaining an intermediate pressure field, which
is then relaxed like the velocity field. This ensures consistency in the velocity-pressure
coupling. Consistency and stability motivations might also drive the introduction of a
pressure stabilization in the EFR framework [114].

Another important line of research is related to the dynamic tuning of the Smagorin-
sky constant 𝐶S. Dynamic procedures, originally introduced by Germano et al. [109] and
reformulated by Lilly [200], allow the model coefficient to be determined adaptively from
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the resolved scales, instead of being prescribed a priori. These approaches were later ex-
tended to improve robustness and locality, for instance through localized dynamic for-
mulations [111] and Lagrangian averaging strategies [224], which avoid the need for ho-
mogeneous directions. More recently, attention has shifted towards fully local dynamic
models, as in [278], where the authors proposed a dynamic gradient Smagorinsky model,
which replaces the rate-of-strain tensor with the velocity gradient, yielding a more ro-
bust and stable formulation. The same idea of dynamic tuning has also been extended
to filtering-based and deconvolution models. In this context, Tejada [328] proposed a
dynamic procedure in which the model parameters are computed adaptively from the
resolved scales using a Germano-type identity, avoiding the use of fixed coefficients.

The idea of dynamically adapting model parameters has recently been revisited from
a data-driven perspective. In particular, Reinforcement Learning (RL) provides a frame-
work to determine model parameters based on the observed flow dynamics, by optimiz-
ing suitable performance criteria such as accuracy or stability over time. RL can be indeed
seen as a generalization of the dynamic parameters selection, and has been applied in the
filtering context, for example, for the tuning of the Smagorinsky constant [235, 183, 182,
181].

RL is part of a broader class of data-driven approaches for flow stabilization, which
have attracted growing interest in recent years as alternatives to traditional physically or
mathematically-motivated indicator functions. The LES and EFR frameworks are particu-
larly relevant in this regard, as both aim to suppress spurious oscillations during the simu-
lation through conceptually similar mechanisms [259], and the LES community has been
at the forefront of integratingmachine learning into this process [180, 305, 219, 173, 248, 38,
118, 4]. The common thread across these contributions is the use of neural networks, most
commonly convolutional architectures, to provide a data-driven closure for the subgrid-
scale stress tensor, replacing or enriching classical models such as Smagorinsky. Depend-
ing on the training strategy, these approaches range from a priori methods, where the
network is trained to reproduce the filtered DNS closure term directly, to fully differen-
tiable end-to-end formulations, where the network parameters are optimizedwith respect
to the accuracy of the resulting LES solution. A representative example of the latter is the
work of [203], where a convolutional neural network is incorporated into the right-hand
side of the governing system to enhance LES accuracy.

While improving standard filtering approaches for LES and EFR frameworks has been
the focus of awide range of recent researchworks, several improvements can still bemade.
We now focus on the EFR formulation and try to address the following questions:

⊲ Is it always beneficial to apply filtering? What are the optimal EFR parameters?
While several studies have investigated spatially varyingfilter intensities (e.g., through
indicator functions), we study the variation of the EFR parameters in time. To the

21



CHAPTER 1. FILTERING APPROACHES: LITERATURE REVIEW

best of our knowledge, the time variation of such parameters has not been consid-
ered in previous studies. In many practical scenarios, the flow may undergo sig-
nificant transitions in time, for instance from laminar to turbulent regimes, raising
the question of whether filtering and/or relaxation should be applied at every time
step and whether constant parameters throughout the simulation are an appropri-
ate choice.

This question is addressed by Chapter 2, where the filter radius 𝛿 and the relaxation
parameter 𝜒 are time-dependent, and optimized at each time step to match the ref-
erence data, using gradient-based optimization techniques.

⊲ Can RL be leveraged to achieve adaptive filtering, without relying on reference solutions?
While data-driven optimization provides a powerful tool for parameter tuning and
for understanding the problem of interest, it typically requires reference data (e.g.,
DNS), whichmay be prohibitively expensive or unavailable in practical applications.
This naturally leads to the question of whether one can learn optimal filtering strate-
gies directly from the simulation itself.

This challenge motivates Chapter 3, where RL is employed to adaptively tune the
filter width. In this setting, we introduced a reference-free type of algorithm, based
solely on quantities available from the marginally-resolved simulation itself, thus
removing the need for high-fidelity reference data.

⊲ Can the filtering operator be enriched to improve flexibility and accuracy?
Standard DFs are typically characterized by a single parameter (𝛿), which may limit
their expressiveness. This raises the question of whether more general and data-
drivenfiltering operators, with additional degrees of freedom, canprovide enhanced
accuracy and adaptability.

This question is addressed by Chapter 4, where the DF is replaced with a novel type
of filter, computed from pre-computed reference data.

⊲ Is it possible to design EFR approaches that preserve relevant physical quantities, such as
energy and enstrophy?
As discussed in Section 1.2, classical DFs naturally preserve energy and enstrophy.
However, this property is generally lost when the filtering operator is replaced by a
data-driven counterpart.

To recover this physically relevant feature, we introduce an adaptive strategy in
which the relaxation parameter 𝜒 is dynamically tuned to enforce the conservation
of selected quantities. In particular, this approach enables the preservation of en-
ergy and enstrophy, leading to two EFR extensions that are presented in Chapter
4.
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2

OPT-EFR: PARAMETERS’ OPTIMIZATION FOR EFR

This chapter has the goal of improving the EFR approach presented in Section 1.3. In par-
ticular, for the filter step, we select the DF of Equation (1.9). Therefore, the EFR approach
depends on two parameters, i.e., 𝛿 and 𝜒. Standard choices are associated with the physi-
cal parameters and/or with the setup of the simulation [34, 324]. While the filter width 𝛿

is typically related to physical quantities (𝛿 ∼ 𝜂 or 𝛿 ∼ ℎmin), the choice of the relaxation
parameter is typically based on more agnostic arguments and/or on experience. One of
the common choices is 𝜒 ∼ O(Δ𝑡), e.g., 𝜒 = CΔ𝑡, C ∼ O(1) [86], but it might completely
change with respect to the test case considered. Hence, the tuning of these two param-
eters is the main bottleneck of the EFR formulation. If we assign too large 𝛿 and/or 𝜒

values, the simulation might lead to over-diffusive solutions that does not manifest any
turbulent behavior. If the values of 𝛿 and/or 𝜒 are too small, the filter action may be not
enough, leading to spurious oscillations, as happens in the noEFR simulation.

Moreover, the flow behaviour may not be accurately captured if we consider parame-
ters constant in time, especially in turbulent flows. For example, we may want higher 𝛿
and/or 𝜒 values in the laminar-to-turbulent transition or in fully-turbulent regimes. This
chapter, which presents the work of [147], provides a first investigation on how to tune
those parameters. The key novelties are:

⊲ the introduction of time-dependent parameters 𝛿(𝑡) and 𝜒(𝑡);

⊲ a data-driven adaptive optimization of the parameters in time, based on a reference
well-resolved simulation.

Suchmethodology is tested on awell-known benchmark in CFD, the two-dimensional
flow past a cylinder at 𝑅𝑒 = 1000, simulated using the FEM.

From now on, we call Standard EFR the simulation with 𝛿 = 𝜂 and 𝜒 = 5Δ𝑡, and
Standard EF the simulation with 𝛿 = 𝜂 and no relaxation, namely 𝜒 = 1.

This chapter is subdivided as follows:

⊲ Section 2.1, which presents the test case and shows the results of standard EFR (and
EF) approaches;

⊲ Section 2.2, which presents the Optimized Evolve-Filter-Relax (Opt-EFR) algorithm;

⊲ Section 2.3, highlighting the results achieved with the novel methodology on the
flow past a cylinder test case.
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⊲ Section 2.4, which draws the conclusions for this work and motivates the RL exten-
sion of Chapter 3.

2.1 The flow past a cylinder in FEniCS: standard EFR results

The two-dimensional flow past a cylinder at fixed 𝑅𝑒 = 1000 is a widely used bench-
mark in fluid dynamics. Our work focuses on the FEM simulation of this test case, us-
ing the open-source software FEniCS [9, 206, 205, 207]. The domain Ω is represented in
Figure 2.1a, and the cylinder has center in (0.2, 0.2) and radius 0.05. A discretized ver-
sion of the NSE in System (1.1) is solved here, applying no-slip boundary conditions on
𝜕Ω𝑤𝑎𝑙𝑙 = 𝜕Ω𝐵∪Ω𝑇 , a standard free-flow condition on 𝜕Ω𝑁 , and the following inlet bound-
ary condition:

u𝑖𝑛 =
( 6
0.412 y(0.41 − y); 0

)
on 𝜕Ω𝑖𝑛 ,

where x = (x; y). The viscosity is set to 𝜈 = 1 × 10−4. We consider a backward differentia-
tion formula of order 1 (BDF1) as a time integration scheme, and standard P2−P1 triangu-
lar elements for the velocity-pressure coupling. The simulation is performed within the
time window (0, 4], i.e., 𝑡0 = 0 and 𝑇 = 4, while the time step is fixed and Δ𝑡 = 4× 10−4 in
all the simulations.

(a) The domain considered.

(b) Well-resolved grid. (c) Marginally-resolved grid.

Figure 2.1: Flow past a cylinder test case. Domain and grids considered for the DNS and for
the marginally-resolved simulation in FEniCS.

Figures 2.1b and 2.1c display the well-resolved and marginally-resolved grids consid-
ered, respectively. Our reference solution is the filtered DNS, which is obtained by per-
forming the FEM simulation on the well-resolved grid, and then projecting it onto the
coarse grid1. All the other simulations (noEFR, EFR, EF) are instead performed on the
marginally-resolved grid. From now on, we will denote with uref and pref the reference
velocity and pressure solutions, namely the DNS solutions projected on the marginally-
resolved grid.

1We compute the 𝐿2 projection of the DNS velocity field onto a divergence-free space defined on the
coarse grid by solving a mixed Stokes-like problem with an auxiliary pressure variable.
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Table 2.1 presents the features of the two grids considered, namely the number of de-
grees of freedom for the velocity and pressure fields, and the wall time needed to perform
4 seconds of simulation2. The velocity and pressure solutions of the DNS, the noEFR, the
standard EFR and standard EF, namely the EFR/EF approaches using the literature val-
ues, are represented in Figure 2.2. We adopt the following notation for the vector spaces:
u ∈ Vu, p ∈ Vp, uref ∈ Vref

u , and pref ∈ Vref
p .

Table 2.1: Flow past a cylinder test case. Degrees of freedom (dofs) for the velocity and pres-
sure fields, and thewall time needed to perform 4 seconds of simulation on themarginally-
resolved and well-resolved grids.

Grid Velocity dofs Pressure dofs Wall time

Marginally-resolved 12430 1623 26 820 s ∼ 7 hours 27 minutes
Well-resolved 100676 12760 1 382 400 s ≈ 16 days

As can be seen from Table 2.1 and from Figures 2.2a and 2.2b, a well-resolved simu-
lation provides a physically reliable solution3, but might cost a lot in terms of computa-
tional time and memory, e.g. days, even for a two-dimensional test case at moderate 𝑅𝑒.
On the other hand, the simulation on the coarser grid is more feasible in terms of time,
but it presents numerical oscillations in the entire domain and needs stabilization (Fig-
ures 2.2c and 2.2d). This motivates the use of filtering (and, eventually, relaxation) on the
marginally-resolved grid, which leads to the following results:

⊲ The standard EFR solutions (Figures 2.2e and 2.2f) exhibit spurious oscillations, just
as in the noEFR approach. This suggests that the filtering and/or the relaxation
parameters are too small, and not adequate for the test case.

⊲ The standard EF solutions (Figures 2.2g and 2.2h) are overdiffusive, and the vortex
shedding is less developed compared to the reference solution.

This motivates the use of time-dependent parameters 𝛿(𝑡) and 𝜒(𝑡), and the development
of methodologies to optimize the value of such parameters in time.

2.2 The data-driven optimized EFR algorithms

In this section, we introduce three specific Opt-EFR strategies aimed at optimizing one
or both parameters. If we denote with 𝝁𝑛 = 𝝁(𝑡𝑛) the tuple of parameter(s) optimized at
each time step, the three approaches are:

2Wall times refer to the simulations performed on 2 cores on the SISSAHPC cluster Ulysses (200 TFLOPS,
2TB RAM, 7000 cores). The times refer to the noEFR (marginally-resolved grid) and DNS simulations (well-
resolved grid).

3Note that also the simulation on the well-resolved grid presents spurious numerical oscillations at the
outlet, and it cannot be considered a fully-resolved simulation in its classical sense. We call it reference as we
consider it as the high-fidelity solution in the optimization training.

25



CHAPTER 2. OPT-EFR: PARAMETERS’ OPTIMIZATION FOR EFR

(a) DNS (on well-resolved mesh) - Velocity. (b) DNS (on well-resolved mesh) - Pressure.

(c) noEFR - Velocity. (d) noEFR - Pressure.

(e) Standard EFR - Velocity. (f) Standard EFR - Pressure.

(g) Standard EF - Velocity. (h) Standard EF - Pressure.

Figure 2.2: Flow past a cylinder test case. Velocity magnitude and pressure fields for the
DNS, the noEFR, the standard EFR (𝛿 = 𝜂, 𝜒 = 5Δ𝑡), and the standard EF (𝛿 = 𝜂, 𝜒 = 1)
simulations, at the final time 𝑇 = 4.

⊲ EFR with optimized relax parameter (𝜒-Opt-EFR), where 𝝁𝑛 = 𝜒𝑛 , at fixed filter
width 𝛿 = 𝜂;

⊲ EF with optimized filter width (𝛿-Opt-EF), where 𝝁𝑛 = 𝛿𝑛 , at no relaxation, namely
𝜒 = 1;

⊲ EFR with optimized filter and relax parameters (𝛿𝜒-Opt-EFR), where 𝝁𝑛 = (𝛿𝑛 , 𝜒𝑛).

All these optimization procedures are based on a data-driven algorithm trained at some
prescribed time steps, taking as reference the pre-computed filtered DNS solution. A
sketch of the standard EFR and of the Opt-EFR methodologies is represented in Figure
2.3.

All the Opt-EFR methods will be tested on the marginally-resolved grid, and com-
pared with the standard EFR/EF solutions in terms of accuracy and stability. It is im-
portant to remark the modularity and generality of the Opt-EFR methodologies: we will
highlight their potentials in the flow past a cylinder test case, but the proposed algorithms
can be applied to any experimental setting.

2.2.1 The objective functions

The crucial part of the proposed Opt-EFR algorithms is the selection of an appropriate ob-
jective function to optimize. We will consider either local or global contributions. More
in detail, the local contribution refers to a pointwise evaluation of the discrepancy be-
tween the prediction and the reference, e.g., the standardMean Squared Error (MSE). The

26



2.2. THE DATA-DRIVEN OPTIMIZED EFR ALGORITHMS

  FE time stepping in 

Time step t1 Time step ti Time step tNT

u(t0) u(ti−1)

u(ti) = EFR(u(ti−1))u(t1) = EFR(u(t0)) u(tNT
) = EFR(u(tNT−1))

u(tNT−1)
…

…

…

…

Fixed δ, χ Fixed δ, χ Fixed δ, χ

(a) Standard EFR scheme.

Time step t1 Time step ti Time step tNT

u(t0) u(ti−1)

u(ti) = Opt-EFR(u(ti−1))u(t1) = Opt-EFR(u(t0)) u(tNT
) = Opt-EFR(u(tNT−1))

u(tNT−1)
…

…

…

  FE time stepping in 

Optimize  s.t.:δ(t1), χ(t1)

uref(t1)
EFR(u(t0)) ≈

δopt (t1), χopt (t1)

Optimize  s.t.:δ(ti), χ(ti)

uref(ti)
EFR(u(ti−1)) ≈

Optimize  s.t.:δ(tNT
), χ(tNT

)

uref(T)
EFR(u(tNT−1)) ≈

δopt (ti), χopt (ti) δopt (tNT
), χopt (tNT

)

SLSQP optimization

…

…

…

(b) Opt-EFR scheme.

Figure 2.3: Sketch of the standard EFR and of the Opt-EFR procedures.

global approach refers to the evaluation and minimization of the discrepancy of global
flow properties, e.g., the energy. We consider the following local contributions:

⊲ The local u discrepancy: ℒu
local(𝝁𝑛) = MSE

(
u𝑛(𝝁𝑛), uref

𝑛
)
,

⊲ The local ∇u discrepancy: ℒ∇u
local(𝝁𝑛) = MSE

(∇u𝑛(𝝁𝑛),∇uref
𝑛

)
.

The local objective function reads as follows:

ℒlocal(𝝁𝑛) = 𝑤uℒu
local(𝝁𝑛) + 𝑤∇uℒ∇u

local(𝝁𝑛), (2.1)

where 𝑤u and 𝑤∇u are scalar quantities. On the other hand, the global contributions are:

⊲ The global u discrepancy: ℒu
global(𝝁𝑛) =

�����‖u𝑛(𝝁𝑛)‖22 − ‖uref
𝑛 ‖22

‖uref
𝑛 ‖22

�����,
⊲ The global ∇u discrepancy: ℒ∇u

global(𝝁𝑛) =
�����‖∇u𝑛(𝝁𝑛)‖22 − ‖∇uref

𝑛 ‖22
‖∇uref

𝑛 ‖22

�����,
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⊲ The global p discrepancy: ℒp
global(𝝁𝑛) =

�����‖p𝑛+1(𝝁𝑛)‖22 − ‖pref
𝑛+1‖22

‖pref
𝑛+1‖22

�����.
The above-listed quantities can be combined together in the following global objective
function:

ℒglobal(𝝁𝑛) = 𝑤uℒu
global(𝝁𝑛) + 𝑤∇uℒ∇u

global(𝝁𝑛) + 𝑤pℒp
global(𝝁𝑛), (2.2)

where 𝑤p is a scalar quantity. Table 2.2 provides an overview of the acronyms used, de-
pending on the loss functionals considered. In particular, the “✓” symbol indicates that
the scalar weight associated with a specific contribution is equal to 1, while the gray cell
indicates that the weight is equal to 04.

Table 2.2: Acronyms andmain features of the algorithmsOpt-EFR. Gray cells indicate that
the algorithm does not present that feature.

Acronym Objective function type Contributions in objective function
local global u discrepancy ∇u discrepancy p discrepancy

Opt-EFRu
local ✓ ✓

Opt-EFRu,∇u
local ✓ ✓ ✓

Opt-EFRu
global ✓ ✓

Opt-EFRu,∇u
global ✓ ✓ ✓

Opt-EFRu,∇u,p
global ✓ ✓ ✓ ✓

A first question the reader may have at this point is:
Why do we introduce the global functionals?
The answer is that the local quantities might not be appropriate metrics, as we will show
in Section 2.3. Even if the MSE is small, the Opt-EFR and the DNS solutions may indeed
differ a lot in terms of qualitative and quantitative behaviour.
The second question is:
Why do we add the velocity gradients in the functionals, e.g. ℒ∇u

local and ℒ∇u
global?

The answer is that the gradients describe how the flowdeforms and rotates locally, making
them more sensitive than the velocity alone and, therefore, more effective for capturing
small-scale physics and improving agreement with the reference solution.
A third and final question might be:
Why do we consider the pressure discrepancy ℒp

global? Why is it evaluated at 𝑡𝑛+1 instead of 𝑡𝑛?
We investigate the effect of adding the pressure discrepancy because, once a good accu-
racy was obtained for the velocity field, we wanted to further improve the pressure field.
We consider p𝑛+1 in the pressure discrepancy because the filter and relax steps at time
𝑡𝑛 only affect the velocity field u𝑛 . The pressure field p𝑛 is instead computed in the first
evolve step before applying the filter. To evaluate the effect of the optimized 𝛿𝑛 and 𝜒𝑛
on the pressure, one should evolve the solution one more time and compute the pressure

4We assign scalar weights exactly equal to 1, when they are not 0, namely, we assign the same importance
to all the contributions in the loss. Other choices can be made, but finding the optimal scalar weights was
beyond the goal of our work.
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p𝑛+1. Since a further evolve step should be performed at each evaluation, the approach
Opt-EFRu,∇u,p

global is computationally more expensive than the others. Moreover, we only
consider the pressure discrepancy in the global objective function because the numerical
results obtained for the local approach were not accurate and not worthy further investi-
gation.

2.2.2 The optimization algorithm

The algorithms of Table 2.2 perform at each time 𝑡𝑛 Step (I) of (1.19), and then look for the
optimal 𝛿𝑛 and/or 𝜒𝑛 to be employed for Steps (II) and (III). The procedure is sketched in
Figure 2.3b, and the general pseudocode can be found in Algorithm 1. The algorithm can
be applied for all the strategies in Table 2.2 by replacing the objective function ℒ(𝝁𝑛+1)
with the specific functional considered. The optimization method is the Sequential Least
SQuares Programming (SLSQP) algorithm [253, 354], which is a quasi-Newton iterative
method for constrained nonlinear optimization. The constraint is in this case the ad-
missible range for parameters 𝛿 and/or 𝜒, which we call A𝝁. More in detail, we con-
sider 𝜒𝑛 ∈ [0, 1] for all 𝑛, and 𝛿𝑛 ∈ [1 × 10−5 , 1 × 10−3] ≈ [0.02𝜂, 0.2𝜂]. The window
[0.02𝜂, 0.2𝜂] has been selected after a preliminary sensitivity analysis, as it provides more
physically meaningful results. Indeed, the unconstrained optimization may converge to
values that are too far from the Kolmogorov length scale 𝜂, and in general to the litera-
ture choices. Hence, A𝝁 = [0, 1] in 𝜒-Opt-EFR, A𝝁 = [1 × 10−5 , 1 × 10−3] in 𝛿-Opt-EF, and
A𝝁 = [1 × 10−5 , 1 × 10−3] × [0, 1] in 𝛿𝜒-Opt-EFR.

Algorithm 1 Pseudocode for algorithms Opt-EFR optimizing both parameters. Row 9
(underlined) is considered only for algorithms of type Opt-EFRu,∇u,p

global . The optimization
part is coloured in orange.

1: uref
𝑛 , 𝑛 = 0, . . . , 𝑁𝑇 − 1; u0, Δ𝑡opt, 𝝁0, A𝝁 range of parameter(s). ⊲ Inputs

2: for 𝑛 ∈ [0, . . . , 𝑁𝑇 − 1] do
3: (I)→ w𝑛+1 ⊲ Evolve step
4: uref

𝑛+1 ← uref
𝑛+1 |𝑉ref

ℎ ⊲ Project the DNS field into the coarse mesh
5: 𝝁𝑛+1 ← 𝝁𝑛 ⊲ Initialize parameter(s)
6: if mod(𝑛,Δ𝑡𝑜𝑝𝑡) = 0 then ⊲ Perform optimization every Δ𝑡𝑜𝑝𝑡
7: iter = 0
8: repeat
9: (II)+(III)→ u𝑛+1 ⊲ Filter and Relax steps

10: (I)→ p𝑛+2 ⊲ (Second) Evolve step
11: Optimize ℒ(𝝁𝑛+1), subject to 𝝁𝑛+1 ∈ A𝝁

12: iter← iter + 1
13: Output current solution: 𝝁𝑛+1
14: until Convergence or maximum iterations reached
15: end if
16: Solve (II)+(III) with optimal 𝝁𝑛+1 → Update u𝑛+1 ⊲ Filter and Relax
17: end for

In the pseudocode, we introduce Δ𝑡opt, that is the optimization step, namely the time
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window between two consecutive optimizations. In our case, we decide not to optimize at
each time step, namely Δ𝑡opt > Δ𝑡, since the optimization process would have been too ex-
pensive. We consider Δ𝑡opt = 𝑁optΔ𝑡, with 𝑁opt ∈ {10, 20, . . . , 100}. The pipeline consists
of training the optimization on the fly during the marginally-resolved simulation, every
Δ𝑡opt. The parameters are kept fixed to their optimal values in the time window between
two subsequent optimizations. The numerical results in the following sections show a
first analysis at fixed Δ𝑡opt = 10. A deep analysis of the influence of the optimization step
on the accuracy and efficiency of the Opt-EFR simulations is provided in Section 2.3.4.1.
The parameters are initialized with their standard literature values, namely 𝛿0 = 𝜂 and
𝜒0 = 5Δ𝑡, and the optimization process is implemented using the Python-based library
Scipy [343], integrated within the FEniCS solver.

2.3 Numerical results of Opt-EFR

This Section highlights the numerical results of the three different Opt-EFR strategies in
the dedicated Subsections 2.3.1, 2.3.2 and 2.3.3.

2.3.1 Numerical results of 𝜒-Opt-EFR

We start by considering the 𝜒-Opt-EFRmethodology, i.e., the optimization of 𝜒(𝑡) at fixed
𝛿 = 𝜂. In this first analysis, we consider all the proposed objective functions, namely all
the algorithms of Table 2.2. Figure 2.4 presents the 𝜒(𝑡) trends (2.4a) for different local and
global loss functions, and the distribution of values across all the values in the admissible
range (2.4b). The label 𝑛𝑝𝑜𝑖𝑛𝑡𝑠𝑛𝑡𝑜𝑡𝑎𝑙

represents the ratio between the number of 𝜒 values selected
within the discretized intervals and the total number of evaluations, i.e., the total number
of optimization steps. This analysis provides statistical insight into the most and least
frequently selected values of 𝜒. The corresponding velocity and pressure fields at 𝑡 = 𝑇 =

4 for the 𝜒-Opt-EFR algorithms are represented in Figure 2.5.
Whenminimizing the localMSE discrepancy, the optimization converges to≈ 1 for the

majority of the time, both when the gradients discrepancy is included (𝜒-Opt-EFRu
local) or

not (𝜒-Opt-EFRu,∇u
local ) into the objective function. Thismeans that the algorithm retains only

the filtered velocity (EF), and, hence, we expect an overdiffusive behaviour, reproducing
the standard EF solution. The velocity fields in Figures 2.5a and 2.5c confirm the overly
diffusive dynamics.

Whenweonly consider the energydiscrepancy in the objective function (𝜒-Opt-EFRu
global),

the optimal 𝜒 values are smaller than in the local approach, but the simulation blows up
at 𝑡 = 1.6, as can be seen from the spurious oscillations in the velocity field of Figure
2.5e. On the other hand, adding the velocity gradients’ (𝜒-Opt-EFRu,∇u

global) and the pres-

sure (𝜒-Opt-EFRu,∇u,p
global ) contributions to the loss is beneficial for the optimization: the cor-

responding velocity and pressure fields in Figures 2.5g, 2.5h, 2.5i, and 2.5j show a good
agreement with the reference solutions (Figures 2.2a and 2.2b), and capture the vortex
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shedding and the flow dynamics. However, the last two plots of Figure 2.4a show an os-
cillating and chaotic behaviour of 𝜒(𝑡), and Figure 2.4b shows that the number of 𝜒(𝑡) op-
timal elements close to 1 is around the 25% of the total selected values, in both algorithms
𝜒-Opt-EFRu,∇u

global and 𝜒-Opt-EFRu,∇u,p
global . This means the optimization converges statistically

more often to values close to 1, i.e., skipping the relaxation step.
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(a) Optimal 𝜒 values in 𝜒-Opt-EFR.
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(b) Observation counts of 𝜒 optimal values in 𝜒-Opt-EFR.

Figure 2.4: Flow past a cylinder test case. Optimal values of 𝜒 in time, and distribution of 𝜒
across all values in the admissible range [0, 1], for the 𝜒-Opt-EFR algorithms.

We now start analysing the relative 𝐿2 velocity and pressure errors, namely:

𝐸u(𝑡𝑛) = ‖u𝑛 − uref
𝑛 ‖2

‖uref
𝑛 ‖2

, 𝐸p(𝑡𝑛) = ‖p𝑛 − pref
𝑛 ‖2

‖pref
𝑛 ‖2

, (2.3)

which are displayed in Figure 2.6. The 𝜒-Opt-EFR approaches provide similar 𝐿2 errors,
except for the 𝜒-Opt-EFRu

global, whose error drastically increases after 𝑡 = 1, leading to
the simulation blow up. The simulation stops because the optimization algorithm for
parameter 𝜒 is highly unstable and does not converge to a global optimum. The local
approaches (having an overdiffusive solution) and the global approaches 𝜒-Opt-EFRu,∇u

global

and 𝜒-Opt-EFRu,∇u,p
global (which provide a good agreement with the reference) have substan-

tially comparable error. However, the graphical comparison in Figure 2.2 highlights that
the global approaches including the gradient contribution provide significantly better re-
sults than the local approaches. Hence, we can conclude that the 𝐿2 relative error is not
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(a) 𝜒-Opt-EFRu
local - Velocity. (b) 𝜒-Opt-EFRu

local - Pressure.

(c) 𝜒-Opt-EFRu,∇u
local - Velocity. (d) 𝜒-Opt-EFRu,∇u

local - Pressure.

(e) 𝜒-Opt-EFRu
global - Velocity (𝑡 = 1.6). (f) 𝜒-Opt-EFRu

global - Pressure (𝑡 = 1.6).

(g) 𝜒-Opt-EFRu,∇u
global - Velocity. (h) 𝜒-Opt-EFRu,∇u

global - Pressure.

(i) 𝜒-Opt-EFRu,∇u,p
global - Velocity. (j) 𝜒-Opt-EFRu,∇u,p

global - Pressure.

Figure 2.5: Flow past a cylinder test case. Velocity magnitude and pressure fields for the
𝜒-Opt-EFR simulations, at the final time 𝑇 = 4. The solutions for 𝜒-Opt-EFRu

global are
represented at 𝑡 = 1.6, as the simulation blows up at later time.

a significant metric to compare our approaches. For this reason, in the next sections we
will not compare the solutions in terms of relative errors, but in terms of global metrics,
namely ‖u‖2, ‖∇u‖2 = |u|𝐻1 , and ‖p‖2, which are displayed in Figure 2.7 for the 𝜒-Opt-EFR
approaches.
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Figure 2.6: Flow past a cylinder test case. Time evolution of the velocity and pressure relative
𝐿2 errorswith respect to the reference solutions. The errors are displayed for all the 𝜒-Opt-
EFR algorithms considered, for noEFR, and standard EFR approaches.
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From Figure 2.7, we can finally quantitatively see the dissipativity of 𝜒-Opt-EFRu
local

and 𝜒-Opt-EFRu,∇u
local , which underestimate all the norms considered. The 𝜒-Opt-EFRu

global,
while exploding in ‖∇u‖2 and ‖p‖2, is the most accurate in the velocity norm until 𝑡 = 1.6.
This happens because the discrepancy in the velocity norm is exactly theminimized objec-
tive function of the optimizationprocess. The other twoglobal approaches (𝜒-Opt-EFRu,∇u

global

and 𝜒-Opt-EFRu,∇u,p
global ) exhibit similar results in all the norms considered and are the most

accurate with respect to the reference. The velocity gradients’ norm for such approaches
is oscillating more than the reference ones: this may be related to the data-driven nature
of the optimization, which is only performed every 10 time steps. Moreover, wewould ex-
pect the 𝜒-Opt-EFRu,∇u,p

global to capture the pressure field better than 𝜒-Opt-EFRu,∇u
global. How-

ever, the 𝜒-Opt-EFRu,∇u
global and 𝜒-Opt-EFRu,∇u,p

global are comparable, and the addition of the
pressure contribution only slightly increases the pressure accuracy (Figures 2.5h and 2.5j).
Finally, as we expect, the standard EFR and the noEFR norms are larger than the reference
values, as both simulations exhibit spurious oscillations.
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Figure 2.7: Flow past a cylinder test case. Time evolution of the velocity, velocity gradients
and pressure 𝐿2 norms, for all the 𝜒-Opt-EFR algorithms considered, for noEFR, standard
EFR and for the reference simulation.

In conclusion, for the 𝜒-Opt-EFR approach we can state that the local approaches
𝜒-Opt-EFRu

local and 𝜒-Opt-EFRu,∇u
local leads to poor and overdissipative solutions. For this

reason, we will not consider the local optimization approach in the 𝛿-Opt-EF and 𝛿𝜒-Opt-
EFR algorithms.

2.3.2 Numerical results of 𝛿-Opt-EF

This part is dedicated to the 𝛿-Opt-EF procedure, namely the optimization of the 𝛿(𝑡)
value, at fixed 𝜒 = 1. As already mentioned, we only consider the global optimization
approaches in this subsection, namely 𝛿-Opt-EFu

global, 𝛿-Opt-EFu,∇u
global, and 𝛿-Opt-EFu,∇u,p

global .
Figure 2.8 shows the optimal 𝛿 values in time, and the observation counts at different

discretized intervals in the range [1 × 10−5 , 1 × 10−3], relative to the global number of
evaluations.
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(a) Optimal 𝛿 values in 𝛿-Opt-EF.
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Figure 2.8: Flow past a cylinder test case. Optimal values of 𝛿 in time, and distribution of 𝛿
across all values in the admissible range [1× 10−5 , 1× 10−3], for the 𝛿-Opt-EF algorithms.

The results here are similar to the results obtained for the 𝜒-Opt-EFRglobal approaches
in Subsection 2.3.1, namely 𝛿(𝑡) is oscillating in time. In addition, in the 𝛿-Opt-EFu,∇u,p

global
algorithm, the optimal parameter converges to its largest value 1× 10−3 in the initial time
window, and then it oscillates but most of the time converges to its smallest value 1×10−5.
Figure 2.8b shows that the most frequently occurring value is 1 × 10−5.

The time evolution of the norms in Figures 2.10, and the graphical results at 𝑡 = 4 in
Figure 2.9 lead to the following conclusions:

⊲ The optimized algorithms 𝛿-Opt-EFglobal give a better representation of the reference
fields, outperforming the over-diffusive approximation of standard EF with fixed 𝛿;

⊲ The 𝐿2 norms show that the most accurate result is obtained with the 𝛿-Opt-EFu
global

algorithm, which directly includes the measured metric inside the objective func-
tion. However, this algorithm provides inaccurate results, as seen both from the
other norms’ behaviour, and from the graphical visualizations (Figures 2.9a and
2.9b), which show noisy and poor approximations;

⊲ The 𝛿-Opt-EFu,∇u
global and the 𝛿-Opt-EFu,∇u,p

global approaches are more accurate than the
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(a) 𝛿-Opt-EFu
global - Velocity. (b) 𝛿-Opt-EFu

global - Pressure.

(c) 𝛿-Opt-EFu,∇u
global - Velocity. (d) 𝛿-Opt-EFu,∇u

global - Pressure.

(e) 𝛿-Opt-EFu,∇u,p
global - Velocity. (f) 𝛿-Opt-EFu,∇u,p

global - Pressure.

Figure 2.9: Flow past a cylinder test case. Velocity magnitude and pressure fields for the
𝛿-Opt-EF simulations, at the final time 𝑇 = 4.

𝛿-Opt-EFu
global in the velocity gradients and pressure norms. The 𝛿 oscillating be-

haviour between this minimum value and higher values is, hence, necessary to al-
leviate the spurious oscillations, which appear in the 𝛿-Opt-EFu

global solution. The
qualitative solutions (Figures 2.9c, 2.9d, 2.9e, and 2.9f) confirm a good agreement
with the reference DNS;

⊲ As noticed for 𝜒-Opt-EFR, the addition of the pressure contribution 𝛿-Opt-EFu,∇u,p
global

does not substantially improve the pressure accuracy and negatively impacts the
computational cost of the method, as we will analyze in detail in Section 2.3.4.
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Figure 2.10: Flow past a cylinder test case. Time evolution of the velocity, velocity gradients
and pressure 𝐿2 norms, for all the 𝛿-Opt-EF algorithms considered, for noEFR, standard
EF and for the reference simulation.
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2.3.3 Numerical results of 𝛿𝜒-Opt-EFR

This part shows the results obtained with a double optimization of 𝛿(𝑡) and 𝜒(𝑡)
(𝛿𝜒-Opt-EFR algorithms). Since both algorithms 𝜒-Opt-EFRu

global and 𝛿-Opt-EFu
global proved

to be inaccurate in subsections 2.3.1 and 2.3.3, we only consider here 𝛿𝜒-Opt-EFRu,∇u
global and

𝛿𝜒-Opt-EFRu,∇u,p
global .

We repeat in Figure 2.11 the study on the time evolution of the optimal parameters,
and the statistical distribution of the selected values. The optimal 𝛿(𝑡) reproduces a similar
trend and statistics in both the algorithms: it oscillates in the admissible range, and the
most common value is 1 × 10−5, being the optimal one ≈ 65 − 73% of the time. However,
the relaxation parameter 𝜒(𝑡) assumes statistically larger values in 𝛿-Opt-EFu,∇u,p

global , being
almost always in the range [1 × 10−1 , 1]. When the pressure contribution is not included,
the relaxation parameter is more oscillating, and also converging to smaller values (≈
1 × 10−4) at some time instances.
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0 0.24 0.49 0.73
npoints
ntotal

1e-05

0.001

0.01

0.1

1

δ,
χ

δχ-Opt-EFRu,∇u
global

0 0.22 0.44 0.65
npoints
ntotal

δχ-Opt-EFRu,∇u,p
global

Optimal δ

Optimal χ

δ = η = 5.62× 10−4

χ = 5∆t = 0.002

(b) Observations count of 𝛿 and 𝜒 optimal values
in 𝛿𝜒-Opt-EFR.

Figure 2.11: Flow past a cylinder test case. Optimal values of 𝛿 and 𝜒 in time, anddistribution
of 𝛿 and 𝜒 across all values in the admissible range, for the 𝛿𝜒-Opt-EFR algorithms.

The norms behaviour in Figure 2.12 and the graphical fields in Figure 2.13 confirm that
both algorithms accurately reproduce the flow dynamics, and slightly differ in the pres-
sure reconstruction. As onewould expect, the pressure normappearsmore stable and less
oscillatingwhen adding the pressure contribution in the loss functional (𝛿𝜒-Opt-EFRu,∇u,p

global ).

2.3.4 Comparison and discussion of the Opt-EFR results

This subsection compares the results of the best-performing algorithm for each proposed
method, namely the (·)u,∇u,p

global class of methods. Hence, we answer the question:
Is it better to optimize the filter width, the relaxation parameter, or both?
Figure 2.14 shows a comparison among the different optimization types in the velocity
and pressure norms. The results are overall comparable, and 𝜒-Opt-EFR is slightly more
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Figure 2.12: Flow past a cylinder test case. Time evolution of the velocity, velocity gradients
and pressure 𝐿2 norms, for all the 𝛿𝜒-Opt-EFR algorithms considered, for noEFR, stan-
dard EFR, standard EF, and for the reference simulation.

(a) 𝛿𝜒-Opt-EFRu,∇u
global - Velocity. (b) 𝛿𝜒-Opt-EFRu,∇u

global - Pressure.

(c) 𝛿𝜒-Opt-EFRu,∇u,p
global - Velocity. (d) 𝛿𝜒-Opt-EFRu,∇u,p

global - Pressure.

Figure 2.13: Flow past a cylinder test case. Velocity magnitude and pressure fields for the
𝛿𝜒-Opt-EFR simulations at the final time 𝑇 = 4.

accurate in the velocity norm. 𝜒-Opt-EFR also provides less oscillating velocity gradients
and pressure norms.
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Figure 2.14: Time evolution of the velocity, velocity gradients and pressure 𝐿2 norms, for
the best performing algorithms of 𝜒-Opt-EFR, 𝛿-Opt-EF, and 𝛿𝜒-Opt-EFR. The results are
compared with noEFR, standard EFR, standard EF, and the reference simulation.

As an overview, we include two additional Figures:
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⊲ Figure 2.15 represents the time-average (orange lines) and confidence interval (boxes)
of the relative errors in the velocity 𝐻1 norm and pressure 𝐿2 norm. It confirms a
significant improvement in the Opt-EFR strategies with respect to standard EFR and
EF.

⊲ Figure 2.16 displays the increase in the accuracy of Opt-EFR results with respect
to the baselines. The “gain” metric is measured as the improvement in the time-
averaged relative error of the Opt-EFR solutions with respect to standard EFR and
standard EF results. Opt-EFR strategies significantly enhance the accuracy of stan-
dard methods. In particular, the Opt-EFR solution is 99 % more accurate than stan-
dard EFR, while it is 83 % (velocity) and 27-30 % (pressure) more accurate than
standard EF.
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Figure 2.15: Flow past a cylinder test case. Statistics (median and confidence intervals) for
noEFR, standard EFR/EF, and methods of type (·)u,∇u,p

global . The results display the relative
errors in the 𝐻1 velocity norm, and in the 𝐿2 pressure norm, with respect to the reference.
The plots show the time-averaged error (orange line) and the confidence interval (boxes).
The statistics are computed within the time window [0, 4].

Remark: on the incompressibility constraint.
A final curiosity we address here is the following:
Is the incompressibility constraint satisfied, even if we do not impose it explicitly in the DF?
The answer is that, in general, the incompressibility constraint is not satisfied, un-
less periodic boundary conditions are applied [35, 188, 339]. Typically, if the relax-
ation parameter is small (𝜒 ≈ Δ𝑡), the EFR simulation is characterized by lowvalues
of the discretized velocity divergence, namely ∇ · u ≈ 0, because the evolved veloc-
ity is divergence-free and its contribution dominates in the convex combination.
However, the constraint should be imposed in EF simulations or when 𝜒 ≈ 1. A
technique to impose divergence freeness is the so-called grad-div stabilization [77,
156, 187], which consists in penalizing the violation of incompressibility by adding
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2.3. NUMERICAL RESULTS OF OPT-EFR

Figure 2.16: Flow past a cylinder test case. Gain in the accuracy, considering the 𝐻1 velocity
and 𝐿2 pressure relative errors. The results show the time-average gain of the best Opt-
EFR methods with respect to the standard EFR and EF simulations.

in the DF a term of the form:

𝛾grad-div∇(∇ · w𝑛),

where 𝛾grad-div is a parameter to be calibrated depending on the test case. In the
supplementary material of [147], we perform the 𝛿-Opt-EF algorithm in the pres-
ence of the grad-div stabilization, using 𝛾grad-div = 100, as in [126]. Such strategy
leads to similar solutions to those obtained without stabilizing the DF.

2.3.4.1 On the optimization step

Here, we address the question:
What is the influence of the optimization step Δ𝑡 on the accuracy and efficiency of the Opt-EFR
simulation?
The previous analysis was performedwith a fixed optimization step,Δ𝑡opt = 10. However,
the optimization step plays a crucial role in achieving a good balance between accuracy
and efficiency in the proposed approach. We then compare the 𝛿𝜒-Opt-EFR strategies in
terms of efficiency and accuracy, at different optimization steps, namely Δ𝑡opt = 𝑁optΔ𝑡,
with 𝑁opt positive integer in {10, 20, · · · , 90, 100}. The accuracy is measured via the time-
average of the metrics ℒu

global, ℒ∇u
global and ℒp

global, defined in Section 2.2.1. The notation

(·)𝑛 indicates the time-average. The efficiency is assessed in terms of wall-clock time, ex-
pressed both as a percentage relative to the DNS time (bottom 𝑥-axis) and as absolute
time (top 𝑥-axis). The results of the 𝛿𝜒-Opt-EFR simulations with different values of 𝑁opt

are presented in Pareto plots (see Figure 2.17), where each marker is annotated with the
corresponding value of 𝑁opt.
Since the 𝑥-axis represents computational time and the 𝑦-axis represents the error, the
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best-performing simulations lie in the lower-left region of the plots, corresponding to low
error and low computational cost. Conversely, simulations located in the upper-left region
(high error, low cost) and in the lower-right region (low error, high cost) are considered
suboptimal.
Figure 2.17 leads to the following observations:

⊲ Standard EFR and noEFR simulations yield higher errors thanOpt-EFR, as expected.
In particular, for pressure and velocity gradients, the 𝛿𝜒-Opt-EFR improves accu-
racy by up to two orders of magnitude. Moreover, standard EFR and noEFR simu-
lations may also require more computational time than some 𝛿𝜒-Opt-EFR configu-
rations. This is likely due to their instability and noise, which increase the number
of iterations required by the FEM Newton solver to reach convergence.

⊲ In terms of relative wall-clock time, all Opt-EFR simulations exhibit a significant
speedup with respect to the DNS. However, in absolute terms, their computational
time lies in the range [4, 9] hours. This indicates that varying the optimization time
window can lead to differences in computational cost on the order of several hours.

⊲ As expected, simulations with smaller optimization steps (e.g., 10Δ𝑡 or 20Δ𝑡) are
more accurate but alsomore computationally expensive than thosewith larger steps.
While the accuracy across different optimization steps remains comparable in terms
of 𝐿2 norms, notable differences arise in the 𝐻1 velocity seminorm. This suggests
that velocity gradientsmay drift significantly from the global optimumbefore a new
optimization is performed, making subsequent corrections less effective.

⊲ The 𝛿𝜒-Opt-EFRu,∇u,p
global strategy provides a slight improvement in pressure accuracy.

However, it is more computationally expensive than 𝛿𝜒-Opt-EFRu,∇u
global without de-

livering a substantial gain in overall accuracy.

The same analysis varying Δ𝑡opt can be done for the other Opt-EFR strategies. For more
details, we refer the reader to Appendix B of [147].

2.4 Conclusions and motivations to RL

In this work, we advanced the EFR regularization approach by introducing a data-driven
strategy for the automated tuning of the filter and relaxation parameters, 𝛿 and 𝜒. While
existing studies provide heuristic guidelines, they typically rely on constant or problem-
dependent parameter choices. In contrast, the proposedOpt-EFR framework dynamically
adapts these parameters in time based on some pre-collected reference data, improving
robustness and accuracy in marginally-resolved regimes.
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Figure 2.17: Flow past a cylinder test case. Representation of how the optimization step af-
fects the efficiency and accuracy of the velocity and pressure solution in 𝛿𝜒-Opt-EFRu,∇u

global

and 𝛿𝜒-Opt-EFRu,∇u,p
global algorithms. The efficiency is represented in terms of the wall clock

time. The accuracy is measured in terms of the time-average discrepancy in the velocity
(2.17a), pressure (2.17b) and velocity gradients’ (2.17c) norm. The numbers identify the
number of time steps between two optimizations (𝑁opt).
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We investigated three optimization strategies: 𝜒-Opt-EFR, 𝛿-Opt-EF, 𝛿𝜒-Opt-EFR, op-
timizing either 𝛿 or 𝜒 or both parameters. The objective functions are defined to mini-
mize the discrepancy between the marginally-resolved Opt-EFR simulation and a refer-
ence DNS. The numerical results for the flow past a cylinder at 𝑅𝑒 = 1000 lead to the
following main conclusions:

⊲ Opt-EFR consistently outperforms both noEFR and standard EFR/EF.

⊲ Global objective functions (e.g. energy-related) provide more reliable results than
local ones (e.g., MSE), and help in correctly capturing the flow dynamics.

⊲ Including velocity gradients in the objective function is crucial to achieve the high-
est accuracy.

⊲ The optimized approach achieves comparable or reduced computational timewith
respect to standard approaches, thanks to the improved numerical stability and the
faster convergence of the Newton solver.

The main limitation of the approach is its reliance on reference data and its problem-
dependent nature, as the optimization must be repeated for different configurations.

As an outlook, the use of reinforcement learning to learn optimal parameter poli-
cies offline is addressed in Chapter 3, with a focused study on the tuning of 𝛿 within the
EF framework. This choice is justified by the results of the present Chapter, which clearly
show that the proposed algorithms 𝜒-Opt-EFR, 𝛿-Opt-EF, and 𝛿𝜒-Opt-EFR achieve essen-
tially equivalent performance. Therefore, the followingChapterwill focus on the dynamic
selection of 𝛿, which is controlled by a RL agent, trained either on representativeDNSdata
or on physics-based information from the ongoing simulation. This enables real-time pa-
rameter adaptation without requiring repeated optimization procedures, and allowing
for time extrapolation.
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3

RL-EF: ADAPTIVE FILTERING VIA REINFORCEMENT
LEARNING

This chapter aims to introduce an adaptive version of the Opt-EFR algorithm, enabling its
application in predictive and time-extrapolation regimes.
The previous chapter proposed the optimization of the EFR parameters independently
at each time step, heavily relying on the DNS reference data and without predictive ca-
pability. This preliminary investigation inspired the work [150] presented in this chap-
ter, where the filter parameter is not optimized independently at each time step, but RL
strategies are employed to learn a time-dependent control policy to properly select the
filter value.

RL encompasses a family of machine learning approaches in which an agent learns a
policy through direct interaction with an environment, optimizing for a prescribed cumu-
lative reward [351, 158], typically related to the discrepancywith respect to some reference
data. Unlike supervised learning, which relies on labeled input–output pairs, RL derives
optimal actions through sequential trial-and-error exploration. This makes it especially
well-suited for control and decision-making tasks where each action shapes subsequent
states, providing a natural formulation for time-dependent parameter selection. Within
CFD, RL has seen growing adoption across a range of applications, including flow control,
turbulence modeling, subgrid-scale closure, and adaptive numerical stabilization [183,
182, 181, 264, 265, 327, 95, 87, 342, 271, 247]. Collectively, these studies highlight RL’s abil-
ity to extract nontrivial control strategies directly from high-dimensional flow states, even
in strongly nonlinear regimes. Building on these capabilities, the present work employs
RL to dynamically adjust the filtering intensity within the EF framework, recasting param-
eter selection as an adaptive control problem governed by the evolving flow dynamics.

The key novelties with respect to previous EF (or EFR) approaches are the following:

⊲ the introduction of the novelReinforcement Learning-based Evolve-Filter (RL-EF)
algorithm, enabling a non-trivial adaptive adjustment of the filter radius in time;

⊲ a reference data-free version of RL-EF that learns the filter radius without relying
on reference DNS data, but only on physics-based indicators, like the equations’
residual, gradient-based measures, or structure-preserving quantities.

We will investigate the performance of RL-EF on two 2D test cases: the flow past a cylin-
der at 𝑅𝑒 = 1000, and the decaying homogeneous isotropic turbulence (HIT) in a square
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domain at 𝑅𝑒 = 4 × 104. In both cases, our analysis is mainly focused on improving the
velocity approximation rather than the pressure one.

This chapter is organized as follows:

⊲ Section 3.1, which shows the results of the standard EF approach, compared to the
reference DNS and to noEF;

⊲ Section 3.2, which presents the basic knowledge of the RLmethods used in thiswork
(subsection 3.2.2), and of our RL-EF algorithm (subsection 3.2.3);

⊲ Section 3.3, highlighting the results achieved with the novel approach on the two
test cases considered;

⊲ Section 3.4, which draws the conclusions for this work, motivating further exten-
sions.

3.1 The two test cases in FEniCSx: standard EF results

The first test case is the flowpast a cylinder at 𝑅𝑒 = 1000, which follows the same setting as
described in Section 2.1, namely the same initial and boundary conditions, time stepping
and the same FEM spaces. However, in order to couple the FEM solver with a RL envi-
ronment, we used a different version of the software, FEniCSx [21]. We slightly changed
the marginally-resolved and well-resolved meshes, which are represented in Figure 3.1.

(a) Well-resolved grid. (b) Marginally-resolved grid.

Figure 3.1: Flow past a cylinder test case. grids considered for the DNS and for the
marginally-resolved simulation in FEniCSx.

The second test case is the 2D decaying HIT at 𝑅𝑒 = 40 000 on a square domain (Ω =

[0, 1]2), as introduced in section 1.3.1. We follow the same initial and periodic boundary
conditions as section 1.3.1, but here we discretize the equations using a FEM in FEniCSx.
Differently from the flow past a cylinder, we employ quadrilateral elements on a 2562

(well-resolved) grid, and on a 642 (marginally-resolved) grid. We consider a backward
differentiation formula of order 1 (BDF1) as a time integration scheme, and standard P2 −
P1 elements for the velocity-pressure coupling. The simulation is performed within the
time window (0, 2], i.e., 𝑡0 = 0 and 𝑇 = 2, while the time step is fixed and Δ𝑡 = 1× 10−3 in
all the simulations.
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Table 3.1 presents the exact number of degrees of freedom for the velocity andpressure
fields in both test cases and for both the grids considered, together with the amount of
time needed to perform the simulations on both grids1.

Table 3.1: Degrees of freedom (dofs) for the velocity and pressure fields and wall times
needed to perform 4 seconds of simulation, for both the test cases taken into account, and
for both the marginally-resolved and well-resolved grids.

Test case Grid Velocity dofs Pressure dofs Wall time

Flow past a cylinder Marginally-resolved 9792 1274 ≈ 1 hour 4 minutes
Well-resolved 43609 11036 ≈ 4 hours 15 minutes

Decaying HIT Marginally-resolved 16641 4225 ≈ 2 hours 9 minutes
Well-resolved 263169 66049 ≈ 20 hours 42 minutes

Before showing the standard EF and noEF results, it is important to specify that, dif-
ferently from Chapter 2, we restrict our investigation to the calibration of the filter width
𝛿(𝑡), and do not consider the relaxation step, namely 𝜒 = 1 and u𝑛 = w𝑛 at each time step
𝑡𝑛 . Moreover, regarding the choice of the filtering strategy, differently from the DF used
in the previous chapter, we impose here the incompressibility constraint by using a Stokes
DF [86, 188], whose continuous form can be found in System (1.10). More precisely, the
filter step u𝑛 = ℱ (w𝑛) at time step 𝑡𝑛 can be written as:

−2𝛿2Δu𝑛 + u𝑛 + ∇𝜋aux
𝑛 = w𝑛 ,

∇ · u𝑛 = 0.
(3.1)

In the above expression, 𝜋aux
𝑛 represents an auxiliary variable to guarantee the divergence-

free constraint for u𝑛 .
Figures 3.2 and 3.3 show representative solutions in time of the velocity magnitude

for the filtered DNS2, the noEF and standard EF simulations, in the two test cases, respec-
tively.
For the flow past a cylinder case, Figure 3.2 demonstrates that:

⊲ noEF starts to exhibit spurious oscillations in the region nearby the cylinder at 𝑡 = 1,
and it blows up after 𝑡 = 1.5;

⊲ standard EF has an overdiffusive behaviour, as it manifests a vortex shedding in the
cylinder wake only at the end of the simulation, after 𝑡 = 2.

For the HIT case, Figure 3.3 shows that:

1Wall times refer to the simulations performed on the CINECA cluster Galileo G100, on 2 Intel Xeon Plat-
inumnodes, of 48 threads each. The times refer to the noEFR (marginally-resolved grid) andDNS simulations
(well-resolved grid).

2The filteredDNS is obtained by interpolating theDNS solution from thewell-resolved grid to the coarser
grid.
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⊲ The filtered DNS reference flow initially consists of small-scale vortical structures
that gradually merge and grow over time, leading to the characteristic decay of tur-
bulence and an overall dissipative behaviour. This evolution differs fundamentally
from the flow past a cylinder. In the cylinder case, vortex shedding develops only
after an initial transient phase, during which the kinetic energy increases before
reaching a periodic regime. By contrast, in the decaying turbulence scenario, the
kinetic energy decreases monotonically over time, and the dynamics are entirely
governed by the progressive dissipation of structures across scales.

⊲ The noEF solution becomes unstable and blows up after only a few time steps;

⊲ In contrast, the standard EF solution closely follows the filtered DNS up to approxi-
mately 𝑡 = 0.5. Beyond this point, however, it progressively diverges from the refer-
ence solution due to excessive diffusion. This over-diffusive behaviour is reflected
in the vortical structures, which appear larger than those of the filtered DNS.

Figure 3.2: Flow past a cylinder test case. Time evolution of the velocity solution for the
filtered DNS, standard EF, and noEF simulations.

Figure 3.3: Decaying HIT test case. Time evolution of the velocity solution for the filtered
DNS, standard EF, and noEF simulations.
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Remark: on the simulations’ software.
Regarding the flow past a cylinder test case, it is important to note that the differ-
ence in the computational time between the FEniCS (Table 2.1) and the FEniCSx
(Table 3.1) simulations is due to different factors, like the different machines, the
number of cores, the software used, and the computational grids. For instance, the
well-resolved simulation used in this chapter has 43609 velocity nodes, and it is less
refined than the one used in Chapter 2, which has 100676 velocity nodes.
Regarding the decaying HIT test case, it is worth highlighting that the simulation
performed with FVM using the library [2] (Figure 1.5), exhibits spurious oscilla-
tions but the energy does not grow unbounded. This behaviour is attributed to
the energy-conserving properties of the solver, which will be discussed in detail in
Chapter 4.

The poor results obtained with the standard literature approaches motivate the use of
RL, whose main theoretical background is introduced in Section 3.2.

3.2 Reinforcement Learning for the Evolve-Filter approach

A general and compact description of fully-connected neural networks and multi-layer
perceptron is available in Section 3.2.1. Then, the basic knowledge on RL and on the
specific algorithm we adopt (Deep Q-Network) is introduced in Section 3.2.2, while its
application to the EF formulation (RL-EF) is presented in Section 3.2.3.

