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cial objective in applications like real time control and shape optimization.
This contribution aims to provide a brief overview about such a topic. We
discuss both a classic intrusive framework based on a Galerkin projection tech-
nique and hybrid/non-intrusive approaches, including Physics Informed Neural
Networks (PINN), purely Data-Driven Neural Networks (NN), Radial Basis
Functions (RBF), Dynamic Mode Decomposition (DMD) and Gaussian Pro-
cess Regression (GPR). We also briefly mention geometrical parametrization
and dimensionality reduction methods like Active Subspaces (ASs). Then we
test the performance of such approaches in terms of efficiency and accuracy
against three academic test cases, the lid driven cavity, the flow past a cylinder
and the geometrically parametrized Stanford Bunny. Moreover, we also briefly
present some preliminary results related to a more complex case involving an

industrial application.

1 | INTRODUCTION

The increase in computing resources over the recent decades has continuously fostered the development of numer-
ical methods and enabled the utilization of complex algorithms. However, in certain cases, including real time
control of systems like digital twins [1, 2] or optimization problems [3, 4], it is still very hard to obtain an high
computational efficiency.

There are mainly two ways to solve this problem. The first one is to use High Performance Computing (HPC) clusters
[5] but they are immobile, costly to build and are large electrical comsumers. The second one is to introduce Reduced
Order Models (ROMs) enabling fast computation even on small computing facilities, though with a loss in accuracy.

The development of a ROM is typically split in two stages:

* The offline stage, in which for few selected values of the parameters (physical or geometrical) involved in the prob-
lem, high-fidelity simulations are computed, typically by using an HPC facility. Such simulations, obtained by solving
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the discretized governing equations system, hereinafter referred to as Full Order Model (FOM), are computationally
expensive, but they are performed only once. At this point one makes use of some techniques, among which Proper
Orthogonal Decomposition (POD) [6, 7], to extract the essential information from the high-fidelity database and to
assemble the surrogate model.

* The online stage, in which, taking advantage of the surrogate model, the solution is efficiently predicted for new values
of the parameters. The computational speedup with respect to the FOM could be significantly high: for instance, for
some fluid dynamics problems, a value of 10° is achievable (see Section 3).

ROMs are divided into two big families [7]: intrusive methods, in which one manipulates directly the governing equations,
and non-intrusive methods, in which only the simulation data are considered. It should be noted that also for non-intrusive
methods one could make use of information coming from the physics of the system at hand (see Section 2).

The paper is organized as follows. In Section 2, a classic intrusive technique, the Galerkin projection method [6], and sev-
eral data-driven techniques, Physics Informed Neural Networks (PINN) [1, 7], Radial Basis Functions (RBF) [8-15], purely
Data-Driven Neural Network (NN) [7, 9, 11, 14-23], Dynamic Mode Decomposition (DMD) [7, 12, 19, 24] and Gaussian Pro-
cess Regression (GPR) [7, 9, 10, 14] are briefly discussed. An example of geometrical parametrization is also introduced and
the Active Subspace (AS) method is presented as a possible solution strategy for dimensionality reduction. In Section 3
we present some numerical results related to three academic test cases and in Section 4 we provide some insights about
an industrial application. Finally in Section 5 we report some concluding remarks.

2 | REDUCED ORDER MODELS

We refer to ROMs to accelerate the numerical solution of parameterized Partial Differential Equations (PDEs) in the
space-time domain, which represents our FOM and whose general form is the following:

L(u,pu,t,x,y,z) =0 with (x,y,z) € Qu), t€(©,T], neP,
B(u’ lua ty X, y,Z) = 0 Wlth (x7y7z) € aQ(#)’ te (0’ T]7 # € I]:D, (1)
T(u,u,x,y,z) =0 with  (x,y,2) € Qu), t=0, ueP,

where u is a parameter (physical or geometrical), Q(u) C R? is the space domain of the problem, T is the final time of the
simulation, P is the parameter space, u € Vand V C {v|v : P x R®> - R"} is an Hilbert space. Finally £ : VX P x R* x
RP->R,B:VXxPXxR*xR3>—>R,7 : VxPxR3?— R are continuous functions whose explicit formulation depends
on the problem at hand.

