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ABSTRACT: The principle of holography of information states that in massless gravity, it
is possible to extract bulk information using asymptotic boundary operators. In our work,
we study this principle in a linearized setting about empty flat space and formulate it us-
ing Dirac brackets between boundary Hamiltonian and bulk operators. We then address
whether the storage of bulk information in flat space linearized massive gravity resembles
that of massless gravity. For linearized massless gravity, using Dirac brackets, we recover
the necessary criteria for the holography of information. In contrast, we show that the
Dirac bracket of the relevant boundary observable with bulk operators vanishes for mas-
sive gravity. We use this important distinction to outline the canonical Hilbert space. This
leads to split states, and consequently, one cannot use asymptotic boundary observables
to extract bulk information in massive gravity. We also argue the split property directly
without an explicit reference to the Hilbert space. The result reflects that we can con-
struct local bulk operators in massive gravity about the vacuum, which are obscured from
boundary observables due to the lack of diffeomorphism invariance. Our analysis sheds
some light on evaporating black holes in the context of the islands proposal.
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1 Introduction

The question of whether information about a bulk state can be extracted using boundary

operators in a theory of gravity is an important one [1-4]. In this light, our motivation for

this work is two-fold. Since a theory of gravity is a constrained system, it is only natural to

ask whether such statements can be understood using the Dirac bracket formalism [5-7].

The second goal is to use this formalism and apply it to Fierz Pauli massive gravity [§],

which is an interesting modification to gravity and has been a subject of recent interest



(see [9-26] for a sampling of works and references therein). Our chief motivation lies in
the recent discussions of massive gravity in the context of islands for evaporating black
holes [3, 27-34].

Whether information is holographically stored at the boundary is addressed by the
following question: given access to asymptotic boundary operators, can we precisely deter-
mine the bulk state? This version of holography of information exists in massless gravity
and is an essential consequence of the Gauss constraint. The crucial ingredient involved
here is the boundary Hamiltonian, using which one can construct boundary operators that
probe bulk physics [1-4, 35-38]. Related works discussing the localization of information
in massless gravity are [39-45].

In massless gravity, the principle of holography of information implies that specifying
a bulk state |1)) outside a bounded region B uniquely fixes it inside B [2, 4]. As a result,
it is convenient to introduce split states, i.e., states which can be arbitrary inside B but
are fixed on the complement of B. Generally, all field theories apart from massless gravity
obey a split property that the set of such states is non-empty [46]. However, the holography
of information in massless gravity implies that the set of split states is empty. Keeping this
in mind, in our work, we investigate the following objectives:

1. To understand holography of information and split property using Dirac brackets by
verifying known cases of linearized massless gravity and electrodynamics.

2. To determine whether the property holds in massive gravity at a linearized level.

Brief description of results

In our work, we account for constraints using Dirac brackets and use them to demonstrate
the information stored at a linearized level for different constrained theories. Some related
works on the phase space structure and the computation of Dirac brackets in massive
gravity are given in [18, 47-50].

In section 2, we discuss physical observables in constrained theories and briefly review
the Dirac bracket formalism for considering the constraints. Based on our discussion of
physical observables, we develop a schematic argument for why we may be able to create
local bulk operators in massive gravity. However, the presence of second-class constraints
can render this picture wrong, and we need to verify the same by computing the Dirac
bracket between the boundary Hamiltonian and an arbitrary bulk operator. We also ar-
gue that flat space massive gravity does not have asymptotic symmetries such as BMS
supertranslations.

We argue that coupling linearized gravity (both massless and Fierz-Pauli massive grav-
ity) to matter fields introduces inconsistencies in the structure of the constraints, including
failure to close. As a demonstration, see appendix B.1 for the case of massless gravity and
appendix B.2 for massive gravity, where in both cases, the constraints fail to close. Thus
in principle, a complete calculation involves taking the full Einstein Hilbert action coupled
to matter in the massless case. Similarly, we should couple matter covariantly to the full
non-linear action for massive gravity [19-22].



In our work, we argue that the issues regarding split states can be understood even
using a linearized analysis. We show that the Dirac matrix involving only the graviton
phase space is sufficient to understand split states, while the remaining Poisson brackets
are defined over the phase space of the complete gravity-matter theory. In other words,
we demand that the brackets between constraints are computed only over the gravity
phase space, which allows the constraints to close correctly. However, we do not put
this restriction while computing the rest of the brackets, where the matter insertions are
addressed adequately. Following this restriction, we also comment upon the vacua structure
of massive gravity.

Intuitively this restriction is in line with our general expectation that the addition
of matter should not drastically change the nature of the gravity constraint structure.
Analogously in electrodynamics, the constraint analysis with or without including charged
matter gives rise to the same Dirac matrix shown in appendix A.

In section 3 and section 4, we compute the Dirac matrix necessary to compute the
brackets for massless and massive gravity, respectively. Using this, we address the ex-
traction of bulk information using boundary operators for electrodynamics and massless/
massive gravity at leading order in perturbation theory. In section 5, we define relevant
boundary observables for massless and massive gravity and calculate the Dirac brackets.
We also perform an alternate derivation of the Dirac brackets in appendix C.

For electrodynamics, using the Dirac matrix obtained in appendix A, we find in sec-
tion 6.1 that one cannot use boundary operators to determine the bulk state, hence obeying
the expected split property. For massless gravity, building upon the computation of the
Dirac brackets in section 3 and section 5, we obtain the necessary conditions for the lack of
split states upon taking the Dirac bracket of boundary Hamiltonian with a bulk operator

insertion in section 6.3.

For massive gravity, following section 4 and section 5, we argue in section 5.2 that
the computation of the Dirac bracket between the boundary operator with bulk operators
vanishes. Upon quantization, lifting the Dirac bracket to the commutator between relevant
operators acting on the Hilbert space implies that the commutator is zero. Due to this,
in section 7, we argue that in contrast to the principle of holography of information in
massless gravity, we do not have an analogous statement in massive gravity. We argue this
in two different ways: with and without an explicit reference to the Hilbert space of massive
gravity. In section 8, we discuss the potential limitations of our work, the implications of
our results for evaporating black holes, and list some interesting directions.

2 Physical observables and Dirac brackets

In gauge theory, there are different ways to address gauge redundancy. The general method
to fix the redundancy is by defining gauge invariant observables. A useful subclass is to
work with gauge invariant observables, which we can construct by fixing a good gauge
choice, hence removing the redundancy (up to residual gauge, if any).



In massless gravity, there is a gauge redundancy, i.e., small diffeomorphisms, which die
off at the asymptotic boundary of the spacetime. In flat space linearized gravity, these are

5h,u1/ = 8u<u + 8I/C}L +0 (\/ GN) s (21)

where ( parametrizes the diffeomorphisms at the linearized order. Hence the construction
of physical observables in gravity is accomplished by demanding invariance under small
diffeomorphisms characterized by (2.1), either by gauge fixing or by defining observables
that commute with constraints. More generally, one cannot define local diffeomorphism
invariant observables about simple enough points in the phase space of massless gravity
such as the one corresponding to the Minkowski vacuum, which corresponds to a maximally
symmetric solution.’

We can use gravitational dressing to construct observables invariant under small dif-
feomorphisms, where we dress bulk observables to the boundary.? In gauge theories, one
can similarly construct similar gauge invariant observables, either by gauge fixing or by
defining manifestly gauge invariant observables like Wilson loops.?

The Fierz Pauli interaction term in massive gravity explicitly breaks the diffeomor-
phism invariance given in equation (2.1). Since small diffeomorphisms are no longer a
symmetry of massive gravity, we need not define physical observables by methods such as
dressing them using the boundary.

In flat space massive gravity, since diffeomorphisms are no longer a symmetry, the sub-
group of diffeomorphism group generating asymptotic symmetries such as supertranslations
are absent.

From the phase space perspective, the fact that there is no gauge symmetry of the
form (2.1) for massive gravity is because the constraints of massive gravity are second-class
and hence do not have any redundancy in the phase space. This feature contrasts the
first-class constraints of massless gravity, which necessitate gauge fixing. Thus it naively
seems that there can be local bulk observables in massive gravity, which can completely
hide from the boundary.

Despite the intuition from the gauge-fixing picture, we still need to consider the other
second-class constraints for a consistent description. Due to these constraints, bulk ob-
servables may not be completely independent of the observables at the boundary. In this
light, our work aims to understand whether these second-class constraints are sufficient for
a boundary observer to fix the bulk state completely.

'However one may be able to define diffeomorphism invariant observables for a complicated enough
backgrounds by labelling the spacetime points using the values of curvature invariants [43, 51-53] as follows:

o(28) = / 4 o(a)0(2" — 28)det 22

where Z%’s are curvature invariants. But this procedure fails to work for spacetimes which have a lot of
symmetries e.g. Minkowski space.

2See [54] for a detailed construction of gauge invariant operators using dressing in massless gravity and
gauge theories.

3Note that Wilson loops are not good observables in gravity beyond leading order, since the loops possess
stress energy and hence backreact. However, they can undergo further gravitational dressing at subleading
order and become good observables up to that order.



2.1 Constraints and Dirac brackets

We will follow [5] in our discussion. Here we will denote our set of constraints as {®;}.
Given a Lagrangian L for a constrained system, we have a set of primary constraints {@f 1,
which are independent relations between the fields ~A and their canonical momenta II. Let
Hj denote the Hamiltonian obtained by taking the Legendre transform of the Lagrangian
L. We define the Dirac Hamiltonian to be

H = Hy + v;®F (2.2)

Recall that the Poisson bracket between two observables F'(z) and G(y) is given by

- 1 (6F(2)0G(y) 0G(y) 6F ()
{F(z),G(y)} = /dD 1z(5h(z) SIl(z)  Oh(2) 6H(z)>

We first need to ensure whether the primary constraints are stable and use the stability

(2.3)

to determine the parameters v; from (2.2). We check the stability by taking the Poisson
brackets of primary constraints with the constrained Hamiltonian, i.e. {®f H}, which
either vanishes or gives us secondary constraints. Next, we need to check the stability of
the secondary constraints, which may give us tertiary constraints. The process should be
repeated for consistency of the constrained system until we have determined all possible
constraints {®;} and fixed the parameters v;.

We can further classify the set of constraints {®;} into two subsets: first-class and
second-class. Second-class constraints are defined as constraints that do not commute
among themselves i.e.

{85, 95) 40

on the constrained surface, while first-class constraints are defined as constraints that
commute among themselves i.e.

{(I){,(I);} =0

where we denote the first class constraints by ®/, and the second class constraints by ®°.

The presence of first-class constraints in the system indicates the presence of gauge
symmetry. Hence we need to fix a gauge corresponding to each of the first-class constraints.
The set of first-class constraints {CI{ } and the gauge conditions {G;} together form a system
of second-class constraints. Once we obtain a system of second-class constraints, we can
define the Dirac matrix as follows:

C(q)i,q)j) = {(I%',(I)j}- (2.4)

This matrix is now invertible since any constraint ®; gives a non-zero Poisson bracket with
at least one other constraint.* We then invert this matrix (not always), thereby obtaining
the inverse C~1 (®;, ®;)

C (@, ®)) O (Dp, ©5) = 0y (2.5)

4The first class constraints give non-zero Poisson brackets with the gauge constraints.



With Ci}I = C71(®;,®;), the Dirac bracket between two observables F(z1) and G(z2)
defined on the phase space is given by

{F(a1).Ga)}p.5. = {F@1), Gao)} - |

Y1

[ AF@). 20} €5 (1.2) {25(32), Gla)).