3.2.1 Neural networks

Wehere briefly recall the architecture of aMulti-Layer Perceptron (MLP), a fully-connected
basic Neural Network (NN) [277, 220]. We consider an input i ∈ R𝑑in×𝐵, where 𝐵 is the
number of data samples (or batch size), and 𝑑in is the dimensionality of the input. A fully-
connected NN is composed of hidden layers, whose basic units are the neurons. The appli-
cation of a single hidden layer, namely a linear operation, followed by a nonlinear function
ℎ (called activation function), is expressed as follows:

o = ℎ(Wi + b), (3.2)

where W ∈ R𝑑out×𝑑in and b ∈ R𝑑out are the weight matrix and bias vector associated with
the hidden layer. The output o will then have dimension 𝑑out×𝐵. This type of simple NN
is typically referred to as shallow NN.

A sequential application of hidden layers (linear and nonlinear operations) is instead
a deep NN. In this general case, we have 𝐿 hidden layers with weight matrices W(𝑙) and
bias b(𝑙), with 𝑙 = 1, . . . , 𝐿. For example, considering 𝐿 = 2, the output can be expressed
as:

o = ℎ
(
W(2)

(
ℎ(W(1)i + b(1))

)
+ b(2)

)
. (3.3)
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Figure 3.4 represents an example of deep neural network.

Input

Hidden layers

Output

Figure 3.4: Basic illustration of a deep fully-connected neural network architecture (or
multi-layer perceptron), with 2 inputs, 1 output, and 2 hidden layers of 5 neurons each.

A neural network is typically indicated with NN𝜽, where 𝜽 is the set of learnable
weights, namely W(𝑙) , b(𝑙), 𝑙 = 1 . . . , 𝐿. Such parameters are iteratively adjusted during
the training process to minimize a predefined loss function. The training proceeds in
two main steps: forward propagation, where inputs are passed through the network to pro-
duce predictions, and backpropagation, where the gradients of the loss with respect to each
parameter are computed using the chain rule. These gradients are then used by an op-
timization algorithm, such as stochastic gradient descent or Adam [170], to update the
parameters iteratively. Over many iterations (named epochs), the network gradually im-
proves its performance by minimizing the loss on the training data.

An example of loss function in supervised learning is the MSE discrepancy between
the given true data o′ and the model output, namely:

ℒ(𝜽) = 1
𝐵

𝐵∑
𝑏=1
‖𝑜𝑏 − 𝑜′𝑏‖2𝑙2 , with o = NN𝜽(i). (3.4)

Other loss functions, like the 𝐿1 loss or combinations of 𝐿2 and 𝐿1 discrepancies, are
possible, as well as different optimizers. Other well-known optimizers are variants of
Adam like AdamW [209], L-BFGS [204], SGD [11], SOAP [346].

3.2.2 An introduction to RL

We now analyze how NNs are used in RL.
RL is grounded in the principle of learning by interaction: an agent acquires decision-
making capabilities through repeated engagement with a dynamic environment. This
process is formally cast within the Markov Decision Process (MDP) framework, where
an MDP is defined by the tuple (𝒮,𝒜, 𝑃, 𝑟, 𝛾). Here, 𝒮 and 𝒜 denote the state and ac-
tion spaces, respectively, 𝑃 is the state transition probability, 𝑟 the reward function, and
𝛾 ∈ (0, 1] the discount factor. The agent–environment interaction unfolds over episodes,
each comprising a finite sequence of decision steps. At decision step 𝑡𝑛 , the environment
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presents a state 𝑠𝑛 = 𝑠(𝑡𝑛) ∈ 𝒮. Upon observing this state, the agent selects an action
𝑎𝑛 = 𝑎(𝑡𝑛) ∈ 𝒜 by sampling from a policy 𝜋(𝑎𝑛 | 𝑠𝑛), which encodes the conditional prob-
ability of taking action 𝑎𝑛 in state 𝑠𝑛 . The environment then transitions to a successor state
𝑠𝑛+1 according to the transition law 𝑃(𝑠𝑛+1 | 𝑠𝑛 , 𝑎𝑛), and the agent receives a scalar reward
signal 𝑟𝑛+1. The agent’s objective is to find an optimal policy maximising the expected
cumulative discounted reward. For a given episode, the cumulative reward (or return) is
defined as

𝑅train =
𝑁train−1∑
𝑛=0

𝛾𝑛𝑟𝑛+1 ,

where𝑁train is the number of steps in a training episode. The discount factor 𝛾 determines
the relative importance assigned to immediate and future rewards. Values of 𝛾 close to
one encourage long-term planning by placing nearly equal weight on distant rewards,
whereas smaller values prioritise immediate gains.

Through sustained interaction with the environment, the agent iteratively refines its
policy, eventually acquiring the ability to generalise to previously unseen states and to
extrapolate in time beyond the training horizon.

The Deep Q-Network algorithm. In the present work, we employ the Deep Q-Network
(DQN) algorithm [225], a value-based RL method that focuses on the approximation of
the 𝑄-function, also known as the action–value function:

𝑄𝜋(𝑠, 𝑎) = E𝜋

[ ∞∑
𝑘=0

𝛾𝑘𝑟𝑛+𝑘

����� 𝑠𝑛 = 𝑠, 𝑎𝑛 = 𝑎

]
. (3.5)

The operator E𝜋[·] denotes the expectation over all stochasticity arising from both the
policy 𝜋 and the environment dynamics, i.e., over all future state–action trajectories gen-
erated by following 𝜋 from the initial pair (𝑠, 𝑎). The discounted infinite sum captures the
cumulative future reward, with the discount factor 𝛾 ensuring convergence while pro-
gressively down-weighting the rewards associated with later steps.
Within DQN, the 𝑄-function is represented by a deep neural network parametrized by 𝜃,
defining a nonlinear mapping

𝑄𝜃 : 𝒮→ R|A| ,

which takes the current state as input and outputs the estimated cumulative discounted
reward associated with each possible action in the action space 𝑎1 , . . . , 𝑎|A|. Rather than
learning an explicit policy, the agent derives its behaviour implicitly from the Q-function
via a greedy selection rule,

𝑎𝑛 = 𝜋(𝑠𝑛) = arg max
𝑎∈𝒜 𝑄𝜃(𝑠𝑛 , 𝑎),

typically augmented with an exploration strategy during the training phase.
DQN relies on two distinct networks: an online 𝑄-Network with parameters 𝜃 (𝑄𝜃),

updated continuously during training, and a targetQ-Network with parameters 𝜃− (𝑄𝜃−),
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whoseweights are periodically synchronizedwith those of the online network. The online
network parameters are optimized by minimising the loss

ℒ(𝜃) = E
[ (
𝑟𝑛+1 + 𝛾 max

𝑎′
𝑄𝜃−(𝑠𝑛+1 , 𝑎′) −𝑄𝜃(𝑠𝑛 , 𝑎𝑛)

)2
]
.

The quantity 𝑟𝑛+1 + 𝛾 max𝑎′ 𝑄𝜃−(𝑠𝑛+1 , 𝑎′) is known as the temporal-difference target. It com-
bines the immediate reward received after taking action 𝑎𝑛 with an estimate of the maxi-
mum discounted future return obtainable from the successor state. This estimate is given
by the target network 𝑄𝜃− .

The use of two separate networks is essential for stabilising the optimization process.
While the online network is updated at every training iteration, the target network remains
fixed for several updates, providing a slowly varying reference. This separation reduces
the harmful feedback loop that would arise if the network were simultaneously used to
predict and to define its own learning target.

A detailed treatment of RL theory and methodology can be found in [325].

3.2.3 The RL-EF approach

We apply the RL techniques described in Section 3.2.2 to RL simulations, introducing the
RL-EF approach. Specifically, RL-EF is an enhanced EF simulation in which the filter
radius 𝛿𝑛 is time-dependent and updated at each time step by a pre-trained RL agent.

In the proposed framework, the action coincides with the filter radius applied at time
𝑡𝑛 , i.e., 𝑎𝑛 = 𝛿𝑛 , while the observation (state) 𝑠𝑛+1 corresponds to the vector-valued fil-
tered velocity field u𝑛+1(𝛿𝑛) obtained using the filter radius selected by the RL agent. The
action space 𝒜 consists of 50 discrete values, comprising four logarithmically-spaced val-
ues in [1 × 10−10 , 1 × 10−7] and 46 logarithmically-spaced values in [1 × 10−6 , 1 × 10−3],
as schematically illustrated in Figure 3.5. This design reflects the distinct influence that
different filter radii have on the velocity field: small valueswith orders ofmagnitude rang-
ing from O(10−10) to O(10−7) yield nearly indistinguishable EF solutions, i.e., u𝑛(10−10) ≈
u𝑛(10−7), whereas larger values produce a substantially different effect on the solution,
i.e. u𝑛(10−6) 0 u𝑛(10−3). Consequently, a denser sampling is adopted over the range
[1 × 10−6 , 1 × 10−3].

10−10 10−9 10−8 10−7 10−6 10−5 10−4 10−3

δ ∈ A

Figure 3.5: Action space used for DQN in RL-EF.

The observation space depends instead on the number of degrees of freedom of the
discretization adopted in the EF simulation, namely 𝒮 ≡ R𝑁u , where 𝑁u is the number
of velocity nodes of the marginally-resolved grid. In our setting, one RL episode corre-
sponds to a sequence of physical time steps, i.e., the time steps of an EF simulation over
a prescribed training time window. A sketch of the RL-EF mechanism is represented in
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Figure 3.6. As a result of the training procedure, the RL agent identifies an optimized
trajectory {(u1 , 𝛿1), . . . , (u𝑁 , 𝛿𝑁 )} over the time interval (0, 𝑇] (corresponding to 𝑁𝑇 time
steps), by learning from a reduced trainingwindow (0, 𝑇train] (corresponding to𝑁train time
steps), with 𝑇train � 𝑇.

Action : 
How much filtering?

( )

an

an ≡ δn ∈

State sn+1 = un+1

Reward rn+1

Agent

Environment
(EF solver)

Filtered DNS: uref
n+1

Physical residual  
and 

| resn+1 |
∥∇un+1∥L2

Data-Driven-RL-EF 

Data-Free-RL-EF 

Interpreter

or

Figure 3.6: Illustrative sketch of the RL-EF procedure.

Remark: on the discrete action space.
Other RL strategies might be employed, such as the Proximal Policy Optimization
(PPO) algorithm [301], which allows for a continuous action space. Preliminary
investigations using the PPO approach led to poor results in terms of solution ac-
curacy and training stability. However, we do not exclude that a more advanced
empirical investigation and fine-tuning of the net architecture might yield more ac-
curate results. Moreover, PPO poses additional challenges compared to DQN, as
it features a fundamentally different input–output structure. Indeed, while DQN
learns an action–value function fromwhich the optimal action is derived implicitly,
PPO directly learns the policy 𝜋(𝑎𝑛 | 𝑠𝑛), i.e., a probability distribution over the ac-
tion space. This makes its training more complex, as the algorithm must optimise
the policy parameters directly, navigating a higher-dimensional learning problem
than that faced by a value-based method such as DQN. For these reasons, in this
work we decided to adopt a discrete action space using DQN.

RL rewards. The natural question is:
What is the most appropriate reward expression to enable the agent to learn a suitable filter selection
strategy?
We investigated two types of reward: either reference data-driven, based on the accuracy
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of the RL-EF solution with respect to pre-collected reference DNS data, or reference data-
free, based on physics-based quantities, like the equation residual and the velocity gra-
dients of the RL-EF solution. Consequently, the general RL-EF methodology specializes
in Data-Driven Reinforcement Learning-based Evolve-Filter (DD-RL-EF) and Data-Free
Reinforcement Learning-based Evolve-Filter (DF-RL-EF).

In the data-driven approach, we use as reference the filtered DNS velocity solution,
indicated as uref

𝑛 at time step 𝑡𝑛 , just as in Chapter 2. In terms of reward, we followed the
lead of previous works [183, 182, 181], which consider the following general form for the
reward at each time step 𝑡𝑛+1:

𝑟DD
𝑛+1 = 2 exp

(
− 1
𝛼

e𝑛+1

)
− 1, (3.6)

where 𝛼 is a parameter empirically tuned, and e𝑛+1 is a metric (specified later) associated
with the error of the RL-EF solution u𝑛+1(𝛿𝑛)with respect to the DNS reference uref

𝑛+1. The
expression (3.6) is widely used in RL to map the error metric e𝑛+1 into the interval [−1, 1],
thus improving stability and facilitating convergence during training.

In previous works that applied RL to CFD, the error metric taken into account is typi-
cally the relative energy spectrum difference at the first (and more energetic) wave num-
bers, namely:

espectrum𝑛+1 =
1
𝐾

𝐾∑
𝜅=1

(
ℰ𝑛+1(𝜅) − ℰref

𝑛+1(𝜅)
ℰref
𝑛+1(𝜅)

)2

, (3.7)

where ℰ(𝜅) and ℰref(𝜅) are the RL-EF and the filtered DNS energies, respectively, at the
wavenumber 𝜅 at time step 𝑡𝑛+1. The parameter 𝐾 denotes the maximumwavenumber re-
tained in the error computation, whose value is typically determined through empirical
tuning and varies depending on the test case under consideration. Preliminary experi-
ments showed that the spectrum error (3.7) is not a good metric in our setting, as it led to
poor results. We then investigated as a metric the square of the relative error between the
RL-EF velocity and the reference solution, namely:

eDD
𝑛+1 =

(
‖u𝑛+1 − uref

𝑛+1‖2
‖uref

𝑛+1‖2

)2

. (3.8)

In all our DD-RL-EF tests, the reward is 𝑟DD
𝑛+1 in Equation (3.6), where 𝛼 = 1 and e𝑛+1 =

eDD
𝑛+1.

The reader may have now two questions:
(i) What is the number of time steps that should be considered in one RL episode?
(ii) Should each episode start from the beginning of the simulation, e.g. 𝑡 = 0?
Weanswer these questions by introducing and comparing two variants for the data-driven
setting:

⊲ DD-RL-EF, where each episode starts from 𝑡 = 0 and has duration 𝑇train. In our
experiments, 𝑇train = 𝑇/4. The cumulative reward for each episode can then be
computed as:
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𝑅DD =
𝑁train∑
𝑛=1

𝑟DD
𝑛 . (3.9)

⊲ Data-DrivenReinforcement Learning-based Evolve-Filterwith random initializa-
tion (DD-RL-EF-rand), where each episode is initialized from a randomly drawn
time instant within the training window 𝑛rand ∈ {1, 2, . . . , 𝑁train−1, 𝑁train}. This set-
ting has a reduced episode length compared to the standard DD-RL-EF case, which
is set to𝑇rand

train = 𝑇/10, corresponding to𝑁rand
train time steps. This choice encourages the

agent to experience a broader variety of states compared to episodes systematically
initialized at 𝑡 = 0. The cumulative reward reads:

𝑅DD
rand =

𝑛rand+𝑁rand
train∑

𝑛=𝑛rand

𝑟DD
𝑛 . (3.10)

When considering the reference data-free setting, the reward reads as follows:

𝑟DF
𝑛+1 =

1
2

(
2 exp (−𝛼res |res𝑛+1|) − 1

)
+ 1

2

(
2 exp

(
−

���� 1
𝛼grad(‖∇u𝑛+1‖2 − ‖∇u𝑛‖2)

����) − 1
)
, (3.11)

which includes two different contributions:

⊲ (2 exp (−𝛼res |res𝑛+1|) − 1) is directly related to the residual res𝑛+1 found using the
Newton method when solving the FEM system. This formulation yields decreasing
rewards as the physical residual grows, i.e., when the RL-EF prediction deviates
from a solution of the discrete NSE. This component penalizes excessively small fil-
ter radii 𝛿𝑛 , which fail to provide sufficient stabilization to the system. As evidenced
by the noEF simulation, such a regime leads a blow-up of the residual.

⊲

(
2 exp

(
−

���� 1
𝛼grad(‖∇u𝑛+1‖2 − ‖∇u𝑛‖2)

����) − 1
)
is instead related to the temporal varia-

tion in the velocity space gradients. Small variations in the velocity gradients are
indicative of overdiffusive behaviour, as observed in EF simulations with large fil-
ter radii such as 𝛿 = 𝜂. In contrast to the residual term, this component penalizes
excessively large values of 𝛿𝑛 . The agent is rewarded more generously when the
velocity gradients exhibit greater temporal variation, reflecting a more accurate cap-
ture of the flow features and of their expected evolution in time.

The parameters 𝛼res and 𝛼grad are tuned after preliminary empirical investigations. In our
DF-RL-EF tests, we consider the reward 𝑟DF

𝑛+1, with 𝛼res = 1× 105 and 𝛼grad = 1× 104. The
cumulative reward for each episode is:

𝑅DF =
𝑁train∑
𝑛=1

𝑟DF
𝑛 . (3.12)
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The reward formulation can also be extended to incorporateweak structure-preserving
constraints, such as energy or enstrophy conservation, which rely solely on the RL-EF so-
lution itself and require no access to reference data. Along these lines, we introduce the
Structure-Preserving Data-Free Reinforcement Learning-based Evolve-Filter (SP-DF-RL-
EF), in which the reward is augmented with penalization terms accounting for the energy
and enstrophy growth:

𝑅DF
SP =

𝑁train∑
𝑛=1

[
𝑟DF
𝑛 + 1{ℰ𝑛>ℰ𝑛−1}

(
exp

(
−ℰ𝑛 − ℰ𝑛−1

𝛼ℰ ℰ𝑛−1

)
− 1

)
+ 1{Z𝑛>Z𝑛−1}

(
exp

(
−Z𝑛 −Z𝑛−1

𝛼ZZ𝑛−1

)
− 1

)]
.

In the above expression, 1{ℰ𝑛>ℰ𝑛−1} and 1{Z𝑛>Z𝑛−1} are indicator functions that activate
exclusively when energy or enstrophy growth is detected, respectively. In such cases, an
additional penalization proportional to the magnitude of the energy and/or enstrophy
growth is incorporated into the reward. This approach is particularly tailored for cases
like the decayingHIT case to (weakly) impose a time-decaying energy and enstrophy. The
parameters governing the penalization terms were tuned to 𝛼ℰ = 𝛼Z = 0.1.

Table 3.2 provides a summary of the acronyms adopted for the RL-EF methodologies
introduced in this work.

Table 3.2: Acronyms and main features of the proposed RL-EF approaches.

Acronym Episode start Episode length Cum. reward Data needed

DD-RL-EF 𝑡 = 0 𝑇train = 𝑇/4 𝑅DD uref
𝑛 , 𝑡𝑛 ∈ [0, 𝑇train]

DD-RL-EF-rand random 𝑡 ∈ [0, 𝑇train] 𝑇rand
train = 𝑇/10 𝑅DD

rand uref
𝑛 , 𝑡𝑛 ∈ [0, 𝑇train + 𝑇rand

train ]
DF-RL-EF 𝑡 = 0 𝑇train = 𝑇/4 𝑅DF No reference needed

SP-DF-RL-EF 𝑡 = 0 𝑇train = 𝑇/4 𝑅DF
SP No reference needed

Remark: on the reward expression.
It is worth noting that, although DQN optimises the discounted return (see Equa-
tion (3.5)), the cumulative rewards reported in (3.9), (3.10), and (3.12) correspond to
the undiscounted sum of the rewards collected during each training episode. We
will analyze these metrics, even though are not used during training.
Other questions we address are:
Why not including the pressure discrepancy in the data-driven reward?
The inclusion of the pressure contribution in the Opt-EFRu,∇u,p

global approaches pre-
sented in Chapter 2 was not beneficial to improve the approximation. Hence, we
do not investigate the inclusion of the pressure approximation error for the RL-EF
method.
Why not DF-RL-EF-rand?
In order tomaintain a fully reference-free approach, we do not consider the strategy
of initializing episodes at a random time step 𝑛 = 𝑛rand, since this would necessi-
tate access to the filtered DNS state uref

𝑛rand as the starting point for time integration,
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thereby compromising the data-free nature of the framework.

As illustrated in Figure 3.6, the development of RL-EF relies on the integration of FEn-
iCSx [21, 10, 304, 303] with twomain libraries: Gymnasium [332, 185], a standard Python-
based library for defining reinforcement learning environments, and Stable Baselines
3 [266], a collection of reliable and well-tested reinforcement learning algorithms built on
top of Gymnasium.

3.3 Numerical results of RL-EF

This section is dedicated to showing the numerical results obtained applying the RL-EF
methodologies on the two test cases presented in Section 3.1. The results include both an
investigation in the training stage, with a loss and reward analysis, and the results in the
predictive regime [𝑇train, 𝑇].

3.3.1 Flow past a cylinder test case

Westart the investigation on the flowpast a cylinder test case by examining theRL training.
The training statistics reported in Figure 3.7 show the cumulative reward over episodes
and the DQN loss function over the training time steps. As a preliminary remark, it is
worth noting that the maximum (undiscounted) achievable cumulative reward equals the
number of time steps per episode 𝑁train. In DD-RL-EF and DF-RL-EF, 𝑁train = 𝑁𝑇/4 =

2500, corresponding to 𝑇train = 1 s, while in DD-RL-EF-rand, as detailed in Section 3.2.3,
𝑁rand

train = 𝑁𝑇/10 = 1000, corresponding to 𝑇rand
train = 0.4 s.

A first inspection of the results reveals that all methods converge to values close to
their respective maximum cumulative reward, demonstrating that near-optimal policies
are successfully learned in all cases. Among them, DF-RL-EF reaches the performance
plateau earlier and displays smaller fluctuations than DD-RL-EF, as highlighted in the
zoomed box of Figure 3.7. This behaviour can be attributed to the reward formulation of
DF-RL-EF, which incorporates both the residual contribution and the temporal variation
of the velocity gradients. This structure, combined with the specific choice of the parame-
ters 𝛼res and 𝛼grad, is deliberately designed to promote stable learning dynamics and large
rewards.

A similar trend is observed in DD-RL-EF-rand, whose cumulative reward exhibits lim-
ited oscillations and rapidly attains its maximum value (1000). In this case, the random
initialization of each episode promotes broader state exploration, thereby accelerating the
convergence of the agent.

These observations are further confirmed by the loss evolution: the losses associated
with DD-RL-EF-rand and DF-RL-EF decay more rapidly than that of DD-RL-EF, reaching
≈ 1 × 10−4 before time step 50 000 (which corresponds to 50 episodes for DD-RL-EF-rand
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and to 20 episodes for DF-RL-EF). On the other hand, the DD-RL-EF loss stabilizes at the
higher plateau of ≈ 1 × 10−3.
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Figure 3.7: Flow past a cylinder test case. Cumulative reward and loss value during training
steps, for the RL-EF methods.

Once the training is complete, we assess the performance of RL-EF in a predictive
regime. Figure 3.8 displays: (i) the actions 𝛿𝑛 , 𝑛 = 1, . . . , 𝑁𝑇 selected by the pre-trainedRL
agent throughout the simulation time (left); (ii) the action frequency (right), addressing
the question: what percentage of the time is a given action chosen by the agent?

A first observation is that different agents select different actions. However, across
all algorithms, the action values exhibit an oscillatory and irregular temporal behaviour.
Consistent with the preliminary investigation carried out in [147] (Chapter 2), this sug-
gests that no single fixed optimal 𝛿 exists for the entire time window, and that, depending
on the current simulation state, the optimal choice at certain time instances is not to filter,
i.e., selecting 𝛿𝑛 with order of magnitude ranging from O(10−10) to O(10−7). Indeed, the
RL agent predominantly selects values smaller than the Kolmogorov length scale 𝜂, indi-
cated in Figure 3.8 by dashed grey lines. Furthermore, DF-RL-EF tends to select larger
values of 𝛿𝑛 overall compared to DD-RL-EF and DD-RL-EF-rand. This behaviour sug-
gests that the reference-free reward formulation implicitly places greater emphasis on
maintaining simulation stability, leading the agent to apply filtering more consistently
and to modulate the filter strength dynamically rather than deactivating it. The inclusion
of physics-based terms in the reward systematically promotes stabilization, effectively
preventing the onset and growth of numerical instabilities.

The above observations are further supported by Figures 3.9 and 3.10, which present
a comparison among the noEF, RL-EF, standard EF, and the reference filtered DNS solu-
tions. Specifically, Figure 3.9 compares the methods in terms of the velocity norms ‖u(𝑡)‖2
and ‖∇u(𝑡)‖2, while Figure 3.10 examines the drag and lift forces acting on the cylinder.
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Figure 3.8: Flow past a cylinder test case. Action values over testing time, and corresponding
frequency, for the RL-EF methods.

The dimensionless lift and drag coefficients (in continuous space) are defined as:

𝐶𝐷(𝑡) = 2
𝑈2𝐿

∫
𝜕Ω𝐶

((2𝜈∇𝒖(𝑡) − 𝑝(𝑡)I) · 𝒏𝐶) · 𝒕𝐶 𝑑𝑠,

𝐶𝐿(𝑡) = 2
𝑈2𝐿

∫
𝜕Ω𝐶

((2𝜈∇𝒖(𝑡) − 𝑝(𝑡)I) · 𝒏𝐶) · 𝒏𝐶 𝑑𝑠,
(3.13)

where𝑈 and 𝐿 are the characteristic velocity and length scales of the test case, 𝒏𝐶 and 𝒕𝐶
are the unit vectors in the normal and tangential directions to the cylinder, respectively.
The cylinder boundary is denotedwith 𝜕Ω𝐶 . In the discrete setting, the boundary integral
is approximated by summing the contributions over each boundary edge via Gaussian
quadrature, and the stress tensor 2𝜈∇u − pI is evaluated using the FEM solution (u, p) on
each boundary element.

Figures 3.9 and 3.10 demonstrate that all RL-EFmethods achieve greater accuracy and
closer agreement with the filtered DNS reference than both noEF and standard EF.

The overdiffusive character of the standard EF approach is apparent across all con-
sidered metrics, manifesting as a nearly flat temporal behaviour without any oscillations.
While this ensures numerical stability, it comes at the cost of suppressing physically rel-
evant dynamical features of the flow. The noEF simulation, on the other hand, loses sta-
bility and blows up after 𝑡 = 1; its corresponding curve is therefore not reported beyond
this time instant in the plots.
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Figure 3.9: Flow past a cylinder test case. Time evolution of the velocity and velocity gradi-
ents’ norms, for the filtered DNS, noEF, standard EF, and for the novel RL-EF methods.

All RL-EF strategies successfully recover the correct energy evolution and closely track
the reference solution. The velocity gradients, however, display temporal oscillations
around the reference values. This behaviour is not unexpected and is intrinsic to this
class of simulations. Notably, analogous oscillations were reported in Section 2.3 (Fig-
ure 2.10), even though in that work each action 𝛿𝑛 was determined as the optimal value
resulting from a separate optimization carried out independently at every time step 𝑡𝑛 .
The presence of oscillations can therefore not be ascribed to suboptimality of the learned
policy. Indeed, the setting adopted in the previous Chapter 2 is more favourable, as the
filter parameter was computed with full access to the reference data and through a time-
local optimization at each step. In the present work, by contrast, the RL agent learns a
single policy from limited training data and is subsequently required to generalize in a
time-extrapolation regime. The observation of similar oscillatory patterns under these
more demanding conditions further supports the robustness and effectiveness of the
proposed RL-EF framework.

Regarding the aerodynamic forces, the data-drivenmethods closely reproduce the ref-
erence lift and drag coefficients, both in amplitude and frequency. The reference data-free
strategy represents an improvement over standard EF, although it slightly underestimates
the force amplitudes and velocity norms over certain time steps in the interval [1.5, 2.5].

Figure 3.11 shows the energy spectrum ℰ(𝜅) at selected wavenumbers for the pro-
posedmethods, alongside the theoretical turbulence scaling expected in two-dimensional
test cases.

At 𝑡 = 1, when vortex shedding is not yet fully developed, all methods display a com-
parable large-scale energy distribution. Nevertheless, the standard EF approach already
exhibits a pronounced attenuation of high-wavenumber modes, leading to a premature
energy decay at small scales and confirming its overdiffusive character.

At later times (𝑡 = 2 and 𝑡 = 4), the differences become more pronounced. The noEF
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Figure 3.10: Flow past a cylinder test case. Time evolution of drag and lift coefficients, for the
filtered DNS, noEF, standard EF, and for the novel RL-EF methods. Drag and lift forces
are computed on the cylinder boundary.

simulation accumulates excessive energy at intermediate and highwavenumbers as a con-
sequence of the blow-up, while standard EF strongly suppresses small-scale activity, pro-
ducing spectra that are overly steep and fall below the reference solution in the inertial
range.

All RL-EF strategies achieve a substantially improved balance between these two ex-
tremes. They correctly preserve the large-scale energy content while effectively control-
ling the high-wavenumber range without introducing excessive diffusion. The resulting
spectra remain in close agreementwith the reference slope, also in the inertial rangewhere
the 𝜅−3 scaling is expected.

At 𝑡 = 1 and 𝑡 = 2, the DF-RL-EF spectrum displays lower energy at large wavenum-
bers, i.e., at small scales, and remains closer to the filtered DNS than the DD-RL-EF strate-
gies. This is directly consistent with the larger 𝛿𝑛 values observed in Figure 3.8, reflecting
the tendency of the data-free agent to apply stronger filtering during these stages. This
confirms that the physics-based reward effectively promotes stabilization by penalizing
the uncontrolled growth of small-scale energy. In particular, it enables the agent to regu-
late the dissipative range in a physically meaningful manner, preventing energy accumu-
lation at high wavenumbers while preserving the correct large-scale dynamics. Overall,
these results demonstrate that a purely physics-informed reward is sufficient to guide the
agent toward a spectrally consistent filtering strategy, capable of balancing stability and
accuracy across scales.

Furthermore, Figure 3.12 presents the velocity magnitude fields at selected time in-
stances. In comparison with the noEF and standard EF results shown in Figure 3.2, all
RL-EF strategies qualitatively reproduce the vortex shedding dynamics with good accu-
racy, avoiding both the overdiffusive smoothing and the spurious noise observed in the
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Figure 3.11: Flow past a cylinder test case. Energy spectrum at three time instances, for
the filtered DNS, noEF, standard EF, and for the novel RL-EF methods. The spectrum is
computed at the cylinder wake, after “artificially” making the domain periodic.

baseline methods.

Figure 3.12: Flow past a cylinder test case. Time evolution of the velocity solution for the
RL-EF simulations, compared with the filtered DNS.

Finally, we compare the methods in terms of global metrics, obtained by averaging in
time the accuracy of the RL-EF kinetic energy and the energy spectrum across different
scales. Global quantities such as energy and enstrophy are adopted in place of the classi-
cal relative 𝐿2 error, which is not well-suited to assess the performance of the proposed
methodology [147, 322] (see Figure 2.6).

Specifically, we consider:

errℰ =
1
𝑁𝑇

𝑁𝑇∑
𝑛=1

����ℰ𝑛 − ℰref
𝑛

ℰref
𝑛

���� , errspectrum =
1
𝑁𝑇

𝑁𝑇∑
𝑛=1

(
1
𝐾

𝐾∑
𝜅=1

log10

( ℰ𝑛(𝜅)
ℰref
𝑛 (𝜅)

))
, (3.14)

where 𝐾 is the maximum wavenumber retained in the error computation. In errspectrum,
a log10-scaled error is employed, as it more effectively captures the relative magnitude
of discrepancies spanning several orders of magnitude. This metric would highlight dif-
ferences in the low-energy, large-wavenumber region of the spectrum, which are often
critical for evaluating the fidelity of numerical schemes in convection-dominated flows.
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Figure 3.13 reports the above-defined metrics for all RL-EF solutions, alongside the
noEF and standard EF baselines. The spectral error errspectrum is evaluated at two 𝐾 val-
ues: a larger one retaining all scales, from high-energy small wavenumbers to low-energy
large wavenumbers, and a smaller one restricted to the energy-containing large scales
only. This distinction allows us to assess the accuracy of the RL-EF strategies separately
on the dominant large-scale structures (small 𝐾) and across the full spectral range (large
𝐾).
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Figure 3.13: Flow past a cylinder test case. Error of the kinetic energy averaged in time
(errℰ ), and log-space error of the energy spectrum averaged with respect to the wavenum-
bers and in time (errspectrum). The energy spectrum error is computed over two different
wavenumbers ranges, namely 𝐾 = 32 and 𝐾 = 128.

For the cylinder test case (Figure 3.13), concerning the energy error errℰ , all RL-EF
methods achieve considerably higher accuracy (approximately 5−6% error) than standard
EF (approximately 15% error). The noEF curve is shown as a dashed red line due to the
blow-up of its solution.

Regarding the spectral error, the RL-EF methods, and in particular the data-free ap-
proach DF-RL-EF, attain the lowest error for both values of 𝐾. The discrepancy between
methods is more pronouncedwhen only the large scales are retained (𝐾 = 32), suggesting
that the choice of filtering strategy has a stronger influence on the accuracy of the energy
distribution in the dominant flow structures. In particular, standard EF incurs a larger er-
ror in the large-scale energy content, as it fails to reproduce the physical vortex shedding.
The RL-based strategies, by contrast, successfully recover the relevant flow dynamics and
better preserve the energy distribution across scales. When the full spectrum is consid-
ered (𝐾 = 128), the differences among RL approaches remain limited, with DF-RL-EF
achieving the lowest overall error. In this regime, standard EF performs comparably to
the RL-EF approaches, as it does not suffer from spurious oscillations or noisy behaviour
at small scales.

In conclusion, the following key observations deserve emphasis:

⊲ In the reference-guided approaches, reference data are provided only over a limited
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time window, namely [0, 1] (or [0, 1.4] for DD-RL-EF-rand), during which vortex
shedding is not yet fully developed. Despite this restricted, pre-transient training
regime, the RL agent successfully learns to modulate the filtering intensity from
the velocity state alone. Remarkably, the learned policy generalizes to the time-
extrapolation regime, maintaining both stability and accuracy of the RL-EF simu-
lations even after the flow reaches a fully developed state.

⊲ In the reference-free setting, the RL agent is trained without any access to refer-
ence data, relying exclusively on physics-based information. Nevertheless, it au-
tonomously develops an effective filtering strategy that preserves both stability and
accuracy. The resulting performance closely matches that of the data-driven ap-
proaches, demonstrating that physically informed rewards alone are sufficient to
guide the learning process toward robust and high-quality solutions. This also dras-
tically reduces the computational cost of training, since no reference data or DNS
solution is required, as further discussed in Section 3.3.3.

Overall, these results underscore the robustness and generalization capability of the pro-
posed RL framework, demonstrating that effective stabilization policies can be learned
even from limited or entirely absent reference data.

3.3.2 Decaying homogeneous isotropic turbulence test case

Once we have demonstrated the accuracy of RL-EF for the flow past a cylinder case, we
now address the following question:
Can the RL-based filtering strategy adapt to a regime where no sustained energy production oc-
curs, and where the primary challenge is to preserve the correct decay rate while avoiding excessive
dissipation?

As for the first test case, we start by analyzing the training stability. Figure 3.14 il-
lustrates the cumulative reward and the DQN loss function over the course of training
episodes for the different RL-EF strategies under consideration. Given that this test case
is designed to preserve both energy and enstrophy, the analysis is extended to include the
SP-DF-RL-EF strategy introduced in Section 3.2.3. The maximum achievable cumulative
reward is 𝑁train = 𝑁𝑇/4 = 500 time steps (𝑇train = 0.5) for all the RL-EF methods, with the
exception of DD-RL-EF-rand, whose episodes are shorter, comprising 𝑁rand

train = 𝑁𝑇/10 =

200 time steps (𝑇rand
train = 0.2).

All RL-EF strategies converge to a plateau in the proximity of their respective theoret-
ical maximum reward, albeit with markedly different loss decay rates. Notably, and in
contrast to the first test case, the overall loss decay is considerably slower, reaching values
of the order of ≈ 1 × 10−4 only for the DD-RL-EF and DF-RL-EF strategies. The DD-RL-
EF-rand and SP-DF-RL-EF strategies, on the other hand, exhibit a more oscillatory loss
behaviour throughout training.

In the case of DD-RL-EF-rand, this instability is consistent with the observations from
thefirst test case and can be attributed to the random initialization of each training episode.
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The stochastic nature of the episode reset introduces variability in the initial conditions,
which in turn increases dispersion in the learning dynamics. In the structure-preserving
setting, the oscillatory behaviour arises from a fundamentally different mechanism: the
additional physical constraints embedded in the reward formulation. Although these
constraints promote consistency with the underlying physics of the system, they simul-
taneously increase the complexity of the optimization landscape, resulting in less stable
training dynamics and rendering the identification of the optimal filter parameter a more
challenging task.
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Figure 3.14: Decaying HIT test case. Cumulative reward and loss value during training
steps, for the RL-EF methods.

We analyze then the performance of the RL-EF methods in predictive regimes. Fig-
ure 3.15 illustrates the filtering actions selected by the pre-trained RL agents throughout
the simulation, along with the corresponding distributions of the most frequently chosen
filter values. In this test case, the agents display a less oscillatory behaviour compared to
the previous scenario, with selected action values being sustained over longer consecutive
time intervals. The action frequency distributions further reveal that the most commonly
selected filter radius 𝛿𝑛 at time 𝑡𝑛 coincides with, or lies in close proximity to, the Kol-
mogorov length scale. This tendency is particularly pronounced in the DD-RL-EF-rand
and SP-DF-RL-EF strategies, where the agent selects 𝛿𝑛 = 𝜂 ≈ 3.53×10−4 at approximately
40% and 50% of the time steps, respectively. This behaviour suggests that, in a purely
dissipative regime, the policy learned by the agent naturally gravitates toward a physi-
cally meaningful small-scale cutoff, effectively balancing numerical stabilization with the
preservation of the correct energy decay dynamics.

The time evolution of energy and enstrophy, shown in Figure 3.16, provides further
insight into the comparative performance of the different strategies. The noEF simulation
becomes numerically unstable and diverges shortly after 𝑡 = 0.25, confirming the neces-
sity of a filtering mechanism to ensure long-term stability. The standard EF approach,
while stable, yields a smooth and monotonic decay of both energy and enstrophy at the
cost of excessive dissipation, resulting in an over-damped response relative to the filtered
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Figure 3.15: Decaying HIT test case. Action values over testing time, and corresponding
frequency, for the RL-EF methods.

DNS reference.

All RL-EF strategies, with the exception of DD-RL-EF, successfully reproduce the cor-
rect energy decay behaviour without introducing the spurious diffusion observed in stan-
dard EF. Among these, DD-RL-EF-rand achieves the closest agreement with the filtered
DNS in terms of energy evolution. DD-RL-EF, by contrast, tracks the reference solution
accurately within the training timewindow up to 𝑡 = 0.5, but becomes progressively over-
diffusive at later times. This degradation in performance is consistent with the larger fil-
ter radius values 𝛿𝑛 selected beyond the training horizon, as reported in Figure 3.15, and
points to a limited capacity for generalization in the extrapolation regime. Regarding the
enstrophy evolution, DD-RL-EF, DD-RL-EF-rand, and DF-RL-EF all exhibit a transient
increase, most notably at early times. This behaviour is indicative of a temporary amplifi-
cation of small-scale activity prior to the onset of the dominant dissipative regime. In the
SP-DF-RL-EF case, the weak enforcement of enstrophy conservation yields a more con-
trolled and moderate response. Nonetheless, small residual increases in enstrophy are
still observed, which can be attributed to the fact that the conservation constraint is im-
posed in a penalized, rather than hard, form within the reward function during training.

Figure 3.17 presents a comparison of the energy spectra at 𝑡 = 0.5, 1, 1.5. The noEF
simulation, having become unstable at early times, rapidly develops an unphysical spec-
trum characterized by an excessive accumulation of energy at high wavenumbers. The
standard EF approach, conversely, systematically underestimates the energy content at

64



3.3. NUMERICAL RESULTS OF RL-EF

0 0.5 1.0 1.5 2
Time [s]

0.3

0.4

0.5

0.6

E(
t)

0 0.5 1.0 1.5 2
Time [s]

0

500

1000

1500

Z(
t)

noEF
EF (Kolmogorov)

DD-RL-EF
DD-RL-EF-rand

DF-RL-EF
SP-DF-RL-EF

Filtered DNS

Figure 3.16: Decaying HIT test case. Time evolution of the velocity and velocity gradients’
norms, for the filtered DNS, noEF, standard EF, and for the novel RL-EF methods.

small scales across all reported times, further corroborating its over-dissipative character.

At 𝑡 = 0.5, all RL-EF strategies yield spectra that are mutually consistent and in good
agreement with the filtered DNS reference. A minor exception is noted for DD-RL-EF-
rand, which exhibits slightly elevated energy levels at intermediate and large wavenum-
bers, indicative of residual small-scale oscillations. This behaviour is consistent with the
higher enstrophy values reported in Figure 3.16, and reflects a degree of enhanced small-
scale activity in this strategy. At later times (𝑡 ∈ [1, 1.5]), DD-RL-EF progressively un-
derestimates the energy content in the high-wavenumber range, in line with the stronger
dissipation already identified in the energy and enstrophy evolution. By contrast, all the
other methods maintain close agreement with the filtered DNS spectrum throughout, ac-
curately reproducing both the large-scale energy content and the small-scale decay be-
haviour.
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Figure 3.17: DecayingHIT test case. Energy spectrumat three time instances, for the filtered
DNS, noEF, standard EF, and for the novel RL-EF methods. The spectrum is computed
considering the entire squared domain.
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A qualitative assessment is provided in Figure 3.18, which compares the RL-EF veloc-
ity fields against the filtered DNS at selected time instants. The visual inspection confirms
the quantitative trends discussed above. For 𝑡 > 0.5, the DD-RL-EF velocity field displays
excessively smoothed vortical structures, consistent with the over-dissipative behaviour
identified in both the energy decay and spectral analyses. DD-RL-EF-rand, on the other
hand, exhibits a noisier small-scale structure at early times (e.g., 𝑡 = 0.25), in agreement
with its elevated enstrophy levels and increased high-wavenumber energy content.

The data-free strategies, by contrast, yield a more balanced solution overall. The vorti-
cal structures remain well-resolved, exhibiting neither spurious oscillations nor excessive
smoothing, and reflect a more effective compromise between numerical stabilization and
the faithful preservation of the physical decay dynamics.

Figure 3.18: Decaying HIT test case. Time evolution of the velocity solution for the RL-EF
simulations, compared with the filtered DNS.

As in subsection 3.3.1, the analysis is concluded by comparing the methods in terms
of the global errors on the kinetic energy and on the energy spectrum, as defined in Equa-
tions (3.14). The results are summarized in Figure 3.19. With regard to the kinetic energy
error errℰ , the figure confirms that DD-RL-EF-rand achieves the highest accuracy among
all strategies considered, followed by the reference-free methods, SP-DF-RL-EF and DF-
RL-EF. The DD-RL-EF strategy, being characterized by excessive diffusion, yields an en-
ergy error comparable to that of standard EF, reflecting its inability to preserve the correct
energy decay dynamics beyond the training horizon.

Concerning the error on the energy spectrum, a distinction is again drawn between
the contribution of the large scales, evaluated at maximum wavenumber 𝐾 = 8, and the
full range of resolved scales, evaluated at 𝐾 = 32. Unlike the flow past a cylinder (Fig-
ure 3.13), the discrepancy between the methods becomes considerably more pronounced
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when the full range of scales is taken into account, whereas the differences are less signif-
icant when the analysis is restricted to the largest scales alone. This behaviour reflects the
intrinsic difficulty of the present test case, where the primary challenge lies in accurately
controlling the velocity gradients while avoiding excessive dissipation.

When the full spectral range is considered, a marked distinction emerges between
the over-diffusive strategies, namely standard EF and DD-RL-EF, and the remaining ap-
proaches. The excessive dissipation inherent to the former group leads to an artificial
depletion of energy at high wavenumbers, which in turn results in substantially larger
spectral errors at 𝐾 = 32.

When attention is restricted to the large-scale range (𝐾 = 8), all RL-EF strategies yield
spectral errors of comparable magnitude to standard EF, with the notable exception of SP-
DF-RL-EF. In this case, the weak enforcement of the physical constraint within the reward
function enables the agent to recover the energy spectrum at the dominant scales, leading
to improved agreement with the filtered DNS reference even in the absence of training
data derived from the reference DNS solution.
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Figure 3.19: Decaying HIT test case. Error of the kinetic energy averaged in time (errℰ ), and
log-space error of the energy spectrum averaged with respect to the wavenumbers and in
time (errspectrum). The energy spectrum error is computed over two different wavenum-
bers ranges, namely 𝐾 = 8 and 𝐾 = 32.

Overall, this test case demonstrates the capacity of the proposed RL-based filtering
framework to adapt to a purely dissipative regime, which is fundamentally different in
character from the vortex-shedding scenario examined previously. The results collectively
highlight the following key findings:

⊲ Purely reference-guided training strategies are susceptible to limited generalization
beyond the training window, with performance degrading as the flow dynamics
evolve into the extrapolation regime. The introduction of randomization in the train-
ing time window can improve robustness with respect to this limitation, at the cost
of mild small-scale noise in the solution;
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⊲ Reference-free reward formulations represent the most promising approach, yield-
ing significantly enhanced stability while maintaining a high level of accuracy in
both the spectral and energetic quantities of interest.

3.3.3 Computational details

This section summarizes the key computational aspects of the RL-EF experiments. Specif-
ically, Table 3.3 reports the training times for each RL-EF variant and both test cases, while
Table 3.4 collects themain RL hyperparameters to ensure reproducibility. All experiments
were carried out on the Galileo G100 cluster at CINECA (Italy), using Intel Xeon Plat-
inum nodes without GPU acceleration. As shown in Table 3.3, the CPU time required
for the DNS in the decaying HIT case considerably exceeds that of the flow past a cylin-
der, due to the larger number of finite element nodes, as already reported in Table 3.1.
Among the methods considered, DD-RL-EF-rand exhibits the lowest average CPU time
per episode across both test cases. This is a direct consequence of its shorter episode length
(𝑁rand

train = 𝑁/10, compared to 𝑁train = 𝑁/4 adopted in all other approaches, as detailed in
Table 3.2. However, DD-RL-EF-rand incurs a higher cost for collecting the filtered DNS
data, since episodes are initialized at random points within [0, 𝑇train], necessitating DNS
data over the extended interval [0, 𝑇train + 𝑇rand

train ].
It is also worth emphasizing that the reference-free methods, namely DF-RL-EF and

SP-DF-RL-EF, require no DNS data, translating into savings of several hours of compu-
tational time. Notably, this reduction in cost does not come at the expense of accuracy;
these approaches achieve comparable or even superior solutions relative to their reference-
guided counterparts, as evidenced by the global spectrum errors reported in Figures 3.13
and 3.19. Finally, the episode counts listed in Table 3.3 correspond to the point at which
the training reward reached a stable plateau, after which the model was saved for subse-
quent time extrapolation tests.

Table 3.3: Computational training times for RL-EF approaches.

Test case Algorithm Average CPU time per episode Episodes DNS CPU time

Flow past a cylinder

DD-RL-EF 15 min 38 s 150 63 min 41 s
DD-RL-EF-rand 6 min 18 s 300 89 min 2 s

DF-RL-EF 15 min 18 s 200 Not needed

Decaying HIT

DD-RL-EF 32 min 14 s 90 5 h 10 min 30 s
DD-RL-EF-rand 13 min 11 s 210 7 h 13 min 45 s

DF-RL-EF 32 min 9 s 90 Not needed
SP-DF-RL-EF 32 min 14 s 60 Not needed

Table 3.4 reports the hyperparameters needed to train the RL agent for reproducibility
purposes, and in particular the discount factor used for the𝑄 training, the architecture of
the NN (which is a standard MLP), and other training hyperparameters, like the learning
rate, and the optimizer used. We specify that the neural network used in DQN in our case
is 𝑄𝜃 : R𝑁u → R|A|, where |A| = 50, corresponds to the number of admissible 𝛿 values.
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Table 3.4: Hyperparameters used for RL training in RL-EF approaches.

Hyperparameter Value

Discount factor 𝛾 0.99
Learning rate 1 × 10−5

Network architecture 2 hidden layers of 64 neurons each
Network activation ReLU
Network optimizer Adam
Max gradient norm 5

Batch size 128
Target update interval 5𝑁train

3.4 Conclusions and motivations to DD-EF(R) approaches

In this chapter, we presented RL-EF: a reinforcement learning framework for the dynamic
selection of the filter radius within the EF stabilization of convection-dominated incom-
pressible flows. The core idea is to replace heuristic, time-constant prescriptions of the
filter width with a learned, state-dependent control policy that continuously adapts to
the evolving flow dynamics. The RL-EF methodology recasts parameter tuning as a se-
quential decision-making problem, inwhich the agent learns a global control strategy over
a prescribed training window and subsequently applies it in time extrapolation regimes.
Both reference data-driven (DD-RL-EF) and fully reference-free (DF-RL-EF) reward for-
mulations are investigated, including a structure-preserving variant that incorporates
weak energy and enstrophy constraints where required by the specific test case. Numer-
ical investigation on two benchmark problems with fundamentally different dynamics,
i.e., the flow past a cylinder at 𝑅𝑒 = 1000 and decaying HIT at 𝑅𝑒 = 40 000, yields the
following key results:

⊲ Stability without over-diffusion. The learned policies prevent the numerical blow-
up observed in marginally-resolved noEF simulations, while avoiding the excessive
dissipation that characterizes standard EF approaches. The RL-selected filter radius
varies non-trivially in time, confirming that no single constant value remains opti-
mal throughout the entire simulation.

⊲ Spectral consistency across scales. The RL-EF strategies preserve large-scale flow
structures while correctly regulating the dissipative range. The resulting energy
spectra remain in close agreement with the reference filtered DNS, including in the
inertial range, demonstrating that adaptive filtering can recover the correct balance
between energy-containing and small-scale modes.

⊲ Generalization beyond the training window. In the data-driven setting, the agent
is trained exclusively over an early-time window in which the flow has not yet fully
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developed. Despite this limited exposure, the learned policy successfully general-
izes to later times, encompassing regimes characterized by vortex shedding or long-
time turbulent decay. This underscores the ability of RL to extract transferable con-
trol laws rather than simply interpolating reference data.

⊲ Effectiveness of physics-informed rewards. Most importantly, the reference-free
formulation attains performance comparable to its data-driven counterpart. By re-
lying solely on residual-based control and gradient-based indicators, without re-
course to computationally expensive DNS reference data, the DF-RL-EF agent au-
tonomously discovers filtering strategies that are simultaneously stable and spec-
trally accurate. This demonstrates that physically meaningful reward design alone
is sufficient to guide the learning process toward robust stabilization policies, even
in the complete absence of reference solutions.

Across both test cases, the learned filtering policies adapt to the qualitative charac-
ter of the flow regime: oscillatory and highly dynamic in the cylinder wake, and more
conservative and persistent in decaying turbulence. This behaviour confirms that the RL
framework captures problem-specific stabilization requirements rather than imposing a
uniform dissipative mechanism. The proposed approach offers a robust and flexible alter-
native tomanual parameter calibration in EF-typemethods, eliminating fixed tuning rules
based onmesh size or Kolmogorov scaling and replacing themwith adaptive, state-aware
control strategies learned directly from the flow evolution. Several research directions nat-
urally arise from this study. As the primary objective of the present work was to establish
a preliminary assessment of the robustness of the proposed approach, these aspects have
not been explored here and will be addressed in future investigations:

1. The extension to three-dimensional turbulent flows represents a fundamental step to-
ward realistic high-Reynolds-number applications, where increased scale separation
and richer nonlinear interactions pose substantially greater stabilization challenges.

2. A particularly promising avenue is the development of spatially-varying filtering strate-
gies. In the current formulation, the filter radius is uniform over the computational do-
main at each time step. However, the optimal level of stabilization is generally highly
localized, particularly in flows featuring shear layers, vortex shedding, or boundary
layers. Enabling spatial variation of the filter radius could significantly improve accu-
racy, for instance through multi-agent reinforcement learning, where distinct agents
govern local subdomains, or via graph-based neural architectures that operate directly
on mesh connectivity to enable localized control.

3. The present framework remains grid-dependent, as the observation space coincides
with the discrete velocity degrees of freedom. Constructing a mesh-independent state
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representation, for example through graph-based encodings, would improve transfer-
ability across meshes and resolutions, paving the way toward discretization-agnostic
stabilization policies.

4. Adopting a continuous action space would eliminate the need to discretize the filter ra-
dius and allow finer control of the stabilization mechanism.

One of the inherent limitations of the EF/EFR approach lies in its dependence on only
one (in EF) or two (in EFR) tunable parameters. Chapter 4 investigates the possibility of
overcoming this restriction by scaling the number of controllable parameters up to the full
number of degrees of freedom of the simulation, thereby enabling a local prescription
of the filtering intensity that can adapt to the heterogeneous stabilization requirements
across the computational domain.

71



4

DD-EFR: A DATA-DRIVEN ALTERNATIVE TO
DIFFERENTIAL FILTERS

While the work presented in Chapters 2 and 3 relies on the DF for the filter step, in this
chapter we introduce an entirely different filtering concept, constructed directly from ref-
erence DNS data rather than prescribed through a differential operator. This direction
is motivated by the existence of a wide range of data-driven approaches to flow stabi-
lization. As introduced in Section 1.4, several research works integrate machine learning
into LES to model the closure terms and to improve the simulation accuracy. It was found
that the performance of such models depends critically on how the network parameters
are optimized: when a differentiable solver is available, gradient-based techniques can be
employed to train the parameters directly with respect to how well the coarsened DNS
solution is reproduced. This end-to-end training strategy is often necessary, as optimiz-
ing networks to reproduce only the right-hand side — while computationally cheaper
— frequently leads to inaccuracies and long-time instabilities [203, 102, 213, 5, 223]. The
main limitations of these approaches are the substantial computational cost of generating
training data and training the networks, the requirement for a differentiable solver, and
the resulting incompatibility with many existing codebases. Furthermore, the learned
models are considerably less interpretable than, for example, explicit DFs.

For these reasons, in this work we do not adopt machine learning strategies to build
our data-driven filter, but we rely instead on a linear regression approach.

The following novelties are introduced in this work:

⊲ The definition of a novel data-driven linear filter, which is trained on referenceDNS
data. The resulting evolve-filter strategy exploiting this filter is called Data-Driven
Evolve-Filter (DD-EF). Beyond its greater flexibility with respect to the DF, DD-EF
offers several additional advantages. By exploiting the Fast Fourier Transform (FFT),
the filter can be applied in a computationally efficient manner, entirely bypassing
the need to solve a linear system at each application. Moreover, computing the opti-
mal filter coefficients reduces to a set of independent one-dimensional least squares
problems (one for each coefficient), making the parameter identification process sig-
nificantly cheaper than training a neural network.

⊲ A clever way to tune the relaxation parameter 𝜒, which leads to a energy and/or
enstrophy- conserving version of the algorithm.
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4.1. PRELIMINARIES: THE ENERGY-CONSERVING SOLVER AND THE STAGGERED GRID
FRAMEWORK

Themethodology is implemented and combinedwith an energy-conserving finite vol-
ume solver using a staggered grid discretization [2, 4], as described in Section 4.1.

A detailed description of the novel methodology can be found in Section 4.2, which
is subdivided into two parts: the first part (4.2.1) presents how the data-driven filter is
computed, and the second part (4.2.2) presents how a DD-EFR approach can preserve
energy and/or enstrophy by appropriately tuning the relaxation parameter.

The methodological developments are followed by a numerical investigation in Sec-
tion 4.3, where the proposed approach is validated on the decaying HIT test case at 𝑅𝑒 =
40 000 (the same test case as in Section 1.3.1). The learned filter is also used in the Kol-
morogov flow case, which has the same setting as the decaying HIT case, but with an
additional forcing term. In this way, the filter is assessed both in temporal extrapolation,
as it is applied beyond the time window used for training, and in extrapolation with re-
spect to the test case, as it is deployed on flow configurations not seen during the learning
stage.

4.1 Preliminaries: the energy-conserving solver and the
staggered grid framework

The project is implemented and tested using the library [2, 3], which adopts a finite vol-
ume discretization in a staggered grid framework. In this framework, the velocity field is
approximated on the cell faces, while the pressure field is approximated at the cell centers,
as shown in Figure 4.1a.

Differently from Chapters 2 and 3, where the filtered DNS solution is obtained via
interpolation on the coarser grid, in this Chapter we adopt a different mapping from the
refined to the coarse grid. In particular, we adopt a face-average filter operation, which is
sketched in Figure 4.1b for a 2D structured grid1. The face-averaging filter can be thought
of as a top-hat filter (see Equation (1.8)) acting on the dimensions orthogonal to the veloc-
ity components only.

