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Abstract
We consider the Vlasov—Poisson system both in the repulsive (electrostatic
potential) and in the attractive (gravitational potential) cases. Our first main
theorem yields the analog for the Vlasov—Poisson system of Yudovich’s celeb-
rated well-posedness theorem for the Euler equations: we prove the uniqueness
and the quantitative stability of Lagrangian solutions f = f{#,x,v) whose asso-
ciated spatial density pr= ps(t,x) is potentially unbounded but belongs to
suitable uniformly-localised Yudovich spaces. This requirement imposes a
condition of slow growth on the function p — ||pf(t,-)||» uniformly in time.
Previous works by Loeper, Miot and Holding—Miot have addressed the cases
of bounded spatial density, i.e. ||ps(z,-)||z» S 1, and spatial density such that
lps(t, )||1» ~ '/ for a € [1,+00). Our approach is Lagrangian and relies
on an explicit estimate of the modulus of continuity of the electric field and
on a second-order Osgood lemma. It also allows for iterated-logarithmic per-
turbations of the linear growth condition. In our second main theorem, we
complement the aforementioned result by constructing solutions whose spatial
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density sharply satisfies such iterated-logarithmic growth. Our approach relies
on real-variable techniques and extends the strategy developed for the Euler
equations by the first and fourth-named authors. It also allows for the treatment
of more general equations that share the same structure as the Vlasov—Poisson
system. Notably, the uniqueness result and the stability estimates hold for both
the classical and the relativistic Vlasov—Poisson systems.

Keywords: Vlasov—Poisson equations, Yudovich spaces, Osgood condition,
Lagrangian stability, Cauchy problem

Mathematics subject classification: Primary 35Q83, Secondary 82D10,
34A12

1. Introduction

1.1 Framework

For some fixed T € (0, +00), we consider the Viasov—Poisson system

Of +v-Vif +E;-V,f =0 in (0,7) x R*

Bt =n [ Kle=3) pren)dy i (0.1) xR
Re (1.1)
pr(t,x) :/ f(t,x,v) dv in (0,7) x RY,
R

f(0,x,v) = fo (x,v) in R*,

where fy € L'(R*) is the initial datum, fe L>([0,7];L'(R*)) is the unknown, ps€
L>°([0,T]; L' (R?)) is the spatial density associated with f, k € {—1,+1} and K: R? — R? is
the Riesz kernel, given by

K(x):ﬁ, xeRI\ {0}. (1.2)
In particular, the vector field Ey € L>°([0,7]; L} (R4 R?)) is well defined. For d =3, the
Vlasov—Poisson system (1.1) describes the time evolution of the density f of plasma consisting
of charged particles with long-range interaction; e.g. a repulsive Coulomb potential for k =1
or an attracting gravitational potential for k = —1.

The Vlasov—Poisson system (1.1) has been extensively investigated. Existence and unique-
ness of classical solutions of the system (1.1) under some regularity assumptions on the initial
data go back to Iordanski [16] for d =1 and to Okabe—Ukai [30] for d = 2. In any dimension,
global existence of weak solutions with finite energy

sup / [v[2f (2, x,v) dxdv + E/ |Ef(2,x) |* dx < 400
r€[0,7] J R2 2 Jpa
is due to Arsen’ev [2]. For d =3, global existence and uniqueness have been addressed by
Bardos—Degond [3] for classical solutions with small initial data, and then by Pfaffelmoser [25]
and Lions—Perthame [19] using different methods. The main idea of [25] is to exploit
Lagrangian techniques to prove global existence and uniqueness of classical solutions with
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compactly supported initial data. The approach of [19], instead, relies on an Eulerian point
of view, yielding existence of global weak solutions with finite velocity moments. More pre-
cisely, for d =3, if f € L' (RY) N L°°(IR9) is such that

/ [v|"fo (x,v) dxdv < 400  for some m > 3, (1.3)
R
then there exists a corresponding weak solution f € L> ([0, +00); L' (R??)) such that

sup / [v|"'f(t,x,v) dxdv < +00 forany T > 0.
t€[0,7] J R¥
For further developments concerning the propagation of moments and global existence of weak
solutions of the Vlasov—Poisson system (1.1), we refer the reader to [5, 7, 9, 23, 24, 27].
Sufficient conditions for uniqueness of weak solutions of the Vlasov—Poisson system (1.1)
have been first obtained in [19], provided that (1.3) holds with m > 6 and a technical assump-
tion on the support of the initial data is satisfied. A simpler criterion has been then proposed
by Robert [26] for compactly supported weak solutions, and later extended by Loeper [20] to
measure-valued solutions f with spatial density such that

pr€ L= ([0,7];L> (RY)). (1.4)
Recently, Miot [22] generalised the uniqueness criterion of [19] to measure-valued solutions f
with spatial density such that, for some 7 > 0,

t. -
sup supM < +00. (1.5)

1€[0,7] p=1 p
The uniqueness condition (1.5) is satisfied by some non-trivial weak solutions with initial data
having unbounded macroscopic density, see theorems 1.2 and 1.3 in [22]. Later, Holding—
Miot [13] provided a uniqueness criterion interpolating between the conditions (1.4) and (1.5)
by considering measure-valued solutions f with spatial density such that, for some 7 > 0 and
a € [1,4+00),

o (2,) llor

1 < +o00. (1.6)
pl/e

sup sup

1€[0,T] p>«

The case =1 corresponds to (1.5), while the limiting case o = +o00 corresponds to (1.4).

Condition (1.6) implies that py belongs to an exponential Orlicz space, see section 1.1.1 [13].

Conditions (1.5) and (1.6) allow to consider initial data with compact support in velocity as

well as Maxwell-Boltzmann distributions with exponential decay as |v| — +o00, see the com-
ments theorem 1.2 in [22] and propositon 1.14 in [13].

1.2. Yudovich spaces and modulus of continuity

The main aim of the present paper is to establish existence and stability properties of weak
solutions of the Vlasov—Poisson system (1.1), extending the results obtained in [13, 20, 22]
to measure-valued solutions with spatial density belonging to uniformly-localised Yudovich
spaces. Our main result yields the analog for the Vlasov—Poisson system (1.1) of Yudovich’s
celebrated well-posedness theorem [32] for Euler’s equations.

We consider solutions f of the system (1.1) whose spatial density py satisfies

t7' p
s sup 122

< 400 (1.7)
te[0,7] p=1 S} (P)
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for some fixed increasing function ©: [0,+00) — (0,+00), called growth function. Note

that (1.4) corresponds to © constant, (1.5) to ©(p) = p and (1.6) to O(p) :pi. Also notice
that the behavior of ©(p) as p — 400 only matters. We call such densities admissible for the
system (1.1), and we let

A® ([0,7]) = {fe L= ([0,7];L" (R*)) : pre L= ([0,7]; Y (RY))}.  (1.8)

Here and in the following, we let

1A llez
ye = sup 4 < 400 (1.9)
o pE[l,+0) @(p)

YaRY)=9fe (] LuR):|l]

PE[l,+00)

be the uniformly-localised Yudovich space, where, for p € [1,+00),

Lﬁl (Rd) = {fG Lfoc (Rd) : “f”LZl = Suﬂgin (B (x)) < +OO}’
xe

is the uniformly-localised I? space on RY. We also define the Yudovich space Y© (R¢) asin (1.9)
by dropping the subscript ‘ul’ everywhere. These spaces were first introduced by Yudovich [32]
to provide uniqueness of unbounded weak solutions of incompressible inviscid 2-dimensional
Euler’s equations. We also refer to the recent works [4, 6, 28, 29].