2.1 | Anintrusive method: The Galerkin projection
For sake of simplicity, we assume that:

* the problem is steady, so £, B and 7 do not depend on ¢.

* Q does not depend on .

e V={vePxR3v(u-) € HY(R?) and v(u, )30 = 0 Vu € P}, so in this case n = 1.
* Based on the affine assumption, the first equation of system (1) can be rewritten as

6, (1Li(u,x,y,2) = ) 6.(10fi(x,y,2) V(x,y,2) EQUEP, )
!
i=1 i=1

where Giﬁ and 9} are scalar continuous functions from P to R, f; are continuous functions from R* to R and £; are

continuous functions from V x R3 to R.
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* The second equation of system (1) reads

u(u,x,y,z) =0 V(x,y,z) €0Q,u € P. 3)

By multiplying Equation (2) by v € W = {v : R® - R|vzq = 0} and integrating over Q we obtain the weak form of the
problem:

; 0, (1) Ai(uu, ), v) = ;e}(u)ﬂ(v) YoEW, ueP, @
where
A;(u(u, -),v)=/u(,u,x,y,z)v(x,y,z)dxdydz and Pi(v)=/fi(x,y,z)v(x,y,z)dxdydz. 5)
Q Q

We assume that .4; are bilinear with respect to u, v. Moreover, we also assume that they are symmetric and coercive, that
is,

A;(u,v) > ¢llullwllvllw ¢ >0 VYu,veW,Vi=1,2,..,m. (6)

In this setting, it can be proven that a solution u € V exists and is unique [25]. As the A; are bilinear we can build the
space Wy = span{uvy, ..., Uy }. We can restrict to u € {u € V|u(y,-) € Wy, Yu € P}, so it follows that

N
u= Zcxj(,u)vj, @)
j=1

where a; : P — R. By substituting Equation (7) in Equation (4) we obtain the following system of N equations

m

2 4O (WA, v) = Y O Fi(v) k=1,..N. ®

i=1 j=1 i=1

Note that once a basis of Wy has been chosen, the computation of the .A; and 7; (which can be very costly) is done only
once. We assume that it does exist a reduced space W,;, of dimension N,, << N such that the error

€= ”u(M’ ) - urb(/"’ ')l |W (9)
is small. The Galerkin projection method provides a posterior error bound for coercive problems [6]. The methods used
for computing the reduced basis are mainly two: the POD and the Greedy Algorithm [6]. A disadvantage of the Galerkin
projection approach is that, for complex problems, like Navier-Stokes equations [16, 26-29], there are no error bounds and
the error decreases slowly.

2.2 | Non-intrusive methods

In this section, we briefly introduce some of the most relevant non-intrusive ROM techniques.
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221 | Physics informed neural networks

A fully connected NN with lengths Iy, 1, ..., [} is a parametrized function & : x € Rl — y € Rk which has the following
form

Xo = X,
X = f(Aixi_l + bi)’ withi=1..L -1,
xg, = g(Apx;_; + by),

y = XL,

(10)

where A; € Rli-1xli b, € Rl are learnable parameters and f is a fixed nonpolynomial function called activation
function. The function g is typically the identity for regression problems and the softmax function for classifica-
tion problems [7]. NNs are useful as they provide an approximation ug of any continuous function u on compact
sets:

ug : RAME)IH4 11

A PINN [1, 7] is a NN which is trained using the following loss function:

Z ||£(u9(,u,t,x,y,z),t,x,y,z)|| + Z Z Z ||B(u9(,u,t,x,y,z),t,x,y,z)|| +

MEP (x,y,2)EQ(u) te(0,T] HEP (x,y,2)€dQ(w) te(0,T]

> 2 ITusmoxy.2)uxy 2l (12)

HEP (x,y,2)EQ(1)

The sum above is computed using Monte Carlo sampling [1, 7]. In the offline phase, the NN is trained using the
backpropagation algorithm [1, 7].