The discretizedNSE at time step 𝑡𝑛 can bewritten in the generalmatrix form as follows:


Mu

𝜕u𝑛
𝜕𝑡

= −C(u𝑛)u𝑛 + 𝜈Duu𝑛 −Gp𝑛 + f𝑛 ,

Hu𝑛 = 0.
(4.1)

In the above formulation, u𝑛 ∈ R𝑁u , p𝑛 ∈ R𝑁p , for each 𝑛, M ∈ R𝑁u×𝑁u is the mass matrix2,
C ∈ R𝑁u×𝑁u is the convection operator, Du ∈ R𝑁u×𝑁u is the diffusion operator, f ∈ R𝑁u is
the external forces vector, G ∈ R𝑁u×𝑁p is the pressure gradient operator, H ∈ R𝑁p×𝑁u is
the divergence operator. 𝑁u and 𝑁p are the number of degrees of freedom for the velocity
and pressure fields, respectively.

1The procedure can be extended to unstructured grids in a straightforward way [4].
2Mu = I in standard finite volume discretizations.
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(a) Pressure and velocity evaluation points in
2D structured grid.

(b) Face-average filter in 2D structured grid.

Figure 4.1: Sketch of the fields evaluation and of the face-average filter in the staggered
grid framework.

The solver adopted is energy-conserving, namely, as happens at the continuous level
(Equation (1.4)), it dissipates the kinetic energy, in the absence of external forces andunder
periodic boundary conditions:

𝑑ℰ𝑛
𝑑𝑡
≤ 0 ∀ time step 𝑡𝑛 . (4.2)

This is a crucial property, as it guarantees that, even on under-resolved or marginally
resolved grids, the energy in noEFR simulations cannot grow uncontrollably. Conversely,
this same property can be leveraged in EF (or EFR) simulations to isolate the effect of the
filter and to numerically assess whether it dissipates energy, as will be analyzed in detail
in Section 4.2.1.

Proof: the finite-volume solver in the staggered grid framework is energy-
conserving.
We here prove that the discrete energy cannot increase. We denote with Mu and
Mp the element-wise scaling operators containing the velocity and pressure volume
sizes. The discrete energy, when f𝑛 = 0, is:
𝑑ℰ𝑛
𝑑𝑡

=
𝑑
𝑑𝑡

(1
2
‖u𝑛‖2Mu

)
=
𝑑
𝑑𝑡

(1
2

u𝑇𝑛Muu𝑛
)
= −u𝑇𝑛MuC(u𝑛) − u𝑇𝑛MuGp𝑛 + 𝜈u𝑇𝑛MuDuu𝑛 .

The convective term is skew-symmetric under the incompressibility constraint,
namely:

〈C(u𝑛), u𝑛〉Mu = u𝑇𝑛 (MuC(u𝑛) + C(u𝑛)Mu
𝑇) = 0,

This leads to:

−u𝑇𝑛MuC(u𝑛)u𝑛 = −1
2

u𝑇𝑛 (MuC(u𝑛) + C(u𝑛)Mu
𝑇)u𝑛 = 0.

Hence, the convective term is not contributing to the energy variation, just as in the
continuous formulation.
The gradient operator is:

G = −Mu
−1H𝑇Mp ,
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where H is the divergence operator. Hence, exploting the fact that Hu𝑛 = 0, the
pressure contribution becomes:

−u𝑇𝑛MuGp𝑛 = u𝑇𝑛MuMu
−1H𝑇Mpp𝑛 = (Hu𝑛)𝑇Mpp𝑛 = 0.

Since the Laplacianmatrix is symmetric and negative semidefinite, the viscous con-
tribution to the energy variation can only be negative:

〈Duu𝑛 , u𝑛〉Mu = u𝑇𝑛MuDuu𝑛 ≤ 0→ 𝜈u𝑇𝑛MuDuu𝑛 ≤ 0.

Hence, 𝑑ℰ𝑛
𝑑𝑡
≤ 0.

For more details on the solver, we refer the reader to [4].

4.2 DD-EFR methodology

The goal of this section is to introduce the methodological pipeline of [150], sketched in
Figure 4.2.

The pipeline is composed of an offline stage, i.e., the collection of the reference data
and the computation of the optimal data-driven filter𝓕 ★ (presented in Section 4.2.1), and
an online stage, i.e., the DD-EF simulation. During the online simulation, the relaxation
parameter 𝜒 can be adapted to ensure structure preservation, obtaining twoDD-EFR vari-
ants, as described in Section 4.2.2.

The ultimate objective is to employ the filter, constructed from snapshots over the time
window [0, 𝑇train], in a time-extrapolation regime, i.e., over the interval [𝑇train , 𝑇]with𝑇 �
𝑇train, while maintaining a good accuracy.

4.2.1 Data-driven linear filter

As introduced for the continuous formulation in Section 1.2, an explicit filter operation
can be written as a convolution in physical space. In the case of periodic boundaries and
uniform grids, we can apply a FFT to the discrete velocity fields. Using the notation ·̂ to
indicate the Fourier coefficients, we can write:

ŵ = P†w = FFT(w), and w = Pŵ = FFT−1(ŵ),
where P is the matrix where the Fourier modes are stored, the † symbol indicates the
Hermitian conjugate, and the notation ·̂ indicates the representation in Fourier space. For
non-periodic boundary conditions, this could be extended by the use of lifting functions,
like in [276], but in this work we restrict our analysis for simplicity to periodic boundaries.

After applying the FFT, we can write the filter operation as a multiplication in Fourier
space [43], obtaining the following relation:

w = 𝓕w = P𝓕P†w. (4.3)
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0 T > Ttrain
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Tune  for
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ℰ 𝒵

Filtered DNS
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t

Online time step  tn

(I) Evolve:                                  wn+1

(II) Filter:     wn+1 = ())⋆wn+1

(III) Relax:  un+1 = χnwn+1 + (1 − χn) wn+1

Discretized NSE

Offline stage

Ttrain

…

Figure 4.2: Workflow of the DD-EF and DD-EFR frameworks. An optimal filter is learned
offline from filtered DNS data, and (optionally) the relaxation parameter is tuned to en-
sure energy and/or enstrophy dissipation.

The matrix𝓕 ∈ C𝑁u×𝑁u is a diagonal matrix, whose entries correspond to the eigenvalues
of the filter 𝓕 .

We now address the question:
How can we derive the optimal entries 𝑓̂ ★𝑖 , 𝑖 = 1, . . . , 𝑁u from some pre-collected data?
From now on, we will denote the optimal filter with 𝓕 ★.

We compute the optimal filter coefficients 𝑓̂ ★𝑖 using the reference data Uref, collected
within the time window [0, 𝑇train]. We consider a parametrized flow case with parameter
𝝁, given in our tests by the initial condition. For the derivation of the optimal filter, we
consider:

⊲ 𝝁𝑗 , 𝑗 = 1, . . . , 𝐼train training initial conditions. In the decaying HIT test case, different
initial conditions are obtained by changing the seed used to generate the values 𝜃𝜅

and 𝜏𝜅 for each wavenumber 𝜅 (see the details of the initialization in Section 1.5).
Some examples of initial vorticity fields are displayed in Figure 4.3;

⊲ 𝑛 = 1, . . . , 𝑁train time instances for each configuration (where 𝑁train corresponds to
time 𝑇train).

MatrixUref collects all the reference filteredDNS snapshots uref
𝑛 (𝝁𝑗), with 𝑛 = 2, . . . , 𝑁train,

𝑗 = 1, . . . , 𝐼train. Hence, the matrix Uref can be written as:

Uref =


| | | |

uref
2 (𝝁1) . . . uref

𝑁train
(𝝁1) . . . uref

2 (𝝁𝐼train) . . . uref
𝑁train
(𝝁𝐼train)

| | | |

 . (4.4)
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(a) ∇ × u0(𝝁1) (b) ∇ × u0(𝝁5) (c) ∇ × u0(𝝁10)
Figure 4.3: Decaying HIT test case. The initial vorticity fields at three different random
initializations (with seeds 1, 5, and 10). The filtered DNS solutions are considered to train
the data-driven filter.

Note that thismatrix does not contain the initial state uref
1 . We also consider anothermatrix

Wref, which is instead obtained by evolving each filtered DNS velocity solution uref
𝑛 , 𝑛 =

1, . . . , 𝑁train − 1 for a single time step on the coarse grid. We call the single-time-step-
evolved velocities wref

𝑛 , and we obtain:

Wref =


| |

wref
2 (𝝁1) . . . wref

𝑁train
(𝝁𝐼train)

| |

 = evolve
©­­«

| |

uref
1 (𝝁1) . . . uref

𝑁train−1(𝝁𝐼train)
| |


ª®®¬ . (4.5)

Once the matrices Wref and Uref have been collected, our goal is to find the filter such
that the filtered solution on the coarse grid is as close as possible to the reference solu-
tion, namely: 𝓕Wref ≈ Uref. This approach resembles the Dynamic Mode Decomposition
(DMD) logic [337, 184], where the learned operator (𝓕 ) is not the matrix used to evolve
the snapshots in time, but the filter applied to the pre-evolved snapshots.

The loss functional we want to minimize, named ℒ 𝑓 , is the difference between the EF
velocities and the reference solutions in the Frobenius norm:

ℒ 𝑓 (Wref ,Uref) = ‖𝓕Wref −Uref‖2𝐹 . (4.6)

In Fourier space:

ℒ 𝑓 (Wref ,Uref) = ‖P†𝓕Wref − P†Uref‖2𝐹 = ‖𝓕 Ŵref − Ûref‖2𝐹 , (4.7)

where we use the property 𝓕 = P𝓕P†.
As previously stated, 𝓕 is diagonal and the loss functional becomes:

ℒ 𝑓 (Wref ,Uref) =
𝑁u∑
𝑖=1
‖ 𝑓̂𝑖Ŵref

𝑖 − Ûref
𝑖 ‖22 =

=
𝑁u∑
𝑖=1
(| 𝑓̂𝑖 |2(Ŵref

𝑖 )†Ŵref
𝑖 − 𝑓̂ †𝑖 (Ŵref

𝑖 )†Ûref
𝑖 − (Ûref

𝑖 )† 𝑓̂𝑖Ŵref
𝑖 + (Ûref

𝑖 )†Ûref
𝑖 ),

(4.8)

where the superscript 𝑖 represents the 𝑖-th row of the matrices. Differentiating the func-
tional with respect to 𝑓̂ †𝑖

3 and setting it to zero, one can find the optimality condition for
3We consider the derivative with respect to 𝑓̂ †𝑖 and not 𝑓̂𝑖 in order to obtain an equation only depending

on 𝑓̂𝑖 .
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the filter coefficients 𝑓̂𝑖 :

𝜕ℒ 𝑓

𝜕 𝑓̂ †𝑖
= 2 𝑓̂𝑖(Ŵref

𝑖 )†Ŵref
𝑖 − 2(Ŵref

𝑖 )†Ûref
𝑖 = 0. (4.9)

Solving Equation (4.9) leads to the optimal filter coefficients:

𝑓̂ ★𝑖 =
(Ŵref

𝑖 )†Ûref
𝑖

(Ŵref
𝑖 )†Ŵref

𝑖

, ∀𝑖 = 1, . . . , 𝑁u . (4.10)

The resulting optimal filter is 𝓕 ★
in the Fourier space, and 𝓕 ★ in the physical space. We

call DD-EF the EF approach where the filtered velocity field at each time step 𝑡𝑛 is com-
puted as:

u𝑛 = w𝑛 = P†𝓕 ★
Pw𝑛 .

We remark that the data-driven filter is fixed at all the times considered, and can be
built offline using an affordable amount of data.

Stability analysis of the filter. In order to ensure the filter dissipativity, i.e. stability, one
should guarantee that the energy decreases after applying the filter at each time step 𝑡𝑛 :

‖𝓕w𝑛‖22 ≤ ‖w𝑛‖2. (4.11)

If we write the above inequality in Fourier space, we obtain:

𝑁u∑
𝑖=1
| 𝑓̂𝑖 |2|ŵ𝑖 ,𝑛 |2 ≤

𝑁u∑
𝑖=1
|ŵ𝑖,𝑛 |2. (4.12)

This condition is not automatically satisfied for our optimal filter in Equation (4.10), since
it depends on the reference data Uref and Wref.

We then analyze the effect of the data-driven filter in different training configurations,
summarized in Table 4.1. The data are collected from the decaying HIT test case, and,
since the simulation time step is small (Δ𝑡 = 5× 10−4), the snapshots are subsampled and
taken every 10 time steps in order to reduce the computational burden.

Table 4.1: Data regimes considered to compute the filter matrix for DD-EF simulations.
Data refers to the decaying HIT simulation at 𝑅𝑒 = 40 000.

Train Test

𝑇train 𝐼train 𝑇 𝐼test

1 s 1

10 s 51 s 10
3 s 1
3 s 10
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We analyze the effect of the filter on the velocity field in Figure 4.4 by considering the
2D average of the filter elements 𝓕 ★

for both 𝑥 and 𝑦 components. We first associate an
average filter value to all modes 𝜅 with wavenumber magnitude 𝜅 = ‖𝒌‖ =

√
𝑘2
𝑥 + 𝑘2

𝑦 .

Such average value is computed as the mean magnitude of the filter coefficients 𝑓̂ ★𝑖 across
all modes:

〈|𝓕★(𝜅)|〉 = 1
|ℬ𝜅 |

|ℬ𝜅 |∑
𝑖=1

𝑓̂ ★𝑖 ℳ𝑖(𝜅), (4.13)

whereℬ𝑘 collects the modes satisfying 𝜅−0.5 < ‖𝒌‖ < 𝜅+0.5, whileℳ𝑖 is a mask defined
as:

ℳ𝑖(𝜅) =


1 if 𝜅 − 0.5 < ‖𝒌 𝑖‖ < 𝜅 + 0.5,

0 otherwise,

and |ℬ𝜅 | = ∑
𝑖ℳ𝑖(𝜅) is the number of Fourier modes in ℬ𝜅

4. Values exceeding one indi-
cate amplification of the corresponding frequency components, whereas values belowone
denote attenuation; magnitudes close to one imply that the filter leaves those frequencies
largely unaltered. Figure 4.4 shows that the filter slightly amplifies the low-frequency
components—those carrying most of the energy—while damping the medium-to-high
frequency range. Moreover, the behaviour of the data-driven filter is highly sensitive to
the amount of data used in the least-squares problem. In particular, under a data-scarcity
regime, the filter exhibits more pronounced oscillations, and the optimization may pro-
duce values greater than one even at intermediate frequencies (e.g., 𝜅 = 9, 10, 14 for the
𝑦 component). Such energy injection at intermediate scales can significantly increase the
velocity magnitude, potentially leading to numerical instability or even simulation blow-
up.

 componentx  componenty

κ κ

 (full data)⟨ |ℱ̂⋆(κ) |⟩
 (scarce data)⟨ |ℱ̂⋆(κ) |⟩

Figure 4.4: 2D average of 𝑥 and 𝑦 components of the filter matrix𝓕 ★
for the cases𝑇train = 3

s and 𝐼train = 10 (full-data), and 𝑇train = 1 s and 𝐼train = 1 (scarce-data).

The condition (4.12) is instead satisfied by the DF.

4〈|𝓕★(𝜅)|〉 can also be seen as a transfer function, evaluated in a 2D test case. The transfer functions of
some classical filters are represented in Figure 1.2
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Remark: the stability condition for the DF filter.
The DF matrix in Fourier space has diagonal entries:

ℱ𝑖𝑖 = 𝑓̂𝑖 =
1

1 − 2𝛿2𝜆𝑖
, 𝑖 = 1, . . . , 𝑁u . (4.14)

In the above expression, 𝜆𝑖 are the eigenvalues of the diffusion operator Du. Since
the eigenvalues 𝜆𝑖 are all real and negative [292], | 𝑓̂𝑖 | = 1

1 − 2𝛿2𝜆𝑖
≤ 1. The same

stability condition has been proved at the continuous level in Section 1.2.

Additionally, note that the DF satisfies:

| 𝑓̂𝑖 |2 ≤ 0, ∀𝑖 = 1, . . . , 𝑁u , (4.15)

which is a sufficient but not a necessary condition to achieve stability. It may indeed lead
to overdiffusive behaviour, as it enforces energy dissipation at each frequency. Our goal
is instead to guarantee the energy conservation (Equation (4.12)) without overdiffusion,
allowing for some frequencies to have an increasing energy.

4.2.2 Energy and enstrophy-conserving approaches

The stability condition (Equation (4.12)) can be enforced by reintroducing the relaxation
step, with a smart choice of the relaxation parameter 𝜒 at each time step 𝑡𝑛 , such that:

‖u𝑛‖22 = ‖(1 − 𝜒)w𝑛 + 𝜒w𝑛‖22 ≤ ‖w𝑛‖22. (4.16)

In these expressions, w𝑛 , w𝑛 , and u𝑛 correspond to the online DD-EFR solution approxi-
mations at time step 𝑡𝑛 , and not to the snapshot matrices Wref and Uref used to derive the
filter 𝓕 ★

.
Once computed offline the filter components as in Equation (4.10), we can adaptively

tune 𝜒𝑛 = 𝜒(𝑡𝑛) at each online time step. From (4.16), we derive the following inequality:

(𝜒𝑛)2 𝑎̃ℰ𝑛 + 2𝜒𝑛𝑏ℰ𝑛 ≤ 0, (4.17)

where
𝑎̃ℰ𝑛 = ‖w𝑛 − w𝑛‖22 and 𝑏ℰ𝑛 = (w𝑛)𝑇w𝑛 − ‖w𝑛‖22.

Since 0 ≤ 𝜒𝑛 ≤ 1, to maintain a convex combination in the EFR approach, the inequal-
ity (4.17) leads to the conditions:


𝜒𝑛 ≤ −2𝑏ℰ𝑛

𝑎̃ℰ𝑛
if 𝑏ℰ𝑛 ≤ 0,

𝜒𝑛 = 0 otherwise.
(4.18)

Hence, the online procedure we use to select the optimal relaxation parameter 𝜒ℰ−opt at
each time step 𝑡𝑛 is the following:
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⊲ If constraint (4.16) is satisfied for 𝜒𝑛 = 1:

𝜒ℰ−opt = 1,

i.e., we only perform a filtering step (DD-EF), and relaxation is not needed.

⊲ If constraint (4.16) is not satisfied:

• 𝜒ℰ−opt = −2𝑏ℰ𝑛
𝑎̃ℰ𝑛

, if 𝑏ℰ𝑛 ≤ 0 (which is the least dissipative value that ensures the con-
straint);

• 𝜒ℰ−opt = 0, if 𝑏ℰ𝑛 > 0. We simply use the noEFR solution (w𝑛) without applying
any filtering or relaxation. This yields an energy-stable result because the solver
is energy-conserving itself. However, the simulation may exhibit spurious oscil-
lations due to the coarse resolution, making it a less desirable option in practice.

Since computing the inner products in the frequency domain does not offer any compu-
tational speedup, the computations for 𝑎̃ℰ𝑛 and 𝑏ℰ𝑛 are all carried out in physical space.

This energy-conserving approach is calledEnergy-preservingData-DrivenEvolve-Filter-
Relax (ℰ-DD-EFR). The ℰ-DD-EFR approach does not inherently ensure a monotonic de-
crease in enstrophy, a property that should hold for the viscous 2D DNS under periodic
boundaries and without external forces [245]. However, enstrophy dissipation is impor-
tant, as an increase in enstrophy often indicates the presence of unphysical spurious os-
cillations in the solution. This occurs because the vorticity is sensitive to high-frequency
modes (large wavenumbers). Enstrophy dissipation may be imposed by the following
inequality at each time step 𝑡𝑛 :

‖∇ × u𝑛‖22 = ‖(1 − 𝜒)∇ × w𝑛 + 𝜒∇ × w𝑛‖22 ≤ ‖∇ × w𝑛‖22 , (4.19)

where (∇×) denotes in this case the discrete curl operator. The above expression may be
rewritten in a form similar to the one found for the energy-preserving inequality, namely:

(𝜒𝑛)2 𝑎̃Z𝑛 + 2𝜒𝑛𝑏Z𝑛 ≤ 0, (4.20)

where

𝑎̃Z𝑛 = ‖∇ × w𝑛 − ∇ × w𝑛‖22 and 𝑏Z𝑛 = (∇ × w𝑛)𝑇∇ × w𝑛 − ‖∇ × w𝑛‖22.

Exactly as for the energy inequality, the optimal 𝜒 satisfying inequality (4.20) is 𝜒Z−opt =

−2 𝑏
Z
𝑛

𝑎̃Z𝑛
. Also in this case, we have:


𝜒𝑛 ≤ −2𝑏Z𝑛

𝑎̃Z𝑛
if 𝑏Z𝑛 ≤ 0,

𝜒𝑛 = 0 otherwise.
(4.21)

As for 𝑏ℰ𝑛 , 𝑏Z𝑛 may also be negative. In that case, one would simply retain 𝜒Z−opt = 0
(noEFR), as in the ℰ-DD-EFR approach.

81



CHAPTER 4. DD-EFR: A DATA-DRIVEN ALTERNATIVE TO DIFFERENTIAL FILTERS

We can finally obtain an energy- and enstrophy-conserving approach by simply set-
ting 𝜒 to 𝜒ℰZ−opt = min{𝜒ℰ−opt, 𝜒Z−opt} to minimize dissipation. While conceptually
straightforward, its implementation is slightly more involved and less efficient due to
the need to compute discrete gradients within the staggered grid framework. We refer
to this approach as Energy- and Enstrophy-preserving Data-Driven Evolve-Filter-Relax
(ℰZ-DD-EFR).

4.3 Numerical results of DD-EFR

The novel approaches introduced in Section 4.2 are first tested on the 2D decaying HIT
test case (Section 4.3.1), and then on the 2D Kolmogorov flow (Section 4.3.2), both at 𝑅𝑒 =
4×104. As previously stated, we adopt the same setting as Section 1.3.1. Time integration
is performed using a fourth-order explicit Runge–Kutta scheme [293]. We adopt a 5122

resolution for the well-resolved grid used to simulate the DNS, and a 1282 resolution for
the marginally-resolved grid.

The DD-EF, ℰ-DD-EFR, ℰZ-DD-EFR solutions are compared with other state-of-the-
art approaches on the marginally-resolved grid, namely standard EFR, standard EF, and
the Smagorinsky model (see section 1.2.1). Each of the state-of-the-art models depends
on one or more parameters that require careful calibration and are optimized using a
gradient-based method.

The accuracy of the models is evaluated in terms of discrepancy with respect to the
filtered DNS in the global kinetic energyℰ𝑛 , in the global enstrophyZ𝑛 , for 𝑛 = 1, . . . , 𝑁𝑇 ,
and in the energy spectrum. We employ a range of 𝐼test = 5 initial conditions to evaluate
the robustness of the methods, and we analyze the results in terms of averages and 95 %
confidence intervals across multiple initializations. We adopt for the global error in the
kinetic energy and in the spectrum the same expressions of Equation (3.14). Similar to the
error for the energy, the error in the enstrophy is:

errZ =
1
𝑁

𝑁∑
𝑛=1

����Z𝑛 −Zref
𝑛

Zref
𝑛

���� . (4.22)

The error expressions are evaluated for all the 𝐼test configurations, and then we evaluate
the statistics in terms of average value and standard deviation.

4.3.1 Decaying homogeneous isotropic turbulence test case

We start the analysis by considering the full-data regime to compute the filter, namely
𝑇train = 3 s, 𝐼train = 10. We performed then the DD-EF and DD-EFR online simulations
and investigated the performance in terms of the total kinetic energy and enstrophy trend
in time, and of the energy spectrum at fixed time 𝑡 = 1 s (Figure 4.5). In Figures 4.6 and
4.7, we can see the corresponding vorticity fields at fixed times 𝑡 = 0.3 and 𝑡 = 1 s. From
the plots we can draw the following conclusions:
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Remark: parameters’ optimization in state-of-the-art filtering methods.
To find the optimal parameters in state-of-the-artmethodologies, we employ a finite-
difference stochastic gradient descent, where the loss function is derived from 𝐼train = 10
ensemble-averaged simulations performed in the time interval [0, 𝑇train], 𝑇train = 1
s. The optimization seeks to minimize the enstrophy mismatch by adjusting the
parameter of interest. More in detail, the loss function is the relative mean squared
error (RMSE) in the global enstrophy.
We selected the enstrophy error as objective function because other metrics like the
energy error do not provide significant insights on the performance of the method.
The global enstrophy instead provides direct insight into small-scale structures and
dissipative behaviour. More details on the optimization algorithm are provided in
Appendix A of [150].
Table 4.2 reports the optimal values for the parameters. Note that in the standard
EFR approach, we adopt a fixed filter radius (𝛿 = ℎ, where ℎ is the mesh size) and
we only optimize the relaxation parameter 𝜒.

Table 4.2: Optimized parameters in state-of-the-art approaches methodologies,
used for comparison with DD-EF and DD-EFR.

Model Parameter Parameter range Optimal value

Smagorinsky 𝐶S [0, 1] 0.085

Standard EF 𝛿 [0.1𝜂, 10𝜂] 1.64 × 10−4 ' 0.5𝜂

Standard EFR 𝜒 (fixed 𝛿 = ℎ) [0.1Δ𝑡 , 10Δ𝑡] 2.3 × 10−3 ' 4.5Δ𝑡

⊲ DD-EF and ℰ-DD-EFR outperform all existing methods in terms of kinetic energy,
global enstrophy, and spectrum. The vorticity fields at 𝑡 = 0.3 closely match the
filtered DNS in local features (Figure 4.6b and 4.6c), while being qualitatively similar
to the reference at later times (Figure 4.7b and 4.7c).

⊲ The DD-EF and ℰ-DD-EFRmethods exhibit comparable performance when trained
in the full-data regime. Using multiple random initializations and a long training
time window positively contribute to the filter stability. In fact, this approach in-
herently yields decaying energy and enstrophy, without the need for explicit con-
straints. Hence, there is no need to explicitly impose enstrophy dissipation.

⊲ The most accurate methods in the spectrum are the DD-EF(R) approaches and stan-
dard EF (at fixed 𝛿 = 𝛿opt).

⊲ All state-of-the-artmethods produce overdiffusive solutions, whereas the data-driven
filter is able to better recover the dissipated energy. From a qualitative standpoint,
the vorticity fields appear close to the reference at early times (Figures 4.6e, 4.6f, and
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4.6g), but become noticeably overdiffusive at later times, such as at 𝑡 = 1 s (Figures
4.7e, 4.7f, and 4.7g).

⊲ The noEFR simulation shows significantly larger enstrophy values in the time inter-
val [0, 3] s, which is also evident from the presence of noise and spurious oscillations
in the vorticity field (Figures 4.6d and 4.7d). As time progresses and turbulence dis-
sipates, the noEFR enstrophy decreases and eventually aligns with the filtered DNS
behaviour. Interestingly, the noEFR solution provides a good match to the filtered
DNS in terms of global kinetic energy among the considered methods. This high-
lights that relying solely on global kinetic energy as a metric can be misleading, as
it may mask deficiencies in capturing fine-scale structures and local flow dynamics,
which are more accurately reflected by enstrophy and vorticity-based quantities.

Kinetic energy Total enstrophy Energy spectrum at t=1 s

Filtered DNS
Standard EFR

Standard EF
Smagorinsky DD-EF

noEFR -DD-EFRℰ
t [s]t [s] κ

κ−3

Figure 4.5: Decaying HIT test case. Time evolution of total kinetic energy, total enstrophy,
and spectrumof the kinetic energy at time 𝑡 = 1 s, for the proposedmethodologies (DD-EF
and ℰ-DD-EFR), noEFR, the state-of-the-art approaches, and the reference filtered DNS.
The data-driven filter is computed when 𝑇train = 3 s and 𝐼train = 10 (full-data regime).
For each method, the plots show the average values (solid lines) and the 95% confidence
interval among 𝐼test = 5 test configurations.

(a) Filtered
DNS

(b) DD-EF
𝑇train = 3

(c)
ℰ-DD-EFR
𝑇train = 3

(d) noEFR (e)
Smagorin-
sky

(f) Standard
EFR

(g) Stan-
dard EF

Figure 4.6: Decaying HIT test case. Vorticity fields at 𝑡 = 0.3 for different methodologies in
one of the 𝐼test configurations.

It is also instructive to examine the online time evolution of the optimal relaxation pa-
rameter 𝜒ℰ−opt. Figure 4.8 reports both the values’ distribution and temporal evolution
of 𝜒ℰ−opt and a representative test initialization. The parameter predominantly oscillates
between 0 and 1. As discussed in Section 4.2.2, enforcing the energy constraint leads
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(a) Filtered
DNS

(b) DD-EF
𝑇train = 3

(c)
ℰ-DD-EFR
𝑇train = 3

(d) noEFR (e)
Smagorin-
sky

(f) Standard
EFR

(g) Standard
EF

Figure 4.7: Decaying HIT test case. Vorticity fields at 𝑡 = 1 for different methodologies in
one of the 𝐼test configurations.

Remark: on the stability of noEFR solutions.
It is important to note the difference in the noEFR behaviour between Figure 4.5
and Figure 3.16. The simulation remains stable in the framework of the present
Chapter because the solver is energy- and enstrophy-conserving by construction.
In Chapter 3, the FEM solver does not have the same property. The stability of the
evolve step is instead controlled in the RL framework by adding the contribution
of the NSE residuals inside the rewards, in the DF-RL-EF approach.

Figure 4.8: Decaying HIT test case. Distribution across values and time evolution of the
relaxation parameter in the energy-conserving DD-EFR simulation, when the data-driven
filter is computed with 𝑇train = 3 s, 𝐼train = 10 (full-data).

to 𝜒ℰ−opt = 0 whenever 𝑏ℰ𝑛 > 0, since this is the only admissible value satisfying the
constraint and corresponds to the noEFR configuration. Moreover, the most frequently
observed value (approximately 85% of the time) is 𝜒ℰ−opt = 1, which corresponds to
DD-EF. This means that most of the times the filter is already energy-conserving and
there is no need to relax. At later times (Figure 4.7), a qualitative analysis reveals that
the DD-EF(R) methods preserve more coherent vortex structures compared to state-of-
the-art approaches. This is further supported by the spectral analysis at 𝑡 = 1 s, shown
in Figure 4.5. In particular, DD-EF(R) exhibit a closer agreement with the filtered DNS
at intermediate-to-high wavenumbers, indicating reduced numerical dissipation and im-
proved retention of vortex structures. In contrast, the Smagorinsky model retains exces-
sive energy at large wavenumbers, while standard EFR shows a steeper spectral decay at
intermediate wavenumbers.

We now analyse the performance of the filter in the case of scarce-data (𝑇train = 1 s,
𝐼train = 1) which is the most challenging one. Figure 4.9 shows the statistics for kinetic
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energy, enstrophy, and energy spectrum at fixed time, in that specific regime.
Figure 4.9 shows that:

⊲ DD-EF exhibits instability in both energy and enstrophy, which grow and eventu-
ally blow up after 𝑡 = 5 s. This confirms that the scarce-data filter can be unstable,
as it may inject energy at intermediate wavenumbers, as previously observed from
Figure 4.4.

⊲ ℰ-DD-EFR, which enforces the energy dissipation constraint, shows a stable and
monotonically decreasing energy behaviour. However, it becomes inaccurate in re-
producing the global enstrophy after 𝑡 = 6 s.

⊲ ℰZ-DD-EFR is in this case necessary to stabilize the enstrophy. It remains stable in
both energy and enstrophy, and provides an accurate approximation of the filtered
DNS in terms of enstrophy. Nevertheless, both ℰ-DD-EFR and ℰZ-DD-EFR yield
overdissipative energy behaviour at large times, likely due to the limited amount of
training data used in constructing the filter.

Kinetic energy Total enstrophy Energy spectrum at t=1 s

Filtered DNS DD-EFnoEFR -DD-EFRℰ

t [s]t [s] κ

κ−3

-DD-EFRℰ𝒵

Figure 4.9: Decaying HIT test case. Time evolution of total kinetic energy, total enstrophy,
and spectrum of the kinetic energy at time 𝑡 = 1 s, for the proposed methodologies (DD-
EF, ℰ-DD-EFR, ℰZ-DD-EFR), noEFR, and the reference filtered DNS. The data-driven
filter is computed when 𝑇train = 1 s and 𝐼train = 1 (scarce-data regime). For each method,
the plots show the average values (solid lines) and the 95% confidence interval among
𝐼test = 5 test configurations.

Figure 4.10 shows the time evolution of 𝜒ℰ−opt and 𝜒ℰZ−opt for a representative test
initialization. Compared to the full-data case, 𝜒ℰ−opt exhibits more pronounced temporal
oscillations. This behaviour reflects the increased instability and error introduced by the
limited amount of training data. Furthermore, since 𝜒ℰZ−opt satisfies both energy and
enstrophy dissipation constraints, it displays greater temporal variability. In particular,
𝜒ℰZ−opt more frequently assumes values within the interval (0, 1), especially for 𝑡 > 5 s,
whereas 𝜒ℰ−opt predominantly converges to the extreme values 0 (noEFR) or 1 (DD-EF).
Overall, these results indicate that the scarce-data filter may lead to unstable dynamics
due to the limited training dataset. However, enforcing the energy and/or enstrophy
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constraints (Equations (4.18) and (4.21), respectively) stabilizes the simulation. It is im-
portant to note that these constraints are applied online, by modifying only the relaxation
step, without altering the filter itself. This emphasizes the flexibility of the approach, as
stability can be enforced without redesigning the underlying filter.

Figure 4.10: Decaying HIT test case. Distribution across values and time evolution of the
relaxation parameter in the energy-conserving DD-EFR simulation, when the data-driven
filter is computed with 𝑇train = 1 s, 𝐼train = 1 (scarce-data).

Given the observed performance differences between filters trained on full and scarce-
datasets, we aim to address the following questions:
(i) How do scarce-data and full-data filters compare in terms of overall accuracy across different
physical metrics? and
(ii) To what extent can the introduction of constraints reduce this gap in terms of overall error?
We answer the questions by measuring the global errors of Equations (3.14) and (4.22)
averaged both in times and across the 𝐼test test configurations. Instead of considering the
statistics over the entire test time interval [0, 𝑇], we consider a number of time steps 𝑁𝑡=3,
corresponding to 𝑡 = 3 s. We choose the restricted time window [0, 3] for error computa-
tion because in the first test case the energy dissipates significantly at later times, and the
flow loses its turbulent characteristics.

The plots in Figure 4.11 display the average and the confidence interval of the errors.
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Figure 4.11: DecayingHIT test case. Relative error of the total kinetic energy, total enstrophy,
and absolute error in logarithmic scale of the spectrum, of the different methodologies
with respect to the filtered DNS. The errors are averaged in the time interval [0, 3], and
then evaluated as average values and confidence intervals (error bars) among 𝐼test = 5 test
configurations.

From Figure 4.11, we can draw the following conclusions:
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• DD-EF(R) approaches with 𝑇train = 3 s provide the best performance across all the
considered metrics.

• Among the data-driven methods, DD-EF and ℰ-DD-EFR with 𝑇train = 3, 𝐼train = 10
(full-data setting) achieve the highest accuracy with respect to the filtered DNS in
terms of global kinetic energy and energy spectrum.

• As already observed in Figure 4.9, ℰ-DD-EFR and ℰZ-DD-EFR with 𝑇train = 1,
𝐼train = 1 (scarce-data setting) significantly improve upon the DD-EF results, partic-
ularly in terms of enstrophy. In contrast, only marginal improvements are observed
for 𝑇train = 3, 𝐼train = 1, likely because the filter, being trained on a larger dataset, is
inherently more stable.

• In both full- and scarce-data settings, the highest accuracy in energy and energy
spectrum is achieved for 𝑇train = 3 s, consistently with the larger amount of avail-
able training data. However, more accurate enstrophy predictions are obtained for
𝑇train = 1 s. A possible explanation is that the system exhibits more chaotic dynam-
ics at early times, while dissipation becomes dominant at later stages. Consequently,
filters trained over shorter time intervals may better capture sharp gradients com-
pared to those constructed over longer time windows.

Hence, we can answer the previously posed questions as follows:
(i) Full-data filters generally provide higher accuracy in terms of kinetic energy and en-
ergy spectrum.
(ii) In the scarce-data regime, the introduction of constraints significantly improves en-
strophy accuracy, in some cases outperforming even the full-data configurations.

4.3.2 Kolmogorov test case

The second test case is configured similarly to the first, but includes an additional forcing
term. To prevent energy decay during long-time simulations, we introduce aKolmogorov-
type body force that injects energy into the system at prescribed wavenumbers, following
[4, 58, 202, 173]. The forcing term acts only in the horizontal direction and is defined as

𝑓𝑥(𝑦) = 𝑐 𝑓 sin (2𝜋𝑘 𝑓 𝑦),

where 𝑘 𝑓 = 4 denotes the injection wavenumber. The amplitude 𝑐 𝑓 is chosen to ensure
that the system reaches a statistically stationary energy level high enough to sustain tur-
bulence, while avoiding unbounded energy growth. In our case, we set 𝑐 𝑓 = 0.65. To
assess the extrapolation capability of the proposed approach, the DD-EF(R) methods em-
ploy the same optimal filter matrix 𝓕 ★

obtained from the decaying HIT test case, thereby
performing an explicit extrapolation to this new scenario. For consistency, the state-of-
the-art methods are also evaluated using the optimal parameters identified in the first
test case.
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We start by investigating the DD-EF(R) performance in the full-data regime (𝐼train = 10,
𝑇train = 3 s) for the Kolmogorov case. We examine the time evolution of global kinetic
energy and enstrophy, as well as the energy spectrum at the fixed time 𝑡 = 1 s, comparing
these quantities with the filtered DNS reference (Figure 4.12). The results indicate that:

⊲ DD-EF and ℰ-DD-EFR deliver the best overall performance across all considered
metrics. While bothmethods achieve comparable accuracy in energy and enstrophy,
ℰ-DD-EFR shows a closer agreement with the reference spectrum, particularly at
high wavenumbers.

⊲ As expected for the Kolmogorov flow, the reference kinetic energy remains statisti-
cally stationary over time, whereas state-of-the-art methods yield overdiffusive so-
lutions, consistent with the observations from the first test case.

⊲ The reference global enstrophy follows a trend similar to the previous case, generally
decreasing over time. As before, the noEFR solution exhibits larger gradients and
higher enstrophy at early times, which are progressively dissipated for 𝑡 > 3 s.

Kinetic energy Total enstrophy Energy spectrum at t=1 s

Filtered DNS
Standard EFR

Standard EF
Smagorinsky DD-EF

noEFR -DD-EFRℰ
t [s]t [s] κ

κ−3

Figure 4.12: Kolmogorov test case. Time evolution of total kinetic energy, total enstrophy,
and spectrumof the kinetic energy at time 𝑡 = 1 s, for the proposedmethodologies (DD-EF
and ℰ-DD-EFR), noEFR, the state-of-the-art approaches, and the reference filtered DNS.
The data-driven filter is computed (from the decaying HIT reference data) when 𝑇train = 3
s and 𝐼train = 10 (full-data regime). For each method, the plots show the average values
(solid lines) and the 95% confidence interval among 𝐼test = 5 test configurations.

The time evolution of 𝜒ℰ−opt in the ℰ-DD-EFR approach is similar to the one obtained
in the previous test case (Figure 4.8). For the sake of compactness, we skip here this analy-
sis and we consider the filter effect when it is built from the same time window (𝑇train = 3
s) but in a scarce-data regime (𝐼train = 1). In contrast to the results reported for the decay-
ing HIT case for 𝑇train = 1 s (Figure 4.9), Figure 4.13 shows that the DD-EF(R) approaches
yield more accurate and less dissipative solutions. This improvement is consistent with
the larger number of temporal snapshots used in the filter construction. More specifically,
DD-EF and ℰ-DD-EFR exhibit similar trends in the evolution of kinetic energy and enstro-
phy. However, DD-EF displays instabilities and reduced accuracy in the global enstrophy,
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particularly for 𝑡 > 6 s. The enforcement of energy and enstrophy constraints stabilizes
the enstrophy at later times and leads to a better agreement with the reference energy
spectrum at intermediate wavenumbers. Furthermore, incorporating the enstrophy con-
straint (ℰZ-DD-EFR) enhances the accuracy of the kinetic energy, especially for 𝑡 > 5
s.

Kinetic energy Total enstrophy Energy spectrum at t=1 s

Filtered DNS DD-EFnoEFR -DD-EFRℰ

t [s]t [s] κ

κ−3

-DD-EFRℰ𝒵

Figure 4.13: Kolmogorov test case. Time evolution of total kinetic energy, total enstrophy,
and spectrum of the kinetic energy at time 𝑡 = 1 s, for the proposed methodologies (DD-
EF, ℰ-DD-EFR, ℰZ-DD-EFR), noEFR, and the reference filtered DNS. The data-driven
filter is computed (from the decaying HIT reference data) when 𝑇train = 3 s and 𝐼train = 1
(scarce-data regime). For eachmethod, the plots show the average values (solid lines) and
the 95% confidence interval among 𝐼test = 5 test configurations.

The time evolution of the optimal parameters 𝜒ℰ−opt and 𝜒ℰZ−opt is shown in Figure
4.14. Consistent with Figure 4.10, the optimal value is predominantly 𝜒 = 1 in both cases.
However, 𝜒ℰZ−opt exhibits stronger temporal oscillations, particularly at later simulation
times. A comparison between Figures 4.10 (𝑇train = 1 s) and 4.14 (𝑇train = 3 s) highlights
that a larger training window enhances stability, resulting in reduced oscillations of the
optimal 𝜒 and fewer intermediate values. Overall, these results indicate that the proposed
filtering approach, although trained on a different configuration, maintains its effective-
ness in the present test case, both in full- and scarce-data regimes. This supports the
method’s ability to extrapolate and adapt to qualitatively similar flow conditions.

Figure 4.14: Kolmgorov test case. Distribution across values and time evolution of the re-
laxation parameter in the energy-conserving DD-EFR simulation, when the data-driven
filter is computed with 𝑇train = 3 s, 𝐼train = 1 (scarce-data).

As in the first test case, we now compare full- and scarce-data regimes in terms of
global errors (see the expressions in (3.14) and (4.22)). Figure 4.15 presents the global error
analysis for the Kolmogorov test case, which closely resembles the behaviour observed in
Figure 4.11. In this case, since this test case is not dissipating energy in time, we evaluate
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the global metrics considering 𝑁𝑇 as the total number of time steps, rather than 𝑁𝑡=3, and
we restrict the comparison to the best-performing DD-EF(R) configurations, namely those
with 𝑇train = 3 s.
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Figure 4.15: Kolmogorov test case. Relative error of the total kinetic energy, total enstrophy,
and absolute error in logarithmic scale of the spectrum, of the different methodologies
with respect to the filtered DNS. The errors are averaged in the time interval [0, 10], and
then evaluated as average values and confidence intervals (error bars) among 𝐼test = 5 test
configurations.

The main difference with respect to Figure 4.11 lies in the noEFR accuracy, which im-
proveswhen considering𝑁𝑇 instead of𝑁𝑡=3. As it no longer exhibits spurious oscillations
and noisy behaviour at later times, it is qualitatively closer to the reference solution and
has a smaller error than in Figure 4.11.

4.3.3 Efficiency of the methods

This section discusses the computational cost required by the proposed DD-EF(R) meth-
ods and compare their efficiencywith that of state-of-the-art approaches5. The offline and
online wall-clock times are reported in Table 4.3. We define the offline wall time as the
computational cost associated with parameter optimization in state-of-the-art methods
(standard EFR/EF and Smagorinsky), while, for DD-EF(R) approaches, the time required
to compute the filter matrix 𝓕 ★6. In particular, in DD-EF(R) the offline cost includes:

⊲ the time required to advance the filtered DNS solution by one time step, in order to
construct the snapshot matrix Wref;

⊲ the time needed to solve the least-squares problem and determine the filter compo-
nents as in Equation (4.10).

The onlinewall time refers to the cost of performing the simulation up to𝑇 = 3 s with fixed
time step Δ𝑡 = 5 × 10−4 s, ensuring a fair comparison across all methods. As shown in
Table 4.3, the offline cost associatedwith parameter tuning in state-of-the-art methods can

5The simulations have been performed on an Apple M2 chip (8-core), 16GB unified memory.
6The cost of computing the filtered DNS is not included in the offline stage in the Table, but it is reported

as online stage of the filtered DNS.
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be significant, depending on the optimization strategy and the amount of data involved.
In contrast, the cost of computing the data-driven filter matrix is relatively low, as it only
requires solving a least-squares problem. Moreover, the same filter is used across DD-
EF, ℰ-DD-EFR, and ℰZ-DD-EFR, and the offline cost depends solely on the amount of
training data (i.e., 𝑇train and 𝐼train) used in its construction, as detailed in Table 4.3.

Table 4.3: Offline and online wall times for the strategies considered. The wall time is
measured for online simulations with 𝑇 = 3 s, at fixed time step Δ𝑡 = 5 × 10−4 s.

Method Offline wall time [s] Online wall time [s]

Filtered DNS - 224.9

noEFR - 13.5

Standard EFR/EF O(105) 213.4

Smagorinsky O(102) 20.6

DD-EF 3.8 (𝑇train = 1, 𝐼train = 1)
42.7 (𝑇train = 1, 𝐼train = 10)
12.1 (𝑇train = 3, 𝐼train = 1)
145.4 (𝑇train = 3, 𝐼train = 10)

18.3
ℰ-DD-EFR 25.7
ℰZ-DD-EFR 33.9

The online computational cost is significantly higher for standard EFR/EF methods,
as it requires solving the differential filter equation at each time step. As expected, the
noEFR configuration is the most efficient, since it does not involve any filtering operation
or closure modeling. It is followed by DD-EF and the Smagorinsky model in terms of
computational cost. The introduction of energy and enstrophy constraints in the data-
driven approaches leads to a slight increase in computational time; however, the overall
cost remains of the same order of magnitude as DD-EF. It is worth emphasizing that these
constraints rely exclusively on quantities computed during the online simulation and do
not require access to the reference filtered DNS. Consequently, the optimization of 𝜒(𝑡) in
ℰ-DD-EFR andℰZ-DD-EFR introduces negligible additional overhead, as it only involves
evaluating the system’s energy and enstrophy.

Figure 4.16 combines both an accuracy and an efficiency analysis of the methods. The
plot reports the global energy and enstrophy errors (averaged across the 𝐼test initializa-
tions) on the 𝑥- and 𝑦-axes, respectively. Each point represents the average error, while
the size of the surrounding circle is proportional to the online simulationwall time. In this
representation, themost accuratemethods are located in the bottom-left region of the plot,
whereas computationally cheaper methods are associated with smaller circles. Therefore,
the optimal trade-off between accuracy and efficiency corresponds to points positioned
in the bottom-left corner with minimal circle size. The results clearly show that all DD-
EF(R) approaches—except for the scarce-data configuration with 𝑇train = 1 s and 𝐼train = 1
(pink circles)—achieve high accuracy in both energy and enstrophy while being approx-
imately one order of magnitude faster than standard EFR and EF, consistently with the
quantitative results reported in Table 4.3. Even in themost challenging scarce-data setting
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Figure 4.16: Decaying HIT test case. Average energy-enstrophy accuracy of the simulations,
where the radius of the circles is proportional to the average wall time needed to perform
online simulations.

(𝑇train = 1, 𝐼train = 1), where the data-driven methods exhibit reduced accuracy, the intro-
duction of constraints in ℰ-DD-EFR and ℰZ-DD-EFR leads to a substantial improvement
in the enstrophy prediction, with virtually no additional computational cost.

Overall, these results demonstrate that the proposed DD-EF(R) approaches provide a
markedly superior balance between accuracy and computational efficiency compared to
existing methods, consistently outperforming them across the considered regimes.

4.4 Conclusions and outlooks

In this chapter [150], we introduced a novel data-driven extension of the EFR framework
for coarse-grid simulation of turbulent flows. First, we learned a filter operator via an
efficient offline least-squares procedure based on filtered DNS data. The resulting oper-
ator is seamlessly integrated within a structure-preserving staggered finite-volume dis-
cretization, ensuring consistency with the underlying numerical scheme. Second, we
proposed a new strategy for selecting the relaxation parameter 𝜒(𝑡) by enforcing global
dissipation of energy and/or enstrophy during the online simulation. The resulting ap-
proaches, ℰ-DD-EFR and ℰZ-DD-EFR, enhance numerical stability while preserving key
physical properties of the flow. In particular, ℰ-DD-EFR enforces global energy dissipa-
tion at each time step, whereas ℰZ-DD-EFR further incorporates enstrophy dissipation.
These constraints are applied directly to the online simulation data, without requiring ref-
erence solutions, and significantly improve robustness, especially in scarce-data regimes.
The proposed methodology was validated on two benchmark problems: decaying homo-
geneous isotropic turbulence and Kolmogorov flow. Notably, the same filter operator,
trained exclusively on the first test case, was used in both scenarios. Despite this, the
method achieved excellent performance in the second case aswell, demonstrating a strong
capability to extrapolate across different flow configurations. Compared to traditional
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approaches, such as the Smagorinsky model and standard EFR strategies, the proposed
data-driven methods yield substantial improvements in accuracy, particularly in terms
of energy spectra, global kinetic energy, and enstrophy. In addition, the computational
cost remains low, as the DD-EF approach eliminates the need to solve linear systems (re-
quired by the DF), while the adaptive evaluation of 𝜒(𝑡) relies solely on quantities readily
available during the simulation. As a result, the method achieves a favourable balance
between accuracy and efficiency, outperforming classical techniques in both aspects.

Future work will focus on extending the framework to non-periodic boundary con-
ditions, unstructured grids, and three-dimensional flows. In particular, the extension
to three-dimensional configurations is conceptually straightforward, as the formulation
is dimension-independent, although it entails increased computational cost. For unstruc-
tured or non-uniform grids, the reliance on Fourier-based representations must be revis-
ited. In this context, a natural extension is to express the filter in the eigenbasis of the
discrete diffusion operator, which generalizes Fourier modes. To address the associated
computational burden, model order reduction techniques can be employed. For instance,
reduced spectral bases obtained via singular value decomposition or by selecting domi-
nant eigenmodes can significantly decrease the dimensionality of the problem. Moreover,
for non-periodic boundary conditions, strategies such as lifting functions—following the
approach in [276]—can be adopted to enforce boundary constraints while preserving the
structure of the method.

4.4.1 Conclusions to Part I and motivations to Part II

Part I of this thesis proposes two different surrogate models, both aimed at improving
the performance of standard filtering approaches in the EFR framework. We explored
both the use of RL to adaptively tune the filter width 𝛿 during the simulation (Chapter
3), and the use of data to build a different type of filter (Chapter 4). Structure-preserving
strategies were explored in both cases, either by weak enforcement in SP-DF-RL-EF, or by
adaptive tuning in ℰ-DD-EFR and ℰZ-DD-EFR.

Both methodologies are based on an offline-online decomposition. The expensive
offline training stage consists of collecting some reference data (the DNS solution on a
well-resolved grid) and of training the specific filter strategy proposed (the RL training in
RL-EF, and the filter computation in DD-EF). In the online stage, the EFR simulations on
a marginally-resolved grid are performed.

As discussed in Sections 3.3.3 and 4.3.3, there is a substantial reduction in computa-
tional cost from the offline to the online stage. Nevertheless, even when considering a
relatively small number of degrees of freedom, the online simulations still require the re-
peated solution of discretized PDEs, which may take minutes or even hours, especially
for long-time integrations or parametric studies.
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This motivates the adoption of model order reduction strategies, aimed at drasti-
cally decreasing the computational burden by projecting the original model onto a low-
dimensional subspace. In this framework, the high-fidelity solution is approximated as
a combination of a reduced set of basis functions, typically extracted from representative
snapshots of the system. By evolving the system in this reduced space, the original system
of discretized PDEs is transformed into a much smaller and simpler system of ordinary
differential equations (ODEs), which can be solved at a significantly lower computational
cost while still capturing the dominant flow dynamics.

Part II will focus on enhancing the state-of-the-art projection-based model order re-
duction approaches by incorporating data-driven filtering or correction terms.
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5

STABILIZED POD-BASED ROMS: LITERATURE
REVIEW

While filtering techniques provide an effective strategy to stabilize marginally-resolved
simulations (Part I), the resulting computational cost may still be large in many practical
applications. Indeed, even when coarse grids are employed, the numerical solution of
the NSE requires the resolution of complex nonlinear PDEs with a number of degrees of
freedom that, in the numerical examples considered in Part I, typically ranges fromO(104)
to O(105).

Such computational demands become prohibitive in scenarios wheremultiple queries
are required, such as design optimization, control, or uncertainty quantification. This mo-
tivates the introduction ofmodel order reduction strategies, whose goal is to significantly
decrease both the computational complexity and the dimensionality of the problem,while
retaining the essential features of the underlying dynamics [214, 340, 258, 282, 297, 29, 128,
260, 263, 261, 30, 262, 28, 31, 186, 279, 281, 141, 46].

ROMs have been successfully employed in a wide range of applications where re-
peated and efficient simulations are required. In fluid dynamics, ROMs have been ex-
tensively used in aerodynamic analysis and design, enabling fast approximations of com-
plex flow phenomena such as vortex shedding and turbulent wakes [234, 313, 33, 51, 353,
48]. In biomedical engineering, ROMs have been applied to cardiovascular flows [96,
308, 308, 307, 20, 101, 285, 49], allowing for efficient simulations of blood dynamics in
patient-specific geometries, also modeling the fluid-structure interaction [70, 341]. ROMs
have also been employed in environmental applications, such as ocean circulation [53],
atmospheric dynamics [99, 222], pollutant transport and urban flows [323, 167, 217], and
geophysical flows [54, 287, 229, 356], where full-order simulations would be computation-
ally prohibitive. Additionally, ROMs play a key role in engineering design and optimiza-
tion [216, 79, 140, 329, 330], where the governing equations must be solved multiple times
for varying configurations. More generally, their efficiency makes them particularly suit-
able for many-query contexts and real-time applications, including control [268, 139, 320],
monitoring, and digital twin technologies [15, 115, 165, 164, 124].

Depending on how the reduced model is constructed, ROMs can be broadly classified
into two categories. Intrusive ROMs rely on the explicit knowledge of the governing
equations and typically involve a projection of the full-order model onto a reduced basis,
as in the case of Galerkin approaches. Nonintrusive methods, on the other hand, are
purely data-driven and aim at learning the reduced dynamics directly from data, without
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requiring access to the underlying equations.

a(μ⋆) = ?

FOM

i = 1,…, Nμ

Snapshots

u(x, μi) ∈ ℝNu, i = 1,…, Nμ

CFD

Reduction 
(POD/AE/…)

Reduced variables

a(μi) ∈ ℝru, ru ≪ Nu, i = 1,…, Nμ
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Solve      ru (a(μ⋆); μ⋆) = 0
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a(μNμ
)

a(μ2)
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u(x, μ2)

u(x, μ1)

Figure 5.1: Schematic illustration of the general ROM pipeline.

As for the surrogate models presented in Chapters 3 and 4, most ROMs are based on
an offline–online computational paradigm.

The offline stage consists of the construction of a reduced basis and the precompu-
tation of all the quantities required for the efficient evaluation of the reduced model.
This phase is typically computationally expensive, as it involves the setup and resolu-
tion of the FOM and the generation of high-fidelity solutions (typically named snapshots)
u(x, 𝝁𝑖) ∈ R𝑁u , 𝑖 = 1, . . . , 𝑁𝝁, where 𝝁 identifies the set of (physical or geometrical) param-
eters considered, 𝑁𝝁 is the number of snapshots, and x indicates the physical coordinates
where the snapshots are defined. In real-world applications, the solutions are typically
found by solving a system of PDEs, written in residual and compact form:

ℛ (
u(x, 𝝁𝑖);𝝁𝑖

)
= 0, 𝑖 = 1, . . . , 𝑁𝝁.

The snapshots’ collection is then followed by the extraction of the dominantmodes, for
instance, through POD. The reduced representations corresponding to the snapshots can
then be written as a(𝝁𝑖) ∈ R𝑟u , where 𝑟u � 𝑁u is the reduced dimensionality. The online
stage, in contrast, is devoted to the rapid evaluation of the ROM for unseen parameter val-
ues (i.e., 𝝁★). This can be achieved either by solving a low-dimensional dynamical system
(in intrusive ROMs), or by directly approximating the reduced solution via a pre-trained
interpolation or regression map 𝝁 → a (in nonintrusive ROMs). In the case of projection-
based intrusive ROMs, like the Galerkin-Reduced Order Method (G-ROM) [179, 208], the
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full system of equations is projected onto the reduced basis, obtaining a reduced dynam-
ical system of the form1:

ℛ𝑟u
(
a(𝝁★);𝝁★

)
= 0.

