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Abstract
We consider the spontaneously broken regime of the O(n) vector model in
d= n+ 1 space-time dimensions, with boundary conditions enforcing the
presence of a topological defect line. Comparing theory and finite size depend-
ence of one-point functions observed in recent numerical simulations we argue
that the mass of the underlying topological quantum particle becomes infinite
when d⩾ 4.
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1. Introduction

Some quantum field theories allow for a nontrivial mapping between the ground state manifold
and the spatial boundary, and then for topological excitations (see e.g. [1]). These excitations
correspond to extended configurations of the fields entering the action, a feature which requires
nonperturbative methods for their characterization as quantum particles. It is well known that
these methods have been available in the case of space-time dimension d= 2, as illustrated by
sine-Gordon solitons: on one hand fermionizationmaps them onto the fundamental fields of the
massive Thirring model [2, 3], on the other integrability provides the exact soliton scattering
amplitudes [4].

In the last years it has been pointed out that the correspondence—through analytic continu-
ation to imaginary time—between relativistic and Euclidean field theories can be exploited
to gain insight into the case d> 2 [5, 6]. For this purpose one works in the spontaneously
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broken phase of the Euclidean theory, with boundary conditions enforcing the presence of a
topological defect, and with a finite size R in the imaginary time direction. Then the large R
asymptotics of one-point functions such as the order parameter are determined by the state
with a single topological particle, and can be obtained analytically [5]. In addition, compar-
ison between these analytical results and their determination in numerical simulations of the
corresponding spin system allows the measurement of basic parameters of the theory such
as the mass of the topological particle; this program was illustrated in [6] for the case of the
scalar O(2) theory in d= 3, which describes the universality class of the superfluid transition
(see [7]) and possesses quantum vortex excitations.

More recently, the program of [6] has been carried through in [8, 9] for the O(3) scalar
theory in d= 4. Intriguingly, the numerical simulations showed a scaling dependence on the
parameters—the finite size R and the deviation from criticality—markedly different from that
observed in [6]. In this paper we show that the theory of [5] accounts for both cases, with the
difference arising from the fact that the mass of the topological particle is finite in the three-
dimensional O(2) model and infinite in the four-dimensional O(3) model. We argue that this
is due to the passage from the nontrivial renormalization group fixed point of the first case to
the Gaussian fixed point of the second.

The paper is organized as follows. In the next section we recall the theoretical setting
before applying it to the order parameter in section 3 and to the energy density in section 4.
Fluctuations for the case of infinite mass of the topological particles are discussed in section 5,
while conclusive remarks are given in the last section.

2. General setting

We consider the universality class of O(n)-symmetric ferromagnets, whose simplest repres-
entative (see e.g. [10]) is the vector model defined by the reduced Hamiltonian

H=−1
T

∑
<i,j>

si · sj , (1)

where T is the temperature, si is a n-component unit vector located at site i of a regular lattice,
and the sum is performed over all pairs of nearest neighboring sites. Denoting by Tc the critical
temperature, we focus on the regime T< Tc in dimension

d= n+ 1⩾ 2 . (2)

Then the O(n) symmetry of the Hamiltonian is spontaneously broken, i.e. ⟨si⟩ ̸= 0, with ⟨· · · ⟩
denoting the average over spin configurations weighted by e−H.

Close to Tc, where the intrinsic length scale becomes much larger than lattice spacing, the
system is described by an O(n)-invariant Euclidean scalar field theory, which in turn is the
continuation to imaginary time of a quantum field theory in n space and one time dimensions.
Switching to notations of the continuum, we denote by (x,y) a point in Euclidean space, with
y the imaginary time and x= (x1, . . . ,xn), and by s(x,y) the order parameter field, namely the
continuous version of the lattice spin variable si. Then the Landau-Ginzburg field theory takes
the usual form specified by the action

A=

ˆ
ddx

{
[∂µs(x)]

2
+ g2 s2 (x)+ g4

[
s2 (x)

]2}
, (3)

with the O(n) critical point reachable tuning the couplings (see e.g. [10]).
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Figure 1. Geometry considered in the text (n= 2), where it is understood that L→∞.
The spins on the top and bottom surfaces are fixed to point radially outwards, so that a
topological defect line (one configuration is shown) runs between the central points of
these surfaces.