2.2.2 | Purely data-driven neural networks
When a full-order database is available, for example, after a FOM has been run, we can approximate u as a function ug :
R4im®) _, RMn-Nr_wwhere N. r is the number of time instants, n is the dimension of the output, and 6 are the parameters

of the NN. To train the NN, we adopt a simple L, loss

. 2
min u—1u . 13
min = g (13)

In this case when fed with a new parameter in the online phase, the NN will output the entire solution on the discretized
domain. This approach is typically faster than running a PINN but it does not support the computation of the solution in
points different from the ones of the original discretization.

2.2.3 | Radial basis functions

An RBF is an interpolation method that has the following form

g(0) = Y wp(llx — xil) + Y ¢;p;(x), (14)
i=1 j=1

95UB017 SUOWIWIOD aA 11810 3|qeot (dde auy Aq peusenob e Sajoiie YO ‘8SN JO S8|nJ 10} ARIq1T8UUO /8|1 UO (SUOTPUOO-PUR-SLUIBIWI0 A8 |1 Ale.q1Bu [Uo//Sdy) SUORIPUOD pue swie 1 8y} 88S *[9202/60/90] Uo ARiq1T8uluO 8|1 ‘9 euoiZeussiu| 1onds BssIS Aq 0TZ00rZ0Z Wed/Z00T 0T/I0p/W00 A8 M Alelq 1 ul|uo//Stiy woiy pepeojumoa ‘v ‘vZ0Z ‘T90LLTIT



PADULA ET AL. | 50f12

where x; € R are the interpolation points and w; are proper weights with i = 1, ..., n and ¢ is a radial function. Moreover,
the function p;(x) outputs the j-th coordinate of x. The weights w; are learned by solving the following linear system:

(15)

T wdlx = xil)+ X zipix) =y k=1,...n,
2?21 w;pj(x;) =0 j=1,..,m.

For small systems, RBF are faster than NNs based techniques, but they cubically scale with the number of interpolation
points, and may have high memory demands [8].
2.2.4 | Dynamic mode decomposition

Let us suppose to have a sequence of samples x, ..., xy, of a time series where x; € R" for k = 1,..., Ny. We want to
approximate the Koopman operator A:

Xjey1 = AXp. (16)
To achieve this, we build two matrices
S =[xt xn, ] S2 = [x25 s XNy - 17)
We would like to find A € R™ " such that
1S2 — AS || (18)

is minimized. However there may be two problems:

* the x; may contain some noise, so to solve the system as it is may lead to overfitting problems;
* if nis large managing A could be prohibitive.

For this reason it is computed a reduced approximation of A:

A=UUTs,vz-1UT, (19)
where S; = UZV7 is a truncated Singular Value Decomposition. There are extensions of DMD that account for the
presence of parameter dependent time series [7, 24].

2.2.,5 | Gaussian process regression
A Gaussian process [7] is a non parametric model that depends on a positive definite kernel K. Suppose that, given

X1, .., Xy € R™and y;, ..., ¥y € R, we want to model a function f such that Z?:l | f(x;) — y;|? is minimized. A Gaussian
process assumes that

y(x)=f(x)+e, €~ N(0,0), 20)
[f )izt ] ~ MN N (g(X)i=1..n> K (X, X))i j=1.N)s
where g : R™ — R and ¢ > 0. It can be proven [30] that for new samples ;,i = 1...] we have that
— N -1 = -1
V~ MAN(R[K+0%1]y, K- K[K+0] KT), Q1)
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where

y =ik (22)

y= {yi}izlmN’ (23)