In both the equation-based and purely data-drivenmethods, the computational cost is
drastically reduced with respect to the FOM, enabling efficient many-query predictions.

An illustration summarizing the pipeline of classical ROMs is represented in Figure
5.1.

One of the core questions in ROMs is:
How many snapshots 𝑁𝝁 are needed to achieve a desired accuracy?
The required number of parameter instances 𝑁𝝁 strongly depends on the problem, the
parameter-space dimension, and the adopted sampling strategy. In practical applica-
tions, accurately capturing the solution variability may require many snapshots, making
the offline stage computationally expensive. To reduce this cost, efficient sampling tech-
niques have been developed. In the reduced basis framework, greedy algorithms guided
by residual-based a posteriori error estimators [128, 340, 263] iteratively select the most
informative parameter samples.
Another important question is:
How is the reduced dimension 𝑟u selected?
For POD-based ROMs, the reduced dimension is determined by the decay of the singular
values of the snapshot matrix. The reduced basis is built from the leadingmodes that cap-
ture most of the system energy. Typically, the dimension 𝑟u is chosen so that a prescribed
energy threshold is retained, or according to a target approximation accuracy based on
projection errors or error indicators. Hence, selecting 𝑟u represents a trade-off between
computational efficiency and approximation quality.

It is worth noting, however, that for convection-dominated problems the decay of the
singular values may be slow, which may require a relatively large number of modes to
achieve an accurate approximation. Part II of the thesis aims at improving the ROM ap-
proximation in marginally-resolved regimes, i.e. when the number of modes 𝑟u is enough
to capturemost of the system’s energy, but standardG-ROMs yield inaccurate predictions.
As at the full order level (Part I), in this regime intrusive ROMs are often characterized by
numerical instabilities and loss of accuracy, which motivates the introduction of stabiliza-
tion and closure strategies at the reduced level.

Before presenting the novelties of the thesis in the field of model order reduction, an
overview of the baseline methods is presented in the following sections:

⊲ Section 5.1 briefly recalls the construction of standard POD-Galerkin ROMs, which
we simply indicate as G-ROM;

1For clarity, we adopt here a compact form for the residual of the reduced system, namely ℛ𝑟u only
depending on the reduced parametric variable a(𝝁). In Section 5.1, this form will be extended to a G-ROM
system derived from the discretized NSE and we will also include the reduced pressure equation, namely
ℛ𝑟p = 0.
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⊲ Section 5.3 extends the concept of filtering, described in Section 1.2 to ROMs;

⊲ Section 5.4 presents different types of closure strategies existing in literature to im-
prove the standard ROM formulation. We distinguish here between the turbulence
modeling (Section 5.4.1) and the modeling of the interaction among the POD re-
solved and unresolved scales (Section 5.4.2).

5.1 POD-Galerkin ROMs (G-ROMs)

The POD [311, 212] is a widely used technique for extracting the low-dimensional struc-
tures from high-dimensional data, aiming at identifying a set of orthonormal modes that
optimally represent the dominant features of a given field, in terms of energy content.

After the high-fidelity solutions, named snapshots are collected into the snapshots’ ma-
trix, the POD procedure is applied separately to each field of interest. In the context of
CFD, this typically includes the velocity and pressure fields, and, in the case of RANS
modeling, as described in Section 5.4.1, additional quantities, such as the eddy viscosity.

For brevity, we indicate the 𝑖-th velocity and pressure snapshots as u𝑖 = u(x, 𝝁𝑖), and
p𝑖 = p(x, 𝝁𝑖), respectively.

We start by considering the velocity and pressure snapshots’ matrices:

Su =


| | |

u1 u2 . . . u𝑁𝝁

| | |

 , Sp =


| | |

p1 p2 . . . p𝑁𝝁

| | |

 , (5.1)

where u𝑖 ∈ R𝑁u and p𝑖 ∈ R𝑁p ∀𝑖 = 1, . . . , 𝑁𝝁. Hence, Su ∈ R𝑁u×𝑁𝝁 and Sp ∈ R𝑁p×𝑁𝝁 .
We also call 𝑃 the dimensionality of each 𝝁𝑖 , i.e., the number of parameters considered. In
order to keep the offline cost manageable, in the numerical experiments of the next chap-
ters, we will consider a limited number of snapshots, namely 𝑁𝝁 � 𝑁u, and in particular
𝑁𝝁 ∼ O(102) − O(103).

The procedure consists in the research for the velocity and pressure POD spaces, by
solving two optimization problems:

V𝑟
u = arg min𝑖=1,...,𝑁𝝁

1
𝑁𝝁

∑𝑁𝝁

𝑛=1 ||u𝑛 −
∑𝑁𝑢
𝑖=1(u𝑛 ,𝝓𝑖)2 𝝓𝑖 ||22 ∀𝑟u = 1, ..., 𝑁𝝁 ,

V𝑟
p = arg min𝑖=1,...,𝑁𝝁

1
𝑁𝝁

∑𝑁𝝁

𝑛=1 ||p𝑛 −
∑𝑟p
𝑖=1(p𝑛 , 𝜒𝑖)2 𝜒𝑖 ||22 ∀𝑟p = 1, ..., 𝑁𝝁 .

(5.2)

The POD spaces, solutions of (5.2), are:

V𝑟
u = span({𝝓𝑖}𝑟u𝑖=1), and V𝑟

p = span({𝜒𝑖}𝑟p𝑖=1),
with 𝑟u � 𝑁u, 𝑟p � 𝑁p, andwhere𝝓𝑖 ∈ R𝑁u for 𝑖 = 1, . . . , 𝑟u and 𝜒𝑖 ∈ R𝑁p for 𝑖 = 1, . . . , 𝑟p.
The modes, {𝝓𝑖}𝑟u𝑖=1 for velocity and {𝜒𝑖}𝑟p𝑖=1 for pressure, can be equivalently found by
solving an eigenvalue problem [179]. In this case, the following correlation matrices are
computed:

(Ru)𝑖 𝑗 = (u𝑖 , u𝑗)2 , (Rp)𝑖 𝑗 = (p𝑖 , p𝑗)2 , where Ru ∈ R𝑁𝝁×𝑁𝝁 and Rp ∈ R𝑁𝝁×𝑁𝝁 .
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Each mode can be computed as follows:

𝝓𝑖 =
1

𝑁𝝁(Λu)𝑖𝑖
𝑁𝝁∑
𝑗=1

u𝑗(Vu)𝑖 𝑗 , 𝜒𝑖 =
1

𝑁𝝁(Λp)𝑖𝑖
𝑁𝝁∑
𝑗=1

p𝑗(Vp)𝑖 𝑗 ,

where Vu and Vp are the matrices whose columns are the eigenvectors of the correlation
matrices, whereas Λu and Λp are diagonal matrices whose entries are the eigenvalues of
the correlation matrices.

Once the velocity and pressure modes are obtained, the solution can be projected onto
the spaces V𝑟

u and V𝑟
p, obtaining the projections:

uproj(x, 𝝁) =
𝑟u∑
𝑖=1

𝑎proj𝑖 (𝝁)𝝓𝑖(x), pproj(x, 𝝁) =
𝑟p∑
𝑖=1

𝑏proj𝑖 (𝝁)𝜒𝑖(x), (5.3)

with 𝑎proj𝑖 (𝝁) = (u(x, 𝝁),𝝓𝑖(x))𝐿2(Ω), ∀𝑖 = 1, . . . , 𝑟u, and 𝑏
proj
𝑖 (𝝁) = (p(x, 𝝁), 𝜒𝑖(x))𝐿2(Ω), ∀𝑖 =

1, . . . , 𝑟p. For any reduced dimension 𝑟u and 𝑟p, the projection is the optimal solution,
namely the one that minimizes the error in the particular norm considered (in our case,
the 𝐿2 norm). The error of the projectionwith respect to the FOM solutionwill be referred
to as the reconstruction error.

Once the POD spaces are constructed, the velocity and pressure field are approxi-
mated as a convex combination of the modes:

u(x, 𝝁) ≈ u𝑟(x, 𝝁) =
𝑟u∑
𝑖=1

𝑎𝑖(𝝁)𝝓𝑖(x), p(x, 𝝁) ≈ p𝑟(x, 𝝁) =
𝑟p∑
𝑖=1

𝑏𝑖(𝝁)𝜒𝑖(x). (5.4)

Classical Galerkin methods consist of projecting the discretized incompressible NSE
into the reduced space, which, in the case of POD, is spanned by the POD modes. In
particular, the momentum equation is projected onto each velocity mode 𝝓𝑖 , while the
continuity equation is projected onto each pressure mode 𝜒𝑖 . After the projection is per-
formed, a dynamical system with 𝑟u + 𝑟p unknown reduced variables is obtained. The
unknowns are the velocity and pressure vectors of coefficients, which can be written as

a(𝝁) = [𝑎𝑖(𝝁)]𝑟u𝑖=1 and b(𝝁) = [𝑏𝑖(𝝁)]𝑟p𝑖=1.

To write the G-ROM, we first recall the discretized incompressible NSE in the absence
of external forces: 

𝜕u
𝜕𝑡
+ ∇ · (u ⊗ u) − ∇ · 𝜈(∇u + (∇u)𝑇) + ∇p = 0,

∇ · u = 0.
(5.5)

Remark: conservative form of the discretized NSE.
Unlike Equations (1.19) and (4.1), the convective and viscous terms are written in
conservative form, namely (∇ · (u ⊗ u)) and (∇ · (∇u + (∇u)𝑇)). Although equivalent
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to the advective and Laplacian forms in the continuous incompressible setting, the
conservative formulation is generally preferred in numerical discretizations since
it directly derives from integral conservation laws and preserves local conservation
properties, especially in finite volume methods.

If we project themomentumequation into each velocitymode and the continuity equa-
tion into each pressure mode, we obtain:

(
𝜕u
𝜕𝑡
+ ∇ · (u ⊗ u) − ∇ · 𝜈(∇u + (∇u)𝑇) + ∇p,𝝓𝑖

)
𝐿2(Ω)

= 0 ∀𝑖 = 1, . . . , 𝑟u ,(∇ · u, 𝜒𝑗 )𝐿2(Ω) = 0 ∀𝑗 = 1, . . . , 𝑟p.
(5.6)

In matrix form and considering the decomposition in Equation (5.4), we obtain the
reduced dynamical system:

−Mu𝑟 ¤a − a𝑇Cu𝑟a + 𝜈(B𝑟 + B′𝑟)a −G𝑟b = 0,

H𝑟a = 0,
(5.7)

where the reduced operators Mu𝑟 ∈ R𝑟u×𝑟u , B𝑟 ∈ R𝑟u×𝑟u , B′𝑟 ∈ R𝑟u×𝑟u , Cu𝑟 ∈ R𝑟u×𝑟u×𝑟u ,
G𝑟 ∈ R𝑟u×𝑟p , H𝑟 ∈ R𝑟p×𝑟u are defined as follows:

(B𝑟)𝑖 𝑗 = (𝝓𝑖 ,∇ · ∇𝝓 𝑗)𝐿2(Ω) , (B′𝑟)𝑖 𝑗 = (𝝓𝑖 ,∇ · (∇𝝓𝑇
𝑗 ))𝐿2(Ω) , (Cu𝑟)𝑖 𝑗𝑘 = (𝝓𝑖 ,∇ · (𝝓 𝑗 ⊗ 𝝓𝑘))𝐿2(Ω) ,

(G𝑟)𝑖 𝑗 = (𝝓𝑖 ,∇𝜒𝑗)𝐿2(Ω) , (H𝑟)𝑖 𝑗 = (𝜒𝑖 ,∇ · 𝝓 𝑗)𝐿2(Ω).
(5.8)

The term ¤a indicates the discrete time derivative, which can be expressed in the preferred
time integration scheme. For instance, if we adopt a first-order forward Euler scheme, at
the time step 𝑡𝑛+1 we have ¤a𝑛+1 = a𝑛+1−a𝑛

𝑡𝑛+1−𝑡𝑛 . Note also that Cu𝑟 is a third-order tensor, which
approximates the nonlinear convective operator. Using a third-order tensor may increase
the computational cost when the number of degrees of freedom is large. Another way to
treat this term is based on hyper-reduction techniques. The Empirical InterpolationMethod
(EIM) [24] and its discrete variant (DEIM) [355] approximate nonlinear operators by pro-
jecting them onto a reduced basis constructed from sampled evaluations, thus avoiding
computations in the full-order space. Similarly, Gappy-POD [57] reconstructs the non-
linear terms from a limited number of spatial samples, further reducing the cost of their
evaluation during the online stage.

Once the reduced dimensionalities 𝑟u and 𝑟p are selected and the reduced operators
in (5.8) are assembled, the reduced dynamical system (5.7) can be solved in predictive
regimes, namely for unseen parameters 𝝁★, which may include time extrapolation and
different Reynolds numbers.

However, the reduced model of system (5.7) presents stability issues because the re-
duced version of the inf-sup condition is not satisfied. The instability leads to a lack of
accuracy in the pressure approximation and to the need for a tailored velocity-pressure
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coupling at the ROM level. This motivates the following part, focused on stabilization
techniques for G-ROMs.

Remark: On other projection-based approaches.
TheGalerkin approach [104, 14] relies on an orthogonal projection, where the resid-
ual is enforced to be orthogonal to the same reduced space used to approximate
the solution, typically spanned by the POD modes obtained from the snapshot
matrices. Alternative projection strategies can also be employed. In the Petrov–
Galerkin framework [252, 360, 63], the trial and test spaces differ, leading to an
oblique projection that may improve stability properties. A relevant example is
the Least-Squares Petrov–Galerkin (LSPG) method [56, 55, 64], which computes
the reduced solution by minimizing the residual of the discrete governing equa-
tions. More generally, minimum-residual ROMs [57] formulate the reduced prob-
lem as the minimization of a suitable residual norm. In this thesis, we focus on
the POD–Galerkin framework. In particular, the reduced bases are assumed to be
constructed through POD, although alternative approaches, such as greedy algo-
rithms [258, 280, 128] could also be adopted.

5.1.1 Treatment of non-homogeneous Dirichlet boundary conditions

In the ROM framework, the treatment of Dirichlet boundary conditions strongly depends
on whether they are homogeneous or non-homogeneous. Homogeneous Dirichlet condi-
tions are usually inherited automatically by the reduced space: if the full-order snapshots
satisfy the prescribed zero boundary value, then the reduced basis functions, being linear
combinations of those snapshots, satisfy the same constraint aswell. This is no longer true
for non-homogeneous Dirichlet conditions, since a nonzero boundary datum cannot, in
general, be represented by linear combinations of basis functions satisfying homogeneous
constraints. Hence, the question we try to answer in this section is:
What are the techniques for an explicit treatment of the non-homogeneous Dirichlet boundary con-
ditions?
A common approach is to introduce a lifting function [117, 116, 120], so that the solution
is decomposed into a known component that matches the prescribed boundary data and
an unknown homogeneous component approximated by the reduced basis, namely:

u(x, 𝝁) = 𝝓0(x) +
𝑟u∑
𝑖=1

𝑎𝑖(𝝁)𝝓𝑖(x). (5.9)

In this way, the reduced basis is constructed only for the homogeneous component
(u − 𝝓0), so that the resulting reduced modes still belong to the admissible space with
zero boundary values. The lifting function 𝝓0 may be constructed in different ways [269],
such as:

⊲ the averaged velocity field over the parametrized snapshot interval;
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⊲ a reference snapshot, like the initial condition in time-dependent problems u0(x);

⊲ an ad-hoc lifting function u𝑔(x), for example, by solving an auxiliary full-order prob-
lem or by using an analytical function;

⊲ a combination of snapshots.

Regardless of how 𝝓0 is chosen, it must satisfy 𝝓0 = u|Γ𝐷𝑘 for each non-homogeneous
boundary Γ𝐷𝑘 . However, its construction is problem-dependent and may affect the ac-
curacy and stability of the reduced model, especially when the boundary data are time-
dependent or parameter-dependent.

Alternatively, the boundary condition can be imposedweakly through apenaltymethod
[17, 25, 310, 36], by adding to the reduced momentum equation a term that penalizes the
mismatch between the ROM solution and the prescribed boundary value. We can define
this extra-term as:

𝜏BC

𝑁BC∑
𝑘=1
(𝑢BC𝑘 ΦBC𝑘 − E𝑟 𝑘 a) ,

where𝑁BC is the number of non-homogeneous boundaries, 𝑢BC𝑘 is the non-homogeneous
value of the velocity at boundary Γ𝐷𝑘 , and the remaining matrices are defined as:

(ΦBC𝑘)𝑖 = (𝝓𝑖)𝐿2(Γ𝐷𝑘 ), and (E𝑟 𝑘)𝑖 𝑗 = (𝝓𝑖 ,𝝓 𝑗)𝐿2(Γ𝐷𝑘 ). (5.10)

Finally, 𝜏BC is a penalization factor whose value can be set by sensitivity analysis or by
automatic tuning as presented in [315]. The penalty method has also been adopted in
different works like [160, 159, 208, 313, 152, 143, 142].

The lifting approach enforces the boundary condition exactly, whereas the penalty
method is often easier to implement andmore flexible, but requires a careful choice of the
penalty parameter to balance accuracy, conditioning, and stability.

5.2 Pressure stabilization techniques in ROMs

In this part, wemainly focus on two different stabilization techniques aimed at improving
the pressure approximation at the ROM level.

5.2.1 Supremizer enrichment

The first one is the so-called supremizer approach, introduced in [19]. This strategy allows
the fulfilment of the inf-sup condition at the reduced level, and consists in enriching the
reduced velocity space with 𝑟sup additional modes, named supremizer modes [𝝓sup

𝑖 ]
𝑟sup
𝑖=1 ,

found by applying the POD to the supremizer solutions s(x, 𝝁). The supremizer snapshots
can be obtained either directly from the pressure modes (exact supremizer) or from the
pressure snapshots (approximated supremizer). In the exact enrichment, each supremizer
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snapshot is found from each pressure mode 𝜒𝑖 (s𝑖 = s(𝜒𝑖)) by solving the system
Δs𝑖 = −∇𝜒𝑖 in Ω,

s𝑖 = 0 on 𝜕Ω.
(5.11)

On the other hand, in the approximated technique, the supremizer solutions are found
from the pressure snapshots, basically replacing 𝜒𝑖 with p𝑖 in (5.11), which leads to s𝑖 =
s(p𝑖). In both cases, after the set of supremizer solutions is collected, a standard POD
procedure is applied to obtain the reduced supremizer space V𝑟

usup = span({𝝓sup
𝑖 }

𝑟sup
𝑖=1 ).

The exact approach is more robust in terms of inf-sup condition fulfilment, but it is ex-
pensive as it requires the resolution of the full-dimensionality system (5.11) in the on-
line stage. On the other hand, in the approximated approach the system can be solved
offline, and it provides a good approximation of the supremizer snapshots at a lower
online cost. The supremizer stabilization, hence, consists in solving the reduced sys-
tem (5.7), with additional 𝑟sup unknowns, added to the velocity vector of coefficients:
a = (𝑎1 , . . . , 𝑎𝑟u , 𝑎

sup
1 , . . . , 𝑎sup𝑟sup). More details on the supremizer enrichment can be found

in [282, 110, 19].

5.2.2 Pressure Poisson Equation in ROMs

A different type of stabilization is based on the Pressure Poisson Equation (PPE) formu-
lation. The PPE approach was introduced at the full-order level in [157], where it is used
to aid stabilization by adding a dedicated evolution equation for the pressure field. In
the full-dimensional problem, the PPE is derived by taking the divergence of the momen-
tum equation and applying the divergence-free constraint to eliminate the time derivative
∇ · 𝜕u

𝜕𝑡 = 𝜕(∇·u)
𝜕𝑡 . As the solenoidal constraint is directly embedded into this equation, the

PPE, namely:

Δp = −∇ · (∇ · (u ⊗ u)) in Ω, (5.12)

can be used to replace the continuity equation in the discretized NSE. This approach can
be extended at the ROM level by projecting the PPE into each pressure mode 𝜒𝑖 :

(∇p + ∇ · (u ⊗ u),∇𝜒𝑖)𝐿2(Ω) − 𝜈 (∇ × u, n × ∇𝜒𝑖)𝐿2(Γ) −
(
n · 𝜕u

𝜕𝑡
, 𝜒𝑖

)
𝐿2(Γ)

= 0∀𝑖 = 1, . . . , 𝑟p.

(5.13)
In the above equation, the notation (·, ·)𝐿2(Γ) indicates the 𝐿2 dot product on the bound-
aries Γ = 𝜕Ω, and n indicates the normal unitary vector to the domain boundary. Note
that Equation (5.13) includes the contributions on the boundaries due to the viscous effect
and due to the time variation of the velocity boundary conditions [157]. If all the velocity
boundary conditions are not time dependent, the term

(
n · 𝜕u

𝜕𝑡 , 𝜒𝑖
)
𝐿2(Γ)

vanishes2. In all the

2A more detailed derivation of the boundary conditions in the PPE in case of turbulence modeling is
provided in the Appendix of [145].
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test cases we will consider in the next chapters, the velocity is fixed in time at the bound-
aries. Hence, from now on we consider

(
n · 𝜕u

𝜕𝑡 , 𝜒𝑖
)
𝐿2(Γ)

= 0. Based on the formulation in
(5.13), we can finally write the so-called PPE-ROM system in matrix form as follows:

−Mu𝑟 ¤a − a𝑇Cu𝑟a + 𝜈(B𝑟 + B′𝑟)a −G𝑟b = 0,

Dp𝑟b + a𝑇Cp𝑟a − 𝜈N𝑟a = 0,
(5.14)

where the following reduced operators are used:

(Dp𝑟)𝑖 𝑗 = (∇𝜒𝑖 ,∇𝜒𝑗)𝐿2(Ω) , (Cp𝑟)𝑖 𝑗𝑘 = (∇𝜒𝑖 ,∇ · (𝝓 𝑗 ⊗𝝓𝑘))𝐿2(Ω) , (N𝑟)𝑖 𝑗 = (n · ∇𝜒𝑖 ,∇×𝝓 𝑗)𝐿2(Γ).
(5.15)

The operators have dimensionalities: Dp𝑟 ∈ R𝑟p×𝑟p , Cp𝑟 ∈ R𝑟p×𝑟u×𝑟u , N𝑟 ∈ R𝑟p×𝑟u .
Unlike the supremizer enrichment approach, in PPE-ROMs the number of reduced

unknowns remains unchanged with respect to the non-stabilized system.

5.2.3 Is pressure stabilization enough?

Other approaches to improve the pressure approximation include residual-based stabi-
lization techniques [8, 7], which enrich the reduced system with consistent terms de-
pending onmomentumor continuity residuals to improve the velocity–pressure coupling,
without necessarily enriching the velocity space. Classical examples are PSPG [133, 97],
SUPG [45], and GLS-ROMs. A related class is Local Projection Stabilization (LPS) [211,
60], which damps the unresolved fluctuations via projection-based operators. Alterna-
tive strategies include least-squares pressure recovery [16], where the pressure is recon-
structed a posteriori from the momentum residual, avoiding a reduced saddle-point sys-
tem, and discretize-then-project approaches [316], which preserve the discrete velocity–
pressure coupling by projecting the full-order algebraic system rather than the continu-
ous equations. Finally, penalty [32] and artificial compressibility [66, 78] methods relax
incompressibility through divergence penalization or modified pressure evolution, im-
proving robustness at the cost of additional parameters.

At this point, we address the question:
Is pressure stabilization enough to stabilize a G-ROM?
The answer is that, even in the presence of stabilization techniques, G-ROMs may remain
inaccurate or unstable for convection-dominated flows. In this case, modal truncation and
Galerkin projection can alter the energy transfer among resolved and unresolved scales,
leading to overly energetic or unstable reduced trajectories. In particular, we focus on
under-resolved and marginally-resolved regimes. In analogy with high-fidelity simulations,
these regimes refer to the case where the energy retained by the POD modes is too low
(under-resolved) or is enough to capture the relevant dynamics, but G-ROMs yield inac-
curate results (marginally-resolved). Table 5.1 summarizes and compares the meaning of
different regimes in both full-order and reduced-order setups.

As confirmed by Table 5.1, ROMs may exhibit loss of accuracy in under-resolved or
marginally-resolved regimes. While the energetic optimality of the POD basis ensures an
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Table 5.1: Comparison of resolution regimes in high-fidelity simulations (FOM) and POD-
based ROMs.

Regime Meaning Regularization

Fully-resolved FOM All scales/modes are resolved. Not needed.
ROM May be needed.

Well-resolved FOM Most scales/modes are resolved. Rarely needed.
ROM May be needed.

Marginally-resolved FOM Most energetic scales/modes are resolved, Needed.
ROM but there are often numerical issues.

Under-resolved FOM Important scales/modes are unresolved. Needed.
ROM

efficient representation of the snapshot data, it does not guarantee dynamical accuracy:
the discardedmodes may still play a crucial role in nonlinear interactions, energy transfer
mechanisms, and dissipation processes.

As a result, standard G-ROMs may exhibit energy drift, spurious oscillations, or poor
long-time predictive performance when the reduced space is insufficient to capture the
relevant dynamics. A numerical example of this phenomenon is provided in Figure 5.2,
which displays the results obtainedusing a supremizer (SUP-ROM) and aPPE (PPE-ROM)
approach in the flow past a cylinder test case at 𝑅𝑒 = 50 000. This is a benchmark in fluid
dynamics and the setup used is the same of [143]. In this case, the number of modes is
𝑟u = 𝑟sup = 𝑟p = 5, corresponding to a retained energy greater than 95% for all fields.
Figure 5.2 highlights that the velocity and pressure approximations are inaccurate and
unphysical, especially in the region nearby the cylinder.

(a) SUP-ROM velocity (b) PPE-ROM velocity (c) SUP-ROMpressure (d) PPE-ROM pres-
sure

(g) FOM velocity (h) FOM pressure

Figure 5.2: Flow past a cylinder test case. SUP-ROM, PPE-ROM, and FOM velocity magni-
tude and pressure fields. The FOM and ROM settings are described in [143]. The fields
are at final ROM time and at fixed 𝑅𝑒 = 50 000.

It is worth noting that stability issues may also arise even in well-resolved settings,
due to the lack of intrinsic dissipativity of the Galerkin projection and to numerical or
discretization effects.
In the following,we focus on improving accuracy and stability in under-resolved ormarginally-
resolved regimes by introducing regularizationmechanisms, either throughfiltering strate-
gies (Section 5.3) or dedicated closure techniques (Section 5.4).
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The starting point of the next sections is a stabilized ROM for the incompressible NSE
in the generic compact form: 

ℛ𝑟u (a, b;𝝁) = 0,

ℛ𝑟p(a, b;𝝁) = 0,
(5.16)

which has 𝑟u + 𝑟p reduced unknown variables.

5.3 Filtering approaches for ROMs

The spatial filters introduced in Section 1.2 can be substantially applied in the ROM con-
text into the reduced space. In convection-dominated or turbulent regimes, ROMfiltering
aims at stabilizing the reduced dynamics by smoothing selected reduced quantities or by
regularizing the nonlinear convective interactions.

Remark: ROM spatial filters vs ROM closures. It is important to highlight that
the filtered ROMs we describe in this Section have also been named LES-inspired
ROMs or LES-ROMs [259]. The reason is that the spatial filters are mainly inherited
from LES principles, both mathematically and physically.
We emphasize that in [6], the authors consider spatial filters as ROM structural
closures, namely closures derived from mathematical arguments. Indeed, as done
at the full-order level in Chapter 1, also at the reduced-order level, ROM spatial
filters like the DF can be reformulated as closure contributions.
However, it is important to highlight that in [259], LES-ROMs are considered in
principle disconnected from ROM closures. Since mainly based on existing physi-
cal models, LES-ROMs can in principle operate in different flow problems without
retraining. On the other hand, ROM closures typically need to be retrained to new
data or settings.
Moreover, ROM spatial filters aim to smooth out different terms in the governing
equations, with the goal of alleviating spurious oscillations and enhancing numeri-
cal stability. On the other hand, ROM closures typically aim to reintroduce the con-
tribution of the unresolved modes into the reduced system, as will be described in
Section 5.4. However, since the primary role of the unresolved small scales is to dis-
sipate energy in the reduced system, ROM closures and filters, even if conceptually
different, often overlap [6, 259].

For explicit filters, we can extend the definition of (1.7) as a discrete filter applied to
the reduced velocity:

a = ℱ𝑟(a), (5.17)

where 𝛿 is the filter width, just as in the full-order setting.
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Afirst important filter is themodal filter or low-pass filter, which consists of applying
a damping to the POD coefficients, namely:

𝑎 𝑖 = 𝜎𝑖 𝑎𝑖 , 𝜎𝑖 ∈ [0, 1], ∀𝑖 = 1, . . . , 𝑟u .

This serves as an energetic stabilizer for the ROM, and theweights 𝜎𝑖 can have different
shape, like listed in the following.

⊲ Sharp cutoff: 𝜎𝑖 = 1 if 𝑖 ≤ 𝑟cutoff, 𝜎𝑖 = 0 if 𝑖 > 𝑟cutoff for a pre-selected reduced
dimension 𝑟cutoff;

⊲ Exponential damping: 𝜎𝑖 = 𝑒−𝛼(𝑖/𝑟u)𝑝 with pre-selected parameters 𝛼 and 𝑝;

⊲ Algebraic decay: 𝜎𝑖 = 1
1+𝛼𝑖𝑝 with pre-selected 𝛼 and 𝑝.

Note that the filtering weights are typically chosen to decrease with the mode index,
thereby assigning stronger damping (i.e., smaller coefficients) to higher-ordermodes. The
reason is that higher-ordermodes are generally less energetic andmore affected by truncation-
induced inaccuracies. As a consequence, they are more prone to amplify numerical arti-
facts and spurious oscillations in reduced-order simulations.

Another ROM spatial filter is the projection filter. Given two fixed dimensions 𝑟u and
𝑟′u < 𝑟, and the approximation u𝑟 ∈ span(𝝓1 , . . . ,𝝓𝑟u ), the projection filter consists of
constructing the approximation u𝑟′ ∈ span(𝝓1 , . . . ,𝝓𝑟′u ) such that:
(u𝑟′ ,𝝓𝑖) = (u𝑟 ,𝝓𝑖), ∀𝑖 = 1, . . . , 𝑟′u. This filter is essentially equivalent to a sharp cutoff
with 𝑟′u = 𝑟cutoff. It was used for the first time in [348], and then in [350, 349] to build a
reduced version of the dynamic SGS and of the Leray models, respectively.

Another well-known type of filter, already introduced in Equation (1.9), is the ROM
differential filter [283, 350, 349], which is obtained byGalerkin projection into the velocity
modes, yielding the following linear system:

(I𝑟 − 2𝛿2Du𝑟) a = a, (5.18)

where I𝑟 ∈ R𝑟u×𝑟u and Du𝑟 ∈ R𝑟u×𝑟u are the reduced identity and diffusion matrices, re-
spectively.

This approach can be generalized as ROM higher-order algebraic filter of the follow-
ing form:

(I𝑟 − 2𝛿2𝑚Du
𝑚
𝑟 ) a = a, (5.19)

where 𝑚 is a positive integer. For 𝑚 = 1, we exactly retrieve the ROM DF in Equation
(5.18). The exponent 𝑚 has been introduced [232] to control the percentage of filtering
at different wavenumbers, ensuring an increasing energy damping as the wavenumber
increases. It was proposed at the reduced level in [119], based on the formulation in [232],
and recently used in [333].

A practical example of the effect of the DF at the reduced level is provided in Figure 5.3
on the test case of the lid-driven cavity at 𝑅𝑒 = 10 000. Amore detailed presentation of the
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test case is provided in [336]. The figure analyzes the filtered solution at different 𝛿 values
and at different reduced dimensions, obtained applying the DF to the G-ROM solution
at a fixed time instance. On the left, the figure displays a graphical comparison among
the G-ROM reconstruction, the filtered fields after applying the DF and the projection
filter with cutoff dimensions 𝑟′u = 20% 𝑟u and 𝑟′u = 40% 𝑟u. The graphical comparison
shows that increasing values of 𝛿 produce a progressively stronger smoothing effect of
the DF for all values of 𝑟u. For 𝑟u = 5, the projection filter yields a visibly smoother
solution, whereas oscillatory structures remain present at higher latent dimensions. This
behaviour is likely related to the nature of the POD basis: starting from the third mode,
themodes already contain vortical structures and sharper gradients, thereby reproducing
small-scale dynamics inherited from the FOM. On the right, the figure shows the effect
of the DF directly on the reduced coefficients, which exhibit progressively smaller values
as 𝛿 increases. At 𝛿 = 0.1, the filtered coefficients are indeed close to 0, and the graphical
field coincides with the velocity time-average3.

Figure 5.3: Lid-driven cavity test case. Example of the effect of the DF with three different
𝛿 values at three latent dimensions. The DF is applied for a single time step to a G-ROM
solution, as in [336]. The graphical fields (left) and the reduced coefficients value (right)
are displayed before (G-ROM) and after applying the filter (DF).

The above-mentioned spatial filters may be used in different LES-ROMs. A LES-ROM
example is the EFR-ROM, which provides a reduced-order version of EFR (see Section
1.3 for the full-order formulation). This formulation was introduced in [119, 349], and
has been applied to turbulent flows [227], ocean dynamics [113], feedback control [321].
Recentworks introduced a deconvolution-based indicator function [112], and investigated
the consistency between FOM and ROM parameters [324], i.e. 𝛿 and 𝜒.

Wehere only focus on the Leray-ReducedOrderMethod (L-ROM), and refer the reader
to the extensive review of [259].

3In this case, the zero-th mode is the lifting function, as in (5.9), which simply corresponds to the snap-
shots’ time-average.
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5.3.1 Leray-ROM (L-ROM)

L-ROM is the reduced extension of the approach of Equation (1.13), which consists in
smoothing out the convective reduced velocity in the nonlinear term, namely:

−Mu𝑟 ¤a − a𝑇Cu𝑟a + 𝜈(B𝑟 + B′𝑟)a −G𝑟b = 0, (5.20)

Remark: Leray-ROM in conservative form.
We remark that typically the L-ROM is written in advective form, where the non-
linear term appears in the reduced system as((u𝑟 · ∇)u𝑟 ,𝝓𝑖

)
.

When writing the nonlinear term in conservative form we obtain:((u𝑟 · ∇)u𝑟 ,𝝓𝑖

)
=

(∇ · (u𝑟 ⊗ u𝑟),𝝓𝑖

) − ((∇ · u𝑟)u𝑟 ,𝝓𝑖

)
.

In incompressible flows, if we employ a consistent divergence-free filter, ∇ · u𝑟 = 0.
Hence, in conservative matrix form we can write the nonlinear term as a𝑇Cu𝑟a.

5.4 Closure approaches for ROMs

Closure models aim to account, at the reduced level, for the effect of unresolved POD
modes and for their interaction with the resolved scales. In this sense, they provide a
reduced counterpart of the closure problem arising in turbulence modeling [14, 137, 286,
257, 6], which consists of modeling the closure term 𝝉u in the momentum equation:

ℛ𝑟u(a, b;𝝁) + 𝝉u = 0. (5.21)

Different approaches can be used to model the closure term 𝝉u:

⊲ Functional modeling, in which physical insight is used to build a model for the
closure term like in Eddy Viscosity-Reduced Order Method (EV-ROM) [131].

⊲ Structural modeling, in which mathematical methods (e.g., expansions and asymp-
totics) are used to build amodel for the closure term. Examples are the scale-similarity
model of [22], the AD-ROM approach based on approximating the inverse filtering
operation [359, 295].

⊲ Stochastic modeling, where the closure term is modelled by a stochastic process
(e.g. Markovian or non-Markovian dynamics with random forcing). Examples are
[65, 59, 215].

⊲ Data-driven modeling, in which available numerical (FOM) or experimental data
is used to build a model for the closure term, like in [357] or in modern machine
learning based approaches [288, 289, 294, 74, 145].
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We nowmainly focus on a type of functional model, named EV-ROM (Section 5.4.1), and
on a type of data-driven model (Section 5.4.2), which provide the background methodol-
ogy for Chapter 7.

5.4.1 Eddy Viscosity-based ROM (EV-ROM)

EV-ROMs introduce additional dissipative contributions in the reduced equations in or-
der to compensate for the missing effect of unresolved or poorly resolved scales. Early
G-ROMs already used eddy viscosity-type corrections to account for the influence of dis-
cardedmodes [14]. Later developments include constant ormode-dependent eddy viscos-
ity closures, Smagorinsky-type POD-ROMs, dynamically calibrated eddy viscosity mod-
els, and optimal nonlinear eddy viscosity laws [286, 257].

Remark: Distinction between LES-based and RANS-based EV-ROMs.
A distinction should be made between LES-inspired or modal-truncation eddy vis-
cosity closures andRANS-based eddy viscosity ROMs. In the former case, the eddy
viscosity term is not necessarily the projection of a turbulent-viscosity field already
available in the FOM. Rather, it is a modelled dissipative correction introduced to
represent the effect of discarded POD modes and missing nonlinear interactions.
In RANS-based EV-ROMs, instead, the eddy viscosity is inherited from the full-
order turbulence model and represents the closure of the Reynolds stresses. There-
fore, the ROM aims to approximate a quantity already present in the FOM, which
guarantees consistency. Thus, while in RANS-based ROMs the eddy viscosity is
associated with turbulence closure, in LES-ROMs it is primarily associated with
modal-truncation closure.

We focus here on RANS-based EV-ROMs. First, we briefly recall the RANS and the
URANS formulation for time-dependent flow problems. According to the Reynolds de-
composition [272], a generic field 𝒔(x, 𝑡) can be decomposed into its mean and fluctuating
parts, 𝒔̃(x, 𝑡)4 and 𝒔′(x, 𝑡), respectively. For unsteady flows, the mean field is computed
as:

𝒔̃(x, 𝑡) = 1
𝑇

∫ 𝑡+𝑇

𝑡
𝒔(x, 𝜏)𝑑𝜏, with 𝑇1 ≤ 𝑇 ≤ 𝑇2 ,

where𝑇1 and𝑇2 are the fluctuating andmean fields reference time scales. For steady flows,
the mean field is not time-dependent and the above expression becomes:

𝒔̃(x) = lim
𝑇→∞

1
𝑇

∫ 𝑡+𝑇

𝑡
𝒔(x, 𝜏)𝑑𝜏.

If the Reynolds time-average logic is applied to the discretized incompressible NSE
using a FVM, the discretized solutions u and p coincide with the Reynolds time-average

4Note that we use the notation ·̃ for the Reynolds time-average, differently from the standard literature
notation ·. We adopt this notation to avoid confusion with the spatial filter notation adopted in the rest of the
thesis.

112



5.4. CLOSURE APPROACHES FOR ROMS

fields, while we express the fluctuating parts with u′ and p′, respectively. Under this
hypothesis, we obtain the URANS system:

𝜕u
𝜕𝑡
+ ∇ · (u ⊗ u) − ∇ · 𝜈(∇u + (∇u)𝑇) + ∇p − ∇ · Σ = 0,

∇ · u = 0.
(5.22)

If we compare the above System (5.22) with System (5.5), we can immediately see that
there is an additional term, −∇ · Σ, where Σ = −u′ ⊗ u′ is the Reynolds stress tensor5. At
the full-order level, in order to close the system, we need to select a technique to model
this term. Similarly to LES (see section 1.2.1)), a well-known approach is modeling the
term Σ by introducing the eddy viscosity field 𝜈𝑡 (Boussinesq hypothesis [40]), as follows:

Σ ≈ 𝜈𝑡(∇u + (∇u)𝑇). (5.23)

Based on this hypothesis, System (5.22) may be written as follows:
𝜕u
𝜕𝑡
+ ∇ · (u ⊗ u) − ∇ · [(𝜈 + 𝜈𝑡)(∇u + (∇u)𝑇)] + ∇p = 0,

∇ · u = 0.
(5.24)

Moreover, by taking the divergence of themomentumequation in System (5.24), we obtain
a turbulent version of the PPE described in Section 5.2.2. The final URANS system using
the PPE approach can be expressed as follows:

𝜕u
𝜕𝑡
+ ∇ · (u ⊗ u) − ∇ · [(𝜈 + 𝜈𝑡)(∇u + (∇u)𝑇)] + ∇p = 0,

Δp = −∇ · (∇ · (u ⊗ u)) + ∇ · (∇ · 𝜈𝑡(∇u + (∇u)𝑇)).
(5.25)

To ensure consistency with respect to the FOM, in RANS-based EV-ROMs, the eddy vis-
cosity field is also introduced at the reduced-order level [131, 129], by applying a POD
decomposition to the full-order field 𝜈𝑡 . We first collect the eddy viscosity snapshots:

S𝜈𝑡 =


| | |

𝜈𝑡1 𝜈𝑡2 . . . 𝜈𝑡𝑁𝝁

| | |

 , (5.26)

Applying the POD to the snapshot matrix S𝜈𝑡 , after selecting an appropriate reduced di-
mension 𝑟𝜈𝑡 , the eddy viscosity modes are extracted: {𝜂𝑖}𝑟𝜈𝑡𝑖=1. We can then write the fol-
lowing approximation:

𝜈𝑡(x, 𝝁) ≈ 𝜈𝑡 𝑟(x, 𝝁) =
𝑟𝜈𝑡∑
𝑖=1

𝑔𝑖(𝝁)𝜂𝑖(x), (5.27)

5The Reynolds stress tensor Σ has a different meaning with respect to the SGS stress tensor TSGS in-
troduced in section 1.2.1. Both terms derive from the convective term, but in different settings (Reynolds
time-average, and spatial filtering operation)
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where the unknowns are the reduced coefficients: g(𝝁) = (𝑔𝑖)𝑟𝜈𝑡𝑖=1. The best approximation
for a given reduced dimension 𝑟𝜈𝑡 is given by the projected 𝜈𝑡 , namely:

𝜈
proj
𝑡 (x, 𝝁) =

𝑟𝜈𝑡∑
𝑖=1

𝑔proj𝑖 (𝝁)𝜂𝑖(x), where 𝑔proj𝑖 (𝝁) = (𝜈𝑡(x, 𝝁), 𝜂𝑖(x))𝐿2(Ω) ∀𝑖 = 1, . . . , 𝑟𝜈𝑡 .

(5.28)
If we focus on the PPE approach, a Galerkin projection of the closed System (5.25) into the
velocity and pressure modes leads to the EV-ROM formulation:

−Mu𝑟 ¤a − a𝑇Cu𝑟a + 𝜈(B𝑟 + B′𝑟)a + g(Tu𝑟 + Tu
′
𝑟)a −G𝑟b = 0,

Dp𝑟b + a𝑇Cp𝑟a − g(Tp𝑟 + Tp
′
𝑟)a − 𝜈N𝑟a = 0,

(5.29)

where the following tensors have been introduced:

(Tu𝑟)𝑖 𝑗𝑘 = (𝝓𝑖 ,∇ · 𝜂 𝑗∇𝝓𝑘)𝐿2(Ω) , (Tu
′
𝑟)𝑖 𝑗𝑘 = (𝝓𝑖 ,∇ · 𝜂 𝑗(∇𝝓𝑘)𝑇)𝐿2(Ω) ,

(Tp𝑟)𝑖 𝑗𝑘 = (∇𝜒𝑖 ,∇ · 𝜂 𝑗∇𝝓𝑘)𝐿2(Ω) , (Tp
′
𝑟)𝑖 𝑗𝑘 = (∇𝜒𝑖 ,∇ · 𝜂 𝑗(∇𝝓𝑘)𝑇)𝐿2(Ω).

(5.30)

The EV-ROM system of (5.29) has 𝑟u+𝑟p+𝑟𝜈𝑡 unknowns (corresponding to the reduced
coefficients a, b and g), but only 𝑟u + 𝑟p equations. Hence, the system is not closed. A way
to address the closure, as done in [131], is to approximate the eddy viscosity coefficients
𝑔𝑖 , 𝑖 = 1, . . . , 𝑟𝜈𝑡 using an interpolation or regression approach starting from known (or
resolved) coefficients, namely a and b. Since the eddy viscosity is typically correlatedwith
the velocity field, the common choice is to construct a mapping:

G : R𝑟u → R𝑟u , g = G(a)
or, taking into account time variations in the reduced velocity:

G : R2𝑟u → R𝑟u , g = G(a, ¤a).
Another option is to add the parameters’ dependency within the mapping to improve the
approximation:

G : R𝑟u+𝑃 → R𝑟u , g = G(a, 𝝁).
The input and the type of this mapping depend on the considered test case (e.g., steady or
unsteady configurations, number of parameters) and on the chosen approximation strat-
egy. In literature, the mapping G is built either as a Radial Basis Function (RBF) [191] in-
terpolation approach [129], or using a neural network regression [361, 143, 145]. In [146]
different types of neural network architectures and inputs are investigated. In this the-
sis, we focus on a mapping of type G(a, 𝝁). The target quantity that the approximated
g = G(a, 𝝁) aims to reproduce is the projection gproj in a pre-defined training set. If we
consider the same training set as the POD, the loss function is:

ℒG =
1
𝑁𝝁

𝑁𝝁∑
𝑖=1
‖G(a, 𝝁𝑖) − gproj(𝝁𝑖)‖22 , (5.31)

namely theMSE,which is one of themost commonlyused loss functions in neural network
training, as briefly introduced in Section 3.2.1.
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5.4.2 Data-driven closure modeling in ROMs

This part described closures based on data-drivenmodeling, which infer themissing con-
tribution 𝝉u in Equation (5.21) from high-fidelity data. Rather than introducing a closure
term derived from full-order modeling assumptions (as in EV-ROMs), these approaches
learn the contribution of the neglected modes from high-fidelity data and incorporate the
resulting correction into the reduced-order dynamics. In this sense, data-driven closures
may be interpreted as learned corrections rather than closures in the classical physical sense,
although they still play the role of modeling the unresolved modes [287, 6, 143].

This section describes the approach introduced in [357], which constructs a model for
the closure term 𝝉u, based on the following steps.

1. Select a value 𝑑u > 𝑟u.
This automatically divides three different scales:

⊲ 𝝓𝑖 , 𝑖 = 1, . . . , 𝑟u: the resolved scales via the reduced system;

⊲ 𝝓𝑖 , 𝑖 = 𝑟u + 1, . . . , 𝑑u: the modelled scales, whose contribution is modelled via the
closure 𝝉u;

⊲ 𝝓𝑖 , 𝑖 = 𝑑u+1, . . . , 𝑁𝝁: the discarded scales, corresponding to the low-energy modes,
whose closure contribution is negligible.

For this hierarchical scale division, this approach has been referred to as DD-VMS-
ROM [143, 172]. In literature, 𝑑u can be either proportional to the reduced dimension,
i.e. h𝑟u, with h ∈ N (for instance, [357] considers h = 5), or can be chosen as 𝑑u = 𝑁𝝁.
In the latter case, we want to model the contribution of all the unresolved modes.

2. Compute the exact closure term 𝝉true
u as the discrepancy between the momentum equa-

tion projected onto 𝑑u modes and onto 𝑟u modes.
This term represents the contribution of the modes 𝝓𝑟u+1 , . . . , 𝑑u we aim to model and
is computed considering the projected (and theoretically optimal) coefficients 𝑎proj𝑖 =

(u,𝝓𝑖), 𝑖 = 1, . . . , 𝑑u. We indicate with aproj
𝑑 = (𝑎𝑖)𝑑u

𝑖=1 and aproj = (𝑎𝑖)𝑟u𝑖=1 the reduced
velocities projected onto 𝑑u and 𝑟u modes, respectively. More in general, the notations
(·)𝑑u and (·)𝑑 indicate the operators or variables computed considering the resolved and
modelled scales. The exact closure can be found as:

𝝉true(𝝁) = ℛ𝑑u (aproj
𝑑 , bproj

𝑑 ;𝝁)
𝑟u
− ℛ𝑟u (aproj , bproj;𝝁),

where the notation (·)𝑟u is a filtering operation corresponding to retaining only the first
𝑟u coefficients. This filter operation coincides with the ROM projection filter described
in Section 5.3 and it is here employed to have consistent dimensions betweenℛ𝑑u

𝑟u and
ℛ𝑟u . The only contribution to this closure is given by the nonlinear term, say:

𝝉true
u = −(aproj

𝑑 )𝑇 Cu𝑑 aproj
𝑑

𝑟u
+ (aproj)𝑇 Cu𝑟 aproj , (5.32)

where Cu𝑑 ∈ R𝑑u×𝑑u×𝑑u is defined as (Cu𝑑)𝑖 𝑗𝑘 = (𝝓𝑖 ,𝝓 𝑗 ⊗ 𝝓𝑘)𝐿2(Ω), for 𝑖 , 𝑗 , 𝑘 = 1, . . . , 𝑑u.
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3. Choose a proper closure modelℳ𝜽 for 𝝉u and learn the optimal parameters 𝜽 from
data.
If we assume a map of typeℳ𝜽(a, 𝝁), the model parameters can be optimized by solv-
ing the minimization problem:

min
𝜽

1
𝑁𝝁

𝑁𝝁∑
𝑖=1
‖ℳ𝜽(a(𝝁𝑖), 𝝁𝑖) − 𝝉true(𝝁𝑖)‖22. (5.33)

We can divide the parameters as 𝝁 = (𝑡 , 𝝁phys, geom), where 𝝁phys, geom are physical
and/or geometrical parameters. The first contributions on DD-VMS-ROMs consider
𝝁 = 𝑡 and proposed for 𝝉u the quadratic anzatz:

𝝉true
u ≈ 𝝉u =ℳ(Ã,B̃)(a) = Ã a + a𝑇B̃a, (5.34)

where Ã ∈ R𝑟u×𝑟u and B̃ ∈ R𝑟u×𝑟u×𝑟u are the parameters to be learned. In this case, the
three-dimensional tensor B̃ can be decomposed in 𝑁blocks = 𝑟u(𝑟u + 1)/2 two dimen-
sional blocks and expressed as

∑𝑁blocks
𝑖=1 B̃(𝑖)a(𝑖), where B̃(𝑖) are two-dimensional matrices

and a(𝑖) are vectors given by quadratic components of the coefficients. This mathemat-
ical trick transforms the problem of Equation (5.33) in a linear problem that can be
trivially solved using a least squares method, as typically done in the context of opera-
tor inference. For the complete mathematical procedure, refer to [357, 251].

Other approaches consider nonlinear models like neural networks [358, 74, 146, 145],
where the network weights 𝜽 can be learned from data via backpropagation (for more
details about neural networks see Section 3.2.1). The map with pre-learned weights is
here simply namedℳ.

4. Build and solve the data-driven reduced order model with the modelled closure for
unseen parameters 𝝁★. The closed momentum equation is:

ℛ𝑟u (a, b;𝝁★) +ℳ(a, 𝝁★) = 0. (5.35)

Different variants and extensions of the above-described methodology have been pro-
posed throughout the past years, in order to find a solution to the following questions.
Should matrices Ã and B̃ of the ansatz (5.34) satisfy any physical constraint to enforce dissipation?
This question has been addressed in [226], where physical constraints have been applied
to Ã and B̃, to ensure that the correction term is dissipative, namely:

a𝑇[Ãa + a𝑇B̃a] ≤ 0.

This implies solving a constrained least squares problem, which can be trivially imple-
mented. The authors show that the constrained correction yields improved accuracy and
stability of the approximation.
If a PPE approach is used, is it convenient to introduce a closure term also for the nonlinear term
in the PPE?
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We addressed this question in [143] by extending the quadratic ansatz (5.34) to the PPE-
ROM formulation of Equation (5.14). We introduced an additional pressure closure 𝝉p ∈
R𝑟p aimed to reintroduce the contribution of the unresolved pressure modes into the PPE.
To build this pressure correction, we follow a similar procedure as for 𝝉u.

In particular, we choose the number of pressure modes 𝑑p > 𝑟p wewant to model, and
we compute the target pressure closure as follows:

𝝉true
p = (aproj

𝑑 )𝑇 Cp𝑑 aproj
𝑑

𝑟p
− (aproj)𝑇 Cp𝑟 aproj. (5.36)

The above expression is the contribution of the unresolved modes on the nonlinear part
of the PPE. In this case, we selected a quadratic ansatz also considering the influence of
the pressure coefficients: [

𝝉u

𝝉p

]
= Ã

[
a
b

]
+ [a, b] B̃

[
a
b

]
, (5.37)

where Ã ∈ R(𝑟u+𝑟p)×(𝑟u+𝑟p) and B̃ ∈ R(𝑟u+𝑟p)×(𝑟u+𝑟p)×(𝑟u+𝑟p) can be found by solving a least
squares problem just as before. The reduced system for an unseen parameter 𝝁★ = (𝑡★)
including the closures 𝝉u and 𝝉p becomes

ℛ𝑟u (a, b;𝝁★) + 𝝉u(a, b) = 0,

ℛ𝑟p(a, b;𝝁★) + 𝝉p(a, b) = 0,
(5.38)

We showed that the addition of the pressure correction significantly improved the
approximation of the pressure field.
Are there any theoretical bounds for the error for the corrected G-ROMs?
Thework of [171] proves the verifiability of the corrected ROMwith a linear anzatz, namely
𝝉u = Ãa. The authors proved that small errors in the closure model (‖𝝉true

u − Ã a‖22) imply
small errors in the ROM approximation, which is the concept of verifiability. However,
this has not been proved for a quadratic or nonlinear ansatz.
Is it possible to propose a different mappingℳ without explicit dependency on the velocity coeffi-
cients a?
This problem is addressed in [172], where the closure term is built as a function of the
ROM residual ℛ𝑟u , used as an indicator of the unresolved dynamics and truncation error.
Is it possible to extend the quadratic ansatz to turbulent flow cases, within the EV-ROM frame-
work?
This question has been addressed in [142], by considering a correction for the System
(5.29). In that case, the following exact closures can be computed by adding the turbu-
lence contribution:

𝝉true
u = − (aproj

𝑑 )𝑇 Cu𝑑 aproj
𝑑

𝑟u
+ (aproj)𝑇 Cu𝑟 aproj+

+ (gproj
𝑑 )𝑇(Tu𝑑 + Tu

′
𝑑)aproj

𝑑

𝑟u
− (gproj)𝑇 (Tu𝑟 + Tu

′
𝑟) aproj ,

𝝉true
p =(aproj

𝑑 )𝑇 Cp𝑑 aproj
𝑑

𝑟p
− (aproj)𝑇 Cp𝑟 aproj+

− (gproj
𝑑 )𝑇(Tp𝑑 + Tp

′
𝑑)aproj

𝑑

𝑟p
+ (gproj)𝑇 (Tp𝑟 + Tp

′
𝑟) aproj.

(5.39)
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The remaining part of the procedure remains exactly as before.
The works [357, 226, 143, 142] only consider time-dependent problems without any additional
physical or geometrical parameters. Is the quadratic anzatz extendable to flow cases with multiple
parameters?
In the case where time is the unique parameter, 𝝁 = (𝑡), we only optimize fixed non time-
dependent Ã and B̃. The quadratic model is extendable to the case 𝝁 = (𝑡 , 𝝁phys, geom)
if we consider parametrized matrices Ã(𝝁phys, geom) and B̃(𝝁phys, geom), which account for
configuration changes. However, this is not trivial and a common choice is to replace
the quadratic ansatz with a neural network, which also takes as input the parameters
𝝁phys, geom, either explicitly or implicitly within the coefficients a.

5.5 Motivation for the proposed approaches

The state-of-the-art filtering and closure approaches developed during the past years, and
partially presented in Sections 5.3 and 5.4, have significantly improved the accuracy, ro-
bustness, and long-time stability of classical G-ROMs. Nevertheless, several challenges
remain open, especially in the context of complex turbulent flows, transport problems,
nonlinear dynamics, and parameterized flow cases.

On the one hand, the effect of classical ROM spatial filters (Section 5.3) often depends
on the filter radius, whose value should be tuned case by case. As described in part I, also
in ROMs, standard literature choices for the filter radiusmay lead either to overdiffusivity
or to insufficient filtering (i.e., spurious oscillations).

On the other hand, the data-driven closure modeling introduced in Section 5.4.2 has
proved to be accurate in time-dependent test cases, but has limited extensions to param-
eterized flow cases, namely when the parameters are not only composed of the physical
time 𝑡.

These limitations motivate the research questions addressed in part II of this thesis,
which aims to further investigate and improve the existing filtering, stabilization, and
closure models in the reduced-order framework.

Part II addresses the following questions:

⊲ Can we employ available FOM data to build a stabilization operator that replaces standard
spatial filters in LES-ROMs?

In Chapter 6 we introduce a novel operator named StabOp, which is different from
classical spatial filters, and is built entirely from data. This stabilization operator is
used as a mapping from the reduced velocity a to the filtered velocity a.

