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Abstract

Seen as complex-valued functions on rational numbers, quantum invariants of links and
3-manifolds have subtle analytic and algebraic features which seem to indicate that these
topological invariants contain some information about the Riemannian structure of the
underlying manifold. An example of this behavior is the quantum modularity conjecture,
which is an asymptotic statement about the relation between quantum invariants whose

arguments are related by a modular transformation.

In this thesis, we formulate a strong version of the quantum modularity conjecture for the
81, Witten—Reshetikhin—Turaev invariant of a geometric 3-manifold. In this formulation,
the quantum modularity conjecture states that for a given geometric manifold () the £ —
oo asymptotics of the WRT invariant 7 () contains a sum over SL(2, C) flat connections
on the manifold, (77) there is a distinguished flat connection which appears with a factor
of the WRT invariant itself, its argument having undergone a modular S-transformation,
7(=1/k), and (427 this distinguished flat connection is determined by the Thurston
geometry of the manifold. This generalizes the canonical SL(2, C) flat connection on
hyperbolic manifolds to other Thurston geometries. We also prove that the conjecture
holds for all Seifert homology spheres with three exceptional fibers, an infinite family of

rational homology spheres, and some other examples.

Since the WRT invariant at a generic root of unity is morally the partition function of
Chern-Simons theory at a fractional level, we also interpret this modular behavior in terms
of the asymptotics of the contour path integral of analytically continued Chern-Simons
theory.

Finally, we discuss an ongoing work about the unification of radial limits of the g-series val-
ued Z-invariants into a single element of an appropriately completed ring of polynomials
Z|q]. Existence of such a unification for integer homology spheres, and support from our

numerical experiments indicate that such a unification might exist more generally.






“I do not care what comes after; I have seen the dragons on the wind of morning.”
— Ursula K. le Guin, The Farthest Shore.






Contents

Abstract

Acknowledgements

Introduction

Knots, Links, and Tangles

2.1 |Preliminaries

2.2 IPolynornial invariantsl

2.3 |The category of tangles|

Manifolds

3.1 |Surgery along framed links|

3.2 |Geometrization of 3-manifolds|

Chern-Simons theory]

4.1 |Path integral and the framing anomalyl

4.2 |Link invariants

43 |Analytic continuation to non-integer Ievelsl

Reshetikhin—Turaev construction

5.1 |Link invariants

5.2 |Manifold invariantl

5.3 Ilnvariants for QIzl

ix

xi

I2

3

9
20

23

27
2.8
30

32

35

35
38

41



Modular forms and theta functions

6.1 |Deﬁnitions and examples|

6.2 |Eichler integrals and false theta functions

Quantum modularity conjecture

7.1
7.2
73

Flat connections

Proof of conjecture for Brieskorn homology spheres

Some rational homology sphere examples

Unified quantum invariants

8.1 |Strange identities and the Habiro ringl

8.2 |Z -invariants of manifoldsl

8.3 |Unifying radial limitsl

Computing quadratic Gauss sums

Aa IA refinement of the radial limit conjecture

Integrality of false theta limits

Bibliography

47

47
51

55
56
60
64

73

73
75
77

81

83

87

95



Acknowledgements

First and foremost, I must express my sincere gratitude to my supervisor Pavel Putrov for
introducing me to the beautiful mathematics and physics that this thesis is based on, and
for teaching me the value of perseverance when faced with hard problems. His reliable
support and deep knowledge of the subject kept me motivated during the PhD. I would like
to thank my internal advisor Alessandro Tanzini, the referees Hee-Joong Chung and Piotr
Kucharski for taking the time to read and evaluate this thesis, and committee members
Marcos Marifio and Michele del Zotto for serving on the examination commission. I
would also like to thank Asem Abdelraouf, Campbell Wheeler, and Chethan Gowdigere
for fruitful discussions on the subject of this thesis.

In my four years at SISSA, I have been very lucky to have met and befriended people I
deeply respect and admire. First among these are my batchmates Adriano, Moha, Lorenzo,
Leonardo, Matteo, Harman whose curiosity about the world always inspires me, and my
academic cousins (and good friends!) Thomas and Tommaso.

For their friendship since the beginning of my academic journey, I would like to thank
Avnish, Chinmay, Hiranmay, Kishan and Kishore. I have to mention Dripto for his travel

plans, Spandan for game nights, and Subri for sharing many great puzzles with me.

For their strength, dexterity, constitution, intelligence, wisdom, and charisma, I am grate-
tul to Andre, Christian, Ellie, Mike, Satvik, Shreyansh, Tomds, and Uros.

I would like to thank Ajay and Elisa for their kindness, compassion, empathy and for
helping me get involved in and serving the community. I would also like to thank Aliza,
Andrei, Awais, Gaby, Hari, Kostas, Minahil, Moha, Nazimur, Nour, Sara, and Tolib, some
of whom I first met while volunteering, and all of whom I am proud to call friends.

For the many shared lunches, and for reminding me of home even when I am so far away,
I would like to thank Anindita, Harshith, Pavan, Pranjal, Rahul, and Sandeep.

I would like to thank Vaishakhi for her delightful company and unconditional support.
Her many talents and rock-solid work ethic continue to inspire me. Finally, I would like
to thank my family for their constant support despite—as I suspect—not understanding
why someone would move halfway across the world to study mathematics.

Xi






CHAPTER 1

Introduction

Quantum invariants of 3-manifolds, which are the subject of this thesis, belong to a
relatively young branch of mathematics called quantum topology. Since they first appeared
in the late 1980s [64}[s6, 1], quantum invariants have provided topological invariants with
the fresh perspective of topological quantum field theory, revealed deep connections with
classical geometry (volume conjecture [33]), and sparked interest in entirely new kinds of
mathematical objects (quantum modular forms [67], Habiro ring [z3]).

One aim of this thesis is to understand the geometric information contained in the Witten—
Reshetikhin-Turaev invariant of a 3-manifold—a purely topological object. This connec-
tion between geometry and topology is made manifest, by looking at the “small coupling”
asymptotics of the WRT invariant and observing the phenomenon of quantum modular-
ity. We give an elementary explanation of this quantum modular behavior later in this

introduction.

An object related closely to quantum modularity, and one that is unique to quantum
topology, is a certain completion of the ring of polynomials with integer coefficients,
called the Habiro ring. It is inside the Habiro ring that the colored Jones polynomial
of aknot finds its most natural home. In the final section of this chapter, we introduce
some preliminary results from an ongoing work on the unification of radial limits of
Z-invariants into an element of the Habiro ring.

This chapter is dedicated to an opinionated tour of quantum topology for a reader un-
familiar with the subject. At the first two stops of this journey, we recall relevant facts
about 3-manifold geometries, Chern—Simons theory, and quantum invariants necessary to
motivate the statement of the quantum modularity conjecture in Modularity. The final
stop is Unification, where we introduce unified invariants, connect them back to quantum

modularity, and propose a plausible unification for the radial limits of Z-invariants.

Geometry

Riemannian structures in topology are expected to be tied closely together in three di-

mensions due to Thurston’s geometrization [60]. Thurston’s geometrization is a weaker



statement than the uniformization of Riemann surfaces—not every 3-manifold is geomet-
ric, but any 3-manifold admits a decomposition into geometric pieces by cutting along
2-spheres and 2-tori. Each of these geometric pieces has the structure of a quotient M /T,
where A is one of the eight Thurston geometries

S3, R, H?, S?xR, H?>xR, Nil, Sols, SL(2,R), (11)

and I' C Isom A is a discrete subgroup of isometries, acting freely and properly discon-
tinuously on A1. The geometric manifold X' = A4 /T inherits a Riemannian metric from
M, and we say that X has a geometric structure modeled on A1 (see § for an overview
of the model geometries).

In the language of geometrization, the uniformization theorem says that every surface is
geometric and has a geometric structure modeled on one of S 2 R? or H2. Moreover, which
geometric structure a surface admits is determined completely by its Euler characteristic—a

topological invariant.

For hyperbolic 3-manifolds, this connection between topology and Riemann structures is
even stronger because the Mostow rigidity theorem implies that there is no moduli space
of hyperbolic metrics—if it exists, the hyperbolic metric is unique [42, Chapter 13]. This
means that the volume of a hyperbolic manifold is a topological invariant.

Euler characteristic ‘ x(8)>0 x(8) =0 x(8) <0
Geometric structure S? R? H?
Examples S2 RP? T2, Klein bottle Surfaces of genus > 2

For complements of hyperbolic knots, this connection is captured by Kashaev’s volume
conjecture [33]. Roughly speaking, the volume conjecture states that the “small coupling”
asymptotics of the Jones polynomial are dominated by the hyperbolic volume of the knot
complement. More precisely the conjecture states [443 45],

lim 2z lo ;27T 3

Jim — g J-(Kse ) =~ Vol(§° \ K). (r.2)
For hyperbolic 3-manifolds, there is a version of the volume conjecture due to Chen
and Yang [8], which states that the “small coupling” asymptotics of the 8[, Witten—
Reshetikhin—Turaev (WRT) invariant is dominated by its complexified volume. For odd
r, we have the following asymptotic statement

27i
im
r—oo 7+ 1/2

log 7,.41/2(X) = Vol (X), (1.3)

where Volg (X) = —47% CS[4.] for a canonical geometric SL(2, C) flat connection
on X determined by the hyperbolic structure. We explain why we consider the “small



coupling” asymptotics in the first place, and what the symbol CS[.4,] means in the next

section.

We emphasize that the Jones polynomial and the WRT invariant are topological invariants,
and a priori there is no reason why their asymptotics should know about the hyperbolic

structure.

Physics

The WRT invariant is a mathematical formalization of the Chern-Simons partition
function which is defined heuristically by a path integral. We recall that Chern-Simons
theory is a three dimensional topological gauge theory whose definition requires a compact
connected simple Lie group G, and an inverse coupling constant £. The classical action of
the theory is given by the integral of the Chern-Simons 3-form,

CS[A]=$‘/Xtr(A/\dA+§A/\A/\A), (r.4)

and the partition function of the quantum theory is given by the path integral

Z9(X) = y DA FHRCSHI, (Ls)
G

Up to some constants and choice of normalization, we have 7,.(X) = ZV2) (X). In what
follows, we let G = SU(2) be understood.

Gauge invariance of the path integral forces £ to be an integer, but there is a way to
analytically continue to arbitrary complex £ by complexifying the gauge group SU(2) —
SL(2, C) and integrating over an appropriate middle-dimensional contour in Usy,(2,c)

(see §[4.3|for more details),

Zu(X) = / D A HRCSAT, (1.6)
FCUSL(Z,@)

A standard way to better understand path integrals of this type is to look at the small
coupling limit £ — oo. If we pretend that the path integral is finite dimensional, we can
compute a saddle point expansion around stationary points of CS, which are SL(2, C)

flat connections. We let £ = /s € @Q and for » — oo we have

Zys(X) = 2, P72 2T S ZER r fs), - (1)
aemy (Mg, (X,SL(2,C)))

. . . . — ; ert
where the sum is over SL(2, C) flat connections, 2, are polynomials in ¢ 27ir/s and Z)

are asymptotic series in 5/7. Recall that the moduli space of flat connections is defined



as
My, (X, G) = Hom(71(X), G)/G, (1.8)

where G acts by conjugation.

Comparing with the volume conjecture, we see that Chen and Yang’s statement concerns
the case s = 2, and says that there is a special connection A., compared to which, all

. . ;5
other contributions ¢7*7 €S14]

are exponentially suppressed. Moreover, this special flat
connection specified by the hyperbolic structure of X as follows. Note that X = H?/T
for some I' € Isom, (H?) = PSL(2, C). The canonical geometric flat connection 4. is
determined by the lift of the inclusion 7;(X) = I' < PSL(2,C) to a map 7;(X) —

SL(2,C).

There is a refinement of the Chen-Yang volume conjecture to arbitrary s, and it is called

the quantum modularity conjecture.

Modularity

The quantum modularity conjecture for closed hyperbolic manifolds as formulated by
Wheeler [63], makes the following claim about the » — oo asymptotics of the WRT

invariant
T (X) = 275 SN (1 — 7270 g (X I (s)7) + 0(e27 S (1)

where /(s/r) is an asymptotic series in s/7. Comparing with , we see that contribu-
tions from flat connections other than the geometric one are exponentially suppressed,
and moreover the polynomial £,, attached to the canonical flat connection is equal to the

WRT invariant itself, its level having undergone a modular S-transformation »/s +— —s/7,
i, D, (e7 2775y = (1= 2™y 7 (X).

In 53], my supervisor and I formulated the following version of the quantum modularity
conjecture for geometric integer homology spheres. To make expressions look nicer, we

use the notation 7y (£) for the WRT invariant that we denoted above by 7,/,(X), where
';; — 627[1'5/ r

Conjecture r.1. Let X = M [T be a geometric integer homology sphere with model geometry
M, andlet £ = ¥ 17 be a primitive r-th root of unity for some r € 2Z-1+1and s € 4Z+1.

1. As r — oo along integers coprime with s, the WRT invariant has the following asymp-
totic expansion

m(§) = > emslpgL(2), (1.10)

S
7
aemy (Mg, (X,SL(2,C)))

wloeref = e 2mir]s, Pa(f) € Z[f], and I,(s]r) € (s/r)‘}d/zC[[s/r]]ﬁmome o € Z.



2. There is a geometric flat connection a, specified by the map = (X) = I' — SL(2,C),
which is a lift of the composition of the canonical incusion I — Isom, M with a
certain natural map Isom, M — PSL(2, C), and we have

P.(§) = E2 (1= E)x(§) = o (M) (111)
where 3 is an integer and the function yg3(M) = 1if M = S> and zero otherwise.

A few remarks are in order.

Remark 1.1. The restriction s = 1 mod 4 in the conjecture is only stated to fix the sign of
a Gauss sum. We can formulate a similar statement for s = 3 mod 4, at the cost of a phase

factor.

Remark 1.2. The statement B, (£) = £7(1 - &) 7y (£) implies that (1 - &)y (£) € Z[£].
This is consistent with the integrality of the WRT invariant 7y (£) € Z[£], which follows
from the existence of a universal invariant for integer homology spheres in the Habiro
ring, whose evaluation at a root of unity gives the WRT invariant [z5, Theorem 4.4].

Remark 1.3. The main novelty here is the identification of a geometric flat connection for
non-hyperbolic geometries. In Chapter we give candidates for the map Isom, M —
PSL(2,C) for every model geometry (§ , prove that the conjecture holds for all
Brieskorn homology spheres (Theorem [7.1), formulate a version of the conjecture for
Z/2Z-homology spheres (Conjecturefy.1), and work out some rational homology sphere
examples where the more general conjecture holds (§7.3).

Remark 1.4. Kashaev’s volume conjecture for hyperbolic knot complements can also be

further refined to a statement about quantum modularity [rg].

Unification

A prototypical example of an element of the Habiro ring is the Kontsevich—-Zagier function
le6]

F(q) = i(ﬁ(l —qj)), (r.r2)
n=0 \ j=1

defined only when ¢ is a root of unity. Despite not being a function on any open subset
of the complex plane, or even a formal g-series, F'(g) has “good” behavior under mod-
ular transformations as a function on the rationals. In particular, the functio P(x) =
g% F(g) under a modular T'-transformation acquires a phase #(x + 1) = ¢™/12¢(x),
and its failure to be modular under an S-transformation

B(x) £ '2|xPlPg(~1/x) = g(x) (113)

where g = Ve



extends to a real analytic function on the reals.

Such formulas are proved by relating £(g) to the radial limit of the Eichler integral of a
weight-1/2 modular form—in this case the Dedekind eta function. This kind of argument
is the same one that appears on the way to the proof of the quantum modularity conjecture
for Brieskorn homology spheres. This is not a surprise because a theorem due to Habiro
[23) Theorems 4.1 and 4.4] says that the WRT invariant of integer homology spheres can
be unified into an expression of the type

7 (q) = i an(9) (ﬁ(l - qj)), (1.14)

n=0 j=1

where 4,(g) € Z[q]. Like the function F(g), the above expression is defined only at
roots of unity, and its evaluation at a root of unity would give the WRT invariant.

Recent years have seen a lot of interest in Z-invariants [23, 21, 22)], which are g-series
valued invariants of 3-manifolds, labeled by SpinC—structures [zo, § 4.2]. These formal
power series can variously be understood as a kind of quantum group invariant, a non-
perturbative completion of complex Chern-Simons theory or BPS state counts of a certain
supersymmetric quantum field theory. The relevant facts for our purposes are that ()
the g-series Z »(q) converges inside the unit disk |¢| < 1, and its radial limit at roots of
unity is related to well-defined quantum invariants of 3-manifolds, and (i7) the g-series are
known to have quantum modular behavior [49}/6} 1, 10].

Motivated by its radial limits and quantum modularity, we can ask if there is an element
of the Habiro ring V’fb(q) with an expansion like , such that

eve Wy () = Jim Z(q). (r.15)

We discuss the answer to this question in Chapter

Outline

Like this introduction, the thesis is divided roughly into four parts.

Chapters andintroduce the necessary background in the topology and geometry of
3-manifolds. Highlights from these chapters include the sections on the category of tangles

(§[2-3) and Thurston’s geometrization (§5.2).

Chaptersanddiscuss the necessary background in Chern-Simons theory and quantum
invariants. Highlights from this part include the asymptotic expansion of the Chern—

Simons partition function when the level is analytically continued to a rational number

(§ , and the definition of the WRT invariant (§ .



The next two chapters are the heart of the thesis. Chapterintroduces modular forms and
Eichler integrals of theta functions, which are the main technical tools used to prove that
Conjecture[t.1]holds for Brieskorn homology spheres (Theorem[7.1). Chapter[7]is based on
joint work with my supervisor [53] and contains the most general version of the quantum
modularity conjecture (Conjecture[7.1), candidates for geometric flat connection for every
Thurston geometry (§ , Theorem|7.1]and its proof, and evidence that the conjecture
holds in case of a number of rational homology sphere examples, including the infinite
family S2(0; p,—2p — 1,—-2p — 1) for p € Zs».

Chapterintroduces the Habiro ring, Z-invariants, strange identities and a conjectural
unification of Z-invariants into elements of Habiro ring, at least when the manifold is a
knot surgery.

Appendix@ collects some formulas and tricks for evaluating quadratic Gauss sums. We
also use these Gauss sums to refine the radial limit conjecture for Z-invariants (§ .
Appendixcontains along proof of an integrality result for radial limits of a certain basis
of false theta functions.






CHAPTER 2

Knots, Links, and Tangles

For the sake of self-containedness, we start by reviewing some preliminary knot theory—
isotopies, Reidemeister moves, orientations, and framings—followed by a discussion of
knot polynomials by their skein relations. The largest part of this chapter, however, is
§Which describes the category of oriented and framed tangles, and explains how this
category, OFrTang, is a model for the definition of a ribbon category, which sits at the
heart of this subject.

2.1 Preliminaries

Knots are smooth embeddings of the circle into a 3-manifold. Let X be a 3-manifold; a
link in X is a smooth embedding of a finite disjoint union of circles K : ST -+ U ST —
X . Each image K (S') is called a component of the link K. We also use the notation
K = Ky U--- U Ky, where the integer /" is the number of link components, and for each
J>we have the embedding K : St — X such that Kj(Sl) N K (SY) =oif j # k. Fora
good introduction to knot theory, we refer the reader to [34] and [54].

Remark 2.1. We will engage in a common abuse of notation and use the letter K to refer
to both the embedding and its image in X interchangeably.

Remark 2.2. We will be a little cavalier about the category we are working in because the
topological, piecewise-linear, and smooth categories are all equivalent in three-dimensions.

The appropriate notion of equivalence for knots and links is that of isotopy. Let K and L
be links in a 3-manifold X. An ambient isotopy is a continuous family of homeomorphisms
f:10,1] X X — X such thatfy =idy and L = f; o K. If such an isotopy exists, then we

say that the links K and L are ambient isotopic. We will often drop the adjective “ambient’

because these are the only isotopies we will encounter in this thesis.

Remark 2.3. Enumeration of link components, Kj, ..., Ky is completely superficial

because differently enumerated links are identified under an isotopy.
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Remark 2.4. Since S? = R3 U o0, aknot in R? can always be thought of as a knot in S°.
Conversely, a knotin § 3 can always be thought of as a knot in R3 because we can always
deform a knot in $3 away from the point at infinity by ambient isotopy.

0B P

Figure 2.1: Some knot diagrams.

Knots and links in R3 (or 3, see Remark are represented by diagrams in the plane.
A knot diagram is the image of the knot under a projection of R3 onto a plane such that
all self-intersections are isolated and consist of exactly two points. Self-intersections are

resolved in a diagram by drawing over and under crossings (see Figure[o.1)).

A cornerstone of knot theory is the Reidemeister theorem (see [54, § 1], which says that
two diagrams belonging to the same isotopy class of a link are related by a finite sequence
of the so-called Reidemeister moves (Figure.).

e > S

\

|
A

I

S
/\J
S
—O

Figure 2.2: The three Reidemeister moves R1, R2, and R3.

Knots and links can carry extra structure. When this is the case, we require that the ambient
isotopy preserve this structure. If a link is oriented, for example, we speak of ambient
isotopies of oriented links, and the Reidemeister moves in Figurehave to be augmented

to keep track of orientations.