Following [13, 20, 22], our starting point is the relation between the L7 growth condi-
tion (1.7) and the continuity of the vector field Ef, see Lemma 1.1 below. Our result encodes
the log-Lipschitz regularity obtained in Lemma 3.1 in [20] following from (1.4), as well as its
more general version proved in Lemma 2.1 in [13] concerning (1.5) and (1.6). As for Euler’s
equations [6], the main novelty here is that, once the spatial density py satisfies (1.7), then we
can explicitly express the (generalised) modulus of continuity of Er depending on the chosen
growth function ©, namely, pg: [0,+00) — [0,+00) defined as

0 for r =0,
wo(r) =< r|logr|©(|logr|) forr € (0,e=471), (1.10)
e "1 (d+1)0(d+1) forre e 9! +o0)

(the choice of the constant e~ ! is irrelevant and is made for convenience only, see below).

With a slight abuse of notation, we set

pe (Td.pd) _ 0o (pd.RdY . [E(x) —E(y)]| 00
c, (R,R)_{EGL (R,R).iig v }

Lemma 1.1 (Modulus of continuity). Iff< A®([0,T]), then
EreL™ ([o, 1);C0%e (Rd;Rd)) .

The proof of Lemma 1.1 revisits a classical strategy for proving Morrey’s estimates for
Riesz-type potential operators, see Chapter 8 of [21] and Lemma 2.2 in [22] (for strictly
related results see theorems A and B in [8]). Here we adopt the elementary approach pro-
posed in section 2 of [6], generalizing the computations done in the 2-dimensional case to any
dimension.
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1.3. Weak solutions and transport equation

A simple but quite crucial byproduct of Lemma 1.1 is that fEy € L>°([0,7]; L' (R*);R?))
whenever f € A®([0,7]). This allows us to define weak solutions of the system (1.1) among
admissible densities, as follows.

Definition 1.2 (Admissible weak solution). We say that f € A® ([0, 7)) is an admissible weak
solution of the system (1.1) starting from the initial datum f; € L! (R??) if

T
/ / (O +v- Vo +Ef- V1)) fdxdvdr = —/ ¥(0,-) fodxdv
0 R2d R2d

for any ¢ € C°([0,T) x R*).

Due to the structure of the system (1.1), one is tempted to look for weak solutions f &
A®([0,T]) transported along the flow of the vector field by: [0,7] x R — R,

by(t,x,v) = (v,Ef(t,x)) fort€ [0,7], x,v € R% (1.11)
The Cauchy problem corresponding to the vector field by in (1.11) is in fact a second-order
ODE that can be rewritten in the form
X=V, fort € (0,T),
V=E(,X), fort € (0,7), (1.12)
X(0)=x, V(0)=v,
where 7+ (X(f), V(1)) is any flow line starting from the initial datum (x,v) € R, Since the

modulus of continuity of by in (1.11) uniquely depends on ¢g in (1.10), which, in turn, only
depends on the choice of ©, here and in the rest of the paper we make the following

Assumption 1.3 The growth function © is such that pg is continuous on [0,400).

Consequently, given a weak solution f € A®([0,7]), in virtue of Lemma 1.1 and Peano’s
Theorem, the Cauchy problem (1.12) is well posed and admits a (classical) globally-defined,
possibly non-unique, flow I's: [0,7] x R* — R

Definition 1.4 (Admissible Lagrangian weak solution). We say that f€ A®([0,7]) is an
admissible Lagrangian weak solution of the system (1.1) starting from the initial datum
fo € LY(R?) if f is as in definition 1.2 and, moreover,

f(t,-) = Tf(t,-)) yfo forallz=0, (1.13)
where I'ris any flow solving the Cauchy problem (1.12).

A natural way to ensure the well-posedness of the ODE in (1.12) is to impose the Osgood
condition on the modulus of (spatial) continuity of by in (1.11). However, due to the special
second-order structure of (1.12), such condition can be considerably relaxed.

Theorem 1.5 (ODE well-posedness). Under assumption 1.3, problem (1.12) admits a
globally-defined classical solution. Moreover, if Pg: [0,4+00) — [0, +00), given by

b (r) = /rga(_) (s)ds forallr >0, (1.14)
0

satisfies
dr

o /Do ()

oo, (1.15)
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then the solution of problem (2.8) is unique and the induced flow is a measure-preserving
homeomorphism on R*? at each time.

Assumption (1.15) imposes the Osgood condition on v/®g and can be seen as a second-
order-type Osgood condition on ¢g. Indeed, taking d =1, X(0) = V(0) =0 and Ef(t,x) =
o (x) in (1.12) for simplicity, we observe that

d X*
dr 2
so that, by integrating and changing variables, we get

= o (X)X forre (0,7),

X2 (1) zz/ot% (X(s)) X (s) ds = 2®g (X(r)) forallze (0,7). (1.16)

Hence uniqueness of solutions of the ODE (1.12) should follow as soon as

dr
/ vV fb@ 0+ vV Po (1)

leading to (1.15). Note that (1.16) involves the (square of the) velocity V = X of the trajectory,
besides its position X, since in fact X solves a second-order ODE, namely, X = Ef(t,X). This
explains why (1.15) should be seen as a second-order Osgood condition on the modulus of
continuity of the vector field E.

= —’—QQ’

14. Lagrangian stability

Our first main result exploits the ODE well-posedness in theorem 1.5 to provide stability of
admissible Lagrangian weak solutions of the Vlasov—Poisson system (1.1), see theorem 1.6
below, generalizing theorem 1.1 in [22] and theorem 1.9 in [13].

Due to the physical meaning of the problem (1.1) when d =3, we restrict our attention
to non-negative densities f > 0 and, up to (non-linearly) rescaling all estimates, we shall work
with probability densities. More precisely, we operate within the space of probability measures
with finite 1-moment on R,

2, (RY) = {M e 2 (RY) /R Ipldu(p) < —I—oo}.

Such space can be naturally endowed with the /-Wasserstein distance, given by

A (ul,m):inf{/ p—q|dﬂ'(p,q):7r6F’Ian(u],,uz)} (1.17)
R2 xR2d
for pu1, gy € 21 (R*?). Here
Plan (i1, p12) = {71' € P (R xR¥) : (p,)um = piy i = 172}

denotes the set of plans (or couplings) between iy and fip, where p;: R* x R* — R*
is the projection on the ith component. As well-known [1], there exist optimal plans 7 €
Plan(gy, u2); i.e., plans attaining the infimum in (1.17). Moreover, the resulting 1-Wasserstein
space (2 (R*'), W) is a complete and separable metric space.