K= k(xi,xj)i’jzlmN, (24)

K= k(xl’xj)i=1...l,j=1...N’ (25)

K= k(xl-,x])l,jzl__[ (26)

2.3 | Geometrical parametrization and active subspace

When Q depends on u the problem becomes more complex because if we want to use the same discretization for every
different parameter we need to ensure that it does not produce holes or overlapping elements for every domain. As such,
there exists parametrization techniques like Free Form Deformation (FFD)[7, 21] or RBF [7,10] that are able to parametrize
a reference geometry and to morph it without errors.

In this context, before proceeding with the development of the surrogate model, it is important to try to reduce the
parameter space dimension. At this aim, a technique that can be used is the AS method [7, 18, 31]. Let us suppose to
have N samples, xq, ..., X5, Where the generic sample x; € R™ and a continuous function f : R” — R" which is also
differentiable with continuous derivatives. Then we can construct the matrix C

C=1

Z|

N
D VF)TV (). @7)
i=1

C is symmetric positive definite so it is diagonalizable and admits a decomposition C = VIVT. Assuming that the eigen-
values of X are sorted in decreasing order one could perform dimensionality reduction by considering z; = Wx; where W
are the first k columns of V.

3 | ACADEMIC BENCHMARKS

Now we are going to test the performance of the ROM approaches described in the previous section in terms of effi-
ciency and accuracy against some relevant academic test cases. All the simulations were run on an Intel Core i5-1145G7
2.60 GHz processor.
Hereinafter we omit to explicitly report the dependency of the solution on u at the aim to make the notation lighter.
As first test case we consider a classic fluid dynamics problem, the lid driven cavity [16]. Here we consider some of the
data-driven ROMs presented in Section 2.2. The FOM is given by the Navier-Stokes equations:
u+-Vyu—vAu+Vp=0 inQx(0,7T), 28)
V-u=0 in Qx(0,7T),

where u is the velocity vector field, p is the pressure, and v is the kinematic viscosity coefficient.

The computational domain Q is [0, 1]>. We consider the bottom left corner of the square as the origin of the axes. We
impose a no slip boundary condition on the lower and lateral walls. At the upper wall we prescribe a Dirichlet boundary
condition u(t, x, 1) = (1,0) (see Figure 1). We consider a structured mesh consisting of 105 X 105 square cells. We start the
simulations from fluid at rest and we set At = 0.005.

We set u = v, that is, the parameter of our problem coincides with the kinematic viscosity. We have P = [0.001,0.01].
We consider a uniform sampling of P consisting of 600 samples to train our ROM. For every training parameter, a FOM
simulation was computed by collecting 100 time-dependent snapshots over the time interval of ten nondimensional time
units (T = 10).

All the FOM simulations are performed using OpenFOAM (https://www.openfoam.com/), an open source finite vol-
ume C++ library widely used by commercial and academic organizations. On the other hand, the ROM computations are
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FIGURE 1 Liddriven cavity: velocity magnitude at the final time of the simulation, that is, T = 10, for 4 = 0.001 computed by FOM
(left) and by DMD + RBF (right). The arrow denotes the moving wall. DMD, dynamic mode decomposition; FOM, full order model; RBF,
radial basis functions.

TABLE 1 Lid driven cavity: performance of ROM models related to the reconstruction of the streamwise component of u.

NN DMD + NN DMD + GPR DMD + RBF
Train relative error 7 %1072 2.4%x107° 6.9x107° 7.2%107°
Test relative error 6.6 X 1072 1.8 x 107> 6.3x107° 7.0x107°
Speedup 7 x 10* 3x10? 1x10? 3% 10?

Note: The test value is u = 0.001.
Abbreviations: DMD, dynamic mode decomposition; GPR, Gaussian process regression; NN, neural networks; RBF, radial basis functions

carried out using some python-based packages: PyDMD (https://pydmd.github.io/PyDMD/), PyTorch (https://pytorch.
org/) and scikit-learn (https://scikit-learn.org/stable/).