One rudimentary isotopy invariant of oriented links is the /inking number. For distinct
components K; # K; of an oriented link, it is defined as half the signed sum of crossings
of K; and K,
1
(K Kp) =5 >, ep), (21)
PEKNK;

where €(p) = =1 for crossings of type K. respectively (see Figure . Note that the
linking number changes sign if we flip the orientation on one of the components, and

remains unchanged if both orientations are flipped simultaneously.
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Remark 2.5. There is also an integral formula for the linking number due to Gauss

_ A
(K, Kj) = — //dxwx NGt 2 (2.2)

._x|3

Such integrals also occur in the calculation of expectation values of Wilson lines in Chern-

A UK

Ke K K-

Figure 2.3: Convention for positive and negative crossings.

Simons theory.

Alink is framed if each of its components carries a homotopy class of non-singular normal
vector field. For each link component, the homotopy class of this vector field is determined
by the linking number of K; and K/, where K ¢ X'\ K; is obtained by pushing K a small
distance along the normal vector field. The framing of a link component is alternatively
called its self linking number.

Remark 2.6. To compute the linking number, lk(K;, K), we orient both K; and K
in the same direction. The linking number is the same as long as both components are

oriented in the same direction.

Remark 2.7. Framed knots are important because they describe how a 2-handle, B?x B?,
should be glued to the boundary of the 4-ball, B%. It is a fact that every closed 3-manifold
can be constructed from such gluing operations. See §for details.

Remark 2.8. When X = R3 (or S?), we can always pick a framing such that the self linking
number is zero. But this is not always possible when X is a generic 3-manifold.

When we draw diagrams of framed links, we will denote the framing by writing the self
linking number next to each component. When the self linking number is omitted, we
shall assume that the knot is given the blackboard framing. A blackboard framed knot has
its normal vector field pointed outward tangent to the blackboard (or a different drawing
surface) at each point.

For blackboard framed diagrams, the first Reidemeister move is no longer an isotopy
of framed links. We replace it by the following modified version which lets us undo

twists.



C,j /
9 l

Figure 2.4: The modified first Reidemeister move for blackboard framed link diagrams.

2.2 Polynomial invariants

Before we describe the hefty Reshetikhin—Turaev machinery for constructing isotopy
invariants of knots and links, we recall the definition of some knot polynomials in terms of
skein relations. The oldest and most classical of these is the Alexander polynomial, valued
in Z[#*1/2] and defined by the skein relation (see [543 Proposition 2.8.3])

Ax, - Ak = (2 =7V Ag,, (2.3)

and a normalization Ay = 1, where U is the unknot.

The Jones polynomial, discovered in the 1980s [31,32] satisfies the skein relation

7V, —q Vi =(q-q k. (2.4)

To compute the Jones polynomial from this relation, one would need a choice of normalization—
its value on the unknot, 7. One convenient choice is to set 7 = 1. Note that despite the

very similar looking skein relations, unlike the Alexander polynomial, the Jones polynomial

can distinguish mirror images of achiral knots.

Finally, we have the two-variable HOMFLY-PT polynomial, valued in Z[4%, 4*] and
defined by the skein relation [18}z4]

ﬂPK+ - ﬂ_IPK_ = (q - q_l)PKo) (25)

and a normalization Py = 1. A curious thing about the HOMFLY-PT skein relation
is that it subsumes both the Alexander polynomial and the Jones polynomial. Indeed
Ag = Px|,=1and Vg = P[(lﬂ:qz.

*1] and can be

We also have the so-called 8y link polynomials which are valued in Z[g
understood as another specialization of the HOMFLY-PT polynomial given by V[?IN =
Px| pg More fundamentally, these polynomials can be understood as the quantum
link invariant associated to the quantum group U, $[ 7, when each component of the link
is colored by the vector representation of 8[7. We discuss colored links again at the end of

the following section.
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2.3 The category of tangles

A tangle is an embedding of intervals, / = [0, 1], and circles, S 1 into R% x I with the
conditions that (7) the boundaries of intervals are incident on R x 0 x {0, 1}, and (%)
no other part of the tangle intersects R* x {0, 1}. For non-negative integers k£ and /, a
(k, [)-tangle intersects R* X 0 in £ points, and R? x 1 in / points. For precise definitions
of objects discussed in this section, we refer the reader to [61, Chapter I].

Remark 2.9. Like knots and links, we consider tangles upto ambient isotopy.

Remark 2.10. Knots and links are (0, 0)-tangles, and a braid on 7 strands is an (7, 7)-

tangle.

% [ &)
/\Ly K k//&) D
QL N
SO (& \ /)
Figure 2.5: A (0, 0)-tangle, a braid on three strands, a (3, 3)-tangle that is not a braid, and
a (2, 4)-tangle.

Remark 2.11. Boundary of every (&, /)-tangle, 7', admits a decomposition into znputs,
0-T =0T NR x 0x 0, and outputs, 0, T =0T NRx0x 1. Wehave 07 = d_T L 0, T
and |0_T| = kand |0, T| = ..

Remark 2.12. Pointsin 0_T and 0, 7" can be ordered from left to right (in ascending order
of their x-coordinate).

We can now describe the category of tangles, Tang. Objects of this category are non-
negative integers, and for any objects £ and /, a morphism £ — / is a (k, /)-tangle. Mor-
phisms 7" : £ — /and U : [ — m are composed by gluing / outputs of 7" to the / inputs
of U in order, and scaling the tangle to R? x 7. The identity morphism & — £ is the
(k, k)-tangle with £ parallel strands.

The motivation behind this categorical description of tangles is to build an algebraic
description of knot theory in R3. In what follows, we shall describe a category with a
richer structure—of oriented and framed tangles—which is a model for ribbon categories,
and is a building block of three-dimensional topological quantum field theories.

Let OFrTang be the category of oriented framed tangles. Objects of this category are
ordered sets of signs, O6 = {u = (u1,...,u;) € {(£1}* | & € Zso}. Morphisms,
T : u — v, are regular isotopy classes of tangles whose components carry orientations
and framings. Orientations are such that the j-th strand incident on d_7" (or 0, 7’)
points downwards if #; = +1 (or v; = +1 resp.) and upwards if #; = -1 (orv; = ~1
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resp.). See Figure for examples. As in Tang, morphisms are composed by gluing and
rescaling tangles, and identity morphisms are appropriately oriented, 0-framed parallel

strands.

Remark 2.13. If a framing is not indicated, we shall assume that framed tangle diagrams
are blackboard framed.

Y boa
559 $aid

Figure 2.6: Morphisms in OFrTang.

Remark 2.14. Components of a framed tangle can also be thought of as ribbons, homeo-
morphic to 7 x I or ' x I, embedded in R? X 7 such that their cores, / X 1/2 or S x 1/2,
coincide with the tangle components and their surfaces are tangent to normal vector fields

of the framing.
Remark 2.15. For brevity, we shall refer to OFrTang as the category of ribbon tang]es.

OFrTang has a natural monoidal structure, i.c., there is a way to tensor objects and mor-
phisms of the category. On objects, the tensor product is defined as disjoint union, for
u,v € Ob, wehave u ® v := (u1,...,u,01,...,0). For morphisms, 7" : . — v, T" :
u' — v', the tensor product 7 ® 7”7 : u ® #’ — v ® v’) is defined as the tangle diagram
obtained by adjoining 7" to the right of 7. The empty set in ©O6 is the monoidal unit,

9.5 24
&Ry R

Figure 2.7: Tensor product of tangles.

OFrTang also has a braiding. In a monoidal category, braiding is defined as a natural

family of isomorphisms ¢ = {¢,, : # ® v > v ® u | u,v € O6} such that

Cup@w = (ldv ®Cu,w) © (Cu,v ® idw)a (2'6)
Cu®@vw = (Cu,w ® 1dv) © (ldu ®fu,w): (2'7)
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for all objects #, v, w. Naturality of ¢ means thatforany 7 : # — #" and U : v — v’, we
have (U®T) o cyp = o (T @ U).

Remark 2.16. A monoidal category with a braiding is called a braided monoidal category.

Figure 2.8: Braiding in OFrTang.

In the category of tangles, the braiding is given by the braiding of strands (see Figure|>.8).
That this braiding satisfies Equations and the naturality condition, follows from
regular isotopy. Indeed, it can be shown that the braiding in any monoidal category satisfies

the Yang—Baxter identity,

(id,, ®cy 1) © (cp, ®idy) o (idg ®cy,,)
= (¢1,, ® idy) o (id; ®cp ) © (cgy ® idyn), (2.8)

for any objects &, /, and m—which is just an algebraic version of the third Reidemeister

4%
X (\\

Figure 2.9: Yang—Baxter identity in OFrTang for k =/ = m = (+1).

OFrTang has a twist. In a braided monoidal category, a twist is defined as a natural family
of isomorphisms ¢ = {§, : # — u | u € O6} that are compatible with the braiding in the
following sense,

Ousv = Cou © Cup © (0 ® 6,), (2.9)

for all objects #, v. Naturality of ¢ means thatforany 7" : # — v, wehave §,0 T =T 0 0,,.
In OFrTang, the twist is given by twisting of strands (see Figure . Like the braiding,
compatibility and naturality requirements for this twist follow from regular isotopy.

OFrTang has a compatible duality. A dualityin a monoidal category is () an involution on

its objects, i.e., for every object #, there is an object #*, and (77) morphismsev,, : #*®u — 1
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(Y
B

Figure 2.10: Twist in OFrTang.

+ - - + - +
- + \J U
Figure 2.11: Evaluation and coevaluation maps in OFrTang and compatibility with the
twist.

and coev, : 1 — # ® «* such that
(id, ® ev,) o (coev, ®id,) =id, and (ev, ®id,) o (id,» ® coev,) =id,~.  (2.10)

In OFrTang, the involution # — #* is given by flipping all signs, and the maps coev, and
ev, are given by cups and caps respectively (see Figure[o.. If the monoidal category has a
braiding and a twist, we require the duality to be compatible in the following way,

(6, ®id,+) o coev, = (id, ®F,+) o coev, . (2.11)

Remark 2.17. A braided monoidal category with a compatible twist and duality is called a
ribbon category.

Example 2.1. OFrTang is a ribbon category.

Example 2.2. Tang is also a ribbon category, but we chose to introduce OFrTang because
in Tang, the duality involution on objects acts trivially, £#* = £, and the twist isomorphisms
are given by the identity morphisms.

Example 2.3. The category FinVectr of finite-dimensional vector spaces over a field F
is also a ribbon category with the braiding, cyyr : U ® V' — V' ® U given by a flip
u®vi—>vQ®uforu € Uandv € I and extended by linearity, twist given by the identity
map, 0y = idy, and duality inherited from its vector space structure.

Remark 2.18. In the definition of a ribbon category, we did not require (#*)* = « in the
definition of the duality, but compatibility with the twist in a ribbon category makes
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#** = (u*)" canonically isomorphic to #. Furthermore, the monoidal unit is canonically
isomorphic to its own dual, 1* = 1 [61, Chapter I § 2.6].

2.3.1  Colors

As a final step in the union of the geometry of tangles and the algebra of ribbon categories,
we introduce the notion of colored tangles. Given a category, C, a C-colored (oriented,
framed) tangle is a tangle whose components are assigned (or colored with) objects of C.
An assignment of objects of C to components of a tangle is called a C-coloring.

For a ribbon category, ¢/, we define the category of {/-colored oriented and framed tangles,
OFrTang,,. Objects of this category are finite sequences of pairs,

7= ((ljlrul):-'ﬂ((]k)”/e))z (Z.IZ)

where Uj are objects of / and #; € {1} forevery j = 1,...,k,and k£ € Zs. A morphism
T : y — visaV-colored oriented and framed tangle such that the colors and orientations
of 0_T are the same as » = ((U1,u1),..., (U, #;)) and the colors and orientations
of 0,7 are the same as v = ((V1,v1),... (V},v7)). Asin OFrTang, the orientations of
tangle components are such that they point downwards if #;,v; = +1 and upwards if

%j, Z)j =-1.

Remark 2.19. A post-hoc motivation for the definition of colored tangles comes from
Chern-Simons theory, in which ribbon graphs are extended operators colored (or charged)

with objects of Rep G, the category of representations of the gauge group. See also

Remark|4.10]

2.3.2 Ribbon graphs

OFrTang is a subcategory of the category of ribbon graphs, Rib. Rib has the same objects
as OFrTang but its morphisms are ribbon graphs—isotopy classes of oriented compact
surfaces in R? x 7 that can be decomposed into bands, annuli, and coupons such that
only bases of bands intersect R* x {0, 1}.

Annuli are homeomorphic to S! — 7 and embedded in R? x (0, 1). Bands are homeo-
morphic to / x [ and have distinguished edges, {0, 1} X I called bases. Bases of bands
meet the boundary R x {0, 1} on R X 0 X {0, 1} or on the base of a coupon. Coupons are
homeomorphic to 7 x I with distinguished edges, {0, 1} X 7, also called bases, embedded
in R? x (0, 1) such that it lies parallel to the xz-plane and its top base 1 x I has a larger
z-coordinate than its bottom base 0 x /.

Remark 2.20. A ribbon graph is said to be directed if the cores of bands, § 1% 1/2,and
cores of annuli, 7 X 1/2, are oriented. In what follows, all ribbon graphs will be assumed
to be directed.
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V;\/a. VK.

Figure 2.12: An elementary coupon in Riby.

Like tangles, a (£, /)-ribbon graph, T, has % inputs, i.e., |0_-I'| = [T N R? X 0| = £, and /
outputs, i.e., [0:I'| = |I' N R? x 1| = /. And like tangles, we can order the points in 9.
from left to right.

Morphisms of Rib are directed ribbon graphs. The ribbon category structure of OFrTang
has a straightforward extension to the category of ribbon graphs—Rib is a ribbon cate-

gory.
Given a ribbon category, ¥, we can also define the category of {/-colored ribbon graphs,
Riby, which has the same objects as OFrTang,,, but whose morphisms are ¢-colored

ribbon graphs. Bands and annuli of a /-colored ribbon graph are colored by objects of {/.
An elementary coupon as in Figureis colored by a morphism,

f:Vlvl®“'®V/:k—>VV1w1®"'®VVZw/, (2.13)

of ¢V, where le =V; (W;1 = W} resp.) and Vj_1 = Vj* (W;._1 =wr resp.).



CHAPTER 3

Manifolds

In this chapter, we cover the two pillars of 3-manifold topology: (7) a classical theorem
of Lickorish and Wallace that reduces the homeomorphism classification problem of
3-manifolds to the study of framed links in the Euclidean three-space, and (77) the ge-
ometrization conjecture (proved by Perelman) which says that every 3-manifold can be
decomposed into geometric pieces, and every geometric piece has a Riemann structure
modeled on one of the eight Thurston geometries.

We start with some examples.

Example 3.1 (Closed 3-manifolds). S!x .82, T3 = §t x St x §1, §1 x S, where Sy isa
surface of genus ¢ > 2.

Example 3.2 (Lens spaces). Let 4, b be coprime integers and define a fixed point free

action of Z, on the 3-sphere by
§? ={(w,2) € C* | [w|* + |z|* =1} c C?, (3.1)

asn-(w, z) = (e2Fny, 27t/ ) for any 7z € Z, and (w, z) € 3. The quotient $*/Z,

is the lens space L(a, b).

Example 3.3 (Prism manifolds). Let S> be the group of unit quaternions and consider its

subgroup Dy generated by

{eﬁia/m, e?fia/m]-}d:1 ..... - (3.2’)

This group is isomorphic to the binary dihedral group. It acts on § 3 by multiplication
and the quotient $3/ D;  is the prism manifold @,,.

Example 3.4 (Poincaré homology sphere). Let S be the group of unit quaternions and
consider its subgroup 1}, generated by

;=%<1+i+;’+k> and l‘=%<¢+¢>‘1i+i>, (33)

19
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where @ = (1 + V/5)/2. This group is isomorphic to the binary icosahedral group because

the generators satisfy (s2)> = s> = £>. Itacts on S° by multiplication and the quotient

S3/1;

5o 1s one possible description of the Poincaré homology sphere [38].

Remark 3.1. Recall that quaternions are generated by i, j, k as an algebra over R subject to
relations i% = j2 =k?= ijk = —1. Any quaternion can be written as ¢ = w + xi + yj+ zk

for some w, x, ¥, 2 € R, and its norm squared is given by |¢| = w? + 2% + yz + 22,

3.1 Surgery along framed links

For our purposes, surgery will be an operation in which we start with a closed 4-ball, B,
with a framed link, K, in its bounding 3-sphere, 0B*% = §3 and attach handles, B x B2,
to the boundary in ways specified by the framed link to get a new compact 4-manifold,
Wi . The boundary of W is a 3-manifold and we say that it is the result of surgery on § 3
along K. See [37, Chapter I] for more details.

Let K be a framed link in the boundary .§ 3 with 1V components Ki, ..., Ky . For every
Jj =1,...,V,let a; be an integer that denotes the framing of K, and let U; = § Ix D?
be a solid torus in §3 such that () its core, ST x 0, coincides with the knot K;, and
(#) U; and U, do not intersect if j # k. We attach a 2-handle B x B? along every U
by the embedding ¢; : 0D?> x D?> = S x D?> — 83 = 9B* such that the image,
525]‘(6D2 x D?), is identified with U, and ¢j(6D2 X (0,1)) goes a; times around K. The
resulting 4-manifold is defined inductively as

Wg =Wy where W;:=W;_ Up, B*x B> and W, =B*. (3.4)

Note that the order in which the handles are attached is not important because the tubular

neighborhoods, U}, are mutually disjoint.

Remark 3.2. Surgery along the empty link is defined to be 17, := B*.
Example 3.5 (Surgery along +1-framed unknot). Sfl U) =83
Example 3.6 (Surgery along a 0-framed unknot). SS(U ) =S x 52

The following classical theorem states that every closed 3-manifold can be realized as 0 /W
for some framed link K.

Theorem 3.1 (Lickorish [41] and Wallace [62]). Any closed connected 3-manifold (up to a
degree one homeomorphism) can be obtained by surgery on S3 along a certain framed link.

Remark 3.3. We shall use the notation S3(K) for the resulting 3-manifold 0/, where

a = (a1, ...,ay). Sometimes the framings, 4;, are referred to as the surgery coefficients.

See also §[3.1.2}



21

Remark 3.4. Every orientable 3-manifold is spin and therefore parallizable (see [37, Chap-
ter VII]). In what follows, it will be relevant to keep track of the framing of a 3-manifold,
which refers to the homotopy class of trivializations of its tangent bundle.

We define the signature of alink, o (K), to be the signature of the intersection form on
Hy,(Wx, Z). If the link components are oriented, then the Seifert surfaces bounded by
link components and the core of the associated handles form a basis of H>(Wx, Z). The
basis element corresponding to the link component, K}, is also called K. In this basis, the
intersection form coincides with the linking matrix of K, i.e. [36} § 1],

élj' 1f]=/€

]<j N K, = )
Ik(K;, K})  otherwise.

(3-5)

Remark 3.5. Choosing to represent a 3-manifold, X = 0k as surgery along a link,
implicitly picks a 2-framing on X that is induced by the bounding 4-manifold W . Intro-
duced by Atiyah [4], the 2-framing is a weaker version of the framing, and is defined as
a homotopy class of trivializations of 7X @ T'X as a Spin(6)-bundle. If surgeries along
framed links K and L result in homeomorphic manifolds, then their induced 2-framings
coincide if and only if they have the same signature, ¢ (K) = ¢(L).

Remark 3.6. A calculation with the Mayer—Vietoris sequence shows that the first homol-
ogy group, H1(X, Z), is isomorphic to the cokernel of the linking matrix.

3.1.1  Kirby calculus

While every closed 3-manifold has a presentation as surgery along some framed link,
this presentation is highly non-unique. We can define a relation K ~ L if the manifolds
resulting from surgeries along K and L are homeomorphic. This is an equivalence relation
and the following deep theorem due to Kirby, and later refined by Fenn and Rourke, states
that the moves FRo and FR1 generate this relation.

Figure 3.1: Fenn—Rourke moves FRo and FR1.
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Theorem 3.2 (Kirby [33], Fenn-Rourke [17]). Framed links L and K in S are related
by moves FRo and FR1 if and only if the manifolds resulting from surgeries along L and K
are homeomorphic.

Figure 3.2: Surgery along all of the above framed links results in manifolds homeomorphic
to the Poincaré homology sphere (see [38]).

Remark 3.7. We can generalize the above statement to the case of manifolds embedded
with framed links. Let X7, X, be manifolds that result from surgery on 3 along framed
links Ky, K, respectively; and let L € S 3\ K1, Ly, ¢ S3\ K, be framed links disjoint
from K, K> respectively. Ly is a framed link embedded in X1, and L, is a framed link
embedded in X,. There is a homeomorphism between the pairs (X1, L1) and (X, L) if
and only if the framed links K; U L; and K, U L, are related by a series of FR moves (see
(61, Chapter II § 2.3].

Remark 3.8. In the preceeding remark, we can even let L; and L, be ribbon graphs, as
long as the FR moves are being performed away from the coupons.

Remark 3.9. One possible way to invent 3-manifold invariants—or invariants of framed
links in generic manifolds—is to start from framed links in .§ 3and defining quantities
that are invariant under FR moves. Such quantities will be homeomorphism invariants
by Theorem Homeomorphism invariance of the WRT invariant is proven in this

manner.

3.1.2  Dehn surgery

A three-dimensional way to understand surgery along links is to think of it as cut-and-paste
operations on solid tori in § 3, Surgery data can alternatively be given as an link, K, in § 3
with 7 components, and pairs of integers (41, 1), . . ., (ay, by )—one pair associated to
each component. As before, we set Xo = .S 3 define X;’s inductively as described below,
and define the resulting manifold as X := X~ (see [57, Chapter 9].