" (2.6)
where we have used the notation [, [, = [dP~ 1y, [ dP~1ys. Note that in (2.6), apart
from the first term (i.e., the standard Poisson bracket), we also have the second term,
which is the contribution due to the constraints.

3 Linearized massless gravity: Dirac matrix

Before addressing massive gravity, we will warm up with the Dirac matrix calculation for
linearized massless gravity without matter, which will also help contrast results with the
massive gravity calculation.

Let us begin with a convenient form for the action of the massless graviton:

1/ 1 1
Ly=— (—2@%8%#” + 020" P — 8, W O, h + 28Ah8*h) + boundary terms

2
(3.1)
where the coefficient x? is given by 2 = 327Gy, where Gy is Newton’s constant. The
boundary terms in the Lagrangian (3.1) are chosen to simplify the momenta and the con-
straints, thereby giving us Igg = ITp; = 0. Using (3.1), we compute the canonical momenta
corresponding to A,

IIpo = 0, IIg; =0
oL 1, . (3.2)
Hij = 76}')/1] = ? (hij — hkkéij — 28(ihj)0 + 2akh0k5ij>

The first line gives us D primary constraints. Then the Hamiltonian for massless gravity
is given by taking the Legendre transform of (3.1):

o (1 113, 1 /1 ko ij irik | Ain aipk LYo iaipk

— 2h0;0;11Y — hgg (V2h§3 - 8i3jhij)
(3.3)

The constraints with Hamiltonian (3.3) are given by

n% =0
% =0
X0 = {HOO, Htot} = V2h§ — 8’33%

3
3
3
xi = {1%, Hyor} = 20,11, 3

~— ~— ~— ~—

~~ o~ o~
SRR RS

5Since we are working in asymptotically flat space, we can ignore possible boundary contributions to
the pointwise constraints.



Since we have two primary constraints, the Dirac Hamiltonian is given by
Hior = Ho + voIT% 4 v, 1TV (3.8)

where vy and v; are undetermined constants that will be fixed. We can check that this
system of constraints is first class since their Poisson brackets with themselves and the
Hamiltonian vanish.

Gauge choice

Given the above first-class constraints, we need to fix the redundancy in phase space. We do
that by implementing constraints arising from fixing the gauge (i.e. small diffeomorphisms)
and the undetermined constants vy and v; in the Hamiltonian.

A good gauge choice is fixing them so that the gauge constraints are orthogonal to the
set of first-class constraints. Thus a natural guess for gauge conditions is the following:®

I 4
k=0, and K;:0'h;;=0. (3.9)

s hoo = i ho =0, Ky : =
Go:hoo =0,  Gi:he=0 0: 55

In the rest of this section, we will use this choice to implement the Dirac procedure.

Dirac brackets

Given the set of gauge conditions in (3.9), we need to ensure their stability under time evo-
lution, i.e., whether the above constraints give rise to new constraints after time evolution.

{Go, Hiot } = w0
{Gi, Htot} =
{Ko, Hiot} = —hoo = 0 (3.10)
O;11%
D -2

{K;, Hit} = 0'I1;; — +20;0"ho; ~ 0

where ~ denotes that the equation is valid on the constraint surface. From (3.10), we see
that a consistent choice of implementing the Dirac procedure is by setting vg = v; = 0
since, in this case, we do not get any new constraints. From the perspective of counting
degrees of freedom, we now have 4D second class constraints on an originally D(D + 1)

dimensional phase space, thereby reducing the phase space dimensionality to D(D — 3).
D(D—3)
2

This reduction is consistent with the fact that the graviton has degrees of freedom.”
In hindsight, we will find that the above choice of gauge conditions is designed such
that each gauge condition gives a non-zero commutator with exactly one of the first-class

constraints, thereby helping us obtain a simpler yet non-singular Dirac matrix. Specifically,

5The numerical multiplicative factor in Ky is chosen for later convenience.
"The degrees of freedom in massless gravity in D-dimensions can be found out by counting the symmetric

traceless representations of the little group SO(D — 2), giving rise to w polarizations of the standard
graviton. Note here that D > 3.



the non-zero elements of the constraint matrix are given by:

{1 (2), Go(y)} = =67z —y)

{I1%(2),Gj(y)} = —5567 " (z — y)
{xo(z), Ko(y)} = 5D 1( ) (3.11)
(@), Kj(y)} = (%VZ +0,0;) 87 (z — y)
{Ko(z), Ki(y)} = 75 0Pz —y)
For later convenience, we will rename the constraints as follows:
Co:xo,  Citxi Cp: 1%  Cpyy: 1%,

(3.12)
Cop : Ko, Copyi: K;, Csp:Go, Cspyi:G.

In this new notation, we label the constraint matrix as
Cab = {Ca7 Cb}

where a and b run from 0---4D — 1. Writing the matrix using the representation in the
momentum space, we obtain the following:

[0 0; 0 0; —p? 0; 0 0; ]
Oi Oij Oz’ Oij Oi _(pipj +p25ij) Oi Oij
0 0; 00; 0 0; -1 0;
0° 0’ 0’ 07, O 0%, 0 —dt,
C) = | p2 oj 0 oj 0 511?2 0 ojj ’ (3:.13)
Oi (pipj + p25ij) Oi Oij DZplQ Oij Oi Oij
0 0; 10, 0 0; 0 0
0 0 0 6 0O 0 0t 0% |

where we have used raised (lowered) indices on the matrix elements to abbreviate entries
worth a column (row) array. Since the matrix given in (3.13) is non-singular, we can use
it to compute the inverse matrix

0 Do 0 0; 2 0; 0 0
w0 00 0020 -5 0 0
2
0 O 0 O 002 %J' .
Clp) = - 0’ 0%; 0 0 0t 0 0" 2p?s, (3.14)
2p -2 Oj 0 Oj 0 Oj 0 Oj
0 25, + P 0 00 0 0o
0' 0?' —QP Oj . 0‘ 0?‘ 0‘ 0?'
Lo 0% 0" —2p%5; 00 0 0 0% |

Notice that the inverse of the constraint matrix is non-local. Such non-localities are
essential ingredients of a gauge invariant theory and encodes the structure of its Gauss
law. We will later find that this feature gives rise to the property that the energy of field
excitations within a spatial region is detectable from the boundary of the region.

This concludes our analysis of the Dirac matrix for linearised gravity without matter.



4 Linearized massive gravity: Dirac matrix

We will now move on to computing the Dirac matrix for massive gravity without matter.

The Fierz-Pauli action for a massive graviton is given by:

1 1 1 1
Ly=— (—Q&hwaAhW + Ouhur 0 W — By Oyh + SONRD . — S (hy W h2)>
+ boundary terms. (4.1)

Again, as in the massless case, we have chosen boundary terms such that Ilyg = Ilg; = 0
and k? = 32rGy. In addition to the massless gravity Lagrangian, we now have the Fierz
Pauli coupling term, with m denoting the mass of the graviton.

We can easily extend our analysis from the massless case to the massive case and
similarly determine the remaining canonical momenta and the Hamiltonian. Since the
kinetic part of the Lagrangian remains the same, the canonical momenta of the massive
case are the same as for the massless case and are given by (3.2). The massive gravity
Hamiltonian is given by:

1=\ T -gy) T QO T ARSI Tl = 50O

5 (high' — i) — m*hg; — hoo (V2hi— 0" by — m2h’,§)> — 2h0;0,117
(4.2)

As before, we again have two primary constraints, i.e. Ilpg = IIp; = 0. Using these primary
constraints, the Dirac Hamiltonian is given by

Hior = Hy + volT%0 + ;11" (4.3)

Constraints and Dirac matrix

As for the massless case, we systematically determine the constraints and repeat the Dirac
procedure. Demanding stability of primary constraints under the action of the Hamiltonian,
we find the following secondary constraints:

C() = {HOO,HtOt} = (VQ — mz)hg — 8¢6jhij

4 . 4.4
CZ' = {HOl, Htot} = 8]11]'@' + m2h0i ( )

Next, we demand the stability of these secondary constraints under the Hamiltonian and
thereby obtain the following:

D -2
C_g= {C—l,Htot} ~mth

Ik ,
C_1 = {Co, Hyot} = m? ( k_ 8th‘0> (4.5)

where ~ denotes that the corresponding equation is valid on the constraint surface. The
Poisson brackets of C; and C'_; with the Hamiltonian can be set to zero by fixing the



Lagrange multipliers v; and vg, respectively. Thus, we have no tertiary constraints, and
the system is consistent.

The above procedure leads us to a system of 2(D +1) second class constraints provided
we fix the Lagrange multipliers (vg and v;) accompanying the primary constraints as follows

Hiot = Hg + 8ihi0H00 + <6Jhﬂ — 61h> %, (46)

In the limit m — 0, (4.5) trivially vanishes and the constraints (4.4) (Cg>0 ) reduce to
the massless gravity constraints (3.4). Therefore the massive theory has two additional
second-class constraints than the massless theory. As a cross-check, the above analysis
leads to a correct determination of the degrees of freedom.®

Next, we define the constraint matrix

Cap(z,y) = {Co(z),Cr(y)} (4.7)

where a, b now spans —2, —1,...,2D — 1. We have defined {Cp, Cp;} = {I1%, 11%} and
together with the constraints (4.4) and (4.5) they generate the constraint matrix

[0 Lom? 0 —m29; —m? 0; |
—dmt 0 —V24dm o0 0 g,
2
o 0 V2 dm 0 d; 0 0, |
C(I - y) =m _mgai OZ =1 82 OZJ OZ (Slj 9 (:E - y) ’ (4 8)

J J
m? 0 0 0, 0 0

.o —0 0’ = 00 0

where derivatives are taken with respect to the coordinate x and d = D — 1 denotes the
dimension of the Cauchy slice. Here the raised and lowered indices denote rows and columns
respectively.

In the limit m — 0, the above constraint matrix vanishes showing that the 2D con-
straints Cy>0 are first class in the massless limit. The remaining two constraints in (4.5)
identically vanish. Note that the procedure to find the Dirac matrix in theory with first-
class constraints requires gauge fixing as explained in section 3. Hence the constraint
matrix (3.13) for massless gravity cannot be directly obtained in the m — 0 limit of the
above matrix.

Fourier transforming C'(z — y), we get the momentum space constraint matrix

[0 Lom? 0  —m?ip; —m> 0; |
—Lm? 0 p? 4+ dm2 o, 0 —ip;
Cpy—wt| O W0 00 gy
—mip 0’ " 0; 0" oY
m2 0 0 Oj 0 Oj
o —ip' (N

8For theories with massive graviton, one needs to look at the symmetric traceless representation of the
D2-D-2
2

group SO(D — 1), which gives us polarizations. This is valid for D > 2, and in particular, massive
gravity in three dimensions has a propagating degree of freedom, whereas, in four dimensions, we have five

polarizations.

~10 -



where we have used the momentum space representation of the delta function, (27)%6%(z —
y) = Jp ¢ (x=¥) " The matrix C(p) can be easily inverted to obtain the Dirac constraint

matrix
0 0 0 0; T 0 |
0 0 -1 0; 0 —ip;
C_l()_id—l 0o 1 0 ip; —p? 4 0,
P)= i 4 0 0 ipt Oij 0 —pip; — ng?l 5ij
2 .
I 0t _Z'pz 0? pzpj + %&j ip’p2 Ozj

(4.10)
The main takeaway from the above analysis is that, unlike in the case of massless grav-
ity, the Dirac matrix of a massive gravity theory has a local expression. This observation
has important implications for the statement of holography of information. In particular,
in section 5.2 we demonstrate that in contrast to the situation in massless gravity, mas-
sive gravity theories can hide information about bulk operator insertions from boundary
operators.