Theorem 1.6 (Lagrangian stability). Assume that pg is concave on [0,+00) and Pg satis-
fies (1.15). There is Qo 7: [0,+00) — [0,+00) continuous, with Qg 1(0) = 0, satisfying the
following property. Let i = 1,2 and let f; € A®([0,T]) be a Lagrangian weak solution of the

6
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Viasov—Poisson system (1.1) starting from the initial datum f € L' (R, If wh =fo % 2 ¢
P (RM), then also j;(t,-) = fi(t,) L* € 21(R*) for all t € [0,T) and

sup Wi (1 (t,-), 2 (1)) < Qo (Wi (10, 145) ) -
1€[0,7]

In particular, if f§ = f3, then also fi(t,-) = fa(t,-) for all t € [0, ).

The function 2g 7 appearing in theorem 1.6 can be actually made more explicit and, basic-
ally, it depends on the inverse of the function ¥g 5.: [0,4+00) — [0,400),

g ds
Ugs.(t)= | ——— forallt>0,
©,4,¢ (t) /0 5+ \/W@(S) orall7>0
for suitably chosen parameters §,c > 0.

The proof of theorem 1.6 follows the elementary strategy introduced in [6] for the
well-posedness of two-dimensional Euler’s equations (we also refer to recent applications
of this method to transport—Stokes equations [14] and to systems of non-local continuity
equations [15]). Basically, to control the distance between two Lagrangian weak solutions
of the system (1.1) in .A®([0,T]), in view of (1.13), we just need to control the time evolution
of the distance between the initial data along the flows of the corresponding Cauchy prob-
lem (1.12) via a Gronwall-type argument, exploiting both the stability of trajectories solving
the associated ODE (1.12) given by theorem 1.5 and the modulus of continuity of the vector
field provided by Lemma 1.1.

Actually, our approach is more general and in fact provides stability of admissible
Lagrangian weak solutions for a large family of system like (1.1). More precisely, we can
deal with generalised Viasov—Poisson equations of the form

Of +F-Vif +Er-V,f =0 in (0,7) x R,

Ey(1,x) :/ K(x,y) pr(t,y)dy forte[0,7], x€ R,
R4 (1.18)

pr(t,x) = [ f(t,x,v)dv fort€[0,7], x € RY,
Rd

10,)) =fo on R*,
where F € L>([0,T]; C(R**;R?)) satisfies

ess sup |[F (t,x,v) — F (t,y,w)| < L[|x —y| +|v—w|] forall x,y,v,w € R
t€[0,7]

for some L > 0, and K: R?? — R? is any sufficiently well-behaved antisymmetric kernel.
The choice F(t,x,v) = ——~— for t € [0,7] and x,v € R? in (1.18) corresponds to the

VIHIVE

relativistic Vlasov—Poisson equations. The well-posedness theory in the relativistic frame-
work is less understood. For d =3 and only in the attractive case, global existence of solu-
tions has been established in [10-12, 17, 31] for radially symmetric initial data. For both the
attractive and the repulsive case, well-posedness—global for d =2 and only local for d =3—
and propagation of regularity for general initial data have been recently obtained in [18] via
propagation of velocity moments.

1.5. Existence of Lagrangian solutions

Our second main result provides existence of admissible Lagrangian weak solutions of the
Vlasov—Poisson system (1.1), generalizing the constructions in theorems 1.2 and 1.3 in [22]

and proposition 1.14 in [13].
7
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Theorem 1.7 (Existence). Letd =2,3. Let 0 € YO (RY) be such that
0£0, 0>0 and / (1V |x]) 0 (x) dx < +o0. (1.19)
R4

There exists a Lagrangian weak solution f € A®([0,T]) of the Vlasov—Poisson system (1.1),
starting from the initial datum

1y (W2 —000)7)

cR?
B, foreveRs

fO(-x7 V) =

such that f(t,-) £ € 21 (R*) for all t € [0,T] and
CllOllw < llprllesqo.mury < Crllfllr - forall p € [1,+00),
for some constants C,Cr > 0, where Cr depends on T.
The construction behind theorem 1.7 builds upon the proofs of theorems 1.2 and 1.3 in [22]
and essentially applies the existence result proved in theorem 1 in [19] to a suitable initial
datum depending on the chosen function # € Y© (R?).

Note that any (non-zero) non-negative bounded and compactly supported function satis-
fies (1.19). Hence theorem 1.7 becomes truly interesting if 6 also satisfies

16l

p>10(p)

that is, the L norm of 6 grows as fast as ©. In view of theorem 1.6, we may restrict our attention

only to growth functions © for which (g is concave and condition (1.15) is met. This is in

fact the case for a countable family of growth functions of iterated-logarithmic type defined as
follows. For each m € N, we let ©,,: [0,4+00) — [0,+00) be given by

{ pllog, (p)|*[log, (p)|*---|log,, (p)|* forp > exp, (1),
m pu—

O, (exp,, (1)) for p € [0,exp,, (1)],

where expy(1) = 1 and exp,,, (1) = ¢®*P»()) recursively, and

>0, (1.20)

id form=0
log,, = § loglog---log|log| form > 1. (1.2D)
—_———

(m—1) times

Proposition 1.8 (Saturation of ©,,). For each m € Ny, pe,, is concave, ®g,, satisfies (1.15)
and there is 6,, € YO (R?) with compact support satisfying (1.19) and (1.20).

Theorem 1.7 and proposition 1.8 yield that the class of admissible Lagrangian weak solu-
tions considered in theorem 1.6 is non-empty for d € {2,3} and © = ©,, for some m € Ny.
When m = 0, our results embed the example given in the proof of theorem 1.3 in [22]. Actually,
the functions 6,, in proposition 1.8 are modelled on a well-known example due to Yudovich
(see equation (3.7) in [32], Remark 1(i) in [28] and the discussion around equation (1.12) in
[6]) concerning 2-dimensional Euler equations in vorticity form.

1.6. Organisation of the paper

In section 2 we provide an abstract approach to achieve the well-posedness of the Cauchy
problem (1.12) and the stability of admissible Lagrangian weak solutions of the system (1.1),

8
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considering the generalised Vlasov—Poisson equation (1.18). We refer the reader to theorems
2.2 and 2.8, respectively. In section 3, we detail the proofs of the results presented above.

2. Lagrangian stability for a generalised Vlasov-Poisson system

In this section, we provide an abstract approach to obtain stability properties for Lagrangian
solutions of (a generalised version of) the Vlasov—Poisson system (1.1). Our stability result
is stated in theorem 2.8 and exploits the well-posedness of the corresponding second-order
Cauchy problem provided by theorem 2.2.

2.1. Notation
Throughout this section, we consider

¢ € C([0,4+00);]0,400)), with o(z) > 0 for 7> 0. (2.1)
We also let : [0, +00) — [0,+00) be given by

B (1) = / o(s)ds forall 0. 22)
0

Note that ® is a non-negative and non-decreasing C! function. For certain results we will also
assume that ® satisfies the additional condition

dr
= : 2.3
/. o = oo @3)

i.e. the function v/® satisfies the Osgood condition. Clearly, condition (2.3) implies that
©(0) = 0. Given §,¢ > 0, we also define the function ¥ : [0,400) — [0,+00) by letting

t
d
Uy (1) = / % forallr>0.
0

0+ +/2c®(s)

To keep the notation short, we set W5 = Us ;. Note that s . is a non-negative and strictly
increasing C! function with bounded derivative. In particular, ¥ . is invertible, with continu-
ous and strictly-increasing inverse. Note that, if (2.3) is assumed, then

lim s, (f)=+oco and lim U;!(1)=0 forallzc>0.
§—0+ 6—0+ ’

2.2. Second-order Grénwall’s inequality

We begin with the following result, which may be considered as a Gronwall-type lemma for a
second-order differential inequality.