At the j-th step, we perform (4;, b;)-surgery along link component K}, which consists of
the following two steps.

1. Drilling: Let U; be a tubular neighborhood of the knot K, and define Xj =X, 1\U,

a 3-manifold with a torus boundary.
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2. Filling: X; == X}-U%.SIXDZ, where the gluingmap ¢; : S'x0D* = T? - T? = ())ij
is a homeomorphism specified by the pair of integers (4, b;) (explained below). Since
we are only concerned with the homeomorphism type of X, we can consider the
map ¢; upto isotopy and think of it as an element of the mapping class group of the

torus.

We can pick the following generators for the first homology group of the boundary torus
of X] (¢) a cycle /;, called the longitude, that lies on the boundary, runs along K, and
has linking number zero with the knot, and (z7) a cycle m;, called the meridian, that lies
on the boundary, bounds the unit disk of solid torus U}, and has linking number 1 with
K;. So that Hl(ﬁ)z'j, Z) =(lj,mj)y = Z & Z. Similarly, we can pick the longitude and
meridian generators for H; (S Lx 0D?,7), if we replace K in the preceeding sentences
with the core, ST x 0, of the solid torus.

The isotopy class of ¢; is fixed by the map it induces on the first homology group, ¢; . :
Hi(S'x0D?*7) - H; (())Z'j, 7). We require that this induced map sends the meridian of
the solid torus in H; (S'x dD?,Z) to ajli+bym;in Hy (())E'j, 7). With the longitudes and
meridians as generators, the matrix of ¢; . as an isomorphism Z* — Z? is given by

X; a;
= y’. . ‘ : (3.6)
7 7

and the unknowns x;, y; are fixed by the requirement that the matrix is invertible over the
integers, x;b; — yja; = +1.
Remark 3.10. The isotopy class of the gluing map, ¢;, can be understood as an element of

the mapping class group, PSL(2, Z), of the 2-torus.

Remark 3.1 The requirement x;b; — y;4; = +1 implies that 2; and b; are coprime and
that an overall sign is irrelevant: (-a;, —b;) surgery along K; would result in the same
manifold as (4;, b;) surgery along K;.

Remark 3.12. The ratio b;/a; € Q U oo is called the surgery coefficient for K;. We say
that the manifold X is the result of Debn surgery on S 3 along the link K, with surgery
coeflicients {b;/a;}j=1,..v-

Remark 3.13. Any 3-manifold X with a torus boundary, dX = T2, can be Dehn filled by
gluing in a solid torus by an attaching map ¢ : S 2x0D?*=T?2 5 T2=0X, specified by
some surgery coefficient &/a.

Example 3.7. Lens spaces, L(4, b), can be realized as 4 /b-surgery on the unknot in S,

3.2 Geometrization of 3-manifolds

Introduced by Thurston in 1982 [60] and proved by Perelman in 2003 [50} 52, 51], the

geometrization conjecture states that any compact 3-manifold can be cut along 2-spheres
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and 2-tori such that each piece locally has one of the following eight Thurston geome-
tries
S$3, R, M, S?PxR, H? xR, Nils, Sol;, SL(2,R). (3.7)

Each of these spaces is a Riemannian 3-manifold that admits a natural metric and is called
a model geometry. Isotropic manifolds S 3. R3 and H? admit the usual constant curvature
metrics; product manifolds .§ 2 % R and H? x R admit the product metric; and the Lie
groups Nilz, Sol3 and S/LTZ,TR) admit metrics invariant under left multiplications (see

[39; 2]).

The analogous statement for surfaces is the uniformization theorem, which states that
any closed surface admits a regular covering by one of the three constant curvature model
geometries S 2 R2 or H2. Any surface covered by S 2 R? or H? inherits a metric of constant
positive, zero, or negative curvature respectively, which makes the covering map a local
isometry. Which constant curvature metric a surface admits is determined completely by

its Euler characteristic.

Euler characteristic ‘ x(8) >0 x(8) =0 x(8) <0
Geometric structure S? R2 H?
Examples S2 RP?> T2, Klein bottle Surfaces of genus > 2

Let M be one of the eight Thurston geometries. We say that a Riemannian 3-manifold X
has a geometric structure modelled on M , it X is locally isometric to 1. If X is complete,
then X' = M /T for some discrete subgroup I' € Isom(A1) of isometries acting freely on
M, and the covering M — M /T = X is alocal isometry. A 3-manifold with (possibly
empty) torus boundary is geometric if its interior has a finite volume complete geometric
structure modelled on some A4 . In particular, a closed 3-manifold X is geometric if and
only if—for some Thurston geometry M and discrete subgroup Isom(A4)—we have
X = M|/T.

Although the geometries Nils, Sols, and SL(2, R) look mysterious, they are just twisted

products. For example, Nils is the Heisenberg group of 3 x 3 upper triangular matrices
with 1’s on the diagonal,

1
Nil3 =1{ 10
0

S = R

Z
yllx9,zeRs, (3.8)
1

and fits in the short exact sequence 0 — R < Nil; » R? — 0. The inclusion R < Nils
sends a real number 4 to the matrix in (3.8)) with x = y = 0 and 2 = 4, and the projection
Nil; - R? sends the matrix in 1’ to (x, y) € R?. We see that Nilj is an R-fibration
over R?.
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Sols is the semidirect product R < R* where # € Ractson R*by 7 - (x, y) = (¢!x,¢7" y),
and can be thought of as an R? bundle over R.

SM) is the universal cover of the three-dimensional Lie groups SL(2, R) and PSL(2, R).
The group PSL(2, R) is the group of isometries of the hyperbolic plane and can be identi-
fied with UH?—the unit tangent bundle of H?. The bundle UH? is an S!-fibration over
H2, so we can identify the universal cover SM) with an R-fibration over H?. We note
that this fibration is topologically trivial, but not isometric to H? x R.

For more details on Thurston geometrization and these model geometries, we refer the
reader to the review [59] and the book [42, Chapter 12].

3.2.1 Seifert manifolds

We end this chapter by describing a family of closed 3-manifolds that populate six of the
eight Thurston geometries. Indeed, every geometric 3-manifold—except those modelled
on H? and Sol;—is a Seifert manifold. A Seifert manifold with 7 exceptional fibers is
a closed 3-manifold built out of the following set of data: an S! fibration over a surface
S with Euler number &, and m pairs of coprime integers (p1,91), .. (Pm>qm). The
pairs of integers describe the 7 exceptional fibers of the fibration. The boundary of a
tubular neighborhood of each fiber is a 2-torus with basis 1-cycles in homology given by
the boundary of the disk, and a fiber at the boundary. The tubular neighborhood of the
Jj-th exceptional fiber is a solid torus whose ( p;, ;) boundary cycle is contractible.

Notice that the pair (p;, ;) is determined only up to an overall sign, so we can always
choose p; > 0 and denote the Seifert manifold as manifold S(&; p1/41, ..., pm/qm)- It
is a fact that Seifert manifolds S(b; p1/41, ..., pm/qm) and S (6’5 p1/9%5 - pol qm)
are orientation preserving homeomorphic if and only if § = $”, ¢ = ¢’, up to reordering
b= pj’. and g; = qj’. mod p; for every ; [59; § 3]. In light of this result, Seifert invariants
are sometimes normalized so that & = 0.

Two important invariants of a Seifert fibration are its Euler number
]
e=-b+ = €Q, (3.9)
jZI V4
and the orbifold Euler characteristic of the base A4 /S,

1=x(->] (1 - i) € Q. (3.10)

j=1 ]

For six of the eight Thurston geometries, all closed manifolds are Seifert fibrations. Con-
versely, given a Seifert manifold, which model geometry it admits is completely determined
by the two invariants ¢ and y according to the following table [59, Table 4.1].
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‘;(>0 ;(=0 ;(<O
e=0] S2xR R3 H2 x R
ex0| 83 Nil; SL(2,R)

In this thesis, we will only consider Seifert fibrations over oriented bases. This, in particular,
implies that the condition I' € Isomg (V) holds.

Figure 3.3: Surgery presentation of the manifold § 2(b; P1/q1s s pmlGm)-

When the Seifert manifold is fibered over S2, it has an alternate description as Dehn
surgery on the link in Figurein S$3. Furthermore, the first integral homology group of
M = 5?(b; P1/q1s - .5 Pm/qm) is isomorphic to the cokernel of the matrix

[ b 1 - 1 1]

B=|: - B (3.11)
gn-1 0 -+ pu1 O
U

ie, H(M,Z) = 7' /BZ"*! [58, § 1.1.4]. Since det B = epipa- -+ pm> when M is a
rational homology sphere we have |H1 (M, Z)| = |ep1p2 - - - pm|. In particular, when A1
is an integer homology sphere,

PIPZ"'Pm(_b+ q_-l)

+1 3.12
2 (.12)

which implies that (7) p;’s are mutually coprime (#7) g;’s are uniquely determined modulo
p; for every j, and therefore (¢77) b is also determined. Conversely, given 7 mutually
coprime integers p1, ..., P, such that p; > 2, there is a unique Seifert integer homology
sphere with 7 exceptional fibers, up to orientation reversal [s8 § 1.1.4]. We shall pick an
orientation such that ¢ > 0 and denote this manifold as X( p1, . .., pm).

Remark 3.14. With the exception of Poincaré homology sphere, 2(2, 3, 5), for which
x > 0,all other Seifert integer homology spheres 2( p1, . .., p») have y < 0and therefore
have geometry modeled on SL(2, R).



CHAPTER 4

Chern-Simons theory

Let X be the three-dimensional spacetime manifold that is closed and oriented, G be a
compact connected simple Lie group, and consider a principal G-bundle over X. When
the gauge group, G, is simply connected—as will be the case in this thesis—the principal G-
bundle is necessarily trivial and we can consider a theory for the gauge field, A € Q' (X)®q,
where g is the Lie algebra associated to G, whose action is given by the integral of the

Chern-Simons 3-form

csidl = —— [ wlanda+2anana4). (4.1)
872 X 3

The gauge field can be understood to be a 1-form representing a connection on the

principal G-bundle, whose field strength or curvature is given by £y = dAd + AN A.

Remark 4.1. Exterior derivative of the Chern-Simons 3-form is proportional to the second

Chern character,

dtr(A/\dA+§A/\A/\A =tr(Fy N Ey). (4.2)

Remark 4.2. Equations of motion for the classical theory are given by stationary points
of the action, i.e., d4 CS[A] = E; = 0, which means that classical solutions of this field

theory are flat connections.

Since this is a gauge theory, field configurations that are related by a gauge transformation
represent identical physical situations. If the action is to describe an actual physical theory,
it should descend to the quotient, A /G, of the affine space of G-connections on the
manifold, A, by the group of gauge transformations G. However, this does not happen
because under a gauge transformation g : X — G, the gauge field transforms as 4 —
gAg™' + gd(g™') and the Chern-Simons action transforms as CS[4] — CS[4] +
[¢] as a result, where [ ¢] is an integer representing the homotopy class of the gauge

transformation.

27



2.8

Even though the classical theory looks ill-defined and trivial, all hope is not lost because a
consistent quantum theory requires only that the exponential, exp(277 CS[ 4]), be gauge
invariant. We can write down the partition function of the quantum theory as a path
integral,

Z9(X) = DA PRSI, (4.3)

AclG

where we have introduced a numerical parameter called the Jevel, &, which is like an inverse
coupling constant. Moreover, the quantum theory is far from trivial—one of the most
celebrated results of modern mathematical physics is that the expectation values of Wilson
lines in Chern-Simons theory equal Jones polynomials of corresponding knots and links
embedded in X. We shall explain how this works in § 4.2}

Remark 4.3. Gauge invariance forces the level to be an integer.

Remark 4.4. For every level, £, and every compact simply connected simple Lie group, G,
and the Chern-Simons partition function, ch(X ), should be a topological invariant of
the manifold, X, because the path integral does not refer to the spacetime metric. Compare
the Yang—Mills action,

YMLA] =5 [ e (A, (44)

where a metric is implicit in the Hodge star operator.

4.1 Path integral and the framing anomaly

One way to get a better understanding of the Chern-Simons partition function is to
compute the path integral in the small coupling, # — oo, limit. We can make a saddle
point approximation and expand around the stationary point of the action,

ZkG(X) — Z DB €2m’/e CS[4,+B] (4.5)
aem(Magn(X,G)) YAc1G

) 'k
_ Z 27k CS[ 4] / D B exp (;— / tr (B A DQB)) (4.6)
wemy (g (X,G)) A/ T IX

where 11, (X, G) is the moduli space of flat G-connections on X, 4, is a g-valued
one-form representing the flat connection, and D, is a covariant derivative with the
background gauge field 4,,. Formally, the integral over B looks like a Gaussian integral, but
because B is a gauge field, we have to pick a metric, add a gauge fixing term, and introduce
Faddeev—-Popov ghosts to do the integral. As usual, the answer to such a computation is
an appropriately regulated ratio of determinants,

ik det A
DB ex —/ tr (B A D,XB)) = _, (4.7)
261G p(477 X Vdet L7
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where A, = D2 is the Laplacian, and L is the restriction of L, = *D, + D, to forms of
odd degree (see 64} § 2] for details). The absolute value of the ratio of determinants is an

invariant

det A,
\det L,

called the Ray-Singer analytic torsion of 4,, while its phase is more subtle. This is not

L(X) = ) (4.8)

surprising because both the Laplacian and L, depend on a choice of metric.

Remark 4.s. The determinant of the Laplacian is a positive real number, so the only

contribution to the phase is y/det Z .

The phase of y/det L, is proportional to the y-invariant of the differential operator L,
but this is not a topological invariant. More precisely,

det A,
\det L,

where 7(A4,) is the y-invariant of L, 7(0) is the »-invariant for the trivial flat connection,

- T.(X) exp(%‘?;uﬂ)) = T,(X) exp (”{a;(m 4271, CS[ A |, (49)

and ¢; is the dual Coxeter number of the semisimple Lie algebra g (see also [2]). With all
of this, we have

ZiX)=emn @ S B ST (), (4-10)
aeny (Mg, (X,G))

Remark 4.6. We pause to note that the Chern-Simons level £ — & + ¢; has renormalized.

The phase ¢™i7(0)/2 i5 the only piece left that depends on a choice of metric, but we can
add a counterterm to the action to compensate. First we note that the eta invariant 7(0)
for the trivial flat connection is proportional to the eta invariant of L_ coupled only to
the Levi-Civita connection, and the constant of proportionality is the dimension of the
gauge group G. In symbols, 7(0) = dG7gray. The appropriate counterterm to add to the

action is

1 2
CS[a)]=@/Xtr(a)/\da)+§w/\a)/\w , (4.1)

where w is the Levi—Civita connection on the spin bundle compatible with the chosen
metric, because the combination

1 1

zﬁgrav + 12 CS[w] (4.12)

does not depend on the metric. Note that the integral in CS[w] depends on a choice of
trivialization of its spin bundle, i.e., a framing (see Remarksand. Like the usual
Chern-Simons function under a gauge transformation, a change in framing causes a shift
CS[w] — CS[w] + s for some integer 5. For the Chern—Simons action with the added
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counterterm dg CS[w] /24, we have

Vgrav + CS[w]
2 24

ZkG (X) = exp (Wl‘dc 627ri(/e+fvg) CS[4,] T.(X), (4‘13)

:| )ﬂEWO(nZﬂat(X)G))

and we see that the partition function ch(X ) is a numerical topological invariant of
framed 3-manifolds.

Remark 4.7. The sum in the saddle point approximation of the Chern-Simons path
integral is over connected components of 771g,.(X, G). We note that if these connected
components are not isolated points, there would be additional integrals over that run over

the moduli space, and computation of the path integral would need more care.

4.2 Link invariants

Wilson loops are extended observables in gauge theory supported on curves in spacetime,
charged by representations of the gauge group. For a closed curve in spacetime, given by
an embedding K : § I« X, the associated Wilson loop operator carrying charge R is
defined as

Wr(A,K) =trg @exp/ A, (4.14)
K

where R is a representation of the gauge group, & is the path ordering operator, and
A is the connection 1-form. The right-hand side is just the trace—with respect to the
representation R—of the holonomy around loop K with respect to the connection A.
This definition is gauge invariant, and therefore the Wilson loop descends to a well-defined
function on Ag/G.

-----

R1, ... Ry respectively, the expectatlon value of the associated Wilson loop operator is
given by

Z(X,K) = DA™ S Wy, (4, K;), (4.15)

Ac|G /=1

where K stands for K7 U - - - LU K. Since the path integral on the right-hand side (1) does
not refer to a spacetime metric and (2) holonomies only depend on the homotopy class of
Wilson loops, the complex number ZkG (X, K) should be an isotopy invariant of the link,
K, embedded in X. There is a caveat, however, because when we try to actually compute
the expectation value, we run into integrals of the following familiar type (compare (2.2)),

Z / i / dx’e, lx:f?j (4.16)

see also [64])
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When 7 # j, the above integral is the Gauss linking integral and computes the linking
number of knots K; and K, but the integral is ill-defined when 7 = ; and we need an
extra piece of data to make sense of it—the self linking number or the framing.

The framing of a knot is the choice of a homotopy type of a normal vector field. With
this piece of data, the 7 = ; integral can be regulated by pushing the knot a small distance
along this normal vector field to get a second knot K/, and computing the integral along
K;and K. While there is no canonical choice of framing for a knot embedded in a generic
3-manifold, when X = S? (or R?), all framings can be chosen so that the linking number
of K; and K is zero.

Remark 4.8. Just as the partition function ZkG (X) is not a diffeomorphism invariant of
the manifold X, but an invariant of a framed manifold—i.e. the manifold with a choice
of trivialization of its tangent bundle—the expectation value ZkG (X, K) is not an isotopy
invariant of the link K" embedded in X, but an invariant of a framed link.

Remark 4.9. Framed knots in S? can also be thought of as ribbons by imagining the
surface bound between the original knot and the knot pushed-oft along the normal vector

field.

Remark 4.10. The charged Wilson loop can serve as justification for why one might
consider the notion of colored ribbon graphs natural. Using the term “color” for a group
representation goes back to Murray Gell-Mann in the early 1970s and the genesis of

quantum chromodynamics.

The Jones polynomial, V'x (g), is an isotopy invariant of links in .§ 3 (or R3) that was
discovered by considering certain representations of the braid group [315,32]. The link
invariant described above is a vast generalization of the Jones polynomial, if G = SU(2)
and all components of the link, K, are 0-framed and colored by the two-dimensional

vector representation,

Vic(g =%y = ZPP($%,K) fork =3,4,5,... (4.17)

Remark 4.11. The group SU(2) has a unique (isomorphism class of) irreducible represen-
tation in each dimension. In dimension one, it is the trivial representation; in dimension
two, it is the vector representation; in dimension three it is the adjoint representation; and

SO Oon.

Remark 4.12. Consider G = SU(2) and color the K;-th component of the link K by the
n;-dimensional irreducible representation of of SU(2). We denote the corresponding link
invariant by

j”l ,,,,, ny (K; q = 627[[//%) - Zz?;z) (SS, K) for /e = 3, 4, S, N (4.18)

and call it the colored Jones polynomial.
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4.3 Analytic continuation to non-integer levels

As we have stated elsewhere, a major focus of this thesis is to understand the modular behav-
ior of the Reshetikhin—Turaev invariant at generic roots of unity. Since the Reshetikhin-
Turaev invariant at a generic root of unity is morally equal to the Chern-Simons partition
function ata rational level, we sketch how one might analytically continue the path integral
in its level (see [65] for details).

If we let the level £ take non-integer values, the integrand of the path integral ¢>7* ©SI4]

27k ynder

no longer descends to a function on Ug = A/, because it picks up a phase ¢
a large gauge transformation. We can instead try to integrate over the universal cover,
Ug = A/ Go, the space of G-connections modulo gauge transformations connected to

27ik CS[ A4

the identity, where ¢ I is well-defined. This does not work. To see why, note that

under a deck transformation of the covering U — Ug, we have

‘/’ @AEZW'/eCS[A] — eZm’/e/ DA 627rz'kCS[A]. (4.19)
Us Ug

If % is not an integer, the path integral is forced to be zero.

To fix this, we complexify the gauge field—upgrade the G-connection 4 to a G¢-connection,
replace the integration measure by the holomorphic volume form on aG@, and integrate
over a middle-dimensional contour I in flGC,
Z7(X) = / DA ARSI, (4.20)
’ FcﬂGC
The integration cycle Iis fixed by lifting the real cycle I'¢ = U in U to anon-closed cyclein
the universal cover U¢, and closing it by following downward Morse flow from its bound-

aries with respect to the Morse function Re 277k CS[ A4]. Fixing the integration contour
according to this prescription ensures that Z/S% (X) = ZkG (X) whenk € Z.

Remark 4.13. Going forward, we shall assume the above choice of the integration contour

and stop decorating the partition function with I'.