5 Boundary observables and Dirac brackets

We will now utilize the Dirac matrices obtained for various theories, i.e. electrodynamics,
massless gravity, and massive gravity, to calculate the Dirac brackets.

5.1 Boundary observables and Dirac brackets for massless gravity

As in electrodynamics, the relevant boundary operator for massless gravity can be obtained
from the Gauss constraint. The constraints for linearized massless gravity with matter are
given in appendix B.1, and from (B.13), the Gauss constraint x{* for massless gravity with
matter insertion is given by

V2hE — 9,0,k = —167G nToo. (5.1)

Given any bounded spatial region V', the Gauss constraint makes it possible to encode
the energy of matter fields supported on it [;, Tho via an equivalent boundary operator
given by:

1
167Gy

, 1 ,
D=1_ 50 (9.1 _ A1k — D2 i(a1 . a1k
/Vd 20" (Ophiy = Ohf) = T [ P Ranl @iy~ O0) . (52)

Hy =

where n denotes the unit normal to the boundary OV of V (we review the analogous
construction for electrodynamics in appendix A). The Hamiltonian of the full theory can be
obtained from Hy by taking the limit where V includes the entire Cauchy slice containing it.

Let us compute the Dirac bracket for the boundary operator Hy with some bulk matter
insertion O(z). Using the gravity constraints (3.12), since Hy only depends on h;;, we see
that Hy has nonzero commutators only with the constraint Cop = Ky given in (3.9). The

- 11 -



relevant commutator is given by:

dHy 9Csp(y)
d 0 2D\Y
tHo, Conly / T2 By () 0T (2)
ddp 4
— d 2¢d(,. 2 _ip.(x—y)
167TGN/ @ VIO = y) = T5oay € ’
(5.3)

where we have set d = D — 1. The Dirac bracket of the boundary operator Hy with a bulk
matter operator insertion O(z) is given by:

{Hs,0(2)}p.. = — / dy d*2' {Hy,Caly)} Cp'(y,2') {Ch(2'),0(2)}
ddp dd d%y d?s ip.(x—y) oiq.(y—z') p2 my,/
WGN J s [ G y a2 POV (). 0()

S Tererel IR CACS } | % {Tn(@).0()},

(5.4)

where x{' is the Hamiltonian constraint in the presence of matter, given in (B.13). In
the second step of (5.4), we have used the fact that only the component C;Dlo of the
inverse constraint matrix contributes. Notice that in the limit where V' approaches the full
spatial slice containing it, the right-hand side of (5.3) vanishes. However, the non-local
factor arising from the inverse constraint matrix provides a measured counter-effect which
makes (5.4) valid even for the full spatial slice. Thus the Dirac bracket of the boundary
Hamiltonian with the observable O(z) is equal to the Poisson bracket of the observable with
the integrated Gauss constraint. This in turn, as expected, is equivalent to the Poisson
bracket of O(z) with the matter Hamiltonian.

5.2 Boundary observables and Dirac brackets for massive gravity

Like massless gravity, the relevant boundary Hamiltonian for massive gravity can be ob-
tained from the Gauss constraint. From (B.20) and (B.21), the Gauss constraint xo for
massive gravity with matter insertion is given by

V2hi — 9,0,k = m?hf — 167G nToo. (5.5)

As in massless gravity, we can integrate the 1.h.s. of the Gauss constraint within a spacelike
region V' and obtain the boundary operator Hy, which is given by

1
1671' G N 167G N

From the massive gravity constraints, we see that the boundary Hamiltonian fails to com-

dD_Q:L' nz<8]h2] — 82}1],:) (5.6)

/dD L2 & (0;hi; — Oihk) =

mute only with the constraint C_; (see Eqn (4.5)). The relevant commutator is given by:

_ 0Hy 0C_1(y)
{HB,C— } /dd 8hw ) aHij( )

_ d 2¢d
= 167TGN/d:CV5(

167TGN
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which is identical to (5.3) up to a factor of m?. The Dirac bracket of the boundary operator
with a bulk matter operator O(z) is given by:

{Hp, 0()}oun. = / d'y d'' {Ho, Caly)} €y (4:2') {Ch(=). O(2)}

d p d q iy 1P (x=Y) gia.(y—2)

- m2d 167TGN/
({Co( "),0(2)} +igi{Cpyi(2), O(2)})
d—1

-7 WGN / d'z V2({Cy(x), 0(2)} + O:{Tlni(x), O(2)})

=~ 2d 167G 6vd z n'd;({Co(z),0(2)}) .

(5.8)

In the second equation above, we have identified the only contributing terms to be from
c-! 10 and c-! 1 D44+ In the final step, we have neglected the contribution from the c i 1D4i
terms as O(z) is assumed to be a pure matter operator with trivial Poisson brackets
with Ily;.

The result (5.8) differs from that of (5.4) fundamentally because, unlike in the case of
massless gravity, the inverse constraint matrix contributing to (5.8) is local, thus allowing
us to reduce the Dirac bracket to a pure boundary term. Therefore, when O(z) is taken
to be an operator insertion strictly in the bulk, we find that its Dirac bracket with the
boundary operator Hy vanishes.

In appendix C, we treat the constraints of the free theory but substitute the equation
of motion of hg; back into the action. We argue that at the classical level, the substitution
makes sense. We use this to alternatively demonstrate that {Hp, O(2)}pB. = 0.

6 Vacua structure and split states

We will now utilize the Dirac brackets obtained for various theories, i.e. electrodynamics,
massless gravity, and massive gravity, to investigate the existence of split states. In order to
set up the stage for further discussions of constraints using Dirac brackets and their relation
with split states, let us first begin with the case of electrodynamics. Readers familiar with
split states in electrodynamics can directly skip ahead to section 6.2.

6.1 Split states in electrodynamics
We minimally couple a charged scalar ¢ to the electrodynamic field. The Hamiltonian for
this system is given by
/dd ! ( —II'11, +4FUF” 8H1A0+H¢H¢*—zeA0 (¢ —TIge ™)+ (Diqﬁ)*Digﬁ)
(6.1)
where D;¢p = 0;¢ + ieA;¢ is the covariant derivative with respect to the gauge field, and

IT* denotes the momentum conjugate to the electrodynamic field, while II4 denotes the
momentum conjugate to the scalar field and is given by

I, = ¢* —ieAgd* (6.2)
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In terms of the gauge invariant fields, II' = E?. Using (6.1), one can compute the Gauss
constraint, which is given by:
oI — J =0

where
J? = —ie (¢1ly — g g")

is the matter current. As a consequence, the Gauss constraint implies that given a codimen-
sion one spacelike slicing ¥, measuring the integral of the electric field over the boundary
gives us the total charge Q = [ J?, i.e.

/Z o,IT = /8 ' = Q. (6.3)

where n; is the outward pointing normal vector.

The boundary operator in (6.3) is unique to electrodynamics due to the Gauss con-
straint and gives us the total charge. Now consider some matter insertion in bulk, denoted
by the action of an operator O(z). We want to determine whether the information content
of the insertion can be obtained using a relevant boundary observable, i.e., the boundary
operator defined in (6.3).

The computation of the Dirac matrix for electrodynamics, both with and without
matter, is performed in appendix A. Using our analysis there, we are in a position to
investigate the Dirac bracket of [y &;IT° with O(z), which gives us

{Low@.o)},  ={ [ om@.oe)

- /y1 /@/2 /2325(510 — 1) %5((@1 — w){&ﬂi(yg) — J(ya), O(z)}
(6.4)

We will work with purely matter insertions O(z) in the following discussion. Then the first
Poisson bracket on the r.h.s. of (6.4) is zero, while the second bracket, upon integration by
parts and using the Gauss law, takes the form

{/Eainz(x), o)} =- /Z [1T(2) — 1°(2).0(2)} = {Q.0(z)}  (6.5)
where we have used {0;11°(z), O(z)} = 0. Thus we obtain an order one contribution due to
the matter insertion. If we have a chargeless state, the Dirac bracket expectedly vanishes,
whereas we obtain a finite contribution for the charged state.

Lifting the Dirac brackets to operators acting on the Hilbert space, equation (6.5)
takes the following form?

[ [w@,0¢)] = @.0¢) (6.6)

9The lifting from phase space observables to operators acting on the Hilbert space is subject to the
assumption that a suitable operator ordering prescription exists which removes any anomalous terms. This
issue arises not only in electrodynamics but also in our later analysis of gravity, and we discuss more about
this in section 8.
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Equation (6.6) leads to the existence of split states in electrodynamics. To see this, note
that the order one contribution on r.h.s. is insufficient to specify the state of the bulk on
the spacelike slicing. This is because the boundary operator [, O;IT"(x) can only measure
the charge of the state.

Consequently, there is an infinite degeneracy of states with a given electromagnetic
charge, which all evaluate to the same value on the r.h.s. of (6.5). In this way, the Gauss
constraint in electrodynamics cannot specify the state in question. Hence the split property
holds since one cannot distinguish bulk states using the relevant boundary operator.

6.2 Hilbert space and vacua structure in flat space gravity

In this subsection, we will revisit the canonical Hilbert space of asymptotically flat massless
gravity and use it to construct the massive gravity Hilbert space analogously. The Hilbert
space will be important in understanding the split property of flat space gravity in the
later subsections.

Massless gravity

We begin by studying the vacua and boundary operators for flat space massless gravity [55—
57]. The asymptotic symmetries are implemented by subgroups of the diffeomorphism
group, such as the BMS group, which generates supertranslations [58-63].

Supertranslations (in D = 4) are generated using supertranslation charges @y, con-
structed by spherically smearing the Bondi mass aspect mp(u,Q) at Z*:

- e / VA2 mp (1 = —00,2) ¥ (). (6.7)

We can separate @, into hard and soft components. Thus a specification of vacuum in-

le

volves annihilation under positive modes of matter and gravity together with the eigenvalue
under soft mode:

le ’07 {8}> = Si,m |0a {8}> (68)

Here in |0,{s}), the first label denotes the energy, while the second label specifies the
supertranslation sector, i.e. the eigenvalue under the soft mode. Supertranslation sectors
serve as different superselection sectors for the theory, and hence the flat space massless
gravity Hilbert space is given by

H = @ 7—[{8} (6.9)
{s}
The ADM Hamiltonian Hy defined in (5.2) is simply Qoo charge defined in (6.7) [64, 65].

Massive gravity

In order to construct the state space of linearized massive gravity, we note the following
points:

1. From our calculation in (5.8), the Dirac bracket of Hy with a bulk matter insertion
O(z) is zero. Upon lifting operators to the phase space, we replace the Dirac bracket
with commutators, thereby giving us

[Ha,0(z)] = 0, (6.10)
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where Hjy is given by

1
97 167G N

/ P20 i (& hy; — ;). (6.11)

2. Since asymptotic symmetries are absent in massive gravity, in contrast to the massless
theory, the vacua subspace of the flat space massive theory is labelled by a single
sector rather than a direct sum over infinite supertranslation sectors as in (6.9).

