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Abstract

In this work, we shall study in a purely model-independent fashion the co-category
of mixed graded modules over a ring of characteristic 0, as defined by D. Calaque, T.
Pantev, M. Vaquié, B. Toén and G. Vezzosi. First, we collect some basic results about
its main formal properties, clarifying foundational questions in a systematic manner,
to serve as a reference for future work. Finally, we shall endow such oco-category
with a both left and right complete accessible ¢-structure, showing how this identifies
the co-category of mixed graded modules with the left completion of the Beilinson
t-structure on the oco-category of filtered modules.
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Introduction
Motivations

It is well known that, in characteristic 0, an action of the circle S': = BZ (seen as the
classifying derived stack for the constant stack Z) over a derived stack X is linked to
differential forms and de Rham theory over X. Namely, in [3] the authors established
that p-forms over a derived stack X can be interpreted via functions on the derived loop
stack L X, which is canonically endowed with an action of the circle S! by rotating
loops. The condition of being closed is then encoded in the property that the function
is S'-equivariant. However, the homotopy theory of S!-complexes is equivalent to the
homotopy theory of mixed graded complexes, i.e., chain complexes M, endowed with
a decomposition

M.::@M,

PEZL

where each M), is a sub-complex of M,, and endowed with a mixed differential
ep: M, — M, ([—1] satisfying the usual square-to-zero property. The theory of
mixed graded complexes in characteristic 0, which was developed in [8, 21], has been
exploited extensively in the past years, and has also been linked to the usual derived
filtered category of Beilinson in [6, 19, 23, 24]. Indeed, the de Rham algebra of a
differential graded commutative ring A,, with its grading given by

dR”(A,) = Sym! (L4, /k[11),

is a mixed graded commutative algebra, where the mixed differential is provided
exactly by the de Rham differential. One can then define (shifted) p-forms and closed
p-forms on a differential graded commutative algebra A, in terms of elements of
dR”(A,) and homotopy fixed points for the de Rham differentials in dR” (A, ), respec-
tively. Moreover, all these constructions satisfy descent, and make perfectly sense also
for more general derived stacks.

This theoretical framework yields new perspectives over derived symplectic geom-
etry and deformation quantization. Using mixed graded complexes and mixed graded
cdga’s one can define:

(1) shifted symplectic forms over a derived stack as shifted closed 2-forms which are
non-degenerate in some suitable sense;

(2) Lagrangian structures on morphisms of derived stacks;

(3) Poisson structures and their deformation quantization;

(4) derived algebraic foliations.

In the last years, mixed graded complexes have been employed also in the homotopy
theory of Lie algebras and Lie algebroids. Given a differential graded Lie algebra, it
is known that its Chevalley—Eilenberg algebra has a richer structure of mixed graded
commutative algebra (see also [7, 20]). In particular, it is expected that mixed graded
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A t-structure on the co-category of mixed graded modules 179

complexes can provide a natural setting where to work with formal geometry and
deformation theory—this last particular application is what we are most interested in.

Outline of the paper

The content of this paper stems from our work in the context of derived Lie algebras,
and in particular from the study of the mixed graded structure of the Chevalley-
Eilenberg algebras and coalgebras of Lie algebras, which is studied in greater detail
in [22]. For this purpose, the main aim of this paper is to collect some of the most
important and useful features of the stable co-category & -Modir of mixed graded
modules. In Sect. 1 we investigate the computation of limits and colimits of mixed
graded modules, their closed monoidal structure, and the relationship of mixed graded
modules with purely graded modules and non-graded modules (Sect. 1.1). While the
statements and the proofs are presented in a model-independent fashion, differently
from what one can read in the existing literature, most of the results here gathered
are far from being original. In particular, most of them can be found or easily derived
from the content of [8, 21, 24]. The main new contribution of this part is, arguably,
the characterization of fully dualizable objects of ¢ - Modir (Proposition 1.1.8).

In Sect. 2, we study the relationship between the co-categories ¢ - Modir and Modﬂl,
where the latter denotes the co-category of filtered modules. The main result of this
paper is the characterization of ¢ - Modir as the full sub-oo-category of Mod]ﬁ] spanned
by filtered modules with complete filtration. While this result has already been proved
(see for example [24] and [6]), our work offers a deeper insight on such embedding
by taking into account some ¢-structures on both co-categories, namely:

Theorem (Theorems 1.3.1 and 2.3.1) There exists a left and right complete t-structure
on the stable co-category of mixed graded modules whose heart is equivalent to the
usual abelian 1-category of chain complexes. Moreover, the embedding of the co-
category of mixed graded modules into the oo-category of filtered modules admits
a left adjoint (—)§": Modﬂ1 — ¢ —Modﬂir which identifies the co-category of mixed

——fil

graded k-modules with the left completion Mody, of the Beilinson t-structure of [2]
on the oco-category of filtered k-modules (which, in virtue of Proposition 2.2.8, is the
full sub-oco-category of modules with complete filtration).

Notations, conventions and main references

e Throughout all this paper, we employ freely the language of derived algebraic
geometry, oo-categories, and homotopical algebra provided by [13, 17], from
which we borrow the formalism and most notations. Our language is innerly
derived: every definition and construction has to be interpreted, without further
indication suggesting the contrary, in the context of higher algebra. In particular,
by module over a discrete commutative ring k we mean an object of the stable
derived oo-category of k-modules, by limits and colimits we mean homotopy lim-
its and colimits, by tensor product we mean derived tensor product, and so forth.
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180 E. Pavia

e Our main references for the homotopy theory of mixed graded complexes are
provided by [8, 21].

e Our main references for the homotopy theory of Lie algebras in characteristic 0O,
and its relationship with the derived deformation theory, are provided by [10, 16].

e When dealing with explicit models provided by chain complexes of k-modules,
we use a homological notation.

e Our standing assumption is that we work in characteristic 0, over a fixed commu-
tative ring k.

e Throughout this paper, we shall often work with closed symmetric monoidal
oo-categories C® enriched over k-modules. In particular, such co-categories are
endowed with both internal mapping objects, obtained as a right adjoint to ®,
and mapping k-modules providing the enrichment over Mody. In order to avoid
confusion, we shall denote the former with Map and the latter with Map.

1 Mixed graded modules

The fundamental objects of study in this article are mixed graded k-modules, which
generalize the concept of mixed complexes and provide—at least in characteristic 0—a
very useful analogue to complexes endowed with a complete and exhaustive filtration.
Mixed graded modules have been studied extensively in the last years in the field of
derived differential geometry and theory of Lie algebroids; yet, they are not as well
known as filtered k-modules, of which they provide a more well-behaved analogue
in characteristic 0. In this first section, we first gather some important definitions and
properties of the co-category of mixed graded modules, and fix our notations. For this
scope, our main sources are [8, 21].

1.1 Basic definitions and notations

In order to capture the idea behind the notion of a mixed graded k-module, we first
recall the concept of mixed k-modules (or mixed complexes, as they are classically
called), which—in the words of [12], are objects that are both chain and cochain
complexes in a compatible way. Mixed complexes were first introduced in [5], as
algebraic S'-chain complexes (or chain complexes with an algebraic circle action),
in order to study Hochschild and cyclic homology of unital associative algebras in
characteristic 0, which naturally come equipped with a mixed structure at the level of
chains.

Definition 1.1.1 (Mixed complexes, [12]) A mixed complex over a base ring k of
characteristic 0 is a chain complex (C,, d,) together with morphisms 8,,: C,, — Cy 41
such that 8,1 0 By = dpt10 By + Bu—1 00y = 0.

Equivalently, mixed complexes are modules over the free differential graded commu-
tative algebra k[n]: = k[¢]/(t>), where n: = 7 is a generator in homological degree 1
and d(n) = 0. Alternatively, they are comodules over the differential graded cocom-
mutative coalgebra k[e] = (k[n])" which is the (differential graded) k-linear dual of
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A t-structure on the co-category of mixed graded modules 181

k[n]. This will be the stepping stone for generalizing the idea of mixed complexes to
the derived setting.

Definition 1.1.2 Let BG, i the classifying stack for the affine smooth group scheme
Al = Spec(k[t]): it is an affine group stack which, in any characteristic, is equivalent
to the spectrum of the derived commutative ring Sym, (k[—1]). However, when k is a
base ring which contains Q, it is well-known that

Symy (k[—1]) ~ k @ k[—1] = :k[e]

with its square-zero extension commutative algebra structure. In this case, we can
describe the semi-direct product BG, x X Gy k of the affine group stacks BG, i and
G,k as the affine group stack whose algebra of functions is equivalent, as a commu-
tative k-algebra, to the formal k-algebra

k [l, fl] Qx kdk[-1]) ~k [t, fl] @k [t, fl] [—1].

Denoting again the generator in degree —1 with ¢, the comultiplication for its cocom-
mutative Hopf structure is given by the assignations t > t @ t and ¢ — t ® €.

Definition 1.1.3 The co-category of mixed graded k-modules
&-Mody': = Repgg, , x,,, = QCoh(B(BGax X Gmk))

is the oo-category of representations of the derived group stack BG, x % Gy, k. Equiv-
alently, it is the co-category of comodule objects for the Hopf algebra Ogg, , xG,, , in
Mod,.

Remark 1.1.4 In the setting of commutative differential graded k-algebras and chain
complexes, a mixed graded k-module can be thought as a chain complex of k-modules
M,, equipped with a decomposition of chain complexes of k-modules {(M.) p}
and with a morphism of chain complexes

pEL

Ep: (Mo)p — (Mo)p—l [_1]

such thate,_j[—1]oe, = O forall p € Z. The chain complex (M,) , is the p weight
component of the mixed graded k-module M,, while the morphism ¢ is the mixed
differential. In the description given in Definition 1.1.3, the action of Gy, k yields the
weight grading, while the action of BG,  yields the mixed differential; the fact that we
are considering the semi-direct product assures us that the mixed differential decreases
the weight grading by —1, i.e. the two actions are intertwined. See also [21, Remark
1.1].

Remark 1.1.5 One could notice that in the explicit models provided by Remark 1.1.4

the internal differential and the mixed differential commute, while in the classical
notion of mixed complexes of Definition 1.1.1 they were required to anti-commute.
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182 E. Pavia

But since we are working with bi-graded objects, it is a standard computation to show
that the two formalisms are completely equivalent, up to suitably changing the signs
of the mixed differential.