Next, we would like to decompose the integration cycle into Lefschetz thimbles. Heuris-
tically, a Lefschetz thimble is a middle-dimensional integration cycle attached to critical
points of a Morse function and obtained as a union of downward flow trajectories with
respect to the Morse function. Moreover, since Lefschetz thimbles form a basis of the
appropriate middle-dimensional relative homology group, for the integration contour I

described above, we have |21, § 2]

I'= Z n(a,n)r(oc,n): (4~ZI)
(am) €mo (Mg (X,Ge) ) XZ
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where the sum runs over critical submanifolds of ﬂGc with respect to the Morse function
Re 277k CS[A]. In terms of these Lefschetz thimbles, we have

ZkG‘D (X) = Z (o) D A 2k CSIA] (4.22)
(an) emy (Mg (X,Go))XZ o)

As we are ultimately interested in an asymptotic statement about the WRT invariant, it
makes sense to look at the small coupling expansion, # — co. For the Lefschetz thimble

integrals, we have

A @AKZWz'/eCS[A] — 627rz'/e CS[A(“‘")]Zfert(k), (4'23)
(a,n)

where ZP"" (k) is an asymptotic series in 1/ that only depends on & € 7o(171g,,(X, Gc))
and not on its lift [z, Appendix A]. Note that for a given 2 € 7 (11g,.(X, Gc)), we
have

CS[A4 ()] = CS[ A4 (a,m)] € Z, (4.24)

so that if we pick a particular lift of the Chern—Simons value, we can write

Z () = 2 m,n)e-z””m) ATHSLEIZEN R (429)
zemy(Mee(X,Go)) \nez
=Y R, (426)

aemy (Mg (X,Ge))

—27ik

where P, is a power series in ¢ with integer coefficients.

When the level £ = /s is a rational number with a fixed denominator, s, it suffices to
lift the integrand of the path integral to the s-fold cover U}, = A /G, the space of G-
connections modulo gauge transformations whose degree is a multiple of s. However, for
the same reason as before, this is not enough and we must complexify the gauge field. The

path integral becomes
Z5 () = / DA, (4.27)
reuy

where I is an appropriately closed lift of the real cycle I'¢ € Ug, to the cover U‘GC. Since

we are in an s-fold cover, there are many fewer Lefschetz thimbles,

I'= Z n(,,,,n)r(,x,n). (4.28)
(a,n) €mo (Mg, (X,Ge))XZ/sZ
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If we consider the asymptotic expansion » — oo and pick a lift of the Chern-Simons

value, we get

. o
ZE (X)= D R AEEOSIEIZET k) (429)
a€mo (Mg (X,Ge))

where

()= D namé” (4:30)

nel/sZ

—27ir/s

is a polynomial in the root of unity £ = , whose coefficients are the coefficients of

the Lefschetz thimble decomposition of the contour I'.

Remark 4.14. The quantum modularity conjecture is a statement about complex SU(2)
Chern-Simons theory which states that there is a distinguished flat connection «, €
Mg, (X, SL(2, C)) which encodes information about the Thurston geometry of X, such
that B, (¢727%) = Z_y (X)),



CHAPTER 5

Reshetikhin—Turaev construction

Heuristic arguments involving the path integral in the previous chapter indicated that
there should exist numerical invariants of knots and closed 3-manifolds (and indeed a
topological quantum field theory) that coincides with the Jones polynomial for links in 3.
The algebraic construction of Reshetikhin and Turaev [56} 53] associates such numerical
invariants (and indeed an extended TQFT) to any modular category. Moreover, when
this modular category is that of certain finite dimensional representations of the small

2milk

quantum group {} 8l for aroot of unity {’ = ¢ , this construction gives mathematical

meaning to Chern-Simons theory with G = SU(2) at level £, and we call the associated
invariant the 8[, Witten—Reshetikhin—Turaev invariant.

In the following sections, we sketch how this construction works in the general setting,
and in §we describe the relevant modular category for the 8[, WRT invariant.

5.1 Link invariants

Having motivated the definition of ribbon categories in § as an algebraic structure
that encodes the combinatorics of Reidemeister moves, it should not be hard to see that,
given a ribbon category, the following theorem gives a prescription for producing isotopy
invariants of tangles (see [61, Chapter IT §§ 2—4]).

IR EYalalily

Figure 5.1: Morphisms |y, T, @v, @},, ~vp, v, A1, vy in the category OFrTang.

Theorem s.1 (Reshetikhin—Turaev [56])). For any ribbon category, V, there is a unique
covariant monoidal functor, F : OFrTang , — V, such that for every U,V € O6 V),

35
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. F((V,+1)) =V and F(V,-1)) = V™,

2. F(XJ,V) =cuy, F(or) =0y, F(\»yp) = coevy, and F(~y) = evp.

‘*N "‘YY }/\"‘*/\v

Figure 5.2: Crossing morphisms X; ,, Y77

+
uyr>-urye Z

U T(}L,V in the category OFrTang,.

Isotopy invariance of F is almost a tautology because isotopic ribbon tangles represent
the same morphism in OFrTang. Conversely, the theorem also says that morphisms in a
ribbon category are isotopy invariant. See [61, Chapter I §§ 2.6-2.8] for some beautiful
arguments that leverage this observation.

Remark s.1. The functor F is called the Reshetikhin—Turaev functor, and F(7') is called
an operator invariant of the tangle, 7".

Remark s.2. Action of F on other objects and morphisms of OFrTang,, follows from
its functoriality and the fact that it respects tensor products and duality. For example, if
n = ((N,v1),..., (Vi vp)) is an object in OFrTang,,, then

F(p) = F(Vi,0)® - ® (Veyop) =V @ @ V%, (5.)

where I/j.+1 =V} and Vj—1 = V]* It similarly follows that F(Xj ) = C;',IU and F(p;,) =
9;1. And for the other crossings, we have

F(YJ,) =iy F(ZH)=cpty, F(I5,) =cep (5.2)

F(Yy ) =y, F(Zyy)=cp, F(Iy,) =gy (5.3)
WC can also compute

F(ry) =F(or® Ty OYV_,V oauy) =0y ®idy« oy o coevy, (5-4)

F(oy) =F(~y oZyyopr® 1) =evy ocy o Oy @ idy- (s-5)

for cups and caps oriented the other way.

Remark s.3. Since oriented framed links in S can be deformed into ribbon (0, 0)-tangles,
the Reshetikhin—Turaev functor gives a numerical invariant, F(K) € End 1y, of the
oriented framed link X for every {/-coloring of XK.

Example 5.1 (Invariant for the unknot). A p-framed unknot colored V” is represented as
the morphism v~ 055 ®idy+ onrp in OFrTang,,. We can use to write the invariant
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as
1.
F(U;) =evy ocy - © 6”; ® idy+ o coevy = tr 55, (5.6)

where the trace of a morphism in a ribbon category is defined in the next section.

5.1.1 Trace in ribbon categories

There is a natural trace of morphisms, 7" : 7 — 7, in OFrTang,, given by closure of
tangles. We call the closure a trace because it has the following trace-like properties:

1. foranytangles S : # — vand T : v — u,wehave tr(S o T') = tr(7T 0 §), and

2. foranytangles S :# - uand 7T : v —» v, wehavetr(§ ® 7)) =ur S ur 7.

Consider the morphism 7" : (V,+) — (V, +) for simplicity; its closure is the colored
(0,0)-tangle, tr T =~y oT'® Ty oxry. Writing v~y using the more elementary building
blocks of OFrTang,, we have

T =y oXp o (pr o T® Ty) oy, (57)

which motivates how trace should be defined in a general ribbon category. Given a
morphism / : /" — IV in a ribbon category V/, its trace is defined as

trf :=evy ocy o (y o f ®idy+) o coevy € End 1. (5-8)

Note that this definition is just the image of under the Reshetikhin—Turaev func-

tor.

Remark s.4. For any object V" in a ribbon category, its dimension is defined as the trace of

the identity map, dim V" := tridy.

Remark s.5. The trace takes values in Iy = End 1), which has the structure of a commu-
tative semigroup, with the semigroup operation given by composition of morphisms. The
semigroup Iy is commutative because for any £ € (), we have £ = £ ® idq, = idy, ®k
and

kok'=(k®idy,) o (idg, ®k") = (idg, ®k) o (k' ®idq,) =k’ 0 k (5.9)
forany k£, k" € IKy.

In what follows, we would want the trace to take values in a commutative ring, instead of
a semigroup. This occurs when 1 has the structure of an Ab-category, i.c., for any two
objects U, V" of ¥, the set of morphisms Hom(V, I¥) is an (additive) abelian group such
that composition and tensor product of morphisms is bilinear with respect to the group

operation.

Remark s.6. In a (ribbon) Ab-category ¢/, the semigroup of endomorphisms of the

monoidal unit K¢y = End 1y, is promoted to a commutative ring—with the ring mul-
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tiplication given by the composition of morphisms and the ring addition given by the
addition of morphisms—and is called the ground ring of V.

5.2 Manifold invariant

Extending the link invariant, F, to an invariant of 3-manifolds involves imposing some
extra structure in the ribbon Ab-category ¢/, that makes it into a modular category. Unlike
the category of tangles and ribbon categories, the author is unfortunately not aware of
any geometrical considerations that directly motivate the definition of a modular category.
The motivation comes from representation theory—the prototypical example one should
think of when encountering definitions of simple objects and domination, is the category
of finite dimensional representations of finite groups, and (the Drinfeld double of) their
group algebras (see [61, Chapter II]).

Simple objects in a monoidal Ab-category are meant to act like irreducible representations.
An object V' is said to be a simple object if the only morphisms, /7 — V7, are the identity
and scalar multiples of the identity, i.e., End(V) = {x®idy : " — V' | x € K}, where the
scalars are elements of the ground ring of the category. Note that this is just a restatement
of Schur’s lemma for irreducible representations over an algebraically closed field.

Remark s.7. Equivalently, " is a simple object if End V" is generated over K by idy-.

Remark 5.8. For an algebra, A, over a commutative ring, I, an 4-module is said to be
simple if the only non-trivial 4-linear endomorphisms are the scalar multiples of the
identity. An irreducible 4-module, on the other hand, has no non-trivial 4-submodules.
An irreducible 4-module is simple if and only if [ is an algebraically closed field.

In the representation theory of finite groups (over a field of characteristic zero), any finite
dimensional representation is equivalent to the direct sum of irreducible representations.
An object in a monoidal Ab-category, V, is dominated by the family of objects, {V;};er, if
there exist a finite set, / C 7, and families of morphisms, f; : /; — V'and g; : V' — V; for
every j € /, such that the identity map has the decompositionidy = ¥;c; f; © g;-

Remarks.9. Equivalently, /' is dominated by {V;} ;e if the image of the pairing, Hom(V, V;)®
Hom(V;,V) 3 g®f +— f o g € EndV/, generates End I additively.

Remark s.10. Note that the decomposition of the identity map is reminiscent of the
universal property of direct sums. Indeed, if the category admits direct sums, then the
decomposition of the identity map is equivalent to the requirement that there exist some
object W such that V @ W = @je] V; for some finite subset J C 1.

A modular category is a ribbon Ab-category, 1/, along with a finite family of simple objects,
{V;}:er, such that

1. thereisan element O € [ such that Iy = 1y is the monoidal unit,
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2. forevery 7 € I, thereisan 7* € I such that V¥ = V-,
3. every object of ¥/ is dominated by the family, {V;};¢7, and

4. the matrix S;; := tr(cy, 1, © ¢y, ;) is invertible over the ground ring, K.

Remark s.1. The matrix S is symmetric and So; = Sy = tr(idy;,) = dim V; forevery 7 € 1.
Invertibility of S implies that det S is invertible in K.

Remark s.12. Objects V; and V; cannot be isomorphic if 7 # /. For it V; = I;, we would
have §;;, = Sj; forevery £ € I and therefore det S = 0, making § degenerate. In particular,
for every 7 € I, there is a unique 7* such that /¥ = V;+, and 0" = 0 because the monoidal

unit is its own dual.

Remark s.13. The dimension dim V; is invertible over K¢ for every 7 € I [[61, Chapter II

§1.4].
Remark s.14. We will write dim 7 instead of dim V; for brevity.

In addition to the modular category itself, the 3-manifold invariant also depends on a
scalar called the rank of the modular category. A scalar, ® € Ky, is called the rank of
if
D? = Z(dim 7). (5.10)
iel
Note that the rank may not exist, and may not be unique even if it does.
Remark s.1s. 1f such a © does not exist, we can add it by hand by augmenting the ground

ring, Ko = Ky[x]/(x* - D%)—and passing to the category () that has the same objects
as {/ but more morphisms

Hom (U, V) = Ky ®x, Homy (U, V). (5.11)

The bigger category © is modular with the same family of simple objects, and x € K isa
rank of {.

For every modular category ¥/, and a choice of rank 9D, there is a [{(-valued homeomor-
phism invariant of 3-manifolds. This invariant is defined as follows.

Let K bean oriented framed link in $3, and let col (K ) be thesetof maps A : {K7, ..., Ky} —
1, denoting all possible colorings of K by simple objects of the modular category. The
colored oriented framed link K}, is obtained from K by coloring its j-th component, K7,
with 73 K))- For any oriented framed link, K, in § 3 define

”
{K} = Z (1_[ dim Z(KJ)) F(K)) € Ky, (5.12)

A€col(K) \ j=1

where F(Kj) is the [Ky-valued invariant of the colored ribbon (0, 0)-tangle, K.
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Remark s.16. The quantity, { K }, does not depend on the enumeration of the components
of K or on its choice of orientation [61, Lemma 2.2.1 in Chapter II].

Remark s.r7. If we denote the O-framed unknot by U, then the rank is formally a square
root of {U} because F(Uy;) = dim 7. See also Example

Let D, := {U*} where U*! is the +1-framed unknot, and let X be the closed oriented
3-manifold obtained from surgery along a framed link K in S3. We define

{K}

(X)) = ——7——,
Dl Db

(5.13)

where bo, b, and b_ are the number of zero, positive, and negative eigenvalues of the

linking matrix of K respectively.

Theorem s.2 (Reshetikhin—Turaev [§3]]). 7v (X) #5 a topological invariant of the manifold
X.

Remark s.18. The 3-manifold invariant can be extended to a homeomorphism invariant
of colored framed links embedded in 3-manifolds—denoted as 7 (X, K) for a framed
link XK in the 3-manifold X.

Remark s.19. The numerical invariant 7 (X) is called a quantum invariant of X and
satisfies 7()(X#Y) = 7p(X)7p(Y). Similarly, the link invariant satisfies 7 (X#Y, L U
K) = T(}(X, L)TV(Y’ K)

Example 5.2 (Invariant for the 3-sphere). If we think of $3 as the result of +1-surgery on
the unknot, we can easily compute, 7¢ (S H=1.

Example 5.3 (Invariant for S* X $?). If we think of S x $2 as the result of 0-surgery on
the unknot, we can easily compute , 7¢ (S Ix§2)=D.

Example 5.4 (Invariant for Lens spaces L(p, 1)). The Lens space L( p, 1) can be realized
as p-surgery on the unknot. Since V;’s are simple objects, the twist should be a scalar
multiple of the identity, i.e., fy; = v; idy; for some v; € Ky for every 7 € 1. Therefore the
invariant of a p-framed unknot colored V; is F (UV[Z )=tr 195[ = vf dim 7, and the manifold
invariant for p-surgery on the unknot is

7o(L(p, 1) =Dy Y o (dim )%, (514)

iel

where o ( p) is the sign of p.

5.2.1  An SL(2,Z) representation from modular categories

In §we encountered PSL(2, Z) as the mapping class group of the 2-torus, and since

a modular category is the algebraic foundation of three-dimensional TQFTs, it is not
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surprising that there is a (projective) SL(2, Z) representation associated to every modular

categor Y-

Let (¥, {V;}:ier) be amodular category with a choice of rank ®. Recall that since V;’s are
simple modules, the twist isomorphism, 0y, : V; — V;, will be a scalar multiple of the
identity. Let v; be this scalar for V; for every 7 € 1. We define T} to be the diagonal matrix
whose (7, j)-th entry is d; ;v;, and Sy to be the square matrix whose (7, 7)-th entry is
tr(ev,p; © v, 1) The associated representation is |/|-dimensional over [/, and is given
by ¢ — TV_1 and s > D18y [61, Chapter IT § 3.6]. See also [61, Chapter IV § 5] for
the relation between projectivity of this representation and anomalies in the associated

TQFT.

5.3 Invariants for 3[,

The largest class of examples of braided monoidal categories, ribbon categories and modu-
lar categories comes from the category of representations of quasitriangular bialgebras,
ribbon Hopf algebras and modular Hopf algebras respectively.

Roughly speaking, the axioms in the definition of these unital associative algebras is moti-
vated by the structure we would like its category of representations to have. A bialgebra, for
example, has a comultiplication, which lets us define tensor product of its representations.
The definition of a Hopf algebra has an antthomomorphism called the antipode, which
lets us define duals of representations; a quasitriangular Hopf algebra has an R-matrix,
which lets us define a braiding; a ribbon Hopf algebra has a universal twist, which lets us
define a twist; and a modular Hopf algebra has a finite family of simple representations,

which are the simple objects of the associated modular category.

Associative Algebra Category of Representations
bialgebra monoidal category

Hopf algebra rigid monoidal category
quasitriangular Hopf algebra  rigid braided monoidal category
ribbon Hopf algebra ribbon category

modular Hopf algebra (quasi)modular category

Quantum groups are quasitriangular Hopf algebras that are g-deformations of the uni-
versal enveloping algebras of Lie algebras. These quasitriangular Hopf algebras admit a
universal twist, which makes them a ribbon Hopf algebra. And if their representation the-
ory is well understood, it is possible to pick a family of simple representations, {V;}; € 1,
such that (the semisimplification of) the subcategory of its representation category whose
objects are dominated by {V;};¢;, is a modular category. In the following sections, we
shall sketch this story for the g-deformation of 8[, (see [49, Chapters 4 and 8]).
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5.3.1  Quantum 3[; as a ribbon Hopf algebra

Letg = ¢" be a formal parameter. The quantum group U, 8l; is generated by E, F, K,
and K ! over C[[ 4] subject to the relations

KE=4"EK, KF=4*FK

K1 5.15

KK'=K'K =1, EF—FE:%. 61
9-9

Remark s.20. If we let H be such that K = g7 = et formally, and take the classical
limit & — 0, we get the relations for (the universal enveloping algebra of) 8l

HE-FEH=2E, HF-FH=-2F, EF-FE=H. (5.16)

This formal manipulation can be given solid grounding by giving the A-adic topology to
U, 812, which makes H an element of the /-adic completion of U, 3l,.

There is a natural Hopf algebra structure inherited from U85, with the comultiplication
A, counit ¢, and antipode S given by

AK)=K®K, AME)=E®K+1®FE, AF)=F®1+K '®F,
e(K)=1, €(E)=¢(F)=0, and (5.17)
S(K)=K, S(E)=-EK™', S(F)=-KF,

and extended by (anti)multiplicativity and C-linearity.

Remark s.21. Let A be a Hopf algebraandlet 7 and 177 be vector spaces carrying represen-
tations of 4, i.e., A-modules. We can define the action of 4 on the tensor product V' ® W/
by using the comultiplication. Forany element 2 € 4, wehave A(2) = ¥, 4 ®bj € A® A
for some a;, b; € A. Forany v ® w € V' ® I, we define the action of « by

a-(vQuw) = Z ajv ® bjw (5.18)

J

and extend to V' ® ¥ by linearity.

Remark s.22. Let A beaHopfalgebraandlet /7 be a vector space carrying a representation
of 4, i.e., and A-module. We can define the action of 4 on the dual /"* by using the
antipode. For any element « € 4 and any / € V", we define the action to be such that

(a-f,0) =(f,S(a)v) foreveryv € V, (5-19)

where (-, -) is the pairing V* ® I — F. Note that if S were a homomorphism and not an
antihomomorphism, we would have (¢f) - f = - (a - f) instead of (¢8) - [ =a- (8- [).
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There is a special invertible element in (the -adic completion of) U, 8l, ® U 8l, called
the universal R-matrix given by

H Ha N qn(” /2 -1
®H/ Z ———(q-9 HE"®F", (5.20)

where we have introduced the guantum integer

—n

n}g _q"- . n_
1_9 "9 — with {n},=¢"-¢ (5.21)

B, q-9-

[ﬂ]q =

forany » € Z, and a quantum version of the factorial [#],! = 2], [n-1],--- [1],.

Remark s.23. Quantum integers are a g-deformation of the integers because in the classical
limit g — 1, we have [#], — 7. We can also use the notation of quantum integers with
non-integer arguments. For example, one of the relations in the definition of U, %, can
be writtenas EF — FE = [H],.

Remark s.24. Let (A, R) be a quasitriangular Hopf algebra, let 7 and 17" be vector spaces
carrying representations of 4, andlet Py : V@ W — W ® I be the flip operator
which acts as v ® w = w ® v on elementary tensors. We can define a braiding by the
action of Py yr o Ron V' ® W. Explicitly, if R = 24 ® §; for some a;, B; € A, then
forany v € V" and w € W, the braiding ¢y i is given by

arw(v®w) = Z Giw ® a;v, (5.22)
>
and extended to V' ® 17 by linearity.

Finally, there is a special invertible element in (the 4-adic completion of) U, (5 called the

universal twist given by

H22 0 qn(3n+1)/2 i .
- /Z (g - VKT E, (5-23)

which makes U %[5 a ribbon Hopf algebra.

Remark s.25. Let (A, R, ) be a ribbon Hopf algebra and let 7 be a vector space carrying
a representation of 4. We can define the twist isomorphism &y on " as the action of wt

Remark 5.26. For any ribbon Hopf algebra 4, the category of finite dimensional repre-
sentations Rep A is a ribbon Ab-category whose ground ring coincides with the base ring
of 4.