Using these above points and from equations (6.10) and (6.11), we can use the boundary
operator Hy to label the states in the Hilbert space as |F, M) such that

Hy|E,M)=E|E,M). (6.12)

Here the label E denotes the eigenvalue under Hy, and M is a quantum number that
labels the bulk matter and gravity insertions. In contrast to the massless case, the second
label in (6.12) does not denote the supertranslation sector but is closely related to the
longitudinal mode of the massive graviton.

Due to the absence of asymptotic symmetries, we expect that the S-matrix defined over
the state space {|E, M)} is infrared finite, i.e. as expected, there are no infrared divergences
in pure massive gravity.

6.3 Split states in massless gravity

Equation (5.4) states that the boundary Hamiltonian Hy knows about bulk insertions since
the Poisson bracket of the matter insertion with the integrated stress energy component Tpg
is the same as the commutator of the Hy with the matter insertion. This is in line with the
Hamiltonian constraint analysis in equations (4.57) and (4.58) of [2], where expanding the
constraint at the second order in perturbation theory, Hy is related to the bulk energy. The
bulk energy has a contribution from both gravity and matter, with the matter contribution
being Tho. In our case, on the r.h.s. of (5.4), O(z) clicks only with Tp in the Poisson bracket.
Thus the commutator of Hy with matter insertion gives us the same result as expected
from the order-by-order expansion of the Hamiltonian constraint.

Given this consistency check, the statements about holography of information and split
states follow as in [1], which we briefly summarize. Using a Reeh Schlieder type argument,
one can construct operators (Qp supported near the boundary, which can act on a super-
translation vacuum |0, {s}) to create any arbitrary state |B,{s}) in the supertranslation
sector {s}

Q5 10.{s}) = |B. {s}) + 0 (VGv). (6.13)

Henceforth we will ignore O (1/G) corrections. Thus using (6.13) any hard bulk operator!®
O(z) can be written as

O(2) =Y cn Im, {s}) (0, {s}[ = Y cn Qm 10, {s}) (0, {s} QL. (6.14)

10%We only consider hard bulk operators here whose action does not change the superselection sector {s}.
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From equation (5.4), we see that the matter insertion O(z) leaves an imprint on the ADM
energy since it does not commute with Hy. Hence Hy can be labelled using the bulk
matter-energy, which is positive definite in well-behaved theories.

Then away from our linearized case, in the full theory, one can use Hy to construct a
boundary projector onto the vacuum of the theory on the lines of [1]. Using the Fock space
representation of the projector we can write the operator representation in (6.14) as

which is completely expressed in boundary operators ), and the projector Fy. Using
the arguments of [3, 4], various statements regarding the holography of information follow
from the above representation. Since bulk operators can be written as combinations of
boundary operators, there cannot be split states since one can always utilize the boundary
expression for the bulk operators to probe bulk physics. Thus the decomposition of the
massless gravity Hilbert space H into

H=Hi®H (6.16)

is not allowed,'! and correspondingly, the notion of split states in massless gravity does
not exist [4].

One can also use the more physical boundary projector Ps defined in [38] to express
O(z) in terms of boundary operators. However, this is a slightly more difficult task since
this involves delicately tuning smearing functions on the complement of the bulk region we
are interested in.

7 Split states in massive gravity

Since the Dirac bracket of Hy with bulk operator O(z) is zero in massive gravity from equa-
tion (5.8), we can hide any bulk matter insertion O(z) from detection using the boundary
operators. In this section, we will demonstrate the existence of split states in massive
gravity in two ways: firstly by making an explicit reference to the Hilbert space outlined
in section 6.2, and secondly by not making an explicit reference to the Hilbert space.

7.1 Split states from the vacuum structure

Following our notation introduced in section 6.2, from equation (5.8) we have
[Hyp, O(2)] = 0. (7.1)

which implies that the we have simultaneous eigenstates |E, M). Thus there are arbitrarily
many states with bulk matter insertions in the zero eigenvalue subspace of Hy.

This leads to split states since from equation (7.1), Hy or operators constructed using
it can never detect matter eigenvalue M in the bulk. In other words, one can shield bulk
excitations from any possible detection at the boundary. Hence, at our linearized analysis,

HThe precise sense in which we refer to the factorization of Hilbert space is explained in section 7.
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there is no holography of bulk information at the boundary, which could be detected using
boundary operators. Let us now precisely define what we mean by factorization of the
Hilbert space.

Approximate factorization of Hilbert space

The notion of Hilbert space factorization in eqn (6.16) is approximate. Even if we ignore
any constraints, such a factorization is not allowed in a quantum field theory since the
energy of such product states lies outside effective field theory. To work with such states
within effective field theory, we should imagine some spatial separation between the regions
A and A larger than the UV length scale of effective field theory.

Formally, introducing the spatial separation and momentarily ignoring the constraints,
we can approzimately factorize the Hilbert space H upon spatially partitioning flat space
into a bounded region A and its complement A as follows

H=MHs0MH, (7.2)

Then the factorization in (7.2) implies that spatially partitioned split states of the following
form exist in the Hilbert space H:

W) = [Ya) @ |13) - (7.3)

In our present case, region A should be thought of as most of the bulk region while the
complement region A is a small enough region sufficient to include the boundary. Then in
massive gravity, states in the Hilbert space spanned by [¢) = |E, M) can be thought of as
split states living in the above approximately factorised Hilbert space.

This is roughly because we can modify the bulk state |¢)4) in the region A thereby
changing the matter quantum number M, while preserving the boundary eigenvalue E in
the region A at the same time. Since there are no other relevant boundary operators that
probe the bulk physics in the region A, changing [¢)4) does not affect the state [¢ ;) in
region A. Consequently, states of the form (7.3) are allowed in the Hilbert space of massive
gravity taking into account the constraints using Dirac brackets.

7.2 Split states without the vacuum structure

More generally, we do not need to reconstruct the Hilbert space in order to understand the
split property. To see this, let us work with a non-gravitational theory first, and outline
the split property.

Consider a density matrix p defined on the spatially partitioned system acting on H.
We will be working with the algebra of observables A and A acting on the previously-
defined regions A and A respectively. The algebras A and A consist of products of bulk
operators supported on A and A respectively.

We now look at operators O4 € A and O; € A, where elements from the algebras
mutually commute, i.e., [O4,04] = 0. Let us consider a bulk observable of the form
O = 040j. The split property [66, 67] implies that the expectation value of operator O
can be written as:

(0) = Tr (p0) = Tt (p40.4) Tr (p40,4) (7.4)
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where p4 and p4 are density matrices such that they are unconstrained in the traced out
regions A and A respectively. Effectively the density matrix p takes the following form

p="Trz(pa)®Tra(ps), (7.5)

which can be seen by substituting (7.5) into (7.4).

Support of boundary operator Hy

In massless gravity, there are a couple of issues regarding the above construction. Firstly,
from equation (5.4), we have
[Ho, 0] # 0. (7.6)

Hence the decomposition in (7.4) does not work, since there always exists an operator Hy
living in the region A which can be used to detect observables in A.'2 Correspondingly, the
Hilbert space does not factorize, and the density matrix cannot be written in the form (7.5)
for massless gravity.

The second issue arises since only small diffeomorphism invariant observables make
sense. For instance, diffeomorphism invariant dressed operators obey [O4,0 3] # 0, and
hence (7.4) and (7.5) do not hold. A more precise version involves defining the algebra of
observables asymptotically. We refer the reader to [1, 4] for a detailed treatment of this
issue.

In massive gravity, we do not need to work with asymptotic observables since diffeo-
morphism invariance is absent, and hence we can work with the previously defined algebra
of observables. Since we do not need to dress the observables, we have [04,03] = 0.
Also for an observable O 4, the boundary operator Hy simply commutes with the spatially
partitioned observables

[Hp, O4] = 0. (7.7)

As a consequence, equations (7.4) and (7.5) follow since we cannot use Hy which is sup-
ported in the region A, to detect the state supported in the region A any more. Thus
from (7.4) and (7.5), specifying information in the region A does not fix the state in the
region A. Consequently, the existence of split states in massive gravity can be understood
from lifting the Dirac brackets onto operator commutators acting on the Hilbert space.

The appearance of split states is a significant departure from the case of massless
gravity, where any matter insertion has a specific signature in correlators involving bound-
ary operators. Massive gravity is not constrained enough to detect bulk insertions using
boundary observables and their correlators. From our analysis in this subsection, it is clear
that massive gravity resembles a non-gravitational QFT than massless gravity.

8 Conclusion and discussion

In our work, we have computed Dirac brackets in different settings and used them to in-
vestigate the issue of split states. More generally, we have addressed the following question

2From (5.4) since the commutator is non-zero, the ADM Hamiltonian Hp, though supported in the
region A, does not belong solely to the algebra A.
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regarding the principle of holography of information: given access to boundary operators,
can one use them to identify a generic bulk state? In linearized massive gravity, using our
analysis of the Dirac brackets, it appears that such information is hidden from boundary
operators, thereby allowing for split states.

We find that the Dirac bracket between the relevant boundary operator from the Gauss
constraint and a generic bulk matter insertion is zero for massive gravity. This is consistent
with our intuitively expected picture resulting from the lack of small diffeomorphisms in
massive gravity. Thus one can create local bulk operators which can never be detected
using the boundary operator Hy since the commutator is simply zero. This is a significant
departure from massless gravity. We show that this leads to split states, and hence there
is no holography of information in linearized massive gravity.

Potential limitations of our analysis

Let us now discuss some potential limitations of our analysis:

1. Regarding the closure of constraints: as discussed in appendix B, from the
perspective of constraints, one cannot consistently couple matter to the linearized
gravity action since the constraint algebra does not close. The failure of linearised
gravity-matter constraints to close introduces further constraints on the phase space.
Introducing these additional constraints is inconsistent with the degree of freedom
counting. In contrast, the case of electrodynamics is much simpler, where the Dirac
matrix, upon the inclusion of charged matter, is the same as for the uncharged
case (see appendix A). The issues with consistently coupling matter with linearized
gravity are an important feature contrary to our naive expectations. This issue is
also demonstrated from the failure to impose 9, 7" = 0 in [24].3

Motivated by electrodynamics, we circumvent this issue by taking the Dirac matrix
of linearised gravity without matter to evaluate the Dirac brackets. This ensures
that the algebra closes, and we use this matrix to compute Dirac brackets between
observables, with subsequent Poisson brackets defined over the entire matter-gravity
phase space. In other words, we restrict ourselves to the gravity phase space whenever
we take the Poisson bracket between two different constraints but otherwise work in
the entire matter-gravity phase space. A more satisfactory procedure would be to
consider the full non-linear action coupled to matter [19-22] and study the Dirac
brackets, which is an open question.

2. Holography of information: in massless gravity, the principle of holography of in-
formation is a non-perturbative statement. Perturbatively we can demonstrate holog-
raphy of information about low energy states. However, for heavy time-dependent
states, as studied in [42, 43], within perturbation theory, it may be possible to con-
struct operators which can commute with the Hamiltonian. We expect that there

13Very loosely, we can also argue that there should not be any corrections to the linearised Dirac matrix
upon including matter since naively coupling matter order by order in perturbation theory is problematic,
and as a consequence, the constraints fail to close properly.
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exist complicated observables using which we can probe the bulk, which incorporate
non-perturbative effects.