Since the ground state manifold and the space boundary both correspond to the sphere
Sn−1, the quantum theory possesses particle excitations associated with extended field con-
figurations, with different points on the space boundary mapped onto different ground states.
Such topological excitations are kinks in the 2D Ising model (n= 1), vortices in the 3D XY
model (n= 2), hedgehogs in the 4D Heisenberg model (n= 3), and so on. The propagation of
these particles in imaginary time generates topological defect lines for the Euclidean system.

We consider the system in the hypercylinder |x|⩽ L, |y|⩽ R/2, with L→∞ and R large
but finite. The boundary conditions are chosen in such a way that the spin field s(x,y)
points outwards in the radial direction x/|x| ≡ x̂ on the hypersurfaces |x|= L, |y|< R/2, and
0< |x|⩽ L, y=±R/2. This leads to the formation of a topological defect on each section
with constant y, with the defect center spanning as y varies a line (particle trajectory) running
between the endpoints at x= 0, y=±R/2. The system geometry and boundary conditions3

are illustrated in figure 1 for the case n= 2.
It was shown in [5] how the large R asymptotics of one-point functions can be analytic-

ally determined in the theory specified above. We now recall the main points of that analysis.
The boundary conditions at y=±R/2 act as boundary states |B(±R/2)⟩= e±

R
2H|B(0)⟩ of

the Euclidean time evolution, whereH denotes the Hamiltonian of the quantum system. These

3 As long as the topology is preserved and the L→∞ limit is considered, the system geometry does not need to be
cylindrical for comparison with our subsequent analytical results in the continuum limit; see [6] for a parallelepiped
realization which is equivalent for our purposes.
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boundary states can be expanded on the basis of asymptotic particle states of the quantum field
theory4, and will contain the topological particle τ as the contribution with minimal energy,
namely

|B(±R/2)⟩=
ˆ

dp
(2π)nEp

ap e
± R

2 Ep |τ (p)⟩+ · · · , (4)

where p is the n-component momentum of the particle, Ep =
√
p2 +m2

τ its energy, mτ its
mass, ap an amplitude, and we normalize the states by ⟨τ(p ′)|τ(p)⟩= (2π)nEp δ(p−p ′).
In the calculations performed with the boundary conditions we have chosen (which we will
indicate with a subscript B) the contribution in (4) with one topological particle determines
the asymptotics for mτR≫ 1. In the following, the symbol ∼ will indicate omission of terms
subleading in the large R limit. To begin with we have

ZB ≡ ⟨B(R/2) |B(−R/2)⟩= ⟨B(0) |e−RH|B(0)⟩

∼ |a0|2
ˆ

dp
(2π)nmτ

e
−
(
mτ+

p2

2mτ

)
R
=

|a0|2

mτ

( mτ

2πR

)n/2
e−mτR . (5)

Similarly, the expectation value of a scalar field Φ is given by5

⟨Φ(x,0)⟩B =
1
ZB

⟨B(R/2) |Φ(x,0) |B(−R/2)⟩

∼
(
2πR
mτ

)n/2ˆ dp1dp2
(2π)2nmτ

FΦ (p1|p2) e
− R

4mτ (p
2
1+p22)+ix·(p1−p2), (6)

where

FΦ (p1|p2) = ⟨τ (p1) |Φ(0,0) |τ (p2)⟩ , p1,p2 → 0 (7)

is the matrix element on the topological particle state, evaluated in the low-energy limit
enforced by the large R expansion. It decomposes as