Remark 1.1.6 The co-category of mixed graded k-modules, being the co-category of
quasi-coherent sheaves over a derived stack, is naturally stable and it is endowed with
a symmetric closed monoidal structure. Viewing Ogg, , xG,, ,-comodules as graded
k-modules endowed with a mixed differential, we can describe the internal tensor
product, the internal mapping space and the unit for such monoidal structure as follows.

(1) Given two mixed graded k-modules M, and N,, the tensor product M, ®ui_gr N, is
the mixed graded k-module whose p-th weight component is given by the formula

(Mo ®,% Na) = P M@ N;
i+j=p

with mixed differential defined on every summand by the formula
ey @idy +idy Qey: M; ® Nj — (M,'_l ® Nj) @ (M,' ® Nj—l) [—1].

(2) The unit for ®ﬂi'gr is the mixed graded k-module k(0), consisting of k sitting in
pure weight O with trivial mixed structure.

(3) Given two mixed graded k-modules M, and N,, the internal mapping space
mpﬂi_gr(M., N,) is the mixed graded k-module whose p-th weight component
is given by the formula

(Map; (M., N.))pi = l—[ Mapyoq, (Mg, Ng+p)
qeZ

with mixed differential
ep: Map, ™ (M., N,), —> Map, * (M,, N,),_i[—1]

given by the morphism whose r-th component is the sum of the morphism

nMaPMndk(Mqv Nq+p)erapModk(Mr’ Nrﬂ?)
qe’l

N
Erdp°

MapModk(Mr, Nr+pfl[_l]) :MapMOdk(Mry Nr+p71)[_1]

with the morphism
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A t-structure on the co-category of mixed graded modules 183

[T Mapyjoq, (Mg, Nq+p)L}MapModk(Mr—1s Nie—i4p)
qe J "

—osMn

MapModk(Mr[l]v Nr—l+p) ~ MapMod]k(Mh Nr+p—l)[71]-

The enrichment of ¢ - Modir over Mody, is then given by
Map, _yjoqr (Ma: Na): = fib (Map; * (M., Noo %> Map} ¥ (M. No) 1[~11).

See also [8, Section 1.1].

For future reference, we provide also a simple result about fully dualizable objects
(in the sense of [17, Section 4.6.1]).

Notation 1.1.7 In the following, we shall denote by s—Perfir’f the full sub-oo-
category of € - Modir spanned by those mixed graded k-modules M, which are perfect
in each weight and such that M, ~ 0 for all p > 0. Dually, we shall denote by

€- Per’fir’Jr the full sub-oo-category of ¢ - Modir spanned by those mixed graded k-
modules M, which are perfect in each weight and such that M, >~ 0 for all p < 0.1In

a similar fashion, we shall denote by s-Perfir'2p (respectively, s-Perfir’gq) the full
sub-oo-category of & —Modﬂir spanned by those mixed graded k-modules M, which
are perfect in each weight and such that M,, >~ 0 for all n < p (respectively, for all
n > q). Let us remark that we have inclusions of co-categories

>
e-Perf] 7P C ¢ —Perfu“’:’+
and
< —
s—Perfir’\q Ce- Perfir’

for all integers p and q.

Proposition 1.1.8 The full sub-co-category of fully dualizable objects of mixed graded
k-modules coincides with the co-category

(8 - Perfir’+> ﬂ (8 - Perffﬁ).
&-gr

Proof Letusdenote by M, the mixed graded k-linear dual Map, = (M,, k(0)) of M,.
We have an obvious evaluation morphism M,’ ®;* M, —> k(0) given by the adjoint

to the identity of M. In virtue of [17, Lemma 4.6.1.6], extending such evaluation
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morphism to a datum of full dualizability is equivalent to showing that tensoring with
the evaluation produces an equivalence of k-modules

MapE_Modir(P., M, ®% N,) — Mapyoq, (Pe @5 % Mo, N,)
for any mixed graded k-modules N, and P,. This will be a consequence of the fol-
lowing Lemma. O
Lemma 1.1.9 Forany M, in (8 - Perfir‘Jr) N (e - Perfirﬁ and for an arbitrary mixed

graded k-module N,, the natural map of mixed graded k-modules

e-gr

M:/ ®k Ne — Mui-gr(Mo, No)
is an equivalence.

Proof Let us recall how this map is defined. We have a chain of equivalences of
mapping k-modules

Map, _ypoqer (M) @ % No, Map ™ (Ma, No))
~ e-gr e-gr
- N[apzz—Modﬂir (M:/ ®]k N, ®k M,, N.)
&-gr

~ Mapé‘—MOdﬂir (M:/ ®]k M. ®§-gr N.v N.)

and so, tensoring the evaluation map M, ®;* M, —> k(0) with the identity of
N, one has the desired map M)/ ®Ei'gr Ny — Mapﬂi'gr(M., N,). To prove it is an
equivalence, we check it weight-wise: the left hand side is described in weight p by
the formula

(A N-),, = @ Mapyyoq, (M—i, k) ®k N
i+j=p

whereas the right hand side is described in weight p by the formula

mpﬂi-gr(Mu No)p = HMapModk(Mh, Nh+p)-
heZ

With a change of indices i: = —h (hence h + p = p — i = j), since M_; is perfect
in Mody for any integer i, we can rewrite the latter as

HMapModk (M_l', N/) ~ l_IMapModlk(M_[, k) ®k N/
i€Z ieZ

Finally, since the grading of M, is bounded above and below, we know that
Mapyoq, (M—i, k) can be non-zero only for finitely many indices, hence the product
is actually a direct sum. Therefore, the map is an equivalence. O
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A t-structure on the co-category of mixed graded modules 185

& -gr

Lemma 1.1.9 shows that M)/ ®Hi_gr N, >~ Map, = (M,, N,) for any mixed graded
k-module N, and for any mixed graded k-module M, which is bounded and perfect in
each weight, and this equivalence is provided exactly by tensoring the adjoint map to

e-gr

the evaluation M .v Q- Me — k(0) with the identity of N,. This proves the second
assertion of [17, Lemma 4.6.1.6], hence the dualizability of M,.

Proving that any fully dualizable mixed graded k-module lies in (8 - Perfir"ir) N

(8 -Perfir’f) relies on the description of dualizable graded k-modules. Indeed, we
have a forgetful co-functor

oblv,: & -Mod} — Modf',

described (model independently) in the following way. Let us interpret mixed graded
k-modules as quasi-coherent O-sheaves on B(BGa,k X Gm,k). We have a right split
extension of group stacks

BGa,k — BGa,k X Gm,k — Gm,]k- (1.1.10)

The splitting morphism G x — BG,k % Gk induces in this way a morphism
BGm,k = B(BGa,k X Gm,k), which induces a pullback co-functor

oblv, : QCoh(B(BGa,k X G k)) —> QCoh(BGp ). (1.1.11)

By the known equivalence between Gp, k-equivariant quasi-coherent sheaves on
Spec(k) and graded k-modules, this reduces to the forgetful co-functor that sends
a graded mixed k-module M, to the underlying graded k-module M, by forgetting the
mixed structure. In particular, the forgetful co-functor oblv,: ¢ - Modir — Modir,
being a quasi-coherent pullback oco-functor, preserves both tensor products and inter-
nal mapping spaces. Hence, any dualizable object in & - ModS', after forgetting the
mixed structure, must become dualizable also in Modir. So we just need to prove
that any dualizable graded k-module M, is perfect in each weight and endowed with
bounded grading. Indeed a map k(0) — M, ®ir M corresponds to an element in the
weight O part of the k-module

(Mo &5 M), ~ €D My &1 Mapyog, (M. k).

nez

In particular, a coevaluation morphism for M, in Modir provides, after post-composing
with the natural map

P M, @k Mapyioq, (M. k) — [ My @k Mapysoq, (My, k)

nez nez

and then projecting on the p-th direct summand, a coevaluation k — M, ®
Mapyoq, (Mp, k) for any integer p. The fact that all the coherences of the def-
inition of a coevaluation morphism are satisfied is a consequence of the fact that
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186 E. Pavia

k) — M, ®H%: M is assumed to be a coevaluation itself: one can easily see it by
checking the coherence diagram for the component in weight —p of

MY @7 M, @7 My Sy

. id ® coev
dyy: M) ——

By the characterization of dualizable objects in Mody, this shows that M, must be
perfect for any integer p.

For the statement about the upper and lower bound of the grading, let us remark
that an analogous argument to the one in the proof of Lemma 1.1.9 provides always a
map

Map?' (M, k(0)) ® Ny —> Map®' (M., N.)

where mir is the internal graded mapping k-module co-functor for the closed sym-
metric monoidal co-category Modir. If M, is not bounded in both directions, in general
it can fail to be an equivalence. For example, if M, 2 0 for all non-negative integers
p, considering N,: = M,, then the weight O component of the above map is described
by

D Mapyog, (My. k) @ My —> [ | Mapygoq, (M. My)

nez nez
which of course can never be an equivalence without the boundness assumption.

Remark 1.1.12 The oo-category ¢ - Modir is equivalent, as a stable symmetric
monoidal co-category, to the co-category of comodules on Ogg, , xG,, .- We can
alternatively consider the co-category of comodules on OgG, , xGy, ;.- that is the co-
category of comodules on the algebra of functions on the affine group stack

QoGax ¥ Gk Spec(lk [t, t_l] Qk (k & ]k[l])).

The two theories are equivalent: in the latter case, the mixed differential ¢ is a morphism
of degree —1 instead of degree 1 (i.e., the mixed structure is the datum of a map
gp: My — Mp,_1[1]). An explicit equivalence between the two comodule theories
simply sends a comodule M, over Ogg, , xG, ;. to the comodule over OgyG, ;%G
given in weight p by the k-module M,[—2p]. See also [8, Remark 1.1.3].

Remark 1.1.13 Let k(p) denote the mixed graded k-module consisting of k sitting in
pure weight p and homological degree 0. We have an adjunction

- @k k(0): Mody —— ¢-Mod; : || (1.1.14)

where the left adjoint simply sends a k-module M to the mixed graded k-module
consisting of M concentrated in weight 0, and the right adjoint |—| is the oo-functor
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A t-structure on the co-category of mixed graded modules 187

that sends a mixed graded k-module M, to the mapping k-module
|Mal: = Map, _ypoq (K(0). Ma).