In our work, we restrict our analysis to linearized gravity over the empty flat back-
ground and restrict our statements to low energy states about the vacuum. At
our present level of analysis, we have only checked in perturbation theory that the
commutator [Hy, O(z)] = 0. This statement might receive non-zero corrections of
O(e_val) but our present framework does not suffice to calculate such corrections.
In particular, it is unclear whether the canonical vacuum in massive gravity satis-
fies necessary properties such as boundedness and whether one can define projectors
onto the vacuum. Thus we are unable to concretely establish whether holography of
information in massive gravity is a non-perturbative statement or not.

3. Quantization ambiguities: generally, lifting constraints from the phase space to
operator equations on the Hilbert space may introduce some corrections to the con-
straint algebra. For instance, we may have ambiguities proportional to §(0) for first-
class constraints. If such ambiguities arise, we need to implement a suitable choice
of normal ordering that allows us to circumvent them.

In our analysis of massive gravity, some simple operator-ordering ambiguities, such
as ones resulting from the multiplication of canonical field with momenta, are absent
since the constraints are all linear. There are seemingly no such obstructions to
quantization at the level of our linearized analysis.

4. Higgs-type mechanism and localization of information: a straightforward
implication regarding the localization of information is as follows: the localization of
information on the whole AdS5 boundary is different from the Karch Randall type
setups [14], which have a massive graviton. In such setups, the massive graviton
arises from a higher dimension. However, the crucial feature is that the boundary of
the complete theory is not the same as the boundary of the dimensionally reduced
theory, hence the difference in the localization of information.

Another question that may arise is how a possible Higgs mechanism which gives the
graviton mass may change the localization of information. The naive picture is that
breaking the diffeomorphism invariance by such a mechanism changes the localization
of information, and consequently, even at the non-perturbative level, one may not be
able to recover bulk information using just the boundary operators. Such issues still
need to be better understood.

Black hole evaporation

We now briefly discuss some other implications of our work regarding black hole evapo-
ration. Our analysis here indicates consistency with the arguments of [68] that massive
gravity at a linearized level allows for black hole evaporation using the islands formalism.
This is because the Dirac bracket of operator insertions inside the disconnected entan-
glement wedge with the boundary Hamiltonian is zero, indicating consistency with the
subregion duality.
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However, since the Dirac bracket in massless gravity between the boundary Hamil-
tonian and the bulk Hamiltonian is not zero, operator insertions inside the entanglement
wedge can potentially be detected using the boundary Hamiltonian. Whether our formal-
ism sheds some light to circumvent this obstruction in massless gravity is an interesting
question.

Other open questions

We conclude our work with some other open questions. For massless gravity, we observe
that the form of the constraint algebra of the linearised theory without matter and the
complete non-linear theory with matter look similar, provided we fix the gauge appropri-
ately. It would be interesting to investigate whether this observation also holds for the
case of massive gravity. Stated differently, the question is whether we expect the form of
the constraint algebra of non-linear massive gravity coupled to matter to be similar to the
Fierz-Pauli case. Our analysis is plausibly valid for the full non-linear theory coupled to
matter in such a case. A related point is whether our described vacua structure, which
depends on our restrictive linearized analysis, generalizes to the non-linear case.

Given the constraint algebra of the non-linear action, an interesting question is whether
a systematic procedure exists to truncate it to the constraint algebra from the quadratic
action, i.e. to the linearized case. As we argued, to include matter, we need to consider
the full non-linear Einstein action. However, is there any consistent truncation of the full
non-linear constraint algebra, which gives us the Dirac matrix of linearized gravity?

A slightly distant avenue is to understand whether there is any natural obstruction to
lifting massive gravity phase space observables to state-independent operators [69, 70] and
their subsequent dependence on late time effects [3, 71-73]. We hope to address some of
these issues in future work.
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A Dirac brackets for electrodynamics

We will first look at Dirac brackets for electrodynamics without matter and then derive
the Dirac brackets after adding in the matter.

Electrodynamics without charges

We will work with the Lagrangian given by
1 14
L= —ZFWF” , (A.1)
where F),, denotes the field strength. Using this Lagrangian, we arrive at the primary

constraint
I =0, (A.2)

where II° denotes the standard canonical momentum. Then the Hamiltonian H, obtained

from the Legendre transformation of (A.1) is given by

1

4

To implement the Dirac bracket procedure, we will first add in the contribution from the

Hy = /ddl' (—21_[7'1_[1' + Fiij — 81HZA0> . (A3)

primary constraint, i.e.
H = Hy + voll", (A-4)

where our goal now is to fix vg. The condition for the stability of the primary constraint
gives us the Gauss constraint, which is a secondary constraint,

{I°, 7} = o,1T". (A.5)
We find that there are no further tertiary constraints because
{oI', H} =0 (A.6)

due to cancellations among terms resulting from integration by parts. Consequently, we
have vg = 0in (A.4), i.e. the constrained Hamiltonian is the same as obtained from Legendre
transformation of the electrodynamics Lagrangian. Thus we have a system of first-class
constraints characterized by the Hamiltonian H, and constraints (A.2) and (A.5).

Gauge fixing

Since we have a first-class system, we fix the gauge by putting in gauge conditions. A
convenient choice is to choose a gauge that is orthogonal to the first-class constraints. In
our case, this amounts to

Ag=0 and 9;A°=0. (A7)

We rewrite the system of constraints given by (A.2), (A.5) and (A.7) in the following
ordered form

C() = HO(.%')

Cy = OIT(z) As)
CQ = Ao(x) '
Cy = 9;Al(z)
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Using the above constraints, we have the following non-zero Dirac brackets

{I(x), Ao(y)} = —8(x —y)

{01 (2), 7 A;(y)} = V*6%(x — y). (A.9)

Note that the plus sign in the expression for the second commutator in (A.9) arises due
to the shifting of derivatives while performing integration by parts. Then the constraint
matrix with the ordering in (A.8) is given by

00 —-10
0 0 0 V2
M(z —y) = 6z — A.10
(z—y) L0 0 0 (z —y) (A.10)
0-V2 0 0
The inverse matrix of M (z,y) from (A.10) is given by
0 01 0
0 00—-gs
MYz —y) = Vi 6w — Al
(z—y) 100 0 (z—y) (A.11)
0 920 0

Electrodynamics with charges

Recall from (6.1) that the Hamiltonian for a charged scalar coupled to electrodynamics is
given by

Hy = / dz (—;H’Hi + iF,-jF”' — QI Ag + T gM g — deAg (¢l — Tye ™) + (D@)*Diqs)
(A.12)

Here we again have the primary constraint IIp = 0. As previously done, we write the
constrained Hamiltonian as

H = Hj + oIl (A.13)

The stability of the primary constraint gives us the secondary Gauss constraint, which is
given by
I — ie (Glly + ¢y ) = GI1° — JO = 0.1 (A.14)

Recall that now the Poisson bracket involves taking derivatives with respect to the scalar
field and its conjugate momentum as well since a complete specification of the phase space
involves accounting for the scalar field as well. We find that the secondary Gauss constraint
is stable, i.e.

{01 — J°, HY = 0 (A.15)

due to cancellations among various terms, and use this to set vg = 0, similar to the case of
free electrodynamics.

14 As a comparison, for fermions, there is no electrodynamic contribution to the matter current.

— 24 —



Gauge fixing and Dirac brackets

Since the primary constraint remains unchanged and the secondary Gauss constraint re-
ceives an additive scalar contribution plus the contribution from Ag, a good orthogonal
choice is to choose the same gauge conditions as previously chosen. This is because the
extra charged contribution to the Gauss constraint commutes with the choice of gauge,
which by construction gives a non-zero commutator with the free part. As a consequence,
we have the constraints

C() = HO($)

Cy = 9,1 (z) — J° A16)
02 = Ao(w)

Cs = 9;A'(z)

which gives us the exact same Dirac matrix as in (A.10) and its inverse in (A.11).

B Constraints in linearized gravity with matter

In this appendix, we covariantly couple matter to linearized massless and massive gravity.
We show that the constraints do not close i.e., they become inconsistent with our expected
counting of the degrees of freedom.

B.1 Massless Gravity with minimally coupled matter

We will now minimally couple a scalar field to massless gravity using the stress-energy
tensor. Using this, we will compute the constraints of this theory and calculate the Dirac
bracket in this subsection. The action of minimally coupled matter to gravity is given by:

So =~y [ A2 v=5(g" 0000 + m ) (B.1)

where g is the determinant of the space-time metric and indices u, v run from 0 to D — 1.
Expanding the metric about the flat background (i.e. g, = M + hu and hence g"” =
n*” — h*"), at leading order, we obtain:

h iz 2 hHY

So= [d% (145) (- 0u00,0 - 07 ) + 0,00, (B.2)
2 2 2 2

where h = Tr(h,,). In terms of the energy-momentum tensor 7),,, above action can be

re-written as:

50 [[aP (—5 2T (6,0) + VarLn(6.)) (B.3)

where L, (o, gzﬁ) is the free-scalar Lagrangian, g, is the determinant of background metric
(which is 7, in present case) and T"" is given by:

v

nh
2

TH = 0" ¢ ¢ — == (0pp0"¢ + m*¢?) (B.4)
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The massless graviton Lagrangian L, is given in (3.1). Hence the total action is given by:
S=258;+8, (B.5)

where S, denotes the integral of L,, with the Gy dependence restored using an overall

multiplicative factor x2.

1
Sg = ?/dDLU\/ —ng
Momenta and Hamiltonian

Using the combined action in (B.5), we will now determine the canonical momenta and the
Hamiltonian for our scalar-gravity theory. From the gravity part, we obtain the following

expression for the momenta:

IIpo = 0, IIg; =0
oL 1 /. . (B.6)
Hij = Th” = ? (hij — hkkéij — 28(ihj)0 + Qakh()k(;ij)

From (B.6), we find that we have two primary constraints Ilpy and IIp;. The gravity
Hamiltonian from (3.3) is given by:

H, = K* H%——JEL—«+i—18h0%”—&h8%ﬂ+8%%ﬂﬁ—lamyﬁ
9= T2 Tom—2)) T k2 \ 2N Wik g 9 Oy

—%?GW@—WWMQ—2MQMU
(B.7)

Next, we determine the canonical momenta of scalar field theory from the scalar Lagrangian

given in (B.2),

hoo + i

7r¢:8L¢—q5<1+h)+h00¢3+h0i6¢¢:g2><1+ 5

op 2

We can invert (B.8) to determine ¢ in terms of canonical variables, which will be useful to

)+m@¢ (B.8)

obtain the scalar Hamiltonian iy
. e — h'0;¢
= ’ h00+hlii (B.9)
(1 + hooha)
We can now obtain the Hamiltonian for the scalar field by Legendre transforming the scalar
Lagrangian, i.e. Hy = m4$ — Ly. Substituting equations (B.9) and (B.2) in the Legendre

transform, we obtain:

hoo
2

H¢> =& - E+ h0i71'¢ai¢—

h£<7fé_<w>2_m2¢2
2

)—2mﬁ¢w¢+om@1m
where the energy £ is given by

2 2.2
(v2<z>) +—m2¢ . (B.11)

Consequently, from equations (B.7) and (B.10), and taking into account the primary

2
™
£=2
5+

constraints (B.6), the full Hamiltonian is given by:

Hiot = Hy + Hy + 0,11 + ;11 (B.12)
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Closure of constraints and the Dirac matrix

Let us now find the secondary constraints:

1
X0 = {H007/dd$ Htot} = X0+ 55

(B.13)
Xi = {Hoz‘,/ddl“ Htot} = Xi + 70;¢
where xo and yx; are the secondary constraints without matter. They are given by:
_ 1 (92hf — 0,05 ) = —20,11% B.14
Xo—mg i 1 10j1ij Xi = ] (B.14)
Next, we compute the tertiary constraints:
1
&' = {Xgla/ddx Htot} = {XO:/ddthot} + B {5>/dd$Htot}
1 1 (B.15)
- f() + 5 {5,/dda: H¢} = —aiajH” + 561(%8%) = — iX;n ~ 0
Next, we compute the commutator of x* with the Hamiltonian.
fzm = {X;na/ddthot} = {Xia/dd-THtot} + {7T¢3i¢a/dd$Htot}
(B.16)

= {7r¢6i¢,/dd:v H¢} = w0y + 0ip(Ofp — m* )

At the perturbative level, it seems that the constraint algebra does not close. This can
be seen from the fact that since £ is non-zero, its Poisson bracket with Hamiltonian we
obtain a non-zero answer. Further it also seems that the constraints (xg* and x!) are no
longer first class as well since {x{"(x), x{"(y)} = {Too(z), Toi(y)} # 0.