⊲ In Chapter 4 a data-driven filter is also introduced. However, theDD-EF approach is unstable
in time extrapolation settings, and leads to energy blow up. How can we alleviate this issue
in StabOp?

StabOp is learned via a PDE-constrained optimization. Within the learning process,
the L-ROM system is solved for a certain number of training time steps, making
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the L-ROM energy as close as possible to the FOM reference energy. In this way,
StabOp incorporates information on the stability of the reduced model, ensuring a
more stable and accurate long-time dynamics.

⊲ How can the approach of [142] be generalized to a parameterized flow case while maintaining
stability?

Chapter 7 provides a parametric extension of the DD-VMS-ROM proposed in [142]
using machine learning. More in detail, the DeepONet architecture is employed to
separately elaborate the contributions of the flow parameters 𝝁 and of the reduced
velocity a. Stability can be ensured by introducing a joint training process for both
the eddy viscosity map G and the correction mapℳ. The mutual communication
of the functional and data-driven maps during training will help in improving the
stability of the ROM.

⊲ Is it possible to extend the closure problem to improve the accuracy of nonintrusive ROMs?
This question has been addressed in Chapter 8, where a correction term of quadratic
form (5.34) is learned from data, and directly added to the ROM solution. The goal
is tomodel the contribution of the neglectedmodes, for the first time, in a simplified
and purely data-driven setting.
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6

STABOP-L-ROM: DATA-DRIVEN STABILIZATION
FOR LERAY-ROMS

Spatial filters have played a central role in the simulation of convection-dominated flows
in the past decades, both at the full-order level (see Chapter 1) and in ROMs (see Section
5.3). However, several questions remain to be answered, namely:
What is the most suitable filter for a given application and/or regime?
and
Once we select a filter, how do we choose the parameters (like the filter width 𝛿)?

The present chapter overcomes these issues by replacing the standard spatial filter with
a fundamentally different stabilization operator, which is built upon FOM available data.
The novel data-driven stabilization operator, which is named StabOp [336], is tested on
the L-ROM formulation, but can be extended to all LES-ROMs, based on all classical dis-
cretization approaches. The construction of StabOp is test-case dependent and is based on
two steps: (i) postulating an ansatz (linear, quadratic or nonlinear), and (ii) learn the map
via a PDE-constrained optimization which minimizes the discrepancy of a pre-selected
Quantity of Interest (QoI) with respect to the FOM reference.

This chapter is divided into the following parts:

⊲ A preliminary section which clarify the G-ROM and L-ROM formulations in the
absence of pressure modeling (Section 6.1);

⊲ The presentation of StabOp and the algorithm used to compute it (Section 6.2);

⊲ The numerical investigation on four benchmarks, both two- and three-dimensional,
in a convection-dominated regime (Section 6.3).

⊲ An analysis on the difference between StabOp and standard spatial filters (Section
6.2). We answer the question: Is StabOp a spatial filter in its classical sense?

⊲ A conclusive section, highlighting strengths and weeknesses of StabOp, and future
perspectives of this work (Section 6.5).
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6.1 Preliminaries: FOM, G-ROM and L-ROM

6.1.1 FOM

The FOM used for this work is built using the Spectral Element Method (SEM). In particu-
lar, it is constructed by applying a Galerkin projection of the incompressible NSE onto the
spectral element space with P𝑁−P𝑁−1 velocity-pressure coupling. For time discretization,
we employ the semi-implicit BDF𝑘/EXT𝑘 scheme [94], which uses the 𝑘th-order back-
ward differentiation (BDF𝑘) for the time-derivative, 𝑘th-order extrapolation (EXT𝑘) for
the advection and forcing terms, and an implicit treatment of the dissipation terms. As in
[94], we set 𝑘 = 3 so that the imaginary eigenvalues associated with the skew-symmetric
advection operator lie within the stability region of the BDF𝑘/EXT𝑘. The resulting full
discretization leads to solving a linear unsteady Stokes system at each time step. For ad-
ditional details on the FOM derivation, we refer to [335]. All the test cases considered are
time-dependent, and we do not consider any additional physical or geometrical parame-
ters.

6.1.2 G-ROM

The G-ROM is built following the procedure described in Section 5.1, i.e. by Galerkin pro-
jection of the discretized incompressible NSE into a reduced basis functions found with
a POD procedure. Given a pre-defined latent dimension 𝑟u, the ROM space is spanned
by the first 𝑟u modes {𝝓𝑖}𝑟u𝑖=1. To enforce the non-homogeneous boundary conditions, a
lifting function approach is adopted (see Section 5.1.1).The ROM approximation is given
by:

u𝑟(x, 𝑡) = 𝝓0(x) +
𝑟u∑
𝑖=1

𝑎𝑖(𝑡)𝝓𝑖(x). (6.1)

By replacing the expression (6.1) and applying a Galerkin projection into each mode 𝝓𝑖 ,
we obtain:(

𝜕u𝑟
𝜕𝑡

,𝝓𝑖

)
𝐿2(Ω)

+ (∇ · (u𝑟 ⊗ u𝑟),𝝓𝑖

)
𝐿2(Ω) + 𝑅𝑒−1 (∇u𝑟 ,∇𝝓𝑖

)
𝐿2(Ω) = 0∀𝑖 = 1, . . . , 𝑟u . (6.2)

The G-ROM in matrix form reads as:

Mu𝑟 ¤a + a𝑇Cu𝑟a + 𝑅𝑒−1A𝑟a = 0 , (6.3)

where Mu𝑟 and Cu𝑟 are defined in (5.8), while the stiffness operator is defined as:(A𝑟)𝑖 𝑗 =
(∇𝝓𝑖 ,∇𝝓 𝑗)𝐿2(Ω).

We note that this formulation is slightly different from that in (5.6), in the following
aspects.

⊲ In the case of fixed geometries, the divergence and pressure terms drop out of 6.1
because the ROM basis functions are weakly divergence-free. This formulation is
typically called momentum equation solely ROM and only approximates the ve-
locity field.
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⊲ The formulation is adimensionalized.

⊲ The dissipation term is obtained by applying integration by parts.

6.1.3 L-ROM

Exactly as introduced in section 5.3.1, the L-ROMcanbewritten by considering the filtered
reduced velocity into the nonlinear term, namely:

Mu𝑟 ¤a + a𝑇Cu𝑟a + 𝑅𝑒−1A𝑟a = 0 , (6.4)

where a is found using the DF1:

a = (I𝑟 + 𝛿2A𝑟)−1a. (6.5)

6.2 StabOp: a data-driven stabilization operator

As motivated in Section 5.5, standard spatial filters, like the DF, may lead to inaccurate or
overly diffusive results. Our goal is to improve the accuracy by replacing the DF with a
novel data-driven stabilization operator, StabOp. We indicate the StabOpmap as S(·, 𝜽) :
R𝑟u → R𝑟u , parametrized by the vector 𝜽. The DF of Equation (6.5) is hence replaced by:

a = S(a;𝜽). (6.6)

The parameters 𝜽 are optimized to minimize the loss function:

ℒ(𝜽) =
𝑁train∑
𝑖=1
‖ℰFOM(𝑡𝑖) − ℰStabOp-L-ROM(𝑡𝑖; a)‖22 + 𝜔𝜽‖𝜽‖22 , (6.7)

where 𝑁train are the training time instances, ℰFOM(𝑡𝑖) and ℰStabOp-L-ROM(𝑡𝑖) are the kinetic
energies associatedwith the FOMandwith the StabilizationOperator strategies for Leray-
ReducedOrderMethod (StabOp-L-ROM)models at time 𝑡𝑖 . The loss in (6.7) considers the
discrepancy between the novel model and the FOM reference in terms of kinetic energy,
but other quantities of interest, e.g. forces acting on objects, may be optimized. The term
𝜔𝜽‖𝜽‖22 in the loss function is a regularization term which helps in preventing overfitting,
and 𝛼𝜽 > 0 is a user-defined parameter.

Different ansatz may be considered for the StabOp map S. In this work, we explore
three representative cases:

⊲ Linear form: S(a;𝜽) = Ãa + c̃, with Ã ∈ R𝑟u×𝑟u and c̃ ∈ R𝑟u . In this case: 𝜽 includes
all the elements of [Ã, c̃];

⊲ Quadratic form: S(a;𝜽) = Ãa + a𝑇B̃a + c̃, with Ã ∈ R𝑟u×𝑟u , B̃ ∈ R𝑟u×𝑟u×𝑟u and c̃ ∈ R𝑟u .
In this case: 𝜽 includes all the elements of [Ã, B̃, c̃];

1Note that in this formulation the factor 2 is omitted.
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⊲ Nonlinear form: S(a;𝜽) = NN𝜽(a), where NN is a neural network with 𝑙 layers
and each 𝑖-th layer 𝐿(𝑖) is the combination of a linear and a nonlinear operation:

𝐿(𝑖) = ℎ ◦
[
W𝑖 b(𝑖)

]𝑇
, applied to

[
y(𝑖−1)

1

]
, where y(𝑖−1) is the output of the previous

layer. y(0) = a, y(𝑙) = a, and the parameters are the compositions of all the layers’
parameters (typically named weights): {(W(𝑖) , b(𝑖))𝑙𝑖=1}. ℎ is instead the activation
function, which represents the nonlinearity of the NN.

For eachmodel, we compute the optimal parameters 𝜽★ by solving a PDE-constrained
optimization problem:

min
𝜽
ℒ(𝜽) subject to a solving StabOp-L-ROM:

Mu𝑟 ¤a + (S(a;𝜽))𝑇Cu𝑟a + 𝑅𝑒−1A𝑟a = 0.
(6.8)

The linear, quadratic andnonlinear forms have beenused to postulate closure ansatzes,
such as in [357, 226, 143]. The above-mentionedworks demonstrate that, evenwith simple
parametrizations, the standard ROM accuracy may be improved and complex dynam-
ics can be captured. However, this case is fundamentally different as we solve a PDE-
constrained optimization problem, which gives important information on the ROM sta-
bility in time.

The StabOp training algorithm is presented in Algorithm 2. The training procedure in-
volves the selection of two hyperparameters: the differential filter radius 𝛿 and the 𝐿2 reg-
ularization weight 𝜔𝜽. The parameter 𝛿 controls the amount of filtering applied through
the ROM DF, which is used to initialize the operator parameters and guide the training
process. We denote by P𝛿 and P𝜔 the discrete search spaces for 𝛿 and 𝜔𝜽, respectively.

Remark: integration of the DF into StabOp. In challenging numerical experiments,
such as those presented in Section 6.3, the initialization of StabOp S, plays a key
role in ensuring stable PDE-constrained optimization. In all test cases except the
2D flow past a cylinder problem, where no special initialization was required for
stability, we use the differential filter associated with a prescribed filter radius 𝛿,
(I𝑟 + 𝛿2A𝑟)−1, as an initialization mechanism. For the linear and quadratic model
forms, the differential filter is incorporated in two possible ways. In the first ap-
proach, the trainable linear operator Ã is initialized directly with the differential
filter. In the second approach, the model is augmented with an additional linear
operator initialized as the differential filter and added explicitly to the model form,
i.e. (I𝑟 + 𝛿2A𝑟)−1 + Ã. In both cases, the differential filter remains trainable and is
updated during optimization. For the nonlinear model, we employ the augmented
formulation, in which the differential filter appears as an explicit additive compo-
nent alongside the network output, i.e. (I𝑟+𝛿2A𝑟)−1a+NN𝜽(a). In this case, the dif-
ferential filter operator is kept fixed during training and is not updated during opti-
mization. Different filter radii are considered to generate different filter operators,
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each providing a distinct initialization for training the nonlinear model. For each
choice of filter radius, the nonlinear model is trained with the corresponding fixed
differential filter, and the model achieving the best performance is selected. Al-
though this component could, in principle, be treated as trainable, we keep it fixed
in this work and leave the investigation of trainable variants for future study. Over-
all, this initialization strategy provides a stable starting point for training StabOp,
particularly in the under-resolved regime.

For each given (𝛿, 𝜔𝜽) pair, the loss function ℒ(𝜽) is minimized in the training time
window [𝑡0 , 𝑇train] using the L-BFGS optimizer, which iteratively updates the model pa-
rameters 𝜽 using gradients computed via reverse-mode automatic differentiation and a
line-search procedure. Hyperparameter selection is based jointly on a validation loss (i.e.,
evaluated within a validation time window [𝑇train , 𝑇val]) and a growth constraint.

The validation loss is defined to balance accuracy and variability, and it coincides with
the widely used 𝑅2 score, namely:

𝑅2
val = 1 −

∑𝑁val
𝑘=𝑁train

(ℰFOM(𝑡𝑘) − ℰROM(𝑡𝑘)
)2∑𝑁val

𝑘=𝑁train

(ℰFOM(𝑡𝑘) − ℰval
)2 , (6.9)

with ℰval denoting the mean of ℰFOM over the interval [𝑇train, 𝑇val], can yield misleadingly
high values when the validation data exhibit low variability. In such cases, the denomina-
tor of 𝑅2

val becomes small, and a dissipative model that stays close to the mean trajectory
can achieve a deceptively high score despite underpredicting the temporal fluctuations of
the validation data [239, 238]. Motivated by these findings, we augment it with the error
in the variance

𝜖std,val =

��𝜎val(ℰROM) − 𝜎val(ℰFOM)
��

𝜎val(ℰFOM) , (6.10)

where 𝜎val(·) denotes the standard deviation of the corresponding samples in the valida-
tion time window. This yields the following combined validation loss

ℒval = −𝑅2
val + 𝜇val𝜖std,val, (6.11)

where the parameter 𝜇val balances accuracy and variability: smaller values of 𝜇val favour
a high 𝑅2

val, while larger values of 𝜇val prioritize matching the FOM variability, thereby
preventing false selections that would otherwise lead to overly dissipative models. In all
the numerical tests proposed in Section 6.3, we set 𝜇val = 2.5, selected in a preliminary
numerical investigation. The above-mentioned growth constraint is defined as:

max𝑡∈[𝑡0 , 𝑇]
��ℰROM(𝑡𝑘) − ℰ̃train

��
max1≤𝑘≤𝑁train

��ℰFOM(𝑡𝑘) − ℰ̃train
��, < 𝜖growth , (6.12)

where ℰ̃train is the average of ℰFOM over 𝑇train. This condition requires that the maximum
deviation of the StabOp-L-ROM predicted ℰ̃train over the entire interval (including train-
ing, validation and test) [𝑡0 , 𝑇] remains bounded by the largest deviation observed within
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the training interval, up to a tolerance 𝜖growth. In all the numerical experiments of Section
6.3, we set 𝜖growth = 2.

Remark: integration of the DF into StabOp.
We emphasize that, although StabOp-L-ROM and L-ROM are simulated over the
target interval [𝑡0 , 𝑇] during training, no test data are used for hyperparameter tun-
ing. The growth constraint serves exclusively to reject candidate models that fit the
validation data but exhibit instability outside the validation region [103].

To ensure a fair comparison of the novel StabOpwith respect to standard spatial filters,
we optimize the 𝛿 value in the L-ROM, following the procedure of Algorithm 3. Similarly
to Algorithm 2, we consider a PDE-constrained optimization of 𝛿 within the training time
window [𝑡0 , 𝑇train].

Algorithm 2 Training of StabOp S(a;𝜽).
1: Input: Initial condition a(0), ground truthℰFOM(𝑡) trajectory, learning rate𝜆lr, number

of epochs 𝑁epochs, hyperparameter spaces for filter radius P𝛿 and 𝐿2 regularization
weight P𝜔.

2: for (𝛿, 𝜔𝜽) ∈ P𝛿 × P𝜔 do
3: Initialize network parameters 𝜽(0) using the ROMdifferential filter with parameter

𝛿
4: for 𝑛 = 1, . . . , 𝑁epochs do
5: Solve the StabOp-L-ROM with S(· ;𝜽(𝑛−1)), and evaluate ℰStabOp-L-ROM over
[𝑡0 , 𝑇train]

6: Compute the loss: ℒ(𝜽)
7: Compute the gradient ∇𝜽ℒ(𝜽)
8: Update parameters using an L-BFGS step: 𝜽(𝑛) ← LBFGS(𝜽(𝑛−1);ℒ ,∇ℒ)
9: Solve the StabOp-L-ROM with S(· ;𝜽(𝑛)) and evaluate and store ℰStabOp-L-ROM

over the validation interval [𝑡0 , 𝑇val]
10: Evaluate the validation loss ℒval (6.11)
11: if ℒval is smaller than the previous one then
12: Update the best network parameter 𝜽★ with 𝜽(𝑛)
13: end if
14: end for
15: Solve the StabOp-L-ROM with S(· ;𝜽★) and evaluate and store ℰStabOp-L-ROM over

the target interval [𝑡0 , 𝑇]
16: if the predicted ℰStabOp-L-ROM satisfies the growth constraint (6.12) then
17: Evaluate the validation loss ℒval
18: if ℒval is less than the optimal ℒval then
19: Update the final network parameter 𝜽 with 𝜽★

20: end if
21: end if
22: end for
23: Output: Trained parameters 𝜽★ that define the StabOp S.
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Algorithm 3 Finding optimal filter radius 𝛿 for L-ROM.
1: Input: Initial condition a(0), ground truth ℰFOM(𝑡) trajectory, hyperparameter space

for filter radius P𝛿

2: for 𝛿 ∈ P𝛿 do
3: Solve L-ROM using filter radius 𝛿, and evaluate and store ℰL-ROM over the target

interval [𝑡0 , 𝑇]
4: if the predicted ℰL-ROM satisfies the growth constraint (6.12) then
5: Evaluate the validation loss ℒval (6.11)
6: if ℒval is less than the the optimal ℒval then
7: Set 𝛿optimal← 𝛿
8: end if
9: end if

10: end for
11: Output: Optimal filter radius 𝛿optimal for L-ROM.

6.3 Numerical results

This Section illustrates the numerical results obtained by applying the StabOp-L-ROM
approach to four different test cases:

⊲ the 2D flow past a cylinder at 𝑅𝑒 = 500 (Section 6.3.1);

⊲ the 2D lid-driven cavity flow at 𝑅𝑒 = 10 000 (Section 6.3.2);

⊲ the 3D flow past a hemisphere at 𝑅𝑒 = 2200 (Section 6.3.3);

⊲ the 3D minimal channel flow at 𝑅𝑒 = 5000 (Section 6.3.4).

The results are compared in terms of the kinetic energy behaviour in time, where the
FOM and ROM kinetic energies are defined as follows:

ℰFOM(𝑡) = 1
2

u(𝑡)𝑇Muu(𝑡), ℰROM(𝑡) = 1
2

a(𝑡)𝑇Mu𝑟a(𝑡), (6.13)

where u is the spectral element coefficient vector of the velocity field u, and Mu is the FOM
mass matrix.

Moreover, we compare the proposed StabOp-L-ROMs with the L-ROM and the G-
ROM through the energy spectrum computed from the spatial velocity field at a fixed time
instant. To this end, the velocity field is first interpolated onto a uniform Cartesian grid,
and a Hann window is applied in each spatial direction to reduce spectral leakage while
preserving energy. The Fourier transform of each velocity component is then computed.
The physical wavenumbers 𝒌 are defined from the grid spacing as 𝑘𝑖 = 2𝜋

𝑑𝑥𝑖
for 𝑖 = 1, . . . , 𝑑,

where 𝑑 denotes the dimensionality of the test case (2 or 3 in the present study). This def-
inition ensures that each mode corresponds to a physical spatial frequency. The spectral
energy density is then computed as

ℰ(𝒌) = 1
2

𝑑∑
𝑖=1
|û𝑖 |2 ,
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where û𝑖 denotes the Fourier transformof the 𝑖-th velocity component. Finally, the isotropic
energy spectrum is obtained by averaging ℰ(𝒌) over circular shells in 2D or spherical
shells in 3D corresponding to constant wavenumber magnitude 𝜅 = |𝒌|.

One final analysis done for each test case collects the statistics regarding two funda-
mental aspects of numerical simulations:

⊲ Stability, measured as the fraction of time steps forwhich themodel’s kinetic energy
remains within a prescribed tolerance relative to the FOM kinetic energy. Specifi-
cally, at each time step 𝑡, the ROM energy is checked against the following limits:

ℰmin(𝑡) < ℰROM(𝑡) < ℰmax(𝑡), (6.14)

where the bounds are defined as

ℰmin(𝑡) = ℰFOM(𝑡) − 2𝜎(ℰFOM), ℰmax(𝑡) = ℰFOM(𝑡) + 2𝜎(ℰFOM), (6.15)

with 𝜎(ℰFOM) denoting the standard deviation of the FOM kinetic energy.

⊲ Accuracy, measured as the fraction of time steps at which the model achieves the
smallest instantaneous error among all models considered.

Finally, the computational costs associated with the standard G-ROM and L-ROM,
and with the novel StabOp-L-ROMs are evaluated in Section 6.3.5, both at the offline and
online stages.

We also specify that, since we consider the adimensionalized NSE, the time in the
following plots is measured in convective time units (CTUs) and not in physical time.

6.3.1 Flow past a cylinder test case

Our first test problem is the 2D flow past a cylinder at Reynolds number 𝑅𝑒 = 500. The
computational domain is Ω = [−2.5, 17] × [−5, 5], where the cylinder has unit diameter
and is centered at the origin. We consider the time interval [500, 600], where the vortex
shedding is already well developed.

The ROM basis functions {𝝓𝑖}𝑟u𝑖=1 are constructed using POD with 𝑁train = 2001 snap-
shots collected over the training interval [𝑡0 , 𝑇train] = [500, 520], corresponding to a sam-
pling frequency of 0.01. The zeroth mode 𝝓0 is defined as the velocity field at 𝑡 = 500,
and the ROM initial condition is obtained by projecting the lifted snapshot at 𝑡 = 500 onto
the reduced space.

We consider four reduced dimensions, namely 𝑟u = 4, 6, 8, and 10. These values cor-
respond to a retained energy > 0.99. Since the case 𝑟u = 1 captures only 73.62% of the
snapshot energy and is of limited practical relevance, it is not considered. Thus, for the
flow past a cylinder test case, we focus exclusively on a well-resolved regime. However, it
is important to highlight that standard ROMs may still lead to unstable dynamics due to
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Table 6.1: Flow past a cylinder test case. Hyperparameters for the StabOp-L-ROMs (linear,
quadratic, and fully nonlinear). Columns labeled NN correspond to hyperparameters spe-
cific to the neural-network model, namely the activation function.

𝑟u
Retained
energy

Time window
ℎ (NN) 𝜆lr 𝑁epochs 𝜔𝜽

Train Val Test

4 0.9952

[500,
520]

[520,
540]

[540,
600] ReLU 0.2 100

optimized
in
P𝜔 = {10−2 ,
10−4 , 10−6 ,
10−8}

6 0.9987

8 0.9993

10 0.9997

numerical instabilities, even in well-resolved regimes (see Table 5.1). Table 6.1 summa-
rizes the different ROM regimes considered, and the hyperparameters used for L-ROM
and StabOp-L-ROM.

Figures 6.1 and 6.2 display the time behaviour of the kinetic energy for all the ROMs
considered, and the corresponding accuracy, in terms of MSE with respect to the FOM
counterpart. G-ROM and L-ROM are characterized by unstable energy behaviour in time,
at all 𝑟u values except for 𝑟u = 10, where the G-ROM has still an increasing energy, while
the L-ROM is more stable and closely follows the FOM reference. On the other hand,
StabOp-L-ROM provides enhanced stability over time. More in detail, the NN StabOp
model has a higher accuracy than the linear and the quadratic models at 𝑟u = 4, while it is
working similar to the quadratic one at 𝑟u = 6. The linear model deviates from the FOM
kinetic energy in testing times at 𝑟u = 6, underestimating it after 𝑡 = 540. All StabOp-L-
ROMs (linear, quadratic and nonlinear) perform similarly at 𝑟u = 8 and 𝑟u = 10, outper-
form the standard L-ROM, and accurately reconstruct the FOM kinetic energy qualitative
behaviour. This is likely due to the larger number of parameters, and subsequently, the
larger expressivity, associated with the data-driven models. It is however important to
highlight that the nonlinear model has a higher accuracy than the linear and quadratic
models in terms of MSE of the kinetic energy (Figure 6.2).

This is also confirmed by analysing the energy spectrum in Figure 6.3, for all the con-
sideredmethodologies, at 𝑟u = 4 at the latest time instance, i.e., 𝑡 = 600. Since the presence
of the cylinder prevents the direct use of FFT-based techniques, the spectrum is computed
over the downstream subregion [1, 17] × [−5, 5] ⊂ Ω. The StabOp-L-ROM with nonlinear
modeling is closer to the FOM energy spectrum, both at the large scales (small wavenum-
bers), which capture most of the system’s energy, and at the small scales (large wavenum-
bers), which are the most difficult to accurately capture.

The last analysis in Figure 6.4 deals with the time percentage each model is stable
and accurate. The most accurate and stable model at all 𝑟u is the StabOp-L-ROM with
nonlinear modeling. As previously describer, L-ROM is mostly stable only in the case
𝑟u = 10. The linear and quadratic StabOp-L-ROMs are mostly stable for larger values of
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Figure 6.1: Flow past a cylinder test case. Kinetic energy variation in time for the FOM
reference, for the standard G-ROM, L-ROM, and for the StabOp-L-ROM methods (with
linear, quadratic or nonlinear modeling).
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Figure 6.2: Flow past a cylinder test case. Mean squared error of kinetic energy with respect
to FOM, for the standard G-ROM, L-ROM, and for the StabOp-L-ROM methods (with
linear, quadratic or nonlinear modeling).

129



CHAPTER 6. STABOP-L-ROM: DATA-DRIVEN STABILIZATION FOR LERAY-ROMS

Figure 6.3: Flow past a cylinder test case. Energy spectrum at latest time for the refer-
ence FOM, standard G-ROM, L-ROM, and for the StabOp-L-ROM methods (with linear,
quadratic or nonlinear modeling).

𝑟u, but, as showed in the energy analysis, are either overestimating or underestimating
the energy content at the smallest 𝑟u in time extrapolation regimes. On the other hand,
G-ROM and L-ROM are mostly unstable, except for the 𝑟u = 10 case, where the L-ROM is
stable.
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Figure 6.4: Flow past a cylinder test case. Stability and accuracy measures for standard
G-ROM, L-ROM, and StabOp-L-ROM methods (with linear, quadratic or nonlinear mod-
eling).

6.3.2 Lid-driven cavity test case

The second test case is the unsteady lid-driven cavity problem at 𝑅𝑒 = 10000 subject to
the boundary and initial conditions [162]:


u = [(1 − x2)2 , 0]𝑇 on Γtop × R+ ,
u = 0 on 𝜕Ω\Γtop × R+ ,
u = 0 on Ω × {0},

(6.16)
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where Ω = [−1, 1]2 and Γtop = {x ∈ 𝜕Ω : 𝑦 = 1}. The FOM simulation is carried out using
Nek5000 [93] with 1024 spectral elements of polynomial order 𝑁 = 7. We focus on the
time interval [5500, 6300], after the solution reaches a statistically steady state.

The ROM basis functions {𝝓𝑖}𝑟u𝑖=1 are constructed via POD using 𝑁train = 2001 snap-
shots from the time interval [5500, 5900], corresponding to a sampling frequency of 0.2.
The zeroth mode 𝝓0 is defined to be the average velocity over the training time window,
and the ROM initial condition is obtained by projecting the lifted snapshot at 𝑡 = 5500
onto the ROM space. We consider four reduced dimensions, 𝑟u = 5, 10, 16, 42, whose
regimes are detailed in Table 6.2, along with the hyperparameters of the StabOp models.

Table 6.2: Lid-driven cavity test case. Hyperparameters for the StabOp-L-ROMs (linear,
quadratic, and fully nonlinear). Columns labeled NN correspond to hyperparameters spe-
cific to the neural-network model, namely the activation function.

𝑟u
Retained
energy

Time window
ℎ (NN) 𝜆lr 𝑁epochs 𝜔𝜽 𝛿

Train Val Test

5 0.8

[5500,
5900]

[5900,
6100]

[6100,
6300]

Tanh

0.2 200 10−8
optimized
in P𝛿 ⊂
[0.001, 0.4]

10 0.9 Tanh
16 0.95 ReLU
42 0.99 ReLU

To improve numerical stability and accelerate the optimization process, the loss val-
ues are transformed using a logarithmic function, as they are typically small inmagnitude.
For the linear and quadratic models, the matrix Ã is initialized using the differential filter
associated with a given 𝛿, while the bias term c̃ is omitted, as preliminary tests indicated
that including it degraded the model performance. For the nonlinear model form, the dif-
ferential filter is incorporated directly into the network architecture, as specified in Section
6.2. As indicated in the last column of Table 6.2, the filter radius is treated as an additional
hyperparameter in all StabOp training procedures, and the search space P𝛿 consists of 38
logarithmically spaced values between 0.001 and 0.4.

Figures 6.5 and 6.6 show the time evolution of the kinetic energy, and the MSE of the
kinetic energy with respect to the FOM, for all the ROMs. The G-ROM is characterized
by unstable behaviour, with increasing or highly oscillating energy at all the 𝑟u values.
Conversely, the L-ROM has a more stable behaviour in time, as also confirmed by the sta-
bility analysis of Figure 6.8. Even if it is mostly stable in time, the approximated L-ROM
energy exhibits small oscillations with mostly time-constant and overdiffusive solution.
For this reason, the time percentage the L-ROM is most accurate is low (∼ 5 − 20%). On
the other hand, the StabOp-L-ROMs are mostly accurate and stable, with similar perfor-
mances across the linear, quadratic, and nonlinear models. Differently from the cylin-
der test case, a more expressive StabOp model does not lead to more accurate energy
reconstruction. This is likely due to the complexity of the test case and the training data.
Furthermore, the performance is largely determined by the outcome of the optimization
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Figure 6.5: Lid-driven cavity test case. Kinetic energy variation in time for the FOM refer-
ence, for the standard G-ROM, L-ROM, and for the StabOp-L-ROM methods (with linear,
quadratic or nonlinear modeling).
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Figure 6.6: Lid-driven cavity test case. Mean squared error of kinetic energy with respect to
FOM, for the standard G-ROM, L-ROM, and for the StabOp-L-ROMmethods (with linear,
quadratic or nonlinear modeling).
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process, which becomes more difficult to navigate as the StabOp model becomes more
sophisticated.

Figure 6.7: Lid-driven cavity test case. Energy spectrum at latest time for the reference FOM,
standard G-ROM, L-ROM, and for the StabOp-L-ROMmethods (with linear, quadratic or
nonlinear modeling).

The analysis of the energy spectrum in Figure 6.7 confirms that the G-ROM overesti-
mates the energy content at all scales, while at the latest time instance the L-ROMperforms
similar to the StabOp-L-ROMs. More in detail, at that particular simulation time and at
𝑟u = 5, the StabOp-L-ROM with quadratic and nonlinear models provide the most accu-
rate results, while the linear StabOp-L-ROM performs similar to the standard L-ROM.
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Figure 6.8: Lid-driven cavity test case. Stability and accuracymeasures for standardG-ROM,
L-ROM, and StabOp-L-ROM methods (with linear, quadratic or nonlinear modeling).

6.3.3 Flow past a hemisphere test case

We next consider the 3D flow past a hemisphere at 𝑅𝑒 = 2200 [338]. The computational
domain is a rectangular channel with depth 3.25 (along the 𝑧-axis), width 6.4 (along the
𝑦-axis), and length 18.2 (along the 𝑥-axis). The hemisphere, with radius 0.5, is mounted
on a thin cylindrical base of radius 0.5 and height 0.05, which is placed on a smooth flat
plate at 𝑧 = 0. Inflow and outflow boundaries are imposed in the 𝑥-direction. At the inlet,
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a Dirichlet boundary condition is prescribed using a smooth, sine-based inflow profile
that approximates a boundary layer structure:

𝑢(𝑧) =


sin
(𝜋𝑧
1.2

)
, 𝑧 ≤ 0.6,

1, 𝑧 > 0.6.
(6.17)

Here, 0.6 is the boundary layer thickness. This inflow condition is not the exact Blasius
solution but serves as a smooth analytic approximation that captures the key transition
from zero velocity at the wall to the free-stream value away from the wall.

At the outlet, a homogeneous Neumann boundary condition is imposed for the veloc-
ity. Symmetry boundary conditions are applied on the lateral boundaries and at the top
wall (𝑧 = 3.25), enforcing zero normal velocity and zero tangential shear stress. A no-slip
boundary condition is imposed at the bottom wall (𝑧 = 0).

The FOM simulation is carried out using nekRS [92] with 2042 spectral elements of
polynomial order 𝑁 = 9, resulting in about 2 × 106 degrees of freedom. We focus on the
time interval [3000, 3200], after the solution reaches a statistically steady state.

The reduced basis functions are constructed via POD from 𝑁train = 2001 snapshots
collected over the time interval [3000, 3100], corresponding to a sampling frequency of
0.05. The zeroth mode (i.e., the lifting function) is defined as the velocity at 𝑡 = 3000, and
the ROM initial condition is obtained by projecting the lifted snapshot at 𝑡 = 3000 onto the
reduced space. We consider three reduced space dimensions, 𝑟u = 7, 12, 20, correspond-
ing to different energy contents, as detailed in Table 6.3. The table also highlights the
hyperparameters used to train the StabOp models. In particular, the matrix Ã in the lin-

Table 6.3: Flow past a hemisphere test case. Hyperparameters for the StabOp-L-ROMs (lin-
ear, quadratic, and fully nonlinear). Columns labeled NN correspond to hyperparameters
specific to the neural-network model, namely the activation function.

𝑟u
Retained
energy

Time window
ℎ (NN) 𝜆lr 𝑁epochs 𝜔𝜽 𝛿

Train Val Test

7 0.7
[3000,
3100]

[3100,
3150]

[3150,
3200] SiLU 0.2 200 10−8

optimized
in P𝛿 ⊂
[0.001, 0.1]

12 0.75

20 0.8

ear and quadratic forms is initialized using the differential filter associated with a given 𝛿,
while in the nonlinear StabOp, the DF is directly added to the NN output and considered
during training. Hence, the filter radius of the differential filter is treated as an additional
hyperparameter, as shown in Table 6.3, and is optimized among 10 logarithmically spaced
values between 0.001 and 0.1.

As done in the previous test cases, Figures 6.9 and 6.10 describe the time evolution and
the global MSE of the kinetic energy with respect to the FOM, at the 𝑟u values taken into
account. As in the previous cases, the G-ROM is unstable and its energy blows up after a
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Figure 6.9: Flow past a hemisphere test case. Kinetic energy variation in time for the FOM
reference, for the standard G-ROM, L-ROM, and for the StabOp-L-ROM methods (with
linear, quadratic or nonlinear modeling).
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Figure 6.10: Flow past a hemisphere test case. Mean squared error of kinetic energy with
respect to FOM, for the standard G-ROM, L-ROM, and for the StabOp-L-ROM methods
(with linear, quadratic or nonlinear modeling).
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few time steps. The L-ROM ismore stable than the G-ROMbut it is not able to capture the
flow dynamics, especially at 𝑟u = 7, 12. The stability and accuracy analysis of Figure 6.11
confirms that the L-ROM is mostly unstable at 𝑟u = 7, 12, while it is stable ∼ 50% of the
time at 𝑟u = 20. The StabOp-L-ROMs are instead mostly stable and accurate, and they are
all characterized by similar performance. At all latent dimensions, the StabOp-L-ROMs
capture the kinetic energy time evolution in training times, while becoming slightly less
accurate in validation and test times.
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Figure 6.11: Flow past a hemisphere test case. Stability and accuracy measures for standard
G-ROM, L-ROM, and StabOp-L-ROM methods (with linear, quadratic or nonlinear mod-
eling).

Figure 6.12: Flow past a hemisphere test case. Energy spectrum at latest time for the refer-
ence FOM, standard G-ROM, L-ROM, and for the StabOp-L-ROM methods (with linear,
quadratic or nonlinear modeling).

The analysis of the energy spectrum ℰ(𝜅) in Figure 6.12 at the latest time instance,
highlights that the G-ROM and the L-ROM exhibit unstable and noisy behaviour, as they
overestimate the energy content at all wavenumbers. On the other hand, all the StabOp-L-
ROMsprovide a good approximation of the FOMenergy spectrum. The nonlinear StabOp
outperforms the simpler linear and quadratic models at the medium scales, where it well
catches the FOM energy content. We specify that the spectrum is computed in the region
downstream the hemisphere, namely [2, 15] × [−3.2, 3.2] × [0, 3.25].
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6.3.4 Minimal channel flow test case

We consider the minimal channel flow at 𝑅𝑒 = 5000, which presents strong turbulent fea-
tures while maintaining simplified flowdynamics, resulting in significantly lower compu-
tational costs compared to a full channel flow simulation. Following the setup in [154], the
streamwise and spanwise lengths of the channel are set to 0.6𝜋 and 0.18𝜋, respectively,
and the channel half-height is set to 1.

The FOM simulation is carried out using nekRS [92] with 576 spectral elements of
polynomial order 𝑁 = 9, resulting in about 5.76 × 105 degrees of freedom. We focus
on the time interval [3000, 4000], after the solution reaches a statistically steady state.
This represents a challenging test problem for reduced order modeling, since the G-ROM
requires 𝑟u ≥ 400 modes to capture the kinetic energy of the FOM [334].

The ROM basis functions are constructed via POD from 𝑁train = 2001 snapshots col-
lected over the time interval [3000, 3500], corresponding to a sampling frequence of 0.25.
The zeroth mode is set to the mean velocity over the training time interval, and the ROM
initial condition is obtained by projecting the lifted snapshot at 𝑡 = 3000 onto the ROM
space. We consider three latent dimensions, 𝑟u = 6, 15, 30, corresponding to smaller en-
ergy content than the previous test cases. As already highlighted, this test case is themost
challenging one, andmoremodeswould be needed to consider a well-resolved ROM. The
energy percentage and the hyperparameters of the StabOp trainings are detailed in Table
6.4. To improve numerical stability and sensitivity during optimization, the loss values
are transformed using a logarithmic function, as they are typically small in magnitude.

Table 6.4: Minimal channel flow test case. Hyperparameters for the StabOp-L-ROMs (linear,
quadratic, and fully nonlinear). Columns labeled linear, quad, and NN correspond to
hyperparameters specific to the linear, quadratic or neural-network model, respectively.

𝑟u
Retained
energy

Time window
ℎ (NN) 𝜆lr 𝑁epochs 𝜔𝜽 𝛿 (linear, quad)

Train Val Test

6 0.2
[3000,
3500]

[3500,
3750]

[3750,
4000] SiLU 0.2 200 10−8

optimized in
P𝛿 ⊂ [0.08, 0.3]

15 0.3 optimized in
P𝛿 ⊂ [0.03, 0.2]30 0.4

The same initialization strategies of the flow past a hemisphere are here applied.
The complexity of the test case can be seen from the analysis of the kinetic energy

behaviour of Figures 6.13 and 6.14. The time evolution of the kinetic energy of Figure 6.13
highlights the inaccuracy of the G-ROM, which becomes unstable at initial times, and the
L-ROM,which is either underestimating the energy behaviour (overdiffusive) or showing
more oscillations than the FOM.However, L-ROMperforms better and ismore stable than
in the previous test cases. This is also confirmed by the stability and accuracy analysis of
Figure 6.16, e.g., at 𝑟u = 15 the L-ROM is stable the ∼ 80% of time. The StabOp-L-ROMs
outperform the standard L-ROM by capturing the overall time trend, even if none of the
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Figure 6.13: Minimal channel flow test case. Kinetic energy variation in time for the FOM
reference, for the standard G-ROM, L-ROM, and for the StabOp-L-ROM methods (with
linear, quadratic or nonlinear modeling).

models is able to accurately recover the FOM instant behaviour. The complexity of the
test case, and, hence, of the snapshots’ data used for training the StabOp models, leads
to similar results for the linear, quadratic and nonlinear models (see the MSE of StabOp-
L-ROMs in Figure 6.14). We also specify that the final accuracy largely depends on the
optimum reached at the end of the optimization process.

The energy spectrum in Figure 6.15 at 𝑟u = 6 highlights the fact that all models are still
far from the FOM in the energy content, in particular at the medium and large wavenum-
bers (medium-small scales). However, the StabOp-L-ROM with quadratic model is the
most accurate approach in the energy spectrum, measured in the entire domain at the
latest time instance.

The numerical investigation can be globally summarized as follows.

⊲ The StabOp-L-ROMs improve the L-ROM in terms of both accuracy and stability
both in simple 2Dand inmore complex 3D test cases. Specifically, the PDE-constrained
optimization process ensures the stability of the models over time, also in extrapo-
lation regimes.
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Figure 6.14: Minimal channel flow test case. Mean squared error of kinetic energy with
respect to FOM, for the standard G-ROM, L-ROM, and for the StabOp-L-ROM methods
(with linear, quadratic or nonlinear modeling).

Figure 6.15: Minimal channel flow test case. Energy spectrum at latest time for the refer-
ence FOM, standard G-ROM, L-ROM, and for the StabOp-L-ROM methods (with linear,
quadratic or nonlinear modeling).
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Figure 6.16: Minimal channel flow test case. Stability and accuracy measures for standard
G-ROM, L-ROM, and StabOp-L-ROM methods (with linear, quadratic or nonlinear mod-
eling).
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⊲ The results indicate that the StabOp model expressiveness alone is not sufficient to
guarantee improved performance. While the nonlinear, quadratic, and linear for-
mulations exhibit progressively better accuracy in the flow past a cylinder test case,
this behaviour is not consistently observed formore complex flows. In such settings,
the increased difficulty of the optimization problem can limit the benefits of more
sophisticated model forms, making the final performance strongly dependent on
the outcome of the training process.

6.3.5 Computational cost

Figure 6.17 summarizes the computational costs of the considered approaches. The left
panel reports the average offline training time, while the right panel shows the average
online simulation time over the target interval for each test case. For the L-ROM, the
offline timings are averaged over all reduced dimensions 𝑟u and include the cumulative
cost of exploring the filter-radius hyperparameter space P𝛿 to identify the optimal value
of 𝛿. For the StabOp-L-ROMs, the reported timings are also averaged over all reduced
dimensions 𝑟u, but correspond to a single representative choice of hyperparameters. Since
the filter radius is used only to initialize the linear StabOp parameters and the operator
itself is subsequently learned through PDE-constrained optimization, the reported cost
corresponds to a single representative value of 𝛿.

Figure 6.17: CPU time of performing the offline training (left) and online simulation (right)
of G-ROM, L-ROM, and all StabOp-L-ROMs.

As expected, the offline cost of the StabOp-L-ROMs exceeds that of the L-ROM be-
cause of the additional PDE-constrained optimization required to construct the StabOp.
This cost could be further reduced through roll-out training strategies, in which the opti-
mization is performed over short temporal horizons instead of the entire training interval.
Such approaches avoid the construction of long computational graphs and enable the
use of first-order stochastic optimization methods, such as Adam, thereby reducing both
memory requirements and wall-clock time. Although this strategy sacrifices global-in-
time gradient information, it has proven effective for training dynamical-system models
and represents a promising avenue for accelerating the construction of the StabOp [168].
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The online results show that, despite the higher offline investment, the StabOp-L-
ROMs incur only a modest increase in simulation cost compared with the L-ROM, while
remaining computationally inexpensive across all test cases. Direct speedup comparisons
with the FOMare not reported because the FOMsimulations are performed in parallel and
on GPUs, whereas the ROM construction and training procedures are executed serially
on CPUs. Nevertheless, we provide the FOM runtimes to quantify the cost of generating
the training snapshots.

The FOM simulations are performed using Nek5000 [93] for the 2D test cases and
NekRS [92] for the 3D test cases. The 2D simulations are executed on 8 MPI ranks and
require approximately 339 seconds for the 2D flow past a cylinder and 4399 seconds for
the 2D lid-driven cavity. The 3D simulations are carried out on a single NVIDIA TITAN
V GPU using NekRS, requiring approximately 1208 seconds for the 3D flow past a hemi-
sphere and 4907 seconds for the 3D minimal channel flow. All ROMs are implemented
using [161]. The StabOp training procedure has been performed using PyTorch [249] and
then integrated into the L-ROM solver within [161].

6.4 Is StabOp a spatial filter?

While the previous section numerically investigates the performance of StabOp-L-ROM
compared with the literature methods, this section answers the question:
Is StabOp a spatial filter?

As described in Section 6.2, we build StabOp as a data-driven linear, quadratic, or
nonlinear operator, whose goal is to accurately capture the time evolution of the reference
FOM energy. However, we do not explicitly mathematically define it as a spatial filter. A
spatial filter, like the DF [107, 108], as introduced in Chapter 1, aims to inject dissipation,
and, therefore, it acts as a smoothing operator. At the reduced order level, the action of
a ROM spatial filter is the reduction of the magnitude of the ROM coefficients, namely at
each time step:

𝑎 𝑖 = ℱ𝑟(𝑎𝑖) ≤ 𝑎𝑖 ∀𝑖 = 1, . . . , 𝑟u .

Weanalyse here the effect of the standardDF at 𝛿 = 𝜂 (theKolmogorov length scale), of
the projection considering the 20% and the 40% of the modes retained, and of the StabOp
with linear, quadratic and nonlinear operators.

The filter effect is analysed by considering an unstable G-ROM solution at fixed time
and then applying the filter on it (for a single time step). We afterwords analyse both how
the qualitative solution has changed, and how the filtered coefficients have beenmodified
by the action of the filter. We repeated this analysis for different 𝑟u values, and for the 2D
lid-driven cavity test case (Figures 6.18 and 6.19), the 3D flow past a hemisphere (Figures
6.20 and 6.21), and the 3D minimal channel flow (Figures 6.22 and 6.23).

For the lid-driven cavity test case, the graphical results confirm that the DF acts as a
filter operator. The projection is also a filter, even if at 𝑟u = 16, it still exhibits spurious
oscillations. The solution obtained applying StabOp leads to different results depending
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on the 𝑟u value considered. At 𝑟u = 5, none of the three StabOp versions produce a visibly
smoother velocity field, while at 𝑟u = 16 and 42 the qualitative fields appear smoother
and close to the solution obtained using the DF at 𝛿 = 0.001.

Figure 6.18: Lid-driven cavity test case. Velocity fields obtained from the standard G-ROM,
and applying the DF, projection, and the StabOp operators to one G-ROM solution.

The quantitative analysis of Figure 6.19 confirms the qualitative results: at 𝑟u = 5,
the application of the linear StabOp leads to an amplification of the modal contributions
rather than a damping; at 𝑟u = 16 and 42, all StabOp models except for the linear one
leads to damped reduced coefficients, while at 𝑟u = 42 all StabOp models act as a filter
(i.e., all coefficients have been dampled by the StabOp action). At 𝑟u = 16 the linear StabOp
amplifies the contribution of modes 1, 5, 12 and 15.
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Figure 6.19: Lid-driven cavity test case. Reduced coefficients’ values at different 𝑟u, for the
standard G-ROM, and after applying the DF and the StabOp operators to it.

In the 3D flow past a hemisphere test case (Figure 6.20) the StabOp models produce
visibly smoother fields in the case of 𝑟u = 20 but not in the case 𝑟u = 12. The coefficient
values of Figure 6.21 are indeed amplified after the application of all StabOp models at
𝑟u = 12, while they are all damped at 𝑟u = 20. In the latter case, the StabOp action is
similar to the DF action at 𝛿 = 𝜂, which corresponds to the standard literature choice.
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Figure 6.20: Flow past a hemisphere test case. Velocity fields obtained from the standard G-
ROM, and applying the DF, projection, and the StabOp operators to one G-ROM solution.
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Figure 6.21: Flow past a hemisphere test case. Reduced coefficients’ values at different 𝑟u, for
the standard G-ROM, and after applying the DF and the StabOp operators to it.

Figure 6.22: Minimal channel flow test case. Velocity fields obtained from the standard G-
ROM, and applying the DF, projection, and the StabOp operators to one G-ROM solution.
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In the 3D minimal channel flow test case, the velocity solutions of Figure 6.22 appear
visibly smoother after the application of all StabOp models, except for the nonlinear one.
This is also confirmed by the coefficients’ values in Figure 6.23. At 𝑟u = 6, the coefficients
after the application of the nonlinear StabOp behave different from both the linear and
quadratic StabOp and from the DF. This is even more visible at 𝑟u = 30, where the non-
linear StabOp produces an amplification of the reduced coefficients associated with the
modes of indeces 12, 13, 16, 20, 21, and 25.

We can conclude that StabOp does not act as a classical spatial filter, as its effect
changes both depending on the test case, the latent dimension, and on the data used to
train the models.
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Figure 6.23: Minimal channel flow test case. Reduced coefficients’ values at different 𝑟u, for
the standard G-ROM, and after applying the DF and the StabOp operators to it.

6.5 Conclusions and Motivation to the next chapter

In this chapter, we introduced the StabOp framework, a data-driven stabilization strat-
egy that replaces the classical spatial filter used in filter-based ROM stabilizations with
an operator learned directly from data through PDE-constrained optimization. Unlike
traditional approaches, which rely on a prescribed filtering mechanism and the tuning of
filter parameters, the proposed framework seeks a stabilization operator that is optimal
for a given ROM (in our case, the L-ROM) and quantity of interest (in our case, the kinetic
energy).

We investigated three types of ansatz for StabOp, namely linear, quadratic and nonlin-
ear, and validated the StabOp effect on four convection-dominated flow problems demon-
strated that the resulting StabOp-L-ROM consistently improves the stability and predic-
tive accuracy of the L-ROM. In several cases, the improvement is substantial, yielding one
or more orders of magnitude reduction in the prediction error.

Furthermore, the analysis showed that the learned StabOp does not behave as a classi-
cal ROM filter, suggesting that it represents a fundamentally different stabilization mech-
anism.

An important observation is that increasing the expressiveness of the StabOp model
does not necessarily lead to improved performance. While nonlinear formulations can
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outperform linear and quadratic counterparts in some settings, this hierarchy is not con-
sistently observed across all test cases. Formore complex flows, the quality of the solution
is strongly influenced by the difficulty of the underlying PDE-constrained optimization
problem, indicating that model expressiveness and optimization effectiveness must be
considered jointly.

Overall, the results highlight the potential of learning stabilization operators directly
fromdata and suggest that classical spatial filtering is not necessarily the optimal paradigm
for constructing ROM stabilizations.

Future work should investigate the application of StabOp to other ROM stabilization
and closure models, explore alternative training strategies to reduce computational costs.

In this context, while the StabOp framework focuses on learning stabilization mech-
anisms from data, it does not explicitly address the reconstruction of the unresolved dy-
namics. This distinction naturally leads to approaches that aim instead at modeling the
missing contributions through explicit correction or closure terms. Such methods, com-
monly referred to as data-driven correction or closure strategies, are the focus of the fol-
lowing chapters (7 and 8), where neural network-based models are employed to enhance
the predictive capability of ROMs by recovering the effects of truncated modes.
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7

DD-EV-ROM: DATA-DRIVEN CLOSURES FOR
POD-GALERKIN ROMS

The present chapter focuses on a data-driven stabilization approach for ROMs, developed
in [145], whose goal is to enhance the reduced approximation by reintroducing the con-
tribution of the neglected modes, as described in Section 5.4.2. More in detail, we investi-
gate convection-dominated flow cases, which are simulated at the full-order level using a
RANS approach, based on the eddy-viscosity modeling. Moreover, we employ a PPE reg-
ularization approach at the ROM level. Hence, we couple three different frameworks: the
PPE strategy, the EV-ROM, which reintroduces the eddy viscosity into the reduced sys-
tem (as described in Section 5.4.1), and the correction or closuremodeling, which adds to
the ROM an extra term accounting for the discardedmodes (as described in Section 5.4.2).
Previous works like [142] have already coupled turbulence and correction approaches in
the G-ROM framework, but not in a parametrized setting, as mentioned in Section 5.5.

The novelties of this work are the following.

⊲ The extension andgeneralization of the approach introduced in [142] toparametrized
flows making use of machine learning approaches, and in particular of simplified
neural operators architectures [210, 155]. The resulting ROM is called Data-Driven
Eddy-Viscosity Reduced Order Method (DD-EV-ROM).

⊲ The use of a coupled training procedure for the turbulence and for the correction
models. This leads to a modified version of DD-EV-ROM, aimed to further improve
long-time ROM stability and accuracy.

Figure 7.1 sketches the pipeline followed in this work to build the DD-EV-ROM. We
recall that:

⊲ G represents the turbulence mapping, namely the map used to approximate the
reduced eddy viscosity coefficients g, which is needed to close the reduced system
in the EV-ROM approach.

⊲ ℳ is the correction map, used to model the correction terms. Since we adopt a PPE
approach, in our case the correction term should include the contributions associ-
ated to both the momentum equation and the PPE, namely 𝝉u and 𝝉p.
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Figure 7.1: Sketch of the pipeline followed to build the DD-EV-ROM model.

Since the general EV-ROM using a PPE stabilization approach has already been intro-
duced in Section 5.4.1, we refer the reader to it for a literature review about existing
methodology.

This chapter is structured as follows:

⊲ presentation of the DD-EV-ROM algorithm (Section 7.1);

⊲ description of the architectures adopted for the turbulence and correctionmappings
G andℳ (Section 7.2);

⊲ numerical investigation on three different test cases in the convection-dominated
regime, and at different latent dimensions (Section 7.3);

⊲ conclusions and motivations for the next chapter, which is a direct extension of the
correction approach to a nonintrusive setting (Section 7.4).

7.1 DD-EV-ROM: the algorithm

Before proceeding with the presentation of the DD-EV-ROM, we recall that the literature
baseline is the EV-ROM (Equation (5.29)), where a PPE stabilization approach is employed
to ensure a good reconstruction of the pressure field. Moreover, we apply a penalty
method to enforce the non-homogeneous velocity boundary conditions (see Section 5.1.1
for more details), obtaining the following formulation:

−Mu𝑟 ¤a − a𝑇Cu𝑟a + 𝜈(B𝑟 + B′𝑟)a + g(Tu𝑟 + Tu
′
𝑟)a −G𝑟b

+𝜏BC ∑𝑁BC
𝑘=1 (𝑢BC𝑘 ΦBC𝑘 − E𝑟 𝑘 a) = 0,

Dp𝑟b + a𝑇Cp𝑟a − g(Tp𝑟 + Tp
′
𝑟)a − 𝜈N𝑟a = 0,

(7.1)
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where the reduced operators and the boundary terms are defined in (5.8), (5.15), (5.30),
and (5.10).

The EV-ROM is a system of 𝑟u + 𝑟p unknowns (a and b), where at each online time
step the reduced eddy viscosity is found by applying the turbulence map G. The penalty
coefficient 𝜏BC is optimized through a sensitivity analysis on each test case as in [131, 315].
Bigger values of the penalization factor lead to a stronger enforcement of the boundary
conditions. At the same time, large values also lead to a larger condition number and,
hence, to less stability.

The DD-EV-ROM system is instead a modification of system (7.1), with the addition
of the additional data-driven corrections, namely:


−Mu𝑟 ¤a − a𝑇Cu𝑟a + 𝜈(B𝑟 + B′𝑟)a + g(Tu𝑟 + Tu

′
𝑟)a −G𝑟b

+𝜏BC ∑𝑁BC
𝑘=1 (𝑢BC𝑘 ΦBC𝑘 − E𝑟 𝑘 a) + 𝝉u = 0,

Dp𝑟b + a𝑇Cp𝑟a − g(Tp𝑟 + Tp
′
𝑟)a − 𝜈N𝑟a + 𝝉p = 0.

(7.2)

Just as system (7.1), it has 𝑟u + 𝑟p unknowns (a and b). The reduced eddy viscosity is
found with the turbulence mapping G, while the correction terms are computed using
the correction mapℳ.

The online stage ofDD-EV-ROMis detailed inAlgorithms 4 (for steady andgeometrically-
parametrized flows) and 5 (for unsteady and physically-parametrized test cases). Algo-
rithm 5 will be used in the numerical investigation of Sections 7.3.1 and 7.3.2, while Al-
gorithm 4 is employed in the third test case (Section 7.3.3). The main differences are that
in the steady case we do not consider the time-derivative term Mu𝑟 ¤a, and, in the case of
parametrized geometries, the reduced operators are parametrized as well, and should be
recomputed before solving the reduced system.

Algorithm 4 Pseudo-code for the online stage of DD-EV-ROM in the steady case. The part
highlighted in orange corresponds to the test case with geometrical parametrization.
1: 𝝁★ test parameters, Mu𝑟 = 0;

2:
compute operators B𝑟(𝝁★),B′𝑟(𝝁★),Cu𝑟(𝝁★),Cp𝑟(𝝁★),G𝑟(𝝁★),Dp𝑟(𝝁★),
Tu𝑟(𝝁★),T′u𝑟(𝝁★),N𝑟(𝝁★),Tp𝑟(𝝁★),T′p𝑟(𝝁★),
E𝑟 𝑘(𝝁★),ΦBC𝑘(𝝁★), with 𝑘 = 1, . . . , 𝑁BC.