FΦ (p1|p2) = FcΦ (p1|p2)+ (2π)nEp1δ (p1 −p2) ⟨Φ⟩ , (8)

where ⟨Φ⟩ is the bulk expectation value, and we see that only the connected part FcΦ contributes
to the x-dependence of (6). If FcΦ behaves for small momenta as momentum to the power
αΦ, rescaling of momentum components by

√
R shows that the x-dependent part of (6) is

suppressed at large R as

R−(n+αΦ)/2 . (9)

3. Order parameter

The order parameter ⟨s(x,0)⟩B is an odd function of x which interpolates between zero at
x= 0 and the asymptotic value

lim
|x|→∞

⟨s(x,0)⟩B ∼ v x̂ , (10)

where

v= |⟨s(x,y)⟩| (11)

4 We refer here to the bulk theory, namely the fully translation invariant theory. More generally, see e.g. [11] for the
basic formalism of quantum field theory.
5 We consider for simplicity y= 0, the extension to y generic being straightforward (see [6]).
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is the modulus of the bulk magnetization. This interpolation is not suppressed as R→∞ and
requires αs =−n, and it was seen in [5] that Fcs(p1|p2) is proportional to

p1 −p2
|p1 −p2|n+1

. (12)

Upon insertion in (6) this leads to [5]

⟨s(x,0)⟩B ∼ v
Γ
(
n+1
2

)
Γ
(
1+ n

2

) 1F1

(
1
2
,1+

n
2
;−z2

)
z x̂ , (13)

where 1F1(α,γ;z) is the confluent hypergeometric function, and

z≡
√

2mτ

R
|x| . (14)

For n= 1 the result (12) is the low energy limit of the matrix element known exactly [12]
from 2D Ising field theory, which is integrable (see [13] for a review). On the other hand, (13)
reduces to verf(z); this result, which describes the separation of phases in the 2D Ising model,
was obtained from the exact lattice solution in [14, 15] and from field theory in [16, 17] (see
[18, 19] for the relation with phase separation in d= 3).

For n= 2 the result (13) was successfully tested against Monte Carlo simulations of the
3D XY model in [6]. In particular, this allowed to numerically determine the mass mτ of
the vortex particle, which was the only unknown parameter involved in the simulations. This
finding is particularly relevant in view of Derrick’s theorem [20] (see also [1]), which prevents
the existence of finite energy topological configurations in theories of classical self-interacting
scalar fields in d> 2. The finite value ofmτ measured in [6] provided the first direct verification
that this obstruction does not in general persist at the quantum level. In particular, a result of
classical field theory such as Derrick’s theorem has no special reason to hold in presence of
the nontrivial fixed point of the renormalization group exhibited by the 3D XY model.

At the same time, the last observation suggests that something might change for n⩾ 3.
Indeed, d= 4 is the upper critical dimension dc of the theory (3), meaning that for d⩾ dc the
fixed point ruling the critical behavior is the Gaussian one, the role of fluctuations is suppressed
and the critical exponents take mean field values (see e.g. [10]). Derrick’s result might persist
in this case and it is relevant to see what the above analysis predicts for mτ →∞. In this case,
for any finite R, (14) yields z→∞ as long as x ̸= 0, and the result (13) for the order parameter
becomes

lim
mτ→∞

⟨s(x,0)⟩B ∼

 v x̂ , x ̸= 0 ,

0 , x= 0 .
(15)

It follows that, if the topological particle has an infinite mass, the order parameter becomes
R-independent in the large R limit we consider. The absence of an appreciable R-dependence
of the one-point functions is the key difference observed in the numerical simulations of [8, 9]
for n= 3 with respect to those of [6] for n= 2. We now see that this difference is explained by
the theory and indicates that the topological mass mτ is infinite for n= 3, i.e. for d= 4. The
same is then expected to hold more generally for d⩾ dc = 4, namely in presence of a Gaussian
critical point. Spontaneous symmetry breaking around a Gaussian point is taken into account
already at the classical level, and mτ =∞ means that Derrick’s result of classical field theory
persists in the mean field regime. It is worth stressing how mτ =∞ does not mean that the
topological particle is absent: the result (15) is entirely due to this particle. In other words,
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the infinitely massive particle does not contribute to fluctuations but provides the topological
charge required when the boundary conditions enforce the presence of a topological defect.