This right adjoint is called the realization oo-functor: a strict model of | M, | is provided
by the chain complex of k-modules

[T M-pl-2p]

p=0

endowed with the total differential, sum of the usual differential of chain complexes
and the mixed differential ([8, Proposition 1.5.1]).

Notation 1.1.15 In the remainder of this work, the co-functor — ®y k(g): Modx —
£- Modir which sends a k-module M to the mixed graded k-module M concentrated
in weight g with trivial mixed differential shall be denoted simply as (—)(g).

Construction 1.1.16 For our purposes, it will be convenient to introduce another real-
ization oo-functor that can keep track of the k-modules in positive weights of a mixed
graded module M,. Let us recall ([8, Section 1.5]) that for all p € Z we have that

Map, _yjoqer (k(D)[—2i1, k(i = D[-2( — D) ~ k. (1.1.17)

So we have a pro-object in & - Mod?', defined by

k(00): = {... = k()[—2i] = k(i — D[=2( — D] = ... = k(1)[=2] — k(0)}
(1.1.18)

where the morphism k(i)[—-2i] — k(i — 1)[-2( — 1)] is the unique morphism
corresponding to the unit 1 of k under the equivalence 1.1.17.

Definition 1.1.19 ([8, Definition 1.5.2]) The Tate or stabilized realization oo-functor
is defined as

colim

|—|': = Map, _ Mods (k(00). —): £-Modi —> Ind (Mody) —> Mody.

Definition 1.1.20 Again, working with explicit models given by graded chain com-
plexes and mixed differentials, the oco-functor of Definition 1.1.19 sends a mixed
graded k-module M, = {M}, to the k-module

M| = colim []M-p1-2p)
T pzi

again endowed with the total differential. There is a natural transformation of co-
functors

- = |—|': a—Modir — Modg
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188 E. Pavia

which is induced by the map of pro-objects k(co) — k(0) (the latter seen as a constant
pro-object). Working with explicit models, we easily see that the natural transformation
above is described, on a given mixed graded k-module M,, as the inclusion

[[M-pl-2p1 — colim [[M-pl-2p1.
p>0 S s

In particular, the map above is an equivalence whenever M, is trivial in all positive
weights.

Construction 1.1.21 For all p € Z we have a p weight part oo-functor
(—)p: €-Mod}' —> Mody

described (model independently) in the following way. Let us recall the forgetful oco-

functor oblv, : € - Modir — Modu‘g;r described in 1.1.11 as the quasi-coherent pullback

oo-functor induced by atlas BGp x — B(BGak % Gm k). Since we have an equiva-
lence of co-categories

Modg ~ [ [ Mody,
p

one can project onto the p-th coordinate: this composition yields the desired co-
functor.
The oco-functor (—)g has a left adjoint

Free,: Mody — ¢ —Modir (1.1.22)

(the free mixed graded k-module construction, see [8, 1.4.1]).

1.1.23 By pre-composing (—)o with the weight shift by g on the left co-endofunctor
() (@): = — &, ¥ k(g): e -Mod} —> &-Mod]'

which informally sends a mixed graded k-module M, = {M, }pEZ to the mixed

graded k-module M(gq))e: = {M p—gq }peZ’ and by post-composing Free, with the
shift co-functor ((¢)) we obtain for all g € Z another adjunction

Free.(¢): Mody —— ¢ -Modir :(2)yg (1.1.24)

which generalizes the adjunction 1.1.22 to all weights. Let us remark that the descrip-
tion of this left adjoint is very explicit: indeed, the proof of [8, Proposition 1.3.8]
together with the observations made in [8, Section 1.4.1] shows that such left adjoint
simply sends a k-module M to the mixed graded k-module Free,(M)((g)) consisting
of M in weight g, M[1] in weight g — 1, and with mixed structure given by the natural
equivalence M >~ M[1][—1].
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A t-structure on the co-category of mixed graded modules 189

Let us remark that, for any integer g, one has an adjoint pair
(—)@): Mody ———Mod{" : (-)q

which is an ambidextrous adjunction. The oo-functor (—), : & -Modj' — Mody is
canonically equivalent to the composition

Ive -
£-Mod® % Mod? % Mod,,

so the existence of the adjoint Free, ((¢)) yields the following result.
Lemma 1.1.25 Limits and colimits in ¢ - Modir are computed weight-wise.

Proof Letus recall that the forgetful functor oblv,: € - Modir — Modir corresponds
geometrically to the pullback functor 1.1.11. Every pullback co-functor commutes
with colimits ( [15, Proposition 2.7.17]) and thus colimits in ¢ - Modir are computed
as in Modir. But

Mod§' ~ l_[ Mody,
qeL

and colimits on the right hand side are computed weight-wise.

The assertion for limits is more subtle, since in general pullback oco-functors do
not preserve them. But in this case, we can use the discussion of 1.1.23: indeed, the
composition

(=)p: £-Modf 2% Mod®" —> Mody,
preserves limits for all p’s, since it admits an explicit left adjoint. The product

{5}
H(—)p: & -Mod}' oblve Mod§ g 1_[ Mody =~ Mod}'

p PEZL

is canonically equivalent to the forgetful oco-functor oblv,, and it commutes with limits
since it is the product of co-functors which commute with limits. O

Porism 1.1.26 Since both ¢ - Modir and Modﬂ‘ir are presentable co-categories, the for-
getful co-functor oblv, is both a left and right adjoint in virtue of the Adjoint Functor
Theorem ( [13, Corollary 5.5.2.9]). Such adjoints L, and R, can be described with
explicit models in the following way.

e The left adjoint L, sends a graded k-module M, to the mixed graded k-module
L M, defined in weight p by the formula

(Le Mo)p ~M,®Mp[l],
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and whose BG, k-action is described by the morphism
€p: My @My i[1] — (Mp_1 @ Mp_ 111 [1]) [-1]1 = My [-1]1 D M,

given by the canonical equivalence M, ~ M,[1][—1] and the zero map on
Mpy1[1].

e The right adjoint R, sends a graded k-module M, to the mixed graded k-module
R¢ M, defined in weight p by the formula (R, M,), >~ M), & M)_;[—1], and
whose BG, i-action is described by the morphism

ep: My ® Mp_i[—1] — (Mp_1 & Mp_o[—1]) [-1]
~ p—1[=11® M,_»[-2]

given by the canonical equivalence M, _1[—1] =~ M,_1[—1] and the zero map on
M,.

It is now clear that the co-functor Free, ((¢)) of 1.1.24 is canonical equivalent to the
composition

Le o (=)(¢): Modg —> &-Mody.

Construction 1.1.27 We shall provide one last, but very useful, construction that high-
lights how mixed graded k-modules are to be thought as graded k-modules with
extra structure. Recall the right split extension of group stacks 1.1.10. The morphism
BGak % Gmx — Gn i induces a pullback co-functor at the level of quasi-coherent
sheaves

trive : QCoh(BGp k) —> QCoh(B(BGykx X Gm))-
By functoriality, one has a natural equivalence

idModir >~ oblv; o triv,, (1.1.28)

i.e., this co-functor is a section of the forgetful co-functor oblv, : ¢ - Modir — Modir.
In general, triv, has to be understood as the co-functor that endows a graded k-module
with the trivial mixed structure, i.e., the zero morphism between each weight.

Warning 1.1.29 The oco-functor triv: Modir — € —Modir commutes with all limits
and colimits since the forgetful co-functor oblv, creates them, and oblv, o triv, ~
idyy, a Moreover, it is a straight-forward consequence of the discussion in 1.1.6 that
triv, is also strongly monoidal. It is, however, not fully faithful: such pullback co-
functor is in fact the left adjoint to the push-forward co-functor ¢ - Modir — Modir
which agrees with the weighted negative cyclic oo-functor NC¥: & -Modj — Mod;'
of [21, Remark 1.5]. Unraveling all definitions, this co-functor sends any mixed graded
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k-module M, to the graded k-module NC¥(M,) described in each weight by the
formula

NCY(M.) i = Mo (P

In particular, the unit for the adjunction trive - NC¥ cannot be an equivalence. For
example, if we consider the graded k-module consisting of k sitting in pure weight O,
then the formula provided in [21] for the weighted negative cyclic co-functor yields
that

NCY (trive k(0)), >~ k[—2p]

forall p > 0. However, the co-functor triv, is fully faithful on those graded k-modules
which are concentrated in a single weight: indeed, the right adjoint of the co-functor

(—)(q): = trive o (—)(g): Mody —> Mod} —> & -Mod}' (1.1.30)

is the composition of NC%¥ with the projection on the g-th weight component. In
particular, the unit map

M —> (NC¥(triv, M(q)))q

for the adjunction triv; o (—)(g) - (=), o NCV¥ is an equivalence, and since (—)(g)
is fully faithful for any integer ¢ we have a chain of equivalences of mapping spaces

Mapyjoqe (M(q), N(q)) = Mapyieq, (M, N)
= N[a'pﬁ—Modir (trive (M (q)), trive(N(g))) .

1.2 Naive and clever truncations

For any integer p, we can consider the full sub-oco-category ¢ - Modir’gp of - Modir
spanned by all those mixed graded k-modules whose ¢ weight component is 0 when-
everq > p.

The inclusion

. gr,<p ar
t<p: €-Mody ge-Modk

commutes with all limits and colimits, since they are computed weight-wise
(Lemma 1.1.25). It follows that for all integers p the inclusion tg,, being a limit
and colimit preserving co-functor between presentable co-categories admits both a
left and a right adjoint, again in virtue of the Adjoint Functor Theorem.

Definition 1.2.1 1. The oo-functor

. ar gr<p
ogp: €-Mody —> &¢-Mody
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right adjoint to the inclusion
gr<p er
LngS—MOdk gs—Modk

is the naive truncation in weights < p.
2. The oo-functor

. er e <p
O<p: €-Mod, —> ¢-Mod;
left adjoint to the inclusion
. £-Mod®"S? € & -Mod®"
t<p: &-Mody C e-Mody,

is the clever truncation in weights < p.

The oco-functor of Definition 1 must be understood as the co-functor which sends
amixed graded k-module M, to the mixed graded k-module o, M, whose g weight
componentis M, ifg < p,and 0 otherwise, with obviously induced mixed differential.
This is different from the co-functor of Definition 2 which in turn is an analogue of
the clever truncation of chain complexes in the context of mixed graded k-modules.