However, this is a consequence of doing perturbation theory incorrectly. As an example,
for the commutator {x{'(x), x7"(y)} without matter, the gravity part of the constraints
commute. However, if we keep the full non-linear correction in the gravity part of the
Lagrangian, then the gravity part of the constraints does receive corrections, which then
makes the constraints first class.

B.2 Minimally coupled matter to massive graviton

We again minimally couple the scalar field to gravity but with the Fierz Pauli action (4.1).
As a consequence, the total action is given by:

S=2585+8, (B.17)
where S, now denotes the Fierz Pauli massive gravity action.

Momenta and Hamiltonian

In presence of matter, the full Hamiltonian is given by:

Hiot = Hy + Hy + 0,11 + v, 11 (B.18)
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where Hy is given in (B.10). The addition of matter does not affect the primary constraints,
and consequently, they are still given by (3.2). The stability of primary constraints leads
to secondary constraints, which are given by

1
Xo = {Hom/ddﬂ? Htot} =Xo + 55

(B.19)
Xi = {Hom/ddu’ﬂ Htot} = Xi + mp0;¢
where xo and x; denote secondary constraints without matter and are given by
1 2 2\ 1 k ij m?
X0 = ? ((81 —m )hk — 818]h”) , Xi = -2 BjH + ?hOi (B.QO)

Next, we demand the stability of secondary constraints, which give rise to the tertiary

constraints:

1
&' = {Xgla/ddthot} = {XO;/ddeHtot} + B {gy/ddetot}

1 . 1 i (B.21)
=&+ 5 & [ dlaH, | =60+ J0u(ms0'0)
where & is again the constraint without matter and it is given by:
2 2
i m 2m
S0 = 0TI + —— 211’,3 — =5 Oihio. (B.22)
Hence the constraint £j*, is given by:
o m? 2m? 1 4
A 45/ = _(92'8]'1_[” + D ZHQ — 2 Oihio + 581-(%8%)
(B.23)
_ lﬁ-xm—i—m—Q 2 1T} — b | ~ m? I Oihos
27 w2\ D-2 T D—-2 k2
Next, we compute the commutator of x}* with the Hamiltonian (B.18).
&' = {X;‘ny/ddl’Htot} = {Xia/ddl’Htot} + {ﬂ'¢8z‘¢,/ddl‘ﬂtot}
B.24
2m2 i i 2m2 i ( )
= ?(6 hjz' — Ojh — Ui) + mﬁmﬁ,/d ZCH¢ = ?(8 hjz' — Ojh — Q}i) + B;

where B; = {7r¢8iqﬁ, [ diz H¢}. We can solve for v; by demanding & equals zero, which

gives us
2

; K
v = Gjhji — 0;h + WB“ (B25)
and where upto the quadratic order in matter fields, B; is given by:

B; = m40imy + 0;0(0fd — m*p) (B.26)
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Next, we compute the quartic constraints by computing the commutator of £* with Hamil-
tonian (B.18).

. m? miD—-1 1
§6n = é-(’r)n’/ddx Hior ¢ = X0 + 7h— —0;B;
D -2 2D-2 2
9 ) (B.27)
- m
&y — —-E— =05
where & is given by
- m*D-1
So="2p_3a"
Using the continuity equation, we have
9'B; = 0°0'Ty; = 02Ty, (B.28)

Next, we find the Poisson bracket of the above constraints with total Hamiltonian:
{56”,/dd:thot} {fov/d thot} z{ 17/d -THtot} { /d ﬂUHtot}
(B.29)

Again we can solve for vy by demanding the above equation to be zero. Various non-zero

elements of the constraint matrix are given below:

- 4p— 2
Moo(e), G0 = Ty D g e —n), (o) X[ ()} = g5 (2 — )
2 2
{Moi(), &'(y)} = —%&-5@ — ), {xo' (2), xi" ()} = 2%2816(% —y)+ %Qi
2 _
(B (@) )} = 5 |02 - 1,3;“} Sz )
~ 2
(G0} = T 50 )+ 5 [0+ | @
_ 2
E@w.&w) = (222) s, tF@re) = 1P
~ ~ 1 m? |
(@) W)} = Ry (& @.& W) = [af T 2] P
B 2
D8 @), & W) =~ |8+ o 2] P
(B.30)
where
0p(x 0 0
P = {Tin(e): Tool)} = (M) 55 ~ 1) 520} o0 )
Qi = (Tun(e), Tut)) = (4069 0rp 730+ m?6016 ) oGz ) (831

Ry = (Tu(e). Tos )} = (o) o~ 10,0) 205 2 o0 =)
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By computing the inverse of the constraint matrix, we notice that we obtain the following
type of inverse derivative dependence in Dirac brackets:

1
m? — 0;0;(Ri; P + Q)

The above constraint algebra fails to close due to the presence of matter energy-momentum

(B.32)

tensor on the r.h.s. of the algebra. This can be seen by computing the Poisson bracket of
r.h.s. of any of the constraints above with the Hamiltonian. Since {P, Q;} (and other such
combinations) is non-zero, the above algebra is not stable under Hamiltonian evolution.
This extra term in the denominator of (B.32) is seemingly an artefact of perturbation
theory. Since the constraints do not close now, they pose an inconsistency in the counting
of the degrees of freedom. Consequently, we expect the extra term 0;0;(R;;P + Q;Q;) to
go away as for the massless case upon the inclusion of higher order corrections [19-22].

C DMassive gravity constraints by substitution

Let us look at a different way to compute Dirac brackets, where we substitute for some of
the constraints. This procedure was used in [18]. Notice that the metric component ho;
appears quadratically in the Fierz-Pauli lagrangian given in equation (4.1). Hence we can
just solve for hg; using its equation of motion and substitute it back in the Lagrangian. This
is the key difference from our previous treatment of constraints.The hg; EOM is given by:

1 .
ho; = —Eajﬂji (Cl)

This equation can also be obtained by setting the constraints C; (given in (4.4)) to zero.
Now we can substitute hg; in the massive gravity lagrangian and then solve for constraints
of the corresponding system. The Hamiltonian of this system is given by:

o (1 1T, 1 /1 ko ij irik | Ain aipk LYo iaipk
Hg =K 9 - m + ? §8kh”8 h* — 8,h]k6 h +6 hijﬁ hy — 58@8 hk
1 i . o 1 i
2 (hihts — 1) — w2 g, — b (920 — 97 hi; — m2h’,§)> + (o
(C.2)
Since 1% = 0, this system has one secondary constraint given by:
o] = (8;0' — m*)h) — 9;0;h" (C.3)
One can readily compute the tertiary constraint:
m2
(I)g = {Hg, @517} = mﬂii + aiajﬂij. (C.4)

The stability of the above constraint under time evolution gives us the following further

constraint: D_1
4 = {H,, o} ~ —mm% (C.5)

15Since ho; is no longer a degree of freedom of the system, the corresponding momenta 1% does not exist.
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where h = —hgo + hﬁ. These set of constraints form a closed algebra. The constraint
matrix is now a 4 x 4 matrix whose various non-zero elements are given by

D—1_p_
{(p), ()} pp. = —m*5— 5" (p —q),
(8(p). 2Y(q)} pp. = —m' D L6D-1(p— )
o D -2 (C.6)
{2{(p), ®5(a)}rB. = O,
D-1 D-1 _
(@40 (@} rn = mt (53 ) (w0 =5~ 1) 70— a)
Hence the inverse of Dirac Matrix C~1(p) is given by:
4
) 20(14% p’m? 0 m?
_ 1d—1| p?m?— dm 0 -1 0
clp)=——-|" d-T 5(p — C.7
) =77 0 ) 0 0 (p—q) (C.7)
—m? 0 0 0

where d = D — 1 is the dimension of the Cauchy slice. As expected, the above matrix is
just a sub-matrix of (4.10) (up to a factor of m?16).

We can now use this matrix to define the Dirac bracket. Since the inverse constraint
matrix does not contain any derivatives in the denominator, using the analysis similar to
the one discussed in section 5.2, one can readily see that the Poisson bracket of boundary

operator Hy with any bulk insertion O(z) is zero.

Why substitution works classically?

Roughly our action is of the form

such that X is a function of x;, ;. In the case of standard gravity with m = 0, we have the
constraint X = 0, with hg; acting as a Lagrange multiplier. When m? # 0, we can rewrite
the action as

m?) " am? (C-9)

Note that action is decomposed into a separate part for the hg; field, and a part containing

X \? X2
L = Lo(x;, &;) + m? (h()i + ) —

Lo(z;, ;). Setting the positive definite second term in the above equation to zero gives us
the equation of motion for hg;. One can now always redefine the hg; field independently of

Ho; = hoi + 5 (C.10)
such that there are no terms coupling the fields x; and Hp;. Thus we can independently
minimize Hy; without interfering with the variations of Lo(z;,4;) — %. Hence this sub-

stitution of the equation of motion is allowed. This is also confirmed by the counting of
degrees of freedom.

16This factor is different because of the difference in the definition of tertiary constraint.
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Note: this substitution is correct at a classical level but may pose some difficulties in

quantum mechanics when we vary over the whole space of paths with weightage.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited. SCOAP? supports

the goals of the International Year of Basic Sciences for Sustainable Development.