Lemma 2.1 (Grénwall). Let u € W»>°([0,T]) be such that u,u’ > 0. If

u'" <cu'+o(u) ae in|0,7T] (2.4)
for some ¢ >0 and u’ (0) < 6 for some § > 0, then

W () < e (54 V20 () and wlt) < Wy (W (u(0))+ e~ 1)
forallt€[0,T].
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Proof. Multiplying (2.4) by u’ > 0, we get

% {(u')z} < 2c(u’)2+2g0 (u)u' ae.in [0,T].

Integrating and changing variables, we can estimate

(u (1))” < (' (0))* +2® (u (1)) — 2@ (u(0)) +2¢ /0 (u’ (5)) ds

<6429 (u(r)) +2c/0l (u' (5))" ds

for all ¢ € [0,7]. Since # — ®(u(r)) is non-decreasing, by Gronwall’s inequality we get
(' (1))* < (8% +2® (u(r))) forallre [0,T],

so that

' (1)

————— < forallt€[0,7].
8+ /29 (u(r))

Integrating the above inequality, we conclude that
Us(u(t)) — Vs (u(0)) <e”—1 forallte]0,7],

from which the conclusion follows immediately. O

2.3. Second-order Cauchy problem
We let b: [0,7] x R* — R be given by

b(t,x,v) = (F(t,x,v),E(t,x)) forte[0,T], x,v € RY, (2.5)
where E € L>([0,T]; C»(R4;RY)) satisfies

ess sup|E (t,x) — E(t,y)]| < @(Jx—y|) forallx,y € RY, (2.6)
t€[0,7]

with ¢ as in (2.1), and F € L>=([0, T]; C(R?*};R)) satisfies

ess sup|F (t,x,v) — F (t,y,w)| < L[Jx —y| + |v—w|] forall x,y,v,w € R%, (2.7)
1€[0,7]

for some fixed L € [0, +00). For any given x,v € R?, we consider the Cauchy problem

{ Aew =b(t, %), forte (0,7),

2.8
2(0) = (x.1). @9
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Note that (2.8) is in fact a second-order Cauchy problem and can be rewritten as

X=F(t,X,V), fort e (0,7),
V=E(X), fort € (0,7), (2.9)
X(0)=x, V(0)=v,

denoting 7., (t) = (X(¢,x,v), V(t,x,v)) for t € [0,T], x,v € RY.

Theorem 2.2 (ODE well-posedness). Problem (2.8) admits a globally-defined classical solu-
tion 7y, € Wh>° ([0, T); R??) for all x,v € RY. Moreover, if ® in (2.2) satisfies condition (2.3),
then the solution of (2.8) is unique for all x,v € R%. Finally, letting

[: [0,7] x R* - R¥ T(t,x,v) =7, (t), fort€|0,T] andx,v € R,
be the associated flow map, if div,F = 0, then T'(t,-) is a measure-preserving homeomorphism
on R¥ forall t € 0,T).

Since b € L*°([0, T]; C(R?¢;R*?)) has at most linear growth, the first part of theorem 2.2
concerning the global existence of at least one solution of (2.8) follows by standard ODE theory
(namely, by Peano’s Theorem and Gronwall’s inequality). The validity of the second part of
theorem 2.2 concerning the uniqueness of the solution of (2.8) and the measure-preserving
property of the associated flow map follows from the following result.

Proposition 2.3 (ODE stability). Ler i = 1,2, let b; = (F;,E;) be as in (2.5), with E; €
L>([0,T); C,(RY;RY)) satisfying (2.6) and F; € L= ([0, T]; C(R*;RY)) satisfying (2.7), and
let v; = (X;, Vi) € Who([0,T);R?) be a solution of (2.8) with initial condition (x;,v;) € R*.
I

Llxi —x2| + L|vi = va| + L||[E1 — Ea||ro (c) + |F1 — Fal|poo(c) <0
for some § >0, then

1 =l < v =val + [|Er = Ealoe + W5 (Vs 1 (|11 = xa]) + €T — 1)
+Tp (‘I’E,i (W (Jx1 —x2]) + € = 1)) :

Proof. In the following, we drop the spatial variables to keep the notation short. In virtue
of (2.7) and (2.9), we can estimate

X1 (6) — X2 (2)

v —xal + /O Iy (X1 (5), Vi (5)) — Fa (5,Xa (s), Va (5)) | ds
< |xp — a2 +/0 [Fy (5,X1(5), V1(s)) = F1 (5,X2(s5),Va(s))|ds
T /O Iy (5.2 (5), Va ) — Fa (.Xa (s), Va ) | ds

t

t
S\X1*X2\+L/ 26 (S)*Xz(S)IdHL/ [Vi(s) = Va(s)|ds +1][Fy = Fal| e~
0 0

(2.10)

1
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for all ¢ € [0, 7]. Because of (2.6) and again of (2.9), we can also estimate
Vi(s) = Va(s)| < [vi — 2 +/ |E1 (r, X1 (1)) — E2 (r, X2 (r)) | dr
0

<p-vl+ | B (r. X0 () — Ex (X () | dr

| 0 .11

+ / IE) (r Xy (1) — Ex (r.Xa ()| dr
0

Ay

< i —val + |Ex — Ealli + / o (X1 (1) — X (7)) dr
0

for all s € [0, 7]. Therefore, we obtain that

X1 (1) = X2 (1) | < |1 — xa| +¢[L|vy —va| + L||Ey — Ea||r + || F1 — Fal|re<]

¢ Lops 2.12
+L/0 |X1(s)—X2(s)|ds+L/0/Ogp(|X1(r)—X2(r)|)drds 12

for all ¢ € [0, 7). Letting u € W2>°(]0, 7)) be the function in the right-hand side of (2.12), we
observe that u > 0, u(0) = |x; — x2/,

u' (1) = Llvy = va| + L||E| — Ez||r + ||F1 = Fallz + LX) (1) = X2 (1) |

' 2.13
w1 [ o) %)) s @19

for all ¢ € [0,7] and so, in particular,
u’ (0) = Ljx; —xa| + L|vi = vo| + L||E; — Ex|| 1 + ||F1 — F2 ||z < 6.
We also observe that
u (1) SLX (1) =X (6) | + Lo (|1X1 (1) = X5 (1)) forae.t€[0,7]. (2.14)

We now estimate the right-hand side of (2.14) in terms of u. Exploiting (2.7), (2.9) and the
estimate in (2.11), we have

X1 (1) = X2 (0)| = [F1 (6,X1 (1), Vi (1)) = Fa (1, X2 (1), V2 (1)) |
SFL (1) = F2 (1) |lzee + LIX1 (1) = X2 () [+ LIVL (1) = Va2 (1) |
< HF1 7F2||Loo +L‘X1 (t) —X5 (t) I +L|V1 7V2|

LB - Bl L [ (006 - 6) s
=u’ (1)
for all r € [0, 7] in virtue of (2.13). We thus get that u satisfies
u'' <Lu'+Lp(u) ae.in[0,7],
asin (2.4) in Lemma 2.1, from which we immediately get that

‘Xl (l‘) - X5 ([)‘ < \115_711‘ (\1157L(|X1 —)C2|) —|—€Lt— 1)
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for all ¢ € [0, 7]. Consequently, by (2.11), we also find that
Vi () = Va () | < v = val + By = Ealli + 10 (W51 (Vs (b = xal) + €7 = 1) )
for all ¢ € [0, 7], from which the conclusion immediately follows. O

From proposition 2.3, we plainly deduce the following approximation result.