4. Energy density

It is interesting to extend the analyis to the energy density field ε∝ s2, which was also simu-
lated in [6, 8]. Recalling (9) and (14), the result of (6) for this field will take the form

⟨ε(x,0)⟩B ∼

[
fε (z)

(mτR)
(n+αε)/2

+ 1

]
⟨ε⟩ , (16)

where f ε depends on the specific form of the connected matrix element Fcε(p1|p2) for small
momenta. It follows from (6) and (8) that the |x|-dependent term in (16) is the contribution
to the energy density on the hyperplane y= 0 coming from the propagation of the topological
particle between the endpoints (x,y) = (0,±R/2) of its trajectories. Hence, the dimensionless
function fε(z) is proportional to the probability of finding the particle at a distance |x| from the
origin on that hyperplane, and monotonically decreases from fε(0) to fε(∞) = 0; the limit

lim
|x|→∞

⟨ε(x,0)⟩B ∼ ⟨ε⟩ , (17)

with ⟨ε⟩ the bulk energy density, is the expected one. The form (14) of the scaling variable z
shows that the widthW of the peak of (16) around x= 0 (figure 2) depends on the parameters
as

W∝
√
R/mτ ∝

√
(Tc−T)−ν R , (18)

where ν is the correlation length critical exponent. Hence, (16) becomes flat as R→∞,
and (17) requires αε >−n. The dependence (16) of the energy density for large R is known in
full detail for n= 1 [16, 17, 21], and has been confirmed numerically for n= 2 [6]. Passing to
the case n⩾ 3, we know by now that it requires the limit mτ →∞. Knowing that fε(∞) = 0
and αε >−n, (16) yields

lim
mτ→∞

⟨ε(x,0)⟩B ∼ ⟨ε⟩ . (19)

This result explains, in particular, why no appreciable R-dependence of the energy density was
observed in the simulations of [8] for n= 3.

5. Residual fluctuations

An additional element which complicated the interpretation of the numerical results of [8,
9] for n= 3 is that, in spite of the R-independence that we have now explained, the overall
qualitative x-dependence of the one-point functions was found to be quite analogous to that
observed in [6] for n= 2. In particular, ⟨s(x,0)⟩B was found to exhibit a smooth interpolation
between zero at x= 0 and v x̂ at |x|=∞, at variance with the step-like interpolation of (15).
The energy density ⟨ε(x,0)⟩B was observed to display a bell shape centered in x= 0 and
approaching the bulk value ⟨ε⟩ for |x| large enough.

These corrections to (15) and (19) should come from contributions not considered in the
previous discussion. In the Ising case (n= 1) it is known [16, 17] that the leading corrections
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Figure 2. Qualitative profiles at y= 0 for the modulus of the order parameter (left) and
the energy density (right) as a function of the distance from the center. The width W
(equation (18)) of the pre-asymptotic region is replaced by W̃ (equation (20)) when the
mass of the topological particle becomes infinite (n⩾ 3).

to (13) and (16) expand in powers of R−1/2 and are due to the subleading terms of the expan-
sion for small momenta associated to the state |τ⟩ itself6 in (6). For n⩾ 3, however, this type
of corrections are eliminated by the divergence of mτ , and we should consider the states con-
tributing to the dots in (4). These are of the type τ (which provides the required topological
charge) plus Goldstone bosons associated to the spontaneous breaking of the continuous sym-
metry. The analytical evaluation of the contribution of these states to the one-point functions
would require information about the matrix elements of the fields on these states, which is not
available. Remarkably, however, we now show that implications sufficient for our purposes
can be obtained from the following considerations. For n⩾ 3 the nonzero width W̃ of the pre-
asymptotic region in the profiles of figure 2—i.e. the deviation from the results (15) and (19) –
is due to the Goldstone fluctuations. Since mτ =∞ suppresses the R-dependence7, the width
W̃ can only depend on the temperature and scales in the way expected for a length,