References
[1] A. Laddha, S.G. Prabhu, S. Raju and P. Shrivastava, The Holographic Nature of Null
Infinity, SciPost Phys. 10 (2021) 041 [arXiv:2002.02448] [INSPIRE].
[2] C. Chowdhury, V. Godet, O. Papadoulaki and S. Raju, Holography from the Wheeler-DeWitt
equation, JHEP 03 (2022) 019 [arXiv:2107.14802] INSPIRE].
[3] S. Raju, Lessons from the information paradox, Phys. Rept. 943 (2022) 1
[arXiv:2012.05770] [INSPIRE].
[4] S. Raju, Failure of the split property in gravity and the information paradoz, Class. Quant.
Grav. 39 (2022) 064002 [arXiv:2110.05470] [INSPIRE].
[5] P.A.M. Dirac, Lectures on quantum mechanics, Belfer Graduate School Monograph Series,
No. 2, Yeshiva University, New York (1964).
[6] M. Henneaux and C. Teitelboim, Quantization of gauge systems, Princeton University Press
(1992) [INSPIRE].
[7] N. Mukunda and G. Sudarshan, Structure of the Dirac bracket in classical mechanics, J.
Math. Phys. 9 (1967) 411 [NSPIRE].
[8] M. Fierz and W. Pauli, On relativistic wave equations for particles of arbitrary spin in an
electromagnetic field, Proc. Roy. Soc. Lond. A 173 (1939) 211 [INSPIRE].
[9] A. Higuchi, Forbidden Mass Range for Spin-2 Field Theory in De Sitter Space-time, Nucl.
Phys. B 282 (1987) 397 [INSPIRE].
[10] M. Porrati, No van Dam- Veltman-Zakharov discontinuity in AdS space, Phys. Lett. B 498
(2001) 92 [hep-th/0011152] [INSPIRE].
[11] LI Kogan, S. Mouslopoulos and A. Papazoglou, A New bigravity model with exclusively
positive branes, Phys. Lett. B 501 (2001) 140 [hep-th/0011141] [InSPIRE].
[12] N. Arkani-Hamed, H. Georgi and M.D. Schwartz, Effective field theory for massive gravitons
and gravity in theory space, Annals Phys. 305 (2003) 96 [hep-th/0210184] [INSPIRE].
[13] P. Creminelli, A. Nicolis, M. Papucci and E. Trincherini, Ghosts in massive gravity, JHEP
09 (2005) 003 [hep-th/0505147] [INSPIRE].
[14] A. Karch and L. Randall, Locally localized gravity, JHEP 05 (2001) 008 [hep-th/0011156]
[INSPIRE].
[15] M. Porrati, Higgs phenomenon for the graviton in ADS space, Mod. Phys. Lett. A 18 (2003)
1793 [hep-th/0306253] [INSPIRE].
[16] A.S. Goldhaber and M.M. Nieto, Photon and Graviton Mass Limits, Rev. Mod. Phys. 82

(2010) 939 [arXiv:0809.1003] [INSPIRE].

~32 -


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.21468/SciPostPhys.10.2.041
https://arxiv.org/abs/2002.02448
https://inspirehep.net/literature/1778932
https://doi.org/10.1007/JHEP03(2022)019
https://arxiv.org/abs/2107.14802
https://inspirehep.net/literature/1896593
https://doi.org/10.1016/j.physrep.2021.10.001
https://arxiv.org/abs/2012.05770
https://inspirehep.net/literature/1835780
https://doi.org/10.1088/1361-6382/ac482b
https://doi.org/10.1088/1361-6382/ac482b
https://arxiv.org/abs/2110.05470
https://inspirehep.net/literature/1941368
https://inspirehep.net/literature/345963
https://doi.org/10.1063/1.1664594
https://doi.org/10.1063/1.1664594
https://inspirehep.net/literature/51889
https://doi.org/10.1098/rspa.1939.0140
https://inspirehep.net/literature/8638
https://doi.org/10.1016/0550-3213(87)90691-2
https://doi.org/10.1016/0550-3213(87)90691-2
https://inspirehep.net/literature/228338
https://doi.org/10.1016/S0370-2693(00)01380-0
https://doi.org/10.1016/S0370-2693(00)01380-0
https://arxiv.org/abs/hep-th/0011152
https://inspirehep.net/literature/537056
https://doi.org/10.1016/S0370-2693(01)00096-X
https://arxiv.org/abs/hep-th/0011141
https://inspirehep.net/literature/536935
https://doi.org/10.1016/S0003-4916(03)00068-X
https://arxiv.org/abs/hep-th/0210184
https://inspirehep.net/literature/600200
https://doi.org/10.1088/1126-6708/2005/09/003
https://doi.org/10.1088/1126-6708/2005/09/003
https://arxiv.org/abs/hep-th/0505147
https://inspirehep.net/literature/682788
https://doi.org/10.1088/1126-6708/2001/05/008
https://arxiv.org/abs/hep-th/0011156
https://inspirehep.net/literature/537060
https://doi.org/10.1142/S0217732303011745
https://doi.org/10.1142/S0217732303011745
https://arxiv.org/abs/hep-th/0306253
https://inspirehep.net/literature/622091
https://doi.org/10.1103/RevModPhys.82.939
https://doi.org/10.1103/RevModPhys.82.939
https://arxiv.org/abs/0809.1003
https://inspirehep.net/literature/795918

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]
[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]
[34]

O. Aharony, A.B. Clark and A. Karch, The CFT/AdS correspondence, massive gravitons and
a connectivity index conjecture, Phys. Rev. D 74 (2006) 086006 [hep-th/0608089] [INSPIRE].

K. Hinterbichler, Theoretical Aspects of Massive Gravity, Rev. Mod. Phys. 84 (2012) 671
[arXiv:1105.3735] [INSPIRE].

C. de Rham and G. Gabadadze, Generalization of the Fierz-Pauli Action, Phys. Rev. D 82
(2010) 044020 [arXiv:1007.0443] INSPIRE].

C. de Rham, G. Gabadadze and A.J. Tolley, Resummation of Massive Gravity, Phys. Rev.
Lett. 106 (2011) 231101 [arXiv:1011.1232] [INSPIRE].

S.F. Hassan and R.A. Rosen, On Non-Linear Actions for Massive Gravity, JHEP 07 (2011)
009 [arXiv:1103.6055] [NSPIRE].

S.F. Hassan and R.A. Rosen, Resolving the Ghost Problem in non-Linear Massive Gravity,
Phys. Rev. Lett. 108 (2012) 041101 [arXiv:1106.3344] [InSPIRE].

M. Blake, D. Tong and D. Vegh, Holographic Lattices Give the Graviton an Effective Mass,
Phys. Rev. Lett. 112 (2014) 071602 [arXiv:1310.3832] [INSPIRE].

C. de Rham, Massive Gravity, Living Rev. Rel. 17 (2014) 7 [arXiv:1401.4173] [INSPIRE].

F. Capela and G. Nardini, Hairy Black Holes in Massive Gravity: Thermodynamics and
Phase Structure, Phys. Rev. D 86 (2012) 024030 [arXiv:1203.4222] [iINSPIRE].

M. Ghodrati, Complexity growth in massive gravity theories, the effects of chirality, and
more, Phys. Rev. D 96 (2017) 106020 [arXiv:1708.07981] [INSPIRE].

G. Penington, Entanglement Wedge Reconstruction and the Information Paradox, JHEP 09
(2020) 002 [arXiv:1905.08255] [INSPIRE].

A. Almbheiri, R. Mahajan, J. Maldacena and Y. Zhao, The Page curve of Hawking radiation
from semiclassical geometry, JHEP 03 (2020) 149 [arXiv:1908.10996] [INSPIRE].

A. Almbheiri, N. Engelhardt, D. Marolf and H. Maxfield, The entropy of bulk quantum fields
and the entanglement wedge of an evaporating black hole, JHEP 12 (2019) 063
[arXiv:1905.08762] [iNSPIRE].

G. Penington, S.H. Shenker, D. Stanford and Z. Yang, Replica wormholes and the black hole
interior, JHEP 03 (2022) 205 [arXiv:1911.11977] [nSPIRE].

A. Almbheiri et al., Replica Wormholes and the Entropy of Hawking Radiation, JHEP 05
(2020) 013 [arXiv:1911.12333] [INSPIRE].

H. Geng et al., Information Transfer with a Gravitating Bath, SciPost Phys. 10 (2021) 103
[arXiv:2012.04671] [INSPIRE].

H. Geng and A. Karch, Massive islands, JHEP 09 (2020) 121 [arXiv:2006.02438| [INSPIRE].

M. Ghodrati, Encoded information of mized correlations: the views from one dimension
higher, arXiv:2209.04548 [INSPIRE].

C. Chowdhury, O. Papadoulaki and S. Raju, A physical protocol for observers near the
boundary to obtain bulk information in quantum gravity, SciPost Phys. 10 (2021) 106
[arXiv:2008.01740] InSPIRE].

S. Banerjee, J.-W. Bryan, K. Papadodimas and S. Raju, A toy model of black hole
complementarity, JHEP 05 (2016) 004 [arXiv:1603.02812] [INnSPIRE].

— 33 —


https://doi.org/10.1103/PhysRevD.74.086006
https://arxiv.org/abs/hep-th/0608089
https://inspirehep.net/literature/723770
https://doi.org/10.1103/RevModPhys.84.671
https://arxiv.org/abs/1105.3735
https://inspirehep.net/literature/900692
https://doi.org/10.1103/PhysRevD.82.044020
https://doi.org/10.1103/PhysRevD.82.044020
https://arxiv.org/abs/1007.0443
https://inspirehep.net/literature/860500
https://doi.org/10.1103/PhysRevLett.106.231101
https://doi.org/10.1103/PhysRevLett.106.231101
https://arxiv.org/abs/1011.1232
https://inspirehep.net/literature/875509
https://doi.org/10.1007/JHEP07(2011)009
https://doi.org/10.1007/JHEP07(2011)009
https://arxiv.org/abs/1103.6055
https://inspirehep.net/literature/894626
https://doi.org/10.1103/PhysRevLett.108.041101
https://arxiv.org/abs/1106.3344
https://inspirehep.net/literature/914096
https://doi.org/10.1103/PhysRevLett.112.071602
https://arxiv.org/abs/1310.3832
https://inspirehep.net/literature/1258622
https://doi.org/10.12942/lrr-2014-7
https://arxiv.org/abs/1401.4173
https://inspirehep.net/literature/1278081
https://doi.org/10.1103/PhysRevD.86.024030
https://arxiv.org/abs/1203.4222
https://inspirehep.net/literature/1094159
https://doi.org/10.1103/PhysRevD.96.106020
https://arxiv.org/abs/1708.07981
https://inspirehep.net/literature/1620186
https://doi.org/10.1007/JHEP09(2020)002
https://doi.org/10.1007/JHEP09(2020)002
https://arxiv.org/abs/1905.08255
https://inspirehep.net/literature/1735792
https://doi.org/10.1007/JHEP03(2020)149
https://arxiv.org/abs/1908.10996
https://inspirehep.net/literature/1751747
https://doi.org/10.1007/JHEP12(2019)063
https://arxiv.org/abs/1905.08762
https://inspirehep.net/literature/1735823
https://doi.org/10.1007/JHEP03(2022)205
https://arxiv.org/abs/1911.11977
https://inspirehep.net/literature/1767458
https://doi.org/10.1007/JHEP05(2020)013
https://doi.org/10.1007/JHEP05(2020)013
https://arxiv.org/abs/1911.12333
https://inspirehep.net/literature/1767472
https://doi.org/10.21468/SciPostPhys.10.5.103
https://arxiv.org/abs/2012.04671
https://inspirehep.net/literature/1835408
https://doi.org/10.1007/JHEP09(2020)121
https://arxiv.org/abs/2006.02438
https://inspirehep.net/literature/1799453
https://arxiv.org/abs/2209.04548
https://inspirehep.net/literature/2150501
https://doi.org/10.21468/SciPostPhys.10.5.106
https://arxiv.org/abs/2008.01740
https://inspirehep.net/literature/1810220
https://doi.org/10.1007/JHEP05(2016)004
https://arxiv.org/abs/1603.02812
https://inspirehep.net/literature/1426819

[37] S. Raju, A Toy Model of the Information Paradox in Empty Space, SciPost Phys. 6 (2019)
073 [arXiv:1809.10154] [INSPIRE].

[38] T. Chakraborty, J. Chakravarty and P. Paul, Monogamy paradoz in empty flat space, Phys.
Rev. D 106 (2022) 086002 [arXiv:2107.06919] INSPIRE].