Corollary 2.4 (ODE convergence). Let n €N, let b= (F,E),b, = (F,,E,) be as in (2.5),
with E,E, € L*=([0,T]; C,(R4;RY)) satisfying (2.6) and F, F,, € L>([0,T]; C(R**; R%)) satisfy-
ing (2.7), and let y, = (X, V) € W°([0,T]; R??) be a solution of (2.8) with initial condition
(x,v) € R¥, If ® in (2.2) satisfies (2.3) and

lim ||b, —b||L~ =0, (2.15)
n—-+o00

then (y,)nen is a Cauchy sequence in C([0,T] x R*?), and each of its limit points v = (X, V)
is a solution of (2.8) relative to b = (F, E) with initial condition (x, v).

Proof. By proposition 2.3, we immediately infer that

H’Ym - ’ynHL“’ < 5171,11 + \Ilg”iml‘ (eLT_ 1) + T(p (\Ifé_ml’”,L (eLT— ])) .
for all m,n € N, where
6’"’” = ||Em _En||L°° + HFm _Fn”LOo + % + %

Since 8, , — 0 as m,n — +00, by (2.3) we infer that \IJ(;_Wln (e —1) =0T asm,n — +o0,
easily yielding the conclusion. ’ O

We are now ready to prove theorem 2.2.

Proof of theorem 2.2. We just need to deal with the second part of the statement concerning
the uniqueness of the solution of (2.8) and the measure-preserving property of the associated
flow map. The uniqueness part is an immediate consequence of proposition 2.3. Indeed, if v,
and 7, are two solutions of (2.8) relative to b starting from the same initial datum (x, v), with
x,v € R", then proposition 2.3 implies that

Ion =l < W3 (7= 1)+ T (5 (7 - 1)

for all § > 0. Since \IJ(;i(eLT —1) = 0" as § — 0", we get 7, = ;. The measure-preserving
property of the associated flow map, instead, follows from an approximation argument and
corollary 2.4. We leave the simple details to the reader. 0
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2.4. Generalised Vlasov-Poisson system

From now on, we fix a measurable function K: R?*? — R4, that we call kernel, which is
assumed to be antisymmetric, i.e. K(y,x) = —K(x,y) for a.e. x,y € R%. We thus consider the
associated Vlasov—Poisson-type system

Of +F-Vof +Er-V,f =0 in (0,7) x R,

Ef(t,x) = / K(x,y) pr(t;y)dy fort€0,7], x € R?,
Rd (2.16)

pr(t,x) = / ft,x,v) dv fort€[0,7], x € RY,
RY
£00,) =/

where the unknown density is f € L>°([0, 7]; L' (R??)) and the initial datum is fy € L' (R?*¢). The
function F € L>°([0,T]; C(R?*?;R?)) in the first line of (2.16) always satisfies (2.7), and may
be additionally assumed to satisfy div,F = 0. If F(¢,x,v) = v, then (2.16) reduces to the clas-
sical Vlasov—Poisson system, while, if F(#,x,v) = —== then (2.16) becomes the relativistic

VIR

on R*,

Vlasov—Poisson system.

Definition 2.5 (Weak ¢@-solution). We say that f € L ([0, T]; L' (R?9)) is a weak -solution
of (2.16) with initial datum fy € L' (R*) if

(t,x) / K (x,2) ||pr(t,2) |dz € L= ([0,T] x RY), (2.17)
]Rd
esssup [ [K(x,2) = K(y,2)||pr(1,2) [dz < (e —y|) forallx,y e R (2.18)
t€[0,7] JR4
and

T
// (8,¢+F—wa+Ef-Vv1/1)fdxdvdt:—/ ©(0,) fydxdv  (2.19)
0 JR™ R2d

for all ¢ € C°([0,T) x R*?), where Ef, py are as in (2.16).

Note that, if f is a weak -solution of (2.16) as in definition 2.5, then (2.17) and (2.18)
lead to E; € L*°([0,T]; C,(R%RY)) satisfying (2.6). In particular, the equation (2.19) is well
defined, since fEf € L>°([0, T}; L' (R?;RY)) thanks to (2.17).

Definition 2.6 (Lagrangian weak @-solution). We say that f € L°([0,7]; L' (R*?)) is a
Lagrangian weak p-solution of (2.16) with initial datum fy € L' (R??) if f is a weak ¢-solution
of (2.16) as in definition 2.5 and, moreover,

f(t,) =T (t,")pfo forallze0,T], (2.20)
where T is any flow map associated to the Cauchy problem (2.8) with b = (F,E).

The following result collects two basic features of Lagrangian weak ¢-solutions of (2.16)
that will be useful in the sequel.

Lemma 2.7 (Sign and moment preservation). Assume div,FF =0 and ® in (2.2) satis-
fies (2.3). Let f € L>°([0,T); L' (R*?)) be a Lagrangian weak p-solution of (2.16) with initial
datum fy € L'(R?*). If fy > 0, then also f(t,-) > 0 for all t € [0,T). Moreover; if jig = fo £ €
P1(R*), then also u(t,-) =f(t,) L* € 2, (R*) forall t € [0,T].

14
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Proof. Fixt € [0,7]. Since I'(7,-) is a measure-preserving homeomorphism by proposition 2.3,
then from (2.20) we easily deduce that

LM ({zeR¥:f(1,2) <0}) = 2% ({ze R* : f(1,T (1,z)) < 0})
=2 ({zeR¥:fy(z) <0}) =0,

so that f{¢,-) > 0. In addition, if

/ el dpio (2) = / o () dz < +o0,
R2d R2

then again by (2.20) we get

[ Hana = [ Elreaa= [ 06l i< o

since |['(#,z)| < Clz|eT for all t € [0, 7] and z € R*, for some C >0 depending on ||Ey||z=
and [|F|[ e (Lip) only, by standard ODE Theory, in virtue of (2.7) and (2.17). O

We can now state and prove the main result of this section, providing a stability property for
Lagrangian weak (p-solutions of the Vlasov—Poisson-type system (2.16). The proof of theorem
2.8 adopts the elementary point of view of [6] and extends the approaches exploited in the
proofs of theorem 1.1 in [22] and theorem 1.9 in [13].