Remark 1.2.2 By the adjunction (g, < o<, for any mixed graded k-module M, we
have a counit morphism

€M, L<p (ag,,M.) — M,

which includes its part concentrated in weights < p in itself.
For any ¢ < p, we have that

o<q (1<p (0<pMa)) = oo M,
so the counit morphisms yield inclusions

€y (<, M) - 1<y (Uéq (‘Sp (‘KpMJ)) =g (ang.) — i< (UépMo) .

We shall commit a slight abuse of notation, and identify o<, M, with its inclusion
t<q (0<qM.) ine -Modf'; in particular, we shall write the inclusion morphisms above
simply as

oggMe —> o pMy —> M,. (1.2.3)

Using the dual properties of the adjunction ¢, - 1<, we easily obtain dual properties
for the clever truncation co-functor.
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1.2.4 A completely dual discussion can be carried out by replacing ¢ - Modir’ SP with

€- Modir’ >p , which is now the full sub-oo-category consisting of those mixed graded
k-modules which are trivial in weights ¢ < p. Now, the inclusion

. gr,>zp ar
L;,,.e-Modk gs-Modk

preserves all limits and colimits and hence admits both left and right adjoints.
Definition 1.2.5 1. The co-functor

. gr gr,>p
0>p: &-Mody —> e-Mod[k

left adjoint to the inclusion
ar,zp ar
t>p: &-Mody C &-Modg

is the naive truncation in weights > p.
2. The oco-functor

>
0p: e-Mod} —> &-Modf =7
right adjoint to the inclusion
er2p er
t>p: €-Mody C e-Mody

is the naive truncation in weights > p.

Again, the notation and the nomenclature suggest the behavior of the co-functors on
a mixed graded k-module: the one in Definition 1 simply kills M, for any ¢ < p,
while the one in Definition 2 changes the underlying graded k-module even in weight
q > p, since it involves some sort of totalization.

1.3 The t-structure on mixed graded modules

The main result of this section is the following Theorem, which provides a z-structure
on mixed graded k-modules describing explicitly both connective and coconnective
objects.

Theorem 1.3.1 Let (8 - Modir)20 be the full co-subcategory of € - Modir spanned by
those mixed graded k-modules M, such that, for any integer q, the k-module M,
is (—q)-connective. Dually, let (5 —Modir) <o be the full co-subcategory spanned by
those mixed graded k-modules M, such t?zat, for all q € Z, the k-module M, is
(—q)-coconnective. These sub-oo-categories determine an accessible t-structure on
the stable co-category of mixed graded k-modules, which we call the mixed graded
Postnikov t-structure. When Kk is discrete, the heart of such t-structure is equivalent to
the classical abelian 1-category of chain complexes of k-modules dgMod,,.
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Remark 1.3.2 The name for such ¢-structure is borrowed from [1], where the standard
t-structure on modules over a connective E;-ring of [17, Proposition 7.1.1.13] is
referred to as the Postnikov t-structure.

Proof of Theorem 1.3.1 Consider the sub-co-category (s - Modir)>0 described in the

statement of Theorem 1.3.1. It is a sub-oco-category of ¢ - Modir which is closed under
all colimits and extensions, since they are computed weight-wise (Lemma 1.1.25) and
so it suffices to prove the claim in Mody, where g-connective objects are stable under
colimits and extensions for any ¢ (this is [17, Proposition 7.1.1.13]). Moreover it is
presentable: indeed, it fits in a (oo, 2)-pullback diagram of presentable co-categories

(e- Modir)>0 —————¢-Mod}
J

oblvg
(Modgr) - > Modgr

where

(Modif) - =[] Modw)>_, .
qE€Z

Thus, the sub-co-category (8 Modg ) >0 defines a 7-structure such that (5 Modgr)>0
is precisely the co-category of connectlve objects, thanks to [17, Proposition 1.4.4. 11].
In detail: under these hypotheses, the co-category (8 Modg )>0 is a colocalization of

€ - Modir, hence the Adjoint Functor Theorem provides an co-functor
gr ar
r>0 & -Modg (s-Modk )>0 (1.3.3)

right adjoint to the obvious inclusion. Thus, the (—1)-coconnective objects are defined

to be those mixed graded k-modules N, such that Ti_ong. ~ 0in (s - Modir)>0, and

so each mixed graded k-module is sandwiched in a (co-functorial) cofiber sequence
&-gr

>0 My — My, — tigrlM (1.3.4)

where r>0 "M, — M, is the adjoint to the identity of r M The interesting part of
the statement of the Theorem is the one that characterlzes the coconnective objects:

we have to prove that a mixed graded k-module is coconnective N, precisely if N,

is (—g)-coconnective for any integer ¢g. [17, Remark 1.2.1.3] assures us that (—l)-
coconnective objects are uniquely determined by the property of being right orthogonal
to any connective object. Since the enrichment in spaces of a k-linear co-category C is
given by the truncation in degrees > 0 of the mapping k-module, this means that the
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k-module Map, _ Mod®" (M,, N,) hastobe (—1)-coconnective for any M, connective.

Since in ¢ - Modu"ir colimits are computed weight-wise, and by definition
(- Mod¥) __,: = (e -ModZ") o [1],
our claim is equivalent to proving that
T>0Map, _pjoqe (Mo, No) = {4}

for N, such that N, is (—g — 1)-coconnective for any integer g. We shall need the
following two Lemmas. O

Lemma 1.3.5 Let N, such that N, is (—q — 1)-coconnective for any integer q. Then,
N, is a (—1)-coconnective object for the mixed graded Postnikov t-structure.

Proof We recall that the enrichment in k-modules of mixed graded k-modules is given
by the fiber for the mixed structure morphism

Map’ ¥ (M., No)g —> Map & (M., N.)_[—1].

The enrichment in spaces is now given by applying the truncation co-functor 73 to
such k-module ( [17, Construction 1.3.1.13]). So, let M, be such that M, is (—q)-
connective for all ¢g’s: we have a fiber sequence

Map, _yioder (M, No) —> Map; & (M, No)g —> Map; * (M, No)_[—1].

Writing explicitly the second and third terms of such fiber sequence, using 1.1.6, we
get

Map, pjoger (M, No) —> l_[MapMOdk (Mg, Ny)
qeZ

— [ Mapyoq, (Mp. Np—1)[-11.
PEZ

The second term of such fiber sequence is (at least) (—1)-coconnective, because it is
the product of (—1)-coconnective k-modules (being M, (—g)-connective and N,
(—g — 1)-coconnective for all ¢’s). Analogously, also the third term is (at least)
(—2)-coconnective, hence in particular (—1)-coconnective. Being (—1)-coconnective
objects stable under all limits, we get that Maps_Modir(M., N,) is now (—1)-
coconnective, hence its truncation yields a contractible space. O

Lemma 1.3.6 Suppose that N, is (—1)-coconnective for the mixed graded Postnikov
t-structure. Then N, is (—q — 1)-coconnective as a k-module.
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Proof Without loss of generality, by shifting weights, we can reduce ourselves to the
case that N, is such that, for some integer n > 0, there exists a non-trivial homotopy
group 1, Nog 2 0. Let k(0) be the mixed graded k-module with trivial mixed structure
in pure weight 0. Then by the adjunction 1.1.14, we have equivalences of k-modules

Map, g (K(0), Ne) 2 Mapyjoq, (K, [Nel) = [N .

If the realization of N, is not (—1)-truncated, then N, cannot be (—1)-coconnective
for the mixed graded Postnikov ¢-structure, since k(0) is obviously connective. So, let
us assume that | Ne| is (—1)-coconnective as a k-module. Using the naive truncation
oo-functor in degree << —1 of Definition 1, by adjunction we have a cofiber sequence

0<-1Ny —> N, —> cofib.

Applying the realization oo-functor, that being a right adjoint between stable oco-
categories preserves cofiber sequences, we have another cofiber sequence of the form

|‘7<—1N-| —> |No| —> |cofib|.

Since limits and colimits are computed weight-wise in & - Mod$', by the description
of the realization oco-functor provided in 1.1.13, we easily have that |cofib|] >~ Nj,
and that moreover ‘og_ 1N.| >~ No[—1]. In particular, |a<_1N.| cannot be trivial,
because this would contradict that 7, Ng 2 0 for some n > 0. Therefore, considering
the k-module k[1](—1), we have

Map, _yjoqer (LTI(—1). No) = Map, yjoger (£(0). o< Na[~11(1))
=~ Mapyjoq, (K, [o<—1Ne[=11(1)])
~ |oc1No()[—1]| = No.

Now, k[1](—1) is again connective for the mixed graded Postnikov #-structure, and
now we have a non-trivial map towards N,, which is given by any non-trivial homology
class in 7, Ny. O

Lemma 1.3.5 and 1.3.6 together imply that the class of (—1)-coconnective objects
for the mixed graded Postnikov #-structure and the class of mixed graded k-modules
which are (—g — 1)-coconnective in each weight g coincide, and this concludes the
proof of the main statement. The claim about the heart of such ¢-structure can be
proved directly. The idea is that a mixed graded k-module lying in the heart of the
t-structure is forced to be a mixed graded k-module whose weight p component is
a discrete k-module concentrated in homological degree — p, and the differential for
this chain complex is given by the mixed differential. Yet, we shall see this claim as a
corollary of Theorem 2.3.1.

Porism 1.3.7 The proof of Theorem 1.3.1 does not rely on the assumption that k is a
field. We can always define the oo-category of mixed graded R-modules, for R a Q-
algebra in E,-rings, as the co-category of quasi-coherent sheaves on the affine group
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stack BGa, g X Gm, . Let Sp*': = [] ,c7 Sp be the co-category of graded spectra, and
let Spg;() be its full sub-co-category spanned by graded spectra whose g-th weight
component is (—q)-connective for all integers g. In virtue of [18, Theorem 4.1], we
have an equivalence of co-categories

8p*" =~ QCoh(BG,s).

where G, s: = Spec(S[Z]) is the flat multiplicative group (spectral) scheme. Hence,
by the abstract nonsense recollected at the beginning of the proof of Theorem 1.3.1,
the oo-category

(¢ —Mod“;}r)%): = &-Mod, xgper Spg;O

is again presentable, closed under all colimits and extensions, and so it determines
the connective part for an accessible ¢-structure over ¢ - Modir . Even for an arbitrary
derived scheme X defined over a derived Q-algebra k, one can define ( [24, Section
1.2.1]) the co-category of mixed graded modules over X as the co-category of sheaves
with values in € - Modﬂ“’;r for the Zariski topology on X:

£-Mod%: = Shvzy (X, &-Modyf').