Remark s.27. There is a distinguished element » = 3 ;S Bia; € Ainevery quasitriangular
Hopf algebra 4, where «;, §; are as in Remark Iff : V — Visan A-linear
endomorphism of the 4-module V, then tr, f = try( vu1f), where tr, f is the trace of
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f as a morphism of the ribbon Ab-category Rep A4 and try (vu~1f) is the trace of v~ f
as a linear map. As a corollary, the dimension of /” as an object in Rep 4 is try (vu ™).

Remark 5.28. In the ribbon Hopf algebra U, 8[, described above, it can be shown that
v[u_l = K so thatdim, V' = try K.

5.3.2  Representations of U, 3[, and the modular category

We recall the well-known fact that the Lie algebra 8[, has a unique #-dimensional irre-
ducible representation for every # € Z. For every #, the 8[,-module V/}, is isomorphic to
C” and 8, acts on it by

0 n—1 0 -~ 0 0 [0 00 --- 0 0
0 0 #n-2 -+ 0 0 100 -~ 0 0
0 0 0 -~ 0 0 020 --- 0 0
Ewr , F— . ;o (524)
0 0 0 0 1 00 0 0 0
0 0 0 0 0 0 0 n—1 0
n—-1 0 0 0 0
0 #n-3 0 0 0
0 0 n-5 0 0
H : _ ‘ , (5.25)
0 0 0 —~(n-3) 0
0 0 0 0 ~(n-1)]

in an eigenbasis of . More compactly, there is an eigenbasis {vo, v1 . .., v,-1} of H such

that [49} § 4.4]
Ev; = (n —j)vj_l, Evy =0,

Foj=(j+ Dovjs1, Fo,o1 =0,
Hv; = (n—1-2j)v;.

(5-26)

and

Remark s.29. The largest eigenvalue of H is called the highest weight of the representation.
Sometimes representations are labeled by their highest weights instead of by dimensions,

especially when there are non-equivalent representations in the same dimension.

For the quantum version, we can ¢g-deform the above representation to get

Evj =[n —j]qvj_l, Evg =0,
Fv; = [j+1],0741, Fvu1=0,

= =127
va =q v;.

and (5.27)
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This is indeed an irreducible representation of the quantum group U, 3[5, and the module
V, is a simple object in Rep U 3[5. By Remark the quantum dimension of ¥}, can be
computed as dim, V,, = try, K = [n],.

Remark 5.30. When the R-matrix and universal twist act on these modules, the infinite

sums in their formulae terminate because £ and F act nilpotently on /,.

Remark s.31. Since the modules V), are self-dual, we have V¥ = V, after a choice of
isomorphism. In the category of tangles colored by these modules, we have |y, =1y =Tr,,,
and therefore the associated link invariant is independent of orientations.

As we noted above, the category Rep U, 8[; has an infinite number of simple objects. To
get a modular category, we restrict the parameter g to be a primitive root of unity. Let
7 and s be positive integers so that { := ¢™**/ is a primitive 27-th root of unity, and let
£ =2 =¢¥5/7. We will follow convention so that {# = ¢"#/” for any a € C.

We define the small guantum group lsz%Iz as the quotient of {} 8, by the two-sided ideal
generated by £7, F”, and K 27 — 1. The quotient is a Hopf algebra because this ideal is a
Hopfideal. Specializing to a root of unity and doing this quotient makes the Hopf algebra
finite dimensional over C and kills objects of Rep {}$l, that have non-integer highest
weights. We refer to [56} 53], and references therein for details on the representation theory
of quantum 8l,.

The full representation theory of [}, is subtle, but the relevant fact is that, for a given
7, the modules 7, of U, 8l for n = 1,2, ..., 7 — 1 descend to irreducible modules of the
small quantum group. It was shown in [g3} § 8] that the modules {/,},-1,..,—1, make
U;élz a modular Hopf algebra.

Given a modular Hopf algebra 4, with a finite family of simple 4-modules {V/;},¢1, one
considers the subcategory of Rep A4 whose objects are (quasi)dominated by {V;};e;. The
semisimplification of this subcategory has the structure of a modular category with simple
objects {V;};er 61, Chapter XI § 6].

For the purposes of defining the manifold invariant, we consider the modular category that
is the subcategory of Rep @%Iz whose objects are dominated by the irreducible modules
{Va}n=1,...,,—1. We also have to pick a rank of this modular category. The rank is a square

root of . . ,
r— r— 1
D’ = Z(dim; Va) = Z[”]; = g (m) ) (5.28)
n=1 n=1

and we pick 7! = \2/rsin(7s/7).

To summarize, if we let /,,, . ,, (K, ) be the colored Jones polynomial of the framed

link K, where the component K; ¢ K is colored with Vas then with the intermediate
quantity

FIK.O) = > L&D ]k (5:29)

ne{l,..,r—1}V K;cK
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the 8l WRT invariant for the manifold X = $3(K) is given by

1 F(K,{)

w ) = S RO R E U, O

(5-30)

where 4. is the number of +ve eigenvalues of the linking matrix of K and by is the number
of zero eigenvalues of the linking matrix of K.



CHAPTER 6

Modular forms and theta functions

We have already encountered the modular group SL(2, Z) as the mapping class group of
the torus in §.1.2} and in §[5.2.1we saw how it acts (projectively) on the simple objects of
a modular category. In this chapter, we introduce modular forms, theta functions, and
their Eichler integrals, which are all functions whose transformation properties under the

action of SL(2, Z) are varying degrees of nice.

6.1 Definitions and examples

The modular group I' = SL(2, Z) is the group of 2 X 2 integer matrices with unit determi-
nant. We recall that it has the presentation (s, # | s* = Ir, (¢5)> = 5*) and is generated by

1 1
0 J. (6.1)

matrices

0
1

S =

_ll and T =
0

As a discrete subgroup of SL(2, R), it acts on the upper half plane, £, by Mébius transfor-

mations, i.e.,

ar+b
ct+d’

Z €SL(2,Z) wehave y-7= (6.2)

forany y = [ﬂ
c

where 7 € §. Roughly speaking, modular forms are functions on the upper half plane
that transform “nicely” under the action of the modular group.

Let & be a half-integer and let p : I' — C be a map such that p(-15) = ¢™* . We define an
automorphic factor of weight k asamap g : Ix$9 — Cgivenby g (v, 7) = p(y) (ct+d)*
such that

Pe(1172,7) = pr(11, y27) (2, 7) forevery y1, 72 € I (63)

The map p : I' — C is a one-dimensional projective representation of I" and is called a
multiplier system. A weakly holomorphic modular form of weight & with multiplier system
p is a holomorphic function on the upper half plane, f : $ — C, that satisfies

fyr) =y, D)f (7). (6.4)

47
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A modular form is a weakly holomorphic modular form that is bounded as 7 — 7c0, and

a cusp form is a weakly holomorphic modular form that vanishes as 7 — 7co.

Remark 6.1. We define the Petersson slash operator of weight £ on afunctionf : $ —» C
as (F1e7)(7) = pr(M) Y (y7) = p(¥) " (c7 + d)*f (y7). The requirement can
be stated as (f = fly)(7) =

Remark 6.2. Sets of weakly holomorphic modular forms, modular forms, and cusp forms
of a given weight and multiplier system are C-vector spaces and denoted by M/ /; (p), My(p),
and S (p) respectively. We also have the inclusions S, (p) € M (p) C M/;(,o)

Example 6.1 (Dedekind eta function and the modular discriminant). For 7 € §, let

q= 2% and define the Dedekind eta function as the following infinite product

7(7) =g [ |- g™, (65)

n=1

The Dedekind eta function is a weight-1/2 modular form with a multiplier system and

undergoes the following transformations [16, Proposition 1.2.5]

p(r+1) =e"M2y(1), 5(=1/7) = V=ity(7). (6.6)

Its twenty-fourth power, A(7) = 7(7)?4, is called the modular discriminant, and is a

weight-12 modular form.

We can define vector-valued modular forms if we let the map p : I' = GL(d,C) be a d-
dimensional projective representation of I'. A weakly holomorphic vector-valued modular
form of weight £ with multiplier system p is a holomorphic function f :  — C4 that
satisfies with gz (y) = (c7 + d)/e,o(}/). As in the rank one case, we can drop weakly
holomorphic if we require each component of / to be bounded as 7 — 700, and we call
f acusp form if each of its components vanishes as 7 — 7oo. The integer 4 is called the

rank of the vector-valued modular form.

Example 6.2 (Jacobi theta functions). Jacobi theta functions defined as

6,(7) = Z q(n+1/2)2 and  B5(7) = Z qnz, (6.7)

neZ neZ

are components of a weight-1/2 vector-valued modular form of rank two. We have
|7 0]]8ax7) h(-1/7)| _ /—zr -1 1| |&(7)
0 1|[63(7) 3(-1/7)| f3(7) |

While the 7-transformation formula is quite straightforward, deriving the rule for S-

(6.8)

52(’Z'+ 1)
(93(T+ 1)

transformations is a little less obvious and follows from a standard argument involving

the Poisson summation formula.
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In what follows, we will come across theta functions twisted by a Dirichlet character. We
remind the reader that, for positive integer M, a Dirichlet character of modulus M is an
M -periodic function y : Z — C such that (¢) y(ab) = y(a)y(b) for every a,b € Z
(77) and y(a) = 0if and only if ged(a, M) > 1. A theta function twisted by a Dirichlet
character is defined as

6,(z) = Y x(mn’q", (6.9)

neZ

where » = 0, 1 such that y(~1) = (=1)”. The theta function &, is a component of a
weight-(v + 1/2) vector-valued modular form.

Example 6.3 (Theta functions ‘I’I()“) ). Let P be a positive integer, and for every integer
a =1,..., P — 1define 2P-periodic functions

(ﬂ) il Ifl:iﬂ mOd 2]),
op (1) = 0 (6.10)

otherwise.

Fach ;kz(;) has an associated theta function

\I’]()ﬂ)(f) — Z [;kz(;)(l)qﬂ//tp with q= 62771'7 (6.11)
lez

which are components of a weight-3/2 vector-valued modular form of rank P — 1. Under
T and S modular transformations, they behave as [28} § 2.2]

‘I’]()ﬂ)('z' +1) = em‘“z/zp\l’l(f)(’r) and (6.12)
P-1

Y5 (1)) = (=ie)? Y My (P, (<1/7) (6.3)
b=1

respectively, where
MEP) =+ 2 sin 2L (6.14)
p =y psin 57 14

Partly because of their importance and partly because of their complicated definition, we
put the next class of examples in its own section.

6.1.1 A nice basis of theta functions

Following [28,27, 30|, we describe theta functions that span a subspace of half-integer
weight vector-valued modular forms. This basis of theta functions is nice because radial

limits of their Eichler integrals are related to quantum invariants of Seifert homology

spheres (see Proposition .
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Given a triple, ]7 = (p1, p2, p3), let P = p1 po p3, and for every triple, 2 = (a1, a3, a3),
with integers 4; such that 0 < 4; < p;, define the 2 P-periodic functions

—€1663 ifl =P (1+23 E’j/) mod 2P,

$i(l) = (6.15)

otherwise,

where ¢; = +1. However, not all }i;i ’s are independent. Indeed, for ; =1, 2, 3 define the

involutions

G'I(Zi) = (Pl — a1, a4, 43)5 0-2(2) = (ﬂla PZ — 4y, 43)3 and 73(5) = (ﬂlﬁ a, PS - ﬂ:’))a
(6.16)
() = ¢§(1), so that the number of such

and note that for j # & we have ¢;f°7k(ﬂ)

independent periodic functions is

1
D= (p1=D(p2=D(ps - 1. (6.17)
For later use, we also note the following properties of the 5 ’s,

2P-1

p(=1) =—¢3()) and [Z(; #2(1) = 0. (6.18)
For each independent ¢‘§ , define theta functions on the upper half plane

Gy _ L GNP dmic
CDﬁ(T) =3 ;Z;ﬁ:ﬁ(l)q with g = ¢=™'", (6.19)

which are components of a D];-dimensional vector-valued modular form of weight 3/2.
Under 7" and § modular transformations, these theta functions behave as [27, Proposi-

tion 2]
. . . 3/2 . -
®5(7+1):T“(15)®§(7) and CD"(T)—( ) ZSZ p)q);;(—l/z’) (6.20)
b

respectively, where
2
R 3 a;
T% = ( Z — (6.21)

and
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6.2 Eichler integrals and false theta functions

For modular forms of integer weight £ > 2, there is a differential operator D*~1 : A1 2!_ P

M /; that takes weakly holomorphic modular forms of weight-(2 — &) to forms of weight-£

given by (see [7])
Dh-1 1 o

At the level of Fourier expansions, if / is a weakly holomorphic modular form of weight
2 — k, then the differential gives

(6.23)

Dk_lf(z') = Zannk_lq” € M/; it f(7)= Zanq”. (6.24)

n n

As a formal inverse of this differential operator, Eichler considered the (£ — 1)-th an-
tiderivative defined for f € M /; as

_(“2@iT)t?

fuo——ﬁzjﬁ—/'zwfuxz—n”% (6.25)

the so-called Eichler integral. If f is a cusp form of weight £, then the obstruction to
modularity of its Eichler integral can be computed as

(-27it

)/e—l ico .
/ dz f(z)(z — 7) -2, (6.26)
e

F =P =535 | )

and using properties of the differential operator DF1 we can show that

D*N(F ~ flaay) =0. (6.27)

We see that the Eichler integral of a cusp form of integer weight £ is nearly modular of
weight 2 — k, and its obstruction to modularity is a polynomial of degree at most & — 2
called the period polynomial. As before, we see that at the level of g-series, the Eichler
integral of a cusp form is given by

/;(r) = i ﬂnnlfkq” it f(r)= i anq”. (6.28)
n=1 n=1

When the weight is not an integer, the interpretation of differential operators and an-
tiderivative no longer works, but we can still define an Eichler integral for the g-series as

in @29)

Example 6.4 (False theta functions 9;() The theta function twisted by a Dirichlet char-
acter, &, is a modular form of weight £ = » + 1/2, where » is either 0 or 1 such that
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x(=1) = (=1)”. Its Eichler integral is the false theta function

5}(7) = Z;[(n)nl_”qﬂz. (6.29)
n=1

We will soon argue that the limit of these false theta functions as 7 approaches rational
—_ v . . .
numbers is nearly modular of weight » + %, but the obstruction to modularity is no

longer a polynomial.

It will be useful to define another variant of the Eichler integral as an antiderivative like in
(6.2 .
ooy (27! /oo k-2
5)((7) " TG-D L dz 0,(z)(z —7)""%, (6.30)
defined when 7 is in the lower half plane, $. It is relatively straightforward to deduce
the modular behaviour and period function of 9; from the known modularity of 5;(. We

can use this modular behaviour and the fact that the series expansion of 9; and 0, agree to
all orders near z € Q,

éz(o& + 7€) = Z b,e” and 9;(04 — 7€) = Z b,(—€)" (6.31)
n=0 n=0

as € — 0%, to derive the modular behaviour of 5;( near « € Q. We refer the reader to
[68] 27, 28, 7] for details.

Example 6.5 (Eichler integral of the nice basis). Eichler integral of the theta function CD;

is given by the g-series
®i(r) = ) $i(g" ", (632)
[=0

convergent in the upper half plane Im 7 > 0, whose limits at rational numbers 7 — s/7
follow from a proposition of [68] (see also [z7, Proposition 3])

. . 2Pr R 5 /
CD;?(:/V) = [13& cpg(s/r +it) = % ; ¢§(1)51 /4P (1 - E) ) (6.33)

From the formula above, it is straightforward to deduce the behavior of these functions
under a modular 7'-transformation, Cb; (r+1) =T f)d)g (7), where T%( p) is a frac-
tional power of £. And while the false theta functions do not have good transformation
behavior under the action of the full modular group, their limits at cusps, 7 — 7/s, satisty
the following quantum modular property under an S-transformation as » — oo [27,
Proposition 8]

SaaL I S

<3 r i 2\db
ﬁ(:/r)*'\/;;%(‘b)q);(_r/j)zz k! 2Pr

k=0
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where the sum over 4 includes only the D]; independent false theta functions, and the
coeficients of the power series on the right-hand side are

(ZP)ZIe

L(-2k,¢0) == Z¢meﬂmm, (6:35)

where B;;.1 denotes the (2k + 1)-th Bernoulli polynomial, are values of the analytically
continued L-function for the Dirichlet character ¢§ .

Remark 6.3. In Appendix we prove an integrality result for the radial limits of these
false theta functions (Proposition [B.1).

Example 6.6 (False theta functions ‘i’l(fl) ). We define false theta functions, which are the
Eichler integrals of ‘I’](fl)

Vi (r) = Z%WMW% (6:36)
whose limit at rational numbers

B 2Pr R} /
¥ = 3 A 0 1 ). (6)

satisfies the following property under a modular S-transformation [28} Proposition 2]

= L(-24,
\1f<“>(;/;»)+\/7 ZM“(P)\W)( rls) = kz = kl%f’)(;]f), (6.38)
0

where the coefficients of the power series on the right-hand side are

(2P)*

L(=2k ¥33)) = T 2k+1

Z%WMMMW» (6:39)

where Byj.1 denotes the (2k + 1)-th Bernoulli polynomial, are values of the analytically
continued L-function for the Dirichlet character ;k; .






CHAPTER 7

Quantum modularity conjecture

To state the quantum modularity conjecture, it will be convenient to normalize the WRT
invariant in the following way; suppose that X is a rational homology sphere, let A :=
|H1(X,Z)| be the order of its first homology group, and define

Wi() =V 2] ¢ = D) 7

Since s is an odd integer, the Jacobi symbol (H /s) is well-defined.

When X is an integer homology sphere, W (£) = (£ — 1)zx (£) and the statement takes
the form of Conjecture We propose the following generalization for rational homology

spheres that have no Z,-torsion in their homology.

Conjecture 7.1. Let X = M [T be a geometric rational homology sphere with no Z,-torsion
in homology and let £Y1* be a primitive 4r-th root of unity. Specifically, take EV/* = ¢™#5/%
forsome r € 2751 + 1 and s € 47 + 1. Moreover, assume that s is coprime with the order of
the homology group H = |Hy (X, Z)|. Then

1. the WRT invariant admits the decomposition into a sum of terms labeled by abelian

flat connections

Wi (£) = >, 7 Sl (£); (7:2)
aewo(m;;’;t(X,SL(Z,C)))

such that each term has the following asymptotic expansion as r — oo along integers

coprime with s and H:

ez”"?cs[“]W;(f) - Z ezmgcsm]pj(g’)[j(j/r), (7.3)
Aemy(Mg, (X SL(2,0)))

55
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where E = e=27irs, P¢ (£) are polynomials in £ (with J—depenelent coeﬁiczlmt;), and
If(s/r) € (5/7)2412C s/ 7] for some 04 € Z. Moreover, Pj”l'”(f) € Z[£] and

Pi(£)=0 (7.4)

for 4 € m(IMsk (X, SL(2,€)) \ {a}.

2. for the geometric flat connection A,

Py(E) = £ > WE(E) = ys3(M) (7.5)
aemy (Mg, (X,U(1)))

where & € Q and the function ys (M) = 1if M = S* and zero otherwise.

Remark 7.1. The decomposition with respect to the abelian flat connections is
motivated by the analogous decomposition of the WRT invariant at £ = ¢ in its
relation to the Z-invariants [23, 21, 223 [46]. The sum on the right-hand side of[7.s|is the
analogue of Zo. In §We provide a conjectural formula that relates Z-invariants to the
WRT invariant at a general root of unity. Such a relation allows one to draw a direct parallel
between the quantum modularity considered in this thesis and holomorphic guantum
modularity of Z-invariants.

7.1 Flat connections

Flat connections on a manifold are completely specified by their holonomies around non-
contractible loops. Let X be a manifold and let £ — X be a (trivial) principle G-bundle
on X. The moduli space of flat G-connections on X is defined as

My (X, G) = Hom(71(X), G)/G, (7.6)

where G acts on Hom(71 (X)), G) by conjugation. In this section we note some features of
this moduli space for G = SL(2, C), describe how the false theta basis @2 is in one-to-one
correspondence with flat connections on Brieskorn homology spheres, and discuss the

geometric flat connection.

In the moduli space of SL(2, C) flat connections over a manifold X, there is a distinguished
set of abelian flat connections defined as

m> (X,SL(2,C)) := Hom(7(X),C*)/{1} = H'(X,C/Z)/{=1}, (7.7)

where {+1} should be identified with the Weyl group of SL(2, C), and the last equiva-
lence follows because C* = C/Z. Maps representing abelian flat connections 71 (X) —
SL(2,C) can be conjugated into the maximal torus subgroup C* of SL(2, C). We also
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define the set of non-abelian flat connections

MED (X, SL(2, €)) = Mgy (X, SL(2,C)) \ T

ﬂat(X’ SL(2> C)), (78)

as the complement of abelian flat connections.

We have the canonical identification

mo (M (X, SL(2,C))) = Hom(Tor H; (X, Z), Q/Z) = Tor H\(X,2)/Z,  (7.9)

given by the linking pairing, Ik : Tor H1(X,Z) ® Tor Hi(X,Z) — Q/Z. The Chern-
Simons action of an abelian flat connection « € mggt(X ,SL(2,C)), is given by the linking
pairing, CS[4,] = lk(a, 2), using the above identification.