Theorem 2.8 (Lagrangian stability). Let i = 1,2, let j1; € L>([0,T]; 2, (R>?)) be such that
wi =L, where f; € L ([0, T]; L' (R*?)) is a Lagrangian weak -solution of (2.16), relative
to (Fi,E;), E; = Ez, with F; € L*([0, T]; C(R%; RY)) satisfying (2.7) for some L € [1,+00) and
div,F; = 0, with initial datum f; € L' (R*®). Assume that ¢ in (2.1) is concave and ® in (2.2)
satisfies (2.3). If

2LW i (119, 15) + IF1 = Falpee <6
for some § >0, then

Wi (i (£,-) 12 (1)) S Wy (Wson (W (g, 15)) + € — 1)
+eHt <5+ \/4L<I> (54 (Woa (W (11 153)) + e 1)))

forall t € [0,T]. In particular, if fi = f3 and F\ = Fy, then fi = f>.

Proof. Let 7y € Plan(u}, 13) be an optimal plan. By definition 2.6, we can write 1;(t,-) =
Li(t,) b fort € [0,7] and i = 1,2, so that

(1) = 1 (py), T2 (1,p,)) w70 € Plan (u (2,-) 2 (1)) (2.21)

forall 7 € [0,7]. Since I'; = (X;,V;), i = 1,2, we define

X0 = [ ) =X 0q) Ao p.g)

Vo= [ Vi) =Valta)ldm(p.g) .22

15



Nonlinearity 37 (2024) 095015 G Crippa et al

for all ¢ € [0, 7], where p = (x,v) and g = (y,w). Arguing as in (2.10), we can estimate

t t
X, (1.p) — X (6,q)| < v — |+ L / X (5.9) — Xa (5,0) | ds + L / Vi (5.p) — Va(5,9)|ds
0 0
+t||F) — F2l|p~
for all # € [0, 7], so that

t t
xo< [ sl - Rle+L [ X6 L [ v
RZdX]RZd 0 0

t t
<W, (,LL(I),,LL%)thHF17F2||Loc+L/X(s)derL/V(s)ds
0 0

Similarly arguing as in (2.11), we also get that

Vile) = Valea)| <l + [ BV (5% (5,9)) — Ea(s. Xa(5,0))] s

for all ¢ € [0, 7], so that
V(1) </ [v—w|dm (p,q)
R2d % [R2d
t
4 / / IE) (5,X1 (5,9)) — E2 (5,X2 (5,q)) | dmo (p. ) ds (2.23)
0 JRUxRA

1
<W, (,U,(l)”u(%)—‘r‘/o /]R R |E1 (S7X1 (S,p))—EQ(S7X2(S,Q))|d7TO(p,C]) ds
2d y R2d

for all ¢ € [0, 7] and so, in particular,
1
X(0) < (1+LOW, (b s2) + 1) Fy — Fallo + L / X(s)ds
0

t X
‘L / / / EL (1. X0 (r,p)) — Ea(r,Xa(r )] dmo(p. g) drds
0 0 RZ(IX]RZJ

for all ¢ € [0, 7]. Now we have
|Ey (X1 (r,p)) — E2 (1, X2 (r,q)) | < |E1 (r, X (r,p)) — E1 (r, X2 (1,9)) |
+ |E1 (F,Xz (rch)) —E; (raXZ (r7q)) |

On the one side, since f; is a weak ¢-solution of (2.16) with respect to (Fy,E) ), by (2.18) E;
satisfies (2.6), and thus we can estimate

|Ey (. X1 (r,p)) — E1 (. X2 (r,q)) | < ¢ (IXi (r,p) = X2 (r,q) |) -
On the other side, again since f| and f; are weak @-solutions of (2.16), we can write

|E1(r,Xa2(r,q)) — E2(r, X2(r,q))|

- / K(Xa(r.q),2) p1 (r2) dz — / K(Xa(r,q),2") palr. ') dz’
R4 R4

= K(Xa(r,q),2)fi(r,z,u)dzdu— [ K(Xa(r,q),2")fo(r,2",u")dz’ du’
R Rd

- / K(X2(r.9).X: (r,0))fb(0) do — / K(Xa(r.q) Xa(r.0")) R(0”) do’
R2d R4

16
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where in the last equality we changed variables, in virtue of (2.20), letting 0 = (z,u) and o’ =
(z',u’) for brevity. Since my € Plan(uy, 13), we can thus write

| K Xi(ro)fi(o)do— [ K(xa(rg) Xalro) (o) do

R4

[ Kaa) X0 o) = [ Ka(ria). Xa(r0)) a0

/]RZL{XRM(K(Xz(r’ q),Xi(r,0)) = K(Xa(r, Q)7X2(r50/)))dﬂ'0(0,0/)‘

< / IK(Xa(r,4).X, (1.0)) — K(Xa(r,q). Xa(r.0")) | dmoo,0").
R2d  R2d

Therefore, again changing variables in virtue of (2.20), we get
[ X 00) - (X () [dmo (p.0)
R2  R2d
<[] IR0 X (0) ~ K (X (0) Xe (') | do () d 0.0)
R xR J R2d 5 [R2d
= / / |K (h,Xi (r,0)) — K (h,X5(r,0"))| p2 (t,h) dhdmg (0,0")
R2 xR JR2d
<[ el - X (o)) dm (0.0,
R2d x R2d
Recalling that ¢ is concave, by Jensen’s inequality we conclude that
L B0 - X0l dn.a)
R2d  R2d

<2 / o(1X1(r,p) — Xa(r,q))) dmo(p,q) < 260(X (1)),
R2 xR

so that
t
X([) < (1 —|—LI) W] (,LL(IJ,,LL%) +IHF1 —F2||Loo +L/ X(S) ds
0
15 S
—|—2L/ / @ (X (r)) drds (2.24)
0 Jo
for all 7 € [0, 7]. In addition, recalling (2.23), we also get that

VO < W (1) +2 [ o(¥ (o) ds (225)

for all ¢ € [0, T]. Now, letting u € W2:°°(]0, 7)) be the function on the right-hand side of (2.24),
we immediately get that u,u’ > 0 with u(0) = W (i}, 1i3) and

u' (1) = LW, (u}),ué)+||F1—FzHLoeJrLX(t)JrzL/ ©(X(s))ds  (2.26)
0

for all £ € [0, 7], so that u’(0) < 2LW, (), ti3) + || F1 — F2|| 1 . Furthermore, we have
u'' (t) = LX (t) + 2L (X (1))
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for a.e. t € (0,T). Note that, in virtue of the definition in (2.22) and of problem (2.9),
do< [ ) -Xa)ldnp.g
R2 R2d

= [ IREX 0 Vi (1) = Fa (1K 1) Va 1.0) |47 (.0
< |[F1 = Fa|,
so that, recalling (2.24) and (2.26), and since ¢ is non-decreasing,
u' (1) SL||Fy — Faf | + 2L (X (1)) < Lu’ (1) + 2Lep (u(1))
for a.e. t € (0, 7). Thanks to Lemma 2.1, we thus conclude that, if
2LW, (g, 1) + |[Fy = F2llp= <6
for some ¢ > 0, then
X (1) < W50 (Waor (Wi (g, 115)) + e —1)

for all 7 € [0, 7]. Moreover, from (2.25) and (2.26), we also get that V(r) < u’(t), so that

V() < e (5 +\/ALD (X (r))) <t (5 + \/4L<I> (xp;;L (Ts2r (W (2, 113)) + e — 1)))
for all ¢ € [0, 7], in virtue of Lemma 2.1. To conclude, we simply note that, by (2.21),

Wi (1 (1), (1,7)) < / Ip — gldr (t.p,q)

R2d x R2d

B /R IR @p) T2 0.9) dmo () < X () +V (1)

for all ¢ € [0, 7], readily ending the proof. O

3. Proofs of the main results

3.1. Proof of Lemma 1.1

We begin with the proof of Lemma 1.1. Actually, we achieve the following slightly stronger
result. Here and in the following, the kernel K is as in (1.2).