Setting (8—Mod§’}r) ¢ to be the co-category of those sheaves of mixed graded k-
modules over X which are connective as mixed graded S-modules for any S-point
Spec(S) — X (the fact that this yields, indeed, a ¢-structure is essentially [9, Chapter
3, Section 1.5.1]). The only property of a field of characteristic 0 that we use in the proof
of Theorem 1.3.1 is the fact that it is connective: indeed, whenever R is connective,
then the coconnective part for such z-structure can be characterized as

(¢ —Mod%)go ;= £-Mod} xgper Spggro.

This fact is not true in general if R is not connective (see also [16, Warning 3.5.9]).
The analogous statement on the coconnective part for the #-structure on mixed graded
modules over a non-affine derived scheme X case can be recovered under the hypoth-
esis that the sheaf of E,-rings is connective (in the sense of [14, Definition 1.20]),
using [15, Proposition 2.1.3], or in the non-connective case when X is at least an Artin
stack (here, we use [9, Chapter 3, Proposition 1.5.4]).

The characterization of the connective and coconnective objects of the ¢-structure
of Theorem 1.3.1 allows us to describe pretty neatly how the connective cover and the
coconnective cover oo-functors behave on a mixed graded k-module.

Corollary 1.3.8 Let ti'ogr be the connective cover oo-functor described in 1.3.3, and
=

let ti-ogr be the cofiber oco-functor described in 1.3.4. For any mixed graded k-module
M,, there exist natural equivalences of k-modules

&-gr ~
<T>0 M-)q XM,
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and
e-gr ~
(Tgo M.)q ~ T oM,

Proof Since colimits are computed weight-wise, taking the k-module in weight ¢ is
an exact oo-functor from mixed graded k-modules to k-modules for any integer g. So,
considering the canonical fiber sequence

& -gr e -gr
T}O M. I M. —> fg_lMo

and taking the component in weight ¢ we get another fiber sequence
(M) — My — (2% M)
~ q = q

By suitably shifting, it follows that this fiber sequence is the essentially unique fiber
sequence of k-modules that extends M, with a (—g)-connective part on the left

and a (—g — 1)-coconnective part on the right, hence (r';ong.) >~ 1>_4M,; and
~ q

£-gr -
(Tg—lM°)q >t g 1My O

2 Relationship with filtered modules

In this section, we shall state the main link between the oo-categories of filtered k-
modules and mixed graded k-modules, and their respective ¢-structures described in
Theorems 2.1.14 and 1.3.1. The main result of this section is Theorem 2.3.1, which
states that complete (in the homotopical sense) filtrations on k-modules arise uniquely
from a mixed structure on the associated graded of the filtration, and moreover that
this assignment is 7-exact. This can be seen as a slight improvement on [24, Propo-
sition 1.3.1] and [6, Proposition 2.27], which exhibited a fully faithful embedding
€- Modir — Mod]lfi1 and characterized its essential image, without considering any
t-structure on those co-categories.

2.1 Recollection on filtered modules

We start by reviewing some important concepts concerning filtered k-module, follow-
ing [4, 11].

Definition 2.1.1 [ [4, Definition 5.1]] Let Z>: = Zogp be the 1-category on the poset

Z. with reverse order (i.e. there exists an arrow n — m whenever n > m). The
oo-category of filtered k-modules is the co-functor co-category

Modnglz = Fun(Z>, Modk) .
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Notation 2.1.2 An object of ModE1 consists of a tower of morphisms
o —> My —> My, — M, | — ...

where M, is a k-module for any integer p. We shall denote the object associated to
such tower with M,, while the k-module M, will be the p weight component of M,.

Consistently, a natural transformation between two filtered k-modules M, — N,
(that is, a sequence of morphisms f,: M, — N for any integer p with obvious
compatibility with the transition morphisms M, — M,_; and N, — N,_1) shall be
denoted by f,.

2.1.3 The selection of the p weight component of a filtered k-module M, is functorial,
i.e. there exists an oo-functor

(—)p: Mod]ﬁ] —> Modg, 2.14)

informally described on objects by the assignation M, — M,, given by the pre-
composition of an co-functor M,: Z> — Mody with the inclusion of the terminal
1-category {p} C Z>.

Construction 2.1.5 Given a filtered k-module M,, we can do more than selecting its
p weight component; we can also consider the (—)s and (—)_o, co-functors, given
respectively by

(—)oo: Modfl': = Fun(Z, Mody) 2% Mod,, (2.1.6)
and
(=) o0 Modfl: = Fun(Z, Mody) <2 Mody,. 2.1.7)

Definition 2.1.8 A filtered k-module M, is complete if My, >~ 0.

The complete filtered k-modules are gathered in a full sub-oco-category of Modﬂl,

——fil
which we shall denote by Modj, .

Definition 2.1.9 With the above notations, the p weight part M, of a filtered k-module
M, must be thought as the p-th part of an exhaustive filtration on the k-module M_ .,
while the k-module M, determines whether such filtration is separated Hausdorff
in the homotopical setting (which is not always equivalent to classical one—see [11,
Remark 2.13] for a classically separated filtration which is not complete in our sense).

Definition 2.1.10 Given a filtered k-module M,, consider the inclusion of A! ~
{p +1 — p}in Z3. This provides an oo-functor Modﬁ:l: = Fun(Z>, Modk) —
Fun(A', Mody) which selects the morphism M, — M, in a filtered k-module
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The p-th graded piece co-functor is the composition of the previous oco-functor
with the cofiber co-functor

fib
Grp: Modﬂfil —> Fun(Al, Modk) oy Mod,.

2.1.11 The oco-category Modﬁ1 is naturally a closed symmetric monoidal co-category
([11, §2.23]); such monoidal structure is inherited in some sense by the closed sym-
metric monoidal structure on Mody via the Day convolution. We briefly recall some
important properties and useful explicit constructions.

(1) Given two filtered k-modules M, and N,, the tensor product M, ®£1 N, is the

filtered k-module whose p-th weight component is given by the formula

(M. ®£1 N.) : = colim M; ®x N;.
p i+j2p
i,j€Z>

(2) The unit for ®ﬂ§“ is the sequence k<° given by k in non positive weights and by 0
otherwise, with only identities and trivial morphisms, i.e. by the sequence

.=0=0->k=k=k=...
where the first copy of k sits in weight 0.
(3) Given two filtered k-modules M, and N,, the internal mapping space

Mapﬂgl(M., N,) is the filtered k-module whose p-th weight component is given
by the end formula

(Mapll b, o)) i= [ Map (0. Ny,
p q€Z>

Lemma2.1.12 ([4, Lemma 5.2])

(1) The collection of co-functors {Grp} pez and (—) is jointly conservative on Modﬁ?.

——fil
On the sub-oo-category Mody, , the oo-functors {Gry} ez are already jointly con-
servative. il
(2) The inclusion Mod), < Modﬁil admits a left adjoint

T;T: Modﬂf;l — @il,

which sends M, to its completion M, described in its p weight component by
Mp: = coﬁb(Moo — M,,).

Such completion oo-functor does not alter the graded pieces of M,.
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(3) Both Modﬂfil and Mody have all limits and colimits. On the former, both {(—) p} pez
and {Gr ,} pez, commute with all limits and colimits; on the latter, {Gr )} ez com-
mute with all limits and colimits.

(4) There exists a (unique) closed symmetric monoidal structure on Mody, compatible
with the one on Modﬂfi1 via the completion oco-functor.

——fil
(5) For any M, and N, in Moduf;1 or Mod, , we have an equivalence

Grp (M. ®£] N.) ~ @ GriM, ® Gr;N,.
i+j=p

Lemma 2.1.12 allows us to say something more about the sub-co-category of com-
plete filtered k-modules: namely, it is stable.

——fil .
Proposition 2.1.13 The full sub-oo-category Mod,, of Modﬁ;1 is stable.

il
Proof The oo-category Mod;, has a zero object, since the trivial filtration is clearly
complete. Moreover, since their inclusion in all filtered k-modules admits a left adjoint,

—fil
it follows that all limits in Mod,, are computed as in Modui]. So, we only need to prove
that given a diagram of complete filtered k-modules of the form

My <— Ny — P,
its colimit R, is again a complete filtered k-module, i.e.,

lim R, ~ 0.
qu;

Since limits and colimits in Modﬂ:l are computed weight-wise, we have that

lim R, ~ lim [ M, ]]P,
qEL> qE€l>
Nq

Since in a stable co-category finite colimits commute with all limits ( [17, Proposition
1.1.4.1]), we can write

lim R, ~ lim M, [] lim P,

qelx qEl>

and now since M,, N, and P, are all complete, it follows that all the limits on the right
hand side are 0, hence the pushout R, is complete as well. In particular, any diagram

——fil

in Mody, is a pullback (resp. pushout) if and only if it is a pullback (resp. pushout) in
X ——fil

Modﬂgl, and being the latter stable it follows that Mod, has to be stable as well. O
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We now state (without proof) this important and well known result on the ¢-structure
on the (homotopy category of the) co-category of filtered k-modules. Note that this
theorem does not need the assumption that k is a classical ring in characteristic 0.

Theorem 2.1.14 (Beilinson ¢-structure, [2, Appendix A] and [4, Theorem 5.4]) Let
(Modﬂgl)>0 be the full oco-subcategory of Modﬂﬁg1 spanned by those filtered modules such

that Gr, M, is (— p)-connective for all integers p. Dually, let (Mod[ﬁl)go be the full co-

subcategory spanned by those filtered modules such that M, is (— p)-coconnective for
all integers p. Then these two oo-subcategories define a t-structure on Modﬂfi1 whose

heart (Modﬂ:l)o is equivalent, as an abelian 1-category, to the usual 1-category of
chain complexes of k-modules dgMody when k is a discrete ring.