7.1.1  False theta functions and flat connections

Here, we review a characterization of the connected components of the moduli space of
non-trivial SL(2, C) flat connections on Seifert integer homology spheres, and in particular,
Brieskorn homology spheres from [3, Proposition s] (see also [27, § 4]). Let 2( p1, p2, p3)
be a Brieskorn homology sphere, and suppose (possibly after relabeling) that p, and p3
are odd. Define Aﬁ c Zio as the set of triples (41, 42, @3) such that 1 < 21 < p; and
1 <aj <(p;j—1)/2for j = 2and 3, then there is an isomorphism

70 (MG (2(p, p2, p3),SL(2, ©))) = 4;. (7.10)

Each element 7 € A[—; is called the rotation number of the flat connection it represents,

and the Chern-Simons value of the corresponding flat connection is

2
- P 2\ 4
CS[z] = 3 1+ » —| mod 1. (7.11)
=
Note that the set Af has cardinality
1
Dy =2 (p1=D(p2 = D(ps - 1) (7.12)

and the triples that are its elements, 7 € Aﬁ’ pick out the D;? independent false theta
functions q)g. With this correspondence, we can write the 7™-matrix of the modular

—27iCS[a

transformation as 77%( p) =c 1. And the following result says that the limit of

the false theta function q);;’ (s/7) at a rational number is a polynomial in the root of unity

27is

£ = ¢ with an overall fractional power that equals CS[Z].
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7.1.2  Geometric flat connection

As stated before, the geometric flat connection for a geometric 3-manifold, X = M /T is
given by the conjugacy class of a certain homomorphism I' = 71 (X) — SL(2, C), which
is a lift of the canonical inclusion I' <= Isom, A with certain natural map Isom, A —
PSL(2, C). We give candidates for the natural map from the isometry group to PSL(2, C)
(summarized in Table[7.1).

Remark 7.2. Lifting the map 71 (X) — PSL(2, C) to 71(X) — SL(2, C) is analogous
to lifting the frame bundle of the manifold to its double cover, the spin bundle. As such,
the obstruction to lifting a PSL(2, C) connection to SL(2, C) connection is given by a
version of the the Stiefel-Whitney class, and since every orientable 3-manifold is spin, such
a lift always exists. Choice of the lift corresponds to a choice of the spin structure. All
examples we consider in this thesis are Z,-homology spheres, which have a unique spins
structure, and therefore a unique lift.

M ‘ Isometry group —> PSL(2,C)

H3 Isom+ M = PSL(Z, C) idPSL(Z,C)

S3 Isom, M =SO(4) - PSU(2) — PSL(2,C)

R3 Isom, M = R3 % SO(3) -» §0(3) = PSU(2) — PSL(2,C)
SZxR Isomy M =SO(3) xR » §0(3) = PSU(2) — PSL(2,C)
H? x R Isom M = Isom H? x Isom R - PSL(2,R) — PSL(2,0)

SL(2,R) R — Isom; M — Isom H? —» PSL(2,R) — PSL(2,C)
Nil; R — Isomy M — R?>xSO(2) = C=xU(1) — PSL(2,C)
Sols Isom, R? — Isom,; M — IsomR —-» R < PSL(2,C)

Table 7.1: The eight Thurston geometries, the connected components of the identity of
their isometry groups, and natural maps to PSL(2, C).

Hyperbolic Since the group of orientation preserving isometries for the hyperbolic space
is isomorphic to PSL(2, C), so we just take the map to PSL(2, C) to be the identity.

Euclidean The orientation preserving isometries of the Euclidean space is the semi-direct
product R3 > SO(3). The natural map — PSL(2, C) is given by a projection onto
the SO(3) = PSU(2) factor, followed by an inclusion into PSL(2, C).

Spherical For the 3-sphere, we have Isom, S* = SO(4) = P(SU(2) x SU(2)), and we
require that I' € SO(4) is contained in one of the SU(2) factors and the image of
I" under projection to the other factor is trivial. For such I, we can define the map
— PSL(2, C) to be the nontrivial projection onto PSU(2) followed by an inclusion
into PSL(2, C).
We remark that the spherical geometry is exceptional because for the other seven
geometries, the fixing I, uniquely determines the homeomorphism type of X. The
above requirement on I’ restores this uniqueness and restricts it to be an ADE-type
discrete subgroup of SU(2)
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H? x R For this product geometry, the group of isometries factors Isom(H? x R) =
Isom(H?) X Isom(R), and we can define the map — PSL(2, C) by projecting to the
Isom(H?) factor followed by Isom(H?) - PSL(2,R) < PSL(2,C).

SM) This model geometry can be thought of as an R-fibration over the hyperbolic
plane, 0 —» R — Sm) —» H? — 0, which induces a short exact sequence of
isometry groups, 0 = R < Isom. Sm) —» Isom H% — 0. As above, we define
the map — PSL(2, C) by the composition Isom H? -» PSL(2, R) < PSL(2, C).

Sol3 This model geometry can be thought of as an R2-fibration over the line, which
induces a short exact sequence of isometry groups, 0 — Isom, R? < Isom, Sol; —»
Isom R — 0. We define the map — PSL(2, C) by the composition Isom R » R <—
PSL(2, C).

$? x R Like the other product geometry, the group of isometries factors Isom, (S*XR) =
O(3) x R, but there is no canonical map from O(3) to SO*(3,1) = PSL(2,C). To
get around this, we restrict to I' € Isomg(S* x R) = SO(3) X R, and define the
map — PSL(2, C) by projecting onto the SO(3) = PSU(2) factor followed by the
inclusion PSU(2) «— PSL(2,C).

Nil; This model geometry can be thought of as an R-fibration over R?, which induces a
short exact sequence of isometry group, 0 — R < Isom, Nil3 - Isom R2 — 0. We
have a map Isom, Nil; » Isom R? = R?>(Q(2), but there is no canonical map from
0(2) toSO™(3,1) = PSL(2, C). To get around this, we restrict to I' € Isomg Nils =
R? % SO(2), and define the map — PSL(2,C) as the inclusion R* < SO(2) =
C = U(1) — PSL(2,C).

7.1.3 Values of the Chern-Simons functional

We present a short argument for the Chern-Simons functional at the geometric flat
connection for spherical geometry. Let X = §°/T, where we think of $3 as the group
SU(2), and T as a discrete subgroup of SU(2) c SO(4), acting on S by (left/right)
multiplication. For the geometric flat connection on X, we pick a connection one-form
A, € QN(X) ® 31y ¢ QY (X) ® 81, such thatits lift 4, € Q1(S5?) ® 8u, to $3is pure
gauge, A, = gd(g™!) for some g : S? — SU(2). We can always do this because the only
flat connection on S is the trivial one. If we let g : $3 = SU(2) — SU(2) be the identity
map idsy(2), we get

CS[4.] = CS[0] + degidsu(z) = £1, (7.13)
whose sign is fixed by a choice of orientation. The Chern—Simons integral of 4, over S3
is equal to |T'| copies of the integral of 4. over the fundamental region S3/T" = X, so that

-

|T| CS[A4.] = CS[A4.] = £1 and therefore

CS[4.] =+—. (7.14)
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ForSL(2, R) geometry, it is known that the Chern-Simons functional at the geometric flat
connection coincides with the so-called Seifert volume and the Godbillon-Vey invariant.
Recall that every Sm) manifold X is homeomorphic to a Seifert fibration. If we
let 4. € QY(X) ® 3l; be a connection one-form for the geometric flat connection
described above, the Chern—Simons value can be written in terms of the Seifert invariants
x =x(X/SYHand e = e(X),

2
CS[4.] = i% mod 1, (7.15)

and, once again, the sign is fixed by a choice of orientation.

Remark 7.3. A direct calculation shows that |T'| = |4¢/ y| for spherical Seifert manifolds.

7.2 Proof of conjecture for Brieskorn homology spheres

We start by recalling a formula of the WRT invariant for Seifert integer homology spheres.
Suppose that X is a Seifert integer homology sphere 2( p1, . . ., p) with m exceptional
fibers, where p; > 2 are mutually coprime integers. As stated Section Seifert invari-
ants pi/qu, ..., Pm/qm> and b are determined from the requirement that the manifold is
an integer homology sphere. Furthermore, we shall also pick a normalization in which
b = 0 and the orientation such that ¢ > 0. Let

el ir=ry q_j‘ = (XD, ¢ =30 (H) + ), (125(%’]’]) - q—]) ;
j=1 j=1 P] = p]

(7.16)
where s5(+, ) is the Dedekind sum, then, with Seifert invariants normalized as above, the

WRT invariant of X at £1/% = ¢7%/2" has the following form [40]

wil4 [17%, (71280 — 71281
$l4-1/20¢ _ 1 — (&) ¢ —Hn?/4p * J=1
FIRE - ) = | ) S o Prnez/zwf G

rin
(7.17)
We know from the integrality of the WRT invariant of integer homology spheres that

7x (£) € Z[£]. The following proposition says that the fractional part of the power of £
on the left-hand side of is equal to the Chern-Simons action at the geometric flat
connection, CS[4.] = —y?/4e.

Proposition 7.1. Consider the Seifert homology sphere Z(p1, pa, . . ., pm), then with ¢ as
defined above, we have $/4 — 1/2 = — y* [4e mod 1.
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Proof. We begin by recalling how the quantity ¢ is related to the Casson invariant A [40}

§4]
—24) =+ — (m 2- i), (7.18)

=0

[\ 8]

which implies that

p__P it
I _\m=2- — | mod 1. (7.19)
4 4( ,Z_;‘pf-)

A short computation with the definition of the orbifold Euler characteristic, and the fact
that ¢ = 1/ P yields

S Y

1 m(m + 1) 1 1
44 (BT ——|-= mod1. .20
2 4e 2 ( 2 Z pj = Pj]’/e) 2 720)

To show that the right-hand side is an integer (and therefore zero modulo 1), it suffices to
show that the integer

m(m + 1) 1
A .
( 2 mZ s pjpk) )

is odd. Note that since p;’s have to be mutually coprime because Z( p1, p2, ..., pm) isan
integer homology sphere, at most one of them can be even. With this observation, we have

1 ifPi
P Z 1. Foseven mod 2, (7.22)
— Pj m if Pisodd
and
-1 ifPi
1 _ m 1 it P is even mod 2, (7.23)
Srpe 27U if Pisodd
which implies that is odd. m]

Finally, we have all the tools to write the WRT invariant as limits of false theta functions
and prove the quantum modularity conjecture for Brieskorn homology spheres.

Proposition 7.2. For Brieskorn homology spheres, Z(p1, pa, p3) with 1/ p1+1/pr+1/ p3 <
27is

1, the WRT invariant at a generic primitive root of unity of odd order, & = ¢~ , can be
written as a limit of the false theta function,

- 1 T
EFITIE = Ve (§) = 3O G5/7), (7.24)
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Proof. The proof here follows from results in [68], and is an adaptation of the one given
in [z7] to the case of generic roots of unity. We recall the formula for the WRT

invariant

3 n/2p; _ g—n/2p;
ERIAU2(E N)gg 0 (£) = ( ) i > ¢ ey &0~ A
2v2Pr neZ/2PrZ gr2— g2
rin
(7.25)

and use the fact that for 1/p1 + 1/ p2 + 1/ p3 < 1, there is a generating function for the
rational function in the summand above in terms of the periodic function ¢l_(7.1’1’1) from

before,
H;ZI(MP/P/ —u~ Pl

- = Z ¢]_§,1’1’1) () ', (7.26)

1=0

to write it as a limit with # = £#/2P ¢=7¢/2P

12, (£"%0 — E=nl20)
= gnl2 _ gnf2 = t 0+ Z ¢(1 b 1)(1) ! (7.27)

For the sum in (7.25)), we have

ap ] l(é:n/zﬁj — é:—n/ZPj) 0 12p (LL1) 2 4Pnl 2D
1 —7tl]2 +nl/2
Z £ £nl2 _ g-n2 = tli{{)k ¢ () Z &
neZ/2PrZ =0 neZ[2PrZ
r{n
. S 1,1,1 2 2
— tlg& ¢ mz/zpség )(Z) Z f (n—1)?/4P+1%|4P
=0 neZ[2PrZ
) R L,1,1 2
— Z 98 n? /4P }i}%{,ze 7rtl/2P¢p£ )(1) 51 /4P,
neZ|2PrZ 0

where we have used a square completion to simplify the Gauss sum. To proceed, we can
evaluate the quadratic Gauss sum in the last line above with a formula from Appendix@

Z f_ﬂz/“) :% Z g:—nz//tP _ (P}") e~ ™4\ Py, (7.28)

neZ/2Pr neZ|4Pr

(remember that we have assumed 5 = 1 mod 4), and conclude by using a proposition
from [68] for the first equality in the following

(o)

li —7tl]2P El,l,l) ] 12/4P _ li —7tl?/2P El,l,l) ] 12/4P '
tg{)l* ¢ ¢P Q) f ti{g* Z ¢ ¢P © f (7 29)

= lim (D(lll)(x/r+zt) —CD(lll)(s/r) (7.30)

r—0*

Putting all the pieces together, the result follows. |
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The only Brieskorn homology sphere for which 1/ p1 + 1/ p» + 1/ p3 < 1 does not hold is
the Poincaré homology sphere, X(2, 3, 5), and we will deal with it separately here. When
15 =(2,3,5), the only difference from the above calculation is due to

T2, (P17 — = 2121 o0
=1 _ 1,1,1 /
" —u+ut+ Z ¢EZ,3,5;(1) u, (7.31)

which results in an extra constant in the analogous formula for the WRT invariant,

FRVI0(£ 1y as (£) = £V120 4 q)gég( /7). (7:32)

Theorem 7.1. The quantum modularity conjecture holds for Brieskorn homology spheres.

Proof. With the exception of X(2, 3, 5) which is spherical, all other Brieskorn homology
spheres X = X( p1, p2, p3) have 1/ p1+1/ p2+1/ p3 < 1and are modeled on SL(2, R). We
start by writing the WRT invariant of these manifolds in terms of the false theta function

as in Proposition

Wr(§) = (£ = D ax(§) = S22 B (), (7.33)

use the modular S-transformation of the false theta functions, and arrange the terms into
an expansion around saddles in the following way

k
Wile) = \f £ ¢/"ZS““)WD‘% ls) + 2E1 W‘*Z o (z%)

(734)
- S SR E) LGl (739)
Aemy(Mg, (X,SL(2,C)))
where Ptriv(f ) =1,and
P .
Py(§) = SESANDE (1)) (736)
if A is the flat connection represented by rotation numbers (a1, 42, 43); and
o L(=2k, ¢y
1,.1_9¢ >Th Tis
Iriv == 5 .
wiv(s/7) = 587 4% 7 (2Pr) (7.37)
and
r - _
Li(s/r) == = S (gl (7.38)

if A is the flat connection represented by rotation numbers (a1, 42, 43).
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We have identified the asymptotic series in 5/7 that appears as the failure of modularity in
. £ (1,11 I . .

the S-transformation of q)jg LD 45 the contribution from the trivial flat connection, and

used the correspondence between non-trivial flat connections and the Df independent

theta functions to write the sum over the false theta functions as a sum over the connected

components of 171g,.(X, SL(2,C)) in .

Asymptotic series 1 are of the expected type, and the integrality of the polynomials
PA(E yeZ [f ] is implied directly by Proposition

Finally, it follows from |D that, for the geometric flat connection on Sm) manifolds,
CS[4.] = —y*/4e. Comparing the Chern-Simons values tells us that 4. is represented
by rotation numbers (1, 1, 1), and therefore it follows from Propositionsand that
Py (§) = E2Wx (€) for some integer d.

The case of X(2, 3, 5) is completely analogous, and we have

1, 1o < (1,11
Wess)(§) =671+ Ef 121/120‘1352,3,5;(5/7’) (7:39)

2wir >4
~ Z e SUIPEYLi(s)r), (7.40)
Aemy (Mg, (X,SL(2,C)))

with Ptriv(f ) =1,and
1. -
Py(§) = Ef_l/lzoq);(—f/f), (7.41)

if A is the flat connection represented by rotation numbers (41, 42, 43); and

o (1,1,1) ]
L(=2k,¢)555)) (””)k (7.42)

1 1
I (sfr) =71 g7 N — @
k=0 )
and

r -
Li(s/r) = — /552(1,1,1)5 121/120 (7.43)

if A is the flat connection represented by rotation numbers (a1, 42, 23). We identify the

geometric flat connection by its Chern-Simons value, CS[A4.] = —1/120, and notice that
I D . .

Py (§) = SET OGS (<rfs) = o) () - 1, (7.44)

as required. O

7.3 Some rational homology sphere examples

7.3.1  Lens spaces L(p,1)

For any positive integer p, the lens space L(p, 1) has a realization as surgery on the
p-framed unknot in §3. Computation of the WRT invariant of these spaces is essen-
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tially an application of the reciprocity of quadratic Gauss sums. We start by noting that
J(U?,q) = q:”(”z_l)//* [1]4, and therefore for L(p, 1) = S3(U?), we need the interme-
diate quantity

- 21 = n2-1 n2-1
FULE =Y e T =5 3 £ k=5 Y TR ()
n=1

n=-r nel|2rz

-1l »? .
= = ET(&"+£7-2), (7.46)
2(EV2 — g-1/2)2 nEZZ/ZrZ

which can be simplified by applying the reciprocity formula as

2 wil4 L il ' _<m)2)
Z f%:ﬂ Z e 2Py2: \/_ Z fp/z Z 27”:( ? ;

neZl2rZ @ yeZ[spZ \/_P leZ/sZ acZ/pZ
(7.47)

and
e S 49
nel/2rZ @ VeZ[spZ
7 o a)?\_snisa
= 7/4\/_ > & 27”;(_7%4? g1r (7.49)
lez/sz acZ/pZ

where we have used (p, s) = 1 to decompose the sum over Z/spZ = 7 [s7Z & 7 pZ. After
this decomposition, the sum above over / is precisely a quadratic Gauss sum, for which
there is a closed expression

> 8 =Glrp, s>—(—]’)f 5, (7.50)
leZ/sz

where we have used the fact that s = 1 mod 4. We can put these pieces together, and
normalize with F(U*!, £) for the WRT invariant

W) = 3 HF) (77 o

4
Tsa 1) .
acZ/pZ

(7.51)

Since, under our assumptions, s is coprime with |H;| = p, there exists an integer s* such
that ss* = 1 + 2 p for some (s-dependent) » € Z. After making the change 2 — s*a of

the summation variable, we can read off the decomposition into abelian flat connections
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as

p-1 5
-1 zil(—4 24 27, 47a
”L(P,l)(ég) - fp‘* E ,62 ZI( ! e 4) (f Y -0S 1 (7~52)

_ Z 2t CS[a]W o 1)(5) (7.53)

aem (M2 (L(p,1),SL(2,C)))

where, as before, CS[ 4] means alift of the CS value to Q. Using no(mgl;t(L(p, 1),SL(2,C))) =
{0,1,...,(p—1)/2}, we have

475a ) _ ' (7.54)

Since the geometric flat connection for lens spaces is abelian and has CS value -1/ p, we
have Pj;ii"(f ) = 0 because of the way the decomposition is defined. On the other hand,

since
(p-1)/2

Wi () = pE'T, (7.55)

a=0

we verify that

P =7 2 Wipn®+r 059

acm(M (L(p,1),SL(2,C)))
Thus the conjecture holds for these lens spaces.

We shall consider Seifert rational homology spheres fibered over S* with three exceptional
fibers and Seifert invariants b and p1/41, p2/92, p3/ g3, where g; = +1forevery j = 1,2, 3.
In what follows, we use p; to denote p;/g;. Such manifolds are described as surgery on a
link of unknots that has the linking matrix

b 1 1 1
1 0 0
g=| , (7.57)
1 0 P2 0
1 0 0 p3

and the # = (no, 1, 72, n3)-colored Jones polynomial

qb(ng 1)/4

[n0]2 l_lqu(n 7 non, (7.58)

Jn(L;q) =

1 qb(ng 1)/4

P(” -1)/4 non;[2 _ non;/2
{71/2 — g2 (grol2 = gmi2)2 l—[‘] ! (g""11% = g""11%). (7.59)




Using the surgery formula for WRT invariants, we get

, e~ Tio(B)/4 fbn%/4
FARE Do) = (D Y
2 _ £-no/2
2(2}’) no€Z/2rZ fﬂO/ f "o/
no#0,7
n2[4vnon; 12 (en: )2 g-ni)2
xl_[ Z EN ! (f/ — &7 ),
J mi€Z/2rZ

where ¢” = tr B — 37 (B). To get the above formula in a form similar to (7.17), we apply
the reciprocity formula for quadratic Gauss sums (Theorem to the sums over 7;, and
use the assumption (s, p;) = 1 on s to simplify, so that

_1\bs 37 (pf)
S G e Sl O
W2IPIr\ s ] e

where ¢ = ¢’ + 3, % and

2 (n0+2rn-)2 no+2rn; no+2rn;
é‘:bﬂo/4 _ % ) _ T2y
(): N e | BN A ST A
noei{)ZrZ ] ”]GZ/PJZ
no N4

Following [z9}, Proposition 2], we notice that the sum above is invariant under simultane-
ous change 79 — 7o + 27 and n; — n; — 1 forevery j = 1,2, 3. If py and p; are coprime,

we can use this invariance to simplify the sums
2r=1 2p1par—1

YD NS YRR VR

7no=0 7[162/])12, anZ/pzZ, n3€Z/p3Z 7n0=0 n1=0, n,=0, }1362/])32

In the following examples, we shall use the above formula for the WRT invariant at generic

roots of unity to write it in terms of false theta functions.