[39] R. de Mello Koch and G. Kemp, Holography of information in AdS/CFT, JHEP 12 (2022)
095 [arXiv:2210.11066] [INSPIRE].

[40] S.B. Giddings, On the questions of asymptotic recoverability of information and subsystems
in quantum gravity, JHEP 08 (2022) 227 [arXiv:2112.03207] [INSPIRE].

[41] C. Chowdhury and O. Papadoulaki, Recovering information in an asymptotically flat
spacetime in quantum gravity, Class. Quant. Grav. 39 (2022) 245012 [arXiv:2203.07449]
[INSPIRE].

[42] E. Bahiru et al., State-dressed local operators in AdS/CFT, arXiv:2209.06845 [INSPIRE].

[43] E. Bahiru et al., Holography and Localization of Information in Quantum Gravity,
arXiv:2301.08753 [INSPIRE].

[44] T. Chakraborty et al., Holography of information in de Sitter space, arXiv:2303.16316
[INSPIRE].

[45] T. Chakraborty et al., The Hilbert space of de Sitter quantum gravity, arXiv:2303.16315
[INSPIRE].

[46] D. Buchholz, Product states for local algebras, Commun. Math. Phys. 36 (1974) 287
[INSPIRE].

[47] J. Kluson, Note About Hamiltonian Structure of Non-Linear Massive Gravity, JHEP 01
(2012) 013 [arXiv:1109.3052] [INSPIRE].

[48] R. Jalali and A. Shirzad, Hamiltonian structure of Fierz-Pauli gravitons, partially massless
fields and gauge symmetry, Nucl. Phys. B 976 (2022) 115711 [arXiv:2010.04503] [INSPIRE].

[49] O. Rodriguez-Tzompantzi, Canonical description of exotic general massive gravity, Eur.
Phys. J. C 82 (2022) 482 [arXiv:2201.03151] [INSPIRE].

[50] S. Deser, Unconstrained canonical action for, and positive energy of, massive spin 2, Can. J.
Phys. 93 (2015) 395 [arXiv:1407.7178] [INSPIRE].

[61] B.S. DeWitt, The Quantization of geometry, in L. Witten ed., Gravitation: An introduction
to current research, chapter 8, Wiley (1962) pp. 266-381 [INSPIRE].

[52] P.G. Bergmann and A.B. Komar, Poisson brackets between locally defined observables in
general relativity, Phys. Rev. Lett. 4 (1960) 432 [INSPIRE].

[63] A. Komar, Construction of a Complete Set of Independent Observables in the General
Theory of Relativity, Phys. Rev. 111 (1958) 1182 [INSPIRE].

[54] W. Donnelly and S.B. Giddings, Diffeomorphism-invariant observables and their nonlocal
algebra, Phys. Rev. D 93 (2016) 024030 [Erratum ibid. 94 (2016) 029903]
[arXiv:1507.07921] [iNSPIRE].

[65] A. Ashtekar, Asymptotic Quantization of the Gravitational Field, Phys. Rev. Lett. 46 (1981)
573 [INSPIRE].

[56] A. Ashtekar, Radiative Degrees of Freedom of the Gravitational Field in Exact General
Relativity, J. Math. Phys. 22 (1981) 2885 [INSPIRE].

— 34 —


https://doi.org/10.21468/SciPostPhys.6.6.073
https://doi.org/10.21468/SciPostPhys.6.6.073
https://arxiv.org/abs/1809.10154
https://inspirehep.net/literature/1695901
https://doi.org/10.1103/PhysRevD.106.086002
https://doi.org/10.1103/PhysRevD.106.086002
https://arxiv.org/abs/2107.06919
https://inspirehep.net/literature/1885434
https://doi.org/10.1007/JHEP12(2022)095
https://doi.org/10.1007/JHEP12(2022)095
https://arxiv.org/abs/2210.11066
https://inspirehep.net/literature/2168020
https://doi.org/10.1007/JHEP08(2022)227
https://arxiv.org/abs/2112.03207
https://inspirehep.net/literature/1985237
https://doi.org/10.1088/1361-6382/aca192
https://arxiv.org/abs/2203.07449
https://inspirehep.net/literature/2052388
https://arxiv.org/abs/2209.06845
https://inspirehep.net/literature/2152249
https://arxiv.org/abs/2301.08753
https://inspirehep.net/literature/2625710
https://arxiv.org/abs/2303.16316
https://inspirehep.net/literature/2646943
https://arxiv.org/abs/2303.16315
https://inspirehep.net/literature/2646984
https://doi.org/10.1007/BF01646201
https://inspirehep.net/literature/80387
https://doi.org/10.1007/JHEP01(2012)013
https://doi.org/10.1007/JHEP01(2012)013
https://arxiv.org/abs/1109.3052
https://inspirehep.net/literature/927416
https://doi.org/10.1016/j.nuclphysb.2022.115711
https://arxiv.org/abs/2010.04503
https://inspirehep.net/literature/1822168
https://doi.org/10.1140/epjc/s10052-022-10428-4
https://doi.org/10.1140/epjc/s10052-022-10428-4
https://arxiv.org/abs/2201.03151
https://inspirehep.net/literature/2007014
https://doi.org/10.1139/cjp-2014-0420
https://doi.org/10.1139/cjp-2014-0420
https://arxiv.org/abs/1407.7178
https://inspirehep.net/literature/1308497
https://inspirehep.net/literature/44830
https://doi.org/10.1103/PhysRevLett.4.432
https://inspirehep.net/literature/44703
https://doi.org/10.1103/PhysRev.111.1182
https://inspirehep.net/literature/1476824
https://doi.org/10.1103/PhysRevD.93.024030
https://arxiv.org/abs/1507.07921
https://inspirehep.net/literature/1385625
https://doi.org/10.1103/PhysRevLett.46.573
https://doi.org/10.1103/PhysRevLett.46.573
https://inspirehep.net/literature/167139
https://doi.org/10.1063/1.525169
https://inspirehep.net/literature/172861

[57]

A. Ashtekar, M. Campiglia and A. Laddha, Null infinity, the BMS group and infrared issues,
Gen. Rel. Grav. 50 (2018) 140 [arXiv:1808.07093] [INSPIRE].

H. Bondi, Gravitational Waves in General Relativity, Nature 186 (1960) 535 [INSPIRE].

H. Bondi, M.G.J. van der Burg and A.W.K. Metzner, Gravitational waves in general
relativity. 7. Waves from axisymmetric isolated systems, Proc. Roy. Soc. Lond. A 269 (1962)
21 [NSPIRE].

R. Sachs, Asymptotic symmetries in gravitational theory, Phys. Rev. 128 (1962) 2851
[INSPIRE].

R.K. Sachs, Gravitational waves in general relativity. 8. Waves in asymptotically flat
space-times, Proc. Roy. Soc. Lond. A 270 (1962) 103 [INSPIRE].

A. Strominger, Lectures on the Infrared Structure of Gravity and Gauge Theory,
arXiv:1703.05448 [iNSPIRE].

G. Compere and A. Fiorucci, Advanced Lectures on General Relativity, arXiv:1801.07064
[INSPIRE].

R.L. Arnowitt, S. Deser and C.W. Misner, The Dynamics of general relativity, Gen. Rel.
Grav. 40 (2008) 1997 [gr-qc/0405109] [INSPIRE].

T. Regge and C. Teitelboim, Role of Surface Integrals in the Hamiltonian Formulation of
General Relativity, Annals Phys. 88 (1974) 286 [INSPIRE].

R. Haag, Local quantum physics: Fields, particles, algebras, Springer-Verlag (1992) [INSPIRE].

C.J. Fewster, The split property for quantum field theories in flat and curved spacetimes,
arXiv:1601.06936.

H. Geng et al., Inconsistency of islands in theories with long-range gravity, JHEP 01 (2022)
182 [arXiv:2107.03390] [INSPIRE].

K. Papadodimas and S. Raju, Local Operators in the Eternal Black Hole, Phys. Rev. Lett.
115 (2015) 211601 [arXiv:1502.06692] [INSPIRE].

K. Papadodimas and S. Raju, Remarks on the necessity and implications of state-dependence
in the black hole interior, Phys. Rev. D 93 (2016) 084049 [arXiv:1503.08825] [INSPIRE].

J. Chakravarty, Overcounting of interior excitations: A resolution to the bags of gold paradox
in AdS, JHEP 02 (2021) 027 [arXiv:2010.03575] [INSPIRE].

J. Chakravarty, Small corrections to semiclassical gravity and their role in information
paradozes, arXiv:2105.09924 [INSPIRE].

J.S. Cotler et al., Black Holes and Random Matrices, JHEP 05 (2017) 118 [Erratum ibid. 09
(2018) 002] [arXiv:1611.04650] [INSPIRE].

— 35 —


https://doi.org/10.1007/s10714-018-2464-3
https://arxiv.org/abs/1808.07093
https://inspirehep.net/literature/1689389
https://doi.org/10.1038/186535a0
https://inspirehep.net/literature/1311917
https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1098/rspa.1962.0161
https://inspirehep.net/literature/9161
https://doi.org/10.1103/PhysRev.128.2851
https://inspirehep.net/literature/45263
https://doi.org/10.1098/rspa.1962.0206
https://inspirehep.net/literature/4914
https://arxiv.org/abs/1703.05448
https://inspirehep.net/literature/1517745
https://arxiv.org/abs/1801.07064
https://inspirehep.net/literature/1649253
https://doi.org/10.1007/s10714-008-0661-1
https://doi.org/10.1007/s10714-008-0661-1
https://arxiv.org/abs/gr-qc/0405109
https://inspirehep.net/literature/43103
https://doi.org/10.1016/0003-4916(74)90404-7
https://inspirehep.net/literature/89501
https://inspirehep.net/literature/338216
https://arxiv.org/abs/1601.06936
https://doi.org/10.1007/JHEP01(2022)182
https://doi.org/10.1007/JHEP01(2022)182
https://arxiv.org/abs/2107.03390
https://inspirehep.net/literature/1879702
https://doi.org/10.1103/PhysRevLett.115.211601
https://doi.org/10.1103/PhysRevLett.115.211601
https://arxiv.org/abs/1502.06692
https://inspirehep.net/literature/1346251
https://doi.org/10.1103/PhysRevD.93.084049
https://arxiv.org/abs/1503.08825
https://inspirehep.net/literature/1357183
https://doi.org/10.1007/JHEP02(2021)027
https://arxiv.org/abs/2010.03575
https://inspirehep.net/literature/1821964
https://arxiv.org/abs/2105.09924
https://inspirehep.net/literature/1864431
https://doi.org/10.1007/JHEP05(2017)118
https://arxiv.org/abs/1611.04650
https://inspirehep.net/literature/1498126

	Introduction
	Physical observables and Dirac brackets
	Constraints and Dirac brackets

	Linearized massless gravity: Dirac matrix
	Linearized massive gravity: Dirac matrix
	Boundary observables and Dirac brackets
	Boundary observables and Dirac brackets for massless gravity
	Boundary observables and Dirac brackets for massive gravity

	Vacua structure and split states
	Split states in electrodynamics
	Hilbert space and vacua structure in flat space gravity
	Split states in massless gravity

	Split states in massive gravity
	Split states from the vacuum structure
	Split states without the vacuum structure

	Conclusion and discussion
	Dirac brackets for electrodynamics
	Constraints in linearized gravity with matter
	Massless Gravity with minimally coupled matter
	Minimally coupled matter to massive graviton

	Massive gravity constraints by substitution