3: initial guess a0 = aproj
0 (𝝁★), b0 = bproj

0 (𝝁★);
4: 𝑖 = 0;
5: repeat
6: g𝑖 ← G(a𝑖)(𝝁★);
7: 𝝉𝑖 = [𝝉u , 𝝉p]𝑖 ←ℳ(a𝑖 , g𝑖)(𝝁★);
8: compute a𝑖+1, b𝑖+1 by solving system (7.2) using the Newton Method;
9: 𝑖 ← 𝑖 + 1;

10: until Convergence or maximum iterations reached
11: asol ← a𝑖 , bsol ← b𝑖 .
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Algorithm 5 Pseudo-code for the online stage of algorithms DD-EV-ROM in the unsteady
case with only physical parametrization.

1: 𝝁
phys
★ test physical parameters, except for time;

2: initial guess asol(𝑡0) = aproj([𝑡0 , 𝝁phys
★ ]), bsol(𝑡0) = bproj([𝑡0 , 𝝁phys

★ ]);
3: time steps 𝑡𝑛 , 𝑛 = 1, . . . , 𝑁𝑇 ;
4: for 𝑛 ∈ [0, . . . , 𝑁𝑇 − 1] do
5: a0 ← asol(𝑡𝑛+1), b0 ← bsol(𝑡𝑛+1);
6: 𝑖 = 0;
7: repeat
8: g𝑖 ← G(a𝑖)([𝑡𝑛 , 𝝁phys

★ ]);
9: 𝝉𝑖 = [𝝉u , 𝝉p]𝑖 ←ℳ(a𝑖 , g𝑖)([𝑡𝑛 , 𝝁phys

★ ]);
10: compute a𝑖+1, b𝑖+1 by solving system (7.2) through the Newton Method;
11: 𝑖 ← 𝑖 + 1;
12: until convergence or maximum iterations reached
13: asol(𝑡𝑛+1) ← a𝑖 , bsol(𝑡𝑛+1) ← b𝑖 .
14: end for

7.2 Turbulence and correction maps: neural operators

The main question arising from Sections 5.4.1 and 5.4.2, where the turbulence and correc-
tion models have been recalled, is:
What is the most suitable ansatz for the turbulence map G and for the correction mapℳ?
Different choices are possible, and typically the most suitable ansatz highly depends on
the test case considered. Here we focus on neural operators, which is an architecture
specifically designed to learn operators. The first and simplest neural operator is the
Deep Operator Network (DeepONet) [210] architecture, displayed in Figure 7.2. Given
the observations 𝒖(𝑥1), 𝒖(𝑥2), . . . , and the parameters 𝒚, the goal is to model the operator
O(𝒖)(𝒚). The peculiarity of such model and the difference with respect to fully-connected
neural networks is the presence of multiple sub-networks that separately process multi-
ple inputs. In the notation we adopt, the branch network ℬ handles the input 𝒖, while the
trunk network T takes as input 𝒚. The outputs of the two networks, namely 𝒐𝑏 = ℬ(𝒖)
and 𝒐𝑡 = T (𝒚), that have the same dimension, are then combined with a cross product to
obtain the final output O(𝒖)(𝒚).

For the turbulence map G we consider a modified version of the DeepONet, whose
structure is detailed in Figure 7.3. The two inputs are in this case the velocity reduced
variables a = {𝑎𝑖}𝑟u𝑖=1, and the problem parameters 𝝁 = {𝜇𝑖}𝑃𝑖=1. Hence, G : R𝑟u+𝑃 →
R𝑟𝜈𝑡 . The difference with respect to the DeepONet in Figure 7.2 is that the two outputs
𝒐𝑏 and 𝒐𝑡 are then concatenated and processed through another sub-network, here called
reduction network ℋ . Such procedure allows to have a multi-dimensional output, in our
case G(𝒂)(𝝁) = ℋ([𝒐𝑏 , 𝒐𝑡]). As introduced in Equation (5.31), the loss function that the
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Figure 7.2: Architecture of the classical DeepONet [210].

network minimizes is expressed as follows:

ℒG =
1
𝑁𝝁

𝑁𝝁∑
𝑖=1
‖G(a)(𝝁𝑖) − gproj(𝝁𝑖)‖22. (7.3)

Branch net

Trunk net (a)(μ)

a

μ

ob

ot

ob ot

Reduction net

Figure 7.3: Architecture of the turbulence map G, adopted in DD-EV-ROM.

The correction mapℳ(a, g)(𝝁) is instead modelled through a modified version of the
Multi-Input Operator Network (MIONet), whose structure is displayed in Figure 7.4. The
architecture relies on three sub-networks separately processing the inputs a = {𝑎𝑖}𝑟u𝑖=1,
g = {𝑔𝑖}𝑟𝜈𝑡𝑖=1, and 𝝁 = {𝜇𝑖}𝑃𝑖=1. Three outputs 𝒐𝑏1 , 𝒐𝑏2 and 𝒐𝑡 may be combined in different
ways. In the original MIONet model [155], the temporary outputs are combined using a
tensor product, in our case we use a simplified version and just consider a concatenation
of the outputs as input to the reduction network ℋ . The final output is ℳ(a, g)(𝝁) =
ℋ([𝒐𝑏1 , 𝒐𝑏2 , 𝒐𝑡]).

The loss function minimized to find the optimal mapℳ, as in Equation (5.33), is:

ℒℳ =
1
𝑁𝜇

𝑁𝜇∑
𝑖=1
‖ℳ(a𝑖 , g𝑖)(𝝁𝑖) − 𝝉true(𝝁𝑖)‖22 , (7.4)
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where the exact correction term includes both the velocity and pressure contributions:
𝝉true = [𝝉true

u , 𝝉true
p ], where 𝝉true

u and 𝝉true
p include the missing contribution of all nonlinear

terms, as in Equation (5.39).

ob2

Branch net

Trunk net

(a, g)(μ)

a

μ

ob1

ot

ob1
ot

Reduction net

1

Branch net

g ob2

2

Figure 7.4: Architecture of the correction mapℳ, adopted in DD-EV-ROM.

The choice of adopting deep operator networks was driven by a comparative study
conducted in [146], where various neural network architectures were investigated. This
study shows that, while multi-layer perceptron networks are simple and effective, they
lack a mechanism to properly handle different parametrized inputs, limiting their gener-
alization capability. On the other hand, recurrent-type neural networks, like Long Short-
Term Memory (LSTM), perform well in time-dependent problems, but might not be suit-
able for steady problems. DeepONet and MIONet, by contrast, are well-suited for multi-
input operator learning and show superior robustness in different parametric settings
[210].

Moreover, we investigate a modified training procedure with multiple contributions
within the loss function, namely:

ℒ★
ℳ = ℒℳ + ℒG + ℒℳG , (7.5)

where ℒℳ is in Equation (7.4), ℒG is in Equation (7.3), and ℒℳG is computed as follows:

ℒℳG =
1
𝑁𝝁

𝑁𝝁∑
𝑖=1
‖𝝉true

𝑖 (aproj
𝑖 ,G(aproj

𝑖 )(𝝁𝑖), 𝝁𝑖) −ℳ(a𝑖 ,G(a𝑖)(𝝁𝑖))(𝝁𝑖)‖22. (7.6)

In the modified training case, the weights of the pre-trained network G and of network
ℳ are optimized at the same time.

We introduce here the following notation:

⊲ We call DD-EV-ROM the ROM where:

◦ G minimizes the loss in Equation (7.3);
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◦ ℳ minimizes the loss in Equation (7.4).

⊲ We call Data-Driven Eddy-Viscosity Reduced Order Method with coupled train-
ing (DD-EV-ROM★) the ROM where:

◦ G is pre-trained with loss function (7.3);

◦ the pre-trainedG andℳ are trained together to minimize the modified loss func-
tion in Equation (7.5).

The coupled training procedure considered in DD-EV-ROM★ aims to guarantee higher
accuracy, especially for test parameters and in extrapolation settings.

Remark: why DD-EV-ROM★?
It is important to describe the potential of the DD-EV-ROM★ and the reason why
the standard DD-EV-ROM may be inaccurate.
Indeed, considering only the contribution in (7.4) may cause lack of accuracy in the
approximation of the correction term, especially in test and extrapolation settings.
The reason is that networkℳ is trained only relying on the exact coefficients aproj

and gproj. However, it may happen that, due to bad conditioning, when solving the
online system (7.2), the velocity solution asol differs from the projected coefficients
aproj, then

‖asol − aproj‖2 ≠ 0.

Since the network G is also trained relying on the exact coefficients aproj, we might
have:

‖G(asol)(𝝁) − gproj‖2 ≠ 0,

and this might lead to inaccuracy and uncontrolled energy growth also in the EV-
ROM model. Equivalently, for networkℳ:

‖ℳ (
asol ,G(asol)(𝝁))(𝝁) − 𝝉true(aproj , gproj , 𝝁)‖2 =

‖
[
ℳ (

asol ,G(asol)(𝝁))(𝝁) − 𝝉true (aproj ,G(asol)(𝝁), 𝝁) ]+[
𝝉true (aproj ,G(asol)(𝝁), 𝝁) − 𝝉true (aproj , gproj , 𝝁

) ]‖2 � 0.

(7.7)

The expression in Equation (7.7) contains two distinct contributions:

• The first termℳ (
asol ,G(asol)(𝝁))(𝝁)−𝝉true (aproj ,G(asol)(𝝁), 𝝁)

is related to the
generalization capability of networkℳ.

• The second term 𝝉true (aproj ,G(asol)(𝝁), 𝝁)−𝝉true (aproj , gproj , 𝝁
)
is related to the

performance of network G. It is also important to highlight that the exact
closure term (the MIONet’s target) depends on the eddy viscosity variables
g, as in expression (5.39).
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The difference between the two types of training can be seen in Subsection 7.3.2,
where even small perturbations in the velocity solution lead to inaccurate results
for mapping ℳ. Moreover, in the DD-EV-ROM this may be reflected in inaccu-
rate pressure approximations, as the reduced pressure bsol comes after the residual
minimization of the data-driven enriched reduced system.

7.3 Numerical results

In this section, the DD-EV-ROM and DD-EV-ROM★ methods are compared with the liter-
ature approach EV-ROM in terms of accuracy and stability over time. We consider three
different two-dimensional test cases:

⊲ the unsteady flow past a cylinder with parametrized viscosity (Section 7.3.1);

⊲ the unsteady channel-driven cavity flowwith parametrized viscosity (Section 7.3.2);

⊲ the steady backward facing step flow with parametrized geometry (Section 7.3.3).

The first two test cases are characterized by physical parameters, namely 𝑡 and 𝜈, while
the third test case has three geometrical parameters. In all the test cases, we analyse the
following aspects:

(𝑖) Description of the test case, and POD eigenvalues decay;

(𝑖𝑖) Comparison among EV-ROM, DD-EV-ROM, and DD-EV-ROM★ in terms of relative
𝐿2 errors in training and test configurations, in different selected regimes (𝑟u , 𝑟p , 𝑟𝜈𝑡 ),
associated with specific percentages of retained energy (as done in Chapter 6).

(𝑖𝑖𝑖) Graphical representation of the results at the final online time instance for a selected
regime, for an unseen configuration 𝝁★.

To evaluate the performance of the novel methods with respect to the literature baseline,
we compute the average reduction of the relative error of DD-EV-ROMandDD-EV-ROM★

with respect to the EV-ROM baseline, which corresponds to the gain in accuracy obtained
with the novel correction approach. We denote it as “gains” for the generic field s, ex-
pressed as:

gains =
1
𝑁𝝁

𝑁𝝁∑
𝑖=1

𝐸DD-EV-ROM
s (𝝁𝑖) − 𝐸EV-ROM

s (𝝁𝑖)
𝐸EV-ROM

s (𝝁𝑖)
,

gain★s =
1
𝑁𝝁

𝑁𝝁∑
𝑖=1

𝐸DD-EV-ROM★

s (𝝁𝑖) − 𝐸EV-ROM
s (𝝁𝑖)

𝐸EV-ROM
s (𝝁𝑖)

,

(7.8)

for the DD-EV-ROM and DD-EV-ROM★, respectively.
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Regarding the offline stage, all simulations have been carried out using the open-
source software OpenFOAM [153, 240], which employs the finite-volume discretization
method. The POD operators are extracted using the library ITHACA-FV [138, 314], while
the ROM integrated with the neural networks is solved using Python and PyTorch [249].

The computational times needed to perform the offline and online stages are deeply
analysed in Section 7.3.4, which also provides a final discussion of the results obtained.

7.3.1 Flow past a cylinder test case

We consider a parametrized version of the periodic flow past a cylinder, where the pa-
rameters considered are time and the dynamic viscosity 𝜈, that indirectly parametrizes
the Reynolds number.

The computational domain is initialized with the velocity field u = (5, 0), pressure
field p = 0, and eddy viscosity field 𝜈𝑡 = 2.35 × 10−3 throughout the entire domain. The
domain, including the boundaries notation, and the computational grid are displayed in
Figure 7.5.

(−4,−5) (30,−5)

(−4, 5) (30, 5)

∂ΩB

∂ΩT

∂Ωin ∂ΩN
∂ΩC Ω

(a) Domain with boundaries. (b) Mesh.

Figure 7.5: Flow past a cylinder test case. Domain and mesh considered.

The boundary conditions, inspired by previous studies [314, 131, 143, 142], are pre-
scribed as follows:

On 𝜕Ω𝑖𝑛 :


u = (5, 0),
∇p · n = 0,

𝜈𝑡 = 2.35 × 10−3;

On 𝜕Ω𝑇 ∪ 𝜕Ω𝐵 :


u · n = 0,

∇p · n = 0,

∇𝜈𝑡 · n = 0;

On 𝜕Ω𝑁 :


∇u · n = 0,

p = 0,

𝜈𝑡 = 2.35 × 10−3;

On 𝜕Ω𝐶 :


u = 0,

∇p · n = 0,

𝜈𝑡 wall function of type nutkWallFunction.

The full-order simulations are performed over a range of 5 viscosity values corresponding
to Reynolds numbers between 2 × 104 and 6 × 104. For each viscosity value, 500 snap-
shots are collected, yielding a total of 2500 snapshots, corresponding to the time window
[20, 22], when the flow is periodic. The snapshots are stored every 0.004 s. The penalty
coefficient used for the weak imposition of the boundary conditions is set to 𝜏BC = 103

and is found following the procedure described in [315]. All reduced-order simulations
employ a second-order backward differentiation formula (BDF2) for time integration.
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The parameters’ range both used to train the POD and to test the methods, and the
resulting cumulative POD eigenvalues are represented in Figure 7.6.
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(a) Train and test parameters ranges.
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modes

(b) Cumulative POD eigenvalues.

Figure 7.6: Flow past a cylinder test case. Train and test parameters for the ROMs, and
cumulative eigenvalues obtained from the POD.

The POD eigenvalue analysis reveals a rapid decay of the modal energy, particularly
for the velocity field. Nevertheless, as previously discussed, the standard POD–Galerkin
formulation may still exhibit limited accuracy in the marginally-resolved regime. The
remainder of this section presents a quantitative comparison of the relative errors ob-
tained with EV-ROM, DD-EV-ROM, and DD-EV-ROM★ for several combinations of veloc-
ity, pressure, and eddy-viscosity modes, denoted by the triplet (𝑟u , 𝑟p , 𝑟𝜈𝑡 ). These modal
configurations are selected according to the POD energy content retained by each reduced
basis, ranging from strongly compressed to well resolved reduced-order representations,
as reported in Table 7.1. As already noticed in the previous chapter (Section 6.3.1), the
flow past a cylinder is a simple test case, as a few number of modes is needed to capture
most of the system’s energy.

Table 7.1: Flow past a cylinder test case. Regimes considered for ROMs for the velocity,
pressure and eddy viscosity fields.

Retained energy [%] 𝑟u 𝑟p 𝑟𝜈𝑡

95 1 3 1
99 3 5 3
99.5 3 6 5
99.6 3 7 5
99.7 3 8 6
99.8 3 9 7
99.9 3 12 13
99.99 10 24 30

To quantify the impact of the data-driven closure terms, we consider the average re-
duction of the relative error defined in Equation (7.8) over the time interval [20, 22]. The
analysis is performed for the velocity, pressure, and eddy-viscosity fields across all modal
configurations considered. Both results on training and testing parameters are reported
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in Figure 7.7. Overall, both DD-EV-ROM and DD-EV-ROM★ consistently outperform the
baseline EV-ROM across all modal regimes. Several observations can be drawn from the
results.

⊲ The largest improvements are obtained for the pressure field. This can be attributed
to the use of a PPE formulation together with a dedicated pressure correction term.
Furthermore, pressure approximations produced by the baseline EV-ROM are gen-
erally less accurate than the corresponding velocity approximations, resulting in
larger pressure closure terms 𝝉p that can be more effectively learned by the neural-
network-based closure model.

⊲ The performance obtained on the training and testing sets is comparable. This in-
dicates that the closure mappingℳ generalizes well and remains effective even in
extrapolation scenarios, without exhibiting overfitting.

⊲ The average error reduction tends to increase as more modes are retained in the re-
duced basis. At first glance, this behaviourmay appear counterintuitive, since larger
corrections might be expected in more compressed reduced spaces. However, the
baseline EV-ROM becomes increasingly prone to instabilities as the latent dimen-
sion grows, leading to less accurate predictions. Consequently, the contribution of
the data-driven correction becomes more significant in well resolved reduced-order
spaces.

Figure 7.8 presents a qualitative comparison between the approximations obtained
with EV-ROM,DD-EV-ROM, andDD-EV-ROM★, using themodal configuration (𝑟u , 𝑟p , 𝑟𝜈𝑡 ) =
(10, 24, 30). The reduced-order solutions are compared against the corresponding full-
order reference solutions for an unseen parameter value. The analysis focuses on the
eddy viscosity field, but similar comparisons can be made for the velocity and pressure
fields. The results clearly demonstrate the improvement in accuracy provided by DD-EV-
ROM★. The eddy viscosity field is visually very close to the projection, indicating that
the reduced-order approximation approaches the best achievable representation within
the selected reduced basis. Moreover, for all considered fields, DD-EV-ROM★ consistently
providesmore accurate predictions thanDD-EV-ROM, highlighting the benefit of the cou-
pled training procedure.

7.3.2 Channel-driven cavity flow test case

Wehere consider the unsteadyflow inside a cavity-shaped channel, which is characterized
by a different behaviour with respect to the first test case. More in detail, the flow is here
driven through a channel that features a protrusion on the bottomwall. Vortices of various
sizes formmainly nearby the cavity. The vortices have irregular and non-periodic pattern,
differently from the flow past a cylinder. Also in this case, we consider a parametrized
setup, having as parameters the time and the viscosity 𝜈.
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Figure 7.7: Flow past a cylinder test case. Gain in relative error at different latent dimensions
and for all the fields considered.

The domain with specified boundaries, and the computational grid are reported in
Figure 7.9. We consider as initial conditions u = (0.1, 0), p = 0, and 𝜈𝑡 = 6× 10−4. Employ-
ing the notation of Figure 7.9, we consider the following boundary conditions:

On 𝜕Ω𝑇 :


∇u · n = 0,

∇p · n = 0,

𝜈𝑡 = 1 × 10−8;

On 𝜕Ω𝐵 :


u = 0,

∇p · n = 0,

𝜈𝑡 = 1 × 10−8;

On 𝜕Ω𝑖𝑛 :


u= (0.1, 0),
∇p · n = 0,

𝜈𝑡 = 6 × 10−4;

On 𝜕Ω𝑁 :


∇u · n = 0,

p = 0,

∇𝜈𝑡 · n = 0.

For the POD construction, we consider 5 viscosity values corresponding to Reynolds num-
bers in the range [1 × 103 , 2 × 104]. Snapshots are collected every 0.05 s over a simulation
horizon of 10 seconds, resulting in a total of 1000 snapshots. Specifically, 200 snapshots
are retained from each full-order simulation. For this test case, the penalty coefficient
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Figure 7.8: Flow past a cylinder test case. Eddy viscosity approximation obtained from EV-
ROM, DD-EV-ROM, DD-EV-ROM★, and projection at final online time instance (𝑡 = 8)
and 𝜈 = 1.15 × 10−4 m2 s−1, compared with the FOM ground truth. For the ROM the
modal regime is (𝑟u , 𝑟p , 𝑟𝜈𝑡 ) = (10, 24, 30).

(−6, 0) (10, 0)

(−6, 10) (10, 10)
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(a) Domain with boundaries. (b) Mesh.

Figure 7.9: Channel-driven cavity flow test case. Domain and mesh considered.
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is set to 𝜏BC = 1, and optimized using the method of [315]. The ROMs employ a first-
order implicit Euler time integration scheme, consistently with the full-order discretiza-
tion adopted in OpenFOAM. The train and test parameters’ values and the resulting POD
cumulative eigenvalues are displayed in Figure 7.10. As in the first test case, a few num-
ber of modes is necessary to achieve a large percentage of retained energy. In particular,
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modes
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(b) Cumulative POD eigenvalues.

Figure 7.10: Channel-driven cavity flow test case. Train and test parameters for the ROMs,
and cumulative eigenvalues obtained from the POD.

we perform the ROM analysis considering the reduced regimes reported in Figure 7.2,
selected following energy criteria.

Table 7.2: Channel-driven cavity flow test case. Regimes considered for ROMs for the velocity,
pressure and eddy viscosity fields.

Retained energy [%] 𝑟u 𝑟p 𝑟𝜈𝑡

95 1 2 1
99 1 3 1
99.5 2 4 1
99.7 2 5 1
99.9 3 7 1

The global error analysis is performed in Figure 7.11, which shows the gain metric
of Equation (7.8) for the velocity, pressure and eddy viscosity fields, at different modal
combinations for training and test configuration. This test case is more challenging than
the cylinder one, since it is not periodic and complex vortex structures are generated in
the region nearby the cavity. We can indeed draw the following considerations.

• DD-EV-ROM★ always provides improved approximations with respect to EV-ROM.

• The main difference with respect to the previous test case is that the two proposed
methodologies perform significantly different. In particular, DD-EV-ROM★ always
provides improved approximations, while the DD-EV-ROM shows worse results
than EV-ROM for some under-resolved modal regimes, like (𝑟u , 𝑟p , 𝑟𝜈𝑡 ) = (1, 2, 1)
and (𝑟u , 𝑟p , 𝑟𝜈𝑡 ) = (2, 4, 1).
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• The results obtained for the velocity and for the eddy viscosity are similar to the
results of EV-ROM. This is likely due to the fact that the EV-ROM predictions are
very close to the projection, which is the best result we can achieve. Hence, there is
no hope to improve the EV-ROM result, if it coincides with the projection.

• Training and test results are always similar for both methods. This suggests that
no overfitting is observed for the DD-EV-ROM. It happens indeed that the training
errors are large even if the mappingℳ reaches small loss values. The reason is that,
even if the reduced velocity solution is close to the projected field, the problem may
be ill-conditioned. Therefore, small perturbations ‖asol − aproj‖2 may lead to large
output differences ‖𝝉true(asol ,G(asol)(𝝁), 𝝁) − 𝝉true(aproj , gproj , 𝝁)‖2, and the standard
training procedure ofℳ is not robust enough to capture the correct mapping.

From Figure 7.11, we can conclude the positive performance of DD-EV-ROM★ over DD-
EV-ROM in most of the modal regimes.

Figure 7.11: Channel-driven cavity flow test case. Gain in relative error at different latent
dimensions and for all the fields considered.

Finally, a graphical comparison among the pressure ROM approximations is provided
in Figure 7.12. The figure shows the pressure absolute errors with respect to the FOM
reference in a zoomed region of the domain nearby the cavity for (𝑟u , 𝑟p , 𝑟𝜈𝑡 ) = (2, 5, 1), at
the final online time instance and for an unseen viscosity value. It shows that the DD-EV-
ROM and DD-EV-ROM★ improve the results of the baseline EV-ROM.

In particular, the approximation error of DD-EV-ROM is qualitatively similar to the
reconstruction error, which is the best result we can achieve with our method.

7.3.3 Backward-facing step test case

The backward-facing step test case is characterized by a geometrical parameterization,
with three parameters, namely the step slope 𝛼, the inlet height ℎ1, and the global height
of the domain ℎ2, represented in Figure 7.13. Differently from the other two test cases, the
flow is steady. Therefore, we focus on the error analysis of the stationary solution with
respect to the FOM counterpart, at different parametrized geometries.
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Figure 7.12: Channel-driven cavity flow test case. Absolute error in the pressure approxi-
mation obtained from EV-ROM, DD-EV-ROM, DD-EV-ROM★, and projection at final on-
line time instance (𝑡 = 15), at 𝜈 = 7 × 10−6 m2 s−1. For the ROM the modal regime is
(𝑟u , 𝑟p , 𝑟𝜈𝑡 ) = (2, 5, 1).

∂Ωin ∂Ωout

∂Ωwall

h1
h2

µ

(a) Parametrized domain with boundaries. (b) An example of mesh.

Figure 7.13: Backward-facing step test case. Parametrized domain and mesh considered.

Figure 7.13 displays the parametrized domain, and the grid used for a single set of
geometrical parameters. The offline simulations are performed considering as initial con-
ditions u = (1, 0), p = 0 and 𝜈𝑡 = 8.52 × 10−4 in the whole domain, while the boundary
conditions read as follows.

On 𝜕Ω𝑖𝑛 :


u = (1, 0),
∇p · n = 0,

𝜈𝑡 = 8.52 × 10−4;

On 𝜕Ω𝑜𝑢𝑡 :


∇u · n = 0,

p = 0,

𝜈𝑡 = 8.52 × 10−4;

On 𝜕Ω𝑤𝑎𝑙𝑙 :


u = 0,

∇p · n = 0,

𝜈𝑡 wall function of type nutkWallFunction.

We consider a specific set of training parameters for the POD {𝝁𝑖}
𝑁𝝁

𝑖=1, where 𝝁𝑖 =

(𝛼𝑖 , ℎ1𝑖 , ℎ2𝑖 ). 𝑁𝝁 = 70 is the number of simulations with deformed mesh, while we test
the approach on 20 test parameters. The training, test, andmid-configuration parameters,
and the POD cumulative eigenvalues trend are displayed in Figure 7.14.
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Training data Test data Mid configuration

(a) Train and test parameters ranges. (b) Cumulative POD eigenvalues.

Figure 7.14: Backward-facing step test case. Train and test parameters for the ROMs, and
cumulative eigenvalues obtained from the POD.

It is important to specify that thematrices Su, Sp and S𝜈𝑡 include not only the stationary
fields but also the intermediate states. By intermediate states we refer to snapshots extracted
at intermediate iterations of the steady-state Navier–Stokes solver in OpenFOAM, which
is performed using the SIMPLE algorithm. As previously done in [361], these snapshots
are taken before full convergence, and are used to enrich the snapshot matrices with ad-
ditional flow states. We call 𝑛iter(𝝁𝑖) the global number of iterations for each parameters’
set, and 𝑇𝑖 the number of intermediate states retained as POD snapshots. We decided to
take one snapshot every five iterations of the SIMPLE algorithm, namely 𝑇𝑖 =

𝑛iter(𝝁𝑖)
5 . The

value of 𝑇𝑖 depends on the specific geometry, namely on the parameters’ set 𝝁𝑖 , and in the
simulationswe performed, 𝑇𝑖 ∈ [139, 196]. Being𝑁𝝁 = 70, the global number of snapshots
is

∑𝑁𝝁

𝑖=1 𝑇𝑖 = 11717. Considering a generic field s, we have the corresponding snapshots’
matrix:

Ss = {s(1)(x1 , 𝝁1), . . . , s(𝑇1)(x1 , 𝝁1), . . . , s(1)(x𝑁𝜇 , 𝝁𝑁𝜇
), . . . , s(𝑇𝑁𝜇 )(x𝑁𝜇 , 𝝁𝑁𝜇

)},
where s(𝑗)(x𝑖 , 𝝁𝑖) indicates the 𝑗-th intermediate state for the field s on the deformed mesh
x𝑖 corresponding to parameter 𝝁𝑖 .

As the mesh has fixed size 𝑁p = 14040, matrices Sp and S𝜈𝑡 belong to R𝑁𝑐×
∑𝑁𝜇
𝑖=1 𝑇𝑖 ≡

R14040×11717, while Su ∈ R2𝑁p×∑𝑁𝝁
𝑖=1 𝑇𝑖 ≡ R28080×11717.

This strategy is here employed to ensure better convergence of the ROM solver and
good ROM accuracy. Indeed, considering only the final steady states may lead to ROM
instability, since the reduced solver (as the full order counterpart) visits different interme-
diate solutions. On the other hand, considering intermediate solutions within the snap-
shots’ matrices leads to superior robustness and stability of the reduced system.

In this geometrically-parametrized test case, the basis is computed in themid-configuration,
corresponding to parameters 𝝁mid = (𝛼mid , ℎ1 , ℎ2) = (25◦ , 1 m, 1.6 m), as done in [361].
As can be seen from Figure 7.14, this test case exhibits a significantly slower decay for the
eddy viscosity field. The ROM performance is then analysed in the modes’ combination
reported in Table 7.3. As for the other test cases, the criterion considered to select the
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modes values (𝑟u , 𝑟p , 𝑟𝜈𝑡 ) is the retained energy. Indeed, as the Table shows, the value of
𝑟𝜈𝑡 is always bigger than 𝑟u and 𝑟p.

Table 7.3: Backward-facing step test case. Regimes considered for ROMs for the velocity,
pressure and eddy viscosity fields.

Retained energy [%] 𝑟u 𝑟p 𝑟𝜈𝑡

95 1 2 3
99 2 3 8
99.5 3 4 12
99.6 3 4 14
99.7 3 4 16
99.8 4 5 20

For this test case, the optimized penalty coefficient considered for the boundary con-
ditions is 𝜏BC = 1.

Figure 7.15 represents the average error reduction in training and test configurations
for the three fields of interest, in different regimes (also specified in Table 7.3).

From the figure, we can draw the following considerations:

⊲ There is no clear trend in the average error reduction, differently from the first two
test cases. For instance, in the first test case, we noticed that the average error reduc-
tion increases as the number of modes increases and we justified this because of the
worse performance of the baseline EV-ROM. In the second test case, we noticed that
only the pressure has a consistent error reduction, while the other fields are sub-
stantially unchanged with respect to the EV-ROM, since it was already close to the
projection and could not be improved more. Here, the fact that there is not a clear
trend is linked to the complexity of the snapshots’ manifold. Moreover, the POD
basis is computed in a mid-configuration and this may lead to lower ROM accuracy
for parameters far from the mid-configuration (even in the training set).

⊲ The error reduction obtained for the eddy viscosity field is in general linked to the
velocity one. For instance, when (𝑟u , 𝑟p , 𝑟𝜈𝑡 ) = (1, 2, 3), the gain in accuracy is close
to zero for both velocity and eddy viscosity, while for (𝑟u , 𝑟p , 𝑟𝜈𝑡 ) = (3, 4, 16) the two
fields have similar error values. This is due to the structure of the turbulence map
G, that has inputs (a, 𝝁). Therefore, asol ' aproj leads to G(asol , 𝝁) ' gproj.

⊲ In general, the DD-EV-ROMs always improve the accuracy of the standard EV-ROM,
except for the velocity at (𝑟u , 𝑟p , 𝑟𝜈𝑡 ) = (3, 4, 14). However, even in this case, this is
compensated by an improvement in the pressure approximation. Furthermore, we
noticed that the increasing error of the velocity does not reflect in a increasing error
for the eddy viscosity.

⊲ The results of DD-EV-ROM and DD-EV-ROM★ are similar, with slightly better per-
formances of the DD-EV-ROM★ method, as in (𝑟u , 𝑟p , 𝑟𝜈𝑡 ) = (4, 5, 20).
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Figure 7.15: Backward-facing step test case. Gain in relative error at different latent dimen-
sions and for all the fields considered.

Qualitative results in terms of eddy viscosity approximation, for a test parameter, namely
(𝛼, ℎ1 , ℎ2) = (6.3◦ , 0.99 m, 1.58 m), in the regime (𝑟u , 𝑟p , 𝑟𝜈𝑡 ) = (3, 4, 12), are represented in
Figure 7.16. The standard EV-ROM fails in accurately approximating this field, generating
unphysical oscillations in the bottom part of the domain. The addition of the correction
terms allows to almost reach the projection accuracy.

7.3.4 Computational time and Discussion

The wall time required for the different stages of the computational pipeline is summa-
rized in Table 7.4, which reports both offline and online costs. 1 The results can be inter-
preted by separating the overall workflow into four main components:

⊲ Full-order simulations (FOM). The table reports the computational cost of both a
single simulation and the complete set of high-fidelity runs. For the unsteady test

1All computations are performed on a single core of an Intel(R) Core(TM) i5-4570 CPU @ 3.20GHz with
16GB of RAM.
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Figure 7.16: Backward-facing step test case. Eddy viscosity approximation obtained from
EV-ROM, DD-EV-ROM, DD-EV-ROM★, and projection compared with the FOM ground
truth, at the test parameters (𝛼, ℎ1 , ℎ2) = (6.3◦ , 0.99 m, 1.58 m). For the ROM the modal
regime is (𝑟u , 𝑟p , 𝑟𝜈𝑡 ) = (3, 4, 12).

Table 7.4: Wall times needed to perform the offline and online stages of the ROMpipeline,
in the three cases considered. One-simulation FOM and ROM times are intended for 1 s
of simulation in the unsteady test cases, and for the steady simulation in the backstep test
case. For neural networks’ training and ROMs, we report minimum and maximum wall
times indicated as 𝑡min− 𝑡max. Indeed, in such cases the wall time depends on the reduced
dimensions considered, namely on the combination (𝑟u , 𝑟p , 𝑟𝜈𝑡 ).

Offline/online stages Flow past a
cylinder

Channel-
driven
cavity

Backstep
flow

Offline

FOM (one simulation) 4 min 48 s 2 min 11 s ∼ 9 min

FOM (total) 48 min 59 min 10 s ∼ 10 h

POD and assemble operators 30 min 5 h 53 min 17 h 33 min

Training G 15–16 min 13–14 min 44–45 min
Trainingℳ (DD-EV-ROM) 16–17 min 17–30 min 64–66 min

Coupled training
(DD-EV-ROM★)

66–77 min 51–59 min 3 h 53 min–
4 h 10 min

Online
Assemble operators – – 5–9 s

EV-ROM (one simulation) 0.45–0.93 s 0.22–0.26 s 0.05–0.07 s
DD-EV-ROMs (one

simulation)
0.64–1.19 s 0.27–0.29 s 0.05–0.16 s
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cases, the reported values correspond to one second of physical time integration,
while for the steady test case they correspond to a single converged simulation. The
three configurations exhibit comparable single-run costs. The larger total cost ob-
served in the steady backward-facing step case is mainly due to the higher number
of parameter instances, with 𝑁𝝁 = 70.

⊲ POD construction and operator assembly. The cost of assembling reduced oper-
ators depends strongly on the mesh size, as it involves 𝐿2(Ω) inner products. Al-
though the channel-driven cavity case features the largest mesh and would there-
fore be expected to be the most expensive, the highest computational cost is instead
observed in the backstep flow case. This is due to the parameter-dependent nature
of the operators. In this setting, the reduced operators must be assembled for each
parameter instance in the training set, and related terms are required to compute
the exact closure contributions used as targets for the correction mapℳ.

⊲ Coupled training ofG andℳ. The training stage ismore expensive for the backstep
flow case. This is due to the need to evaluate the eddy viscosity approximation
G(aproj

𝑖 )(𝝁𝑖) at every training epoch, which is then used to update the target closure
terms entering the loss function in Equation (7.6).

⊲ Reduced-order simulations (ROMs). The baseline EV-ROMand the proposed data-
driven variants exhibit comparable online costs. The data-driven approaches incur
a slightly higher computational cost due to the evaluation of the closure mapping,
which introduces an additional term of the form 𝝉 =ℳ(a, g)(𝝁). In the last test case,
an additional overhead is present due to the need to assemble parameter-dependent
reduced operators during the online stage. Despite this additional cost, all data-
driven models achieve substantial speed-ups with respect to the full-order simula-
tions. The observed acceleration is approximately 300× in the flow past a cylinder
case, 250× in the channel-driven cavity flow, and 80× in the backstep case. The re-
duced speed-up of the last test case is attributable to the additional cost associated
with parameter-dependent operator assembly, as already mentioned before.

Overall, the proposed DD-EV-ROMs provide speed-ups of order O(102) across all test
cases. More in detail, the geometrically-parametrized test case requires larger offline ef-
fort due to the geometric parametrization and the need to assemble parameter-dependent
operators. Even in this more challenging setting, the ROMs maintain a favourable com-
putational advantage over the full-order simulations while improving accuracy relative
to the baseline EV-ROM. In particular, the pressure field benefits most from the inclusion
of the closure strategy, where the PPE formulation incorporates a dedicated closure term.
Finally, we address the comparison between DD-EV-ROM and DD-EV-ROM★ in terms
of accuracy and robustness. Across the three test cases considered, the following trends
emerge:
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⊲ In the cylinder test case, both training strategies behave similarly. Time-dependent
error trends indicate that DD-EV-ROM★ exhibits slightly improved temporal stabil-
ity, particularly in extrapolation regimes.

⊲ In the cavity test case, the differences between the two approaches becomemore pro-
nounced. For certain modal configurations, the DD-EV-ROMmay become unstable,
whereas the alternative training strategy enhances both accuracy and stability. In
this case, the latter acts not only as a performance improvement but also as a stabi-
lizing mechanism for the reduced system.

⊲ In the backstep configuration, both approaches yield comparable results. This case
remains themost challenging due to the complexity of the underlying solutionman-
ifold.

Overall, although the DD-EV-ROM★ introduces additional computational cost, it consis-
tently provides improved robustness and, in challenging regimes, superior stability com-
pared to the DD-EV-ROM.

Finally, Table 7.5 displays the details of the architectures of the DeepONet used for
the turbulence model G and of the MIONet used for the correction modelℳ. In both
models, the learning rate decays by a factor 𝛾 = 0.2 every 𝑁step = 3000 epochs. In the DD-
EV-ROM★, after a pre-training (following the hyperparameters in Table 7.5), both models
are trained together for additionally 20000 epochs, minimizing the loss function expressed
in ℒ★

ℳ .

Table 7.5: Hyperparameters of DeepONetG andMIONetℳ networks, considered for the
turbulence and closure mappings, respectively.

Mapping Network Hidden
layers

Non-
linearity

Learning rate Stopping
epoch

g = G(a)(𝝁)
ℬ [20, 20, 20] Softplus

(1 × 10−3)𝛾b
𝑡epoch
𝑁step

c 20000T [20, 20, 20] Softplus
ℋ [20, 20, 20] Softplus

𝝉 =ℳ(a, g)(𝝁)
ℬ1 [20, 20, 20] Softplus

(1 × 10−3)𝛾b
𝑡epoch
𝑁step

c 20000ℬ2 [20, 20, 20] Softplus
T [20, 20, 20] Softplus
ℋ [20, 20, 20] Softplus

7.4 Conclusions and Motivation to the next chapter

The methodology presented in this chapter is designed to improve the accuracy of POD–
Galerkin ROMs by recovering, through machine-learning techniques, the contribution
of the modes discarded during the projection process in a parametrized setting. As for
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Chapter 6, the proposed frameworkmostly operates in amarginally-resolved regime, where
the retained modes capture most of the system energy but standard ROMs are typically
inaccurate. As a baseline model, we consider the EV-ROM, which incorporates an eddy-
viscosity closure at the reduced level to maintain consistency with the full-order RANS
formulation, following the approach proposed in [131] (and briefly recalled in Section
5.4.1). The proposed strategy builds upon previous closure methodologies developed in
[357, 226, 228, 142], where additional correction terms were introduced into the reduced
system to account for the discarded dynamics. In those studies, the closure terms were
modeled through quadratic functions of the reduced coefficients and were restricted to
non-parametric settings (see Section 5.4.2 for more details).

The first contribution of the present work is the parametric extension of this frame-
work through the use of neural operators. A DeepONet mapping G, referred to as the
turbulence map, is employed to approximate the reduced eddy-viscosity coefficients from
the reduced velocity representation and the flow parameters. AMIONet mappingℳ, de-
noted as the correction map, predicts the reduced closure terms using the reduced velocity
coefficients, the reduced eddy-viscosity coefficients, and the parameter vector as inputs.
These two components define the proposed DD-EV-ROM framework.

The second contribution is a coupled training strategy for the mappings G andℳ.
By explicitly linking the approximation of the turbulent viscosity with the prediction of
the closure terms during training, the resulting framework, denoted as DD-EV-ROM★,
achieves improved robustness and stability.

The proposed methodologies are assessed on three benchmark problems: the un-
steady flow past a cylinder, the unsteady channel-driven cavity flow, and the steady
backward-facing step flow with geometric parametrization. The results demonstrate that
both DD-EV-ROM and DD-EV-ROM★ consistently improve upon the baseline EV-ROM
across a wide range of modal regimes and for unseen configurations, confirming the
predictive capabilities of the proposed approach. Among the variables considered, the
pressure field exhibits the most significant benefit from the introduction of the closure
terms, where a dedicated correction is incorporatedwithin the reduced PPE. Furthermore,
the coupled-training strategy underlying DD-EV-ROM★ provides additional robustness
in highly unsteady and challenging reduced-order settings, often yielding more accurate
and stable solutions than the standard DD-EV-ROM formulation.

The methodology presented in this chapter is developed within the framework of in-
trusive reduced-order modeling, where the governing equations are explicitly available
and can be projected onto a reduced space. In this setting, the proposed correction strat-
egy is designed to compensate for the effects ofmode truncation by leveraging data-driven
approximations of the unresolved dynamics.

While most of the existing literature on closure modeling for ROMs has focused on
intrusive formulations, the intrusive setting has some inherent limitations:

⊲ In practical applications, the access to the governing equations may be limited or
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completely unavailable.

⊲ In many real-world scenarios, only a restricted set of measurements or simulation
data is available, making intrusive projection-based approaches difficult or impos-
sible to apply.

⊲ Even when enhanced through data-driven correction terms, the reduced dynamics
remain governed by a projected system of equations, whose stability properties may
deteriorate as the simulation evolves in time, leading to a progressive degradation
of the solution quality.

Beyond the specific formulation considered here, the underlying idea is more general:
exploiting data to recover information that is lost during the reduction process.
The next chapter adopts this broader viewpoint and investigates how the concept of data-
driven correction can be extended to a completely data-driven and nonintrusive frame-
work. Rather than augmenting a projected dynamical system, available data is used to
directly correct the solution.
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8

CORRECTED-ROMS: AN EXTENSION OF CLOSURES
TO NONINTRUSIVE ROMS

The goal of this chapter is to extend the concept of closure or correction to the framework
of completely data-driven, nonintrusive ROM. The term closure is traditionally used in
CFD and reduced-order modeling to denote an additional contribution introduced into
the governing equations in order to account for unresolved effects or missing information.
In this context, closure terms are incorporated directly into the mathematical model and
are used to recover the influence of scales, variables, or dynamics that are not explicitly
represented in the resolved system.

In the present chapter, however, we consider a different setting. Since we focus on
fully data-driven nonintrusive ROM and no explicit governing equations are available,
the objective is to improve the accuracy of the POD-based approximation by learning a
suitable correction directly from data. The learned quantity is therefore added to the
reduced-order prediction itself, rather than to the governing equations. The ultimate goal
remains the same as in the intrusive setting: to compensate for the loss of information in-
duced by mode truncation and improve the predictive capabilities of the baseline linear
POD approximation, especially in case of nonlinear dynamics, e.g., turbulent flows. In
this context, several authors have proposed quadratic ROMs as an extension of the clas-
sical linear framework [357, 106, 23, 302, 151]. In these approaches, the reduced solution
is augmented by a quadratic contribution built from the retained POD coefficients, with
the aim of recovering part of the information associated with the neglected modes. From
this perspective, quadratic ROMs can be interpreted as correction models for POD, since
they seek to reconstruct unresolved dynamics through interactions among the resolved
modes. There is, however, no unique strategy for determining such a correction. A com-
mon approach consists in identifying the corresponding quadratic operator from data
through a linear least-squares problem, as previously done in the field of operator infer-
ence [106, 251]. This procedure is computationally efficient and often provides excellent
agreement with the training data. However, the resulting models may suffer from over-
fitting and limited generalization capabilities, especially when the identification problem
is ill-conditioned or when predictions are required for previously unseen configurations.
We named this approach Quadratic Correction via Least-Squares (Quad-LS) and consider
it as a baseline for comparison.

To address these limitations, we propose a novel data-driven framework in which the
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quadratic correction operator is no longer identified through a linear least-squares proce-
dure, but is instead learned as a nonlinear mapping from data. More specifically, the key
novelties of this work can be summarized as follows:

⊲ We introduce a neural-network-based approximation of the quadratic correction op-
erator. In particular, we employ architectures inspired by the DeepONet [210] and
the MIONet [155], which were adopted in Chapter 7 with a similar scope.

⊲ We develop a continuous-in-space formulation, referred to as Quadratic Correction
via DeepONet (QuadNet), in which the spatial coordinates are explicitly incorpo-
rated into the model through collocation points. This enables the correction to be
evaluated continuously over the computational domain rather than being tied to a
fixed spatial discretization.

⊲ We further extend themethodology to parametrizedproblems through theQuadratic
Correction via MIONet (QuadNet-𝜇) architecture, which augments the network in-
puts with the physical or geometrical parameters defining the problem. This allows
the learned correction to vary continuously across the parameter space and gener-
alize to unseen configurations.

A graphical version of the pipeline followed to build the corrected ROM is displayed
in Figure 8.1.
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Figure 8.1: Graphical abstract to build a corrected ROM, which enhances the standard
POD-based nonintrusive ROM with a data-driven machine-learning-based quadratic cor-
rection.

This chapter is subdivided as follows:

⊲ a brief section dedicated to nonintrusive ROMs (Section 8.1);
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⊲ the presentation of the quadratic correction approaches Quad-LS, QuadNet and
QuadNet-𝜇 (Section 8.2);

⊲ the numerical investigation on two test cases, namely the two-dimensional backward-
facing step flow, and the lid-driven cavity flow (Section 8.3);

⊲ the final conclusive Section 8.4 for both the present chapter and the whole Part II,
motivating the development of fully-nonlinear ROMs in Part III.

8.1 Preliminaries: nonintrusive ROMs

This section is dedicated to briefly recalling the basic knowledge of nonintrusive ROMs.
As introduced in Chapter 5 and illustrated in Figure 5.1, the starting point is the collection
of the high-fidelity snapshots in the snapshots’ matrix. We here only focus on the velocity
field, and hence consider the velocity snapshots’ matrix:

Su =


| | |

u1 u2 . . . u𝑁𝝁

| | |

 ,
where u𝑖 = u(x, 𝝁𝑖), 𝑖 = 1, . . . , 𝑁𝝁 are the discrete velocity snapshots at each parameters’
instance 𝝁𝑖 ∈ R𝑃 . We recall that each discrete velocity is evaluated at the same mesh
points x ∈ R𝑁u . If we consider geometrical parametrization, as in the backstep test case
of Chapter 7, different grids are possible, as long as the underlying family of domains
preserves topological consistency.

Once the high-fidelitymanifold is populated, non-intrusive ROMconsist of threemain
stages:

⊲ Projection of the solution manifold onto a low-dimensional space of dimension 𝑟u.

⊲ Prediction of the reduced representation corresponding to unseen parameter values
through interpolation or regression techniques.

⊲ Backmapping, namely the reconstruction of the high-dimensional solution from its
reduced representation.

The first projection step, namely POD, is here conducted by computing the Singular Value
Decomposition (SVD)1 of the snapshots’ matrix Su, namely:

Su = 𝚽𝚺𝑽𝑇 ,

where 𝚽 contains some pre-selected POD modes {𝝓𝑖}𝑟u𝑖=1, 𝚺 is the diagonal matrix of sin-
gular values, and 𝑽 contains the corresponding right singular vectors. The solution can
then be approximated as

u𝑟(𝒙 , 𝜇) =
𝑟u∑
𝑖=1

𝑎𝑖(𝝁)𝝓𝑖(𝒙). (8.1)

1In the intrusive setting of Section 5.1, the POD is instead computed via the correlation matrix.
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The computational efficiency of POD stems from the separation of the spatial dependence,
encoded in the modes, and the parametric dependence, encoded in the reduced coeffi-
cients.

To predict the solution for an unseen parameter value𝝁★, several approximation strate-
gies can be employed, including RBF interpolation [1, 50], Gaussian Process Regression
(GPR) [67, 242], and neural-network-based regressors [127]. In this chapter, we adopt an
RBF interpolation strategy, defined as

a(𝝁★) =
𝑁𝝁∑
𝑖=1

𝜔𝑖 𝜑
(‖𝝁★ − 𝝁𝑖‖

)
, (8.2)

where 𝜑(·) denotes the radial basis kernel, 𝜔𝑖 are the interpolation weights, and 𝝁𝑖 are
the training parameters, with 𝑖 = 1, . . . , 𝑁𝝁. The interpolation weights are determined
by enforcing exact reconstruction of the training coefficients, obtained by projecting the
snapshots onto the reduced space:

𝑁𝝁∑
𝑖=1

𝜔𝑖 𝜑
(
‖𝝁𝑗 − 𝝁𝑖‖

)
= aproj(𝝁𝑗) = 𝚽𝑇 u(𝝁𝑗), 𝑗 = 1, . . . , 𝑁𝝁.

The RBF interpolation is particularly attractive due to its flexibility, its ability to handle
scattered data, and its good approximation properties. The choice of the kernel function
depends on the characteristics of the problem and the complexity of the reducedmanifold.
In the numerical experiments presented in this chapter, we employ both the thin-plate
spline and linear kernels:

𝜑(𝑑) = 𝑑2 log(𝑑), 𝜑(𝑑) = 𝑑. (8.3)

Once the reduced coefficients corresponding to an unseen parameter are predicted, the
full-order approximation is recovered through the POD expansion of Equation 8.1.

8.2 Corrected-ROMs

As discussed in the previous section, the approximation provided by the POD expansion
of Equation 8.1 may become inaccurate when only a limited number of modes is retained,
particularly in scarce-data settings. To mitigate this limitation, we augment the reduced-
order approximation with a correction term, obtaining

u(x, 𝝁) ≈
𝑟∑
𝑖=1

𝑎𝑖(𝝁)𝝓𝑖(x) + 𝝉(x;𝝁). (8.4)

The correction term 𝝉(x;𝝁) ∈ R𝑁u ismodelled through a fully data-drivenmapping, whose
objective is to approximate the exact reconstruction error of the PODapproximation, namely

𝝉(x, 𝝁) ≈ 𝝉true(x;𝝁) = u(x, 𝝁) − u𝑟(x, 𝝁), (8.5)
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where u𝑟 is the POD approximation of Equation (8.1). The purpose of the proposedmodel
(8.5) is therefore to recover, through a learned correction, the information lost during the
dimensionality-reduction process. Since the exact correction depends on the available
reduced-order information, the corresponding approximation can be expressed in terms
of the retained POD modes, the reduced coefficients, and, in a parametrized setting, the
problem parameters. In general, we seek a mapping of the form

𝝉 = 𝝉(𝝓1 , . . . ,𝝓𝑟u , 𝑎1 , . . . , 𝑎𝑟u;𝝁).

In this section, we investigate three different types of correction, all based on a quadratic
ansatz with respect to the reduced coefficients:

⊲ Quad-LS: a non-trainable approach based on the identification of a quadratic cor-
rection operator through a least-squares procedure, following themethodology pro-
posed in [106].

⊲ QuadNet: a DeepONet-inspired architecture that learns the correction term from
the POD modes (𝝓1 , . . . ,𝝓𝑟u) and the reduced coefficients (𝑎1 , . . . , 𝑎𝑟u).

⊲ QuadNet-𝜇: a MIONet-inspired extension of QuadNet that additionally incorpo-
rates the parameter vector 𝜇 among the network inputs. The architecture receives
(𝝓1 , . . . ,𝝓𝑟u), (𝑎1 , . . . , 𝑎𝑟u), and𝝁, allowing the correction to vary continuously across
the parameter space.

8.2.1 Quad-LS (state of the art)

The Quad-LS strategy aims at approximating the correction termwith the quadratic form:

𝝉(𝝁) = a𝑇(𝝁)Q a(𝝁). (8.6)

This strategy is employed in [251, 106], and relies on the determination of the quadratic
operator Q via least-squares optimization. In fact, the procedure to determine Q is very
general, and can be applied to the inference of quadratic operators in different contexts.

It is important to highlight that in Equation (8.6), 𝝉(𝝁) = 𝜏(x;𝝁) is the 𝑁u–dimensional
vector with the values of the correction at each mesh node, while Q ∈ R𝑟u×𝑁u×𝑟u is a tensor
that satisfies the following minimization problem:

min
Q∈R𝑟u×𝑁u×𝑟u

𝑁𝝁∑
𝑗=1
‖𝝉true(𝝁𝑗) − a(𝝁𝑗)𝑇 Q a(𝝁𝑗)‖22. (8.7)

Theminimization problem in (8.7) can be re-written and solved as a least squares problem
exploiting the symmetry of the quadratic form a𝑇Q a. We can indeed write the quadratic
form as a double summation:

𝑟u∑
𝑖=1

𝑟u∑
𝑗=1

𝑎𝑖(𝝁)𝑎 𝑗(𝝁)𝑄𝑖 𝑗 . (8.8)
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We introduce a vector ã(𝝁) ∈ R𝑠 , which contains all pairwise products of the components
of a with themselves, without repetition. Hence it has dimension 𝑠 = 𝑟u(𝑟u+1)

2 and is de-
fined as

ã(𝝁) =

a(1)(𝝁)
...

a(𝑟u)(𝝁)

 ,where a(𝑖)(𝝁) = 𝑎𝑖(𝝁)

𝑎1(𝝁)
...

𝑎𝑖(𝝁)

 ∈ R𝑖 . (8.9)

We can also write Q in block form, as

Q̂ =
[
Q̂(1) , . . . , Q̂(𝑟u)

]
∈ R𝑁u×𝑠 , (8.10)

where Q̂(𝑖) ∈ R𝑁u×𝑖 . The minimization in Equation (8.7) can be then written as:

min
Q̂∈R𝑁u×𝑠

𝑁𝝁∑
𝑗=1
||𝝉true(𝝁𝑗) − Q̂ã(𝝁𝑗)||22. (8.11)

We refer the reader to [251] for the extended least squares derivation.
An important characteristic of this approach is that it identifies a single quadratic op-

erator Q from the available training data. Since Q is fixed and does not explicitly depend
on the problem parameters, its predictive capabilities may be limited when extrapolating
to unseen configurations. In particular, the approximation accuracy can deteriorate when
the training manifold used to solve the minimization problem (8.7) does not adequately
capture the complexity and variability of the underlying high-fidelity solution manifold.

8.2.2 QuadNet

To overcome the limited generalization capabilities of the Quad-LS approach, we intro-
duce a novel machine-learning-based correction strategy. The proposed model is defined
as

𝝉(𝝁) = a𝑇(𝝁)Q(𝚽)(x) a(𝝁) , (8.12)

where the explicit dependence on x emphasizes that the correction is represented as a
continuous function in space. The quadratic operator Q(𝚽)(x) is approximated through
a DeepONet-inspired architecture, illustrated in Figure .

The DeepONet, introduced in the previous chapter (see Figure 7.2) is characterized
by the presence of multiple subnetworks that process different inputs independently be-
fore combining the extracted information. In the present setting, the 𝑟u POD modes are
provided as input to the branch network ℬ, while the corresponding 𝑑-dimensional mesh
coordinates are supplied to the trunk network T . More specifically, we define the map-
pings

ℬ : R𝑟u → R𝑙 , T : R𝑑 → R𝑙 ,

so that each DeepONet input consists of the values of the 𝑟u retained modes evaluated at
a given spatial location together with the coordinates of that location. The outputs of the
branch and trunk networks are subsequently merged and processed by a third network,

ℋ : R𝑙 → R𝑠 ,
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Branch net

Trunk net
Operator 

Q̂θ

ϕ1...
ϕru

x

Combine net

Figure 8.2: Schematic representation of the architecture adopted for QuadNet.

whose output is the matrix Q̂𝜽(𝚽)(x), corresponding to the block representation intro-
duced in 8.10. Here, 𝜽 denotes the set of trainable parameters of the neural architecture.
Although the latent dimension 𝑙 can in principle be chosen arbitrarily, numerical exper-
iments indicate that selecting 𝑙 = 𝑠 provides a good balance between accuracy and com-
putational cost.