7.3.2 Tetrahedral space

For the Seifert manifold $?(1; 2, 3, 3), we can readily compute
25
e=o Y=o ¢ = < Hi(X,Z) = coker B = Z/3Z. (7.63)

Since ¢ # 0 and y > 0, this manifold must be spherical. Indeed, it can also be thought of
as the quotient of S by the binary tetrahedral group. Apart from the Poincaré homology
sphere and lens spaces L( p, 1) for odd p, this is the only ADE type spherical manifold
that is a mod-2 homology sphere.
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Its WRT invariant is given by EBIA(E — 1)y (§) =

1 (18}") gt—n(z)/24 (fﬂo//t _ f—ﬂo//t)(fﬂo/é _ f—no/é)
6\/7 no€Z|12rZ fﬂo/z - f_ﬂO/Z

V*no
2,2

—rong+razng no+2rng __jgi}fﬁi
% Z f 3 (f 3 —f 6 ) (7-64)

n3€Z /32

Analogously to the case of Brieskorn homology spheres, we can proceed by writing the

rational function in the summand above as the limit of a holomorphic function on the

upper half plane, and then complete squares in the exponent of £ to simplify the Gauss
77

sum over 7 (see [29] for a similar calculation for the special root of unity £ = e™). After

a bit of work, and, as in the case of lens spaces, the fact that s is coprime with 3, we can

show that

1 2t (22 (s 7 (3
g =2 S ) (GO gy 4 28799 (sfr) - 2£1%)
aeZ/3Z
(7.65)
— Z eZm’?CS[ﬂ]W)?(é:) (766)
ae{0,1}=m (MY (X,SL(2,C)))
where we have used the shorthand notation 7« (@) (0)+ = 5 yla) 4 5 () 4 ...
Components of the decomposition are
1+2(3
EBPWY(E) = —S X OO ) + £ and (7.67)
1
EBPRI (&) = —‘1'2 OO (o)) 281, (7.68)

Asymptotic behavior of the above functions as » — oo follows from the modular §-
transformation of false theta functions, for exampl

Wy (&) = YMM(S)( V/S)( w/ f 13/2‘*)+f 1/2 _ 13/242 (le;)

(7.69)

Ao, (B0 sl + PYEL /), (7.70)

where we have denoted the flat connection by its CS value and arranged the terms in the
following way

- 1. . ro
PO u(§) = =5 EVRRIEO ) and L0, (5/7) = =[5, (70)

1We can label the components of the moduli space of flat connections by the respective CS values, when
they are uniquely determined by them, as in this case.
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and for the trivial flat connection
- wis
PUE) =1 and I0(s/r) = T2 g3 Z ( ) ; (7.72)

with coeflicients ¢, = L(-2k, ¥;, 1HZ(S)J'(S)) Similarly, it can be verified that the asymp-
totic expansion for W)} (£) is of the required form.

Finally, we recall that for the geometric flat connection 4., we have CS[A4.] = —1/24,
and a direct calculation shows that

POy (£) =812 >, wi(é) - 3. (7.73)

aem (Mg (X,SL(2,0)))

Thus, we have verified that the Conjectureholds for this manifold.

7.3.3 —3 surgery on the right-handed trefoil

For the Seifert manifold S?(-1; =2, =3, =9), we calculate

1 1 71
- - — = - = . .
e 4 13 ¢ 13’ H\(X,Z)=2/3Z (7.74)

Since ¢ # 0 and y < 0, this manifold must be modeled on SL(2, R) geometry. To verify
that the conjecture holds for this manifold, we proceed as in the previous example and
write the WRT invariant in terms of false theta functions. We start with the decomposi-

tion
B 1 it (22) [«
£ 107/72WX(§:) _ 5 Z ¢ 7er( 3 )(\Y{;H(U)(-"/") é;m/3\11(5)+(13)(5/;,.)) (7.75)
acl/3Z
_ Z 2% CS[a]f—107/72W)?(st), (7.76)
ae{0,1}=m (M (X,SL(2,0)))
where
5_107/72W0(f) _ l\?(l)—(S)—(l3)+(17)(J/V) and (7.77)
f 107/72W1(f) 2(1)+(5)+(13)+2(17)( /7). (7.78)

As before, we can compute the asymptotic expansion of the functions 17 by using the
modular transformation property of false theta functions

Wy (&) = > S PAE L (s/7), (7.79)
Aemy (Mg, (X,SL(2,C)))
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where
PO (sé) - 15—1/72\?3(1)+3(17)(_r/5) 70 = 2 r sin - _sin Sw £107/72
T2 18 U 9N s 18 18 ’
- 1z B 2 [7 S o
0 _ —25/72~3,3(5)+3(13) 0 _ . ) 107172
Phasa() = 3£ PP (), Iy =<3 |7 [sin 35 win T2 ) £,

Z 1;: < 2 |r T 7
0 _ —49/72:3,3(7)+3(11) 0 _ . . 107/72
P—49/72(5) - Ef / \1/13 (=7/5), [_49/72 = _5115 (sm — +sin —) 13 / s

for the trivial flat connection, we have

(7.80)

) © [ (<2k, D= -1DA7)y
PLE) =1, (/=) T (3?)

k=0

as usual, and Pf)lc) 12 4(5 ) = 0 because W)? (£) does not receive any contribution from the
non-abelian flat connection with CS = —19/24. It can be verified that the other piece
W)} (£) also has an asymptotic expansion of the expected type.

Finally, since for the geometric flat connection CS[4.] = —1/72 mod 1, we can verify
that

Pyp(£) =73 >, Wi (). (7.81)

aemy (M (X,SL(2,C)))

7-3-4 Infinite family

As a final example, we consider the family of Seifert manifolds X = $%(0; p,—2p —
1,-2p — 1) for positive integers p > 2. We can calculate

1 2p*-3p-1

Ezm’ 7= oD Hi(X,2)=7Z/](2p + 1)Z. (7.82)

These manifolds are mod-2 homology spheres, and since ¢ # 0 and y < 0 they must
be modeled on SM) The calculation of the WRT invariant in terms of false theta
functions proceeds as in the earlier examples. Let H = |H(X,Z)| = 2p+ 1, P =
p(2p+1),and A, = ¢/4~1/2. Also define threeintegersu = P—4p—1,0 = P=2p—1,
and w = P — 1 that lie between 0 and P. We have the WRT invariant

o =1 5 &

a€Z/HZ

= Z 627”% Sl pr W)? (f)) (784)

aem (ML (X,SL(2,0)))

2,2
s“a 1 ~ w H~3,
7 (p+ )) (\I/(”)+( )(5/;/') - 25 ra/ II()U)(-f/’ )) (7'83)
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where no(mggt()(, SL(2,C))) ={0,1,..., p}, and we can read off the terms

A %‘i’l()”)_z(v)+(w) (s/7) ifa=0,
EWg(é) = ) 27m » (7.85)
‘I’P” “I(s/r) = 2cos ‘I’ (s/r) otherwise.

As the terms 17 (£) are given by false theta functions (up to an overall fractional power
of £), their asymptotics are determined by the behavior of false theta functions under a
modular S-transformation. As before the resulting terms can be interpreted as expansions
around flat connections. Of particular interest is the term

k
W)?@z-@f APZ(M” 20+ MO TEE (- r/>+z (”) (7.86)

. (P-1)2
27rz§(— "z

s -2 1 <
) A g(”)J’H(w)( r/s)[ ]+otherﬂatconnections,

(7.87)

=¢

because for the geometric flat connection CS[4,] = —y?/4¢ = —=(P — 1)*/4P mod 1.
And we can read off

P (f) =L ST ) (7.88)
and
1 7 - u v w
L) (s/r) = =g\ £ (M(P) = 2M(P) + MP(P)),  (7.89)
and verify that
(P 1)2
Py (§) =47 >, W), (7.90)
aem (M (X,SL(2,C)))
asin Conjecture

We also refer to 48] for the analysis of the asymptotic expansion of WRT invariant at
general roots of unity for some other manifolds.






CHAPTER 8

Unified quantum invariants

In this chapter, we shall briefly describe some preliminary results from ongoing work on
the unification of radial limits of Z-invariants of 3-manifolds.

8.1 Strange identities and the Habiro ring

The Reshetikhin-Turaev construction gives a numerical invariant of closed 3-manifolds
for every primitive root of unity. A priors, it is not obvious how these WRT invariants at
different roots of unity should be related to each other, but an important intermediate
step in proving the quantum modularity conjecture for Brieskorn homology spheres, was
to write the WRT invariant as the radial limit of a g-series defined inside the unit disk. For

example, when X is the Poincaré homology sphere, we have
1. _ -
E(E-Da(§) =1+ lim g 120G (10 (g), (8.1)

where Cbg;;; (g) is a g-series

q’)g;;(q) =ql/120(1+q+é]3 +q7—q8—ql4—qzo—429+q31 +o). (8.2)

One point that was maybe glossed over earlier, is that these false theta g-series #nify all
WRT invariants at different roots of unity in a single object. Given such a g-series, we can
extract WRT invariant at any root of unity by taking a radial limit g — £.

There is an algebraic analog of the above story given by Habiro [z5]. Consider the following
formula for the WRT invariant of the Poincaré homology sphere,

1 [ee)
7x(q) = q Z 7" (q" Poms (8.3)
m=1

where (x;4), = (1 — x)(1 — xg) --- (1 — x4"™1) is the g-Pochhammer symbol. The
right-hand side of is well-defined when ¢ is a root of unity, but it does not make sense

73
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as a function on any open subset of the complex plane; it does not even make sense as a
formal power series in ¢. Contrast this with the g-series in (8.1), which converges inside
the unit disk, but is ill defined when |g| = 1. We have the following strange identity

1 - 5 191,1 « » = m m
1+34 VD (9) ¢ = -2, q"5 D (8.4)
m=1

Remark 8.1. The term strange identity was introduced in [66], to describe a relation like
the one above between the so-called Kontsevich—Zagier function F(q) = 2, 1(¢59)»
and the Eichler integral of the Dedekind »-function 7(g) = ql/ 24(45 )0, which is a
weight-1/2 modular form. The Kontsevich—Zagier function also appeared in [67] as an
example of a quantum modular form.

8.1.1  The Habiro ring

Expressions like the Kontsevich—Zagier series and the right-hand side of do not make
sense as elements of Z[ g]|, but they converge in a different completion of the ring of
polynomials Z[ 4] first defined by Habiro [z5]. The Habiro ring is defined as the following

inverse limit

i =lim Zlq]
(T(q’q)n 7(1—4)(1—q2)(1_qn)’

(8:5)

along with the projections p,, : Z[g] — Z[q]/(g; g)m- Elements of the Habiro ring can

be written as

(o8]

fq) = Z a,(9)(g5 Pn> (8.6)

n=0
for some 4,(g) € Z|q], and the expansion is unique if deg 2, < n. The projection p,,
acts on the expansion by

0 m—1
D ax(9) (g 9)n s > an() (g3 )n mod ((g59)m) (8.7)
n=0 n=0

Remark 8.2. A more common completion of Z[g] is 1(21}1 Z[q]/(x"), also known as the
ring of power series Z[ g].

Remark 8.3. The definition of the Habiro ring is reminiscent of p-adic integers. Recall
that the ring of p-adic integers is defined as Z,, = lgln Z]p*Z,and a p-adic integer has a

formal expansion
y= Z a;p’, (8.8)
7=0

which is unique when 2; € {0,1,..., p — 1} forevery ;.
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Remark 8.4. A classical analog to the Habiro ring is the ring of profinite integers—defined
as the inverse limit Z := l(gl Z [ n'Z —because the g-Pochhammer symbolis a g-deformation
of the factorial. Profinite integers have a formal expansion

r= Z apk!, (8.9)
k=1

which is unique when 4, € {0, 1,.. ., k} for every .

S

Let £ be an 7-th root of unity, then there is an evaluation map evs : Z[g] — Z[£],

) r—1
F(@) = an @)@ — Y an()(EE)u = F(£). (8.10)
n=0 n=0

Remark 8.s. If £ is a primitive 7-th root of unity, then Z[£] = Z[4]/(®D,(g)), where D,
is the 7-th cyclotomic polynomial.

To get back to topology, we quote the following theorem about WRT invariants of an
integer homology sphere.

Theorem 8.1 (Habiro [z5]). Let X be an integer homology sphere. There is a well-defined

—

topological invariant Ix (q), valued in Z|q] such that
(&) = evr Ix (9), (8.1m)

for any root of unity £.

Remark 8.6. Note that the above theorem implies 7y (£) € Z[£] whenever X is an integer
homology sphere.

Remark 8.7. We have numerical evidence which suggests that the polynomials 2,(£) €
Z[£]—that appear attached to flat connections in the asymptotic expansion of
the WRT invariant of integer homology spheres—can be unified into an element of the
Habiro ring. More precisely, for every flat connection «, there is an element of the Habiro

ring [, € Z[q] such that evg L,(g) = P,(£). In particular this is true for the geometric flat
connection a, because P, (£) = (1 - &)=y (&).

—_

8.2 Z-invariants of manifolds

An important idea in quantum topology—and in algebraic topology more broadly—is
that of categorification. Perhaps the most famous example of categorification is singular
homology theory which categorifies the Euler characteristic that was originally thought of
as a numerical invariant. A more relevant example is the Khovanov homology which cate-

gorifies the Jones polynomial. In particular, Khovanov homology assigns doubly-graded
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homology groups Kh™ (K) to links in R? such that the graded Euler characteristic

7 (Kh(K)) = >"(-1)'¢’ dimKh"/ (K) = Vi (), (8.12)
Lj

is equal to the Jones polynomial of K.

Variously referred to as BPS g-series, homological blocks, Gukov-Putrov—Pei—Vafa (GPPV)
invariants or Z-invariants, these (conjectured) Z[ g ||-valued invariants of 3-manifolds pro-

vide an important step in the categorification of the WRT invariant.

Let X be a negative-definite plumbed manifold. There exist g-series invariants, Z, (¢), of
X, labeled by & € SpinC (X), such that [46]

L Z;,(q) € g% Z[ g] for some rational number A,
2. under the action of Z, on SpinC (X) by conjugation Z_b(q) = Zb(q)
3. Zb(q) converges as a power series in ¢ inside the unit disk |¢] < 1, and

4. the WRT invariant of X for & = ¢27//” admits a decomposition

1 , —~
@)= D, ¢ e im Y SuZ,(g) | (8.13)

1/2 _ £-1/2 —
Z(f/ f /)ﬂeHl(X,Z) 1 fbeSpinC(X)

where the limit g — £ is taken radially and

6—27:1‘ Ik(a,b)
=— (8.14)

S, = .
X, 2)]

Remark 8.8. There is an isomorphism SpinC (X) = Hi(X, Z) but this isomorphism is

not canonical.

Remark 8.9. The decomposition in (8.13) was conjectured in [2z] and later proved in [46].
In § we derive a refinement of the radial limit conjecture for limits to generic roots of

unity g — e2mislr,

These g-series invariants are thought of as a non-perturbative completion of complex
Chern-Simons theory. Alternatively, they can be understood to be counting BPS states
of a certain 3d 11 = 2 theory—dual to complex Chern-Simons theory on X —with a
“boundary condition” labeled by &

Zy(q) =q™ D (-1)'q/ dim 3,7 (X), (8.15)
z',jeZ

where the doubly-graded vector spaces #t, (X) are Hilbert spaces of BPS states in the
supersymmetric theory. The vector spaces ;" (X) are a physical construction of what

would be “Khovanov homology for 3-manifolds”.
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8.2.1 Strange identities and the Z-invariant

On integer homology spheres, there is a unique SpinC structure, a single Z-invariant, and
therefore the radial limit formula (8.13)) becomes

1 lim Zo(q). (8.16)

&) =

With Habiro’s universal invariant, we have the strange identity

1 - « _»
g gy D D (5.7)

8.3 Unifying radial limits

At this point, the following question is hopefully well-motivated: For a given manifold
X, are there elements I/’fb(q) € Z[q] of the Habiro ring labeled by & € SpinC (X) such
thatevy W, (q) = lirnélH £ Zb(q)? Our numerical experiments indicate that the answer

(modulo some technical details) is yes.

Before we state the conjecture however, we will describe a linear relation between radial lim-
its of Z-invariants and the so-called non-semisimple quantum invariants. Non-semisimple
invariants sit on solid mathematical ground and, unlike Z , they do not suffer the drawback
of being undefined outside of certain classes of manifolds. If the reader is uncomfortable
with the ill-definedness of Z—invariants, the linear relation can be taken as the definition

of radial limits.

8.3.1 Defining radial limits via non-semisimple invariants

In Chapter we discussed the construction of manifold invariants from modular cate-
gories. There is a generalization of this construction to non-semisimple categories that
gives a recipe for constructing homeomorphism invariants of 3-manifolds decorated with
a cohomology class. For details on these non-semisimple invariants—which are also called
CGP or BCGP invariants after Blanchet, Costantino, Geer, and Patureau-Mirand—we
refer the reader to [13, 5, 4]

As before, let { = ¢™/” be a 2r-th root of unity and let & = {2 = ¢27//”. The relevant

facts about these invariants are that link components are colored with « € C instead of
integers, and there is a modified quantum dimension
{*-{

d(“) = éz},.a — Z_},.a:v (818)

for the module with highest weight «, that we use instead of the usual quantum dimen-

sion.
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Let K be alink in 3 with components K, ..., Ky,andleta = (a1,...,ar) € CV. We
shall use notation K, for the link K" whose component Kj is colored with the module We,.
The non-semisimple link invariant is denoted by N,.(K).

We also define analogs of @y for this category, with

0 7 =0 mod 4

. (312,172 r =1mod 4 (8.19)
(1732712 =2 mod 4
_7302,1/2 7 =3 mod 4

and ®+ = ®_.

Let X be a 3-manifold realized as surgery on a framed link X, let w € H'(X,C/2Z) \
HY(X,Z/2Z) be acohomology class, and let ¢ = w(m;) € C/2Z,wherem; € Hh(X,Z)
is the homology class of the meridian of K;. The non-semisimple invariant of the pair
(X, w) is given by the following surgery formula

14
NMo) = ——— 3 [ dl + k)N (Ko, (8.20)

b
©++@_ keH! j=1

where b, are the number of +ve eigenvalues of the linking matrix of XK.

Radial limits of Z-invariants are related to CGP invariants as follows

N(X,0)=lim > 6, Z:(q), (8.21)
q—féeSpinC(X)

where the SpinC—structure is determined by 8 = (b,5) forab € Hi(X,Z) and s €
Spin(X), and for » = +1 mod 4

T(X, [w]) szt ezm(—%l lk(a,a)tlk(a,fﬂa)—%w(a)ilk(f,f))

(b)) T T xw 7€ |
»0) = TTH(X, 2)) afeH(X,Z)

(8.22)

where 7 (X, [w]) is an appropriate version of the torsion, and p( X, s) isa mod 4 reduction
of the Rokhlin invariant.

When X is a rational homology sphere, the number of Z-invariants is |SpinC (X)) =
|H1(X,Z)|, and when there is no Z,-torsion in homology, the number of CGP invariants

is only one fewer
|H'(X,C/22) \ H'(X,Z/2Z)| = |Hi(X,2)| - 1. (8.23)

There is a linear system of equations for the |41 (X, Z)| unknowns limq_> £ V4 (g) deter-
mined by , which gives | H1(X, Z)| - 1 constraints, and which gives the one
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missing constraint. When this linear relation is invertible, we can take the solution of this
system for lim,_,¢ Z(g) to be a definition of the radial limits.

8.3.2 Unification conjecture and supporting evidence

We can now make a statement about the unification of radial limits of Z-invariants.

Conjecture 8.1. Let X be a rational homology sphere with no Z,-torsion in homology, let
E =™ with r € 275 + 1 be an odd root of unity. Then for every b € Spin(D (X), we
have

1. there is an integer Q > 0 independent of r such that for every r, the scaled limit
lim, ¢ QbZ »(q) € Z|&] is a polynomial in & with integer coefficients

2. there is an element T//ﬁb(q) in the ring completion Z[\qj = linn Z(q1/(g;9*)n such
that eV I//V\b(q) = limq_,se szb(q)

We have done numerical experiments to verify this conjecture in the examples X = § 3 » (K)
for surgery coefficient p = 3,5,7, 9,11, 13, 15 when K is the trefoil knot 31, the figure-
eight knot 41, the three-twist knot 5,, and the Stevedore knot 6;.

Computations involved in these experiments involve the following steps. Fix some integer
N =20,let 7 =2; + 1 and do the following for every ; =0,1,..., N.

1. Compute the CGP invariants, WRT invariant, and the matrix of linear relations G, ;
to high-precision as fixed point numbers.

2. Solve for z;, = limq_) £ 4 »(q) by inverting the linear relation.
3. Solve the integer relation problem 2, = a0 + a1£ + -+ + a¢(,)_lf¢(”)‘1 for
some integers a;, 40, 41, - - - ()1 not all zero, using the LLL algorithm. Note that

fixed precision numbers are important for this step—the usual 64-bit floating point
numbers do not have enough digits for this step to work reliably.

Verify that there is an integer g, independent of 7 such that ¢, 2, (£) € Z[£] forevery r =
27+ 1

To check if these polynomials can be unified into a Habiro element. Consider an element
of the modified Habiro ring

) oo 2n
fg) = Z an(9)(3:9%)n = Z (Z an,mq’”) (497> (8.24)

n=0 7n=0 \m=0
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where a,,,, are integers. Evaluation of this element at an odd root of unity is well-defined.