We take ¢ = 0.001 (in the range under consideration but not in the training set) to evaluate the performance of the
parametrized ROM. The results related to the reconstruction of streamwise component of u are summarized in Table 1.
We consider 400 modes for the DMD.

We see that the DMD + RBF model is the most accurate whilst the NN one is the most efficient. In Figure 1 we show a
qualitative comparison between FOM and DMD + RBF.

As a second test case we consider the two dimensional flow past a cylinder [32]. The FOM is the same of the previous
benchmark; it is given by Equations (3). Here we test both intrusive and non-intrusive ROM approaches. The computa-
tional domain is a 2.2 X 0.41 rectangular channel with a cylinder of radius 0.05 centered at (0.2, 0.2), when taking the
bottom left corner of the channel as the origin of the axes. See Figure 2. We impose a no slip boundary condition on the
upper and lower wall and on the cylinder. At the inflow and the outflow we prescribe the following velocity profile

1(0.41 — y), 0>, y € [0,0.41]. (29)

6
u(t,0,y) = (0 e

We consider a grid consisting of 6000 triangular cells. We start the simulations from fluid at rest and we set At = 0.01.

We set u = v and P = [0.01,0.1]. We consider a uniform sampling of P consisting of 600 samples to train our ROM.
For every training parameter, a FOM simulation was computed by collecting 100 time-dependent snapshots over the time
interval of eight nondimensional time units (T = 8).

All the FOM simulations are performed by using FEniCS (https://fenicsproject.org/), an open source finite element
python library widely used by academic organizations. On the other hand, the ROM computations are carried out using the
python packages Rbnics (https://www.rbnicsproject.org/), PyTorch (https://pytorch.org/) and scikit-learn (https://scikit-
learn.org/stable/).
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FIGURE 2 Flow past a cylinder: geometry (first row, the inflow boundary is colored in red, the wall boundary in green and the outflow
boundary in violet), velocity magnitude at t = 1 s for u = 0.5 computed by FOM (second row) and by the POD-Galerkin model (third row
with 15 basis functions). FOM, full order model; POD, proper orthogonal decomposition.

TABLE 2 Flow past a cylinder: performance of ROM models related to the reconstruction of magnitude of u.

POD-GALERKIN (N,, = 15) POD-GALERKIN (N,;, = 5) GPR RBF
Train relative error 1.6 X 107° 9.1x1073 1.8 x107* 8.8x 107
Test relative error 5.36 X 10~° 3.26 X 1072 5.05%x 1073 6.82x 1073
Speedup 15 2 3x10* 1x10°

Note: The test value is u = 0.5.
Abbreviations: GPR, Gaussian process regression; RBF, radial basis functions; POD, proper orthogonal decomposition.

We take u = 0.5 (in the range under consideration but not in the training set) to evaluate the performance of the
parametrized ROM. The results related to the reconstruction of the magnitude of u are summarized in Table 2. In this
case, we see that the Galerkin projection (with 15 basis functions) is the most accurate whilst the RBF approach is the
most efficient. Moreover it appears evident that, in general, non intrusive ROMs are significantly faster than the Galerkin
projection approach although they have in average a lower accuracy. In Figure 2 we show a qualitative comparison between
FOM and Galerkin ROM model for u = 0.5.

As a third and last academic test case we consider an example of geometrical parametrization for a three-dimensional
domain. In particular, we refer to the parametrized Stanford Bunny [33] problem. We consider the following Poisson
equation

Au = e_”x_xn”2 in Q(u), (30)
where X, is the vector identifying the barycenter of the domain. We impose the following boundary condition

u(x) = e =l on 3Q(w). (31)
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TABLE 3 Stanford Bunny test case: performance of ROM models related to the reconstruction of the solution of the Poisson equation on
the parametrized domain.