Remark 2.1.15 The t-structure of Theorem 2.1.14 is induced by a t-structure on graded
k-modules in the following sense. The oco-category Modir is endowed with a ¢-
structure described as follows: the connective objects are those graded k-modules
M, such that M, is (— p)-connective (for the Postnikov #-structure on Mody) for all
p’s, and dually the coconnective objects are those graded k-modules M, such that M,
is (— p)-coconnective for all p’s. Such z-structure can be lifted via the oo-functor

Gr, : Modﬁ1 — Modir

to a t-structure on Mod]]‘z1 that makes Gr, a f-exact oo-functor between stable oo-
categories endowed with a 7-structure. This is precisely the Beilinson 7-structure.

2.2 Left completeness of t-structures

Mixed graded k-modules are not only fully faithfully embedded in filtered k-modules,
but such inclusion is universal in some precise sense. Namely, the oo-category of
mixed graded k-modules with the 7-structure of Theorem 1.3.1 is the left completion
of the oco-category of filtered k-modules with respect to the Beilinson ¢-structure of
Theorem 2.1.14. In order to precisely formalize and prove this assertion, we need to
recall some important concepts concerning ¢-structures and left completions.

2.2.1 Let C be a stable co-category endowed with a ¢-structure (Cxo, Co). For all
integers n, we have the n-connective and n-coconnective cover co-functors >, : € —
Cxpand 1¢,: C — Cg,. In particular, we have a tower

(2.2.2)

Definition 2.2.3 ( [17, Section 1.2.1]) The left completion © of € is the limit of the
diagram 2.2.2. R

We will say that C is left complete if the canonical morphism € — C is an equiva-
lence of stable co-categories.

Let us recall this important result concerning left completions.
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Proposition 2.2.4 ([17, Proposition 1.2.1.17]). Let C be a stable co-category endowed
with a t-structure. Then:

(1) The left completion @/t\s also stable.
(2) The left completion C is naturally endowed with a t-structure which can be
described as follows. Given an identification of C with the full co-subcategory

of Fun (Z?, G) spanned by those functors in which F,, factors through Cg, and

such that F,, — F, induces an equivalence t<, Fy, — F, for alln < m in Z,
then the connective (resp. coconnective) objects of C are those oo-functors which
factor through Cxq (resp. Cgo).
(3) The canonical co-functor C — C is exact and induces an equivalence C<oy —
§<0.
X

Proposition 2.2.5 The stable co-category ¢ - Modir is left complete with respect to the
mixed graded Postnikov t-structure of Theorem 1.3.1.

Proof In order to prove our claim, we use the following criterion. O

Proposition 2.2.6 ( [17, Proposition 1.2.1.19]) Let C a stable co-category equipped
with a t-structure. Suppose that € has all countable products, and Cx is closed under
countable products. Then C is left exact with respect to its t-structure if and only if

Coo0i= (") Cxn

nez
consists only of zero objects of C.

Obviously & -ModY', being both complete and cocomplete, admits all countable
products. Since all limits and colimits are computed weight-wise, a product of count-
ably many mixed graded k-modules {Mf‘ }a <ny all of which are connective for the
mixed graded Postnikov 7-structure, is again connective. Indeed, in each weight we
have an equivalence of k-modules

(1) =TT

aeN q aeN

where all the Mq"“s are now (—g)-connective, hence the statement follows from the
fact that Mody is left complete by [17, Proposition 7.1.1.13].

2.2.7 On the converse, recall that the co-category Modﬂl endowed with the Beilinson
t-structure of Theorem 2.1.14 is not left complete ( [4, Section 5]). In fact, the objects
lying in (Modﬂil) Soo Are those filtered k-modules M, such that Gr, M, vanishes for
all integers n, i.e. filtered k-modules corresponding to essentially constant diagrams
Z»> —> Mod. In particular, for any non trivial k-module M the constant diagram
on it is co-connective without being 0.
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Yet, we can characterize what the left completion of the Beilinson #-structure on

—fil
filtered k-modules looks like: this is precisely Mod,, (which justifies, a posteriori, the
choice of notation for such sub-oco-category). While this seems to be known to experts,
to our knowledge there is no proof of this fact available in the existing literature.

——fil .
Proposition 2.2.8 The full sub-oo-category Mod), of Modﬂill is endowed with a t-
structure which is provided by the restriction of the Beilinson t-structure to complete
filtered k-modules. Moreover, the completion co-functor

— fil ——fil
(—): Mody, —> Mod,

——fil
is a t-exact oo-functor that naturally identifies Mod,, with the left completion of the
Beilinson t-structure on all filtered k-modules.

For the sake of clarity, we shall split the proof of Proposition 2.2.8 in several lemmas.

Lemma 2.2.9 The Beilinson t-structure of Theorem 2.1.14 on filtered k-modules
restricts to a t-structure on the full sub-oo-category of complete filtered k-modules.

In order to prove Lemma 2.2.9, we shall need the following important technical
result.

Lemma 2.2.10 If M, is a filtered k-module which is eventually coconnective (that is,
n-coconnective for some n) for the Beilinson t-structure of Theorem 2.1.14, then M,
is complete.

Proof Since for any integer p, the k-module M), is (n — p)-coconnective for the usual
t-structure on k-modules by assumption, and coconnective objects are stable under all
limits, we just need to observe that

Myo: = lim M,
qEZ>

must be n — g-coconnective for each integer g, i.e., it must belong to the co-category

(Modi) < oot = [ | Modi) < -
qelL

But the Postnikov z-structure on k-modules is left complete, hence M, must be trivial
because of Proposition 2.2.6. O

Proof of Lemma 2.2.9 Since @[ﬁl is a stable full sub-co-category of Modﬂfz1 and its
inclusion admits a right adjoint, it is closed under all limits and finite colimits, and
in particular under all loops and suspensions. Moreover, if M, is a complete filtered
k-module which is connective for the Beilinson #-structure, it is obviously left orthog-
onal to any complete filtered k-module which is (—1)-connective for the Beilinson

—fil
t-structure, since Mod,, is a full sub-oo-category of Modﬂfil. So, we only need to check
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that if M, is endowed with a complete filtration, then both ‘1,'21" M, and rgln M, lie

il . .

in Mod,, , where rgln and rgln denote the n-connective and n-coconnective cover oo-
= <X .

functor for the Beilinson z-structure on Modu‘?, respectively. This is clear for tgln,

. . . . . =X

since n-coconnective objects are always complete in virtue of Lemma 2.2.10, and

this implies that the same holds also for 73,: indeed, consider the left adjoint to the

——fil
inclusion Mod), < Modﬂ1 of Part (2) of Lemma 2.1.12. For any filtered module M,,
the unit map of the adjunction yields a map of fiber sequences (given by the unit map
of the adjunction)

fil fil
T2n+1M. M, ‘L'gnM.

i ’L Y
T>n+1M° M, TgnMr

If M, is complete, then both the second and third vertical arrows are equivalences,
and so the first must be an equivalence as well. It follows that both the connective and
coconnective cover oo-functors restrict naturally to the stable full sub-co-category

—fil
Mod,, , which implies our assertion. O
Lemma 2.2.11 The restriction of the Beilinson t-structure to the co-category of com-
plete filtered k-modules is a left complete t-structure.

——fil
Proof Since Mod), is closed under all limits existing in Modu‘zl, the hypotheses of the
left completeness criterion of Proposition 2.2.6 are satisfied, so we can simply check

——fil -
what the co-connective objects of Mod,, are: they are co-connective objects of Modﬂf;l
(hence, constant filtrations) which are also complete as filtered k-modules. But it is
immediate to see that the only constant filtration which is complete is the constant

———fil
filtration on the trivial k-module 0. Thus, Mody, is left complete. O

Lemma 2.2.12 The left completion co-functor
Ry fil il
(=): Mod, — Mody,

il
identifies Mod, , endowed with the restriction of the Beilinson t-structure, with the
left completion of the Beilinson t-structure on Modﬂf(‘l.

Proof In virtue of Lemma 2.2.11, the restriction of the Beilinson ¢-structure on com-
plete filtered k-modules is a left complete 7-structure. This means, in virtue of [17,

—fil
Proposition 1.2.1.17], that the natural co-functor from the co-category Mod;, towards
its left completion is an equivalence. As already described in Proposition 2.2.4, we can

—fil
identify the left completion of the Beilinson z-structure on Mod, with the full sub-
oo-category Fun(Zg, Modk) c Fun(Zg, Modk> spanned by those oco-functors

—fil
F: Z< — Mody such that
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———fil
o F, € (Mod]k >< for any integer n.

—n

e For any m < n, the map F;;, — F; induces an equivalence rgl_n F,, > F,.
X

—fil —
Employing this canonical model, the canonical equivalence Mod, — Fun

il 5
(Zg , Mody ) simply sends an object M, to the tower of its truncations { rglfn M, } z
= ne

while its inverse takes the limit of a functor over Z. So, we have a diagram

—fil = == ——fil
Mod,, *>Fun<Z<, Modk)

[ |

Modf! %ﬁ(Zg , Modfll)

where the vertical arrow on the right is simply the post-composition with the natu-
ral inclusion. Since the coconnective truncation co-functors for filtered modules and
complete filtered modules are the same, this diagram commutes; moreover, the functor

— —fil —
Fun(Zg, Modk) — Fun(Zg, Modﬂgl)

is anequivalence as well, because a functor F: Z¢ — Modﬂg1 lies inﬁ(l, Modﬂgl) if
and only if F}, is (—n)-coconnective for all n. In particular, using again Lemma 2.2.10,

it follows that at least as mere stable co-categories, M@il :ﬁ(Zg, Modﬂgl).

The last thing we need to prove is that this equivalence is #-exact. Recall ( [17, Propo-
sition 1.2.1.17.(2)]) that the natural -structure on ﬁ(Zg, Modfl!) is defined as
follows: the connective objects are those co-functors F: Z< — Modi! that fac-
tor through (Modﬂil) while coconnective objects are those co-functors that factor

through (Modfl!) <0’
complete with respect to its ¢-structure, the canonical co-functor

20
— —fil
an analogous statement holds for Fun (Zg, Mod,, ) But, being
Mod;, — Fun (Zg, Modk)
is a t-exact equivalence, and
— —fil — fl
Fun(Zg, Modk) — Fun(Zg, Modk)
is again t-exact, because by definition
(Modk >>o : = Mod, X Modf! (Modk )20
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_————fil — ——fil
and the dual claim holds also for (Modk ><0 . In particular, Fun (Zg, Mod; ) —

X

FIE(Zg, Mod[ﬁl) sends connective objects to connective objects, and coconnective
objects to coconnective objects.