The main advantage of QuadNet is its continuous dependence on the spatial coordi-
nates. As a consequence, the learned quadratic operator can be evaluated at locations
that do not belong to the original computational mesh. Furthermore, the network can
be trained using only a subset of the mesh points, significantly reducing both memory
requirements and training costs. The impact of the number of training points is investi-
gated in the numerical experiments through a dedicated sensitivity analysis. The network
parameters are identified by minimizing the loss function

ℒ(𝜽) = 1
𝑁𝜇

𝑁𝜇∑
𝑖=1

‖𝝉true(𝝁𝑖) − Q̂𝜽(𝚽)(x) ã(𝝁𝑖)‖2𝑙2
‖𝝉true(𝝁𝑖)‖2𝑙2

. (8.13)

The use of a relative-error loss, rather than the most common mean squared error, is
motivated by the need to reduce the sensitivity of the training process to variations in
the magnitude of the correction terms. In practice, the corrections may be very small
or may exhibit significantly different scales across the dataset, making the optimization
more challenging. Normalizing the error with respect to the correction norm alleviates
this issue and generally leads to a more robust training procedure. Although the normal-
ization factors may be costly to compute for large meshes, they are evaluated only once
before training and therefore have a negligible impact on the overall computational cost.

8.2.3 QuadNet-𝜇

Both the Quad-LS and QuadNet models proposed are fixed in the parametric space. We
propose a further parametrized extension of QuadNet, namedQuadNet-𝜇, which approx-
imates the correction as:

𝝉(𝝁) = a𝑇(𝝁)Q(𝚽, 𝝁)(x) a(𝝁). (8.14)
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In this case, the neural network used to compute Q(𝚽, 𝝁)(x) has a MIONet-inspired struc-
ture, which is characterized by more than two subnetworks. The proposed architecture
is indeed composed of two branch networks and one trunk network, that separately pro-
cess the modes𝚽, the parameter 𝝁, and the spatial coordinates x. More precisely, the first
branch network defines a map ℬ1 : R𝑟u ↦→ R𝑙 , whose input is an 𝑟u-dimensional vector
representing the 𝑟u modes evaluated at a given point in the domain; the second branch
network is a map ℬ2 : R𝑃 ↦→ R𝑙 , whose input is a 𝑃-dimensional vector representing
the parameters of the problem (in our case 𝑃 = 1); finally, the trunk network is a map
T : R𝑑 ↦→ R𝑙 , whose input is the 𝑑-dimensional vector of spatial coordinates for a given
point in the domain. As for the QuadNet, a final subnetwork O : R𝑙 ↦→ R𝑠 outputs the
block version of the quadratic operator, namely Q̂𝜽(𝚽, 𝝁)(x), where 𝜽 are the parame-
ters of the network learned during training. The QuadNet-𝜇 architecture is represented
in Figure 8.3. This model is trained considering the same loss function as in Equation

Branch net

Trunk net

Combine net

1

Branch net 2

ϕ1...
ϕru

x

μ Operator 
Q̂θ

Figure 8.3: Schematic representation of the architecture adopted for QuadNet-𝜇.

(8.13), where the network output also incorporates the parameter dependence, namely
Q̂𝜽(𝚽, 𝝁)(x).

Remark: technical note on QuadNet and QuadNet-𝜇. It is important to highlight
that the quadratic expression a𝑇 Q a is not used in practice, neither in the NN
training nor in the online evaluations of the quadratic correction. We indeed ap-
proximate the correction with the equivalent quadratic form Q̂ã, where Q̂ =Quad-
Net(𝚽)(x) or Q̂ =QuadNet-𝜇(𝚽, 𝝁)(x).

8.3 Numerical results

Theproposed quadratic corrections are numerically tested on twodifferent two-dimensional
test cases: the steady-state backward-facing step flow, and the lid-driven cavity flow, both
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with varying velocity magnitude at the inlet.
The domains, boundaries notation and computational grids associated with both test

cases are represented in Figure 8.4. In both cases, the governing equations are the incom-
pressible NSE (Equation (1.1)), in their steady-state form in the first test case.

Γwall

Γwall

Γwall

Γout

Γin
Ω

(0, 5)

(0, 2)

(4, 0)

(4, 2)

(22, 5)

(22, 0)

(a) Backward-facing step.

ΓwallΓwall

Γwall

Γin

Ω

(0, 0) (0.1, 0)

(0, 0.1) (0.1, 0.1)

(b) Lid-driven cavity.

Figure 8.4: Domain and mesh considered in both the test cases.

In the backward-facing step flow case, the equations are complemented with no-slip
conditions at the top and bottom boundaries, homogeneous Neumann conditions for the
Cauchy stress tensor at the outlet, and Dirichlet conditions at the inlet, with a parabolic
Poiseuille profile for the velocity. The full system of equations is given by

u = 0 on Γwall ,

−𝑝n + 𝜈∇u · n = 0 on Γout ,

u =
( 𝜇

2.25 (y − 2)(5 − y), 0) on Γin ,

(8.15)

where we consider one parameter 𝜇 ∈ [1, 80], defining the amplitude of the parabolic
profile. Moreover, y refers to the vertical component of the coordinates.

The full-order solution is computed using the FEM, implemented in the open-source
Python package FEniCS [207], considering the velocity-pressure coupling P2 −P1 polyno-
mial spaces. The domain of Figure 8.4a is discretized with 3091 triangular elements, and
the discrete problem is solved for 500 values of 𝜇. For each 𝜇 the discrete velocity is saved
at the 𝑁u = 1639 vertices of the triangulation.

In the lid-driven cavity test case, the boundary conditions here are non-slip conditions
on Γwall and Dirichlet conditions on Γin, where we impose a constant, horizontal velocity,
whose magnitude is given by a parameter. In particular:

u = 0 in Ω × {0},
u = 0 on Γwall × [𝑡0 , 𝑇],
u = (𝜇, 0) on Γin × [𝑡0 , 𝑇],

(8.16)

where 𝑡0 = 0 s, 𝑇 = 5 s, 𝜈 = 10−5 m2 s−1, and the parameter 𝜇 ∈ [0.5, 1]m s−1 is the velocity
magnitude at the top boundary. The Reynolds number for this problem can be defined as
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𝑅𝑒 = 𝜇𝐿
𝜈 , where 𝐿 = 0.1 m is the width (and height) of the domain. With this range of the

parameter 𝜇, the Reynolds number varies in the range [5 × 103 , 104], which corresponds
to a convection-dominated flow, in a transitional state from laminar to turbulent.

The lid-driven cavity flow is simulated using the FVM with the open-source software
OpenFOAM [153, 230, 300] . The spatial domain is discretized with a uniform grid of
70 × 70 × 1 hexahedral cells, and the time domain is discretized at steps Δ𝑡 = 1 × 10−4 s.

It is important to stress that we do not consider time as a parameter. The dataset is
indeed built by solving the problem for 150 values of 𝜇 and saving the snapshot at the
final time 5 s. The velocity field is evaluated at the 𝑁u = 5041 domain points.

The numerical results are structured as follows:

⊲ A description of the hyperparameters of the different models is provided in 8.3.1;

⊲ We analyze the performance of the novel corrections (8.3.2), considering fixed num-
ber of modes 𝑟u and of snapshots 𝑁𝝁 (which we call full data regime);

⊲ We also investigate the accuracy of our model in two challenging data regimes:

◦ partial data (Section 8.3.3), where the models are trained with only a subset of the
mesh nodes, while keeping fixed the values of 𝑟u and 𝑁𝝁;

◦ scarce data (Section 8.3.4), where the networks are trained considering a smaller
set of parameters’ instances 𝑁𝝁, for different values of 𝑟u.

⊲ Analysis of the computational cost of all the models, in Section 8.3.5.

8.3.1 Setup of Corrected-ROMs

As briefly mentioned above, we investigate the novel ROM methodologies in different
regimes, namely full, partial, and scarce data. The number of modes 𝑟u, the number of
training snapshots 𝑁𝝁 (used for both the POD and the QuadNet and QuadNet-𝜇 train-
ings), and the percentage of spatial coordinates used to train the QuadNet-𝜇 architecture
(only in the partial data case) are outlined in Table 8.1.

Additionally, regarding the RBF interpolation used for themapping𝜇→ a, we adopt a
linear kernel for the backward-facing step, and a thin plate spline kernel for the lid-driven
cavity test case. Moreover, once the POD, RBF, and the correction model are trained, we
select 100 and 50 unseen 𝜇 instances (in the backstep and cavity test cases, respectively)
to compare the methodologies. It is important to remark that we consider the same test
instances in all the regimes (full, scarce, and partial data).

Regarding the Quad-LS methodology, the minimization problem (8.7) can be easily
solved with the least squares solver implemented in PyTorch. However, we highlight that
for high-dimensional problems (with larger number of degrees of freedom 𝑁u), the size
of tensor Q̂ may rapidly grow, leading to increasing computational cost and memory for
the least-squares problem.
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Table 8.1: Setup of all the ROMs considered, in different regimes (full, partial, and scarce
data). The last column refers to the percentage of spatial coordinates considered for the
training of QuadNet-𝜇.

Test case Regime 𝑁𝝁 𝑁u 𝑟u 𝑁u fraction
(QuadNet-𝜇
training)

Backward-facing step

Full data 400 1639 3 100%

Partial data 400 1639 3 [10, 20, 50]%
Scarce data [10, 20, 30, 40,

50, 100, 150, 200]
1639 [3, 5, 7, 9] 100%

Lid-driven cavity

Full data 100 5041 3 100%

Partial data 100 5041 3 [10, 20, 50]%
Scarce data [10, 20, 30, 40,

50, 100]
5041 [3, 5, 7, 9] 100%

Table 8.2: Summary of the network parameters for the QuadNet model.

Architecture Training
Input Hidden Output Activation lr Min. loss Max. epochs

ℬ 𝑟u 7 × 20 𝑠 Tanh
T 𝑑 = 2 7 × 20 𝑠 Tanh 𝑂(10−3) 10−2 20000
ℋ 𝑠 / 𝑠 Tanh

Concerning the QuadNet and QuadNet-𝜇 models, for all the subnetworks (see the ar-
chitecture of Figures 8.2 and 8.3) we adopt a simple feed-forward multi-layer perceptron
structure, whose hyperparameters are summarized in Tables 8.2 and 8.3. Preliminary

Table 8.3: Summary of the network parameters for the QuadNet-𝜇 model.

Architecture Training
Input Hidden Output Activation lr Min. loss Max. epochs

ℬ1 𝑟u 7 × 20 𝑠 Tanh

𝑂(10−3) 10−2 20000ℬ2 𝑃 = 1 7 × 20 𝑠 Tanh
T 𝑑 = 2 7 × 20 𝑠 Tanh
ℋ 𝑠 / 𝑠 Tanh

investigations showed that deeper branch and trunk networks lead to improved train-
ing convergence and model accuracy. For this reason, we consider 7 hidden layers of
20 neurons each for all the branch and trunk networks. The combine network is instead
composed of a single layer which combines the outputs of branch and trunk networks to
obtain the operator Q̂. We recall that 𝑠 = 𝑟u

𝑟u+1
2 , and that increasing latent dimensions 𝑟u

leads to large number of parameters of the NNs. This point, together with the additional
computational cost required by the NNs training, is discussed in Section 8.3.5.
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8.3.2 Full data

In the full data regime, the decay of the POD singular values obtained in both the test
cases by applying the SVD to the velocity snapshots’ matrix Su is represented in Figure
8.5. The lid-driven cavity test case exhibits a slower decay, as it is convection-dominated
and highly nonlinear. This is something expected a priori, since the range considered for
the Reynolds number incorporates the laminar-to-turbulence transition regime.

Figure 8.5: POD singular values decay in the full data regime, for both the test cases con-
sidered. The values are normalized to the first (largest) singular value.

We start comparing the models in terms of accuracy, both from a graphical point of
view (Figures 8.6 and 8.7 for the backstep and cavity, respectively) and in terms of relative
𝑙2 errors with respect to the FOM (Tables 8.4 and 8.5 for the backstep and cavity, respec-
tively). In the graphical representation, we do not include the QuadNet as it performs
worse than the QuadNet-𝜇 model. More in detail, the figures show the FOM solution at
an unseen parameter 𝜇★, and the graphical error fields u𝑟(x, 𝜇★) − u(x, 𝜇★) obtained with
the standard POD-RBF, and applying the corrections, namely employing Quad-LS and
QuadNet-𝜇.

Field for µ = 20.60 POD-RBF error Quad-LS error QuadNet-µ error

0 3 6 9 12 15 18 21 -0.51 -0.42 -0.32 -0.22 -0.12 -0.02 0.08 0.17 0.27 0.37

Figure 8.6: Backward-facing step test case. Velocity FOM solution, and errors of POD-RBF,
Quad-LS and QuadNet-𝜇 predictions with respect to the FOM, at an unseen parameter.

The tables show instead the relative 𝑙2 errors:

𝐸u(𝜇) = ‖u𝑟(x, 𝜇) − u(x, 𝜇)‖𝑙2
‖u(x, 𝜇)‖𝑙2 .

The terms “Avg”, “Median” and “Std” refer to the average,median and standard deviation
across the parameters considered.
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Field for µ = 0.60 POD-RBF error Quad-LS error QuadNet-µ error

0.00
0.09
0.18
0.27
0.36
0.45
0.54
0.63

-0.010
-0.008
-0.005
-0.003
-0.000
0.002
0.004
0.007
0.009
0.011

Figure 8.7: Lid-driven cavity test case. Velocity FOMsolution, and errors of POD-RBF,Quad-
LS and QuadNet-𝜇 predictions with respect to the FOM, at an unseen parameter.

The results show that, in both test cases, the quadratic corrections improve the accu-
racy of the baseline linear ROM. The most accurate model is QuadNet-𝜇, which consis-
tently outperforms both Quad-LS and QuadNet on the training and test datasets. This
result is expected, since QuadNet-𝜇 is local in the parameter space, whereas the other
two models are global.

The benefits of a local model are particularly evident in the backstep test case, where
both the average errors and their standard deviations are significantly smaller. Indeed,
the flow exhibits markedly different behaviours across the parameter range considered,
and the reduced variance achieved by QuadNet-𝜇 suggests that it is better able to capture
these variations than the other approaches. In contrast, this effect is less pronounced for
the lid-driven cavity case. Although the flow is convection-dominated throughout the
entire parameter range and is reproduced less accurately by a linear manifold, its overall
structure remains relatively unchanged.

Furthermore, this space-continuous model can be trained using only a reduced set of
selected sample points, leading to a more efficient training procedure while preserving a
high level of accuracy, as will be discussed in Section 8.3.3.

Table 8.4: Backward-facing step test case. Comparison of models performance in terms of
average, median and standard deviation of the velocity relative error.

Train error Test error
Avg(𝐸u) Std(𝐸u) Median(𝐸u) Avg(𝐸u) Std(𝐸u) Median(𝐸u)

POD-RBF 0.015 0.023 0.0059 0.015 0.022 0.006
Quad-LS 0.005 0.013 0.0015 0.0033 0.0062 0.0015
QuadNet 0.006 0.012 0.0015 0.0060 0.0099 0.0015
QuadNet-𝜇 0.0014 0.0029 0.00036 0.0013 0.0023 0.00036

8.3.3 Partial data

In this section we investigate how the space-continuity of NN-based models can be lever-
aged to reduce the number of collocation points used during training, with the aim of
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Table 8.5: Lid-driven cavity test case. Comparison of models performance in terms of aver-
age, median and standard deviation of the velocity relative error.

Train error Test error
Avg(𝐸u) Std(𝐸u) Median(𝐸u) Avg(𝐸u) Std(𝐸u) Median(𝐸u)

POD-RBF 0.030 0.010 0.027 0.033 0.010 0.030
Quad-LS 0.0154 0.0055 0.014 0.0176 0.0052 0.015
QuadNet 0.0154 0.0062 0.013 0.0182 0.0057 0.017
QuadNet-𝜇 0.0091 0.0035 0.0086 0.0108 0.0032 0.010

lowering the computational cost of the offline phase. Since QuadNet-𝜇 has shown the
best overall performance, we focus on this model.

Restricting the training data to a subset of collocation points introduces an additional
challenge: selecting an appropriate subset from the full mesh. A straightforward ap-
proach is to sample points uniformly at random across the domain, ensuring broad cov-
erage. While this strategy is generally effective, an analysis of the correction fields shows
that they are often highly localized, being non-negligible only in small regions of the do-
main. This suggests that uniform sampling may be suboptimal, as it does not prioritise
regions where the correction is large or rapidly varying, while oversampling areas where
it is nearly zero.

To address this issue, we propose a sampling strategy based on a Boltzmann-like prob-
ability distribution assigned to each mesh node. Specifically, the probability of selecting
the 𝑖-th node is defined as

𝜋𝑖 ∝ exp (−𝜏̃/(𝜏̄𝑖 + 𝜀)) , (8.17)

where 𝜏̄𝑖 = 1
𝑁𝝁

∑𝑁𝝁

𝑗=1 𝝉
true(x𝑖 , 𝜇𝑗) denotes the average correction at node 𝑖 over all training

snapshots, 𝜏̃ is a suitable normalization factor (such as the mean or maximum norm of
the corrections), and 𝜀 is a small positive constant introduced to avoid division by zero.
This construction increases the probability of selecting nodes associated with larger cor-
rections, while reducing the likelihood of sampling regions where the correction is typ-
ically small. A comparison between uniform and Boltzmann-like sampling strategies is
provided in Figure 8.8, where the proposed approach is shown to achieve the intended
effect.

The applicability of QuadNet-𝜇 in the 10, 20, and 50% partial data regimes is investi-
gated in terms of relative errors in Figure 8.9, which shows the median and the 5 − 95%
quantiles. As expected, the error decreases as the number of collocation points increases,
and the most accurate result is achieved when the full mesh is considered. However, it
is important to highlight that in the backstep test case, the 50%-partial data configuration
improves the Quad-LS accuracy. In the lid-driven cavity case, the difference between the
three partial data configurations is not as large as for the backstep. This is likely due to
the complexity of the solution, where the local features are not captured if less collocation
points are considered. It is however important to remark that:
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Figure 8.8: Backward-facing step test case. Comparison between samples of points drawn
from different distribution. The purple points are sampled from a Boltzmann-like distri-
bution, while the black crosses are sampled from a uniform distribution. A correction
field is plotted in the background for reference.

(a) Backward-facing step (b) Lid-driven cavity

Figure 8.9: Boxplots comparing the accuracy of the models considered in both the test
cases. The label Partial data (𝑥%) refers to the results obtained using QuadNet-𝜇 with the
𝑥% training snapshots.

⊲ it is possible to choose a more effective sampling strategy to select the collocation
points, but this goes beyond the scope of this work;

⊲ considering 10% of the mesh nodes reduces the training time of roughly 10% with
respect to the full data configuration. We expect larger time saving in the case of
larger 𝑁u.

8.3.4 Scarce data

Finally, we test the model’s performance when data is scarce, i.e., with smaller 𝑁𝝁 values,
and for different latent dimensions 𝑟u. This scenario is particularly relevant in real-world
applications, where performing a large number of FOMs is computationally prohibitive.

We focus on the best-performingmodel of the previous experiments (QuadNet-𝜇), and
measure the reduction of the relative error with respect to the baselinemethods, i.e., POD-
RBF and Quad-LS. Just as in the previous chapter (see Equation (7.8)), this gain variable
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is computed as:

1
𝑁 test

𝝁

𝑁 test
𝝁∑
𝑖=1

𝐸base
u (𝜇𝑖) − 𝐸QuadNet-𝜇

u (𝜇𝑖)
𝐸base

u (𝜇𝑖)
,

where 𝑁 test
𝝁 is the number of test parameters, and the superscript “base” refers either

to POD-RBF or to Quad-LS. Figure 8.10 quantifies the gain metric with respect to both
baseline models and both test cases.

(a) Backward-facing step.

(b) Lid-driven cavity.

Figure 8.10: Comparison of QuadNet-𝜇 errors with POD-RBF and Quad-LS. The left half
of the circles shows the relative difference in error between QuadNet-𝜇 and POD-RBF,
while the right half shows the difference between QuadNet-𝜇 and Quad-LS.

We find that QuadNet-𝜇 outperforms the baseline models in almost all cases, often
reducing the error by more than 90%. A few exceptions can be observed, mainly for con-
figurations with a small number of training snapshots and a large number of PODmodes.
In these situations, two factors may limit the effectiveness of the quadratic correction:

⊲ when only a few snapshots are available, the POD basis may not provide an accurate
representation of the solution manifold, and the quadratic correction can amplify
the resulting approximation errors;

185



CHAPTER 8. CORRECTED-ROMS: AN EXTENSION OF CLOSURES TO NONINTRUSIVE
ROMS

⊲ as the number of modes approaches the number of training snapshots, the POD re-
construction of the training data becomes nearly exact, causing the correction fields
to become very small. Consequently, the network learns corrections of negligible
magnitude, and the resulting quadratic ROM behaves similarly to the linear one.
This is something already observed also in Chapter 7 (see for example Figure 7.7).

Compared with Quad-LS, QuadNet-𝜇 is generally more accurate, with only a few ex-
ceptions occurring for large training datasets and relatively high-dimensional reduced
spaces. As the number of POD modes increases, the neural networks become larger and
more difficult to train, making the results more sensitive to hyperparameter choices and
weight initialization. Nevertheless, even in the cases where QuadNet-𝜇 does not achieve
the lowest error, it typically remains competitive and often still outperforms Quad-LS.

As expected, allmodels benefit from larger trainingdatasets and richer reduced spaces.
However, Quad-LS tends to struggle when data are scarce, producing substantially larger
errors than both POD-RBF andQuadNet-𝜇. Asmore training snapshots become available,
the performance of both the quadratic approaches improves, with QuadNet-𝜇 outper-
forming Quad-LS in most configurations. Furthermore, QuadNet-𝜇 appears to be more
robust, exhibiting a smaller spread in prediction errors, as evidenced by the narrower
percentile bands shown in 8.10. Although Quad-LS occasionally achieves slightly lower
errors for specific parameter combinations, the differences remain small and the overall
trends consistently favour QuadNet-𝜇.

8.3.5 Computational cost

We can now perform a comparison among the three quadratic models in their computa-
tional cost.

As already discussed, one of the main distinctions between Quad-LS and the NN-
based approaches is that the former is discrete in space, whereas the latter provide a
continuous representation. Consequently, the quadratic operator in Quad-LS is charac-
terized by 𝑠 × 𝑁𝝁 parameters, corresponding to approximately 10 000 parameters for the
backward-facing step and 30 000 for the lid-driven cavity. In contrast, from Tables 8.2 and
8.3 we find that QuadNet and QuadNet-𝜇 contain approximately 5700 and 8400 trainable
parameters, respectively, making both models effectively smaller than Quad-LS.

A smaller model is advantageous from a memory standpoint, particularly for large-
scale applicationswhere the computationalmesh is substantially larger than in the present
test cases. However, in our experiments this reduction in model size did not translate
into noticeable computational savings. While the online evaluation costs of the three ap-
proaches are comparable, the offline training phase is considerably more expensive for
the NN-based models. The training time2 of QuadNet and QuadNet-𝜇 ranges from ap-
proximately 8 to 25 minutes, depending on the network size and the amount of training

2The machine is a workstation equipped with an 11th Gen Intel(R) Core(TM) i7-11700 CPU, 32 GB of
RAM, and an NVIDIA Quadro RTX 4000 GPU with 8 GB of memory.
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data. In contrast, training Quad-LS requires only a few milliseconds, typically less than
10.

Nevertheless, this additional offline cost becomes much less significant when com-
pared with the cost of generating full-order simulations. For instance, in the lid-driven
cavity test case, a single full-order simulation requires approximately 3 minutes. There-
fore, the time needed to train a neural network corresponds to the cost of generating only
about 3 to 8 additional full-order solutions, depending on the value of 𝑟u. In practice,
if Quad-LS and QuadNet-𝜇 are trained on the same dataset, the extra training cost of
QuadNet-𝜇 can be amortized after only 3 to 8 additional online queries. In a realistic
many-query setting, such an overhead is likely to be negligible.

8.4 Conclusions

In this chapter, based on the work of [68], we introduced a new class of non-intrusive
ROMs based on neural operator architectures, with the goal of overcoming some of the
limitations of classical linear approaches. In particular, we proposed two neural-network-
based models, QuadNet and QuadNet-𝜇, built upon the DeepONet and MIONet frame-
works, respectively, to learn quadratic corrections to an existing surrogate model. The
proposed approaches consistently improved the accuracy of standard POD-based ROMs
and of the baseline quadratic correction methodology (Quad-LS) [251, 106]. Numerical
experiments on benchmark fluid dynamics problems showed error reductions of up to
90% with respect to POD-RBF and up to 80% with respect to Quad-LS, while requiring a
limited number of training samples and relatively compact models. These results high-
light the ability of neural operators to effectively represent complex nonlinear dynamics
and correction fields. Furthermore, the continuous dependence of the proposed models
on both the spatial coordinates and the physical parameters provides additional flexibility
and generalization capabilities to practical scenarios (like scarce or partial data availabil-
ity).

Remark: parallelism between DD-EV-ROM (Chapter 7) and the Corrected-ROM
(Chapter 8).
The work presented in this chapter is the natural nonintrusive extension of the ap-
proach of Chapter 7. Table 8.6 highlights similarities and differences among the
models, in terms of the exact correction we want to learn, and the correction map
used to model it. For the Corrected-ROM we focus on the parametrized (and more
accurate) map QuadNet-𝜇.

Table 8.6: Comparison between DD-EV-ROM and Corrected-ROM.
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DD-EV-ROM Corrected-ROM

𝝉true Definition

[
ℛ𝑑u

𝑟u − ℛ𝑟u
ℛ𝑑p

𝑟u − ℛ𝑟p

]
u − u𝑟

Dimension 𝑟u + 𝑟p (reduced) 𝑁u (full)

Correction map

Notation ℳ QuadNet-𝜇

Architecture MIONet (Figure 7.4) MIONet (Figure 8.3)

Input a, g, 𝝁 𝝓1 , . . . ,𝝓𝑟u , x, 𝝁

Input dim. 𝑟u + 𝑟𝜈𝑡 + 𝑃 (reduced) 𝑟u + 𝑑 + 𝑃 (reduced)

Output 𝝉 ≈ 𝝉true Q̂ s.t. Q̂ã ≈ 𝝉true

Output dim. 𝑟u + 𝑟p (reduced) 𝑟u
𝑟u+1

2 (reduced)

The table shows that the definition of the exact correction is different among the
models, as it is a classical closure approach in DD-EV-ROM and a simple discrep-
ancy with respect to the ground truth in the Corrected-ROM. Moreover, there is a
difference in the dimension of the correction itself. On the one hand, in the intru-
sive approach it is an extra-term added into the reduced system, and has indeed
a reduced dimension. On the other hand, in the nonintrusive approach it directly
corrects the ROM approximation and we need indeed full dimensionality. Finally,
in the intrusive approach the output of the neural network is the correction itself,
while in the nonintrusive model, the output is the quadratic operator. This allows
the nonintrusive model to keep a quadratic form, while the intrusive one adopts a
fully nonlinear function.

8.4.1 Conclusions to Part II and motivations to Part III

In Part II, we have presented three projects aimed at enhancing the accuracy of exist-
ing ROMs using different filtering and closure (or correction) approaches. The use of
machine-learning allowed to build nonlinear functions able to accurately model stabiliza-
tion operators (in the StabOp case of Chapter 6) and closure terms (in Chapters 7 and 8).
In all three projects presented in Part II, the starting point is a standard POD-based ROM.
Such models are supported by a well-established mathematical framework, which pro-
vides rigorous results on approximation properties, stability, and error estimation. The
machine-learning components introduced in Chapters 6, 7, and 8 are not intended to re-
place this framework, but rather to augment it through nonlinear stabilization, closure, or
correction operators.

However, the introduction of data-driven components also raises important theoreti-
cal and practical challenges. Once machine-learning-based terms are added, either at the
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level of the reduced dynamical system or directly to the reconstructed solution, the be-
haviour of the resulting model becomes significantly harder to analyse. In general, classi-
cal guarantees inherited from projection-based reduced-order modeling no longer apply
automatically. For instance, the stability of the reduced system may be compromisede,
as observed in the original DD-EV-ROM formulation when the corretion map is trained
independently of the turbulence map. Likewise, rigorous error bounds become difficult
to establish, since the overall approximation now depends on the interaction between the
projection-based model and a learned nonlinear correction.

Moreover, these approaches remain fundamentally constrained by the underlyingPOD
representation. The machine-learning components can compensate for modeling errors
and missing dynamics, but they cannot overcome the intrinsic limitations of the reduced
basis. In the case of DD-EV-ROMs, for example, the reconstruction error associated with
the POD projection represents a lower bound on the achievable approximation accuracy.
Consequently, when the POD basis itself provides a poor representation of the solution
manifold–asmay occur in complex real-world applications, in the presence of scarce train-
ing data, or when only partial observations are available–even sophisticated closure mod-
els may not be sufficient.

These considerations have motivated a growing body of recent research devoted to
surrogate modeling approaches in which POD is no longer regarded as the fundamen-
tal representation tool. Instead, nonlinear machine-learning architectures are employed
to learn low-dimensional latent representations directly from data. Such methods offer
the potential to overcome some of the limitations of linear subspace approximations and
constitute the focus of Part III.
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9

NONLINEAR ROMS AND CONVOLUTIONAL
ARCHITECTURES: LITERATURE REVIEW

Although the POD provides an optimal low-rank approximation in the sense of the 𝐿2-
projection onto linear subspaces and it relies on a strongmathematical theory, its accuracy
is fundamentally constrained by the complexity of the underlying solution manifoldA.

From an approximation theoretic perspective, the POD constructs the best possible
approximation within a linear subspace of pre-selected dimension 𝑛. Consequently, the
performance of POD is fundamentally linked to the Kolmogorov 𝑛-width of the solution
manifoldA [69, 214, 255]. The 𝑛-width quantifies the best possible approximation error
achievable by any 𝑛-dimensional linear subspace V and is defined as:

𝑑𝑛(A) = inf
dim(V)=𝑛

sup
𝑢∈A

inf
𝑣∈V ‖𝑢 − 𝑣‖. (9.1)

When the Kolmogorov 𝑛-width decays rapidly, the solution manifold is well approx-
imated by a low-dimensional linear space, and POD yields efficient ROMs. However, in
many nonlinear and parameter-dependent PDEs, the Kolmogorov width decays slowly,
indicating that any accurate representation would require a prohibitively large number
of basis functions. This would make the reduced space high-dimensional and therefore
computationally expensive or even infeasible in practice due to the cost of generating suf-
ficiently many snapshots.

This intrinsic limitation motivates the development of nonlinear reduction strategies.
Several nonlinear approaches for ROMs have been explored in the past years. We list here
a far-from-exhaustive list of nonlinear reduction approaches:

⊲ nonlinear manifold approximations, like quadratic manifolds [151, 23, 106], briefly
recalled in Chapter 8, polynomial manifolds [105], kernel POD [299];

⊲ geometric transformation-basedmethods, like registrationmethods [326, 90], shifted
POD [270, 246], optimal transport [166], the method of freezing [236];

⊲ manifold interpolation methods, such as Grassmann or geodesic interpolation [12,
13];

⊲ data-driven nonlinear maps, like AEs [132, 347].

In this thesis, we only focus on the last class, i.e., autoencoders, which will be the basis to
construct the model of Chapter 10. The remainder of this chapter is organized as follows:
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⊲ a brief description and state-of-the-art review ofAE-basedmodel reductionmethod-
ologies (Section 9.1);

⊲ a brief section recalling the structure of a convolutional layer and of its continuous
extension, and how it is employed in AEs (Section 9.2);

⊲ a final section motivating the novel approach for nonlinear model order reduction
of Chapter 10.

9.1 Nonlinear dimensionality reduction via AutoEncoders

In this section, we revise the most common AE-based methodologies for model order
reduction, which are schematized in Figure 9.1.

u

Encoder ℰ

a

Decoder 𝒟

ur

Parameter-to-latent map

μ a

Latent evolution map

an an+1

μ

Discrete

Continuous

Solve 
·a = fθ (a; μ)Training only

Online stage

Figure 9.1: An illustrative scheme of the most common nonlinear model order reduction
methodologies.

AEs have emerged as one of the most successful approaches for nonlinear reduced-
ordermodelling. Unlike linear projectionmethods, AEs learn a nonlinear low-dimensional
manifold directly from data through two parametric mappings: an encoder ℰ and a de-
coder D . The encoder ℰ : R𝑁 → R𝑟 compresses a high-dimensional state u ∈ R𝑁 into a
set of 𝑟 latent coordinates a = (𝑎𝑖)𝑟𝑖=1, while the decoder D : R𝑟 → R𝑁 reconstructs the
original solution from the latent representation. Formally, we can write:

u ≈ u𝑟 = AE(u) = (D𝝋 ◦ ℰ𝜽)(u),

where 𝝋 and 𝜽 are the network parameters that are jointly optimized by minimizing a
reconstruction loss over a set of 𝑁𝝁 training snapshots, typically:

ℒAE(𝝋, 𝜽) = 1
𝑁𝝁

𝑁𝝁∑
𝑖=1
‖u(𝝁𝑖) − (D𝝋 ◦ ℰ𝜽)(u(𝝁𝑖))‖2. (9.2)
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The simplest architecture of an AE consists of two fully-connected multilayer percep-
trons (MLPs) (as represented in Figure 9.1), one implementing the encoder and the other
the decoder, as introduced in [132]. While several architectural variants have been pro-
posed, including convolutional AEs [193], graph [122] and graph convolutional AEs [254],
fully-connected networks remain the standard choice for problems where the state is nat-
urally represented as a vector. Convolutional architectures, which better exploit spatial
locality and translational invariance, will be discussed in the following section.

Since the decoder is responsible for reconstructing a high-dimensional nonlinear solu-
tion manifold from a compressed latent representation, it often requires a larger expres-
sive capacity than the encoder, which is commonly achieved through deeper or wider
architectures (see Figure 9.1). Conversely, several works have investigated constrained
autoencoder architectures, such as with symmetric, orthogonal, or biorthogonal encoder-
decoder weights [243, 44, 199]. Rather than increasing the expressive power of the net-
work, these approaches introduce architectural constraints to improve properties such as
invertibility and interpretability. These additional constraints, however, generally lead
to a more difficult optimization problem and may hinder the convergence of the training
procedure.

Once the nonlinearmanifold has been learned, an important question naturally arises:
How can the latent coordinates be computed during the online stage, when the full-order solution
is no longer available?

During the training stage, this issue does not arise explicitly, since the latent represen-
tation is readily obtained by encoding high-fidelity snapshots through the encoder. How-
ever, in the online phase, the encoder can no longer be used, as the full state is precisely
the unknown quantity that the ROM aims to approximate. Consequently, an additional
mechanism is required to estimate or evolve the latent variables using only accessible in-
formation, such as the initial condition, system parameters, or past latent states (in the
case of time-dependent problems). From this perspective, three main classes of latent
coordinate mappings have been proposed in the literature (as represented in Figure 9.1):

⊲ Parameter-to-latent maps, where a mapping

𝝁 ↦→ a

is learned via an interpolation or regression-type map. This approach is typical of
nonintrusive surrogate models, where the goal is to learn a direct mapping from
the parameter space to the latent manifold. Classical strategies include RBF inter-
polation, GPR [121], neural network regressors [127], operator-learning approaches
such as DeepONet [210] and other neural operators when interpreted in reduced co-
ordinates. Examples of works applying such methods in AE-based ROMs are [101,
100, 98].
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⊲ Discrete-latent time-evolution maps, where the evolution of the system for time-
dependent problems can be modelled directly through the mapping

(a𝑛 , 𝝁) ↦→ a𝑛+1.

In this way, the original high-dimensional evolution is replaced with a learned map
on the reduced coordinates. This class includes autoregressive neural networks,
recurrent architectures such as Long-Short Term Memory networks (LSTMs) [221,
306], as well as more structured dynamical representations such as Koopman-based
models, DMDvariants [298, 337, 184], and sparse identification of nonlinear dynam-
ics [47]. Examples of works exploiting these approaches in model order reduction
are [344, 244, 163, 71, 231].

⊲ Continuous-latent time-evolutionmaps, where the underlying vector field 𝑓𝜽(a, 𝝁)
governing the latent evolution is directly learned, and the reduced-order ODE

¤a = 𝑓𝜽(a, 𝝁)

is solved. The latent trajectory is then obtained by numerical integration of this
learned model. This perspective is closely related to neural ODEs and their exten-
sions to parameterized and latent dynamical systems [61, 194]. Examples of appli-
cation of such methods in the field of model order reduction are [274, 195, 201, 88,
89, 331].

9.2 Convolutional architecture

While fully-connectedAEs treat the input state as a one-dimensional vector,many reduced-
order modelling applications involve solutions naturally defined on one-, two-, or three-
dimensional spatial domains. In these cases, flattening the solution into a vector neglects
the underlying spatial organization and local correlations of the physical field of interest.
CNNs overcome this limitation by exploiting local connectivity and weight sharing, al-
lowing the network to extract hierarchical spatial features while drastically reducing the
number of trainable parameters.

A convolutional layer applies a set of learnable filters (or kernels) that are convolved
with the input feature maps. We consider an input tensor S ∈ R𝐶in×𝐻in×𝑊in , which rep-
resents an image of dimension 𝐻in (height) ×𝑊in (width) with 𝐶in input channels. For
example, in the case of a red-green-blue (RGB) image, we can naturally distinguish 3 in-
put channels corresponding to the threemain colours, while in the case of a 𝑑-dimensional
vector field 𝐶in = 2. We also consider a convolutional kernel K ∈ R𝐶out×𝐶in×𝐻𝐾×𝑊𝐾 , where
𝐻𝐾 and𝑊𝐾 are the height and width of the kernel, and 𝐶out is the desired number of out-
put channels. To simplify the notation we indicate as S(𝑐) ∈ R𝐻in×𝑊in the 𝑐-th channel of
the input (adopting the same notation for the output), while we denote as K(𝑑,𝑐) ∈ R𝐻𝐾×𝑊𝐾

the kernel matrix corresponding to the input channel 𝑐 and to the output channel 𝑑. The
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application of a convolutional layer with kernel K on the input feature S produces the
output:

Y(𝑑) = ℎ

(
𝐶in∑
𝑐=1

(
K(𝑑,𝑐) ∗ S(𝑐) + 𝑏(𝑑)

))
, (9.3)

where 𝑏(𝑑) is the scalar bias associated with the 𝑑-th output channel, ℎ is the nonlinear ac-
tivation function, and the symbol ∗ indicates a convolution (or cross-correlation) operation,
namely:

(
K(𝑑,𝑐) ∗ S(𝑐)

)
𝑖 , 𝑗

=
𝐻𝐾∑
𝑝=1

𝑊𝐾∑
𝑞=1

𝐾(𝑑,𝑐)𝑝,𝑞 𝑆(𝑐)𝑖+𝑝,𝑗+𝑞 . (9.4)

An example of discrete convolution is represented in Figure 9.2a. The convolutional
layer is characterized by four hyperparameters: kernel size, stride, padding, and dila-
tion. The kernel size defines the size of the local region considered by each convolution
operation, whereas the stride determines how the kernel moves across the input and con-
trols the resulting spatial resolution. The padding defines how boundary conditions are
handled during convolution, ensuring either dimensional preservation or controlled re-
duction of the spatial domain. Finally, the dilation allows for an enlarged receptive field
without increasing the number of parameters, enabling the capture of multi-scale spatial
features.
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(b) Transposed discrete convolution

Figure 9.2: Examples of direct and transposed discrete convolution operations.

CNNs are constructed by composing multiple convolutional blocks, each typically
consisting of a convolutional layer followed by a nonlinear activation. In addition, CNN
architectures typically employ pooling operators, strided convolutions, and upsampling
layers to control the spatial resolution of feature maps. Pooling operations, such asmax or
average pooling, provide fixed downsampling mechanisms, while strided convolutions of-
fer a learnable alternative. These components are often complemented by normalization
layers to stabilize the training process and improve convergence.

Architectures such as LeNet, [192]AlexNet [178],VGGNet [309],ResNet [125], andU-
Net [275] have progressively demonstrated the effectiveness of convolutional structures.

The convolutional layers may also be used into an AE architecture for dimensionality
reduction in high-dimensional spatial problems, as they exploit local correlations and hi-
erarchical structure in the data. The resultingmodel is called Convolutional AutoEncoder
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(CAE) and typically contains a sequence of convolutional layers and activations (encoder),
and of transposed convolutional layers and activations (decoder). The transposed con-
volutional layers are indeed used to perform a learnable upsampling, as represented in
Figure 9.2b. Unlike standard convolutional layers, which map high-resolution inputs to
lower-dimensional feature maps, transposed convolutions propagate information from a
low-dimensional representation to a higher-resolution output by distributing each input
activation over a larger spatial region. This operation can be interpreted as the transpose
of a linear convolution operator and is widely employed in convolutional autoencoders
for reconstructing high-dimensional physical fields.

Moreover, fully-connected layers are often introduced after a flattening operation that
converts convolutional featuremaps into one-dimensional vectors, thereby enabling global
interactions among all extracted spatial features, particularly useful in classification tasks.

While CNNs are widely exploited for image-like data, their direct application in CFD
settings typically relies on the assumption that the input field is defined on a structured
mesh, so that it can be represented as a regular tensor with a well-defined spatial order-
ing. This requirement constitutes a limitation in practical engineering applications, where
simulations are often performed on unstructured meshes. In such cases, the raw solution
must be remapped onto a structured grid before being processed by convolutional archi-
tectures, potentially introducing interpolation errors and additional computational cost.

The following part presents the continuous version of convolutional layers [73], which
can then be used for unstructured inputs.

9.2.1 Continuous Convolutional architecture

We here recall the continuous convolutional layer model, which was recently proposed
in [73].

A continuous convolutional layer extends the classical convolutional operation by re-
placing discrete convolutional kernels with learnable continuous functions. To simplify
the notation, we consider here a two-dimensional convolution, a scalar input function, i.e.,
𝐶in = 𝑑 = 2, and a scalar output function, i.e., 𝐶out = 1. At first, we consider an irregular
grid of coordinates {x𝑗}𝑁𝑗=1 = {(𝑥 𝑗 , 𝑦 𝑗)}𝑁𝑗=1 ∈ Ω ⊂ R2, being 𝑁 the number of degrees of
freedom. In contrast with the discrete convolution defined in (9.4), the continuous convo-
lution (considering 𝑑 = 2 dimensions) can be defined as:

Y (𝑥, 𝑦) = (S ∗ K)(𝒙) =
∫
X

∫
Y
S(𝑥 + 𝜏𝑥 , 𝑦 + 𝜏𝑦) · K (𝜏𝑥 , 𝜏𝑦) 𝑑𝜏𝑥 𝑑𝜏𝑦 , (9.5)

where S : Ω→ R represents the continuous version of the input tensor S defined into the
domain Ω. K : X ×Y→ R is the continuous kernel. Note that X ×Y ≠ R2, as the filter is
defined on a smaller domain than the input function. In particular, we typically consider
X = [0, 1] and Y = [0, 1]. The continuous kernel is approximated using a trainable MLP,
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while the integral can be approximated as a discrete sum, as follows:

Y (𝑥̃𝑖 , 𝑦̃𝑖) =
∑
𝑥𝑖∈X

∑
𝑦𝑖∈Y
S(𝑥𝑖 + 𝜏𝑥 , 𝑦𝑖 + 𝜏 + 𝑦) · K (𝑥𝑖 , 𝑦𝑖), (9.6)

where (𝜏𝑥 , 𝜏𝑦) are the strides positions, while (𝑥̃𝑖 , 𝑦̃𝑖) are the points obtained by taking the
centroid of the filter position mapped onto the Ω domain. A schematic illustration of the
continuous convolutional layer is represented in Figure 9.3 [73].

Map to filter 
domain

MLP 
evaluation

Kernel

Figure 9.3: Sketch of the continuous convolutional operation [73]: the unstructured points
are mapped into the filter domainX×Y = [0, 1]2, then a MLP kernelK is used to approx-
imate the filter values, and finally a convolution between the mapped input values and
the filter values is computed.

We also remark some advantages and computational details of the continuous convo-
lutional layer [73]:

⊲ it works for a general domain Ω, e.g., the connectivity is not a requirement;

⊲ the stride positions do not have to cover the entire domain;

⊲ the result can be generalized todifferent grids as themodel itself is space-continuous;

⊲ the implementation is optimized by stacking the mapped input, so that the MLP is
called only once before the for loop.

However, as we will see in Chapter 10, training a Continuous Convolutional Neural
Network (CCNN) is typically more time-demanding than training a discrete CNN. The
reason lies in the mapping function used to compute the points (𝑥̃𝑖 , 𝑦̃𝑖). It is here imple-
mented using linear search, but the use of more advanced algorithms based on efficient
data structures may decrease the training time.

The question that may automatically arise is:
How is the continuous convolutional layer employed in the field of model order reduction?
As in [73], it can be adopted in combination with both standard convolutional layers and
MLP architectures to form a Continuous Convolutional AutoEncoder (CCAE). Moreover,
the transposed convolutional operation may be trivially implemented within the decoder
part [83]. Differently from standardCAEs, the presence of a first continuous convolutional
layer in the encoder (and of the transposed continuous convolution as a last layer of the
decoder) allows the CCAE to be applied to solutions defined on different grids.
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CHAPTER 9. NONLINEAR ROMS AND CONVOLUTIONAL ARCHITECTURES:
LITERATURE REVIEW

9.3 Motivation for the proposed approach

As briefly outlined in this chapter, several researchers are working on nonlinear ROMs.
However –to the best of our knowledge– most of the existing works focus on applying a
nonlinear compression directly on the solution field, e.g. in a purely data-driven fashion,
without employing the full-order operators. The question that we pose ourselves is then:
Is it possible to define a nonlinear transformation, as a nonlinear generalization of POD-Galerkin
approaches, that allows to compress full-order operators?
We propose an operator compression framework in the field of nonlinear model order re-
duction by exploiting neural networks to compress the full-order operators.

For instance, we consider a full-order operator A ∈ R𝑁×𝑁 , where 𝑁 is the number of
FOM degrees of freedom.

In POD-Galerkin approaches, the corresponding reduced operator is computed as
A𝑟 = V𝑇AV, where V ∈ R𝑁×𝑟 and 𝑟 is the pre-selected reduced dimension.

We propose to replace the linear projection with a nonlinear Convolutional Encoder
(CE) mapping A𝑟 = CE(A). Once all the reduced operators are nonlinearly compressed,
we can solve the reduced equationswith standard techniques (linear or nonlinear solvers),
and finally decode the reduced solution into the full-order space with a neural network.

After introducing the nonlinear mappings required by the proposed framework, sev-
eral natural questions arise.

Why learning reduced operators instead of directly learning the solution?
Unlike most nonlinear ROMs, which directly learn a low-dimensional representation of
the solution field, our goal is to learn a reduced representation of the operators defining
the governing equations. This allows the reduced model to retain the algebraic structure
of the original problem: rather than replacing the solver with a neural network, we still
solve a reduced system of equations. Consequently, the resulting ROM remains inter-
pretable and closer in spirit to projection-based methods.

Can the structural properties of the full-order model be preserved?
Since the compression is performed at the operator level, it is possible to design the non-
linear mappings so that important mathematical properties of the full-order operators
are maintained at the ROM level. Depending on the operator considered, one may en-
force symmetry, positive definiteness, or other algebraic constraints on the reduced oper-
ators, either as a weak constraint (an additional term in the loss function) or as a hard con-
straint (by employing a specific NN architecture). Preserving these properties improves
the FOM-ROM consistency, and contributes to the robustness of the numerical method,
as showed in the context of DMD [18].

Is the training procedure computationally expensive?
Training the neural networks constitutes an additional offline cost. However, convolu-
tional architectures exploit parameter sharing: the same convolutional kernels are applied
throughout the computational domain, so the number of trainable parameters depends
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9.3. MOTIVATION FOR THE PROPOSED APPROACH

primarily on the kernel size rather than on the dimension of the discretized problem. This
makes convolution-based maps significantly more scalable than fully connected architec-
tures.

What happens when the full-order operators become extremely large?
For complex test cases, a large value of 𝑁 may be required to achieve an accurate sim-
ulation, making the storage and compression of the resulting full-order matrices pro-
hibitively expensive in terms of memory. However, PDEs’ operators such as mass, dif-
fusion, and convection matrices are inherently sparse and exhibit strong locality. These
features can be naturally exploited through the continuous convolution operation intro-
duced in Section 9.2.1, which are designed to operate on unstructured representations and
can directly handle the sparse structure of differential operators. In particular, instead of
considering the full matrix representation, only the non-zero entries of the discrete opera-
tors are processed, allowing the network to learn local patterns while avoiding the storage
of large dense matrices. This substantially reduces the memory footprint and improves
the scalability of the proposed approach for large-scale problems.
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10

CONVOLUTIONAL OPERATOR COMPRESSION
STRATEGIES FOR ROMS

This chapter investigates the use of convolutional architectures for the compression of
differential operators, with the goal of building a novel nonlinear ROM framework.

As motivated in Section 9.3, the main goal of this chapter is to investigate how to con-
struct a nonlinear ROM by learning compressed representations of full-order operators
rather than directly approximating the solution field.

We propose a preliminary framework based on trainable neural network mappings
that perform nonlinear operator compression, while maintaining the structure of a classi-
cal reduced problem formulation. This study represents an initial step towards the devel-
opment of nonlinear operator-based ROMs, exploring the potential of neural networks to
extend classical projection-based approaches beyond linear subspace approximations.

The chapter is subdivided in the following parts:

⊲ Section 10.1, where the novel ROM structure is presented;

⊲ Section 10.2, which performs a preliminary investigation on three two-dimensional
test cases, namely a Poisson problemwith two parameters, an advection-dominated
test case, and a Burgers test case. A final discussion of the results and of the compu-
tational costs is provided in Section 10.2.4.

⊲ A conclusive part highlighting the main findings and possible future research direc-
tions is finally presented in Section 10.3.

10.1 Methodology

Here we introduce the novel nonlinear ROM proposed in this work, which is sketched
in Figure 10.1. As briefly anticipated in Section 9.3, our goal is to propose a nonlinear
version of the well-known projection-based intrusive ROM approaches, based on neural
networks.

We start by considering a full-order system in the form Au = f , where A ∈ R𝑁×𝑁 ,
u ∈ R𝑁 , and f ∈ R𝑁 . We aim to compress the FOM into a reduced order system of
prescribed dimension 𝑟 � 𝑁 . We seek three different mappings:

⊲ a nonlinear convolutional encoder CE: A ↦→ Ar, with Ar ∈ R𝑟×𝑟 . To learn this non-
linear mapping, we employ CNNs. Originally developed for structured data such
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Figure 10.1: Schematic illustration of the proposed CE-AE approach, where a convolu-
tional neural network is used to compress the full-order discrete operators.

as images, CNNs are naturally suited to discrete differential operators, which can
also be interpreted as structured inputs;

⊲ a nonlinear encoder ℰ : f ↦→ y, with y ∈ R𝑟 is the latent representation of the full-
order field f ;

⊲ a nonlinear decoderD : z ↦→ u𝑟 , where z is foundby solving the reduced 𝑟-dimensional
system Arz = y. In a classical ROM fashion, the goal is to obtain a decoded solution
u𝑟 ∈ R𝑁 as close as possible to the full-order reference u.

Both thematrixA and the vector-valuedfields u and f are in general parameter-dependent,
namely A(𝝁), f (𝝁), and u(𝝁).

We consider as encoder ℰ and decoder D classical MLP neural networks, but other
choices are possible, such as convolutional neural networks [193] or continuous convolu-
tional neural networks [73].

Moreover, we consider theMLP encoder anddecoder as parts of the sameAE, e.g., hav-
ing a symmetric architecture in the layers and activation functions, but different choices
are possible. More in detail, about the AE architecture, we remark that the encoder and
decoder weights are not symmetric but jointly trained without any structural constraint.

Remark: about the solution encoder.
It is important to highlight that we compress the right-hand side term f with the
same encoder used to compress the solution u, as the two vectors formally belong
to the same vector space. However, this assumption may introduce an excessive
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CHAPTER 10. CONVOLUTIONAL OPERATOR COMPRESSION STRATEGIES FOR ROMS

inductive bias in the training process. Indeed, although u and f belong to the same
vector space, their spatial structures and relevant features can differ significantly.
Enforcing a shared encoder therefore restricts the admissible latent space and may
prevent the network from learning themost suitable reduced representation for the
solution, negatively affecting the convergence.

In standard AEs, the loss function that is typically adopted is the discrepancy between
the reconstructed solution, namely, adopting the notation of Figure 10.1:

ℒAE =
1
𝑁𝝁

𝑁𝝁∑
𝑖=1
‖u(𝝁𝑖) − u𝑟(𝝁𝑖)‖22 , (10.1)

where 𝑁𝝁 is the number of training snapshots, and 𝝁 is the solution set of parameters.
The novel architecture has instead a loss function in the form

ℒCE-AE = ℒCE + ℒAE , (10.2)

where we distinguish the following contributions.

⊲ The intrusive contribution ℒCE, namely the error made by solving the reduced sys-
tem. In particular, it is computed as follows.

1. Compute the reduced operator A𝑟 = CE(A), and the reduced vector y = ℰ(f );
2. Solve the reduced system A𝑟z = y and find z.

3. Backmap the reduced solution z to the full-order space using the decoderD , and
compute the intrusive loss as:

ℒCE =
1
𝑁𝝁

𝑁𝝁∑
𝑖=1
‖u −D(z)‖22. (10.3)

⊲ The nonintrusive contributionℒAE, representing the AE= D◦ℰ reconstruction error
solely. This contribution is the one of Equation (10.1), with u𝑟 = (D ◦ ℰ)(u).

We call the proposed approach Convolutional Encoder-AutoEncoder (CE-AE).

Remark: About the compression of more complex FOM systems. The proposed
logicmay be extended tomore complex systems, like (5.12), by applying the nonlin-
ear compression to each full-order operator appearing in the governing equations.
In the presence of two ormore operators, we canmodify our approach in two differ-
entways: (i) consider different CEs, which separately compress the given operators;
(ii) consider a unique CE with more input channels, each processing one operator.
More complex nonlinear FOMs in the formℛ(u; x, 𝝁) = 0 lead to a ROMof the form
ℛ𝑟(z;𝝁) = 0. In this case, the exact resolution of the ROM system can be handled

202



10.1. METHODOLOGY

in two ways:

⊲ Iteratively solve the nonlinear system using a Newton method. In this case, the
reduced solution z would be the exact one, and the loss contribution remains the
same as in Equation (10.3).

⊲ Replace the loss contribution of Equation (10.3) with the residual norm, leading
to:

ℒCE =
1
𝑁𝝁

𝑁𝝁∑
𝑖=1
‖ℛ𝑟(z;𝝁𝑖)‖22. (10.4)

This transforms the model in a Physics-Informed Neural Network (PINN) [267]
at the reduced-order level, as done in previous works like [169, 62, 75, 130].

In the case of parametrized operators A(𝝁) and/or right-hand side vectors f (𝝁), the
previously described architecture cannot be directly employed for the evaluation of un-
seen parameter configurations 𝝁★. Indeed, the proposed method requires access to the
FOM quantities, namely the operators and/or the full-order vectors, which are not avail-
able at new parameter values.

Therefore, an additional parametrization step is required to enable prediction at un-
seen configurations. As illustrated in Figure 10.1, we introduce a parametric mapping
𝝁 ↦→ A𝑟 and/or 𝝁 ↦→ y, which directly predicts the corresponding latent representation
of the operators and vectors from the parameter space.

In this way, the reduced-order quantities can be efficiently reconstructed without re-
quiring the assembly or evaluation of the underlying FOM system at the new configura-
tion 𝝁★. In this case we adopt a RBF interpolation approach, as described in Equation (8.2)
of Section 8.1, but different approaches (like GPR or NN) are possible. We will indicate
the proposed ROM, coupled with the RBF prediction at unseen states as CE-AE-RBF.

Additionally, in convection-dominated cases the full-order convection matrix is typi-
cally C(u), hence a mapping z ↦→ C𝑟 is here proposed, as we will see in the last test case
considered (Section 10.2.2). In time-dependent test cases, this also allows the generaliza-
tion of the approach to different time step sizes, as the time instance 𝑡 is not an explicit
input of the reduced map.