RBF GPR NN
Train relative error 41x107° 7.1x 1071 4.3x1072
Test relative error 4.7 %1072 5.5% 1072 4.7 %1072
Speedup 8 x 10* 1.6 x 10* 1.6 x 10*

Abbreviations: GPR, Gaussian process regression; NN, neural networks; RBF, radial basis functions; ROM, reduced order models.

4.3e-01 05 08 06 065 07 075 08 86e0l
EE—— -

FIGURE 3 Parametrized Stanford Bunny: plot of the solution for a new value of u.

The mesh consists of 182 184 triangular cells which is parametrized using the FFD method [7]. The parameter y of our
problem represents the deformation of the control points of the FFD map and we set P = [—0.4, 0.4]. We consider a normal
distribution of 600 samples to train our ROM.

For every training parameter, the solution of the Poisson equation was computed by using FeniCSx (https://
fenicsproject.org/).

The ROM results are summarized in Table 3. In this case, we see that the RBF model exhibits the best performance in
terms of efficiency and accuracy. In Figure 3 we show the solution obtained for a value of 1 in the range under consideration
but not in the training set.

4 | TOWARDS REAL WORLD APPLICATIONS: AN INDUSTRIAL CASE

Now we present an example coming from industry in the framework of a research collaboration with Electrolux con-
cerning domestic refrigerator. Such a problem involves a multiphysics scenario and it is useful to show the performance
of data-driven ROM approaches for complex cases. This case study is still work in progress, so we limit to provide some
preliminary outcomes.

At the full order level, air circulation and heat transfer in fluid and between fluid and surrounding solids in a fridge were
numerically studied using the Conjugated Heat Transfer (CHT) method to explore both the natural and forced convection-
based fridge model followed by a parametric study based on the ambient temperature T, fridge fan velocity v;, and
evaporator temperature T,,,. The FOM simulations are performed using OpenFOAM (https://www.openfoam.com).

A non-intrusive ROM based on a POD-NN approach is considered to obtain the temperature field at specific parametric
locations where the training dataset is purely based on numerical computation. The ROM computations were performed
in EZyRB (https://github.com/mathLab/EZyRB).
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FIGURE 4 Industrial application: temperature in different sections of the fridge system computed by FOM (left) and by POD-ANN
(right). FOM, full order model, POD, proper orthogonal decomposition.

To carry out the parametric study, v, ranges from 0% to 100% of the full throttle which is 1600 rpm in step of 10% that
is, a total of 11 samples, two values of T,,,,;, that is, 16°C and 32°C, and four values of T, that is, —15°C, —7.9°C, —3.25°C
and 4°C are considered.

In Figure 4 we show the FOM and ROM solutions obtained for T, = 32°C, Ty, = —15°C and vy = 0% in different
sections of the fridge system. The comparison is quite satisfactory. This preliminary result gives an indication that data-
driven surrogate models can be useful for real-world applications in addition to canonical academic examples.

5 | CONCLUSION

In this paper we have introduced some ROM techniques, both intrusive and non-intrusive. We have tested their perfor-
mance in terms of efficiency and accuracy against three academic test cases, the lid driven cavity, the flow past a cylinder
and the geometrically parametrized Stanford Bunny. Moreover, we also briefly presented some preliminary results related
to a more complex case involving an industrial application.

From the brief analysis carried out on academic benchmarks, it appears evident that, within a physically parameter-
ized setting, non-intrusive ROMs are significantly faster although the projection-based ones ensure a greater accuracy
especially when a significant number of modes is retained. On the other hand, when a geometrical parametrization is
introduced, all the data-driven ROMs tested, RBF, GPR and NN, work very well, with the RBF approach providing slighlty
better results.

A last important outcome to be underlined is that data-driven surrogate models seem to be very promising also for
real-world problems as shown by the industrial example presented.
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