Now, since every complete filtered k-module is canonically equivalent to the limit
over the tower of its coconnective truncations, it is clear that the composition

Mod; — Fun(Zg, Modk> ~ Fun(Zg, Modk) =~ Mod,,
agrees with the left adjoint to

Mod;, ~ Fun|Zg, Mody ) >~ Fun(Zg, Mody ) —> Mody

——fil —
which is canonically equivalent to the inclusion Mod;, < Modﬂil. Hence (—): Modﬁ1

——fil
— Mod;, does exhibit the oco-category of complete filtered k-modules as the left
completion of the Beilinson #-structure on all filtered k-modules. O

2.3 Main theorem
We can now state the main result of this section, and of this paper as well.

——fil
Theorem 2.3.1 Let Mod,, denote the full sub-oo-category of Modugl spanned by k-
modules with complete filtration. There exists a fully faithful embedding

(—)M: &-Mod{" — Modf!

which is moreover t-exact with respect to both t-structures, such that the following
diagram of oo-functors commutes.

£- Modgr _ Modk
( k /

Moreover, such embedding admits a t-exact left adjoint

Modﬁl

(=€ Modf!' — &-Mod{'
which exhibits the oo-category ¢ - Modir, endowed with the mixed graded Postnikov t-
structure of Theorem 1.3.1, as the left completion of Modﬂﬁ(l with respect to the Beilinson

t-structure of Theorem 2.1.14.
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Even if the co-functors that exhibit ¢ - Modir as the left completion of Modui] are
precisely the same as the ones considered in [24], for the sake of clarity we recall all
the details of their construction in this subsection.

2.3.2 Consider the naive truncation co-functor of mixed graded k-modules of Def-
inition 1. Thanks to Remark 1.2.2, for any mixed graded k-module M, and for any
triple of integers r < g < p we have natural morphisms in ¢ - Modir

oMo —> oggMe —> o pM,.

This means that gathering all the naive truncations oo-functors {o<,}pez We get an
oo-functor

or {Uép}p gr
¢-Mody’ — Fun(Z<, &-Mody).

Using the isomorphism Zg = Z3 given by changing signs, we can write the oo-
functor above as

o:={o< p} eyt €-Mody’ —> Fun(Zy, e-Mody).
Post-composing ¢ with the Tate realization oo-functor of Definition 1.1.19, we land
in the co-category Fun(Z>, Modk) = :Moduf;l.
Definition 2.3.3 The co-functor

|—|*o—

(—)": ¢ -Mod{ BN Fun(Z>, &-Modj ) —— Mod!!
is the associated filtered co-functor.

Remark 2.3.4 Given a mixed graded k-module M,, its associated filtered k-module
is given in weight p by the Tate realization of its truncation in weights < —p, i.e.
|a<, M, ‘t and all the morphisms are the inclusions exhibited in 2.3.2. Let us study

in greater detail the k-module |a<_ 1,M.|t: for any p, this mixed graded k-module
o< pM, is bounded above (i.e., its weight components are O for all ¢ > —p), so its
Tate realization is equivalent to

colim Map, _y;oqe (k(—i)[2i], o<—pM,)
i<0 k

_ [Map, yioqr (k(=p)[2p). 0<—pM.) if p <0
[ Map, _yoqe (K(0), o<y M) if p > 0.

Either way, in terms of explicit models of chain complexes, this means that

(Miil)p ~ [ M-ql-24]

qzp
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where the right hand side is endowed with the total differential. The transition maps,
in terms of the above equivalence, are simply given by the obvious inclusions

o= ] Mogl=2q) — [ M4l-2q91 — [] M_4l-2q91— ...
gzp+1 qzp gzp—1

Notation 2.3.5 In the following, we shall often denote the object (M.)t;,l with the
suggestive notation [ | ¢>p M—q[—2q], leaving implicit the fact that this is not actually
a product of k-modules.

We prove some important properties of the associated filtered oo-functor.

Proposition 2.3.6 The associated filtered co-functor of Definition 2.3.3 is a t-exact
oo-functor between stable co-categories with t-structure.

Proof Remark 2.3.4 allows us to describe neatly the graded pieces of the filtered
k-module M, fl for any mixed graded k-module M,. In fact, the cofiber sequence

<M£H> — (Mfl) — Gr) Mfl
p+1 P
can be now represented by explicit models as

]_[ M_,[-2q] —> ]_[ M_,[-2q] —> Gr,M™,
qzp+1 q=p

where again the product has to be thought as endowed with the total differential,
and by direct inspection of the long exact sequence of homotopy groups we get that
Gr,Mi ~ M_,[-2p].

So, let us assume that M, was an n-connective mixed graded k-module for the
t-structure of Theorem 1.3.1: then, for any integer p, M, was an (n — p)-connective
k-module. This implies that Gr , M, .ﬁl >~ M_,[—2p]isan (n— p)-connective k-module
as well, so (—)'!! preserves connective objects.

On the converse, let M, be an n-coconnective mixed graded k-module. Then
(M,m)p is equivalent to a product of k-modules sitting in (Modk),_,, and since

n-coconnective objects are stable under limits this yields that (Mfl)p is (n — p)-
coconnective for any integer 1. So (—)f1! preserves both connective and coconnective
objects, hence it is 7-exact. O

To prove Theorem 2.3.1, we have to show that ¢ - Modir is a localization of Modﬂil,
i.e. the co-functor (—)f! is a fully faithful right adjoint whose essential image consists
of complete objects.

Proposition 2.3.7 The co-functor (—)l: ¢ - Modir — Modﬂfé1 admits a left adjoint.

Proof Being ¢ - Modir and Modﬂfil two oo-categories which are both presentable and
accessible, it is sufficient to show that (—)# commutes with all limits and with «-
filtered colimits for k¥ some regular cardinal. Since Modﬂfé1 is an co- category of functors,
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hence limits and colimits are computed weight-wise, it suffices to show that for any

integer p the oo-functor |a<, p(—)|l commutes with limits and is accessible, i.e., it
commutes with k-filtered colimits for some regular cardinal «. Since such oo-functor
is the composition of two co-functors, one of which (namely, o<_ ;) commutes with
limits and is accessible, being a left adjoint, we are left to prove that |—|* commutes
with limits and is accessible as well.

e The co-functor |—|' commutes with all limits: this can be seen via direct com-
putations from the description of |—|' and by recalling that limits distribute over
limits.

e The Tate realization co-functor is given explicitly by a countable product, so it
commutes with k»-filtered colimits for some regular cardinal «; bigger than R.

The claim now follows, once again, from the Adjoint Functor Theorem. |
Proposition 2.3.7 allows us to introduce the following Definition.

Definition 2.3.8 The co-functor
(—)* € Modfl!! — &-Mod{',
left adjoint to the co-functor
(—)fil: ¢ -Mod§' — Mod!!
is the associated mixed graded oco-functor.

We want to study some properties of the oo-functor of Definition 2.3.8 as well. One
of its key features is described in the following Proposition.

Proposition 2.3.9 Given a filtered k-module M,, the p weight component of its asso-
ciated mixed graded k-module (M,)® " is naturally equivalent to Gr_, M[—2p].

Proof Let
(—)& : Modfl! — Mod{

denote the co-functor obtained by the composition of (—)® " with the forgetful co-
functor oblv,: ¢ - Modir — Modir. Let

Gr,: Modfl! — Mod{' (2.3.10)
denote the oo-functor obtained by patching the co-functors Gr_,(—)[—2p]: Modﬂf;l
—> Mod. In particular, the p-th component of this co-functor is Gr_ ), (=) [-2p].
We will prove that for any filtered k-module M,, there is a canonical equivalence of
k-modules Gro M, >~ (M,)*".

We first observe that Gr, : Modfll — Mod{' is the left adjoint to the co-functor

RM: Modf" —> Modf!
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which sends a graded k-module N, to the filtered k-module whose p-th component is
N_,[—2p] and whose transition maps are all zero maps (this is essentially [11, Lemma
3.301, after an homological shift by —2p and the equivalence Modj ~ Modj which
swaps the graded parts in positive and negative degrees). In the same way, in virtue of
Porism 1.1.26 the oo-functor which forgets the mixed structure is the left adjoint to
the oco-functor

R.: Mod{' —> ¢-Modj .

Now let M, denote a filtered k-module, and N, denote a graded k-module. By the
adjunction Gr, 4 R, we have the following equivalences of mapping spaces

Mapyjoqer (GraMa, No) = Mapyoqo (Mo, R7N,)
On the other hand, by the adjunction oblv, - R, one has

NIapModir ((M.)gr ’ N‘) = N[apls—Modir((]w‘)g_gr ’ ReN‘)

2:3:8 ﬁl
= Mapyoqn (M, ReNO™).

By the fully faithfulness of the Yoneda embedding, it is enough to check that
RN, =~ R N)™

for any graded k-module N,. This is seen by direct inspection: in fact, (R;N,)™
is the filtered k-module whose p-th component is obtained by the Tate real-
ization of the naive truncation og_,(R¢N,). By the description of R, provided
in Porism 1.1.26, ag,p(RgN.)|t is equivalent to the k-module N_,[—2p]. The
inclusion of o ,(R¢N,) into o ,41(ReN,) induces the zero map on the Tate
realizations, and so we get exactly the filtered k-module RAlN, we described above,
which completes the proof. O

Remark 2.3.11 Working with explicit models, the mixed differential in the mixed
graded k-module (M,)? ¥ is given by the boundary morphism in the cofiber sequence

Grpr 1My —> cofib(Mpr — M,) — GrpM,

after a suitable (i.e., correctly functorial) choice of the cofibers in each weight.

The above characterization of the weight components of the associated mixed
graded oo-functor leads immediately to two important consequences.