Remark: About the stability of the reduced system A𝑟z = y. We remark that in
all the proposed convolutional approaches and in all the test cases, we consider
as output matrix the sum of the encoder output matrix, and of the stabilization
term 𝜖I𝑟 , where I𝑟 is the identity matrix of dimension 𝑟 × 𝑟 and 𝜖 = 1 × 10−4. The
addition of this regularization term enhances the numerical stability and improves
the conditioning of the reduced system A𝑟z = y. This system is solved both in the
offline stage, during the training process, and in the online stage, when the solution
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is predicted for unseen configurations.
Another possible strategy to prevent poor conditioning is to augment the loss func-
tion with a regularization term based on the condition number of the reduced op-
erator. Nevertheless, the repeated computation of the condition number during
training would significantly increase the computational cost of each optimization
step. For this reason, we do not adopt this approach in the present work.

10.1.1 The efficient use of continuous convolution for sparse matrices

In real-world scenarios, the FOM system usually involves a very large number of degrees
of freedom 𝑁 , potentially reaching the order of millions. As a result, the correspond-
ing FOM matrices may have prohibitively large dimensions (𝑁 × 𝑁), preventing their
direct manipulation and storage. This limitation can make the adoption of standard con-
volutional architectures impractical, as they often require memory resources that scale
unfavourably with the input size.

However, it is worth noting that FOM operators are typically sparse, meaning that the
majority of their entries are equal to zero.

The question now is: How can we exploit this property to overcome the memory limitations
associated with the direct treatment of full matrices?
In this work we consider the continuous convolutional architecture (introduced in Sec-
tion 9.2.1), which is specifically designed to operate on irregularly sampled data and can
naturally exploit the sparsity structure of the operators.

In the original paper on continuous convolutional layers [73], the input consists of the
spatial coordinates (e.g., (x, y) in a two-dimensional setting) togetherwith the correspond-
ing values of the physical field evaluated at those locations u(x, y). Following the same
idea, we interpret the discrete operator as the realization of an underlying continuous
field. Instead of providing the full 𝑁 × 𝑁 matrix as input, we consider only the entries
corresponding to non-zero elements, providing their indices (𝑖, 𝑗) and the associated val-
ues. Consequently, the input dimensionality is reduced from 𝑁 × 𝑁 to 3 × 𝑁nz, where
𝑁nz � 𝑁 denotes the number of non-zero entries and is typically much smaller than 𝑁 ,
depending on the structure of the considered operator. As represented in Figure 10.2, one
(or more) continuous convolutional layers are used to compress the original FOM oper-
ator to an intermediate dimension, which can be then further compressed by standard
convolutional layers.

The nonlinear ROM approach using the continuous convolutional encoder architec-
ture is here named Continuous Convolutional Encoder-AutoEncoder (CCE-AE). Analo-
gously to the standard convolutional ROM (CE-AE), we refer to the efficient ROM version
using the RBF interpolation as CCE-AE-RBF. This formulation offers two important ad-
vantages. First, it allows the proposed approach to be applied to different types of oper-
ators, such as mass, diffusion, or stiffness matrices, without requiring a modification of
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Figure 10.2: Sketch on the operator compression strategy using the continuous convolu-
tional architecture, coupled with a standard convolutional network.

the architecture. Second, since the input is defined through the coordinates of the non-
zero entries rather than through a fixed matrix representation, the method can naturally
handle operators arising from different discretizations and computational grids.

Furthermore, if a CCAE is adopted also for the solution field, the entire framework
could be extended to become independent of the underlying discretization grid. In this
case, both the operator and the solution would be represented through continuous latent
mappings, enabling the application of the reduced model across different grids and full-
order discretizations. This extension is not investigated in the present work and is left as
a direction for future research.

10.2 Numerical results

Here we evaluate the performance of the proposed approach in three different test cases:

⊲ a Poisson equation on a square with two parameters incorporated into the source
term (Section 10.2.1);

⊲ a parametrized advection-diffusion model defined on a square domain, with one
parameter defining the diffusivity (Section 10.2.2);

⊲ a Burgers problem in a 2D backstep domain, where the time is the unique parameter
considered (Section 10.2.3).

For each test case, we assess the performance of the proposed CE-AE approach (and, for
parametrized problems, of the CE-AE-RBF framework) by comparing it with standard
linear reduction techniques, such as POD and POD-RBF, as well as nonlinear approaches
based on AE and AE-RBF. We specify that we exploit the same AE architecture both in
the CE-AE and in the AE solely, to guarantee a fair comparison.

The accuracy of the different methods is evaluated through the relative 𝐿2 error of the
reconstructed solution with respect to the corresponding FOM solution, together with a
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qualitative assessment of the obtained approximations. Furthermore, we provide a com-
parison of the loss behaviour of standardAEs and the proposed CE-AE approaches, inves-
tigating an ensemble of different NNs with the same architecture and different weights’
initialization.

Finally, we analyse the reduced operators obtained through the proposed nonlinear
compression strategy and discuss their underlying properties.

10.2.1 Poisson test case

The first test case is a Poisson non-affine equation on the square domainΩ = [−1, 1]2, with
two parameters 𝝁 = (𝜇1 , 𝜇2) ∈ [−1, 1]2, written in the following form:

Δ𝑢 = 𝑔(𝒙;𝝁) in Ω,

𝑢 = 0 on 𝜕Ω,
with 𝑔(𝒙;𝝁) = exp

(−2(𝑥 − 𝜇1)2 − 2(𝑦 − 𝜇2)2) . (10.5)

We can then obtain the following weak formulation:

𝑎(𝑢, 𝑣) = 𝑓 (𝑣;𝝁),where 𝑎(𝑢, 𝑣) =
∫
Ω
∇𝑢 · ∇𝑣 𝑑𝒙 , 𝑓 (𝑣;𝝁) =

∫
Ω
𝑔(𝒙 , 𝝁) 𝑑𝒙 ,

for each test function 𝑣 ∈ 𝐻1
0 (Ω). Using a FE discretization, the above formulation can be

written as a linear system with parametrized right-hand side:

Au(𝝁) = f(𝝁), (10.6)

with A ∈ R𝑁×𝑁 , f ∈ R𝑁 , and 𝑁 = 638. The FE grid has been built using the gmsh utility,
and the FE simulation is performed using FEniCS [206, 206, 9].

We collect a set of 30 train and 15 test snapshots, and then perform the POD consid-
ering the training data. Figure 10.3 represents the values of the train, test, and validation
parameters, together with the POD singular values decay. The validation set, composed
of 15 snapshots, is used during the training of the NNs solely to monitor the different
components of the loss function and assess the model’s generalization performance.

Although the singular values exhibit an exponential decay, the decay rate is relatively
slow, indicating that a large number of POD modes is required to capture a significant
fraction of the solution energy.

Following the same rationale adopted in the previous chapters of this thesis, the objec-
tive is to achieve accurate ROMpredictions in under-resolved ormarginally-resolved regimes,
namely by considering a reduced number of degrees of freedom. For this reason, we anal-
yse the results obtained considering 𝑟 = 2, 3, and 4. The diffusion matrix A in Equation
(10.6), whose sparsity pattern is represented in Figure 10.4, is symmetric and positive-
definite, namely A𝑇 = A and x𝑇Ax > 0, ∀x ≠ 0.

In the classical reduced basis framework, the corresponding reduced matrix A𝑟 =

V𝑇AV preserves the symmetry and positive-definiteness of the FOM matrix A, because
the discrete modes matrix V is an orthogonal matrix. We then pose ourselves the follow-
ing question:
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Figure 10.3: Poisson test case. Train and test parameters (left), and the POD singular values
decay (right).
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Figure 10.4: Poisson test case. Full-order matrix A.

Is the optimal reduced matrix A𝑟 symmetric positive-definite?
To numerically answer this question, we investigate two compression variants, where the
final reduced matrix is expressed in two different ways:

⊲ A𝑟 = A′𝑟 + 𝜖I𝑟 , where A′𝑟 is the encoder output, and 𝜖 = 1 × 10−4. The stabilization
term 𝜖I𝑟 improves numerical stability and conditioning when solving the reduced
system, as alreadymentioned in Section 10.1. The resultingmodel is simply referred
to as Convolutional Encoder (CE);

⊲ A𝑟 = (A′𝑟)𝑇A′𝑟 + 𝜖I𝑟 , which is by construction symmetric and positive-definite. This
model is called Symmetric positive definite Convolutional Encoder (S-CE).

Before discussing the results, we first analyse the training behaviour of the different
models by comparing the validation loss evolution of the AE, CE-AE, and Symmetric pos-
itive definite Convolutional Encoder-AutoEncoder (S-CE-AE) approaches. In particular,
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Figure 10.5 reports the loss trends over the training epochs for 10 neural networks shar-
ing the same architecture but initialized with different random weights. The curves are
presented in terms of their average value and associated confidence interval, in order to
assess both the convergence behaviour and the variability induced by the initialization.
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Figure 10.5: Poisson test case. Loss trend across epochs for a standard AE, and for the novel
models CE-AE and S-CE-AE, at different latent dimensions, namely 𝑟 = 2, 3, and 4.

For all the considered latent dimensions 𝑟 = 2, 3, 4, we observe that the standard AE
training exhibits, in general, a lower variability compared to the proposed CE-AE and
S-CE-AE approaches. This behaviour is expected, since the latter models introduce an
additional loss contribution, thus imposing a stronger constraint on the optimization pro-
cess and potentially increasing the sensitivity to the initial conditions.

Moreover, the average value of the loss component associated with the AE reconstruc-
tion,ℒAE, at convergence is comparable among the three approaches for all the considered
latent dimensions. However, for 𝑟 = 2 and 𝑟 = 3, the minimum values achieved during
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training, represented by the lower bound of the confidence intervals, are lower for both
the CE-AE and S-CE-AE models. This suggests that the inclusion of the additional loss
term ℒCE can improve the convergence of the autoencoder reconstruction loss, allowing
the network to reach lower reconstruction errors compared to the standard AE training
alone.

The reduced matrices obtained with the proposed approaches are graphically repre-
sented in Figure 10.6. Thematrices are normalized between 0 and 1 to enable a qualitative
comparison of their structures.
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Figure 10.6: Poisson test case. Reduced matrices A𝑟 , normalized in range [0, 1]. The matri-
ces are obtained by compressing the full-order discrete matrix A with the convolutional
encoder CE and with its symmetric version S-CE, at different latent dimensions 𝑟 = 2, 3,
and 4.

We first consider the case with latent dimension 𝑟 = 2. The reducedmatrices obtained
by the CE and S-CEmodels at convergence exhibit a similar structure, up to a permutation
of the reduced degrees of freedom, which in this case corresponds to a transposition of
the matrix. This behaviour can be attributed to the lack of an intrinsic ordering of the
latent variables learned by theAE: different training runsmay identify equivalent reduced
representations associated with different latent coordinate arrangements.

Interestingly, both reduced operators are symmetric, despite the fact that no symmetry
constraint is explicitly enforced in the CE architecture. The same behaviour is observed
also for larger latent dimensions (𝑟 = 3 and 𝑟 = 4), suggesting that the optimization pro-
cess naturally drives the network towards symmetric reduced operators. This indicates
that the optimal reduced representation identified by the neural network tends to preserve
the structural properties of the original FOM operator, similarly to standard projection-
based linear reduction techniques.

A similar correspondence between the global structures of the reduced operators can
also be observed for the case 𝑟 = 4, further confirming the consistency of the learned
representations across different latent dimensions.

The relative 𝐿2 test errors obtained by the proposed approaches, together with the cor-
responding POD-based results, are reported in Figure 10.7. The figure shows the box plots
of the relative 𝐿2 errors obtained using the best-performing network among the different
training realizations considered in Figure 10.5. The selected network is then evaluated
over a set of unseen parameter configurations (represented in Figure 10.3).
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For the POD framework, we consider three different error contributions: the recon-
struction error (obtained by directly compressing and reconstructing the solution field),
the POD-RBF error, and the POD-Empirical Interpolation Method (EIM) error.

The POD-EIM approach is a projection-based intrusive method in which the reduced
quantities (the right-hand side vector y in the present case) at unseen parameter config-
urations are approximated through an affine expansion of pre-computed EIM interpola-
tion modes. In this work, we consider 𝑟EIM = 2𝑟 interpolation modes, although different
choices are possible depending on the desired accuracy and computational cost.
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Figure 10.7: Poisson test case. Relative 𝐿2 test errors of different approximations with re-
spect to the FOM reference, at the latent dimensions 𝑟 = 2, 3, and 4.

From the plots, we can draw the following conclusions.

⊲ For 𝑟 = 2, the proposed approaches achieve an accuracy improvement of approxi-
mately one order of magnitude compared to the standard AE. This result is further
supported by the qualitative comparison reported in Figure 10.8, which shows that
both the POD and the standard AE fail to accurately generalize the solution predic-
tion to unseen configurations.

⊲ At 𝑟 = 3 and 𝑟 = 4, the proposed approaches achieve results comparable to the
AE-RBF.

As already discussed when analysing the loss behaviour, the inclusion of the convo-
lutional encoder and the additional loss contribution does not negatively affect the per-
formance of the autoencoder. Instead, the proposed formulation provides an additional
regularizing effect, which stabilizes the optimization process and allows the network to
reach comparable or even improved accuracy with respect to the standard AE.

10.2.2 Advection-diffusion test case

Here, we are interested in a parametrized advection-diffusion problem, defined on the
unit square Ω = [0, 1]2, written as follows:

−10−𝜇Δ𝑢 + 𝛽 · ∇𝑢 = 1 in Ω,

𝑢 = 0 on 𝜕Ω,
(10.7)
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Figure 10.8: Poisson test case. Approximated solutions for POD-RBF, AE-RBF, CE-AE-RBF,
and S-CE-AE-RBF, compared with the FOM reference, at latent dimension 𝑟 = 2, and
considering three test parameters.

where 𝛽 = (1, 1) is the advection velocity field, while the parameter 𝜇 determines the
Péclet number of the problem. Increasing 𝜇 reduces the diffusion coefficient, leading
to advection-dominated regimes, whereas smaller values of 𝜇 correspond to diffusion-
dominated ones. The corresponding weak form can be written as:

𝑎(𝑢, 𝑣;𝜇) = 𝑓 (𝑣), ∀𝑣 ∈ 𝐻1
0 (Ω),

with
𝑎(𝑢, 𝑣;𝜇) =

∫
Ω

10−𝜇∇𝑢 · ∇𝑣 𝑑𝒙 +
∫
Ω
(𝛽 · ∇𝑢)𝑣 𝑑𝒙 , 𝑓 (𝑣) =

∫
Ω
𝑣 𝑑𝒙.

Since the above formulationmight become unstable at some 𝜇 values, we apply the SUPG
stabilization, obtaining the following formulation:

𝑎(𝑢, 𝑣;𝜇) + 𝑎SUPG(𝑢, 𝑣;𝜇) = 𝑓 (𝑣) + 𝑓SUPG(𝑣),
with 𝑎SUPG = 𝜏SUPG

∫
Ω

[−10−𝜇(Δ𝑢 + 𝛽 · ∇𝑢) · (ℎ𝒙𝛽 · ∇𝑣)
]
𝑑𝒙 ,

and 𝑓SUPG = 𝜏SUPG

∫
Ω
(ℎ𝒙𝛽 · ∇𝑣) 𝑑𝒙 ,

(10.8)

where 𝜏SUPG is a parameter identifying the weight of the additional term (𝜏SUPG = 0.5 in
our case), while ℎ𝒙 is a function defining the diameter associated with each element.

After discretizing the SUPG formulation using a FEM approach, we obtain the follow-
ing linear system:

(A1 + 10−𝜇A2) u = f . (10.9)

The full-order quantities are defined as follows:

211



CHAPTER 10. CONVOLUTIONAL OPERATOR COMPRESSION STRATEGIES FOR ROMS

⊲ (A1)𝑖 𝑗 =
∫
Ω[(𝛽 · ∇𝜙 𝑗)𝜙𝑖 + 𝜏SUPG(𝛽 · ∇𝜙 𝑗) · (ℎ𝒙𝛽 · ∇𝜙𝑖)]𝑑𝒙;

⊲ (A2)𝑖 𝑗 =
∫
Ω[∇𝜙 𝑗 · ∇𝜙𝑖 + 𝜏SUPG(−Δ𝜙 𝑗) · (ℎ𝒙𝛽 · ∇𝜙𝑖)]𝑑𝒙;

⊲ (f)𝑖 =
∫
Ω[𝜙𝑖 + 𝜏SUPG (ℎ𝒙𝛽 · ∇𝜙𝑖)] 𝑑𝒙.

The notation 𝜙𝑖 refers to the FEM basis functions, while the full dimensionality is in this
case 𝑁 = 2500.

The FOMformulation of Equation (10.9) allows for a fully separation of the non-parametrized
and parametrized matrices A1 and A2, which are represented in their sparsity pattern in
Figure 10.9. As in the previous test case, we can recognize patterns in the matrices, e.g.,
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Figure 10.9: Advection-diffusion test case. Full-order matrices A1 and A2.

A2 is symmetric. However, since in the Poisson case the structure-preserving approach (S-
CE-AE) and the standard CE-AE converged to similar results, we proceed now without
imposing any constraint.

The resulting ROM is written as:

(A𝑟1 + 10−𝜇A𝑟2) z = y, (10.10)

with 𝑟 = 2, 3, or 4 as latent dimension.
Hence, in this test case we do not need the addition of an interpolation or regression

strategy that maps the parameters’ space into the reduced quantities.
The parameter values considered for training, validation (only in models involving

NNs) and testing, together with the POD singular values’ decay, are represented in Figure
10.10. We consider 20 training parameters, and 5 parameters both for validation and test.
The singular values’ decay is similar to the previous test case, highlighting that we need
a large number of modes to capture the solution accurately.

As done in the first test case, we analyse in Figure 10.11 the loss behaviour during
training iterations, at 𝑟 = 2, 3, 4, for the standard AE and for the CE-AE model. In all
the latent dimensions considered, the CE-AE loss reaches values smaller than more than
one order of magnitude with respect to the standard AE. This phenomenon suggests that
the convergence is improved by the novel ROM architecture proposed. Moreover, the
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Figure 10.10: Advection-diffusion test case. Train, validation (for NNs), and test parameters
(left), and the POD singular values decay (right).

addition of the loss contribution ℒCE acts as a stabilizer for the AE itself, which converges
to a more accurate latent representation.

The reduced matrices obtained by CE compression, and then normalized in the range
[0, 1] are represented in Figure 10.12.

At both 𝑟 = 2 and 𝑟 = 3, the CE converges to symmetric matrices A𝑟2, reproducing the
FOM properties. This is not equally satisfied at 𝑟 = 4, where the increased latent dimen-
sion may lead to more variability in the converged solution. Moreover, at 𝑟 = 2 all the
components of A𝑟2 have the same value, suggesting that it is treated as one additional de-
gree of freedom, properly affecting the effect of the parameters on the latent solution. The
POD, AE and CE-AE solutions are quantitatively compared in terms of the relative test 𝐿2

error in Figure 10.13. The corresponding fields are graphically compared in Figure 10.14
for the POD-RBF, AE-RBF, and CE-AE methods. The results in both figures have been
obtained considering the most accurate AE and CE-AE from the ensemble considered to
generate Figure 10.11. At all latent dimensions, the CE-AE is significantly more accurate
than the standard POD and AE, and it is characterized by a smaller variability of the error
among the test parameters considered. Interestingly, the AE has similar accuracy to the
POD, while it is even less accurate at 𝑟 = 4.

The accuracy improvement can be also noticed qualitatively in Figure 10.14, which
shows the approximated solutions at 𝑟 = 2. Here, we can see that the AE and the POD
fail to accurately approximate the solution at small 𝜇 values (first row of the figure), while
the CE-AE is able to reproduce the FOM field similar to larger 𝜇 values.

10.2.3 Burgers test case

The final test case is a viscous Burgers equation in a 2D backstep domain modeled in
OpenFOAM [153, 240] using the FVM. The domain and FV grid are represented in Figure
10.15, including the notation adopted for the boundaries.
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Figure 10.11: Advection-diffusion test case. Loss trend across epochs for a standard AE, and
for the novel model CE-AE, at different latent dimensions, namely 𝑟 = 2, 3, and 4.
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Figure 10.12: Advection-diffusion test case. Reduced matrices A𝑟1 and A𝑟2, normalized in
range [0, 1]. The matrices are obtained by compressing the full-order discrete matrix A1
and A2 with the convolutional encoder CE, at different latent dimensions 𝑟 = 2, 3, and 4.

POD

POD-R
BF

POD-G AE

AE-R
BF

CE-A
E

10−3

10−2

10−1

R
el

at
iv

e
er

ro
r

r = 2

POD

POD-R
BF

POD-G AE

AE-R
BF

CE-A
E

r = 3

POD

POD-R
BF

POD-G AE

AE-R
BF

CE-A
E

r = 4

Figure 10.13: Advection-diffusion test case. Relative 𝐿2 test errors of different approxima-
tions with respect to the FOM reference, at the latent dimensions 𝑟 = 2, 3, and 4.
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Figure 10.14: Advection-dominated test case. Approximated solutions for POD-RBF,AE-RBF,
andCE-AE, comparedwith the FOM reference, at latent dimension 𝑟 = 2, and considering
three test parameters.
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Figure 10.15: Burgers test case. Domain and computational grid adopted, with boundaries’
notation.

The problem in continuous form can be written as follows:

𝜕𝒖
𝜕𝑡
+ (𝒖 · ∇)𝒖 − 𝜈Δ𝒖 = 0 in Ω,

𝒖 = (1, 0) on Γin ,

∇𝒖 · 𝒏 = 0 on Γout ,

𝒖 = 0 on Γwall.

(10.11)

The continuous problem may be discretized as follows:

Mu
u𝑛+1 − u𝑛

Δ𝑡
+ Cu(u𝑛)u𝑛+1 − 𝜈Duu𝑛+1 = fC(u𝑛) + fD , (10.12)

where Mu is the mass matrix, Cu(u) is the discrete convection operator, Du is the lapla-
cian operator 1, while fD and fC are the known vectors associated with the laplacian and
convection terms, respectively. In practice, the finite-volume discretization of each oper-
ator gives rise not only to a sparse matrix but also to a source vector, which incorporates
the boundary conditions. In a more compact form, we can rewrite Equation (10.12) as
follows:

(Mu + Δ𝑡(Cu(u𝑛) +Du)) u𝑛+1 = fC + fD +Muu𝑛 . (10.13)

Differently to the previous cases, the FOMnumber of degrees of freedom is now larger
(𝑁 = 24450, with 12250 cells), making thememory demand to compress the operators Mu,
Cu and Du ∈ R𝑁×𝑁 prohibitively high. For this reason, we compress the FOM matrices
using a continuous convolutional encoder to exploit the matrices sparsity, as introduced
in Section 10.1.1.

The resulting ROM system can be written as follows:

(Mu𝑟 + Δ𝑡(Cu𝑟(z𝑛) +Du𝑟)) z𝑛+1 = yC(z𝑛) + yD +Mu𝑟z𝑛 . (10.14)

To clarify how the reduced system is constructed, we describe the pseudo-code of the
offline stage in Algorithm 6 and the online prediction in Algorithm 7. In the offline stage,
the logic adopted is the same as in the previous test cases, with some differences:

⊲ There are multiple matrices to compress, and we adopt the same convolutional en-
coder. Other choices are possible (different channels, multiple encoders) but we
postpone this investigation to future work.

1We adopt the same notation as in the previous chapters.
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⊲ We only adopt an intrusive loss ℒCCE to train the CCE-AE model. In our prelimi-
nary investigations, we noticed that including both the losses contributions led to
slow or no convergence during training. Therefore, we decided to proceed without
including the purely data-driven contribution into the loss.

⊲ We deal with a time-dependent problem with fixed Δ𝑡 = 1 × 10−4, which is kept
unchanged in the ROM formulation (Equation (10.14)).

⊲ The RBF interpolation (second part of Algorithm 6) is applied to the time-dependent
matrix Cu𝑟 and vector yC𝑟 . Since in the FOM such quantities are functions of the
FOM state u𝑛 , we reproduce the same maps at the reduced level, namely Cu𝑟(z𝑛)
and yC𝑟(z𝑛). Therefore, we distinguish two RBF interpolators, one for the matri-
ces (RBFmat), which interpolates the matrices element-wise, and one for the vector
(RBFvec), which take as input the latent state rather than the parameter (e.g., time).
This allows the construction of more interpretable latent maps, as we will see in the
results.

⊲ The input used to train the RBF maps is composed of the latent trajectory ztrain𝑛 , 𝑛 =

1, 𝑁𝝁, where the ztrain have been found by compressing the FOM quantities with the
pre-trained CCE and ℰ , and solving the reduced system.

In the online stage, we compress the time-invariant matrices Mu𝑟 and Du𝑟 using the
CCE, while the time-dependent Cu𝑟(𝑡𝑛) are predicted at each time step 𝑡𝑛 using the pre-
trained RBFmat map having as input the reduced solution z𝑛 . The same applies to the
reduced vectors: yD is found once by compressing the time-invariant vector fD, while the
time-dependent vector yC(𝑡𝑛) is found as RBFvec(z𝑛) at each time step.

As previously mentioned, the only parameter is time, considering the first 𝑁𝝁 = 50
training time steps, and testing on the window [0, 𝑁𝑇], with 𝑁𝑇 = 100. The time steps
𝑡𝑛 , with 𝑛 ∈ [50, 75] are used during training for validation. If we apply the POD to the
snapshots containing the first 𝑁𝝁 = 50 snapshots, we obtain the singular values’ decay
represented in Figure 10.16.
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Figure 10.16: Burgers test case. The POD singular values decay.
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Algorithm 6 Pseudo-code for the offline training of the CCE-AE-RBF approach.

Phase I: CCE-AE training
1: Input data: snapshots u𝑛 , 𝑛 = 1, . . . , 𝑁𝝁; matrices Mu, Du, and Cu(u𝑛), 𝑛 = 1, . . . , 𝑁𝝁;

vectors fD, fC(u𝑛), 𝑛 = 1, . . . , 𝑁𝝁;
2: Continuous convolutional encoder CCE; MLP encoder ℰ and decoderD ; number of

training epochs 𝑛epochs;
3: for 𝑒 ∈ [1, . . . , 𝑛epochs] do
4: Initial FOM state:
5: Mu𝑟 = CCE(Mu);
6: Du𝑟 = CCE(Du);
7: yD = ℰ(fD);
8: z0 = ℰ(u0);
9: for 𝑛 ∈ [0, . . . , 𝑁𝝁 − 1] do

10: Cu𝑟 ← CCE(Cu(u𝑛));
11: yC ← ℰ(fC(u𝑛));
12: A𝑟 ←Mu𝑟 + Δ𝑡(Cu𝑟 +Du𝑟);
13: y← yC + yD +Mu𝑟z𝑛 ;
14: Compute z𝑛+1 as the solution of A𝑟z𝑛+1 = y;
15: end for
16: Compute the loss ℒCCE =

1
𝑁𝝁

∑𝑁𝝁

𝑛=1 ‖D(z𝑛) − u𝑛‖22.
17: Backpropagate ℒCCE and update the trainable parameters of CCE, ℰ , andD ;
18: end for

Phase II: RBF training
19: Collect input: pre-trained ℰ and CCE;
20: Mu𝑟 = CCE(Mu);
21: Du𝑟 = CCE(Du);
22: yD = ℰ(fD);
23: Cu

train
𝑟 (𝑡𝑛) = CCE(Cu(u𝑛)) for 𝑛 = 0, . . . , 𝑁𝝁;

24: yC
train(𝑡𝑛) = ℰ(fC(u𝑛)) for 𝑛 = 0, . . . , 𝑁𝝁;

25: ztrain0 = ℰ(u0);
26: for 𝑛 ∈ [0, . . . , 𝑁𝝁 − 1] do
27: A𝑟 ←Mu𝑟 + Δ𝑡(Cu𝑟 +Du𝑟);
28: y← yC + yD +Mu𝑟ztrain𝑛 ;
29: Compute ztrain𝑛+1 as the solution of A𝑟ztrain𝑛+1 = y;
30: end for
31: Input (RBF train): [ztrain1 , . . . , ztrain𝑁𝝁

], [yC
train(𝑡1), . . . , yC

train(𝑡𝑁𝝁)],
[Cu

train
𝑟 (𝑡1), . . . ,Cu

train
𝑟 (𝑡𝑁𝝁)];

32: Train RBFmat : ztrain𝑛 ↦→ Cu
train
𝑟 (𝑡𝑛);

33: Train RBFvec : ztrain𝑛 ↦→ yC
train(𝑡𝑛).

218



10.2. NUMERICAL RESULTS

Algorithm 7 Pseudo-code for the online prediction of the CCE-AE-RBF approach.
1: Input: Pre-trained continuous convolutional encoder CCE, MLP encoder ℰ and de-

coderD ;
2: Initial FOM state: u0 = u(𝑡0), time steps 𝑡𝑛 , 𝑛 = 1, . . . 𝑁𝑇
3: Mu𝑟 = CCE(Mu);
4: Du𝑟 = CCE(Du);
5: yD𝑟 = ℰ(fD);
6: z0 = ℰ(u0);
7: for 𝑛 ∈ [0, . . . , 𝑁𝑇 − 1] do
8: Cu𝑟 ← RBFmat(z𝑛);
9: yC𝑟 ← RBFvec(z𝑛);

10: A𝑟 ←Mu𝑟 + Δ𝑡(Cu𝑟 +Du𝑟);
11: y← yC + yD +Mu𝑟z𝑛 ;
12: Compute z𝑛+1 as the solution of A𝑟z𝑛+1 = y.
13: Reconstruct the solution asD(z𝑛+1).
14: end for

Figure 10.17 shows the validation loss decay during training, comparing the training
process of a standard AE and of the proposed CCE-AE approach. Since this test case is
particularly challenging, both the AE and CCE-AE validation losses converge to relatively
high values (approximately 10−2). This indicates that the extrapolation task is inherently
difficult, as even the unconstrainedAE struggles to accurately reconstruct unseen samples.
However, we can observe that, also in this case, for the smallest latent dimension (𝑟 = 2),
the CCE-AE validation loss converges to a lower value than that of the AE. This suggests
that coupling the autoencoder with the consistency constraint improves the robustness of
the training process.

We now analyse the predictive accuracy of the proposed model, by testing it in a time
extrapolation setting, namely at 𝑡𝑛 , 𝑛 ∈ [75, 100]. Figure 10.18 represents the time evo-
lution of the relative 𝐿2 errors of the approximated solution with respect to the FOM
solution, for different POD-based, and AE-based approaches. As can be seen, linear ap-
proaches such as the POD fail to accurately reconstruct the solution in an under-resolved
regime. Introducing nonlinearities significantly improves the reconstruction capability:
within the training window, the AE achieves reconstruction errors one order of magni-
tude smaller than those of the POD for both 𝑟 = 2 and 𝑟 = 3. Nevertheless, when the solu-
tion evolves beyond the training regime, the AE fails to preserve the correct temporal dy-
namics, resulting in inaccurate extrapolations. Introducing reduced-order interpolation
through RBF (POD-RBF and AE-RBF) further deteriorates the reconstruction accuracy.
This can be attributed to the difficulty of approximating the mapping from the tempo-
ral variable 𝑡 to the reduced coefficients z(𝑡). In fact, the reduced trajectories may exhibit
complex and nonlinear behaviours that cannot be accurately represented by the chosen in-
terpolation approach. Consequently, these approaches become unreliable for prediction
beyond the training regime and cannot be effectively employed for extrapolation.

A POD-Galerkin approach is also analysed. We adopt an inefficient formulation, in
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Figure 10.17: Burgers test case. Loss trend across epochs for a standard AE, and for the
novel model CCE-AE, at different latent dimensions, namely 𝑟 = 2 and 3.
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Figure 10.18: Burgers test case. Time variation of the relative 𝐿2 errors with respect to the
FOM solution, obtained using standardmethodologies (POD, POD-RBF, POD-G, AE, AE-
RBF), and the novel CCE-AE-RBF approach.
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which the full-order quantities Cu and fC are projected onto the POD modes, also in the
predictive regime. Despite the use of full-order quantities, the method already exhibits
large errors from the beginning of the prediction window, indicating that the reduced
formulation is not able to accurately capture the solution dynamics.

Finally, the CCE-AE-RBF approach is considered. Although the error still increases
over time beyond the training window, the proposed interpolation strategies z(𝑡) ↦→ yC(𝑡)
and z(𝑡) ↦→ Cu𝑟(𝑡) provide amore accurate approximation of the reduced quantities, keep-
ing the prediction error closer to the reconstruction error. This suggests that the main
limitation is not introduced by the RBF interpolation itself, but rather by the difficulty of
the autoencoder in representing and propagating the nonlinear dynamics of the solution.

We can summarize the main findings here:

⊲ The main source of error appears to be related to the autoencoder representation.
Due to the strongly nonlinear nature of the Burgers dynamics, the latent space learned
by the AE is not sufficiently accurate to preserve the temporal evolution of the so-
lution in the predictive regime. Therefore, the observed degradation is mainly at-
tributed to the difficulty of the underlying nonlinear reduction rather than to the
proposed architecture.

⊲ The RBF interpolation strategy provides a more suitable approximation framework.
Unlike approaches based on the direct mapping 𝑡 ↦→ z(𝑡), the proposed method
interpolates the reduced operators as a function of the latent coordinates. This
mapping is more consistent with the reduced-order formulation and introduces a
smaller additional error, allowing the predictions to remain closer to the intrinsic
reconstruction capability of the CCE-AE.

Finally, Figure 10.19 compares the graphical approximations obtained by using dif-
ferent ROMs at fixed latent dimension 𝑟 = 3, at different time steps (in the predictive
setting). As expected, the POD-RBF and AE-RBF approximations are totally unphysical,
and are not following the time evolution of the FOM solution. On the other hand, the
CCE-AE-RBF approach, although characterized by some spurious oscillations, is able to
correctly reproduce the overall behaviour of the FOM, suggesting that the physics-based
ROM formulation provides a more accurate representation of the underlying dynamics.
The oscillations may be related to the limited capacity of the decoder, which may require
a larger architecture (e.g., more layers and neurons). Different decoder architectures will
be explored in future works.

10.2.4 Computational details

This section describes the computational aspects of the proposed methods, including the
architecture and hyperparameters’ setup of the neural networks, and the training cost
(number of parameters and wall time).
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Figure 10.19: Burgers test case. Solution fields for the 𝑥 (top) and 𝑦 (bottom) components,
found using POD-RBF, AE-RBF, CCE-AE-RBF, compared with the FOM. The fields are
shown at different time steps in a predictive regime, at the fixed latent dimension 𝑟 = 3.

The training process has been performed using the SOAP optimizer [346] using one
GPU NVIDIA RTX A2000 (12 GB VRAM), CUDA 12.4.

The AE is a deep fully-connected neural network with input and output dimensions
equal to𝑁 . For the first two test cases, the encoder consists of hidden layerswith [100, 30, 𝑟]
neurons, whereas for the Burgers test case we adopt a more compact architecture, [10, 𝑟].
In both cases, the decoder has a symmetric architecture to the encoder, and we adopt the
Softplus as activation function. Preliminary numerical experiments showed that increas-
ing the network size for the Burgers problem does not provide any significant improve-
ment in reconstruction accuracy, while it increases the risk of overfitting. Therefore, a
smaller architecture is adopted for this test case.

The convolutional encoders used to compress the FOM matrices have different archi-
tectures, depending on the test case and on the value of 𝑟. The architectures of the CEs
and CCEs are summarized in the Tables 10.1, 10.2, and 10.3, for the three test cases, re-
spectively.

The proposed architectures include a sequence of 2D convolutional layers, activation
functions, max pooling operations, and batch normalization. A continuous convolutional
layer is considered in the Burgers test case (Table 10.3) to efficiently process sparse op-
erators. Here, 𝑁𝑏 denotes the batch size. In the previous test cases, 𝑁𝑏 = 1 since no
parametrized operators were considered. The quantity𝑁nz represents the number of non-
zero entries of the operator. As described in Section 10.1.1, the operator is represented us-
ing three input columns corresponding to the row indices, column indices, and values of
the non-zero entries. The filter of the continuous convolutional layer ContConv1 is a deep
fully-connected neural network of input dimension 2 (row and column indexes), hidden
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Table 10.1: Poisson test case. Architectures of CE architectures, in terms of kernel, stride,
padding, and activation function for each layer.

Layer Input dim Output
dim

Kernel
size

Stride Padding Activation

Conv1 (1, 638, 638) (1, 127, 127) (10, 10) (5, 5) (1, 1) Softplus

Conv2 (1, 127, 127) (1, 42, 42) (5, 5) (3, 3) (1, 1) Softplus

Conv3 (1, 42, 42) (1, 20, 20) (5, 5) (2, 2) (1, 1) Softplus

Conv4 (𝑟 = 2) (1, 20, 20) (1, 7, 7) (4, 4) (3, 3) (1, 1) Softplus
Conv5 (𝑟 = 2) (1, 7, 7) (1, 4, 4) (3, 3) (2, 2) (1, 1) Softplus
Conv6 (𝑟 = 2) (1, 4, 4) (1, 2, 2) (3, 3) (2, 2) (1, 1) 7

Conv4 (𝑟 = 3) (1, 20, 20) (1, 10, 10) (3, 3) (2, 2) (1, 1) Softplus
Conv5 (𝑟 = 3) (1, 10, 10) (1, 5, 5) (3, 3) (2, 2) (1, 1) Softplus
Conv6 (𝑟 = 3) (1, 5, 5) (1, 3, 3) (3, 3) (2, 2) (1, 1) 7

Conv4 (𝑟 = 4) (1, 20, 20) (1, 7, 7) (4, 4) (3, 3) (1, 1) Softplus
Conv5 (𝑟 = 4) (1, 7, 7) (1, 4, 4) (3, 3) (2, 2) (1, 1) 7

Table 10.2: Advection-diffusion test case. Architectures of CE architectures, in terms of ker-
nel, stride, padding, and activation function for each layer.

Layer Input dim Output
dim

Kernel
size

Stride Padding Activation

Conv1 (1, 2500, 2500)(1, 623, 623) (10, 10) (4, 4) (0, 0) Softplus

MaxPool1 (1, 623, 623) (1, 154, 154) (8, 8) (4, 4) 7 7

Conv2 (1, 154, 154) (1, 50, 50) (5, 5) (3, 3) (0, 0) Softplus

MaxPool2 (1, 50, 50) (1, 16, 16) (3, 3) (3, 3) 7 7

Conv3 (𝑟 = 2) (1, 16, 16) (1, 7, 7) (3, 3) (2, 2) (0, 0) 7

MaxPool3 (𝑟 = 2) (1, 7, 7) (1, 2, 2) (4, 4) (2, 2) 7 7

Conv3 (𝑟 = 3) (1, 16, 16) (1, 7, 7) (3, 3) (2, 2) (0, 0) 7

MaxPool3 (𝑟 = 3) (1, 7, 7) (1, 3, 3) (3, 3) (2, 2) 7 7

Conv3 (𝑟 = 4) (1, 16, 16) (1, 14, 14) (3, 3) (1, 1) (0, 0) 7

MaxPool3 (𝑟 = 4) (1, 14, 14) (1, 4, 4) (4, 4) (3, 3) 7 7
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layers with neurons [10, 10, 10], and output dimension 1 (the continuous filter value).

Table 10.3: Burgers test case. Architectures of CCE architectures, in terms of kernel, stride,
padding, and activation function for each layer.

Layer Input dim Output
dim

Kernel
size

Stride Padding Activation

ContConv1 (𝑁𝑏 , 1, 𝑁nz , 3) (𝑁𝑏 , 1, 25, 3) (4890, 4890) 7 7 7

Reshape (𝑁𝑏 , 1, 25, 3) (𝑁𝑏 , 3, 5, 5) 7 7 7 7

Conv1 (𝑟 = 2) (𝑁𝑏 , 3, 5, 5) (𝑁𝑏 , 1, 2, 2) (3, 3) (2, 2) (0, 0) Softplus
BatchNorm1
(𝑟 = 2)

(𝑁𝑏 , 1, 2, 2) (𝑁𝑏 , 1, 2, 2) 7 7 7 7

MaxPool1
(𝑟 = 3)

(𝑁𝑏 , 3, 5, 5) (𝑁𝑏 , 3, 4, 4) (2, 2) (1, 1) 7 7

Conv1 (𝑟 = 3) (𝑁𝑏 , 3, 4, 4) (𝑁𝑏 , 1, 3, 3) (2, 2) (1, 1) (0, 0) Softplus
BatchNorm1
(𝑟 = 3)

(𝑁𝑏 , 1, 3, 3) (𝑁𝑏 , 1, 3, 3) 7 7 7 7

All the neural networks are trained with a learning rate 1 × 10−3, and using an early
stopping based on the validation loss value. In all the test cases, a weight decay regular-
ization with coefficient 1× 10−2 was employed to improve the generalization capability of
the model.

Finally, we present in Table 10.4 the computational cost needed by the novel CE-AE,
compared with the cost of a standard AE with the same architecture employed for the
AE in the novel model. Regarding the computational time, for the first two test cases the

Table 10.4: Training times, number of parameters, and accuracy in terms of average test
error, of the AE, CE-AE, S-CE-AE (for the second test case), and CCE-AEmodels. The test
errors are computed by interpolating the latent variables with an RBF approach.

Test
case

Model Average training time Number of parameters Average 𝐿2 test error

𝑟 = 2 𝑟 = 3 𝑟 = 4 𝑟 = 2 𝑟 = 3 𝑟 = 4 𝑟 = 2 𝑟 = 3 𝑟 = 4

1
AE 24.6 381 370 ∼ 134K 0.152 0.026 0.026
CE-AE 221 606 116 +190 +183 +180 0.041 0.035 0.025
S-CE-AE 245 527 109 +190 +183 +180 0.045 0.032 0.028

𝑟 = 2 𝑟 = 3 𝑟 = 4 𝑟 = 2 𝑟 = 3 𝑟 = 4 𝑟 = 2 𝑟 = 3 𝑟 = 4

2 AE 920 999 1078 ∼ 516K 0.032 0.024 0.010
CE-AE 1331 1461 1882 +219 +212 +219 0.0035 0.0082 0.0030

𝑟 = 2 𝑟 = 3 𝑟 = 2 𝑟 = 3 𝑟 = 2 𝑟 = 3

3 AE 55.1 39 ∼ 513K 0.50 0.52
CCE-AE 9889 3454 +399 +384 0.085 0.084

proposed models exhibit a slightly higher computational cost compared to the AE, while
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remaining of the same order of magnitude. This increase is mainly due to the additional
convolutional encoder, which introduces only a limited number of trainable parameters
compared to the AE. Therefore, the increase in model complexity remains marginal.

Conversely, for the Burgers’ case, the computational cost is higher due to two main
factors: the presence of the continuous convolutional layer, which involves more expen-
sive routines (e.g., the filter mapping function), and the time-loop integration within the
training procedure, which requires the reduced dynamics to be evaluated at each epoch.
Nevertheless, also in this case, the number of additional trainable parameters introduced
with respect to the AE remains negligible.

Despite the additional computational effort, the proposed approaches achieve im-
proved accuracy compared to the AE in the testing phase, except for the first test case
with 𝑟 = 3.

10.3 Conclusions and Future Perspectives

In this chapter, we introduced a novel perspective on nonlinear model order reduction
based on the compression of full-order operators through convolutional neural network
architectures. Unlike most existing nonlinear ROM methodologies, which focus on learn-
ing nonlinear representations of the solution manifold, the proposed framework aims at
learning compact representations of the operators defining the governing equations. This
preserves the algebraic structure of the reduced problem, allowing the reduced system to
be solved through standard numerical techniques while extending classical projection-
based ROMs beyond linear or quadratic subspaces.

The proposed methodology was assessed on three benchmark problems of increas-
ing complexity. The numerical experiments demonstrated that the operator-compression
strategy is capable of producing accurate ROMs while maintaining a compact latent rep-
resentation. Moreover, the results highlighted that incorporating the solution of the re-
duced system directly into the training process improves the quality of the learned latent
space with respect to a standard fully-connected AE.

Interestingly, even without explicitly enforcing structural constraints, the proposed
architectures naturally learned reduced operators that reflected the algebraic properties
of the corresponding full-order operators. In the Poisson test case, symmetric full-order
operators consistently led to nearly symmetric reduced operators, indicating that these
structural features can emerge naturally during training.

Furthermore, incorporating the reduced-system solution into the training objective
acts as an effective stabilization mechanism for the autoencoder optimization. Although
it introduces an additional loss contribution, it guides the optimization towards more
informative latent representations, leading to improved training stability and, in several
cases, to lower reconstruction losses than those achieved by a standard autoencoder.

Finally, the introduction of continuous convolutional layers provided an effective strat-
egy for exploiting the sparsity of differential operators, making the approach scalable to
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large discretized systems and naturally applicable to operators defined on unstructured
meshes.

Although the proposed framework should be regarded as a preliminary step towards
nonlinear operator-based ROMs, the obtained results suggest several promising research
directions. A first natural extension consists in applying the methodology to more real-
istic and large-scale CFD problems, including the incompressible Navier–Stokes equa-
tions and multiphysics applications. Furthermore, more expressive parameter-to-latent
mappings, such as neural networks, could replace the interpolation strategies adopted in
this work, improving the generalization capability over complex parameter spaces.

Finally, combining continuous convolutional networks for both the operators and
the solutionfieldswouldprovide a fully discretization-independent framework, enabling
nonlinear ROMs that naturally generalize across different computational grids.
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In this thesis, we investigated the development of several stabilization strategies for
convection-dominated flows, spanning from filtering approaches to closure models.
We investigate these techniques in different computational settings, from coarse-grid sim-
ulations to reduced ordermodels. Both cases tackle the sameunderlying challenge, namely
the accurate approximation of under-resolved flow dynamics, arising either from insuffi-
cient spatial resolution (in full-order simulations) or from severe dimensionality reduction
in ROMs.
To address this issue, we proposed a series of data-driven and machine-learning-based
methodologies that enhance classical stabilization techniques, and share a common ob-
jective: replacing fixed modeling assumptions with models capable of learning from data while
preserving, whenever possible, the mathematical structure of the governing equations.

The first part of the thesis focused on the stabilization of marginally-resolved simu-
lations through the EFR framework. Rather than considering the filtering operation as
a fixed numerical ingredient, this work demonstrated that the optimal filter radius and
relaxation parameter are not fixed quantities, but rather depend on the flow character-
istics, the simulation regime, and the evolving dynamics of the system. These optimal
parameters can be identified either through optimization techniques or by learning suit-
able policies from data and from the numerical simulations themselves. In particular:

⊲ We introduced theOpt-EFR algorithm,which optimizes the parameters at each time
step to obtain an EFR solution as close as possible to a given reference DNS. This
investigation revealed that the optimal parameter values vary significantly in time,
and that in most cases the optimal strategy corresponds to applying no filtering.

⊲ We extended the Opt-EFR approach to enable efficient extrapolation in time by em-
ploying an RL agent to predict the optimal filter parameters. We explored both a
data-driven reward, based on DNS data, and a data-free reward, based on physics-
based metrics computed from the evolving coarse simulation. Both RL-EF method-
ologies achieved accurate and efficient long-time extrapolation in two-dimensional
convection-dominated flows.

These developments showed that stabilization can be interpreted as a dynamic process,
whose optimal behaviour depends on the instantaneous flow configuration instead of pre-
determined empirical parameters.
Furthermore, we introduced a fully data-driven evolve-filter algorithm (DD-EF), where
the classical differential filter is replaced by a data-driven operator learned from DNS

227



CONCLUSIONS

simulations and combined with a structure-preserving relaxation procedure enforcing
energy and enstrophy preservation. This approach provided more accurate and robust
approximations than traditional filters, while reducing the computational cost and im-
proving its suitability for practical applications.

Building upon these ideas, the second part of the thesis extended the use of data-
driven strategies to reduced-order modeling, targeting the improvement of existing stabi-
lization and correction techniques for under-resolved ROMs, where a reduced number of
modes is employed.

First, similarly to DD-EF, we replaced the classical differential ROM filter in the L-
ROM formulation with a data-driven stabilization operator (StabOp). We investigated
linear, quadratic, and nonlinear formulations, all of which provided improved accuracy
compared with classical ROM filters, including in challenging three-dimensional turbu-
lent flows such as the minimal channel flow.
We then investigated a complementary stabilization strategy based on data-driven closure
(or correction) models, aimed at compensating for the effects of unresolved scales. More
specifically:

⊲ With the DD-EV-ROM, we extended existing closure strategies for POD-Galerkin
ROMs to parametrized settings by exploiting neural operators. The combination
of data-driven correction and turbulence models, both represented through neural
operators, resulted in stable and accurate predictions for unseen configurations.

⊲ We further generalized the neural operator-based correction approach to non-intrusive
POD-based ROMs, with the QuadNet and QuadNet-𝜇 architectures. In this frame-
work, the correction term is directly applied to the reduced approximation rather
than to the reduced equations, enabling its use in scenarios where the underlying
governing equations are not available.

The obtained results consistently demonstrated that nonlinear data-driven corrections sig-
nificantly improve the predictive capabilities of reduced-order models across different
flow configurations and parameter regimes, while preserving their computational effi-
ciency.

The third part of the thesis explored a broader perspective on nonlinear model reduc-
tion. The previous investigations showed that, although data-driven stabilization and cor-
rection strategies can significantly improve the predictive capabilities of classical ROMs,
they remain constrained by the underlying linear POD representation. To overcome this
limitation, we moved beyond the paradigm of correcting existing reduced models and in-
vestigated the direct learning of compact nonlinear representations of the FOM operators
defining the governing equations.

This shift represents a conceptual evolution from learning stabilization terms to learn-
ing numerical operators themselves, extending the projection-based philosophy of clas-
sical ROMs, such as POD-Galerkin methods, towards nonlinear latent representations
learned from data.
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The proposed operator-compression framework combines classical AEs with convo-
lutional encoders, exploiting the intrinsic locality and sparsity of differential operators
to construct compact latent representations while preserving the algebraic structure re-
quired to solve the reduced system. Moreover, the coupling between the learned oper-
ators and the intrusive reduced formulation acts as an additional regularization mech-
anism during training, improving the stability of the learning process and guiding the
neural architecture towards physically meaningful representations.

Taken together, the contributions presented throughout this thesis outline a coher-
ent evolution in the role of machine learning within CFD. Rather than replacing physics-
based numerical methods, machine learning is employed as a mathematical tool to iden-
tify quantities that are traditionally prescribed empirically, including stabilization param-
eters, filtering operators, closure models, and eventually the numerical operators them-
selves. From this perspective, stabilization progressively evolves from a fixed numerical
correction into a learnable mathematical component of the computational model.

Methodological considerations

Themethodologies developed throughout this thesis operate at different levels of the com-
putational model, ranging from FOM to ROM, and therefore exhibit different advantages
and limitations. Their suitability depends on several factors, including the availability of
high-fidelity data and of the governing equations, the computational cost and training
requirements, the online efficiency, and the possibility of incorporating mathematical or
structure-preserving constraints. A summary of the main advantages, limitations, and
suitable application scenarios of each methodology introduced in the different chapters
is reported in Table 11.

The proposed methodologies should not, however, be regarded as standalone or mu-
tually exclusive approaches, as they can be combined or transferred across different levels.
For example, the data-driven filter introduced within DD-EF can also be constructed in
POD-Galerkin ROMs. In this setting, the resulting linear filter is closely related to the lin-
ear formulation considered in StabOp-L-ROM. The two approaches nevertheless differ in
the training procedure: in StabOp-L-ROM, the optimization is performed over the time
evolution of the reduced model, whereas in DD-EF the filter is learned independently of
the time-integration loop.

Conversely, the data-driven stabilization operator learnedwithin StabOp-L-ROMcould
in principle also be applied at the FOM level as a mapping from the velocity field to its
filtered counterpart, for instance within either the EFR or Leray formulations.

Similarly, the adaptive filter developed through RL-EF can naturally be extended to
the reduced-order setting. In this case, the state provided to the RL agent could be rep-
resented by the reduced velocity coefficients rather than by the full-order field, while the
reward could be defined by comparing the ROM-EF solution with the projection of the
reference DNS onto the POD space. This would provide an adaptive ROM stabilization
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Table 11: Summary of the main methodologies developed in this thesis, including their
main advantages and limitations, and the scenarios in which each approach is most suit-
able.

Method Main advantages Main limitations When suitable

Opt-EFR
(Chapter 2)

Ideal prediction of op-
timal 𝛿 and 𝜒

Needs all DNS data Preliminary analysis of
ideal 𝛿 and 𝜒 values

RL-EF
(Chapter 3)

Needs no/limited
DNS data

Needs access to the
solver and
communication with
the RL environment

Long-time
simulations in case of
no/limited DNS dataPossible general-

ization to different
settings (ICs, 𝑅𝑒, …)

DD-EF(R)
(Chapter 4)

Efficient filter Needs DNS data Simulations with
limited grid size, with
available DNS data
(currently only with
periodic boundary
conditions)

Generalization to dif-
ferent settings (ICs, 𝑅𝑒,
…)

Requires large mem-
ory in the case of large
grids

Energy/enstrophy-
conserving

StabOp-L-
ROM and
DD-EV-
ROM
(Chapters 6
and 7)

Efficient training of
NNs

Needs access to equa-
tions and data (snap-
shots)

Cases with available
data and equations,
and where standard
POD-Galerkin failsGeneralization to dif-

ferent settings (ICs, 𝑅𝑒,
…)

Not energy-stable,
might blow up

Corrected-
ROM
(Chapter 8)

Needs no access to
equations

Needs FOM data
(snapshots)

Cases with available
data, in case of no
access to equationsEfficient (real-time) Less interpretable

CE-AE-
ROM
(Chapter 10)

Nonlinear compres-
sion of both solutions
and operators

Needs access to equa-
tions

Cases with available
data and equations,
where POD is not
accuratePreserves the opera-

tors’ structure
Methodological com-
plexity

Interpretable Currectly less mature
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strategy inwhich the filter parameters are learned according to the instantaneous reduced
state.

A similar strategy can be investigated forOpt-EFR,where the optimal filter parameters
could be identified directly at the reduced level by comparing the ROM-EFR solutionwith
the POD projection of the reference DNS.

Future perspectives

As partially anticipated in the previous section, several research directions naturally arise
from the present work.

⊲ Building upon the results of the first part of the thesis, a natural research direction
is the extension of the proposed methodologies to increasingly complex configu-
rations, including fully three-dimensional turbulent flows, for both the RL-EF and
DD-EF approaches. Another important objective is to improve the generalization
capability of these methods, first across different computational grids and subse-
quently across different test cases. For RL-EF, this could be achieved by consid-
ering space-continuous filter values and exploiting the flexibility of graph neural
networks. For DD-EF, a possible strategy is to replace the matrix–vector multipli-
cation with a space-continuous trainable nonlinear operator. Finally, an interesting
perspective is the development of consistent EFR-ROM formulations based on the
DD-EF and RL-EF methodologies. A first step towards the calibration of the filter at
the reduced level has already been explored in the Master’s thesis [296].

⊲ For the methodologies presented in the second part of the thesis, namely DD-EV-
ROM, StabOp-L-ROM, and QuadNet-𝜇, a promising direction is the incorporation
of mathematical and physical constraints directly into the learning process. Enforc-
ing properties such as conservation laws, energy stability, symmetry, and other
operator-specific structureswould improve both the robustness and the interpretabil-
ity of the resulting data-driven reduced-order models.

⊲ The nonlinear ROM framework introduced in the last part of the thesis naturally
opens several research perspectives. A primary objective is its extension to more
complex systems, such as the Stokes and Navier–Stokes equations, investigating
how both the solution manifold and the associated full-order operators can be ef-
ficiently compressed while preserving the accuracy of the reduced dynamics. In
parallel, we plan to further develop the continuous convolutional architecture, with
the goal of improving its efficiency and extending its applicability to simulations
performed on different computational grids.

The overarching goal of this thesis is to bridge classical numerical methods and ma-
chine learning, leveraging their complementary strengths to develop accurate, robust, and

231



CONCLUSIONS

efficient surrogate models. This research vision has also been fostered through the collab-
orations established during the PhD, including the joint activities with Prof. Cinnella and
collaborators [149, 362], where similar challenges have been addressed in the context of
nonintrusive ROMs. Looking ahead, these research directions naturally align with the
objectives of the ROSA (Reduced Order and Surrogate methods for advanced Applica-
tions) project, recently funded through the Italian FIS programme, which will focus on
the development of next-generation surrogate modeling techniques for reliable and effi-
cient simulations of real-world and industrial systems. The methodologies developed in
this thesis will therefore constitute a starting point for future research within this broader
framework, contributing to the design of accurate and data-enhanced computationalmod-
els for complex engineering applications.
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