For every » = 27 + 1 define the evaluation
Vi 2n
f;’(Q) = Z (Z ﬂn,mqm) (6], qz)n mod (qr - 1), (8-25)
n=0 \m=0

and pick a residue class modulo (¢” — 1) such that deg £ = » — 1. We set up a linear system

for integers a,,,, by equating coefficients of polynomials

1 (q) = q42,(q) (8.26)

forevery » =27 + 1. If N = 0, we have only one equation fo(q) = a0 = qbz;. Every
time we increment N — N + 1, we introduce 2/N + 3 new unknowns,

AN+1,00 AN+1,15 - - > AN+1,2(N+1)> (8.27)

and 2N + 3 new constraints because deg /2(n+1)+1 = 2N + 2.

If this linear system has integer solutions, it is an indication that the polynomials z;(q)
can be unified into an element of the Habiro ring. In every example we considered, the
matrix of the linear system had unit determinant.

5 D) X



APPENDIX A

Computing quadratic Gauss sums

For a positive integer 7, and an integer s, the quddmz‘z'c Gauss sum is defined as
2

G(s,7r) = Z P (A.x)

neZlrZ

When s and 7 are coprime, the Gauss sum G (s, 7) can be evaluated explicitly [47],

(;) (1+)Vr r=0mod 4,
(i)\/; 7 =1 mod 4,

G(s,r)=4"" (A.2)
0 7 =2 mod 4,
(i)z'\/; 7 =3 mod 4,
r

where (-) is the Jacobi symbol. If 5 and r are not coprime, let ¢ = ged(s, 7) and define
51 = s/g, r1 = r/g so that 5s; and »; are coprime, and a short calculation shows that

G(s,r) = g G(s1,7m1).

We shall also come across quadratic Gauss sums with a linear piece in its exponent like

Z é:Pn2+2An’ (A3)

nellrZ

2mis o . .
where £ = ¢7+ is a primitive 7-th root of unity and P, 4 are integers. Such sums can
be evaluated with a square completion argument as follows. Suppose that P is coprime
with 7 (we shall relax this condition in the next paragraph) and that 7 is odd. Since we are

working modulo 7 in the exponent to the root of unity £, we have
Pn* + An = P(n + 2" P* A)* — 4" P* 4, (A.4)
where * denotes inversion in Z/rZ, so that

) i x4\ 2 _ 12
Z pPu2dn _ g4 Z FPORYPA? _ g AP G(p ), (Ass)
neZjrZ nellrZ
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where — 4% /4P in the exponent should be understood as an element of Z/7Z.

If P is not coprime with 7 (and therefore not invertible in Z/rZ), let ¢ = ged(, P), define
ri=r/g, P1 = P/g. And instead of summing over n € Z/rZ,let n = r1 j + k and sum
over j =0,...,g—1landk=0,...,7 — 1for

—

N

g1 ry—1

. 2 ~A%/4P,
fpn2+An _ Z fVlAJ Z flplk +A1k — g§g|A 51 1/ 1G(5P1’7‘1). (A6)
7=0 k=0

Il
(=}

n

where the sum over ; is a sum of g-th roots of unity £” 14 and is zero unless ¢ divides 4,
and the sum over £ is like the one we started out with, in which », P, and A are replaced
by 71, P1, and A respectively. Note that the expression on the right-hand side vanishes

unless A1 is an integer, so we can use the square completion argument as before.

Using the above formulas, we have

+1 -9 =g _(” T q
F(U ,q)—+ql/2_q_1/2 > —+(S)( 7 )@—41/2_q—1/z' (A7)

To see why the first equality is true, consider the Gauss sum involved in F(U £l q), for
o==1,

r—1 —o/4 r—1
a }12— q a'nz n —-n
7"V = s Y Mg g D) (A8)
n=1 (q q ) n=1
g 7" 24
-7 on ( n_ 1) A9
(g\2 = g7112)2 ne;;dq q (A.9)
g 2/4
- —— (g7 -1) on Ao
(g7 - g 72 nezz/zrzq e
-30/4
= —O'q—_l/z Z qan2/4. (A.II)

1/2 _
9 / 9 neZ/2r

With this, the normalization in (s5.30]) can be written as

r)N (1 + f)”(B) (2r)N/2437(B) /4 )

+1 by +1 bo _ _1\bs [
FU, )" FU*, )" = (=) 5 T g
where o (B) = b, — b_ is the signature of the linking matrix.

Theorem A.1 (Deloup and Turaev [55]). Lez (-, ) be an inner product on RN, B: RN -

RN be a self-adjoint automorphism, ¢ € RN, and r a positive integer. Assume that
B(ZN) c 7N and

g(x, Bx), (x, Bx"), (x,7rx"), r{x,¥) € Z forall x,x" € 7N (A.13)
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Then
Z exp (EOC, Bx) + 2mwi(x, ;ﬁ})
xeZN[rZN r
67[;‘0’/47.]\[/2 ' .
= “[dec B|12 Z exp (—mr(y +v, BNy + ¢)>), (A.14)
€ yezZN |BZN

for arbitrary lifts of x, y to ZN.

A.1 A refinement of the radial limit conjecture

In this section, we shall comment on the conjectural relationship between WRT invariants
at generic roots of unity and radial limits of Z-invariants. The following result about a
higher rank version of quadratic Gauss sums will be important in simplifying the resulting

relation.

Proposition A.1. For any positive integer N, let B : ZN = 7N be a nondegenerate,
symmetric, Z-linear map, and let r be an odd positive integer, coprime with det B. Then

det B
€ A2

7 =1 mod 4,
Z o (6Bx) drB (A.1s)
t
xeZN [rZN 2 NpNZ =3 mod 4.
r

Proof. Letr = p'l“ p;’z e pZ’“ be the prime factorization of » where p; are distinct odd
primes and 7; € Z5¢ forall j =1,2,---, k. We will prove this result by induction on .
For k = 1, we use a diagonalization result for symmetric, invertible bilinear forms over
local rings in which 2 is a unit [43, Corollary 3.4]. The matrix B is invertible over Z/ p1'Z
because det B is coprime with 7, and 2 is a unit in Z/ p}'Z because r is odd. We have
SBST = diag(b1, . .., bn) for some orthonormal matrix S, and the result follows from a

short calculation

27ib;

Zt <x Bx) detB

5

xezN/p’flzN 7=l xez/pitz

G(1, pH™. (A.16)

1

For the 1nduct10n step, we factor the sum over ZV /»Z¥ into ZN /7'ZN & ZV p”’eZ N>
where 7’ = r/p}* 4

. L 27rz ,<}’>B}’>
Z ¢ Z(xBx) _ Z o P (. B) Z o (A.17)

xeZN [rzN xezZN [rZN yEZN/p”ZN

B (det B) P_Zk r
o 7’ pzk

G(LNGL Y. (As)
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To see that the sign of the Gauss sum is correct, we need to use the reciprocity of Jacobi
symbols

(£) (%)= n== (A.19)

O

27mis

~ be

a primitive 7-th root of unity. With manipulations similar to [22, Appendix A], we get

Suppose that A1 is a 3-manifold obtained from a genus zero plumbing on a tree graph,
and let B be its linking matrix, which we assume to be negative deﬁnit Letf =e¢

(see also [39,12])
M 2 (g2 = 7 2) det B2 G (7, )N
y Z ~2mi (a5 a) Z e—zmu,g—lwzb(q),

a€coker sB be2 coker B+

(A.20)

If welet s be coprime with det B, itis possible to factor the sum over coker s 5—which is not
invariant under Kirby moves—to sums over ZN /57N and coker B using the isomorphism
ZN /57N @ coker B 3 (x,a) — Bx +sa € coker sB. The two sums above become

omit i (a B omis(a B0 S
Z e 27i%(x,Bx) Z e 27its*(a, B a) Z e 27is{a,B 17)217(4) (A.ZI)
xeZN [sZN a€ecoker B be2 coker B+9

We can use the above formulas to evaluate the Gauss sums in the denominator, and if we

assume that s is odd, we can use Proposition to evaluate the sum over x, so that

det(—B) s (£) = i 1
—_— = lim
s M g—¢2 (ql/z - q—1/2) |detB|1/2
% Z 6—27”'%52(4,19_1@ Z E—Zm’:(ﬂ,B_lb)Zb(q).
a€coker B be2 coker B+9
(A.22)
Using the assumption that s is coprime with |[det B| = |H;(AM)| we can rewrite the

formula in the form independent of the plumbing representation (cf. [14]):

= 1li
1(2) = lim 5 (G2 — g2 [H M2

e—27n‘§lk(ﬂ,ﬂ) Z 6—27rl'lk(4,det(§))2§(q)'
acH (M) 8eSpin‘ (M)

(|H1<M>|)T 1

(A.23)

1We expect that the argument below can be in principle generalized to the case of weakly negative-definite
plumbings. However, this is redundant, since, as was shown in [26], any weakly negative-definite rational
homology sphere plumbing has a negative-definite representative in its homeomorphism class.



3s

where lk(4, 2) = CS[a] is a lift of the value of the linking pairing to Q. For s = 1 this
relation reduces to the one conjectured in [22] and later proved in [46].






APPENDIX B

Integrality of false theta limits

This appendix is dedicated to proving the following integrality result for these false theta

limits.
Proposition B.1. Ler & = ¢* be a root of unity of odd order, then
1. -
~®i(s/r) e £~ Slalz[£]. (B.1)
2P
Recall the definition of (i)g (s/7)
1 2Pr /
23 _1 i R
®2(s/r) = 5 121] #3(0) (1 Pr) EFAE, (B.2)
where the 2 P-periodic function ¢;§ is defined by
o —€1€2€3 ifl=P(1+ 23: m mod ZP,
#(0) = (1437 5) (5.3)
? 0 otherwise,
for ¢; = +1. With the antisymmetry property ¢§ (=) = —¢§ (2), we have
2Pr _ R
DL HDETT =, (B.4)
/=1
so that
1.5 1 & /4P
SO (s/r) = 5m ; g (DIETT. (Bs)
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Note that all nonzero summands in the above sum have the same power of £ modulo 1
because for / = P (1 +2 %) mod 2P we have

2 2
> P ¢aj\ P a;j\ .
E_Z(l-i-;?) —Z(l'l'zp—) —-CS[&Z] mod 1, (B6)

7 ¥ J

where CS[4] is the Chern-Simons action of the flat connection on 2( p1, p», p3) thatis
denoted by rotation numbers (a1, 42, 43).

Next, we want to use the 2 P-periodicity of ¢§ to write the sum over / above as a sum over

L=0,...,r—1and e € {x1}>. To do so, we make the replacements / — 2PL + P +
P ZJ 4% and ¢§(Z) — —€16263, and observe that the sums

2Pr-1

DI UV (8:)
/=0

4Pr

and
-1 a; 1’(1+Z )2
1 €;
—4—2 > e 2PL+P+PZ I i) (B.8)
L=0¢e{+1}? 1 P

though not quite equal, differ by a polynomial in £ (up to an overall fractional power)
with integer coefficients. So, to prove the proposition, it will suffice to show that the
secondsumover L =1,...,7 — land e € {+1}%is an element of £~ CSl4Z[ £].

It will be convenient to get rid of this fractional part of the exponent, and we will do so by

multiplying & ~l514P with [y = P (1 -2 2 ) Define the quadratic function % by
12 -2 3 ei+1a; 3 ei—1a;
0 ] ] ] 7
=P+ Y L p+1+ Y LT =E1L),  (Bo)

and write the sum of interest, after removing the fraction exponent, as

Z Z €1€2€3<2PL+P+PZ / J)EF(L) (B.10)

L =0ee{+1}3

We will deal with each term in the parentheses above one by one. We start with the second
term.
Lemma B.x. With E as defined above and & an r-th root of unity, we have

r—1
Z €1€2€3 Z FEL) — 0, (B.1m)
L=0

ee{=£1}3
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Proof: We use the fact that £ is a well-defined quadratic form on Z/rZ to write the above

sum as
Z €162€3 Z FED) = Z €1€2€3 Z fE(L)—Z €162€3 Z g1 (B.ra)
ee{x1}3 LeZ/rZ €eE LeZ/rZ €ceE LeZlrZ

where £ = {(1,1,1),(1,1,-1),(1,-1,1), (-1, 1, 1)}, and conclude that the right-hand
side is zero because F_,(L) = E(-L — 1) mod r. O

To deal with the other terms, we need to understand how the sums ¥, c7/,7 £ E(L) for
different ¢’s are related to each other. A short calculation gives the coefficients of the
quadratic polynomial £(L) = PL?>+ AL+ B,

1 ‘ —1aja;
4 = P<1+Z;j)and8 PZ 7 ;sze‘;lefz ;;’. (B.13)
) - P

j=1 7 i,

Like in Appendix@ let ¢ = ged(7, P) and define 7" = /g, P" = P/g,and let g; =
ged(7, p;) and define pj’. = p;/ gjfor j = 1,2, 3. Instead of summingover L =0, ..., -1,
write L =7’k + /andsumoverk =0,...,¢—1and/ =0,...,7 — 1 to write

-1 o
Z £E(L) _ gz: pri Ak 255(1) = ¢34 Z gD, (B.14)

LeZ/rZ k=0 /=0 leZ]r'Z

where £’ = £8 as before and £’ = £/ g. To see why the last sum over / can be written as
asum on Z/r'Z, note that the right-hand side is zero unless g divides 4., and from the
expressions of 4, and B, above and using the fact that p;’s are mutually coprime, one can
deduce that g | 4. implies g | B..

Indeed, it is true that ¢ | 4 ifand only if g; | 4; for every j = 1,2, 3. If this is the case,

common factors in £’ can be canceled and

F'(l)—P’<Z+Z ]+1p )(1+1+Z€j2 ;,), (B.1s)
J

J J=1

where aj’. = a;/ gj for j = 1,2, 3. We have the following relations (modulo »”) between
E’ for different €’s,

FL) = E/(-1-1), (B.16)
Foyl) = Bl - i), (B.17)
Fl_ () = (I - ayp3), (B.18)

FL_(D)=F, (- ﬂ;p;*) (B.19)
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which let us relate all £”’s to each other by an appropriate shift of the argument. In

Z 5,5'(1): Z f/f;/(l) (B.20)

leZ|rZ leZ]r'Z

particular,

foranye, ¢ € {-1,1}°.

With these properties of the quadratic form £ understood, the following lemma—which
implies that the third term is zero—can be proved.

Lemma B.2. With E as defined above and & an r-th root of unity, we have

r—1
Z €1€2€3 Z ej-fE‘(L) =0, foreveryj=1,2,3. (B.21)
cc(z1)3 =0

Proof. Here we will show what happens for ; = 1 (other cases are completely analogous).
As in the above discussion, we decompose the sum over L to write

r—1
Z 61626326155(”=g3gj-|aj,j:1,z,3 Z €2€3 Z 5'5,(1)- (B.22)

ee{x}3 L=0 ee{£1}3 lez|r'z

Next, using the relations between £”’s and the fact that 3 6263 = 0, we have
g € e{+1} 3

Z €263 Z FED = Z €263 Z E'HH(Z):O. (B.23)

ee{£1}3 lez|r'Z ee{x1}3 lez]r'Z

Finally, for the first term, we have the following.

Lemma B.3. With E as defined above and & a root of unity of odd order r, the polynomial

1 r—1
> Z 515253ZL55(”, (B.24)
ee{x1}3 L=0

in & bas integer coefficients.
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Proof. First, we get rid of the factor of half by noting that

1 NI NI NI
3 Z 515253ZL5 25261626321,5 —52516253;)14;

ee{x1}3 L=0 eeE L=0 eck
(B.23)

€1€2€3 Z fE(L)

= Z €1€2€3 Z LfF(L)

ceE eceE LeZ|rZ
(B.26)
= Z €162€3 Z LEED) (B.27)
ecE

where £ = {(1,1,1),(1,1,-1),(1,-1,-1), (1,-1,1)}. We can show

Z €1€2€3 Z fE(L) = g%-laj-,j:1,z,3 Z €1€2€3 Z «f'F*/**(Z) =0, (B.28)

ecE LeZ]r2 ceE leZ]rZ

by using relations among different £”’s and . ¢ €1€2€3 = 0. Note that the choice of the
index set £ above is not unique, and we can pickany £ ¢ {-1,1}3suchthat EN-E =2
and EU-F = {-1,1}3.

Next, we decompose the sum over L as before

r=1 g 1y-1
=y LEED - Z Z(}" k+ ) EECRD (B.29)
= " =0 1=
7 -1 V/—l
Z—ZkaAkaF(l)+ Zlfr}g’(l)' (B30)
/=0

Since ¢ = g1¢2¢3 and g;’s are mutually coprime, we can decompose the sum over % in
the first term in the following symmetric way, £ — ¢ 23 o -, where £;’s all run from 0

togj—l,

a-1gp-1g-1

ICEEII L R T

161 =0 /ez 0 /€3 _]=1

We will work out the term j = 1 in detail; terms ; = 2, 3 are completely analogous. We

have

gl 1g2 1g3 1

€1ﬂ1/f1 202k | €33k3 1
Z Z Z kl £ REI.-— —g2g35g2|423g3|43w, (B}Z)
k10k20/€3 1—5 41
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where we used the identity for the sum of roots of unity for sums over £, and k3, and the
identity

h-1
h
ny"=-—-o, (B.33)
2%

where y is an /-th root of unity, for the sum over k1. With the sums over ¢ and /, this

term becomes

1 -1
—£2§35<@-|a,-,j:2,3ﬁ Z €2€3 Z 55(1), (B.34)
1- f & ¢eE 1=0

where we have chosen E C {-1,1}? such that ¢; = 1 for every € € E. To complete the
proof, it suffices to show that Y, . ¢ Z;;)l £ s divisible by 1 — £741/81 in Z[£]. Since
the term above is nonzero even when g1 does not divide 41, we cannot cancel factors in Z,
and £’ might not be well-defined on Z/7’Z. But we still have

E(l+7'k) = E(l) + 7' Ak, (B.33)
and the relations,

Fov (1) = Frai (I - ﬂépé*), (B.36)

Fo () = By (I - a5p%) (B.37)

modulo 7, where 0 < p%* < ris an integer such that p p}* = 1 mod 7.

To show that the sum in 1) is divisible by 1 — £” a1/81 | we use 1’ for

r'—=1 r'=1 r'—1 —aypy+r'=1

F+++ F++— — F+++ F+++
D 0= Y g2 Y g ST RO (Ba)
1=0 1=0 1=0 ==} ply

and note that 1 — £”"4++ is a factor of the above because for every [’ € {~a}py,—a\py +
L...,—aipi" + r’ — 1}, there exists an/ € {0,1,...,7" — 1} such that/ =/ + »’k for
some integer £, and due to (B.35) iyt (/) = Frpy(0) = #' A4y i k. Similarly, we can use

1} and 1} to see that 1 — £7'4+++ is also a factor on;’:Bl g Z;’:z)l Elie (D)
so that 1 — £'4++ is a factor of the sum in (B.34)). But since

a1 p 1
1- 3 1- A ay a1py g
£ - £ — =1+ a4 T ez(f), (B.39)
1-F8 1-¢%

the term (B.34)) is an element of Z[£].

In the second term , we can assume g; | 4; forall j = 1,2, 3 because it vanishes
unless ¢ divides 4., and therefore £’ is a well-defined quadratic formon Z/r'Z. If 2 is
invertible in Z/#’'Z, then we can write this quadratic polynomial in the following diagonal
form E'(l) = P'(! - D.)* + G modulo 7/, for some integers 0 < G, D, < »’. Using the
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relations 1 D among different £"’s, we can deduce G = C forany ¢, ¢ € {-1, 1)3,

and the following relations among D,’s,

D_,=1-D, (B.40)
D_yy = Dyyy +aip, (B.41)
Dyt = Dyyy + a5p5, (B.42)
Diio =Dy +alpy. (B.43)

With the diagonal form of £” as above, we write

1 r'=1 1 r'=1 ) 1 -D+r' -1 " D r'=1
il /BN 1P (I-D)*+G _ 1P G o e 1E'(D)
V'Zlf _r’zlf _;/" Z lf +V’Zf ’
/=0 /=0 I=—D. /=0
(B.44)
But we can show
r'-1 -1
Z e1€2€3D; Z b = Z €162€3D; Z gl =, (B.45)
eeF /=0 eeF /=0

using , and Yo g e1e263D. = 0, which follows from the relations (B.40HB.43)

between D,’s. To deal with the other term, we use

r—1

DTt <y, (B.46)
I=—r+1
to write
~D+r'-1 , -D.-1 . r-1 5
_ Z lf’Pl+Q= Z [é;/P/+C;+ Z Zf/Pl+Q (B.47)
[=—D, [=—r"+1 [=—D,+r"
-D.+r'-1 2 -1 X
_ Z (I - }"/)f/P (U-r")*+C + Z ZE/P I*+G (B.48)
/=1 |=—D,+r’
-1 " -D+r' -1 .
_ Z ZE/PZ +G _ Z r/sg/PZ +Q’ (B.49)
=1 /=1
so that
-D.+r-1 . -D.+r-1 . 1 -1 S
Pl Pl Ciis P54+ Crys
~ gt N g _;sz' +Core (B.s0)

l=-D. /=1 /=0
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where we have used that G’s are the same for every e. We notice that the first term is an
element of Z[£] and since the second term is independent of ¢, we have
-1
772
Z €1€2€3 Z Zflp FaCose 0, (B.SI)
=0

eeE

because Y. g €16263 = 0. m]
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