W̃∝ (Tc−T)−ν
, (20)

where the critical exponent ν takes the mean field value 1/2 around the Gaussian fixed point
relevant for n⩾ 3. If one tries to explain the scaling observed in simulations performed for
n⩾ 3 through the formulae which apply to the case of mτ finite (n= 1,2), this means repro-
ducing the behavior (20) using (18), namely writing (Tc−T)−ν ∝

√
R/mτ . One is then led to

the formal identification mτ ∝ (Tc−T)2νR= (Tc−T)R. This is precisely what was observed
using (13) for the fits of [8, 9] at n= 3. We now see why the R-dependence of mτ obtained in
this way is artificial and, at the same time, how the data of [8, 9] confirm mτ =∞ and (20).

6. Conclusion

In this paper we considered d-dimensional statistical models in their spontaneously broken
phase, with boundary conditions enforcing the presence of a topological defect line. Within

6 See [21] for an accurate comparison between theoretical predictions and the results of numerical simulations.
7 It cannot be excluded that the cumulative effect of Goldstone bosons results in a residual, very weak—e.g.
logarithmic—R-dependence which was not detected within the numerical accuracy of the simulations in [8, 9]. For
the purpose of explaining the data of [8, 9], this possibility can be consistently ignored.

7



J. Phys. A: Math. Theor. 57 (2024) 085003 G Delfino and M Sorba

the correspondence with quantum field theory in d− 1 spatial dimensions, the defect line cor-
responds to the trajectory of a topological particle propagating for a large but finite imaginary
time R. To be specific we referred to the case of the O(n) vector model in d= n+ 1 dimen-
sions, for which the presence of quantum topological excitations follows from the fact that
the ground state manifold and the spatial boundary both correspond to the hypersphere Sn−1.
Recent Monte Carlo simulations for the cases n= 2 [6] and n= 3 [8, 9] showed different scal-
ing dependence of one-point functions (e.g. the order parameter) on the parameters of the
theory, namely the finite size R and the deviation from critical temperature. We showed in this
paper that the theory of [5] accounts for both cases, the difference being produced by a mass
mτ of the topological particle which is finite for n= 2 and infinite for n= 3. We argued that
this is due to the fact that d= 4 is the upper critical dimension of the O(n) model. For d⩾ 4
the critical behavior is controlled by the Gaussian fixed point, namely the fixed point expli-
citly present in the Landau-Ginzburg action (3). This action belongs to the class covered by
Derrick’s theorem [1, 20] of classical field theory, which states that static solutions in self-
interacting scalar theories in d> 2 have infinite energy. The Monte Carlo data of [8, 9] and
their theoretical interpretation of the present paper indicate that Derrick’s result gets through
to the mean field regime d⩾ 4, in the sense that topological particles have infinite mass. For
d< 4, instead, the critical behavior is controlled by a nontrivial fixed point, for which argu-
ments of classical field theory have no reason to remain quantitatively reliable. In particular,
the R-dependence of one-point functions observed numerically in [6] for n= 2 showed that
the quantum vortex has a finite mass which was estimated from the comparison between the-
ory and Monte Carlo data. It is worth recalling that this is a particularly relevant result in
view of the long debate concerning the definition of a mass of vortices in superfluids (see [6]
and references therein), a debate in which the transposition of considerations of classical field
theory (Derrick’s theorem) to the quantum case plays a substantial role. The analysis of our
present paper gives concrete evidence that such a transposition is possible only in the mean
field regime d⩾ dc. It is remarkable that this insight could be obtained comparing consider-
ations of quantum field theory with numerical simulations performed in the Euclidean case,
thus providing a very fruitful operative illustration of the interplay between real and imaginary
time. In perspective, it would be very interesting to numerically test our predictions in theO(n)
model for n> 3, as well as for other symmetries.
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