Corollary 2.3.12 The co-functor (—)* & : Modﬂgl — - Modﬂir is strongly monoidal.
Proof Let us recall that the co-functor (—) is lax monoidal: it can be checked by
straightforward computation, by using the fact that in each piece it is given by the
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mapping space out of a cocommutative coalgebra object (namely, k(oco)). Being the
left adjoint of alax monoidal co-functor, (—)¢ “#" naturally possesses an oplax monoidal
structure, and so given two filtered k-modules M, and N, we have a natural map

(M. ®]]21 N.)é‘—gr N (M.)S'gl‘ ®ﬂ8(-gr (N.)s-gr )

Since equivalences of mixed graded k-modules are detected by the underlying graded
k-modules and forgetting the mixed structure is a strongly monoidal oco-functor, it
suffices to show that the underlying graded map

e-gr ar -
oblv, (M. ! N.) ~ (M. ! N.) — oblve ((My)* & ®F 5 (N, )
~ (M) ®F (No)¥

is an equivalence. Now, Proposition 2.3.9 tells us that the graded k-module on the left
is described in its p weight component by the formula

. &-gr .
(Mooff M) T =G, (Mo gl N).
P
But now Lemma 2.1.12.5 tells that the above object is equivalent to

@ Gr_;M, ® Gr_;N,
i+j=p

which is exactly the p weight component of the tensor product of (M,)&" ®ir (No)E.
So, the natural map above is indeed an equivalence. O

Corollary 2.3.13 The oco-functor (—)* 8" : Modﬂgl — - Modir is t-exact.

Proof Let M, be an n-connective filtered k-module. Then Gr, M, is an (n — p)-
connective k-module for any integer p, therefore

Prop. 2.3.7
(M E LT Gr ML [—2p]

is (n — p)-connective.

On the converse, if M, is an n-coconnective filtered k-module, then M, is an (n— p)-
coconnective k-module for any p. This implies that Gr, M, is an (n — p)-coconnective
k-module for any p as well: in fact, Gr, M, is the cofiber of M1 —> M. Since
M, is n-coconnective, M1 and M, are respectively (n — p — 1)-coconnective and
(n — p)-coconnective k-modules. By inspecting the long exact sequence induced on
the homotopy groups by the cofiber sequence

M,y — M, — Gr,M,
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one has that 7,Gr, M, = Oforallg > n— p, hence Gr, M, is an (n — p)-coconnective
k-module and therefore

_op Prop.2.3.7
(M)e T Gr_ My [—2p]

is (n — p)-coconnective for all p’s. O

The following two claims are the last ingredients we need to prove Theorem 2.3.1.
Proposition 2.3.14 The counit morphism (—)* & o (—fl - id,, “Mod®" of the adjunc-
tion (—)%r — (—)ﬁl is an equivalence of co-functors.

Proof Let M, be a mixed graded k-module. By the description provided in
Remark 2.3.4, its associated filtered k-module is

e ] Mogl-2q) — [ M4l-2q91— [] M_4l-2q1— ...
gzp+l qzp gzp—1

and for any p, Gr, (Ms)M [~2p] =~ M_,[—2p]. Applying (—)° ¢ to (M), we get
a mixed graded k-module whose p-th weight component is equivalent to

fil Prop. 2.3.7
Gr_p, (Ma)" [-2p] = M_p[-2(=p)l[-2p]l = M.

Since equivalences of mixed graded k-modules are detected by forgetting the mixed
structure, we have that the counit is an equivalence because it induces on each weights
precisely the equivalence Gr_ p(M.)ﬁl[—Z pl >~ Mp. O
Proposition 2.3.15 When restricted to n-coconnective objects of Mod!l!, the unit mor-
phism 12 id oy — () o ()& of the adjunction ()8 4 (=) is an

equivalence of oco-functors for all integers n.

Proof Let M, be a filtered k-module which is n-coconnective for the Beilinson ¢-
structure for some integer n. We briefly study what ((N,)*® ’gr)ﬁ] is: its p-th part is the
k-module given by the Tate realization

o< p (N &' = [T (V)25 [—241.
qzp

But we have that

&-gr Prop. 2.3.7
(NDZF 27 Gr_(_g)Na[—2(—q)] ~ Gry Nu[2q]

and since the shift co-functors commute with arbitrary products we have that

(Vo E ) = [T Gry .
qzp
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The transition maps are just given by inclusions.
Let

Fp: = fib| N, =% [ GryN.
qzp

denote the fiber of the p-th component of 7. Then we have the following diagram,
where every row and every column is a fiber sequence.

Fpti F), cofib(Fp41 —> Fp)
Np—H NP GrPN'
77p+1‘[ lnp \[2
[T GiyNg ——— T[] Gr,N, Gr,N,

gzp+1 qzp

The map on the bottom right is an equivalence, and this forces coﬁb(F p+1 —> F 1,)
to be zero. This implies that Fjy; — F, is an equivalence; by induction, we can
conclude that F, is the fiber of

N, —> l_[ Gry N,
qz=m

for any integer m. So, the fact that 7, is an equivalence for any m is equivalent to
proving that F, is 0, but this is a consequence of Lemma 2.2.10. Indeed, if F), was
not 0, we would have a non-trivial k-module with a non-trivial map F),, — N,, for all
m’s. Such map would be forced to factor through No; in particular, it would yield that
N is non-trivial, hence that N, is not complete. But this contradicts the (eventually)
coconnectivity assumption on N,. O

Remark 2.3.16 In the proof of Proposition 2.3.15, we did not need to restrict ourselves
to eventually coconnective objects. In fact, the key property of eventually coconnective
filtered k-modules that we used was their completeness (Lemma 2.2.10): the unit
morphism of the adjunction (—)§ < (—)f! is an equivalence on all complete filtered
k-modules, which are not necessarily eventually coconnective (take for example the
filtered k-module given by the O sequence everywhere, except for k[1] in weight 0).
The fiber

F,: = fib (N,, N ((N.)E'gf)‘;l)

of the proof of Proposition 2.3.15 is, in fact, N, itself: the unit n fails to be an
equivalence precisely on non-complete filtered k-modules.
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2.3.17 All previous propositions, lemmas and remarks imply together Theorem 2.3.1.

In fact, Proposition 2.2.8 allows us to identify the left completion Mod;, with the oco-
category of complete filtered k-modules in the sense of Definition 2.1.8, endowed
with the restriction of the Beilinson #-structure. The equivalence of Theorem 2.3.1

is then provided by the composition of the natural inclusion @ﬂﬁ; C Modﬂi1 with
the associated mixed graded co-functor of Definition 2.3.8. Its inverse is described
by the composition of the associated filtered co-functor of Definition 2.3.3 with the
completion co-functor of Lemma 2.1.12.2.. The fact that these oo-functors are indeed
equivalences follows from Propositions 2.3.14 and 2.3.15. The #-exactness of the

il
equivalence Mod,, ~ ¢ - Modir follows from the 7-exactness of the co-functors (—)!
and (—)§".

2.3.18 Finally, since (=)l and (—)&" are both 7-exact co-functors which induce
equivalences on coconnective objects, it follows that the hearts of the two ¢-structures
are naturally equivalent and both yield, when k is a discrete ring, the usual 1-category
of chain complexes of k-modules: this is the last statement that we left unproven in
Theorem 1.3.1.

Porism 2.3.19 The strongly monoidal structure of the co-functor (—)¢ 8" proved in
Corollary 2.3.12, together with the description of the monoidal structure on complete
filtered k-modules provided by Lemma 2.1.12.4, implies that the equivalence of Theo-
rem 2.3.1 is strongly monoidal. Explicitly, given two complete filtered k-modules M,

———fil
and N,, their tensor product in Mod,, , given by the completion of their tensor product
as mere filtered k-modules ( [11, Theorem 2.2.5]), is equivalently described as

M.@gN. ~ ((M.)S-gr ®i—gr (N.)s-gr)ﬁl.

Porism 2.3.20 In Sect. 1.1, we mentioned how the Tate realization oco-functor was
strongly monoidal when restricted to non-negatively mixed graded k-modules. This
claim follows immediately from Theorem 2.3.1: indeed, we have an equivalence in
Fun(e - Mod{, Mody)

t o~ fil
1"~ (5) o0 0 ()
and since (—)%"#" is a localization co-functor, we have another equivalence
|=1'0 (=) =~ (=) oo

if one restricts (—)* € to Mﬁﬂil. Since the co-functor (—)_ is strongly monoidal (
[11, Section 2.23]), one simply has to show that the tensor product of two complete
filtered k-modules M, and N, such that M, and N, are zero for all positive integers
p is again complete. The explicit formula for the filtered tensor product provided
in 2.1.11 yields that

(M@ N.) = colim M, @ N,.
n. ptqzn
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If both M, and N, are endowed with a filtration bounded in non-positive weights,
the above formula is O for any positive integer n. Hence the limit on the tower of
k-modules corresponding to M, ®£1 N, is zero, hence the filtered tensor product in
this case preserves completeness.

Porism 2.3.21 Arguing analogously to Porism 2.3.20, we can prove that the Tate real-
ization oo-functor preserves colimits when it is restricted to mixed non-negatively
graded k-modules. Indeed, we have a commutative square

where Modg‘<0 is the co-functor co-category Fun(N >, Modk) of k-modules with
filtration bounded in non-positive weights, and the inclusion is induced by the map
of posets N> C Z. The oco-functor (—)_o, commutes with colimits because it is a
colimit co-functor itself, so it suffices to show that (—): & - Modﬂir’>0 — Modﬂil’g0
commutes with colimits. This is true because colimits of non-positively filtered k-
modules are again non-positively filtered, since colimits are computed weight-wise.
Hence they are again complete, and so the colimit in mixed graded k-modules agrees
with the colimit in filtered k-modules. In particular, the co-functor

- &-Mod®"Z% — Mody, (2.3.22)

admits a right adjoint, which we can compute explicitly using the fact that the oco-
functor 2.3.22 is the composition of

£-Mod&">® = Mod! <0 < Modf! == Mod,.

In fact, each co-functor of this composition is a left adjoint, so the right adjoint to 2.3.22
is the composition of right adjoints

(=)ot 9<0 <0 = >0
Mod; ' — Modf!' =3 Mod{"S* = ¢ -Mod">

where (—)°°™! is the diagonal co-functor sending a k-module to the constant sequence,
0«0 is the naive truncation oo-functor for filtered k-modules (built similarly as the
oo-functor of Part 1 of Definition 1.2.1), and the last co-functor is the mixed graded
k-module construction (which is an equivalence because every filtered k-module is
complete if it is O for all positive integers). In particular, this right adjoint agrees with
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(—=)(0): Mody, — s—Modﬂir’>O Ce¢ -Modir.
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