Proposition 3.1 (Mapping properties of K). There is a dimensional constant Cy > 0 with the
following property. If p € L' (R) N YS(R?), then K % p € Cyy#® (RY), with

1K % plls < Ca (Holer + Dl ) G.1)

Y@) vol(lx—y|) Vxye R (3.2)

ul

[ K (=2 = KO =2) [ p()dz < Ca (ol + o

To prove proposition 3.1, we need the following simple estimate, which general-
ises equation (2.2) in [6] to any dimension d > 2.

18



Nonlinearity 37 (2024) 095015 G Crippa et al

Lemma 3.2 (Oscillation). There exists a dimensional constant Cy > 0 such that

! 1
|X*Z|‘yfz|d*1 + |yz|xZ|d1) |x_y| (33)

|1<(x—z>—1<(y—z)|<cd(

forall x,y,z € RY with x,y # z.

Proof. We can assume z = 0 without loss of generality. For x,y € R?\ {0}, we have

2 _ _ 2
x oyt L 20y [k
Pl |yl [x[2@=D " fyPE=Dfx|dy|d |4 =ty]e=t ’
so that
R N O 1 et |
Pl |yl e[d=1 |y|=t

for all x,y € R\ {0}. Letting F(£) = £|€|972 for all £ € RY, we have |[VF4(€)| < Cyl€ 472
for all £ € R4, where C; > 0 is a dimensional constant. Hence

el 2 = Iy |2 < v =y sup [VFq(x+1(x =) | < Calw—y| sup |x+r(x—y)|*

t€[0,1] t€[0,1]
for all x,y € RY. Since d > 2, the function ¢ + | |9=2 is convex, and thus we can estimate
2 (=) |72 < (U= ) ]2ty 72 < e [y

for all x,y € RY. Therefore, we get that

N e i PR e—| Jx[4=2 4 |y|42
x4yl 2= D [yld=1 = e 4=yt
for all x,y € RY\ {0}, yielding (3.3) for z=0. O

We can now prove proposition 3.1. We follow the strategy of the proofs of theorem 2.2 and
corollary 2.4 in [6]. We also refer to the proofs of Lemma 2.1 in [13] and theorems A and B
in [8].

Proof of proposition 3.1. We write K = K! + K>, with K! = K15, € LT (RY) and K> =
Klg: € L>°(R?). Since p € L' NLET (RY), we can estimate

K| () < 1K' 9 6) 1K p () < 1K g 1001y ) + K e ol
<max { K[, 51Kl } (lollgn + el ) < Ca (Nollugon + ol )

<Ca(O+1) lIpllys +llellr) < Ca (lollyg + loller)

for all x € RY, yielding (3.1). To prove (3.2), fix x,y € R¢ and set € = |x — y|. Due to (3.1), we
can assume € < e~9~! without loss of generality. We write

RJ\K(x—Z)—K(y—Z)Ip(Z)dZ

=</ +/ +/ )IK(X—Z)—K(y—Z)IP(Z)dZ-
B> (x)¢ B> (x)\Bae (x) B (x)

19
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By Lemma 3.2, we can estimate the first integral as

/B()L_K(X—Z)—K(y—Z)Ip(Z)dZ

1 1
< Cylx—y| ( — + = )p(Z)dz
By \ X —zlly =z |y —zfx — 2!

< Calx=ylllpllz-

Concerning the second integral, since
1
ly—z] = §|x—z| for all z € By (x) \ Bz (x),

again by Lemma 3.2 we can estimate

/ IK(x—2) —~ K(y—2) | p(2)de
B> (x)\B2e (x)

1
s Cakl ( + ) (o
Ba(x)\Boo () \ X =2y =247 |y —z||x — ¢!
1
2 o7
< Calr=y PO iz < Cale=sl ol ( [ ar)
B (x)\B2e (x) lx—z 2e

nn
2—dp/+d (1 o 6—dp’+d) r’

—dp'+d

< Cale—llll,

p—1 p—1

= T (=1 7
<Cd|x—y\|\p||L§12 ! (E p=1 —1) ! (%) [

_d L
< Cale=3l Il pe? < Cap©(p) llpllyg lv =17

forany p > d + 1, with p’ the conjugate of p. Finally, regarding the third and last integral, since
B> (x) C Bs<(y), we can estimate

T _r@) _r@)
/BZE@'K(’“ 9 —K(y-9)|p@)dz< / d+ /ng@ L

Bye (%) x — 2]~

3e Dy d1 l% (38)(*d+l)p/+d Pi’
< Callolle, /0 P e ) < Callpll, (Cd+p+d

p—1
d

1— _ p _d
< Callplly, (3)' 77 (224) 7 < CapO p) pllyg br—I'

again for p > d+ 1. Combining the above estimates, we conclude that

_d
g |K(x—2)—K(y—2)[p(z)dz< Cy (Ilpllu(Ra) + ||p||y§;> pO(p) [x—y|'"

for x,y € RY with |x —y| < e=?"!

. _d__ .
since @ = e for r € (0, 1), we obtain that

and p > d+ 1. In particular, choosing p = —log|x —y|,
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RJ\K(X—Z)—K(y—Z)Ip(Z)dZ
d
<Cy (Ilp\lu + lelyg) |x — y| [log |x — || © (|Tog[x — y[[) |x — y|FeF=T

< (llollu +lpllyg ) vo (k=)

for x,y € R? with |x — y| < e=?~!, completing the proof of (3.2). O

3.2. Proof of theorem 1.6

In view of theorem 2.8, we just have to check that, if f€ .A®([0,7]) is a Lagrangian weak
solution of (1.1) in the sense of definition 1.4, then f is a Lagrangian weak ¢g-solution of (2.16)
with F(t,x,v) = v, for t € [0,7] and x,v € R?, and E; = K * py, where K is as in (1.2). Indeed,
we just need to check the validity of (2.17) and (2.18), but these respectively follow from (3.1)
and (3.2) in proposition 3.1.

Remark 3.3 (Relativistic case). Note that the above argument verbatim applies to the relativ-
istic setting, that is, choosing F(z,x,v) = —=— for r € [0,7] and x,v € R%,

vV 1+

3.3. Proof of theorem 1.7

From now on, we assume d € {2,3}. We begin with the following result, providing a suitable
initial datum for the construction of the weak solution in theorem 1.7.

Lemma 3.4 (Datum). If0: RY — R satisfies (1.19), then fo: R* — [0,+0c0) given by

1oy (172 = 0(0)%

folx,v) = BT . forx,veR? (3.4)
satisfies fo € L'(R*) NL>(R*), fy £ € 2, (R*¥) and, for some constant C >0,
10| f+1
L1
/Zd VIP fo (x,v) dxdv < H9ﬁ21+ forallp € [1,4+00). (3.5)
R

Proof. Note that |v| < 0(x)4 for all (x,v) € supp fo. We thus have

o ({V eR?:|v| < H(x)m 0 (x)

po (x) = / Jo(x,v)dv= = (3.6)
Re [B1l[[0]]: [16]].2
for all x € RY. Consequently, we can estimate
: : 101,
[ e avav< [ 100015 () dxdv = [ 1003 [F o o) dr= o
R R2 R | ‘ 0 || L
readily yielding the conclusion. O

We can now prove theorem 1.7. Actually, we prove the following more precise result.

Proposition 3.5 (Existence). Assume that 0 € YO(R?) satisfies (1.19). There exists a
Lagrangian weak solution

fe (0,77 (R*)) N L>([0,7] x R*) N.A®([0,7]), forall p € [1,400),
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of the system (1.1) starting from fy in (3.4) of Lemma 3.4 such that f(t,-) £** € 2, (R*),

pr€ C([0,T1;LP(RY)),  forall p € [1,400), 3.7)
and, for some constant Cy > 0 depending on T,
0|4
HH:L: < loflle=o,19:20) < Crlll|ze,  for all g € [1,+00). (3.8)
L

Proof. By theorem 1 in [19] (for d = 3, the case d = 2 being similar, see [13, 22]), there exists
fe C(]0,+00); P (R*)) N L ([0, +00) x R*), forall p € [1,+00),

a weak solution of the system (1.1) starting from f in (3.4) of Lemma 3.4 and such that

sup / [vIPf(t,x,v)dxdv < 400, forallp € [1,+00). (3.9)
t€[0,7] JRX

Note that the notion of weak solution here is well-posed in the sense of definition 1.2, since
E;€ L>=([0,7] x R?) in virtue of (3.9) and equation (16) in [19]. Moreover, f is constant along
characteristic curves of (1.12) which are defined almost everywhere. Finally, by equation (8)
in [19] and (3.5), we get (3.7). Thus, we just need to show (3.8), so that f€ A®([0,7]) in
particular. For the first inequality in (3.8), we observe that

[161]2
lpAlzeewey = Nlor (0, ) lze = llpolls = 17 :
[16]].

because of (3.6) and (3.7). For the second inequality in (3.8), we argue as in section 3 of [22].
By equation (14) in [19], we can estimate

lor ()| 540 < CM,, ()75 for 1€ [0,7],

d

for some constant C7 > 0 independent of p and ¢ € [0, 7], but dependent on 7 > 0, which may
vary from line to line in what follows, where

M, (1) = ./]RM [vIPf(2,x,v) dxdv.

Exploiting (1.12) and the fact that f is constant along characteristics, we can estimate

t
M, (1) < M, (0) + ch/ M, ()77 ds.
0

By a simple Gronwall-type argument, we infer that

sup M, (1) <M, (0)+ C; forallze [0,7].
t€[0,7]

Since f(0,-) = fo, by (3.5) we get

L ¥d
d
d

||9 L5+1 p
M, (1)7+ < 1ol +Cr < CTHGHL%Hv

proving the second inequality in (3.8) and ending the proof. O
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3.4. Proof of proposition 1.8

We need some notation and the preliminary Lemma 3.6 below. For each m € N, we define
4y [0,400) — [0,400) by letting

Ly (r) = Lo, (r) log,, (r) forallr>0, (3.10)
where £, € (0,1) is such that log,, (€,) = —1 (recall the notation in (1.21)).
Lemma 3.6. For m € N, there are py, € [1,4+00) and 0 < a,, < by, < +00 such that

anmlog,, () <l (|- Dller < bplog,, (p) forallp= ppy. (3.1D

Proof. Given p > log(1/e,,), we can easily estimate

Hfm(\'\)lfﬁ:/ Ilogm(IXI)l”dX>/ [1og,, (1x]) " dx > Cae™*[log,_, () I (3.12)

€m e P

for all m € N, proving the lower bound in (3.11). For the upper bound in (3.11), we argue by
induction. If m = 1, then by direct computation we have

1
16 (1 DI, = / log (Ix]) P dx = € / (—logr)” ' dr= Cyd~ VT (p+ 1)

and the desired upper bound readily follows by Stirling’s formula. If m > 2, then

1 (| Dller = (/

B |B€m|1/11 1 / ’log(log (|x|))p ’pdx 1/p
p |B-, B.,, ! .

Now r+ (logr)? is concave on [e”~!,+00). Since log,,_, () = —e, for p > 2 we have

1/p
|log,, (|x])[” dX>

1

1Bz, | Js.,,

[1og (tog,,_ ()" [ dx < <log (1 [log,,_. (1) |de>>

|Bz,| /5.,
—1/p P

<p’(log ([Be, | /P [l (|- Dl
by Jensen’s inequality, so that

1 (1 Dl < [Beu ' og (1Bey |77 s (- s )
readily yielding the conclusion. O
Proof of proposition 1.8. For each m € N, there exists d,, > 0 such that

ve, (r) =r|logr|©,,(|logr]) = Oyt (r) forall r €[0,6,].

Hence @g,, is concave on [0, d,,] with pg, (0) = 0. Therefore, we can estimate

m

t
Do, (t):/ vo, (5)ds < tpeo, () =tOy41 (1) forallz e [0,0,].
0
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In particular, we readily infer that

. Om ds . Om ds
lim > lim

=0t J. /Do, (t) 7St e \/1Oui1 ([)
dr

6m
= lim/
e—0+ Jo  t|logt|[log, (¢)|---[log,, (1) ]

= +OO,

so that ®g,, satisfies (1.15). To conclude, we define 6,,: RY — [0, +00) as
O (x) = 01 (Ix]) € (1x])* .. Lpgr (|x])> for x € RY.

On the one side, arguing as in (3.12), we easily see that

16012, 2/ [og, (|x]) [ [1ogy (|x]) ... [log,, 4 (jaf) [ dx

B—p

> Cae” '’ |log, (p) [ ....|log,, (p) | = Cae™ " O, (p)’

for all p € [1,+00). On the other side, by Lemma 3.6 and Holder’s inequality, we get

[ G (D lzovr - s ()7

r < (- 1) llzomson

Lin+1p
= 1€ D oo (12 (1 ) Wz - - It (1) [ Zmen
< Cuplog, (p)*...1og,, (p)* = C O (p)
for all p > p,, for some constant C,, > 0 depending on m only, yielding the conclusion. O

Remark 3.7 (Saturation of ©, (p) = p'/®). Fix a € [1,00). Arguing as above, one can eas-
ily see that 6, (x) = £, (|x|)!/«, for x € RY, saturates the growth function O, (p) = p'/® in the
sense of proposition 1.8, giving an alternative proof of proposition 1.14 in [13].
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